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ABSTRACT 

T i t l e  of Thesis :  Veloci ty  Axis Response of an Ion Mass 
Spectrometer on a Sphe r i ca l  S a t e l l i t e  

Michael G .  Toner, Master of Science,  1968. 

Thesis  d i r e c t e d  by: R. T .  Be t t inger ,  Ass i s t an t  Professor  of Physics  

The r a t i o  of t he  ion  cur ren t  c o l l e c t e d  by an ion  mass spectrometer  

when the  normal t o  the  spectrometer 's  o r i f i c e  is  a l igned  p a r a l l e l  t o  

t h e  v e h i c l e ' s  v e l o c i t y  vec tor ,  t o  t h a t  cu r ren t  c o l l e c t e d  when they are 

a l igned  a n t i - p a r a l l e l ,  i s  known as t h e  r a m  t o  wake r a t i o .  This  r a t i o  

is  ca l cu la t ed  as a func t ion  of ion  temperature ,  f i r s t  under t h e  

assumption t h a t  t h e r e  i s  no sheath around t h e  v e h i c l e ,  and secondly 

i n  t h e  presence of a model shea th ,  whose s t r u c t u r e  is  no t  a func t ion  

Df ambient condi t ions .  I n  both cases ,  t he  r e s u l t s  show t h a t  t h e  r a t i o  

is  a r ap id ly  varying func t ion  of i on  temperature, and t h a t  f o r  H , 
which has  t h e  smallest and m o s t  e a s i l y  measured r a t i o s ,  t h i s  approach 

could w e l l  provide a convenient means of measuring such temperatures .  
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FIGURE CAPTIONS 

Figure  1 Schematic diagram of t y p i c a l  ion mass spectrometer d a t a  

from Explorer 32,  showing comparison wi th  h y p o t h e t i c a l  

d a t a  from non-spinning sa te l l i t e .  

F igure  2 P l o t  of r a m  t o  wake r a t i o  ve r sus  tempera ture ,  i n  t h e  

no shea th  model, f o r  H , H , N and 0 and f o r  a + + +  + 
e 

v e h i c l e  v e l o c i t y  of 7 .8  km/sec. 

F igure  3 Diagram used i n  de r iva t ion  of H+ d e n s i t y  i n  t h e  wake 

(Chapter 3 ) ,  assuming no sheath. 

F igure  4 P l o t  of assumed forms f o r  @ ( r )  a t  0 = 0' and 0 = 180'. 

Figure  5 P l o t  of assumed form of r (=I ar  ve r sus  r f o r  
@ 

15' - -  < 0 < 165'. 

Figure  6 
@ 

versus  0 f o r  r = 50 cm. 

+ Figure  7 P l o t  of r a m  t o  wake r a t i o  ve r sus  temperature for H 

a t  a v e h i c l e  v e l o c i t y  of 7 . 8  km/sec. 

i v  



CHAPTER I 

INTRODUCTION 

The Explorer 32 sa te l l i t e  is a s p h e r i c a l  body of r a d i u s  45.7 cm 

which w a s  launched on May 25, 1966 i n t o  an o r b i t  of apogee 2800 km and 

pe r igee  270 km. The s p i n  r a t e  of t he  s a t e l l i t e  i s  0.5 r evo lu t ions  p e r  

second and t h e  s p i n  a x i s  i s  a l igned  perpendicular  t o  t h e  v e l o c i t y  v e c t o r ,  

t o  wi th in  about f i v e  degrees.  One of t h e  experiments being performed 

an board i s  t h e  measurement of p o s i t i v e  i o n  concen t r a t ions  i n  t h e  

upper atmosphere us ing  a Bennett r a d i o  frequency mass spectrometer  

(Taylor and Br in ton ,  p r i v a t e  communication). Ions e n t e r  t h e  spectrometer  

by passing through a c i r c u l a r  o r i f i c e  of r a d i u s  1.65 cm i n  t h e  satel l i te ' s  

s u r f a c e ,  We l e t  0 be t h e  angle between t h e  v e l o c i t y  v e c t o r  and t h e  v e c t o r  

n o m a 1  t o  t h e  c i r c u l a r  o?-l".fice, and  s i n c e  t h e  o r i f i c e  i s  loca ted  nea r  t h e  

s p i n  equator ,  0 t akes  on near ly  a l l  va lues  from 0 

f a c t  t h a t  t h e  s a t e l l i t e  i s  moving through the  ionosphere a t  speeds 

comparable t o  t h e  i o n  mean thermal v e l o c i t i e s ,  t h e  i o n  cu r ren t  c o l l e c t e d  

depends on t h e  instantaneous va lue  of 0. This  s p i n  modulation of t h e  

i o n  cu r ren t  i s  superimposed upon the  tun ing  curve of t h e  spectrometer  

as shown i n  Fig.  1. With c e r t a i n  except ions ,  t o  be  d iscussed  la te r ,  

t h e  l a r g e s t  c u r r e n t s  occur a t  0 = O o ,  and t h e  smallest a t  0 = 180'. 

Although t h e  spectrometer  takes measurements f o r  t h e  four  d i f f e r e n t  

ions O', N t H e f  and H+, only t h e  H+, because of i t s  g r e a t e r  mean 

thermal speed ,  ever shows a measureable cu r ren t  a t  180'. 

t h e  cu r ren t  c o l l e c t e d  a t  0' t o  t h e  c u r r e n t  c o l l e c t e d  a t  180' w i l l  b e  

c a l l e d  t h e  ram t o  wake r a t i o .  

be  a s t r o n g  func t ion  of temperature f o r  a given ion .  

t h i s  p a p e r  i s  t o  c a l c u l a t e  t h i s  r e l a t i o n s h i p ,  us ing  a s i m p l e  model of 

0 t o  180'. Due t o  t h e  

The r a t i o  of 

It is t o  b e  expected t h a t  t h i s  r a t i o  w i l l  

The purpose of 
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t h e  shea th  s t r u c t u r e .  Once t h i s  r e l a t i o n s h i p  is  known, i t  can then  

serve as a means of measuring i o n  temperatures .  I n  order  t o  o b t a i n  

a complete s o l u t i o n  t o  the  problem, i t  would be  necessary  t o  know 

t h e  shea th  s t r u c t u r e  as a funct ion of i o n  and e l e c t r o n  temperatures  

and d e n s i t i e s .  Such an approach is  beyond t h e  scope of t h i s  paper.  

It i s  very probable ,  however, t h a t  t h e  main f e a t u r e s  of t h e  ram t o  

wake r a t i o  versus  temperature r e l a t i o n s h i p  can be found us ing  t h e  

assumption of a non-varying sheath;  and t h i s  is t h e  assumption t h a t  

w i l l  be  used he re .  
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CHAPTER I1 

NO SHEATH, ONE DIMENSIONAL CALCULATION 

The f i r s t  case  t o  be considered w i l l  be  t h e  s imples t  p o s s i b l e  

one,  namely t h a t  t h e r e  is no shea th  a t  a l l .  

shea th  i s  equiva len t  t o  saying,  among o t h e r  t h ings ,  t h a t  t h e  e lectr ic  

p o t e n t i a l  at t h e  sa te l l i t e ' s  s u r f a c e  and i n  t h e  space surrounding 

t h e  s a t e l l i t e  i s  zero.  If i n  a d d i t i o n  t o  t h i s  w e  cons ider  only t h a t  

component of i on  v e l o c i t y  lying a long  t h e  v e h i c l e ' s  v e l o c i t y  v e c t o r ,  

a very s imple c a l c u l a t i o n  of t h e  ram t o  wake r a t i o ,  which w i l l  be  

des igna ted  R/W, is poss ib l e .  

