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FOREWORD 

The p resen t  r e p o r t  i s  one of  a series of s i x  r epor t s ,  publ ished s i m u l -  
taneously,  which desc r ibe  analyses  and computational procedures for :  1) pre- 

d i c t i o n  of t h e  in-depth response of charr ing a b l a t i o n  ma te r i a l s ,  based on one- 
dimensional thermal streamtubes of a r b i t r a r y  c ross -sec t ion  and cons ider ing  

genera l  su r f ace  chemical and energy balances, and 2) nonsimilar  so lu t ion  of 
chemically r e a c t i n g  laminar boundary layers ,  with an approximate formulation 
f o r  unequal d i f f u s i o n  and thermal d i f fus ion  c o e f f i c i e n t s  f o r  a l l  species and 
with a genera l  approach t o  the  thermochemical so lu t ion  of  mixed equi l ibr ium- 

nonequilibrium homogeneous o r  heterogeneous systems. P a r t  I serves  as a 

summary r e p o r t  and descr ibes  a procedure for coupling t h e  cha r r ing  a b l a t o r  

and boundary l a y e r  rou t ines .  The char r ing  a b l a t o r  procedure is descr ibed i n  
P a r t  11, whereas t h e  fluid-mechanical aspects  of t h e  boundary l a y e r  and the  

boundary-layer s o l u t i o n  procedure are t r ea t ed  i n  P a r t  111. The approximation 

f o r  multicomponent t r a n s p o r t  p rope r t i e s  and t h e  thermochemistry model a r e  
descr ibed i n  Pa r t s  I V  and V I  respec t ive ly .  F ina l ly ,  i n  P a r t  V I  an ana lys i s  

i s  presented  f o r  t he  in-depth response of char r ing  ma te r i a l s  tak ing  i n t o  ac- 

count char-densi ty  bui ldup  near  t he  surface due t o  coking r eac t ions  i n  depth. 

The t i t l e s  i n  t h e  series are: 

P a r t  I Summary Report: A n  Analysis of  the  Coupled Chemically Reacting 
Boundary Layer and Charr ing Ablator, by R. M. Kendall, E.  P. 
B a r t l e t t ,  R.  A.  Rindal,  and C .  B.  Moyer. 

P a r t  I1 F i n i t e  Difference Solu t ion  €or t h e  In-depth Response of  Charring 
Materials Considering Surface Chemical and Energy Balances, by 
C .  B. Moyer and R. A. Rindal. 

P a r t  I11 Nonsimilar Solu t ion  of  t he  Multicomponent Laminar Boundary Layer 
by an I n t e g r a l  Matrix Method, b y  E .  P .  B a r t l e t t  and R .  M. Kendall. 

P a r t  I V  A Unified Approximation f o r  M i x t u r e  Transport  p r o p e r t i e s  f o r  M u l t i -  
component Boundary-Layer Applications,  by E .  P .  B a r t l e t t ,  R. M. 
Kendall, and R. A. Rindal. 

P a r t  V A General Approach t o  t h e  Thermochemical Solu t ion  of Mixed Equilib- 
rium-Nonequilibrium, Homogeneous o r  Heterogeneous Systems, b y  
R.  M. Kendall .  

P a r t  V I  An Approach f o r  Charac te r iz ing  Charring Ablator  Response with In- 
depth Coking Reactions,  by R.  A. Rindal.  

T h i s  e f f o r t  was conducted f o r  t he  S t ruc tures  and Mechanics Divis ion of 
t h e  Manned Spacecraf t  Center ,  National Aeronautics and Space Administration 

under Cont rac t  No. NAS9-4599 t o  Vidya Division of I t e k  Corporat ion with M r .  

Donald M. Curry and M r .  George S t rouhal  as the NASA Technical  Monitors. The 

work was i n i t i a t e d  by the  p re sen t  authors  while a t  Vidya and was completed 

by Aerotherm Corporation under subcontract t o  Vidya (P.O. 8471 V9002) a f t e r  

Aerotherm purchased t h e  phys ica l  a s s e t s  of the Vidya Thermodynamics Depart- 

ment. D r .  Robert M .  Kendall of Aerotherm w a s  t he  Program Manager and Prin- 

c ipa l  I n v e s t i g a t o r .  

iii 
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ABSTRACT 

A gene ra l  equi l ibr ium and nonequilibrium chemical s ta te  procedure i s  
developed and appl ied  mathematically t o  a number of open and c losed  thermo- 

dynamic systems. The conventional equilibrium r e l a t i o n s  are developed i n  

terms of a se t  of base species. The base  spec ies  concept is then  extended 
i n  order  t o  t r ea t  mixed equi l ibr ium and nonequilibrium systems i n  a gene ra l  

fashion. The s p e c i f i c a t i o n  of c o n t r o l l i n g  r eac t ions  is  used t o  create non- 

redundant equat ion  sets a s  equi l ibr ium is  approached. 

The t rea tment  of  open system m a s s  balances wi th in  the basic framework 

of t h e  s t a t e  s o l u t i o n  permits d i r e c t  sur face  s ta te  c a l c u l a t i o n s  cons ider ing  

boundary-layer t r a n s f e r  r e l a t i o n s  and surface-condensed phase removal rela- 
t i o n s .  The r e l a t i o n s  de f in ing  t h e  s ta te  downstream of  an obl ique  shock a r e  
a l s o  included i n  the basic s o l u t i o n  procedure pe rmi t t i ng  d i r e c t  eva lua t ion  

of t h e s e  r e l a t i o n s  without recourse t o  subordinate i t e r a t i v e  schemes. 

The f a c t o r s  a f f e c t i n g  convergence within t h e  framework of t h e  Newton- 

Raphson i t e r a t i v e  procedure are d iscussed  and t h e  techniques employed i n  the 
s tudy  are descr ibed .  The means of eva lua t ing  s ta te  d e r i v a t i v e s  i s  descr ibed  

and r e l a t i o n s  presented  f o r  s p e c i f i c  examples. 

The computer program which performs the equi l ibr ium s ta te  s o l u t i o n s  
according t o  t h e  methods presented, t h e  Aerotherm Chemical Equilibrium (ACE) 

program is  descr ibed  b r i e f l y .  The program which conta ins  some of t h e  nonequi- 

l ib r ium f e a t u r e s  of  t h e  ana lys i s ,  the ACE/KI"ET program i s  a l s o  introduced. I 
I The c u r r e n t  o p e r a t i o n a l  s t a t u s  of bo th  programs is presented. 

i 
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A GENERAL APPROACH TO TKE THERMOCHEMICAL SOLUTION 
O F  MIXED EQUILIBRIUM-NONEQUILIBRIUM, HOMOGENEOUS 

OR HETEROGENEOUS SYSTEMS 

SECTION 1 
INTRODUCTION 

I n  t h e  s tudy of high-energy boundary-layer phenomena, thermochemical 
processes  can be of dominant importance. This i s  p a r t i c u l a r l y  t r u e  when 

these  boundary l a y e r s  i n t e r a c t  with chemically a c t i v e  sur faces .  In  t h e  pres-  

e n t  s t u d y , i n t e r e s t  i s  d i r ec t ed  toward t h e  supe ro rb i t a l  r een t ry  of t h e  Apollo 

veh ic l e  and t h e  thermochemical response of i t s  h e a t  s h i e l d .  The requirements 

f o r  eva lua t ing  t h e  chemical s ta te  of  homogeneous and heterogeneous systems i n  
t h i s  s tudy are ex tens ive .  These requirements include t h e  determinat ion of  

t he  chemical s t a t e  a f t e r  normal o r  oblique shock wave compression, dur ing  the  

i s e n t r o p i c  expansion of t he  i n v i s c i d  shock-layer gases ,  within the  boundary 

l a y e r  and a t  t he  chemically a c t i v e  sur face .  I n  t h e  l a s t  two ins t ances  these  
s t a t e  c a l c u l a t i o n s  are coupled with complex mass-balance r e l a t i o n s .  Many 

chemical-s ta te  s o l u t i o n  procedures have been documented t o  t rea t  reasonably 
s tandard  c losed  systems, such as those assoc ia ted  with expansion processes .  

(See, f o r  example, Refs.  1 through 4.) For open systems, only a few d i r e c t  

s o l u t i o n  procedures have been documented. The su r face  s t a t e  c a l c u l a t i o n  f o r  a 
genera l  chemical system descr ibed i n  Ref. 5 f a l l s  i n t o  a s p e c i a l  c l a s s  of open 
system problems. Because of t he  number of requirements imposed upon t h e  chemi- 

c a l - s t a t e  r o u t i n e s  i n  t h e  p re sen t  s tudy,  t h e  genera l  t reatment  of a v a r i e t y  of  
chemical s y s t e m s  became a major e f f o r t .  The i nc lus ion  of a genera l  k i n e t i c  

model, i o n i z a t i o n ,  and t h e  ex tens ive  bookkeeping a s soc ia t ed  with t h e  downstream 
in t roduc t ion  of new spec ie s  i s  of major importance i n  the  formulation of  t he  

genera l  problem necessary f o r  thoroughly t r e a t i n g  the  coupled boundary-layer 

problem. 

S t a r t i n g  from reasonably fundamental r e l a t i o n s , t h e  procedures adopted a s  

a p a r t  of t h i s  research  e f f o r t  a r e  described i n  t h i s  r epor t .  The b a s i c  r e l a -  

t i o n s  a r e  presented  i n  the  next  s ec t ion  followed by sec t ions  on the  so lu t ion  

procedure and the  eva lua t ion  of thermodynamic p rope r t i e s .  

These techniques have been b u i l t  i n  greater o r  l e s s e r  e x t e n t  i n t o  t h e  

Aerotherm Chemical Equilibrium (ACE) program and c e r t a i n  s p e c i a l  modi f ica t ions  

of it. The f i n a l  s ec t ion  of t h i s  r e p o r t  s p e c i f i e s  t h e  exac t  s t a t u s  of these  

rou t ines  and t h e  e x t e n t  t o  which t h e  general  formulation presented h e r e i n  has 
been implemented. The procedures are present ly  l imi t ed  t o  equi l ibr ium, except  

t h a t  s e l e c t e d  homogeneous r eac t ions  can be considered frozen wi th in  t h e  bound- 

a r y  l a y e r  and s e l e c t e d  heterogeneous and surface ca ta lyzed  k i n e t i c a l l y  con- 

t r o l l e d  r e a c t i o n s  can proceed a t  t h e  mater ia l  sur face .  



SECTION 2 
BASIC RELATIONS 

I n  t h i s  s ec t ion  the  r e l a t i o n s  which a r e  requi red  t o  s p e c i f y  t h e  chemical 

s t a t e  of  a system a r e  presented.  Bas i ca l ly  four  types  o f  r e l a t i o n s  car? be 

considered i n  a genera l  open system. These are t h e  equi l ibr ium r e l a t i o n s  

applying t o  those  r eac t ions  which can be considered as gene ra l ly  e q u i l i b r a t e d ,  

t h e  nonequilibrium r e l a t i o n s  f o r  those r eac t ions  which can be (bu t  are no t  

necessar i ly)  ou t  of equi l ibr ium, the mass-balance r e l a t i o n s ,  and those  addi- 
t i o n a l  s t a t e  c o n s t r a i n t s  imposed on the  system. 

