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ABSTRACT 

An investigation of the properties of a plasma confined in the dipolar 

magnetic field of a uniformly magnetized sphere has been conducted. 

main laboratory diagnostic tools were microwave interferometers operating 

at 3.0,  1.34 and 0.86 cm. 

The 

Laboratory measurements included changes in received power and 

phase for various plasma densities, scattering angles and frequencies, and 

changes in the received power for different pressures in the vacuum vessel, 

plasma densities and frequencies. 

The assumptions used in formulating a theoretical model of the 

Consistent with these experiment a r e  stated and examined for  validity. 

assumptions an idealized model of the scattering geometry is presented and 

expressions for the scattering coefficients and scattered field quantities a r e  

formulated in terms of the plasma parameters. The digital computer tech- 

niques for evaluating the appropriate expressions a r e  described and the 

influence of each physidal parameter on the calculations is considered. 

The comparison of the simple theoretical model with experimental 

results indicates that in forward scattering angles the plasma is accurately 

described as  a plasma shell characterized by a constant complex refractive 

index for the plasma densities, collision frequencies and incident wave 

frequencies encountered in  the laboratory investigation. The electron 

density profiles synthesized from the scattering data a r e  in agreement with 

the density profiles determined by double Langmuir probe measurements 

i 



1. INTRODUCTION 

1.1 Review of L i t e r a t u r e  and Statement of t h e  Problem 

I n  p r i n c i p l e ,  t h e  p h y s i c a l  p r o p e r t i e s  of a plasma can b e  deduced 

from t h e  changes i n  phase and ampli tude of an e lec t romagnet ic  wave 

brought about by in t roduc ing  t h e  plasma i n t o  an o therwise  unperturbed 

t ransmiss ion  path.  When d i e l e c t r i c  o r  conducting bodies  form p a r t  of 

t h i s  unperturbed t ransmiss ion  pa th  o r  when t h e  plasma conf igu ra t ion  

can be considered as a s c a t t e r i n g  c e n t e r ,  t h e  theory  and p r a c t i c a l  

l abo ra to ry  techniques r e l a t e d  t o  t h e  d i f f r a c t i o n  and s c a t t e r i n g  of 

e lec t romagnet ic  waves are r e l i e d  upon t o  g i v e  t h e  d e s i r e d  information.  

Some recen t  l i t e r a t u r e  desc r ib ing  work of t h i s  type,  of both an 

experimental  and t h e o r e t i c a l  n a t u r e ,  are of i n t e r e s t  t o  t h i s  i n v e s t i -  

ga t ion .  Given a c y l i n d r i c a l  plasma column wi th  a d e n s i t y  d i s t r i b u t i o n  

which is  a decreas ing  func t ion  of r a d i u s ,  Shmoys (1960) has  shown t h a t  

t h e  d i f f r a c t i o n  p a t t e r n  can b e  c a l c u l a t e d  from a knowledge of t h e  

d e n s i t y  d i s t r i b u t i o n .  Easley (1963) i n v e s t i g a t i n g  t h e  s c a t t e r i n g  

p a t t e r n s  of a plasma je t  has concluded t h a t  t h e  plasma parameters are 

r e l a t a b l e  t o  t h e  s c a t t e r i n g  measurements a l though,  as usggested by him, 

t h e  s i m p l e  model of  a homogeneous plasma gave r e l a t i v e l y  poor agreement. 

Jones and Wooding (1966) w e r e  a b l e  t o  conclude t h a t  t h e  v a r i a t i o n  of 

power s c a t t e r e d  by a plasma enclosed i n  a g l a s s  d i scharge  tube  can be  

p red ic t ed  t h e o r e t i c a l l y  by assuming t h a t  t h e  plasma c o n s i s t s  of two 

homogeneous reg ions .  Midzuno (1961) p r e s e n t s  t h e  angular  d i s t r i b u t i o n  
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of a wave s c a t t e r e d  from a 

i n  an  i n t e g r a l  formalism. 

c y l i n d r i c a l l y  symmetric nonuniform plasma 

Nagelberg (1964) has  s t u d i e d  t h e  i n t e r a c t i o n  

of microwaves w i t h  g y r o e l e c t r i c  plasmas of  c y l i n d r i c a l  and s p h e r i c a l  

geometries and has  shown t h a t  one obvious e f f e c t  of t h e  an iso t ropy  is 

t o  induce changes on t h e  p o l a r i z a t i o n  of  t h e  s c a t t e r e d  wave. 

Mikulski and Murphy (1963) d i scuss  t h e  problem of s c a t t e r i n g  by 

many concen t r i c  s p h e r i c a l  s t r u c t u r e s  using t h e  M i e  series s o l u t i o n  i n  

each region.  

cons tan ts  which can b e  r e l a t e d  t o  plasma p r o p e r t i e s .  Baker, Bachynski 

and C a r s w e l l  (1964) have formulated t h e  backsca t t e r ing  c r o s s  s e c t i o n  of 

a plasma covered conducting sphere  i n  t e r m s  of t h e  plasma frequency and 

t h e  c o l l i s i o n  frequency and have observed t h e  e f f e c t  of varying t h e s e  

parameters on t h i s  c ros s  s e c t i o n  through numerical  c a l c u l a t i o n s .  Erma  

(1965, 1967) has  catalogued t h e  r ada r  c r o s s  s e c t i o n s  as a func t ion  of 

frequency f o r  fou r  types  of  s p h e r i c a l l y  symmetric plasma spheres  and 

d i scusses  t h e  i n v e r s e  s c a t t e r i n g  problem, i . e . ,  whether t h e  p r e c i s e  

e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  can be  unambiguously i n f e r r e d  from 

measured r ada r  c r o s s  s e c t i o n s ,  I n  more of a t h e o r e t i c a l  n a t u r e  Bisbing 

(1966) ana lyzes  t h e  s c a t t e r i n g  by a plasma d i s t r i b u t i o n  i n  which t h e  

e l e c t r o n  dens i ty  decreases  exponen t i a l ly  w i t h  r a d i a l  d i s t ance ;  he 

i n d i c a t e s  how paramet r ic  changes a f f e c t  t h e  s t a t i c  s c a t t e r i n g ,  Wyatt 

(1962) s tud ied  s c a t t e r i n g  from s p h e r i c a l l y  symmetric inhomogeneous 

absorbing p a r t i c l e s  and showed t h e  dependence of  t h e  p o l a r i z a t i o n  and 

s c a t t e r e d  i n t e n s i t i e s  on s u r f a c e  d i f fuseness .  

The reg ions  are assumed t o  have complex c h a r a c t e r i s t i c  

Thus i t  may b e  s t a t e d  t h a t  t h e r e  e x i s t s  a cons iderable  amount of 

t h e o r e t i c a l  and experimental  r e s u l t s  concerning e lec t romagnet ic  
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s c a t t e r i n g  from va r ious  plasma, plasma-conductor and p lasma-die lec t r ic  

conf igura t ions .  However, no l a b o r a t o r y  measurements of t h e  s c a t t e r i n g  

of microwaves from a conf igu ra t ion  of a s t a t i c  plasma coa t ing  a con- 

duc t ing  rod o r  sphe re  are ava i l ab le .  

The r e a l i z a t i o n  of t h e  lat ter plasma-conductor conf igu ra t ion  i n  

the l abora to ry  has  only  r e c e n t l y  been made p o s s i b l e  through t h e  work of 

Quinn. (1965, 1966) The method used t o  form t h e  plasma c l a d  s p h e r i c a l  

conductor i s  t o  make a s p h e r i c a l  magnet t h e  nega t ive  e l e c t r o d e  of a 

glow discharge ;  the r e s u l t i n g  ion ized  gas i s  t rapped  i n  t h e  d i p o l a r  

magnetic f i e l d  and forms a shea th  around t h e  sphere.  

The s p e c i f i c  a i m  of t h i s  i n v e s t i g a t i o n  i s  t o  deduce t h e  p r o p e r t i e s  

of t h e  plasma t rapped  i n  t h e  d i p o l a r  magnetic f i e l d  of t h e  s p h e r i c a l  

magnet through a s tudy of microwave i n t e r a c t i o n  wi th  t h i s  plasma- 

conductor configuration.,  The endeavor involves  both  l abora to ry  and 

t h e o r e t i c a l  work. During t h e  l abora to ry  phase both microwave scatter- 

ing  and Langmuir probe measurements are conducted. 

A s u i t a b l e  mathematical  model i s  formulated t o  p r e d i c t  t h e  experi-  

mental  s c a t t e r i n g  p a t t e r n s .  These r e s u l t s  are then  compared wi th  t h e  

Langmuir probe da ta .  

1.2 D e f i n i t i o n  of Symbols 

The d e f i n i t i o n  of t h e  symbols used throughout t h i s  paper are given 

below. The symbols are arranged a l p h a b e t i c a l l y  i n  t h e  o rde r  of upper 

case L a t i n  le t ters ,  lower case La t in  let ters,  upper case Greek letters 

and lower case Greek letters.  
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e, m = component i of t r a n s v e r s e  magnetic,  e l e c t r i c  wave v e c t o r  
Ai 

B = A(Y) 

B = magnetic f l u x  d e n s i t y  v e c t o r  

e, m = s c a t t e r i n g  c o e f f i c i e n t s  of electric,  magnetic wave 

- 

BR 

C = -A(x) 

5 = e l e c t r i c  displacement dens i ty  vec to r  

E = e lec t r ic  f i e l d  vec to r  

E = magnitude of t h e  i n c i d e n t  e lec t r ic  f i e l d  
0 

F = E(V(x)) 

GR(p) = r a d i a l  dependence of r ll m I1 

f i r s t  

- 
H = magnetic f i e l d  v e c t o r  

("(x) = Hankel func t ion  of t h e  "!2 

I = cur ren t  
- 
J = cur ren t  dens i ty  vec to r  

J (x) = Bessel func t ion  of  t h e  f 9, rst k 

kind 

nd 

i i i  
1 2  K = wave number i n  reg ion  i = -k k 

M = a r b i t r a r y  cons tan t  

Ni 

N (x)  = Neumann func t ion  

NE = a r b i t r a r y  cons tan t  

P (x) = a s s o c i a t e d  Legendre func t ion  

R 

= p a r t i c l e  number d e n s i t y  of  spec ie s  i 

R 

m 
R 
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P = power of a given wave o r  p re s su re  

R = d i s t a n c e  from s c a t t e r i n g  c e n t e r  t o  t h e  p o i n t  of observa t ion  

S = swi tch  on c i r c u i t  diagram 

S = Poynting v e c t o r  
- 

T = temperature  

U = gene ra l  func t ion  of  p o s i t i o n  o r  l+iu/w 

U (p) = one s o l u t i o n  of t h e  G (p) D. E. 