The assumption of no 

L e t  A be  t h e  area of the c i r c u l a r  o r i f i c e  through which i o n s  

must pass  t o  reach t h e  spectrometer.  

v e c t o r  be t h e  d i r e c t i o n  of the p o s i t i v e  z a x i s  of a coord ina te  frame 

0,  moving wi th  t h e  s a t e l l i t e .  

r e s p e c t  t o  t h e  plasma w i l l  be termed 0 ' .  

model, t he  only ions  which can reach A when i t  is  centered  a t  0 = 0' 

o r  0 = 180°, are those  i n  an i n f i n i t e  cy l inde r  wi th  c ros s  s e c t i o n  equa l  

t o  A,  l y ing  along t h e  z axis .  If t h e  v e l o c i t y  d i s t r i b u t i o n  of t h e  i o n s  

i n  0 '  is  taken t o  be the  Maxwellian d i s t r i b u t i o n ,  

Also l e t  t h e  satel l i te ' s  v e l o c i t y  

A s i m i l a r l y  o r i e n t e d  frame a t  rest wi th  

Then i n  t h i s  one dimensional 

-mvzV2/2kT I 

F'(vZ')dvZ' = (&I' e dvz 

then  t h e  d i s t r i b u t i o n  i n  0 is given by 

where vs i s  a p o s i t i v e  number equal  t o  t h e  s a t e l l i t e ' s  speed. 
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Now if the ambient density of ions is n, the number of ions 

striking A per unit time with velocities in a small range dv, about 

vZ is nAlv,lF(v,)dv,. 

strike A, and for 0 = 180°, it i s  those with vz > 0 which can do 

so.  Therefore 

For 0 3 O o ,  only particles with vz < 0 can 

This expression reduces to 

R/W = 

where s = 2kT vS 

and erf(s) 
0 

This result is plotted in Fig. 2 as a function of temperature 

for m = 1, 4 ,  14 and 16 A. M. U., and for vs - 7.8 km/sec. 
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CHAPTER 111 

THE SHEATH STRUCTURE 

It is  known in gene ra l  from Langmuir probe d a t a  and from 

o t h e r  sources  t h a t  conducting bodies  i n  t h e  ionosphere develop 

s u r f a c e  p o t e n t i a l s  anywhere from -15 t o  +1 v ,  whi le  more t y p i c a l  

va lues  are from -3  t o  -1.5 v.  A t  an ambient i on  temperature  of 

2000°, -1.5 v r ep resen t s  over f i v e  times the  mean i o n  energy. 

i s  c l e a r ,  t hen ,  t h a t  t h e  sheath w i l l  have a major e f f e c t  on t h e  

t r a j e c t o r i e s  of ions  approaching t h e  s a t e l l i t e ,  and t h a t  i t s  

th i ckness  and s t r u c t u r e  need t o  be taken i n t o  account i n  cal- 

c u l a t i n g  t h e  ram t o  wake r a t i o .  The at tempt  h e r e  w i l l  be  t o  f i n d  

a mathematical  representa t ion  only of t h e  g e n e r a l ,  o v e r a l l  f e a t u r e s  

of t h e  p o t e n t i a l ,  and not  of i ts  d e t a i l e d  s t r u c t u r e .  Three 

func t ions  w i l l  be sought ,  the p o t e n t i a l ,  0 ,  as a func t ion  of r a t  

0 = Oo, O(r) a t  180°, and - [s) as a func t ion  of both r and 0 .  
0 

The r a d i a l  electric f i e l d s ,  E,, can be  c a l c u l a t e d  a t  0' and 180' 

from t h e  0 ( r ) ' s .  

found by tak ing  a l i n e a r  average. That i s ,  

It 

The r a d i a l  f i e l d  at p o i n t s  between w i l l  then  be  

Walker (1965) has  t r ea t ed  t h e  gene ra l  problem of t h e  p o t e n t i a l  

d i s t r i b u t i o n  around an a x i a l l y  symmetric body moving r ap id ly  through 

a n e u t r a l  plasma. H i s  approach depends upon t h e  assumptions t h a t  the 

mean thermal v e l o c i t y  of t he  i o n s ,  V i ,  i s  much smaller than t h e  

v e h i c l e  v e l o c i t y ,  vs. 

ranges from 8.34  km/sec a t  per igee t o  6.05 km/sec a t  apogee. 

I n  the case of Explorer  3 2 ,  t h e  v e h i c l e  v e l o c i t y  

I n  o rde r  
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t o  see how t h e s e  compare t o  t h e  thermal  v e l o c i t i e s ,  a set of 

"average" cond i t ions ,  which w i l l  be  used t o  determine t h e  shea th  

s t r u c t u r e ,  w i l l  now be s ta ted.  These condi t ions  are 

S a t e l l i t e  v e l o c i t y ,  vs - 7 . 8  km/sec 

Surface  p o t e n t i a l  - -1.5 v o l t s  

A l t i t ude  - 800 km 

Density of H , (NH+)~ 
Density of 0 , (No+), 

E lec t ron  den i s ty ,  (Ne)o - 5 O 10 electrons/cm 

Ion temperature - 2000' K 

E 1 e c t r on temper a t  ur  e - 3500' K 

4 3 

4 3 

4 3 

2.5 10 ions/cm 

- 2 . 5  10 ions/cm 

- + 
+ 

A t  2000°, t he  mean thermal v e l o c i t i e s  of hydrogen and oxygen 

are re spec t ive ly  6.35 km/aec and 1.58 km/sec. 

vs >> v i  is  t h e r e f o r e ,  a t  bes t ,  only a f a i r  one. Never the less ,  t h e  

The assumption t h a t  
- 

use  of Walker's approach i n  the p re sen t  problem is a v a l i d  

approximation. That t h i s  i s  t r u e  can be seen from h i s  graphs of 

e l e c t r i c a l  p o t e n t i a l  energy ( i n  terms of t h e  mean ion  energy) vs. 

r a d i u s  ( i n  terms of t h e  Debye l e n g t h ) .  I n  t h e s e  u n i t s ,  t h e  e f f e c t  

of t he  temperature  on the sheath s t r u c t u r e  i s  l a r g e l y  removed, 

as evidenced by t h e  g r e a t  s i m i l a r i t y  between h i s  p l o t s  f o r  ion  

temperatures  of 0 0 K and 1500' K. 

I n  order  t o  u t i l i z e  Walker's approach, I attempted t o  run  t h e  

same program t h a t  he had used, under t h e  ambient condi t ions  l i s t e d  

above. The use of t h e  program i s  e s s e n t i a l l y  a t r i a l  and e r r o r  procedure 

A s u r f a c e  on which t h e  p o t e n t i a l  i s  equal  t o  10" t o  10' 3 times t h e  s u r f a c e  

p o t e n t i a l  is chosen as t h e  o u t e r  shea th  boundary. 

def ined  from 0 = Oo t o  0 = 90'. 

p o s i t i v e  vz can reach t h e  s a t e l l i t e . )  

t h e  va lue  of cp on i t ,  and the ambient condi t ions  are t h e  

This s u r f a c e  is only 

( I t  i s  assumed t h a t  no p a r t i c l e s  wi th  

The shape of t h i s  e q u i p o t e n t i a l ,  
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input  requi red  by t h e  program t o  c a l c u l a t e  as many inne r  e q u i p o t e n t i a l s  

as des i r ed .  The problem, which must be solved by a t r i a l  and e r r o r  

technique,  i s  t o  match the  inner  e q u i p o t e n t i a l ,  on which O equals  t h e  

s u r f a c e  p o t e n t i a l ,  t o  a sphere wi th  a r a d i u s  equal  t o  t h a t  of t h e  

sa te l l i t e .  Due t o  t h e  d i f f i c u l t y  of t h i s  technique,  and t o  t i m e  

l i m i t a t i o n s ,  t h e  use  of t h i s  program was l i m i t e d  t o  a de te rmina t ion  of 

@(r) a t  o = 0'. 

