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This  is  t h e  f i n a l  r e p o r t  of a f e a s i b i l i t y  s tudy  of an  expe r i -  

ment t o  measure the  f i r s t - o r d e r  p recess ion ,  p r e d i c t e d  by E i n s t e i n ' s  

General  Theory of R e l a t i v i t y ,  of an e a r t h - o r b i t i n g ,  f r e e  gyroscope. 

The r e s u l t s  of t h i s  s tudy  show t h a t  a r e l a t i v e l y  inexpensive experiment ,  

u s ing  an  unshie lded  gyro and a pass ive  da ta - readout  and te lemet ry  

system, i s  now f e a s i b l e  f o r  measuring t h i s  p recess ion  t o  an accuracy  

of about  1%. This  s tudy  has  been supported by t h e  Na t iona l  Aeronaut ics  

and Space Adminis t ra t ion  under Research Grant  NsG-443. 

A r e p o r t  of t h i s  s i z e ,  cover ing  many d i s c i p l i n e s ,  r equ i r ed  

the  coopera t ion  and r e s u l t s  of i n v e s t i g a t i o n s  of many r e s e a r c h e r s  

who are no longer  w i t h  t h e  Coordinated Science Laboratory.  We are 

indebted t o  D r .  Danie l  A l p e r t ,  Dean of t he  U. of I .  Graduate Col lege ,  

who as t h e  previous d i r e c t o r  of t h e  Coordinated Science Laboratory,  

was in s t rumen ta l  i n  proposing and i n i t i a t i n g  t h i s  p r o j e c t  and who 

helped guide i t  i n  i t s  e a r l y  yea r s .  We were f o r t u n a t e  t o  have 

f r equen t  c o n s u l t a t i o n s  w i t h  D r ,  Arnold Nordsieck,  inventor  of t h e  

e l e c t r i c  vacuum gyro,  The o r i g i n a l  impetus f o r  t h i s  s tudy  had i t s  

o r i g i n  i n  the  s u c c e s s f u l  development of t h i s  gyro  whi le  D r .  Nordsieck 

w a s  a member of t he  Coordinated Science Laboratory.  D r ,  R .  D .  Palamera, 

whose d o c t o r a l  d i s s e r t a t i o n  e n t i t l e d ,  "Syntheses of a General 

R e l a t i v i t y  Experiment," in t roduced  us  t o  many of t h e  problems 

a s s o c i a t e d  w i t h  t h i s  s tudy  p a r t i c i p a t e d  i n  some of t h e  ana lyses  

dur ing  a summer s p e n t  w i t h  t h e  Laboratory.  D r .  John Ray, a t h e o r e t i c a l  

p h y s i c i s t  s p e c i a l i z i n g  i n  r e l a t i v i t y  theory ,  guided t h e  group through 



i v  

t h e  i n t r i c a c i e s  of t h a t  p a r t  of t h e  theory  ( f i r s t  developed by 

L. I. S c h i f f )  t h a t  i s  t h e  b a s i s  f o r  t h i s  experiment .  

Among t h e  members of t h e  Labora tory ,  w e  are e s p e c i a l l y  

indebted t o  P ro fes so r  Howard W .  Knoebel, l eade r  of t h e  Aerospace 

Group, f o r  h i s  many o r i g i n a l  i deas  , h e l p f u l  d i s c u s s i o n  and guidance , 

and t o  P ro fes so r  Duane H .  Cooper f o r  dev i s ing  t h e  p re sen t  o v e r a l l  

p lan  of t he  experiment a 

Profes so r  Cooper a l s o  had t h e  major r e s p o n s i b i l i t y  f o r  

prepar ing  Chapters  2 ,  3 and 9.  Computations a s s o c i a t e d  w i t h  Chapter 9 

were programmed f o r  t h e  CDC 1604 computer by Jack Bouknight. 

B i l l  Kirkwood performed t h e  a s s o c i a t e d  experiments  measuring photo- 

g raph ic  f i l m  noise  f o r  t h e  type of f i l m  used i n  t h e  Baker-Nunn 

cameras of t h e  Smithsonian As t rophys ica l  Observatory and r eco rd ing  

images s i m u l a t i n g  ones which would be  ob ta ined  by those  cameras. 

Chapters  4 and 8 were prepared  by James L .  Myers. Th i s  material 

forms p a r t  of a d o c t o r a l  t h e s i s  which w i l l  soon be submi t ted  t o  t h e  

Department of Aeronau t i ca l  and A s t r o n a u t i c a l  Engineer ing  of t he  

Un ive r s i ty  of I l l i n o i s .  The s e c t i o n  on micrometeoric c r a t e r i n g  w a s  

analyzed by P ro fes so r  Harold B a r t h e l  of t he  Aeronau t i ca l  and Ast ro-  

n a u t i c a l  Engineer ing  Department, who s p e n t  t h e  summer w i t h  t h e  

Laboratory.  Gerald R .  Karr, a d o c t o r a l  candida te  i n  t h e  Aeronau t i ca l  

and A s t r o n a u t i c a l  Engineer ing  Department,  prepared Chapters  5 and 6 .  

Some of t h i s  material was w r i t t e n  i n  p a r t i a l  f u l f i l l m e n t  f o r  a 

Master's degree under P ro fes so r  S .  M .  Yen of CSL and t h e  Aeronau t i ca l  

a 
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and A s t r o n a u t i c a l  Department e Dominic Skaperdas had t h e  major 

r e s p o n s i b i l i t y  f o r  p repa r ing  Chapters  7 and 10. Donald A .  Lee 

prepared Appendix A of  Chapter  7 .  Chapter  10 was taken  from 

CSL Repor t  R-330 by T.  C .  Chen, J.  Hsu and D .  Skaperdas.  The 

material f o r  Chapter 11 w a s  t aken  from experiments  performed by 

C la rk  W. Bul l a rd .  

F u r t h e r  acknowledgment must be made t o  t h e  a s s i s t a n c e  of 

L .  Schusterman, N .  Mehta, C .  Su t ton ,  H .  Morrison, K .  Hasz, 

L .  Hickok, and E .  Marzul lo ,  and t o  the  h e l p f u l  i n t e r e s t  of t h e  

s t a f f  of t h e  Laboratory.  Acknowledgment is  p a r t i c u l a r l y  owed t o  

the  encouragement and guidance of t h e  Labora tory’s  p r e s e n t  D i r e c t o r ,  

P ro fes so r  W. Dale Compton. 
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1. INTRODUCTION 1 
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Two g e n e r a l  r e l a t i v i t y  e f f e c t s  , which t h e o r e t i c a l l y  p r e d i c t  

a precess ion  of t h e  s p i n  a x i s  of a n  i d e a l  o r b i t i n g  gyroscope, have 

been p o s t u l a t e d  by L .  S .  S ~ h i f f . ” ~ ’ ~  

p recess ion  a r i s i n g  from motion through t h e  e a r t h ’ s  g r a v i t a t i o n a l  

f i e l d ,  and (2) t h e  Lense-Thirr ing p recess ion ,  r e p r e s e n t i n g  t h e  

d i f f e r e n c e  between the g r a v i t a t i o n a l  f i e l d  of a r o t a t i n g  and non- 

r o t a t i n g  e a r t h ,  have magnitudes o f ,  r e s p e c t i v e l y ,  6 and 0 .1  seconds 

of arc pe r  yea r  f o r  a n  e a r t h  s a t e l l i t e  a t  300 miles a l t i t u d e .  The 

p rospec t  of developing a gyro  of s u f f i c i e n t  accuracy t o  measure t h e  

f i r s t  e f f e c t  appeared f e a s i b l e  when t h e  r e s u l t s  of CSL’s exper ience  

w i t h  t h e  e l e c t r i c  vacuum gyro 4’5 

cond i t ions  of low a c c e l e r a t i o n  (less than  10 g) . Gravi ty- induced 

These e f f e c t s ,  (1) t h e  geode t i c  

were e x t r a p o l a t e d  t o  the o r b i t a l  

-6 

to rques  were by f a r  t h e  most d i s t u r b i n g  e f f e c t s  i n  t h e  e l e c t r i c  

vacuum gyro.  T h e o r e t i c a l  s t u d i e s  undertaken by CSL and o t h e r  

groups 

no known fundamental  l i m i t a t i o n  t o  t h e  f e a s i b i l i t y  of a s a t e l l i t e  gyro 

experiment t o  measure t h e  precess  ion  p red ic t ed  by g e n e r a l  r e l a t i v i t y  e 

have r e s u l t e d  i n  t h e  unanimity of op in ion  t h a t  t h e r e  is  6,738 

I n  t h e  chap te r s  t h a t  fo l low,  t h e  Coordinated Sc ience  

Laboratory p re sen t s  i n  d e t a i l  t h e  r e s u l t s  of t h e o r e t i c a l  s t u d i e s  

which have l e d  t o  a proposed s a t e l l i t e  gyroscope experiment f o r  

measuring t h e  f i r s t - o r d e r  g e n e r a l  r e l a t i v i t y  e f f e c t .  The s i g n i f  i- 

cance of t h i s  e f f e c t ,  and accuracy cons ide ra t ions  f o r  measuring it , 

are desc r ibed  more f u l l y  i n  chap te r  2. 



1 2 INTRODUCTION 

The proposed experiment would c o n s i s t  of a pass ive ,  un- 

s h i e l d e d ,  s p i n - s t a b i l i z e d  gyro w i t h  an a p p r o p r i a t e  dev ice  f o r  

imparting a s p i n  t o  t h e  gyro about  a p r e f e r r e d  a x i s  and a t h r u s t  t o  

poorly conductive material wi th  a b u i l t - i n  p r e f e r r e d  moment-of- 

i n e r t i a  ax is .  Read-out of t h e  gyro s p i n - a x i s  would be gccomplished 

by t e r r e s t r i a l  obse rva t ions  of s o l a r  r e f l e c t i o n s  from o p t i c a l  mi r ro r s  

placed on t h e  gyro polyhedral  f a c e t s .  The main advantage of t h e  

proposed experiment is  t o  t r a n s f e r  t he  system complexity from t h e  

s a t e l l i t e  t o  terrestr ia l  s t a t i o n s .  The experiment is  descr ibed-  more 

s p e c i f i c a l l y  i n  chap te r  3 .  B 
9 The s i m p l i f i c a t i o n  of t h e  gyro s a t e l l i t e  t o  a completely 

pas s ive ,  unshielded device imposes t i g h t e r  t o l e r a n c e s  on o t h e r  

parameters.  The most s eve re  problem is t h e  s p i q - a x i s  d r i f t  due t o  

g r a v i t y - g r a d i e n t .  An op t imiza t ion  of gyro parameters f o r  reducing 
J 

g r a v i t y - g r a d i e n t  e f f e c t s ,  i nc lud ing  those  due t o  micrometeoroid { 
e r o s i o n ,  is desc r ibed  i n  c h a p t e r  4 .  A l l  o t h e r  known spur ious  torques ,.g. 

I 

are analyzed and t h e i r  e f f e c t s  eva lua ted  i n  succeeding c h a p t e r s .  1 
Thus, t he  e f f e c t s  of atmospheric d rag  on t h e  unsh ie lded  s a t e l l i t e  gyro 

are shown i n  chap te r  5 t o  be n e g l i g i b l e  w i t h  r e s p e c t  t o  t h e  f i r s t  o rde r  

r e l a t i v i t y  e f f e c t  a t  a l t i t u d e s  g r e a t e r  than 600 miles. An important 

experiment f o r  measuring d e n s i t y ,  thermal  and momentum accomodation 

c o e f f i c i e n t s  u s i n g  t h e  proposed system, is a l s o  desc r ibed  i n  t h i s  c h a p t e r .  
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The e f f e c t s  of s o l a r  r a d i a t i o n  p res su re  and h e a t i n g  are desc r ibed  i n  

chap te r  6 .  Tolerances on gyro  e l e c t r i c a l  c o n d u c t i v i t y  are s p e c i f i e d  

as a r e s u l t  of s t u d i e s  of e l e c t r i c ,  magnetic and e lec t romagnet ic  

to rques  desc r ibed  i n  chap te r  7 .  Read-out of t h e  gyro  sp in -ax i s  

p recess ion  is d i scussed  i n  chap te r s  8 and 9 .  

poss ib l e  s o l a r - r e f l e c t i o n  ang le  d i s t r i b u t i o n s  f o r  t he  s a t e l l i t e  gyro 

f o r  var ious  o r b i t a l  i n c l i n a t i o n s .  

method and accuracy wi th  which t h e  gyro sp in -ax i s  can be determined.  

The burden on the  o p t i c a l  read-out  method can be cons ide rab ly  

i f  any gyro  sp in -ax i s  wobble due t o  inaccura t e  i n i t i a l  s p  

micrometeoroid c o l l i s i o n  can be damped o u t  i n  s u f f i c i e n t  t i  

Damping requirements  impose an a d d i t i o n a l  c o n s t r a i n t  on poss ib l e  

gyro materials,  as desc r ibed  i n  chap te r  10. 

i n i t i a l  spin-up devices  and t h e i r  requirements  i s  desc r ibed  i n  

Chapter 8 p resen t s  

Chapter  9 d e s c r i b e s  t h e  o p t i c a l  

An a n a l y s i s  of poss ib l e  

chap te r  11. 
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2 .  SIGNIFICANCE OF AN ORBITING-GYRO 

TEST OF GENERAL RELATIVITY 

5 

Measurement of t he  s p i n - a x i s  p recess ion  of a to rque - f r ee  

o r b i t i n g  gyroscope i s  of g r e a t  i n t e r e s t  t o  t h e  s c i e n t i f i c  community, 

f o r  it o f f e r s  t h e  p o s s i b i l i t y  of t e s t i n g  a fundamental theory of 

physics i n  new ways. The E i n s t e i n  Theory of General  R e l a t i v i t y  

p r e d i c t s  a p recess ion  r e l a t e d  t o  i t s  d e s c r i p t i o n  of t he  g r a v i t a t i o n a l  

f i e l d  by means of a space c u r v a t u r e ,  Three a s p e c t s  of the theory 

could,  however, be t e s t e d  i n  new ways: (a )  t he  a p p l i c a b i l i t y  of t h e  

theory t o  d e s c r i b i n g  the  motion of bodies  o t h e r  than simple po in t  

masses, (b) t h e  p o s s i b l e  n e c e s s i t y  f o r  i nc lud ing  c e r t a i n  c o r r e c t i o n s  

t o  t h e  space-curvature  theo ry ,  and (c) t h e  d e s c r i p t i o n  of f i e l d s  i n  

the  neighborhood of r o t a t i n g  g r a v i t a t i o n a l  bodies .  Of these ,  (a )  and 

( c )  have never been h i t h e r t o  s u b j e c t e d  t o  t e s t .  The l a t t e r  would be 

marginal ly  t e s t e d  w i t h  t h e  p r e c i s i o n  t h a t  is  contemplated for the 

experiment h e r e  proposed, so  t h a t  items (a) and (b) remain as the ones 

of p r i n c i p a l  i n t e r e s t .  

I tem (b) has been t e s t e d  p r i n c i p a l l y  through observing the  

motion of t h e  p e r i h e l i o n  of the o r b i t  of Mercury. The t e s t  has long 

been regarded as confirming the  E i n s t e i n  theory w i t h  an accuracy of one 

pe rcen t .  Recent ly ,  however, Dicke has shown t h a t  t h e r e  is an 
1 

observable  o b l a t e n e s s  i n  t h e  f i g u r e  of t he  sun s u f f i c i e n t  t o  

account ,  on pu re ly  c l a s s i c a l  grounds, f o r  some 8% of t h e  r e l a t i v i s t i c  

component of t h e  o r b i t a l  p recess ion .  He argues t h a t  t h i s  descrepancy 

may r e q u i r e  t h e  a d d i t i o n  of a s c a l a r  term t o  t h e  c h a r a c t e r i s t i c a l l y  

t enso r  f i e l d  equa t ions  of E i n s t e i n .  Whatever t h e o r e t i c a l  accorpmodations 
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t h e  d iscrepancy ,  i f  rea l ,  may demand, it i s  clear t h a t  such an  

accommodation would have s i g n i f i c a n t  imp l i ca t ions  f o r  a l l  a s p e c t s  of  

a s t r o p h y s i c s  re la ted  t o  unusual ly  massive systems and t h e  l a r g e -  

> 

scale a s p e c t s  of t he  cosmos. Inc luded  i n  such a s p e c t s  would be t h e  

i n t e r p r e t a t i o n s  of mainly e x t r a - g a l a c t i c  obse rva t ions ,  whether by 

o p t i c a l  astronomy o r  by r a d i o  astronomy, and whether of o t h e r  

g a l a x i e s ,  novae, or the more-exotic p u l s a r s .  Thus, it is  p a r t i c u l a r l y  

important  t o  f i n d  an  independent check of t h i s  8% discrepancy .  

o rb i t i ng -gyro  experiment  could  provide such  a check, s i n c e  t h e  

s c a l a r - t e n s o r  theory  p r e d i c t s 2  a d iscrepancy  a l s o  of about  8% i n  t h e  

The 

r e l a t i v i s t i c  s p i n - a x i s  p recess ion .  

I n  t h e  absence of a scalar c o n t r i b u t i o n ,  t h e  Schwarzschild 

metric i n  p o l a r  c o o r d i n a t e s ,  

(1) 
2 2 2  ds2  = c 2 2  d t  (1-2V/c 2 2  ) - d r  /(1-2V/c 2 )-(de 2 + s i n  B q  ) r  ? 

i s  t h e  s o l u t i o n  of t h e  E i n s t e i n  f i e l d  equa t ions  i n  t h e  s p h e r i c a l l y -  

symmetric case. The d e p a r t u r e s  from t h e  f l a t - s p a c e  metric appear  i n  

both  t h e  t ime- l ike  p a r t ,  i n  t h e  c o e f f i c i e n t  of c2d t2 ,  and i n  t h e  

space - l ike  p a r t ,  i n  t h e  c o e f f i c i e n t  of d r  . I n  bo th  these p a r t s ,  t he  

f l a t - s p a c e  metric would o b t a i n  i f  t h e  c o e f f i c i e n t s  were u n i t y ,  t h a t  i s ,  

i f  t he  term p r o p o r t i o n a l  t o  t h e  g r a v i t a t i o n a l  p o t e n t i a l  V d i d  n o t  

2 

appea r .  Th i s  term i s  

(2) 
2 V / c 2  = G M / r c  , 

. *  
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a p a r t  from t h e  f a c t o r  2 ,  i n  which G is the g r a v i t a t i o n a l  c o n s t a n t  and 

M is the mass of t h e  g r a v i t a t i n g  body f o r  which t h e  p o t e n t i a l  

o b t a i n s  a t  a r a d i a l  d i s t a n c e  r .  A s  always,  c is t h e  speed of l i g h t ,  

and d i v i s i o n  of V by c r e s u l t s  i n  a dimensionless  q u a n t i t y .  2 

The appearance of t h e  term shown i n  (1) f o r  t h e  t ime- l ike  

p a r t  is  i d e n t i f i e d  w i t h  t h e  g r a v i t a t i o n a l  r e d  s h i f t .  This  has been 

q u a n t i t a t i v e l y  checked t o  an  accuracy of 1% i n  experiments  u s ing  t h e  

Mossbauer e f f e c t .  The n e c e s s i t y  f o r  a similar appearance i n  the  

space - l ike  p a r t  has  been checked t o  an accuracy of about: 10% i n  

measuring t h e  d e f l e c t i o n  of s t a r l i g h t  near  t h e  sun ,  as may be observed 

3 

4 dur ing  a s o l a r  e c l i p s e .  A s  S c h i f f  p o i n t s  ou t ,  however, these are 

nul l -geodes ic  t e s t s  ( the  equa t ion  f o r  t h e  pa th  of a l i g h t  r a y  is  

ds2 = 0. )  and do n o t  cha l l enge  t h e  v a l i d i t y  of t h e  theo ry  i n  i t s  

deeper  a s p e c t s ,  those  r e l a t i n g  t o  n o n l i n e a r i t i e s  o r  involv ing  t h e  

motion of massive t e s t  p a r t i c l e s  (geodesics  t h a t  are n o t  n u l l ) .  I n  

any case, t h e  g r a v i t a t i o n a l  d e f l e c t i o n  of l i g h t  would, i n  i t s  l i m i t e d  

accuracy ,  be deemed t o  t e s t  t h e  space - l ike  p a r t .  S i m i l a r l y ,  t h e  

Mercury p recess ion  and t h e  gyro s p i n  p recess ion  would be deemed t o  

t e s t  t h e  space - l ike  p a r t  t o  enhanced p recess ion ,  and t o  tes t  t h e  

scalar theo ry ,  s i n c e  t h e  l a t t e r  does n o t  a f f e c t  t h e  r e d  s h i f t .  More- 

over ,  t h e y  would confirm,  a p a r t  from t e s t i n g  t h e  l a t t e r  d iscrepancy ,  

t he  c o r r e c t n e s s  of t h e  handl ing  of t h e  geodes ic  f o r  a massive t e s t  

p a r t i c l e  and of non l inea r  terms i n  t h e  theory .  
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The p recess ion  of t he  s p i n  a x i s  of t h e  o r b i t i n g  gyro  

involves  these  same deeper  a s p e c t s  of t h e  theory ,  t oge the r  w i t h  one 

t h a t  is new, i t e m  ( a ) ,  t h e  a p p l i c a b i l i t y  of t h e  theo ry  t o  d e s c r i b e  t h e  

motion of bodies  o t h e r  than  s imple p o i n t  masses. The c o v a r i a n t  

r e p r e s e n t a t i o n  of s p i n  f o r  a p o i n t  mass w a s  invented  by Papapetrou 

as a combination of f i r s t - o r d e r  moment i n t e g r a l s  spanning t h e  space- 

l i k e  volume of a van i sh ing ly  small tube ,  w i t h i n  which t h e  p a r t i c l e  is  

r ep resen ted  by a nonvanishing energy-momentum t e n s o r ,  which tube  is  t o  

enc lose  t h e  t ime- l ike  world l i n e  t r a c e d  by t h e  r e p r e s e n t a t i v e  p o i n t  

f o r  t h e  p a r t i c l e .  S c h i f f  used t h i s  r e p r e s e n t a t i o n  t o  c a l c u l a t e  t h e  

motion of t h e  s p i n  angular-momentum v e c t o r .  To o b t a i n  unique 

s o l u t i o n s ,  however, c e r t a i n  supplementary cond i t ions  must be employed, 

each of which leads  t o  a d i f f e r e n t  d e s c r i p t i o n  of t h e  motion. The 

r e l a t i o n s h i p s  among these  were explored  by S c h i f f  showing t h a t  these 

vary ing  d e s c r i p t i o n s  may be understood as s p e c i f y i n g ,  i n  t h e  end, 

t h e  same motion. The a n a l y s i s  g iven  by Tonnelat' fo l lows  t h a t  of 

S c h i f f  and uses  t h e  same r e p r e s e n t a t i o n s .  

4 

The Russ ian  t h e o r i s t s ,  P u s t o v o i t  and Bautin, '  o b j e c t  t o  t h e  

complexi ty  of t h e  method u s i n g  Papapet rou ' s  r e p r e s e n t a t i o n ,  e s p e c i a l l y  

i n  i t s  need t o  invoke supplementary c o n d i t i o n s .  They p r e f e r  t o  base  

t h e i r  c a l c u l a t i o n  on a Lagrangian f u n c t i o n  f o r  each  mass element  i n  

t h e  sp inn ing  body, from which, u s i n g  a n  approximate s u p e r p o s i t i o n  

p r i n c i p l e ,  t h e  Lagrangian f o r  t he  whole body is  ob ta ined  by i n t e g r a t i o n .  
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From t h i s ,  t h e  motion of t h e  s p i n  angular-momentum vec to r  fol lows 

d i r e c t l y .  The i r  r e s u l t  ag rees  w i t h  t h a t  of S c h i f f ,  b u t  t h e  method is  

used by them t o  show t h a t  competing l i n e a r  t h e o r i e s  of g r a v i t a t i o n  

w i l l  produce p recess ions  i n  disagreement w i t h  t h a t  of g e n e r a l  r e l a t i v i t y .  .I 
s 

, I  
I 

7 Rastall  p r e f e r s  t o  i s o l a t e  t h e  purely geomet r i ca l  a s p e c t s  

of t h e  problem from those of dynamics, f o r  which the spinning t e s t  

p a r t i c l e  of Papapetrou is  concep tua l ly  d i f f e r e n t  from a p h y s i c a l  

gyroscope. He  p o i n t s  o u t ,  f o r  example, t h a t  t h e  s p i n  of t h e  t e s t  

p a r t i c l e  p e r t u r b s  i t s  own o r b i t ,  though t o  a n e g l i g i b l e  degree f o r  

van i sh ing ly  small s p i n .  This  i s ,  of cour se ,  a l s o  mentioned by S c h i f f .  

8 This i s  r e l a t e d  t o  t h e  o b j e c t i o n  of Synge t h a t  a r igo rous  treatment 

of t h e  c o n t r i b u t i o n  of t h e  sp inn ing  body's stress t enso r  t o  i t s  

energy-momentum t e n s o r  is  n o t  obviously c o n s i s t e n t  w i t h  Papapetrou 's  

r e p r e s e n t a t i o n .  

geometr ic ,  involving the  t r a n s p o r t  of a vec to r  a long a geodesic i n  a 

space whose cu rva tu re  t e n s o r  is given i n  terms of t h e  g r a v i t a t i o n a l  

p o t e n t i a l .  H i s  r e s u l t  is  f o r  gene ra l  g r a v i t a t i o n a l  p o t e n t i a l s ,  b u t  

reduces t o  t h a t  of S c h i f f  i n  the spherical ly-symmetr ic  case .  

F a s t a l l ' s  c a l c u l a t i o n  of t he  p recess ion  i s  e s s e n t i a l l y  

All of t h e s e  c a l c u l a t i o n s  ag ree  t h a t  t he  r e s u l t  of t he  

t r a n s p o r t  of t h e  s p i n  angular-momentum vec to r  a long  the  geodesic 

( o r b i t )  f o r  a massive p a r t i c l e  i n  the  space r ep resen ted  by Eq. (1) 

r e s u l t s  i n  p recess ion  of t he  s p i n  a t  the  angu la r  rate 

2 
61, = (3V/2c )loo, 
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2 

as seen by a eo-moving observer .  It is  seen t h a t  t h e  angu la r  rate 

of precession Q is p r o p o r t i o n a l  t o  the  o r b i t a l  angu la r  rate w0, t h e  

p r o p o r t i o n a l i t y  c o n s t a n t  being i n  terms of the g r a v i t a t i o n a l  p o t e n t i a l  

V a t  t h e  o r b i t .  Also,  Eq. (3)  is a vec to r  equa t ion  i n  which t h e  a x i s  

of p recess ion  is i n  t h e  same d i r e c t i o n  as the  a x i s  of the o r b i t a l  

r e v o l u t i o n .  This  means t h a t  the g r e a t e s t  angular  displacement of t h e  

s p i n  vec to r  w i l l  be observed when t h a t  vec to r  l i e s  i n  t h e  plane of 

t h e  o r b i t ,  and t h a t  it w i l l  be observed t o  t u r n  i n  t h e  same d i r e c t i o n  

as the t u r n i n g  of the r a d i u s  vec to r  f o r  t h e  o r b i t .  

While a l l  t h e s e  c a l c u l a t i o n s  l e a d  t o  the  same r e s u l t ,  

Eq. (3 ) ,  they d i f f e r  i n  t h e i r  concept ion of t h e  a p p r o p r i a t e  

i s  t i c  r e p r e s e n t a t i o n  of the p h y s i c a l  gyroscope. Each c a l c u l  

a l s o  invokes an  approximation t h a t  t h e  s p i n  angular  momentum s h a l l  be 

small , a w e l l -  j u s t i f i e d  approximation b u t  one which is  invoked i n  a 

d i f f e r e n t  way i n  each c a s e .  Since they ag ree  on the  r e s u l t ,  i t  w i l l  

n o t  be p o s s i b l e  t o  d i s t i n g u i s h  among t h e s e  r e p r e s e n t a t i o n s  i n  an 

experiment.  The experiment would, however, be t h e  f i r s t  t e s t  of any 

of t h e s e  approaches t o  t h e  r e p r e s e n t a t i o n  of s p i n  i n  a r e l a t i v i s t i c  

manner, and the  c o r r e c t n e s s  of what t hese  approaches s h a r e  i n  common, 

d e s p i t e  t h e  l o g i c a l  d i s t i n c t i o n s  t h a t  may be drawn, would be t e s t e d .  

A l l  of t h e s e  c a l c u l a t i o n s  a l s o  addres s  themselves t o  i t e m  

(c )  , t he  p o s s i b i l i t y  t h a t  t h e  p recess ion  would r e f l e c t  t he  r o t a t i o n  of 

t h e  g r a v i t a t i n g  body ( e a r t h ) .  These c a l c u l a t i o n s  use the o f f -d i agona l  

h 

1 
3. 

i 
3 

! 

5 
J 
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elements of t he  m e t r i c  t e n s o r  c a l c u l a t e d  by Lense and T h i r r i n g  t o  

show t h a t  t he  a d d i t i o n a l  p recess ion  would have an a x i s  p a r a l l e l  t o  

t h a t  of the e a r t h  though the  r o t a t i o n a l  motion would be oppos i t e  t o  

t h a t  of the e a r t h ,  w i t h  magnitude (2V/5c ) ( R / r )  u) i n  which R and 

w a r e  the  r a d i u s  and angu la r  r o t a t i o n  ra te ,  r e s p e c t i v e l y ,  of t h e  

e a r t h ,  and V is the  p o t e n t i a l  a t  t h e  o r b i t a l  r a d i u s  r .  (Sch i f f  a l s o  

2 2 
e’ 

e 

c a l c u l a t e d  the  Thomas p recess  ion one which would be numerical ly  

s i g n i f i c a n t  i f  a n o n g r a v i t a t i o n a l  f o r c e  were a p p l i e d  t o  f o r c e  t h e  

gyro t o  fo l low a non-geodesic,  i .e . ,  n o n - f r e e - f a l l ,  o r b i t ,  as i n  an 

earth-bound l a b o r a t o r y .  For the  s a t e l l i t e  gyro t h i s  p recess ion  would 

be many o r d e r s  of magnitude smaller than t h e  geodesic  p recess ion . )  

For  R = 6380 mk and r = 7380 km t h e  value of u) is about 14 times 

t h a t  of w e ,  so  t h a t  t he  Lense-Thirr ing p recess ion  is only abou t  1.4% 

of the  geodesic  p recess ion .  It would be n e a r l y  undetected i n  an 

0 

experiment t h a t  measured t h e  geodesic  p recess ion  t o  a p r e c i s i o n  of 

1 t o  2 p e r c e n t .  I ts  d e t e c t a b i l i t y  would be enhanced i f  two e q u a t o r i a l -  

o r b i t a l  experiments were done w i t h  opposing o r b i t a l  d i r e c t i o n s  

because i t  would augment t h e  geodesic  p a r t  i n  one and oppose it i n  

t h e  o t h e r .  I n  t h i s  way, a d e f e r r a b l e  “second s h o t ”  would provide an 

i n d i c a t i o n  of an  e f f e c t  of deep t h e o r e t i c a l  i n t e r e s t ,  a l s o  f o r  t he  

f i r s t  t i m e .  
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3.  DESIGN OF THE PROPOSED EXPERIMENT .13 

i 

3 .l. I n t r o d u c t i o n  

The m a t e r i a l  of t h i s  chap te r  is intended t o  provide a survey 

of t h e  des ign  of the proposed o r b i t i n g - g y r o  experiment t o  t es t  those 

f e a t u r e s  of the g e n e r a l  t heo ry  of r e l a t i v i t y  and g r a v i t a t i o n  d i scussed  

i n  the  preceding c h a p t e r .  For d e t a i l e d  ana lyses  of t h e  va r ious  

a s p e c t s  of des ign ,  t h e  r e a d e r  i s  r e f e r r e d  t o  t h e  c h a p t e r s  fo l lowing  

the p r e s e n t  one. The demonstrat ion of f e a s i b i l i t y  f o r  conducting an 

experiment t o  measure t h e  r e l a t i v i s t i c  p recess ion  t o  a n  accuracy of 

1% t o  2% of i t s  va lue  rests upon these  d e t a i l e d  c o n s i d e r a t i o n s .  I n  

the  p r e s e n t  c h a p t e r ,  it w i l l  be p o s s i b l e  only t o  i n d i c a t e  the  na tu re  

of t h e  more-important c o n s i d e r a t i o n s  and the  manner of t h e i r  i n t e r -  

a c t  ion.  

With the  hope of providing an i n t e g r a t e d  view of t h e  e x p e r i -  

ment, t h e  t o p i c s  of t he  des ign  of t he  s a t e l l i t e  body, d a t a  r eadou t ,  

readout  accuracy,  e r r o r  propagat ion,  environmental  d i s t u r b a n c e s ,  

choice of o r b i t ,  and choice of m a t e r i a l  a r e  t r e a t e d  i n  an o rde r  

d i f f e r i n g  from t h a t  of t h e  succeeding c h a p t e r s ,  and w i t h  d i f f e r i n g  

emphasis. For example, launch procedures are n o t  d i scussed  i n  t h i s  

chap te r .  Also, t h e  h i s t o r i c a l  development of t h e  design is  no t  

d i scussed  i n  any d e t a i l ,  it being thought s u f f i c i e n t  t o  s k e t c h  some 

of t h e  ear l ie r  background i n  t h e  immediately-following s e c t i o n .  

3.2.  Prel iminary Cons ide ra t ions  

Because of t h e  experience of t h i s  Laboratory i n  developing 

the e l e c t r o s t a t i c a l l y  supported gyro,' it w a s  i n i t i a l l y  proposed t h a t  
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the  f e a s i b i l i t y  of an o r b i t i n g - g y r o  experiment based on similar gyro 

des igns  be s t u d i e d .  I n  t h e  e s s e n t i a l l y  f r e e - f a l l  c o n d i t i o n s  of an 

o r b i t a l  experiment,  t h e  p r i n c i p a l  concerns would s h i f t  from those of 

providing low-torque-inducing support  t o  those of providing readout  

accuracy of a much h ighe r  o r d e r  t han  had been needed ( f o r  navi-  

g a t i o n a l  purposes? i n  the  e a r l i e r  gyro development. The reason is  

t h a t  t h e  angu la r  p o s i t i o n  of t h e  s p i n  a x i s  would change by very 

small amounts du r ing  the  course of t h e  experiment ,  as may be 

c a l c u l a t e d  from Eq. (3) of t he  preceding c h a p t e r ,  and it is t h i s  

change which i s  t o  be measured. 

To make a sample c a l c u l a t i o n  from Eq. (3) of t h e  preceding 

c h a p t e r ,  l e t  t h e  o r b i t a l  a l t i t u d e  be 1000 km. Then, t he  angu la r  

v e l o c i t y  i n  a c i r c u l a r  o r b i t  may be c a l c u l a t e d  t o  be 

w 0 = 1.00X10-3rad/sec. (1) 

( I n  p r a c t i c a l  u n i t s  t h i s  would be 0.057 deg/sec,  corresponding t o  an 

appa ren t  o r b i t a l  v e l o c i t y  f o r  an observer  a t  a s l a n t  range of 1000 km 

of 0.37 d e g l s e c ,  and corresponding a l s o  

13.8 per  day. The corresponding l i n e a r  

The g r a v i t a t i o n a l  p o t e n t i a l  V/c2 may be 

s u r f a c e  of t he  e a r t h ,  u s i n g  the  s u r f a c e  

t o  g r a v i t y ,  g ,  as 

the  value of R is 

being V / c 2  = GM/Rc2 = 

t o  an o r b i t a l  frequency of 

v e l o c i t y  i s  7.38 kmlsec.) 

c a l c u l a t e d  f i r s t  a t  t h e  

value of t h e  a c c e l e r a t i o n  due 

gR/c2 = 7.0X10-10, i n  which 

6380 km. Then, a t  o r b i t a l  a l t i t u d e ,  a value of 

i 
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/1 
5 

6. OX lo-'' is obta ined .  

p recess ion  r a t e  R = 9 . 0 ~ 1 0 - ~ ~  r ad / sec  is ob ta ined ,  which i n  p r a c t i c a l  

u n i t s  is 

With allowance f o r  t h e  f a c t o r  312 t h e  

Sa = 5.9 a r c s e c l y e a r .  

For two a n g u l a r - p o s i t i o n  obse rva t ions  of t he  s p i n  a x i s ,  each made 

w i t h  an e r r o r  E and spaced a year  apar t ,  n would be determined wi th  

an e r r o r  of G d 2 .  

1.0%, t he  value 8 = 42 m i l l i a r c s e c  would be r e q u i r e d .  A g r e a t e r  

number of obse rva t ions  o r  a more extended i n t e r v a l  between them 

would s o f t e n  t h i s  requirement  f o r  the  i n d i v i d u a l  obse rva t ions .  

Thus, i f  Sa were t o  be determined t o  an e r r o r  of 

The concept  w a s  t h a t  of a small, s p h e r i c a l  gyro encased 

i n  an in s t rumen ta t ion  system which would inc lude  a f a c i l i t y  f o r  

readout  of t h e  gyro s p i n  a x i s  t o  a n  accuracy two t o  t h r e e  o r d e r s  of 

magnitude beyond t h a t  h i t h e r t o  achieved.. 

f a c i l i t i e s  f o r  keeping t h e  gyro cen te red  wi th in  t h e  in s t rumen ta t ion  

system t o  m a i n t a i n  readout  accuracy and,  of cour se ,  t o  avoid phys ica l  

c o n t a c t  w i th  t h e  gyro.  It was c l e a r  t h a t ,  f o r  t h e  low r e l a t i v e  

a c c e l e r a t i o n s  involved,  e i t h e r  t h e  e l e c t r o s t a t i c  suppor t  o r  t he  

t h r u s t i n g  of t he  s a t e l l i t e  t o  fo l low t h e  gyro as a proof mass i n  

There would a l s o  be 

L t r u e  f r e e  f a l l  would very l i k e l y  prove f e a s i b l e .  The concept  would 

f u r t h e r  inc lude  f a c i l i t i e s  f o r  h igh -p rec i s ion  t e l e s c o p i c  s tar  

t r ack ing  so t h a t  t h e  s p i n - a x i s  readout  could be r e fe renced  t o  
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c e l e s t i a l  coo rd ina te s  p r i o r  t o  te lemet ry .  

The o.bviously h igh  c o s t  of such a n  experiment ,  of t h e  o r d e r  

of  t h a t  of t h e  OAO ( o r b i t i n g  as t ronomica l  observatory)  p r o j e c t  a t  

minimum, the  developmental  e f f o r t  r equ i r ed  t o  ensu re  s u f f i c i e n t  

p r e c i s i o n  and r e l i a b i l i t y ,  then somewhat beyond t h e  s ta te  of  t he  a r t ,  

seemed n e c e s s i t a t e d  by t h e  demands f o r  unusual  p r e c i s i o n .  It seemed 

c l e a r  t h a t  no phys ica l  p r i n c i p l e s  would u l t i m a t e l y  f o r b i d  t h e  success-  

f u l  des ign  of such a n  experiment.  Indeed, t h e  group a t  S tanford  

Un ive r s i ty  w a s  a l r e a d y  pursuing f e a s i b i l i t y  s t u d i e s  a long  these  

l i n e s ,  and t h e i r  work s i n c e  t h a t  t i m e  has brought t he  engineer ing  

des ign  of such an experiment t o  a n  advanced s t a g e  of development. 
3 

Though t h e i r  s t u d i e s  a r e  cont inuing ,  i t  seems reasonable  t o  b e l i e v e  

t h a t  a p r e c i s i o n  of 0.1% would be u l t i m a t e l y  a t t a i n a b l e .  

Many of t h e  problems of complexity and reliability f o r  

t h i s  concept seemed traceable t o  t h e  f a c t  t h a t  trhe gyro was to, be 

s h i e l d e d  from i t s  environment,  and t h a t  t he  ins t rumenta t ion  system, 

then ,  had t q  be mounted on t h e  s h i e l d  t o  provide a means by which 

t h e  o r i e n t a t i o n  information could p i e r c e  t h i s  s h i e l d  and be tele- 

metered t o  e a r t h  f o r  a n a l y s i s .  A t  CSL, in te res t  developed around 

t h e  ques t ion  as t o  whether t h e  s h i e l d  might be e l imina ted  w i t h  the  

hope t h a t  a s i g n i f i c a n t  p a r t  of t he  e l a b o r a t e  ins t rumenta t ion  system 

'I "4 

i 

I.. i 

might no t  have t o  accompany the  gyro i n t o  o r b i t .  

was t h a t  t h e  o r b i t a l  environment would o f f e r  so few torque-inducing 

The second hope 
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in f luences  t h a t  t h e  e l i m i n a t i o n  of t h e  s h i e l d  would n o t  s e r i o u s l y  

compromise the  accuracy of  a wel l -des igned  experiment ,  Low c o s t  and 

h igh  r e l i a b i l i t y  were the  f a c t o r s  t h a t  would make such  an a l t e r n a t i v e  

appea l ing ,  then ,  i f  reasonable  accuracy  requirements  could be m e t .  

F o r  an  unshie lded  o r b i t i n g  gyro ,  t h e  p r i n c i p a l  environ-  

mental  torque-inducing in f luence  would be t h e  magnetic f i e l d  of t h e  

earth un le s s  t h e  gyro  could  be made t o  have a very low o v e r a l l  

c o n d u c t i v i t y  such as would be c h a r a c t e r i s t i c  of d i e l e c t r i c s .  Thus, 

i f  t he  whole of t h e  s a t e l l i t e  were t o  f u n c t i o n  as t h e  gyro,  conven- 

t i o n a l  e l e c t r o n i c  t e l eme t ry  could  no t  be cons idered  as a v a i l a b l e ,  

once t h e  s a t e l l i t e  were f i n a l l y  s e p a r a t e d  from i t s  pa ren t  v e h i c l e .  

A t t e n t i o n  focused on d e v i s i n g  a completely pas s ive  sp inn ing  body 

whose i n t e r a c t i o n s  w i t h  i t s  environment would s u f f i c e  t o  provide 

informat ion  about  i t s  s p i n  o r i e n t a t i o n ,  b u t  n o t  be s o  seve re  as t o  

d i s t u r b  t h e  s p i n  s i g n i f i c a n t l y .  The only  i n t e r a c t i o n  t h a t  seemed t o  

meet t h e s e  requirements  appeared t o  be o p t i c a l .  Two arrangements of 

promise were proposed, bo th  r e q u i r i n g  mi r ro r s  t o  be p laced  on t h e  

sp inn ing  sa te l l i t e  f o r  terrestr ia l  obse rva t ion .  

I n  t h e  ear l ies t  of t hese  m i r r o r e d - s a t e l l i t e  proposa ls ,  the 

mi r ro r  borne by t h e  s a t e l l i t e  would be p laced  w i t h  i t s  normal a l i g n e d  

w i t h  t h e  s p i n  axis of t h e  s a t e l l i t e .  A terrestr ia l  observa tory ,  

s u i t a b l y  l o c a t e d ,  would observe s u n l i g h t  r e f l e c t e d  from t h i s  s p i n  

a x i s  mi r ro r ,  and,  i n  e f f e c t ,  measure t h e  p o s i t i o n  of t h e  sun as seen  

through such a mirror. From knowledge of t h e  t r u e  p o s i t i o n  of t he  
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sun, t h e  o r i e n t a t i o n  of t he  m i r r o r  normal, and hence t h e  s p i n  a x i s ,  

would be determined. I n  ano the r  m i r r o r e d - s a t e l l i t e  proposal ,  mi r ro r s  

w i t h  normals placed a t  ang le s  from the  s p i n  a x i s  would be employed, 

and terrestr ia l  l i g h t  sou rces  ( p o s s i b l y  us ing  lasers) would be 

d i r e c t e d  a t  t he  s a t e l l i t e  f o r  r e f l e c t i o n  t o  t e r r e s t r i a l  observa- 

t o r i e s .  The measurement would be t h a t  of incident-and-ref  l e c t e d - r a y  

o r i e n t a t i o n s  i n  o rde r  t o  measure an instantaneous o r i e n t a t i o n  of a 

mirror  normal and thus  sample a r ay  on t h e  cone swept o u t  by such a 

mirror  normal. From t h r e e  such measurements, the cone angle  and cone 

* ax i s  ( c o i n c i d e n t  w i t h  the s p i n  a x i s )  would be determined. 

Each of t he  proposals  o f f e r e d  the  promise of a c c u r a t e  

de t e rmina t ions  of t he  sp in -ax i s  o r i e n t a t i o n  on t h e  b a s i s  of very few 

obse rva t ions .  Each, however, was faced w i t h  seve re  i n i t i a l  d a t a -  

a c q u i s i t i o n  problems i n  the absence of a c c u r a t e  a p r i o r i  knowledge 

JC 
It was subsequent ly  l ea rned  t h a t  a similar proposal  had been consid- 

e r e d  by R .  H .  Dicke a t  P r ince ton  U n i v e r s i t y ,  excep t  t h a t  roof mi r ro r s  

r a t h e r  than plane mi r ro r s  would be used t o  r e f l e c t  t h e  r ays  from 

te r res t r ia l  s o u r c e s ,  The l a w  of r e f l e c t i o n  from roof mi r ro r s  is  the 

same as t h a t  f o r  plane m i r r o r s ,  excep t  t h a t  t h e  plane con ta in ing  

i n c i d e n t  and r e f l e c t e d  r ays  a l s o  c o n t a i n s  the d i h e d r a l  a x i s  of t he  

roof m i r r o r ,  i n s t e a d  of con ta in fng  the mirror  normal. S i m i l a r l y ,  t he  

d i h e d r a l  a x i s  r e p l a c e s  the  mi r ro r  normal as a r e f e r e n c e  a g a i n s t  which 

the  e q u a l  ang le s  of incidence and r e f l e c t i o n  are de f ined .  Thus, re- 

placement of a plane mirror  by a roof mi r ro r  i n t roduces  no new elements 

t o  the  des ign  of t h e  experiment.  

?; 
3 
J 
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of t h e  s a t e l l i t e  o r b i t  and sp in -ax i s  o r i e n t a t i o n ,  s i n c e  they  each 

r e q u i r e d  observing s t a t i o n s  t o  be very a c c u r a t e l y  loca t ed  w i t h  r e s p e c t  

t o  such 2 p r i o r i  information.  

pointed o u t  t h a t  chance naked-eye obse rva t ions  of t he  s o l a r  f l a s h  

For  t h e  ear l ie r  proposal ,  it w a s  

from t h e  sp in -ax i s  m i r r o r ,  as might be r epor t ed  from the  populat ion 

a t  l a r g e  o r  from i n t e r e s t e d  amateurs,  would provide f o r  determining 

a s u i t a b l e  l o c a t i o n  f o r  p l a c i n g  a mobile observing s t a t i o n ,  provided 

the  observer  would be a b l e  t o  r e p o r t  h i s  p o s i t i o n ,  the t i m e ,  and t h e  

gene ra l  d i r e c t i o n  i n  which he had seen the f l a s h  a l l  t o  w i t h i n  

eas i ly -me t  t o l e r a n c e s .  For  t h e  second p roposa l ,  a m u l t i p l i c i t y  of 

mi r ro r s  (perhaps 32)  were proposed t o  provide a reasonable  proba- 

b i l i t y  of i n i t i a l  d a t a  a c q u i s i t i o n  f o r  a r b i t r a r i l y - l o c a t e d  observing 

s t a t i o n s .  

A determined e f f o r t  t o  so lve  these  a c q u i s i t i o n  problems was 

never undertaken because it w a s  soon r e a l i z e d  t h a t  t h e  mul t ip l e -  

mirror  approach, us  ing sun1 i g h t  exc lus  i v e l y  ( i n s t e a d  of t e r r e s t r i a l  

s o u r c e s ) ,  would o f f e r  no a c q u i s i t i o n  problems, and could,  a t  t h e  

expense of r e q u i r i n g  r e l a t i v e l y  numerous obse rva t ions ,  a l l  e a s i l y  

a t t a i n a b l e  a t  e x i s t i n g  s a t e l l i t e - o b s e r v i n g  s t a t i o n s ,  provide a high 

o rde r  of accuracy.  The r e l i a b i l i t y  implied by u s i n g  a sa te l l i t e  

design making f o r  100% o b s e r v a b i l i t y  was s o  appea l ing  as t o  cap tu re  

the e x c l u s i v e  in te res t  of the CSL group. It is t h i s  experimental  

d e s i g n ,  t hen ,  towards which the  f e a s i b i l i t y  s tudy t o  be desc r ibed  

here  w a s  d i r e c t e d .  
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An o r i g i n a l  g o a l  of t h e  f e a s i b i l i t y  s tudy  w a s  t o  show t h a t  

t h e  p a s s i v e - s a t e l l i t e  scheme would provide f o r  a measurement of t h e  

r e l a t i v i s t i c  p recess ion  t o  w i t h i n  10% of i t s  va lue .  The resu l t s  of 

t h e  s tudy  i n d i c a t e  t h a t  t h e  inhe ren t  p r e c i s i o n  of t h e  method is much 

b e t t e r  than t h a t .  Indeed,  unusual  weight ,  f a b r i c a t i o n  problems, or 

demands upon o r b i t a l  p r e c i s i o n  are n o t  encountered even f o r  a des ign  

intehded t o  f u l f i l l  an  accuracy  of 2%. The e x a c t  p r e c i s i o n  l i m i t s  

of t he  pas s ive  scheme are unknown, and may w e l l  e x t e n t  t o  smaller 

e r r o r s  than  2%. It is submi t ted ,  however, t h a t  2% is c e r t a i n l y  a 

very i n t e r e s t i n g  accuracy  f i g u r e  , being  comparable t o  the  p r e c i s i o n  

f i g u r e  f o r  t h e  o r b i t a l - p r e c e s s i o n  obse rva t ion  of Mercury, and be ing  

s u f f i c i e n t ,  t h e r e f o r e ,  t o  check the  claimed d iscrepancy  i n  t h a t  p re-  

cess ion .  

3 . 3 .  Proposed Design of t h e  Pass ive  S a t e l l i t e  

I n  t h e  p a s s i v e - s a t e l l i t e  scheme, t h e  s a t e l l i t e  would be a 

s o l i d  body, f a b r i c a t e d  of a "zero- temperature-coeff  i c i e n t "  material, 

Owens- I l l ino is  C e r V i t ,  about  0 .6  m (approximately 2 f e e t )  i n  diameter. 

It would be a po l i shed  s p e c u l a r l y - r e f l e c t i n g  sphe re ,  employing a t h i n  

metal l ic  c o a t i n g  t o  enhance i t s  o p t i c a l  r e f l e c t i v i t y .  A low-density 

p l a s t i c  c o a t i n g  could  be added f o r  pkotect iom a g a i n s t  s u b s t a n t i a l  

d i s tu rbances  i n  t h e  f i g u r e  of i n e r t i a  caused by micrometeorite 

"i 
.i 
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Figure  3 . 1 .  Model of t he  60-cm r e l a t i v i t y  s a t e l l i t e .  The l a r g e  
c i r c u l a r  f l a t s  have an area of approximately 1000 cm 
each .  There are 6 of t h e s e ,  o r i e n t e d  a6 the  f a c e s  of a 
cube and l eav ing  about  h a l f  t he  o r i g i n a l  s p h e r i c a l  
s u r f a c e  area und i s tu rbed .  I n  a d d i t i o n ,  t h e r e  are t o  be 
two small po la r  f a c e t s ,  one i n d i c a t e d  by the  dashed c i r c l e ,  
t o  e s t a b l i s h  a s a l i e n t  moment of i n e r t i a  about t h e  a x i s  
i n d i c a t e d  by the  arrow. Otherwise,  t he  f i g u r e  of i n e r t i a  
would be s p h e r i c a l .  With t h e  a x i s  l o c a t i o n  approximately 
as shown, t.he l a r g e  f l a t s  would be a t  the  c o l a t i t u d e  
ang le s  4 2 O ,  5 4 O ,  and 72O,  f o r  t h e  hemisphere v i s i b l e  

e r  w i t h  a corresponding s e t  of ang le s  f o r  t h e  
y loca t ed  f l a t s .  All s u r f a c e s  are t o  be of 

o p t i c a l  q u a l i t y  and r e f l e c t i v  

1 
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e r o s i o n .  The s p h e r i c a l  s u r f a c e  would provide a f a c i l i t y  f o r  t r a c k i n g  

the  o r b i t  of the s a t e l l i t e  by means of r e f l e c t e d  s u n l i g h t  on a l l  

occasions i n  which t h e  i l l umina ted  s a t e l l i t e  would be photographable 

a g a i n s t  t h e  n i g h t  sky. Such photography would r e q u i r e  the cameras, 

such as the  e x i s t i n g  Baker-Nunn cameras used a t  the s a t e l l i t e -  

observing s t a t i o n s  of t he  Smithsonian As t rophys ica l  Observatory,  t o  

4 

t r a c k  the  motion of the s a t e l l i t e  t o  a p r e c i s i o n  of a few pe rcen t .  

The s p i n  a x i s  of t he  s a t e l l i t e  would be e s t a b l i s h e d  i n  

alignment wi th  i t s  s a l i e n t  moment of i n e r t i a ,  s a l i e n t  by about  1% 

and provided by removing material t o  l o c a t e  a p a i r  of d i a m e t r i c a l l y  

opposed o p t i c a l  f l a t s ,  “ sp in  f a c e t s , ”  each about 6 cm i n  diameter .  

The s p i n  a x i s  would then pass through the c e n t e r  of t hese  s p i n  f a c e t s .  

The alignment of t h e  s p i n  a x i s  w i th  the  a x i s  of the s a l i e n t  moment 

would be approximated du r ing  spin-up procedures be fo re  r e l e a s i n g  the 

s a t e l l i t e  from i t s  pa ren t  v e h i c l e .  T h e r e a f t e r ,  any r e s i d u a l  m i s a -  

lignment would be damped ou t  by t h e  ene rgy- los s  mechanisms i n h e r e n t  

i n  t h e  e l a s t i c  h y s t e r e s i s  c h a r a c t e r i s t i c  of t he  d i e l e c t r i c  m a t e r i a l  

chosen. A damping t i m e  of a few hours has been s e l e c t e d .  

S i x  o t h e r  f a c e t s  i n  a c u b i c a l  a r r a y  would a l s o  be e s t a b l i s h e d  

2 on the s u r f a c e ,  each w i t h  a n  area of about 1000 cm , so  t h a t  about 

h a l f  t he  s p h e r i c a l  s u r f a c e  would be devoted t o  such f a c e t s ,  c a l l e d  

“ g l i t t e r  f a c e t s . ”  See F i g .  3 .1 .  R e l a t i v e  t o  one s p i n  f a c e t ,  t hese  

f a c e t s  would be l o c a t e d  a t  42, 54, and 72 degrees ,  w i t h  a second s e t  

s i m i l a r l y  loca t ed  r e l a t i v e  t o  t h e  o t h e r  s p i n  f a c e t .  The p rov i s ion  of 
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t hese  g l i t t e r  f a c e t s  does n o t  d i s t u r b  t h e  r e l a t i v e  magnitudes of t h e  

moments of i n e r t i a .  The g l i t t e r  f a c e t s  s e rve  as t h e  primary i n s t r u -  

mentat ion f a c i l i t y  f o r  measuring and t r a c k i n g  t h e  s p i n  axis o r i e n t a t i o n .  

3 . 4 .  Data Readout 

F la shes  of s u n l i g h t  r e f l e c t e d  from t h e  g l i t t e r  f a c e t s  are 

photographica l ly  observable  a t  t h e  s a t e l l i t e - o b s e r v i n g  s t a t i o n s  i n  

l a t e  t w i l i g h t  o r  e a r l y  dawn, provided t h a t  t he  s a t e l l i t e ' s  o r b i t  l i e s  

a u s e f u l  d i s t a n c e  above t h e  hor izon  f o r  t h e  s t a t i o n  i n  ques t ion  and 

t h a t  t h e  l o c a l  c loud  

occurrences has  been 

cover  is  n o t  excess ive .  The frequency of such 

determined by d i g i t a l  computer s imula t ion .  For  

an e q u a t o r i a l  o r b i t  a t  an a l t i t u d e  of 1000 km, f o r  example, t he  

s t a t i o n  a t  Curacao would average more than t w o  s i g h t i n g  o p p o r t u n i t i e s  

d a i l y ,  because on some passes  f l a s h e s  from more than  one g l i t t e r  f a c e t  

would s a t i s f y ,  a t  d i f f e r e n t  p o s i t i o n s  i n  t h e  pas s ,  t h e  necessary  

angular  cond i t ions .  

To photograph t h e  f l a s h e s ,  o r b i t a l  data are needed t o  

o r i e n t  t h e  camera, b u t  on ly  low-precis ion data are needed because of 

t h e  very wide f i e l d  of view provided by t h e  Baker-Nunn cameras. 

More p r e c i s e  d a t a  are needed t o  time t h e  opening and c l o s i n g  of  t h e  

s h u t t e r ,  a l though an  error of a few seconds i s  t o l e r a b l e ,  e s p e c i a l l y  

a t  f i r s t ,  whi le  t h e  temporal-ephemeris-data are few. These d a t a  may 

be augmented by photographing t h e  r e f l e c t i o n  from t h e  s p h e r i c a l  s u r f a c e ,  
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w i t h  t h e  camera motion t r a c k i n g  t h e  o r b i t a l  motion. To photograph 

t h e  g l i t t e r  f l a s h e s ,  however, t h e  camera motion w i l l  be s i d e r e a l ,  

i n  which case the  r e f l e c t i o n  from the  s p h e r i c a l  s u r f a c e  w i l l  be w e l l  

below the  photographic t h r e s h o l d .  The f u r t h e r  datum needed t o  t i m e  

t h e  s h u t t e r  opening is  a knowledge of t h e  sp in -ax i s  o r i e n t a t i o n  s o  

t h a t  a p r e d i c t i o n  of the time a t  which the  angu la r  cond i t ions  are 

f u l f i l l e d  may be made. This  o r i e n t a t i o n  w i l l  be e s t a b l i s h e d  du r ing  

the f i n a l  spin-up t o  co inc ide  w i t h  the equinoxes t o  s u f f i c i e n t  

p r e c i s i o n  t o  a l low the  e a r l y  d a t a  t o  be ob ta ined .  

t iming w i l l  a l low t h e  s h u t t e r  t o  remain open f o r  a minimal time t o  

Later, more p r e c i s e  

avoid overexposure t o  t h e  e s s e n t i a l l y  night-sky background, t he  more 

p r e c i s e  t iming becoming a d i r e c t  consequence of t h e  a c c r u a l  of d a t a .  

It is the  photography of t he  g l i t t e r  f l a s h e s  a g a i n s t  the 

s t e l l a r  background t h a t  provides  the  p r e c i s e  measurement of t h e  

s p i n - a x i s  o r i e n t a t i o n  w i t h  minimal d i s tu rbance  from atmospheric 

d i s t o r t i o n s .  A s  t h e  s a t e l l i t e  is moving i n t o  p o s i t i o n ,  t h e  f i r s t  

g l i t t e r  f l a s h  al lows a s i g h t i n g  through the g l i t t e r - f a c e t  mi r ro r  of 

the limb of t h e  s o l a r  d i s c .  A s  t he  s a t e l l i t e  moves f u r t h e r ,  succes-  

s i v e  f l a s h e s  correspond t o  t r a v e r s a l s  of t h e  r e f l e c t e d  l i n e  of s i g h t  

a c r o s s  the  s o l a r  d i s c  a t  g r e a t e r  and g r e a t e r  depths  from the  limb 

u n t i l  t he  traversals f i n a l l y  r each  the  ne the r  limb, a f t e r  which t h e  

f a c e t  i n  ques t ion  would produce no f u r t h e r  f l a s h e s  u n t i l  a l a t e r  

o r b i t a l  pass were made. Thus t h e  f l a s h e s  w i l l  be photographed as a 

p a t t e r n  of f l a s h e s  a t  p o i n t s  a long the  o r b i t .  With an o r b i t a l  speed 
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of 7.4 km/sec a t  a s l a n t  range of 2500 km, about 1 . 7  seconds would 

e l a p s e  between the f i r s t  and las t  f l a s h  while  t h e  l i n e  of s i g h t ,  

fol lowing the  o r b i t a l  motion, turned through the  h a l f  -degree width 

3 

of the  s o l a r  d i s c .  A t  a s u f f i c i e n t  s p i n  ra te ,  t h e  i q d i v i d u a l  

f l a s h e s  would f a i l  t o  be r e so lved ,  and the  photographed p a t t e r n  would 

resemble the  s imulated image shown i n  F i g .  3 . 2 .  

The c e n t e r  of such a n  image as shown i n  F i g .  3 . 2  c o r r e s -  

ponds t o  a s i g h t i n g  through the  g l i t t e r - f a c e t  mi r ro r  of t he  c e n t e r  

of the s o l a r  d i s c .  This measurement, t oge the r  w i th  knowledge of 

s u n ' s  t r u e  l o c a t i o n ,  both wi th  r e f e r e n c e  t o  the s t e l l a r  background, 

f i x  t h e  o r i e n t a t i o n s  of both the i n c i d e n t  and r e f l e c t e d  r ays  and 

thus determine the corresponding o r i e n t a t i o n  of t he  f a c e t  normal. 

The f a c e t  normal, however, i s  c o n s t r a i n e d  t o  l i e  on a cone whose 

a x i s  i s  the  s p i n  a x i s .  Thus , t h r e e  such s i g h t i n g s  S e r v e  t o  determine 

both t h e  cone ang le  and t h e  s p i n - a x i s  o r i e n t a t i o n .  

3 . 5 .  Readout Accuracy 

The problem of p r e d i c t i n g  t h e  accuracy w i t h  which t h e  c e n t e r  

of such an image as i n  F i g .  3 . 2  may be found is  a s t a t i s t i c a l  one, 

i n  e s sence .  The random g r a i n  p a t t e r n  of t he  photographic f i l m  causes  

d e n s i t y  f l u c t u a t i o n s  which can produce small random f l u c t u a t i o n s  i n  

t h e  e s t ima ted  c e n t e r .  Gene ra l ly ,  t he  e s t i m a t i o n  procedure t h a t  one 

would p l a n  t o  use would employ an averaging of t he  d e n s i t y  f l u c t u a t i o n s  



3 27 

.Figure 3..2. Enlarged phot  aph of a f i l m  image as it would be recorded 
ker-Nunn camera. The image, s imulated by photo- 

t h e  sun using an  ammorphic camera, r e p r e s e n t s  
nce of mi r ro r  f l a s h e s  gene ra t ed  by a mi r ro r  on 

e sp inn ing  satell e as i t  r e f l e c t s  s h t  w h i l e  i n  
a r b i t a l  motion, a t  ch a slant range t h a t  t h e  B-N 
camera i s  unable t o  r e s o l v e  i n d i v i d u a l  f l a s h e s .  

e i s  t o  scale r e l a t i v e  t o  t h e  g r a i n i n e s s  of t h e  
d i ts  lang a x i s  r e p r e s e n t s  t h e  half-degree width 

of t h e  s o l a r  d i s c  scanned by t h e  m i r r o r .  
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t o  f i n d ,  f o r  example, a c e n t e r  of g r a v i t y .  The c e n t e r - o f - g r a v i t y  

weight  is  a l i n e a r  weight ing  and n o t  n e c e s s a r i l y  an  optimum one, 

though it  would be a n  e a s y  one t o  implement us ing  d e n s i t y  wedges t o  

weight  t h e  measuring a p e r t u r e  of a p r o j e c t i o n  dens i tometer .  