2 . 1  EQUILIBRIUM RELATIONS - TOTALLY EQUILIBRATED SYSTEMS 

I n  a chemical system the re  w i l l  e x i s t ,  i n  the genera l  case ,  a set  of  in-  

dependent equi l ibr ium reac t ions .  All o the r  equi l ibr ium reac t ions  w i l l  be equiv- 
a l e n t ,  both phys ica l ly  and mathematically,  t o  t h i s  independent set. Consider 

f o r  example t h e  simple H, 0, HO, H 2 0 ,  H2,  02, H 2 0 2 ,  O3 system. 
dent  equi l ibr ium reac t ions  can be wr i t t en ,  f o r  example 

S i x  indepen- 

H + O  OH ( 1) 

2H + 0 H 2 0  

2H H2  

2 0  = o2 

( 3 )  

(4) 

( 5 )  2H + 20 H 2 0 2  

30  O3 (6) 

Other reac t ions  such as 

H2° (7) 

a r e  m e r e l y  l i n e a r  combinations of t h e  s i x  ( a r b i t r a r i l y  se l ec t ed )  independent 
equat ions  ( i . e . ,  Eq. ( 7 )  = Eq. ( 2 )  - Eq. ( 3 )  - %Eq. ( 4 ) ) .  I t  can be shown 
t h a t  i n  a completely equ i l ib ra t ed  system t h e  number o f  independent equat ions 

i s  usua l ly  equal  t o  the  number of  molecules less t h e  number o f  elements.* The 

*An exception occurs when two o r  more elements are i n  t h e  same r a t i o  i n  a l l  
molecules o f  a system, e .g . ,  t h e  system NO2, N 0 has  one ( n o t  zero) indepen- 
dent  equations.  2 4  

2 



modif icat ion of t h i s  r e l a t i o n  fo r  systems t h a t  a r e  not  completely e q u i l i b r a t e d  

w i l l  be considered i n  Sect ion 2.2. The se l ec t ion  of t h i s  s e t  of indepen- 
dent  r eac t ions  can be done a r b i t r a r i l y ,  b u t  it i s  convenient t o  e s t a b l i s h  

some cons i s t en t  technique. Most such techniques a r e  based on the  pre-se lec t ion  

of a se t  of spec ies  usua l ly  equal  i n  number t o  the  number of elements.  The 

formation r eac t ions  of  a l l  o the r  spec ies  from t h i s  base s e t  r ep resen t  t he  
independent s e t  of equi l ibr ium reac t ions .  The base spec ies  m u s t  be se l ec t ed  

i n  such a fashion t h a t  no r eac t ion  can be wr i t ten  wherein r eac t an t s  and pro- 

duc ts  are a l l  base spec ie s .  

i n v a l i d  base s e t  whereas HO and 0, HO and H, e t c . ,  r ep resen t  v a l i d  sets. I t  

has  been reasonably common p r a c t i c e  t o  s e l e c t  t h e  monatomic gases  as base spe- 

c i e s  (Ref. 3 ,  f o r  example) s i n c e  the  formulation of  t h e  formation reac t ions  

i s  p a r t i c u l a r l y  convenient.  There a r e  advantages, however, i n  s e l e c t i n g  a 
more general  s e t , p a r t i c u l a r l y  when chemical k i n e t i c s  a r e  important.  Consider- 
i ng  a s e t  of base spec ies  N formation reac t ions  f o r  t he  remaining N spec ies  

a r e  of  the  form, ind ica t ed  f o r  example i n  Ref. 4, 

Thus i n  the  above s e t  HO and H202 represent  an 

i' j 

2 3 4 5  6 7 8  

H 2 0  O2 H 0 HO H2 H202 

1 H20 1 0 .5 0 .5 1 1 

0 1 -.25 .5 - 2 5  - .5  .5 O2  

vjiNi 2 N .  
3 

O3 

' 0  

1.5 

i 
where the  v j i  
I n  the  preceding example with H and 0 as  N1 and N2, 

would be 

are the  s to ich iometr ic  c o e f f i c i e n t s  of t he  formation r eac t ions .  

' j i  r e spec t ive ly ,  t he  

while with H20 and O2 a s  N1 and N2,  t he  v .  would be 
l i  

3 



Mathematically, t he  v are obtained 

of element k i n  molecule j )  by  
j i  

Y- 
/- ' k i V j i  
i 

which for  t he  l a t te r  t a b l e  with j = 7 

f o r  k represent ing  hydrogen 2 

f o r  k represent ing  oxygen 1 

I n  matrix form 

I I r n  I 

i m p l i c i t l y  from t h e  c ( t h e  atoms 
k j  

( i .e. ,  H202) i n d i c a t e s  

X l + O X . 5  = 2 

x 1 + 2 x . 5  = 2 

1-1 I I 

where the supe r sc r ip t  T denotes t ranspose.  Note t h a t  t h e  square a r r ay  

c can be considered as  a subse t  of the  l a r g e r  rec tangular  a r r ay  ckj .  
The s e t  of independent formation r eac t ions  (Eq.  (8))  f o r  j ranging from 

k i  

Nb + 1 t o  N,, where % i s  the  number of base spec ies  and N, i s  t h e  t o t a l  
number of spec ies ,  can be used t o  formulate a s e t  of equi l ibr ium c o n s t r a i n t s .  

A t  equilibrium, the  second law requ i r e s  t h a t  t hese  independent r eac t ions  

occur without change i n  f r e e  energy. Therefore 

c. 

j = h G i  
i 

where the G a r e  t h e  p a r t i a l  molar f r e e  energ ies  of t h e  spec ies  ( a l s o  r e f e r r e d  

t o  a s  the chemical p o t e n t i a l s ) .  The change i n  f r e e  energy is ,  by  d e f i n i t i o n ,  
equal  t o  the  isothermal  r e v e r s i b l e  work performed by a s teady  flowing system 

i n  passing from one s t a t e  t o  another .  On t h i s  b a s i s  it i s  poss ib l e  t o  r e l a t e  

t he  G t o  the  s tandard-s ta te  f r e e  energ ies ,  GS, t h a t  is ,  t h e  f r e e  energy 
of t he  species  a t  t h e  same temperature b u t  undi lu ted  and a t  one atmosphere 
pressure .  Thus 

j 

j 

P 
G j - Go j = [- lo vdP] (12) 

isothermal ,  r e v e r s i b l e  

where Po is  one atmosphere. For a gas obeying t h e  p e r f e c t  gas law 

4 



i f  p j  i s  i n  u n i t s  of atmospheres. Likewise, f o r  an incompressible condensed 

phase conta in ing  only one spec ies  

When more than one condensed spec ies  coexis t s  i n  a phase, t h e  work of mixing 

m u s t  be included. For an i d e a l  mixture* 

where x is  the  mole f r a c t i o n  of spec ies  A i n  t h e  mixture.  a 
I n  environments of general  concern i n  high-temperature thermodynamics, 

Eqs. (13) and (14) are genera l ly  employed and, i n  addi t ion ,  (1 - P)/p,  is  
assumed n e g l i g i b l e  i n  r e l a t i o n  t o  t h e  gas-phase work terms. On t h i s  b a s i s ,  

s imp l i f i ed  equi l ibr ium cons tan t  r e l a t i o n s  a re  obtained from E q s .  (11) and 
(1.3) f o r  gas and condensed spec ies  (sub j o r  a ) ,  

where t h e  s tandard-s ta te  f r e e  energy change of the  formation r eac t ion  f o r  
spec ies  j ( o r  1) i s  def ined  by 

i 

and t h e  p a r t i a l  p ressure  of  condensed species  w i l l  be taken as  one atmosphere 

i n  o rde r  t h a t  Eq. (13) w i l l  i nd ica t e  no work of  compression. 

The s tandard  s t a t e  f r e e  energy i s  a function of temperature only and i s  
obtained f o r  each molecular spec ies  from 

where e n t h a l p i e s  a r e  obtained r e l a t i v e  t o  some chemical base s t a t e ,  o f t en  the  
elements i n  t h e i r  most n a t u r a l  form a t  298'K and one atmosphere (JANAF base 

* 
The i d e a l  mixture assumption i s  s a t i s f i e d  by a mixture above which vapor pres- 
s u r e s  are p ropor t iona l  t o  mixture mole f r ac t ions  and whose vapors obey the  
p e r f e c t  gas  law. 
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s t a t e ) ,  I f  any o the r  base s ta te  is c o n s i s t e n t l y  adopted, t h e  AGT w i l l  be 

unaffected.  

The s t a t i o n a r y  condi t ion  of  t he  f r e e  energy a t  equi l ibr ium expressed i n  
Eq. (11) i s  cons i s t en t  with the  minimum free energy s ta tement  o f t e n  u t i l i z e d  

i n  seeking t h e  equi l ibr ium s t a t e .  Although the  formulation followed he re  

d i f f e r s  from those followed i n  f ree-energy minimization approaches, the  u l t i -  

mate numerics can reduce t o  an i d e n t i c a l  i t e r a t i v e  so lu t ion  procedure. 

The so lu t ion  of t h e  set of a lgeb ra i c  equat ions (Eq. (16) )  must be con- 
s idered i n  conjunct ion with o the r  c o n s t r a i n t s  inc luding  t h e  pressure  balance 

where the summation i s  over a l l  gas-phase spec ies .  The d e t a i l e d  so lu t ion  pro- 

cedure w i l l  be considered only a f t e r  a l l  r e l a t i o n s  have been presented.  

2.2 MIXED EQUILIBRIUM-NO!XEQUILIBRIUM RELATIONS 

When some reac t ions  f a i l  t o  e q u i l i b r a t e  it i s  necessary t o  approach t h e  

se l ec t ion  of t he  independent se t  of equi l ibr ium reac t ions  with g r e a t e r  cau t ion .  
I n  a general  chemical system, c e r t a i n  sets of molecules can be t r e a t e d  as al- 
ways equi l ibra ted .  Between these  sets c e r t a i n  independent equi l ibr ium and 

k ine t i ca l ly -con t ro l l ed  interchange r eac t ions  may e x i s t .  A procedure f o r  treat- 
ing mixed equilibrium-nonequilibrium systems i s  presented i n  t h i s  s ec t ion .  

The following r u l e s  a r e  e s t ab l i shed  i n  order  t o  organize t h e  log ic :  

1. Every spec ies  i s  assigned t o  one and only one s e t  of molecules. 

2. A set  may conta in  as few a s  one species .  

3.  Each set  has  i t s  own base spec ies ,  i.e., t h a t  minimum number of 

spec ies  from which a l l  o the r  m e m b e r s  of t he  set may be formed. 

4. Within each set a l l  poss ib l e  r eac t ions  between member spec ies  

a r e  equ i l ib ra t ed .  

5. Equilibrium interchange r e a c t i o n s  involve spec ies  from more 

than one set. 

Consider t he  e i g h t  spec ies  of t h e  O-H system considered i n  Sec t ion  2.1; 

0, H20; H; H2; 02, 03; HO, H202 where f i v e  sets a r e  divided by semicolons. 

For these s e t s ,  t h e  following base spec ie s  a r e  appropr ia te :  

02; HO 
t h i s  juncture only two independent equi l ibr ium reac t ions  have been formulated,  

namely 

0, H20; H; H2; 
where only the  f i r s t  se t  r equ i r e s  more than one base spec ies .  A t  
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Two independent equi l ibr ium interchange reac t ions  might be included i n  this 
system, f o r  example 

H 2 0  

0 

H + O H  * H 2 + 0  ( 2 2 )  

2 3 4 5  

H OH H2 

0 0 - 1  

1 0 0 0  

0 1 0 1  

0 0 1 1  

O + O H  0 2 + H  ( 2 3 )  

1 

2 H 2 0  

3 

4 OH 

The e f f e c t  of these  r eac t ions  is t o  reduce t h e  number of base spec ies  by two. 