From both t h e  graphs presented by Walker f o r  i on  temperatures  

of O°K and 1500°K, I est imated t h a t  t he  r a t i o  of t h e  s u r f a c e  e l e c t r i c  

f i e l d  a t  0 = 0' t o  t h e  f i e l d  a t  180' w a s  3. This  r a t i o  can b e  used 

h e r e  i f  one aga in  assumes t h a t  i t  w i l l  no t  change s i g n i f i c a n t l y  as 

one goes t o  h ighe r  temperatures.  Then us ing  t h i s  r a t i o ,  t h e  s u r f a c e  

e l e c t r i c  f i e l d  i n  t h e  wake i s  s p e c i f i e d  from t h a t  a l ready  found f o r  0'. 

I f  t h e  ion  and e l e c t r o n  d e n s i t i e s  a long t h e  nega t ive  z axis were a l s o  

known, then O(r) could a l s o  be ca l cu la t ed  i n  t h e  wake. Due t o  t h e  

g r e a t  speed, t h e  e l e c t r o n s  may b e  assumed t o  be  d i s t r i b u t e d  according 

t o  the  Boltzman equat ions ,  Ne = (Ne)o e-e@/kT. 

O+, because of i ts  low speed, w i l l  be  taken t o  be  t o t a l l y  absent  from 

On t h e  o the r  hand, t h e  

t h e  space immediately behind t h e  veh ic l e .  

t h e  dens i ty  of H , assume as i n  t h e  previous chapter  t h a t  t h e r e  is no 

To o b t a i n  an express ion  f o r  

+ 

shea th .  Then NH+ a t  a rad ius  of r i s  given by 

where F(v) is t h e  ve loc i ty  d i s t r i b u t i o n  i n  t h e  sa te l l i t e ' s  

frame as i n  Chapter 2 ,  and ro i s  t h e  sa te l l i t e  r ad ius .  

A is  t h e  va lue  of t h e  i n t e g r a l  when a = 0. 
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a i s  t h e  h a l f  ang le  of t h e  cone subtended by t h e  sa te l l i t e  a t  r ,  
0 0 as shown i n  Fig.  3 . A t  a=90 (r=ro) ,NH+ = 0. 1 3 ( N e ) o  and a t  a = 45 , 

N+ = 0 . 2 9 ( N ~ ) ~ .  

and us ing  t h i s  l i n e a r  approximation f o r  N$(r ) ,  a simple program w a s  

w r i t t e n  t o  i terate  t h e  p o t e n t i a l  outward along the n e g a t i v e  z axis. 

Appendix 1 g ives  t h i s  program, as w e l l  as d e t a i l s  on t h e  eva lua t ion  

of t h e  above i n t e g r a l .  The r e s u l t i n g  @(r) from t h i s  program, and 

t h e  r e s u l t  of Walker's program f o r  O o ,  are graphed i n  Fig.  4.  

A s t r a i g h t  l ine  was drawn though t h e s e  two p o i n t s ,  

1 
r To f i n d  a form f o r  t h e  funct ion D = - (g] , it i s  f i r s t  

@ 

necessary t o  no te  the  following two l i m i t i n g  condi t ions .  

D must go t o  0 as r approaches ro. 

D must go t o  0 as 0 approaches 0' o r  180'. 

i s  due t o  the f a c t  t h a t  t h e  p o t e n t i a l  must b e  a x i a l l y  

symmetric and continuous.  

1) 

2) Thds 

It was t h e r e f o r e  decided t o  l e t  D be a func t ion  of r a lone  between 

0 = 15' and 0 = 165O, whi le  from 15' t o  Oo, and from 165' t o  180°, 

a t  cons tan t  r ,  D would go l i n e a r l y  t o  0. The f i n a l  form8 chosen for 

D are shown i n  F igs .  5 and 6. 
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CHAPTER IV 

TRAJECTORY CALCULATION 

The knowledge of @ ( r )  and - r i n  t h e  space surrounding t h e  

sa te l l i t e  permit one t o  ca l cu la t e  t h e  f o r c e s  on an ion  as i t  ' -  

approaches t h e  v e h i c l e  surface.  I f  w e  l e t  

e = charge on a proton 

SDZ = Jxz + y' /z 

then us ing  t h e  r e l a t i o n  

as w e l l  as 

Fx = Fr s i n  0 cos Cp +FQ cos 0 cos $I 

= Fr s i n  0 s i n  41 +FO cos 0 s i n  Cp FY 
F, = Fr cos 0 + F0 s i n  0 

t h e  Car tes ian  f o r c e  components a c t i n g  on a simply charged p o s i t i v e  

ion  are 

- xc [l - d S D Z ]  Fx - 7 

= yc [l - a ' S D Z ]  Fy r 

F, = [l + D SDZ] 

The z a x i s  i s  a l igned  as before, a long t h e  s a t e l l i t e ' s  v e l o c i t y  vec to r .  

The x and y axes a r e  perpendicular t o  i t  and t o  each o the r .  
exac t  p o s i t i o n  is immaterial  due t o  t h e  c y l i n d r i c a l  symmetry. 

Thei r  

I n  order  t o  o b t a i n  s i m p l e  mathematical  forms f o r  q u a n t i t i e s  l i k e  

C and D ,  t h e  graphs i n  F igs .  4 and 5,  o r  graphs der ived  from them, were 
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subjec ted  t o  least square curve f i t .  [E] Q=oo Thus a graph of - 

versus r ,  w i t h  both @ and r expressed i n  Walker's nondimensional 

u n i t s ,  was f i t t e d  w i t h  a cubic polynomial. 

v o l t s )  versus  r(cm) was f i t t e d  us ing  a q u a r t i c .  And f i n a l l y ,  

[$)@ versus  r was f i t t e d  w i t h  a cubic ,  f o r  va lues  of 0 between 15 

and 165'. 

A t  180°, -e Q ( i n  e l e c t r o n  

0 

Using these  polynomials, t h e  above f o r c e  equat ions can b e  used 

as t h e  b a s i s  of a computer subrout ine t o  c a l c u l a t e  t h e  t r a j e c t o r i e s  

of i ons  i n  t h e  shea th .  

uses  an i t e r a t i o n  procedure.  

p a r t i c l e ,  t he  f o r c e s  on i t  may be c a l c u l a t e d ,  as above. 

The program which was written f o r  t h i s  purpose 

From a knowledge of t h e  p o s i t i o n  of t h e  

Then us ing  the 

second i n t e g r a t i o n  of Newton's l a w ,  
b 

X = X o + V X O t  + S - t 2  Fx 
m 

p lus  t h e  p a r t i c l e s  v e l o c i t y ,  a new p o s i t i o n  may be c a l c u l a t e d .  

be  thought of as time o r  simply as a movement parameter.  The new 

v e l o c i t y  may a l s o  be  found vx = vxo 4- ;;;- t .  
of course ,  hold f o r  t h e  y and z components. 

u n t i l  e i t h e r  t h e  p a r t i c l e  strikes t h e  sa te l l i t e  s u r f a c e ,  o r  u n t i l  

i t  leaves t h e  shea th .  

t may 

Fx The same equat ions ,  

The process  cont inues  

Appendix 2 conta ins  the program as w e l l  as comments on i t s  

opera t ion .  

x, y ,  z ,  vx, v,,, V Z ,  the  curve f i t t i n g  c o e f f i c i e n t s  A ( i , j ) ,  and t ,  

t h e  t i m e  increment.  

s t r i k e s  t h e  v e h i c l e  s u r f a c e ,  o r  else 0 = 22 f o r  a p a r t i c l e  which 

leaves t h e  shea th .  