The d e n s i t y  f l u c t u a t i o n s  t h a t  may be observed i n  t h e  red-  

extended Royal-X pan f i l m  t h a t  is used i n  t h e  Baker-Nunn cameras 

have been measured and s u b j e c t e d  t o  s ta t i s t ica l  a n a l y s i s .  The 

a n a l y s i s  inc luded  c o r r e l a t i o n  and p r o b a b i l i t y  d i s t r i b u t i o n  s t u d i e s ,  

showing t h a t  t h e  f l u c t u a t i o n s  a t  one p o i n t  are e s s e n t i a l l y  inde- 

pendent of those  a t  ano the r  p o i n t ,  i f  t h e s e  be spaced a d i s t a n c e  

a p a r t  which i s  a f r a c t i o n  of t h e  r e s o l u t i o n  d i s t a n c e  of the  camera, 

and t h a t  t he  p r o b a b i l i t y  f u n c t i o n s  are s u s c e p t i b l e  t o  mathematical  

modeling. Models were developed p r i m a r i l y  t o  r e p r e s e n t  t h e  proba- 

b i l i t y  d i s t r i b u t i o n  f o r  opac i ty  as depending upon an  e m p i r i c a l  

r e l a t i o n  between mean opac i ty  and t h e  s t anda rd  d e v i a t i o n  i n  opac i ty .  

This  r e l a t i o n  w a s  determined from measurements cover ing  an  opac i ty  

range of n e a r l y  100 t o  1, a d e n s i t y  range of 2 ,  s i n c e  d e n s i t y  i s  t h e  

common logar i thm of o p a c i t y .  

The CDC-1604 computer w a s  programmed, u s ing  these  models, 

f o r  a Monte-Carlo S imula t ion  of t h e  opac i ty  f l u c t u a t i o n s  t o  be 

expected a long  such  an image as shown i n  F i g .  3 . 2 ,  gene ra t ing  d a t a  

po in t s  spaced e i t h e r  a r e s o l u t i o n  i n t e r v a l  a p a r t ,  o r  a f l a s h  i n t e r v a l  

a p a r t ,  whichever would be t h e  l a r g e r .  I n  one run ,  many s t a t i s t i c a l l y  

independent images could  be genera ted  so t h a t  an  r m s  e r r o r  measurement 
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could be made expres s ing  t h e  accuracy of t h e  e s t i m a t i o n  procedure 

based on p a r t i c u l a r  weight ing cu rves .  A number of weight ing curves 

were t r i e d .  For  " f a i n t "  images ( c e n t r a l  d e n s i t y  increment of 0 . 3  

above n i g h t  sky) it w a s  found t h a t  a s s i g n i n g  z e r o  weight t o  t h e  

c e n t r a l  50% of t h e  image w i t h  t h e  weight growing p a r a b o l i c a l l y  

towards the edges of t h e  image, p o s i t i v e  weight towards one edge, 

negat ive weight towards the  o t h e r ,  w i th  z e r o  weight o u t s i d e  t h e  

image, gave r e s u l t s  very c l o s e  t o  an opt imal ly-small  r m s  e r r o r .  

For denser  images, wider c e n t r a l  zones of ze ro  weight were more 

nea r ly  optimum, u n t i l ,  f o r  a d e n s i t y  increment of 1.0 above n i g h t  

sky,  t h e  p r e s c r i p t i o n  w a s  t h a t  e s s e n t i a l l y  a l l  of t h e  weight should 

be on the  outermost 3 or  4 r e s o l u t i o n  i n t e r v a l s .  This  p r e s c r i p t i o n  

w a s  found t o  be c o n s i s t e n t  w i t h  t h a t  of t he  maximum-likelihood 

e s t i m a t o r ,  which uses  a simultaneous weight ing of opac i ty  and d e n s i t y  

f o r  the s t a t i s t i c a l  models used.  

For t h i s  d e n s i t y  increment of 1 .0 ,  the r m s  e r r o r  was found 

t o  be smaller than the  known s t anda rd  e r r o r  f o r  l o c a t i n g  hard-edged 

images on Baker-Nunn camera f i l m s  , namely 1.1 a r c s e c  Such hard-edged 

images a r e  s o  loca ted  wi th  r e s p e c t  t o  s te l la r  images by cu r so r -a ided  

v i s u a l  methods on s t anda rd  measuring machines. The form of t h e  opt imal  

weight ing curves f o r  t h e  s imulated images a t  a c e n t r a l  d e n s i t y  

increment of 1 .0  shows them a l s o  t o  be e s s e n t i a l l y  hard-edged images 

and wel l -adapted t o  t h e  same v i s u a l  methods. Consequently, i t  was 

concluded t h a t  t he  more e l a b o r a t e  weight ing methods need no t  be used 
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i n  p r a c t i c e ,  provided t h i s  d e n s i t y  increment, o r  b e t t e r ,  could be 

obtained,  and t h a t  t h e  s t anda rd  accuracy of 1.1 a r c s e c  should be 

taken as c h a r a c t e r i z i n g  t h e s e  images. 

This  d e n s i t y  increment of 1.0 is  ob ta ined  f o r  a f l a s h  

exposure t h a t  is  g r e a t e r  than a c e r t a i n  th re sho ld  value by t h e  

f a c t o r  5 .  This th re sho ld  is  de f ined  as t h a t  producing a d e n s i t y  

increment of 0.35 - + 0.05 above n i g h t  sky and is e q u a l  t o  0.8X10 

lumen-sec/m a t  the  inpu t  a p e r t u r e  of t h e  camera.6 

1000 cm a t  a s l a n t  range of 2500 km, opened f o r  14 p s e c  t o  t r a n s m i t  

s o l a r  r a d i a t i o n ,  f o r  example, w i l l  produce t h e  exposure corresponding 

t o  t h i s  r e q u i s i t e  d e n s i t y  increment.  These exposure requirements a r e  

m e t  by the s a t e l l i t e  design f o r  t h e  counted observing o p p o r t u n i t i e s  

mentioned i n  the preceding s e c t i o n .  

- 10 

2 An a p e r t u r e  of 

2 

3.6. E r r o r  Propagation i n  t h e  Experiment 

I f  t he  c e n t e r  of t he  f l a s h - p a t t e r n  image may be l o c a t e d  w i t h  

a n  accuracy of 1.1 a r c s e c ,  then t h e  mirror-normal o r i e n t a t i o n  may be 

l o c a t e d  t o  an accuracy of h a l f  t h a t .  For t h i s ,  i t  must be assumed 

t h a t  t he  s u n ' s  p o s i t i o n  as seen from t h e  s a t e l l i t e  may be known t o  

b e t t e r  than 1 a r c s e c .  This  is  reasonable  t o  expec t  i n  view of t h e  

smallness  of the g e o c e n t r i c  s o l a r  p a r a l l a x ,  8.8 a r c s e c ,  and of t h e  

small rate of t he  s u n ' s  appa ren t  motion, less than 1 a r c s e c  i n  24 

seconds of t i m e ,  w i t h  r e f e r e n c e  t o  t h e  s te l lar  background. The u s e  of 
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t h r e e  such obse rva t ions  t o  determine t h e  cone swept o u t  by t h e  mi r ro r  

normal, r e s u l t s ,  f o r  a reasonably  uniform angu la r  spac ing ,  i n  a 

faci-m- 2 i n  combining t h e  e r r o r s ,  s o  t h a t  a s u i t a b l e  t r iad  of 

observa t ions  determines t h e  sp in -ax i s  o r i e n t a t i o n  t o  w i t h i n  1.1 a r c s e c .  

I n  a week's t i m e ,  t he  count  of s u i t a b l e  observ ing  oppor- 

t u n i t i e s  f o r  t h e  Smithsonian n e t  is  p r e d i c t e d  t o  be i n  excess  of 30, 

and p o s s i b l y  as many as 60, depending upon t h e  i n c l i n a t i o n  of t h e  

o r b i t ,  t h e  lower number corresponding t o  t h e  lower i n c l i n a t i o n  

( e s s e n t i a l l y  e q u a t o r i a l ) ,  and making no allowance f o r  weather .  The 

more conse rva t ive  f i g u r e  provides  f o r  10 d a t a  t r i a d s  per  week, 

s e r v i n g  t o  l o c a t e  t h e  s p i n  a x i s  t o  w i t h i n  0.35  arcsec f o r  t h a t  week, 

du r ing  which time t h e  expected r e l a t i v i s t i c  motion would be 0.11 

arcsec. For  t h e  purposes of making a schemat ic  s tudy  of e r r o r  

propagat ion ,  then ,  i t  w i l l  be convenient  t o  r ega rd  a week as be ing  

an e s s e n t i a l l y  s t a t i o n a r y  d a t a  i n t e r v a l ,  du r ing  which it is  expected 

t h a t  t he  sp in -ax i s  p o s i t i o n  may be determined w i t h  a n  r m s  e r r o r  c 

which i s  6% of t h e  annual  r e l a t i v i s t i c  motion w = 5 . 9  a r c s e c / y r .  

0 
* 

The assor tment  of d a t a  i n t o  weekly groups provides  f o r  a 

*In a previous  s e c t i o n ,  t h e  c a p i t a l  l e t te r  Ll w a s  used t o  denote  t h i s  

angu la r  ra te ,  i n  conformance w i t h  t h e  t h e o r e t i c a l  l i t e r a t u r e .  I n  

l a t e r  c h a p t e r s ,  t h i s  c a p i t a l  l e t te r  w i l l  be used t o  denote  a r i g h t -  

a scens ion  ang le  i n  d e f i n i n g  t h e  o r b i t  o r i e n t a t i o n .  N o  a t t empt  has  

been made t o  e s t a b l i s h  a r i g i d l y  c o n s i s t e n t  scheme of n o t a t i o n  

throughout  t h i s  r e p o r t ,  a l though c o n s i s t e n c i e s  w i t h i n  c h a p t e r s  have 

been g e n e r a l l y  observed. 
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model of d a t a  r educ t ion  t h a t  is u s e f u l  f o r  conceptual  purposes wi thou t  

n e c e s s a r i l y  implying t h a t  t he  a c t u a l  d a t a  r educ t ion  would proceed i n  

such a manner. For  example, two "good" weeks of data spaced one yea r  

a p a r t  would s u f f i c e  t o  determine the  s p i n - a x i s  rate wi th  an accuracy 

of 1.4X0.35 a r c s e c / y e a r ,  amounting t o  a de te rmina t ion  w i t h i n  8.3%. 

Many more "good" weeks than  t h a t  may be expected,  however, and t h e  

f r a c t i o n  of "good" weeks may be c h a r a c t e r i z e d  by a p r o b a b i l i t y  p which 

may be regarded as summarizing the expected experience w i t h  r e s p e c t  

t o  c loud cover o r  o t h e r  causes  of missed observing o p p o r t u n i t i e s .  

The model t o  be cons ide red ,  t hen ,  is t h a t  of an experiment running 

f o r  T years  i n  which t h e  expected number of I'good" weeks of d a t a  

would be 52pT, uniformly spaced i n  t h e  i n t e r v a l  T. 

The p recess ion  r a t e  would be determined by a l e a s t - s q u a r e s  

f i t t i n g  procedure i n  t h i s  model, f o r  which it is  easy t o  c a l c u l a t e  

the j o i n t  e f f e c t  of e r r o r  c o n t r i b u t i o n s .  I f  t h e  expected precession 

ra te  is w seconds of a r c  pe r  yea r  w i t h  e r r o r  E then E /w r e p r e s e n t s  

the percentage accuracy of t he  experiment.  

d a t a  is  denoted by E and is r e l a t e d  t o  the expected y e a r l y  d i s p l a c e -  8 
ment  by t h e  r a t i o  E /w, a q u a n t i t y  e s t ima ted  above t o  be 6%. Applying 

e r r o r  a n a l y s i s  t o  t h e  r educ t ion  model, one can determine the  manner i n  

which (E /w)/(c /w) v a r i e s  w i th  T and p. For p = loo%, f o r  example, 

it t u r n s  ou t  t h a t  t he  r a t i o  is  u n i t y ,  i . e . ,  ( E ~ / u ~ )  = ( E ~ / U I )  f o r  

T = 0.61 y e a r ,  corresponding t o  a s o l i d  run of about  32 weeks, while  

a t  p = 25% t h e  same c o n d i t i o n  is reached a f t e r  0.95 yea r  o r  about 

0) w 

The e r r o r  i n  one week's 

0 

w 8 
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50 weeks. The g e n e r a l  r e l a t i o n s h i p  may be seen p l o t t e d  i n  F i g .  3 . 3 .  

I n t e r e s t  p a r t i c u l a r l y  a t t a c h e s  t o  t h e  c o n d i t i o n  i n  which t h e  va lue  of 

G /W i s  reduced by t h e  f a c t o r  6 t o  provide an  G /w value  of 1%. e w 

This  is seen  t o  come a t  T = 2 .0  yea r s  f o r  p = 100% and a t  about  

T = 2.5  years  f o r  p = 50%. 

Because of t h e  s t eepness  of the curves of F i g .  3 . 3 ,  t h e  

necessary running t i m e  of t h e  experiment  is  no t  p a r t i c u l a r l y  s e n s i -  

t i v e  t o  losses of d a t a  r ep resen ted  by p va lues  less than  100%. 

Thus it would appear  t h a t  t h e  proposed da ta - r eadou t  scheme is capable  

of provid ing  a 1% measurement of t h e  p recess ion .  The u l t i m a t e  : 

accuracy of t h e  method w i l l  depend upon the  number of yea r s  t h e  

experiment may be al lowed t o  run .  This  would depend, a p a r t  from c o s t  

c o n s i d e r a t i o n s ,  upon the u s e f u l  l i f e  t he  s a t e l l i t e  may be expec ted  t o  

e x h i b i t ,  a f a c t o r  which i n  an u l t i m a t e  sense  i s  unknown, b u t  may be 

expec ted  t o  exceed t h r e e  y e a r s .  I f  such is  t h e  case, i t  is  more 

l i k e l y  t h a t  t he  o v e r a l l  e r r o r  would n o t  be s e t  by readout  e r r o r s ,  b u t  

would be c o n t r o l l e d  by e r r o r s  a r i s i n g  from d i s tu rbances  t r a c e a b l e  t o  

the  environment.  

3 . 7 .  Environmental  Dis turbances  

Among the  p o s s i b l e  environmental  e f f e c t s  making f o r  an 

experiment  t h a t  is  n o t  e n t i r e l y  torque  f r e e ,  t h e r e  are some t h a t  have 

been shown t o  be e n t i r e l y  n e g l i g i b l e .  One of t h e s e ,  to rques  a r i s i n g  
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from t h e  gene ra t ion  of eddy c u r r e n t s  i n  t h e  s a t e l l i t e  body because of 

t he  E a r t h ’ s  magnetic f i e l d ,  has been fo rced  t o  be z e r o  by choosing the  

material t o  have a s u f f i c i e n t l y  small c o n d u c t i v i t y .  Even t h e  r e f l e c t i v e  

s u r f a c e  may be made s u f f i c i e n t l y  t h i n ,  w i thou t  s p o i l i n g  i ts  o p t i c a l  

p r o p e r t i e s ,  t o  provide f o r  n e g l i g i b l e  eddy-current  t o rques .  A 

minimum c o n d u c t i v i t y  is a l s o  r e q u i r e d  i n  o rde r  t h a t  non-unif orm 

charge d i s t r i b u t i o n s  be no t  e s t a b l i s h e d  t o  produce s i g n i f i c a n t  

torques a r i s i n g  from e l e c t r i c  f i e l d s  o r  plasma i n t e r a c t i o n s  t h a t  may 

be encountered.  These upper and lower bounds on c o n d u c t i v i t y  are 

q u i t e  widely spaced and are m e t  by the m a t e r i a l  chosen, Owens-I l l inois  

C e r V i t  . Another neg l ig ib l e -by -des  ign d i s tu rbance  i s  aerodynamic 

to rque ;  c a l c u l a t i o n s  show t h a t  t he  choice of an o r b i t a l  a l t i t u d e  of 

1000 km obv ia t e s  such t o r q u e s .  F i n a l l y ,  t he  momentum t r a n s f e r  * 

caused by the  impingement of micrometeors has been found t o  be of 

* 
These aerodynamic s t u d i e s  have l e d  t o  the  showing t h a t ,  a t  a lower 

o r b i t a l  a l t i t u d e ,  an experiment of s imi la r  des ign  us ing  a more 

asymmetric body may be used t o  measure o r b i t a l  d rag ,  s p i n  run down, and 

aerodynamic p recess ion ,  each of which is  an independent f u n c t i o n  of 

atmospheric d e n s i t y  and t h e  two accommodation c o e f f i c i e n t s ,  a l lowing 

each of t he  t h r e e  t o  be s e p a r a t e l y  measured. The la t ter  two have 

never been measured f o r  l o w - a l t i t u d e ,  o r b i t a l - d r a g  s i t u a t i o n s ,  s o  

t h a t  t h e  deduct ion of d e n s i t y  from previous d r a g  experiments has been 

of d o u b t f u l  v a l i d i t y ,  e s p e c i a l l y  f o r  t h e  p r e c i s e  p r e d i c t i o n  of d rag  

on o b j e c t s  h i t h e r t o  u n t r i e d .  A proposal  f o r  such an upper-atmospheric 

aerodynamic experiment i s  i n  p r e p a r a t i o n .  It could provide a pre- 

l iminary t e s t  of t he  p r e s e n t  i n s t rumen ta t ion  scheme. 
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n e g l i g i b l e  consequence f o r  t h e  q u a n t i t i e s  expec ted ,  

very l a r g e  amount of s t o r e d  angu la r  momentum i n  t h e  

because of  t h e  

s a t e l l i t e .  

3 

Micrometeoric impingement is n o t  n e g l i g i b l e  i n  r ega rd  t o  

the  energy t r a n s f e r ,  however, s i n c e  t h i s  energy would be expended i n  

evapora t ing  micro-cra te rs  i n  t h e  s u r f a c e  of t h e  s a t e l l i t e ,  caus ing  

d i s tu rbances  i n  i t s  f i g u r e  of i n e r t i a .  For  example, i f  t h e  s a t e l l i t e  

had a p e r f e c t l y  s p h e r i c a l  f i g u r e  of i n e r t i a  (moments of i n e r t i a  about  

t h e  t h r e e  p r i n c i p a l  axes  a l l  e q u a l  t o  one ano the r ) ,  and a c ra te r ;  

however small, were formed a t  a c e r t a i n  p o i n t ,  then  t h e r e  would be 

c r e a t e d  a s a l i e n t  moment of i n e r t i a ,  and the a x i s  f o r  t h a t  moment 

would t h e r e a f t e r  have t o  pass  through t h e  c e n t e r  of g r a v i t y  of t h a t  

c r a t e r .  This  w i l l  cause a n u t a t i n g  motion, i f  t h e  a x i s  f o r  t h e  

s a l i e n t  moment be n o t  a l i g n e d  w i t h  the  angular-momentum v e c t o r ,  f o r  

then  t h e  angu la r -ve loc i ty  vec to r  would a l s o  n o t  be a l i g n e d  w i t h  t h e  

angular-momentum v e c t o r ,  and it  is  the  angular-momentum vec to r  which 

main ta ins  a f i x e d  o r i e n t a t i o n  i n  l o c a l l y - f l a t  space .  I n  t h i s  n u t a t i n g  

motion, t h e  angu la r -ve loc i ty  vec to r  and t h e  s a l i e n t - i n e r t i a  axis 

execu te  r a p i d  r o t a t i o n s  about  t h e  angular-momentum vec to r .  The 

n u t a t i o n  cannot  be maintained i n  t h e  presence of an  energy d i s s i p a t i o n  

mechanism, however, such as e l a s t i c  h y s t e r e s i s .  A s  energy i s  l o s t  

from the  n u t a t i o n ,  t h e  angu la r -ve loc i ty  vec to r  and t h e  salient-moment 

a x i s  bo th  s p i r a l  i n  upon t h e  angular-momentum v e c t o r  and are eveAtu- 

a l l y  brought  i n t o  al ignment  w i t h  it. For  t h i s  r eason ,  t h e  a x i s  of t h e  

s a l i e n t  moment of i n e r t i a  i s  o f t e n  c a l l e d  t h e  "p re fe r r ed  s p i n  ax is . ' '  

c 
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The n u t a t i o n  is p o t e n t i a l l y  very  troublesome f o r  t h e  d a t a  

read-out  system, du r ing  t h e  t i m e  t aken  f o r  n u t a t i o n  t o  damp. The 

n u t a t i o n  rate, which could  be e s s e n t i a l l y  e q u a l  t o  t h e  s p i n  ra te ,  is 

much f a s t e r  than  t h e  rate a t  which obse rva t ions  may be made. I n  

consequence, a mi r ro r  normal, i n s t e a d  of be ing  cons t r a ined  t o  l i e  on 

the  s u r f a c e  of a cone c o a x i a l  w i t h  the  s p i n  a x i s ,  i s  cons t r a ined  only  

t o  l i e  w i t h i n  t h e  volume bounded by two c o a x i a l  cones having d i f f e r e n t  

ang le s  of opening. I f  t h e s e  ang le s  d i f f e r  by very  much, t h e  obser-  

va t ions  obta ined  d u r i n g  t h e  n u t a t i o n  would be e s s e n t i a l l y  w o r t h l e s s .  

A f t e r  t h e  n u t a t i o n  had been damped, however, t he  d a t a  would be 

va luable  a g a i n ,  because t h e  angular-momentum vec to r  would n o t  have 

changed o r i e n t a t i o n ,  even though t h e  m i r r o r  normals would then  l i e  

a t  new ang les  w i t h  r e s p e c t  t o  t h a t  v e c t o r ,  and t h e s e  angles  are 

s imul taneous ly  measurable a long  w i t h  t h e  measurement of t h e  o r i e n t a -  

t i o n  of t h e  s p i n  a x i s ,  which is  aga in  i n  a l ignment  w i t h  the  angu la r  

momentum. 

A l l e v i a t i o n  of t h e  micrometeoric- induced n u t a t i o n  t r o u b l e s  

is  t o  be obta ined  through r a p i d  damping and through provid ing  t h a t  

t h e  mirror-normal  cones sha l l  be " fa t tened"  t o  e s s e n t i a l l y  n e g l i g i b l e  

e x t e n t  du r ing  t h e  n u t a t i o n  f o r  a l l  b u t  t h e  rarest  of micrometeoric- 

impingement e v e n t s .  The damping of  t h e  n u t a t i o n  arises because t h e  

c e n t r i f u g a l  stress f i e l d ,  which is symmetric about  t h e  angular -  

v e l o c i t y  vec to r ,  sweeps through t h e  body as t h a t  vec to r  n u t a t e s  about  

t h e  p r e f e r r e d  s p i n  a x i s ,  s u b j e c t i n g  t h e  material t o  c y c l i c  s t r a i n i n g  



40 DESIGN OF THE PROPOSED EXPERIMENT 3 

a t  t h i s  n u t a t i o n  ra te .  I f  t h e r e  be any e l a s t i c  h y s t e r e s i s ,  t h i s  

c y c l i c  s t r a i n i n g  w i l l  p r o g r e s s i v e l y  conve r t  t h e  n u t a t i o n a l  energy 

t o  thermal  energy.  A similar mechanism accounts  f o r  t h e  damping 

of e l a s t i c  v i b r a t i o n s  i n  bodies  s u f f i c i e n t l y  w e l l  i s o l a t e d  from 

t h e i r  environment,  and is  expressed  by means of a Q f a c t o r ,  which 

may k ?  measured f o r  a v a r i e t y  of materials (and v i b r a t i o n a l  modes). 

For  t h e  material s e l e c t e d  f o r  t h e  s a t e l l i t e ,  Owens- I l l ino is  C e r V i t ,  

an e - f o l d  damping t i m e  of an hour o r  two is  expec ted .  

It  is  n o t  p o s s i b l e  as a p r a c t i c a l  matter t o  f a s h i o n  a 

body having a p e r f e c t l y  s p h e r i c a l  f i g u r e  of i n e r t i a ,  even though, 

of cour se ,  a sphere  and a l l  r e g u l a r  polyhedra,  i nc lud ing ,  f o r  example, 

t h e  cube, would, i f  p e r f e c t l y  made, possess  such a f i g u r e ,  as a l s o  

would t h e  proposed composite of cube and sphe re .  Apart  from f a b r i -  

c a t i o n  imperfec t ions  t h e r e  would, a t  t h e  very l eas t ,  be e s t a b l i s h e d  

a s a l i e n t  moment of i n e r t i a  i n  a sp inn ing  body because of c e n t r i f u g a l  

deformation.  This  c e n t r i f u g a l  s a l i e n c y  is  no t  u s e f u l  i n  i d e n t i f y i n g  

a p r e f e r r e d  s p i n  a x i s ,  however, because t h e  c e n t r i f u g a l  stress f i e l d  

is  coupled only t o  t h e  a n g u l a r - v e l o c i t y  vec to r  and is f r e e  t o  sweep 

through t h e  material of t h e  body. I f  a p r e f e r r e d  s p i n  axis i s  t o  be 

e s t a b l i s h e d ,  t h e  s a l i e n c y  must be a n  i n t r i n s i c  p rope r ty  of t h e  body. 

Fo r  t h e  p r e s e n t  s a t e l l i t e  t h i s  i n t r i n s i c  s a l i e n c y  w i l l  be e s t a b l i s h e d  

by g r i n d i n g  a p a i r  of small p o l a r  f l a t s  on the  s p h e r i c a l  s u r f a c e  i n  

a d d i t i o n  t o  t h e  6 cub ic -o r i en ted  f l a t s .  I n  t h i s  way, t h e  s e t  of 

mirror-normal ang le s  r e l a t i v e  t o  t h e  p r e f e r r e d  s p i n  a x i s  w i l l  be 

e s t a b l i s h e d .  
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Besides e s t a b l i s h i n g  d e f i n i t e  mirror-normal ang le s  , r a t h e r  

than l eav ing  them t o  be determined by chance f a b r i c a t i o n  e r r o r s ,  t h e  

c i e l ibe ra t e  e s t a b l i s h i n g  of an i n t r i n s i c  s a l i e n c y  provides f o r  t h e  

magnitude of it, the  r a t i o  by which the  s a l i e n t  moment exceeds the  

o t h e r s ,  t o  be chosen as a des ign  parameter.  One could,  f o r  example, 

e s t a b l i s h  a 1% s a l i e n c y  w i t h  g r e a t  confidence.  

t h i s  o rde r  of magnitude, one could guarantee t h a t  only very rare 

micrometeoric-impingement e v e n t s ,  such as would occur only once pe r  

yea r ,  f o r  example, would d i s t u r b  t h e  p r e f e r r e d  s p i n  a x i s  by as much 

as 1 a r c s e c .  For s u b s t a n t i a l l y  smaller d i s t u r b a n c e s ,  the " f a t t e n i n g "  

With a s a l i e n c y  of 

of t h e  cone s u r f a c e  would be of n e g l i g i b l e  consequence, and, even f o r  

' t he  rarer l a r g e r  d i s t u r b a n c e s ,  t he  d a t a  would be of very h igh  q u a l i t y  

aga in  a f t e r  a few hour s .  

Grav i ty -g rad ien t  t o rques ,  u n f o r t u n a t e l y ,  are p resen t  t o  

non-negl igible  e x t e n t  f o r  any body which has a s i g n i f i c a n t l y  s a l i e n t  

moment of i n e r t i a ,  whether c e n t r i f u g a l  o r  i n t r i n s i c  i n  n a t u r e .  For 

understanding t h i s ,  t h e  p r e s e n t  axial ly-symmetr ic  body may be 

regarded as a composite c o n s i s t i n g  of a sphere t o g e t h e r  w i t h  an 

e q u a t o r i a l  b e l t  of mass. I f  t he  s p i n  a x i s  be not d i r e c t e d  along a 

r a d i a l  l i n e  from t h e  c e n t e r  of t h e  E a r t h ,  one p a r t  of the b e l t  w i l l  

be nearer the  E a r t h  than t h e  oppos i t e  p a r t ,  and it w i l l  be a t t r a c t e d  

more s t r o n g l y  than the  oppos i t e  p a r t ,  producing a to rque ,  because of 

t he  g r a d i e n t  of t h e  inverse-square l a w  of t h e  g r a v i t a t i o n a l  f i e l d .  
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c 

I n  g e n e r a l ,  t h i s  to rque  w i l l  c o n s i s t  of t w o  p a r t s ,  a p e r i o d i c  p a r t  

matched t o  t h e  pe r iod  of r e v o l u t i o n  about  t h e  e a r t h ,  or some sub- 

PI l ' f -p le ,  f o r  harmonic terms, and a s t eady  p a r t .  These g ive  r ise  t o  

both p e r i o d i c  and s e c u l a r  p recess ions .  That  p a r t  of t h e  s e c u l a r  

p recess ion  t h a t  would l i e  i n  the  same d i r e c t i o n  as t h e  r e l a t i v i s t i c  

precess ion  would c o n s t i t u t e  a s y s t e m a t i c  e r r o r ,  whi le  a l l  o t h e r  

p a r t s  would be harmless .  

There e x i s t s  a cho i se  of o r b i t  and,  more impor t an t ly ,  s p i n  

d i r e c t i o n  which would make t h e  sys t ema t i c  e r r o r  van i sh ,  b u t ,  s i n c e  

t h e s e  choices  may be f u l f i l l e d  only t o  a c e r t a i n  p r e c i s i o n ,  i t  is 

necessary  t o  make des ign  choices  t o  a l s o  minimize t h e  scale of t h e  

g r a v i t y - g r a d i e n t  p recess ion .  Upon s p e c i f y i n g  t h e  maximum rate  f o r  

micrometeoric even t s  producing a given magnitude of d i s tu rbance ,  it 

t u r n s  o u t  t h a t ,  t ak ing  a l l  f a c t o r s  i n t o  account ,  t h e r e  is an optimum 

diameter  f o r  t h e  s a t e l l i t e  t o  achieve  a minimum g r a v i t y - g r a d i e n t  

p recess ion .  The optimum is r a t h e r  broad cover ing  a range from 0 . 3  

meter up t o  1- to-3 meters depending upon t h e  e x a c t  model f o r  t h e  

micrometeoric f l u x .  The scale of the  r e s u l t i n g  minimal p recess ion  

then  provides  a s a t i s f a c t o r i l y  s m a l l  sy s t ema t i c  e r r o r ,  i f  t he  s p i n  

a x i s  may be loca ted  t o  s p e c i f i c a t i o n  w i t h i n  a t o l e r a n c e  of a few 

t en ths  of a degree ,  t o g e t h e r  w i t h  very broad t o l e r a n c e s ,  of s e v e r a l  

degrees ,  f o r  t h e  o r b i t  i n c l i n a t i o n .  

The t h i r d ,  and l a s t ,  nonnegl ig ib le  environmental  d i s t u r b -  

ance i s  t h e  torque  a r i s i n g  from t h e  r a d i a t i o n  p res su re  of t h e  s o l a r  

i 
J 
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r a d i a n t  f l u x  coupl ing t o  any o p t i c a l  asymmetry, because of v a r i a t i o n s  

i n  r e f l e c t i v i t y  over t he  s u r f a c e  of t h e  s a t e l l i t e .  I n  t h i s ,  only 

asymmetries w i t h  r e f e r e n c e  t o  t h e  s a t e l l i t e ' s  equa to r  are important .  

C a l c u l a t i o n s  based on reasonable  assumptions r ega rd ing  t h e s e  asym- 

me t r i e s  i n d i c a t e  t h a t  t h e  p recess ion  could be a n  a p p r e c i a b l e  f r a c t i o n  

of t h e  r e l a t i v i s t i c  p recess ion .  Also, t h e  p recess ion  r a t e  may 

p o s s i b l y  change w i t h  t i m e  as micrometeoric impingement may darken t h e  

o p t i c a l  s u r f a c e s  i n  a way t o  augment o r  diminish those  asymmetries 

i n i t i a l l y  appearing as f a b r i c a t i o n  and launch a r t i f a c t s .  

The r a d i a t i o n - p r e s s u r e  p recess ion  i s ,  however, a p a r t  from 

a s e c u l a r  change of s c a l e ,  p e r i o d i c  w i t h  a pe r iod  equa l  t o  the  

s i d e r e a l  y e a r ,  and of a form which depends upon t h e  o r i e n t a t i o n  of 

t h e  s p i n  a x i s  r e l a t i v e  t o  the  e c l i p t i c  p l ane ,  When the s p i n  a x i s  i s  

normal t o  the  e c l i p t i c  p l ane ,  t he  p recess ion  c a r r i e s  the t i p  of t h e  

s p i n  vec to r  about a small c i r c l e  c e n t e r e d  on t h e  e c l i p t i c  po le ,  b u t  

when t h e  s p i n  a x i s  l i e s  i n  the  e c l i p t i c  plane t h e  vec to r  merely nods 

up and down o u t  of t h e  plane through a small a r c .  I n  between, small 

e l l i p s e s  of varying e c c e n t r i c i t i e s  are t r a c e d .  I n  t h e  nodding case, 

it i s  f e a s i b l e  t o  e s t a b l i s h  a s u b s t a n t i a l  known ang le  between the 

d i r e c t i o n  of the nod and t h e  d i r e c t i o n  of t he  r e l a t i v i s t i c  motion so 

t h a t  t h e  r a d i a t i o n - p r e s s u r e  p recess  ion,  i f  s i g n i f i c a n t  , can be 

s e p a r a t e l y  measured, and the  component a long  t h e  r e l a t i v i s t i c  d i r e c t i o n  

may be known. 
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These s t u d i e s  have shown, then ,  t h a t ,  of t h e  p o s s i b l e  

environmental  d i s t u r b a n c e s  t h a t  may n o t  be guaranteed t o  be n e g l i -  

g i b l e  2 p r i o r i ,  means of c o n t r o l  e x i s t  whereby t h e i r  e f f e c t s  may be 

a d j u s t e d  through choice of s p i n  d i r e c t i o n  and d e t a i l e d  design of 

dynamical parameters t o  become e i t h e r  n e g l i g i b l e  o r  e l se  measureable 

t o  s u f f i c i e n t  p r e c i s i o n  s o  t h a t  t h e i r  e f f e c t s  may be discounted.  

3 . 8 .  Choice of O r b i t  

The r e l a t i v i s t i c  p recess ion  causes  t h e  s p i n  a x i s  

about a n  a x i s  normal t o  t h e  plane of the o r b i t .  This  f a c  

t h e  s p i n  a x i s  t o  l i e  w i t h i n  moderately small ang le s  from the  o r b i t a l  

plane s i n c e  the  observable  e f f e c t  is g r e a t e s t  i f  the s p i n  a x i s  l ies i n  

the o r b i t a l  plane,  otherwise diminishing as t h e  cos ine  of t h e  ou t -  

of-plane angle  , s o  t h a t  a n  out-of-plane ang le  of 30 would leave 0 

87% of the e f f e c t  as observable .  It i s  p o s s i b l e ,  i n  p r i n c i p l e ,  t o  

maintain the s p i n  a x i s  e x a c t l y  i n  t h e  o r b i t a l  plane i n  only two 

c a s e s ,  one i n  which t h e  o r b i t  does no t  p recess ,  and one i n  which t h e  

o r b i t  p recesses  abou t  t he  normal t o  i t s  own plane.  These are p o l a r  

and e q u a t o r i a l  o r b i t s  r e s p e c t i v e l y .  I n  t h e  p o l a r  o r b i t  , u n f o r t u n a t e l y  , 

t h e  r a d i a t i o n - p r e s s u r e  p recess ion  would always show a l a r g e  component 

i n  the same d i r e c t i o n  as t h e  r e l a t i v i s t i c  p recess ion ,  r e g a r d l e s s  of 

how the  s p i n  a x i s  were pos i t i oned  i n  t h e  o r b i t a l  p l ane .  For t h i s  

r eason ,  p r i m a r i l y ,  t h e  p o l a r  o r b i t  is t o  be excluded. 



'.. I 3 DESIGN OF THE PROPOSED EXPERIMENT 

I 

I n  any of t h e s e  o r b i t s ,  t he  g r a v i t y - g r a d i e n t  p recess ion  

vanishes  i n  i t s  s e c u l a r  p a r t  i f  t h e  s p i n - a x i s  l i e s  i n  the  o r b i t a l  

plane,  b u t  i f  t he  o r b i t a l  plane a l s o  p recesses  about  the E a r t h ' s  

p o l a r  a x i s ,  as i n  the c a s e  of the n e a r - e q u a t o r i a l  o r b i t s ,  t hen  what 

had been regarded as the  "secular"  p a r t  becomes p e r i o d i c  w i t h  the  

o r b i t a l - p r e c e s s i o n  pe r iod ,  and t h e  t r u e  s e c u l a r  p a r t  t h a t  remains 

vanishes  only i f  t he  s p i n  a x i s  l ies  i n  the  e q u a t o r i a l  plane.  Thus, 

it appears  t h a t  a n e a r - e q u a t o r i a l  o r b i t  should be s e l e c t e d  f o r  

which the  s p i n - a x i s  should be chosen t o  l i e  s imultaneously i n  the  

e q u a t o r i a l  plane and i n  the  e c l i p t i c  p l ane .  

These planes i n t e r s e c t  i n  t he  e q u i n o c t a l  l i n e ,  so t h a t  

it would s u f f i c e ,  i f  t he  s p i n - d i r e c t i o n  were t o  be e s t a b l i s h e d  a t  

a t i m e  when t h e  sun is a t  an equinox, t o  p o i n t  t h e  s p i n  a x i s  toward 

t h e  sun w i t h  the  h e l p  of a s o l a r  sensor  on t h e  p a r e n t  spin-up 

v e h i c l e .  I f  the s e c u l a r  p recess ion  is t o  be less than  0 .1  a r c s e c  

f o r  the op t ima l ly  designed 60 cm sa t e l l i t e ,  the  p o i n t i n g  accuracy 

must be 0 . 1  degree,  r e l a t i v e  t o  t h e  e q u a t o r i a l  p l ane .  This e q u a t o r i a l  

plane does t u r n  ( g e n e r a l  p r e c e s s i o n ) ,  b u t  no t  by more than 1 arcmin 

per  y e a r ,  so t h a t  t h e  g e n e r a l  p recess ion  does n o t  compromise t h e  

accuracy w i t h  which t h i s  p o i n t i n g  may be maintained,  f o r  an e x p e r i -  

ment-running less than 6 y e a r s .  

It should be noted t h a t  w i t h  a n e a r - e q u a t o r i a l  p recess ing  

o r b i t ,  a p a r t  of t h e  r e l a t i v i s t i c  p recess ion  becomes "averaged o u t , "  

so  t h a t  only t h a t  p a r t  of t he  r e l a t i v i s t i c  p recess ion  a long  the  
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e q u a t o r i a l  plane may be observed,  s i n c e  a l l  of t h e  out-of-plane 

motions are p e r i o d i c ,  i n  one way o r  ano the r ,  and w i l l  be  l a r g e r  

than t h e  p e r i o d i c  out -of -p lane  component of  t h e  r e l a t i v i s t i c  motion. 

Of t h e  p e r i o d i c ,  ou t -of -p lane  motions,  none having a 

per iod  s h o r t e r  than t w i c e  t h e  i n t e r v a l  between obse rva t ions  may be 

measured, accord ing  t o  t h e  sampling theorem f o r  f i x e d  sampling 

i n t e r v a l s .  This  i n t e r v a l  i s  a c t u a l l y  somewhat v a r i a b l e ,  b u t  cannot  

be  apprec i ab ly  less than  t h e  t i m e  r e q u i r e d  t o  o b t a i n  t h r e e  reasonably-  

spaced ( i n  ang le )  obse rva t ions  of f l a s h  p a t t e r n s  from one m i r r o r .  

Thus, p e r i o d i c  motions wi th  per iods  less than  abou t  a day should be 

regarded as unobservable  w i t h  t h e  p r e s e n t  i n s t rumen ta t ion  scheme, 

and,  as a p r a c t i c a l  matter,  pe r iods  as s h o r t  as a week may be q u i t e  

d i f f i c u l t  t o  d e a l  w i t h .  Th i s  au tomat i ca l ly  p l aces  p e r i o d i c  motions 

having a pe r iod  r e l a t e d  t o  t h e  o r b i t a l  r e v o l u t i o n  pe r iod  i n  t h e  

unobservable  ca t egory ,  w i t h  t h e i r  r m s  va lues  e n t e r i n g  t h e  observa-  

t i o n s  on ly  as random n o i s e ,  whether i n  t h e  e q u a t o r i a l  plane o r  o u t  

of t h e  e q u a t o r i a l  p lane .  F o r t u n a t e l y ,  t h e s e  rms va lues  are f u l l y  

n e g l i g i b l e .  

The most impor tan t  p e r i o d i c  motion, p e r i o d i c ,  t h a t  i s ,  

excep t  f o r  a p o s s i b l e  secular change i n  s c a l e ,  t o  be measured is t h e  

r a d i a t i o n - p r e s s u r e  p recess ion ,  s i n c e  it w i l l  have a component i n  the 

e q u a t o r i a l  p lane  which must be determined from i t s  out-of-plane 

component. This  is  s u f f i c i e n t ,  s i n c e  t h e  d i r e c t i o n  of t h e  combined 

motion is  known as be ing  normal t o  the  e c l i p t i c  p lane .  F o r t u n a t e l y ,  
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t h e  pe r iod  f o r  t h i s  motion is the  s i d e r e a l  yea r ,  s o  t h a t  t h e r e  are no 

sampling-rate  problems. 

I f  t he  des ign  d o c t r i n e  t h a t  t h e  g r a v i t y - g r a d i e n t  p recess ion  

be minimized, s u b j e c t  only t o  t h e  c o n s t r a i n t  t h a t  t he  one-arcsec 

micrometeoric d i s t u r b a n c e s  have a mean t i m e  of occurrence of one 

y e a r ,  be adhered t o ,  then t h e  2% experiment is f e a s i b l e  i f  t he  

i n i t i a l  sp in -ax i s  o r i e n t a t i o n  may be s e t  along the e q u i n o c t a l  l i n e  

t o  a p r e c i s i o n  of 0 . 1  degree,  and no p e r i o d i c  motions o the r  than of 

t he  r a d i a t i o n - p r e s s u r e  p recess ion  need be measured. The a p p r o p r i a t e  

o r b i t ,  t hen ,  would be w i t h i n  a dozen degrees ,  o r  so ,  of the e q u a t o r .  

An a l t e r n a t i v e  design d o c t r i n e  has r e c e n t l y  been discovered t h a t ,  

a l though not  y e t  completely s t u d i e d ,  promises t o  o f f e r  a means of 

r e l a x i n g  the  i n i t i a l - p o i n t i n g  p r e c i s i o n ,  a l low t h e  use of a g r e a t e r  

o r b i t a l  i n c l i n a t i o n ,  and provide even more immunity from micro- 

meteoric impingement. This  a l t e r n a t i v e  d o c t r i n e  r e q u i r e s  t h a t  motions 

per i o d i c  w i t h  the  o r b i t a l - p l a n e - p r e c e s s  ion per iod a l s o  be measured. 

Such measurement would n o t  p r e s e n t  a cha l l enge  t o  the  d a t a  ra te ,  

s i n c e  per iods of t h e  o rde r  of a few months would be involved. 

S ince  the  form of a l l  t h e  motions, p e r i o d i c  and s e c u l a r ,  

in-plane and ou t -o f -p l ane ,  may be determined a p r i o r i ,  t h e  experiment 

may be regarded as one i n  which the  observed motion is  t o  be sub- 

j e c t e d  t o  a l e a s t - s q u a r e s  f i t  t o  the p r e d i c t e d  motion s o  as t o  

determine t h e  unknown parameters i n  t h a t  p r e d i c t e d  motion. One of 

t hese  parameters would be the  r e l a t i v i s i t c  rate, and the  o t h e r s  would 
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d e s i .  ?Se t h e  g r a v i t y - g r a d i e n t  precess  ion  and the r a d i a t i o n - p r e s s u r e  

p recess ion .  Under these  c i rcumstances ,  a much l a r g e r  scale of 

g rav i ty -g rad ien t  precess  ion would be t o l e r a b l e  so  t h a t  t h e  s a l i e n c y  

of t he  p r e f e r r e d  s p i n - a x i s  moment could be made l a r g e  enough t o  

exclude s i g n i f i c a n t  micrometeoric-impingement e f f e c t s ,  whi le  a t  t h e  

same t i m e  t h e  i n i t i a l  p o i n t i n g  t o l e r a n c e  could  be r e l axed .  

The l a r g e r  o r b i t a l  i n c l i n a t i o n s ,  which complicate  t h e  

p a t t e r n  of g r a v i t y - g r a d i e n t  p recess ion  by admi t t i ng  s i g n i f i c a n t  

in-plane p e r i o d i c  e f f e c t s ,  would a l s o  be more e a s i l y  t o l e r a b l e ,  

because t h e  f i t t i n g  t o  t h e  combined in-p lane  and out -of -p lane  

p e r i o d i c  motions a c t u a l l y  determines t h e  s e c u l a r  motion. These 

l a r g e r  i n c l i n a t i o n s  a l s o  serve t o  augment the  data rate by e x p l o i t i n g  

those observ ing  s t a t i o n s  t h a t  l i e  f a r t h e r  from t h e  equa to r .  It i s  

poss ib l e  t h a t  a 30° i n c l i n a t i o n  w i l l  prove a c c e p t a b l e .  

i n c l i n a t i o n  would be a t t r a c t i v e  from a c o s t  p o i n t  of view, e s p e c i a l l y  

i f  it made t h e  launch compatible  w i t h  t h e  s imultaneous o r b i t i n g  of 

pactrages f o r  o t h e r  mis s ions .  

Such an 

It may be concluded t h a t  s u i t a b l e  o r b i t s  ex i s t  f o r  which 

the  experiment  would be f e a s i b l e .  

3 .9 .  Choice of Material 

The chosen material ,  Owens- I l l ino is  C e r V i t  , sa t i s f i e s ,  as 

mentioned, t h e  requirement  t h a t  i t s  e l e c t r i c a l  c o n d u c t i v i t y  f a l l  i n  
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the  a p p r o p r i a t e  broad range of v a l u e s .  It a l s o  e x h i b i t s  an a p p r o p r i a t e  

Q va lue  f o r  t h e  damping of e l a s t i c  v i b r a t i o n s ,  so t h a t  t he  n u t a t i o n a l  

damping time s h a l l  have a r easonab le  va lue .  Not h i t h e r t o  mentioned, 

however, i s  i t s  * s t r e n g t h ;  it is s t r o n g e r  than  o r d i n a r y  g l a s s .  

The material must be s t r o n g  enough t o  wi ths t and  t h e  r e q u i r e d  

s p i n  r a t e  w i thou t  r i s k  of r u p t u r e .  Glass has been s t u d i e d  i n  t h i s  

connect ion expe r imen ta l ly .  The theo ry  provides  f o r  a p r e c i s e  ca l cu -  

l a t i o n  of t h e  c e n t r i f u g a l  stress i n  a s o l i d  r o t a t i n g  sphe re .  I n  

p a r t i c u l a r ,  the value may be shown t o  be g r e a t e s t  a t  t h e  c e n t e r  of 

the sphe re .  This may be c o n t r a s t e d  w i t h  the  everyday experience wi th  

the  breakage of g l a s s  i n  which the  f a i l u r e  occurs  because t h e  stress 

exceeds the  s t r e n g t h  of t he  material a t  a p o i n t  near  t h e  s u r f a c e  of 

t h e  body so  t h a t  t he  s u r f a c e  c o n d i t i o n  (microcracks) plays a s t r o n g  

r o l e  i n  the  breakage phenomenon. For t h e  s a t e l l i t e ,  s u r f a c e  f laws 

would play e s s e n t i a l l y  no r o l e .  A s l i g h t l y  d i f f e r e n t ,  though similar 

i n  o v e r a l l  p a t t e r n ,  s t r e s s  f i e l d  may be c a l c u l a t e d  f o r  a sp inn ing  d i s c ,  

w i th  which experiments may be more e a s i l y  done. From t h e  observed 

r u p t u r e  speed f o r  t he  d i s c ,  those f o r  t he  sphere may be c a l c u l a t e d .  

For the  s p i n  rate planned, 3000 rmp f o r  the 60-cm sphe re ,  g l a s s  

would provide a very generous s a f e t y  f a c t o r ;  y e t  C e r V i t  is  known t o  

be s t r o n g e r ,  and t h e r e f o r e  i t  a l s o  provides a very generous s a f e t y  f a c t o r .  

The d e c i s i v e  f a c t o r  f o r  C e r V i t ,  however, i s  i ts  well-known, 

remarkably-small ,  thermal e x p a n s i v i t y .  The s a t e l l i t e  w i l l  be sub- 

j e c t e d  t o  a l t e r n a t e  h e a t i n g  and coo l ing  as it passes  i n  and ou t  of 
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:he E a r t h ' s  shadow i n  i t s  n e a r - e q u a t o r i a l  o r b i t .  This  w i l l  e s t a b l i s h  

p e r i o d i c  thermal  g r a d i e n t s  w i t h i n  t h e  body, which g r a d i e n t s ,  i f  t he  

expans iv i ty  (or  a l t e r n a t i v e l y  the  thermal  r e s i s t i v i t y )  be not  very 

low, could d i s t o r t  the  shape i n  a pe r iod ic  f a sh ion  so a s - t o  pe r iod i -  

c a l l y  a l t e r  the  mirror-normal angles  t o  an e x t e n t  s u f f i c i e n t  t o  cause 

s i g n i f i c a n t  e r r o r s .  Such e r r o r s  may be minimized by s o r t i n g  the  

observa t ions  i n t o  groups,  a n  emerging-from-the-shadow group and an  

enter ing-the-shadow group, b u t  it is w i s e  a l s o  t o  minimize the  thermal  

d i s t o r t i o n ,  and CerVit  w i l l  provide a minimum probably ob ta inab le  i n  

no o the r  way. 

An e x a c t  de te rmina t ion  of t h e  temperature  f l u c t u a t i o n  depends 

on a ba lanc ing  of t he  energy abso rp t ion  ra te  f o r  t he  i n c i d e n t  s o l a r  

r a d i a t i o n  a g a i n s t  t he  e m i s s i v i t y  of t h e  s a t e l l i t e  f o r  a much co lde r  

grey-body r a d i a t i o n  spectrum. 

made as a p a r t  of a thorough des ign  of t h e  experiment ,  bu t  it ha rd ly  

seems necessary f o r  the demonstrat ion of f e a s i b i l i t y .  The g e n e r a l  

exper ience  w i t h  r e f  l e c t i v e l y - c o a t e d  bodies  of t h i s  s o r t  i s  t h a t  tempera- 

t u r e  f l u c t u a t i o n s  of only a few dozen degrees ,  f o r  bodies  of lower 

h e a t  c a p a c i t y ,  may be expec ted .  Thus only  a dozen or  s o  degrees  of 

temperature  d i f f e r e n c e  w i t h i n  t h e  body would be expected,  a t  most. 

Und:. such c i rcumstances ,  it c e r t a i n l y  appears  t h a t  a C e r V i t  body would 

main ta in  an adequate ly  cons t an t  shape,  e s p e c i a l l y  i f  d a t a  s o r t i n g  

were used.  

This  de te rmina t ion  presumably would be 

t 
i $  
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4 .  GRAVITY GRADIENT 

4.1 I n t r o d u c t i o n  

Grav i ty -g rad ien t  to rque  a r i s e s  from t h e  inverse-square  l a w  

of g r a v i t a t i o n .  D i f f e r e n t  p o i n t s  i n  t h e  same body have d i f f e r e n t  

g r a v i t a t i o n a l  f o r c e s  which depend i n v e r s e l y  on t h e  squares  of t h e i r  

r e s p e c t i v e  d i s t a n c e s  from the  c e n t e r  of t h e  e a r t h .  I n  g e n e r a l ,  t h e  

53 

n e t  g r a v i t y - g r a d i e n t  e f f e c t  on an o r b i t i n g  s a t e l l i t e  is a n e t  to rque  

which tends  t o  b r i n g  t h e  a x i s  of minimum mQment of i n e r t i a  i n  a l i g n -  

ment w i th  t h e  r a d i u s  vec to r  t o  t h e  c e n t e r  of t h e  e a r t h .  This  e f f e c t  

has been used s u c c e s s f u l l y  t o  s t a b i l i z e  non-spinning e a r t h  s a t e l l i t e s  

w i th  one end always d i r e c t e d  toward t h e  e a r t h .  The g r a v i t y - g r a d i e n t  

torque on an axisymmetric body is p r o p o r t i o n a l  t o  t h e  d i f f e r e n c e  

between t h e  maximum and minimum moments of i n e r t i a  and is d e t r i m e n t a l  

t o  a s a t e l l i t e  which is supposed t o  be s p i n - s t a b i l i z e d .  The fo l lowing  

a n a l y s i s  d e s c r i b e s  t h e  minimizat ion of g r a v i t y - g r a d i e n t  e f f e c t s  on t h e  

proposed r e l a t i v i t y  s a t e l l i t e .  

4.2 Gravi ty-Gradient  Moment 

F igu re  4.1 i l l u s t r a t e s  a g e n e r a l  o r b i t - s p i n - a x i s  conf igura-  

t i o n .  S tandard  d e r i v a t i o n s  of t h e  g r a v i t y - g r a d i e n t  moment on an 

axisymmetric s a t e l l i t e  g ive  t h e  moment components i n  coord ina te  system [ 21, 

which r e l a t e s  t h e  p r i n c i p a l  i n e r t i a  axes  of t he  s a t e l l i t e  t o  t h e  o r b i t a l  

p lane .  Reference 1 g ives  the  components as 

( la)  

( I b )  

= -(3GM/R 3 ) (C-A)sinecosQsin 2 M o t  
Mx2 

M = -(3GM/2R 3 ) (C-A)sinQsin2w t Y2 0 

MZ2 = 0 
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Gyro 
Equator 

I 

RR-134 

Figure  4 .1  O r b i t  and gyro  coord ina te  systems r e l a t e d  
t o  i n e r t i a l  coo rd ina te  system. The y l ,  y and 
y3 axes have been omi t ted  f o r  c l a r i t y .  2 

[O]  - i n e r t i a l  system; zo is t h e  n o r t h  pole  of t he  e a r t h .  

[l] - s a t e l l i t e  p r i n c i p a l  axes  of i n e r t i a  r e f e r r e d  t o  i n e r t i a l  

[2] - s a t e l l i t e  p r i n c i p a l  axes  of i n e r t i a  r e f e r r e d  t o  o r b i t a l  

[3] - o r b i t  axes  r e f e r r e d  t o  i n e r t i a l  system. 

system. 

p lane .  
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where M is t h e  mass of t h e  e a r t h  and R is t h e  d i s t a n c e  between t h e  

57 ' 

c e n t e r s  of t he  s a t e l l i t e  and t h e  e a r t h ;  C and A are the  p o l a r  and 

t r a n s v e r s e  moments of i n e r t i a  of t h e  s a t e l l i t e ,  r e s p e c t i v e l y .  It is 

assumed t h a t  any i n i t i a l  wobbling of t h e  gyro has damped o u t ,  and t h a t  

t he  s p i n  vec to r  w 

C a x i s .  With w d e f i n e d  as t h e  o r b i t a l  angu la r  v e l o c i t y  v e c t o r ,  8 is 

the  a n g l e  between t h e  v e c t o r s  u) and u) . I n  t h e  g e n e r a l  ca se ,  t h e  

s a t e l l i t e ' s  o r b i t a l  plane w i l l  r e g r e s s  about t h e  e a r t h ' s  p o l a r  a x i s  

2 a t  t h e  rate of h degrees  pe r  yea r  

change i n  0 .  

is c o l i n e a r  w i t h  t h e  angu la r  momentum v e c t o r  and t h e  
-S 

-0 

-S -0 

and w i l l  produce an a d d i t i o n a l  

The geometry involved i n  t h e  g e n e r a l  c a s e  of i n t e r e s t  f o r  

r e g r e s s i n g  o r b i t s  is i l l u s t r a t e d  i n  F i g .  4.1. An ea r th -based  coord ina te  

system is  f i x e d  w i t h  z 

l i n e  of v e r n a l  equinox ( i . e . ,  t h e  l i n e  of t h e  nodes between t h e  e c l i p t i c  

a long t h e  e a r t h ' s  n o r t h  po le  and xo along the  
0 

and t h e  e a r t h ' s  e q u a t o r i a l  p l a n e ) .  

r ight-handed system and, t h e r e f o r e ,  l i e s  i n  t h e  e a r t h ' s  e q u a t o r i a l  

The y a x i s  completes an or thogonal  
0 

plane.  Coordinate  system [ 13 is shown w i t h  z a l s o  along t h e  gyro s p i n  

a x i s ,  b u t  w i t h  x 

g y r o ' s  e q u a t o r i a l  p l anes .  

1 

a long  the l i n e  of nodes between the  e a r t h ' s  and 1 

This  is t h e  most l o g i c a l  system i n  which t o  

observe gyro motion w i t h  r e s p e c t  t o  t h e  e a r t h .  The moment given f o r  

system [ 21 can be transformed through ang le  7 t o  system [ 11 by t h e  

t r ans fo rma t ion  

The moment components i n  system [ 11 are now given by 
3 2 

Mxl =.---( 3GM/R ) (C -A)[ cos1 s in0 cos0 s i n  w t -%s in1  s in0 s in2w t] 
0 0 
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3 2 M = -(3GM/R ) (C-A)[ s in? js i&co&sin  u) t+~cos r ) s ines in2w t] Y l  0 0 

- MZ1 - MZ2 = 0 .  

4 

(3) 

(4)  

3 Angle 'lj i s  e l i m i n a t e d  by v e c t o r  manipulat ion , and t h e  

g r a v i t y - g r a d i e n t  moment can be w r i t t e n  i n  system [ 11 f o r  a g e n e r a l  o r b i t  

of i n c l i n a t i o n  i and r i g h t  a scens ion  n and a given s p i n  a x i s  d i r e c t i o n  

d e f i n e d  by c and cp. The ins t an taneous  moment components a r e  now 

3 2 Mxl = (3GM/R ) (C-A){[ s i n i c o s c  cos ( 0 9 )  - cos i s inc ]  cos0 s i n  u) t-%sinisin(Sd-cp) 
0 

x s  in2wot] (5) 

3 2 M = (3GM/R ) (C-A){ s in i s in (O- rp )cos0s in  w t+x sinicosccos(CI-cp)-cosisine] Y l  0 

Mzl = 0. 

4.3.  P recess ion  

The p r e c e s s i o n  ra te  y~ of coord ina te  system [ 13 can be found 

from Eu le r  ' s  dynamical equa t ion ,  

HiwXH = E. - - -  

I n s p e c t i o n  of F i g .  4 . 1  shows t h e  components of E i n  system [I] t o  be 

w = 6  

w = +s ine  

x l  

Yl 

u) = q3cosc. 21 

(7) 
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S ince  t h e  coord ina te  axes  of system 

GRADIENT 

[l] l i e  along t h e  p r i n c i p a l  axes  of 

t h e  body, t h e  angular  momentum vec to r  and i ts  d e r i v a t i v e  a r e  

Hxl = A; 

H = @sine  
Yl 

HZ1 = C ( w S ~ c o s s )  

and 

ix, = A3 

_ 1  

J% = ~ ( @ s i n ~ + + i s i n ~ )  
Y l  

*v 

= ~ ( u j  -t@cosc+i:sins). % 1 S 

The angular  r a t e  of t h e  gyro,  w s ,  is  t y p i c a l l y  

magnitude l a r g e r  than $I o r  6 .  As w i l l  be seen  

o rde r  of c@ o r  d . Therefore ,  s u b s t i t u t i o n  of 

and n e g l e c t i n g  a l l  terms on t h e  l e f t -hand  s i d e  

f a c t o r  us, shows t h a t  

2 2 

@ = M /(Cwssinc) x l  

S u b s t i t u t i o n  of (5) and (6) i n t o  (12) and (13) 

59 

more than  t e n  o r d e r s  of 

later 4j and '5 are of t h e  

(9),(10), and (11) i n t o  (8) 

which do n o t  con ta in  t h e  

w i l l  g ive  ins tan taneous  va lues  

of g r a v i t y  g r a d i e n t  p recess ion  components, and 6 .  

I f  it be assumed t h a t  i, Sa,  E ,  and cp change much l e s s  r a p i d l y  than  

wet, average r a t e s  ( q )  and ( 6 )  may be found by i n t e g r a t i n g  over  one o r b i t a l  

pe r iod ,  T: 
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IF 

IF 

For an e l l i p t i c a l  o r b i t ,  t h e  r a d i u s  R from t h e  c e n t e r  of t h e  e a r t h  is 

2 R = a(1-e  )/[ ~ + e c o s ( ~ - c t ) l  , 

i n  which a is  the semi-major a x i s  of t h e  e l l i p s e ,  e i s  t h e  e c c e n t r i c i t y ,  

Yy=u, t i s  the  argument of t h e  s a t e l l i t e ,  a n d a  is t h e  argument of pe r igee .  

Also, Keple r ’ s  l a w  of a r e a s  provides  t h e  r e l a t i o n  

0 

2 
= R2$! = d[GMa(l-e )] , 

s o  t h a t  

dt/R3 = q d t / d  = dY/RA. 

I n t e g r a t i o n  i n  t ime over  one o r b i t a l  per iod  thus  becomes i n t e g r a t i o n  

i n  Y from 0 t o  2rr. The s u b s t i t u t i o n s  and i n t e g r a t i o n s  i n  (12) and (13) 

over  one o r b i t a l  pe r iod  

coord ina te s  of t h e  gyro s p i n  a x i s  d i r e c t i o n  as 

g i v e  t h e  average r a t e s  of change of the  s p h e r i c a l  

($) = A[ sinicotecos(~-cp)-cosi]cos8, 

( 6 )  = A[sinisin(fl-cp)]cos8 , 

where t h e  g r a v i t y - g r a d i e n t  p recess ion  c o e f f i c i e n t  i s  de f ined  as 

A = 3GM(C-A) /[ 2a3 ( 1-e2)3/2~w I , 
S 

and cos 8 may be w r i t t e n  

cos0 = sinisinccos(fl-cp)+cosicose . 
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Equat ions (15) and (16) may be i n t e g r a t e d  wi th  r e s p e c t  t o  time f o r  any 

i ( t )  and Sd(t) t o  g ive  cp and G as f u n c t i o n s  of t i m e .  The averages ($) 

and ( 6 )  a r e  both  of t h e  o rde r  of A ,  and t h e r e f o r e ,  t h i s  q u a n t i t y  must 

be small ( s p e c i f i c a l l y ,  h/w <<1) f o r  t h e  foregoing  d e r i v a t i o n  t o  be v a l i d .  

Furthermore,  t h e  time d e r i v a t i v e s  of (15) and (16) show t h a t  (y) ,  (g) ,  
S 

2 2 and t h e r e f o r e  h a r e  of t h e  o rde r  ($) o r  ( 4 )  , a s  assumed p rev ious ly .  
S 

4.4 Order-of -Magnitude Minimizat ion 

The f i r s t  s t e p  i n  reducing  t h e  g r a v i t y - g r a d i e n t  p recess ion  is 

t o  reduce t h e  c o e f f i c i e n t  A t o  i t s  lowest p o s s i b l e  va lue .  I f  it could 

be made much l e s s  t han ,  s ay ,  0 .1  a r c s e c ,  t h e  g r a v i t y - g r a d i e n t  p recess ion  I 

, 
k 

rvt b, I 

could be regarded a s  of no problem t o  t h e  g y r o s c o p e - s a t e l l i t e .  

l i m i t a t i o n s  on t h e  i n e r t i a  d i f f e r e n c e  r a t i o ,  (C-A)/C, and angular  velo-  

c i t y ,  w , prevent  t h i s  p o s s i b i l i t y .  The semi-major a x i s ,  a ,  of t h e  

o r b i t a l  e l l i p s e  i s  l i m i t e d  f o r  reasons  of s a t e l l i t e  v i s i b i l i t y  and t h e  

magnitude of t h e  r e l a t i v i t y  e f f e c t ,  and f o r  t h i s  a n a l y s i s  is assumed t o  

be 7371 km, f o r  an average a l t i t u d e  of 1000 km. A c i r c u l a r  o r b i t  is 

assumed, making e=O. 

However, 

S 

Let  y denote  (C-A)/C. The smaller y ,  t h e  c l o s e r  t he  body shape 

approaches a sphe re .  

geneous, e l a s t i c  sphere  is  a maximum a t  i t s  c e n t e r  and is given by 

The c e n t r i f u g a l  s t r e s s  produced i n  a ' s o l i d ,  homo- 

4 

s = pws 2r (3+2v ) / ( 7+5v 
S 

i n  which S is t h e  s t r e s s  a t  t h e  c e n t e r  of t he  sphe re ,  p is t h e  d e n s i t y  

of t h e  m a t e r i a l ,  w i s  t h e  angu la r  v e l o c i t y  i n  r a d i a n s  per  second, r is 

t h e  r a d i u s  of t h e  sphe re ,  and v is t h e  Po i s son ' s  r a t i o  f o r  t h e  m a t e r i a l .  

