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SUMMARY

A piezoelectric actuated fatigue machine has been designed, built and
tested. The machine is capable of subjecting a specimen to a cyclic load up
to + 2000 1bs., and deflection amplitudes up to+ . 005 in. The first natural
frequency of the machine and specimen system is approximately 770 cycles
per second. The operating frequency range of the machine could be increased
substantially beyond the first natural frequency by proper electronic modifica-
tion of the input signal,

The load transducer consists of piezoelectric crystal discs bonded to-
gether so as to form a cylinder. The design incorporates precampression of
the crystal stack by means of tie rods in order that the epoxy bond between the
discs will not be subjected to a tensile load when the stack is energized.

The mechanical design of the machine is such as to maximize the first
natural frequency of the structure. Such design was dictated by the require-
ments of a nearly constant magnification factor over the desired frequency
operating range to insure accurate input-output response.

A number of specimens of varying axial stiffnesses were used to in-
vestigate the influence of the sample characteristics on the performance of

the machine.

The response of the machine to a known input signal was measured by
means of a portion of the stack acting as a load cell,
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SYMBOLS

cross sectional area

capacitance of one piezoelectric disc

Young's modulus for piezoelectric material along

thickness at constant electric field

electric displacement

piezoelectric constant that relates strain with

applied field
electric field strength
peak value of electric field strength

i lectri tant ltod CE
piezoelectric constant equal to d;,C
axial force

frequency in cycles per second

current

total number of piezoelectric discs in the fatigue

machine
electrical power

Young's modulus of elasticity for non-
piezoelectric material

axial thickness of piezoelectric disc

time

axial displacement

voltage difference across piezoelectric disc
coordinate in the axial direction

piezoelectric dielectric constant measured -
at constant stress

a material damping constant
mass density
axial stress

angular frequency equal to 27f

iii

Units
meter

farads

2
newtons/meter

c:oulo:rnb/rneterz

meter/volt
volt/meter
volt/meter
newton/volt meter
newton
cycles/second

ampere

watts

newton/meterz
meter

second

meter

volts

meter

farad/meter

2
newton second/meter

kilograms
newton/meter'2

radian/ second
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INTRODUCTION

Up to the present time the machines designed to test fatigue speci-
mens under random loading have been large, expensive and generally low
cyclic frequency. The purpose of this investigation was to design, build and
test a more effective machine, using piezoelectric crystals as the actuating
element.

Since the deflection required to stress structural materials is small,
the most suitable machine for fatigue testing should be one which transmits
its power as large forces moving over small distances. In order to translate
the input signal into a load on the specimen without distortions, the machine
should operate at frequencies below its resonant frequency and in order to
have reasonably short testing times, the operating frequencies and hence the
resonant frequency should be high.

The program to be followed in a random or a programmed loading is
almost always represented in terms of electrical signals. These signals
may be generated by punched cards (read electrically), by a random noise
generator whose output is modified and shaped by filters, or by the magnetic
tape or other record of an actual stress enviromment. This signal must be
amplified and fed through one or more transducers to appear as a stress
loading on the sample. Customarily the signal has been used to modulate an
hydraulic servo valve controlling the flow of hydraulic fluid. By this process
the natural frequency of the test system is rapidly lowered, first because of
the low frequency response of the electrodynamic servo valve, and secondly
because of the standing waves generated in the hydraulic fluid. It would
surely be desirable to transmit the forces to the sample through an electrical
to mechanical force transducer rather than through the steps from electrical
to hydraulic to mechanical,

When one explores the properties of the different types of electrical
current or voltage to mechanical force transducers, they are found to fall
into the classification of electromagnetic transducers, electrostatic trans-
ducers, and transducers which are characterized by the change in length of
materials under the action of an electromagnetic or electrostatic field, i.e.
magnetostrictive or piezoelectric respectively.