For example H2 and O2 can be de le ted .  The remaining base spec ies  and the  

0 1  

0 

H O  

0 

a r ray  of formation r eac t ions  c o e f f i c i e n t s ,  v j i ,  

i n  t he  genera l  r e l a t i o n  

E v j i N i  2 N j  

i 

a r e  the re f  o re  

1.5 p 
1.5 

To i l l u s t r a t e ,  t h e  equi l ibr ium formation r eac t ion  f o r  O3 (i.e., j = 8 i n  
t h e  above t a b l e )  from the  base spec ies  i s  given by 

3 /2  0 + 3 / 2  OH - 3/2 H O3 ( 24) 

If it i s  assumed t h a t  a l l  o ther  interchange r eac t ions  a r e  f rozen,  t h e  

formulat ion of t h e  equilibrium-nonequilibrium aspec ts  of t h e  program a re  com- 

p l e t e .  I n  t h e  t o t a l l y  e q u i l i b r a t e d  chemical system, conserva t iona l  c o n s t r a i n t s  
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a r e  of ten  appl ied t o  the  elements. I n  t h e  system just presented,  however, 
addi t iona l  conserva t iona l  c o n s t r a i n t s  a r e  required.  I n  genera l  these  con- 

s t r a i n t s  take  the  form 

c1 

z v j i n j  = a i 

j 

where n i s  the  number of moles of spec ies  j i n  a u n i t  m a s s  of system and 

a i  i s  a conserved v a r i a b l e  r e l a t i n g  t o  t h e  "elementalt t  composition of a u n i t  

mass of the system. One such c o n s t r a i n t  i s  appl ied f o r  each base spec ies .  To 

check the v a l i d i t y  of t h i s  r e l a t i o n ,  consider  t h e  e f f e c t  of a u n i t  reduct ion  
i n  n j l  . According t o  Eq. ( 8 )  t h e  ni w i l l  i nc rease  by v j l i  . Thus i n  

1.0, it is apparent t h a t  t h e  increase  i n  t h e  l a t t e r  term exac t ly  balances t h e  
decrease i n  t h e  former. In  e f f e c t ,  t h e  base spec ie s  become t h e  elements of 
t he  system, and t h e i r  t o t a l  masses can be t r e a t e d  as t h e  conserved v a r i a b l e  of 

t h e  system. This genera l ized  concept of t h e  conserved "elementst '  of t h e  sys- 

t e m  i s  extremely important t o  t h e  p re sen t  development and thus  f u r t h e r  examples 

a r e  appropriate .  I n  t h e  completely e q u i l i b r a t e d  system previous ly  presented,  
it is easy t o  accept  t h a t  

j 

Eq. ( 2 5 )  two terms a r e  modified, namely, viini and v j l i n j ,  . Since vii - - 

1 ck jn j  = a; 

j 

where 
served var iab le .  I f  w e  premult iply both s i d e s  of t h i s  expression by t h e  in-  

verse  Icki / - l  , t h e r e  r e s u l t s  from Eq. (10) 

u i  , t he  t o t a l  number of atoms of element k i n  a u n i t  m a s s ,  i s  a con- 

Therefore i f  t he  a; are conserved then the  a i  w i l l  be conserved. I n  t h e  
system of Eqs. (1) through (6), t h i s  is tantamount t o  naming a new se t  of 
e lements  which a re ,  i n  e f f e c t ,  t h e  base spec ies .  The t e r m  "element" ( i n  quotes) 

w i l l  be used henceforth i n  t h i s  r e p o r t  t o  r e f e r  t o  those atoms o r  groupings of 

atoms ( i . e .  grouped according t o  t h e  base spec ies  formulae) which according t o  
t h e  equi l ibr ium r e l a t i o n s  a r e  conserved. 

I n  the general  nonequilibrium sys tem,  c e r t a i n  k ine t i ca l ly -con t ro l l ed  

reac t ions  w i l l  be important.  For example, i n  t he  H-0 system 

H + H + M + H 2  + M 

0 + 0 + M + 0 2  + M 

L H + H + O + H 2 0  

a 



are t h r e e  r eac t ions  of poss ib le  i n t e r e s t ,  M being any t h i r d  body. The r a t e s  

of t hese  r eac t ions  can be r e l a t e d  t o  the  p a r t i a l  p ressures  of t he  r e a c t a n t s  and 
products  , t h e  u l t ima te  equi l ibr ium cons t r a in t  appropr ia te  t o  t h e  r eac t ion ,  and 

t h e  k i n e t i c  c o e f f i c i e n t .  With t h e  genera l  k i n e t i c  r eac t ion  i n  t h e  form 

i t s  r a t e  can be expressed genera l ly  by 

o r  by 

where 

The n e t  e f f e c t  of  t hese  r eac t ions  is  t h e  modification of t h e  "elemental" makeup 
of  t h e  system. The k i n e t i c  r eac t ions  w i l l  cause a n e t  i nc rease  r a t e  (moles p e r  
u n i t  volume) 

of "element" i . I t  i s  t h i s  r e l a t i o n  which w i l l  be introduced i n t o  the  
conserva t iona l  equat ions i n  order  t o  e s t ab l i sh  t h e  l o c a l  s t a t e  of t he  r eac t ing  

chemical system. Cer t a in  a d d i t i o n a l  d a t a  m u s t  be provided i n  order  to perform 

the  k i n e t i c  c a l c u l a t i o n s .  F i r s t ,  t h e  spec i f i ca t ion  of t he  s to ich iometry  serves  
t o  e s t a b l i s h  not  only the  e f f e c t  of t he  react ion b u t  a l s o  the  r e a c t i o n  order .  

For example 

(36)  1 c* + 7j  o2 -+ co 
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and 

2c* + o2 2CO (37) 

a r e  e p i v a l e n t  s t c i ch iomct r i ca l ly ,  t h e  a s t e r i s k  des igna t ing  condensed-phase 

ma te r i a l .  However, i n  Eq. (32 ) ,  t h e  former r e l a t i o n  r e s u l t s  i n  a h a l f  order  

r e a c t i o n  (p 1.0) , whereas t h e  l a t t e r  r e s u l t s  i n  a f i r s t - o r d e r  r eac t ion .  

The forward r a t e  cons tan t  

represented with an Arrhenius type func t ion  

* 
C* 

kF , hopefu l ly  based on experimental  da t a ,  i s  
m 

kF = B m exp ( E a / ]  
m 

where the  exponent ia l  f a c t o r  e s t a b l i s h e s  t h e  p robab i l i t y  of a c o l l i s i o n  having 
energy i n  excess of t h e  a c t i v a t i o n  energy Bm r ep resen t s  a 
mult i tude of phenomena assoc ia ted  with t h e  p r o b a b i l i t y  of success  of a s i n g l e  
c o l l i s i o n  (e.g. c o l l i s i o n  o r i e n t a t i o n ) .  

E% and t h e  f a c t o r  

When k ine t i ca l ly -con t ro l l ed  r eac t ions  approach equi l ibr ium, d i f f i c u l t y  i s  
o f t en  encountered i n  the  t reatment  of t h e  r e l evan t  conserva t iona l  equat ions.  
To understand t h e  na ture  of t h i s  d i f f i c u l t y ,  and thus  the  means of avoiding 

it, it i s  i n s t r u c t i v e  t o  consider  t he  simple t i m e  dependent cha rac t e r  of t h e  
H-0 system previous ly  descr ibed.  Recal l ing t h a t  ai r ep resen t s  t he  moles of  

"elementoo i i n  a u n i t  mass, and t h a t  r r ep resen t s  t h e  rate of product ion 
of moles of "element" i pe r  u n i t  volume, it follows t h a t  

i 

dai r i R T  
- -  -- 
d t  PTi (39)  

A t  t h i s  po in t  it is necessary t o  introduce a new concept. From t h e  base 

spec ie s ,  a subse t  of Nbb base-base spec ie s  can be obtained much as  i f  a l l  speci-  
f i e d  k i n e t i c  r eac t ions  were permit ted t o  e q u i l i b r a t e .  For t h i s  example, 0 and H 

w i l l  be selected f o r  t h i s  honor and the  "formation reac t ion"  f o r  t h e  remaining 
base species wr i t t en  a s  

2H + 0 + H 2 0  (40) 

H + O - - c O H  (41) 

* 
A s  i n  t h e  equi l ibr ium r e l a t i o n ,  it is  convenient t o  cons ider  t he  p a r t i a l  pres-  
su res  of condensed spec ies  as one atmosphere a s  a device t o  inc lude  he te ro-  
geneous reac t ions  i n  the  same framework as  homogeneous r eac t ions .  
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These r e a c t i o n s  w i l l  e q u i l i b r a t e  i f  t he  k i n e t i c  r eac t ion  (Eq. (30))  and t h e  

r e a c t i o n  of e i t h e r  Eq. (28)  o r  Eq. (29) have i n f i n i t e  ra tes .*  More genera l ly ,  

Eqs. (40) and (41) can be wr i t t en  a s  

where t h e  index k r ep resen t s  t h e  base-base subse t  of base spec ies .  I t  can 

be shown t h a t  

L o i k  r i = o 
i 

(43) 

which implies  t h a t  atoms and/or c e r t a i n  combinations of atoms cannot be c rea t ed  

o r  destroyed by chemical r eac t ions  i n  t h i s  system. Since t h e r e  are two base- 

base spec ies ,  two of t h e  Eqs. (39) can be replaced by 

Defining 

it follows that  

dEk - = o  
d t  

For each base spec ies  i which i s  a l so  a base-base spec ies  k , an 
equat ion of t h e  form of Eq. (46) w i l l  replace t h e  corresponding one of t h e  

form of Eq. (39) .  The o the r  Eqs. (39) are maintained una l t e red  i n  t h e  system 

of equat ions and s t i l l  conta in  t h e  k i n e t i c  expressions.  These w i l l  be r e f e r r e d  
t o  as t h e  r e a c t i v e  m a s s  balance equations.  I n  t h e  general  case,  a given 

r eac t ion ,  m , w i l l  a f f e c t  more than one of t hese  equat ions in t roducing  a term 
of  t h e  form 

* 
The number of base-base spec ies  can s t i l l  exceed t h e  number of atomic elements 
i n  the system if i n s u f f i c i e n t  k i n e t i c  paths have been s p e c i f i e d  t o  permit  f u l l  
system equi l ibr ium. - 
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I f  the f irst  term i n  braces approaches i n f i n i t y ,  t he  balancing of t he  overa l l  
reac t ive  m a s s  balance equation will reduce t o  s e t t i n g  the  second term i n  
braces equal t o  unity, o r  equivalently, 

which i s  simply the  
reaction m occurs 
redundant r e l a t ions  

appropriate equilibrium re la t ion .  I f  this reduction fo r  
i n  more than one mass balance equation, a ne t  loss of non- 
can occur.* To avoid t h i s ,  it i s  important t h a t  t he  reac- 

t i v e  mass balance equations be combined i n  such a manner t h a t  the  production 
terms from each near-equilibrated reaction i s  entered i n t o  only one equation. 
The means of  es tabl ishing t h i s  combination of t h e  reac t ive  mass balance equa- 
t i o n s  i s  based on the  se lec t ion  of control l ing reactions equal i n  number t o  
t h e  number of reac t ive  m a s s  balances. (This number equals the difference between 
the number of base species and t h e  number of base-base species.) I n  tu rn  t h e  
se lec t ion  of  t h e  control l ing reactions is  based on the  array Qim where 

The performance of a conventional p ivo ta l  Gaussian reduction on t h i s  rectangular 
a r r ay  resu l t s  i n  the se l ec t ion  of ce r t a in  of t he  Qim as p ivo ta l  terms. I t  i s  
the  column numbers, m , of these terms which a re  considered as  the  indices of 
the control l ing reactions,  one having been selected fo r  each reac t ive  m a s s  
balance, i The combination of t h e  r eac t ive  m a s s  balance equations such a s  
t o  eliminate terms consequent t o  t h e  con t ro l l i ng  reactions from a l l  b u t  one 
equation thus becomes a r e l a t i v e l y  straight-forward manipulation following the 

same steps as the o r ig ina l  Geussian reduction. T h i s  manipulation i s  ca r r i ed  
forward independently f o r  both t h e  mass balances and the  k i n e t i c  r e l a t ions ,  
before the two sets are combined, i n  order t o  avoid the loss of important 
s ign i f icant  figures. I n  ac tua l  prac t ice ,  t h i s  manipulation is performed i n  
conjunction w i t h  the transformation indicated by Eq. (44) and i s  effected by 
an augmented aki transformation matrix. 