A type of g l a s s ,  such as Owens - I l l i no i s '  Cer -Vi t ,  has been s p e c i f i e d  

because of i t s  l o w  thermal  expansion p r o p e r t i e s  and h igh  e l e c t r i c a l  

r e s i s t a n c e .  

S 

S 

For t h i s  m a t e r i a l ,  p=2.5 gm/cm3 and v=0.25. 

61 
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For Cer-Vit ,  t h e  r u p t u r e  s t r e s s  i s  13,000 p s i ,  so  t h a t  from equa t ion  (18) ,  

t he  r u p t u r e  speed f o r  a one-foot  d iameter  sphere  would be 1900 r a d / s e c . ,  

o r  18,200 rpm. By comparison, o rd ina ry  p l a t e  g l a s s  may r u p t u r e  a t  about 

8000 p s i .  However, t he  minimum probable  breaking  stress over a long 

term may be only  1900 p s i ,  accord ing  t o  r e fe rence  5. This e s t i m a t e  w a s  

s u b s t a n t i a t e d  by tests conducted a t  the Coordinated Science Laboratory 

on one- foot  d iameter  d i s k s  made of p l a t e  g l a s s .  The d i s k s  were spun i n  

t h e i r  own plane in  a simple t e s t  f i x t u r e  a t  i n c r e a s i n g  angular  v e l o c i t i e s  

u n t i l  they rup tu red .  The maximum s t r e s s ,  a t  the  c e n t e r  of t h e  d i s k ,  is 

given by 

and reached a va lue  of about  3200 p s i  a t  a s p i n  speed of 9000 rpm j u s t  

be fo re  r u p t u r e ,  f o r  t he  weaker of two specimens t e s t e d .  No ex tens ive  

materials t e s t i n g  program was  c a r r i e d  o u t ,  b u t  the  exper imenta l  appa ra tus  

w a s  shown t o  be adequate f o r  c e n t r i f u g a l  t e s t i n g  should any new m a t e r i a l  

become a v a i l a b l e .  The appa ra tus  w a s  d i smant led  be fo re  Cer-Vit  w a s  

recognized as a promising m a t e r i a l  f o r  t he  r e l a t i v i t y  s a t e l l i t e .  

A s  a r e s u l t  of t he  s p i n  tests made on the g l a s s  d i s k s ,  t he  need 

f o r  a l a r g e  mechanical s a f e t y  f a c t o r  f o r  any g l a s s  o r  ceramic m a t e r i a l  w a s  

emphasized. A t e n t a t i v e  s p i n  speed w a s  s e t  a t  6000 rpm s o  t h a t  t he  maximum 

s t r e s s  i n  a one-foot  sphere  made of Cer-Vit  would be less than 1500 p s i .  

The c e n t r i f u g a l  f o r c e  a l s o  causes e l a s t i c  deformation which tends 

4 t o  i nc rease  the  i n e r t i a  d i f f e r e n c e  r a t i o ,  y .  Chree 's  work d e s c r i b e s  i n  

d e t a i l  the e l a s t i c  deformation a t  any p o i n t  i n  a r o t a t i n g  s o l i d  sphere .  

t he  s u r f a c e  of t he  sphe re ,  t he  s t r a i n  i n  the  r a d i a l  d i r e c t i o n  is 

At 
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RR-355 

Figure  4.2 

S o l i d  sphere  deformed by c e n t r i f u g a l  a c c e l e r a t i o n .  
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= (2/3E)pws2r3(1+v)[ul[ ( 3 / 2 ) s i n  2 8-1]-i-V23 , 
6R 

i n  which E is the  Young's modulus, 8 is the  ang le  from the  s p i n  a x i s ,  
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(19) 

The change i n  the  moment of i n e r t i a  about  t h e  s p i n  a x i s  can be 

c a l c u l a t e d  from equa t ion  (19). 

r e s t ,  angu la r  r o t a t i o n  produces,  a t  an  ang le  8 from t h e  s p i n  a x i s ,  a d i s -  

t o r t i o n  i n  the  r a d i a l  d i r e c t i o n  which may be t r e a t e d  as a r i n g  of mass dm 

on the o u t s i d e  of the  s p h e r i c a l  s u r f a c e .  From F i g .  4.2 it is seen  t h a t  

I f  t he  body is p e r f e c t l y  s p h e r i c a l  when a t  

2 dm = 2rrpr 6Rsin8d8 

The change i n  the  moment of i n e r t i a  about  t he  s p i n  a x i s  is obta ined  by 

2 2  mul t ip ly ing  (20) by r s i n  8 arrd i n t e g r a t i n g  w i t h  r e s p e c t  t o  8 .  The r e s u l t  

is 

which can be s i m p l i f i e d  t o  

2 2 7  A I  = ( 4 ~ / 3 E ) p  ws r (76/75) (0.60-v) (v+1.395) / (~+1.40) .  

This  is approximately 

2 2 7  
A I -  (4n/3E)p ws r (0.6-v),  

a l i n e a r  f u n c t i o n  of Po i s son ' s  r a t i o .  The inc rease  i n  i n e r t i a  d i f f e r e n c e  

r a t i o  may be found by d i v i d i n g  (21) by the  i n e r t i a  of a sphe re ,  81-rpr /15, 

t o  o b t a i n  

5 

(22) 
= A I / I  = (5p/2E)r 2 2  ws (0.6-91, 

'CD 
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where t h e  s u b s c r i p t  CD means " c e n t r i f u g a l  deformation".  Thus the  i n e r t i a  

4 

r a t i o  is a l s o  a f u n c t i o n  of s p i n  speed. 

r e q u i r e s  a p r e f e r r e d  s p i n - a x i s  d i r e c t i o n ,  i . e .  a f i n i t e  y. There fo re ,  

t h e  gy ro  a t  rest cannot be p e r f e c t l y  s p h e r i c a l  b u t  must have y y  >O. 

The g r a v i t y - g r a d i e n t  p recess  ion  c o e f f i c i e n t  f o r  a sp inn ing  

The method of s p i n  a x i s  readout  

0 

s a t e l l i t e  w i t h  a p r e f e r r e d  s p i n  a x i s  may be r ep resen ted  by 

o r  

It can now be seen  t h a t  A is  no longer  a monotonic dec reas ing  

f u n c t i o n  of w . D i f f e r e n t i a t i n g  (23) w i t h  r e s p e c t  t o  w and equa t ing  t h e  

r e s u l t  t o  z e r o  g ives  t h e  fo l lowing  c o n d i t i o n  f o r  a minimum i n  A: 
S S 

2 w S = (2Eyo)/[5pr (0.6-v)], 

o r  

Thus, A w i l l  have a minimum when t h e  gyro s p i n  speed is such t h a t  t h e  

deformation j u s t  e q u a l s  t h e  s t a t i c  i n e r t i a - d i f f e r e n c e  r a t i o .  For t h e  Cer- 

V i t  m a t e r i a l  a l r e a d y  c i t e d ,  a one-foot  diameter  s o l i d  sphe re  sp inn ing  a t  

t h e  minimum va lue  of 6000 rpm would have ycD=2.2x10 . Assuming yo  = ycD, 

A would be about  27 a r c s e c / y r  f o r  a 1000-km o r b i t  a l t i t u d e .  

-4  

4.5.  E f f e c t s  of Micrometeoroids 

6 
B a r t h e l  has  po in t ed  o u t  t he  danger i n  having t h e  s t a t i c  i n e r t i a  

d i f f e r e n c e  r a t i o ,  y t o o  s m a l l .  S ince  t h e  proposed s a t e l l i t e  is unsh ie lded ,  
0 

it w i l l  be s u b j e c t e d  t o  t h e  micrometeoroid f l u x  of high-speed p a r t i c l e s .  

a 
d 
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RR - 354 

F i g u r e  5 . 3  

R o t a t i o n  of p r i n c i p a l  axes of i n e r t i a  caused 
by the  removal of a small p a r t i c l e  of  mass. 
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A high-energy p a r t i c l e  could melt away a p o r t i o n  of t h e  gyro s u r f a c e  by t h e  

conversion of k i n e t i c  energy t o  h e a t .  The a n a l y s i s  i n  Appendix 4A shows 

t h a t  p e r t u r b a t i o n s  of t h e  angular  momentum v e c t o r  by meteoroid d i s t u r b -  

ances are n e g l i g i b l e .  

sphere ,  t h e  immediate e f f e c t  would be t o  produce a n o n - i s o i n e r t i a l  body 

I f  t h e  b i t  of mass were removed from a p e r f e c t  

whose maximum moment-of - i n e r t i a  axis would subsequent ly  d r i f t  i n t o  t h e  

angular-momentum vec to r  because of t h e  c y c l i c  s t r a in -ene rgy  d i s s i p a t i o n  i n  

t h e  material. 

where t h e  mass w a s  removed i f  t h e  body were p e r f e c t l y  s p h e r i c a l ,  bu t  

The maximum-inertia axis would s h i f t  d i r e c t l y  t o  t h e  p o i n t  

would r o t a t e  a smaller amount i f  y # 0. The e f f e c t ,  as analyzed i n  

Ref .  6 i s  as fo l lows .  The gyro,  a s  manufactured, has  an i n e r t i a  t enso r  

0 

o' Yo, z 0 
where A ,  A ,  and C > A are t h e  moments of i n e r t i a  about  axes x 

r e s p e c t i v e l y .  I f  a small p a r t i c l e  of mass m is removed from t h e  body 

s u r f a c e  a t  coord ina te s  (x,O,z) , t h e  r e s u l t i n g  i n e r t i a  t enso r  ( r e f e r  t o  

F i g .  4 . 3 )  becomes 

I' = 

C -mx 

The body's symmetry prevents  any loss i n  g e n e r a l i t y  i n  assuming t h e  

y-coord ina te  of t h e  mass removed t o  be zero .  The p r i n c i p a l  axes of 

i n e r t i a  w i l l  then  s h i f t  to  axes x', y ' ,  z '  by a r o t a t i o n  of ang le  Q, 
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a 

4 

about  t h e  y a x i s .  T h e i r  t r ans fo rma t ion  is given by t h e  or thogonal  
0 

nons i n g u l a r  matrix 

H =  

- _. 

cos! 0 -sim 

0 1 0  

sim 0 coscv 
- - 

and may be used t o  f i n d  t h e  new d iagona l i zed  i n e r t i a  t e n s o r  1; by 

t h e  equa t ion  

(24) 
-1 

1; = H I ' H .  

When t h e  i n d i c a t e d  matrix m u l t i p l i c a t i o n  is performed, it is  found 

t h a t  the new i n e r t i a  t e n s o r  has  t h e  same vanishing components as i n  

1', b u t  t h e  new d iagona l  elements are 

2 2 2 2  = (A-mz )cos  a+((=-mx ) s i n  a+2mxzs i racow,  

- - A-m(x +z ) , 

' D l 1  

ID22 
2 2  

2 2  2 2 
= (A-mz ) s i n  a+(C-mx )cos a?-2mxz:simcostu, 

ID33 

2 2 2  r e p l a c i n g  A-mz , A-m(x +z ) ,  C-mx2,  r e s p e c t i v e l y ,  and t h e  new o f f -  

d i agona l  terms r e p l a c i n g  mxz are each  equa l  t o  

2 2  2 2 
[C-Asl?(z -x ) ] s i m c o s c u + ~ z ( c o s  a - s i n  a). 

The r e q u i r e d  va lue  of Q, t h e n ,  is t o  be found by r e q u i r i n g  t h i s  l as t  

expres s ion  t o  vanish.  With t h e  h e l p  of double-angle formulas,  t h i s  

va lue  of a is seen t o  be given by 

2 2  tan& = -2mxz/[C-A+m(z -x )]. 

4 
J 
9 
.f a 

I f  t h e  coord ina te s  (x ,z)  be r ep laced  by p o l a r  c o o r d i n a t e s  (r,fl),  
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Figure 4.4 

Normalized rotation of body axes v s .  s i z e  of mass part ic le  removed. 

= (C-A)/C , M = mass of the s a t e l l i t e .  
YO S 
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us ing  s i&=x/r  and cosB=z/r,  then cc may be g iven  by 

tan2a' = - m r  2 sin2B/(C-A+mr 2  COS^^), 

73 

aga in  wi th  t h e  h e l p  of double-angle formulas .  

symmetric body, C=A, o r  

For  a s p h e r i c a l l y  

tan% = -tan2P, 

which means t h a t  one of t h e  "minor" axes  r o t a t e s  t o  t h e  c a v i t y  l e f t  

by t h e  removed p a r t i c l e  and becomes t h e  maximum moment-of - i n e r t i a  

2 a x i s .  

where M is the  mass of t he  s a t e l l i t e .  It w i l l  be shown t h a t  

t y p i c a l l y c r < < l  and m/M <<(C-A)/C, s o  t h a t  when t h e  numerator and 

denominator of t h e  r i g h t  s i d e  of (25) be d iv ided  by 2Ms /5  and C 

r e s p e c t i v e l y ,  t h e  approximate angle  of p r i n c i p l e  a x i s  r o t a t i o n  is 

seen  t o  be 

I f  t h e  s a t e l l i t e  is  n e a r l y  s p h e r i c a l  w i th  D A Y  then  k 2 M s r  / 5  

S 

S 
2 

Q! = - ( 5 / 4 )  (m/M s o  y )s in2B.  

Thus, g iven  y 

mass p a r t i c l e  is removed a t  an angle  of 45' from t h e  s p i n  a x i s .  

F i g .  4 . 4  g ives  t h e  product  y la1 as a f u n c t i o n  of t he  r e l a t i v e  s i z e  

of mass removed from a n e a r l y  s p h e r i c a l  body. The d i f f e r e n t  curves  

m/Ms, t h e  ang le  Q has an a b s o l u t e  maximum when t h e  
0) 

0 

a l s o  show the  e f f e c t  of l o c a t i o n  of t h e  c r a t e r  r e l a t i v e  t o  t h e  

-7 
symmetry a x i s .  For  example, i f  a p a r t i c l e  of mass 10 M is removed 

a t  10 

S 
0 0 

o r  80 from e i t h e r  end of t h e  symmetry a x i s  of a body wi th  

y =0.001, a p r i n c i p l e  a x i s  s h i f t  of 9 a r c s e c  would r e s u l t .  . 
0 

As s t a t e d  e a r l i e r  i n  t h i s  s e c t i o n ,  t h e  mechanism of mass 
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removal considered h e r e  is by t h e  conversion of p a r t  of t h e  k i n e t i c  

energy of a micrometeoroid t o  t h e  h e a t  of f u s i o n  of t h e  s a t e l l i t e  

material. The mass melted away is then 

L m = n m  v /2e m m  

where 7 is t h e  f r a c t i o n  of k i n e t i c  energy converted t o  h e a t  of f u s i o n ,  

m i s  the  mass of micrometeoroid, v is t h e  v e l o c i t y  of micrometeoroid, 

and e is t h e  h e a t  of f u s i o n  of s a t e l l i t e  material. The mass and v e l o c i t y  

of meteoroids have been e s t i m a t e d  by many r e s e a r c h e r s ,  and a number of 

d i f f e r e n t  f l u x  models have been developed. The m a j o r i t y  of sources  

use an  average v e l o c i t y  of 30 km/sec and a f l u x  d e n s i t y  of t h i s  form 

m m 

-k @ = Km m 

i n  which m is t h e  number pe r  square meter per  second of p a r t i c l e s  of 

mass m grams and g r e a t e r ,  and K and k are p o s i t i v e  c o n s t a n t s .  The 

t h r e e  models used i n  t h i s  r e p o r t  are summarized i n  Table 4.1. 

m 

Table 4 . 1  

Ref .  Mode 1 Mass Range ( y m l  Av.Vel.(km/sec) Source - 
1 0 - ~ < ~ ~ <  10 30 Whipple,57 8 -12 -1 @ = 1.3X10 m 1 m 

m 2  = 1.3X10 -13 m -1 10- 7<mm< 1 m 30 8 Whipple , 
Revised 

-17 -1.7 lo-lO<m <10-6 m 3  = 10 mm D i s t r i b u t e d  m Bar the  1 6Y7 

I n  t h e  t h i r d  model, B a r t h e l  used t h e  d a t a  r e p o r t e d  i n  Ref.  7 t o  develop 

a v e l o c i t y  d i s t r i b u t i o n ,  d iv ided  i n t o  5 equa l  p a r t s  w i t h  t h e  fol lowing 

v e l o c i t i e s :  15 km/sec, 22km/sec, 22km/sec, 38km/sec, and 68 km/sec. 
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The p r o b a b i l i t y  of a meteoroid s t r i k i n g  a space v e h i c l e  is 

u s u a l l y  assumed t o  fo l low a Poisson d i s t r i b u t i o n ,  w i t h  t h e  p r o b a b i l i t y  

of n h i t s  i n  time t g iven  by 

75 

P ( n , t )  = ( l / n ! )  (Nt)ne-Nt, 

i n  which N i s  t h e  average frequency of h i t s  determined from t h e  f l u x  

mode 1 by 

N = @ASSf ,  

A i s  t h e  s u r f a c e  a r e a  of t h e  space v e h i c l e ,  and Sf is t h e  s h i e l d i n g  

f a c t o r  of t h e  e a r t h ,  t h e  f r a c t i o n  of t h e  t o t a l  s o l i d  ang le ,  subtended a t  

the  s a t e l l i t e ,  t h a t  is obscured by the  e a r t h .  Assume t h a t  a meteoroid 

of mass m v e l o c i t y  v s t r i k e s  a n e a r l y  s p h e r i c a l  mass a t  a p o s i t i o n  

45 from t h e  major a x i s  of symmetry. Then, i f  (27) be s u b s t i t u t e d  

i n t o  ( 2 6 )  and so lved  f o r  m t h e  mass necessary  t o  cause a p r i n c i p a l  

a x i s  s h i f t  of Icu\radians,  a t  most, is found t o  be 

S 

m y  m y  
0 

m, 

m m = (32n/15) (epr3  Ialy,) /(Tlvf) . (31) 

* 

I f  t h i s  equat ion  be s u b s t i t u t e d  i n t o  (28) and then  i n t o  (30 ) ,  t h e  average 

frequency of h i t s  l a r g e  enough t o  s h i f t  t h e  body axes by angle  lcv l  i s  

found t o  be 

A s  an example, t h e  average frequency of h i t s  l a r g e  enough t o  cause one 

a r c s e c  s h i f t  w i l l  be c a l c u l a t e d  f o r  t h e  i n e r t i a  r a t i o  y = 2.2X10 , 

as determined i n  s e c t i o n  4.4. Flux model G w i l l  be used,  and a 

-4 
0 

3 
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& 

4 

p e s s i m i s t i c  7 = 1 w i l l  be assumed, a long  w i t h  t h e  fo l lowing  parameters:  

330 cal/gm 

3 

- - e 
P - - 2.5  gm/cm 

r 15 cm - - 
1.7 -2  -1 gm m s e c  - K - 

0.75 - - 
sf  

1.7 - k 

1.1 = 1 arcsec = 4.8X10m6 r a d i a n  

-8 The smallest meteoroid mass needed, g iven  by (31) ,  i s  m =4.3X10 gm. 

The average frequency of p a r t i c l e s  of t h i s  s i z e  and l a r g e r  h i t t i n g  t h e  

s a t e l l i t e  is then  N =220 h i t s / y e a r .  

tu rbances  would s h i f t  t h e  body axes of the sa te l l i t e  much too  o f t e n  t o  

o b t a i n  t h e  r e q u i r e d  accuracy of s p i n  a x i s  r eadou t ,  and a l a r g e r  y 

is i n d i c a t e d .  S ince  an inc rease  of y l eads  t o  an i n c r e a s e  i n  g r a v i t y -  

g r a d i e n t  moment, a ba lance  must be reached such t h a t  t h e  g r a v i t y  g r a d i e n t  

is minimized whi le  s t i l l  making t h e  s a t e l l i t e  somewhat immune t o  

meteoroid d i s tu rbances .  The readout  requirements  i n d i c a t e  t h e  need f o r  

about  one week of undis turbed  d a t a  t o  determine t h e  s p i n - a x i s  d i r e c t i o n  

t o  l e s s  t han  a h a l f  second of a r c .  To t r a c k  the s p i n - a x i s  d r i f t ,  many 

s e t s  of good d a t a  w i l l  be r equ i r ed .  I f  body a x i s  s h i f t s  of one second 

of a r c  could be l i m i t e d  t o  an average frequency of only  one per  yea r ,  

t h e  p r o b a b i l i t y  of zero  d i s t u r b a n c e s  i n  any one week would be from 

E q .  (29) j u s t  exp(-1/52)  o r  0.98 .  That  is t o  say ,  t h e  p r o b a b i l i t y  of 

one o r  more such h i t s  per  week would be 2 pe rcen t .  

m 

Such a h igh  frequency of d i s -  
Q 

0 

0 

To s e e  what e f f e c t  t h i s  h igh  p r o b a b i l i t y  of success  w i l l  have 

on t h e  g r a v i t y  g r a d i e n t  moment, f i r s t  Eq. (32) is t o  be so lved  f o r  yo, 
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and the r e s u l t  i n s e r t e d  i n  E q .  (23) f o r  the g r a v i t y - g r a d i e n t  p recess ion  

c o e f f i c i e n t .  A t  t h e  same t ime,  t h e  satel l i te  r o t a t i o n a l  v e l o c i t y  i s  

t o  be r ep resen ted  by t h e  r a t i o  of p e r i p h e r a l  v e l o c i t y ,  v, and r a d i u s  r. 

The equa t ion  f o r  A inc luding  both  meteoroid damage p r o b a b i l i t y  and 

c e n t r i f u g a l  deformation is 

A = [ 3GM/2a3(1-e 2 ) 3/21 

+(5p/2E) (0.6-v)vr].  

I n  t h i s  form it is  c l e a r  t h a t  once a choice  i s  made of o r b i t  a l t i t u d e ,  

s a t e l l i t e  m a t e r i a l ,  and frequency of h i t s  N which produce a body a x i s  

s h i f t  la1 , t h e  g r a v i t y  g r a d i e n t  can be minimized by a d j u s t i n g  p e r i p h e r a l  

o! 

v e l o c i t y  v and r a d i u s  r .  For  

bu t  t h e  p e r i p h e r a l  v e l o c i t y  is Limited by t h e  maximum a l lowable  stress. 

For t h e  1500-psi  l i m i t  se t  i n  4.4, t h e  p e r i p h e r a l  v e l o c i t y  is about  

100 meters  per  second. The dependence on r a d i u s  i s  determined by t h e  

model of meteoroid f l u x  which is  used. If k=l ,  as i n  @ and @ then  

A is  a l i n e a r  func t ion  of r of t h e  form 

A decreases  w i t h  inc reas ing  v, 

1 2' 

i 

A = A + A  r .  1 2  

Thus, t h e  smallest r a d i u s  is most f avorab le .  However, i f  k=1.7 as i n  

G 3 ,  equa t ion  (33) has  t h e  form 

A = (Al/r0'84)+A2r 

which c l e a r l y  e x h i b i t s  a r e l a t i v e  minimum i n  r .  F igure  4.5 is a p l o t  
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of g r a v i t y  g r a d i e n t  p recess ion  c o e f f i c i e n t  v s  gyro r a d i u s  f o r  two 

meteoroid f l u x  models, H 

per  yea r  causes  a p r i n c i p a l  axis s h i f t  of one a r c s e c .  The r e s u l t s  

f o r  model H 1  a r e  no t  shown because H 

model and w a s  assumed t o  be a more a c c u r a t e  r e p r e s e n t a t i o n .  

a r e  shown f o r  each f l u x  model, t h e  upper curves  i n  each model f o r  a 

p e r i p h e r a l  v e l o c i t y  of 100 meters  per  second, t h e  lower ones f o r  150 

meters  per  second, which would produce a maximum s t r e s s  of 3800 p s i .  

The ranges of meteoroid masses a p p l i c a b l e  t o  each model l i s t e d  i n  

Table  4 . 1  l i m i t  t h e  r eg ions  of a p p l i c a b i l i t y  t o  t h e  s o l i d  p o r t i o n s  

of t h e  curves  shown i n  F ig .  4 . 3 .  The a p p l i c a b l e  ranges  of gyro r a d i u s  

a r e  summarized be low: 

and ( P 3 ,  i n  which it is assumed t h a t  one h i t  
2 

is a r e v i s e d  e s t i m a t e  of t h a t  2 

Two curves  

I p 2 :  0.5 cm < gyro r a d i u s  < 1600 cm, 

C B 3 :  1 .5  cm < gyro  r a d i u s  < 15 cm. 

-5 
It i s  i n t e r e s t i n g  t o  n o t e  t h a t  i f  Q, were good f o r  masses up t o  10 gm, 3 

t h e  curves  could be used up t o  103 cm. The minimum va lue  of A ,  found 

by d i f f e r e n t i a t i n g  ( 3 3 )  w i t h  r e s p e c t  t o  r and equa t ing  t o  ze ro ,  would 

be 38 a r c s e c  per  year  a t  a r a d i u s  of 74  cm; f o r  v = 150 m/sec, A 

would be 36 a r c s e c  per  yea r  a t  a r a d i u s  of 47 cm. Th i s  a n a l y s i s  has 

had the  remarkable r e s u l t  t h a t  a r a t h e r  broad optimum can be found 

f o r  t h e  gyro r a d i u s  f a i r l y  c l o s e  t o  t h e  va lues  of i n t e r e s t  i n  t h e  

des ign  of t h e  r e l a t i v i t y  s a t e l l i t e ,  i . e .  between 15 cm and 30 cm. 

By adher ing  s t r i c t l y  t o  t h e  curves  shown i n  F i g .  4 . 5 ,  it would appear 

t h a t  15 cm would t r u l y  g ive  a minimum value  f o r  A ,  s i n c e  t h a t  i s  t h e  

upper l i m i t  of t h e  u s e f u l  r eg ion  of t h e  H curve as de r ived  from Table 4 3 

1-1 
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i 

I 
( 

. ,. d 

i 1 
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Figure  4.5 

Minimum g r a v i t y  g r a d i e n t  c o e f f i c i e n t  
v s .  gyro r a d i u s .  
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I n  concluding t h i s  s e c t i o n ,  s e v e r a l  obse rva t ions  can be 

made. The c r i t e r i o n  f o r  t h e  s a t e l l i t e  t o  be r e l a t i v e l y  immune from 

a meteoroid-produced axis s h i f t  w a s  de r ived  assuming t h a t  a l l  of t h e  

k i n e t i c  energy of t h e  incoming p a r t i c l e  is conver ted  t o  h e a t  and t h a t  

t h e  c r a t e r  is formed a t  ap angle  of 45 from e i t h e r  end of t h e  s a t e -  

l l i t e  s p i n  axis, t h e  wors t  p o s s i b l e  p l ace .  I f  it is assumed t h a t  

any p o i n t  on t h e  n e a r l y  s p h e r i c a l  body is e q u a l l y  l i k e l y  t o  be h i t  

by a meteoroid,  then  t h e  average angular  s h i f t  of t h e  p r i n c i p a l  axes  

caused by a given p a r t i c l e  is about  65% of t h e  maximum c a l c u l a t e d  by 

equat ion  (26 ) .  The curves i n  F i g .  4.5 may t h e r e f o r e  be regarded a s  

somewhat conse rva t ive ,  and a 15 cm r a d i u s  s a t e l l i t e  designed wi th  

y 

g r a d i e n t  p recess ion  w i l l  be v i r t u a l l y  f r e e  from any n o t i c e a b l e  

meteoroid d i s tu rbances .  

0 

so l a r g e  as t o  produce a maximum of 80 a r c s e c  pe r  yea r  g r a v i t y -  
0 

4.6 S p e c i a l  O r b i t s  

Now t h a t  t h e  g r a v i t y  g r a d i e n t  p recess ion  c o e f f i c i e n t  has 

been minimized t o  a va lue  of about  80 seconds of a r c  per  yea r ,  it is 

necessary  t o  cons ider  how t o  reduce t h e  a c t u a l  g r a v i t y  g r a d i e n t  pre-  

ce s s ion  r a t e s ,  ( e )  and (&), given  by Eqs. (15) and (16) .  

The r e l a t i v i t y  d r i f t  r a t e  of t h e  gyro s p i n  a x i s  w i l l  be 

l a r g e s t  when t h e  s p i n  a x i s  l i e s  i n  t h e  o r b i t a l  p lane .  Therefore ,  two 

cases  of s p e c i a l  i n t e r e s t  are an e q u a t o r i a l  o r b i t  and a p o l a r  o r b i t ,  

because e i t h e r  of t h e s e  o r b i t s  w i l l  al low t h e  gyro s p i n  axis t o  l i e  

i n  t h e  o r b i t a l  plane f o r  an  extended per iod  of time. 

t h e s e  s p e c i a l  ca ses ,  Eqs. (15) and (16) may be s i m p l i f i e d  and i n t e -  

g r a t e d  d i r e c t l y ,  as w i l l  be seen .  

For each of 
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4.6.1. E q u a t o r i a l  O r b i t  

For  an e q u a t o r i a l  o r b i t ,  t he  i n c l i n a t i o n  i w i l l  be assumed 

small so t h a t  

s i n i w  i 

c o s i w  1. 

4 

Also,  it is  assumed t h a t ,  

e E = %+6 

where 6 e  is a s m a l l  ang le  between t h e  s p i n  axis and t h e  x o 2  Yo plane ,  

as shown i n  F i g .  4.6. From t h i s  f i g u r e  are ob ta ined  

s inc  = sin(%+6 ) = cos6 w 1 e e 

COSE =  COS(%+^^) = - s i n  6 e w -6,. 

From Eq. (17b) t h e r e  o b t a i n s  

cos8 = s in i cos (Q-y) -6  c o s i .  e 

S ince  i is a l s o  a small ang le ,  t h i s  reduces t o  

cose w icos(Q-cp)-6 e . 

S u b s t i t u t i n g  t h e s e  small ang le  approximations i n t o  Eqs.  (15) and (16) 

r e s u l t s  i n  t h e  fo l lowing:  

2 2 2 (@) = - A [ i  decos (Dq)+ ibe  cos(Sa-cp) 
0 

( 6 )  = A[%- 2 sin2(Q-y)-ibesin(Q-cp)]. 

i 
.J 
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Figure  4.6 

Orb i t  and s p i n  a x i s  c o n f i g u r a t i o n  f o r  a nea r -equa to r i a l  o r b i t .  

The X a x i s  is along t h e  ve rna l  equinox; 
0 

t he  2 a x i s  is the  n o r t h  pole  of t h e  e a r t h .  
0 





, 

4 

Since  i and 6 e 

magnitude than  

o r d e r  terms i n  
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a r e  both  small, (@) is l a r g e r  by a t  least one o rde r  of 

( 6 )  , and may now be s i m p l i f i e d  by dropping t h e  h ighe r  

i and 6 : e 

(9 )  w A[6e-icos(i2a-cp)]. 

For  near  e q u a t o r i a l  o r b i t s ,  i2 changes a t  t h e  r a t e  of 6 t o  9 revolu-  

t i o n s  per  yea r .  Therefore ,  Eq. ( 3 4 )  i n d i c a t e s  t h a t  t h e  average rate 

of change of cp is p r o p o r t i o n a l  t o  6 e ,  t h e  angle  between the  gyro s p i n  

a x i s  and t h e  e a r t h ' s  e q u a t o r i a l  p lane .  

can be i n t e g r a t e d  w i t h  r e s p e c t  t o  time t o  g ive  &: 

S e t t i n g  i2=baotht, Eq. ( 3 4 )  

nCp = A[ 6 et - ( i / d )  [ cos (sd o=-cp) s id t+s i n  (sd o-ep ) (c o d l  t - 1) 3 3 

By a r b i t r a r i l y  s e t t i n g  ha-rp=%n, t h i s  s i m p l i f i e s  t o  

Acp = A[Get+(i/fi)(1-cos At) ]  

A 1000-km-alti tude o r b i t  i n c l i n e d  a t  loo from the  equator  r e g r e s s e s  a t  

t h e  r a t e  of 2200 degrees  per  yea r .  

p e r i o d i c  p a r t  of Eq. ( 3 5 )  has a maximum amplitude of about  0 . 3 6  a r c s e c .  

However, t o  keep t h e  s e c u l a r  p a r t  of ( 3 5 )  l e s s  than  0.1 second of a r c  

i n  one year  r e q u i r e s  

Thus, w i th  A = 80 a r c s e c / y r ,  t he  

6 < (1/800) = 0.072O. e 

4 . 6 . 2 .  Polar  O r b i t  

A t r u e  p o l a r  o r b i t  ( i . e . ,  i=+n) is r e q u i r e d  f o r  a nonre- 

g r e s s i n g  o r b i t  p lane .  The nodal  r e g r e s s i o n  rate of t h e  o r b i t  l i n e  of 

85 

( 3 4 )  

( 3 5 )  
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nodes i s  given i n  Ref. 2 by 

Sa = -(3J2/2) (GM/a) 5 - 2 3  2(Re/a l(1-e 2 -2 c o s t ,  

I 

4 

where J 

i n  the  e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l .  (A more e x a c t  equa t ion  f o r  

nodal  r e g r e s s i o n ,  a l s o  given i n  Ref. 2,  con ta ins  terms t h r e e  o rde r s  

of magnitude sma l l e r  than Eq.  (36) and w i l l  no t  be r e q u i r e d  i n  t h i s  

= 1.082 X lom3 is t h e  c o e f f i c i e n t  of t he  second harmonic term 2 

a n a l y s i s . )  The r i g h t  ascens ion  of the  o r b i t  l i n e  of nodes w i l l  now 

be w r i t t e n  Sa4 -t&t, where Sa 

of the  s a t e l l i t e  i n t o  o r b i t .  

a nea r  po la r  o r b i t  r i g h t  a f t e r  i n j e c t i o n .  Here, 6 

between the  i n i t i a l  o r b i t  l i n e  of nodes and t h e  p r o j e c t i o n  of the gyro 

s p i n  a x i s  on t h e  e a r t h ' s  e q u a t o r i a l  plane.  

is the  va lue  of R a t  the  time of i n j e c t i o n  
0 0 

F i g u r e  4.7 shows a t y p i c a l  c o n f i g u r a t i o n  f o r  

is an e r r o r  ang le  
P 

It w i l l  be seen  t h a t  the  

g r a v i t y  g r a d i e n t  p recess ion  depends on t h i s  ang le  and on t h e  r e g r e s s i o n  

r a t e ,  Sa. 

From F i g .  4.7 it can be seen t h a t  

S a o ~  = * - 6  
P Y  

and, t h e r e f o r e ,  

n-cp = Sat+* -6 . 
P 

U s  ing 

cos(Sa-cp) = s i n ( 6  - i t ) ,  
P 

and a l s o ,  assuming t h a t  i=k+i', where i' is a small e r r o r  i n  o r b i t a l  

i n c l i n a t i o n ,  we have 
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RR-136 

Figure  4.7 

I n i t i a l  o r b i t  and s p i n  a x i s  c o n d i t i o n s  f o r  a near -polar  o r b i t .  

X is a long  t h e  v e r n a l  equinox;  Z 
0 0 

is the  e a r t h ' s  a o r t h  po le .  
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cos0 = s i n e s i n ( 6  - f i t ) - i ' cosc .  
P 

89 

Equat ions ( 1 5 )  and (16) now become 

(37) 
(Cp) = h[coses in  2 (6 -ht)-i'(cos2e/sinc)sin(6 -it)-i' 2 toss] , 

P P 

a 
4 

h '  I 

? 

( 4 )  = h[&.incsin(26 P - ~ t ) - i ' c o s e c o s ( 6  P -ht)]. (38) 

These equa t ions  may be i n t e g r a t e d  w i t h  r e s p e c t  

and Ac as f u n c t i o n s  of t i m e :  

t i m e  t o  g i v e  & 

& = &it case{ 1-sin26 ( l - c o s 2 h t ) / ~ t - ( c o s 2 6  sin2!&)/2ht 
P P 

+4i 'cot2e[cos6 ( l - c o A t ) / i j t - ( s i d  s i h t > / h t ~ - i ' ~ ~  
P P 

AE = %ts ine{  (sin26 s i n k t ) / d t - c o s %  ( l - c o s g t ) / d t  
P P 

(39) 

I f  e is allowed t o  van i sh ,  these  equa t ions  may give m i s -  

l e ad ing  r e s u l t s .  However, it must be remembered t h a t c p  and, t h e r e f o r e ,  

4, are undefined i f  c=O because the  gyro s p i n  a x i s  becomes co inc iden t  

w i th  the  zo a x i s ,  as can be seen  i n  F i g .  4.7. 

It w i l l  be seen  l a t e r  t h a t ,  f o r  p r a c t i c a l  purposes,  the  

nodal  r e g r e s s i o n  r a t e ,  b,  should  be l e s s  than 45 degrees per yea r  and, 

t h e r e f o r e ,  Eq.  (36) i n d i c a t e s  t h a t  f o r  1000 km o r b i t s ,  i' must be no 

l a r g e r  t han  1' o r  .017 r a d i a n .  

rates, E q s .  (39) and (40)  may be s i m p l i f i e d  by dropping the  terms 

Consequently, f o r  such slow r e g r e s s i o n  
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con ta in ing  i' . The s i m p l i f i e d  expres s ions  are 

4 

AT = a t c o s e [  l -s in26 ( l - c o s d t ) / 2 d t -  (cos26 s i n 2 b t ) / h t l  (41) 

Ae = %Atsine[ (s in26 s i n 2 h t ) / k t - c o s 6  ( l - c o s d t ) / h t l  (423 

P P 

P P 

Some 

t h e  v a r i a t i o n s  

a n g l e ,  6 and 

nondimens i o n a l  
P' 

t y p i c a l  curves  a r e  p l o t t e d  i n  F i g s .  4 . 8  and 4.9 t o  show 

of Acp and Ac as f u n c t i o n s  of t h e  i n i t i a l  misalignment 

t h e  nodal  r e g r e s s i o n  a n g l e ,  Qt. In t h e s e  cu rves ,  t h e  

parameters  Acp/(Atcosc) and Ac/(Atsine)  have been 

p l o t t e d .  

rate and 6 as small as p o s s i b l e  t o  avoid l a r g e  va lues  of g r a v i t y  

g r a d i e n t  p recess  ion .  

These curves i l l u s t r a t e  t h e  need t o  keep t h e  nodal  r e g r e s s i o n  

P 

4.7 Conclusions 

The g r a v i t y  g r a d i e n t  torque a c t i n g  on a n o n - i s o i n e r t i a l  

sp inn ing  s a t e l l i t e  can e a s i l y  produce p recess ion  i n  t h e  same d i r e c t i o n  

as the  p r e d i c t e d  r e l a t i v i t y  p recess ion .  C e n t r i f u g a l  deformation of 

t h e  s a t e l l i t e  and t h e  need f o r  a p r e f e r r e d  s p i n - a x i s  d i r e c t i o n  r e l a -  

t i v e l y  f r e e  from micrometeoroid c r a t e r i n g  e f f e c t s  l ead  t o  a lower 

l i m i t  v a lue  of t h e  i n e r t i a  d i f f e r e n c e  r a t i o ,  y .  This lower l i m i t  of 

y is a f u n c t i o n  of t h e  gyro s i z e  and m a t e r i a l  p r o p e r t i e s  and of t h e  

model used f o r  t h e  meteoroid f l u x .  By us ing  t h i s  lower l i m i t  of y 

i n  t h e  g r a v i t y - g r a d i e n t  equa t ion  , t h e  precess  ion  c o e f f i c i e n t  A can be 

minimized w i t h  r e s p e c t  t o  t h e  gyro r a d i u s .  A 15-cm-radius gyro wi th  

A = 80 a r c s e c  pe r  y e a r ,  o r  a 30-cm-radius gyro  w i t h  A = 50 a r c s e c  per  
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Gravi ty  g r a d i e n t  p recess  ion f o r  r e g r e s s i n g  p o l a r  o r b i t ;  
d imensionless  e q u a t o r i a l  plane component vs .  r e g r e s s i o n  angle .  

Grav i ty  g r a d i e n t  p recess ion  f o r  r e g r e s s i n g  p o l a r  o r b i t ;  
d imensionless  component normal t o  e a r t h ' s  e q u a t o r i a l  p l ane  
v s  . r eg res s ion  angle .  
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year  could be b u i l t  w i t h  t h e  same degree of meteoroid immunity as t h a t  

of optimum r a d i u s ,  74 cm, which would have A = 38 a r c s e c  pe r  y e a r .  

The f i n a l  r educ t ion  of g r a v i t y  g r a d i e n t  p recess ion  must be 

accomplished by p r e c i s e  i n i t i a l  a l ignment  of the gyro  s p i n  a x i s .  

Eq. (35) i n d i c a t e s  t h a t  f o r  a near  e q u a t o r i a l  o r b i t ,  t he  s e c u l a r  

p recess ion  r a t e  i n  t h e  same d i r e c t i o n  as t h a t  p r e d i c t e d  by r e l a t i v i t y  

theo ry  is  j u s t  A m u l t i p l i e d  by t h e  small misalignment angle  between 

t h e  gyro s p i n  a x i s  and t h e  e a r t h ' s  e q u a t o r i a l  p lane .  

of 0.07 would produce a s e c u l a r  p recess ion  of 0.1 a r c s e c  i n  one 

year  f o r  t h e  15-cm r a d i u s ,  whereas t h e  same p recess ion  would o b t a i n  

wi th  t h e  30-cm r a d i u s  f o r  a misalignment of 0.11 degree .  

A misalignment 

0 

Some s o f t e n i n g  of t h i s  need f o r  p r e c i s i o n  i n  a l ignment  would 

be p o s s i b l e  i f  t h e  va lue  of A were a c c u r a t e l y  known. An estimate 

of A is a v a i l a b l e  from t h e  des ign  of t h e  gyro,  and t h e  p r e d i c t i o n  of 

i t s  s p i n  deformation.  An e s t i m a t e  is a l s o  a v a i l a b l e  from t h e  pe ro id i c  

component of t h e  g r a v i t y - g r a d i e n t  precess  ion.  Both of t hese  estimates 

w i l l  be made as a ma t t e r  of course ;  t h e  former i s  a necessary  p a r t  

of t h e  des ign ,  and t h e  l a t t e r  is a necessary  p a r t  of d a t a  a n a l y s i s .  

I f  A may be known w i t h  an accuracy of 20 pe rcen t ,  then  t h e  s e c u l a r  

p a r t  of t h e  g r a v i t y - g r a d i e n t  p recess ion  would be known w i t h  a l i k e  

accuracy,  so t h a t  a f i v e - f o l d  g r e a t e r  e r r o r ,  than  demanded above, 

could be t o l e r a t e d  i n  t h e  al ignment  of t h e  s p i n  axis wi th  t h e  e a r t h ' s  

e q u a t o r i a l  p lane .  
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4 . 8 .  Appendix--Momentum Trans fe r  of Micrometeoroids 

The degree t o  which t h e  r e l a t i v i t y  s a t e l l i t e  of t he  Coordinated 

Science Laboratory i s  immune t o  the  momentum t r a n s f e r  of impacting 

meteoroids  depends upon t h e  model of t h e  meteoroid f l u x .  The b e s t  

known, and a l s o  t h e  most conse rva t ive ,  model of t h e  meteoroid 

environment was  developed by Whipple i n  1957. This  model can be 

r ep resen ted  by 

-12 -1 Q 1  = 1.3X10 m , 

where P, is  the  f l u x  per meter2 sec  of p a r t i c l e s  w i t h  mass m grams and 

g r e a t e r  . A 1961 e v a l u a t i o n  of r o c k e t  and s a t e l l i t e  d a t a  obta ined  8 

-17.0 -1.70 m 2  = 10 m Y 

- 10 8 a p p l i c a b l e  f o r  masses of 10 t o  gm . However, obse rva t ions  of 

meteors s imula ted  by shaped-charge f i r i n g s  i n d i c a t e d  t h a t  Whipple 's 

1957 e s t i m a t e  should be r e v i s e d  by an order  of magnitude t o  give 8 

i 

1 a 
,Y 

-13 -1 Q3 = 1.3X10 m . 

These are the  t h r e e  meteo 

r e v i s i o n  ,as more is l ea rned  of t h e  space  environment. 

odels .  cu r ren  ly used, a l l  sub jec  0 

The number of p a r t i c l e s  h i t t i n g  a given s a t e l l i t e  i n  a given 

amount of t i m e  can be c a l c u l a t e d ,  u s ing  the  f l u x  expres s ion ,  t o  be 

N = QAT , 
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where A is t h e  area exposed t o  meteoroids ,  and T i s  t h e  time of exposure.  

Assume, f o r  c a l c u l a t i o n  purposes ,  a p o s s i b l e  CSL gyro s a t e l l i t e  t o  

be a s o l i d ,  n e a r l y  s p h e r i c a l  body of d e n s i t y  2 .5  gm/cm , having a r a d i u s  

of 30 cm, sp inn ing  a t  50 Hz and monitored f o r  one y e a r .  A p l o t  of t h e  

number of meteoroids s t r i k i n g  the  s a t e l l i t e  ve r sus  t h e  meteoroid mass 

3 

is  given i n  F i g .  4.10 us ing  the  above s a t e l l i t e  r a d i u s  and t h e  t h r e e  

d i f f e r e n t  f l u x  e s t i m a t e s .  F igure  4.10 r e v e a l s  t h a t  l a r g e  numbers of 

s m a l l  meteoroids  w i l l  h i t  t h e  s a t e l l i t e  while  few meteoroids heav ie r  

than  grams a r e  t o  be expected w i t h i n  a y e a r ' s  t ime.  

The e f f e c t  of a meteoroid h i t  w i l l  depend upon t h e  momentum 

of the  impinging p a r t i c l e .  Visua l  obse rva t ions  of meteor showers 

i n d i c a t e  t h a t  l a r g e  meteoroids  have approximate v e l o c i t i e s  of 28 km/sec 

whi le  sma l l e r  p a r t i c l e s  have a v e l o c i t y  of about  15 km/sec. 

v e l o c i t y  d i s t r i b u t i o n  t a b u l a t e d  i n  Table 35 of Ref .  8 is  used f o r  

c a l c u l a t i o n s  i n  t h i s  a n a l y s i s .  A conse rva t ive  approach t o  t h e  momentum- 

exchange a n a l y s i s  is t o  assume t h a t  t h e  momentum v e c t o r  of a l l  impinging 

p a r t i c l e s  is perpendicular  t o  the  s p i n  a x i s  and i n t e r s e c t s  t h e  s p i n  

a x i s  The impulsive angular  d i sp lacement ,  6 , caused by one meteor- 

o i d  h i t  would then be 

The 

6 = m v r / C Q  , 

where C is t h e  moment of i n e r t i a ,  Q is t h e  s p i n  r a t e ,  and mv is the  

momentum of t h e  meteoroid a c t i n g  a t  a d i s t a n c e  r from t h e  c e n t e r  of 

mass of t h e  s a t e l l i t e .  For a conse rva t ive  c a l c u l a t i o n ,  l e t  r be t h e  

r a d i u s  of t h e  s a t e l l i t e ,  R .  The moment of i n e r t i a  of t h e  s p h e r i c a l  

gyro is 

5 C = 8rrpsR /15 
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Figure  4.10 

(grams 1 

Number of meteoroids s t r i k i n g  a s p h e r i c a l  s a t e l l i t e  of 30 cm r a d i u s  
YS. meteoroid mass. Three f lux  models are shown. 
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Flux Model: 41= 1.3 X10-l2 rn: 
Density of Gyro Material = 2.5 gm/cm 
Radius of Gyro 3 0 c m  
Spin Rate of Gyro = 50 rev/sec 

Meteoroid Mass 
Figure  4.11 

Mean square  d e v i a t i o n  of t h e  s a t e l l i t e  angular  
v e l o c i t y  vec to r  vs .  meteoroid mass. 

(Grams) 

RR-350 
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where p is t h e  d e n s i t y ,  and t h e  impulsive angu la r  d e v i a t i o n  due t o  
S 

one meteoroid h i t  

A l a r g e  sa te l l i t e  

becomes 

6 = (15/8n) (mv/ps R4Q). 

then would be less a f f e c t e d  by meteoroid h i t s  than  a 

sma l l e r  one. However, a l a r g e r  s a t e l l i t e  is h i t  by a g r e a t e r  number 

of p a r t i c l e s .  

squa re  d e v i a t i o n  of even t s  a long t h e  s p i n  a x i s  and w r i t i n g  an  expres s ion  

f o r  t he  n e t  angular  d e v i a t i o n ,  5 ,  of N h i t s ,  

This  can be taken i n t o  c o n s i d e r a t i o n  by assuming a mean 

This  f u n c t i o n  is  p l o t t e d  ve r sus  meteoroid mass i n  F i g .  4.11 u s i n g  t h e  

conse rva t ive  1957 Whipple e s t i m a t e  of meteoroid f l u x .  S ince  t h e  c r o s s -  

s e c t i o n a l  a r e a  of a sphere  is rrR , 5 is i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  

r a d i u s  cubed. 

2 

F i g u r e  4.11 i n d i c a t e s  t h a t  t he  l a r g e r  meteoroids  w i l l  be 

d e t r i m e n t a l  t o  t h e  r e l a t i v i t y  experiment which r e q u i r e s  spu r ious  

d e v i a t i o n s  of less than 0.1 s e c  of a r c  per  yea r .  However, t h e  proba- 

b i l i t y  of being h i t  by t h e  l a r g e r  meteoroids  is of course  less than 

f o r  t h e  smaller p a r t i c l e s .  

p r o b a b i l i t y  of no impact,  P(O), w i t h i n  a year by a meteoroid of a given 

mass is g iven  by 

For a Poisson d i s t r i b u t i o n  of e v e n t s ,  t h e  

-N ~ ( 0 )  = e 

where N = @AT. Therefore ,  f o r  a meteoroid of a g iven  mass, t h e  maximum 

impulsive p recess ion  due t o  i t s  impact and t h e  p r o b a b i l i t y  of n o t  h i t t i n g  

t h e  s a t e l l i t e  can be c a l c u l a t e d .  A p l o t  of P(0) ver sus  6 
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us ing  t h e  t h r e e  meteoroid f l u x  models i s  given i n  F i g .  4.12. This 

p l o t  can be i n t e r p r e t e d  t o  g ive  t h e  p r o b a b i l i t y  of success  of t h e  

experiment  w i th  r e f e r e n c e  t o  meteoroids  i f  a maximum 6 t o  be t o l e r a t e d  

is  de f ined .  

be 0 . 1  a r c s e c ' i n  a year  which would correspond t o . . b e t t e r  than  93% 

chance of success  us ing  t h e  most conse rva t ive  f l u x  e s t i m a t e .  

For t h e  CSL r e l a t i v i t y  experiment t h i s  maximum 6 would 

B 

4 
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Disturbance of Angular Momentum Vector 

Figure  4.12 

P r o b a b i l i t y  of no d i s tu rbances  of t he  s a t e l l i t e  angular  
v e l o c i t y  vec to r  due t o  meteoroid momentum exchange. 

(Arc Sec) 
RR-351 

i 
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5.  AERODYNAMIC TORQUES 

5.1. I n t r o d u c t i o n  

10 7 

The unshielded r e l a t i v i t y  gyro w i l l  be s u b j e c t e d  t o  

aerodynamic torques due t o  atmospheric d rag .  The aerodynamic 

torque on a sp inn ing  s p h e r i c a l  s a t e l l i t e  has been s t u d i e d  by 

R .  D .  Palamara and Nan Tum Po. R.  D .  Palamara analyzed no t  only 

aerodynamic torque b u t  a l s o  numerous o t h e r  e f f e c t s  which cause 

torque on an  unprotected sp inn ing  s a t e l l i t e .  H i s  s tudy  of t he  

aerodynamic torque i s ,  however, r e s t r i c t e d  i n  t h a t  t he  s a t e l l i t e  

s p i n  a x i s  i s  taken as being i n  t h e  plane of t he  o r b i t .  Nan Tum Po 

ob ta ined  a more g e n e r a l  s o l u t i o n  which he used t o  f i n d  the  s p i n  r a t e  

slowdown of a s a t e l l i t e  having h igh  s u r f a c e  area t o  mass r a t i o ;  

however, h i s  r e s u l t s  a r e  not  a p p l i c a b l e  t o  the  c a l c u l a t i o n  of t he  

p recess ion  ra te  of a s o l i d  s p h e r i c a l  s a t e l l i t e  which is given h e r e .  

1 2 

This  s tudy c o n s i s t s  of f i r s t  o b t a i n i n g  t h e  g e n e r a l  ana- 

l y t i c a l  expres s ion  f o r  aerodynamic torque which is found t o  depend 

upon t h e  o r i e n t a t i o n  of t h e  s a t e l l i t e  and t h e  accommodation co- 

e f f i c i e n t  of t he  s u r f a c e .  Cons ide ra t ion  is then  given t o  t h e  e f f e c t  

of nonuniform d i s t r i b u t i o n  of accommodation c o e f f i c i e n t  and o r b i t a l  

r e g r e s s i o n  e f f e c t s  which cause a change i n  s a t e l l i t e  o r i e n t a t i o n  

wi th  t ime.  When these  r e s u l t s  are a p p l i e d  t o  t h e  s p h e r i c a l  s a t e l l i t e ,  

two conclusions are e v i d e n t .  F i r s t ,  a reasonable  adjustment  i n  t h e  

i n i t i a l  o r b i t a l  parameters and s a t e l l i t e  o r i e n t a t i o n  can be made s o  

as t o  reduce t h e  aerodynamic e f f e c t  t o  a value accep tab le  f o r  t he  

r e l a t i v i t y  experiment.  Second, aerodynamic e f f e c t  can a l s o  be 
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ampl i f i ed  t o  make p o s s i b l e  a d i r e c t  measurement of t h e  accommodation 

c o e f f i c i e n t  of t he  s a t e l l i t e  s u r f a c e .  The f e a s i b i l i t y  of performing 

a s a t e l l i t e  experiment t o  measure the  accommodation c o e f f i c i e n t  is 

i n v e s t  i ga  t e d  . 
The obvious advantage the  s a t e l l i t e  method has over 

ear thbound-laboratory methods of measuring t h e  accommodation c o e f f i -  

c i e n t  is t h a t  the measurements are made under a c t u a l  o r b i t a l  

c o n d i t i o n s .  3 y 4 y 5  

s i m p l i c i t y  of the proposed s a t e l l i t e  provides a n  experimental  method 

f o r  t h e  s tudy of accommodation c o e f f i c i e n t s .  

This  advantage coupled wi th  the accuracy and unique 

c 

1 
1 

3, 

t. 
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5.2.  Analysis  of Aerodynamic Torque on a Spinning S p h e r i c a l  S a t e l l i t e  

The des ign  parameters of t he  proposed experiment correspond 

t o  a gyro of one f o o t  i n  d i ame te r ,  composed of s o l i d  g l a s s  and sp inn ing  

a t  about  100 Hz. These parameters w i l l  be used i n  t h e  a n a l y s i s  t o  

p re sen t  sample r e s u l t s .  Although the  s a t e l l i t e  i s  polyhedral  i n  

des ign ,  i t  is assumed t o  be s p h e r i c a l  f o r  t he  purpose of a n a l y s i s .  

The s a t e l l i t e  o r b i t  must be r e s t r i c t e d  t o  a l t i t u d e s  of less 

than 1000 miles t o  produce a measurable r e l a t i v i t y  e f f e c t  and a l s o  t o  

provide s u f f i c i e n t  b r i g h t n e s s  of r e f l e c t e d  s u n l i g h t  f o r  d a t a  c o l l -  

e c t i o n .  This  r e s t r i c t i o n  t o  low o r b i t s  a l lows the  assumption t h a t  

random o r  thermal motion of gas molecules can be neg lec t ed  i n  

comparison w i t h  t h e  r e l a t i v e  v e l o c i t y  of t he  s a t e l l i t e ;  t h e r e f o r e ,  

the i n c i d e n t  v e l o c i t y  of gas molecules can be taken t o  be e q u a l  t o  

6 

t h e  o r b i t a l  v e l o c i t y  of t h e  s a t e l l i t e .  The assumption of f r e e  

molecular f low v a l i d  above 100 m i l e s  can be used i n  t h e  a l t i t u d e  of 

7 i n t e r e s t  h e r e .  

The aerodynamic f o r c e s  may be c a l c u l a t e d  by cons ide r ing  the  

i n c i d e n t  and r e f l e c t e d  molecules s e p a r a t e l y .  The r e f l e c t i o n  of 

molecules is  determined by the  accommodation c o e f f i c i e n t  of t h e  s u r -  

f a c e .  I n  t h i s  a n a l y s i s  t h e  c l a s s i c a l  Maxwell accommodation c o e f f i c i e n t  

is used i n  which t h e  accommodation c o e f f i c i e n t ,  a equa l s  t he  

percentage of impinging molecules t h a t  are d i f f u s e l y  r e f l e c t e d  from 

t h e  s u r f a c e  a f t e r  be ing  accommodated t o  t h e  s u r f a c e .  The remaining 

percentage,  1 - a is s p e c u l a r l y  r e f l e c t e d  w i t h  no energy accommodation. 

d '  

d '  
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The torque caused by gas - su r face  i n t e r a c t i o n s  is analyzed 

by a l s o  cons ide r ing  the  s p e c u l a r l y  and d i f f u s e l y  r e f l e c t e d  molecules 

s e p a r a t e l y .  The r e s u l t a n t  f o r c e  due t o  a s p e c u l a r  r e f l e c t i o n  is 

normal t o  t h e  s u r f a c e ;  t h e r e f o r e ,  f o r  a s p h e r i c a l  s u r f a c e ,  no torque 

about t he  c e n t e r  of mass r e s u l t s  from s p e c u l a r l y  r e f l e c t e d  molecules.  

For t h e  d i f f u s e l y  r e f l e c t e d  molecules,  t he  torque is eva lua ted  i n  t h e  

fol lowing way. F i r s t ,  the  f o r c e  due t o  t h e  impingement of t h e  mole- 

c u l e  depends on the  ang le  of t he  s u r f a c e  t o  the  flow and i n  g e n e r a l  

causes  a torque about t h e  c e n t e r  of mass. A f t e r  accommodation t o  

t h e  s u r f a c e ,  the molecule is d i f f u s e l y  r e f l e c t e d  w i t h  a v e l o c i t y  

component normal t o  t h e  s u r f a c e .  This  component r e s u l t s  i n  only a 

normal f o r c e  as r e q u i r e d  by the d e f i n i t i o n  of d i f f u s e  r e f l e c t i o n .  

Since the molecules have been accommodated t o  t h e  s u r f a c e ,  each 

d i f f u s e l y  r e f l e c t e d  molecule has a l s o  a component of v e l o c i t y  tangent  

t o  the  s u r f a c e  and equa l  t o  the angu la r  v e l o c i t y  of t he  s u r f a c e  a t  

t h e  p o i n t  of r e f l e c t i o n .  The d i f f u s e l y  r e f l e c t e d  molecules thus 

cause a normal f o r c e  which produces no torque and a t a n g e n t i a l  f o r c e  

which produces a torque p r o p o r t i o n a l  t o  the  angu la r  v e l o c i t y  of t h e  

s u r f a c e  a t  the  p o i n t  of r e f l e c t i o n .  It is  t h i s  mechanism which 

produces the  p r e c e s s i o n a l  torque t h a t  causes  t h e  d i r e c t i o n a l  move- 

ment of t h e  s p i n  a x i s .  

The coord ina te  systems t o  be used i n  the  a n a l y s i s  are shown 

i n  F i g s .  5 . 1  and 5 .2 .  The X ,  Y ,  Z a x i s  i s  t h e  i n e r t i a l  s e t  w i t h  Z 

toward P o l a r i s  and X a long the  v e r n a l  equinox. The x ,  y ,  z coord ina te  
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Arrangement of Coordinate  systems. 
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Figure  5 .2  

Coordinate  systems t r anspor t ed  t o  a common o r i g i n .  
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Figure  5.3 

Coordinate  system used f o r  s u r f a c e  i n t e g r a t i o n .  
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system is a t t a c h e d  t o  t h e  o r b i t  w i t h  t h e  z a x i s  normal t o  t h e  o r b i t a l  

plane and t h e  x axis as t h e  ascending node of t h e  o r b i t .  

ys, z 

as t h e  l i n e  formed where t h e  plane normal t o  t h e  s p i n  a x i s  i n t e r s e c t s  

t h e  o r b i t a l  p lane .  i, j , k, and i 

x ,  Y ,  z and XSY Y s ,  z 

is  t h e  gas f low v e l o c i t y  vec to r  which i s  always i n  t h e  x ,  y plane and 

can be thought  t o  r o t a t e  about  t h e  c e n t e r  of t h e  s a t e l l i t e  a t  t h e  

o r b i t a l  angu la r  v e l o c i t y .  The v e l o c i t y  vec to r  is t angen t  t o  t h e  

o r b i t a l  pa th  a t  a l l  t imes.  F i g .  5 .3  i l l u s t r a t e s  t h e  s p h e r i c a l  

coord ina te  system (7 , 5 ,  R) used i n  t h e  i n t e g r a t i o n  over  t h e  s u r f a c e  

of t h e  sphe re .  

The xs ,  

s e t  i s  a t t a c h e d  t o  t h e  gyro  and t h e  x a x i s  can be thought  of 
S S 

js, k are u n i t  vec to r s  a long  t h e  
S Y  S 

axes  r e s p e c t i v e l y .  Also shown i n  t h e  f i g u r e s  

The mass f l u x  of gas  molecules impinging upon an  element  of 

s u r f a c e  dA i s  

- 
where p is  t h e  atmospheric  d e n s i t y  a t  t h e  o r b i t a l  a l t i t u d e ,  V i s  t h e  

v e l o c i t y  vec to r  e q u a l  t o  t h e  o r b i t a l  v e l o c i t y ,  and n i s  the  normal t o  

t h e  s u r f a c e  area dA, 

Since  only t h e  d i f f u s e l y  re f lec ted  molecules e n t e r  i n  t h e  

torque  a n a l y s i s ,  we  may ignore  t h e  s p e c u l a r l y  r e f l e c t e d  ones.  The 

impinging molecules e x e r t  a torque  
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The r e f l e c t i n g  molecules e x e r t  a torque 

, ,. 

,i 

where is the s p i n  v e c t o r  of t h e  gyro and E is t h e  r a d i u s  vec to r  t o  

the  s u r f a c e  from the  c e n t e r  of mass. The e l emen ta l  torque dx 

produced by the complete i n t e r a c t i o n  is then the  sum of t h e  above 

e x p r e s s i o n s ,  i . e . ,  

dx = - cyd[iix(V - 5xE) (pV - - n 

S u b s t i t u t i n g  the  r e q u i r e d  vec to r s  and i n t e g r a t i n g  over only 

the  s u r f a c e  i n  t h e  v e l o c i t y  stream, w e  o b t a i n  t h e  instantaneous 

torque which reduces t o  a f u n c t i o n  of the a n g l e s ,  c y y  B s y  G S  as 

2 
L = -  L [ s i n  B s  s i n  ( s i n  CY + 2)  + s i n  8 cos qj ( s i n  cy cos a ) ] i  

0 S S S 

4 
P v n  R fl, Lo = cy d 4  

(4)  

+ L [ s i n  eS s i n  qj ( s i n  CY cos cy) + s i n  B cos qjS(cos 2 CY + 2 ) l j  
0 S S 

+ 3L0[ cos 0 ] k 
S 

where 

(5) 
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I f  w e  now cons ide r  t h e  o r b i t  f i x e d  i n  i n e r t i a l  space ,  t h e  

problem i s  similar t o  t h e  c lass ic  top  or gyro problem where t h e  torque  

is de f ined  w i t h  r e s p e c t  t o  a nonmoving frame. To f i n d  t h e  r e s u l t i n g  

motion of t h e  s p i n  a x i s  under t h e  a c t i o n  of t h e  above torque ,  w e  must 

expres s  t h i s  t o rque  r e f e r r e d  t o  t h e  x 

r e f e r r e d  t o  i n  t h i s  system, L becomes 

z system. The torque  
s ’  Y S ,  s - 

S 

2 2 - 
L = L [ s i n  8 s i n  as cos @ (cos CY - s i n  CY) + s i n  8 s i n  CY COS CY 

S 0 S S S 

2 2 ( s i n  @s - cos  @s)]is 

2 2 2 2 + L [ s i n  8 cos 8 cos @ (cos CY + 2) + s i n  B S  cos 8 s i n  @ ( s i n  CY + 2) 
0 S S S S S 

+ 2 s i n  8 cos e S  s i n  cos s i n  CY cos  CY - 3 cos B S  s i n  e s l  js 
S S S 

2 2 2 2 + L [ - 2  s i n  o s  s in@ cos@ s i n  CY cos  CY - s i n  8 cos @s(cos  CY + 2) 
0 S S S 

(7) 
2 2 2 2 - s i n  B S  s i n  @ ( s i n  CY + 2) - 2 cos es]ks . 