The most common type of electrical to mechanical transducer is
based upon electromagnetic induction., This is the basis of electric motors,
the electromagnetic shakers, solenoids, etc. However, this type of mach-
ine is characterized by large displacements and small forces, Because of
saturation, the force per unit area which can be developed by magnetic
fields is quite limited. Since the areas must be large to generate large
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forces, it is difficult to build an electromagnetic machine which has a high
natural frequency, So,likewise, the force per unit area generated by an
electrostatic machine is relatively small, Also itmay be difficult to build
an electramagnetic or an electrostatic machine in which the force is lin-
early proportional to the electrical input.

When the transducers that operate by change in internal structures
of materials induced by magnetic or electrostatic fields are explored, it is
found that the change in length resulting from magnetostriction is too small
to be useful for any transducer other than one operating at resonance. When
operating off resonance, the cross sectional area of the transducer would
have to be so large in order to bring about a favorable trade-off between the
magnetostrictive strain and the loading strain that it would make an imprac-
tical transducer. Until recently this same characteristic would be found
with electrostatic transducers, such as those based on quartz or rochelle
salt. However, there has been a rapid development in transducers based
upon barium-, zirconium-, and lead-titanate and these, when properly
manufactured and oriented, change their lengths considerably more than
other piezoelectric materials under the effects of electrostatic fields,

A structural fatigue machine based upon the use of these crystals is
quite feasible. The strain (deformation per unit length) in these crystals ob-
tained through the electrostatic fields is proportional to the potential grad-
ient in the crystals, The force which the crystals generate is proportional
to the area. Thus, to increase the capacity of a machine which uses piezo-
electric crystals as actuators, it is only necessary to increase the cross-
sectional area of the crystals, Although this increase in area will result in
some additional deflections in the structure which transmits the crystal mo-
tion to the test specimen, the height of the crystal stack will be changed very
little and hence the natural frequency of the test machine can be kept high
even for large capacity machines., Furthermore, the crystals are moder-
ately efficient transducers (although they have a large capacitance and there-
fore generate impedance problems) and so a crystal fatigue machine should
be reasonable in its power demand and should have minimum problems of
heating and noise,

Since all of these theoretical generalizations had not been established
by the construction of an actual piezoelectric actuated fatigue machine, it
was desirable to build a small prototype to test the principle.

The present investigation has demonstrated the feasibility of piezo-
electric actuated fatigue machines. The prototype machine operated at rea-
sonable reactive power levels, presented no heat dissipation problems and
displayed fidelity of input-output response over a substantial frequency range.
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As a result of the present investigation, a rational basis now exists for the
design of larger piezoelectric actuated fatigue machines.
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DESIGN AND CONSTRUC TION

The fatigue machine (see Figs. 1l and 2) consists of four major items,
namely, the actuating piezoelectric crystal stacks, the static load elimina-
tor, the machine frame, and specimen clamps. In addition to the above
major items the machine has a cooling oil flow system, legs and suitable
work-top surface.

The top and bottom piezoelectric crystal stacks each consist of an
inner and outer hollow crystal cylinder. The inner cylinder is 11,4 inches
long with a 2.00" O, D, and a .312" I.D. The outer cylinfder is 10.9 inches
long with a 3.125" O. D, and a 2.375" I. D, The inner crystal cylinder fits
concentrically into the outer crystal cylinder and the annular space between
the two cylinders together with the annular space between the outer crystal
cylinders and the cylindrical aluminum jacket form the cooling oil passage.
The crystal cylinders were fabricated from 1/4 inch thick discs of lead
zirlconate -lead titanate piezoelectric ceramic. Each inner stack contains 45
piezoelectric discs and each outer stack contains 43 piezoelectric discs.