The requi red  inputs  are an i n i t i a l  p o s i t i o n  and v e l o c i t y ,  

The outputs are e i t h e r  t h e  0 a t  which t h e  p a r t i c l e  
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CHAPTER V 

CALCULATION OF RAM TO WAKE RATIOS 

General Approach 

When t h e  c i r c u l a r  o r i f i c e  through which ions e n t e r  t h e  

spectrometer  is centered  a t  Oo,  i t  encompasses a l l  value8 of  8 

from 0 t o  ,0360, whi le  t h e  corresponding l i m i t s  at Inn0 are 

3.1056 t o  3.1416. I n  o rde r  t o  c a l c u l a t e  t h e  ram t o  wake r a t i o ,  

i t  is  necessary t o  f i n d  t h e  normal f l u x  of i ons  t o  each of 

t h e s e  areas on t h e  v e h i c l e ' s  su r f ace .  The ions  making up t h i s  

f l u x  w i l l  a l l  be taken t o  o r i g i n a t e  i n  a t h i n  s p h e r i c a l  s h e l l ,  

concen t r i c  with t h e  s a t e l l i t e ,  and of r a d i u s  6 4  cm, which is  l a r g e  

enough t o  put i t  everywhere ou t s ide  t h e  shea th .  This  s h e l l  is  

then  broken up i n t o  a series of r i n g s ,  w i th  each r i n g  c o n s i s t i n g  

of a l l  t h e  a r e a  between two va lues  of 0 ,  O1 and 02. 

w i t h i n  each r i n g  is then chosen t o  be  r e p r e s e n t a t i v e  of i ts  ent i re  

A s i n g l e  po in t  

r i n g .  Because t h e  problem has axial  symmetry, a l l  va lues  of t h e  

azimuth angle ,  I$, are equiva len t .  For s i m p l i c i t y ,  I$ w i l l  b e  set 

equal  t o  0 f o r  a l l  t hese  poin ts .  

0 (01, 02), w i l l  b e  taken t o  b e  t h e  average va lue  of 0 f o r  p a r t i c l e s  

0 f o r  t h e  r e p r e s e n t a t i v e  p o i n t s ,  
- 

w i t h i n  t h e  r i n g ,  
02 

J o 2  s i n  0 d 0 
01 

This  equat ion assumes t h a t  t he  p a r t i c l e s  are d i s t r i b u t e d  on t h e  

s p h e r i c a l  s h e l l  wi th  constant  dens i ty .  

&, where An is  t h e  a r e a  of t h e  nth r i n g ,  are given below f o r  some r i n g s .  

The va lues  of 01, 02,  B , and 
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3.6' 

7.2' 

10.8' 

R1 

R2 

R3 
0 
0 

R9 8 

R9 9 

RlOO 

2.38' 

5.57O 

9.13' 

01 

176,4O 

180.0° 

O0 

3.6' 

7.2' 

169. ;o 

172.8' 

176.4' 

0 
0 

176.4' 

177.62' 

The problem, then ,  

0 1  0 
0 
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A ( a r b i t r a r y  u n i t s )  

1.97 

S.92 

9.82 
0 
0 
0 

.82 

5.92 

1.97 

is t o  compute, f o r  a series of d i f f e r e n t  

i on  temperatures ,  t h e  normal f l u x  t o  t h e  o r i f i c e  a t  0' and/or  

180 

weight t h e s e  f l u x e s  according t o  t h e  areas An, and t o  add them toge the r  

f o r  a f i n a l  answer. 

0 from each of t h e  po in t s  Pn(r  = 64 c m ,  $ = Oo, 0 = gn), t o  

Use of t h e  Tra j ec to ry  Program 

I f  w e  l e t  t h e  area on the satel l i te ' s  s u r f a c e  from 050 t o  

O= .036 be  termed B, and tha t  from 3.1056 t o  3.1416 B', then 

in order  t o  f i n d  t h e  f l u x  from a p o i n t ,  P,, t o  B(B1), one must f i r s t  

f i n d  and d e f i n e ,  a t  Pn, t h e  reg ion  of v e l o c i t y  space conta in ing  

those  v e l o c i t i e s  which w i l l  t a k e  a p a r t i c l e  from Pn t o  B(B1>. 

w e  c a l l  t h e s e  v e l o c i t y  space reg ions  Av and Av 1 ,  then t h e  normal 

f l u x e s  t o  B and B1 from Pn a r e  r e s p e c t i v e l y  

I f  

B B 

vs = s a t e l l i t e  speed (7.8 km/sec) 
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The problem of f ind ing  the reg ions  AVB and/or  A V B ~  f o r  a given 

Pn can be solved using t h e  t r a j e c t o r y  r o u t i n e ,  sub rou t ine  TRAJ. 

It has  been found t h a t  a poin t  Pn which c o n t r i b u t e s  a s i g n i f i c a n t  

amount of f l u x  t o  B cont r ibu tes  a n e g l i g i b l e  amount t o  Bl , and 

vice-versa .  

AvB f o r  0 < 90' and AvBl f o r  0 > 90'. 

0 < 90°, vy i s  f i r s t  set equal t o  0 i n  t h e  main r o u t i n e  used i n  

conjunct ion wi th  TRAJ. 

values such as -1, -3 ,  -5, e t c .  

i s  a l s o  run  over a s i m i l a r  but more c l o s e l y  spaced series. 

purpose i s  t o  d i scove r ,  a t  a given vz and wi th  v = 0 ,  t h e  upper 

(0 5 0036,  x > O), lower (0 = .036,  x 0 ) ,  and c e n t r a l  (0 = x - 0) 

va lues  of vx f o r  reaching t h e  i n d i c a t e d  p a r t s  of B, 

c a l l e d  vXl ,  vx2, and vxo re spec t ive ly .  

Therefore ,  a t  each Pn, only one Av need be  considered,  

Considering a Pn wi th  

Then vz i s  allowed t o  t ake  on a series of 

( a l l k m / s e c )  and f o r  each vz ,  vx 

The 

Y 

These w i l l  be 

Then f o r  t h e  same vz and with 

vx = VXO' a series of vy ' s  i s  run ,  u n t i l  t h e  l a r g e s t  one t h a t  can 

reach B i s  found. 

k(vxl - vx2).Because each P h a s  $ = O o ,  t h e  Av's w i l l  be symmetric 

Let Dy b e  t h i s  l a r g e s t  vy va lue ,  and l e t  Dx equal 

n 

wi th  r e spec t  t o  the  vx - vz plane. 

A V B ~  through t h e  vx - vy plane w i l l  be  assumed t o  be  an e l l i p s e  wi th  

c e n t e r  a t  v, = vxo amd v 

and minor axes .  

and was found t o  be  q u i t e  accurate .  

A t  a given vz ,  t h e  s e c t i o n  of AVB or  

= 0 ,  and wi th  Dx and Dy as t h e  same major Y 

This assumption w a s  checked a t  s e v e r a l  P ' s  and vX'8 

When, a t  a given Pn, vxo, D, and Dy have been found f o r  several 

vz ,  mathematical  formulas fo r  them as func t ions  of vz are obta ined  

using l e a s t  square curve f i t s .  

f i t s  a t  lower o rde r s ,  t h e  curves are bcoken.up i n t o  two reg ions  and 

each i s  f i t t e d  sepa ra t e ly .  Appendix 3 l is ts  two main r o u t i n e s  used 

i n  conjunct ion with subrout ine TRAJ t o  c a r r y  out  t h e  above procedure,  

I n  most cases, i n  o rde r  t o  provide  good 
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I n t e g r a t i o n  i n  Veloci ty  Space 

With t h e  boundariss  of t h e  regions Avg and Avgl thus s u i t a b l y  

i t  is s t r a i g h t  forward t o  perform t h e  requi red  numerical 

A t  each Pn, t h e  space is broken 

de f ined ,  

i n t e g r a t i o n s  i n  v e l o c i t y  space.  

up i n t o  cub ica l  volumes, 0.08 km/sec on a s i d e ,  and t h e  sum of 

vr F(v,, vy, v z ,  vs> over a l l  t h e  cubes is  found. 

f i n d i n g  t h i s  sum is given i n  Appendix 4. 

m u l t i p l i e s  t h e  sum a t  each P, by its proper  weight,  and computes 

the f i n a l  r a m  t o  wake r a t i o s  f o r  e i g h t  temperatures  between 800' 

and 4300'. x 

The program f o r  

This  program a l s o  

U 
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CHAPTER V I  

RESULTS AND CONCLUSIONS 

I n  order  t o  ob ta in  complete r e s u l t s  f o r  a l l  temperatures 

considered,  i t  was necessary t o  c a l c u l a t e  9 p o s i t i o n s  i n  t h e  ram 

(0' t o  32.4') and 11 i n  the wake (140.4' t o  180'). 

of t h i s  c a l c u l a t i o n  are presented i n  Fig.  7 ,  which show6 a ram t o  

wake r a t i o  decreasing monotonicaly wi th  inc reas ing  temperature ,  

from 2600 a t  800' t o  14  a t  4300'. 

r a t i o  i s  always lower than  it i s  i n  t h e  no shea th  model (F ig-  

I n  gene ra l  t h i s  lowering can b e  a sc r ibed  t o  t h e  gr- .er focus ing  

power of t h e  shea th  i n  t h e  wake. 