S 

Since  t h e  s p i n  rate of t h e  gyro  w i l l  be much h ighe r  than  t h e  

angu la r  movements of t h e  s p i n  a x i s ,  t h e  E u l e r  equa t ions  can be s impl i -  

f i e d  by n e g l e c t i n g  terms of small magnitude. The p recess ion  of t h e  

s p i n  a x i s  is then  de f ined  by t h e  fo l lowing:  

L 
YS 

8 s  =rSd 

X 
L 

S gS s i n  8 = -  
s IQ  
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where L and L are t h e  y and x components of to rque  r e s p e c t i v e l y ,  

and I is  the  moment of i n e r t i a  about  t h e  s p i n  a x i s .  The angu la r  

displacement  f o r  any t i m e  t becomes 

X S S 
YS S 

and 
L 

d t  . YS 
t 

~s = J ’ s i n  e 10 
0 S 

\ 

S \ 

* I  
Performing t h e  i n t e g r a t i o n ,  assuming a c i r c u l a r  o r b i t  and 

‘ I  cons ide r ing  t h e  t r i gonomet r i c  f u n c t i o n s  of 0 

c o n s t a n t  d u r i n g  t h e  t i m e  of i n t e g r a t i o n ,  w e  o b t a i n  

and GS e s s e n t i a l l y  

A@s = 0 

\ 
1 

n IT Lo 
A9 = s i n  0 cos 8 (13) s I O w o  S S 

where n is  t h e  number of completed o r b i t s .  The movement of t h e  s p i n  

a x i s  is a p recess ion  caus ing  t h e  s p i n  a x i s  t o  move i n t o  t h e  plane of 

t h e  o r b i t  i f  i n i t i a l l y  o u t  of t he  p lane .  However, no p recess ion  

e x i s t s  i f  t h e  s p i n  a x i s  i s  i n i t i a l l y  pe rpend icu la r  t o  t h e  o r b i t a l  

7f 
plane (Os = 0) o r  i f  the s p i n  axis is i n  t h e  o r b i t a l  p lane  (8 = z). S 

The maximum value  of 8 occurs  when 0 = E 
S s 4 ’  

S u b s t i t u t i n g  i n  Eq. (13) the expres s ion  f o r  L and t h e  
0 

moment of i n e r t i a  I (where I is  expressed  f o r  a s o l i d  sphere  of 
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Air d e n s i t y  vs. o r b i t a l  a l t i t u d e .  
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Coeff ic ient  of precess ion rate vs . a l t i t u d e .  
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material d e n s i t y  p 

as Ro w0 where R 

of the e a r t h ) ,  w e  o b t a i n  

and where t h e  o r b i t a l  v e l o c i t y  V i s  expressed 
S 

i s  the r a d i u s  of t h e  o r b i t  nteasured from t h e  c e n t e r  
0 

R 
s i n  20 1 5 1 ~  P o A0 = nrx --- 

S d 64 p s  R S 

The f i n a l  expres s ion  which is independent of 0 ,  is  seen t o  

be a f u n c t i o n  of var ious parameters b u t  only two, p and 0 , are 

s i g n i f i c a n t  i n  changing the  value of A0 . 
s p i n  a x i s  between 2 3  

orde r  of magnitude of i t s  maximum value a t  0 = n/4.  The e f f e c t  of 

atmospheric d e n s i t y  is b e s t  i l l u s t r a t e d  by choosing, as a b a s i s  f o r  

c a l c u l a t i o n ,  a s o l i d  g l a s s  sphere of one f o o t  diameter  f o r  which 

S 

I f  87' < B S  < 93' ( t h e  

is reduced by an 

S 

0 of t h e  o r b i t a l  p l a n e ) ,  A0 
S 

S 

3 3 
= 2 . 2 ~ 1 0  kg/m 

PS 

-1 
R = 1 /2  f t  = 1.5X10 m .  

h 

The atmospheric d e n s i t y  i s  taken as t h e  maximum occur r ing  du r ing  an 

average sunspot  c y c l e  and is p l o t t e d  i n  F i g .  5.4.8 

a p l o t  of A0 /ad s i n  20 versus  o r b i t a l  a l t i t u d e  is  given i n  F i g .  5.5. 

The p l o t  shows t h a t  t he  aerodynamic e f f e c t  can be reduced t o  l e s s  than 

one s e c  of a r c  per  yea r  by o r b i t i n g  t h e  s a t e l l i t e  a t  600 miles and 

r e q u i r i n g  t h e  s p i n  a x i s  t o  be w i t h i n  3 

With t h e s e  values  

S S 

0 of t h e  o r b i t a l  plane.  
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The magnitude of t h e  aerodynamic e f f e c t  i s  d i r e c t l y  propor- 

t i o n a l  t o  the accommodation c o e f f i c i e n t  of t h e  s a t e l l i t e  s u r f a c e .  

This parameter can vary between z e r o  and one and i t s  value i s  

dependent upon t h e  s u r f a c e  p r o p e r t i e s .  Most of t h e  experimental  d a t a  

a v a i l a b l e  p r e d i c t s  t he  accommodation c o e f f i c i e n t  t o  be almost one. 

However, no experimenters  have been a b l e  t o  reproduce the  o r b i t a l  

environment which r e q u i r e s  a very h igh  speed gas flow combined wi th  

a n  a lmost  p e r f e c t  vacuum. I n  view of t he  r e s u l t s  ob ta ined  shown i n  

F i g .  5.5,  t h e  p o s s i b i l i t y  is  p re sen ted  of u s ing  a lower o r b i t  t o  

magnify t h e  aerodynamic e f f e c t  which would, i n  t u r n ,  provide an 

a c c u r a t e  measurement of t he  accommodation c o e f f i c i e n t  under the  

a c t u a l  o r b i t a l  cond i t ions  which are s o  d i f f i c u l t  t o  achieve i n  t h e  

l a b o r a t o r y .  A complete d i s c u s s i o n  of t h i s  p o s s i b i l i t y  and the  

of t h i s  a n a l y s i s  w i l l  be p re sen ted  l a t e r .  

The slow-down of t he  s a t e l l i t e  s p i n  ra te  is c a l c u l a t e d  as 

fo l lows .  The slow-down to rque ,  L , is a long  t h e  z a x i s  

expres s ion  f o r  t he  slow-down rate  from t h e  E u l e r  equa t ion  

Z S 
S 

Theref o re  , 

L 
Z h = -  S 
I '  

L t z  
S d t  = - Srn L dol . m = J  y- Z S 

0 Iru0 0 

S u b s t i t u t i o n  of L from Eq. ( 7 )  and i n t e g r a t i n g  
Z 
S 

and t h e  

is 
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2 m L  
(5 + cos e S )  m = -  0 

I W 0  

and us ing  t h e  s u b s t i t u t i o n s  f o r  L V ,  and I t h i s  becomes 
0' 

2 R 

64 p s  R (5 + cos €Is) . An 15n P o 
ha 
- = -  

The slow-down rate is  seen t o  be of t h e  o rde r  of t h e  precession rate. 

S u b s t i t u t i o n  of t h e  va r ious  parameters a t  600 miles y i e l d s  

-5  
M 3x10 . - nsa 

hd 

The slow-down e f f e c t  w i l l  t h e r e f o r e  be n e g l i g i b l e  f o r  the a l t i t u d e s  

and s p i n  rates t o  be used i n  t h i s  experiment.  

5.3. Cons ide ra t ion  of Nonuniform Sur face  D i s t r i b u t i o n  of Accommodation 
C o e f f i c i e n t  

I 

E f f e c t s  such as roughing of t h e  s u r f a c e  by d u s t  p a r t i c l e s ,  

changing of s u r f a c e  p r o p e r t i e s  due t o  r a d i a t i o n ,  and nonuniform 

h e a t i n g  of t he  s u r f a c e  could cause changes i n  t h e  accommodation 

c o e f f i c i e n t  w i th  r e s p e c t  t o  p o s i t i o n  on t h e  s u r f a c e  of t h e  s a t e l l i t e .  

To s tudy  t h i s  problem and t h e  r e s u l t i n g  motion of t he  s a t e l l i t e  s p i n  

a x i s ,  we cons ide r  t h e  s a t e l l i t e  s o  o r i e n t e d  t h a t  t h e  p o s i t i v e  s p i n  

vec to r  is d i r e c t e d  towards t h e  sun and assume t h a t  t he  s p i n  a x i s  l ies 

i n  the  plane of t h e  o r b i t .  
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Under the above c o n d i t i o n s ,  one-half t he  s u r f a c e  a r e a  of t h e  

s a t e l l i t e  is i n  s u n l i g h t  while  t h e  o t h e r  h a l f  is n o t  (see F i g .  5 .6) .  

The s u r f a c e  i n  the  s u n l i g h t  w i l l  then have a h i g h e r  temperature than 

t h a t  n o t  i n  s u n l i g h t .  It may be assumed then t h a t  t h e  e f f e c t  of t h e  

nonuniform h e a t i n g  i s  t o  cause one-half t he  s u r f a c e  t o  have one 

accommodation c o e f f i c i e n t c r  I ,  and the  o t h e r  h a l f  t o  have accommo- 

d a t i o n  c o e f f i c i e n t  a ' I .  Since  t h e  s p i n  axis  i s  i n  t h e  plane of t he  

o r b i t ,  t h e  s a t e l l i t e  p r e s e n t s  d i f f e r e n t  p a r t s  of i t s  s u r f a c e  t o  t h e  

v e l o c i t y  stream. A t  some p o i n t s  i n  i t s  o r b i t  t he  s a t e l l i t e  p r e s e n t s  

both "hot" and "cold" s u r f a c e s  t o  the v e l o c i t y  stream while a t  o t h e r  

p o i n t s  only a "hot" o r  a "cold" s u r f a c e  is  s u b j e c t e d  t o  molecular 

impingement. I n  view of t he  aerodynamic torque a n a l y s i s  p re sen ted  

e a r l i e r ,  t h e r e  is no torque about  t he  s p i n  a x i s  when only a ''hot" 

or  a "cold" s u r f a c e  i s  exposed t o  t h e  v e l o c i t y  stream (and t h e  s p i n  

a x i s  i n  the plane of t h e  o r b i t ) .  

"cold" s u r f a c e s  are exposed t o  t h e  v e l o c i t y  stream a torque w i l l  

occur .  

d 

d 

9 

However, when both "hot" and 

Since the  s p i n  a x i s  is  i n  t h e  plane of t h e  o r b i t  and 

p o i n t i n g  towards t h e  sun,  t h e  s a t e l l i t e  must pass  through t h e  shadow 

of t h e  e a r t h .  Assume t h a t  while  t h e  s a t e l l i t e  is  i n  the  e a r t h ' s  

shadow the  temperature reaches an e q u i l i b r i u m  value a t  a l l  p o i n t s  

on i t s  s u r f a c e .  During t h e  pe r iod  t h e  s a t e l l i t e  is  i n  t h e  shadow, 

no aerodynamic torque a c t s  on the  s p i n  a x i s .  By r e f e r r i n g  t o  

F i g .  5 .6 ,  we can v i s u a l i z e  a n e t  torque a c t i n g  on the  s a t e l l i t e  s p i n  



5 129 

Spin vector of 
sa tel I i te 

1 --- 
........ \ 

Direction of / \ 
Sun's rays / 

/ 
/' 

/ 

// 
I 

t t t  
\ 
\ 

\ 
\ 

\ 
\ 

\ / t \ 

b S h a d o w  of Earth- 

\ 
\ 
\ Velocity vectors 

molecules 
\ of impinging gas 

1 1 1  
::::.:.:..~,:+:;:~ (1 = 0 ..................... ................ ............... ........... ........... ......... 
:.:.:.>:.:.:.:.:.:.: ......... 

....... 0 ...... 

1 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

Figure  5.6 

Diagram of nonuniform s o l a r  h e a t i n g  
e f f e c t  f o r  s a t e l l i t e  i n  e q u a t o r i a l  o r b i t .  
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nonunif orm h e a t i n g  a n a l y s i s .  
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a x i s  every complete o r b i t .  A s i g n i f i c a n t  angu la r  displacement could 

occur a f t e r  10 such o r b i t s  i n  a y e a r ' s  time. 3 

A s  b e f o r e ,  t h e  s p e c u l a r l y  r e f l e c t e d  molecules do n o t  e n t e r  

10 i n t o  t h e  torque a n a l y s i s .  There are now two expres s ions  f o r  t h e  

e l emen ta l  torque 

(ad '  must be used f o r  molecules impinging on one-half  t he  s u r f a c e  

area and Q " f o r  t he  o t h e r  where Q is  t h e  accommodation c o e f f i c i  

IKI is  the  r a d i u s  of t he  s a t e l l i t e ,  V ,  t h e  o r b i t a l  v e l o c i t y ,  sd t h e  

s a t e l l i t e  s p i n  r a t e  and p t he  gas d e n s i t y .  

d d - 

The coord ina te  systems (Fig.  5 .7)  have been s e t  up s o  t h a t  

t h e  in s t an taneous  torque on t h e  s a t e l l i t e  r e f e r r e d  t o  the f i x e d  

i n e r t i a l  frame of t h e  o r b i t  has t h e  same components when r e f e r r e d  t o  

the  coord ina te s  f i x e d  w i t h  r e s p e c t  t o  t h e  s a t e l l i t e ;  t h e r e f o r e ,  t h e  

r e s u l t  of i n t e g r a t i o n  of Eq. (19) can be a p p l i e d  d i r e c t l y  t o  t h e  

Eu le r  equa t ions  t o  f i n d  t h e  p recess ion .  To d e s c r i b e  t h e  motion of t he  

s a t e l l i t e  under t h e  a c t i o n  of t h i s  t o rque  we in t roduce  the  r e f e r e n c e  

ang le s  I$ and B S .  L e t  8 be t h e  ang le  between t h e  normal t o  t h e  o r b i t ,  

z ,  and t h e  s p i n  a x i s ,  x . 
angle  between t h e  l i n e  of nodes of t h e  o r b i t ,  x ,  and the  r i s i n g  node 

of t h e  s a t e l l i t e  w i t h  r e s p e c t  t o  t h e  o r b i t  p l ane ,  

S S 

I n i t i a l l y  then ,  0 = IL 
S s 2 '  

L e t  GS be t h e  

The re fo re ,  ys  * 

i n i t i a l l y .  The motion of t he  coord ina te  system a t t a c h e d  t o  
a s  = 2 
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the  s a t e l l i t e  is de f ined  by 

= - $ cos e 
S 

*x 

u) =1, 
YS 

u) = $  s i n  e .  
Z 
S 

With the  u s u a l  assumption t h a t  t h e  s p i n  r a t e  i s  much l a r g e r  than 

w t he  E u l e r  equa t ions  may be s i m p l i f i e d  as fo l lows  
- 
S ’  

L = I b  
X 

S 

L = - I Q w  = - I n k .  
YS 

S Z 
S 

The angu la r  p recess ion  can now be found from 

e 

5 

and 

s da Z 
L L t z  = - s  - = -  S 

0 0 
S m 

0 

where w i s  t h e  o r b i t a l  angu la r  v e l o c i t y  and is a c o n s t a n t  f o r  a 
0 



. 

- ad'!) IT PVR4 Re 
4 I wo Ro (ad' 

= - - -  
'@s 

T 
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c i r c u l a r  o r b i t .  Performing the  i n t e g r a t i o n  of Eqs.  (22) and (23) 

a f t e r  s u b s t i t u t i n g  t h e  expres s ions  f o r  L and L g iven  from i n t e -  
z 

YS S 
g r a t i o n  of Eq. (19) we o b t a i n ,  f o r  one complete o r b i t ,  

where 

-1 Re 

RO 

8 = cos - . 
S 

S u b s t i t u t i n g  i n t o  these  equa t ions  the expres s ions  f o r  t he  moment of 

p 
8 i n e r t i a  of a s p h e r e ,  I = - 

V = RowO, w e  o b t a i n  

IT R5, and the  v e l o c i t y  of the s a t e l l i t e  15 s 

R 

- CYd" 32 p s  R 
15 P e - -  - A@ S 

*d ' 
and 

S 
w ~ ~ r r - 2 ~  + s i n 2 8  1 5 P  o o S A% = -  

Q! ' - ad" 24 p s  R IT d 

where 

R -1 e 8,  = cos - 4 

Ro 

S ince  t h e  o r i e n t a t i o n  of t he  s a t e l l i t e  s p i n  a x i s  w i t h  r e s p e c t  

t o  the  sun w i l l  change due t o  the motion of t h e  e a r t h  about  t h e  sun ,  

Eqs. (26) and (27)  g ive  t h e  maximum angular  displacement  of t h e  s p i n  

J 
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a x i s  t h a t  can occur i n  one o r b i t .  One-quarter of a year  a f t e r  t he  

s p i n  a x i s  w a s  po in t ing  a t  t he  sun,  the  p o s i t i o n  of t h e  e a r t h  i n  i t s  

o r b i t  w i l l  cause the  s a t e l l i t e  s p i n  a x i s  t o  be normal t o  the  s u n ' s  

r ays .  The accommodation c o e f f i c i e n t  w i l l  then  be of cons t an t  value 

a t  a l l  p o i n t s  on the  s u r f a c e  because t h e  s a t e l l i t e  w i l l  have reached 

a n  equ i l ib r ium temperature  a t  a l l  p o i n t s  on t h e  s u r f a c e .  

A@s w i l l  be z e r o  f o r  one o r b i t  s i n c e  (a' 

a c t u a l  v a r i a t i o n  of A0 

knowledge of t he  v a r i a t i o n  of temperature  d i s t r i b u t i o n  and accommo- 

d a t i o n  c o e f f i c i e n t  which is  not  a v a i l a b l e .  This  v a r i a t i o n  i s  

approximated by assuming A0 

from i t s  maximum value  t o  ze ro  i n  one-quarter  yea r .  From the  p l o t  

of t he  known po in t s  shown i n  F i g .  5.8 one can e a s i l y  determine t h a t  

the  t o t a l  i n t e g r a t e d  angular  displacement  f o r  one y e a r  would be ze ro ;  

however, the  maximum d e f l e c t i o n  from an i n i t i a l  va lue  of z e r o  would be 

l a r g e  and measurable.  This  value is j u s t  t h e  i n t e g r a t e d  angular  

d e f l e c t i o n  f o r  t h e  h a l f  y e a r  when A0 and A$s s t a r t  from ze ro  va lues ,  

pass  through t h e  maximum and back t o  ze ro .  Th i s  i n t e g r a l  is  approxi-  

mated as the  area of a n  e q u i l a t e r a l  t r i a n g l e  w i t h  base of 112 year  and 

having v e r t i c e s  a t  t h e  known p o i n t s  seen i n  F i g .  5 .8 ,  

A B s  and 

- a" ) = 0.  To o b t a i n  t h e  
d d 

and Ads throughout  the  year  would r e q u i r e  
S 

and AGS t o  decrease  o r  i nc rease  l i n e a r l y  
S 

S 

hBs o r  AQlS number of o r b i t s  i n  112 yea r  
2 ) (  one o r b i t  1. o r  8 )(maximum) = ( 

(@ S S 

A p l o t  of t he  maximum t o t a l  angu la r  precess ion  is g iven  i n  F i g .  5 .9  
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where f o r  purposes of c a l c u l a t i o n  the  s p i n  rate,  n, material d e n s i t y ,  

3 3  and r a d i u s ,  R ,  of t h e  gyro were taken t o  be 250 Hz., 2.2X10 kg/m 
PS 

-4  and 1.5X10 km, r e s p e c t i v e l y .  

From F i g .  5.9 it is seen  t h a t  t he  nonuniform s o l a r  h e a t i n g  

e f f e c t  could be s i g n i f i c a n t  a t  even 600 miles i f  t he  accommodation 

c o e f f i c i e n t  d i f f e r e n c e  i s  l a r g e l y  due t o  the  temperature  d i f f e r e n c e .  

F o r t u n a t e l y ,  experimental  d a t a  p r e d i c t s  an extremely small change i n  

accommodation c o e f f i c i e n t  w i t h  temperature , i f  any a t  all. Very l i t t l e  

work has been done i n  t h i s  area and v a l i d  experimental  evidence of t he  

dependence of accommodation c o e f f i c i e n t  on s u r f a c e  temperature is n o t  

r e a d i l y  a v a i l a b l e .  An experiment by J. K.  Roberts  (1932) shows an 

i n c r e a s i n g  thermal accommodation c o e f f i c i e n t  w i t h  temperature of 

ACY .01 
AT =- w 5OoC 
- 

where T i s  t h e  temperature of t h e  s u r f a c e .  Some of t h e  more r e l i a b l e  

la ter  experiments on thermal accommodation c o e f f i c i e n t  i n d i c a t e  a much 

smaller change of 

W 

11 

I 

, 
I 

.001 aol 
ATw 5OoC 

m - *  - 

One s tudy  of normal momentum t r a n s f e r  by R. E .  S t i ckney  and F .  C .  

Hurlbut  show no change of accommodation c o e f f i c i e n t  w i t h  temperature;  

however, t h e i r  r e s u l t s  w i t h  r e s p e c t  t o  temperature e f f e c t  are no t  

12 

a c c u r a t e  enough t o  r e v e a l  a &/AT of less than .O1/5O0C. w 
\ 
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I f  we  take  i n t o  account  t h e  exper imenta l  work t h a t  has  been 

done on t h e  temperature  dependence of accommodation c o e f f i c i e n t ,  it 

appears  t h a t  t h e  nonuniform h e a t i n g  a t  600 miles a l t i t u d e  w i l l  n o t  be 

d e t r i m e n t a l  t o  t h e  r e l a t i v i t y  experiment .  

We cons ide r  next  t he  motion of t he  s p i n  axis i f  t h e  d i f f e r e n c e  

i n  accommodation c o e f f i c i e n t  is  due t o  a d i s t r i b u t i o n  of s u r f a c e  

roughness o r  o t h e r  s u r f a c e  p r o p e r t i e s .  Analogous t o  nonuniform 

h e a t i n g  a n a l y s i s ,  we cons ide r  one-half  t h e  s p h e r i c a l  s u r f a c e  t o  have 

a s u r f a c e  p rope r ty  such t h a t  i t s  accommodation c o e f f i c i e n t  i s  Q ' and 

then  the  o t h e r  h a l f  sphere  t o  have a d i f f e r e n t  s u r f a c e  p rope r ty  such 

d 

t h a t  i t s  accommodation c o e f f i c i e n t  is  CY " I f  w e  assume the  s p i n  a x i s  

t o  be i n  t h e  plane of t h e  o r b i t ,  t h e  equa t ions  of motion of t h e  s p i n  

d *  

a x i s  are the  same as those  f o r  t h e  nonuniform h e a t i n g  case w i t h  one 

notab le  excep t ion .  I n  t h e  nonuniform h e a t i n g  case t h e  accommodation 

c o e f f i c i e n t  d i f f e r e n c e  went t o  z e r o  when t h e  s a t e l l i t e  was i n  t h e  

e a r t h ' s  shadow. I n  t h e  nonuniform s u r f a c e  p rope r ty  case t h e  accommo- 

d a t i o n  c o e f f i c i e n t  d i f f e r e n c e  never goes t o  ze ro .  When t h e  i n t e g r a t i o n  

over one o r b i t  is  e v a l u a t e d ,  the  expres s ion  f o r  to rque  i n t e g r a t e s  t o  

z e r o  and no f i n i t e  i n t e g r a t e d  motion could  be observed f o r  one o r b i t .  

The torque  is a l s o  z e r o  i f  one cons ide r s  t h e  s p i n  a x i s  t o  be i n  t h e  

plane which s e p a r a t e s  t h e  two ha l f - sphe res  having d i f f e r e n t  accommo- 

d a t i o n  c o e f f i c i e n t s .  

From t h e  d i s c u s s i o n  and c a l c u l a t e d  r e s u l t s  f o r  t h e  nonuniform 

s u r f a c e  p rope r ty  e f f e c t ,  w e  conclude t h a t  t h e  to rque  a r i s i n g  from a 

l o c a l i z e d  accommodation d i f f e r e n c e  (such as a small area damaged by a 

meteoroid)  would be much less than  t h a t  r e s u l t i n g  from the  nonuniform 
i 

f 
3 
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Y 
i 

h e a t i n g  c a s e ,  and t h e r e f o r e ,  t he  l o c a l i z e d  accommodation c o e f f i c i e n t  

d i f f e r e n c e s  would be n e g l i g i b l e  i n  comparison t o  the  torques r e s u l t -  

i ng  from o t h e r  e f f e c t s .  

work of R.  D .  Palamara, who s t u d i e d  t h e  e f f e c t  of l o c a l i z e d  accommo- 

d a t i o n  c o e f f i c i e n t  d i f f e r e n c e s  and a r r i v e d  a t  t h e  r e su l t  t h a t  t h e  

maximum p e r i o d i c  p recess ion  would be less than 4 . 6 ~ 1 0 ~ ~  s e c  of a r c  

p e r  u n i t  r a d i a n  from v a r i a t i o n  i n  CY on a s u r f a c e  element dA. 

Th i s  conclusion i s  a l s o  s u b s t a n t i a t e d  by t h e  

13 
d 

5.4. E f f e c t  of Regression of O r b i t  on S a t e l l i t e  Motion 

I n  t h e  above a n a l y s i s  of d rag ,  the s a t e l l i t e  o r b i t  has been 

assumed f i x e d  i n  i n e r t i a l  space.  

g r e s s i n g  o r b i t s  because the  e a r t h  i t s e l f  is  no t  a p e r f e c t  sphe re .  

The p r i n c i p a l  e f f e c t  of o r b i t a l  r e g r e s s i o n  is t o  change the  o r i e n t a -  

t i o n  of t h e  s a t e l l i t e  w i t h  r e s p e c t  t o  t h e  o r b i t a l  p l ane .  

aerodynamic torque depends upon t h i s  o r i e n t a t i o n ,  o r b i t a l  r e g r e s s i o n  

w i l l  e f f e c t  t he  motion of s p i n  a x i s  of t h e  s a t e l l i t e  as seen by an 

I n  g e n e r a l ,  e a r t h  o r b i t s  are re- 

Since the 

e a r t h  based obse rve r .  Also,  i f  i t  is  d e s i r a b l e  t o  maintain a s p e c i f i c  

o r i e n t a t i o n  of t h e  s a t e l l i t e  wi th  r e s p e c t  t o  t h e  o r b i t a l  plane (say 

t o  maximize or  minimize a t o r q u e ) ,  an o r b i t a l  r e g r e s s i o n  a n a l y s i s  

must be made t o  determine t h e  o r b i t a l  parameters needed. For complete- 

ness t h e  e f f e c t  of r e g r e s s i n g  o r b i t  is analyzed and sample r e s u l t s  

obtained t o  i n d i c a t e  t h e  s p i n  a x i s  motion. 

The g e n e r a l  equa t ion  f o r  p recess ion  can be found bu t  t h e r e  
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are many d i f f e r e n t  s o l u t i o n s  p o s s i b l e  depending upon t h e  i n i t i a l  

cond i t ions  on E and 8 ,  t h e  E u l e r  ang le s  of t h e  s a t e l l i t e  s p i n  axis 

w i t h  r e s p e c t  t o  an e a r t h  based i n e r t i a l  coo rd ina te  system, and t h e  

i n i t i a l  cond i t ions  on i and 8 ,  t h e  o r b i t a l  i n c l i n a t i o n  and ang le  of 

nodes, r e s p e c t i v e l y .  To i l l u s t r a t e  t h e  type  of s o l u t i o n s  expec ted  

when o r b i t a l  r e g r e s s i o n  is inc luded ,  t h e  near  e q u a t o r i a l  o r b i t  w i l l  

be used  as an example. Then 

s i n  i w  i 

cos i m  1 . 
Also,  r e q u i r e  the  s p i n  axis t o  be n e a r l y  i n  t h e  o r b i t a l  p lane ,  t h a t  

5 

is, 

l e t  

€ = ; + 6 e  

where 6 is a small ang le .  Then e 

s i n  € w 1 

COS € -  - 6 . e 

By us ing  t h e s e  assumptions i n  t h e  g e n e r a l  p recess ion  equa t ions  and 

n e g l e c t i n g  terms of o rde r  h ighe r  than  i or  6 w e  o b t a i n  t h e  expres s ion  

f o r  p recess ion  f o r  n o r b i t s  of 

e '  

R 2  [- i s i n  i T  - 26 1 
A € = n c r d x p  S (PT e 
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where p / p s  is the  r a t i o  of  gas  d e n s i t y  t o  s a t e l l i t e  material d e n s i t y ,  
R 
- is  t h e  r a t i o  of o r b i t a l  r a d i u s  t o  s a t e l l i t e  r a d i u s ,  4 is  t h e  R 

o r b i t a l  r e g r e s s i o n  rate and T is  t h e  e l a p s e d  t i m e  from the  i n i t i a l  

c o n d i t i o n s .  

0 

The c o e f f i c i e n t  of t he  b racke ted  term is t h e  same as found 

f o r  t h e  non-regressing o r b i t  a n a l y s i s  and is  p l o t t e d  i n  F i g .  5.5 .  I n  

f a c t ,  t h e  second t e r m  

O (-26,) 
R 15rr P ncy --- d 6 4  p s  R 

is  e x a c t l y  t h e  r e s u l t  one would expec t  i f  t he  o r b i t  w a s  non-regress ing  

and e S  = + 
o s c i l l a t i n g  term having t h e  o r b i t a l  r e g r e s s i o n  frequency and magni- 

tude  dependent upon t h e  o r b i t a l  i n c l i n a t i o n .  

The e f f e c t  of r e g r e s s i o n  is  thus  s e e n  t o  add an 

A t  600 miles f o r  a s o l i d  g l a s s  s a t e l l i t e  of one- foot  diameter  

and t i m e  e q u a l  t o  one y e a r  

R 

d 6 4  p s  R 't: 2 c y d  
s e c  arc 1 5 1 ~  P o ncy - 

r a d  
yea r  i = 3 5 -  

T = 1 y e a r .  

Then, l e t t i n g  s i n  (PT be maximum C+ l), w e  have 

- *' N 2[-2 6 + .056 i l a r c  sec. e -  d cy 

3 
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* 

5 

This  r e s u l t  shows t h a t  t h e  e f f e c t  of o r b i t a l  r e g r e s s i o n  f o r  the 

cond i t ion  used is  s m a l l  i f  6 is  t h e  same o rde r  as i. I f  i is 

al lowed t o  be an o rde r  of magnitude g r e a t e r  t han  6 t h e  o r b i t a l  

r e g r e s s i o n  e f f e c t s  could  be of t h e  same o rde r  as t h e  aerodynamic 

e f f e c t .  

e 

e '  

The most important  conclus ion  drawn from t h e s e  r e s u l t s  is  

t h a t  when o r b i t a l  r e g r e s s i o n  is  inc luded  i n  t h e  a n a l y s i s ,  t he  r e s u l t s  

w i l l  be sepa rab le  i n t o  two p a r t s .  One t e r m  w i l l  be of t h e  same type  

a s  f o r  t h e  non-regress ing  o r b i t .  The o t h e r  p a r t  of t h e  s o l u t i o n  w i l l  

c o n t a i n  terms of t h e  o r b i t a l  r e g r e s s i o n  frequency.  These l a s t  terms 

cannot  i n  gene ra l  be neg lec t ed  because they  w i l l  depend upon t h e  

o r b i t a l  parameters  and be of va r ious  magnitudes.  Also,  i f  it i s  

d e s i r e d  t o  keep t h e  s p i n  a x i s  f i x e d  w i t h  r e s p e c t  t o  the  o r b i t a l  p l ane ,  

t h e  r e g r e s s i o n  r e s u l t s  w i l l  g ive  the  accuracy  r e q u i r e d  on i, E ,  and 

$J t o  r e t a i n  a c e r t a i n  i n i t i a l  o r i e n t a t i o n .  

5.5. Aerodynamic E f f e c t  on t h e  R e l a t i v i t y  Experiment 

The experiment  proposed t o  measure a g e n e r a l  r e l a t i v i t y  

e f f e c t  c o n s i s t s  of measuring t h e  angu la r  d i sp lacement  of t h e  s a t e l l i t e  

s p i n  axis from i t s  o r i g i n a l  p o s i t i o n  a f t e r  a one-year pe r iod  of t i m e .  

The p r e d i c t e d  angu la r  d i sp lacement  due t o  t h e  r e l a t i v i t y  e f f e c t  a lone  

is 5 t o  7 sec of arc pe r  y e a r .  It is  d e s i r a b l e  i n  r ega rd  t o  t h e  

r e l a t i v i t y  experiment  t o  reduce t h e  aerodynamic e f f e c t  t o  a va lue  of 

1 
t i  
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a t  least  less than  one - t en th  the  p r e d i c t e d  r e l a t i v i t y  e f f e c t .  From 

the  r e s u l t s  c a l c u l a t e d  i n  t h i s  r e p o r t ,  t h e  r e d u c t i o n  of t h e  aero-  

dynamic e f f e c t  is p o s s i b l e  p rov id ing  proper s a t e l l i t e  o r i e n t a t i o n  is  

maintained.  F igu re  5 . 5  shows t h a t  i f  t h e  s a t e l l i t e  is  o r b i t e d  a t  an 

a l t i t u d e  of 600 miles o r  more and t h e  s p i n  a x i s  is restricted t o  l i e  

w i t h i n  3 O  of t h e  o r b i t a l  p l ane ,  then an angu la r  displacement  of less 

than .2 s e c  of a r c  per  yea r  is t o  be expected.  These a r e  r easonab le  

requirements  s i n c e  t h e  experiment r e q u i r e s  t he  s p i n  a x i s  t o  be n e a r l y  

i n  the  plane of t h e  o r b i t  t o  produce t h e  r e l a t i v i t y  e f f e c t .  The 600 

m i l e  a l t i t u d e  l i m i t a t i o n  is approximately the a l t i t u d e  o r i g i n a l l y  

proposed f o r  t he  experiment and has s i n c e  se rved  as one of e x p e r i -  

mental  parameters .  

The nonuniform h e a t i n g  a n a l y s i s  w a s  considered t o  be of 

importance t o  t h e  r e l a t i v i t y  experiment because i f  an  e q u a t o r i a l  

o r b i t  were used t h e r e  would be very l i t t l e  t h a t  could be done t o  

prevent  nonuniform h e a t i n g  of t h e  s u r f a c e  of t h e  s o l i d  s a t e l l i t e .  

The r e s u l t s  shown i n  F i g .  5 .9  i n d i c a t e  t h a t  nonuniform h e a t i n g  should 

no t  be of importance i f  t h e  a v a i l a b l e  expe r imen ta l  work on accommo- 

d a t i o n  c o e f f i c i e n t  change w i t h  temperature  can be r e l i e d  upon. 

Taking the  maximum &/AT 

value of 50 change i n  temperature ,  t h e  p recess ion  r a t e  a t  600 miles 

due t o  nonuniform h e a t i n g  i s  less than  .2 s e c  of a r c  per  y e a r .  

The re fo re ,  t h e  use of t h e  e q u a t o r i a l  o r b i t  f o r  t h e  r e l a t i v i t y  e x p e r i -  

m e n t  i s  pe rmis s ib l e  from aerodynamic c o n s i d e r a t i o n s .  

as .01/50° and assuming a p e s s i m i s t i c  
N 

0 
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The o r b i t a l  r e g r e s s i o n  a n a l y s i s  is of importance because 

from it t h e  o r b i t a l  parameters  are determined which a l low the  s p i n  

a x i s  t o  remain r e l a t i v e l y  f i x e d  w i t h  r e s p e c t  t o  t h e  o r b i t a l  plane.  

The f i x i n g  of t h e  s p i n  a x i s  t o  the  o r b i t a l  plane f o r  a pe r iod  of a 

yea r  is  necessary  no t  on ly  t o  reduce t h e  aerodynamic e f f e c t  b u t  a l s o  

t o  maximize t h e  r e l a t i v i t y  e f f e c t  and minimize g r a v i t y  g r a d i e n t  

p recess ion .  The re fo re ,  t h e  requi rement  of near  z e r o  o r b i t  i n c l i -  

n a t i o n  f o r  t h e  case of a n  e q u a t o r i a l  o r b i t  i s  compatible  w i t h  t h e  

r e l a t i v i t y  experiment .  This  c o m p a t i b i l i t y  i s  t o  be expected f o r  

e i t h e r  t h e  po la r  o r  e q u a t o r i a l  o r b i t s  and t h e  va r ious  i n i t i a l  

c o n d i t i o n s  p o s s i b l e  . 
It can then  be concluded t h a t  t h e  aerodynamic e f f e c t s  can 

be reduced t o  less than  one - t en th  t h e  r e l a t i v i t y  e f f e c t  by o r b i t i n g  

a t  600 mi les  o r  above and r e q u i r i n g  t h e  s p i n  a x i s  t o  be w i t h i n  3 of 

t h e  o r b i t a l  p lane .  

0 

5.6.  Measurement of Accommodation C o e f f i c i e n t s  and Atmospheric Gas Dens i ty  

The r e s u l t s  of t h e  above a n a l y s i s  a t  low o r b i t a l  h e i g h t s  have 

l ead  t o  a f e a s i b i l i t y  s tudy  f o r  u t i l i z i n g  t h e  aerodynamic e f f e c t  t o  

measure accommodation c o e f f i c i e n t s  and atmospheric  gas  d e n s i t y .  The 

i n c l u s i o n  as one of t h e  primary o b j e c t i v e s ,  t h a t  of t h e  measurement of 

a tmospheric  d e n s i t y  appea r s ,  a t  f i r s t ,  t o  be r e p e t i t i o u s  of t h e  numerous 

1 
e 3  

i 
* 4  

i 

3 
i 

.-i 

o r b i t a l  d rag  measurements of t h e  p a s t .  However, a f t e r  i n v e s t i g a t i n g  
I 
? 
i 
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t he  parameters which in f luence  t h e  d rag  of a body i n  f ree-molecular  

f low, i t  is  found t h a t  t he  conversion of aerodynamic d rag  t o  atmos- 

p h e r i c  d e n s i t y  is  n o t  a t  a l l  w e l l  known. (See, f o r  example, r e f .  15) 

I n  f a c t ,  the  d e n s i t y  values  r e p o r t e d  a t  p r e s e n t  could be as much as 

40% i n  e r r o r .  This e r r o r  i n  d e n s i t y  is  unimportant f o r  the r e l a t i v i t y  

experiment b u t  i s  very important f o r  low a l t i t u d e  sa te l l i t es  and re- 

e n t r y  v e h i c l e s .  The unknown q u a n t i t y  i n  drag measurement is t h e  d rag  

c o e f f i c i e n t  C . Drag is given by D 

where p is  the  atmospheric d e n s i t y ,  V t h e  v e l o c i t y  of the sa te l l i t e  

and is  a s u i t a b l e  r e f e r e n c e  area. The d rag  c o e f f i c i e n t  of a 

s a t e l l i t e  is  found t o  be s t r o n g l y  dependent upon t h e  gas s u r f a c e  

i n t e r a c t i o n  parameters .  For example, f o r  a sphere 

c M 2 + %  (l-ruT) f 
D 9 d  

where CY is t h e  momentum accommodation c o e f f i c i e n t  as de f ined  be fo re .  

The thermal accommodation c o e f f i c i e n t  CY is d e f i n e d  as 

d 

T 

T - Ti 

T T - T i  r 
C Y = w  

where Ti is t h e  temperature of t h e  i n c i d e n t  molecules,  T 

t u r e  of t h e  d i f f u s e l y  r e f l e c t e d  molecules,  and T t h e  temperature of 

t h e  tempera- r 

W 
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I' 

5 

t h e  s a t e l l i t e  s u r f a c e .  

The p l o t  of equa t ion  ( 3 1 ) ,  F i g .  5.10, shows t h a t  t h e  d rag  

c o e f f i c i e n t  of a sphere  can range from 2.0 t o  2.89 depending upon 

t h e  va lues  f o r  cy and cy For  d r a g  measurements i n  t h e  p a s t ,  a 

va lue  of 2 . 2  has been assumed which could  l ead  t o  as much as 25% 

e r r o r  i n  t h e  d e n s i t y  de t e rmina t ion .  Equat ions  could be shown f o r  

c y l i n d e r s ,  f l a t  p l a t e s ,  cones,  e t c . ,  i n  which e r r o r s  as h igh  as 

40% are p o s s i b l e .  

d T '  

From the  above d i s c u s s i o n  w e  see t h a t  an accu ra t e  measure- 

ment of t h e  accommodation c o e f f i c i e n t s  cy 

in format ion  necessary  t o  determine the  d e n s i t y  a c c u r a t e l y .  Un- 

f o r t u n a t e l y ,  t h e r e  is  no knowledge of t hese  c o e f f i c i e n t s  a t  t h e  

i n c i d e n t  e n e r g i e s  a s s o c i a t e d  w i t h  near  e a r t h  s a t e l l i t e s .  (See,  

f o r  example r e f .  16) The energy range of i n t e r e s t  f o r  s a t e l l i t e  

a p p l i c a t i o n  i s  between 1 and 10 e v .  and it is p r e c i s e l y  t h i s  energy 

range i n  which no l abora to ry  experiment  has  been a b l e  t o  o b t a i n  

measurements w i th  n e u t r a l  molecular  beams. I n  f a c t ,  none of t h e  

methods now i n  use t o  gene ra t e  n e u t r a l  molecular  beams are be l i eved  

capable  of o b t a i n i n g  accu ra t e  d a t a  i n  the  1 .0  t o  10 e v .  range.  

There w i l l  undoubtedly be methods developed i n  t h e  f u t u r e  b u t  t h e s e  

are be l i eved  t o  be as much as f i v e  or  more y e a r s  o f f .  

and cyT would provide t h e  d 

The on ly  s t a t e - o f - t h e - a r t  means of o b t a i n i n g  h igh  energy 

molecular  beams i s  then  the  s a t e l l i t e  i t s e l f .  Therefore ,  t h e  e x p e r i -  

ment w e  propose w i l l  use  t h e  s a t e l l i t e  v e l o c i t y  t o  gene ra t e  t h e  

molecular  beam. The r e s u l t s  of t h e  experiment  w i l l  have immediate 
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eng inee r ing  a p p l i c a t i o n  t o  s a t e l l i t e  and r e - e n t r y  des ign  a n a l y s i s .  

Moreover, t h e  experiment w i l l  be t h e  f i r s t  measurement of the 

accommodation c o e f f i c i e n t s  e v e r  performed i n  t h i s  energy range and 

would l ead  t o  a much g r e a t e r  unders tanding  of t h e  b a s i c  gas-sur face  

i n t e r a c t i o n  phenomena. 

5.6.1.  T h e o r e t i c a l  Basis 

5 .6 .1 .1 .  Primary o b j e c t i v e s  

A s  a sp inn ing  s a t e l l i t e  t r a v e l s  through t h e  r a r e f i e d  

atmosphere it is a c t e d  upon n o t  on ly  by t h e  d rag  f o r c e  which changes 

t h e  pe r iod  of t he  o r b i t ,  b u t  a l s o  by an  aerodynamic torque .  The 

aerodynamic torque  can ,  i n  g e n e r a l ,  be d iv ided  i n t o  perpendicular  

and p a r a l l e l  components t o  the  s p i n  axis of t h e  s p i n  s t a b i l i z e d  

s a t e l l i t e .  

ra te  , whi le  t h e  perpendicular  component of to rque  , TI , causes  

The torque  p a r a l l e l  , Tl l ,  causes  slow down of t h e  s p i n  

p recess ion  of t h e  s p i n  a x i s  i n  i n e r t i a l  space.  Using the read-out  

system proposed by C.S.L., bo th  t h e  p recess ion  and s p i n  ra te  of a 
I 

" 5  pass ive  s a t e l l i t e  can be measured t o  h igh  accuracy by us ing  t h e  

s u n l i g h t  r e f l e c t e d  from m i r r o r s  on the  s a t e l l i t e  s u r f a c e .  There- 

f o r e ,  t h e r e  are t h r e e  measurable q u a n t i t i e s  of a pass ive  sp inn ing  

s a t e l l i t e ;  d rag ,  Tll, and TI. 

I n  r e f .  10, Karr has  demonstrated t h a t  even a f u l l y  

s p h e r i c a l  s a t e l l i t e  would have torque  components bo th  a long  and 
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pe rpend icu la r  t o  t h e  s a t e l l i t e  s p i n  axis of t h e  form. 

T L = K  c u p  1 d  

Tll= K CY p 2 d  

where K and K are c o n s t a n t s  dependent upon t h e  s i z e  and weight  of 

t he  sphe re .  The torque  i s  seen  t o  depend only  upon t h e  momentum 

1 2 

accommodation c o e f f i c i e n t  and d e n s i t y  and i s  independent of t h e  

thermal  accommodation. The d r a g  of a s a t e l l i t e ,  as mentioned be fo re ,  

i s  dependent upon cu d,cuT,  and p .  Since ,  f o r  a s p h e r i c a l  s a t e l l i t e ,  

, 

1 
5 

TI and T 

a b l e  f o r  measuring t h e  proposed parameters  independent of t h e  gas  

d e n s i t y .  

are p r o p o r t i o n a l ,  a s a t e l l i t e  of t h i s  shape i s  n o t  s u i t -  11 

However, cons ide r  as an example a s a t e l l i t e  composed of a 

cone and a sphere  sp inn ing  about  t h e  a x i s  of t h e  cone. I n  g e n e r a l  

t h e  measurable q u a n t i t i e s  f o r  such a s a t e l l i t e  w i l l  be of t h e  form 

D = A1 p + A2 cud p + A3 cud p 4% 

(33) 

' a '  
*i 

where t h e  c o e f f i c i e n t s  A ,  B ,  and C are known c o n s t a n t s  dependent 
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upon t h e  shape,  ang le  of a t t a c k ,  s i z e  and d e n s i t y  of t h e  s a t e l l i t e .  

The above equa t ions  must be independent f o r  a s o l u t i o n  t o  e x i s t .  

This requirement  of independence is  expressed by t h e  fo l lowing  

r e l a t i o n s h i p  of t he  c o e f f i c i e n t s .  

This requirement is  m e t  f o r  an a p p r o p r i a t e l y  o r i e n t a t e d  cone-sphere 

combination b u t  is  n o t  met, as would be expected,  f o r  a sphere a lone .  

F u r t h e r ,  t he  magnitude of (A1 B3 - A B ) is  found t o  be of import- 

ance because of i t s  r e l a t i o n s h i p  t o  t h e  accuracy of t h e  measurement 

3 1  

of p , cyd,  and cyT. 

A B ) t h e  b e t t e r  t he  accuracy of t h e  experiment.  3 1  

I n  g e n e r a l ,  t h e  l a r g e r  the value of (A1 B3 - 

I n  a p re l imina ry  

a n a l y s i s ,  t h e  cone-sphere combination w a s  found t o  y i e l d  s a t i s f a c -  

t o r y  experimental  accuracy of t h e  o rde r  of the accuracy of t h e  d rag  

and p recess ion  measurements. One of t h e  purposes of t h e  proposed 

s tudy  w i l l  be t o  f i n d  the  s a t e l l i t e  shape which w i l l  y i e l d  the  b e s t  

expe r imen ta l  accuracy.  

5 . 6 . 1 . 2 .  Secondary o b j e c t i v e s  

Since p , cyd, and cy can be determined a c c u r a t e l y ,  t h e  T 

change i n  t h e s e  parameters w i t h  time., i f  t h e r e  is a change, cou ld  

a l s o  be measured. 

o r  deso rp t ion  of adsorbed gases  on t h e  s u r f a c e  would most l i k e l y  

in f luence  the  accommodation c o e f f i c i e n t s .  The change i n  these  

c o e f f i c i e n t s  w i t h  time can be r e l a t e d  t o  the  degass ing  and deso rp t ion  

I n  the  e a r l y  p a r t  of t h e  experiment t he  degassing 
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rate of t h e  s u r f a c e  which has no t  been measured f o r  s a t e l l i t e  s u r f a c e s .  

If  t he  s a t e l l i t e  were o r b i t e d  i n  h igh  e c c e n t r i c i t y  o r b i t ,  

t h e  pe r igee  p o i n t  would t r a v e l  through va r ious  a l t i t u d e s  and p o s i t i o n s  

around the  e a r t h .  The d e n s i t y  could then  be mapped from t h e  d a t e  

provided by the  s a t e l l i t e .  The accuracy of t h e  d a t a  i s ,  however, 

reduced because of t h e  l i m i t e d  amount of t i m e  i n  which measurements 

can be made under approximately c o n s t a n t  c o n d i t i o n s .  

I f  t h e  o r b i t  is  h igh  enough s o  t h a t  t he  l ifetime of t he  

s a t e l l i t e  i s  not  too  s h o r t ,  the  roughening of t h e  s u r f a c e  by meteor- 

i t e s  would cause a change i n  t h e  accommodation c o e f f i c i e n t s  w i t h  

t ime.  Th i s  e f f e c t  would most l i k e l y  occur long a f t e r  the degassing 

and d e s o r p t i o n  e f f e c t s ,  i f  indeed, degassing t akes  p l ace  a t  a l l .  

5.6.2.  F e a s i b i l i t y  

The f e a s i b i l i t y  of performing an  experiment of t h i s  type 

has been shown and t h e r e  are no eng inee r ing  problems beyond t h e  

p r e s e n t  s ta te  of space technology. C.S.L. has determined t h a t  a 

pas s ive  sphere could be used where the  s p i n  a x i s  p recess ion  could be 

determined t o  less than a s e c  of a r c  pe r  y e a r .  The d a t a  f o r  the 

measurement are ob ta ined  from s u n l i g h t  r e f l e c t e d  t o  a terrest ia l  

observer  by m i r r o r s  placed on t h e  s a t e l l i t e ' s  s u r f a c e .  The s p i n  

r a t e  is e a s i l y  determined from the  frequency of t he  f l a s h  of sun- 

l i g h t  from t h e  m i r r o r .  For an aerodynamic measurement, Karr found 

t h a t  t h e  p recess ion  rate is  w e l l  above 100 sec of a r c  per  yea r  f o r  

4 
i 
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t 
-83 

s p h e r i c a l  sa te l l i t es .  (See F i g .  5.5). A composite body s a t e l l i t e ,  such 

as t h e  cone and sphere combination w i l l  y i e l d  p recess ion  rates of t h e  

o rde r  of 500 s e c .  of a r c  per  month. 

The re fo re ,  u s i n g  a s i n g l e  pas s ive  sp inn ing  s a t e l l i t e ,  t he  

fo l lowing  t h r e e  measurements can be made by t h e  technique developed 

a t  the Coordinated Science Laboratory.  

(1) Atmospheric d rag  

(2)  Spin slow down rate 

(3 )  Spin a x i s  p recess ion  ra te  

From t h e s e  t h r e e  measurements, t h e  fol lowing t h r e e  parameters of prime 

importance f o r  a c c u r a t e  o r b i t a l  and r e - e n t r y  a n a l y s i s  can be determined: 

(1) The momentum accommodation c o e f f i c i e n t  of t h e  s a t e l l i t e  s u r f a c e .  

(2)  The thermal accommodation c o e f f i c i e n t  of t he  s a t e l l i t e  s u r f a c e .  

(3 )  The a b s o l u t e  o r b i t a l  gas d e n s i t y .  

I n  a d d i t i o n  t o  the  above p r i n c i p l e  o b j e c t i v e s  of t h e  proposed 

s a t e l l i t e  experiment ,  t h e  fo l lowing  q u a n t i t i e s  of secondary importance 

could a l s o  be measured. 

(1) The d e s o r p t i o n  and degassing rate of t he  s a t e l l i t e  s u r f a c e .  

(2) O r b i t a l  gas d e n s i t y  a t  va r ious  o r b i t a l  a l t i t u d e s .  

(3) The change i n  accommodation c o e f f i c i e n t s  w i t h  roughing of 

t h e  s u r f a c e  by m e t e o r i t e s .  
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7. 

8 .  

9. 

10. 
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6.1 .  I n t r o d u c t i o n  

The i n c i d e n t  e l ec t romagne t i c  energy of r a d i a t i o n  imposes 

a p res su re  upon a n  i n t e r c e p t i n g  s u r f a c e  i n  much the  same way as 

aerodynamic p r e s s u r e .  

and quantum t h e o r i e s  of l i g h t .  

This  fol lows from both the e l ec t romagne t i c  

A t  a l t i t u d e s  above 1000 km, t h e  

s o l a r  r a d i a t i o n  p res su re  i s  h ighe r  than t h e  aerodynamic p res su re .  

I n  t h i s  c h a p t e r  we w i l l  cons ide r  t he  s o l a r - r a d i a t i o n - p r e s s u r e  induced 

to rque  on the  C.S.L. r e l a t i v i t y  s a t e l l i t e  desc r ibed  i n  previous 

s e c t i o n s .  

Many au tho r s  have t r e a t e d  t h e  problem of s o l a r  r a d i a t i o n  

p res su re  torque where the  r a d i a t i o n  d i s tu rbance  torque arises from 

t h e  asymmetry of t he  s u r f a c e  p re sen ted  t o  the  r a d i a t i o n  source o r  

from s h i e l d i n g  of s u r f a c e s  from r a d i a t i o n  (see f o r  example 

For  t h e  C.S.L. r e l a t i v i t y  s a t e l l i t e ,  s h i e l d i n g  e f f e c t s  are non- 

e x i s t e n t  and torques a r i s i n g  from asymmetry of t h e  s u r f a c e  w i l l  be 

extremely small due t o  the  n e a r l y  s p h e r i c a l l y  symmetric conf igu r -  

a t i o n  of t h e  s a t e l l i t e .  A c a l c u l a t i o n  of t h i s  type f o r  t he  C.S.L. 

s a t e l l i t e  was p resen ted  i n  r e f .  2 ,  where a p recess ion  r a t e  of about  

one sec of a r c  per  yea r  r e s u l t e d  from an  asymmetry which caused t h e  

c e n t e r  of p re s su re  t o  a c t  a t  one m i l l i m e t e r  from the c e n t e r  of mass. 

Even when t h e  s u r f a c e  is symmetrical  w i t h  r e s p e c t  t o  t h e  

c e n t e r  of mass, a to rque  can e x i s t  because of d i f f e r e n t i a l  r e f l e c -  

t i v i t y  of t he  s u r f a c e  elements and v a r i a t i o n s  i n  the  d i r e c t i o n  of 

t h e  s u r f a c e  norinal. D i f f e r e n t  values  of r e f l e c t i v i t y  f o r  t h e  

v a r i o u s  s u r f a c e s  could ar ise  from d i f f e r e n t i a l  exposure t o  s o l a r  
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r a d i a t i o n ,  me teo r i t e  c r a t e r i n g ,  manufacturing e r r o r s  and o t h e r  

causes .  Var i a t ions  i n  the  d i r e c t i o n  of the s u r f a c e  normal could 

ar ise  from manufacturing e r r o r s  and warpage of the  s u r f a c e  due t o  

deformation under c e n t r i f u g a l  stress while  sp inn ing  and thermal 

expansion by s o l a r  h e a t i n g .  

p recess ion  caused by the l a r g e r  of t he  above e f f e c t s ,  d i f f e r e n t i a l  

r e f l e c t i v i t y  of the va r ious  s u r f  a c e s ,  

This chap te r  w i l l  d e a l  only w i t h  the 

6 

6.2.  Analysis  of S o l a r  Rad ia t ion  P res su re  Torque 

6.2.1.  Basic  Equat ions 

The s a t e l l i t e  analyzed i s  the  type proposed by the Co- 

o r d i n a t e d  Science Laboratory t o  measure a g e n e r a l  r e l a t i v i t y  e f f e c t .  

The s a t e l l i t e  parameters which w i l l  be used i n  t h i s  c a l c u l a t i o n  a r e  

f o r  t he  s a t e l l i t e  c o n f i g u r a t i o n  r e p o r t e d  i n  r e f .  3 .  B r i e f l y ,  t he  

c o n f i g u r a t i o n  is a sphere modified by cub ic -o r i en ted  f l a t  s u r f a c e s  

The s p h e r i c a l  diameter  is  30 cm and t h e  f l a t  t o  f l a t  diameter  is  

24.50 cm. The s i x  s u r f a c e s  each have a n  a r e a  of 236 cm and t h e  

ang le s  of the s u r f a c e  normals re la t ive  t o  the  s p i n  a x i s  are 42, 54, 

71.36, 108.65, 126, and 138 degrees .  

2 

The b a s i c  equa t ions  f o r  t h e  torque caused by s o l a r  r a d i a t i o n  

can be found i n  many r e f e r e n c e s  ( see  f o r  example r e f .  4 ) .  The torque 

produced by r a d i a t i o n  p r e s s u r e  on a f i n i t e  plane s u r f a c e  a t  r a d i u s  

r from t h e  c e n t e r  of mass of t he  body (see f i g .  6 .1)  can be expressed n 

as 

'3 1 

* I  

i 

- 1  1 

* . I  
i 
i 
1 

I 
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Figure 6 . 1  

Reflection of so lar  radiation, E ,  
from a surface element, AA,. 
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where Po i s  the  i n c i d e n t  r a d i a t i o n  p r e s s u r e  a c t i n g  i n  the  d i r e c t i o n  

of the u n i t  vec to r  E. is  t h e  s u r f a c e  element having t h e  u n i t  

normal 6 is the  u n i t  vec to r  i n  the  d i r e c t i o n  of t he  r e f l e c t e d  

r a d i a t i o n  and r( is  t h e  r a d i a t i o n  adso rp t ion  c o e f f i c i e n t  which is 

equa l  t o  1 f o r  complete r e f l e c t i o n  and equa l  t o  z e r o  f o r  complete 

abso rp t ion .  

A A n 

n' n 

n 

S ince  n E ,  and are i n  t h e  same plane,  w e  can w r i t e  n' n 

t h e  fo l lowing  

- -  
in - E = (-E - ii n + in a nn)nn 

Also, i f  we assume t h a t  t h e  r e f l e c t i o n  is  s p e c u l a r ,  t hen  we have 

t h e  a n g l e  of r e f l e c t i o n  equa l  t o  the ang le  of incidence o r ,  

S u b s t i t u t i n g  (3) i n t o  (2) we have 

ii = E - 2(ii Qin n 

Using ( 4 )  i n  equa t ion  1 w e  have f o r  t he  in s t an taneous  torque on t h e  

n t h  element of area 

( 4 )  
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Now, i f  we cons ide r  t he  elements of s u r f a c e  t o  a l l  have normals i n  

t h e  same d i r e c t i o n  as t h e  r a d i u s  vec to r  t o  t h e  c e n t e r  of t he  s u r f a c e  

from the  c e n t e r  of t h e  mass, we have 

i x n  = o  
n n 

This  c o n d i t i o n  is very a c c u r a t e l y  m e t  f o r  the C.S.L, r e l a t i v i t y  

s a t e l l i t e .  Applying equa t ion  6 t o  equa t ion  5 we have 
i 
I 

d 

From equa t ion  6 w e  can a l s o  w r i t e  t he  fol lowing 

i = n / IrnI n 

Therefore ,  (7)  becomes 

From F i g .  6 .2  we  can d e f i n e  t h e  v e c t o r s  and n. 

- - E = s i n  CY s i n  fl i - s i n  CY cos  fl js + cos CY ks 
S 

- 
n = s i n  8 cos t$ i + s i n  8 s i n  Q, j + cos 8 k n n s  n n s  n s  

i 

J 
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tks 

Figure  6.2 

RR- 298 

O r i e n t a t i o n  of s o l a r  r a d i a t i o n  vec to r  q i t h  
r e s p e c t  t o  the  s a t e l l i t e  s p i n  vec to r  0 .  
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Figure  6 . 3  

O r i e n t a t i o n  of s a t e l l i t e  s p i n  a x i s  i n  t h e  
i n e r t i a l  r e f e rence  system x ,  y ,  z .  

RR -301 
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where k is  the  u n i t  vec to r  i n  t h e  d i r e c t i o n  of t he  p o s i t i v e  s p i n  

v e c t o r .  S u b s t i t u t i o n  of e q s .  (10) and (11) i n t o  (9) w i l l  y i e l d  t h e  

torque r e f e r r e d  t o  t h e  x 

S 

z coord ina te  system. 
s '  y s ,  s 

- 
i + L js + Lnz k 

"YS S 
Ln = Lnx s 

S 

where L , L , and Lnz are t h e  components of t h e  torque . n 
nYS S 

nx 
S 

We a r e  now prepared t o  f i n d  t h e  motion of t h e  s a t e l l i t e  s p i n  

a x i s  under the  a c t i o n  of t h i s  t o rque .  S ince  we  want t h i s  p recess ion  

r e f e r r e d  t o  a coord ina te  system f i x e d  i n  i n e r t i a l  space,  w e  i n t r o -  

duce t h e  coord ina te  system shown i n  f i g ,  6.3 where the  x ,  y,  z system 

is the  i n e r t i a l  system. 

I n  t h i s  coord ina te  system we  can w r i t e  E u l e r ' s  dynamical 

equa t ions  f o r  t h e  s p i n n i n g  s a t e l l i t e  

L = I uj + (Iz - 11) wzs w ys + I  w n 
z s  y s  nx 1 x  

S S S 

+ (I1 - Iz ) wx w z  - I w n L = I1 bys z x  s s  
S s s  

"YS 

L = I ((kZ + A )  nz Z 
S S S 

Where we have assumed a body symmetric about  t h e  s p i n  a x i s  z . sd 
S 

is  t h e  s p i n  ra te ,  I1 = I = I t he  moment of i n e r t i a  about  t he  
YS 

X 
S 

a x i s  perpendicular  t o  the  s p i n  a x i s .  I i s  t h e  moment of i n e r t i a  
Z 
S 
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a 

about  t h e  s p i n  axis.  