*Such a loss  is  only a r e s u l t  of t he  l imited s ign i f i can t  f igures  re ta ined i n  t h e  
ca lcu la t iona l  process s ince  differences i n  t h e  o ther  t e r m s  i n  t he  equation 
could s t i l l  be used i f  unlimited s i g n i f i c a n t  f igures  existed.  
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2.3 MASS BALANCE RELATIONS 

I n  the  preceding sect ions the equilibrium and nonequilibrium re la t ions  
have been developed fo r  a f a i r l y  general  chemical s t a t e .  These re la t ions  a re  
i n  themselves insuf f ic ien t  u n t i l  other re la t ions,  i n  pa r t i cu la r  the m a s s  
balance re la t ions ,  a r e  imposed. In  the case of k ine t i c  control ,  the  t i m e  
dependence of the system m u s t  be equated t o  flow rates and other  rate dependent 
parameters enter ing the  m a s s  balances. Likewise, i n  d i f fus iona l  systems the 
loca l  s t a t e  is  determined by mass-balance re la t ions  associated with mass- 
t r ans fe r  processes. In  the following subsections the  mass balance re la t ions  
appropriate t o  various s y s t e m s  w i l l  be presented. 

2.3.1 Expansion of I so la ted  Systems 

In  the  expansion of a fixed m a s s ,  closed, adiabat ic  system it is usually 
appropriate t o  t r ace  i t s  s t a t e  h i s tory  as a function of s t a t i c  pressure. I f  
the  process i s  reversible ,  the entropy is constant and the loca l  s t a t e  is  not 
a function of the t i m e  h i s to ry  (process path) of the  expansion. Such systems 
s a t i s f y  the  simple m a s s  balance constraint  

ai = constant (51) 

This equation implies e i t h e r  t o t a l  equilibrium o r  a mixed equilibrium-frozen 
chemical process. I f ,  however, f i n i t e  reaction r a t e s  a re  important, the  path 
ceases t o  be reversible ,  entropy rises, and the t i m e  h i s tory  of the expansion 
must be considered. I f  the pressure is a known function of t i m e ,  the  expansion 
can be t r ea t ed  as  

s ta te  = f(ai, s 8  PI 

where the  s t a t e  includes such terms as dai/dt and ds/dt . The r a t e  of change 
of the  "elemental" composition i s  obtained from Eqs. (33) and (35), whereas the 
rate of increase i n  entropy (see,  e.g., Ref. 6, Eq. (3.32)) is  obtained from 

where 9, ( the  "a f f in i ty" )  is defined as 

(53) 
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Thus 

This derivative i s  w e l l  behaved, even as equilibrium is approached,and may be 
evaluated exp l i c i t l y  i f  desired.  The ai der ivat ives ,  however, mus t  be 
treated impl ic i t ly  i f  any hope fo r  near equilibrium solut ions is t o  be main- 
ta ined,  Once a pa r t i cu la r  formulation is  adopted,the techniques suggested i n  
the  nonequilibrium presentation (Section 2.2) can be introduced i n  order t o  
assure consis tent  solut ion va l id i ty .  Because of the s implici ty  of the mass- 
balance re la t ion  for  t h i s  process, it is  p rac t i ca l  t o  include the k ine t i c  mass 
balances d i r ec t ly  with the  i t e r a t i v e  solut ion of the  chemical s t a t e .  This 
s t a t e  calculat ion includes the re la t ions  previously presented together with the 
entropy constraint ,  namely 

C P j S j  = PRS 

where the entropy of a per fec t  gas species j i s  re la ted  t o  the  standard 
s ta te  entropy ( a t  one atmosphere pressure) b y  

( 5 7 )  
j 

s = ~ o - ~ a n p  
j 3 

and 
fying assumption presented previously leads t o  S. = so . In  a l l  standard 
conservation equations, the  p a r t i a l  pressure,  , assumes the general def ini-  
t i o n  of the  number of moles of species j fo r  P gas-phase moles. 

Ss is a function of temperature only. For condensed species the simpli- 

3 7 

2.3.2 State  Calculations fo r  Open Systems 

The evaluation of the  s t a t e  i n  a general  open system involving d i f fus ive  
and convective mass and energy fluxes i s  most generally performed as  a sub- 
ordinate solution. For example, i n  the  boundary-layer solut ions of c u r r e n t  
in te res t ,  s t a t e  solut ions a re  required a t  several  in te rac t ing  locations.  Thus ,  
i n  Ref. 7 ( P a r t  I11 of the present  series of reports)  s t a t e  solut ions a re  
required based on assigned “elemental“ mass f rac t ions  (or  
pressure, i.e. 

a i  ) ,  enthalpy and 

s ta te  = f (a i ,  h,  P) 
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This solut ion provides t o  the  boundary-layer solut ion the  de ta i led  state 
including thermodynamic, t ransport  and radiat ive propert ies  as  w e l l  as the 

production r a t e s  
mass-balance r e l a t ions  of the  boundary-layer program. 

dui/dt . The l a s t  term m u s t  be included with the  general  

The spec i f i c  r e l a t ions  used t o  achieve the state so lu t ion  are the  equi- 
librium equations (Eq. (16)), the  mass balance re la t ions  (Eq. (25)), t he  pres- 
sure cons t ra in t  (Eq. (19)) and an enthalpy constraint  

C p j H j  = P% (59) 

j 

which involve no grea te r  complexity than the conventional i so l a t ed  system 
equilibrium solution. The coupling between t h i s  so lu t ion  and the  boundary- 
layer  solut ion requires  not only the  evaluation of the production ra tes ,  
dai/dt 
independent parameters on the  right-hand-side of Eq. ( 5 8 ) .  The r a t e s  are 
determined with Eqs. (35)  and the  derivatives by use of r e l a t ions  t o  be 

developed i n  sect ion 3 of t h i s  report. 

bu t  a l so  the r a t e  of change of these rates with respect  t o  the 

Again, the  problem of s t a b i l i t y  threatens when equilibrium approaches. 
However, by following the  approach previously presented, t he  k ine t i c  terms can 
be t r ea t ed  separately while a l l  other terms of the mass-balance equations are  
being collected.  These equations can then be rearranged and combined with the 
k i n e t i c  r e l a t ions  i n  such a way t h a t  control l ing react ions again a f f ec t  only 
one equation a t  each location. Because of the overal l  impl ic i t  character of 
the boundary-layer solut ion,  t h i s  procedure w i l l ,  on convergence, y ie ld  va l id  
s t a b l e  solut ions.  I t  has been found, however, t h a t  t he  introduction of equi- 
l ibrium type re la t ions  i n t o  the  set of boundary-layer equations can destroy 
the  l i n e a r i t y  of the  system. Therefore the  approach of equilibrium by the  
k ine t i c  equations included i n  the boundary-layer m a s s  balances w i l l  probably 
delay convergence and necessi ta te  the inclusion of ce r t a in  i t e r a t ions  con- 
s t r a i n t s .  

2 . 3 . 3  Surface S ta t e  Solutions 

A more complex set  of mass-balance relat ions a re  introduced when surface 

s t a t e  solut ions a re  sought. Coupling between boundary layer,  i n t e rna l  conduction, 
and surface mechanical removal solut ions may be involved i n  these relat ions.  In  
e f f e c t , a l l  the  other  mass-balance solutions become subordinate t o  t h i s  solution. 
Two types of boundary-layer representations a re  considered i n  t h i s  section. 
One is  the  t ransfer-coeff ic ient  
developed i n  Ref. 5 and a l so  i n  
the wall are expressed using an 
these approaches reduce t o  

j i  = 

correlat ion of m a s s  t r ans fe r  using the  Z*-potential 
Appendix B of Ref. 8 .  In  Ref. 7 the  fluxes a t  
influence coeff ic ient  approach. Mathematically 
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and 

respec t ive ly .  The nomenclature i s  as given i n  those  r e fe rences  and the l i s t  
of symbols o f  t h i s  document. The d i f f u s i o n a l  mass f l u x  j i  of 18element" i 
is coupled with t h e  su r face  mass-balance equat ion  

g ,  
This equation inc ludes  f luxes  due t o  t h e  py ro lys i s  gas genera t ion  rate,  m 
t h e  char consumption r a t e ,  GC, t h e  su r face  mechanical removal r a t e s  of spe- 

c i e s  a 
(pv), , each t i m e s  t h e i r  r e spec t ive  f r a c t i o n  of llelementlt 
s i v e  f l u x ,  j i ,  of "element" 

by summing Eq. (62) over a l l  i and not ing  t h e  ji 0 , namely, 

due t o  various mechanisms, mra , t h e  bulk gas-phase convective f lux ,  
i , and the d i f f u -  

i . A n  o v e r a l l  mass ba lance  can a l s o  be w r i t t e n  

m + m  - m - (pv), = 0 
a r a  

Because of t h e  d i f f e r e n t  t rea tment  used with Eqs. (60) and (61), they  W i l l  

be developed ind iv idua l ly ,  b u t  genera l ized  i n  a c o n s i s t e n t  format. 

2.3.3.1 Surface Transfer  C o e f f i c i e n t s  

I n  many boundary-layer analyses,  t h e  n e t  d i f f u s i o n a l  f l u x  of mass, heat 

and/or momentum t o  o r  from t h e  w a l l  a r e  t h e  only r e s u l t s  of p r a c t i c a l  concern. 

Because of t h i s , t r a n s f e r  c o e f f i c i e n t s  have become extremely e f f e c t i v e  t o o l s  of 
a n a l y s i s  when it is  poss ib l e  t o  develop good c o r r e l a t i o n s  by which their  va lues  
can be adequately estimated. Using t h e  t r a n s f e r  p o t e n t i a l s  developed i n  Ref. 5 

and Appendix B of Ref. 8 ,a  d i r e c t l y  coupled equi l ibr ium su r face  thermochemistry 
r o u t i n e  has been developed. Combining Eqs. (60) and (62) and rear ranging  y i e l d s  
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~ ~~ 

where the  a subsc r ip t  r e f e r s  t o  t h e  poss ib le  condensed spec ies  i n  t h e  system. 

