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PERFORMANCE OF SELF BIT SYNCHRONIZATION SYSTEMS
by
Ee Jo Iuecke and P. A. Wintz

ABSTRACT

The optimum (meximum likelihood) estimator for the epoch of a random
sequence of anticorrelated signals of known duration in additive gaussian
noigse was derived and its performance evaluated by Monte Carlo simulation
on & digital computer. The mean magnitude of the epoch error vs. signal-
to~noige ratio was obtained for three symbol waveforms.,

The cptimum system is rather complex and, therefore, judged to be im-
oractical. However, the equation defining the optimum system structure can
be loosely interpreted as a filtering operation followed by a nonlinearity
followed by an averaging operation. A gimple (suboptimum) system that
performs these operations was considered and its performance computed via
the transform method, The suboptimum system performed nearly as well as
the optimum system for rounded pulses, but significantly worse for square
pulsas. A prototype of the suboptimum system was constructed; it performed
as predictedo

A second suboptimum system incorporating a hard limiter was constructed
and its perﬁ?rmance compared to.the performance of the first suboptimum syse
tem. The first system with rounded pulses performed 10 db « better

than the second system with sguare pulses.
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PERFORMANCE OF SEIF BIT SYNCHRONIZING SYSTEMS
by

E, J. Iuecke¥* and P. A, Wintz¥*

I, INTRODUCTIOCN

The detection of digital signals requires & time base at the receiver
which is in synchroniem with the recelved sequence of digital waveforms,

This time base, usually called bit synchronization, may be obtained by transe

mitting a synchronizing signal on a separate channel, by adding symbol pate
terns to the data format in order to synchronize local stable clocks, or by
properly processing the received data in such a way that the 1nformation
bearing symbol sequence supplies the synchronization signalse The latter
nethod is called self synchronization.

The current interest in opbimum digitel detection systems is based
on the desire to obtein the most efficient use of the available communi-
cation channels. If such optimum overall system results are to be obtained,
it is necessary for the synchronizing subsystem o add little or nothing to
the total system power and bandwidth requirements. It is clear that self
synchronization adds nothing to the total transmitted power requirement, It
may, however, increase the required bandwidth if the basic digital symbol
waveshapes are chosen such that self gynchronization is enhanced at the
expense of bandwidth. An extreme example of this occurs with binary anbi~
correlated gignaling using pseudo~random sequences asg the basic symbol wavew
forﬁ; the correlation properties of these P-N sequences are excellent for synch-
ronization purposes, but the bandwidth is directlyhproportional to the length
of the sequence. The results presented in this paper are restricted to symbol

waveshapes which are chosen to keep the system bandwidth as narrow as possible.

* Department of Electrical Engineering, Valparaiso Uhi?ersity, Valparaiso, Ind
*% School of Electrical Engineering, Purdue University, Lafayette, Ind
This work was sponsored by NASA NGR 15-005-0212 snd NASA Grant NsGw553
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The synchronization problem is presented gvephically in Fig. 1. A
random sequence of positive and negative symbols is observed; the problenm
is to determine the start and stop times of each pulse. If the bit rate T -

is known this is equivalent to learning the epoch ze

Figa 1

The process of deriving a synchronizing signal from a digital symbol
sequence can also be interpreted as that of detecting the phase of the dis~
crete frequency component of the random signal process at the bit (symbol)
frequency. The ease with which this phase can be measured depends on the
power in the frequency component corresponding to the bit rate. According
to & result by Barnard [1], the discrete components of an meary first order
Markov digital symbol sequence are given by

oo

m
. 2
(1) sy =1,% p; G (3 2n £) | 5(f = n £3)

n§~oo

where Sd is the discrete spectral density, Pi is the probebility of oecur=
rence of the i-th symbol, Gi(s) is the Laplace transform of the i~-th symbol
waveform, fb is the bit frequency, and 5(x) is the Dirac delta function.

Eqe (1) indicates that if the spectrum of the individual pulses have
a non-zero value at the bit frequency, then the random process will have the
desired discrete frequency component in its spectral density. As & rule of
thumb, good éignal symbol qesign for self gynchronization is obtained when

the magnitude of the spectral density of the symbol pulses is large.