V = vo l t age  

R R 

VR(p)  = one s o l u t i o n  of t h e  G (p) D. E. 

WR(p) = r a d i a l  f a c t o r  o f  r IT 

XR(p)  = one s o l u t i o n  t o  t h e  W (p) D. E. 

R 
e I1 

R 
Y = W / W  B 

YR(p) = one s o l u t i o n  t o  t h e  WR(p) D. E. 

Z = r a t i o  of c o l l i s i o n  frequency t o  i n c i d e n t  r ad ian  frequency 

a = r ad ius  of t h e  conducting sphere  

a = cons tan t s  

b = r a d i a l  e x t e n t  of plasma 
R ,m 

b = cons tan ts  

c = v e l o c i t y  of l i g h t  
RYm 

C = cons tan t s  

d = cons tan t s  

e = magnitude of t h e  charge of an e l e c t r o n  o r  t h e  l e f t  s u p e r s c r i p t  

RYm 

R,m 

t o  denote  t h e  electric wave 

f = frequency of t h e  i n c i d e n t  wave 

i = (-1)1’2 o r  r i g h t  s u p e r s c r i p t  t o  denote a p a r t i c u l a r  reg ion  of 

space 
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ki = iw(E + icr/w) 
k2 = iwu 

R = summation index 

m = mass of electron, summation index or left superscript or denotes 

i 

the magnetic wave 

n = refractive index 

n 

n 

r = radial variable in a spherical coordinate system 

t = time 

x,y,z = reference directions in a rectangular coordinate system 

= refractive index of the ordinary wave 

= refractive index of the extraordinary wave 

0 

X 

e,",-+ = transverse magnetic, electric potential in region i 

.Q = solid angle 

a% = constants 

6, = constants 

yR = constants 

6 = constants 

E = permittivity 

<,(x) = spherical Hankel (Ricatti) function of the first kind 

R 

1 

= impedance of free space % 
8 = colatitude angle in a spherical coordinate system or the 

scattering angle 

1-1 = magnetic permeability 

'v = electron-neutral collision frequency 

p = charge density or the dimensionless parameter K a or K b i i 
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(r = conduc t iv i ty  o r  b i s t a t i c  r a d a r  c r o s s  s e c t i o n  

(p = azimuthal  ang le  i n  a s p h e r i c a l  coord ina te  system 

x,(x) = s p h e r i c a l  Bessel ( R i c a t t i )  func t ion  of t h e  f i r s t  k ind  

$,(x) = s p h e r i c a l  Bessel ( R i c a t t i )  func t ion  of t h e  second kind 

w = r ad ian  frequency of i n c i d e n t  wave 

w = plasma frequency = (Ne 2 /mEo) % 
P 

B w = gyrofrequency = e B / m  
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2. APPARATUS AND MEASUREMENT TECHNIQUES 
OF THE LABORATORY INVESTIGATION 

I n  t h i s  s e c t i o n  t h e  appara tus  and measurement techniques of  t h e  

l abora to ry  i n v e s t i g a t i o n  are presented .  The method t o  e s t a b l i s h  and 

maintain t h e  s t eady  s ta te  plasma is  given along wi th  a d e s c r i p t i o n  of 

t h e  changes of t h e  plasma geometry w i t h  p re s su re  and d ischarge  cu r ren t .  

F igures  d i sp l ay ing  t h e  e l e c t r o n  and i o n  d e n s i t y  p r o f i l e s  ob ta ined  from 

double Langmuir probe d a t a  are shown. Described wi th  t h e  microwave 

in t e r f e romete r s  are some of t h e  d a t a  obta ined  w i t h  t h e s e  systems. 

2.1 The Steady S t a t e  Plasma 

A uniformly magnetized 3 . 3  cm diameter  Alnico V cy l inde r  w a s  

shaped i n t o  a s p h e r i c a l  magnet by a ca thodal  d e t e r i o r a t i o n  process .  

During t h e  experiment t h e  sphere  i s  r i g i d l y  a t t ached ,  a t  one magnetic 

po le ,  t o  a b r a s s  rod (0.635 cm diameter)  and both are f i t t e d  i n t o  a 

device  which c e n t e r s  them v e r t i c a l l y  over  t h e  base  p l a t e  of t h e  vacuum 

s t a t i o n ,  (The vacuum system used throughout t h e  experiment w a s  a b a s i c  

Veeco pumping s t a t i o n  c o n s i s t i n g  of roughing and d i f f u s i o n  pumps f i t t e d  

wi th  a s t a i n l e s s  s tee l  base  p l a t e  50.8 cm i n  diameter and a Pyrex g l a s s  

b e l l  jar 45.7 cm i n  diameter  and 81.3 c m  high.  The gas p re s su re  i n  t h e  

b e l l  j a r  w a s  measured w i t h ' a  s t anda rd  thermocouple gauge.) 

When t h e  permanent s p h e r i c a l  magnet i s  made t h e  nega t ive  e l e c t r o d e  

of a glow discharge  arrangement i n  an  evacuated environment, t h e  



9 

r e s u l t i n g  ion ized  gas  becomes t rapped  i n  t h e  magnetic f i e l d  and forms 

a plasma shea th  around t h e  sphere.  

i n i t i a t e  and maintain t h e  plasma has  two c u r r e n t  pa ths .  

a h igh  vo l t age  low c u r r e n t  supply (1200 v,  10 ma) i n i t i a t e s  t h e  gaseous 

d ischarge .  

The electrical c i r c u i t  used t o  

I n  one pa th  

A f t e r  t h e  i n i t i a l  breakdown a low v o l t a g e  h igh  cu r ren t  

supply (600 v, 200 m a )  i n  t h e  second pa th  g i v e s  t h e  d e s i r e d  h igh  d i s -  

charge cu r ren t .  For any fol lowing d i a g n o s t i c  measurements, t h e  plasma 

is maintained by t h e  second vo l t age  supply wi th  t h e  f i r s t  v o l t a g e  set 

t o  zero .  

s u l a t e d  w i r e  l y ing  along t h e  support  rod. 

phys i ca l  conf igu ra t ions  of anodes s u i t a b l e  f o r  t h e  plasma genera t ion  

The anode of t h e  d ischarge  c i r c u i t  is  t h e  bared t i p  of in- 

A cons ide ra t ion  of t h e  

shows t h a t  t h e  shape of t h e  anodes does n o t  i n  anyway e f f e c t  the plasma 

formation. (Quinn e t  a l . ,  1966) For example, us ing  w i r e  loops,  cyl-  

i n d r i c a l  rods of a r b i t r a r y  o r i e n t a t i o n ,  o r  t h e  w a l l s  of a metall ic 

vacuum vessel (Quinn e t  a l . ,  1967) g ives  rise t o  t h e  s a m e  s p a t i a l  

v a r i a t i o n  of  plasma p a r t i c l e  d e n s i t y  a t  a given p res su re  and d ischarge  

cu r ren t .  

The changes i n  plasma conf igu ra t ion  due t o  p re s su re  v a r i a t i o n s  can 

perhaps b e  b e s t  descr ibed  by r e f e r r i n g  t o  F igure  2.1. I n  a l l  these 

photographs t h e  cu r ren t  i n  t h e  d ischarge  i s  30 m a .  The s h u t t e r  speed 

of t h e  camera and t h e  d i s t a n c e  sepa ra t ing  t h e  camera from t h e  sphere  

is t h e  s a m e  i n  a l l  cases. When t h e  r e s i d u a l  gas  p re s su re  i n  t h e  vacuum 

chamber i s  500 microns o f  mercury, t h e  plasma t o t a l l y  covers  t h e  sphere  

al though t h e  p a r t i c l e  d e n s i t i e s  are much h ighe r  i n  t h e  reg ions  away 

from t h e  magnetic po les .  The f a r t h e s t  r a d i a l  e x t e n t  of t h e  v i s i b l e  

plasma remains w i t h i n  a d i s t a n c e  of  one half a sphere  r a d i u s  from t h e  
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s u r f a c e  of the sphere.  

r e s t r i c t e d  t o  reg ions  of lower l a t i t u d e  and is  no longer  v i s i b l e  above 

t h e  po le s  of t h e  magnet. The decrease  of p re s su re  i s  a l s o  accompanied 

by a n  i n c r e a s e  i n  t h e  maximum r a d i a l  d i s t a n c e  t o  which t h e  v i s i b l e  

plasma extends.  

A s  t h e  p r e s s u r e  is  lowered the plasma becomes 

A t  a p res su re  of 200 microns,  t h e  l i g h t  i n t e n s i t y  emi t ted  by t h e  

plasma appears  t o  b e  most i n t ense .  Lowering t h e  p re s su re  below t h i s  

po in t  produces a more and more d i f f u s e  plasma u n t i l  i t  is ext inguished  

due t o  too  s m a l l  a magnitude of s u s t a i p i n g  vol tage .  

I f  one assumes t h e  maximum p a r t i c l e  d e n s i t i e s  occur  a t  p o i n t s  i n  

space where t h e  l i g h t  i n t e n s i t y  of the plasma is  the g r e a t e s t ,  then  

these  reg ions  of  maximum p a r t i c l e  dens i ty  exist nea r  0.23 r a d i i  f o r  

t h e  f u l l  range of p re s su res  used. 

t op  magnetic po le  i n  some of t h e  photographs i s  a r e f l e c t i o n  from t h e  

f a r  s u r f a c e  of t h e  b e l l  j a r  and i s  n o t  a reg ion  of space occupied by 

t h e  plasma. 