Each crystal cylinder consists of ceramic discs and thin (. 002") per-
forated nickel electrodes bonded together in alternate layers by means of
epoxy. The polarity of every other disc is reversed (see electrical schematic,
Fig., 12) so that one electrode serves to conduct the current to the top of one
ceramic disc and the bottom of the adjacent ceramic disc, The "high'" points
of the perforated electrode surface penetrates the epoxy and make contact
with the silvered face of the ceramic disc. Immediately after the stack is
assembled, the stack is put under compression so as to squeeze the epoxy to
a thin uniform layer. After the epoxy has partially set, it is cured in an oven.
The curing process consists of approximately 12 hours at 165°F. When the
curing process has been completed, the electrical connections are made by
soldering leads to protruding tabs on the nickel electrodes. All leads are
duplicated in order to enhance the reliability of the machine. The leads and
tabs are electrically insulated by thin sheets of fiberglas in regions where the
geometry allows such application and by insulating varnish in the remaining
sensitive areas. Both the inner and outer stacks are equipped with steel tie
rods, the purpose of which is to provide precompression of the stack so the
epoxy bonds will always be under a compressive load, The inner stack tie rod
isO0. 190“ I. D. x141/2" long whereas each of the four tie rods used in the
outer stack is . 095" I. D. x 12 3/4'" long.

The purpose of the second major item of the fatigue machine, the
static load eliminator is to prevent the build-up of a static compressive or
tensile stress in the crystal stacks after the machine is completely assem -
bled, including the securing of the specimen in the clamps. The static load
eliminator consists of a very close fitting double faced piston and cylinder.
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The cylinder is filled with a viscous and incompressible fluid (Glycerine),
care being taken to remove all air bubbles, and the cylinder is then sealed by
means of "O' rings. One end of the outer crystal stack is attached to the
piston, the cylinder is attached to one of the aluminum plates that form part
of the machine frame. The piston is free to move in the cylinder but because
of the high viscous forces between the piston and the cylinder, the piston is
restricted to a very slow rate of motion even under high forces. As a re-
sult, the piston will, in sufficient time, move relative to the cylinder (and
therefore relative to the machine frame) so as to completely relieve any
steady (static) stress thatmay have been built up in the crystal stack as a
result of the method of assembling the machine or as a result of differential
thermal expansion which might occur after the machine is completely assem-
bled.

Before the cylinder is sealed, the fluid pressure is brought up to
400 psig by means of a hand pump to prevent the entry of air into the system.
A minute quantity of air would reduce the stiffness of the static load elimin-
ator to an unacceptably low value. This pressure level is subsequently
maintained by means of compressed gas and is monitored by means of a
pressure gage so that any leakage in the system can be readily detected.

The final step in preparing the machine for testing a specimen is to
secure the specimen in the clamps. Immediately before this is done, the
position of the cylinder of the static load eliminator in the frame of the ma-
chine is adjusted with the aid of a jig so that the piston is in its mid-position
and therefore free to relieve subsequent static loads in either direction.

The third major machine item, the machine frame, consists of two
(12" x 12" x 3" thick) aluminum plates to which the outer stacks are attached,
one directly and one through the static load eliminator, and four (2.0'" dia.,
10, 5" long) steel rods which connect the aluminum plates.

The fourth and last major item of the fatigue machine is the specimen
and clamps. The clamps are made of steel and are attached to the inner
stacks by an epoxy bond through an insulating material (fiberglas).

The general shape of the fatigue machine is a result of maximizing
the first natural frequency. Two major considerations enter into this opera-
tion, namely, the total length of crystals must be kept as short as possible
and the two thick plates that form part of the machine frame must be kept
as close together and therefore the stiffness to mass ratio of the frame as
high as possible. The first consideration is established by selecting the
most suitable crystal material and cross sectional area. The second is best
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satisfied by splitting the stack and folding it back upon itself. It should be
pointed out that it is quite important to make the machine parts as stiff as
possible, not only for the purpose of achieving a high natural frequency for
the machine, but also to achieve the required force-elongation load require-
ment set by a particular fatigue sample without demanding an excessively
high applied voltage. When a low frequency voltage is applied to the cry-
stal stack, the stack can experience maximum axial elongation with zero
axial force, or maximum axial force with zero elongation or any intermed-
iate load-elongation combination; the particular combination is of course
set by the combined stiffness of the specimen and the machine. The solid
lines in Figure 3 show the relationship between applied electric field and
load-elongation combination experienced by the stack., The two broken lines
shown in Figure 3 are the lines along which the machine would operate if
the specimen stiffness were 521,000 lbs/in, The|lowerbroken line is based
on a machine stiffness (exclusive of the specimen) of 400, 000 1bs/in, which
is the calculated value for the presentmachine., It is interesting to note
from Figure 3 that a change in machine stiffness from infinity to the calcul-
ated value at a fixed value of the applied voltage results in a reduction of the
axial load to 60% of its former value.