The mass 

S i m i l a r l  

N f r a c t i o n  of "element: i i n  t h e  species  A ,  KAi, can be expressed a s  

N - 'i K a i  - v.ti 

', the  gas phase m a s s  f r a c t i o n  of "element" i can be expressed i n  

t e r m s  of t h e  p a r t i a l  p ressures  of t h e  gaseous spec ies ,  j ,  namely, 

N = 1 
VjiPjVi Ki 

pvg j 

where Rg 
t h a t  is ,  

i s  the  mean molecular weight of t h e  gases ad jacent  t o  t h e  w a l l ,  

PRg - -1 Pj'j 
j 

where the  summation over j i s  f o r  gaseous spec ies  only. Reca l l  t h a t  t he  

v j i  are the  s to i c iome t r i c  c o e f f i c i e n t s  i n  t h e  formation of  spec ies  j from 

"element" i or the  atoms of "elementf'  i i n  a molecule of  spec ies  j .  

I t  i s  convenient t o  def ine  t h e  term pa f o r  condensed spec ies  i n  a spe- 

c i a l  fash ion  f o r  t h i s  open sys t em m a s s  balance, namely 

Combining E q s .  (63) ,  (65) ,  (66) and (68) with Eq. (64) y ie lds  

N 

From Ref. 5, t h e  d e f i n i t i o n  of  Z z  
is found t o  be 
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where F* i s  equal  t o  F r a i s e d  t o  some power, u sua l ly  2/3 f o r  boundary 
l a y e r  appl ica t ions .  The d i f fus ion  f a c t o r  F i s  descr ibed i n  d e t a i l  i n  

R e f .  5 and i n  Ref. 9. Also 

7 j 

j 

Combining t h i s  r e s u l t  with Eq. (69) y i e l d s ,  a f t e r  in t roducing  a normalizing 
parameter F (I ?,?/w2) - 

- 
From Eqs. (67) and ( 7 1 ) ,  F i s  def ined by  

One of the more e lus ive  aspec ts  of su r f ace - s t a t e  so lu t ions  is  the  ade- 
quate  spec i f i ca t ion  of t h e  mechanical-chemical su r f ace  c o n s t r a i n t .  The pres-  

e n t  formulation is  based on t h e  following set  of c o n t r a i n t s  f o r  condensed- 
phase species .  

and 

with t h e  equa l i ty  applying t o  one spec ie s  with T 2 T . The f i r s t  equat ion 

implies  t ha t  a p a r t i c u l a r  condensed spec ie s  cannot leave  t h e  su r face  u n t i l  t h e  

su r face  temperature i s  a t  o r  above t h a t  spec ie s  f a i l  o r  flow temperature,  T . 
The second r e l a t i o n  s ta tes  t h a t  a l l  p re sen t  condensed spec ie s  are i n  equi l ibr ium 
with t h e  base spec ies .  The inequa l i ty  a p p l i e s  t o  non-present condensed spec ies  

and p roh ib i t s  a super -sa tura ted  vapor s ta te .  This i s  equiva len t  t o  saying 

t h a t  a t  100°C 

FQ 
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The requirement tha t  one spec ie s  be a t  o r  below i t s  f a i l  temperature e s t a b l i s h e s  

t h e  s t r u c t u r a l  l i m i t a t i o n  of t h e  surface.  A t y p i c a l  r e s u l t  might show a su r face  
a t  2500°K wi th  the equi l ibr ium hold ing  f o r  SiC*and SiO*,, b u t  i f  SiOf, has  been 

c. L 

w i l l  be 
and thus mSio2 

assigned a f a i l  temperature of, say, 2300°K, psio 
2 

p o s i t i v e  i n d i c a t i n g  l i q u i d  removal of  SiO; . 
g r e a t e r  than  2500°K, r ep resen t s  t h e  sur face  cons t r a in ing  spec ies .  

The Sic*, w i t h  a f a i l  temperature 

2.3.3.2 Boundary Layer Coupled Surface S t a t e  

I n  o rde r  t o  couple the boundary-layer s o l u t i o n  t o  t h e  su r face  s ta te  equa- 
t i o n ,  s e v e r a l  approaches a r e  f e a s i b l e .  Because of t h e  non l inea r i ty  of sur face-  

s ta te  so lu t ions ,  t h e r e  a r e  s i g n i f i c a n t  advantages t o  i s o l a t i n g  t h i s  s o l u t i o n  

from the more l i n e a r l y  behaving t r a n s f e r  equations o f  t h e  boundary-layer. The 
chemical-state r o u t i n e s  expect and can accept q u i t e  nonl inear  systems of equa- 
t i o n s .  The boundary-layer a spec t s  of the sur face-s ta te  c a l c u l a t i o n s  are thus  

reduced t o  in f luence  c o e f f i c i e n t s ,  s i m i l a r  i n  form t o  t h e  t r a n s f e r  c o e f f i c i e n t s  
d i scussed  i n  t h e  prev ious  subsection, which are introduced i n t o  t h e  s u r f a c e  

s ta te  equations.  This  l i n e a r  reduct ion  of the boundary-layer equat ion  is 
d iscussed  i n  Ref. 7 .  With th i s  approach i n  mind, t h e  second su r face  d i f fu -  
s i o n a l  f l u x  equation (Eq. (61)) can be introduced i n t o  Eq. (62) y i e ld ing ,  
a f t e r  some rearrangement 

r 1 

r 1 

where t h e  p a r t i a l  d e r i v a t i v e s  and p r i o r  values (O) of  t h e  v a r i a b l e s  are 
developed by t h e  boundary-layer s o l u t i o n  procedure. 

Making use of Eqs. (63) , (65) and (66) and in t roducing  t h e  following 
d e f i n i t i o n s  
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y i e l d s  

?$ a j i  

'i a% 
(79-81) -- 

Introducing a new c o e f f i c i e n t  

reduces E q .  (82) t o  

This equation i s  s i m i l a r  t o  Eq. (72 )  and can be reduced t o  t h a t  equat ion i f  

m + mc 
m + A i s  rep laced  by 

g c  e U e C M  

y h  and y f  are rep laced  by  0 (86) 

- 
v F  j i  i s  replaced by 

j 
' j i  

20 



The inc lus ion  of heterogeneous k i n e t i c s  i n  these  equat ions i s  accomplished 

by adding t h e  production r a t e  of "element" i p e r  u n i t  su r f ace  a r e a  t o  the  

l e f t  s i d e  of Eq. ( 7 2 )  o r  (84) .  The subsequent t rea tment  of t h i s  term i s  q u i t e  

s imi la r  t o  t h a t  p rev ious ly  presented f o r  homogeneous k i n e t i c s .  Thus w i t h  t h e  

k of Eq. (38) def ined i n  terms of s to ich iometr ic  moles pe r  u n i t  of t i m e  and 

su r face  a rea ,  t h e  production term t o  be appended t o  t h e  l e f t  of  t h e  f i n a l  

Eq. (84) is P?iri wi th  ri def ined according t o  Eq. (35). The same term 
should be added t o  Eq. (72 )  b u t  t h e  kF, are  then normalized by peueCM. 

A s  i n  t h e  preceding k i n e t i c  problems, a set of c o n t r o l l i n g  r eac t ions  i s  de- 

termined and t h e  mass balance equations a re  rearranged so  t h a t  each of t hese  

r eac t ions  appears i n  only one of t hese  equations,  a t  which junc ture  t h e  k i n e t i c  
terms a r e  introduced i n t o  t h e  mass-balance equat ions.  

Fm 

2.4 OBLIQUE SHOCK RELATIONS AND SUMMARY OF STATE RELATIONS 

Cer t a in  c o n s t r a i n t s  i n  addi t ion  t o  mass and equi l ibr ium balances have 

been mentioned i n  t h e  preceding paragraphs.  It i s  w e l l  t o  summarize these  

b r i e f l y  and t o  introduce one add i t iona l  s e t  of c o n s t r a i n t s ,  namely those 
assoc ia ted  with flow across  a shock wave. Up t o  t h i s  po in t ,  t o t a l  p ressure  

has  always been an independently assigned var iab le ,  thus  

i s  an obvious c o n s t r a i n t  on t h e  p a r t i a l  pressures .  Other s t a t e  c o n s t r a i n t s  
have a l s o  been mentioned. I n  addi t ion  t o  temperature s p e c i f i c a t i o n  they a r e  

and 

f o r  s p e c i f i e d  enthalpy,  h ,  and entropy,  s ,  both def ined  per  u n i t  m a s s .  

I n  t h e  case of an obl ique shock wave, none of t he  above c o n s t r a i n t s  apply.  
Ins tead ,conserva t ion  of energy, mass and momentum a r e  required.  Using the  

subsc r ip t s ,  1 and 2, t o  denote condi t ions  upstream and downstream of t h e  shock, 
r e spec t ive ly ,  with 8 a s  the  angle between the  flow vec tor  and a normal t o  

t h e  shock wave, t hese  equations a r e  

energy 

U" 2 U" 

h l + + =  h2 + 2 
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mass 

normal momentum 

t angen t i a l  momentum 

p 1 1  u cos0 1 1  u s ine l  = p 2 2  u cose2u2sin0 2 

Combining Eqs. (92) and (94) y i e l d s  

u s i n 0  = u s i n e 2  1 1  2 

(94) 

(95)  

t h a t  is, the t a n g e n t i a l  component of v e l o c i t y  i s  preserved  ac ross  the shock. 

Eqs. (92) and (93) combine t o  y i e l d  

Now 

u2 2 = (u2s ine2l2  + (u2cose 2 1" 

which with E q s .  (92) and (95) becomes 

With t h i s ,  r e l a t i o n  (95) becomes 
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Presuming knowledge of  t he  upstream condi t ions,  E q s .  (96) and (99) Contain 

a s  unknowns only h2 ,  p 2  and P2.  These two equat ions can be f u r t h e r  re- 
duced t o  

where t h e  non-subscripted va r i ab le s  a r e  downstream of  t h e  shock. The f i r s t  

of t h i s  p a i r  of equat ions rep laces  t h e  more convent ional  pressure  c o n s t r a i n t  
and t h e  l a t t e r  t h e  enthalpy cons t r a in t .  

2.5 SUMMARY 

I n  t h i s  s ec t ion  an at tempt  has  been made t o  formalize the  b a s i c  r e l a t i o n s  
so  as t o  s impl i fy  t h e  genera t ion  of an order ly  so lu t ion .  Unfortunately dea l ing  

with nonl inear  equat ions such as these  i s  never s t ra ight forward  and i s  sub jec t  

t o  many p i t f a l l s .  I n  t h e  next s ec t ion ,  the procedures a s  adopted i n  t h e  cur- 
r e n t  s o l u t i o n  technique are descr ibed.  

SECTION 3 

SOLUTION PROCEDURES 

3.1 INTRODUCTION 

The s o l u t i o n  t o  a set  of simultaneous nonl inear  a lgeb ra i c  equat ions can 

be e i t h e r  t r i v i a l l y  simple o r  agonizingly d i f f i c u l t ,  depending on t h e  l i n -  

e a r i t y  of t h e  system and t h e  depth of coupling e x i s t i n g  between t h e  equat ions.  

None of t h e  problems formulated i n  t h e  l a s t  s ec t ion  f a l l  i n t o  the  f i r s t  c l a s s  

and some f a l l  i n t o  t h e  l a t te r .  The bas i c  formulation adopted i s  r e l a t i v e l y  

convent ional ,  and w i l l  be descr ibed first,  followed by some d iscuss ion  of t h e  

p i t f a l l s  t h a t  can be encountered and devices adopted t o  circumvent them. 