The "halo" glow appearing above t h e  

The plasma e x t e n t  can a l s o  b e  v a r i e d  by inc reas ing  t h e  d ischarge  

cu r ren t .  F igure  2.2 shows t h a t  as t h e  d ischarge  cu r ren t  i s  increased  

from 30 m a  t o  70 m a  t h e  e x t e n t  of t h e  plasma n e a r l y  doubles.  The 

s h u t t e r  speed w a s  slower i n  t h e s e  l a s t  photographs than  f o r  t h e  photo- 

graphs shown i n  F igure  2 . 1  and thus  t h e  plasma appears  t o  be more 

in t ense .  Viewing t h e  plasma along t h e  po la r  axis shows t h a t  t h e  sphere 

i s  n o t  t o t a l l y  covered a t  a p res su re  of  150 microns. 
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a. I = 70 ma; P = 150 microns 

b. I = 50 ma; P = 150 microns 

c .  I = 30 ma; P = 150 microns 

CHANGE OF PLASMA CONFIGURATION WITH CURRENT 

FIGURE 2.2 
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2.2 Langmuir Probe Measurements 

Langmuir probe measurements w e r e  made t o  determine t h e  plasma 

d e n s i t y  p r o f i l e s  i n  t h e  e q u a t o r i a l  p lane  f o r  va r ious  combinations of 

p re s su re  and d ischarge  vol tage .  A double probe is used s i n c e  t h e  re- 

s u l t i n g  d a t a  is  more r e l i a b l e  than  that ob ta inab le  from s i n g l e  probes 

when magnetic f i e l d s  are present .  Two experimental  advantages of t h e  

double probe technique are t h a t  t h e  electrical c i r c u i t  of t h e  double 

probe is no t  connected t o  t h e  h igh  v o l t a g e  d ischarge  c i r c u i t  as i n  t h e  

case of t h e  s i n g l e  probe and t h e  double probe draws a very  s m a l l  por- 

t i o n  of t h e  t o t a l  d i scharge  cu r ren t  (u sua l ly  less than 0.50 percent )  

and thus  has  a smaller d i s t u r b i n g  e f f e c t  on t h e  plasma. 

Two s i m i l a r  s i n g l e  probes comprise t h e  double probe. The s i n g l e  

probes are made of g l a s s  encased 10 m i l  tungs ten  w i r e  having p a r t i c l e  

c o l l e c t i n g  l eng ths  of 0.55 cm. 

probes are a t t ached  w i t h  a Sauereisen cement which has e x c e l l e n t  h e a t  

resistive and i n s u l a t i v e  p r o p e r t i e s .  The probe c i r c u i t  i s  shown i n  

F igure  2 . 3 .  

To form t h e  double probe t h e  s i n g l e  

A t y p i c a l  set of probe d a t a  is p l o t t e d  i n  F igure  2.4.  The 

p res su re  i n  t h e  vacuum vessel i s  150 microns wh i l e  t h e  c u r r e n t  i n  t h e  

d ischarge  i s  30 ma. The parameter of  t h i s  family of curves  i s  r a d i a l  

d i s t a n c e  from t h e  s u r f a c e  of t h e  sphere.  For an i d e a l  double probe 

(one wi th  two phys ica l ly  i d e n t i c a l  s i n g l e  probes) a zero  cu r ren t  

reading should r e s u l t  w i th  zero  app l i ed  vo l t age .  However, t h e  e l e c t r i c  

f i e l d  e x i s t i n g  i n  t h e  plasma reg ion  (Quinn e t  a l . ,  1967) i s  apparent ly  

of s u f f i c i e n t  magnitude t o  make t h e  s a t u r a t i o n  curves asymmetric w i t h  

r e spec t  t o  t h e  o r i g i n ,  Fur ther  f o r  an i d e a l  probe t h e  p o r t i o n  of t h e  
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curves beyond t h e  "knee" should have zero s lope .  

cu r ren t  i s  due t o  an expansion of t h e  shea th  th i ckness  as t h e  one t i p  

of t h e  probe goes inc reas ing ly  nega t ive  wi th  r e spec t  t o  t h e  plasma. 

This  i n c r e a s e  of 

(Chen, 1965) 

and d ischarge  cu r ren t s .  

S imi l a r  sets of  curves  were obta ined  f o r  o t h e r  p re s su res  

Assuming t h e  i d e a l  probe theory  proposed by Johnson and Malter 

(1950) t o  hold i n  t h i s  case one can c a l c u l a t e  t h e  d e n s i t y  of t h e  ions  

at t h e  p o i n t s  i n  space where probe d a t a  has  been recorded (see Appendix 

A f o r  sample c a l c u l a t i o n s ) .  Figures  2.5 and 2.6 d i sp lay  t h e  r e s u l t s  

of t h e s e  c a l c u l a t i o n s .  The g r e a t e s t  i on  d e n s i t y  occurs  n e a r  0.4 cm, 

0.24 r a d i i ,  form t h e  s u r f a c e  of t h e  sphere  and i s  independent of 

pressure .  The shape of  t h e s e  curves i s  i d e n t i c a l  t o  those  publ ished 

by Quinn and F i o r i t o ,  (1967) 

To o b t a i n  e l e c t r o n  d e n s i t i e s  from t h i s  d a t a  w e  can assume N = N+ e 

(assumption of charge n e u t r a l i t y )  as does Johnson and Malter. But 

Quinn and F i o r i t o  (1967) show t h a t  i n  a similar plasma conf igu ra t ion  

t h e  maximum e l e c t r o n  number d e n s i t y  i s  a f a c t o r  of 0.245 less than  t h e  

maximum ion  dens i ty .  Thus as a c l o s e r  approximation t o  t h e  va lues  of 

e l e c t r o n  d e n s i t i e s  than  can be  obta ined  by assuming charge n e u t r a l i t y ,  

N a t  each r a d i a l  p o s i t i o n  i s  determined from t h e  corresponding va lues  e 

of N through t h e  r e l a t i o n  N ( r )  = 0,245N+(r), i . e Q ,  by reducing N + ( r )  

by t h e  f a c t o r  0.245 = N (peak value)/N+(peak va lue)  as deduced form 

t h e  curves of Quinn and F i o r i t o .  (1967) F igures  2.7 and 2.8 show t h e  

r e s u l t a n t  e l e c t r o n  d e n s i t y  p r o f i l e s .  

+ e 

e 
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ION QENSITY PROFILES: 30mA 

FIGURE 2.5 
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FIGURE 2.6 



lo'2 

M 
'E IO" 
0 

>- 
I- 
u) z 
w 

U 

- 
n 

z 
0 cr. 
;lo'[ 
-I 
w 

P = 9 0  MICRONS 

1.0 2.0 3.0 4.0 5.0 

DISTANCE FROM SPHERE SURFACE (Cm) 

ELECTRON DENSITY PROFILES : 3QmA 

FIGURE 2.7 



20 

P = 300 MICRONS / 

ELECTRON DENSITY PROFILES : 50mA 

FIGURE 2 . 8  



2 1  

2 . 3  Microwave In t e r f e romete r  Measurements 

The purpose of  t h e  microwave in t e r f e romete r  o r  microwave b r idge  

used i n  plasma d i a g n o s t i c  a p p l i c a t i o n s  i s  t o  measure very  s m a l l  changes 

i n  t h e  electrical p r o p e r t i e s  of t h e  t ransmiss ion  path.  These changes 

of t h e  t ransmiss ion  p r o p e r t i e s  can then  be  r e l a t e d  t o  t h e  p r o p e r t i e s  

of t h e  plasma. 

Although t h e s e  devices  can b e  designed t o  varying degrees  of  

s o p h i s t i c a t i o n ,  t h e  ope ra t ion  of a l l  i n t e r f e romete r s  is  usua l ly  based 

on t h e  t ransmiss ion  of  a microwave s i g n a l  through a volume of ion ized  

gas  t o  b e  analyzed.  F igure  2 .9  is  a schematic diagram of t h e  i n t e r -  

fe rometers ,  except  t h e  K-Band in t e r f e romete r  which u t i l i z e d  f l e x i b l e  

wave guide i n s t e a d  of a r o t a r y  j o i n t ,  used i n  t h i s  experiment. The 

s i g n a l  sources ,  r e f l e x  k l y s t r o n  o s c i l l a t o r s ,  are opera ted  wi th  1000 Hz 

square  wave modulation. The i s o l a t o r  permi ts  una t tenuated  propagat ion 

i n  t h e  d i r e c t i o n  of  t h e  arrow and serves as a p r o t e c t i v e  device  a g a i n s t  

p o s s i b l e  l a r g e  r e f l e c t i o n s  which would tend t o  detune t h e  o s c i l l a t o r .  

The d i r e c t i o n a l  coupler  t o  t h e  r i g h t  of t h e  i s o l a t o r ,  l e t s  a s m a l l  

amount of  t h e  s i g n a l  t o  be channeled i n t o  t h e  b r idge  a r m .  The remainder 

of t h e  o r i g i n a l  s i g n a l  is t ransmi t ted .  The rece ived  s i g n a l  combines 

with t h e  po r t ion  of t h e  t r ansmi t t ed  s i g n a l  i n  t h e  hybr id  junc t ion .  The 

t u n e r s  are used as matching devices .  

The o r i e n t a t i o n  of t h e  magnetic f i e l d  of t h e  sphere  wi th  r e spec t  

t o  t h e  in t e r f e romete r  can be determined by cons ider ing  a r ec t angu la r  

coord ina te  system wi th  i ts  o r i g i n  a t  t h e  c e n t e r  of t h e  sphere.  Using 

t h i s  coord ina te  system, t h e  x-axis (poin t ing  out  of t h e  paper)  passes  

through a magnetic po le  of t h e  sphe re  whi le  t h e  t r a n s m i t t i n g  and 



22 

I-: 
0 
W 
!- 
W 
P 

0 
W 

‘ 2  
3 a- 

$@ 

OL 
W 



23 

r ece iv ing  antennae are pos i t i oned  a long  t h e  -z and z-axis r e spec t ive ly .  

The c e n t e r  of t h e  r ece iv ing  antenna moves i n  t h e  y-z plane of t h i s  co- 

o r d i n a t e  system a t  a f i x e d  d i s t a n c e  from t h e  o r i g i n .  

t h i s  antenna o f f  t h e  z-axis can be  def ined  i n  t e r m s  of t h e  ang le  8. 