I f  t h e  s p i n  rate i s  l a r g e  compared w i t h  t h e  p recess ion  

rates w , w and t h e  s low down rate  w , as w i l l  be t h e  case f o r  

t he  C.S.L. s a t e l l i t e ,  w e  can w r i t e  equa t ions  13 as 

z 
S y s  S 

L = I w O  
s y s  

nx z 
S 

L = - I  w n z x  
nYS s s  

L = Iz (bz + Ci) nz 
S s s  

R e f e r r i n g  t o  f i g .  6 . 3  w e  can w r i t e  

w = B  
X S 
S 

w = ;Ps s i n  8 
S 

YS 

5 / 
6 

i 
w = 'p, cos e 
Z S 
S 

Using equa t ions  15 i n  equa t ions  14,  we f i n d  t h e  p recess ion  com- 

ponents of t h e  s a t e l l i t e  s p i n  a x i s ,  l e t t i n g  Iz = I 
S 

nx 

's o 1 s i n  e s  

L 
S - - 

I L 
e s  =In nYS 
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To f i n d  t h e  p recess ion  of t h e  s a t e l l i t e  we must i n t e g r a t e  

equa t ions  16 and 1 7  w i t h  r e s p e c t  t o  t i m e .  I n  g e n e r a l ,  t h e  q u a n t i t i e s  

CY, @ ,  Gm,  BS, and @, which appear i n  L and L are a l l  f u n c t i o n s  

of time. However, i n  one r e v o l u t i o n  of t he  s a t e l l i t e  about  i t s  s p i n  

a x i s ,  a l l  t h e  q u a n t i t i e s  can be considered c o n s t a n t  except  @ . 
There fo re ,  we f i n d  the  average p recess ion  of t he  s p i n  a x i s  f o r  one 

r e v o l u t i o n  of t h e  s a t e l l i t e  by i n t e g r a t i n g  only over @ 

2rr. That i s ,  t h e  average p recess ion  can be expressed as 

nYS 
nx 

S 

n 

from 0 t o  n 

and 

N L t nx 
d t / t  S 

S 
i s  = J'o =in0 

L 

1 0  
N t "Ys " = - J '  - d t / t  

0 

now @ = sat and f o r  one r e v o l u t i o n  n' 

2rr t = -  sa 

*n d t  = - sa 

There fo re ,  
2rr Lnx 1 S 

w 

@n 
= - J '  B, 2rr o ~a 1 s i n  eS 

- 2n Lny 
S 

@n 
=-1J 

0 s  2rr 0 I n  

Before we can perform t h e  i n t e g r a t i o n  of equa t ions  18 and 

19 ,  w e  must take i n t o  c o n s i d e r a t i o n  t h a t  f o r  a given 0 t h e  s u r f a c e  n' 

7 
i 
i 
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a s s o c i a t e d  w i t h  t h a t  ang le  may pass  i n t o  t h e  shadow o r  the  back s i d e  

of the sa te l l i t e .  Under t h a t  c o n d i t i o n ,  no torque would a c t  on t h e  

s a t e l l i t e .  The re fo re ,  we must u se  t h e  shadow boundary as t h e  l i m i t s  

of i n t e g r a t i o n  on @ . From f i g . 6 . 1 ,  we see t h a t  t he  shadow is de f ined  n 

by 
- - 

- E . n  = O  (20) n 

From equa t ions  10 and 11 we f i n d  

- - - E + n = s i n  a s i n  @ s i n  8 cos @ - s i n  CY cos @ s i n  8 s i n  @ 
n n n n n 

(21) 

+ cos CY cos e n 

We want t o  f i n d  t h e  value of @ f o r  a given 0 when equa t ion  2 1  i s  

equa l  t o  ze ro .  Denoting as @ t h e  value of @ when t h e  shadow 

boundary i s  reached,  we f i n d  

n n 

n n 
S 

We see Chat t h r e e  s i t u a t i o n s  f o r  t h e  shadowing of a s u r f a c e  

a t  a given 8 . F i r s t ,  t h e  s u r f a c e  may be i n  t h e  s u n l i g h t  f o r  one 

complete r o t a t i o n  of the s a t e l l i t e .  For  t h i s  c a s e  we i n t e g r a t e  

n 

equa t ions  18 and 19 from 0 t o  217 on $n .  

s u r f a c e  is  i n  the  shadow f o r  one complete r o t a t i o n .  Under these  

cond i t ions  w e  have z e r o  torque.  The t h i r d  case  is  t h e  most complicated.  

Another case  is  when the  

I 
3 
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Top view of s a t e l l i t e  w i th  shadow; showing angular  
l i m i t s  of shadow boundary f o r  a s u r f a c e  AA . n 
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Side  view of s a t e l l i t e  wi th  shadow; 
showing angu la r  l i m i t s  of shadow r e g i o n s .  
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For t h i s  ca se  t h e  s u r f a c e  is  i n  the  s u n l i g h t  f o r  p a r t  of t h e  r o t a t i o n  

and then passes  i n t o  t h e  shadow. (see f i g .  6 . 4 ) .  The geometry involved 

i n  t h i s  t h i r d  case is shown i n  f i g .  6 . 5 .  

Case I. F u l l  s u n l i g h t ;  0 < "_ - Q n 2  

A s u r f a c e  a t  ang le  0 from t h e  s p i n  a x i s  w i l l  be i n  f u l l  n 

s u n l i g h t  f o r  one complete r o t a t i o n  i f  0 < "_ - ( see  f i g .  6 . 6 ) .  
n 2  

I n t e g r a t i n g  equa t ions  18 and 19 from 8 t o  2rr we have 

(23) 
2 .., - L  

@ s  a I s i n  e s  n [ s i n  a cos a cos 8 ( 2  cos2 e - s i n  en>] 0 - - 

2 N -L 
[ s i n  a cos ac s i n  @ ( s i n 2  0 - 2 cos en>] 0 

=E n 

where L 0 = Po A An IrnI (1 - nn)  

Case 11. F u l l  shadow; e n  > Ir_ + a 
For t h i s  ca se  no torque a c t s  on the  s a t e l l i t e ,  

2 

t h e r e f o r e ,  
N 

is = 0 

5 - a/ < e n  < "_ + Q 
2 2 Case 111. P a r t  s u n l i g h t ,  p a r t  shadow; 

From f i g .  6 .5  we see t h a t  t h e  l i m i t s  of i n t e g r a t i o n  should 

+ 28) t o  @ n  . be from (- l-r - 

us ing  t h e s e  l i m i t s  i n s t e a d  of from 0 t o  2rr w e  have 

I n t e g r a t i n g  equa t ions  18 and 19 
S S 

'n 
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- 2811 
2 * -L 

- - 0 {v s i n 2  e n [s in2 @ n - s i n  (4n 
S S ‘s 2n CI I sin o s  

2 - B - +-(sin 2’ n - sin 2(’n - 2~))] 
S S S 

- G - F s i n  8 n 

+ F 2 s i n  8 cos e n  r L- COS - - 2811 1 n n S S 

r 1 + D * G s i n  e n  cos e n  L s i n  @ n  - - 28)) 
S S 

,-i r -I + G~ s i n  e n  cos e Lcos d n  + - 2B)j  n 
S S 

2 ,., -L 
- - 0 {-D s i n  8 cos 0 [ s i n  - s i n ( a n  - 28)I 

is 211 rl I n n n 
S S 

- D . G s i n  8 cos e [cos G~ + cos ( G ~  - 2 ~ ) j  1 
n n 

S S 

2 - D F COS e n  (‘IT + 2 (b - 2g) n 
S 

+ D . F s i n  2 e E + G n  - ~ t t ( s i n 2 @  + s i n 2 ( G n  - 2 ~ $ ]  n n 
S S S 

- -  a s i n 2  e n  [sin 2 8 ,  - s i n  2 (’n - 2 ~ 1 1  
S S 

2 

+ F 2 s i n  e n  cos e n  [ s i n  a - s i n ( @  - 2 ~ ) ]  } n n 
S S 

w h e r e  L = Po A An IrnI (1 - T n )  
0 

1 - 1 ;  

, 



6 18 5 

I/ 
' Y  

X RR-304 

Figure  6.7 

O r i e n t a t i o n  of solar r a d i a t i o n  f l u x  vec to r  
i n  t h e  i n e r t i a l  r e f e r e n c e  system. 
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D = s i n  a! s i n  fl 

G = s i n  a! cos g 

18 7 

F = cos CY 

We now have bu t  one more mod i f i ca t ion  of t h e  above equa t ions  

be fo re  we can s o l v e  problems. A s  t he  equa t ions  a r e  w r i t t e n ,  t he  s o l a r  

r a d i a t i o n  vec to r  E’ i s  r e f e r r e d  t o  t h e  s a t e l l i t e  coord ina te  system. It 

i s  more advantageous f o r  computational purposes t o  r e f e r  t h e  s o l a r  

r a d i a t i o n  vec to r  t o  t h e  i n e r t i a l  system, x, y ,  z .  The ang le s  involved 

are de f ined  i n  f i g .  6.7.  The re fo re ,  r e f e r r e d  t o  the  x ,  y,  z system w e  

have 

-E = s i n  8 cos @ i + s i n  8 s i n  @E j + cos eEk (28) E E E 

With t h i s  equa t ion  and equa t ion  (10) we can f i n d  D ,  G ,  and F 

(eq.  27) i n  terms of BE and @ There fo re ,  equat ions 27 become E’ 

D = A cos @s i- B s i n  as 

G = A cos 8 s i n  @ s  - B cos B s  cos @ - C cos B s  
S S 

F = A s i n  8 s i n  I$ - B s i n  8 cos qi + C cos  eS 
S S S S 
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where 
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E A = s i n  0 cos @ 
E 

E B = s i n  e s i n @  
E 

E c = cos e 

6 

Now, wi th  equa t ions  23, 24, 25,  26, and 29 w e  are prepared 

t o  f i n d  t h e  p recess ion  of t h e  s a t e l l i t e  s p i n  a x i s  r e f e r r e d  t o  an  

i n e r t i a l  coo rd ina te  system of our choosing. I n  p r a c t i c e  one might 

choose the  o r b i t a l  plane of the s a t e l l i t e  o r  t h e  e a r t h ' s  n o r t h  pole  

as t h e  b a s i s  f o r  t h e  i n e r t i a  system. S ince  w e  a r e  cons ide r ing  

s a t e l l i t e  o r b i t s  which r e g r e s s  du r ing  t h e  y e a r ,  we have chosen t h e  

e a r t h  f i x e d  system. 

A ,  B ,  C (eq.  30) correspond t o  t h e  motion of t h e  sun r e f e r r e d  t o  t h e  

e a r t h .  The equa t ions  d e f i n i n g  t h e  r o t a t i o n  of t he  sun wi th  r e s p e c t  

t o  va r ious  coord ina te  systems can be found i n  o t h e r  r e f e r e n c e .  See 

f o r  example r e f .  5 .  

I n  t h i s  way t h e  system of equa t ion  d e f i n i n g  

6.2.2.  E a r t h  Shadow E f f e c t  

I n  our  c a l c u l a t i o n  of t he  p recess ion ,  we assume t h a t  t h e  
u w 

average p recess ion  r a t e s ,  0 

o r b i t  of t h e  s a t e l l i t e .  This  is  an a c c u r a t e  assumption cons ide r ing  

and is, are c o n s t a n t  over one complete 
s ,  

t h a t  t he  s u n ' s  p o s i t i o n  does no t  change g r e a t l y  i n  t h e  spproximately 

i 

90 minutes it t akes  f o r  one complete o r b i t .  The re fo re ,  f o r  one 
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complete o r b i t  

and 

2rr 5 
S s wo s 

A0 = t  - 

where w is  the  o r b i t a l  angu la r  v e l o c i t y  of t h e  s a t e l l i t e .  The 

q u a n t i t y  t i s  a c o r r e c t i o n  f a c t o r  needed t o  c o r r e c t  f o r  t h e  e f f e c t  

of t h e  e a r t h ' s  shadow. I f  t h e  s a t e l l i t e  passes  through t h e  e a r t h ' s  

shadow, no s o l a r  torque w i l l  a c t .  The q u a n t i t y  t is desc r ibed  as 

fo l lows  

0 

S 

S 

,- 
V I  

t 
b 1  

189 

ts = 1 

- 180-$ - 
ts 180 

where 

cos @ = h/l- ( R / r  S )' 

s i n  v 

R = r a d i u s  of t h e  e a r t h  and r = r a d i u s  of t h e  s a t e l l i t e  o r b i t  

measured from the  e a r t h ' s  c e n t e r .  The ang le  v i s  the  ang le  between 

t h e  Earth-sun l i n e  and t h e  normal t o  t h e  o r b i t  plane.  This ang le  is 

S 
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found from s o l a r  gnd o r b i t a l  parameters from the  fol lowing:  

cos v = cos 0 s i n  n s i n  i 
0 

- s i n @  cos i cos R s i n  i 0 0 

+ s i n @  s i n  i cos i 
0 

6 

(33 1 
,,, 

d 
j 

where 0 i s  t h e  e c l i p t i c  a n g l e  of t h e  sun from equinox and i i s  t h e  

o b l i q u i t y  ang le  equa l  t o  23.4 . 
0 

0 no is  t h e  ang le  of t h e  ascending 

node of t he  s a t e l l i t e  and i is the  o r b i t a l  i n c l i n a t i o n .  The above 

r e l a t i o n s  are only c o r r e c t  f o r  c i r c u l a r  n e a r - e a r t h  o r b i t s  and can 

be ob ta ined  from simple geometric c o n s i d e r a t i o n s .  The e r r o r  committed 

when one t r e a t s  small e c c e n t r i c i t y  o r b i t s  (e 1) i s ,  however, q u i t e  

small. 

6 .2 .3 .  O r b i t a l  Regression E f f e c t  

A r e g r e s s i n g  o r b i t  is no t  f i x e d  i n  i n e r t i a l  space.  The 

s a t e l l i t e  i n  t h i s  o r b i t  does , however, remain r e l a t i v e l y  f i x e d  i n  

i n e r t i a l  space while  t h e  o r b i t  can be thought t o  r e g r e s s  under it. 

Since a r e g r e s s i n g  o r b i t  does n o t  e f f e c t  t h e  o r i e n t a t i o n  of t h e  sun 

r e l a t i v e  t o  t h e  s a t e l l i t e ,  t h e  i n c l u s i o n  of r e g r e s s i o n  e f f e c t s  i s  

s t r a i g h t  forward. The p r i n c i p l e  e f f e c t  of o r b i t a l  r e g r e s s i o n  i s  t o  

a l t e r  t h e  amount of 

shadow. The change 

e a r t h  i s  

I 
t i m e  t h e  sa te l l i t e  remains i n  t h e  e a r t h ' s  

i n  t h e  o r b i t ' s  p o s i t i o n  w i t h  r e s p e c t  t o  t h e  

2 Osa = -3n J ~ ( R / P )  cos i 
0 (34) 
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i n  u n i t s  of r a d i u s  pe r  second where R i s  t h e  r a d i u s  of t h e  e a r t h ,  P 

i s  the  semi - l a tus  rectum, i t h e  o r b i t a l  i n c l i n a t i o n ,  and J2 is  t h e  

second c o e f f i c i e n t  of t h e  p o t e n t i a l  f u n c t i o n ,  

t h e  ang le  of node f o r  t h e  o r b i t  which appears  i n  equa t ion  ( 3 3 ) .  

There fo re ,  a f t e r  each o r b i t ,  t he  r e g r e s s i o n  can be c a l c u l a t e d  and 

s u b s t i t u t e d  i n t o  equa t ion  33 t o  g i v e  a new v .  This  v is  then used 

i n  equa t ion  32 t o  f i n d  a new shadow time, t . 

The q u a n t i t y  no is 

S 

6 . 2 . 4 .  Advance of Pe r igee  

Besides o r b i t a l  r e g r e s s i o n ,  t he  asymmetry of t he  e a r t h  a l s o  

causes  an advance of p e r i g e e .  This  e f f e c t i v e l y  changes t h e  t i m e  

r e q u i r e d  f o r  t h e  s a t e l l i t e  t o  complete one o r b i t .  The equa t ion  f o r  

advance of per igee i s  

where Aw has u n i t s  of r a d i u s  per s e c  and the  o t h e r  q u a n t i t i e s  have 

been d e f i n e d  i n  s e c t i o n  62.3. Equation (35) can then  be used t o  ca l cu -  

l a t e  a c o e f f i c i e n t  t o  m u l t i p l y  equa t ion  (31) t o  modify the o r i g i n a l  

t i m e  f o r  one o r b i t .  

6 . 3 .  Computational Procedure 

I n  a l l  t h e  r e s u l t s  t h a t  w i l l  be d i scussed ,  t h e  p recess ion  of 
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t he  C.S,L. sa te l l i t e  as d e s c r i b e d  a t  t h e  beginning of s e c t i o n  I1 is 

c a l c u l a t e d .  This p recess ion  and the  manner i n  which it v a r i e s  over 

one yea r  is c a l c u l a t e d  and p l o t t e d ,  I n  o rde r  t o  o b t a i n  maximum use  

of t he  computer program, each of t h e  six s u r f a c e s  of t h e  C.S.L. 

s a t e l l i t e  was t r e a t e d  s e p a r a t e l y  b u t  c a l c u l a t i o n s  were done simul- 

t aneous ly .  A s u r f a c e  a t  a given 8 w a s  considered t o  have a n 

c o e f f i c i e n t  of r e f l e c t i v i t y  of z e r o  (7 = 0) while  t h e  remaining n 

s u r f a c e s  were assumed t o  have an  TI = 1. This  w a s  done f o r  each  of 

t h e  n s u r f a c e s .  The re fo re ,  t h e  r e s u l t s  g ive  t h e  p recess ion  f o r  six 

d i f f e r e n t  s a t e l l i t e s .  Each curve shows the p recess ion  of t h e  whole 

s a t e l l i t e  due t o  t h a t  one s u r f a c e  being n o n - r e f l e c t i v e .  Of cour se ,  

one may add t h e  p recess ions  toge the r  t o  o b t a i n  the  p recess ion  f o r  

two o r  more s u r f a c e s  being n o n - r e f l e c t i v e  a t  t h e  same t i m e .  

t h e  s i x  s u r f a c e s  were n o n - r e f l e c t i v e ,  t hen  w e  should o b t a i n  z e r o  

torque because of t h e  symmetry of t h e  s u r f a c e  placement. This  can 

be seen from the  r e s u l t s  by no t ing  t h a t  a t  each  p o s i t i o n  i n  t i m e ,  

t h e  t o t a l  torque ( t h e  sum of a l l  t h e  curves)  is approximately zero.  

The sum i s  n o t  e x a c t l y  z e r o  because we a r e  t r e a t i n g  s i x  d i f f e r e n t  

s a t e l l i t e s  r a t h e r  than one s a t e l l i t e  w i t h  s i x  d i f f e r e n t  s u r f a c e s .  

n 

I f  a l l  

With t h i s  i n  mind, a b r i e f  s t e p  by s t e p  procedure used 

i n  t h e  computer program f o r  c a l c u l a t i n g  the  p recess ion  w i l l  be 

given 

1. Read i n  i n i t i a l  d a t a  on s a t e l l i t e  and o r b i t  parameters .  

2.  C a l c u l a t e  e q s .  34 and 35. These va lues  remain c o n s t a n t  

because i does no t  change. The value from equa t ion  34 

I 
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w i l l  be used i n  equa t ion  33 t o  f i n d  a new shadow time 

a f t e r  each o r b i t .  

3 .  Find p o s i t i o n  of t h e  sun. (Eqs. 3 0 ) .  

4 .  Find  t h e  s u n ' s  p o s i t i o n  r e l a t i v e  t o  t h e  s a t e l l i t e .  

(Eqs. 2 9 ) .  From t h i s  c a l c u l a t i o n  we f i n d  t h e  ang le s  

CY and i3 which are need i n  the  i n t e g r a t i o n  l i m i t s .  
,-, - 

5. C a l c u l a t e  t h e  average p recess ion  ra te  6 and is f o r  
S 

each of the s i x  s u r f a c e  ang le s  8 (Eqs . 23 , 2 4 ,  o r  25,  

2 6 . )  Case I, 11, o r  111. 

n 

6 .  C a l c u l a t e  t h e  p recess ion  over one o r b i t  of t h e  satel- 

l i t e  (Eqs. 31) f o r  each of t h e  s i x  s u r f a c e s  inc lud ing  

t h e  e f f e c t s  of e a r t h  shadow and advance of pe r igee .  

7 .  Re -ca l cu la t e  t h e  s u n ' s  p o s i t i o n  and o r b i t a l  p o s i t i o n  

and proceed s t a r t i n g  a t  s t e p  4 .  

This  procedure i s  followed f o r  each o r b i t  over a p e r i o d  of 

t i m e  of one y e a r .  For  t h e  o r b i t s  w e  are cons ide r ing ,  a l t i t u d e s  of 

about  600 miles  o r  1000 km, t h e r e  a r e  about  5000 o r b i t s  i n  a yea r .  

The r e s u l t s ,  which w i l l  be d i scussed  i n  t h e  next  s e c t i o n ,  are ca l cu -  

l a t e d  and p l o t t e d  by the  computer. The computer time involved is 

about  20 min. on C.S.L.'s own CDC 1604 computer. This  t i m e  i nc ludes  

the  t i m e  needed f o r  p r i n t  o u t  of t h e  d a t a .  
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6.4.  Discussion and Analvsis  of R e s u l t s  

Samples of t he  computer s o l u t i o n  r e s u l t s  are p resen ted  i n  

f i g u r e s  6.8 through 6.13. Each curve r e p r e s e n t s  t h e  p recess ion  of t h e  

C.S.L. s a t e l l i t e  w i t h  on ly  t h a t  s u r f a c e  a t  the  g iven  ang le  8 being 

completely non-ref l e c t i v e .  For a l l  of t h e  p l o t s  p re sen ted ,  c e r t a i n  

b a s i c  s a t e l l i t e  and o r b i t a l  parameters remained t h e  same. These are 

as fo l lows .  

n 

1. Sur face  areas - The C.S.L. s a t e l l i t e  has s i x  plane 

s u r f a c e s  of equa l  area. 

2 
AA = 0.236m ; n = 1, 6 n .  

2 .  Rad ia l  d i s t a n c e  of s u r f a c e  from c e n t e r  of mass - A l l  

s i x  s u r f a c e s  of t he  C.S.L. s a t e l l i t e  have e q u a l  

r a d i a l  magnitudes. 

= .1225m ; n = 1, 6 

3 .  C o e f f i c i e n t  of r e f l e c t i v i t y  

v n  = 0 ; n = 1, 6 

4 .  Angular p o s i t i o n  of r a d i u s  vec to r  of each s u r f a c e  wi th  

r e s p e c t  t o  t h e  s a t e l l i t e  s p i n  a x i s .  

= 42' 

e 2  = 54O 

e 3  = 7.35O 

e 4  = 108.65' 

e 5  = 126' 

e 6  = 138' 

4 1  

b 
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5. Radius of s a t e l l i t e  o r b i t  - Due t o  c o n s t r a i n t s  on t h e  

maximum and minimum o r b i t a l  a l t i t u d e s ,  we have chosen 

a 600 m i l e ,  approximately 1000 km, a l t i t u d e .  Therefore  

6 r = 7.345 X 10 m 
S 

6. Moment of i n e r t i a  - It is proposed t h a t  t h e  C.S.L. 

s a t e l l i t e  be made from a non-conductive material such 

as g l a s s  o r  ceramic.  For  computat ional  purposes,  we 

have chosen a material s p e c i f i c  g r a v i t y  of 2.2 which 

corresponds t o  g l a s s .  The moment of i n e r t i a  w a s  ca l cu -  

l a t e d  assuming a s p h e r i c a l  body of r a d i u s  h a l f  way 

between t h e  s p h e r i c a l  diameter  and f l a t  t o  f l a t  diameter  

of t h e  C.S.L. s a t e l l i t e ,  .13625m. 

2 I = .1725 kg m 

I . ..i 7. Sp in  r a t e  of s a t e l l i t e  - Due t o  c o n s t r a i n t  on t h e  maxi- 

mum and minimum s p i n  rate p o s s i b l e ,  w e  have chosen 

C2 = 100 c y c l e s / s e c  = 628 r a d / s e c  

8. I n c i d e n t  s o l a r  r a d i a t i o n  p res su re  assumed c o n s t a n t  a t  

E a r t h ' s  o r b i t  (see r e f .  4 ) .  

-6 Kg 
2 P = 0.3 dynes/m2 20.3 X 10 

0 m s e c  
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9.  I n i t i a l  p o s i t i o n  of sun - The s t a r t i n g  t i m e  w a s  

c o n s i s t e n t l y  chosen t o  be a t  the  v e r n a l  equinox. 

0 = 0.98563 d 

where d i s  t h e  number of days p a s t  v e r n a l  equinox. 

Although t h e  above parameters have remained c o n s t a n t  

throughout our c a l c u l a t i o n s ,  the computer program i s  adap tab le  t o  

any number of d i f f e r e n t  s a t e l l i t e  shapes and dynamic p r o p e r t i e s .  

With t h e  above parameters f i x e d ,  we have then f i v e  parameters which 

we have v a r i e d  i n  t h e  r e s u l t s  p re sen ted .  These are 

1. I n i t i a l  s a t e l l i t e  o r i e n t a t i o n  w i t h  r e s p e c t  t o  the  

i n e r t i a l  coo rd ina te  system 

8 and @ 
S S 

2 .  I n i t i a l  o r b i t a l  parameters 

i - o r b i t a l  i n c l i n a t i o n  

C2 - ang le  of ascending node 
0 

e - e c c e n t r i c i t y  of o r b i t  (less than  0.1) 

6 

S ince  w e  have chosen t h e  i n e r t i a l  r e f e r e n c e  frame t o  be e a r t h  cen te red ,  

t h e  ang le s  0 

t h e  e a r t h  and the  l i n e  of Aries, r e s p e c t i v e l y  ( see  f i g .  6 .3 ) .  

and @ are measured w i t h  r e s p e c t  t o  t h e  n o r t h  po le  of 
S S 

Although t h e  p l o t s  are s e l f  exp lana to ry ,  a b r i e f  d e s c r i p t i o n  

of each would be given.  
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? 
* \  

F i g .  6 .8  and 6.9. These f i g u r e s  g ive  t h e  p recess ion  component 

f o r  an  e q u a t o r i a l  o r b i t  w i t h  t h e  s a t e l l i t e  s p i n  a x i s  

i n  t h e  o r b i t a l  plane b u t  65.6 o u t  of t h e  e c l i p t i c  

p l ane .  

0 

0 
F i g s .  6.10 and 6.11. These are f o r  an  o r b i t  i n c l i n e d  a t  30 

w i t h  a s m a l l  e c c e n t r i c i t y  of .01. The s a t e l l i t e  

s p i n  axis i s  i n i t i a l l y  i n  the o r b i t a l  plane and 5 0 

o u t  of t h e  e c l i p t i c  p l ane .  

F i g s .  6.12 and 6.13. These a r e  f o r  an e q u a t o r i a l  o r b i t .  The 

sa te l l i t e  s p i n  axis i s ,  however, pe rpend icu la r  t o  

t h e  e c l i p t i c  plane.  These r e s u l t s  a l s o  s imula t e  

t o  some degree a p o l a r  o r b i t  w i t h  t h e  s a t e l l i t e  

s p i n  a x i s  i n  the  o r b i t a l  plane.  

From t h e s e  p l o t s  w e  f i n d  t h a t  t h e r e  are both s e c u l a r  and 

p e r i o d i c  p recess ion  r a t e s .  The maximum precess ion  is  l e s s  than 5 

s e c  of arc f o r  a s u r f a c e  which is completely n o n - r e f l e c t i v e  and the  

s a t e l l i t e  s p i n  a x i s  perpendicular  t o  t h e  e c l i p t i c  plane.  Magnitudes 

of t h e  o rde r  of 1 t o  2 sec of arc are r e p r e s e n t a t i v e  of the p recess ion  

expected f o r  t h e  completely non-ref l e c t i v e  s u r f a c e s .  S ince  t h e  s u r f a c e s  

of the C.S.L. sa t e l l i t e  are t o  be h igh ly  r e f l e c t i v e ,  we can expec t  

p o s s i b l y  a .l t o  .2 s e c  of a r c  p recess ion ,  a t  most, w i t h  a 10% 

degrada t ion  of one s u r f  ace. 

The p l o t s  are i n s t r u c t i v e  i n  showing t h e  p recess ion  f o r  a 

s p e c i f i c  s u r f a c e  having a given r e f l e c t i v i t y .  The p recess ion  is found 
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t o  vary widely f o r  t h e  sample c a s e s  p re sen ted .  

knowledge is u s e f u l ,  a more g e n e r a l  a n a l y s i s  of t he  d a t a  w i l l  prove 

t o  be more u s e f u l  f o r  des ign  purposes.  

Although t h i s  d e t a i l e d  

Even i f  t h e  r e f l e c t i v i t y  of t h e  s u r f a c e s  were i n i t i a l l y  

balanced,  t h e  space environment e f f e c t s  of m e t e o r i t e s ,  cosmic r a y s ,  

d u s t  p a r t i c l e s ,  and o t h e r s  can be expected t o  degrade t h e  s u r f a c e  

r e f l e c t i v e  p r o p e r t i e s .  Although t h e r e  is some d a t a  on t h e s e  degrading 

e f f e c t s  from r e c e n t  sa te l l i t e  experiments ,  t h e  degrading process  and 

r a t e s  a r e  no t  known w e l l  enough s o  t h a t  they can be designed i n t o  

t h e  s a t e l l i t e .  Furthermore,  t h e  degrading of t h e  r e f l e c t i v e  proper- 

t i e s  cannot be expected t o  be uniform over the s u r f a c e  of t h e  satel- 

l i t e .  The s a t e l l i t e  w i l l  o b t a i n  an  average r e f l e c t i v i t y  w i t h  t i m e ,  

b u t  it is  expected t h a t  t h e  r e f l e c t i v i t y  from s u r f a c e  t o  s u r f a c e  w i l l  

vary around t h i s  average va lue .  To be a b l e  t o  o b t a i n  some idea  of 

t h e s e  e f f e c t s ,  we perform an a n a l y s i s  of t hese  s u r f a c e  v a r i a t i o n s  

u s i n g  a s t o c h a s t i c  model fo l lowing  the  work by Robert  E .  Roberson 

i n  r e f .  4.  

Consider t h a t  each s u r f a c e  has  t h e  same nominal va lue  f o r  

t h e  r e f l e c t i v i t y ,  T*, such t h a t  t h e  t o t a l  torque on t h e  s a t e l l i t e  

i s  z e r o .  This  nominal va lue  of r e f l e c t i v i t y  could be t h e  average 

r e f l e c t i v i t y .  Now we cons ide r  t h a t  due t o  the  non-uniform manner 

i n  which t h e  space environment e f f e c t s  erode t h e  s u r f a c e s ,  each 

s u r f a c e  w i l l  have, a c t u a l l y ,  a value of r e f l e c t i v i t y  given by 

6 

.3 

n n  = n* + 6Tln ( 3 4 )  

., "" 
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A$s v s .  number of o r b i t s  f o r  a n  e q u a t o r i a l  
o r b i t  w i t h  s p i n  a x i s  i n  t h e  o r b i t a l  p lane .  
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A9, v s .  number of o r b i t s  f o r  s a t e l l i t e  o r b i t  
of 30° i n c l i n a t i o n  and e c c e n t r i c i t y  of 0.01. 
The s p i n  a x i s  is i n  t h e  o r b i t a l  p lane .  
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A@s vs.  number of o r b i t s  f o r  s a t e l l i t e  o r b i t  
of 30° i n c l i n a t i o n  and e c c e n t r i c i t y  of 0.01. 
The s p i n  a x i s  i s  i n  t h e  o r b i t a l  p l ane .  
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F i g u r e  6.13 

AqjS v s .  number of o r b i t s  f o r  a n  e q u a t o r i a l  o r b i t .  
The s a t e l l i t e  s p i n  a x i s  is pe rpend icu la r  t o  t h e  e c l i p t i c  plane.  
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where 617, i s  a small v a r i a t i o n ,  p o s i t i v e  o r  n e g a t i v e ,  from t h e  

nominal va lue  of r e f l e c t i v i t y  7" f o r  which t h e  s a t e l l i t e  would be 

balanced,  

we f i n d  t h a t  t h e  v a r i a t i o n  i n  the  t o t a l  p recess ion  component i s  

given by 

Using equa t ion  34 i n  t h e  to rque  and p recess ion  equa t ions ,  

'1 n 60 = C A0 s n s  n 

where AeS and A@s 
n n 

are t h e  v a u l t s  of equa t ions  31 eva lua ted  f o r  a 

* s p e c i f i c  0 and 17 . n 

I f  we cons ide r  6Tn t o  be a random v a r i a b l e  wi th  z e r o  mean, 

we f i n d  t h a t  t he  expected va lues  of 60 

however, we suppose t h a t  t h e  r e f l e c t i v i t y  v a r i a t i o n s  i n  the  d i f f e r e n t  

and 6@s is a l s o  z e r o .  I f ,  
S 

s u r f a c e  elements  is u n c o r r e l a t e d ,  we can w r i t e  

where CT equa l s  t h e  r m s  v a r i a t i o n  i n  s u r f a c e  r e f l e c t i v i t y .  The over- 

b a r  denotes  expected v a l u e s  over t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t he  

v a r i a b l e  i n  q u e s t i o n .  With t h i s  assumption, we  can d e r i v e  t h e  preces-  

s i o n  component c o r r e l a t i o n  f u n c t i o n s  from equa t ions  3 5 .  

17 

2 2  
crl 6BS 60 S = %(Aes ) 

n 
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From equa t ions  37 we can f i n d  the  r m s  va lues  of t h e  p recess ion  

components f o r  t h e  v a r i o u s  c a s e s  we have p l o t t e d  i n  t h e  r e s u l t s .  To 

o b t a i n  a conse rva t ive  estimate we w i l l  u se  t h e  r e l a t i v e  maximma of t h e  

A0 and AgS 
n n 

values  over t h e  pe r iod  of one yea r  f o r  which t h e  r e s u l t s  
S 

were p l o t t e d .  Therefore ,  

1 r m s  68 S = [ ;(nes 2 15 0 max n 

Equat ions 38 and 39 are p l o t t e d  i n  f i g s .  6.14 and 6.15 re- 

s p e c t i v e l y .  The maximum va lues  of A8 and AgS were ob ta ined  from the  

a p p r o p r i a t e  p l o t s  i n  f i g s .  6.8 through 6.13 w i t h  the  excep t ion  of t he  

l i n e  l a b e l e d ,  '25611 t o  l i n e s  of A r i e s ,  i = 0" and the  l i n e  l a b e l e d  

"Sd 5' o u t ,  i = 15°," which were ob ta ined  from d a t a  no t  p re sen ted  

g r a p h i c a l l y .  

S n n 

F igu re  6.14 shows t h a t  t h e r e  is l i t t l e  change i n  t h e  r m s  of 

68 f o r  t h e  va r ious  o r b i t a l  and s a t e l l i t e  o r i e n t a t i o n  parameters 

chosen. 

The o u t  - of - e q u a t o r i a l  - plane component of p recess ion  i s ,  however, 

n o t  considered of g r e a t  importance t o  t h e  r e l a t i v i t y  experiment.  

The p recess ion  caused by t h e  g e n e r a l  r e l a t i v i t y  e f f e c t  i s  d i r e c t e d  

only i n  t h e  e q u a t o r i a l  p l ane .  The re fo re ,  the o u t  - of - plane 

motion of t h e  s p i n  a x i s  w i l l  no t  e f f e c t  t he  accuracy of t he  rela- 

t i v i t y  experiment.  

S 

The values  a r e  g e n e r a l l y  h ighe r  than f o r  t h e  r m s  of 6@s. 

\ 

e 
,i 
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Figure  6.15 is then  the  more important p l o t  w i t h  r e s p e c t  t o  

the  r e l a t i v i t y  experiment.  This  p l o t  shows conc lus ive ly  t h a t  t h e  

b e s t  o r i e n t a t i o n  f o r  t h e  s a t e l l i t e  is one i n  which t h e  s p i n  a x i s  is 

nea r ly  i n  t h e  e c l i p t i c  p l ane .  Of secondary importance is  t h e  o r b i t a l  

i n c l i n a t i o n ,  assuming t h e  s p i n  a x i s  is i n i t i a l l y  i n  t h e  o r b i t a l  plane 

and a l s o  i n  t h e  e c l i p t i c  p l ane .  Fu tu re  work w i l l  i n v e s t i g a t e  more 

thoroughly t h e  e f f e c t  of o r b i t a l  parameters i n  hopes of f i n d i n g  t h e  

b e s t  o r b i t  and s a t e l l i t e  o r i e n t a t i o n .  

F igu re  6.15 shows t h a t  w e  can keep the  r m s  value of the in .  - 

plane - precess ion  t o  less than .1 s e c  of arc i n  one year  w i t h  as 

much as 10% v a r i a t i o n  i n  s u r f a c e  r e f l e c t i v i t y  i f  the s a t e l l i t e  s p i n  

a x i s  i s  n e a r l y  i n  the  e c l i p t i c  p l ane .  A 10% v a r i a t i o n  should be the  

maximum t h a t  one might expec t  from the space enviornment degrading 

e f f e c t s .  Only a 1% v a r i a t i o n  could be allowed f o r  t h e  case where 

t h e  s p i n  a x i s  i s  perpendicular  t o  the  e c l i p t i c  plane f o r  t h e  same 

r m s  value of p recess ion .  
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area of s u r f a c e  element.  

u n i t  v e c t o r  d e f i n i n g  p o s i t i o n  and d i r e c t i o n  of s o l a r  f l e x .  

o r b i t a l  i n c l i n a t i o n .  

o b l i q u i t y  of sun,  2 3 . 4 O .  

moment of i n e r t i a  

p o t e n t i a l  expansion c o e f f i c i e n t .  

o u t e r  u n i t  normal v e c t o r  t o  s u r f a c e  element.  

vec to r  torque.  

s emi l a tus  rectum of o r b i t  

i n c i d e n t  s o l a r  r a d i a t i o n  p res su re .  

r a d i u s  vec to r  t o  c e n t e r  of s u r f a c e  element.  

r a d i u s  of s a t e l l i t e  o r b i t  from c e n t e r  of e a r t h .  

r a d i u s  of e a r t h .  

f r a c t i o n  of o r b i t a l  pe r iod  which is  i n  shadow. 

ang le s  d e f i n i n g  o r i e n t a t i o n  of sun w i t h  r e s p e c t  t o  the  
s a t e l l i t e  (see f i g .  6.2). 

c o e f f i c i e n t  of r e f l e c t i v i t y .  

ang le  between ea r th - sun  l i n e  and normal t o  t h e  o r b i t a l  plane.  

e c l i p t i c  ang le  of sun. 

ang le s  d e f i n i n g  o r i e n t a t i o n  of sun w i t h  r e s p e c t  t o  t h e  
i n e r t i a l  r e f e rence  from (see f i g .  6 . 7 ) .  

ang le s  d e f i n i n g  p o s i t i o n  of s u r f a c e  element AAn w i t h  r e s p e c t  
t o  t h e  s a t e l l i t e  cen te red  coord ina te  system (see f i g .  6 .2) .  

ang le s  d e f i n i n g  sa te l l i t e  s p i n  a x i s  w i t h  r e s p e c t  t o  t h e  
i n e r t i a l  r e f e r e n c e  frame (see f i g .  6 .3 ) .  

t h e  ang le  Q)n f o r  which t h e  s u r f a c e  element AA 
0 passes  i n t o  t h e  shadow of t h e  sa te l l i t e .  

Kronecker d e l t a  

a t  ang le  n 
n 
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6 

W angle  of pe r igee .  

o r b i t a l  angular  v e l o c i t y .  
W O  

,W ,W components of s a t e l l i t e  precess ion  rate. 
Wxs ys  =s 

n s a t e l l i t e  s p i n  r a t e  

angle  of ascending node of s a t e l l i t e  measured from 
l i n e  of Aries i n  t h e  e q u a t o r i a l  plane.  0 

n 
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I n  t h i s  s e c t i o n  it is shown t h a t  a l l  spu r ious  to rques  due 

t o  e l ec t r i c ,  magneqic and e l ec t romagne t i c  e f f e c t s  (with t h e  excep t ion  

of s o l a r  r a d i a t i o n ,  

E 

he e f f e c t s  of which are desc r ibed  i n  c h a p t e r  6) 

can be r e a d i l y  c o n t r o l l e d  t o  s u f f i c i e n t l y  small v a l u e s .  This  c o n t r o l  

i s  ob ta ined  by choosing a p p r o p r i a t e  values  of t h e  volume e lec t r ica l  

r e s i s t i v i t y  f o r  t he  gyro material. 

The l a r g e r  t o rques  w i l l  be considered f i r s t .  I n  o r d e r  t o  

avoid d r i f t  torque due t o  l o c a l i z e d  charge on a sphere i n  an e l e c t r i c  

f i e l d  t h e  charge must be uniformly d i s t r i b u t e d  w i t h i n  a maximum 

s p e c i f i e d  t i m e .  Consider a r o t a t i n g  sphere of r a d i u s  r loca ted  i n  

an  e l e c t r i c  f i e l d  E w i t h  a f i x e d  charge q l o c a l i z e d  t o  g ive  t h e  

maximum e l e c t r i c  d i p o l e  moment ( see  f i g .  7 .1 ) .  From t h e  f i g u r  can 

w r i t e  t h e  expres s ion  f o r  torque T and d r i f t  rate w 

i 

d: 

T = qE r s i n  0 

qE r s i n  0 

215 m r 2  @ 

15 q E s i n  0 
W = -  ' 

where w is  t h e  s p i n  rate and p i s  the mass d e n s i t y .  To estimate the  

charge,  assume t h a t  t he  sphere is a t  t h e  p o t e n t i a l  V .  The charge due 

t o  t h a t  p o t e n t i a l  i s  assumed t o  be l o c a l i z e d  by some undefined process  

t o  give a maximum d i p o l e  moment. 

n 

Since q = CV where C * 4 c r  and e= c o e r  
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15 * Q * r  VE sin w = -  
r3 w d 

P m  

3 2 p = 2.5 x 10 kgm/m 

w = 2n 100 r a d / s e c  

r = 0.30m 

i 
J 

i 
ipA 

= 8.85 X farad/m 
€0 

€ = 1  r 

0 0 = 90 f o r  t h e  worst  case. 
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(1) 

What value of p o t e n t i a l  V should be used? Reference 1 

states t h a t  "the accumulated charge on t h e  o u t s i d e  of t h e  sa te l l i te  

may be f a i r l y  l a r g e ,  corresponding t o  a p o t e n t i a l  of s e v e r a l  ( o r  i n  a 

few cases, s e v e r a l  hundred) v o l t s . "  I n  r e f e r e n c e  2 p o t e n t i a l s  of 

about  -6  v o l t s  on a s a t e l l i t e  a t  an  a l t i t u d e  of 795 km were measured, 

which were about  seven times t h e  c a l c u l a t e d  va lues .  S a t e l l i t e  poten- 

t ia ls  of t h e  o rde r  of -0.15 v o l t s  were c a l c u l a t e d  and observed f o r  

t he  Exp lo re r  I1 sa t e l l i t e ,  as desc r ibed  by N. C .  .Jen.3 

v = 10 v o l t s .  

L e t  u s  t a k e  
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U n c e r t a i n t i e s  a l s o  e x i s t  f o r  e x a c t  va lues  of t h e  e a r t h ' s  

e l e c t r i c  f i e l d  a t  a l t i t u d e s  of 600 km; however, r e f e r e n c e s  i n d i c a t e  

a n  upper bound of about  0.1 volt/m. 

S u b s t i t u t i n g  t h e s e  values  i n t o  equa t ion  (1) one o b t a i n s  as 

0 t h e  worst  ca se  ( i . e . ,  where 8 = 90 dur ing  a l l  o r b i t s ) ;  

= 1.2  x r a d / s e c .  

w 0.08 a r c  s e c / y e a r ,  which is  approximately one- 

'd 

hundredth of t he  f i r s t - o r d e r  r e l a t i v i t y  e f f e c t .  

I n  o rde r  t o  safeguard a g a i n s t  p o s s i b l y  more p e s s i m i s t i c  

space c o n d i t i o n s ,  a cha rge - re l axa t ion  t i m e  T ( i n  which a l o c a l i z e d  

charge i s  d i s t r i b u t e d  t o  reduce i t s  i n i t i a l  values  p t o  p/e i n  t i m e  7 )  

is  s p e c i f i e d .  From Ohm's l a w ,  t h e  equa t ion  of c o n t i n u i t y  and one of 

Maxwell's equa t ions  t h e  fo l lowing  is  obtained:  

a q  1 
a t  pee 

- - = -  

where p i s  t h e  volume e l e c t r i c a l  r e s i s t i v i t y .  The s o l u t i o n  is e 

1 f 

t 
J 

3 

3 i 
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Figure  7 . 2  

Ro ta t ing ,  Uniformly Charged Sphere 
i n  a Magnetic F i e l d  
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and hence t h e  r e l a x a t i o n  t i m e  T is  

I f  t h e  gyro were made of C e r - V i t ,  a very low thermal expan- 

s i o n  glass f a b r i c a t e d  by Owens-I l l inois ,  t h e  cha rge - re l axa t ion  t i m e  

would depend on the  g l a s s  r e s i s t i v i t y  which i n  t u r n  is dependant on 

t h e  gyro s a t e l l i t e  temperature .  A c h a r t  of s a t e l l i t e  temperature  T ,  

"e and T is given below 

T-OC - 

90 

0 

-25 

pe-ohm-me ter 

8 X lo8 

8 X 10" 

3 x 

T - sec  

.018 

173 

6,800 

By means of s o l a r  r e f l e c t i v e  coa t ings  on the  s a t e l l i t e  gyro 

the  e q u i l i b r i u m  temperature  and hence t h e  cha rge - re l axa t ion  t i m e  can 

be s e l e c t e d  over a f a i r l y  wide range.  The choice of maximum r e l a x a t i o n  

d J time imposes an upper bound on t h e  volume e l e c t r i c a l  r e s i s t i v i t y .  

The case of a uniformly charged gyro r o t a t i n g  i n  a magnetic 

f i e l d  B is n e x t  cons ide red .  L e t  t h e  t o t a l  charge Q be uniformly 

d i s t r i b u t e d  over  t h e  s o l i d  s p h e r i c a l  gyro (see f i g .  7 .2 ) .  The charge 

2 
per  u n i t  area i s  Q/4m . The area of t h e  zone shown i n  f i g .  2 is 
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2 
2nr s i n  8 de.  The magnetic moment I.L due t o  t h i s  zone is 

dp = ( d i )  ( a r e a  about  which t h e  c u r r e n t  element d i  c i r c u l a t e s )  

= (Charge pe r  u n i t  a r e a ) ( a r e a  of zone).(Area about  which d i  c i r c u -  
(Per iod of r e v o l u t i o n )  lates) 

2 2 
= (Q/4nr ) ( 2 n r 2  s i n e  de) f (nr s i n  8 )  

0 
n 

5QBs in@ - - (wQr /3 )  (BsiM) - - 2 

2 6m w(2mr ) /  5 
w d M  I w  

But C = 4TIE0r 

15 C o  VB s i d  
2 w =  d 

6 r  P m  
(3) 

The most p e s s i m i s t i c  values  of gyro p o t e n t i a l  V (= 1000 v o l t s )  

f o r  a g l a s s  gyro of r a d i u s  r = 0.15m i n  the  e a r t h ’ s  magnetic f i e l d ,  

B = 0.5 X webers/m , w i t h  p, always pe rpend icu la r  t o  B g ives  a 2 

wors t  ca se  va lue  of d r i f t  rate w 

p e r  y e a r ,  a n e g l i g i b l e  va lue .  Hence, t h e r e  i s  no need t o  do an e x a c t  

i n t e g r a t i o n  of t he  to rque  over t h e  o r b i t a l  pa th .  

approximately e q u a l  t o  0 .1  a r c  s e c  d 

The maximum volume e l e c t r i c a l  r e s i s t i v i t y  w a s  s e t  by t h e  

r e l a x a t i o n  t i m e  T ,  which depends on t h e  s a t e l l i t e  temperature .  L e t  

u s  t ake  p e  M 10 12 ohm meter as a maximum value.  A minimum value 

’ \  
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'i 

of pe is e s t a b l i s h e d  by cons ide r ing  t h e  torque due t o  induced c u r r e n t s  

of a conduct ive sphere r o t a t i n g  a t  approximately 100 cps i n  t h e  e a r t h ' s  

magnetic f i e l d .  The torque depends on the  depth of p e n e t r a t i o n  which, 

f o r  values  of p as small as 1 ohm meter, i s  g r e a t e r  than t h e  gy ro  

d i ame te r .  Under t h i s  c o n d i t i o n  it is shown i n  Appendix A t h a t  t h e  

d r i f t  r a t e  w is  

e 

d 

- - B ~ ~ ~ o - ~  
8 P e  P ( 4 )  

is i n  ohm c m  and p i s  ' 'e where u) is i n  r a d i a n s / s e c . ,  B i s  i n  gauss 

i n  gm/cm . B i s  1 / 2  gauss f o r  t h e  e a r t h ' s  magnetic f i e l d ,  p = 2.5 

gm/cm 

t h e  lower l i m i t  of volume e l ec t r i ca l  r e s i s t i v i t y  is  ob ta ined  from 

( 4 )  as pe  > 835 ohm cm M 10 ohm meter. 

d 
3 

3 f o r  g l a s s  and, s e t t i n g  a maximum d r i f t  rate of 0 .1  arc s e c / y e a r ,  

Hence, t h e  r e s i s t i v i t y  range has been t e n t a t i v e l y  e s t a b -  

l i s h e d  as 

12 
10 > p e  > 10 ohm meter. (5) 

An approximate wors t  case c a l c u l a t i o n  f o r  a sphere sp inn ing  

i n  an  e l ec t r i c  f i e l d  which induced charges s l ide a long  t h e  r e s i s t i v e  

s p h e r i c a l  s u r f a c e  as t h e  sphere r o t a t e s  shows t h a t  a n e g l i g i b l e  d r i f t  

torque e x i s t s  f o r  p w i t h i n  t h e  range shown i n  equa t ion  (5). Th i s  

approximate c a l c u l a t i o n  i s  shown i n  Appendix B.  

e 
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The S a t e l l i t e  Gyro can acqu i re  an  e l e c t r i c  charge because 

of c o l l i s i o n s  w i t h  ions and e l e c t r o n s  du r ing  i t s  t r a j e c t o r y  ( e l e c t r o -  

hydrodynamic e f f e c t ) .  For  comparable e l e c t r o n  and ion temperatures  

t h e  thermal v e l o c i t i e s  of t h e  e l e c t r o n s  a r e  h ighe r  than those of t h e  

ions o r  t h e  v e l o c i t y  of t h e  s a t e l l i t e ;  t h e r e f o r e ,  t he  e l e c t r o n  f l u x  

h i t t i n g  the  s a t e l l i t e  is much g r e a t e r  t han  t h a t  of t he  ions.  A 

nega t ive  s a t e l l i t e  p o t e n t i a l  is  thus generated which b u i l d s  up t o  an 

e q u i l i b r i u m  value V such t h a t  t h e  e l e c t r o n  and ion c o l l i s i o n  rates 

w i t h  the  s a t e l l i t e  are e q u a l .  

mately -0.8 v o l t s  whereas observed values  of -6 v o l t s  have been 

measured. It has been shown t h a t  t h e  l a r g e r  value of V produces 

n e g l i g i b l y  small values  of d r i f t  due t o  i n t e r a c t i o n  w i t h  the  e a r t h ' s  

e l e c t r i c  and magnetic f i e l d s .  The e f f e c t  of Coulomb d rag  on t h e  

d r i f t  rate w i l l  be i n v e s t i g a t e d  fo l lowing  t h e  procedure of r e f e r e n c e  4 .  

eq 
2 Calcu la t ed  values  of Veq a r e  approxi-  

eq 

The Coulomb d rag  r e s u l t s  from the  Coulomb f o r c e  between t h e  

n e g a t i v e l y  charged s a t e l l i t e  and d e f l e c t e d  o r  non-co l l id ing  ions and 

from t h e  change i n  c o l l i s i o n  r a t e  because of t he  Coulomb f o r c e  

between t h e  c o l l i d i n g  ions and charged s a t e l l i t e .  A s  t h e  s a t e l l i t e  

moves a c r o s s  t h e  e a r t h ' s  magnetic f i e l d ,  it becomes p o l a r i z e d  s o  t h a t  

t h e  c r o s s - s e c t i o n  f o r  ion c o l l i s i o n  is  inc reased  i n  t h e  r e g i o n  of t h e  

negat ive pole  and decreased i n  the  r eg ion  of t h e  p o s i t i v e  po le .  Ion 

d e f l e c t i o n  is a l s o  no longer  symmetrical because of t h e  p o l a r i z e d  

s a t e l l i t e .  The r e s u l t a n t  Coulomb d rag  f o r c e  vec to r  due t o  s c a t t e r -  

i n g  a c t s  a t  t h e  c e n t e r  of t h e  s a t e l l i t e  gyro and hence causes  no 

to rque .  The p o r t i o n  of t he  Coulomb d rag  due t o  non-symmetrical ion 

N 

a 
,.1 

"4 



4 

7 ELECTRIC, MAGNETIC AND ELECTROMAGNETIC TORQUES 237 

p $  

'u' t 

c o l l i s i o n  does cause a t o r q u e ,  however, which i s  e s t ima ted  as fol lows.  

Again, worst  case cond i t ions  are taken.  Reference 4 states t h a t ,  

f o r  a 4-meter sphere a t  1500 km. due t o  inc reased  ion  c o l l i s i o n ,  t h e  

e f f e c t i v e  c o l l i s i o n  area is 10% l a r g e r  t han  t h e  p r o j e c t e d  area of t h e  

sphere wh i l e  t h e  Coulomb d rag  due t o  inc reased  ion impacts is 2.3% of 

the  d rag  of t he  uncharged sphe re .  

The inc reased  e f f e c t i v e  diameter  of t h e  o r i g i n a l  one f o o t  

gyro is  12.6 i nches .  Assuming maximum e f f e c t ,  t h e  c e n t e r  of t h e  

e f f e c t i v e  c o l l i s i o n  area i s  d i s p l a c e d  0.3 inches from t h e  gyro c e n t e r .  

The d rag  of t h e  uncharged sphere a t  900 miles  a l t i t u d e  i s ,  a t  worse 

3 2  3 6 2 2 2  -9 D w p V  A = 3 / 2 ( 2 X l 0 - I 6  kgm/m )(50X10 m/sec ) n ( . l 5 )  m w 10 

-11 newtons. The Coulomb drag is .025 D w 2.5 X 10 newtons , which is 

a p p l i e d  0.3 inches o f f  c e n t e r  of t he  gyro.  Th i s  g ives  a torque T = 

2.5 x LO-'' (0.3 x 10-2)(2.54) = 19 x 10 

case  d r i f t  rate becomes u) 

9.5 X r a d / s e c ,  an  i n s i g n i f i c a n t  amount. 

- 14 newton meter. The worse 

= T / I w  = 19 X d4/ (0.3) (2n) (100) w d 

The o p t i c a l  method f o r  determining t h e  s p i n - a x i s  o r i e n t a -  

t i o n  r e q u i r e s  good r e f l e c t i v e  s u r f a c e s  on t h e  f l a t  p o r t i o n s  of t h e  

polygonal g l a s s  gyro.  I f  conductive materials are used on t h e  s u r -  

f a c e  t o  s a t i s f y  the  r e q u i r e d  high o p t i c a l  r e f l e c t i v i t y ,  t h e r e  would 

be an induced torque due t o  t h e s e  metal s u r f a c e s  r o t a t i n g  i n  t h e  

e a r t h ' s  magnetic f i e l d  caused by i n t e r a c t i o n  w i t h  t h e  eddy c u r r e n t  

f low i n  t h e  p l a t e s .  Such to rques  could cause very h igh  d r i f t  rates 

even though t h e  conduct ive,  vapor-deposited s u r f a c e s  were very t h i n  

( i n  t h e  r eg ion  of 1000A). One s o l u t i o n  is  t o  reduce t h e  e f f e c t i v e  
0 
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eddy c u r r e n t  loop  areas by s c r i b i n g  narrow l i n e s  a c r o s s  t h e  metall ic 

s u r f a c e s .  Another s o l u t i o n  is  t o  vapor d e p o s i t  r e l a t i v e l y  h igh  

r e s i s t a n c e ,  o p t i c a l l y  r e f l e c t i v e  s u r f a c e s  such as germanium, s i l i c o n  

o r  t i n - t i n  oxide on t h e  g l a s s  gyro s u r f a c e .  The fo l lowing  a n a l y s i s  

de te rmines  t h e  maximum area of  t h e  e f f e c t i v e  c u r r e n t  loops f o r  a 

g iven  s u r f a c e  r e s i s t i v i t y  and maximum a l lowable  d r i f t  ra te .  To 

s i m p l i f y  t h e  c a l c u l a t i o n s  wors t  case cond i t ions  w i l l  be assumed, 

r e s u l t i n g  i n  an  ample s a f e t y  f a c t o r .  It w i l l  be shown t h a t  aluminum 

J 

s u r f a c e s  r e q u i r e  breaking  up i n t o  smaller areas whereas s u r f a c e s  of 

germanium, s i l i c o n ,  t i n - t i n  oxide and o t h e r  similar h igh  r e s i s t a n c e ,  

h igh  o p t i c a l  r e f l e c t a n c e  materials do n o t  r e q u i r e  t h i s .  

Consider  a square  loop of s i d e  a r o t a t i n g  w i t h  an  angu la r  

v e l o c i t y  w about  a x i s  Z ,  as shown i n  f i g s .  7.3 and 7.4 .  L e t  t h e  magnetic 

f i e l d  B make a n  ang le  cy w i t h  r e s p e c t  t o  a x i s  Z. The induced emf e 

f o r  t h e  s i d e s  l a b e l l e d  1 and 2 are: 

e l  = B(s im)awr  cos@-a)  = B a w r  s i m ( c o s e c o s @  + s ines in@)  

e = B(sim)awr cos(9+$) = B a w r  s im(cos9cos@ - s ines in@)  2 

Ae = e -e = 2Bawr s i n  cy s i n  @ s i n  8 1 2  

But s i n  @ = a / 2 r .  

2 .'.ne = B a  w s im s in9  
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Making a n o t h e r  s i m p l i f i c a t i o n  which provides  a f u r t h e r  

s a f e t y  f a c t o r  i n  the  end r e s u l t ,  l e t  the  r e s i s t a n c e  of t h i s  loop be 

determined by cons ide r ing  t h e  loop t o  be a f l a t  p l a t e  of w id th  a ,  

pa th  l e n g t h  2a and e f f e c t i v e  c r o s s  s e c t i o n a l  area ab/2.  

R = pR/A = p (2a) (2/ba)  = 4p/b where b is t h e  p l a t e  t h i c k n e s s .  

t he  r o t a t i o n a l  frequency involved (100 c p s ) ,  t h e  s k i n  depth f o r  a good 

conductor is  much g r e a t e r  than t h e  p l a t e  t h i ckness  (1000 8 ) .  

There fo re ,  

For  

S ince  

e = w t ,  

2 
i = Ae/R = (Ba  wb/4p) s i n  CY s i n  w t .  

The magnetic moment p becomes 

2 4 
p = i a  = (Ba wbl4p)sin CY s i n  w t  = po s i n  u t  

The torque on t h i s  loop is f' = 6 X i, and i f  we cons ide r  p 

as being e q u i v a l e n t  t o  7 p 

s i n  W t  
0 

coswt + 3 po s inwt we have 
0 

- A  

T = i p 0 B c o s c s i w t  - 3  poBcosa/coswt -G poBcowcosWt. 

h A A 

The k torque component causes  slowdown whereas the  i and j 
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3 
Y 

components cause p recess ion .  From t h e  previous equa t ion ,  t h e  maximum 

torque occurs  when CY = 45'. 

2 4  
Tmax =fi V0B w (0.3B a wbl4p) 

The d r i f t  rate w i s  ob ta ined  from t h e  r e l a t i o n  wd = T/IW d 

where I is t h e  gyro moment of i n e r t i a ,  

2 4  = 0.3B a b /4 Ip .  
' '  wd 

Consider t he  loop of f i g .  7 . 1  c u t  up i n t o  n2 smaller, ad jacen t  

b u t  s e p a r a t e  loops of s i d e  a / n .  For s i m p l i f i c a t i o n ,  assume t h a t  t h e  

plane of each loop i s  e q u i d i s t a n t  from a x i s  Z ,  as i n  f i g .  7 .5 .  The 

induced p o t e n t i a l  of t h e  i ' t h  loop is ,  from equa t ion  (1) 

2 
he i  = B(a/n) w s i n  CY s i n  B i  

The r e s i s t a n c e  R = p R / A  = p(2a /n ) (2n /ab )  = 4p/b 

so  t h a t  

2 2 i = (Ba  wb/4n p) s i n  o! s i n  u t ,  i 

and i f  we  l e t  the  c u r r e n t s  from a l l  the loops be i n  time phase t h e  

2 t o t a l  magnetic moment from the n elements i s ,  

i 
"'1 

2 2 2 4 2 
p = n i i ( a /n )  = i . a  1 = (Ba  wb/4n p )  s i n  cc s i n  w t .  
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Figure  7.5 

Loops R o t a t i n g  i n  a Magnetic F i e l d  
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2 4  2 The d r i f t  rate becomes w d w  0.3B a b/4n I p  which is smaller 

2 t han  t h a t  of t h e  o r i g i n a l  loop of s i d e  a by a f a c t o r  of l / n  . 
worse-case d r i f t  rate w i l l  be c a l c u l a t e d  f o r  each  o r i g i n a l  gyro f a c e t ,  

t hen  m u l t i p l i e d  by t h e  number of f a c e t s  t o  o b t a i n  t h e  r e s u l t a n t  d r i f t  

rate.  

make it so .  The va lue  of n determines t h e  maximum s i z e  of t he  c u r r e n t  

loop areas and hence t h e  d i s t a n c e  between s c r i b e d  l i n e s  on t h e  f a c e t  

s u r f a c e s .  

The 

I f  t h e  d r i f t  rate is n o t  n e g l i g i b l e ,  a d i v i s i o n  by n2 could 

One of t he  proposed gyro c o n f i g u r a t i o n s  i s  a sphere modi- 

f i e d  by cube o r i e n t e d  f l a t s  i n  which t h e  area of t h e  f l a t s  comprise 
\ 

h a l f  t h e  area of t h e  sphe re .  Chapter 9 d e s c r i b e s  t h i s  gyro i n  more 

d e t a i l .  The diameter of each of t he  s i x  f a c e t s  i s  approximately 

0.17 meter. 

Consider t h e  case  of aluminum vapor-deposited t o  a t h i c k -  
0 

ness of 1000 A onto t h e  g l a s s  gyro s u r f a c e .  S u b s t i t u t i n g  a = 0.17 

meter,  B = 0.5 X 10 

ohm meter and I = 0.2 kgm-m i n t o  equa t ion  ( 2 ) ,  t h e  d r i f t  rate f o r  

-4 -a 
weber/m2 ( e a r t h ' s  magnetic f i e l d ) .  p = 3x10 

2 

i 

one f a c e t  becomes w 

Taking t h e  wors t  c a s e  t h a t  t h e  torques from each s i x  f a c e t s  are i n  

space and t i m e  phase and t h a t  t h e  r e s u l t a n t  torque always causes  t h e  

maximum precess  ion 

value t o  less than 0.1 arc s e c / y r . ,  n2 must be l a r g e r  than 10,000 o r  

n must be a t  least  100. Th i s  means t h a t  a t  least  100 X 100 l i n e s  must 

be s c r i b e d  on t h e  s u r f a c e  of each f a c e t ,  a l a b o r i o u s  t a s k .  

= 2.5 X l O - "  r a d / s e c .  = 167 a r c  s e c / y e a r .  d 

= 6 X 167 w 1000 a r c  s e c / y r .  To reduce t h i s  ' 
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On t h e  o t h e r  hand, vapor depos i t ed  germanium has a r e s i s t i v -  

i t y  of about  lo5 l a r g e r  than t h a t  of aluminum. 

maximum d r i f t  rate of only 0.01 arc s e c / y e a r .  

s i l i c o n  and t i n - t i n  d iox ide  s u r f a c e s  would be even less. 

Th i s  would cause a 

D r i f t  rates due t o  

Two o t h e r  t o rques  causing n e g l i g i b l e  d r i f t  rates a r e  

d i scussed  i n  r e f e r e n c e  1. These are t h e  B a r n e t t  e f f e c t  i n  which a 

r o t a t i n g  body develops a small magnetic d ipo le  moment due t o  the 

r evo lv ing  e l e c t r o n i c  systems w i t h i n  t h e  atoms, and i t s  inve r se  , t h e  

E i n s t e i n - d e  Baas e f f e c t ,  i n  which a body experiences a small torque 

due t o  a charging magnetic f i e l d .  
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7 .1 .  Appendix A--Precession Due t o  t h e  I n t e r a c t i o n  of a Ro ta t ing  
Sphere w i t h  a Constant  Magnetic F i e l d .  