3.2 BASIC FORMULATION 

The most d i r e c t  method of so lv ing  a set  of nonl inear  a lgeb ra i c  equat ions 
i s  t h e  Newton-Raphson procedure. I ts  appl ica t ion  is  s t ra ight forward  i n  con- 

c e p t  b u t  i n  r e a l i t y  many choices  occur during t h e  formulation of a s p e c i f i c  

problem, choices  which can a f f e c t  t he  success o r  f a i l u r e  of a s p e c i f i c  solu- 

t i o n .  The method i t s e l f  i s  t h e  extension of Newton's i t e r a t i v e  method t o  
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multi-dimensional problems. E r ro r s  are evaluated f o r  each of  t h e  equat ions 

based o n  a s e t  of t r i a l  values  f o r  t he  unknown independent va r i ab le s .  The 

r a t e s  of change of t hese  e r r o r s  with r e spec t  t o  these  independent va r i ab le s  

a r e  a n a l y t i c a l l y  determined, a l s o  based on the  t r i a l  values .  The d i f f e r e n t i a l  

r e l a t io r ,  

dV1 + - dE1 = - aE1 

a 

w i l l  apply fo r  each e r r o r  and t h e  set  of independent v a r i a b l e s  V1, V2, ... . 
Considering t h i s  as a set  of simultaneous equat ions i n  dV1, dV2, e t c . ,  solu- 

t i o n  i s  r e a d i l y  obtained a s  

dE2 + ... dE1 + - dV1 = - av2 a v1 
aE1 a E  2 

where the p a r t i a l  de r iva t ives  a r e  t h e  elements of t h e  inverse  of t h e  matr ix  

of t h e  p a r t i a l  de r iva t ive  c o e f f i c i e n t s  of Eq. ( 1 0 2 ) .  Presuming these  der iva-  
t i v e s  t o  be cons tan ts ,  the  necessary co r rec t ions  t o  each independent v a r i a b l e  
could be obtained a s ,  f o r  example 

av, av, I AVl = - AE2 + ... aE1 AE1 + a E 2  

where the AE1, AE2, ... a r e  simply -E1, -E2,  ... i f  t he  e r r o r s  a r e  t o  be 
dr iven  t o  zero.  

I t  should be noted t h a t  i f  some funct ion of V i s  s u b s t i t u t e d  f o r  V 

i n  t h e  above equat ion 

(105)  

1. 

I df(V1) av, a v l  
aE1 AE1 + - a E 2  AE2 + - - .  Af(Vl) = - - 

3 

I dV1 

implying simply t h a t  i n  t h e  formulation of t he  d e r i v a t i v e s  no commitment i s  
made w i t h  regard t o  t h e  optimum means of  expressing t h e  co r rec t ions  of  t h e  
independent va r i ab le s ,  f o r  example, i n  t e r m s  of An p .  o r  simply p I n  

t h e  formulation followed here ,  An p j ,  pi, an T, and An(Pv) a r e  taken 

as t h e  s e t  of  independent va r i ab le s ,  b u t  co r rec t ions  a r e  o f t e n  i n  terms of  

pj, 1/T and PR. I n  some systems t h i s  choice y i e l d s  l i n e a r  m a s s  balance 
equations which i f  once s a t i s f i e d  w i l l  never devia te .  
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I n  Table I t h e  r e l a t i o n s  developed i n  the preceding sec t ion  a r e  summarized. 
I n  add i t ion  t o  the  r e l a t i o n s ,  given as e r r o r  equat ions,  t he  de r iva t ives  of t h e  
e r r o r s  with r e spec t  t o  each of  t h e  set of independent v a r i a b l e s  a r e  given. I t  

should be apparent  t h a t  many a r b i t r a r y  choices go i n t o  t h e  r e l a t i o n s  f o r  t hese  

d e r i v a t i v e s .  AS an example of  t h i s  a r b i t r a r i n e s s ,  cons ider  t h e  closed system 
mass balance and t h e  d e r i v a t i v e  with respect  t o  an(P?7(). I n  t h e  table aiP?7( 

is  given b u t  t h e  a c t u a l  program permits  e i t h e r  t h a t  term o r  t h e  summation of 
Vj iP j  over a l l  j and 2 .  A t  convergence t h e s e  terms a r e  i d e n t i c a l ,  b u t  

dur ing  t h e  convergence process  d i f f e r e n t  paths a r e  followed by t h e  two expres- 

s ions .  Cases have been encountered where convergence was unsuccessful with 

the  f i r s t  expression and successfu l  with the l a t t e r .  

3.3 SOLUTION CONVERGENCE 

I n  genera l  t h e  convergence of  t h e  s e t  of equat ions appropr ia te  t o  a 

p a r t i c u l a r  problem w i l l  depend on a number of f a c t o r s  i n  add i t ion  t o  t h e  for-  

mulation of t h e  de r iva t ives .  Correct ion coordinates ,  i n i t i a l  es t imates ,  and 

co r rec t ion  r e s t r a i n t s  are a l l  major f ac to r s .  The following subsect ions w i l l  
explore  these  f a c t o r s  i n  some d e t a i l .  

3.3.1 Correc t ion  Coordinates 

I t  has  a l ready  been mentioned t h a t  the choice of coord ina tes  can demon- 

s t r a b l y  e f f e c t  t h e  convergence of a system. 0bvious.ly a coordinate  system 
t h a t  most nea r ly  l i n e a r i z e s  t h e  r e l a t i o n s  between e r r o r s  and independent 
v a r i a b l e s  i s  t o  be sought. Thus we note  t h a t  with t h e  c losed  system mass 
balance r e l a t i o n ,  t h e  e r r o r  expression i s  l i n e a r l y  dependent on p?7(, 

PA 

P j l  and 
thus  mdking them prime candidates  a s  the independent co r rec t ion  va r i ab le s .  

Likewise, t h e  gas-phase equi l ibr ium equation with e r r o r  expressed as shown i s  
l i n e a r  i n  1/T and an p .  c r e a t i n g  a b i t  of c o n f l i c t  between the  two expres- 

3 '  
s ions  f o r  P j .  

Another s p e c i f i c  example involves s e t s  of  spec ies  which a r e  s i g n i f i c a n t  

i n  only one m a s s  balance,  i n  p a r t i c u l a r  ions which may be consequent ia l  i n  

only t h e  charge n e u t r a l i t y  balance.  
it can be shown t h a t  both charge balances and equi l ibr ium can be expressed 

l i n e a r l y  i n  terms of t h e  product p,pj where I denotes t h e  base spec ie s  
a s soc ia t ed  with charge n e u t r a l i t y  (usua l ly  t h e  e l ec t ron )  and j represents  

a l l  charged spec ies .  The m a s s  balance ( i . e . ,  charge n e u t r a l i t y  balance) i s  

simply mul t ip l i ed  by pI. The equi l ibr ium r e l a t i o n s  ( E q .  (16) )  a r e  wr i t t en  
as 

For s ing ly  charged o r  ionized spec ies ,  
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where the  product is  f o r  a l l  t h e  n e u t r a l  base species .  For s ing ly  charged 
species  with t h e  e l e c t r o n  as  I ,  V .  is  e i t h e r  +1 or  -1 and t h e  l i n e a r i t y  

of p,pj is  obtained. (Note t h a t  p; i s  included i n  pIpj.)  This repre-  

s e n t s  a considerable  depar ture  from t h e  previous evaluat ior :  of e q u i l i b r i m  

e r r o r s ,  t h i s  e r r o r  equat ion being r e l a t e d  t o  the  previous one (Table I) by  

3 1  

E !  3 =-p1pj  LeXp(E.) J i  - 1 

The purpose of t h i s  d i scuss ion  has been t o  e s t a b l i s h  the  f l e x i b i l i t y  of t he  
Newton-Raphson procedure with regard t o  dependent and independent v a r i a b l e  

spec i f i ca t ions  and the  advantages t h a t  can be achieved by seeking a near ly  

l i n e a r  dependence of the  e r r o r s  on t h e  independent va r i ab le s .  

3 . 3 . 2  Correct ion Res t r a in t s  

I n  t h i s  h ighly  nonl inear  app l i ca t ion  of the Newton-Raphson technique a 

v a r i e t y  of c o n s t r a i n t s  with regard t o  independent v a r i a b l e  co r rec t ions  a r e  

necessa ry .  These c o n s t r a i n t s  a l l  manifest  themselves i n  a damping f a c t o r  
which l i m i t s  the  ex ten t  which t h e  so lu t ion  i s  advanced down the  co r rec t ion  

vec tor .  

T h i s  f ac to r  i s  determined by use of  t he  following l i m i t i n g  r e l a t i o n ,  

- - y i e l d s  a value 
PJ.tO 

t h a t  i s ,  i f  a pred ic ted  increase  i n  

of Pjhi exceeding t h a t  i nd ica t ed  by the  r i g h t  hand s i d e  of  Eq. (108) ,  a 

damping f a c t o r  w i l l  be appl ied  such a s  t o  achieve the  equa l i ty .  For the  
case  of decreasing p j  t h i s  equat ion can be manipulated t o  

p j  
from a value - 

- 

-4 + 3(an  p.) 
h i  ( a n  Fj)  L 

i o  4 + ( i n  5.) 
h i  

(109) 

with the same implicat ions.  The following t a b l e  demonstrates t he  na ture  of 
t he  equal i ty  i n  these  r e l a t i o n s .  

26 



A 0  -m 

a n  p. 
3 

h i  -4 

The term, is  the  p a r t i a l  p ressure  of spec ies  i normalized by i t s  

r e l a t i v e  con t r ibu t ion  t o  the  m a s s  balance equation wherein it i s  most s i r j n i -  

f i c a n t .  S p e c i f i c a l l y ,  

1' 

-13 -5 -3 -2 .33  -2  -1 -0-1 

-3 - 2  - 1 . 3 3 *  -1 -.6 0 1 .33  

r 1 

a l l  j J max over 
L -  

a l l  k 

i s  the  sum of a l l  t e r m s  involving p j  i n  m a s s  balance k. ,r 
,k - 

where 

gas phase spec ies  whose i n i t i a l  value of 
s t a r r e d  e n t r y  i n  t h e  above t a b l e  a logarythmic p a r t i a l  p ressure  co r rec t ion  i s  

appl ied.  Otherwise l i n e a r  co r rec t ions  a re  employed. After  eva lua t ing  a l l  

co r rec t ions  the  minimum damping f a c t o r  is  determined, and i s  subsequently 
appl ied  uniformly t o  a l l  cor rec t ions .  

p j  
i s  l e s s  than the  appropr ia te  

3.3.3 I n i t i a l  G u e s s e s  

I t  is  obvious t h a t  a good f i r s t  guess can save t i m e  i n  any i t e r a t i v e  S G l U -  

t i o n .  In  t h e  p re sen t  formulation t h e s e  guesses a r e  gene ra l ly  based on previous 

s o l u t i o n s  and only t h e  i n i t i a l  s tagnat ion  o r  shock s o l u t i o n  does not  have t h e  

b e n e f i t  of p r i o r  so lu t ion .  This so lu t ion  i s  r e a d i l y  obtained from p r a c t i c a l l y  

any f irst  guess,  s i n c e  t h e  s t agna t ion  s t a t e  i s  usua l ly  a t  r e l a t i v e l y  e leva ted  

temperatures  and has  a f ixed  l lelemental" composition. I n  t h e  subrout ine ver- 

s ion  of t h e  chemical-s ta te  program used i n  conjunct ion with t h e  boundary-layer 
procedure, f i r s t  guesses  are genera l ly  based on s o l u t i o n s  a t  t he  same boundary- 

l a y e r  t r ansve r se  l o c a t i o n  s to red  during p r i o r  i t e r a t i o n s  i n  t h e  boundary-layer 

program o r  from s o l u t i o n s  a t  t h e  preceding a x i a l  s t a t i o n .  