A r o t a r y  j o i n t ,  l oca t ed  d i r e c t l y  below t h e  sphere,  makes t h i s  angu la r  

v a r i a t i o n  poss ib l e .  

Any p o s i t i o n  of 

The use  of t h e  b r idge  is  descr ibed  below. 

when t h e  plasma does n o t  surround t h e  sphere,  t h e  r e fe rence  s i g n a l  i s  

Aosin(wt + @o)  whi le  t h e  rece ived  s i g n a l  i s  A s in (wt  + 4,). 

and amplitude of  t h e  r e fe rence  s i g n a l  are v a r i e d  u n t i l  t h e  s i g n a l  i n  

t h e  d i f f e r e n c e  arm of t h e  hybr id  j u n c t i o n  is  ze ro ,  This  condi t ion  

g ives  a n u l l  reading on t h e  "phase de tec tor . ' '  

phase s h i f t e r  and t h e  "received power de t ec to r "  are recorded. 

Figure 2.10.b, t h e  p l a s m a  is  formed around t h e  s c a t t e r i n g  cen te r .  The 

rece ived  s i g n a l  now changes t o  A s i n ( w t  + @ ). Again t h e  phase and 

amplitude of t h e  r e fe rence  s i g n a l  are va r i ed  t o  g i v e  a n u l l  reading 

on the phase d e t e c t o r .  The change i n  s e t t i n g s  of t h e  phase s h i f t e r  

and rece ived  power i n d i c a t o r  because of t h e  condi t ions  of plasma on 

and o f f  are a measure of t h e  phase s h i f t  and a t t e n u a t i o n  introduced 

i n t o  the t ransmiss ion  pa th  by t h e  plasma. The r ece iv ing  antenna is  

then moved t o  a new p o s i t i o n  and t h e  record ing  procedure repea ted .  

I n  Figure 2.10.a, 

The phase 1 

The s e t t i n g  of t h e  

I n  

2 2 

The f requencies  of ope ra t ion  of  t h e  t h r e e  in t e r f e romete r s  used 

i n  t h i s  experiment a t  lOGhz, 22.4GHz and 35GHz; they  w i l l  be  r e f e r r e d  

t o  as X-, K- and A-Band r e spec t ive ly .  F igures  2 .11 t o  2.12 are photo- 

graphs of t h e s e  systems. 

The X- and K-Band antennae are pyramidal horns whi le  t h e  antennae 

i n  t h e  A-Band system are c o n i c a l  horns f i t t e d  wi th  l enses .  The 
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( a )  SCATTERING FROM SPHERE 

(b) SCATTERING FROM SPHERE AND PLASMA 

SIGNALS IN A MICROWAVE BR119GE 

FIGURE 2.10 
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d i s t ances  from t h e  s c a t t e r i n g  c e n t e r  t o  t h e  antennae are 73.7 cm, 

53.3 cm and 37 cm f o r  t h e  X-, K-, and A-Band in t e r f e romete r s  respec- 

t i v e l y .  

0.025 2 0.05 dB whi le  t h e  smallest phase change i s  1 t 1.5 degrees.  

The smallest va lue  of a t t e n u a t i o n  t h a t  can be measured is 

The d a t a  of  t h i s  s e c t i o n  can be  d isp layed  g raph ica l ly  according 

t o  t h r e e  groups,  power change as a func t ion  of s c a t t e r i n g  angle ,  phase 

change ve r sus  s c a t t e r i n g  ang le  and power change as a func t ion  of  pres-  

s u r e  f o r  va r ious  s c a t t e r i n g  angles .  These r e s u l t s  are presented  and 

compared wi th  t h e  t h e o r e t i c a l  r e s u l t s  i n  Sec t ion  4 .  However, some 

a d d i t i o n a l  information which has  d i r e c t  bear ing  on t h e  i n t e r p r e t a t i o n  

of t h e s e  r e s u l t s  i s  given now. 

To o b t a i n  an approximation t o  t h e  angular  dependence of t h e  

magnitude of  t h e  i n c i d e n t  e lec t r ic  f i e l d  t h e  horn p a t t e r n s  w e r e  taken 

wi th  t h e  b e l l  j a r  i n  p lace .  These p a t t e r n s  are shown i n  F igure  2 .13 ,  

A s  an example of t h e  co r rec t ions  app l i ed  t o  t h e  inc iden t  f i e l d  i t  is  

s t r a i g h t  forward t o  show from t h e s e  curves t h a t  f o r  t h e  X-Band i n t e r -  

ferometer  t h e  angular  dependence f o r  IE I is  approximately 0.5(-1/400 i 

+ 1) where t h e  0.5 accounts  f o r  t h e  decrease  i n  f i e l d  s t r e n g t h  due t o  

t h e  l / r  dependence of t h e  t r ansmi t t ed  f i e l d s .  

Of ch ie f  concern t o  t h e  i n v e s t i g a t o r  is t h e  i n t e r a c t i o n  between 

t h e  b e l l  j a r  and t h e  e lec t romagnet ic  f i e l d s  and t h e  l i m i t a t i o n s  t h a t  

t h e  b e l l  jar imposes on t h e  range i n  8 over  which t h e  microwave 

s c a t t e r i n g  measurements are v a l i d .  I n  t r y i n g  t o  r e so lve  t h i s  ques t ion  

a number of l abora to ry  tests, t o  be descr ibed ,  w e r e  conducted. 

I n  a l l  t h e  f i g u r e s  t o  b e  d iscussed  i n  connection wi th  t h i s  problem 

t h e  c i r c u l a r  d o t s  are t o  b e  taken as r e fe rence  and r ep resen t  power 
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RECEIVED POWER WITH BELL JAR IN TRANSMISSION 
PATH 

FIGURE 2.13 
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r a t i o s  obta ined  wi th  t h e  system conf igu ra t ion  used throughout t h e  ex- 

periment,  i .e . ,  t h e  antennae are proper ly  a l igned ,  t h e  b e l l  jar is 

centered  around t h e  sphe re  and no modi f ica t ions  of  t h e  g l a s s  s u r f a c e  

are made. The frequency of t h e  i n c i d e n t  f i e l d  i s  35 GHz and t h e  

cu r ren t  i n  t h e  d ischarge  is 30 m a  f o r  a l l  t h e  cases considered. 

The f i r s t  test performed inc luded  d i sp lac ing  t h e  b e l l  j a r  from 

its centered  p o s i t i o n  approximately 2.2 cm perpendicular  t o  t h e  l i n e  

def ined  by 8 = Oo. 

curves agreed  w i t h  t h e  re ference .  

agree ,  w i t h i n  measurement e r r o r ,  f o r  t h e  f i r s t  go. 

value  varies by +0.25 dB i n  one case and -0.45 dB i n  t h e  o t h e r  case. 

A l l  t h r e e  minima occur  a t  10.5'. 

i n  dB is not  as g r e a t  as a t  10.5' b u t  now t h e  maxima and minima s h i f t  

wi th  r e spec t  t o  t h e  re ference .  

F igure  2.14.a shows how t h e  r e s u l t a n t  power change 

For e i t h e r  displacement both  curves 

The f i r s t  minimum 

Beyond t h i s  va lue  of 8 t h e  d i f f e r e n c e  

Secondly, t o  permit  t h e  i n c i d e n t  wave t o  e n t e r  t h e  b e l l  j a r  through 

approximately a p l ane  g l a s s  s l a b ,  and t o  p r o h i b i t  t h e  s i d e  lobes  of 

t h e  t r a n s m i t t i n g  antenna from i n t e r a c t i n g  wi th  t h e  g l a s s ,  an en t rance  

a p e r t u r e  w a s  surrounded by a heavy coa t ing  of absorber;  the aluminum 

s h e e t  covering the absorber  descr ibed  t h e  a p e r t u r e  whi le  t h e  absorbing 

material reduced secondary r e f l e c t i o n s  (12 dB) from t h e  underside of 

t h e  A 1  s h e e t .  

when modified i n  t h i s  way and when t h e  b e l l  j a r  w a s  d i sp l aced  as 

shown. Both curves ag ree  wi th  the re fe rence  i n  t h e  range 0 S 6 5 9'. 

The v a r i a t i o n  o f  t h e  power r a t i o s  a t  t h e  f i r s t  minimum i s  -1.0 dB f o r  

t h e  centered  b e l l  jar  and 0.0 dB f o r  t h e  misal igned case. 

F igure  2.14.b shows t h e  r e s u l t s  of t h e  a l igned  system 
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Th i rd ly ,  i n  an a t tempt  t o  reduce i n t e r n a l  r e f l e c t i o n s ,  

s u r f a c e  of the b e l l  j a r  w a s  coated w i t h  absorber  everywhere 

a s m a l l  en t r ance  a p e r t u r e  and e x i t  s l i t .  L a s t l y ,  i n  t r y i n g  

t h e  inne r  

except  f o r  

t o  approach 

an i d e a l  s c a t t e r i n g  s i t u a t i o n  by reducing i n t e r n a l  r e f l e c t i o n s  and s i d e  

lobe-glass  i n t e r a c t i o n ,  t h e  b e l l  jar  w i t h  t h e  i n t e r i o r  coa t ing  of  ab- 

so rbe r  had added t o  i t  t h e  e x t e r i o r  absorber  and t h e  A 1  s h e e t  descr ibed  

above. 

t i o n s  are shown i n  F igure  2.15.a and 2.15.b. 

r e f l e c t i o n s  d i d  n o t  apprec iab ly  change t h e  r e s u l t a n t  power r a t i o  curve. 

The " idea l"  s c a t t e r i n g  geometry gave a change i n  t h e  va lue  of t h e  f i r s t  

minimum of 0 .2  dB and a t  t h e  f i r s t  maximum t h e  change w a s  0.25 dB. 

Displacing t h e  b e l l  jar f o r  t h i s  i d e a l  case s h i f t e d  t h e  p o s i t i o n s  of 

t h e  extrema and changed t h e  va lue  of t h e  f i r s t  minimum and maximum by 

0.3 dB and 0.25 dB re spec t ive ly .  