For binary anticorrelated symbols Eg. (1) reduces to
+oo

(2) Sy = ! (29-1) G (3 2xnf) !2 nEen 8(f = n fB)

where p is the probability of a positive pulse, For a well coded system,

D will be approximately 1/2. For p = 1/2,8d = 0 and there are no disc:ete‘
components in the spectral density for any choice of symbols. In order to
derive a synchronizing signal in this case nonlinear processing is required.
Nonlinear processing generates a new random process which has the desired dis~-
crete spectral density components. The purpose of this paper is to determine

the cptimum (nonlinear) synchronizer for binary anticorrelated signals.
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IL, THE OPTIMIM SOLUTION

In this section we compute the optimum (maximum likelihood) self
synchronizer for a random sequence of anticorrelated signals in additive
gaussian noise, The problem is illuétrated by Fige 1. The assumptions are
outlined in Fig. 2. Assnwe a record of received data precisely KT seconds
long where T is the known symbol duration (T"l is the bit rate) and K is an
integer. Even though the record is exactly K symbol durations in length it
contains parts of K + 1 different symbols since the last e_seconds of one
symbol is inciuded on the start of the record, and the first T ~ ¢ seconds
~f another symbol at the end of the record. Iet the received data (signal
rlus noise) in the K + 1 time intervals defined by Fig. 2 be represented by

-+
the X + 1 column matrices Xi’ 1=0,1, 2, ¢« o v, K, Henceib
(3) X, =8 +N, 1i=0,1,2 0+, K

where + 8, is a column mabrix represeﬁting + the gymbel waveform except that
- ¥ =

SO represents the last ¢ seconds end S the first T - ¢ seconds of the symbol

K

wavelform; NJ is a column mabrix representing the noise waveform in the jth

time interval. We also assume that the K + T noise'.covariance matrices in tie jth

T wl .
(ll-) 5=1\11N¢ l=o,l,23°‘”’K

and thal the noiges have gzero means and are uncorrelated for different time
intervals. Finelly, we assume that in each time interval the a priori prob-
ability of occurrence of a positive symbol and a priori probability of a

negative symbol are 1/2.

+ The representation of waveforms by vectors 1s discussed in Appendix B
of Hancock and Wintz [2]

I. For notational convenience we assume that all of the column matrices
are k X 1. The same result can be obtained if the X., S, 32 and N,
are assumed to be k, X L. ‘(A different number of sa%ples can belused
to represent the wavVeforms in the different time intervals).



According to Baye's rule we can write

2

(5) ple D Xy v e oy X) =p(Xo,p,(€3 oy X) Py < o 0 X b e)

Because the signal and noise processes, a&s well as the individual noise
vectors Ni i=0,1, « » s+, K, are statistically independent, the observ=

=0, 1, » » o, K are conditionally (given e¢) independent, i.e.,

ations Xi’ i=
K
(€) p(Xy == ¢, X 1 c) = }:"1 p(x; | &)

If we let the random variable o take the value w o when +5 is transmitted,

S
and W_q is transmitted, we can further write

p(X; | e, w+s) prob [w = w+S3 + P(Xi e,y w_S) prob [ = o_g]

M) »(x; | e)

i

-]é"[p(Xi les wg) + 0 | es o)l

for each 1 =0, 1, o o o, K since prob [w = w+S] = prob [w = o ,] =% .

-3
Furthermore, the two conditional densities in (7)) are k~variate gaussian

with covariances 35 and means Si = Si(e) and -Si = -Si(e) » respectively:
expl~ = (X, ¥ 8,)% a7F (x, ¥ 8,)]
8) px; | ey v ) = e 2 4 A 1 1
s ! 2 W ]
1 j‘_S (Zﬂ)k/z.léi!*/z
PO R T 1 7 -1
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Hence,
e\~ %% X535 % 5) T -1 T el ™
(9) plx; el = k72 . (1/2 len(x; 67 8;) + ey 678
2 (2x) !éi!‘
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Using (9.) in () we now have

(10) p( ) x;( 2 .L—O ‘:{.@71 Xi) 1 X \\
10) plXyseee = “— exy = 3 zs.a s cos
0" Kle K (K+L)/2 1/2 7 1Bofi%h 50T o]
(2x) Tﬂes ! i=1
i=0
and using (L0)in (5) we noihave
(11) ple|Xgsene,Xy) = 6 fffz XK) ; lgoslﬁl 77-cosﬂf S5 lSi(ei>