P a r t  of t h i s  d e r i v a t i o n  c l o s e l y  fo l lows  Smythe5, who treats 

t h e  case  of a conducting sphere i n  an  a l t e r n a t i n g  f i e l d .  The magnetic 

f i e l d  i may be d e f i n e d  i n  terms of a v e c t o r  p o t e n t i a l  i so  t h a t  

i = V X A  

From Maxwell's equa t ions  and Ohm's Law, then it i s  shown 

t h a t  t h e  s o l u t i o n  of a magnetic f i e l d  problem is e q u i v a l e n t  t o  the 

s o l u t i o n  of t h e  fo l lowing  l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa t ion  

invo lv ing  the  vec to r  p o t e n t i a l  : 

where : 

is  t h e  p e r m i t i v i t y  of f r e e  space (assumed e q u a l  t o  t h e  
material) 

is t h e  r e s i s t i v i t y  of t h e  r o t o r  material "e 

A s  a r e s u l t  of t he  l i n e a r i t y  of t h i s  equa t ion  it is  p o s s i b l e  t o  

introduce complex n o t a t i o n  i n  i t s  s o l u t i o n .  That i s ,  l e t  

i = ReG(xi't), \ 
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where 

x r e p r e s e n t s  t h e  coord ina te s  of t h e  system 

t i s  t i m e ,  and 

i 

w i s  t h e  angu la r  v e l o c i t y  of t he  r o t o r  

i =,jT 

Equation 2 now becomes 

r 

7 

Note t h a t  w0/pe has dimensions of r e c i p r o c a l  l eng th  squared.  

Let  

The q u a n t i t y  6 is c a l l e d  the  depth of p e n e t r a t i o n .  

F i n a l l y ,  t h e  equa t ion  t h a t  we wish t o  i n v e s t i g a t e  i s  

2 2 :  0 = (V -2i /6  ) A (A- 5 1 

The g e n e r a l  s o l u t i o n  t o  t h e  problem of t h e  i n t e r a c t i o n  

between t h e  r o t a t i n g  sphere and t h e  magnetic f i e l d  may be ob ta ined  

by assuming s u i t a b l e  boundary cond i t ions  on equa t ion  (A-5) .  F igu re  7 .6  

shows a sphere of e x t e r i o r  r a d i u s  a and i n t e r n a l  r a d i u s  b whose 

s p i n  a x i s  vec to r  makes an ang le  a w i t h  t h e  magnetic f i e l d  v e c t o r  

Bo. 
- 

The r o t o r  i s  assumed t o  have a r e s i s t i v i t y  p and pe rmeab i l i t y  e 

i 
i 
J 

' 1  
i - 3 .  
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F i g u r e  7.6 

S h e l l  R o t a t i n g  i n  a Magnetic F i e l d  
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p, 

Thus t h e  dep th  of p e n e t r a t i o n ,  6 ,  is uniquely d e f i n e d  by equa t ion  A-5. 

( t h a t  of f r e e  space) and is  r o t a t i n g  a t  an angu la r  v e l o c i t y  w .  
0 

An a p p r o p r i a t e  set  of boundary c o n d i t i o n s  i s  t h a t  b o t h  t h e  vec to r  

p o t e n t i a l  and the  magnetic f i e l d  be continuous a t  both boundaries .  

The magnetic f i e l d  i s  continuous because of t he  s i m p l i f y i n g  assumption 

t h a t  t h e  p e r m i t i v i t y  of t h e  conductor i s  the  same as t h a t  of f r e e  

space - c e r t a i n l y  v a l i d  f o r  a l l  conductors e x c e p t  t hose  which are 

ferromagnet ic .  

I n  a 

magnetic f i e  I d  

coord ina te  system f i x e d  t o  the  r o t a t i n g  sphe re ,  t h e  

wi th  r e s p e c t  t o  t h e  sphere is  

IJ =: B (2  s i n  CY cos  w t  + ’J s i n  CY s i n  w t  + f; cos CY) 
0 0 

where r ,  t h e  r a d i u s  vec to r  from t h e  r o t o r  c e n t e r ,  i s  l a r g e .  By 

i n s p e c t i o n  t h e  magnetic v e c t o r  p o t e n t i a l  i s  

A = -B i ( - y  c o w  - z s i n  ct s i n  ut) + ^j(xcosa/ - z s i m  cos wt )  - 2 0  l [ ^  

+ G(xsirur s i n  w t  + y s i m  coswt)] 

Transforming each of t h e  components i n t o  a s p h e r i c a l  coord ina te  

system, (r ,  9, @ ) ,  t h e  vec to r  p o t e n t i a l  becomes ( cons ide r ing  only t h e  

time-dependent terms) 

A - 1 - i w t  
A. = -B rsim 9 e 

2 0  
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Qj i = (: i- j)cose-Lisinee . 

The form of t h e  vec to r  p o t e n t i a l  a t  i n f i n i t y  sugges t s  a s o l u t i o n  of 

t h e  form 

SubstSirute i n t o  equa t ion  (A-5) and s e p a r a t e  v a r i a b l e s  f o r  each  com- 

ponent i n  t h e  u s u a l  manner. 

r a d i a l  p a r t  (Rn), must s a t i s f y  the  fo l lowing  d i f f e r e n t i a l  equa t ions  

i n  t h e  s h e l l :  

It can then  be a s c e r t a i n e d  t h a t  t h e  

and i n  f r e e  space:  

The equa t ion  i n  f r e e  space has  

t h e  d i f f e r e n t i a l  equa t ion  i n  t h e  s h e l l  are changed as fo l lows:  

v = V(r> = h / l  r / 6  

-% I R = r  

- -  2 2 R = 0  
r 

-2 s o l u t i o n s  r and r The v a r i a b l e s  i n  
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This equa t ion  can then be recognized as B e s s e l ' s  modified d i f f e r e n -  

t i a l  equa t ion  

9 1  ( I + - -  
2 

dV2 - d I + - - . .  V dV 4 v 2 ) = 0  

The r a d i a l  s o l u t i o n  may be w r i t t e n  as fo l lows :  

-2  
R = C r  4- D r  r > a  

R = G r  b > r > O  

Where 13/2(V) and I 

o rde r  3/2 and -3 /2  and C ,  D ,  E ,  F ,  and G a r e  c o n s t a n t s  ( p o s s i b l y  

complex) t o  be determined by t h e  boundary cond i t ions .  Note t h a t  t he  

c o n d i t i o n  t h a t  the magnetic f i e l d  B be continuous is e q u i v a l e n t  t o  

t h e  c o n d i t i o n  t h a t  t h e  d e r i v a t i v e  of A w i t h  r e s p e c t  t o  r be cont inuous.  

The important c o n s t a n t s  are those  which determine the  f i e l d  i n s i d e  t h e  

s p h e r i c a l  s h e l l .  A f t e r  a l a r g e  amount of a l g e b r a i c  manipulat ion,  t h e  

v e c t o r  p o t e n t i a l  i n s i d e  t h e  s h e l l  i n  phasor n o t a t i o n  i s  

(V) are the  modified Bessel f u n c t i o n s  of -3/2 

? 1  iwt A = -B sime 2 0  R ( r )  6 
where 

R = % [[- V(r)[3+V(b)2]-3V(b)]coshCV(r)-V(b)] + [3V(b)V(r) 
v (r) 

- 3+V (b) 2] s inhC V (r ) -V (b)] ] s i n N  V (r ) -V (b)]] /Denom. 



L 

256 ELECTRIC, MAGNETIC AND ELECTROMAGNETIC TORQUES 

2 where Denom = 3V(b)coshCV(a)-V(b)]$3+V(b) ]sinhCV(a)-V(b)] 

7 .1 .1 .  The P r e c e s s i o n a l  Torque 

The torque which tends t o  p recess  the  r o t o r  is due e n t i r e l y  
h 

t o  t he  i n t e r a c t i o n  of t he  c u r r e n t  r i n g s  and t h e  k component of t h e  

magnetic f i e l d .  This  can be a s c e r t a i n e d  by looking a t  the form of 

the  v e c t o r  i .  From t h e  form it is seen t h a t  t h e  induced c u r r e n t  

f low l i n e s  are c i r c l e s  whose planes are p a r a l l e l  t o  t h e  k a x i s .  The 

p recess ion  torque i s  p r o p o r t i o n a l  t o  t h e  t r i p l e  vec to r  product 

i n t e g r a t e d  over t h e  volume of t h e  s h e l l .  Thus 

? = / [i x ( 5  x Bo)] dV 
v 

which, a f t e r  performing t h e  ang le  i n t e g r a t i o n s ,  reduces t o  

3 a 

b 
f = R e  /r R ( r ) d r  . (nwBo2sin2a)/3T. (-2 + 3i) 

7 

7 
j 

a 
* *  t 

And f i n a l l y  t h e  torque f o r  t h e  s h e l l  is 
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9 - rtBisin2a 
T =  R e [ (-l+ji) X 3a82{[[3+V(b)2][ 3+V(a)2]-9V(a)V(b)]sinhCV(a)-V(b)] 

% O  

+ 3[ V (a )  -V (b)] [ V (a) V(  b) -31 cos@ V (a) -V (b)]}/Denom 11 (A-6)  

where Denom = 3V(b)cos@V(a)-V(b)]<3+V(b) 2 sinhCV(a)-V(b)] 

The r e l a t i o n  f o r  t h e  s o l i d  r o t o r  is ob ta ined  by s e t t i n g  

b = 0 i n  equa t ion  (A-6). A f t e r  s e p a r a t i n g  reals and imaginar ies ,  t h e  

fo l lowing  form r e s u l t s  

The h igh  frequency l i m i t  ( 6 < < a) is  

2 3  rtB a s i n k  
* o  - 

T =  j 
P O  

The low frequency l i m i t  ( 6>>a ) is  

5 - na UB 2sin2a 
T = i  0 

15 P m  

(A-7) 

Thus, we see t h a t  a t  the  h igh  frequency l i m i t  t h e  torque i s  independent 
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of t h e  sphere  material and is 

s p h e r i c a l  volume. A t  t h e  l o w  

AND ELECTROMAGNETIC TORQUES 7 

only a f u n c t i o n  of  t h e  f i e l d  and t h e  

frequency l i m i t ,  s i n c e  w a  is propor- 5 

t i o n a l  t o  the angu la r  momentum, t h e  p recess ion  ra te  is  independent 

of t h e  s i z e  of t h e  r o t o r  and dependent on ly  on t h e  d e n s i t y ,  t h e  

magnetic f i e l d  and t h e  r e s i s t i v i t y  of t h e  r o t o r .  The p recess ion  ra te  

f o r  t h i s  case is 

where 

B is i n  gauss  

is i n  ohm cm ’e 

3 is i n  gm/cm P m  

A s u i t a b l e  p recess ion  r a t e  may be obta ined  by t h e  use  of 

a semiconductor material  w i t h  a r e s i s t i v i t y  of t h e  o rde r  of 1-10 

ohm c m .  

.‘i 
1 
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Figure  7 .7  

Conductive Sphere Spinning  
i n  an E l e c t r i c  F i e l d  
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7.2. Appendix B-- Approximate Worst Case D r i f t  C a l c u l a t i o n  Due t o  
Induced Charges S l i d i n g  Along a Spinning Sphere i n  
an E l e c t r i c  F i e l d .  

I n  o r d e r  t o  c a l c u l a t e  t h e  maximum c u r r e n t  f lowing on the  

s u r f a c e ,  the sphere w i l l  be considered as a good conductor .  To g e t  

t h e  maximum power consumption P and hence the to rque ,  t he  l a r g e s t  

r e s i s t i v i t y  w i l l  be used w i t h  the maximum c u r r e n t  t o  o b t a i n  the  

worst  ca se .  This  d r i f t  is shown t o  be n e g l i g i b l e .  

Given a sp inn ing  sphere of r a d i u s  a immersed i n  an  e l e c t r i c  

f i e l d  E making a n  ang le  8 w i t h  the s p i n  a x i s ,  as shown i n  f i g .  7 . 7 .  

The induced charge Q is ob ta ined  from 

where the  p r o j e c t e d  area of the  sphere is used f o r  d i .  

2 
,*, Q = G Ena 

It is  shown i n  f i e l d  theory t h a t  the e l e c t r i c  f i e l d  

d i s t r i b u t i o n  on the s p h e r i c a l  s u r f a c e  is s i n u s o i d a l .  We assume 

t h a t  t he  charge is a l s o  s i n u s o i d a l l y  d i s t r i b u t e d ,  and take a n  equiva- 

l e n t  width of about 113 of t h e  half-circumference i n  which the  charge 

d e n s i t y  i s  considered c o n s t a n t .  

pa th  shown by t h e  d o t t e d  l i n e s .  

Let  t h i s  charge t r a v e l  t he  average 
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.. * i = Q / t  = fQ = wQ/2n 

2 - 2w2Q2 pR 
411 2 A  .'. p = 2 i  R - 

where R = 2na s i n  8 

A = width  w x depth  of p e n e t r a t i o n  6 

w = na/3, 

6 =d- 
p = permeab i l i t y  of vacuum = 4n X 10 - 7  

Hence T = P/wsin8 

For  t h e  wors t  case, 8 = 90°, s o  t h a t  T = p / w .  

w T/Iw, where I Wd 
2 = 2ma /S 

7 

t 

where p is t h e  mass d e n s i t y  and p is t h e  e l e c t r i c a l  r e s i s t i v i t y .  n e 
3 2 S u b s t i t u t i n g  t h e  va lues  E = 100 v /n ,  p n  = 2 .5  X 10 kgm/m , 

a = 0.15 m y  p = ohm meter, p = 4n X henry/m and G = 

8.85 X 

arc  sec /yea r ,  a n e g l i g i b l e  va lue .  

e 

farad/m, t h e  va lue  of wd becomes approximately 0.001 
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8.1. I n t r o d u c t i o n  

The r e l a t i v i t y  s a t e l l i t e ,  as proposed a t  C.S.L., w i l l  be 

t r acked  pho tograph ica l ly  by t h e  network of Baker-Nunn s a t e l l i t e  

t r a c k i n g  cameras ope ra t ed  by the  Smithsonian As t rophys ica l  Observa- 

t o r y .  Both o r b i t a l  elements and s p i n  a x i s  d i r e c t i o n  must be 

ob ta ined  by means of photographs a g a i n s t  t he  s te l la r  background. 

The p h y s i c a l  s i z e  and r e f l e c t i v i t y  of t h e  s a t e l l i t e  a r e  p re sc r ibed  

i n  p a r t  by t h e  inpu t  exposure requirements of t h e  Baker-Nunn camera, 

which are exp la ined  i n  Chapter 9 of t h i s  r e p o r t .  

To o p t i c a l l y  t r a c k  a pass ive  s a t e l l i t e  t h r e e  cond i t ions  of 

o b s e r v a b i l i t y  must be s a t i s f i e d .  

(1) The observing s t a t i o n  must be i n  darkness s o  t h a t  t h e  s u n l i g h t  

r e f l e c t i o n s  w i l l  be v i s i b l e  i n  the  n i g h t  sky. For  t h i s  s t u d y ,  it w a s  

assumed t h a t  t h e  sun must be a t  least  10' below t h e  horizon f o r  any 

obse rva t ion  t o  be made. 

(2) The s a t e l l i t e  must appear above t h e  horizon a t  the  observing 

s t a t i o n  i n  q u e s t i o n .  I n  g e n e r a l ,  t h e r e  i s  some lower l i m i t  on t h e  

e l e v a t i o n  ang le  of s a t e l l i t e  photographic equipment, and the  Baker- 

Nunn camera has a lower l i m i t  of about  14.5 . The maximum e l e v a t i o n  

ang le  f o r  a given o r b i t  and observing s t a t i o n  depends on the  s a t e l l i t e  

a l t i t u d e  and t h e  ang le  between the  e a r t h  s t a t i o n  and the  plane of t h e  

o r b i t .  Assuming c i r c u l a r  o r b i t s ,  F i g .  8 .1  shows t h e  maximum e l e v a t i o n  

ang le  v s .  t he  angle  between t h e  observing s t a t i o n  and t h e  o r b i t a l  

plane f o r  o r b i t a l  a l t i t u d e s  from 200 km t o  1200 km. This  ang le  may be 

i n t e r p r e t e d  as t h e  s t a t i o n  n o r t h  o r  s o u t h  l a t i t u d e  i f  t h e  o r b i t  and 

0 
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Figure  8 . 1  

Eleva t ion  ang le  and s l a n t  range of a s a t e l l i t e  whose r a d i u s  vec to r  makes 
angle  cp w i t h  t h e  r a d i u s  vec to r  t o  a t e r r e s t r i a l  t r a c k i n g  s t a t i o n .  
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t he  e a r t h ' s  equa to r  are cop lana r .  When t h e  s a t e l l i t e  appears  a t  i t s  

maximum e l e v a t i o n  a n g l e ,  t h e  s l a n t  range t o  t h e  observing s t a t i o n  is 

a minimum. The minimum s l a n t  ranges are a l s o  shown i n  F i g .  8.1. 

Thus a s a t e l l i t e  a t  an  a l t i t u d e  of 1000 km i n  an  e q u a t o r i a l  o r b i t  

could be photographed by a Baker-Nunn camera from any s t a t i o n  w i t h i n  

18' l a t i t u d e ,  and the  minimum s l a n t  range would be between 1000 km 

and 2400 km. 

( 3 )  The s a t e l l i t e  must be i n  s u n l i g h t .  

To o b t a i n  s p i n  a x i s  o r i e n t a t i o n  d a t a  an a d d i t i o n a l  r e q u i r e -  

ment is  t h a t  s u n l i g h t  be r e f l e c t e d  from a t  least  one of t h e  plane 

mi r ro r  f a c e t s  on t h e  s a t e l l i t e  du r ing  a pass over a given s t a t i o n .  

D i g i t a l  computer s i m u l a t i o n s  w r i t t e n  a t  C.S.L. and run on t h e  CDC 

1604 computer have been used t o  determine the b e s t  l o c a t i o n s  of 

mi r ro r s  on t h e  g y r o s c o p e - s a t e l l i t e .  

Two b a s i c  programs have been used.  Program SATOBS ( s a t e l l i t e  

obse rva t ion )  s imula t e s  each o r b i t a l  pass which can p o s s i b l y  be observed 

from a given s t a t i o n  and determines a useab le  range of mi r ro r  normals 

f o r  each p a s s .  Program ENVO (envelope of o b s e r v a b i l i t y )  computes an 

envelope of t h e  observable  mi r ro r  normals by u s i n g  a minimizing 

technique and runs about  10 times f a s t e r  than SATOBS; however, i t s  use 

i s  l i m i t e d  t o  c i r c u l a r  o r b i t s .  
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8 . 2 .  Programs SATOBS and COUNT 

Two d i g i t a l  computer programs have been w r i t t e n  f o r  t he  

CDC 1604 computer a t  C.S.L. t o  s imula t e  a pass ive  s a t e l l i t e  i n  o r b i t  

around t h e  e a r t h  and t o  g r a p h i c a l l y  d e p i c t  t h e  expected obse rva t ion  

times and, i n  p a r t i c u l a r ,  t h e  d i s t r i b u t i o n  of mi r ro r  normal ang le s  

which would r e f l e c t  s u n l i g h t  t o  given e a r t h  s t a t i o n s  over a pe r iod  of 

one y e a r .  I n  t h e  s a t e l l i t e  obse rva t ion  (SATOBS) program, r a d i u s  

vec to r s  from t h e  e a r t h ' s  c e n t e r  t o  t h e  sun,  e a r t h  s t a t i o n ,  and satel-  

l i t e  are computed a t  f i x e d  i n t e r v a l s  of t ime, u s u a l l y  every t h r e e  

minutes ,  u n t i l  t h e  t h r e e  o b s e r v a b i l i t y  cond i t ions  are s a t i g f  ied .  The 

f i r s t  of t h e s e  c o n d i t i o n s ,  s t a t i o n  i n  darkness ,  i s  s a t i s f i e d  whenever 

R n  
R < COS 100' 

where 

- R = r a d i u s  vec to r  t o  observing s t a t i o n  
A 

R = u n i t  v e c t o r  t o  sun 
S 

0 That  i s ,  t h e  sun must be a t  l e a s t  10 below the  ho r i zon .  

The second c o n d i t i o n ,  s a t e l l i t e  above horizon,  i s  s a t i s f i e d  whenever 

where 

- S = x  - 
- r = r a d i u s  v e c t o r  t o  s a t e l l i t e .  

= s l a n t  range vec to r  
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Eq. (8 .2)  s p e c i f i e s  t h a t  t h e  ang le  measured from z e n i t h  t o  

0 
t h e  sa te l l i t e  must be less than o r  equa l  t o  75 , t hus  a s s u r i n g  t h a t  

t h e  s a t e l l i t e  is a t  least  15' above the ho r i zon .  

may be s p e c i f i e d  by i n s p e c t i o n  of t h e  ske tch  of t he  plane con ta in ing  

The t h i r d  c o n d i t i o n  

the  sun ,  s a t e l l i t e ,  and e a r t h  c e n t e r .  For  s u n l i g h t  t o  r each  the  

s a t e l l i t e ,  it is  necessary t h a t  P,  t he  pe rpend icu la r  from t h e  e a r t h  

c e n t e r  t o  t h e  s a t e l l i t e - s u n  l i n e ,  be g r e a t e r  t han  R , the  r a d i u s  of 

t he  e a r t h .  This  i s  a s s u r e d  i f  

e 

A r where cos $ - - R s ' r ; r  

' t  B 

A ' 'passr1 of t h e  sa te l l i t e  is de f ined  as t h a t  p e r i o d  of t i m e  when a l l  

t h r e e  c o n d i t i o n s  are s a t i s f i e d .  A t  t h e  t i m e  i n s t a n t  when t h e  t h r e e  

c o n d i t i o n s  (8.1)- (8 .3 )  are f i r s t  s a t i s f i e d ,  t h e  computer "backs up" 

one t i m e  increment,  s h o r t e n s  t h e  increment t o  20 seconds,  and proceeds 

t o  compute t h e  r a d i u s  v e c t o r s  du r ing  an  observable  pass of t h e  satel- 

l i t e .  During a pass ,  a d d i t i o n a l  computations a t  each t i m e  i n s t a n t  

i 
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determine t h e  u n i t  vec to r  normal t o  a f l a t  mi r ro r  on t h e  sa te l l i t e  

which would r e f l e c t  s u n l i g h t  t o  the ground s t a t i o n ,  and the " f l a s h  

angle" o r  ang le  from the  s a t e l l i t e  s p i n  a x i s  t o  t h e  mirror  normal i s  

c a l c u l a t e d .  I n  g e n e r a l ,  t h e  f l a s h  ang le  may vary as much as 70 i n  

a given p a s s ,  and may have a re la t ive  maximum o r  minimum. F i g .  8.2 

shows t h e  f l a s h  ang le  v a r i a t i o n  computed by SATOBS through f o u r  

passes  of a s a t e l l i t e  i n  a 1000 km e q u a t o r i a l  o r b i t  over a t r a c k i n g  

s t a t i o n  on t h e  e a r t h ' s  e q u a t o r .  

0 

The p l o t  shows t h a t  f l a s h e s  could be 

ob ta ined  twice i n  one pass from each  plane mi r ro r  whose normal makes 

an  angle  of s ay  50 , 60°, l l O o ,  o r  120' from t h e  s a t e l l i t e  s p i n  a x i s .  0 

The maximum d u r a t i o n  of any pass is  somewhat more than 1000 seconds,  

o r  about  16 minutes ,  SATOBS s t o r e s  f l a s h  ang le  d a t a  on magnetic t ape  

and program COUNT reads t h e  d a t a  and counts  t h e  number of t imes any 

s p e c i f i e d  mi r ro r  normal ang le  would produce f l a s h e s  f o r  a given o r b i t  

and s t a t i o n  l o c a t i o n ,  To save t i m e  and tape s t o r a g e  space,  only t h e  

va lues  of f l a s h  ang le  and t i m e  a t  t h e  endpoints  and a t  f l a s h  ang le  

extremes f o r  each pass  are s t o r e d .  

Program COUNT a l s o  produces calcomp p l o t s  of f l a s h  ang le  

d a t a  f o r  a whole y e a r ,  i n  which the  t i m e  s c a l e  is g r e a t l y  compressed 

r e l a t i v e  t o  t h a t  shown i n  F i g .  8 . 2 ,  and each pass  appears  as a 

v e r t i c a l  l i n e .  Computer p l o t s  of f l a s h  ang le  d a t a  f o r  t h e  Baker-Nunn 

s t a t i o n  a t  Curacao and a s a t e l l i t e  i n  1000 km o r b i t  a t  i n c l i n a t i o n s  

of O o ,  5 O ,  and 10 

s a t e l l i t e  s p i n  a x i s  is d i r e c t e d  a t  the  v e r n a l  equinox. These p l o t s  

show t h e  d a t e s  of obse rva t ion  of any mi r ro r  on t h e  sp inn ing  s a t e l l i t e .  

0 are shown i n  F i g .  8.3 (a ) ,  (b)  and ( c ) ;  t h e  

1 



. 
8 2 73 

J 
8J 

i 

Pass Duration 

F igu re  8 . 2  

(Seconds ) 

RR-317 

Angle from s a t e l l i t e  s p i n  a x i s  t o  t h e  vec to r  normal t o  mirror  which 
r e f l e c t s  s u n l i g h t  t o  t r a c k i n g  s t a t i o n  v s .  time. Four passes  i n  one 
day are shown of s a t e l l i t e  i n  1000 km e q u a t o r i a l  o r b i t  over f i c t i -  
t i o u s  t s a c k i n g  s t a t i o n  l o c a t e d  on t h e  e a r t h ' s  equa to r .  Greenwich 
mean time i s  l i s t e d  a t  the  end of each p a s s .  The s a t e l l i t e  s p i n  
a x i s  is d i r e c t e d  toward t h e  v e r n a l  equinox. 
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It appears  t h a t  f l a s h e s  r e f l e c t e d  from a mirror  on e i t h e r  end of t he  

s p i n  a x i s  ( f l a s h  ang le  = 0 o r  180 ) are almost  nonex i s t en t ,  and 

mi r ro r  normals between 40' and 140' from t h e  s p i n  a x i s  w i l l  be 

s i g h t e d  most f r e q u e n t l y .  The average frequency of passes  over  t h e  

s t a t i o n  is about  two per  day and i f  t h e  s a t e l l i t e  has s i x  m i r r o r s  

a t  ang le s  of 42O, 5 4 O ,  71°, logo, 126', 138O (six f a c e s  of a cube) ,  

many of t h e  passes  w i l l  produce r e f l e c t i o n s  from more than one m i r r o r .  

0 0 

Comparison of F i g .  8.3(a) w i t h  Figs. .  8.3(b) & ( c )  i l l u s t r a t e s  

t h e  e f f e c t s  of t h e  r e g r e s s i o n  of t h e  o r b i t  l i n e  of nodes due t o  t h e  

e a r t h ' s  o b l a t e n e s s .  For z e r o  i n c l i n a t i o n  t h e  node l i n e  is undefined,  

b u t  f o r  any f i n i t e  i n c l i n a t i o n ,  t h e  minimum angle  between t h e  s t a t i o n  

and s a t e l l i t e  r a d i u s  v e c t o r s  occurs  a t  varying p o s i t i o n s  r e l a t i v e  t o  

the  sun l i n e .  The re fo re ,  i f  t h e  i n c l i n a t i o n  is  t o o  l a r g e ,  t h e r e  w i l l  

be times when the  s a t e l l i t e  is n o t  v i s i b l e  a t  t h e  observing s t a t i o n  

a t  n i g h t  t i m e .  The c r i t i c a l  i n c l i n a t i o n  can be found from F i g .  8.1 

and t h e  s t a t i o n  l a t i t u d e .  I n  t h i s  f i g u r e ,  it can  be seen t h a t  depend- 

ing on sa te l l i t e  a l t i t u d e ,  t h e r e  i s  a c e r t a i n  maximum angle  @ between 

the  s t a t i o n  and sa te l l i t e  such t h a t  obse rva t ion  is  n o t  p o s s i b l e  from a 

Baker-Nunn t r a c k i n g  s t a t i o n .  For  example, a t  s a t e l l i t e  a l t i t u d e s  of 

800, 1000, and 1200 km t h e  @m are 16 $ 18.6 $ 20.8 

Consequently,  morning o r  evening obse rva t ions  can be made cont inuously 

only i f  t h e  sum of s t a t i o n  l a t i t u d e  and o r b i t  i n c l i n a t i o n  is less than 

P'm 

l a t i t u d e  12'n, t h e  c r i t i c a l  i n c l i n a t i o n  i s  18.6 -12' = 6.6 . 
e x p l a i n s  t h e  modulated e f f e c t  on the  f l a s h  ang le  d i s t r i b u t i o n s  

m 

0 0 0 r e s p e c t i v e l y .  

. For t h e  case of t he  1000 km o r b i t  being s i g h t e d  from Curacao, 

This  
0 0 
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(c) O r b i t  i n c l i n a t i o n  = 10' 

F i g u r e  8 . 3  

F l a s h  a n g l e  d i s t r i b u t i o n s  f o r  t r a c k i n g  s t a t i o n  Curacao,  p o s i t i o n  12 N ,  
291%. 
s p i n  axis  a l o n g  t h e  v e r n a l  equinox l i n e .  

0 

The data are f o r  c i r c u l a r  o r b i t s  of 1000-km a l t i t u d e ,  s a t e l l i t e  
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e x h i b i t e d  i n  F i g .  8 .3(b)  and (c )  and t h e  gaps i n  t h e  p a t t e r n  of F i g .  

8 . 3 ( c ) ,  s i n c e  i = 10'. 

per  y e a r ,  t h e  sum of six c y c l e s  per  yea r  nodal r e g r e s s i o n  and, i n  t h e  

oppos i t e  d i r e c t i o n ,  one c y c l e  per  yea r  of t h e  e a r t h ' s  r o t a t i o n  about  

t h e  sun. 

The modulation frequency is  about  seven c y c l e s  

F i g .  8.4 shows t h e  number of s i g h t i n g s  accumulated over a 

y e a r ' s  time as a f u n c t i o n  of mi r ro r  normal ang le .  

p l o t  w e r e  ob ta ined  from t h e  f l a s h  ang le  d i s t r i b u t i o n s  shown i n  

F i g .  8.3. It i s  seen  t h a t  on t h e  average,  t h e  number of s i g h t i n g s  

from t h e  Curacao s t a t i o n  dec reases  as t h e  o r b i t a l  i n c l i n a t i o n  i n c r e a s e s .  

The d a t a  f o r  t h i s  

The s a t e l l i t e  i n  a 1000 km e q u a t o r i a l  o r b i t  would n o t  be 

v i s i b l e  from s t a t i o n s  above 18.6' l a t i t u d e  and s i n c e  only two of t he  

SA0 network s t a t i o n s  (Curacao and Arequipa, Peru,  l a t  16' s )  could be 

used t o  t r a c k  t h e  e q u a t o r i a l  o r b i t ,  it w a s  d e s i r e d  t o  check the  f e a s i -  

b i l i t y  of i n c l i n i n g  t h e  o r b i t  s o  t h a t  o t h e r  s t a t i o n s  could be used. 

F i g .  8.5 shows the  f l a s h  ang le  d i s t r i b u t i o n s  f o r  t h e  t r a c k i n g  s t a t i o n  

a t  Maui, H a w a i i  f o r  o r b i t s  of 5' and loo i n c l i n a t i o n s .  A s  could be 

expected,  t he  s i g h t i n g  frequency a t  t h i s  s t a t i o n  inc reases  wi th  t h e  

o r b i t  i n c l i n a t i o n ,  and w i l l  reach a maximum a t  some p a r t i c u l a r  i n c l i -  

n a t i o n .  However, t h e  o r b i t  cannot  be i n c l i n e d  so  much t h a t  t h e  rela- 

t i v i t y  e f f e c t  is a p p r e c i a b l y  diminished (by t h e  f a c t o r  (1 + cos 2 i ) / 2 )  

o r  t h a t  extraneous torques become more of a problem. The o p t i m i z a t i o n  

of t he  o r b i t  parameters f o r  t h e  r e l a t i v i t y  experiment is t h e  s u b j e c t  

of a Ph.D. t h e s i s  t o  be publ ished by J. L .  Myers. 
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Mirror Normal Angle 

Figure  8.4 

Cumulative number of s a t e l l i t e  s i g h t i n g s  pe r  yea r  
v s .  m i r r o r  normal ang le .  O r b i t  and t r a c k i n g  

s t a t i o n  are t h e  same as those  l i s t e d  i n  F i g .  8 . 3 .  
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(a) O r b i t  i n c l i n a t i o n  = 5' 

0 (b) O r b i t  i n c l i n a t i o n  = 10 

F i g u r e  8 . 5  

F l a s h  a n g l e  d i s t r i b u t i o n s  f o r  t r a c k i n g  s t a t i o n  Maui, H a w a i i ,  p o s i t i o n  
20.7'N, 203.7%. 
s a t e l l i t e  s p i n  a x i s  a long  t h e  v e r n a l  equinox l i n e .  

Data are f o r  c i r c u l a r  o r b i t s  of 1000-km a l t i t u d e ,  
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The f l a s h  angle  d i s t r i b u t i o n s  may be i l l u s t r a t e d  ano the r  way 

by p l o t t i n g  the  p r o j e c t i o n  of t h e  mi r ro r  normal i n  the plane perpendi- 

c u l a r  t o  t h e  gyro s p i n  a x i s .  

I 

ir 
i 

i i 

SPIN 
AXIS 

Z 

Y 

U N I T  CIRCLE, 
I N  Y-Z PLANE 

n 

n =  

^np = 

N c =  

-P c =  

Since t h e  s p i n  a x i s  is assumed t o  be po in ted  a t  the  

MIRROR NORMAL 

PROJECTION OF 
I N  Y-Z PLANE 

TRAJECTORY OF 
MIRROR NORMAL ON 
SURFACE OF U N I T  
SPHERE 

PROJECTION OF E 
ON Y-Z PLANE 

v e r n a l  equinox, 

t h e  mi r ro r  normal p r o j e c t i o n  l i e s  i n  t h e  Y-Z plane i n  i n e r t i a l  space.  

The mi r ro r  normal i s  a u n i t  v e c t o r ,  and the  l e n g t h  of i t s  p r o j e c t i o n  

i s  equa l  t o  t h e  s i n e  of t he  f l a s h  ang le .  Mirror normal d i s t r i b u t i o n s  

have been p l o t t e d  i n  t h i s  way i n  F i g .  8.6 f o r  one-week per iods of 

obse rva t ion  from s t a t i o n s  a t  Curacao and Peru. The o r b i t a l  cond i t ions  

are the  same as those l i s t e d  i n  F i g .  8 . 3 ( a ) ,  w i t h  t h e  p a t t e r n s  i n  the  

upper h a l f  of each p i c t u r e  v i s i b l e  from Curacao, and those i n  t h e  

lower h a l f  v i s i b l e  from Peru.  I n  each frame, c i r c l e s  have been drawn 

showing the  paths  of u n i t  v e c t o r s  on the  sp inn ing  s a t e l l i t e  which 

correspond t o  f i x e d  mi r ro r  normals of 42 , 54O, and 71'. 

c i r c l e  i s  c ros sed  by t h e  p a t h  of a p r o j e c t e d  m i r r o r  normal, an  a c t u a l  

obse rva t ion  i s  ind ica t ed .  The d o t t e d  paths  denote  mi r ro r  normal ang le s  

0 Wherever a 
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( a )  F i r s t  week of January 

r 
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(b) F i r s t  week of February 

F igu re  8 .6  

P r o j e c t i o n s  of  mi r ro r  normal u n i t  v e c t o r s  on t h e  Y-Z plane of  i n e r t i a l  
space ,  i . e . ,  pe rpend icu la r  t o  the  v e r n a l  equinox.  The h o r i z o n t a l  l i n e  
r e p r e s e n t s  an edge view of t h e  e a r t h ' s  e q u a t o r i a l  p lane .  The d a t a  shown 
are f o r  a s a t e l l i t e  i n  a 1000-km a l t i t u d e  c i r c u l a r  o r b i t  observed from 
Ci i racan  and Pori1 
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(d) F i r s t  week of A p r i l  

F igu re  8 .6  (cont inued)  
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(e) F i r s t  week of May 
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0 of more than 90 and c r o s s i n g  a c i r c l e  i n d i c a t e s  a r e f l e c t i o n  from 

one of t h e  supplementary f i x e d  m i r r o r s  d i a m e t r i c a l l y  oppos i t e  t hose  

l i s t e d  above. This  p r e s e n t a t i o n  shows t h a t  t h e r e  w i l l  u s u a l l y  be 

enough angu la r  d i v e r s i t y  of t h e  mi r ro r  normals a c t u a l l y  s i g h t e d  t o  

prQduce good estimates of t h e  s p i n  a x i s  o r i e n t a t i o n .  

8 . 3 .  Envelope of Obse rvab i l i t y :  Program ENVO 

An i n s p e c t i o n  of F i g s .  8.3 and 8 .5  shows t h a t  the f l a s h  

ang le  d i s t r i b u t i o n  p a t t e r n s  are bounded by envelopes.  The boundaries 

may be determined by f i n d i n g  t h e  maximum and minimum values  of t h e  

f l a s h  ang le  as a f u n c t i o n  of t i m e .  The r e s u l t i n g  envelope i s  c a l l e d  

the  envelope of o b s e r v a b i l i t y  (EO) because obse rva t ions  g iv ing  sp in -  

a x i s  d a t a  are p o s s i b l e  only from mi r ro r s  whose normal ang le s  l i e  

i n s i d e  t h e  envelope. A d i g i t a l  computer program, ENVO, has been 

I 
U r  

I 
I 

,,1 

developed t o  f i n d  the  EO f o r  any given o r b i t  and s t a t i o n  cond i t ions .  

The program t akes  about  f i v e  minutes t o  run a complete case on t h e  

C D C - 1 6 0 4  computer a t  CSL, compared t o  30-40 minutes f o r  program 

SATOBS t o  run  t h e  same case. The EO is  computed i n  t h e  fol lowing 

manner: given the  s t a t i o n  l a t i t u d e ,  s a t e l l i t e  o r b i t  a l t i t u d e ,  i n c l i -  

n a t i o n ,  i n i t i a l  r i g h t  a s scens ion ,  s p i n - a x i s  d i r e c t i o n ,  and t i m e ,  

r a d i u s  v e c t o r s  are computed from t h e  c e n t e r  of t h e  e a r t h  t o  t h e  sun,  
I 

sa te l l i t e ,  and e a r t h  s t a t i o n .  A t  a given t i m e  i n s t a n t ,  t h e  cos ine  of 

t h e  f l a s h  ang le  is computed and maximized w i t h  r e s p e c t  t o  two ang le s ,  
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the  s t a t i o n  longi tude  measured from t h e  v e r n a l  equinox l i n e  and x1 ’ 
x t h e  argument of t h e  s a t e l l i t e ,  measured i n  t h e  o r b i t a l  p lane  from 

t h e  l i n e  of nodes. All o t h e r  ang le s  are f i x e d  by t h e  i n i t i a l  cond i t ions  

and t i m e .  A t  t h e  same i n s t a n t  of t i m e ,  t h e  minimum of t h e  cos ine  i s  

a l s o  determined.  These two extremes g ive  t h e  minimum and maximum of 

t h e  f l a s h  ang le .  

2 ’  

Of cour se ,  t h e  op t imiza t ion  of t he  cos ine  f u n c t i o n  is con- 

s t r a i n e d  by t h e  same t h r e e  cond i t ions  necessary  f o r  a n  obse rva t ion  as 

were used i n  SATOBS, namely e a r t h  s t a t i o n  i n  da rkness ,  s a t e l l i t e  i n  

s u n l i g h t  and s t a t i o n - t o - s a t e l l i t e  l i n e  of s i g h t  more than  15 above 

the  hor izon .  I n  ENVO, t h e s e  t h r e e  c o n s t r a i n t s  are formulated as 

pena l ty  func t ions  which are added t o  t h e  a u t h e n t i c  t r i gonomet r i c  

expres s ion  whenever one o r  more of t h e  c o n s t r a i n t  ang le s  are o u t s i d e  

t h e  p re sc r ibed  l i m i t s .  

0 

I n  gene ra l ,  obse rva t ions  are poss ib l e  i n  t h e  morning and 

evening of 

cond i t ions  

fol lowed.  

about  f o u r  

reas onably 

each  day and thus  two envelopes are produced. The i n i t i a l  

on x and x determine which of t h e  two envelopes i s  t o  be 

F igu re  8 . 7  is  a n  EO produced by ENVO, w i t h  p o i n t s  computed 

times a month, o r  every  7 .5  days., These envelopes compare 

w e l l  w i t h  t h e  SATOBS ou tpu t  i n  F i g .  8 . 3 ( a ) .  

1 2 

E i t h e r  t h e  f l a s h  ang le  d i s t r i b u t i o n  of F i g s  8.3 and 8 5 o r  

t h e  EO of F i g .  8 . 7  may be used t o  determine t h e  e f f e c t i v e n e s s  of a 

p a r t i c u l a r  mi r ro r  mounted on a sp inn ing  s a t e l l i t e .  I n  t h e  former case 

one s imply counts  t h e  number of 

time by t h e  chosen f l a s h  ang le .  

v e r t i c a l  l i n e s  i n t e r s e c t e d  i n  a y e a r ’ s  

The same resu l t s  can  be obta ined  by 



8 295 

180, I I I I I I I I I I I I 
Envelope of observobility 

Station latitude 12 OEO N 
Orbit alt itude = 1000 km 
Orbit inclination = 0” 

01 I I I I I I I I I I I I I 
0 30 60 90 120 150 180 210 240 270 300 330 360 390 

Day Re263 

F i g u r e  8 . 7  

Envelope of o b s e r v a b i l i t y  of a s a t e l l i t e  i n  c i r c u l a r  
o r b i t .  Tracking  s t a t i o n  is Curacao. 
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count ing t h e  number of days t h e  p a r t i c u l a r  f l a s h  ang le  is w i t h i n  the  

EO and mul t ip ly ing  by t h e  average number of passes  per  day. A s  s t a t e d  

ear l ier ,  ENVO runs n e a r l y  10 times as f a s t  as SATOBS, so  the  EO method 

w i l l  be pursued i n  t h e  op t imiza t ion  of o r b i t a l  parameters f o r  t h e  

r e l a t i v i t y  s a t e l l i t e .  

Program ENVO is  no t  as v e r s a t i l e  as SATOBS because it is  

l i m i t e d  t o  c i r c u l a r  o r b i t s  of low i n c l i n a t i o n .  However, a d d i t i o n a l  

c o n s t r a i n t s  w i l l  be easier t o  implement wi th  ENVO, u s ing  a Lagrange 

m u l t i p l i e r  technique.  The c o n s t r a i n t s  w i l l  be based on the  b r i g h t n e s s  

of f l a s h e s  r ece ived  a t  a t r a c k i n g  camera and a r e  d i scussed  i n  t h e  

next  s e c t i o n .  

8.4.  Geometrical  F a c t o r s  A f f e c t i n g  Brightness  of F l a shes  

The i n p u t  exposure necessary t o  produce a photographable 

- 10 2 image i n  the  Baker-Nunn camera is about  10 lumen sec/m . The 

luminous i n t e n s i t y  of s u n l i g h t  r e f l e c t e d  from a p e r f e c t  plane mi r ro r  

t o  an e a r t h  s t a t i o n  is 

E = E A cosa/Ae 
R s m  

where 

2 ER = r e f l e c t e d  luminous i n t e n s i t y  N lumens/m 
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E = luminous i n t e n s i t y  of  s u n ' s  r a y s  on e a r t h -  lumens/m 2 
S 

A = area of  mi r ro r  
m 

o = ang le  of inc idence  = ang le  of r e f l e c t i o n  

A = area covered by r e f l e c t e d  l i g h t  a t  e a r t h ' s  s u r f a c e  i n  
e a plane normal t o  s l a n t  range vec to r  

8 

S = s l a n t  range from e a r t h  s t a t i o n  t o  s a t e l l i t e  

The geometry of t h e  r e f l e c t e d  s u n l i g h t  is  shown i n  F i g .  

The mi r ro r ,  mounted on a sp inn ing  s a t e l l i t e ,  sweeps through 8.8 ( a ) .  

t h e  s u n ' s  d i s c  from limb t o  limb dur ing  a pass ,  g i v i n g  the  longes t  

exposure t i m e  rr when it sweeps through t h e  s o l a r  d iameter .  Th i s  

exposure t i m e  is given by 

7 = .53O (J+/Iil 180° (8.5) 

A 
where I S 1  is  t h e  a b s o l u t e  va lue  of t h e  t i m e  rate of change of t h e  u n i t  

vec to r  from t h e  s a t e l l i t e  t o  t h e  observ ing  s t a t i o n .  

F i g .  8.8 (b ) ,  t h e  t i m e  ra te  of change of 5 is 

R e f e r r i n g  t o  

&* 

= 2 [ w  x i ( i i  * is) + "nul x ii . kS)] 
-S -S 
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Mirror, Area A,,, 

4 
Sunlight .53O 

_WS 

f Spin Axis 

Mirror 

RR-346 (b) 

Figure  8.8 

Geometr ical  f a c t o r s  which determine t h e  photographic b r i g h t n e s s  of 
r e f l e c t e d  s o l a r  r a d i a t i o n .  

(a) S l a n t  range S and ang le  of i n c i d e n c e - r e f l e c t i o n ,  0. 
(b) Mi r ro r  normal ang le  6, s o l a r  a s p e c t  ang le  p ,  and incidence-  

r e f l e c t i o n  ang le  0. R, is t h e  u n i t  vec to r  i n  the d i r e c t i o n  
of t h e  sun, ^s i s  t h e  u n i t  v e c t o r  i n  the  d i r e c t i o n  of t he  
terrestrial  t r a c k i n g  s t a t i o n ,  as seen from t h e  s a t e l l i t e .  
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u) = angular  v e l o c i t y  v e c t o r  
-S 

ii = mir ro r  normal u n i t  vec to r  

R = u n i t  v e c t o r  toward sun 
S 

E q .  (8.6) can be so lved  i n  terms of t h e  s i d e s  of t he  s p h e r i c a l  

t r i a n g l e ,  p ,  o, and 6 i n  F i g .  8 . 8 ( b ) ,  and the r e s u l t  i s  

where 

301 

(8 7) 2 2 %  I ^ s l  = 2ws[ s i n  6 - (cos6cosacosp) ] 

6 = f l a s h  angle  = ang le  between s p i n  a x i s  and mi r ro r  
normal 

o = ang le  of incidence 

r ?  

p = s o l a r  a s p e c t  angle  

Now, t h e  i n p u t  exposure pe r  f l a s h  is  j u s t  

5 2 where t h e  va lue  1.25 X 10 lumens/m has been used f o r  t h e  s u n ' s  

luminous f l u x .  The f a c t o r  T C O S ~  may be regarded as an  e f f e c t i v e  

f l a s h  d u r a t i o n  t i m e ,  s i n c e  it inc ludes  t h e  f r a c t i o n  by which the  

mirror  area is reduced by a r e f l e c t i o n  through an ang le  of 20. 
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Using Eq. (8.7) i n  ( 8 . 5 ) ,  t h e  e f f e c t i v e  f l a s h  t i m e  i s  

8 

(8.9) 
6.7 x, 

2 2 %  
TCOSCY = 

w [ s i n  6 - ( C O S ~ C O S O  - cosp) 1 
S 

The denominator of t h i s  equa t ion  cannot be z e r o  o r  imaginary because 

t h e  l a w  of cos ines  f o r  s p h e r i c a l  t r i a n g l e s  r e q u i r e s  t h a t  

2 2 2 (cos6 cos0 - cosp,) 5 s i n  6 s i n  CJ 

When t h e  e q u a l i t y  s i g n  holds  i n  t h i s  expres s ion ,  (8.9) is  a maximum: 

6.7 x 
(TCOSCY) = max u) s i n 6  s 

The minimum of (8.9) is  r e a l i z e d  when cos p = cos 6 cos 0: 

6.7  x - cosCY 
s in6 (TCOSCY) = min w 

S 

(8.10) 

(8.11) 

Some t y p i c a l  curves  have been p l o t t e d  i n  F i g .  8 . 9  showing t h e  e f f e c t i v e  

f l a s h  d u r a t i o n  from mi r ro r s  on a s a t e l l i t e  sp inn ing  a t  50 r e v o l u t i o n s  

per second. The p r i n c i p a l  f l a s h  ang le s  have been used,  and the  

v a r i a t i o n  is shown as a f u n c t i o n  of s o l a r  a s p e c t  ang le  and incidence 

a n g l e ,  I n  a l l  c a s e s ,  t h e  h i g h e s t  l i k e l i h o o d  of t h e  maximum e f f e c t i v e  

f l a s h  d u r a t i o n  occurs  near p, = 0 o r  a t  t h e  t i m e  of t he  v e r n a l  equinox 

assuming the  s a t e l l i t e  s p i n  a x i s  t o  be a l i g n e d  i n  t h a t  d i r e c t i o n .  The 
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Figure  8 . 9  

E f f e c t i v e  f l a s h  d u r a t i o n  T cos  0, of i n d i v i d u a l  f l a s h e s  from mirrors 
on a s a t e l l i t e  sp inn ing  a t  50 hz.  
between the  s a t e l l i t e  s p i n  a x i s  and t h e  mi r ro r  normal. 

The f l a s h  ang le  is t h e  ang le  
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0 mir ro r  inc idence  ang le  is l i m i t e d  t o  77.5 because of the  l i m i t s  set  

by t h e  f i r s t  t h r e e  cond i t ions  of o b s e r v a b i l i t y .  

w i l l  c l a r i f y  t h i s  l i m i t a t i o n .  

The s k e t c h  below 

SATELLITE 

> h 

RS 

It is seen  t h a t  20 = TT + @ - T and t h a t  cr w i l l  be maximum when @ is  

maximum and 7 is  minimum. But ’fl is  t h e  angle  between the  e a r t h  

s t a t i o n  and t h e  sun l i n e ,  and cannot  be less than  looo, by E q .  (8.1), 

and @ can be no l a r g e r  t han  75 by cond i t ion  (8.2). Therefore ,  t h e  

r e s u l t  i s  cr = 77.5 f o r  any observable  pass  of t h e  s a t e l l i t e  and 

Eq. (8.11) g ives  t h e  minimum e f f e c t i v e  f l a s h  d u r a t i o n  as 

0 

0 

max 

1.45 x 
wS 

(TCOScr) = 
s in6 min 

Now, w i t h  t h e  h e l p  of F i g .  8.1 and E q .  (8.8), it becomes 

p o s s i b l e  t o  estimate t h e  e f f e c t i v e  f l a s h  d u r a t i o n  necessary  t o  pro- 

duce a photographable image i n  t h e  Baker-Nunn camera. Again, 

assuming a 1000 km o r b i t ,  F ig .  8 .1  i n d i c a t e s  a maximum s l a n t  range of 

2400 km. 2 With t h e  mi r ro r  area chosen as 944 c m  and necessary  
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- 10 2 
exposure & = 10 lumen sec/m , Eq. (8.8) g ives  TCOS(T = 2.9 sec. 

Thus, it appears  from F i g .  8.9 t h a t ,  f o r  a s a t e l l i t e  sp inn ing  a t  50 

cyc le s  per  second, it is  p o s s i b l e  f o r  t h e  peak i n p u t  exposure du r ing  

any pass  t o  be above t h e  th re sho ld  of t he  Baker-Nunn camera. However, 

a f a c t o r  of f i v e  above the  th re sho ld  exposure may be p o s s i b l e  only  

w i t h  t h e  f o u r  m i r r o r s  whose normals are 42 and 54 from t h e  s p i n  axis.  
0 0 

8.5. Conclus ions 

The p resen t  r e s u l t s  of s t u d i e s  of o p p o r t u n i t i e s  f o r  

observ ing  t h e  pas s ive  gyroscope s a t e l l i t e  i n d i c a t e  t h a t  a .6 meter 

d iameter  s a t e l l i t e ,  sp inn ing  a t  50 cyc le s  per  second and w i t h  t h e  

s p i n  a x i s  a l i g n e d  toward t h e  v e r n a l  equinox w i l l  produce photo- 

graphable  f l a s h e s  from most of i t s  6 f a c e t s ,  each having a n  area of 

944 cm a With t h e  s a t e l l i t e  i n  a 1000 km e q u a t o r i a l  o r b i t ,  two 

Baker-Nunn s t a t i o n s  i n  t h e  SA0 network, l o c a t e d  a t  Curacao and 

Arequipa,  Peru,  would be capable  of producing s p i n  axis d a t a  about  

t h r e e  times per  day, weather  pe rmi t t i ng .  

2 

The expected obse rva t ion  f r equenc ie s  w e r e  ob ta ined  from 

computer-s imulated s a t e l l i t e  o r b i t s  w i t h  no l i m i t a t i o n s  on t h e  

i n d i v i d u a l  f l a s h  b r i g h t n e s s .  The envelope of o b s e r v a b i l i t y ,  which 

g ives  e s s e n t i a l l y  t h e  same informat ion ,  w i l l  be modif ied t o  u t i l i z e  a 

b r i g h t n e s s  c r i t e r i o n  based on Eq. (8.8) t o  g e t  a b e t t e r  estimate of 

t he  number of useable  pas ses .  
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9 . 1 .  I n t r o d u c t i o n  

The goal  of t he  s t u d i e s  t o  be r e p o r t e d  i n  t h i s  Chapter has 

been t o  determine the  photographic b r i g h t n e s s  t o  be demanded of t h e  

r e l a t i v i t y  s a t e l l i t e  so  t h a t  s a t i s f a c t o r y  images may be recorded by 

the Baker-Nunn S a t e l l i t e - T r a c k i n g  Cameras' of t h e  S a t e l l i t e  Observing 

Network ope ra t ed  by the Smithsonian As t rophys ica l  Observatory.  There 

a r e  two kinds of images t o  be considered and, t h u s ,  two kinds of 

c r i t e r i a  d e f i n i n g  " s a t i s f a c t o r y . "  The reason is  t h a t  t h e r e  a r e  two 

kinds of r e f l e c t i v e  f a c i l i t i e s  t o  be provided on the  sa te l l i t e* ,  

i l l u s t r a t e d  i n  F i g .  9 . 1 ,  

One of t hese  f a c i l i t i e s  i s  t h e  s p h e r i c a l  s u r f a c e .  It was 

d e s i r e d  t o  "round-off" t h e  space between the  r e f l e c t i v e  f a c e t s  , and 

it w a s  decided t o  use  t h i s  rounded-off p a r t ,  fo l lowing  a sugges t ion  

by J. Bardeen, t o  provide a f a c i l i t y  f o r  t r a c k i n g  t h e  s a t e l l i t e ' s  

o r b i t a l  motion between the  t imes a t  which the mi r ro r  f l a s h e s  would 

be observable .  I n  t h i s  way, o rb i t a l -mot ion  d a t a ,  i n  a d d i t i o n  t o  

spin-axis-motion d a t a ,  could be ob ta ined  by methods each  b e s t  s u i t e d  

t o  i t s  own purpose, and "100% o b s e r v a b i l i t y , "  over a much wider range 

of geometric cond i t ions  than demanded by the f l a t  m i r r o r s ,  could 

* 
A t h i r d  f a c i l i t y ,  t h e  s m a l l  po l a r  f a c e t s ,  are no t  considered i n  t h i s  

r e p o r t  because of t he  n e c e s s i t y  t o  use a s p e c i a l l y - l o c a t e d ,  poss ib ly  

mobile, observing s t a t i o n ,  Because of t h e  long "on t i m e , "  t h e  po la r  

f l a s h e s  would make very modest demands upon camera s e n s i t i v i t y ,  how- 

eve r .  The f e a s i b i l i t y  of u s ing  t h e s e  f a c e t s  has n o t  been examined 

i n  d e t a i l .  
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conceivably be a s su red .  

The s p h e r i c a l - s u r f a c e  r e f l e c t i o n  is  much weaker, being sp read  

over 4n s t e r e r a d i a n s ,  than is t h a t  of t h e  f l a t s .  On the  o t h e r  hand, 

it i s  e s s e n t i a l l y  continuous being i n t e r r u p t e d  w i t h  a duty cyc le  of 

about 50% by t h e  f l a t s .  Thus, comparatively long exposures may be 

made by causing t h e  camera motion t o  fo l low the  s a t e l l i t e  t o  r eco rd  

a po in t  image. The b r i g h t e r  background stars then  leave image t ra i ls  

which are p e r i o d i c a l l y  i n t e r r u p t e d  by t h e  s h u t t e r  i n  the  camera. 

This  i s  one of the s t anda rd  modes of o p e r a t i o n  of t he  Baker-Nunn 

camera i n  t r a c k i n g  s a t e l l i t e s  , and it provides temporal and angu la r  

d a t a  of s t anda rd  accuracy (1.1 a r c s e c  i n  ang le )  f o r  o r b i t a l  d e t e r -  

minat ions.  The b r i g h t n e s s  c r i t e r i o n  t o  be examined i n  S e c t i o n  9 .2 ,  

then,  i s  t h a t  t he  exposure be w e l l  above a t h r e s h o l d  value f o r  

s t anda rd  methods of image measurement wi thou t  demanding unreasonable 

p r e c i s i o n  ( t o  o b t a i n  s u f f i c i e n t l y  long exposure times) i n  t r a c k i n g  

t h e  s a t e l l i t e ' s  motion. 

camera's angu la r  v e l o c i t y  t o  t h a t  of t he  s a t e l l i t e  is regarded as 

reasonable .  

A percen t  o r  less of e r r o r  i n  matching the 

When it is d e s i r e d  t o  o b t a i n  s p i n - a x i s - o r i e n t a t i o n  d a t a ,  

it is necessary f o r  t h e  camera motion t o  be s i d e r e a l  t o  t r a c k  the  

s ta rs ,  which then r e g i s t e r  as p o i n t  images, and t h e  s a t e l l i t e ' s  image 

is t o  be allowed t o  "trail ."  Under t h e s e  circumstances,  the photo- 

graphic  exposure produced by the s p h e r i c a l  s u r f a c e  would be reduced 

by some two o rde r s  of magnitude and should f a i l  t o  be recorded,  s o  

t h a t  the only p o s s i b l e  r eco rd  would be t h a t  produced by the  f l a s h e s  

i 
6 
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Figure  9 . 1  

Model of t h e  60-cm r e l a t i v i t y  s a t e l l i t e .  The two o p t i c a l l y  
r e f l e c t i v e  f a c i l i t i e s  c o n s i s t  of t h e  po l i shed  s p h e r i c a l  s u r f a c e  
and t h e  s i x  o p t i c a l  f l a t s  o r  g l i t t e r  f a c e t s ,  The s p h e r i c a l  
s u r f a c e  provides f o r  t h e  obse rva t ion  of t h e  o r b i t a l  motion, 
while  t h e  f l a t s  provide f o r  t h e  obse rva t ion  of t h e  s p i n - a x i s  
mot ion 

i 
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of s u n l i g h t  from the  o t h e r  r e f l e c t i v e  f a c i l i t y ,  t he  l a r g e  o p t i c a l  

f l a t s ,  Such a mode of ope ra t ion  would n o t  be used u n l e s s  i t  could 

be a n t i c i p a t e d  t h a t  a l l  t h e  geometric cond i t ions  desc r ibed  i n  Chap. 8 

would be f u l f i l l e d  f o r  t h a t  pass of the s a t e l l i t e ,  Also,  t h e  c y c l i c  

mode of s h u t t e r  ope ra t ion  i s  no t  t o  be used i n  the  photography of t he  

f l a t - m i r r o r  f l a s h e s  because the t iming information t o  be ob ta ined  

need n o t  be more a c c u r a t e  than a few seconds of t ime. 

I n  the  e a r l y  days of t h e  experiment,  the a b i l i t y  t o  

a n t i c i p a t e  the e x a c t  oppol: t u n i t y  t o  r eco rd  f l a s h  obse rva t ions  would 

be f a u l t y  t o  some e x t e n t ,  s o  t h a t  it might be necessa ry  t o  leave t h e  

camera s h u t t e r  open f o r  longer i n t e r v a l s  than t h e  minimum needed t o  

record t h e  whole of t he  f l a s h  p a t t e r n .  Although t h e  camera i s  

extremely t o l e r a n t  of p o i n t i n g  e r r o r s ,  t h e  longer exposures could 

r e s u l t  i n  excess ive  exposure t o  t h e  night-sky background. A s  more 

d a t a  are obtained,  however, t he  exposure time could be reduced t o  the  

3 seconds o r  s o  necessary t o  r eco rd  the  whole image a t  the  g r e a t e r  

s l a n t  ranges 

The Baker-Nunn S a t e l l i t e - T r a c k i n g  Cameral is a Schmidt- 

type camera w i t h  a f o c a l  l eng th  of 0,5m (20 i n c h e s ) ,  an a p e r t u r e  of 

f : 1 . 0 ,  a f i e l d  of view of 5 0 0  X 3 0  and a r e s o l u t i o n  s p o t - s i z e  on 

red-extended Royal-X Pan f i l m  (55mm Cinemascope base)  of about 25 

microns, corresponding t o  10 a r c s e c ,  o r  about 50 microradians,  The 

" threshold" s e n s i t i v i t y  of t he  camera w i t h  t h i s  f i l m ,  r e c i p r o c i t y  

cond i t ions  f avor ing  f r a c t i o n a l - s e c o n d  exposure t imes,  and t h e  

s t anda rd  processing e s t a b l i s h e d  f o r  t h e  S a t e l l i t e  Observing Network, 



3 12 READOUT ACCURACY FOR THE BAmR-NUNN IMAGES 

x 

9 

2 i s  0.8X10-10 lumen sec/m 

camera f o r  a p o i n t  source having t h e  same s p e c t r a l  p r o p e r t i e s  as 

measured a t  t h e  inpu t  a p e r t u r e  of t h e  

the  sun seen through the  E a r t h ' s  atmosphere. This  exposure produces 

a d e n s i t y  increment of 0 . 3 5 2  0.05 above t h a t  produced by a 1 s e c  

exposure t o  n i g h t  sky. Experiments have e s t a b l i s h e d  t h a t  "hard- 

edged" images shu t t e r - induced  breaks i n  star t ra i ls ,  f o r  example , 

may be l o c a t e d  on the  f i l m  w i t h  r e f e r e n c e  t o  o t h e r  such images, o r  

po in t  images, w i t h  a s t anda rd  e r r o r  of 1.1 a r c s e c ,  i . e . ,  t o  w i t h i n  

about 1 / 9  of t h e  r e s o l u t i o n - s p o t  s i z e  ., 

2 

3 

Since  the  f l a s h - p a t t e r n  image t o  be ob ta ined  from the 

r e l a t i v i t y  s a t e l l i t e  w i l l  resemble t h a t  of F i g .  9 .2 ,  which does n o t  

appear t o  be hard edged, it i s  necessary t o  determine t h e  e x t e n t  t o  

which it may be expected t h a t  such images may be l o c a t e d  t o  w i t h i n  

the s t anda rd  accuracy of 1.1 a r c s e c ,  w i t h  r e fe rence  t o  neighboring 

s t e l l a r  images on t h e  same f i l m .  The image is t r a i l - l i k e ,  b u t ,  

i n s t e a d  of having uniform d e n s i t y  a long i t s  l e n g t h  and t e rmina t ing  

a b r u p t l y ,  t he  d e n s i t y  t a p e r s  toward e i t h e r  end and seems t o  "fade out ."  

This  t a p e r i n g  may be known 2 p r i o r i ,  as it t u r n s  ou t  , s o  

t h a t  one could conceive of matching an observed t a p e r  a g a i n s t  t he  

p r e d i c t e d  one t o  l o c a t e  t h e  c e n t e r .  Such a procedure cannot be 

expected t o  a t t a i n  any a r b i t r a r i l y  d e s i r e d  accuracy, however, because, 

a t  the very least ,  t h e r e  are a l s o  random d e n s i t y  f l u c t u a t i o n s  along 

the  image. These f l u c t u a t i o n s  are c h a r a c t e r i s t i c  of t h e  inhe ren t  

g r a i n i n e s s  of t he  f i l m ,  and they w i l l  always "fool"  a matching 

t ' 4  
k 
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Figure  9.2 

I ‘  

j 

Enlarged photograph of f i l m  image s imula t ing  t h a t  which would be 
recorded by t h e  Baker-Nunn camera f o r  unresolved g l i t t e r  f l a s h e s .  
The o r i g i n a l  image w a s  4.6 mm long,  t he  same as would appear i n  
the  camera, and t h e  f i l m  w a s  of t h e  same type ,  developed i n  t h e  
same manner, as used i n  t h e  Smithsonian network of t h e s e  cameras. 
The s imula t ion  used t h e  anamorphic camera shown i n  F i g .  9 .5 .  
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procedure t o  a c e r t a i n  e x t e n t ,  s o  t h a t  an  e r r o r  i n  c e n t e r  e s t i m a t i o n  

w i l l  r e s u l t .  The problem comes down t o  one of e s t i m a t i n g  t h a t  

e r r o r  and determining t h e  exposure l e v e l  a t  which t h e  e r r o r  i s  equa l  

t o  the s t anda rd  one of 1.1 a r c s e c ,  because it is  t h a t  exposure l e v e l  

which must be m e t  by t h e  s a t e l l i t e  des ign ,  and f e a s i b i l i t y  could t u r n  

upon t h e  ques t ion  as t o  whether such a design i s  a t  a l l  r easonab le .  