The e f f e c t  on t h e  power change da ta  of t h e s e  las t  two condi- 

Reducing t h e  i n t e r n a l  

For a11 t h e s e  modi f ica t ions  of t h e  b e l l  j a r  su r faces  and repos i -  

t i on ing  of t h e  s c a t t e r i n g  geometry, t h e  power changes ag ree  wi th  t h e  

r e fe rence  p o i n t s ,  w i t h i n  experimental  accuracy, i n  t h e  range 0 5 9 5 

10'. For va lues  of  t h e t a  o u t s i d e  t h i s  range t h e  shape of t h e  curves 

are gene ra l ly  preserved b u t  t h e  depths  of t h e  minima and t h e  he igh t s  of 

t h e  m a x i m a  can be decreased o r  increased  o r  s h i f t e d  f o r  misal igned geo- 

metries; t h i s  i n d i c a t e s  t h a t  t h e  i n t e r n a l l y  r e f l e c t e d  f i e l d s  s i g n i f i -  

c a n t l y  al ter t h e  wave inc iden t  upon t h e  r ece iv ing  antenna i n  t h i s  range. 

Thus one can conclude t h a t  t h e  presence of t h e  b e l l  jar  can b e  neglec t -  

ed f o r  forward s c a t t e r i n g  angles  i n  t h e  range 191 ,< l o o ,  t h e  experi-  

mental  measurements are v a l i d  f o r  t h e  s c a t t e r i n g  geometry used through- 

out  t h e  l abora to ry  i n v e s t i g a t i o n  when 9 is s o  l i m i t e d  and t h e  e r r o r  of 

each d a t a  p o i n t  i n  t h i s  range is equal  t o  t h e  measurement e r r o r .  
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3. THEORETICAL EXPRESSIONS FOR LABORATORY OBSERVABLES 

I n  t h i s  s e c t i o n  t h e  assumptions used i n  formulat ing a mathematical  

model o f  t h e  experiment are s t a t e d  and examined i n d i v i d u a l l y  f o r  va l id -  

i t y .  Cons is ten t  w i th  t h e s e  assumptions an i d e a l i z e d  model is  formula- 

t e d  and e x p r e s s i o n s . f o r  t h e  s c a t t e r i n g  c o e f f i c i e n t s  and s c a t t e r e d  f i e l d  

q u a n t i t i e s  are given. F i n a l l y  those  q u a n t i t i e s  which d e s c r i b e  t h e  

phys ica l  measurements are w r i t t e n  i n  a form s u i t a b l e  f o r  numerical  

a n a l y s i s .  

3.1 Assumptions of t h e  Mathematical Model and t h e  S c a t t e r i n g  Geometry 

From t h e  d e s c r i p t i o n  of t h e  l abora to ry  appara tus  i n  Sec t ion  2 ,  

one r e a l i z e s  t h a t  t h e  f i e l d s  emi t ted  by t h e  t r a n s m i t t i n g  antenna must 

pas s  through t h e  g l a s s  b e l l  jar ,  i n t e r a c t  w i t h  t h e  plasma-sphere 

s c a t t e r i n g  conf igu ra t ion  and then be c o l l e c t e d  by t h e  r ece iv ing  antenna 

a f t e r  pass ing  through t h e  g l a s s  j a r  a second t i m e .  

t r a c t a b l e ,  t h e  presence of t h e  b e l l  j a r  i s  n o t  included i n  t h e  a n a l y s i s .  

For a l l  f requencies  of i n t e r e s t  t h e  th i ckness  of t h e  vacuum v e s s e l  

(0.635 cm) is  an apprec i ab le  f r a c t i o n  of  t h e  wavelength. 

a r ad ius  of cu rva tu re  of  22.86 c m  t h e  above approximation i s  q u i t e  

v a l i d  i n  forward s c a t t e r i n g  d i r e c t i o n s  s i n c e  i n  t h e s e  d i r e c t i o n s  t h e  

g l a s s  j a r  can be thought of as two p lane  p a r a l l e l  s l a b s  of a l o s s l e s s  

d i e l e c t r i c  which would in t roduce  a cons tan t  phase s h i f t  t o  t h e  waves 

To make t h e  theory  

However, w i th  
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passing through them. The v a l i d i t y  of  t h i s  assumption h a s  been veri- 

f i e d  exper imenta l ly  as d iscussed  i n  Sec t ion  2 . 3 .  

The permanently magnetized sphe re  is  assumed t o  be phys ica l ly  

i s o l a t e d  i n  a f r e e  space  reg ion  and thus  the e f f e c t  of i ts metal rod 

on t h e  s c a t t e r e d  f i e l d  is neglected.  

supported by a metal rod of 0.635 cm diameter ;  aga in  t h e  r a t i o  of rod 

diameter  t o  wavelength approaches u n i t y  nea r  t h e  h ighes t  frequency 

I n  a c t u a l i t y  t h e  sphere  i s  

used. 

p l i s h e d  by a t  least two independent l a b o r a t o r y  measurements. The 

f i r s t ,  which is  q u i t e  d i f f i c u l t  from a phys ica l  r e a l i z a t i o n  s t andpo in t ,  

would be t o  compare s c a t t e r i n g  p a t t e r n s  of  t h e  sphere  supported by t h e  

0.635 cm rod t o  similar measurements f o r  a sphere  supported by an  in-  

f i n i t e l y  t h i n  rod. Secondly, t h e  measured s c a t t e r i n g  p a t t e r n  of t h e  

a c t u a l  sphere-rod conf igu ra t ion  can b e  compared t o  s c a t t e r i n g  p a t t e r n s  

determined t h e o r e t i c a l l y .  This  second method w a s  used. Unfor tuna te ly ,  

one d e t e c t s  no t  only t h e  s c a t t e r e d  f i e l d  b u t  t h e  v e c t o r  sum of t h e  

i n c i d e n t  and s c a t t e r e d  f i e l d s .  Thus t h i s  ques t ion  of v a l i d i t y  could 

not  be reso lved  by comparing t h e  measured and c a l c u l a t e d  s c a t t e r i n g  

p a t t e r n s .  T h e o r e t i c a l l y ,  however, t h e  problem of s c a t t e r i n g  by a 

f i n i t e  c y l i n d r i c a l  rod te rmina ted  a t  one end wi th  a s p h e r i c a l  body 

would be very d i f f i c u l t  t o  s o l v e  e x a c t l y ;  t h i s  t h e o r e t i c a l  d i f f i c u l t y  

prompts t h e  use  of t h e  assumption g iven  above. 

V e r i f i c a t i o n  of the v a l i d i t y  of t h i s  assumption can be accom- 

The sphe re  is  assumed t o  have i n f i n i t e  conduct iv i ty .  Actua l ly  

t h e  sphere  has  a conduc t iv i ty  of approximately 2 1x106 (mhos/m) ; 

copper, which has  a conduc t iv i ty  of approximately 5x107 (mhos/m), i s  

usua l ly  assumed t o  b e  a p e r f e c t  conductor.  I n  making t h i s  assumption, 
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then,  w e  are conforming t o  s tandard  p r a c t i c e  which has been proven t o  

g ive  good agreement i n  numerous o t h e r  i n v e s t i g a t i o n s .  

The r e f r a c t i v e  index n 

p r o p e r t i e s  of t h e  plasma by 

of t h e  plasma i s  r e l a t e d  t o  t h e  phys ica l  

means of t h e  Appleton-Hartree equat ion  

2 2  where X = up/" , U = l+v/w, YT = wB/wsin$, YL = w /wcos$ and $ i s  t h e  

ang le  between t h e  wave propagat ion vec to r  and t h e  magnetic induct ion  

vec to r .  (Budden, 1961) To i n v e s t i g a t e  t h e  e f f e c t  of t h e  s t a t i c  mag- 

n e t i c  f i e l d  on t h e  r e f r a c t i v e  index l e t  us cons ider  t h e  worst  p o s s i b l e  

case, i .e . ,  p o i n t s  i n  t h e  plasma where t h e  magnitude of t h e  s t a t i c  mag- 

n e t i c  f i e l d  i s  a maximum; a l s o  use t h e  frequency of  t h e  i n c i d e n t  wave 

10 which has  t h e  lowest va lue  (f = 10 Hz). From t h e  experimental  va lues  

shown i n  F igure  3.1 w e  f i n d  t h e  maximum va lue  of t h e  s t a t i c  B f i e l d  t o  

B 

be 165 gauss .  Fur ther  assuming Y = 0 ,  t h e  case of t r ansve r se  propaga- 

t i o n ,  and t h e  magnitude of iv/w can be  neglec ted  wi th  r e spec t  t o  u n i t y ,  

L 

then 
2 

T 
1-x 
1 

= 1-x/ ( 1  - --I 2 
= 1-X and n xoRD 2 

ORD n (3.2) 

WAVE WAVE 

For t h e  va lues  of frequency and magnetic f i e l d  s t r e n g t h  given,  

2 2 11 
Y = Y, = (eB/mw)2 = 0.00212. For an assumed d e n s i t y  of 10 , Figure 

I 

3.2 shows t h a t  X 

o r  i n  t h i s  worst  

is approximately 

= 0.08, Therefore  2 2  
P 

= w /w  

n2 = 1-X and n: = 1-X/.998 (3.3) 
0 

2 
p o s s i b l e  case t h e  percent  change between n2 and n 

0,019. Thus t h e  d i p o l a r  magnetic f i e l d  of t h e  sphere  

0 X 
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is regarded as a plasma confinement mechanism and is neglec ted  i n  t h e  

complex r e f r a c t i v e  index which desc r ibes  t h e  plasma. 