In addition to the four major items described above, the machine is
equipped with a cooling oil flow system. This oil flow system provides cool-
ing for the inner and outer crystal stacks and consists of a pump, filter and
reservoir with sufficient exposed area to effect heat dissipation to the lab-
oratory. Transformer oil is used in the cooling system so as to enhance the
electrical insulation of the stacks.

The evaluation of the machine requires the measurement of the volt-
age, current and frequency of the electrical power supplied to the stacks as
well as the strain or force applied to the specimen by the piezoelectric stack.

The magnitude of the voltage and current delivered to the stack was
displayed on the oscilloscope simultaneously by use of a preamplifier which
incorporated a high frequency electronic chopper. The voltage applied
across each piezoelectric disc was displayed on the oscilloscope through a
calibrated |attenuator probe. The current supply to the two complete crystal
stacks was measured by a calibrated current probe and displayed on the
oscilloscope.

The axial force generated by the piezoelectric stack can be measured
by one piezoelectric disc in each stack, This sensing crystal was located ;
adjacent to the specimen clamp. The specimen and sensing crystal were loc- |
ated as close as possible in order that the sensing crystal output would re-

main a faithful indication of the force experienced by the specimen under

3 .
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dynamic donditions. This sensing element consists of a single 1/4'" thick
disc (2, 00" O. D, x 0.312" I, D,) of piezoelectric ceramic bonded by epoxy
to the remainder of the inner stack.

The power supply obtained to conduct the experimental evaluation of
the machine was a rotary power supply originally designed to drive an elec-
tramagnetic shaker., This power supply was available from the Raytheon Co.
as excess government equipment. The use of a second-hand power supply of
this nature was indicated in our proposal in view of the substantial savings
when contrasted to a modern electronic power supply. However, the use of
a rotary power supply excludes a random capability and restricts the fatigue
machine to operation at constant frequencies or to a smooth frequency
sweep.

The power supply is capable of operating at frequencies up to the re-
quired 2000 cps, However, it was necessary to incorporate new transform- .
ers between the rotary power supply and the crystal stack so that the final
output would be at the high voltage required by the crystal stack rather than
the low voltage required by the electromagnetic shaker,

In anticipation of possible interaction between the power supply and
the fatigue machine, it was determined that the high inductance of the alter-
nators combined with high capacitance of the crystal stack would result in an
electrical frequency low enough, about 70 cps, so that it should not result in'
difficulties., Likewise, it was determined that the torsional frequency of the
motors and alternators against the alternator field would be low enough,|
about 25 cps, so that it should not create difficulties, However, these deter-
minations are approximate because of the limited data on the alternator.
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RESULTS AND DISCUSSION

Fidelity of input-output

The fidelity with which the machine translates an input voltage signal
into a mechanical load on the test specimen is of prime importance in the
design of the piezoelectric fatigue machine., In order for the machine to
faithfully translate an input voltage into a load output, it is necessary to
operate the machine well below the first natural frequency of the machine
where the magnification factor will be essentially constant. In order to
predict the first natural frequency, a mathematical model of the machine and
piezoelectric stacks was developed and a computer program was written in
order to perform the required calculations., The model was developed by
representing the fatigue machine as an eleven degree-of-freedom system.,
The analysis as well as the computed frequency response curve for the
model is presented in Appendix A. This mathematical model predicts a first
natural frequency at approximately 900 cycles per second.

