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(/ ABSTRACT o o

In the flowgraph solution of a linear electrical network, [11(2] a
Mason flowgraph Gm is constructed from the linear graph G of the given

network N through the selection of & tree T of G. It has been pointed out
[3] that the nmumber of loops of Gm is dependent upon the choice of such a

tree T. Hence, if there exists a method for determining the "best tree"
of G such that the number of loops in the corresponding Mason graph Gm is

minimal, & considerable amount of conputation time may be saved in the
, Tlowgraph analysis of the given N.

‘In this work, the.problem of finding a best tree of G is discussed.
First a brief discussion on the relationships between G and Gm is given,

and the problem statement is formulated and simplified. Then it is shown
as a special case that a star tree of G, if it exists, is a best tree.

Next , the terms "minimum distance tree" and "maximal shortest
distance tree" [U4] are defined and certain properties of these trees are
discussed. Then, an algorithm for finding the maximal shortest dist
trees of a graph is formulated and illustrative examples are given.

Finally some of the difficulties related to the problem as well &s
possible extension to this work are briefly discussed.

INTRODUCTION

In the flowgraph solution of linear electrical networks, [1],[2] a
Mason flowgraph is constructed from the linear graph G of the network
through selection of an appropriate tree of G. It has been pointed out [3]
that the muber of loops of Gm is dependent upon the choice of such & tree.

Hence, where a iree is not properly chosen, time of computation cen be
significantly leng.

The following paragraphs present the status of current research into
the problem of finding the "best" tree of G, i.e., that tree which
minimizes the number of loops of Gm'
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PROBLEM STATZMENT
A linear network N comprised of passive and active elements is given
with a corresponding lincar graph G. The element (edge) currents {ie}
and eleaent (edge) voltages {ve} are considered to be variables of N and

are represented as vertices in the Mason flowgraph G of N

The edges of G are constructed from an element description of N and

the linear graph G as follows.

First some tiree T of G is selected such that the tree branches of
TO include ell voltage driver elements in N and that the chords with
“respect to T include all current driver elements in N. (This is always
possible vhere a unique solution exists Tor element cu T
[5]). Remaining (non-driver) branches and chords of T are
the remaining passive elements in K. As noted, vertices of Gm correspond

to element voliages and currents in N. Edges of G represent (1) a duumy

443
solution edge 3, (2) the V-I *elati n of each pzssive element, (3) the
element interdependencies, (k) f-cutset chords with respect to T,» and

finally (5) f-circuit set tree branches with respect Yo To. Fach of these

. .

scrived in detail as follows:

p.l
[N

edge contrivutions is

ﬁ.‘

(1) Dummy solution edge j - Where the

< sTer function T(s) of
network variable el(s) over network varicblie ¢ e

e
(i.c. T(s)=c (s)/ey(s))

betwveen the node of

is the desired solution, znd edg cted
i orresponding to e and directed

8
Gm corresponding to e, and the node of Gm
from e, to e, .

(2) V-I relationships of passive elements - (&) Wnere a passive

element of N corresponds to a chord.of G with respect to T o’ an edge of Gm
is constructed between the two nodes of Gm’ one of which corrcsponds to the

specific element voltage and the other of which corresponds to the element
current of N. The edge is directed from the voltage node to the current
node; (b) Passive elements of N corres vonding to tree branches of G

(w1th respect to T ) are represented in Gm in a similar manner except

that edges are dlrcctea from uhe current node (of Gm) to the voltage
node (of G ). '

Ik)’ an edge is directed from the corresponding voltage (or current) node of
G to the corresponding voltage (or current) node of G-
1 . 1

é



() f-cutsct chords = Consider the f-culsets with respect to TO

of G. The tree branch of eazch f-cutset corresponds to the vertex v‘j of

Gm which in turn corresponds to the current flowing in that branch. The
chords of the f-cutset correspond Lo edges in Gm. For each chord, an edge

of G is construcved such that it is directed to vJ from the node of Gm

-

thirough the chord. Hence an

thut corresponds to the current
c 1 f=-cutset of G.