F igures  3 . 3  t o  3.5 are graphs of t h e  real and imaginary p a r t s  of 

t h e  plasma r e f r a c t i v e  index  f o r  va r ious  ope ra t ing  f requencies ,  c o l l i -  

s i o n  f requencies  and e l e c t r o n  d e n s i t i e s  as a func t ion  of  r a d i a l  

d i s t ance .  

d e n s i t y  has  i ts  maximum a t  t h e  s u r f a c e  of t h e  sphe re  wh i l e  i t  decreases  

as l / r  

Since f o r  a l l  cases t h e  real p a r t  of n i s  so  near u n i t y  and t h e  imagi- 

nary p a r t  is so  s m a l l ,  t h e  plasma covering i s  assumed t o  be charac te r -  

i z e d  by a cons t an t  complex r e f r a c t i v e  index. 

space  above and below t h e  magnetic po le s  of t h e  sphe re  are n o t  covered 

by a v i s i b l e  plasma; as a f u r t h e r  approximation t h e  plasma shea th  i s  

assumed t o  t o t a l l y  cover  t h e  sphere.  

t h e  a c t u a l  plasma, which has  electrical  p r o p e r t i e s  t h a t  blend smoothly 

i n t o  those  of f r e e  space,  is  rep laced  by a homogeneous plasma s h e l l  

of cons tan t  r e f r a c t i v e  index n wi th  an assumed r a d i a l  e x t e n t  b. 

When drawing t h e s e  curves i t  w a s  assumed t h a t  t h e  e l e c t r o n  

2 i n  a r a d i a l  d i r e c t i o n  away from t h e  sphere.  See F igure  3 . 6 .  

Only t h e  reg ions  of  

I n  t h e  s i m p l i f i e d  model then ,  

0 

Although t h e  work by Quinn and F i o r i t o  (1967) shows t h a t  t h e  i o n  

number dens i ty  exceeds t h e  e l e c t r o n  number d e n s i t y ,  w e  impose t h e  

s impl i fy ing  assumption of charge n e u t r a l i t y  e x i s t i n g  at a l l  p o i n t s  

w i t h i n  t h e  plasma region.  Fu r the r ,  a l l  nonthermal p a r t i c l e  motions 

are neglec ted  and thus  t h e  r e s u l t a n t  model must b e  pu re ly  s t a t i c  i n  

na ture .  

F i n a l l y ,  t h e  e lec t romagnet ic  f i e l d  q u a n t i t i e s  are assumed t o  have 

- i w t  a t i m e  v a r i a t i o n  of  e 
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PLASMA REFRACTIVE INDEX K-BAND 

FIGURE 3.4 
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Figure  3.7 shows t h e  o r i e n t a t i o n  of t h e  i n c i d e n t  p lane  wave and 

t h e  s c a t t e r i n g  conf igu ra t ion  wi th  r e s p e c t  t o  a r ec t angu la r  coord ina te  

system having an o r i g i n  a t  t h e  c e n t e r  of t h e  plasma coated sphere.  

The o u t e r  medium, t h e  plasma shea th ,  and t h e  metal l ic  sphe re  are des- 

i gna ted  as Regions I, I1 and I11 r e spec t ive ly .  The rad ius  of  t h e  

sphere  is denoted by ''a'' w h i l e  the outermost r a d i a l  extent of t h e  

plasma is  denoted by "b". 

z-axis i n  t h e  s p h e r i c a l  coord ina te  system r e f e r r e d  t o  la ter  i n  t h i s  

s e c t i o n .  

The c o l a t i t u d e  ang le  i s  measured from t h i s  

The i n c i d e n t  p lane  wave is  propagat ing i n  t h e  p o s i t i v e  z -d i ree t ion .  

The e lectr ic  v e c t o r  i s  l i n e a r l y  po la r i zed  and l ies  along t h e  p o s i t i v e  

x-d i rec t ion .  

3.2 The S c a t t e r i n g  Coef f i c i en t s  and t h e  Sca t t e red  F ie ld  

From t h e  assumptions s t a t e d  i n  t h e  l as t  s e c t i o n  i t  i s  c l e a r  t h a t  

t h e  appropr i a t e  formulat ion of t h e  problem should desc r ibe  t h e  scatter- 

ing  of p lane  e lec t romagnet ic  waves from a plasma coated s p h e r i c a l  con- 

duc tor .  The problem of s c a t t e r i n g  by a s i n g l e  s p h e r i c a l  body has  long 

e x i s t e d  i n  t h e  t u t o r i a l  l i t e r a t u r e .  

need only impose an i d e n t i c a l  set  of boundary condi t ions  on t h e  e l e c t r o -  

magnetic f i e l d s  a t  t h e  plasma m e t a l  i n t e r f a c e .  

To s o l v e  t h e  problem a t  hand one 

This  approach i s  w e l l  

formulated and e a s i l y  understandable  i n  t e r m s  of classical e l e c t r o -  

magnetic theory ;  t h e  s o l u t i o n  t o  t h e  problem is  presented  i n  i ts  

e n t i r e t y  i n  Appendix B. W e  w i l l  make use  of t h e  r e s u l t s  of t h i s  

appendix as needed. 
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W e  now w i s h  t o  f i n d  express ions  f o r  t h e  f i e l d s  s c a t t e r e d  by t h e  

plasma covered sphe re  and t h e  f i e l d s  s c a t t e r e d  from t h e  sphere  alone.  

For an  assumed cons tan t  r e f r a c t i v e  index t h e  q u a n t i t i e s  A, B ,  C y  

D, E ,  and F (see Equations B.112, B.114 and B.124 t o  B.127) reduce t o  

1 ( 3  4) 
1 I 2 I1 I1 D = X, (n2y>/n2 E = -$i (n2x)/k 2 2  n F = -xR (n2x)/k 2 2  n 

and t h e  s c a t t e r i n g  c o e f f i c i e n t s  become 

To f i n d  t h e  s c a t t e r i n g  c o e f f i c i e n t s  f o r  t h e  sphere  a lone  one need 

only set n = 1 i n  t h e s e  express ions  and s impl i fy .  The r e s u l t s  are 

o f f  1' 

2 

e = - @, (Y) / TR (Y) 
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The scattered fields are now completely defined and can be written in 

component form as : 

1' I 1' 
m 

E: = Eocos@/K1r 1 iR-' % eBR CR (K r) PR (cose) sin0 + 
R = l  

m 1 1  1 i BR CR(K r) PR(cosO)/sinO 

1 
m m pR (case) 

ES = Eosin@/K1r 1 i (2R+1) R (R+1) (- eBR 5;' @Ir) s in0 f i BR 
R=l 4 

1 1  1' CR(K r) P (cos0) sin0 R 

m 
I 1 2  1 1  1 HZ = i E sin@/K k r 1 iR-l (2Rf1) mBR S R ( K  r) PR(cosO) 

R = l  0 

(3.9) 

(3.10) 

1 
pR(cose)  

- i BR 1 1  - BR CR(K r) sine 
m 

S I R - 1  (2R+1) 
R (R+l) He = Eosin@/k2r 1 i 

R = l  

(3.11) 1' I 1' 
R R C (K r) P (cos0) sin0 

1 1  1' C R ( ~  r) (case) sin0 + 
m 

S I 
R ( R f l )  H = Eocos@/k2r 1 i 

R= 1 @ 

(3.12) 

e,m off It is understood that the in these expressions become BR or 
e,m on for scattering by a sphere or plasma covered sphere respective- BR 

ly- 
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I n  t h i s  experiment t h e  r e c e i v i n g  horns moved only i n  t h e  y-z p lane  

so  t h a t  4 = n/?  and n \< 0 F 0. 

press ions  y i e l d s  

S u b s t i t u t i n g  4 = n/2 i n  t h e  above ex- 

00 

ES = E /K I r 1 
4 0  R = l  

iR-' 

03 
I 1 2  1 1  1 iR-' (2R+1) mBa TR PR = i E /K k2r 

0 R = l  Hr 

1' PR s i n e  

(3.14) 

(3.15) 

The magnitude of  t h e  arguments of t h e  s p h e r i c a l  Hankel ( R i c a t t i )  

func t ions  are 154.27, 250.24 and 270.49 f o r  X-Band, K-Band and A-Band 

r e s p e c t i v e l y .  For such l a r g e  arguments i t  i s  v a l i d  t o  use t h e  l a r g e  

argument expansion f o r  t h e s e  func t ions :  

(3.16) 

Introducing t h e s e  approximations i n  Equations 3.13 t o  3.15 one obta ins  

t h e  asymptot ic  expansions of t h e  f i e l d  components which are nonzero a t  

t h e  p o i n t s  of observa t ion  
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m 1' - BR PR s i n e  
m 

H: = Eo/k2r I 1 e 
R= 1 

1 (2,%+1) mBR PR 
m I I 1 2  i K  r 

R = l  
HS = - i E / K  k2r  1 e r 0 

(3.18) 

(3.19) 

3.3 Expressions f o r  t h e  Power Ra t io  and Phase Change 

To determine express ions  f o r  t h e  power and phase change measured 

i n  t h e  l abora to ry  t h e  t o t a l  f i e l d  must be used. The r e s u l t a n t  f i e l d  

a t  any p o i n t  o u t s i d e  t h e  sphere  i s  t h e  sum of t h e  i n c i d e n t  and 

s c a t t e r e d  f i e l d s .  