The r e s u l t s  

A t  a given temperature ,  t h e  

* 

With regard t o  the  ram t o  wake r a t i o ,  w e  may d i v i d e  t h e  d a t a  

sample suppl ied  by H. Brinton from Explorer  32 i n t o  t h r e e  groups: 

1) Those showing no measurable f l u x  i n  the  wake, corresponding 
I 

roughly t o  rados g r e a t e r  than  50 t o  1. 

2)  Those having r a t i o s  between 50 t o  1 and 15 t o  1. 

3 )  Those having r a t io s  ess t han  15 t o  1. 

The f i r s t  group represenLs ,  according t o  Fig.  7 ,  H+ temperature  

less than  2200'. 

samples f a l l  i n t o  t h i s  catei,ory. The second group comprises many 

(probabfy a major i ty)  of  t h e  daytime d a t a  u n i t s  (turn-ons wi th  each 

ass igned  a number). 

i n  t h e  a l t i t u d e  range 671-1000 km. 

Nearly a l l  of t h e  n igh t t ime  and a few of t h e  dayt$me 

The t a b l e  below p resen t s  t en  group two turn-ons 



TURN ON # 

2 163 

3115 

2787 

2792 

2 148 

2490 

2514 

3127 

347 3 

3477 

ALTITUDE (km) 

671 

677 

682 

726 

731 

737 

771 

832 

833 

1000 

LOCAL TIME 

15:51 

9:56 

11:59 

11 : 50 

15:47 

13:51 

13:39 

9:30 

7:21 

6:51 

GM LATITUDE 

-19.7O 

-33.4O 

-21.3' 

-13.3 

-30.5' 

0 

-33.3O 

-14.2' 

-31.1' 

-33.8' 

-30.8' 

16 
H+ 

RATIO TEMPERATURE 

34 2600' 

35 2572' 

- 

51 2200O 

37 2500' 

16.2 3925' 

18.3 3600' 

46 2275' 

44 2325' 

33 2625' 

18.3 3600' 

Although no real conclusions can be  drawn from t h e  above s h o r t  

l i s t i n g ,  t he  temperatures do seem t o  f a l l  roughly w i t h i n  t h e  ranges 

of expected daytime ion  temperatures around 800 km. 

Group t h r e e  turn-ons, which make up a s i g n i f i c a n t  number of 

daytime samples, seem t o  represent  i o n  temperatures  i n  excess  of 

4000°. 

6 and 7 t o  1 are f a i r l y  common. These r a t i o s  seem t o  occur most 

o f t e n  a t  h igh  a l t i t u d e s  and l a t i t u d e s .  Rather  than accept  t h e  

e x i s t e n c e  of t h e  implied temperatures of 8000 

more reasonable  t h a t  t h e  model breaks down a t  h igher  temperatures .  

In a d d i t i o n  t o  low r a t i o s ,  some group t h r e e  turn-ons e x h i b i t  t h e  

a d d i t i o n a l  f e a t u r e  of s m a l l  sub peaks i n  the  f l u x  nea r  180 . 
t h e r e  is no way t h a t  t h e  present  type  of c a l c u a l t i o n  could reveal 

such a phenomenon, t h e  connection of t h e s e  sub peaks wi th  high i o n  

temperatures  does seem l i k e l y .  

A f e w  of t hese  turn-ons show r a t i o s  as low a6 4 t o  1, whi le  

0 o r  g r e a t e r ,  it seems 

0 While 

I n  summary, then,  the  a n a l y s i s  of ram t o  wake r a t i o s ,  as presented  
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in this paper, seems to provide a means of determining hydrogen 

ion temperatures in the range of approximately 2000° to 4000'. 

The accuracy of the present model has yet to be determined. To 

include lower temperatures, a more sensitive detector would be 

necessary; while to extend the range above 4000°, the calculation 

would have to be redone using a sheath model more appropriate to 

these higher temperatures. 
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APPENDIX 1 

ESTIMATION OF W A K E  POTENTIAL 

To eva lua te  

- -  m 
f = f v2dvjZn d $ r  sinOdO e 2kT [s2 3. v i  + (vz + v , )~ )  

0 0 a 
L 

Let t ing  x - m v ~  
2kT 

- m v v  - cos 3 kT -e kT 
m -X e 

V 
S 

We have two i n t e g r a l s  of the form 

00 

av 2 -av2-bv I ( a , b )  = j v e 
0 

with  

f = I [ & , - p ]  -I[&, mvscosa 
kT 

I reduces t o  

b2 where s2 = - 4a 

The i n t e g r a l  is an incomplete g a m a  func t ion .  L e t t i n g  
S Z  % -t P ( s 2 >  = % t e d t  
0 
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-x sin& + J;; cos a eWx - J;; x cQs2ae P J;; cos c1 I 1  

Normalizing t h e  i n t e g r a l  by d iv id ing  by f ( a =  o ) ,  w e  f i n d  t h a t  

f(90°) = 0.13 

f (45') = 0.29 

f o r  x = .704 

A knowledge of t h e  i o n  and e l e c t r o n  d e n s i t i e s  and t h e  s u r f a c e  

e l e c t r i c  f i e l d  i n  t h e  wake p e r m i t  one t o  c a l c u l a t e  t h e  p o t e n t i a l  a long 

t h e  nega t ive  z axis. A program which uses  an i t e r a t ion  procedure was 

w r i t t e n  f o r  t h i s  purpose. From t h e  charge d e n s i t i e s  and electric f i e l d  

a t  R ,  t h e  f i e l d  a t  R i- DR can b e  e s t ima ted ,  as w e l l  as the change i n  the 

p o t e n t i a l  between R and R + DR. New charge d e n s i t i e s  a t  R + DR 
are then ca l cu la t ed ,  and the  process  cont inues.  Each i t e r a t i o n  is 

c a r r i e d  t o  second order  i n  DR, which is  set equal  t o  0.05 cm. The 

s u r f a c e  p o t e n t i a l  ( a t  R = 45.72cm) is -1.5ev. 

on t h e  fol lowing page. 

The program is l i s t e d  

This and o the r  programs i n  t h i s  paper are w r i t t e n  i n  For t r an  IV 

f o r  t h e  IBM 7094. 