edge OL.Gm is obtalned Tor ea

(5) f-circuit set branches - Consider the f-circuit sets with
respect to ”o o G. In folloving a dual argument of ithe preceding

paragraph it is readily seen that an edge of G_ is obtained for each tree

branch in each f-circuit set of G.
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Given t tne prodlem is To Tind the "best"
e
tree of G delined as one which minimizes the nwaber of loops in G . As an
P
I

~approach to the problem, the following simplifying assumptions are made
noting that they do not seriously degrade
results obiained:

the sigrificance of any

(i) The restriction ©
current drivers is disregarded
(ii) It is assumed %that G i
(i1ii) It is assumed that G has no parallel edges.
(iv) Since the nusber of vertices in G is fixed, the nullity of
is directly proportional to the nuber ol edges of Gm' Intuitvively, any

effort to mininize nullity must tend to mininize the nunber of circuits
(i.e. loops) of a greph. Hence iv is asswied that the problem can in
general be reduced to one of ninimizing the nuaber of edges of Gm.'

MINIMIZATICXN OF EDGES OF Gm

In viewing the process of constructing Gm it is seen that the edges
of Gm corresponding to the dummy solution §j, the V-I relationships of the

assive elements, and the element interdevendencies are always the same in
b2 -~
in

nde
nunber regardless of whet tree is chosen G.

The number of edges of G due to the f-cutset chords and f-circuit set

m

tree branches however varies depending upon the choice of TO. This is now

elaborated upon as Jollows:

In constructing C—w1 it was shown that each chord set of each f-cutset
A

of G with respect to TO corresponds ©o a set of edges in Gm'

(4



Accordingly, the f culsel matrix Qf with respect to TO ney be
written thus )

Q, = [@, U]
11 ,
observing that the "1" entries in ¢, correspond to chords of G with
‘ ' “1) :
respect to T_. Hence cach "1" entry in Q, correspoands to an edge of G .
“11 .
The number of these edges (i.e. 1" envries in Q. ) is denoted by NC.
11 :
In a duel nanner an f-circult metrix with respect to To can be written
B.=1[U =B, ] .
I *12
hnalogously, each "1" entry in Bf correcponds to an edge in G . .The

nuiber of these edges of G_ is denon

Now using the well

m .
o e . i . o

o relaltionsnip [5] q.B = 0 it follows

-at once that 1

Hence, the problem is reduced to one of minimizing either Nb or Nc .

THE STAR TREE ~ A SPECIAL CASE

. 4

_ t is next shown that in a special case a tree T¥ of G exists which
minimizes the number of edges in G . First, the Tollowing terms are defined.

Definition 1 - A star tree T% of a Tinite, connected, linear greph G
(containing no parallel edges) is a tree of G which has a vertex that is
connected to cach of the other vertices of the greph by exactly one branch.

Definition 2 -~ The central veritex of a graph G having ar tree T¥ is
that vertex of T¥ which is connected to every other vertex of T¥.

U)

0% necessarily unique to & graph as can be
the complete graph.

%

Note tThat
seen by consid

Next, the quantities N and §_ which were introduced in the previous
section are more rigorously defined.

Definition 3 -~ Given a tree T of the graph G. The total number of

.

chords that appear in all the cutsets of G with respect to T is defined

as the chord count of To and its magnitude denoted by p031t1ve integer V .

It should be point ed out vrat N will always include repeatew chords.
\4

Delinition 4 - Given a irec Tb of the graoh G, the total number of tree

branches that appear in &1l the f"CLTCulu sets of G with respect to T

C



is defined as the branch count of To’ and its megnitude is denoted by
positive intcger Nb. As in the case of NC, Nb will include repeated
edges.

The following lemme may now be stated.

Lemma 1 - Given the linear, connected graph G of n vertices and e edges
ontalnlng star tree T% with ceniral vertex Vc. The number of edges of the

corresponding flowgraph G of G is a minimum when G_ is formed using T*#.