Because of  t h e  in t roduc t ion  of new species  by t h e  w a l l  ma te r i a l  it is  

necessary t o  i n i t i a l i z e  t h e i r  compositions when t h e  corresponding elements 

appear i n  t h e  s t a t e  so lu t ions .  Likewise i f  a spec ie s  disappears ,  e.g. ,  a s  
t h e  edge of t h e  boundary l a y e r  i s  approached o r  because the  sequence of bound- 

a r y  l a y e r  i t e r a t i o n s  r e s u l t s  i n  the  terminat ion of su r face  mass addi t ion ,  it 
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i s  necessary t o  zero the  spec ie s  i n  a fash ion  t h a t  w i l l  no t  r e s u l t  i n  a singu- 

l a r  so lu t ion  f o r  the  res t  of t he  equat ions.  

It is apparent t h a t  bookkeeping becomes a major f a c t o r  i n  the  s t a t e  

programs i f  e f f i c i e n t  and stable r e p e t i t i v e  u t i l i z a t i o n  i s  t o  be made of t h e  
rout ines .  This bookkeeping e s t a b l i s h e s  optimum f i r s t  guesses,  determines 

which atomic elements a r e  present,  and zeros  o r  i n i t i a l i z e s  t h e  appropr ia te  

molecular spec ies .  

3.4 SOLUTION MECHANICS 

U p  t o  t h i s  po in t  t he  more b a s i c  a spec t s  of t h e  s o l u t i o n  procedure have 

been presented. The a c t u a l  mechanics a l s o  need t o  be descr ibed.  The computa- 
t i o n a l  procedure i s  composed of e i g h t  major p a r t s ,  t h e  bookkeeping, t he  input  

and da ta  organiza t ion ,  t h e  eva lua t ion  of temperature-dependent thermodynamic 
proper t ies ,  the  eva lua t ion  of e r r o r s  and t h e  d e r i v a t i v e s  of t h e  e r r o r s  with 

r e spec t  t o  the  independent va r i ab le s ,  eva lua t ion  and i n t e g r a t i o n  of k i n e t i c  
terms in to  the  a r r a y s o f  e r r o r s  and de r iva t ives ,  t he  invers ion  of t h e  reduced 
f o r n  of t he  r e s u l t a n t  matr ix ,  t h e  eva lua t ion  of co r rec t ions  a s  l imi t ed  b y  t h e  

cons t r z in t s ,  and the  determinat ion of p r o p e r t i e s  and proper ty  d e r i v a t i v e s  

( a i t e r  final convergence). 

These e i g h t  p a r t s  are represented by e i g h t  rou t ines  i n  the  Aerotherm 

Chemical E q u i l i b r i u m  (ACE) program. Each of t hese  w i l l  be b r i e f l y  descr ibed 

i n  t h e  following paragraphs.  

EQUIL 

This rou t ine  is  t h e  main rou t ine  of t h e  ACE program ( o r  subprogram i n  con- 

I t  con t ro l s  t h e  major i ty  of t h e  bookkeeping, junc t ion  with t h e  CABLE program). 

develops the  cons tan t  terms of t h e  m a s s  balances,  ou tputs  t h e  so lu t ion ,  con- 
t r o l s  the main i t e r a t i o n ,  and exe rc i se s  c e r t a i n  l imi t ed  s o l u t i o n  cons t r a in t s .  

INPUT 

This r o u t i n e  con t ro l s  t h e  reading of element and spec ie s  da t a ,  t h e  selec- 

a r r ay ,  f lag-  ' j i  
t i o n  and se t t ing-up  of base spec ie s ,  t he  eva lua t ion  of t h e  

ging of condensed spec ies ,  and the  se t t ing-up  of the  very f i rs t  guesses.  

THERM 

The evaluat ion of such temperature-dependent thermodynamic p r o p e r t i e s  

a s  enthalpy, entropy, s p e c i f i c  h e a t  and free energy a r e  determined f o r  each 

spec ies  by t h i s  rou t ine .  
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MATER 

For t h e  s p e c i f i c  op t ion  being considered, t h i s  r o u t i n e  eva lua tes  a l l  

e r r o r s  and e r r o r  d e r i v a t i v e s  according t o  the r e l a t i o n s  given i n  T a b l e  I .  

I t  a l s o  prepares  a matr ix  of c o e f f i c i e n t s  based on a reduced s e t  of indepen- 
dent  va r i ab le s .  This i s  accomplished by s u b s t i t u t i n g  t h e  expression f o r  

An p .  obtained from t h e  equi l ibr ium r e l a t i o n s  (Eq. (16))  i n t o  the  mass 

balance r e l a t i o n s .  This simple a lgeb ra i c  s u b s t i t u t i o n  produces a very s ig-  

n i f i c a n t  reduct ion i n  t h e  order  of t h e  c o e f f i c i e n t  a r ray .  Thus i n  t h e  mass 
balance equat ions 

7 

i s  replaced by 

aE: 

j 
d An p I 

j a An p 

1 a E i  AH. 
[ F v j i d  An pi + + d An T - dEj 

j 
a An p 

The v a r i a b l e s  i n  t h e  reduced a r r ay  become An pi, An T, An pv  and pi. 

This procedure i s  e s s e n t i a l l y  the  same as t h a t  descr ibed i n  Refs. 3 and 4. 

KINET 

This rou t ine  determines r eac t ion  r a t e s :  a s c e r t a i n s  the  c o n t r o l l i n g  reac- 

t i o n s ,  on t h e  b a s i s  of which it forms t h e  

t h e  reduced co r rec t ion  c o e f f i c i e n t s  _for the k i n e t i c  terms; and combines them 
with t h e  prev ious ly  determined coe f f i c i en t s .  

aik t ransformation matr ix;  prepared 

RERAY 

This genera l  purpose invers ion  rout ine i n v e r t s  t h e  reduced c o e f f i c i e n t  and 

m u l t i p l i e s  t h e  r e s u l t  t i m e s  t he  set  of e r r o r s  y i e ld ing  an unconstrained se t  of 

c o r r e c t i o n s  f o r  the reduced set  of independent va r i ab le s .  

CRECT 

The unconstrained co r rec t ions  for the remaining independent va r i ab le s  a r e  
c a l c u l a t e a  by t h i s  rou t ine .  
t h e  logar i thmic  co r rec t ions  a r e  changed t o  l i n e a r  co r rec t ions ,  i .e.  

For spec ies  which are important i n  mass balances 
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i n  o rder  t o  emphasize the  l i n e a r i t y  of t h e  mass balance equat ions ;  a l l  cor-  

r e c t i o n s  are  checked with regard t o  the  c o n s t r a i n t s  of Eqs. (108) o r  (109) 

and the  minimum m u l t i p l i e r  is determined, and co r rec t ions  a r e  appropr ia te ly  

reduced and added t o  the  previous t r i a l  balance.  

PROPS 

This rou t ine  eva lua tes  t r a n s p o r t  p rope r t i e s  according t o  equat ions of 
Ref. 1 as  wel l  a s  t he  de r iva t ives  appropr ia te  t o  t h e  boundary-layer so lu t ion  

( see  Section 4 ) .  

These b r i e f  desc r ip t ions  serve t o  g ive  an overview of t h e  rou t ines  in- 

volved i n  t h e  s t a t e  ca l cu la t ions .  The program has been extremely successfu l  
on a wide range of problems and convergence has  usua l ly  been q u i t e  s a t i s f a c t o r y .  

SECTION 4 

THERMODYNAMIC PROPERTY EVALUATION 

Once so lu t ion  i s  obtained f o r  a given se t  of input  parameters it is  s t i l l  
necessary t o  eva lua te  a v a r i e t y  of p r o p e r t i e s  which a r e  s t a t e  dependent. Some 
of t hese  requi re  simple summations and no p a r t i c u l a r  d i scuss ion  i s  requi red .  

Others involve e i t h e r  f i r s t  o r  second d e r i v a t i v e s  of t h e  s t a t e  with r e spec t  

t o  c e r t a i n  input  va r i ab le s .  I t  is these  p rope r t i e s  with which the  p re sen t  
s ec t ion  i s  pr imar i ly  concerned. One of t h e  i n c i d e n t a l  advantages of t h e  

Newton-Raphson procedure over o the r  d i r e c t  search o r  opt imizat ion (gradien t )  
methods i s  t h a t  most of t he  information necessary f o r  d e r i v a t i v e  determina- 

t i o n  i s  already compiled when so lu t ion  i s  achieved. 

Consider the  closed system,assigned-enthalpy-pressure option.  The re- 
duced se t  of independent va r i ab le s  used i n  the  formulation a r e  pia 
A n ( P n ) ,  and a n  T.  I n  the  program assignment,the independent va r i ab le s  a r e  
h ,  P ,  and ai ,  t he  l as t  term being the  gram-atoms of "element" 
s y s t e m .  The equations which i m p l i c i t l y  descr ibe  t h i s  system were summarized 

i n  Table I .  The problem reduces t o  a s e t  of equat ions 

Ln pi, 

i i n  a gram of 

where t h e  xi might be considered as  t h e  reduced se t  of v a r i a b l e s  an pi, 
pA,  i n ( P 7 ( ) ,  and Ln T, and t h e  yL a r e  h, P and ai. The goa l  i s  t o  achieve 

der iva t ives  of t h e  form (ax/ay) a t  cons tan t  a l l  o the r  y ,  f o r  example 

(aT/ah)p,ai. The general  procedure f o r  doing t h i s  i s  descr ibed i n  Appendix A. 

The appendix a c t u a l l y  cons iders  both f i r s t  and second de r iva t ives , a l though  
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i n  p r a c t i c e  only  the  f i r s t  de r iva t ives  have been  ca l cu la t ed .  For the  f i r s t  

d e r i v a t i v e s  

Derivat ive 

Enthalpy 

Pressure 

Conservation 

Equilibrium 

A ' # A  i'+ i a ' f a  

P h ak 

0 -PR 0 

-1 0 0 

0 0 -P2 

0 0  0 

The matr ix  which m u s t  be inve r t ed  i s  i d e n t i c a l  with t h e  e r r o r - c o e f f i c i e n t  
a r r ay  previous ly  developed. 

r e a d i l y  evaluated based on the  e r r o r  equations.  

t i o n s  of Table I, t h e  following table ind ica t e s  t h e  important d e r i v a t i v e s  f o r  

The l a s t  vector term i n  t h e  above equation is 
Considering t h e  e r r o r  equa- 

t h e  assigned enthalpy, pressure  and elemental composition problem. 

I t  should be noted t h a t  t h e  reduct ion of  independent v a r i a b l e s  t h a t  occurs 

when t h e  equi l ibr ium equat ions are subs t i t u t ed  i n t o  t h e  remaining equat ions 

does not  a f f e c t  t hese  d e r i v a t i v e s  because P ,  h, and ak do not  appear 

i n  t h e  equi l ibr ium r e l a t i o n s .  Also t h e  PR product is  taken as a s i n g l e  
independent v a r i a b l e  (of t h e  x-set)  and thus does not  e n t e r  i n t o  t h e  p a r t i a l  

d e r i v a t i v e  terms t abu la t ed  above. For t h e  given example, de r iva t ives  of 
An T, An pv, An pi,  and p a r e  determined with r e spec t  t o  h ,  P ,  and ak. 
The d e r i v a t i v e s  of An p j  are obtained by applying 

A 

AH. 
d An p = c v j i  d kn pi + & d An T 

j 
i 

Der iva t ives  of composition-dependent p rope r t i e s  can then be obtained by con- 
ven t iona l  procedures.  I t  i s  perhaps worth not ing  t h e  r e l a t i o n  between some 
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of t h e  more conventional thermodynamic p r o p e r t i e s  and t h e  base set  of v a r i a b l e s .  