(3.20) -TOT - ks + E i  ETOT - - HS + H i  E -  

The r a d i a l  component of t h e  t o t a l  complex Poynting vec to r  i s  

-TOT -TOT* TOT TOT* 
S R = % ( E  x H  ) R  = - % (E+ H e  (3.21) 

Using t h i s  component, t h e  power i n t e r c e p t e d  by t h e  r ece iv ing  antenna 

is 

(3.22) 1 dQ 
TOT TOT* p = R e  (:or̂ ) dS = - % 1 R e  (E+ He 

S S 

where S i s  t h e  s u r f a c e  of t h e  horn.  Since t h e  horns subtend such a 

1 0 TOT TOT* s m a l l  s o l i d  ang le  ( a t  X-Band l e /  < 4' and I + ]  6 3 l 9  R e  (E+ He 

can be  thought of as a cons tan t  over t h i s  i n t e g r a t i o n  and thus  

I I  dQ 
TOT TOT* r2 

S - 3i Re (E@ ' 6  
(3.23) 
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To e l i m i n a t e  t h i s  s u r f a c e  i n t e g r a l  t h e  r a t i o  P o f f  /P on i s  computed i n  

terms of d e c i b e l s  as follows. 

t h e  i n c i d e n t  wave, t o  cance l  ou t  t h e  magnitude of t h e  i n c i d e n t  electric 

f i e l d .  Changing t h i s  r a t i o  t o  d e c i b e l s  one o b t a i n s  

2 F i r s t  d i v i d e  P by $Eo/qo, t h e  power i n  

2 R e  (E4 He ToT*)r2 I I d.3 (3.24) [- 2po S 
p / (Eo/2rlo) CdBl = 10 loglo 

Taking t h e  d i f f e r e n c e  of P o f f  /%Eo/q0 and P o n / ~ E o / ~ o  g ives  

I I  TOT TOT* o f f r 2  o f f  
1 

S ( - + R e  (E 4 
(P /Po - Pon/Po) [dB] = 10 loglo 

dfi} - 10 loglo {- & R e  (E (3.25) 
0 

O r  

Since EToT i s  a component of a complex v e c t o r ,  and i s  i t s e l f  4 
complex, i t s  r e l a t i v e  phase ang le  may be def ined  as 

(9 = a r c t a n  (Im 

Then, t h e  change i n  

A@ = (9 - QOff  = 57.3 x on 

(3.27) )/Re (EioT)) x 57.3 

phase observed i n  t h e  l abora to ry  i s  

TOT 
(Im (E )/Re (bioT))'" - a r c t a n  4 
1 



4 .  COMPARISON OF SIMPLIFIED THEORY WITH EXPERIMENT 

The numerical  a n a l y s i s  of t h e  problem is  i n  p r i n c i p l e  s t r a i g h t  

forward. One eva lua te s  express ions  (3.26) and (3.28) f o r  a given va lue  

of 8 by r e t a i n i n g  enough t e r m s  i n  t h e  var ious  series which are used t o  

de f ine  them t o  ensure  proper  convergence. The va lue  of 8 i s  then  in -  

cremented and t h e  summation process  is repeated.  

This  s e c t i o n  desc r ibes  t h e  d i g i t a l  computer techniques  f o r  eval-  

ua t ing  t h e s e  express ions ,  shows how each phys ica l  parameter i n f luences  

t h e  c a l c u l a t i o n s  and compares t h e  s imple  t h e o r e t i c a l  model wi th  ex- 

per imenta l  r e s u l t s .  

4 .1  Generation Techniques 

The two equat ions  mentioned above involve  t h e  t h r e e  s p h e r i c a l  

Bessel-Ricatti func t ions  and t h e i r  d e r i v a t i v e s  which appear i n  t h e  

s c a t t e r i n g  c o e f f i c i e n t s  (I) ( x ) ,  x 

T R  
Legendre polynomials and t h e i r  d e r i v a t i v e s  (P ( z )  and P ( z ) >  which 

1 
( x ) ,  T R  ( x ) ,  I); ( x ) ,  xi (x) and R R 

1' 
(x) )  f o r  va r ious  real  and complex arguments and t h e  a s s o c i a t e d  

m m' 
R R 

appear i n  t h e  s c a t t e r e d  f i e l d  express ions .  For t h i s  problem R is of 

i n t e g e r  va lue  s o  t h a t  a l l  t h e s e  func t ions  may be genera ted  using re- 

currence r e l a t i o n s .  However, s i n c e  gene ra t ion  i s  c a r r i e d  out  w i th  

rounded va lues  i t  i s  necessary  t o  keep e r r o r s  s m a l l  i n  t h e  recur rence  

process .  Using Antosiewicz (1965) as a r e fe rence  f o r  genera t ion  

50 



5 1  

techniques i t  may be s t a t e d  i n  gene ra l  t h a t  9 

using a downward recur rence  wh i l e  P 

us ing  an upward recur rence .  

(x) should b e  generated R 
m 
R (2) and xR (x) may b e  generated 

I n  so  doipg t h e  round o f f  e r r o r s  do n o t  

grow relative t o  t h e  s i z e  of t h e  wanted func t ions .  The remaining 

func t ions  are e a s i l y  genera ted  f o r  t h e  d e r i v a t i v e s  of t h e s e  func t ions  

are def ined  i n  terms of t h e  func t ions  themselves and <’ (x) is  t h e  

complex sum o f  9, (x) and x 
Q 

(x). R 
The number of terms which must be  r e t a i n e d  i n  each series t o  

adequately r ep resen t  t h e  s c a t t e r i n g  c o e f f i c i e n t s  and thus  t h e  s c a t t e r e d  

f i e l d  can be  determined by cons ider ing  t h e  magnitude of t h e  arguments 

appearing i n  t h e  s p h e r i c a l  Bessel-Ricatti func t ions .  For example, 

Mod(n2x) x = K b s i n c e  n .9 + i 1 0  , The maximum va lue  of b i s  

approximately 9.0 cm. Thus a t  X-Band, x = wb/c = 209( .09)  = 18.81. 

For va lues  of R less than  Mod(arg) t h e  Bessel-Ricatti func t ions  are 

o s c i l l a t o r y .  When Q i s  approximately 1.5 Mod(arg) they become mono- 

ton ic .  

i n s t a n c e  n e a r l y  100 terms should be  r e t a i n e d  t o  be  c e r t a i n  t h e  func- 

t i o n s  have approached t h e i r  monotonic na ture .  However, a t tempts  t o  

gene ra t e  such a l a r g e  number of terms when t h e  arguments were complex 

l e d  t o  magnitudes of  numbers which exceeded t h e  capac i ty  of t h e  machine. 

A l t e r n a t i v e l y ,  t h e  summation index w a s  chosen so  t h a t  Mod(e’%Rm) 

w a s  always less than  10 e No less than  15 terms were used f o r  any 

argument. 

I -8 
2 

i d  

A t  A-Band xA = 3.5% which i n  t h i s  case i s  65.8. I n  t h i s  

-6 

The programs used i n  t h i s  a n a l y s i s  were then  r e s t r i c t e d  i n  t h e  

sense  t h a t  l i m i t e d ,  and n o t  completely gene ra l ,  ranges of t h e  arguments 

could be  used. 

permit  a n a l y s i s  of  t h e  problem. 

For tuna te ly  t h e s e  ranges w e r e  s u f f i c i e n t l y  l a r g e  t o  
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The accuracy of  t h e  genera t ion  methods and t h e  v a l i d i t y  of t h e  

t o t a l  program w e r e  checked as fol lows.  

f o r  arguments and i n d i c e s  f o r  which t a b u l a t e d  va lues  exist  i n  t h e  

l i t e r a t u r e ;  several H-plane b i s t a t i c  s c a t t e r i n g  c r o s s  s e c t i o n s  f o r  

conducting s p h e r i c a l  scatterers were produced and compared t o  those  

publ ished by King and Wu. (1959) 

spondence w a s  accomplished. 

A l l  t h e  func t ions  w e r e  computed 

I n  both checks n e a r l y  exac t  cor re-  

4.2 Considerat ion of Basic Parameters and Comparison of 
Theory wi th  Experiment 

The important  parameters i n  t h e  model t o  be app l i ed  are  a ,  t h e  

r ad ius  of t h e  s p h e r i c a l  magnet, b y  t h e  r a d i a l  ex ten t  of t h e  plasma, 

R, t h e  d i s t a n c e  from t h e  s c a t t e r i n g  c e n t e r  t o  t h e  r ece iv ing  antenna,  

f ,  t h e  frequency of t h e  i n c i d e n t  e lec t romagnet ic  wave and n t h e  re- 

f r a c t i v e  index of t h e  plasma which is  def ined  i n  t e r m s  of w /a, t h e  

r a t i o  of t h e  plasma frequency t o  t h e  r ad ian  frequency of t h e  i n c i d e n t  

wave and V/w,  t h e  r a t i o  of t h e  e l ec t ron -neu t r a l  c o l l i s i o n  frequency 

t o  t h e  r ad ian  i n c i d e n t  frequency. 

. 

0’ 

P 

The r a d i u s  of t h e  sphe re  used i n  a l l  experiments w a s  determined 

t o  be  1.651 2 5 ~ 1 0 - ~  cm. 

cu l a t ions .  

The va lue  a = 1.651 c m  w a s  used i n  t h e  cal- 

The f requencies  used i n  t h e  experiment,  lO.OGHz, 22.4 GHz, and 

35.0 GHz, could b e  measured t o  an  accuracy of 20.005 GHz. 

an i n c i d e n t  frequency dev ia t ion  of +1.0 GHz and -0.1 GHz can e f f e c t  

t h e  power and phase changes obta ined  from Equations (3.26) and (3.281, 

Figure  4 . 1 i s  given. 

To show how 

I n  t h i s  f i g u r e  f = 10.0 GHz and Ro = 73.36 cm. 
0 
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The main e f f e c t  of a frequency change is  t o  s h i f t  t h e  p o s i t i o n  of t h e  

extrema. The magnitudes of t h e  m a x i m a  and minima are very  nea r ly  t h e  

same f o r  a l l  t h r e e  f requencies  given. 

accuracy and t h e  r e l a t i v e l y  s m a l l  e f f e c t  t h a t  extreme frequency changes 

have on t h e  power and phase r e s u l t s ,  w e  conclude t h a t  t h e  va lues  quoted 

above may be assumed cons tan t  and in t roduce  n e g l i g i b l e  e r r o r  i n  t h e  

comparison. 

I n  v i e w  of t h e  measurement 

Figure 4.2 shows how v a r i a t i o n s  i n  R e f f e c t  power and phase change 

r e s u l t s ;  f = 10 GHz and R = 73 .36  cm. For v a r i a t i o n s  i n  R of rt1.27 

cm (2 % i nch )  t h e  power curves e s s e n t i a l l y  agree  everywhere bu t  t h e  

p o s i t i o n  of  t h e  extrema of t h e  phase change are s h i f t e d  s l i g h t l y .  

Again t h e  measurement accuracy of t h i s  d i s t a n c e  (2 0.2 cm) w a s  w e l l  

w i th in  t h e  h y p o t h e t i c a l  changes shown on t h e  f igu re .  

t h e  va lue  determined from phys ica l  measurements when eva lua t ing  t h e  

t h e o r e t i c a l  expressions.  

0 0 

Thus R is g iven  

Having shown t h a t  t h e  va lues  of f ,  R,  and a are known from labora-  

t o r y  measurements, t h e r e  remain b ,  t h e  r a d i a l  e x t e n t  of t h e  plasma, and 

n t h e  r e f r a c t i v e  index of t h e  plasma, both t h e  real and imaginary 

p a r t s ,  as p r i n c i p a l  v a r i a b l e s  t o  which va lues  must be assigned.  These 

v a r i a b l e s  are now discussed  j o i n t l y .  

become apparent .  