Proof: The lemma is proved by contradiction. TFirst, assume that the star
tree T% of G exists as shown in Figure 1, vhere VC is the central vertex
of T%,

Since G has no par;l“el edges, the chord

only vertices {Vl, 5V 3> teeo Vn—l} . K

f-circuit having exacily two tree branches such that the branch count Nb is
exactly 2(e-n+l '

of G with respect to T% connect

3
ote that each chord forms an

. Now assume that a tree T' exists having a branch count wnich is
smaller than 2(e-n+l). Then there will Dbe at least one T-circuit of G
with respect to T' which cont ins only one tree branch. Bul the f-circuit
contains exactly one chord which neans that the tree branch and the chord
are parallel edges which is impossible since there are no paralilel edges
in G. Therefore, no tree T' exists meaning that T% has the minimum
branch count. Hence the lemma.

The utility of this lemma is limited since a graph Lay not necessarily
have a star tree. Consequently, the problem is to determine the "best"
tree for the general case,

THE GENERAL CASE
In finding'the oest" trec for the general case the problem can be
ee of G that minimizes the branch count Nb
= NC, we confine our atiention To
minimizing N . TNow the problen: &t hand can be dealt with by considering the

(x)

b
properties of the kih f-circuit matrix Bf in terms of the graph G. In




doing so, the distance between vertices of a non-oriented graph is
first defined.

Definition 5 - The distance d(V,,V%) between two vertices Vj and V,

of a non-oriented, connected, no“—gcperable graph G 1s the numnber of edges
in the shortest path connecting vertices V, and Vk' Writing the kth
f-circuit matrix, J

k k
5 () oy )
' 12
it is own [5}[6] that each column of U corresponds to an edge of G that
S a choru with respect to scue tree To of G whereas each column of
(x)
. corresponds to an edge of G that is a tree branch of T 0. Now
12 (k) "
examine a given row ol B, . The M1 entry of the row that is in sub-
1
matrix U corresponds to a chord coanecting vertices Vj end V, . The "y
RV ¢ 3 B e .
entrles in Bf ) in the same row correspond to tree branches in the

12

RS

(unique) tree path connecting V., and V, . Now since there is only one such
N

[

path in To (otherwvise we would have a circuis and TO would not be a tree)

. L o(x)

the number of "1" entries in the row of B."’ is clearly the distance
. s
12
d(Vj,Vk) betveen vertices Vj and V. in TO. Now if the distance between

each vertex pair corresponding to each chord of G with respect to T is

o]
calculated and these distances for all chords are suwuined, the total number
is certainly the branch count R (i.e. the nusber of "l" entries in
(k) oo o) ) 2 ] . LT > > yn NN ot
Bf ). The provlem can now be stated as one in vhich a minimum distance
iz ‘
tree, defined as follows, 1s sougnt.
Definition 6 - Let VJ and Vk be the vertex pair coanecting a chord of
vith respect to To and let d(V,,V ) be the distance between vertices VJ

and Vk in TO. To is a minirmum dismunce tree where the guantity

) d(Vj,Vk)

all chords of G }
with resvect to ”O

is & minina.

Now finding the mi nimm distance tree appears related to the finding
T the maximel shortest dlS ance tree whict >n solved in connection
with the "shortest route" proovlem [L].
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THE SHORTEST ROUTE PROBLEM

<3}

Basic lly the "shortest route" prodlem is that of finding the
shortest directed path between two specified vertices in a weighted

(i.e. e@vcs have weights assigned to them) Gigreph. In terms of the non-

oricnted, unweighted (i.e. each edge has "weight" of unity), connected

greph G in the problem at hand the shoriest route problem is simply that

of finding the distance between the specified vertices Vj and Vk' It

has been pointed out [4] that in <the process ol finding the distance
between Vj and Vk the distance bevwveen V, and every other vertex of G i

ootained. Coagequo.tly, in s 2 shorvest r
the more general problem of i ng the dis tance between soume reference

c
vertex VO and every otner veriex in G. (An original algoriithm for doin

~

_this is given at the exd of this naper.)

S

g

oute provblem one solves

Definition 7 [k] -~ A maxinel shortest distance tree relative 1o vertex Vo
of G is a tree such that & patn from V to each of the other vertices G

contains & mininmunm nurber of edzes.

hni

srzpn G of Figure 2z with reference vertex V
2¢c are maximal shortest distance trees

Examole #1 - Consider the g
Solid cdges of Figures 2b and
with respect 1o vertex Vo .