For  the p r e s e n t  eminently-reasonable 0.6-m diameter ,  it w i l l  be seen 

t h a t  the s t anda rd  accuracy is i n  f a c t  o b t a i n a b l e ,  and t h a t  t h e  

e s t i m a t i o n  methods need n o t  involve d e t a i l e d  matching t o  2 p r i o r i  

d e n s i t y  p a t t e r n s  

I n  t h e  s e c t i o n s  t h a t  fol low,  t h e  photographic b r i g h t n e s s  

of both t h e  s p h e r i c a l  and f l a t  r e f l e c t o r s  are surveyed and shown 

capable of producing q u i t e  dense images on the  Baker-Nunn (B-N) f i l m .  

The major p a r t  of t he  d i s c u s s i o n  i s  devoted t o  r e p o r t i n g  our s t u d i e s  

of the images ob ta inab le  from the f l a t  r e f l e c t o r s ,  a f l a s h - p a t t e r n  

image. The exposure s t r u c t u r e  of t h a t  image is d i scussed ,  fo l lowing  

which t h e  means used of photographical ly  s imula t ing  such an  image i n  

t h e  un reso lved- f l a sh  case, t o g e t h e r  w i t h  analog t r ia l s  a t  e s t i m a t i o n  

of i t s  c e n t e r  by means of weighted-aperature  photometry are desc r ibed .  

The experimental  measurements of f i l m  no i se  and the  mathematical 

modeling of t h a t  no i se  as needed f o r  computer s i m u l a t i o n  of f l a s h -  

p a t t e r n  images i s  desc r ibed ,  followed by a d i s c u s s i o n  of maximum- 

l i k e l i h o o d  as w e l l  as " p r a c t i c a l "  weight ing schemes of image-center 

e s t i m a t i o n .  The " p r a c t i c a l "  schemes were implemented i n  computer 
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, 

t r i a l s  f o r  s t u d y ,  by which it w a s  p o s s i b l e  t o  show t h a t  the pre- 

s c r i p t i o n  t u r n s  o u t  t o  be a very simple one f o r  images of p r a c t i c a l  

i n t e r e s t ,  and t h a t  t hese  are t h e  ones which demand exposures on ly  

5 - fo ld  g r e a t e r  t han  th re sho ld  and t h a t  are capable of y i e l d i n g  t h e  

f u l l  accuracy i n h e r e n t  i n  the  B-N camera, 1,l a r c s e c .  

9 

9.2. Photographic Br igh tness  of t h e  S p h e r i c a l  Su r face  

When the  B-N camera t r a c k s  t h e  s a t e l l i t e ,  t h e  e f f e c t i v e  

exposure time is  l i m i t e d  by the e r r o r  i n  matching t h e  angu la r  ra te  

of the camera's motion t o  t h e  appa ren t  angu la r  ra te  of t he  s a t e l l i t e ' s  

o r b i t a l  motion, because t h i s  e r r o r  w i l l  cause the  s a t e l l i t e ' s  image 

t o  c r e e p  along t h e  f i l m ,  e v e n t u a l l y  moving i n t o  previously-unexposed 

t e r r i t o r y  by v i r t u e  of having moved a d i s t a n c e  equa l  t o  the  diameter 

of the r e s o l u t i o n  s p o t .  The image w i l l  move an angu la r  d i s t a n c e  0 

i n  a t i m e  equa l  t o  0 r / v ,  i f  r be t h e  s l a n t  range t o  t h e  s a t e l l i t e ,  

and v be i t s  l i n e a r  o r b i t a l  v e l o c i t y ,  i f  t h e  camera n o t  be t r a c k i n g .  

I f  it t r a c k s  w i t h  a percentage e r r o r  c ,  t h i s  t i m e  w i l l  be extended by 

the r a t i o  loo/€ S e t t i n g  0 t o  be t h e  r e s o l u t i o n  of t h e  camera, 50 y r a d ,  

and r t o  be a value near  t h e  maximum f o r  s l a n t  r anges ,  2500 km, t h e n ,  

w i t h  an o r b i t a l  speed of 7.4 km/sec, t he  e f f e c t i v e  exposure t i m e  is 

1 . 7  s e c  f o r  an e of 1%. 

With t h e  p re sen t  sa te l l i t e ,  the  s p h e r i c a l - s u r f a c e  r e f l e c t i o n  

i s  i n t e r r u p t e d  by t h e  f l a t s ,  reducing t h e  e f f e c t i v e  exposure time. 
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Since h a l f  the area of t h i s  s u r f a c e  has been devoted t o  the  f l a t s ,  

it seems reasonable  t o  use a duty f a c t o r  of 50% t o  a d j u s t  t he  e f f e c t i v e  

exposure t i m e  t o  be 0.85 sec, even though it would remain necessary 

t o  a l low t h e  camera t o  take the  f u l l  1 . 7  s e c  t o  record the  image. 

The luminous f l u x ,  F ,  a t  t h e  s a t e l l i t e  may be taken t o  be 

t h e  value of the s o l a r  c o n s t a n t  measured a t  t he  s u r f a c e  of t he  E a r t h ,  

t o  a l low f o r  atmospheric a b s o r p t i o n ,  T h i s  value i n  photometric 

u n i t s  is F = 1.25X10 l m / m  The p a r t  i n t e r c e p t e d  by t h e  s a t e l l i t e  

of diameter d i s  rrd F / 4 ,  and t h i s  i s  s c a t t e r e d  uniformly over a s o l i d  

angle  of 4n s t e r e r a d ,  so  t h a t  t he  luminous f l u x  r e f l e c t e d  t o  the  

5 2 

2 

2 2 camera i s  nd F / 4  d iv ided  by 472r , i n  which r is t h e  s l a n t  range t o  

the s a t e l l i t e .  The r e s u l t  is  t h a t  t he  r ece ived  luminous f l u x  is 

(d/4rI2F.  F = 

4 . 5 ~ 1 0 - ~ ~  l m / m  is  ob ta ined ,  For t h e  c a l c u l a t e d  e f f e c t i v e  exposure 

time of 0 .85 s e c ,  t h e  i n p u t  exposure is  E=3.82X10 l m  sec/m 

which i s  above the t h r e s h o l d  value of 0.8X10-10 l m  sec/m 

f a c t o r  4 .8 .  

- 15 S e t t i n g  d=0,6 m and r=2500 km, the va lue  3.6X10 

2 

- 10 2 

2 by t h e  

2 From studying the  s e n s i t o m e t r i c  curve shown i n  F i g .  9.3, it 

may be deduced t h a t  exceeding the  threshold-exposure value* by a 

.;% 
This th re sho ld  exposure value f o r  t he  B-N camera, de f ined  i n  s e c t i o n  

9.1,  i s  based on u t i l i z a t i o n  c r i t e r i a  and is  n o t  n e c e s s a r i l y  a s t anda rd  

s e n s i t o m e t r i c  concept ,  such as the  i n e r t i a  p o i n t  de f ined  by Hurter  

and D r i f f  i e l d .  For  a d i s c u s s i o n  of photographic sens i tome t ry ,  see 

Ref.  4 ,  e s p e c i a l l y  pages 72-119 and 409-436. The r e c i p r o c i t y  cond i t ions  

f o r  t h i s  s e n s i t i v i t y  measurement f avor  exposure times ranging from 

f r a c t i o n a l  seconds t o  a second o r  so .  The manufacturer ' s  l i t e r a t u r e ,  

however, rates the f i l m  as having an e x c e l l e n t  r e c i p r o c i t y  l a w  f o r  

exceedingly s h o r t  exposure times e Consequently,  no r e c i p r o c i t y  

c o r r e c t i o n s  w i l l  be made he re  o r  i n  S e c t i o n  9.3.  
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f a c t o r  4.8 w i l l  b r i n g  the  d e n s i t y  increment t o  1.1 above n i g h t  sky 

i n s t e a d  t h e  t h r e s h o l d  increment of 0.35. On t h e  o t h e r  hand, t h e  

s t anda rd  n i g h t  sky r e f e r e n c e  is  based on an  exposure of 1 sec, 

whereas some 2 s e c  is  needed t o  r eco rd  t h e  image. With r e fe rence  t o  

t h i s  more h e a v i l y  exposed background the d e n s i t y  increment would 

s t i l l  be 0 . 9 .  Since d e n s i t y  increments of 0.35 are regarded as 

u s e f u l  f o r  t h e  purpose of measurement, t h e r e  seems t o  be provided an  

ample margin of s e n s i t i v i t y .  Upon i n s p e c t i n g  the  o v e r a l l  equa t ion  f o r  

the above exposure c a l c u l a t i o n ,  w i t h  a duty f a c t o r  f ,  

2 E = % ( l O O / c )  ( e r / v )  ( d / 4 r )  F ,  

it would appear ,  f o r  example, t h a t  t r a c k i n g  e r r o r s  of some 4% t o  5% 

could be t o l e r a t e d ,  o r  more a t  t h e  s h o r t e r  r anges ,  e s p e c i a l l y  s i n c e  

the background exposure would then be reduced. Such ques t ions  are 

of no g r e a t  importance excep t  as demonstrating t h e  ample s e n s i t i v i t y  

margins a v a i l a b l e .  

9 .3  e Photographic Br igh tness  of the O p t i c a l  F l a t s  

-2 The sun subtends an ang le  viewed from the  e a r t h  of 0.93X10 

r a d ,  corresponding t o  a s o l i d  angle  of rr/4 times t h e  square of t h a t  

q u a n t i t y ,  o r  0.69X10 s t e r e r a d .  On t h e  o t h e r  hand, a mi r ro r  of 

a r e a  1000 cm =0.1 m subtends,  a t  a s l a n t  range of 2500 km=2.5X10 m y  

-4 

2 2 6 
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Sens i tome t r i c  d a t a  f o r  t h e  type  of f i l m  and development used f o r  
t h e  Smithsonian network of  Baker-Nunn cameras. The exposure scale 
may be c a l i b r a t e d  from t h e  informat ion  t h a t  a d e n s i t y  increment - 10 of 0.35 + 0.05 above n i g h t  sky r e q u i r e s  an  exposure of 0.8 X 10 
l m  sec/mT a t  t h e  inpu t  a p e r t u r e  of t h e  camera f o r  p o i n t  images. 

RR-268 
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a s o l i d  ang le  of [0 .1/(2.5)  2 ]X10-12=1.6X10-14 s t e r e r a d .  Through the  

a p e r t u r e  r ep resen ted  by such a m i r r o r ,  t hen ,  only a f r a c t i o n  e q u a l  t o  

(1.6/0.69)X10-10=2.32X10 of the  s o l a r  d i s c  may be seen.  The 

i n t e r p o s i t i o n  of such an a p e r t u r e  would reduce t h e  luminous f l u x  from 

i t s  value given by t h e  s o l a r  c o n s t a n t  1 . 2 5 ~ 1 0 ~  l m / m  

- 10 

2 t o  the value 

2 . 3 2 ~ 1 . 2 5 ~ 1 0 - ~ = 2 , 9 0 ~ 1 0 - ~  I m / m  2 a 

The exposure t i m e  f o r  a given f l a s h  depends upon t h e  l eng th  

of the chord ac ross  t h e  s o l a r  d i s c  t h a t  i s  scanned and upon a number 

of o the r  geometr ical  f a c t o r s  i nd ica t ed  i n  Chapter 8 .  For t h e  p r e s e n t  

purpose, l e t  t h e  t i m e  be t h a t  r e q u i r e d  f o r  t h e  s a t e l l i t e  t o  t u r n  

-2 
through h a l f  t h e  angu la r  diameter of the d i s c ,  namely 0,46X10 r a d ,  

t he  f a c t o r  f because t h e  m i r r o r  normal b i s e c t s  t he  a 

i n c i d e n t  and r e f l e c t e d  r ay .  

o r  314 r a d / s e c ,  t h i s  t i m e  i s  (0.46/0.314)X10-5=14.8 p s e c .  

For a r o t a t i o n  rate of 50 r ev  per  s e c  

The 

exposure would then be 2.90X1.48X10-10=4~29X10-10 l m  sec/m 2 a value 

which exceeds t h e  " threshold" value of t he  B-N camera, 0.8X10-10 lm 

sec/m2 by the f a c t o r  5.36. 

This  c a l c u l a t i o n  se rves  the  purpose of a base va lue ,  from 

which c a l c u l a t i o n s  f o r  o t h e r  s l a n t  ranges o the r  e f f e c t i v e  p r o j e c t e d  

mi r ro r  a p e r t u r e s ,  o r  o t h e r  exposure times may be made. Taking 

"rounder" numbers, it may be quoted t h a t  a n  a p e r t u r e  of 1000 e m  , 

t r a n s m i t t i n g  s u n l i g h t  from a s l a n t  range of 2500 km, and open f o r  

15 p s e c ,  w i l l  produce an exposure g r e a t e r  than t h e  B-N t h re sho ld  

value by t h e  f a c t o r  5.44, and t h i s  r e p r e s e n t s  a nominal value f o r  

the b r i g h t n e s s  of t he  o p t i c a l  f l a t s  on t h e  s a t e l l i t e .  

2 

t 
I 
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9 .4 .  F l a s h - P a t t e r n  S t r u c t u r e .  

A s  t he  s a t e l l i t e  lnoves i p  i t s  o r b i t  a t  t h e  ra te  of 7.38 km/sec, 

a mirror  w i l l  come i n t o  r e f l e c t i n g  p o s i t i o n  50 times per  second so  

t h a t  t h e  f l a s h e s  w i l l  have a spacing of 148 m a long  t h e  o r b i t .  A t  

a s l a n t  range of 2500 km, however, t h e  50 p r a d  r e s o l u t i o n - s p o t  diameter 

of t h e  B-N camera p r o j e c t s  t o  50X2.5=125 m .  Thus it appears  t h a t  t h e  

f l a s h e s  would be i n d i v i d u a l l y  r e so lved  on the  f i l m  a t  t h i s  and a l l  

s h o r t e r  ranges.  The s p i n  ra te  would have t o  be inc reased ,  i n  f a c t ,  

t o  about 60 Hz t o  make a continuous image, such as t h a t  shown i n  

F i g .  9.2  a t  t h i s  e s s e n t i a l l y  maximal range.  A t  t he  t i m e  a t  which 

t h e r e  was an i n t e r e s t  i n  s imula t ing  f l a s h  p a t t e r n  images, such f a s t e r  

s p i n  ra tes ,  e . g . ,  i n  t he  neighborhood of 100 Hz, were being considered.  

The computed f l a s h  spac ing ,  however, subtends an ang le  of 

-6  
(148 /2 ,5 )X10  

sun t h e r e  would appear (9300/59)=158 f l a s h e s ,  which, a t  the ra te  of 

=59 p r a d ,  so  t h a t  i n  the 9.3  mrad angular  width of t h e  

50 per second, would be formed i n  a span of 3.16 seconds of t ime.  

On the f i l m ,  t he  f l a s h  spacing would appear t o  be 30 microns and t h e  

t o t a l  p a t t e r n  width would be 4.6 mm because of t h e  half-meter  f o c a l  

l e n g t h  of t he  camera's o p t i c s .  

spac ing  would subtend l a r g e r  ang le s  and t h e  image would be c o a r s e r .  

I t s  o v e r a l l  width,  however, i s  f i x e d  by t h e  angu la r  width of the sun,  

so  t h a t  t h e  image would c o n t a i n  fewer f l a s h e s ,  a l s o ,  a t  the nea re r  

ranges.  For example, a t  1000 km t h e r e  would be only 63 f l a s h e s  a t  75 

microns spac ing  over t h e  same 4.6 mm on t h e  f i l m ,  and these  would be 

recorded i n  1.26 seconds of t i m e .  

A t  n e a r e r  s l a n t  ranges,  t he  f l a s h  

I" Ij 

3- 
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I n  S e c t i o n  9.3,  exposure va lues  f o r  a c e n t r a l  f l a s h  i n  t h e  

image were computed, Fo r  f l a s h e s  away from t h e  c e n t e r  of t h e  image, 

t h e  r e f l e c t e d  l i n e  of s i g h t  scans  a long  a chord of the s o l a r  disc of 

a l eng th  t h a t  becomes p rogres s ive ly  less t h e  nea re r  t h e  chord t o  the  

limb of t h e  s o l a r  d i s c .  It i s  t h e  l eng th  of t h i s  chord t h a t  d e t e r -  

mines t h e  exposure t i m e  f o r  t he  d i sc ,  s o  t h a t  t h e  exposure va lue  

v a r i e s  a c r o s s  t h e  p a t t e r n  as the  l e n g t h  of a chord v a r i e s  i n  i t s  

success ive  p o s i t i o n s  a c r o s s  a c i r c l e ,  Thus, a p l o t  of exposure 

a long  t h e  f l a s h - p a t t e r n  image would be a s e m i c i r c u l a r  (or more 

gene ra l ly  a s e m i e l l i p t i c a l )  curve.  From t h i s  knowledge, and a 

knowledge of t h e  H & D s e n s i t o m e t r i c  curve ,  t h e  curve shown i n  

F i g .  9 .3 ,  t h e  r e s u l t i n g  curve  given by a dens i tometer  t r a c i n g  a long  

t h e  long a x i s  of t h e  image, such as t h e  image of F ig .  9.2,  f o r  

example, may be determined.  I n  t h e  case i n  which t h e  f l a s h e s  would 

be i n d i v i d u a l l y  r e so lved ,  such a curve would be p e r i o d i c a l l y  "chopped", 

b u t  o therwise  would resemble t h a t  of F i g .  9.4, i n  which t h e  i r r e g u -  

lar i t ies  r e f l e c t  t h e  random g r a i n  s t r u c t u r e  of t h e  f i l m .  

9 5 Analog Image S imula t ion  

The image of F i g .  9.2 w a s  formed by an  anamorphic camera t o  

produce a d i s t o r t e d  image of  t h e  s o l a r  d i s c .  The camera i s  shown i n  

t h e  schematic  drawing of Fig., 9.5. The p r i n c i p a l  d i s t o r t i n g  element  

is  t h e  c y l i n d r i c a l  mi r ro r  of which t h r e e  were used  t o  p r o j e c t  t h r e e  
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images upon t h e  35mm red-extended Royal-X panchromatic f i l m  i n  t h e  

35mm camera body. These anamorphic elements image t h e  d i s c  as a 

long narrow e l l i p s e ,  The mi r ro r - to - l ens  d i s t a n c e  w a s  chosen s o  t h a t  

the minor a x i s  of t h e  e l l i p s e  would p r o j e c t  on the  f i l m  as cons ide r -  

ab ly  less than 25 microns, while  t he  l e n s  t o  f i l m  d i s t a n c e  w a s  

chosen t o  match the ha l f -me te r  f o c a l  l eng th  of the B-N camera. 

The l e n s  w a s  chosen t o  have a s p h e r i c a l  component w i t h  

a f o c a l  l e n g t h  of 0.5m a l s o ,  so  t h a t  t h e  l eng th  of t h e  e l l i p t i c a l  

image would be the same as t h e  l eng th  of t he  f l a s h  p a t t e r n  image i n  

t h e  B-N camera. With t h i s  l e n s ,  t h e  ends of t h e  elongated image 

would be s h a r p l y  focused.  However, the c l o s e l y  spaced s i d e s  of t he  

image would no t  be focused because the  l o c a t i o n  of t h e  v i r t u a l  image 

f o r  t h a t  dimension would f a l l  only a small f r a c t i o n  of an inch 

behind the  c y l i n d r i c a l  s u r f a c e .  To focus t h i s  dimension, it was 

necessary f o r  t he  l e n s  t o  have a c y l i n d r i c a l  component as w e l l .  

The f o c a l  s p e c i f i c a t i o n s  f o r  t h i s  l e n s  f e l l  i n  t he  range of those 

t h a t  are common f o r  a s t i g m a t i c  s p e c t a c l e  l e n s e s ,  and one such w a s  

procured from an o p t i c a l  d i spensa ry .  Th i s  lens  e x h i b i t e d  chromatic 

a b e r r a t i o n  t h a t  w a s  t o  be c o n t r o l l e d  by us ing  c o l o r  f i l t e r s ,  s i n c e  

the re  w a s  never t o  be any d i f f i c u l t y  i n  o b t a i n i n g  i n t e n s e  enough 

images f o r  photography w i t h  t h i s  very s e n s i t i v e  f i l m ,  q u i t e  t he  

c o n t r a r y ,  i n  f a c t ,  

The focus of t h e  camera f o r  t he  ends of t h e  image could be 

3 
.3 

a d j u s t e d  by moving t h e  l e n s  r e l a t i v e  t o  t h e  f i l m ,  and t h a t  f o r  t h e  
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Figure  9 .4  

Computer-simulated densi tometer  t r a c i n g  along t h e  long a x i s  of 
t he  f l a s h - p a t t e r n  image of F i g .  9 .2 .  The s imula t ion  used a random- 
number gene ra to r  obeying a l a w  t h a t  was caused t o  vary along t h e  
image i n  accordance w i t h  models developed from a s t a t i s t i ca l  
a n a l y s i s  of t h e  measured g r a i n i n e s s  n o i s e  c h a r a c t e r i s t i c  of t he  
f i l m  used i n  t h e  Baker-Nunn cameras. 
resemble t h e s e  

A c t u a 1 , t r a c i n g s  c l o s e l y  
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RR-370 

Schematic diagram of anamorphic camera used t o  form images 
s imula t ing  t h e  unresolved f l a s h  p a t t e r n s  t o  be recorded  by t h e  
Baker-Nunn camera, as i n  F i g .  9 .2 .  The anamorphic e lements  are 
t h e  c y l i n d r i c a l  mi r ro r s  which form narrow images of t h e  sun ’ s  
d i s c .  The s p e c t a c l e  l e n s  has  a c y l i n d r i c a l  f o c a l  component t o  
compensate f o r  t h e  as t igmat i sm of t h e  mi r ro r s  and a s p h e r i c a l  
component matching t h e  o p t i c s  of t h e  Baker-Nunm camera. The 
co lo r  f i l t e r  e l i m i n a t e s  chromatic  a b e r r a t i o n .  
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s i d e s  by moving t h e  c y l i n d r i c a l  m i r r o r s  With t h i s  l a t te r  adjustment ,  

t he  image could be d i f f u s e d  t o  be 25 microns wide uniformly along i t s  

l eng th  s o  t h a t  t h e  exposure value would vary as t h e  width of t h e  s o l a r  

d i s c  a long  t h a t  same dimension. The adjustments  f o r  t h e  image of 

F i g .  9.2 approximate these  cond i t ions  

A g r e a t  number of images were photographed w i t h  t h i s  camera 

f o r  t h e  purpose of making experimental  t r i a l s  of image-center 

e s t i m a t i o n ,  u s ing  analog techniques.  These e s t i m a t i o n  techniques were 

t o  be p a t t e r n e d  a f t e r  t he  modified c e n t e r - o f - g r a v i t y  techniques being 

explored i n  a p a r a l l e l  s tudy  us ing  d ig i t a l - compute r  s i m u l a t i o n ,  

A p r o j e c t i o n  microdensitometer s e t u p ,  based on t h e  Jarrel-  

Ash p r o j e c t i o n  microdensitometer owned by the U.  of I. Astronomy 

Department, w a s  used, i n  which t h e  s t anda rd  pho tomul t ip l i e r  w a s  

r ep laced  by one i n  a s p e c i a l  housing. The s p e c i a l  housing w a s  f i t t e d  

wi th  p rov i s ion  f o r  p r e c i s i o n  mounting of a d e n s i t y  wedge i n  two 

p o s i t i o n s ,  d i f f e r i n g  i n  o r i e n t a t i o n  by 180 The arrangement is 

schemat i ca l ly  shown i n  F i g .  9.6. The d e n s i t y  wedge i n  i t s  two 

p o s i t i o n s  could weight each  h a l f  of t h e  image i n  a manner approximating 

a c e n t e r  of g r a v i t y  weight .  When t h e  t ransmission through t h e  two 

halves  were equa l ,  a c e n t e r  e s t i m a t i o n  could be r ead  from t h e  code 

wheels f o r  t h e  Mann-comparator l ead  screws d r i v i n g  t h e  f i l m  t r a n s p o r t .  

0 

Though i t  w a s  known t h a t  a t r u e  c e n t e r - o f - g r a v i t y  weighting 

w a s  no t  opt imal ,  t r i a l s  were made us ing  d e n s i t y  wedges roughly of t h a t  

s o r t ,  pending f u r t h e r  s p e c i f i c a t i o n  of more n e a r l y  optimal weights as 
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t he  r e s u l t  of computer s imula t ion .  S t a t i s t i c a l  a n a l y s i s  of the 

r e s u l t s  i n d i c a t e d  t h a t  image c e n t e r s  could be e s t ima ted  t o  w i t h i n  

an r m s  e r r o r  of about 0.6% of image width,  o r  about  11 a r c s e c ,  

cons ide rab ly  l a r g e r ,  as might have been expected from the  make- 

s h i f t  c h a r a c t e r  of t h e  arrangement,  than the  e r r o r s  found from 

computer s i m u l a t i o n ,  The arrangement a l s o  made t h e  e s t i m a t i o n  

procedure very t ed ious  t o  execu te  because of t h e  pa ins t ak ing  c a r e  

r equ i r ed .  

Plans t o  provide f o r  a more e l a b o r a t e  s e t u p  t o  o b v i a t e  

the  n e c e s s i t y  f o r  making s o  many time-consuming adjustments ,  and t o  

make a l a r g e r  number of measurements w i t h  more-nearly-optimal- 

weighting wedges, were abandoned because of l i m i t a t i o n s  i n  funds 

and s t a f f .  It has s i n c e  been found, as a r e s u l t  of t h e  computer 

s i m u l a t i o n ,  moreover, t h a t  s impler  e s t i m a t i o n  procedures w i l l  s u f f i c e  

f o r  image-center e s t i m a t i o n  wi th  an r m s  e r r o r  of less than 0.06% of 

image width,  o r  about  1.1 a r c s e c .  

9 .6 .  Measurement of Film-Noise S t a t i s t i c s  e 

For t h e  purpose of developing mathematical  models of f i l  

no i se  s ta t i s t ics ,  experimental  s t u d i e s  were undertaken t o  measure 

s t a t i s t i c a l  p r o p e r t i e s  of f i l m  no i se  i n  o rde r  t o  determine which 

measurable parameters would adequately c h a r a c t e r i z e  t h a t  no i se  ., 

From specimens of B-N f i l m ,  both as exposed i n  t h e  camera, and a5 

.m- 

'I 
d i 
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Photomul t i pl ier tube 

RR-367 

Figure  9.6 

Weighted-aperture p r o j e c t i o n  microdensi tometer  (schematic  diagram) 
The l i g h t  source  and monitor ing pho tomul t ip l i e r  of t h e  Jar re l -Ash  
ins t rument  are n o t  shown. By a l lowing  h a l f  the  image, of a type  
shown i n  F i g .  9 .2 ,  t o  e n t e r  t h e  s l i t ,  no t ing  the  t ransmiss ion ,  then  
moving t h e  image t o  b r i n g  t h e  o t h e r  h a l f  over t h e  s l i t  wi th  t h e  wedge 
turned  through 180°, and p o s i t i o n i n g  t h e  image t o  o b t a i n  e x a c t l y  t h e  
same t r ansmiss ion ,  a cen te r -o f -g rav i ty  type  of estimate of image c e n t e r  
may be made. La te r  s t u d i e s  have shown t h a t  much more convenient  e s t i -  
mation procedures may be used.  

\ 
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Figure  9 . 7  

Measured p r o b a b i l i t y  d i s t r i b u t i o n  (noncumulative) of g r a i n i n e s s  no i se  
i n  d e n s i t y  of Baker-Nunn f i l m ,  The average ( specu la r )  d e n s i t y  i s  0 - 3 6 .  
The d i s t r i b u t i o n  is roughly c h a r a c t e r i z e d  as skewed gauss i an ,  except  
f o r  a s l i g h t  tendency f o r  a double peak probably due t o  a d r i f t  i n  t h e  
c a l i b r a t i o n  of t he  Ansco p r o j e c t i o n  microdensitometer.  
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Figure  9 .8  

Measured a u t o c o r r e l a t i o n  va lues  p l o t t e d  versus  s e p a r a t i o n  a long  the 
f i l m  of t h e  noisy  d e n s i t y  values  f o r  t he  same d a t a  as i n  F i g .  9 .7 .  It 
is  seen  t h a t  f o r  po in t s  s epa ra t ed  by 10 microns ( t h e  width of t he  aper-  
t u r e  i n  the  Ansco p r o j e c t i o n  microdensitometer) o r  more, t he  dens i ty  
f l u c t u a t i o n s  are e s s e n t i a l l y  uncor re l a t ed .  
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exposed t o  sens itome tr i c  s t e p  wedges 

sonian As t rophys ica l  Laboratory,  

obtained and s t u d i e d .  

k ind ly  supp l i ed  by the  Smith- 

2 microdensitometer t r a c i n g s  were 

P r i o r  t o  our  making arrangements w i t h  the  U. of I. Astro-  

nomy Department t o  use t h e i r  Jarrel-Ash machine, D.  C .  O'Gonnor, 

temporar i ly  wi th  Photogrammetry and Geodesy i n  t h e  U.  of I. Depart- 

ment of C i v i l  Engineer ing,  volunteered t o  make microdensitometer 

t r a c i n g s  f o r  us  w i t h  t h e  Ansco machine a t  F t .  B e l v o i r O 5  

t r a c i n g s  were made of t he  d e n s i t y  s t e p  wedges and were recorded 

g r a p h i c a l l y .  Successive values  on t h e  graph were r ead  a t  equa l  

i n t e r v a l s  and t r a n s c r i b e d  t o  coded paper tape f o r  computer a n a l y s e s .  

Calcomp p l o t s  of t he  t r a n s c r i p t i o n  were compared a g a i n s t  t he  o r i g i n a l  

t r a c i n g s  t o  check f o r  e r r o r s ,  These d a t a  were analyzed i n  two ways, 

and examples of t he  r e s u l t s  a r e  shown i n  F i g .  9 .7  and 9.8. 

These 

The f i r s t  of t h e s e ,  F i g .  9 . 7 ,  shows a p l o t  of t he  proba- 

b i l i t y  d i s t r i b u t i o n  (noncumulative) of t he  d e n s i t y  values  f o r  an 

average d e n s i t y  of 0.36, u s ing  a microdensitometer a p e r t u r e  of 10 pma 

The i n d i c a t i o n  is t h a t  of a roughly gauss i an  d i s t r i b u t i o n ,  excep t  

f o r  t h e  c l e a r  evidence of skewness. 

experience wi th  such d i s t r i b u t i o n s  is t h a t  they approach more n e a r l y  

t o  gauss i an  d i s t r i b u t i o n s ,  b u t  t h e r e  i s  always some evidence of b 

skewing, 

d i s t r i b u t i o n  i s  also less s t r o n g l y  skewed. 

A t  l a r g e r  a p e r t u r e s ,  t h e  g e n e r a l  

6 For g r e a t e r  values  of mean dens f ty  than shown h e r e ,  the 

Autocorre l a t  ion  ana lys  is w a s  a l s o  undertaken h s e d  on 
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values  r ead  from the  t r a c i n g  a t  micron i n t e r v a l s .  An example of t h e  

a u t o c o r r e l a t i o n  f u n c t i o n  s o  obtained is p l o t t e d  i n  Fig., 9.8, a l s o  f o r  

a mean d e n s i t y  of 0 . 3 6 .  It i s  e v i d e n t  t h a t  t h e  c o r r e l a t i o n  is  

n e g l i g i b l e  f o r  d e n s i t y  va lues  spaced more than 10 pm a p a r t .  Since 

t h i s  d i s t a n c e  is the  diameter of t h e  a p e r t u r e  i n  t h e  microdensitometer,  

t he  c h a r a c t e r i s t i c  g r a i n  s i z e  must be somewhat smaller than t h a t ,  

and c e r t a i n l y  smaller than t h e  r e s o l u t i o n - s p o t  s i z e  of the B-N 

camera, 25 pm. I n  t h e  planned s imula t ion  of B-N images wi th  the 

computer, i n  which t h e  image samples would be spaced a d i s t a n c e  of 

25 pm, these  d a t a  i n d i c a t e  t h a t  the no i se  a t  each sample could be 

taken t o  be s t a t i s t i c a l l y  independent of t h e  no i se  a t  every o t h e r  

sample 

The mathematical  models of f i l m  n o i s e ,  t o  be desc r ibed  i n  

Sec t ion  9.7,  r e q u i r e  the  s p e c i f i c a t i o n  of only two parameters ,  t he  

mean value and the  s t anda rd  d e v i a t i o n  of t h e  no i se .  

c a t i o n  of t he  mean value w a s  t o  be made t o  s u i t  t he  needs of t he  

digi ta l -computer  s imula t ion  program, so  t h a t  t h e  remaining parameter,  

the s t anda rd  d e v i a t i o n ,  i s  t h e  one t o  be determined by f i lm-no i se  

measurements. The e x a c t  form i n  which t h i s  w a s  d e s i r e d  w a s  t h a t  of 

t h e  s t anda rd -dev ia t ion  v a l u e s ,  as a f u n c t i o n  of t h e  mean. These were 

t o  be determined as t r ansmiss ion  va lues ,  t he  r e c i p r o c a l  of t h a t  f o r  

opac i ty  va lues ,  and t h e  logari thm of t h e  l a t t e r  f o r  d e n s i t y  va lues .  

The s p e c i f i -  

For making t h e s e  measurements t he  Ja r r e l -Ash  p r o j e c t i o n  

densi tometer  w a s  used, i nc lud ing  a f a c i l i t y  f o r  a u t o m a t i c a l l y  punching 

., . 
2 

I 
.I 

a 
*I 

4 I . .. 
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I 

I 

coded t ransmission values  on paper t ape .  Using a 20 v m  a p e r t u r e ,  

s h o r t  scans w i t h i n  each s t e p  of t he  step-wedge specimen of B-N f i l m  

were made and t ransmission values  spaced more than 20 pm a p a r t  were 

punched. Though many d a t a  p o i n t s  were d e s i r e d ,  i t  w a s  necessary t o  

make very s h o r t  runs t o  minimize t h e  r i s k  of a l apse  of focus ,  a 

cond i t ion  which would inc rease  t h e  e f f e c t i v e  a p e r t u r e  s i z e  and l ead  
I 

t o  a low e s t i m a t e  of the s t anda rd  d e v i a t i o n .  A s  a f u r t h e r  p recau t ion ,  

runs were made along the  a x i s  of f i l m  c u r l ,  d e s p i t e  t he  f a c t  t h a t  

the holder  allowed very l i t t l e  c u r l ,  A Calcomp p l o t  of a t y p i c a l  

t r a c i n g  is shown i n  F i g .  9 .9 .  The d a t a  used f o r  each d e n s i t y  s t e p  

w a s  a composite of many such runs .  

The t r ansmiss ion  values  ob ta ined  i n  t h i s  way are the  so- 

c a l l e d  specu la r  t r ansmiss ion  values  Since the diminut ion of t r a n s -  

mission by photographic f i l m  r e s u l t s  i n  l a r g e  p a r t  from a s c a t t e r i n g  

of l i g h t ,  t he  t ransmission values  depend i n  l a r g e  measure upon t h e  

s o l i d  angle  of acceptance of the fo rward - sca t t e red  l i g h t ,  When t h i s  

s o l i d  ang le  i s  small, one is  d e a l i n g  w i t h  s p e c u l a r  values ,  i n  c o n t r a s t  

t o  t he  s t anda rd  values  ob ta ined  by p l a c i n g  a d i f f u s i n g  sc reen  (opa l  

g l a s s )  i n  c o n t a c t  w i t h  t h e  specimen and measuring the  l i g h t  t r a n s -  

mi t t ed  from t h a t  s c reen ;  t h e s e  l a t t e r  are c a l l e d  d i f f u s e  values  and 

involve t h e  acceptance of s c a t t e r e d  l i g h t  over more n e a r l y  2rr stere- 

r a d i a n s .  The c a l i b r a t i o n  of t he  p r o j e c t i o n  densi tometer  i n  terms of 

d i f f u s e  values  w a s  by a procedure involving a measurement of t h e  

Cal l ier  Q f a c t o r  f o r  each d e n s i t y  leve l  t o  provide a conversion of 7 
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s p e c u l a r  d e n s i t i e s  t o  d i f f u s e  d e n s i t i e s  by way of r e f e r e n c e  t o  a 

s t anda rd  c a l i b r a t e d  Welch s t e p  wedge Di f fuse  values  were d e s i r e d  

s o  t h a t  t he  measured d e n s i t i e s  could be compared t o  those  ob ta ined  

i n  the sens i tome t ry .  The c a l i b r a t i o n  procedures and s t a t i s t i c a l -  

a n a l y s i s  procedures w e r e  implemented on t h e  CDC-1604 computer * 

The r e s u l t i n g  p l o t  of t h e  s t anda rd  d e v i a t i o n  i n  o p a c i t y ,  

o versus mean opac i ty ,  v is shown i n  F i g .  9.10. The s t r a i g h t  

l i n e  f i t  obeys 

w’  w, 

Q = (vw/6) 4/3 
w 

Laws of t h i s  form have been examined by F i n l e y  and Marsha l lO8  They 

f i n d  t h a t  t h e  va r i ance  i n  t r ansmiss ion  can be f i t t e d  t o  the l a w  

i n  which b has the value 1.5 f o r  a g r e a t  v a r i e t y  of cond i t ions  and t 

is  the  t ransmission.  Wri t ing Q as a d i f f e r e n t i a l ,  t h i s  is t 

b/2 a t  = @ t  y 

2 
i n t o  which t h e r e  may be i n s e r t e d  t = l / w  and dt=dw/w t o  o b t a i n  

(3) 

J 

4 

1 
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Figure  9 .9  

Calcomp p l o t  of sequence of t ransmiss  ion values  measured a t  i n t e r v a l s  
g r e a t e r  t han  20 microns ( t h e  a p e r t u r e  diameter)  a long  a cons t an t -dens i ty  
p o r t i o n  of Baker-Nunn f i l m  us ing  t h e  Jarrel-Ash p r o j e c t i o n  microdensi-  
tometer .  
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Mean opacity, u, 

RR-369 

Figure  9.10 

Measured s t anda rd  d e v i a t i o n  i n  o p a c i t y  p l o t t e d  ve r sus  mean o p a c i t y ,  
a d j u s t e d  t o  r e p r e s e n t  measurements on a d i f f u s e  b a s i s .  
a C a l l i e r  Q-fac tor  t ype  of curve f o r  t h i s  adjustment  w a s  made i n  ba t ches .  
The ove r l ap  of one ba tch  w i t h  another  i s  i n d i c a t e d  by t h e  p o i n t s  con- 
nected by dashed l i n e s ,  which p p i n t s  may be i n t e r p r e t e d  as provid ing  a 
no t ion  of t h e  r e p r o d u c i b i l i t y  of t h e  d a t a .  
here  r e p r e s e n t s  t h e  l a w  t o  be used i n  t h e  computer s i m u l a t i o n s .  

The f i t t i n g  t o  

The s t r a i g h t - l i n e  f i t  shown 
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i n  which t h e  exponent 2-b/2 may be compared w i t h  the exponent i n  

Eq. (1) L) For  example, t h e  va lue  b=1.5 i s  equ iva len t  t o  an exponent 

value of  1.25 i n  Eq. ( 4 ) ,  and t h i s  compares f avorab ly  w i t h  t h e  va lue  

1.33 i n  Eq. (1 )9  as measured here .  I n  some e a r l y  runs  cover ing  a 

small range i n  o p a c i t y ,  an i n d i c a t i o n  of an exponent of 1,O w a s  

ob ta ined  f o r  Eq. ( 4 )  w i t h  a B value of 0 , 1 ,  Some of t h e  d i g i t a l -  

computer e s t ima t ion  t r ia ls  were based on these  e a r l y  parameters ,  b u t  

t he  ana lyses  f o r  h igh-dens i ty  images used  t h e  parameter va lues  shown 

i n  Eq. ( l ) o  

9.7 .  Mathematical Models of F i lm  Noise,  

I n  o r d e r  t o  c o n s t r u c t  numerical  specimens of s imula ted  

dens i tometer  t r a c i n g s ,  as i n  F i g .  9.4,  of noisy  Baker-Nunn images of t he  

f l a s h  p a t t e r n ,  i t  is  necessary  t o  develop mathematical  models of t h e  

p r o b a b i l i t y  d i s t r i b u t i o n  of f i l m  no i se  For  economical s imula t ion ,  

t h e  models must be s imple i n  t h e i r  paramet r ic  s t r u c t u r e  t o  f a c i l i t a t e  

a l lowing  t h e  parameter va lues  t o  vary  w i t h  p o s i t i o n  a long  t h e  image 

t o  r e f l e c t  v a r i a t i o n s  i n  mean va lue ,  s t anda rd  d e v i a t i o n ,  and skewness 

A t  t h e  same t i m e ,  t h e  models must be adap tab le  t o  t h e  formation of 

random numbers obeying those  models, s t a r t i n g  from random numbers u 

uniformly d i s t r i b u t e d  over  o<tKl, s i n c e  such are t h e  ones most e a s i l y  

genera ted  i n  a d i g i t a l  computer. 

It i s  clear t h a t  p e r f e c t l y  symmetrical  d i s t r i b u t i o n s  are 
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o u t  of t h e  ques t ion ,  whether f o r  t ransmission va lues ,  t=I/Io, t h e  

r a t i o  of t r a n s m i t t e d  t o  i n c i d e n t  l i g h t ,  f o r  o p a c i t y  v a l u e s ,  w = l / t ,  

o r  d e n s i t y  values  8=logw. For t ransmission values  bounded t o  the  

f i n i t e  i n t e r v a l  9<_t<l, - t he  d i s t r i b u t i o n  must vanish a t  0 and 1 and 

be a p p r o p r i a t e l y  skewed as t h e  mean crowds c l o s e  t o  e i t h e r  bound. 

Opacity values  are bounded t o  the  s e m i - i n f i n i t e  range l5Wa, and 

d e n s i t y  va lues  a r e  s i m i l a r l y  bounded t o  O<_~<Q). 

developed only f o r  o p a c i t y ,  bu t  the same form of model, might, w i t h  

s u i t a b l e  f i t t i n g ,  s e r v e  a l s o  f o r  d e n s i t y .  

s t r o n g l y  skewed when the  mean is  a s h o r t  d i s t a n c e ,  measured i n  u n i t s  

of the s t anda rd  d e v i a t i o n ,  from t h e  lower bound, and become more 

n e a r l y  gaussian as t h e  mean i s  f a r t h e r  from t h a t  bound. 

Models need be 

The model must be most 

The model t o  be chosen should be f i n i t e  only f o r  p o s i t i v e  

values  (accommodation t o  the range 1 t o  Q) can be obtained by s h i f t i n g )  

and should involve 3 parameters:  mean, s t anda rd  d e v i a t i o n ,  and 

skewness. A one-parameter model w a s  a c t u a l l y  chosen, s i n c e  d i l a t i o n  

of t he  s c a l e  can be introduced as a second parameter,  and s i n c e  an 

a r b i t r a r y ,  b u t  r easonab le ,  r e l a t i o n  between skewness and t h e  r a t i o  of 

s t anda rd  d e v i a t i o n  t o  mean w a s  thought t o  be adequate i n  o rde r  n o t  

t o  p l ace  too g r e a t  a burden upon t h e  experimental  measurements. The 

measurements were found t o  be s u f f i c i e n t l y  d i f f i c u l t ,  even f o r  very 

modest demands f o r  r e l i a b i l i t y ,  t h a t  t h i s  d e c i s i o n  proved t o  be most 

f o r t u n a t e  
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The model chosen w a s  t h e  ch i -square  d i s t r i b u t i o n  

-1 -A p 
fQp(A)dA = [r(ptl)] e A dh 

governing a random v a r i a b l e  O<R <as w i t h  mean va lue  w 

s t anda rd  d e v i a t i o n  CT 

known gamma f u n c t i o n ,  Fo r  p>l, t h i s  model does tend t o  a gauss ian  

form, and it has a skewness deemed a p p r o p r i a t e  f o r  the p resen t  

purposes as may be seen  from t h e  p l o t s  of F ig .  9 .11 .  Given a r b i -  

t r a r y  va lues  of mean and s t anda rd  d e v i a t i o n  w and cr then p is  

s p e c i f i e d  v i a  

= ptl and 
P RP 

= ~ / ( p t l ) ,  i n  which r (  ) denotes  t h e  w e l l -  
RP 

X X’ 

and t h e  random v a r i a b l e  x is r ep resen ted  by 

x = cr2 fi  /vx. 
X P  (3) 

f o r  an x v a r i a b l e  t o  be bounded as olzc<oo, as ,  f o r  example, d e n s i t y .  

For  opac i ty ,  t h e  p va lue  i s  
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and t h e  random v a r i a b l e  w is  

9 

i n  order  t o  accommodate t h e  lower bound a t  1. 

The plan of gene ra t ion  of these random v a r i a b l e s ,  t hen ,  is 

t o  compute the  R random v a r i a b l e s ,  given the  s p e c i f i e d  p va lues  pia 

E q .  (2) o r  (41 ,  and then t o  apply these  s c a l i n g  and s h i f t i n g  formulas 

E q s .  (3)  o r  (5 )  as appropr i a t e .  The R values  themselves are t o  be 

c a l c u l a t e d  from uniformly d i s t r i b u t e d  random numbers u .  The way i n  

which t h i s  l as t  may be most economically done depends upon the  value 

of p ,  whether p=O, o<p<l, KP<10, and 1 K p .  - 

P 

P 

For  p=O, t h e  d i s t r i b u t i o n  (1) is j u s t  t h e  exponen t i a l  

d i s t r i b u t i o n  f o r  which t h e  cumulative form is 

which is  r e a d i l y  inve r t ed  t o  form 

-1 
h = FAo (F) = 1n(l-F,le 

This form provides  f o r  a very simple genera t ion  of R as 
0 

- -1 
R o  - (u) = - In ( l -u )  
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Figure  9.11 

P l o t  of t h e  mathematical  models of f i lm-no i se  p r o b a b i l i t y  d i s t r i -  
bu t ions .  
mean and s t anda rd  d e v i a t i o n  and have t h e  p rope r ty  t h a t  t h e  skewing 
depends, i n  approximately t h e  c o r r e c t  manner, upon t h e  d i s t a n c e  of 
the mean, i n  s t anda rd -dev ia t ion  u n i t s ,  from the  lower bound. The 
parameter l a b e l s  a r e  values  t h a t  are func t ions  of t h e  r a t i o  of mean 
t o  s t anda rd  d e v i a t i o n ,  

These models are adapted t o  f i t t i n g  t o  measured values  of 

i 
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from t h e  uniform random v a r i a b l e s  u .  When p i s  not  0, th i s  inve r s ion  

of t h e  cumulat ive d i s t r i b u t i o n  i s  very c o s t l y  of computer t i m e ,  

e s p e c i a l l y  i f  p be n o t  an i n t e g e r ,  and o t h e r  a lgor i thms must be used. 

For o<p<l, t h e  uniform random v a r i a b l e  u i s  t e s t e d  a g a i n s t  

a second, independent,  uniform, random v a r i a b l e  v, and t h e  va lue  of 

u is accepted  as a s u i t a b l e  va lue  f o r  R provided it s a t i s f i e s  
P 

Otherwise,  t h e  va lues  of u ,  v are in te rchanged ,  and t h e  t e s t  r epea ted .  

F a i l i n g  both  t es t s ,  t h e  va lues  of u ,  v are d i sca rded  and a new p a i r  

i s  genera ted ,  proceeding i n  t h i s  manner u n t i l  a success i s  obta ined .  

The range of t h e  v a r i a b l e s  f o r  t h i s  t e s t  are s u i t a b l y  s c a l e d  so  t h a t  

about  99.9% of the  area under t h e  curve s p e c i f i e d  by E q .  (9) i s  

covered 

For  l ( p < l O ,  t h e  va lue  of p is  analyzed i n t o  a f r a c t i o n a l  

p a r t  O<_pf<l, togethek w i t h  an  i n t e g r a l  p a r t  gi=n. 

shown t h a t  

S ince  it may be 

/’ 

Rp+Ro = R H 1 S  

f o r  R 

gene ra t ions  of R 

adding t h a t  t o  in. 

and R o  independent,  it i s  s u f f i c i e n t  t o  sum n independent 

t o  o b t a i n  R n  and t o  a l s o  gene ra t e  R f o r  p=pf, 

P 

0 P 
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For 1o<_p, t h e  gauss i an  approximation i s  j u s t i f i e d .  The 

gauss i an  gene ra t ion  i s  done via a s t o r e d - t a b l e  lookup using 

-1 
i n  which F is t h e  inve r se  of t he  cumulative gauss i an  d i s t r i b u t i o n  

f o r  ze ro  mean and u n i t  s t anda rd  d e v i a t i o n .  
g 

The program f o r  g e n e r a t i n g  t h e s e  random numbers has been 

t e s t e d ,  w i t h  s a t i s f a c t o r y  r e s u l t s  f o r  va r ious  values  of p, by 

e x e r c i s i n g  i t  t o  gene ra t e  a g r e a t  many numbers, s o r t i n g  t h e s e  i n t o  

value i n t e r v a l s  , and comparing t h e  e m p i r i c a l  d i s t r i b u t i o n s  so 

obtained w i t h  curves such as those shown i n  F i g .  9.11. 

This program has a l s o  been inco rpora t ed  i n t o  a l a r g e r  

program whereby the mean value v ,  r e p r e s e n t i n g  an  image i n t e n s i t y ,  

could be caused t o  vary i n  accordance w i t h  the  sequence of exposure 

values a long  t h e  s imulated image , while  t h e  s t a n d a r d  d e v i a t i o n  w a s  

s u i t a b l y  dependent on the  mean value,  e .g . ,  as i n  Eq. (1) of t h e  

preceding s e c t i o n .  I n  t h i s  manner, d a t a  of t h e  form of F i g .  9 . 4  

was generated.  This p a r t i c u l a r  f i g u r e  w a s  made f o r  d e n s i t y  values  

i n  which t h e  value of 0 w a s  independent of v a l a w  of v a r i a t i o n  

t h a t  w a s  r e p r e s e n t a t i v e  of e a r l y  experimental  d a t a  ( i n  which CT 

appeared t o  be p r o p o r t i o n a l  t o  v ) .  Also, t he  n o n l i n e a r i t y  of t he  

H & D sensi tometry curve,  F i g .  9 . 3 ,  w a s  n o t  used. 

t h e  more r e a l i s t i c  image p l o t s  do no t  g r e a t l y  d i f f e r  from t h i s  one, 

however 

6 6' 

w 

w 

The appearance of 

i 
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9.8 Es t ima t ion  of Image Center  by Maximum Likel ihood.  

The d a t a  r e p r e s e n t i n g  a noisy image, such as t h a t  shown i n  

F i g .  9 .4 ,  may be regarded as a sequence of n random v a r i a b l e s  which 

have taken on the  values  y1,y290 . . , y n 0  

p r o b a b i l i t y  d i s t r i b u t i o n  depends on t h e  p o s i t i o n  B i  i n  t he  sequence 

wi th  r e s p e c t  t o  a c e n t r a l  p o s i t i o n  8 

ob ta in ing  any p a r t i c u l a r  sequence can be expressed as a c o n d i t i o n a l  

I f  it i s  known how t h e  

then t h e  p r o b a b i l i t y  of 
0' 

p r o b a b i l i t y ,  o r  l i k e l i h o o d  f u n c t i o n ,  t h e  cond i t ion  being t h a t  t h e  

c e n t r a l  p o s i t i o n  be given by 8 Schematical ly ,  t h i s  l i k e l i h o o d  

f u n c t i o n  may be w r i t t e n  

0 

These d a t a  may be thought t o  be "explained" wi th  maximum l i k e l i h o o d  by 

f i n d i n g  the  value of e o  which maximizes the  value of L ,  i . e . ,  by 

s o l v i n g  

aL/ae = o 
0 

t o  o b t a i n  t h a t  value of B o o  

logari thm of the l i k e l i h o o d  f u n c t i o n  

It is o f t e n  convenient t o  d e a l  w i th  the 

A = InL,  (3)  
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i n  which case, Eq. (2) is e q u i v a l e n t  t o  

9 

The v a l u e p  ob ta ined  by s o l v i n g  Eq. (2) o r  Eq. (4) ’  i s  c a l l e d  t h e  

maximum l i k e l i h o o d  estimate9 of t h e  parameter 8 

t h e  image. 

t h e  c e n t e r  of 
0’ 

I n  t h e  p r e s e n t  i n s t a n c e ,  t he  logari thm of t h e  l i k e l i h o o d  

f u n c t i o n  i s ,  from Eq. (1) of the  preceding s e c t i o n ,  

i n  which p i s  t o  be a f u n c t i o n  of 8 . -e  t he  d i s t a n c e  of t he  image 

p o i n t  i from t h e  image c e n t e r  0 and the  summation index i is t o  
0’ 

range over a l l  p o i n t s  t n  t h e  image. 

random value ( d e n s i t y  o r  o p a c i t y )  t h a t  o b t a i n s  a t  t h e  p o i n t  io 

These y are f i x e d  measured va lues ,  n o t  t o  be regarded as f u n c t i o n s  

of e o  i n  c a l c u l a t i n g  t h e  d e r i v a t i v e  i n d i c a t e d  i n  Eq. ( 4 ) ,  except  

t h a t  they may be r e l a t e d  t o  t h e  values  of i n t e r e s t  ( d e n s i t y  o r  

opac i ty )  by way of eo-dependent parameters of p r o p o r t i o n a l i t y .  

i L 0’ 

I n  t h i s ,  yi s t a n d s  f o r  t h e  

i 

Consider t he  d i f f e r e n t i a t i o n  of t h e  f i r s t  term on t h e  
I 

r i g h t  i n  Eq, ( 5 ) .  It is 

, 
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I n  the  approximation i n  which the  summation i s  e q u i v a l e n t  t o  a n  

i n t e g r a t i o n ,  t h e  value of ( 6 )  i s  j u s t  t h e  d i f f e r e n c e  i n  t h e  values  

of ln[T(pl-l)] t o  t he  l e f t  and r i g h t  of t h e  image where p=O, i . e . ,  

t h e  value of E q .  ( 6 )  i s  ze ro .  (Apart from t h i s  approximation, t h e  

ze ro  i s  a l s o  obtained f o r  p being an  even f u n c t i o n  of 8 - e o o )  i 

Also,  i f  y is  t o  r e p r e s e n t  an  o p a c i t y  va lue ,  t hen ,  

according t o  E q .  (5) of t h e  preceding sec i ion,  yi should be 

r ep laced  by 

! 
upon making a d a p t a t i o n  t o  t h e  p r  s e n t  motatioh. 

E q .  (5) then becomes 

The last  term of i" z 

of which the  las t  term may a l s o  be d i sca rded  by t h e  same argument ' 

concerning E q .  ( 6 )  There remains only 

i n  which 

( 9 )  
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s e r v e  as l o c a l  va lues  of t h e  s i g n a l - t o - n o i s e  r a t i o s ,  

The s o l u t i o n  of E q .  (9) may be descr ibed.  The f u n c t i o n  

n=aq/aB is a f u n c t i o n  of Bi-Bo,  t h a t  i s  t o  say ,  it i s  a weight ing 

f u n c t i o n  f o r  t h e  values  of u) -1, and i t s  c e n t e r  8 is t o  be a d j u s t e d  

s o  as t o  make t h e  f i r s t  term of (9) vanish.  S i m i l a r l y ,  t h e  f u n c t i o n  

i 0 

A=ap/aB is a weight ing f u n c t i o n  f o r  t h e  values  of ln(w -1) whose 

c e n t r a l  l o c a t i o n  is t o  make t h e  l a s t  term vanish.  I f  t hese  do n o t  

vanish s e p a r a t e l y ,  t h e n ,  according t o  E q .  (9), eo  must be chosen t o  

make t h e i r  d i f f e r e n c e  van i sh .  When t h e  index value c is a s s igned  

t o  the c e n t e r  of t h e  weight ing f u n c t i o n s ,  t h e  problem is seen t o  be 

i 

the  determinat ion of c such t h a t  

C i C I  i -c  ( w i - l )  - CiAi-cln(wi-l) = 0 (11) 

I n  the  computer, t h i s  would be done by computing t h e s e  weighted sums 

f o r  success ive  values  of c u n t i l  t he  va lue  were found f o r  which (11) 

were s a t i s f i e d .  Ac tua l ly ,  however, c need not be one of t h e  indexed 

v a l u e s ,  b u t ,  as a p r a c t i c a l  matter, it cou ld  be assumed t o  be such 

u n t i l  neighboring va lues  f o r  which (11) would be p o s i t i v e  f o r  one 

and nega t ive  f o r  t he  o t h e r  were found, and then  the  t r u e  value of 

c could be e s t ima ted  by i n t e r p o l a t i o n .  

, 
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The maximum-likelihood e s t i m a t o r  w a s  n o t  thought t o  be 

adap tab le  t o  p r a c t i c a l  a p p l i c a t i o n ,  however, s o  t h a t  t h e  formulae 

given he re  w e r e  not  developed and s t u d i e d  u n t i l  very la te  i n  t h i s  

program of work. T h i s  judgment is borne ou t  by t h e  f a c t  t h a t  t h i s  

e s t i m a t o r  r e q u i r e s  t h e  simultaneous weight ing of o p a c i t y  and i t s  

logari thm and i s ,  on t h a t  account ,  non l inea r ,  The exact n a t u r e  

of t h e  n o n l i n e a r i t y ,  i n  g e n e r a l ,  w i l l  depend upon t h e  s p e c i f i c  

p r o b a b a l i s t i c  model assumed; it i s  f u l l y  l i n e a r  f o r  gaussian models. 

This l as t  obse rva t ion  w a s  made q u i t e  e a r l y  i n  t h e  program, and it 

w a s  t he  i n s p i r a t i o n  f o r  t he  s tudy  of l i n e a r  e s t i m a t o r s .  These are 

the  " p r a c t i c a l "  ones w i t h  which t h e  experience desc r ibed  i n  the  nex t  

s e c t i o n  w a s  ob ta ined .  

I n  t h e  experience w i t h  p r a c t i c a l  e s t i m a t o r s ,  i t  w a s  found 

t h a t ,  f o r  reasonably l a r g e  image d e n s i t i e s ,  t h e  most n e a r l y  opt imal  

weighting func t ions  r e q u i r e d  ze ro  weight over a very wide c e n t r a l  

p o r t i o n  of t h e  image. On comparison w i t h  the  weights t h a t  may be 

c a l c u l a t e d  from Eqs. (10) it w a s  s een  that t h i s  c h a r a c t e r i s t i c  

could r a t h e r  a c c u r a t e l y  have been f o r e t o l d ,  t h a t  only t h e  edgemost 

2% or 3% of t h e  image would be of va lue ,  except  f o r  t h e  p o s s i b i l i t y  

of very small negat ive weights  i n  the  c e n t r a l  p a r t  being i n d i c a t e d .  

The s i g n i f i c a n c e  of t h i s  comparison w i l l  be i n d i c a t e d  i n  a la ter  

s e c t i o n ,  bu t  it is  premature t o  i n d i c a t e  i n  any g r e a t  d e t a i l  t h e  r o l e  

t h a t  a maximum l i k e l i h o o d  e s t i m a t o r  might p l ay  i n  t h e  a c t u a l  conduct 

of an experiment u n t i l  f u r t h e r  s tudy i s  made. 
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9.9.  P r a c t i c a l  Center-Est imat ion Procedures.  

The c e n t e r - e s t i m a t i o n  procedures f o r  which e x t e n s i v e  tr ials 

were conducted i n  t h e  computer u s ing  computer-simulated images, 

employed the  s o - c a l l e d  p r a c t i c a l  weight ing scheme 

i n  which w i s  always p o s i t i v e  f o r  index values - of one s i g n  and 

always negat ive f o r  t h e  o t h e r ,  The scheme i s  " p r a c t i c a l , "  because 

it is  one t h a t  could be implemented w i t h  a two-aperture densi tometer  

i n  which t h e  two a p e r t u r e s  a r e  s u i t a b l y  weighted by d e n s i t y  wedges 

and e q u a l i t y  between the  s i g n a l s  ob ta ined  from t h e  two a p e r t u r e s  

i s  t o  be sought.  

i 

The images cons t ruc t ed ,  as i n  F i g .  9 . 4 ,  c o n s i s t e d  of an 

i n t e r v a l  r e p r e s e n t i n g  n igh t - sky  exposures  a c e n t r a l  i n t e r v a l  r ep re -  

s e n t i n g  t h e  exposure p a t t e r n  f o r  t h e  s o l a r  f l a s h e s ,  followed by a 

n i g h t  sky i n t e r v a l .  

b u t  the c e n t r a l  i n t e r v a l  w a s  r ep resen ted  by 180 equal ly-spaced 

samples corresponding t o  a sample spacing equa l  t o  t h e  r e s o l u t i o n  of 

t h e  B-N camera, 10 a r c s e c ,  f o r  a f l a s h  p a t t e r n  1800 a r c s e c  long, 

i . e . ,  t h e  s o l a r  d i s c  w a s  taken t o  be e x a c t l y  0 .5  deg. wide. The 

exposure values  were programmed t o  fo l low the p r e d i c t e d  " s e m i -  

c i r c u l a r "  envelope ( a c t u a l l y  e l l i p t i c a l  f o r  a r b i t r a r y  choice of 

s c a l e )  w i t h  a peak o r  c e n t r a l  value t h a t  was s p e c i f i e d  i n  terms of 

These t h r e e  i n t e r v a l s  were of n e a r l y  equa l  l e n g t h ,  
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a d e n s i t y  increment above n i g h t  sky 9 computer i n t e r p o l a t i o n  i n  

the  s e n s i t o m e t r i c  d a t a  of F i g .  9 . 3 .  Using t h e s e  s e n s i t o m e t r i c  d a t a ,  

t h e  mean o p a c i t y  va lue  f o r  each p o i n t  of t he  image w a s  computed, 

and, f o r  each such p o i n t ,  t h e  s t anda rd  d e v i a t i o n  of opac i ty  w a s  

a l s o  determined us ing  t h e  l a w  deduced from the  measurements as i n  

F i g .  9.10. Using the  p r o b a b a l i s t i c  models desc r ibed  i n  S e c t i o n  9 * 7 ,  

t h e s e  parameters governed t h e  s e l e c t i o n  of t he  a c t u a l  noisy o p a c i t y  

f o r  each p o i n t .  

Having cons t ruc t ed  the  w sequence, t h e  computer a l s o  i 

generated t h e  w sequence according t o  r u l e s  s p e c i f i e d  by t h e  

programmer. Then it computed the  value of the weighted sum, the  

l e f t -hand  s i d e  of Eq. (1) f o r  a s h o r t  sequence of c values  b racke t ing  

0. On f i n d i n g  a neighboring p a i r  of c values  such t h a t  t he  sum w a s  

i 

p o s i t i v e  f o r  one and negat ive f o r  t he  o t h e r ,  t h e  computer used l i n e a r  

i n t e r p o l a t i o n  t o  e s t i m a t e  more a c c u r a t e l y  the  c value s a t i s f y i n g  

Eq, (1) Having s t o r e d  t h i s  c va lue ,  t he  computer t hen  proceeded t o  

gene ra t e  a new image t o  t h e  same s p e c i f i c a t i o n s  , b u t  u s ing  independent 

random numbers, t o  determine a c va lue ,  and t o  s t o r e  t h a t  one a l s o ,  

r e p e a t i n g  t h e  process  aga in  and aga in  u n t i l  t he  s p e c i f i e d  number of 

s t a t i s t i c a l l y  independent t r i a l s  had been completed. It then computed 

the  mean and s t anda rd  d e v i a t i o n  of i t s  c e n t e r  de t e rmina t ions  f o r  

p r i n t o u t  as percentages of t he  solar-image wid th ,  

The r e s u l t s  of many sets  of t r ia l s  are shown i n  F i g s  g012 

and 9.13. Fo r  t h e s e ,  t h e  r u l e  used w a s  t h a t  t h e  s t anda rd  d e v i a t i o n  

i 
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i n  o p a c i t y  w a s  10% of t h e  o p a c i t y  va lue  as i n d i c a t e d  by e a r l y  

measurements. I n  la ter  sets,  t h e  4/3-power r u l e  w a s  used. Each 

datum of Fig.. 9.12 is based on 100 t r ia l s ,  and t h e  e r r o r  symbol 

shown f o r  one of t he  p o i n t s  r e p r e s e n t s  t h e  10% rms s t a t i s t i ca l  

u n c e r t a i n t y .  I n  F i g .  9*13 ,  each datum r e p r e s e n t s  1000 t r ia ls  and 

t h e  s t a t i s t i c a l  u n c e r t a i n t y  is  about e q u a l  i n  s i z e  t o  t h a t  of the 

p l o t t i n g  symbols used.  