C WAKE P O T E N T I A L  
8 F O R M A T ( 6 E l 6 . 5 )  
9 FORMAT ( 6 5 H O  Pli  I R 

W R I T E 1 6 9 9 )  
1 N ( 1 )  1 

A Z = 4  o (  43 1 4 1 5 9 * 4 .  8 0 2 * 1 0 . 0 + *  ( - 1 0  1 
E=-6 * 1 0 * 0 * *  ( - 4  ) 
T K z 4 . I  3 * 1 h 0 * * ( - 1 3 )  
U ~ O o l t - 1 0 8 * 0 * 4 5 7 2  
D=2o0*3~14159*23~04*10~0**~-20) 
R x 4 5 . 7 2  
P H Q = - 2 0 4 0 3 * 1 0 0 3 * * ( - 1 2 )  
D R - 0 . 0 5  

XNE=5.0*10.0*+4*EXP(PHQ/TK) 
XN1~205*1000*+4+(00018000*R+B~ 
P K T ~ P H C J / ~ 1 ~ 6 0 1 9 * 1 0 0 0 * * ~ ~ ~ ~ ~ ~  

DO 2 8  J = l r 3 0 0  

W R  I T E 
P H ~ ~ P H Q ~ 4 ~ 8 0 2 * 1 0 ~ 0 * * ~ ~ l O ~ * E * D R * ~ l ~ ~ D R / R ~ ~ D * D R * * 2 * ~ X N ~ ~ X N E ~  
E = ( E + A Z * D R * ( X N I - X N E ) ) / ( l o O + D R / R )  

6 9 8 1 PK T 9R 9 XNE 9 XN I 9 PHQ 9 E 

R = R + D R  
2 8  CONTINUE 

STOP 
E NO 
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APPENDIX 2 

TRAJECTORY SUBROUTINE 

Subroutine TRAJ is l i s t e d  on the  next  two pages. This r o u t i n e  

f 
c a l c u a l t e s  t h e  t r a j e c t o r y  of a H ion  from the  edge of t h e  shea th  t o  

t h e  s a t e l l i t e  su r face ,  a s  explained i n  Chapter 4. 

a t  which t h e  i o n  h i t s  t he  sur face  i s  re turned .  I f  t he  H enters 

and then leaves  the  shea th  without s t r i k i n g  t h e  sa te l l i t e ,  0 i s  set 

equal  t o  22. 

The value of 0 

+ I 



C C A L C U L A T  I O N  OF T H T  (THE1 A 1 
9 8  S D L = S O R T ( b ) / L  
9 7  T H T = A T A N ( S D Z )  

IF(Z.GE.b.0) GO TO 99 
I 

9 2  T H T = T H T + 3 . 1 4 1 5 9 2 7  
C 
C C A L C U L A T I O N  OF C ( R A D 1 A L  E L E C T R I C  F I E L U )  FHOM I T ' S  V A L U E  I N  T H E  H A M I C I )  ANLi 1 
C I N  T H E  W A K L ( C 2 )  

99  R = L Q R T ( R S Q )  
94 C l = A ( l ~ l ) + A ( 2 ~ 1 ) * R + A ( 3 r l ) + R r + 2 + A ( 4 , 1 ) + R + * 3  

C 2 = A  ( 1 9 2  1 
I D O  93  K = l t 3  

9 3  C Z = C Z + A ( K + l r Z ) * R + * K  
C ~ ~ 5 ~ 0 9 9 * C 2 * T H T + 2 ~ 5 1 9 7 * C l * ~ 3 ~ 1 4 1 5 9 ~ T ~ i T ~ ~ * l O ~ * * ~ ~ l 3 ~  

C 
C C A L C U L A T I O N  OF D (SEE T E X T )  

4 
t 9 1  D=A(1,3)/H+A(2,3)+A(3r3)+R+Ao+R++2 

I F ( T H T . L T . 0 . 2 6 1 8 )  GO T O  9 3  
89- I F 1 2 . 8 7 9 8 . G E . T H T )  GO T O  87 

C C A L C U L A T I O N  O F  A C C E L E R A T I O N S  
8 7  E M = 5 . 9 7 9 1 * 1 0 . * * 2 3 * C / R  

I F ( X . N E . O . 0 )  GO T O  8 6  
8 5  ACX=O. 

ACY = F M * Y *  ( 1 m - D / S D Z  1 
GO T O  3 4  

A C Y = Y +  l C X / X  
8 6  A C X =  t 4 * X * (  l . - D / S D Z )  

1 

t 
8 4  A C Z =  iM*L*(lm+S0Z*D) 

C TM=O. 5 * i  I M E * * 2  
X = X + V X * T  I M E + A C X * T M  
Y = Y + V Y * T I M E + A C Y * T M  
Z = L + V L * T I M E + A C Z * T M  
V X = V X + A C X * T I M E  
V Y = V Y + A C Y * T I H E  
V Z = V Z + A C L * T I M E  
S = X * * 2 + Y * * 2  
R S O = S + Z * * 2  

C 
C T E S T I N G  OF R S Q ( R * * 2 ) .  I F  TOO LARGE,  T R A J  R E T U R N S  T H T = 2 2  I N D I C A T I N G  A M I S S .  
C I F  P A R T I C L E  H A S  R E A C H E D  S U R F A C t  OF V E H I C L E ,  MOST R E C E N T  T H T  V A L U E  IS 
C R E T U R N E D .  I F  N E I T H E R  HAS HAPPENED, LOCP S T A R T I N G  W l T H  S T A T E W E N T  98 IS 

1 
I c REPEATED.  TIME I N C R E M E N T  IS MADE SMALLER NEAR SURFACE. 

I F ( R S Q . G E . 3 9 0 0 . 0 )  GO T O  82  
I F ( R S Q . G T . 2 1 2 0 . 0 )  GO T O  98  
I F ( K K . G T . ~ )  GO TO 8 3  
T I M E = T I M E / 3 . 0  
T M = T M / 9 . 0  
K K = 2  

f 
8 3  I F ( R S O . G T . 2 0 9 0 . 3 1 8 4 )  GO TO- 98 



C 
C R E S T O R A T I O N  OF T I M E  VALUES 

T I M E = T I M E * 3 o O  
TM= TM*9 0 

8 0  RETURN 

RETURF' 
END 

8 2  T H T = 2 2 * 0  



e 8 '  
'1 
t 8 
8 
'I 
I 

l 1  
II 
I .1 

24 

APPENDIX 3 

TRAJECTORY MAIN ROUTINE 

This  appendix l ists  two main r o u t i n e s  used i n  conjunct ion 

wi th  subrout ine  TRAJ. 

p o s i t i o n ,  sets v = 0. 

values  

spac 

ex: 

,vi 

Lause a p a r t i c l e  t o  s t r i k e  the s a t e l l i t e  wi th  P < .036 or 

8 - > 3.10559. 

Deck AAA 1 f i r s t ,  a t  a given s p a t i a l  

Then a series of uniformly spaced vz 
Y 

*an, and f o r  each vz, a similar and u s u a l l y  more c l o s e l y  

L i e s  is run over vx. The o b j e c t  of t h i s  procedure i s  

ed i n  Chapter 5. Br i e f ly ,  i t  is  t o  f i n d ,  f o r  vy = o 

f o r  a given vz ,  t h e  largest and smallest vx's which w i l l  

- 
Also sought i s  t h e  v which w i l l  r e s u l t  i n  0 = o 

or 0 = 71. This va lue  of vx is later c a l l e d  xo. 

The purpose of Deck AAA 2 is  t o  f i n d ,  w i th  vx  = xo, and fo r  

A gi. In  vz ,  t h e  va lue  of v y  which r e s u l t s  i n  0 = .036 or 

0 = ,10559. This  v y i s  known as dy, and i ts  va lue  is  found by 

A n e a r  i n t e r p o l a t i o n .  



C DECK A A A l  
D IMENSION A ( 4 9 3 )  

1 F O R M A T ( 4 E 2 0 . 8 / 4 E 2 0 . 8 / 4 E 2 0 . 8 )  
2 F O R M A T ( I 5 9 2 F 1 0 . 4 9 3 E 1 2 . 4 )  
3 F O R M A T I I 5 r E 1 2 . 4 1  

1 4  F O R M A T ( 1 8 H l  POSITION NUMbER 9 1 5 1 1  4H X=rF10 .4 /  4H Z=,F10.4/ l l H  
1 T H E T A ( l ) = , F 1 0 . 4 /  11H T H E T A ( 2 ) = t F 1 0 . 4 /  12H THETA BAR=,F13.4/ 7H 
2 AREA=,F10.4) 

101 FORMAT(48HO V ( Z  1 V ( Y )  V ( X )  THETA 1 
1 0 2  F O R M A T ( / 3 F 1 2 . 3 r F l 0 . 5 )  

C 
C IREP IS THE NUF:BER OF S P A T I A L  POSITIONS TO BE DONE. LETTER P AFTER A 
C VARIABLE ( V Y P )  MEANS A QUANTITY EQUAL TO THE VARIABLE ( V Y )  BUT NOT A L T E R E D  
C BY SUBROUTINE TRAJ .  PF I N D I C A T E S  SAME THING I N  KM/SEC. 