K
= C ple) TTeo k( N 1(e.))

i=0

where C is normalizing constant that does not depend on ¢, The maximum
likelihood estimator of the parameter ¢ is the value of ¢ that maximizes
p(elXy ¢ ¢ v, X ), It is reasonable to assume that ell values of e bew
tween O and T are equally likely; therefore, we assume & uniform distri-
bution for the a priori density p(e). Hence, the maximum likelihood esti= .

nator of ¢ is the value of ¢ that maximizes

(12) gle) = TTcosh [x @ si(e)}
i=0

Or, since log g(e) has extresmo st the same values of ¢ as g(e), we can as

well maximize

K
(13) 1log z(e) = £, log cosh [X Si(e)]

Finally, we point out that for unit variance, uncorrelated noise samples

Ege (13) reduces to

K
T
(14) 1og gle) =;5, log cosh [x; Si(eﬁ
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Eqe (1%) dictates that the optimum (maximum likelihood) synchronizer

operates as follows. To test a record of exactly K durations of received
signal for the assumed synchronizing position ¢, the first ¢ seconds of
the received‘data are correlated with the last ¢ seconds of the basic syme
bol waveform. The (1ln cosh) of the result is computed and stored. The
next T seconds of received signal is correlated with the basic symbol énd
the In cosh of this result is computed and added to the previously stored
results This process is continued for each of the remaining complete. sym~
bol duretions. The final partial period is correlated with the f;rst T=¢
secords of the symbol waveshape, the ln cosh of this result is computed and

sdded to the previous resulb.



» ITT, SUBCPTIMUM SOLUTION

In the preceding section the maximum likelihood estimator of signal
epoch for a rendom sequence of anticorrelated signals in additive gaussian
noise was derived. From Eq. (;9) we interpreted the optimum synchronizer
~ structure as congisting of a sequence of three operations: Each received
datum is correlated with the known signal waveform, correlator output is
passed through & 1ln cosh nonlinearity, and the K nonlinearity outputs averaged.
Now, the correlation operation is equivalent to matched filtering, and an
approximation to the matched filter for the pulse type signals assumed is
a single pole lowpass filter with the time constant approximately equal to
the signal durations The ln cosh nonlinearity is essentially a square low’
de;ice for low signal-to=noise ratios and an absolute value device for high
-gignal-toenoise ratios; hence, we follow the lowpass filter with a square low
“device. Finally, the averaging (surmation) operation can bs accomplished with _
a marrowband filter centered at the frequency corresponding to the universe
of the bit rate. In this manner we arrive at the rather simple suboptimum
‘ghructure presented in Fig. 3. The output 1s a sinuosid whose zero crossings

are estimetes of the gignal start times.

[ Towpass | Square Law Bandpass
3! Filter [T T Nonlinearity Arilier T

Fige 3
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IV. OPTIMUM AND SUBOPTIMUM SYSTEM PRRFCRMANCE

The ultimate measure of perforﬁance for any digital system is prob-
ability of detection error. However, for a subsystem such as the bit syn~
chronizer, such a measure is not possible unless a particular detector is
specified. In order to compare the optimum and suboptimum cases without
gnucifing a particular detector, 1he expectation of the absolute value of
the synchronizing error, ?;?, is chosen as a performance measure. This
choice is made for twv reasons. TFirst, the particular moment is eagily
meagured for ahy prototype synchronizer. Secondly, such low order moments
gererally allow fairly good comparison of random processes which have similar-
but not identical probability laws. For the density functions dealt with in
the -systems compared in this paper, the value of T;? is about 75 of its rms
value,

The performance of a particular synchronizer also depends on the symbol
waveform. Three symbol pulses which have relatively narrow bandwidths have _

““been chosen for comparison, These are the square pulse; a half gine pulse;

and & raised cosine. The half gine pulse is defined by
(15} S(t)=sin—’%t O<t<T
‘and the raised cosine by

(16) 8(t) =<1-cos-§-’it> O<t T

- The. spactral densities for a random sequence (p = %) of these three pulses
are plotted in Fig, 4 sé that their bandwidths cah be compared, These
pulses are chosen because of their ease of generstion and because it is felt
that they represent fairly well the class of narrowband symbols.