S p e c i f i c a l l y  

a i n  p 
a a n  p a an  P 

a r e  use fu l  r e l a t i o n s .  A convenient r e fe rence  t o  o t h e r  thermodynamic deriva- 
t i v e s  i s  l i s t e d  under "Thermodynamic Formulas" i n  more r ecen t  e d i t i o n s  of 

t h e  Handbook of Chemistry and Physics. 

Similar r e l a t i o n s  t o  those  given above can r e a d i l y  be generated f o r  solu- 
t i o n s  a t  assigned entropy and pressure .  For o the r  cases it i s  o f t e n  s imples t  
t o  formulate t h e  enthalpy, pressure ,  composition d e r i v a t i v e  a r r a y  a f t e r  ob ta in-  

i n g  so lu t ion  based on a d i f f e r e n t  se t  of c o n s t r a i n t s .  

as ind ica ted  i n  t h e  example above. 

This a r r a y  i s  then  used 

SECTION 5 
SUMMARY AND CURRENT STATUS 

I n  the preceding s e c t i o n s  a genera l  chemical s ta te  procedure has been 
developed and mathematically appl ied  t o  a number of open and c losed  thermo- 
dynamic systems. 
approach t o  t h e  problems a s soc ia t ed  with such s o l u t i o n s  and t o  i n d i c a t e ,  v i a  

examples in some cases ,  means of  circumventing them. 

of t h e  mechanics of t h e  s o l u t i o n  served t o  in t roduce  t h e  program and subprograms 
involved i n  t h e  computer ana lys i s .  

t h e i r  present formulation, o t h e r s  d i r e c t e d  toward s p e c i f i c  systems. 

An e f f o r t  has  been made t o  provide a r e l a t i v e l y  gene ra l  

A very b r i e f  d i scuss ion  

Some of  t h e s e  r o u t i n e s  are q u i t e  gene ra l  i n  
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Current ly  a l l  equi l ibr ium aspec t s  of the program are f u l l y  ope ra t iona l  
f o r  gene ra l  chemical systems. This includes t h e  var ious  c losed  and open sys- 

t e m  op t ions ,  t h e  shock wave r e l a t i o n s ,  t h e  su r face  coupled boundary Layer mass 
balances,  t h e  bookkeeping involved with t r e a t i n g  appearing and d isappear ing  
atomic elements, and t h e  proper ty  and property d e r i v a t i v e  c a l c u l a t i o n s .  The 
KINET r o u t i n e  c u r r e n t l y  t r e a t s  only the  heterogeneous r e a c t i o n s  a s soc ia t ed  

with g r a p h i t e  ox ida t ion  and reduction. The gene ra l i za t ion  of t h i s  r o u t i n e  
following t h e  d e t a i l e d  approach presented  i n  th i s  r e p o r t  i s  a major recom- 

mendation of t h i s  r e p o r t .  

The r e p o r t  has  d iscussed  i n  r a t h e r  general  fashion t h e  t rea tment  of Gen- 
e r a l  chemical systems. The u l t i m a t e  program which should evolve from t h i s  

study w i l l  be a General Nonequilibrium Ablation Thermochemistry (GNAT) program 

designed f o r  t r e a t i n g  t h e  problems assoc ia ted  with ecluilibrium and nonequilib- 

r i u m  a t  and above a b l a t i n g  sur faces .  
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TABLE I 

SUMMARY OF EQUATIONS AND RELEVANT INFLUENCE C C E F P I C I E N T S *  

1. Gas Phase Equilibrium: f o r  a l l  non-base gas phase spec ies  

0 
ERROR = - fin K p l '  . + Yj' - s v  j 8 i - i  v 

i 

Derivat ives  w i t 1 1  respec t  to:  

2 .  Condensed  Species Equil i h r i  urn: for a l l  present  n o n - b a s e  conc1cnsc.d 

spec ies  Q 

Derivat ives  w i t h  r e spec t  t o  

Ln pj :  0 

* N o t c : s  i n  c i r z l c s  a n d  inc l ex iny  conventions a r e  <it t h e  conclusion o f  t h e  table.  
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TABLE I (continued) 

3 .  Surface Equilibrium: for  the  condensed species with the smallest  
algebraic e r ro r  having a f a i l  temperature 
equal t o  o r  greater than sys t em temperature 

i f  A* i s  non-base 
0 

ERROR = - an K~ - CvL*iyi 
a* 

ERROR = - ya* 

Derivatives with respect  to: 

i f  L* is  base species 

'j: 

P i  : 

PA : 

An PR: 

an T: 

An T: 

0 

* i 

0 

0 

0 i f  A* i s  base species 

This cons t ra in t  i s  deleted i f  the chosen species i s  a present condensed spe- 
c i e s ,  i .e . ,  i f  the  system temperature equals the species f a i l  temperature. 

4. Closed System Enthalpy: 

Derivatives with respect t o  

An pj: 

PA : 

An ~?n:  

An T: 

P j H i  

Ha 
-PRh 
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TABLE I (continued) 

5 .  Closed System Entropy: 

Der iva t ive  with respect t o  

6. Pressure:  

Der iva t ives  with respect t o  

An p j :  

An T: 0 
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TABLE I (continued) 

7. Oblique Shock Momentum: 

Derivatives with respect to 

an pj: p j  

PA: 0 

An T: (P1U1cosBl)2 - RT 
P n  

8. Oblique Shock Energy: 

Derivatives with respect to 

. 
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TABLE I (continued) 

9 .  Closed System Mass Balance: 

ERROR = -P?l?CLi, + c Vji,Pj 
j i , A  

Derivatives with respect  t o  

an pj: v j i , p j  

10 .  Surface Mass Balance Coupled to Boundary Layer: 

- 
ERROR = -pRgai, + ( P V )  ( p % y f i l  + 1 pjvji  + pi' 

4 j 

Derivatives with respect to 
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TABLE I (continued) 

11. Surface Mass Balance Coupled t o  Convective Coeff ic ien ts :  

- 
F 

c PjVj 
j i  
---L 

P.hl./F* 
j , i  3 3 3 

9 

m + m  

'eUecM 
C 

Derivat ives  with r e spec t  t o  
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TABLE I (concluded) 

an T: 0 

INDICES 

i, i '  base species o r  llelementsl '  

j , j l  gas phase non-base spec ies  

i , A l  condensed non-base spec ies  

included f o r  condensed base species only 
iC 

included f o r  gas phase base  spec ies  only 4 i 

F L . .  implies success ive  summation over a l l  gas phase spec ie s  

NOTES 

1. The v a r i a b l e  yi can have t h e  fol lowing s p e c i f i c a t i o n s  

= i n  pi, f o r  gas phase base species 

= 0 , €or  p re sen t  condensed base spec ie s  o r  base species represent -  

i ng  a non-present element ( i n  t h i s  case pi becomes t h e  
system v a r i a b l e  i n  p l ace  of 

< 0 , f o r  non-present condensed base spec ies  

var iable ,  f o r  non-present base species r ep resen t ing  a p re sen t  element. 

I n  a l l  b u t  the second ins tance  
of t he  system of equat ions.  

yi) 

yi i s  a necessary b u t  unknown v a r i a b l e  

2.  The va r i ab le  pi is  used i n  l i e u  of  yi i f  the base species, i, i s  a 

present  condensed spec ie s  o r  r ep resen t s  a non-present element. 
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PRECEDING PAGE BLANK NOT F1Li-S- 

APPENDIX A 

DETERMINATION OF A SET OF FIRST AND SECOND DERIVATIVES 
IMPLICITLY DEFINED BY A SET OF NONLINEAR ALGEBRAIC EQUATIONS 

A se t  of K nonl inear  a lgeb ra i c  equations i n  K v a r i a b l e s  x and j i 
parameters y j ,  can be expressed genera l ly  as 

For any s e t  of va lues  f o r  t h e  parameters, yj, t h e -  xi 

by t h e  Eqs. (1). I n  many ins tances  it is a l s o  d e s i r a b l e  t o  obta ined  t h e  e f -  
f e c t  of changes i n  t h e  parameters 

I n  t h e  p r e s e n t  ca se  axi/ay.ay a r e  a l s o  sought. 

a r e  i m p l i c i t l y  def ined  

on the v a r i a b l e s  x t h a t  i s  axi/ayj. i' 

I j 1  
By d i f f e r e n t i a t i n g  Eq. (1) considering a l l  xi and y independent, 

t h e  following p a r t i a l  d e r i v a t i v e s  can r e a d i l y  be obtained 

The t o t a l  d i f f e r e n t i a l  of Eq. (1) i s  

dfk = fk  dx. 1 + f k  d y j  = 0 (2) 
i y j  

X 

where the repea ted  index implies summation. 
holding a l l  o t h e r  y j  cons tan t ,  b u t  allowing t h e  xi t o  vary i n  accord with 
t h e  Eqs. (1) , y i e l d s  

Dividing Eq. (2 )  by d y j l  , 

= o  
Y j  I 

+ fk ( 3 )  

where a convention has been adopted whereby afk /ay j I  implies (a fk /ay .  ) , 
j # j 1  

( a f k / a y j l ) y . x .  , j # j l  . This se t  of  K l i n e a r  ( i n  a x . / a y . , )  a l g e b r a i c  
equat ions  c in%e  solved t o  y i e l d  

I' Y j  
b u t  w i t h  xi varying t o  s a t i s y  Eqs.  (1) and 

f k y j l  
i m p 1  i e s 

1 3  

axi 

i X 
f k  

-1 

Y j  I 
fk (4) 
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which represents  t he  des i r ed  r e s u l t  f o r  f i r s t  d e r i v a t i v e s  . 
f e r e n t i a l  of Eq. ( 3 )  y i e l d s  

Taking the  d i f -  

axi a xi 
dxil + fk  - dYj + fk 1%) 

X x . x  1 i1 aYjl xiyj  aYjl i 
' [$)=  fk  

d Y j  + fk dxil  = 0 
YjYj I Yj , x i1  

+ fk 

I f  t h i s  r e l a t i o n  i s  divided by dyj, a t  cons tan t  a l l  o the r  b u t  with 

x varying i n  accord with t h e  E q s .  (1) , t h e r e  resu l t s  i 

a 2  fk  axi axi l  a xi a2 xi -- - 
+ 

fk  aYj,aYj* a y j  I X 
= f k  

aYj*aYj I x . x  1 i1 aYjl ayj* + fkxiyj* i 

Solving f o r  a2xi /ayj layj* y i e l d s  

(5) 

a2  xi* 

a Y j  I a Y  . 
= -  

I* 

i axi - 
Y j  lYj* 

aYj I + fk  
X i Y  j * + fk  

which represents  t he  des i r ed  r e s u l t  f o r  second de r iva t ives .  

f i r s t  term i n  t h e  brace  involves  a t r i p l e  sum (over k, i and i ')  and thus  t h e  

t i m e  required t o  generate  a s i n g l e  t e r m  is  propor t iona l  t o  
a l l  terms i n  t he  three-dimensional a r r a y  of second d e r i v a t i v e s  r equ i r e s  a t i m e  
p ropor t iona l  t o  e. 

Note t h a t  t he  

K". To genera te  

44 NASA-Langley, 1968 - 33 CR-1064 

( 7 )  