R E A D ( 5 9 3 )  IREPITIME 
VYP=O.O 
VYPF=VYP*10.0*+( -5 )  
TM=Oo5*TIME**2 
R E A D ( 5 r 1 )  

C 
C ADJUSTING kc5 T O  D E F I N I T I O N  I N  TRAJ 

DO 11 M L t 2 - 4  

DO 6 I - l S I R E P  
11 A(ML~l)~A(ML~l)+0.183046**(ML-l) 

C 
C NUM IS I 3 S I T I O N  NUMBER. T H l P  IS T H E T A ( 1 )  I N  DEGREES. RSH IS SHEATH RADIUS 
C SQUARED. 

l)+THl*COS(THl)-TH2*COS(TH2))/B 

A R E A = d * l b 0 * * 3  
X P = 6 4 ~ 0 + S I N ( T H B A R I  
ZP=64.O*COS(THBkR) 
W R I T E ( 6 9 1 4 )  N U M I X P , Z P , T H L P I T H ~ P I T H B P ~ A R E A  
W R I T E ( 6 9 1 0 1 )  

C 
C K 1  IS TWICE NUMBER OF V Z ' S  TO BE DONE. BK2 IS SPACING9 B K 1  I S  STARTING VALUE 
C MINUS BK29 ALL I N  KM/SEC. S I M I L A R L Y  FOR V X  BELOW. 

R E A D ( 5 r 2 )  K l rBK1913K2  

DO 6 K z 1 9 K 1 9 2  
VZP=BK1*10.0**5 

VZP=VZP+BK2+10.0**5 
VLPF=VZP*10 .0* * ( -5 )  
R E A D ( 5 9 2 )  L l * B L l v B L 2  
W R I T E ( 6 r l 0 2 )  B L 2  
VXP=BL1*10.0**5  
DO 6 L = l * L l r Z  
vxP=vxP+BL2*10 .0*+5  
VXPF=VXP* lOmO++(-5)  
X=XP 
Z=ZP 
VX=VXP 
VY=VYP 
VZ=VZP 

C 



C NEXT 10 STATEMENTS B R I N G  P A R T I C L E  FROM O R I G I N A L  P O S I T I O N  TO EDGE OF SHEATH. 
C T H E T A = Z j  I S  RETURNED I F  P A R T I C L E  M I S S E S  SHEAT' i .  

V SO = V).. *+ 2 + V Y **2+V 2 ++ 2 
R V = X + V X + Z + V Z  
A R G = R V * * 2 - V S Q * ( 4 0 9 6 . O - R S H I  
IF(ARGmGE.O.01 GO TO 36 
T H T = 2 1  0 
GO TO 3 8  

X=X+VX*T 
Y=VY*T 
Z = Z + V Z * T  
C A L L  T R A J ( X , Y I Z I V X , V Y I V Z I T I M E , T M I A , T H T )  

36  T P - ( R V + S Q R T ( A R C ) ~ / V S Q  

3 8  W R I T E ( 6 r l O 2 )  VZPFIVYPFIVXPFPTHT 
6 C O N T I N U E  

STOP 
E NO 



1 F O R M A T ( ~ E ~ O O ~ / ~ E ~ O ~ ~ / ~ E ~ O O ~ )  
2 F O R M A T ( 1 5 r 2 F 1 0 . 4 , 3 E 1 2 . 4 )  
3 FORMAT( I5 rE12 .4 ,15 )  

1 THETA BAR=,F lOo4)  
1 4  F O R M A T ( l B H 1  P O S I T I O N  NUMBER 9 1 5 1 1  4H X=,F10.4/ 4H Z = r F 1 0 0 4 /  1 2 H  

1 7  FORMAT(8F10.4)  
101  FORMAT(48HO V ( Z )  V ( Y )  V ( X )  THETA ) 
1 0 2  F O R M A 7 ( / 3 F 1 2 0 3 * F 1 0 o 5 )  

R E A D ( ! r 3 )  I R E P r T I M E r J R E P  8 c  
1 
8 
I 
I 
1 
I 
1 
t 

C DD'S ARt STARTING VALUES OF V Y  I N  KM/SECo ALSO READ I N  ARE CORRESPONDING 
C XO'S. J f E P  IS T O T A L  NUMBER OF THESE ( D D r X O ) .  

KKK=O 

R E A D ( 5 r 1 7 )  ( D D ( J ) r J = l r J R f P t  
R E A D ( 5 9 1 7 )  ( X O ( K ) r K = l r J R E P I  
READ(5 .1 )  ( A ( J . l ) , J = 1 , 4 ) , ( A ( K , 2 ) r K = 1 , 4 ) r O ( L , 3 ) , L f l t 4 )  
DO 11 M L = 2 r 4  

DO 6 I = l , I R E P  
R E A D ( 5 9 2 )  NUMITHBARIRSH 
THBAR=THBAR/57029578 
XP=64oO*SIN(THBAR)  
ZP=64*0*COS(THBAR)  
THBAR=THBAR*57.29578 
WRITE(6 ,14 )  NUM'*XPIZP~~HBAR 
W R I T E ( 6 r 1 0 1 )  
R E A D ( 5 9 2 )  K l , B K l r B K 2  

DO 6 K = 1 9 K l r 2  

TM=Oo5*TIME**2 

11 A(MLrl)=A(MLrl)*00183046**(ML-l) 

VZP=BK1+10. 0**5 

VZP=VZP+BK2* 10 0 * * 5  
VZPF=VZP*10 .0* * ( -5 )  
KKK=KKK+ l  
VXPF=XO(KKKI  

VYPF=DD(KKK)  
DO 7 L = l r 1 5  
VYPF=VYPF+Oo05 
VYP=VYPF* lOo0++5 
X = X P  

VXP=VXPF*10.0**5 

1 
Z=ZP 
VX=VXP 
VY=VYP 
WZ=VZP 
VSQ=VX**2+VY**2+VZ+*2 
RV=X+VX+Z*VZ 
T = -  ( R V + S Q R T ( R V + * ~ - V S O * ~ ~ O ~ ~ O O - R S H ~ ) ) / V S Q  
X = X + V >  f iT  
Y=VY*7 
Z = Z + V i  * T  

W R I T E t 6 r 1 0 2 )  VZPFvVYPFrVXPFrTHT 
CALL  I F ~ A J ( X ~ Y ~ Z ~ V X ~ V Y ~ V Z I T I M E I T M , A , T H T )  

I 
C 
C SECTION BELOW INTERRUPTS THE LOOP 'DO 7 '  WHEN THETA BECOMES GREATER THAN 
C 0 0 0 3 6  OR LESS THAN 3.10559. USING PREVIOUS THETA AND V Y  VALUES. A L I N E A R  
C INTERPOLATION IS MADE TO F I N D  V Y  ( Z D Y )  WHEN THETk EQUAL 0 3 6  0:: 

1 
I F ( N U H . L T o 5 0 1  GO TO 2 0  



I F ( T H T o L T o 3 . 1 0 5 5 9 )  GO TO 19 
GO T O  21 

2 1  G T H T = T H T  
GVY = V Y P F  

7 C O N T I N U E  

GO T O  66 

20 I F ( T H T o G E o O o 0 3 6 )  GO TO 2 3  

19 D Y = G V Y + ~ O ~ ~ ~ ( G T H T - ~ . ~ ~ ~ ~ ~ ) / ( C T H T - T H T T )  

23 D Y = G V Y + O o O 5 + ( 0 . 0 3 6 - G T H T ) / ( T H T - G T t i T )  
66 WR I T E ( 6 r l 7 )  DY 
6 C O N T I N U E  

STOP 
E N D  
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APPENDIX 4 

INTEGRATION PROGRAM 

The appendix conta ins  the  program (a  main r o u t i n e  and a s h o r t  

subrout ine)  t o  ca r ry  out  t h e  i n t e g r a t i o n  of V r  F(v,, vy,  v z ,  vs) over 

a volume of v e l o c i t y  space def ined by t h e  two dimensional a r r a y  B. 