The performance of the optimum synchronizer defined by Eq. (14) was ob=

- teined by Monte Carlo simulation on a digital computers Tﬁéiﬁwment Jel was

- comparbed from the histogram of 500 fridls.
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Fig. 5 shows the optimum system perfsrmance obtained with the raised
cogine symbol for four different memory times, K. These curves show that

]

!e! varies inversely with the square root of memory time., Such a variation
is also observed for the suboptimum system, It is also evident that ?:T de-
creases approximately with the square root of 2E/N. Such relationships as
these seem to be typical of adaptive systems such as this. A gimilar ree
lstionship is noted in Hancock and Wintz [2] in the chapter on adaptive
systens. .- In Fig. 6 the performance of the optimum system for three dif=-
ferent symbols is presented. The roughness of the date makes it hard to
conclude that any one symbol gives better performance. It appears, however,
that the performance with square pulses may be somewhat better for high sige-
nal~townoige ratios.

The performance of the suboptimum system was computed by the method
outiined in the appendix. The performance of the subopbimum gystem depends
not only on memory time and symbol waveshape but also on the bandwidth of
the input filter. In Fig. 7 TZT is plotted against 2E/N for various velues
of input low pass filter cutoff frequency. Apparently, for realistic values
of ZE/N, ¥&is bandwidth is not a very significant factor. The best choice
is a bandwidth equal to the inverse of the bit rate, For operation at very
high values of signal-to-noise ratio, a higher value of cutoff frequency is
desireble since a limiting factor on E;I is the noise produced by the fil-
tering of the signal. This noise is due to the filter memory (intersymbol
interference) and occurs even with-no additive noise.

As illustrated in Fig. 8, the raised cogine symbol appears bast for
the suboptimum system. Operation with square pulses is considerably poorer
88 nearly 8 times as much memory time is required to achieve the same value

—————

-of 16?-
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A prototype of the suboptimum system hag been constructed. Fig. 9

presents experimental data similar to Fig. 8 except that the nonlinearity
is now an absolute value function instead of a square law function. Ex=
perimental evidence indicates that the form of the nonlinearity has no
noticeable effect on the performance,

Fige 10 compares the performance of the optimum and suboptimum systems.
For the raised cosine and half sine symbols suboptimum performance is very
close to the performance of the optimum system. On the other hand, for the square
puleatsuboptimum. system:performance isiconsidered worse than optinmwm system pere
formances, In oi'der to compare the memory time of the exponential weighting
that is-characteristiec of the bandpass filter in the suboptimum system with
 the. uniform weighting of the optimum system an effective measurement time
wes defined to be
(e
g

pH

Q7). K=
: 38 %

where ¢; is the relative weighting sssigned to the ith preceding symbol.
(This definitiaon of effective measurement time is due to Price [3]. See
also [4]).

The bit synchronizer in most common use is similar to the suboptimum -
of Fig,. 3 but with the square law nonlineariby replaced by & hard limiter.

. A prototype of this system was also constructed and its performance compared-
to the performance of the first suboptimum systems As illustreted. in. Figs 11
the first system using raised cosine symbols is gpproximately 10 db-superior
to the second system using square symbols. A somewhat surprising result,also
presented in Fig. 11, is that the performance of the -system with raise cosine
symbals was significamtly better (at least at low and moderate signal-toenoise
ratios) then with square symbols.
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Ve SUMMARY AND CONCLUSIONS )

The optimum (maximum likelihood) estimator for the epoch of a random
sequence of anticorrelated signals of known duration in additive gaussian
noise was derived and its performance evaluated by Monte Carlo simulation
on a digital computer, The mean magnitﬁde of the epoch error vs. signale
to=noise ratio was obtained for three symbol waveforms.

The optimum system is rathzr complex and, therefore, Jjudged to be
impractical, However, the equation defining the optimum system structure
cai be loosely interpreted as a filtering operation followed by a nonlinearity
folicwed by an averaging operation. A simple (suboptimum) system that per=
Pors these operations was considered and its performance compubed via the
trapsform method. The suboptimum system performed nearly as well as the op-
Hinorn gystem for rounded pulses, but significantly worse for sguare pulses.

A prototype of the suboptimum system was constructed; it performed as predicted.