()

This exanple reveals two 1npo;» nt properties of the maximal

shortest distance tree: (a) A mal shoritest distance tree with res:
‘to a vertex VO is not ncCCSSaflly uan e; (b) The meximzl shortest distan

trees with respect to VO (if there is wore than one) need not have the sanme

=

11.

branch count. For example, in Fig. 2b, B, = 9; in Fig. 2c, o

These properties are important to the problem of this paper to th
extent that any method that yields a maximal shortest distance tree may
notv necessarily yield a minimum distance tree.

On the other hand, a minimm distznce tree need not be a maximal

shortest distance tree as can be seen in the graph of Fig. 3.




That there is al least one mexizzl shortest distance tree that is a
minimuyz disvence tree has yet To be proven or counterexampled in the
research conducted (o cate.

The assoclation of these two trees oa the o r hand clearly exists
Tor the case of the star tree as summarized in Lhe foLlovLug leama.
Lenma - A star tree is a maxinel shortest distance iree.

sociation, the following algorithm Tor

t distence trees ol a graph is
ough the method has yielded a
ed to date, no formal proof has

the generac:on of all nmexinal
presenved with the cqualificat
nminimun distance tree i

AN ALGORITHM FOR ; THE MAXIMAL SHORTEST

N K N
59 U
ISTANCE TREES OF A GRAPH

U

To obtain the maxinel shortest di
of the well known connection matrix [6

to the problem of this paper in the follovwing

use
elated

Definition 8 ~ Given a non-orienied greph G of V vertices, a conn
mairix C = Lci’ nas rows and colwins corresponding t by
DR J
where the eniry Ci‘ symbollically denotes the edge eij ccnnected between
vertices Vi (row of C) and Vj(column of C). Graph G is assumed to have no
sell loops {i.e. e,, = 0). Likewise, since G is non-oriented, e..=e,. .
ii ' S RN
The following well known theorem [6] is restated for clarity of

discussion. ‘

. s s . . AT . s
Theorem 1 - The (i,j) entry of C =¢C + C +++ C (r factors) is in
general a swmmation of products each of vwhich symbollically corresponds
to the product of r edges ey eBY’ ce eyj that form a path between

vertex 1 and j. Note that a path may constivute the retracing of one or
more edges. '

~

Exemnle #2 - Consider the graph of Figure k.




1 2 3
— —-
Vi | 0 €12 €13
C = V2 812 0 e23
V3 L_elS €5y 0 _J : Figure 4
— —
-}- e
(ele‘f’lz ¢525) €13%23 €12%3
c® = e..e (e..c. e e ) e, e
13%23 - ‘€12%107%23%03¢ 12%13
€12%23 o %12%13 (e) 50y 3¥e 5e,5)
N . - N ) ..\ th
Now clearly, the path lengih repreggntex vy the nonzero (i
'~ -'C"

3’4 -+ - .

element of C<£ is SPO“”C” than that of C‘{‘l For this reason
is stated as an & L

of a graph.

N

Lemnma 3 - Given a li“ear, connzeted non-oriented granh G with connection

matrix C. Element entries in C are cach represented symosollically dy €. .

wnich denotes the LQS joi;ing vertice: i and j. The naximal shoriest J .

distence trees with ressect to vervex i (rows of C) is determined through

spplication of the Following steds to all the rovs of C:

Step 1. Examine the entyies in rov 1 of C. lote the set of non-zZero

entries and the set of soluuns Sl in vhich they occur. Retain these

edges as brenches of a nexinel shortest distance tree calling the set Kl

. - 2 R . . . s a2 . s

Stev 2. Form C7 and exawuine extries in row i of C, ignoring entries

correspo‘d'.g to the set of coiuvuns Sl' Note the set of non-zero enitries

and the set of coluuns 82 in wnich they occur. Remove edges in 82 that

appear in Kl and call {the resulting sel of edges K2. Find all possible sets

K21,K22,...,K2£ that can be Tormed by choosing one edge of K2 from each column
o N o ' . . 2

of 82 for 211 colwins of 82. Note that edges appearing in elerent cij of C

where i = J are conteined in K.. Hence X,, will ealwvays contain a fewer number

22
of edges than there are colu&xo in-S,.
2 k-1 k

tep 3. In general, for any p031 tive integer (k-1), given C* = form C

and exaunine entries in row i of C ignoring entries corresponding to
5,,8 S o

2RI e VUL T
e

£
N

Note the set of non-zero entries and columns S in which they occur.