The u n i t  volume used i s  a cube 0.08 km/sec on a s i d e .  

summation of t h e  con t r ibu t ions  from t h e  v a r i o u s  cubes,  a l l  mul t i -  

p l i c a t i v e  f a c t o r s  which would even tua l ly  cancel out  ie t h e  c a l c u l a t i o n  

of a ram t o  wake r a t i o  a r e  ignored. 

r e l e v a n t  s p a t i a l  p o s i t i o n s  a r e  done s imul taneous ly ,  a s h o r t  sequence 

could be  added t o  t h e  main rou t ine  t o  d i r e c t l y  produce ram t o  wake 

r a t i o s .  

In t h e  

I f  t h e  i n t e g r a t i o n s  a t  a l l  



8 
I 
t 
I 
1 
1 
1 

1 
8 
I 
8 
8 
I 
8 
8 
b 
8 
I 

C PROGRAM FOR DOING INTEGRATION I N  VELOCITY 5PP:E. KA ( D O  69 K A = )  S P E C I F I E S  A 
C S P A C I A L  POSITION.  J (DO 7 0  J = )  S P E C I F I E S  A TEYPEHATURE. A T  EACH P O S I T I O N *  
C DX, XO, AND DY ARE DEFINED AS FUNCTIONS OF V Z  THHU COEFFICIENTS b *  t A C H  
C FUNCTION I S  BROKEN UP INTO TWO RANGE59 VZ L E 5 S  THAN CH ( R E A D ( 5 9 8 )  CH. ,o )9  
C AND V L  GRkATtR  THAN CH. THE F IRST SdBSCRIPT OF U I5 1,293 FOR D X 9 X C ) r D Y  
C WITH VZ L t S S  THAN CH / 4,596 FOR SAME WITH VZ GRLATER THAN CH. N I T 1 5  A R E  

C C O E F F I C I k N T 5  U S t D  I N  EACH CASE (SECOND SUBbCRIPT OF HI0 WT'S A R E  T H t  AREAS 
C EACH POSITION REPRESENTS. 

C CONSECUTIVE S E R I E S  OF  INTEGER^ SPECIFYING NUMBER OF CURVE F I T T I N G  

DIMENSION B ( 6 r 6 ) , N I T ( 9 6 ) , W T 1 1 6 ) , 8 H ( 1 6 , 8 )  
4 FORMAT(4E20.8) 
7 FORMAT ( 4 0  I 2  1 
8 FORMAT(8F10.5)  

1 8  FORMAT(16H1 FOR A TEMP OF ~ F 8 0 1 9 2 3 H  DEGREES R A T I O  EQUALS ,k16.6) 
22  FORMAT(I5,F lO.S)  

101 F O R M A l ( 2 O H l  THESE ARE B8'S 1 
999 FORMA1 ( 2 E 1 6 . 5 )  

R E A D ( ! 9 7 )  ( N I T ( J ) , J = l r 4 2 )  
R E A D ( ! r B )  ( W T ( J ) r J = l r 7 )  
J J J = O  
DO 69 KA=1,7 
DO 2 7  N L = l r 6  
JJJ=JJJ+l 1 

1 L Q = N I T ( J J J )  

R E A D ( S * 8 )  CHIXIZ 1 
DO 70 J = l r 8  
B J = J  

2 7  R E A D ( 5 9 4 )  ( B ( L , N L )  r L = l , L Q )  

C 
C T I S  TEMPERATURE, V T  IS MAXIMUM V**2 THAT WILL BE CONaIDERED A T  EACH 
C TEMPERATURE. SUM I S  VALUE OF INTEGRAL FOR A G I V E N  T AND P O S I T I O N  

T=500 .0*BJ+30000  
V T = 0 0 1 4 8 + T  
T E X = - 6 0 0 5 5 4 / T  
SUMSO 0 
R E A D ( 5 9 2 2 )  K l r B K l  
V Z = 8 K 1  
W R I T E ( 6 r 4 )  T I V T p C H v X i Z  
DO 68 K = l i K l  
vz=vz+o 08 
VZL=(VZ+7.81*+2 

C 
C POLY CALCULATES DX9 X O 9  DY 

C A L L  P O L Y ( V Z , B , J J J I N I T I C H , D X , X O I D Y )  
I F ( ( ( X O + D X ) * * 2 + V Z L ) . G T * V T )  GO TO 6 8  
RPV=Z*VZ 
DXSQ=DX**2 
DYSQ=DY**Z 

CN=N 
N=DX/O.08 

A=UN/12.5+0.08 
NN=DY/0.08 
t3NN=NN 
AN=BNN/l2.5+0.08 
L l = Z * P + l  
V X = - A +  X 0  
IF(NN.4E.G) GO TO 10 
DO 6 2  L P = l , L l  
VX=VX.Ia.08 



VASQ=VX*+Z+VZL 
RV=RPV+X+VX 

GO T O  6 8  

VX=VX+OoOB 

6 2  SUM=SUM+RV+EXP(TEX+VASO) 

10 DO 64 L = l r L 1  

VASQ=VX*+Z+VZL 

RV=RPV+X*VX 
I F ( V A S Q * G T o V T )  GO TO 64 

BECAUSE OF SYMMETRY ABOUT VX-Vz PLANE, ONLY POINTS ON THIS PLANE (NEXT 
STATEMENT),  PLUS 2* POINTS ON ONE S I D E  OF I T  (STATEMENT BEFORE 6 0 )  NEED T O  
BE ADDtDo 

S U M = S U M + R V * E X P ( l E X * V A S Q )  
VXT= (VX-XO)+*2  
VY=-AN 
RV2=2oO+RV 
DO 60 M=l,NN 
VY=VY+O.08 
VYSQ=VY**2 
IF((VXT/DXSQ+VYSQ/DYSQ)~GT~loO) GO TO 60 
VLSQ=VASQ+VYSQ 
IF(VLSQ.GT.VT) GO TO 6 0  
SUM=SUM+RV2*EXP(TEX+VLSQ) 

60 CONTINUE 
64 CONTINUE 
6 8  CONTINUE 

7 0  BB(KA,J)=SUM*WT(KA) 
69 CONTIb JE 

W R I T E ( 6 9 4 )  SUM 

WRITE(  5 r 1 3 1 )  
W R I T E ( 6 r 4 )  ( ( L 3 B ( I ~ J ) ~ I = l v  7 ) r J = l r 8 )  

C 
C A T  T H I S  POINT A SHORT SEQUENCE COULD BE ADDED TO COMBINE THE B B ' S  SO A S  T O  
C PRODUCE RAM TO WAKE RATIOS, ASSUMING ALL POSIT IONS ARE RUN A T  ONCE. 

STOP 
END 

SUBROUTINE P O L Y ( V Z , B I J J J I N I T I C H I D X I X O I D Y )  
DIMENSION B ( 6 , 6 ) 9 N I T ( 9 6 )  
M l = N I T ( J J J - 5 )  
M 2 = N I T ( J J J - 4 )  
M 3 = N I T ( J J J - 3 )  
M 4 = N I T ( J J J - 2 )  
M S = N I T ( J J J - 1 )  
M 6 = N I T ( J J J )  
IF(VZ.GT.CH) 60 TO 11 
DX=B(  1, 1 )  
DO 1 2  K=29M1 

XO=B( 1 9 2  1 
DO 1 3  K=29M2 

DY = B  ( 1, 3 1 
DO 14 K = 2 r M 3  

14 D Y = D Y + B ( K , 3 ) * V Z * + ( K - l )  
RETURN 

11 DX=E3(1,4) 
DO 1 5  K ~ 2 9 M 4  

S I B F T C  OECKd 

1 2  D X = D X + B ( K , l ) * V Z + + ( K - l )  

1 3  X O = X O + B ( K , 2 ) * V Z * + ( K - l )  
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