A second suboptimum system incorporating a hard limiter was constructed
and its performsnce comparad to the performance of the first suboptimum system.
The first system with rounded pulses performed 10 db better than the

second system with square pulses.
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APPENDIX

In this Appendix we outline the method used to compute |¢| for the
svboptimum gystem of Figo 3,

The statistics of the oubtput of a scuare law device when the input is
the sum of two independent rendom processes is well known [5]. The spectral

density of the output is

o oHeo
(a-1) s() = 2™ (Rp(e) + 4 [ s, (c) s (£~ ) ar 42| 5@ s (£-£7) ar

O

RSZ(T) is the autocorrelation function of the square of the input random
PrOCess, Ss(f) is the spectral dengity of the signal random process, and
Sn(f) is the spectral density of the noise, The second and third terms
repragent the usual signale~crogs-noise and noiges~cross~noige terms and can
be computed by standaxrd convelution techniques. The first term is more
difficult to deal with., It represcats the spectral density of the sguare
of the signal rendom process, It conbains both discrete and continuous
components.

For sufliclently narrow bandwidth the output of the bandpass filter
which is tuned to the inverse of the bit rate can be approximated by a éine
wave and additiwe narrowband geussisn nolse. o This density;
function, as first derived by Rice [6], has the same general shepe and the
same lower order moments =3 the danzity function~usually’quoted for phase
locksd lonops [7] when the §/N parsucters ars properly reisted. The funciion
for phase, 06, when divided by 2x is the desived density for e.

To eveluate the signal to noise ratio in this dsnsity function the
magnitude of the sine wave al the bit frequancy and the spectral density in
the region of the bit freguency must be computed. The convolution integrals
of Eg. (A=l) evaluated at one specific frequency, f,, will provide the signal-

cross-noise and nolse~cross-noise contributions to the continuous spectrun,
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If the input noise is assumed white, the action of the lowpass filter on
the noise spectrum is easily computed. The effect of the input lowpass
filter on the signal spectrel density is computed the same way. The
spectral density at the input to the lowpass filter is given by Eqs (2).
The components dvue to the signalecross-signal term can be computed by
assuming that the effective memory time of the lowpass filter is no more
than one signal period; then the output of the filter can be congidered &
new random process which is made up of four symbols. Iet H(t) represent
the response of the low pass filter to S(t) during the period (0, T), and
T{t) the response during (T, 2T), For the anticorrelated signel process
‘the new symbols are * [H(t) # T(t)] and + [H(t) - T(t)]. On passing this
through the square law nonlinearity, & new random process is formed which
has only two symbols: S; = [uH{t) + '.r:(t)]2 and §, = [H(t) - T(t)]z. For
the special case of equiprobable symbols, the spectral density is M(jenf)M(-j2r:
where M(s) = L(Hz(t) + Ta(t)). For even the most simple symbol wave shapes,

+he calculations involved are rather tedius. See [8].



1 NOLLVENG
40 S35 Nd dO
ALISN3A "TvdL03dS

j.}iﬂ.&eum, -
homenee.

g

£ oamen

L

o)



OPTIMUM SYSTEMS

[e] ve. 2E/N
Ruised Cosing Symboi

ey

]
-
gfﬁm
o
e
(&

Flgure 4



OPTIMUM SYSTEM

lel ve. 2E/N
8 Symbols of

~gy HEif Sine Pulse

" N%;ﬁi Raised Coslng Pulse

® Square Pulss
|

=1

O
w%
g}%m

BN £ e, Ry
S 20 30 £0
@ T 004
2EFN

Phyrse &



i moen

oquis sulS JbH
2'Q = Aowslyy usSiBAINDT

"gopUenbasg
Lons esodmoT) SROLDA
m NN
o4 On/32 sa W.WW ,WMWVW
WSIEARS Baep gng X

o]

Y

]
MW@}?

|



el

SUBOPTIMUM SYSTEM

lE] ws. 2E/N
i

& Symbols of Equivalent Memory
Lowpass Filter Cutoff M@

Flgase 8

20

50



z,.e;m
&l




1€l vs. 2E/N
B8 S 5 OF ME

N K TSl
SOPTRSD
", GOS8,

%,

1,

¢ 2 3 4 5 67890
2k /N

ece 1O



AT

e

o

g

L

v

L
3
35

i