Remove edges in columns"S}i that appear in Kl’K2""’Kk—1' Call the

at
resulting set Kk . Find 211 (2) possiblec sets Kkl’KRE"' vhich cen be

©? Kkﬁ
formed by choosing one edge from each colwmn SP . Combine each of these

with each previously generated set. Czll the resultant setb

K K { ' LRI 1 S ¢ o Y\. e e . e LU
¢ 1? 2l’h31’Kkl} > ? {Kl’y2l ’{k2} ’ ? {Kl’K2l’ ’KJE’ ’Kkl}’

e {K K . oK

..

01" FTRRREE kl} s oeees (K LKS 32,...,Kk£}.

Step L. Continue thi

is process until (v-1) vertices have been eliminated.
The resultant set produced provides the meximal shortest distance trees

P
c
with respect to vertex i.
1

Steo 5. Perform stevs by
redurndent sets of edges gene:
trees of the graph.

1 rows of C. The resultent, non-

e maximal shortest distance

9) [
o
o]
=}
©

[¢)]

o

}_ 1)
|l
ct
o

Exemple #3 -~ Given the graph of

T Figure 5. Consider finding the maximal
shortest distance tree with respect to V6'
Vl V2 V3 Vh V5 V6
r——- M ——
Vl 0 5 e13 ela 0 C
V2 e 5 0 e23 €y o 0
V3|Ci3 %3 O e O ey
C = v

VS 0 0 0 ehs 0 e56
V6 L? 0 236 L5 656 0 ] Figure 5
Step 1. 8, = {v3, V), VS} ;o Ky o= {e36, el e56}
Step 2. The last row (V6) of metrix 02 is’
v v v v
: fe ey e, Ve et o)
V/[(el3 3 }elh L6) (e23 Tu,1eL/ 3LCL/ qhe,\/ ehs 56
VS T V6
(e, e ) (e 2 4 e, S+ e 2)1
Ls¥L6 36 L6 56 77 -
Sp = AV, VY6 Ky = {egg,e ynem,e,)

Kop= feggoepgd 5 Kpp= e P Kygm legpuengds K= fegy e )




(Note that K, l,KQP,KQﬁ, and K i feve only 2 edges vhereas S, has 3 columns.
2 S 2' 2
This is becesuse the edges appear ing in the collin corresponding to V6
ere contained in KL) .
Resulting set is
{K = {e e e LK e e e e e
1Ror) T Brgeeoptigatigateny KK, = {egensei0.04s 56}
{K ,K. . €.y 3Ca. € e, ,,e. {X S &,y se., € e
Kl’ 23/ { 142723273677 L67 56 Wt {“1h°‘2L’ 362°46°%56}
Process terminetes since v-1=5 vertices heve been elinminated. Hence
resultant set is the set of 211 mexinmel shoriest distance trees with
resnhect to v6=
Exemple #4 - Consider findinzg the meximal riest distance tree with
respect to Vb of the graph of Figure 5.
Stev 1. C is as given in Exezuole 3.
¢
S, = V_, V.. V_.,V_.V X = e Sy ey 4& ey )
-1 \ 12722 3, Ds 6} ) ‘-l {11;9‘—2)1,;")1;, .,5; L6J’
Process {terminates since v-1=5 veriices have been eliminsbed.
Maxinmal shortest ‘distance tree with respect to Vh is clearly a ster
tree.
COAYCLUJLUA\
In the g, the vopolegical relationships between the linear
aph G o ne | and the correspondirg Mason Tlowgranh Gm are
4
establisghed the noted simplifying assumpiions it is shown that the
star tree, where it exists, is the "best" tree, i.e., that trec which
rinimizes the complexity of G .
. m
© Is established that the is a minimun distance iree
which for the case in vhich a star tree exisis is one of & set of maximal
shortest distance trees. An algoriton Tor cderiving the latter tree is
presented.
The associction between the minimu: distance tree and meximel shortest
distance tree is however not established Tor the general case and

accordingly remeins as an unsolved problexm.
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