The measured frequency response of the machine is shown in Fig. 4.
The ordinate in Figure 4 is the voltage output of one of the sensing crystals.
This voltage is directly related to the force on the sensing crystal and hence
on the specimen. The two curves shown in Figure 4 represent operation at
two positions of the static load eliminator, namely, at the top of its travel
and at mid position. From the measured response curve it appears that the
frequency response of the machine is sensitive to the operating condition of
the static load eliminator., Under the conditions investigated the first natural
frequency was found to be approximately 770 cps,

Applied electric field vs load output

Although the complete mathematical model and associated camputer
program could readily be used to predict the performance of the machine
over the full range of load and frequency, for operation well below the first
natural frequency the potential which must be applied across each crystal to

produce a given load on the sample as well as the power can readily

be computed if it is assumed that all crystals experience the same loading at
any instant. On the basis of this assumption the stress as a function of the
strain and electric field strength in the crystal stack are given by the ex-

pression E  3u

*This equation together with the equation for the electric displacement D =

d,,o + ETE suffice to determine the static and low frequency behavior of
piezoelectric crystals [Ref, 1],
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where E = electric field strength (volts/meter)

0 = stress in the longitudinal direction of the stack (newton/meterz)

Su longitudinal strain in the crystal stack (meter/meter)

ox
€y3 = piezoelectric constant (newton/volt meter)
E
C33 = Young's modulus of elasticity measured along the thickness at

constant electric field (newton/meter?)

The above equation can be easily solved for the electric field strength that
must be applied in order to produce a given stress and strain in the crystal
stack,

E
C
33 ,du 1 o
EeoL ) o] (2)
33 33
But since d33 = e33/C33 = piezoelectric constant that relates strain with

applied field and ¢ = axial force/cross sectional area = F/a, the applied
electric field strength as a function of the strain and stress in the stack is
given by the expression

1 3 1 -F
E = — (22) - —= (—) (3)
dyz ¥x 4 cF @
33 733
where for this application
-1
d33 = 590 x 10 2 (meters/volt)
1
C?3 = ,0484 x 10t12 (newton/meterz)

a = 20,3 x 10—4 (meterz)(average)

Three specimens were used in the experimental evaluation phase of
the program. Specimens A and B were made of . 050" sheet steel and had a
computed stiffness of 521,000 #_/in and 461,000 #_/in respectively., Speci-
men C was made of . 050" sheet aluminum alloy ang had a computed stiffness
of 153,000 #_/in. Figures 5, 6 and 7 show the calculated voltage which must
be applied across each crystal to produce a given force on specimen A, B
and C respectively. The force experienced by the specimens that failed as
shown in Figures 5, 6 and 7 was estimated from S-N curves available in the
literature.
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Power requirements

The apparent power (the product of applied voltage and current with-
out considering phase) delivered by the power supply to a single piezoelec-
tric disc is

(ET)I

where T = axial thickness of one piezoelectric disc (meter)
I = current supplied to one disc (amperes)

Since the current supplied to the disc electrode is equal to the product of the
electrode area (a) and the current density (which in turn can be set equal to
the time derivative of the electric displacement, D), the apparent power sup-
plied to one disc is given by the expression

)
| = (ET) {5; [Dla} (4)
T . . 2
D = ¢ E + d330' = electric displacement (coulamb/meter )
€T = the dielectric constant measured at constant stress (farad/
: wt meter)
E = Epe’] where Ep = peak electric field strength

Thus the peak apparent power supplied to the entire crystal stack is given by
the expression

P=nTE an[sTE +-d (i)]a (5)
P ) 33 a

where for this particular machine

peak apparent power (watts) delivered to the entire stack
n = total number of crystal discs in the machine, 176,

T = 0.00635 meters

Ep = peak applied electric field strength (volts/meter)

f

[ 1]

= frequency of applied signal (cycles per second)
= 20.3 x 10—4 (metersz) (average)

a
€ = 3.01lx 10“8 (farad/meter)
d33 = 590 x 10~ 12 (meter/volt)

Equations 5 and 3 can now be combined to yield an expression for the appar-
ent power as a function of the voltage applied across each crystal. This func-
tion is shown in graphical form in Figures 8, 9 and 10 as well as measured
values for specimens A, B and C respectively.