The d a t a  of F i g .  g o  12 were obtained t o  exp lo re  t h e  e f f i c a c y  

of va r ious  k inds  of weight ing curves f o r  computing w The c e n t e r -  

o f - g r a v i t y  weight ,  open diamonds, is  seen  t o  be s u p e r i o r  t o  weights  

t h a t  show d i s c o n t i n u i t i e s  o r  provide uniform weights  near t h e  edges 

of t h e  image. On t R e  o t h e r  hand, weights  which are z e r o  f o r  t he  

c e n t r a l  p a r t ,  bu t  are f r e e  of d i s c o n t i n u i t i e s  (though van i sh ing  

ou t s ide  the  image) a r e  s u p e r i o r  t o  c e n t e r  of g r a v i t y .  Weighting 

curves such as shown by t h e  open c i r c l e s  and t h a t  obey a second- 

order  cu rva tu re  have a c l e a r  advantage,  e s p e c i a l l y  i f  a c e n t r a l  

i n t e r v a l  i s  ze ro  ( s o l i d  c i r c l e s ) .  

io 

The d a t a  of F i g .  9.13 were obtained t o  exp lo re  t h e  e f f e c t  

of reducing the  number of f l a s h e s  i n  t h e  image, To t h i s  end, runs 

were made us ing  180 image p o i n t s  and a l s o  us ing  90 image p o i n t s  

by the  simple exped ien t  of a l t e r n a t e l y  r e p l a c i n g  t h e  opac i ty  values  

f o r  h a l f  t h e  p o i n t s  by a cons t an t  value.  

o p a c i t y  f l u c t u a t i o n s  t h a t  would occur between r e so lved  f l a s h e s  is  

ignored, a proper procedure €or  a c t u a l  e s t i m a t i o n  a l s o ,  i f  weight ing 

I n  t h i s  way, t he  night-sky 
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Figure  9 . 1 2  

T r i a l s  of a v a r i e t y  of weight ing  func t ions  f o r  cen te r -o f -g rav i ty  types  
of cen te r - e s t ima t ion  procedures  Root-mean-square-error va lues  are 
p l o t t e d  versus  cen t r a l - f l a sh -exposure  va lues .  Each p o i n t  r e p r e s e n t s  
100 s t a t i s t i c a l l y  independent t r i a l s ,  
func t ions  ( s o l i d  c i r c l e s )  are much b e t t e r  t han  t h e  true cen te r -o f -  
g r a v i t y  weight  (open diamonds) 

It is seen  t h a t  c e r t a i n  weight ing 

RR-267 
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~ 0 90 Image Points 

( Re Density 0.3 above Night Sky) 
RR- 270 

T r i a l s  of c e n t e r  e s t i m a t i o n  f o r  r e so lved  f l a s h - p a t t e r n  images i n  
comparison w i t h  unreso lved  ones,  The d e l e t i o n  of a l t e r n a t e  image 
po in t s  t o  l eave  an image c o n s i s t i n g  of 90 p o i n t s ,  i n s t e a d  of 180 
p o i n t s ,  r e s u l t s  i n  an inc rease  i n  r m s  e r r o r  by n e a r l y  t h e  expected 
f a c t o r ,  h/2.  
t r i a l s  e 

Each p o i n t  r e p r e s e n t s  1000 s t a t i s t i c a l l y  independent 
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methods a r e  t o  be used. It is seen t h a t  d e l e t i n g  h a l f  the image 

p o i n t s  i n c r e a s e s  t h e  e s t i m a t i o n  e r r o r ,  f o r  the same exposure va lues ,  

almost e x a c t l y  by t h e  expected f a c t o r d 2 .  

ha lv ing  of t he  s l a n t  range,  which quadruples t h e  exposure value b u t  

ha lves  t h e  number of f l a s h e s ,  w i l l  l e ad  t o  a r e d u c t i o n  i n  e r r o r  by 

the  f a c t o r  u 2 ,  s i n c e  t h e  dependence upon exposure he re  is seen t o  

approximate an  inve r se  f i r s t - p o w e r  l a w .  

One may conclude t h a t  a 

I n  o rde r  t o  extend t h e  i n v e s t i g a t i o n  t o  l a r g e r  exposure 

values  than shown i n  F i g s .  9.12 and 9 + 1 3 ,  it w a s  necessary t o  

o b t a i n  no i se -va r i ance  d a t a  over a g r e a t e r  range of d e n s i t i e s  With 

these  d a t a ,  t he  4/3-power l a w  w a s  discovered and used i n  a11 la ter  

s t u d i e s .  A l s o  i n  making t h i s  e x t e n s i o n ,  it was  discovered t h a t  t h e  

b e s t  weight ing curve of F i g e  9.12, a l s o  used i n  F i g o  9.13, d i d  n o t  

cont inue t o  provide f o r  s u b s t a n t i a l  r educ t ion  of e r r o r  w i th  i n c r e a s i n g  

exposure,  i n  t h a t  t he  e x t r a p o l a t i o n s  acco rd ing  t o  an  inve r se  f i r s t -  

power l a w ,  as i n d i c a t e d  i n  F i g s ,  9.12 and 9.13, d i d  n o t  appear t o  

be f u l f i l l e d .  Accordingly,  v a r i a t i o n s  i n  t h a t  weight ing were 

i n v e s t i g a t e d  

The b e s t  weight ing curve of F i g .  9.12 is  one cons t ruc t ed  of 

quadrants  of c i r c l e s ,  w i t h  ze ro  weight a s s igned  t o  t h e  c e n t r a l  

t h i r d  of t h e  image of t h e  s o l a r  d i s c ,  It w a s  decided t o  exp lo re  

v a r i a t i o n s  i n  t h e  width of t h i s  c e n t r a l  "shadowed" p a r t  by varying 

the  r a d i i  of t hese  quadran t s ,  and determine whether t h e r e  were a 

b e s t  l eng th  f o r  t he  shadowed p o r t i o n ,  depending upon t h e  exposure 
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o r  c e n t r a l - d e n s i t y  va lues .  The r e s u l t s  are shown i n  F ig .  9.14. 

I n  F i g .  9.14, t h e  curves are p l o t s  of r m s  angu la r  e r r o r  i n  

c e n t e r  e s t i m a t i o n  given as a percentage of t he  wid th  of the s o l a r  

image and p l o t t e d  versus  the  percentage of t h e  image t h a t  is l e f t  

unshadowed. The curves t e rmina te  a t  the l e f t  i n  t h e  value 2% f o r  

which t h e  angu la r  e r r o r  i s  t h a t  obtained when t h e  c e n t r a l  98% of t h e  

image has been a s s igned  z e r o  weight Otherwise,  t he  weight ing curve 

i s  as desc r ibed  i n  the preceding paragraph. Each curve is  l a b e l l e d  

wi th  a value of t he  c e n t r a l  d e n s i t y  increment above t h a t  o b t a i n i n g  

f o r  a 1 s e c  exposure t o  n i g n t  sky. Each p o i n t  r e p r e s e n t s  400 t r ia ls .  

I n  each of t h e s e  t r ia l s ,  h a l f  t he  image p o i n t s  had been d e l e t e d ;  

i f  t h e  f u l l  complement of image p o i n t s  had been used,  t h e  e r r o r s  

p l o t t e d  would have been smaller by the  f a c t o r  0.7. The s t anda rd  

accuracy of t he  B-N camera is marked on t h e  o r d i n a t e  as 0.06% of 

the  width of t h e  s o l a r  d i s c ,  t he  percentage corresponding t o  1.1 

a r c s e c  e 

Some f u r t h e r  s tudy  would be j u s t i f i e d  t o  c l a r i f y  a few 

minor p o i n t s .  For  example, t he  night-sky background w a s  maintained 

a t  the  f i x e d  value produced by a 1 s e c  exposure.  For  the  f a r t h e r  

ranges,  exposures n e a r e r  3 s e c  may be expected,  and t h e  a c t u a l  

b r i g h t n e s s  of t h e  n i g h t  sky w i l l  vary w i t h  o r i e n t a t i o n  of t h e  camera, 

atmospheric c o n d i t i o n s ,  and the d i s t a n c e  of t he  sun below the  horizon.  

The night-sky exposure e n t e r s  t o  a s l i g h t  degree as a background 

competi t ion p r imar i ly  f o r  t h e  weaker images, b u t  t h e s e  would probably 

' 1  
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Figure  9.14 

Cen te r - e s t ima t ion  t r ia ls  of h igh -dens i ty  images, w i t h  a sea rch  f o r  t he  
optimal f r a c t i o n  of the image t o  be used. The weight ing f u n c t i o n  i s  
l i k e  t h a t  i n d i c a t e d  by t h e  s o l i d  c i r c l e s  of F i g .  9.12, made up of 
quadrants  of c i r c l e s  w i t h  a c e n t r a l  "shadowed" p o r t i o n  of z e r o  weight 
t h e  l eng th  of which may be a d j u s t e d  by a d j u s t i n g  the  r a d i u s  of t he  
quadrants .  The p l o t  i s  of r m s  e r r o r  ve r sus  the f r a c t i o n  of t h e  image 
l e f t  "unshadowed." The curves are l a b e l l e d  w i t h  t h e  c e n t r a l - f  l a s h  
d e n s i t y  increment above n i g h t  sky.  Each image c o n s i s t e d  of 90 f l a s h e s ,  
as w i t h  t h e  open diamonds of F i g .  9.13. It i s  seen t h a t  t he  opt imal  
f r a c t i o n  of t he  image becomes very small f o r  d e n s i t y  increments of 0.8 
o r  l a r g e r  and t h a t  t he  i n h e r e n t  accuracy of t h e  Baker-Nunn (B-N) camera 
i s  a t t a i n e d  f o r  d e n s i t y  increments of 1.0 f o r  t h e s e  90 - f l a sh  images. 
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be d i sca rded  as in t roduc ing  t o o  l a r g e  an  e r r o r ,  i n  any case .  For 

the  s t r o n g e r  images, t h e  n i g h t  sky exposure e n t e r s  p r i m a r i l y  as an 

augmentation of t h e  exposure because t h e  image is  c o n s t r u c t e d  i n  a 

f l a s h - b y - f l a s h  manner each p a r t  being t r e a t e d  t o  pre-  and pos t -  

exposure t o  n i g h t  sky. Though it may be doubted t h a t  t hese  v a r i a t i o n s  

would s i g n i f i c a n t l y  a l t e r  t h e  conclusions t h a t  may be drawn from 

F i g .  9.14, t h e  p o i n t  i s  worth i n v e s t i g a t i o n .  

Also worthy of f u r t h e r  i n v e s t i g a t i o n  would be the  compari- 

sons t h a t  may be drawn between the maximum-likelihood e s t i m a t o r  and 

t h e s e  " p r a c t i c a l "  e s t i m a t o r s ,  i nc lud ing  the  computer implementation 

of t he  former. Such work is  i n  p rogres s ,  bu t  t he  r e s u l t s  t o  d a t e  

a r e  no t  y e t  worthy of p r e s e n t a t i o n  h e r e ,  so  t h a t  t he  p r e s e n t  i n t e r -  

p r e t a t i o n s  are t o  be based on t h e  d a t a  of F i g .  9.14. 

It may be seen t h a t  t he  accuracy of t h e  B-N camera is  

achieved f o r  d e n s i t y  increments of 0.9 t o  1.0,  depending upon whether 

t h e  image is e s s e n t i a l l y  continuous c o n s i s t i n g  of 180 p o i n t s ,  o r  

shows r e s o l v a b l e  f l a s h e s ,  some 90 i n  a l l .  A s  i n d i c a t e d  i n  S e c t i o n  9.2,  

such d e n s i t y  increments correspond t o  a n  exposure g r e a t e r  t han  

" threshold" by a f a c t o r  of somewhat less than 5 ,  and it a l s o  has 

been i n d i c a t e d  i n  S e c t i o n  9 . 3  t h a t  such exposures a r e  ob ta inab le  

from the  mi r ro r  f l a s h e s  a t  s l a n t  ranges of 2500 km. 

S t u d i e s  of t h e  curves of R and A appearing i n  t h e  maximum- 

l i k e l i h o o d  e s t i m a t o r  i n  S e c t i o n  9.8 show the  same i n c r e a s i n g  emphasis 

of t h e  weight upon t h e  bare  f r i n g e s  of t h e  image as being i n d i c a t e d  
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f o r  d e n s i t i e s  near 1.0, wi th  the  weight being more broadly d i s t r i b u t e d  

f o r  t he  lower d e n s i t i e s .  Here, t h e  2% unshadowed r e g i o n  b a r e l y  

encompasses two datum p o i n t s  a t  each edge of the image. When t h e  

d e n s i t y  i s  such t h a t  such a narrowly-based weight should be used, 

it would appear t h a t  t h e  edges could be s a t i s f a c t o r i l y  loca t ed  by eye 

and measured w i t h  a c r o s s - h a i r  c u r s o r  as i n  a Mann comparator,  

Although it would appear t h a t  t h e  normal cu r so r -a ided  

e s t i m a t i o n  "by eye" w i l l  be the most p r a c t i c a l ,  as w e l l  as f u l l y  

a c c u r a t e ,  e s t i m a t o r  i n  t h e  end, some s l i g h t l y  more s o p h i s t i c a t e d  

techniques w i l l  be needed when t h e  image is  r e so lved  i n t o  i n d i v i d u a l  

f l a s h e s .  The l o c a t i o n  of t h e s e  f l a s h e s  w i t h  r e s p e c t  t o  the c e n t e r  of 

t he  image is  a happenstance matter of phasing, one f o r  which it might 

be d i f f i c u l t  t o  make due allowance "by eye." 

c i rcumstance,  it would be b e s t  t o  measure the  p o s i t i o n s  of t he  two 

outermost f l a s h e s ,  two from eacn edge, and i d e n t i f y  t h e s e  f o r  an 

independent d e n s i t y  (or  o p a c i t y )  measurement. The densi tometer  

ope ra to r  would a l s o  measure t h e  d e n s i t y  of a c e n t r a l  f l a s h .  

d a t a  would s u f f i c e  f o r  a computer implementation of an e s t i m a t i o n  

procedure l i k e  those  d i scussed  i n  t h i s  r e p o r t  though v a s t l y  s i m p l i f i e d .  

Images f o r  which t h e  outermoqt 4 p o i n t s  ( 4  from each edge) would be 

u s e f u l  might a l s o  be o f  some va lue -  

t i o n  problem would be very s imple,  and it would appear t h a t  t h e  

s t anda rd  accuracy of t h e  camera would o b t a i n .  

I n  t h i s  r e s o l v e d - f l a s h  

These 

I n  any case ,  t h e  p r a c t i c a l  estima- 
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9.10. Conc l u s  ions 

The p r i n c i p a l  conclusion t h a t  may be drawn is t h a t  t he  

photography of t h e  s u n l i g h t - i l l u m i n a t e d  0.6-m sa te l l i t e  a g a i n s t  t h e  

night-sky s te l la r  background by means of t h e  Baker-Nunn camera may 

be expected t o  provide eminently u s e f u l  images on t h e  f i l m  normally 

used. Densi ty  increments i n  the neighbornood of 1.0 above t h e  

night-sky background may be expected,  corresponding t o  exposures 

g r e a t e r  by a f a c t o r  5 than t h e  th re sho ld  d e f i n e d  as producing a 

d e n s i t y  increment of 0.35 + 0.05, a t h r e s h o l d  of 0.8X10 
- 10 2 l m  sec/m , - 

and t h i s  e x p e c t a t i o n  o b t a i n s  f o r  s l a n t  ranges of 2500 km, whether 

t he  photography be of t h e  "steady" r e f l e c t i o n  from t h e  s p h e r i c a l  

s u r f a c e  of t h e  " g l i t t e r "  r e f l e c t i o n  from t h e  o p t i c a l  f l a t s .  It 

has f u r t h e r  been stlown t h a t  t h e  s t anda rd  accuracy of t he  B-N camera, 

1.1 a r c s e c ,  w i l l  o b t a i n  f o r  t he  measurement of t hese  images, i nc lud ing  

the  l o c a t i o n  of t he  c e n t e r  of t he  s o l a r  f l a s h  p a t t e r n ,  u s ing  e a s i l y -  

implemented and p r a c t i c a l  e s t i m a t i o n  procedures.  
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10.1. Damping Mechanics of P recess ing  Body 

The demands on a gyro s p i n  a x i s  readout  system based on a 

p r e f e r r e d  moment of i n e r t i a  a x i s  are s i m p l i f i e d  i f  t h e  gyro symmetry 

a x i s ,  g 3 ,  angu la r  momentum vec to r  h and ins tan taneous  s p i n  axis u, are 

c o l i n e a r .  

f r e e  f a l l ,  t hese  t h r e e  axes  w i l l  n o t  be c o l i n e a r  as shown i n  F i g .  10.1, 

I n  g e n e r a l ,  when a sp inn ing  gyro  is  suddenly r e l e a s e d  i n  

r e s u l t i n g  i n  a to rque - f r ee  motion of t he  gyro about  C t s  angu la r  

momentum v e c t o r .  Even i f  t hese  axes were c o l i n e a r ,  a n  environmental  
1 

d i s tu rbance  such as a micrometeori te  c o l l i s i o n  could  cause c r a t e r i n g ,  

thereby  s h i f t i n g  the  symmetry axis w i t h  r e s p e c t  t o  t h e  angu la r  

momentum a x i s ,  r e s u l t i n g  i n  a to rque - f r ee  motion. Fo r  an a x i a l l y  2 

symmetric gyro t h i s  motion is  a s t eady  p recess ion  of i t s  ins tan taneous  

s p i n  a x i s  g and symmetry axis w 

as shown i n  F i g .  10.2 from t h e  p o i n t  of view of an  observer  f i x e d  i n  

about  i t s  angu la r  momentum axis h, -3 

i n e r t i a l  space .  I n  t h i s  f i g u r e  t h e  o u t e r  cone (body cone) ,  whose 

a x i s  is w r o l l s  w i thou t  s l i p p i n g  on t h e  inne r  cone (space cone) ,  

whose a x i s  is  h,  and t h e  l i n e  of i n t e r s e c t i o n  i s  t h e  ins tan taneous  

s p i n  a x i s  g. This  p recess ion  of t he  symmetry axis w 

cates t h e  readout  problem; consequent ly ,  a damping mechanism which 

a l i g n s  t h e  t h r e e  axes w i t h i n  a reasonable  t i m e  i s  r equ i r ed .  This  

-3 ' 

about  - h compli- -3 

r e p o r t  ana lyzes  a pass ive  damping scheme i n  which energy is d i s s i p a t e d  
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10 

by v i r t u e  of c y c l i c  s t r a i n s  i n  t h e  gyro  body caused by i t s  torque-  

f r e e  p r e c e ~ s i o n . ~  

s o l i d ,  s p h e r i c a l  i n  shape excep t  f o r  t w o  d i a m e t r i c a l l y  oppos i t e  f l a t s ,  

which g ive  a p r e f e r r e d  moment-of-inertia C ( p o l a r ) .  The moment of 

The gy ro  w i l l  be cons idered  a n  a x i a l l y  symmetric 

i n e r t i a  about  t h e  perpendicular  a x i s  is A .  The case  f o r  a t h i n ,  

s p h e r i c a l  s h e l l  has been analyzed.  4 ,4a  

The a n a l y s i s  of t h e  combined e f f e c t s  of g r a v i t y  g r a d i e n t ,  

c e n t r i f u g a l  d i s t o r t i o n  and t h e  s ta t i s t ics  of micrometeori te  c r a t e r i n g  

l eads  t o  an optimum gyro  diameter  of about  one f o o t .  For  a gyro  of 

t h i s  d iameter  t he  a n a l y s i s  of micrometeori te  c r a t e r i n g  g ives  a 

r e l a t i o n s h i p  between t h e  number of h i t s  per  y e a r ,  each  of which 

5 

6 

could  cause a n  angular  d i s tu rbance  of 0 .6  arc sec pe r  yea r ,  versus  

( C - A ) / C .  For  one h i t  per  year  t h e  r a t i o  (C-A)/C M .01. Assuming a 

Poisson d i s t r i b u t i o n  f o r  t h e  me teo r i t e  f l u x ,  t h i s  g ives  a p r o b a b i l i t y  

of 0 .92 f o r  having one month of und i s tu rbed  d a t a .  It is  important ,  

then ,  t h a t  t h e  damping t i m e  be q u i t e  smaller than  one month i n  o rde r  

t o  s e p a r a t e  t h e  e f f e c t s  of such 

t i o n  d a t a .  

The q u a n t i t i e s  g3, h, 
1 ang les  0 and a! are related by 

t a n  0 

c r a t e r i n g  from t h e  s p i n  a x i s  o r i e n t a -  

”i 
‘i 

and i n  F i g .  10.1 are coplaner ,  and t h e  
i 

AB 
I 

- -  - A t a n  a! 
C 

s o  t h a t  i f  A = C y  t hen  h and g become c o l i n e a r  and w l o ses  i t s  s i g n i -  

f i c a n c e .  For  (C-A)/C = .01  the  angle  E between h and 2 w i l l  be small 

-3 
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------ 

Figure  10.1. 

General  R e l a t i o n s h i p  of Angular Momentum, Symmetry 
and Ins t an taneous  Sp in  Axes of A x i a l l y  Symmetric Gyro. 
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Figure  10.2. 

Body and Space Cones of Ax ia l ly  Symmetric 
Gyro i n  Torque-Free Precess ion .  

R R - 2 2 9  
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and i s  given approximately as E w [ (C-A)/C] t an  a. 

CY = 0.4  degrees ,  E w 14 a r c  s e c .  During i n i t i a l  gyro spinup a t t empt s  

w i l l  be made t o  keep a as small as p o s s i b l e  , b u t  t h e r e  w i l l  be some 

misalignment e r r o r .  The maximum al lowable e r r o r  is  determined by 

t h e  t o l e r a n c e  w i t h i n  which t h e  s a t e l l i t e  s p i n  a x i s  must l i e  i n  i t s  

o r b i t a l  p l ane ,  which i s  of t he  o rde r  of 0 .4  degrees f o r  the p r e s e n t  

For example, i f  

gyro parameters .  This  means t h a t  w must -3 

t h e  gyro body 

For 

p recess  about  

given by 
1 

t o  b e t t e r  than 0.4  degrees .  

a x i a l l y  symmetric bodies  the  

be known w i t h  r e s p e c t  t o  

rate Y a t  which w and -3 

- h f o r  the case  of f r e e  p recess ion  ( ze ro  torque)  i s  

where 8 i s  the  angle  between w and - h.  

r e f e r r e d  t o  as the  e l a s t i c  v i b r a t i n g  frequency) i s  t h e  angu la r  ra te  

a t  which the  vec to r  moves about  t he  body as viewed by an observer  

The q u a n t i t y  i, ( la ter  -3 

s t a t i o n e d  on t h e  body. Therefore ,  i f  t h e  sp inn ing  body is  c e n t r i -  

f u g a l l y  d i s t o r t e d ,  an observer  s t a t i o n e d  along w w i l l  see t h e  body 

undergo p e r i o d i c  deformation a t  a fundamental ra te  Q, corresponding 

t o  the  r o t a t i o n  rate of t h e  2 vec to r  about  t he  obse rve r .  

shown r i g o r o u s l y  i n  S e c t i o n  3 .  Equation (1-2) can be r e w r i t t e n  w i t h  

the  a i d  of F i g .  10.3, which shows the geometr ical  r e l a t i o n  of t h e  involved 

-3 

This  is  
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q u a n t i t i e s .  S ince  w = 9 + #/case e l i m i n a t i n g  9 g ives  
0 

A-C + - case A o  (1-3)  

where w is t h e  i n i t i a l  gyro  s a t e l l i t e  angu la r  v e l o c i t y .  
-0 

The p e r i o d i c  deformation of an  a n e l a s t i c  body g ives  rise t o  

a rate of energy d i s s i p a t i o n  which, among o the r  t h i n g s ,  depends upon 

t h e  f r a c t i o n  of t he  e l a s t i c  energy which is d i s s i p a t e d  i n  each  

deformation o r  s t r a i n  cyc le .3  This  f r a c t i o n ,  y ,  i s  c a l l e d  t h e  

h y s t e r e t i c  damping f a c t o r ,  and is  a measure of t h e  i n t e r n a l  f r i c t i o n  

of t h e  a n e l a s t i c  body. M e t a l l u r g i s t s  who measure i n t e r n a l  f r i c t i o n  

u s u a l l y  s t a t e  r e s u l t s  i n  terms of l oga r i thmic  decrement D ,  q u a l i t y  

f a c t o r  Q ,  o r  angle  6 by which s t r a i n  l a g s  ~ t r e s s . ~  

decrement is  t h e  logar i thm t o  t h e  base e of two success ive  ampl i tudes  

of a f r e e l y  o s c i l l a t i n g  body. The va r ious  f a c t o r s  which measure 

i n t e r n a l  f r i c t i o n  are r e l a t e d  as fo l lows ,  f o r  Q > 10: 

The loga r i thmic  

( 1 - 4 )  

The e f f e c t  of i n t e r n a l  energy d i s s i p a t i o n  i s  t o  decrease  

t h e  ang le  8 between t h e  symmetry axis w and h, which i s  shown as 

fo l lows .  The k i n e t i c  energy T of t h e  a x i a l l y  symmetric body i n  

F i g .  10.1 can be w r i t t e n  as 

-3 

1 
t 

I 
i?. 

i 

i 

2 1 2  T = 5 1 A(w1 2 + w2 ) + cw3 - (1-5) 
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Figure 10 .3 .  

Angular Velocity Relationships of Axially-Symmetric 
Gyro i n  Torque-Free Precession. 
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- h iAwl + jAw2 + kCw3 

2 2 2 2  - -  h - h  = h2 = A (w12 + w2 ) + C w3 . 

383 

- 

Mult ip ly  E q .  (1-5) by 2A and s u b t r a c t  from Eq. (1-6) t o  g e t  

2 h2 - 2AT = C(C-A)w3 . 
Since  Cw = Cw cos0 = hcos0, s o l v i n g  3 0 

f o r  T g ives  

For  a f i n i t e  d i s s i p a t i o n ,  w i t h  c o n s t a n t  h, t h e  time rate of 

change of k i n e t i c  energy is  

T * = - h2 (y) case s i n e  I,. 
A (1-7) 

For the case C > A ,  and f o r  a nega t ive  va lue  of 9 (energy 

d i s s  i p a t  ion) d8 / d t  i s  nega t ive  ; t h e r e f  o r e ,  8 dec reases .  

It is  shown la ter  t h a t  t h e  t o t a l  gyro  e l a s t i c  s t r a i n  energy 

can be c l a s s i f i e d  i n t o  two p a r t s .  The f i r s t  p a r t  is independent of 

and is r ep resen ted  as a dc o r  c o n s t a n t  term. S t r i c t l y  speaking,  

i t  is  dependent upon 8 and 6 and hence s lowly changing w i t h  t i m e ,  b u t  

t h i s  change is  n e g l i g i b l e  compared wi th  t h e  second p a r t .  

p a r t  of t he  e l a s t i c  s t r a i n  energy v a r i e s  w i t h  t i m e  a t  a ra te  #,  and 

The second 
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10 

a l l  h ighe r  harmonics of 6 up t o  t h e  f o u r t h .  

p a r t  which is  r e s p o n s i b l e  f o r  t he  h y s t e r e t i c  damping of p recess ion .  

I f  we c a l l  W t h a t  p o r t i o n  of t h e  gyro e l a s t i c  s t r a i n  energy p e r  c y c l e  

of stress (whose fundamental  f requency is (b), t hen  t h e  f r a c t i o n  of 

t h i s  energy which is d i s s i p a t e d  pe r  cyc le  of stress is yW and t h e  

ra te  of d i s s i p a t i o n  is  yW$/2rr. This  must be e q u a l  t o  the  rate of 

dec rease  i n  k i n e t i c  energy T as g iven  by Eq. (1-7). We then have 

It is t h i s  time vary ing  

S u b s t i t u t i n g  from Eq. ( 1 - 3 ) ,  l e t t i n g  h = CW and s o l v i n g  
0 

f o r  8 , one ob ta ins  

Sec t ions  2 and 3 d e s c r i b e  t h e  method of de te rmining  W f o r  

a s o l i d ,  s p h e r i c a l  body w i t h  p r e f e r r e d  moment-of - i n e r t i a  a x i s  C y  such 

t h a t  C / A m  1.01. There i t  w i l l  be shown t h a t  W is  a f u n c t i o n  of gyro  

r a d i u s  a ,  gyro  material, s p i n  speed w and ang le  8 as i n  t h e  fo l lowing  

equa t ion  f o r  small va lues  of 8. 

0 

2 2 4a7e2 
4= P UIo 

E W =  r (1-9) 
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where I' i s  a d imens ionless  q u a n t i t y  which is a f u n c t i o n  of gyro  

geometry and material. S u b s t i t u t i n g  t h i s  i n t o  Eq. (1-8), w i t h  s in0  w 0 

2 5 and C % (2/5)Ma = (8/15)rra p g ives  

3 2  ypwo a r0 . 15 8 E -  
4 E  

(1- lo )  

The s o l u t i o n  of (1-10) f o r  t h e  damping t i m e  t f o r  an i n i t i a l  

angle  8 and a f i n a l  ang le  0 is  
i f 

4 E  

15 ypwO3a2 I? 
t =  ( 1- 11) 

It remains t o  determine r ,  which is obta ined  from t h e  s t r a i n  

energy W f o r  a r o t a t i n g  s o l i d  sphere  i n  to rque - f r ee  p recess ion .  

10.2. I n e r t i a  Force F i e l d  

Consider  a s o l i d  sphere  r o t a t i n g  about  an  ins tan taneous  

a x i s  u, as i n  F i g .  10.3. The ins tan taneous  a x i s  of r o t a t i o n  u, is 

misal igned w i t h  the  angu la r  momentum vec to r  h due t o  some d i s tu rbance  

which has  a l s o  s h i f t e d  the  symmetry a x i s  w 

by a small angle  8 accord ing  t o  Eq. (1-1). I f  0 is  assumed t o  be 

small i n  comparison w i t h  t h e  s p i n  v e l o c i t y  4 and the  p recess ion  9, 

from t h e  momentum axis h 
-3 
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then  t h e  angu la r  v e l o c i t y  E can be w r i t t e n  as 

10 

where 0 , Y ,  @ are Euler ang le s  d e f i n i n g  t h e  o r i e n t a t i o n  of t h e  body 

axes x , y , z  w i t h  r e s p e c t  t o  t h e  space  axes X,Y,Z as shown i n  F i g .  10.4 

and i, j ,  k are u n i t  v e c t o r s  a long  t h e  axes  x , y , z  r e s p e c t i v e l y .  
h h h  

The angular  a c c e l e r a t i o n  & i s  * 

c i , = - + g x g .  aw 
- a t  

Assuming t h a t  8 , @ , and Y are c o n s t a n t ,  

S u b s t i t u t i n g  (2-1) and (2-2) i n t o  t h e  equa t ion  f o r  l i n e a r  

a c c e l e r a t i o n  

and no t ing  t h e  fo l lowing  approximations 1 , 3  
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Z 

A 
RR - 230 

Figure  10.4, 

S a t e l l i t e  Gyro Coordinates  
wi th  Respect t o  an I n e r t i a l  Frame. 
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2’‘ (cos2e + - c2 s i n  2 @sin’@) + y (5) 2 2  s i n  Qsinqjcosg 

A2 
- a = wol l -x  

389 

1 + z - C s i n e c o s e s i M  + z ( - i): sinecosesing) 
A 

2 C c2 2 + w ~ [ x  sinecosecosg) + y - s i n e c o s e s i q j  - z - s i n  e 
A A2 0 

Under t h e  assumption t h a t  0 is  n e g l i g i b l e  compared w i t h  3 
and u!, t h e  on ly  t ime-varying q u a n t i t y  i n  (2-5)  i s  g) = it and the  

i n e r t i a  f o r c e  v a r i e s  harmonical ly  a t  a rate $ and 2;6 as can be seen 

from t h e  above equa t ion .  

I f  it is  

homogeneous sphere  

above a c c e l e r a t i o n  

a = iiu2[-x(cos 2 e + 
0 - 

assumed t h a t  t h e  body can be approximated by a 

s o  t h a t  t h e  r a t i o  - is  e q u a l  t o  u n i t y ,  then  t h e  

becomes 

s i n  Bs in  g)) + y s i n  Bsin$cosg) + z sinecosecosg) 

c 
A 

2 2 2 

(2-6) 
1 2 2 2 2 + j w 0  x s i n  Bsit@cosg) -  COS 8 + s i n  Bcos @ ) + z  sinecosesing) 

+ %w x sinecosecosg) + y s i n e c o s e s i g  - z s i n  e ]  . 

’[ 

2[ 0 
2 
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The problem is  now reduced t o  f i n d i n g  t h e  displacement f i e l d  i n  a 

sphere s u b j e c t e d  t o  an  i n e r t i a  f o r c e  E = -p a. 

10 

t h a t  ca se  t h e  problem becomes axisymmetric bu t  such a symmetry is  

l o s t  when the  body f o r c e  f i e l d  is  t h a t  due t o  a c c e l e r a t i o n  (2-6) 

A g e n e r a l  method of s o l u t i o n  f o r  a sphere s u b j e c t e d  t o  body 

8 
f o r c e  w a s  given by Chree who, as a n  example, has worked o u t  t h e  

displacement f i e l d  of a sphere r o t a t i n g  about a d i a m e t r i c  axis.  I n  

which t akes  i n t o  account t h e  in f luence  of p recess ion  of t h e  s p i n  

a x i s .  I n  t h e  fol lowing,  a b r i e f  account  of Chree ' s  method and i t s  

a p p l i c a t i o n  t o  t h e  p re sen t  non-axisymmetric c a s e  w i l l  be given. 

10.3. Displacement F i e l d  i n  a Sphere Subjected t o  I n e r t i a  Force 

Chree ' s  method mentioned above is  e s s e n t i a l l y  based on t h e  

e x i s t e n c e  of a body f o r c e  p o t e n t i a l  which is  expanded i n  s p h e r i c a l  

harmonics. Consider Navier ' s  equa t ion  of e q u i l i b r i u m  

where X and p are Lame's  c o n s t a n t s ,  2 is the  displacement  and E is 

t h e  i n e r t i a  f o r c e  per  u n i t  mass due t o  t h e  a c c e l e r a t i o n  a(= - g / p )  

expressed by (2-6) .  This  may be w r i t t e n  i n  i n d i c i a 1  n o t a t i o n  as 
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, i 5 1 , 2 , 3  *ar any f u n c t i o n  P - a p  
"i - ax, - -  A 5 V '2 i s  t h e  d i l a t a t i o n ,  

J. 

and the t r i a d  x ,y , z  becomes x l,x2 ,x3. 

from p o t e n t i a l s  V (an ~1 o r d e r  s p h e r i c a l  harmonic) and i ,  r e s p e c t i v e l y ,  

such  t h a t  

I f  F . and u .  are d e r i v a b l e  
1 1 

t h  
n 

391 

Fi  = F n, i 

(3-2) 
u = c ,  i i 

then  (3- 1) becomes 

('*)@'kk + pvn = * 

Because of t h e  i d e n t i t y  

m m- 2 
'n ( I  Vn)¶kk  = m(m + 2n + 1 ) r  

where m and n are p o s i t i v e  i n t e g e r s ,  E q .  (3-4) i s  s a t i s f i e d  by 

P 2 
'n 

@ = -  

2 ( I+&)  (2n+3) 

(3  -3 1 

(3-4) 

The d isp lacement  f i e l d  corresponding t o  t h i s  c i s ,  from 

(3-6) and (3-3) ,  

(3-5) 

2(1+2p) (2n+3) 
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which is accompanied by a s u r f a c e  t r a c t i o n  

10 

- PPJ - -  
Ti ivn (3-7) I 

a c r o s s  any s p h e r i c a l  surface r = c o n s t a n t .  I f  a body i s  bounded by 

the s u r f a c e  r = a where t h e  s u r f a c e  t r a c t i o n  i s  ze ro ,  t h e  displacement  

u is  determined by adding t o  ( 3 - 6 )  t h e  displacements  corresponding 

t o  w- and @- type  so lu t ions . '  

i 

Th i s  y i e l d s  s u r f a c e  t r a c t i o n s  

( 3 - 8 )  

nh + ( 3 n + 1 ) ~  
(n+3)h + (n+5)p 

CY = -2 
n 

and 

r e s p e c t i v e l y ,  where, i n  t h i s  ca se ,  w and m n  are t o  be taken  as n 

u) = pBIVn n 

B n  = p B  V 2 n '  
(3-10) 
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2 For  the  case T = 0 on r = a ,  these  c o n s t a n t s  B and B i 1 

are g iven  by 

{(2n+3)h + (2n+2)p,} {(n+3)h + (n+S)p} 
- (3-11) Bl - 2(2n+3) (h+2p,)p, { (2n 2 +4n+3)h +2(n2+n+l)p} 

- c J 

B2 - 2(n-l)p, { (2n2+4&3)h + 2(n2+n+1)p,} 

where n is  t h e  o rde r  of t h e  s p h e r i c a l  harmonic, V n 

It can be shown e a s i l y  t h a t  t h e  i n e r t i a  f o r c e  f i e l d  due t o  

(2-6) i s  d e r i v a b l e  from t h e  p o t e n t i a l  

(3-12) 2 V = r V  + V  2 0 

" i  
1 
2" 

where V and V are s p h e r i c a l  harmonics of z e r o t h  and second o rde r  
0 2 

2 
TJ = -  

0 3  

given by 
w 

0 and 
9 
L 

2 2 2 2 W 
( 3 c O S  8 + 3 s i n  @ s i n  @ -2)x 0 = -  

v2 6 
2 

2 2 2  2 w 
0 + - (3cos 8 + 3 s i n  Bcos @ -2)y 6 

2 
2 2 u) 

0 + - ( 3 s i n  0 - 2)z + 6 
2 - w s i n  esingjcosG xy 

- w sin8cosesin@yz 

- w sinecosecos@xz.  

0 

2 
0 

0 

(3-13a) 

(3-13b) 
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It is i n t e r e s t i n g  t o  note  that  t h e  p o t e n t i a l  given by 

(3-12) and (3-13) reduces ,  as it should ,  t o  t h a t  of a sp inning  sphere  

given by Chree when t h e  misalignment 8 is  s e t  t o  z e r o .  8 

By s u b s t i t u t i n g  (3-12) i n t o  (3-6) and superpos ing  t h e  

displacements  due t o  w - and @n- type  p o t e n t i a l s  g iven  by (3-10) and 

(3-11) t o  ensu re  t h e  s a t i s f a c t i o n  of t h e  boundary cond i t ion  on r = a ,  

a f t e r  cons ide rab le  amount of a lgeb ra ,  one ob ta ins  t h e  fo l lowing  

n 

express  ions f o r  t he  components of t h e  d isp lacement .  

2 2  
P wo a (5A+%) 2B2 2 
15(1+2p)(3h+2y) 3 wo B2Wo 

- -  

1 2 ] - [B2wo s i n e  case cos6 z - [B2wo s i n  e s in@ cos6 y 
2 2 

w 
0 

L 
2 2  M} wo cos 0 + { B 1 - ~ L - ~  1 B1 

+ { B ~  - 7 L - TM} wo s i n  e s i n  1 B1 2 2  

+ [- B l + & L ]  

+ [- B l + & L ]  

L - t  
+ [- B1 + 14 

+ [- B1 +14 L - t  

I 

2 3 w s i n  8 si* cos6 y 
0 

3 
iu s i n e  case cos$ z 
0 

BIM] wo2 s i n  2 0 s i@ cos@ x 2 y 

+ { - $ B l + z L + -  1 Bl 
3 

c 
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1 B1 2 2  + {B1 - 7 L - j- M} wo cos 8 1 2 2  - { 14 L} wo s i n  0 

B1 2 2  2 s i n  e cos qj + { B ~  - 2 M} w 0 

L 
Y X  

+ [- B1 + & L ]  wo 2 s i n  2 e case cos@ y 2 z 

2 l  1 2 2  
+ { B ~  - 14 L} w s i n  e s i n  qj z x 

0 

+ [- B~ + 14 1 L] wo 2 s i n  2 e si@ cos@ z 2 y 

395 

2 + [+ L + Bl M] wo s i n e  cos8 s in@ XYZ. (3-14a) 

2 2  u2 = -B w s i n  8 si@ cos@ x 2 0  

2 2 2 } w + ~~w~ cos e 3 B2 + 15(1+2p)(3h+2p) o 
P aL(5h+@) 

L 

1 
2 

2 0  
2 2  + ~~w~ s i n  8 cos @ y - B w s in0  cos@ s i n g  z 

+ [- B1 + 14 L ] wo 2 2  s i n  e s i n g  cos@ x 3 

2 3 w s i n e  cos0 s in@ z 
0 
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B + - L + -  1 B1 M} wo 2 + {Bl - 7 1 L - - B1 M} wo 2 2  cos 0 3 2 3 1 35 

1 2 2  
- i Z L w O  s i n  0 

wo2 s i n e  case si* x 2 z 

L + B1 M] w s i n  2 8 si@ cos@ y 2 x 
+ C - B 1  + 14 0 

3 L + B1 M] wo 2 s i n e  cos0 sin@ y 2 z 
+ C-B1 + 14 

+ [-B1 + 14 L ] W0 s i n  2 0 s i 4  cos@ z 2 x 

+ [+ L + B1 M] wo 2 s i n 0  cos8 cos@ xyz. 

u = -B w 2 s i n 0  cos0 cos@ x - B w 2 s i n 0  cos0 si@ y 
3 2 0  2 0  

10 

(3-14b) 

+[{ > 15(h+2p,)(3h+&) } w o - B2wo 
p a2(5h+6M) 
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1 2 s i n e  case cos0 x 3 + [ - B ~  + 14 1 L] x 
+ [ -B1 + 14 L I  wo 

3 s i n e  case s i n 0  y 
*O 

397 

1 2 2 + [- B1 + 14 L] wo s i n e  case s i n 0  x y 

B1 2 B1 2 2 + [r > - L + - 3 M} Wo - {B1 + 2 M} wo cos  8 

i I 

1 2 + B~ + - L] wo2 s i n e  case cos6 y x [ 14 

B1 2 B1 2 + [{ > - 6 L - 3 M} wo - {B1 + 2 M} w: cos 0 

2 2  - { + L + -  B1 2 M} wo s i n  e cos  

+ [-B1 + 14 3 L + B1 M] u) 2 s i n e  cos0 cos6 z 2 x 
0 

+ [-Bl + 14 3 L + B1 M] w 2 s i n e  cos8 s i n 0  z 2 y 
0 

2 
+ [ L + B1 M] wo s i n e  s i@ cos@ xyz.  ( 3 - 1 4 ~ )  
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1 
h + 2pJ L =  

4h + 14p 
51 + 71.1 M =  

Terms i n  t h e s e  components of displacement  can 

i n t o  t h r e e  c a t e g o r i e s ,  t h e  f i r s t  group be ing  t h e  s t e a d y  

10 

(3-15) 

be c lass i f  ied 

p a r t  which 

does n o t  depend on qj a t  a l l ,  t h e  second those  which vary w i t h  t i m e  a t  

a r a t e  4, and l a s t l y  those  which p u i s a t e  a t  a ra te  2$. The las t  two 

c a t e g o r i e s  which vary w i t h  t i m e  are r e spons ib l e  f o t  t h e  h y s t e r e t i c  i 
1 

damping of p recess ion .  

10.4. E l a s t i c  S t r a i n  Energy of S o l i d  Sphere 

The t i m e  vary ing  p a r t  of t h e  e las t ic  s t r a i n  energy can be 

computed by f i r s t  t a k i n g  one h a l f  t h e  d o t  product  of t h e  f o r c e  f i e l d  

-pa, where 2 is given by (2-6), and t h e  d isp lacement  f i e l d  2, g iven  

by (3-15) , t o  g ive  t h e  s t r a i n  energy d e n s i t y  

1 W' = ?(-pai)ui 

and then  dropping a l l  the s t eady  terms which 

W' such t h a t  

( 4 -  1) 

are independent of q j .  

The amount of a l t e r n a t i n g  s t r a i n  energy W per  c y c l e  of p recess ion  is  

, 

1 
3 

2Tr 

w = J  J w' m d@J 

o n  
( 4 - 2 )  
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where S2 is  t h e  volume of t h e  sphe re .  By s u b s t i t u t i n g  (2-6) and 

(3-14) i n t o  (4-1) and (4 -2 ) ,  and dropping terms of t h e  o rde r  of 

s i n  0 i n  comparison w i t h  those p r o p o r t i o n a l  t o  s i n  0 ,  it i s  n o t  ha rd ,  

a l though t e d i u s  , t o  o b t a i n  

4 2 

B M} (4-3) 
2 2 4a782 20 9 w = 4Tr p Wo 630 1 { 2 63 1 980 - -  + - B  - -  

5a 

as the  fundamental component of t h e  a l t e r n a t i n g  p a r t  of e l a s t i c  s t r a i n  

energy pe r  u n i t  cyc le  of p recess ion .  Designat ing the  q u a n t i t y  w i t h i n  

b racke t s  as r ' , one has 

B M. 9 
2 63 980 630 1 

20B 
= -  B2 + - - - L - -  

5a 
(4-4) 

Equat ion (4-4) may be s i m p l i f i e d  by f i r s t  s u b s t i t u t i n g  

2 h and IJI i n t o  the  expres s ions  f o r  L and M of (3-15) and Bl and B 

(3-11) ,  t o  g e t  

of 

(l+v) (1-2v) 
L =  

E ( 1-V) 

and 

- -(3+v) (7-4v) ( l+v)  
B1 - 7E ( 1-V) ( 7 + 5 ~ )  
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n 

- (3+2v) ( l+v)aL 
B2 - E (7+5v) 

f o r  n = 2.  

These va lues  of L ,  M ,  B and B are s u b s t i t u t e d  i n t o  (4-4) 
1 2 

t o  g e t  

9 ( 1 - 2 ~ )  (3Jrv)(7-4~ r '  = -  '2 { 5:;Zv) - 980(1-v) (l-v)(7+5v; 

(4-5) r = -  
E 

which is now on ly  i n  terms of Po i s son ' s  r a t i o  v and Young's modulus E .  

Equat ion  (4-3) may be r e w r i t t e n  as 

2 2 4a7e2 
E w = 4n p Wo 

where I? i s  a f u n c t i o n  of v only .  This  va lue  of r ,  s u b s t i t u t e d  i n  

(1-11) determines t h e  damping t i m e  t f o r  a g iven  gyro.  
L 

10.5.  Numerical C a l c u l a t i o n s  

The expres s ion  f o r  damping t i m e  (1-11) may be r e w r i t t e n  i n  

t h e  form 
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From e l a s t i c i t y  theo ry ,  t h e  maximum stress a t  t h e  c e n t e r  of a s o l i d ,  

sp inn ing  sphere  is approximately g iven  by 8 

max (5-2) 

2 2  
where v is  Po i s son ' s  r a t i o .  Hence, t h e  term pw a i n  t h e  denominator 

of (5-1) is p r o p o r t i o n a l  t o  the  maximum a l lowable  stress f o r  t he  

s e l e c t e d  gyro  material. S ince  t h e  op t imiza t ion  s tudy  r e f e r r e d  t o  i n  

S e c t i o n  1 f i x e s  the  va lue  of a t o  be approximately s i x  inches ,  w f o r  

a given material  fo l lows  from equa t ion  (5-2),  g iv ing  due al lowance 

f o r  a s a f e t y  f a c t o r .  

0 

0 

Volume e l e c t r i c a l  res is t i v i t y  requirements  s e v e r e l y  r e s t r i c t  

t h e  choice  of materials t o  those  between t h e  good conductors  

(p > lo3 ohm c m )  and good i n s u l a t o r s  (p < 10 

germanium, s i l i c o n  and t i t a n i u m  d iox ide ,  when p rope r ly  doped, and 

c e r t a i n  g l a s s e s  are among those  which appear  t o  s a t i s f y  t h e  e l ec t r i ca l  

r e s i s t i v i t y  requi rements .  A t  p r e s e n t ,  t h e  h y s t e r e t i c  damping f a c t o r  

y has been obta ined  on ly  f o r  c e r t a i n  g l a s s e s .  Among o t h e r  t h i n g s ,  

1/Q is a f u n c t i o n  of t h e  e l a s t i c  v i b r a t i n g  frequency 6 given by 

equa t ion  ( 1 - 3 ) .  P r e s e n t  gyro  parameters  i n d i c a t e  a v i b r a t i o n  f r e -  

10 ohm cm). The materials 

quency of about  1 t o  3 cps .  F o r t u n a t e l y ,  g l a s s  

f o r  l/Q(= y/2rr) of about  4 X i n  t h i s  range 

a t  room temperature .  This  makes i t  a promising 

material. 

has  a maximum value  

of f r equenc ie s  

h igh  damping f a c t o r  

7 , 1 1  

v 

i 
I 
J 
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10 

I n  o rde r  t o  determine experimental ly  the  approximate value 

t h i n  g l a s s  d i s k s  were spun t o  the  b u r s t i n g  p o i n t  i n  a motor- 
Of Omax , 
d r i v e n  t e s t  f i x t u r e .  For  such d i s k s ,  t h e  maximum stress is  a l s o  a t  

t h e  c e n t e r  and i s ,  t o  good approximation 

(5-3) 

For  g l a s s ,  v M 0.16 so  t h a t  t h e  bracketed f a c t o r s  i n  (5-2) 

and (5-3) become 0.425 and 0.395 f o r  t h e  sphere and d i s k ,  r e s p e c t i v e l y .  

Hence, t he  maximum s t r e s s e s  are n e a r l y  t h e  same f o r  i d e n t i c a l  

materials, d i ame te r s ,  and s p i n  speed, t h e r e f o r e  j u s t i f y i n g  the  use of 

d i s k s  f o r  t h i s  t e s t .  These t e s t s  i n d i c a t e d  an upper value of w of 
0 

about  630 r a d / s e c  f o r  p l a t e  g l a s s ,  w i th  an  adequate s a f e t y  f a c t o r .  

For C I A  = 1.01 and 9 of t h e  o rde r  of h a l f  degree,  t he  e l a s t i c  

v i b r a t i n g  frequency 4 i s  about  one cps ,  as seen from equa t ion  (1-3). 

Using g l a s s  as t h e  gyro material, t h e  fol lowing parameters 

have been determined: 
t 

Y = - =  2rr -025 Q 

3 2 p = 2.5 X 10 kgrhlm 

= 630 r ad / sec  
wO 
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a = 7 .5  cm = .075 m 

0 = 0.1 arc sec f 

8 .  = 0 .5  degree 
1 

2 E = 7 x 10" newtons/m 

v = 0.16 

I 

I 

The value of I' from equa t ion  (4 -5)  becomes r = -0.071. 

S u b s t i t u t i n g  t h i s  and the above values  i n t o  equa t ion  (1-11) , t h e  

damping time t becomes 8 . 2  h r s ,  a reasonable  t i m e .  

403 

10.6. Conc lu s  ion 

Using g l a s s  as a p o s s i b l e  gyro material ,  t he  passive 

damping method f o r  a l i g n i n g  the gyro in s t an taneous  s p i n  a x i s ,  angular  

momentum a x i s  and symmetry a x i s  has been shown t o  be f e a s i b l e ,  

r e q u i r i n g  about  8% hours t o  damp from 0 = 0.5 degree t o  0 = 0.1  a r c  s e c .  

The damping t i m e  c o n s t a n t  T = 0.83 hours .  This value of damping t i m e  

is probably r e q u i r e d  only du r ing  the i n i t i a l  gyro s p i n  up. The 

s t a t i s t i c s  of micrometeori te  c o l l i s i o n s  w i t h  t h i s  gyro show t h a t  

t h e r e  w i l l  be a p r o b a b i l i t y  of 0 .92 f o r  no c o l l i s i o n s  w i t h i n  the pe r iod  

of one month which could cause an angular  d i s t u r b a n c e  of 0 .6  a r c  s e c  

per  y e a r .  The e f f e c t  of such a c o l l i s i o n ,  however, would r e q u i r e  only 

(0.83) (1.8) = 1.5 hours ,  a reasonable  t i m e .  
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One of t h e  s i m p l e s t  and most r e l i a b l e  types  of s p a c e c r a f t  

c o n t r o l  systems c o n s i s t s  of a cold-gas  exhaus t ion  through a nozz le  

from a c o n s t a n t  volume supply .  Th i s  type  of system has  been used 

i n  t h e  p a s t  and is be ing  cons idered  f o r  use i n  b r i n g i n g  t h e  gyro 

s a t e l l i t e  up t o  the  r e q u i r e d  s p i n  v e l o c i t y  of abou t  100 r e v o l u t i o n s  

per  second. Fo r  t h i s  a p p l i c a t i o n  t h e  use of a n  i n e r t  gas  i n  t h e  

system w i l l  e l i m i n a t e  t h e  p o s s i b i l i t y  of contaminat ion of t h e  

s a t e l l i t e  gyro o p t i c a l  s u r f a c e s .  This  i n v e s t i g a t i o n  determines the 

t h e o r e t i c a l  performance of t h e  system under  quas i - s t eady  f low 

assumptions and compares t h e  t h e o r e t i c a l  p r e d i c t i o n s  w i t h  expe r i -  

mental  r e s u l t s .  

I n  o rde r  t o  d e r i v e  expres s ions  f o r  t h e  t i m e  dependence of 

t h e  supply parameters ,  t h e  c o n t i n u i t y  equa t ion  must be used t o  

re la te  t h e  supply parameters  t o  the  rate a t  which gas  is  f lowing  from 

t h e  supply  v e s s e l .  Fo r  t h i s  case, 

6 = - - d ( m ( t )  ) 
d t  

where m(t)  is t h e  mass i n  t h e  supp ly  a t  any t i m e  t .  It i s  known from 

one dimensional  f low theo ry ,  a p p l i e d  a t  t h e  t h r o a t  of a choked con- 

vergent  nozz le ,  t h a t  

f o r  a p e r f e c t  gas .  
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Under the  assumption of quas i - s t eady  flow, t h e  value of t h e  

weight flow i s  a f u n c t i o n  of t he  instantaneous value of t h e  supply 

p re s su re  and temperature .  Using t h i s  assumption, e q s .  (1) and (2) 

can be combined. 

I n  t h i s  e q u a t i o n ,  P and T a r e  f u n c t i o n s  of time. The s o l u t i o n  of t t 

eq.(3) r e q u i r e s  t h a t  P T and m ( t )  be expressed i n  terms of a 

time dependent v a r i a b l e .  The assumption of i s e n t r o p i c  c o n d i t i o  

t h e  c o n s t a n t  volume supply vessel produces the  fo l lowing  equa t ions :  

t '  t 

In t roduc ing  t h e  n o t a t i o n  

-=(->' Pt 

P t o  0 

m(t> 
m G ( t )  = 
0 

where G is a dimensionless  mass r a t i o ,  e q s .  ( 4 )  and (5) can be re- 

w r i t t e n  as 

and 

( 4 )  

(5) 
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S u b s t i t u t i n g  e q s ,  ( 6 ) ,  (7 ) ,  and (8) i n t o  e q .  ( 3 ) ,  t h e  

fo l lowing  d i f f e r e n t i a l  equa t ion  i s  obta ined  

_.- dG - - -  k G y 
m d t  

0 

where 

(9) 

This  equa t ion  can be so lved  by s e p a r a t i n g  v a r i a b l e s  and i n t e g r a t i n g .  

t -y+l - a t  
- k J o d t = [  m G dG 

0 

The s o l u t i o n  is  

Now, s i n c e  the  t i m e  dependence of G is  e s t a b l i s h e d  i n  equa t ion  (12), 

e q s .  (7)  and (8) can be w r i t t e n  as 

- 2Y 

-2 
y-l t + 13 - 

0 
Tt - Tdo [?- m 

A series of experiments  were conducted t o  check t h e  v a l i d i t y  

of equa t ions  (12), (13)  and (14) .  
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The p res su re  v e s s e l ,  a 7.8 cub ic  f o o t  c y l i n d r i c a l  s t ee l  

tank ,  was f i l l e d  w i t h  n i t r o g e n  t o  an  i n i t i a l  p re s su re  of 80 p s i g ,  

which was r e a d  from a p r e c i s i o n  pneumatic c a l i b r a t o r .  S ince  the  

f i l l i n g  raises t h e  tempera ture  above t h a t  of t h e  sur roundings ,  t i m e  

w a s  al lowed f o r  t h e  gas t o  come t o  equ i l ib r ium w i t h  t h e  surroundings 

and a l l  runs w e r e  conducted from t h e  same i n i t i a l  temperature  and 

p res su re  of 97 F and 8 0  p s i g  r e s p e c t i v e l y .  The i n i t i a l  temperature  

of t h e  gas  w a s  measured u s i n g  a copper-constantan thermocouple. 

temperature  of t h e  r e fe rence  junc t ion ,  which w a s  immersed i n  an  

i ce -ba th ,  was 32 F .  

0 

The 

0 

The tank w a s  a l s o  instrumented w i t h  a lOOpsi d i f f e r e n t i a l  

p re s su re  t r ansduce r .  The t r ansduce r  w a s  f i t t e d  i n t o  a small valve 

which was a t t a c h e d  t o  t h e  tank .  This  allowed t h e  t ransdi icer  t o  be 

detached and atmospheric  r e fe rence  p res su re  t o  be recorded  be fo re  

each  run .  The ou tpu t  from t h e  t r ansduce r  was f e d  i n t o  a r eco rd ing  

o s c i l l o g r a p h .  The o s c i l l o g r a p h  recorded t h e  pressure- t ime h i s t o r y  

on a 5 inch-wide f i l m  s t r i p .  The f i l m  s t r i p  speed was 0.25 inches  

per  second. The va lve  t o  t h e  t r ansduce r  was opened and a second 

r e f e r e n c e  r ead ing  of 8 0  p s i g  w a s  recorded .  S ince  t h e  o s c i l l o g r a p h  

ou tpu t  is l i n e a r ,  two r e f e r e n c e  readings  were s u f f i c i e n t .  

The gas  w a s  then  al lowed t o  d i scha rge  through an ASME 

s t anda rd  long-rad ius  f low nozz le  which had a d i scha rge  c o e f f i c i e n t  

of 0 .99.  A two-inch, quick-opening g a t e  va lve  w a s  a t t a c h e d  t o  t h e  

tank .  The gas  flowed through a two inch d iameter ,  seven inch  long 

11 
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pipe a t  a Mach number of 0.01 upstream of the  nozzle .  

graph w a s  turned on s e v e r a l  seconds be fo re  the  valve w a s  opened t o  

take the  r e fe rence  reading and w a s  l e f t  on s e v e r a l  seconds a f t e r  t h e  

valve w a s  c lo sed  t o  observe the p re s su re  r ise  due t o  the h e a t  

The o s c i l l o -  

t r a n s f e r  i n t o  the  t ank .  

Seven runs were made, w i t h  one of them reco rd ing  t h e  

pressure- t ime h i s t o r y  completely from 80 ps ig  t o  atmospheric p re s su re .  

The o t h e r  six were stopped a f t e r  va r ious  run times and t h e  p re s su re  

and temperature of t h e  remaining gas w a s  measured a f t e r  equ i l ib r ium 

w a s  a g a i n  e s t a b l i s h e d .  From t h i s  d a t a ,  a mass vs .  t i m e  p l o t  w a s  

generated e 

The experimental  d a t a  i s  compared wi th  the  r e s u l t s  of t he  

t h e o r e t i c a l  a n a l y s i s  i n  f i g u r e s  11.1, 11.2 and 11.3. F igu re  11.1 is 

a p l o t  of t he  complete pressure- t ime h i s t o r y ,  w i t h  t h e  t h e o r e t i c a l  

curve p l o t t e d  f o r  t h e  choked p o r t i o n .  Discrepancies  between t h e  two 

curves may be due t o  h e a t  t r a n s f e r  i n t o  the  supply t ank ,  i n c o r r e c t  

va lue  of t h e  ASME s t a n d a r d ,  long-radius  flow nozzle  d i scha rge  

c o e f f i c i e n t  o r  i n c o r r e c t  value f o r  volume of t h e  supply t ank ,  A 

nozzle d i scha rge  c o e f f i c i e n t  of 0.85 gave a b e t t e r  c o r r o b o r a t i o n  

between theo ry  and experiment.  F igu re  11.2 is p l o t  of mass r a t i o  

versus  t i m e  and f i g .  11.3 shows the  v a r i a t i o n  of t h e  p re s su re  r a t i o  

versus  t h e  mass r a t i o .  

The above t h e o r e t i c a l  r e s u l t s  were used on s p h e r i c a l  and 

t o r o i d a l  supply v e s s e l s  i n  some prel iminary d i g i t a l  computer s t u d i e s  
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t o  i n v e s t i g a t e  whether r e q u i r e d  gyro spin-up rates could be achieved .  

C e n t r i f u g a l  e f f e c t s  and increased  moment-of- iner t ia  of t h e  system 

due t o  the  supply  tanks  were taken  i n t o  account .  These p re l imina ry  

s t u d i e s  i n d i c a t e d  t h a t  100 cps s p i n  v e l o c i t i e s  can be a t t a i n e d  w i t h  

aluminum s p h e r i c a l  c o n t a i n e r s .  It t u r n s  o u t  t h a t  a l a r g e  number of 

smaller c o n t a i n e r s  g ives  b e t t e r  r e s u l t s  than  fewer, l a r g e r  ones.  
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Figure  11.1 

Gas p res su re  v s .  t i m e .  7.8 cub ic - foo t  tank  
f i l l e d  w i t h  n i t rogen  gas d i scha rg ing  i n t o  atmosphere.  
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Figure  11.2 

Mass r a t i o  v s .  t i m e .  7.8 cub ic - foo t  tank  f i l l e d  wi th  n i t rogen  gas ,  
i n i t i a l l y  a t  a p res su re  of 80 p s i g ,  d i scha rg ing  i n t o  atmosphere. 
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Figure  1 1 . 3  

Gas pres su re  r a t i o  v s .  mass r a t i o .  7 .8  cub ic - foo t  
tank  f i l l e d  w i t h  n i t rogen  gas ,  i n i t i a l l y  a t  a p re s su re  

of 80 p s i g ,  d i scha rg ing  i n t o  the  atmosphere. 
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L i s t  of Symbols 

Uni t s  Symbol D e  f i n i t  ion 

2 
f t  A* Nozzle t h r o a t  area 

Nozzle d ischarge  c o e f f i c i e n t  

R a t i o  of mass i n  supply ( ) 

Acce le ra t ion  of g r a v i t y  

Mass of gas  i n  supply  

Mass of gas  i n i t i a l l y  i n  supply 

Supply p res su re  

I n i t i a l  supply p re s su re  

m 
0 

‘d 

G 

2 f t l e e c  

lbm 

lbm m 
0 

P t ( t >  

P to  

R 

ps ia 

ps ia 

f t - l b  
lbm oR Gas cons tan t  

Time 

Supply temperature  

s e c  t 

R 0 

T t o  I n i t i a l  supply temperature  R 

l b d s e c  

0 

W 

Y 

Weight flow 

S p e c i f i c  h e a t  r a t i o  
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