10
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~ The dielectric losses in ceramic piezoelectric crystals are usually
expressed as a dissipation factor which is equal to the ratio of effective ser-
ies resistance to effective series reactance., For the piezoelectric mat-
erial used in the fatigue machine the value of this dissipation factor was
estimated at approximately 0,02 at 1000 cps by the supplier. Since the ser-
ies resistance is small compared to the series reactance, the dissipation
factor in this case will be essentially equal to the power factor which in turn
is equal to the ratio of power actually dissipated in the stack to|apparent
power (KVA) supplied to the stack. The power factor was measured when
the stack was loaded with a specimen of stiffness equal to 521,000 #,/in
and driven at a frequency well below the first natural frequency, narmely,
440 cps. The value of the power factor so measured was found to be |less

than . 02.

Reliability of the stack

The piezoelectric fatigue machine was operated for a total time of
approximately 50 hours over a frequency range of 50 - 2000 cps and an ap-
plied voltage range of 0 - 2000 volts (peak) while loaded with the three speci-
mens of various stiffness. In this time no structural failure or epoxy bond
separation occurred in the piezoelectric crystals. However, a failure did
occur after approximately the first 20 hours of operation between the fiber-
glas insulating disc and the steel terminator on one of the inner stacks. The
reason for the failure is believed to be lack of proper surface preparation
before the epoxy was applied to the fiberglas,

Sensing Crystal Voltage Output

The open circuit output voltage of the sensing crystal is proportional
to the force applied to the crystal and therefore can be used as a measure
of the axial force applied to the specimen by the actuating crystals. If the
inner steel tie rod did not pass through the sensing crystal, the ratio of the
force applied to the sensing crystal and the force applied to the specimen
would be unity. However, when the tie rod passes through the sensing cry-
stal, the force in the crystals is greater than the force in the specimen due
to the load carried by the tie rod. With the tie rod in place the ratio of the
force in the sensing crystal to the force in the specimen is given by the

expression 1 [tie rod stiffness]

2 [specimen stiffness |

1+

' The value of the above ratio is 1.058 for specimen A (steel, Stiffness =
21

| 2”“,';(_')"O‘O"#/i”r_])f"éﬁd"“l'; 191 for specimen C (aluminum, stiffness’ :"‘IS‘B‘TOfO'O‘“‘#’/in). -

11
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CONCLUSIONS

The feasibility of a fatigue machine actuated by a stack of bonded
piezoelectric crystals has been demonstrated.

The fatigue machine has been operated for approximately 50 hours
over a frequency range of 50 to 2000 cps while applying loads up to approxi-
mately + 1300 1bs, The piezoelectric stack did not show signs of deteriora-
tion. :

The measured first natural frequency of 770 cps indicates a sub-
stantial frequency range over which the machine can be operated at nearly
constant amplification of the input signal.

The measured relation between the applied field strength and the
mechanical load on the specimen as well as the|apparentpower and real
power delivered to the stack are in reasonable agreement with the predicted
values, Calibration of the machine is required, including zero frequency
operation, before a more detailed comparison between measured and pre-
dicted values of force and displacement can be achieved.

RECOMMENDATIONS

In view of the fact that the feasibility of the concept of a bonded piezo-
electric stack has now been demonstrated, it is recommended that the per-
formance of the present machine be accurately calibrated while operating in
the DC as well as AC mode. This calibration should involve measurements
of the force, strain and total elongation experienced by specimens of various
stiffness and an experimental study of the static load eliminator,

The capability of the present design should be extended by incorpora-
tion of a device which would apply a preload to the fatigue specimen. Such a
preload could be applied to the specimen through the center tie rod of the
inner stack located on that half of the machine that contains the static load
eliminator, A sketch of a possible arrangement is shown in Figure 113

Upon completion of calibration and incorporation of a preload device,
the operating capability of the fatigue machine should be extended to the orig-
inal ultimate intent of random excitation by replacing the present rotary
power supply with an electronic power supply.

12
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Fig. 2 - Schematic of fatigue machine elements
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ANALYSIS OF PIEZOELECTRIC FATIGUE-TESTING

M ACHINE

Mathem atical Model

For an analysis of the natural frequency, and the deflection at differ-
ent frequencies, the piezoelectric fatigue-testing machine can be represented
adequately by an eleven degree-of-freedom system as shown in Fig, A-1.

The two outer, and the two inner crystal stacks are represented as
distributed mass systems, because of their length being comparatively large,
and the speed of sound in crystal material being comparatively small, The
rest of the structure is represented by a system of masses interconnected
with springs as follows:

IR N o

-

1/3 mass of upper plate plus static load eliminator cylinder
2/3 mass of upper plate plus 1/3 mass of columns
1/2 mass of lower plate plus 1/3 mass of columns

1/2 mass of lower plate plus mass of stack shield assembly
and lower flange

1/2 mass of folded stack connector plate plus mass of outer
stack end plate

1/2 mass of folded stack connector plate

mass of specimen clamp plus mass of termination plus
1/3 mass of specimen

mass of specimen clamp plus mass of termination plus
1/3 mass of specimen

1/2 mass of folded stack connector plate

1/2 mass of folded stack connector plate plus
mass of outer stack end plate
mass of static load eliminator piston, stack shield assembly
and upper flange
stiffness of static load eliminator
stiffness of upper plate
stiffness of columns

stiffness of lower plate

stiffness of outer crystal stack
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stiffness of folded stack connector plate
stiffness of inner crystal stack

stiffness of specimen clamps, terminations and
specimen combined
stiffness of inner crystal stack

stiffness of folded stack connector plate

stiffness of outer crystal stack

Consider an element of length, dx, enclosed between the sections AA

and BB (Fig. A-2)

A B
<— dx —P
~— g
o F + OF dx
Ax
A B
Fig. A-2

For an ordinary material, the effects of damping on the vibrations

are included by assuming the stress in any element to be the sum of a de-
formation stress and a stress related to the velocity of strain, i.e.,

where

2
du du
o= -1
ax |+ M ax ot (A-1)
0 = stress at any element
q = Young's modulus of elasticity u
u = the longitudinal displacement; 3= is the longitudinal strain

X

n

x = distance along x=axis
t = time
M = a material damping constant

For a piezoelectric crystal, if an electric field E acts along the crystal
length, then equation (A-1) is modified to
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2
E du 3 u
= . = B -
0= Cy 3! T Faar T 33 (42
where E .
C = Young's modulus of elasticity measured along the

33
thickness at constant electric field

e = piezoelectric constant

33
Thus for the element AABB, the force acting on the face AA is
2
E  3du du
= — — - E
F=alog(5) + bagee - °3sF!
where a is the cross sectional area

The force acting on the face BB = F + éfdx in the direction of positive x.

ox

The mass of the element AABB = p.a dx where p is the mass density

Therefore, by Newton's law of motion

3F Bzu
P dx = p a dx-—'—é—
3t
2 3 2
or a[C§3a—-%+pa; la =pa<§lx§-—E
ox ax ot ot
2 -9 2
or 0?35‘;+ya“2‘ =pa—2“- (A-3)
ox ox ot ot
the solution of which is given by
u = IZAIeJ'SX + Aze-‘]ﬁx] e‘]wt (A-4)
2
where g = [ wp ]l/Z
q + jwu

By determining the deflection across the specimen at different fre-
quencies (at a constant value of applied electric field strength) and plotting
a graph, an estimate of the natural frequency of the system can be made. A
computer program has been written to determine the deflection across the
specimen as a function of driving frequency. Some results of this program
are shown in Figure A-3.
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