0’ 

The reason f o r  doing s o  w i l l  

To determine appropr i a t e  va lues  of b and n t h e  fol lowing pro- 
0 

cedure i s  adopted. A rough approximation of b and n is  obta ined  from 

photographs and probe da ta .  Using t h e s e  approximate va lues  as a f i r s t  

estimate w e  w i l l  f i t  t h e  s c a t t e r i n g  da ta .  F i n a l l y  t h e s e  va lues  w i l l  

be shown t o  f i t  t h e  p r o f i l e  o f  e l e c t r o n  d e n s i t y  ve r sus  d i s t a n c e  from 

t h e  s u r f a c e  of t h e  sphere.  

0 
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4.2.1 Approximate Values of b and no from Photographs and 
Probe Data 

To determine an approximate va lue  of b cons ider  F igure  4.3 which 

d e p i c t s  t h e  t h r e e  reg ions  of t h e  plasma. The b .  are maximum r a d i a l  

e x t e n t s  of t h e  va r ious  r eg ions  t o  be  discussed.  When b i s  i n  t h e  

range a 4 b 5 bl t h e  uniform l i g h t  i n t e n s i t y  emi t ted  by t h e  plasma is  

most i n t e n s e  and corresponds t o  t h e  reg ion  of maximum p a r t i c l e  densi-  

ties. The d i s t a n c e  b i n  terms of probe d a t a ,  occurs  a t  approximately 

t h e  p o s i t i o n  of t h e  d e n s i t y  peak. < b < b2 t h i s  l i g h t  

i n t e n s i t y  decreases  from b and i s  no longer  v i s i b l e  when b > b The 

va lue  of b 

9.0 cm a t  70 ma. 

1 

1’ 
I n  t h e  reg ion  b 1 

1 2’ 

is a func t ion  of d i scharge  c u r r e n t  and i s  approximately 2 

Somewhere i n  t h i s  range a s u i t a b l e  va lue  of b must 

be  chosen. 

Magnitudes of t h e  d i s t a n c e s  b and b can be approximated by 1 2 

s c a l i n g  from photographs of t h e  d ischarge  f o r  va r ious  cu r ren t s .  

S t r i c t l y  speaking they  are n o t  exac t  because of f i l m  s e n s i t i v i t y  and 

exposure t i m e  cons ide ra t ions .  Furthermore t h e  e x t e n t  of a t rapped 

plasma of t h i s  n a t u r e  i s  n o t  d e f i n a b l e  i n  terms of an  abrupt  boundary. 

Keeping i n  mind t h e s e  l i m i t a t i o n s  t h e  s c a l i n g  w a s  performed f o r  t h e  

t h r e e  d ischarge  c u r r e n t s  used i n  t h i s  experiment,  30, 50 and 70 m a ;  

t h e  t h r e e  va lues  of b and b obta ined  are r e s p e c t i v e l y  5.5, 6.6 and 

7.4 cm and 7 .2 ,  8.3 and 9 . 1  cm. 

1 2 

The va lue  of  n t o  be  used i n  t h e  c a l c u l a t i o n s  must of course  

g ive  power and phase changes c o n s i s t e n t  w i t h  experimental  r e s u l t s .  

0 

A s t a r t i n g  va lue  of n 

c u l a t i o n  and t h e  probe da ta .  As  s t a t e d  previous ly  n is def ined  i n  

however, may be  determined from a s imple cal- 
0’ 

0 
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LIGHT INTENSITY 

EMITTED BY PLASMA 

/ 

REGION OF DECREASING 
LIGHT INTENSITY MAXIMUM AT 

b,, INVISIBLE FOR r > b, 

CROSS SECTION OF SPHERE AND PLASMA 

FIGURE 4.3 
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2 2  
P en t e r m s  of w /w  and V /w. Considering t h e  la t ter  t e r m  f i r s t  i t  is  

necessary  t o  determine an  o rde r  of  magnitude estimate of v 

'en e en so  sets t h e  va lue  of Im(n). 

i s  t h e  v e l o c i t y  of an e l e c t r o n  and A is  the mean f r e e  pa th  between 

e l ec t ron -neu t r a l  c o l l i s i o n s ;  <V > is  taken t o  be  1.2'24 (2kT/m) , t h e  

roo t  mean square  v e l o c i t y  obta ined  from a Maxwellian d i s t r i b u t i o n  and 

Aen = l / N n Q  where Nn i s  t h e  dens i ty  of t h e  n e u t r a l s  and Q i s  t h e  

c o l l i s i o n  c r o s s  sec t ion .  For n e u t r a l  s c a t t e r e r s  Q = m 

of  t h e  molecule) 10 c m  ; a t  150 microns of p re s su re  N 10 

cm and thus  hen 2 1 cm. The v e l o c i t y  <I, > 2 10 f o r  T E lo5  OK.  

For X-Band f requencies  t h i s  g ives  v / w  z 10 . From Figure  3.4 one 

sees a r a t i o  of t h i s  va lue  f o r  e l e c t r o n  d e n s i t i e s  of approximately 

l o lo  g ive  Im(n) 2 

doing 

where <ve> 
en 

is  def ined  t o  be <V > / A  

en  
% 

e 

= r ad ius  
2 
n ('n 

-15 2 15  
n '  

3 8 
e 

-3 
en 

Going t o  t h e  h ighe r  f requencies  ( see  F igures  

-8 3.5 and 3 .6) ,  Im(n) i s  approximately 10 

range .996 + i l O - '  \< no < .996 + i 1 0  

dev ia t ions  of power and phase changes t h a t  v a r i e d  i n  t h e  t h i r d  decimal 

p lace .  A va lue  of 10 w a s  ass igned t o  Im(n) f o r  a l l  f requencies  used. 

Since Im(n ) i s  r e l a t i v e l y  s m a l l  Re(n ) G (1 - w /w ) From 

t h e  e l e c t r o n  d e n s i t i e s  determined from t h e  probe d a t a  ( s e e  F igures  

2.7 and 2.8) i t  i s  seen  t h a t  t h e  va lues  of Ne which are t y p i c a l  of 

t h i s  experiment l i e  i n  t h e  range 10 ,< Ne 2 10 ., Using t h e  approxi- 

m a t e  express ion  f o r  Re(n ) one can show t h a t  f o r  e l e c t r o n  d e n s i t i e s  

i n  t h i s  range,  .999 ,< Re(n ) 6 .93 f o r  a l l  f requencies  of i n t e r e s t .  

and lo-'. S u b s t i t u t i n g  t h e  

-6 i n t o  t h e  express ions  gave 

-8 

2 2 %  
0 0 P 

9 11 

0 

0 
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4.2.2 F i t t i n g  t h e  S c a t t e r i n g  Data 

Having now e s t a b l i s h e d  a reasonable  range of va lues  f o r  b and n 
0) 

t h e s e  va lues  are used t o  f i t  t h e  s c a t t e r i n g  da ta .  Before doing so  

however, t h e  manner i n  which b and n e f f e c t  t h e  power and phase re- 

s u l t s  i s  i n v e s t i g a t e d ;  from t h i s  i n v e s t i g a t i o n  a sys temat ic  f i t t i n g  

0 

procedure can be  developed which sets l i m i t s  on t h e s e  v a r i a b l e s .  

F igure  4.4 d i s p l a y s  curves w i t h  b as a parameter f o r  cons tan t  n. 

I n  t h i s  d i scuss ion  t o  fo l low f = 10 GHz and R = 73 .36  cm. I n  p a r t  a 

of t h i s  f i g u r e  n = .996 + i10-8 and b varies from 3 . 3  c m  t o  9.08 cm. 

For i nc reas ing  b and cons tan t  n t h e  magnitude of t h e  change i n  power 

inc reases  i n  t h e  range 0 \< 0 6 15 degrees .  The f i r s t  zero  c ros s ing  of 

a l l  t h e  curves occur  a t  0 = 8 whi l e  t h e  second c ross ings  are confined 

i n  t h e  range 1 3  4 0 -< 14 degrees .  

of t h e  extrema depend on t h e  p a r t i c u l a r  va lue  of b bu t  a l l  zero cross-  

i ngs  occur a t  n e a r l y  t h e  same p laces .  I n  F igure  4.4.b, 3 . 3  ,< b < 5.5 

and n = 0.95 + i10-8. 

t h e  same va lues  of t h e t a  bu t  now t h e  shapes of t h e  curves have changed , 

and t h e  power changes have g r e a t l y  increased .  From t h e s e  curves one 

can a l s o  observe t h e  e f f e c t  n has  on t h e  power change r e s u l t s .  

example, cons ider  b = 5.5 c m  i n  a and b of t h e  f i g u r e .  

0 

For va lues  of 8 2 14' t h e  p o s i t i o n  

Again t h e  f i r s t  two zero  c ros s ings  occur  f o r  

For 

When Re(n) is  

nea r  u n i t y  (0.996) then  Poff/Pon = 0.75 dB; as Re(n) becomes smaller 

(0.95),  Poff/Pon = 3 . 0  dB and 9 = 0'. S u b s t i t u t i n g  n = 1.0 + i 0 .0  

i n t o  t h e  programs gave power and phase changes of zero as would be  

expected . 
One can now e s t a b l i s h  

d a t a  from the knowledge of 

a sys t ema t i c  method t o  f i t  t h e  s c a t t e r i n g  

how b and n e n t e r  i n t o  t h e  f i n a l  r e s u l t s .  
0 
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The range of t h e t a  i n  which t h e  s c a t t e r i n g  d a t a  is  v a l i d  i s  101 6 10'. 

Since a l l  t h e  curves f o r  va r ious  b and n have t h e  f irst  ze ro  c ros s ings  

a t  0 = 8O, one merely has  t o  match t h e  measured Poff/Pon va lue  a t  

0 = 0' w i t h  t h e  c a l c u l a t e d  va lues ;  t h e  appropr i a t e  va lues  of n and 

b t o  be used are those  which g i v e  t h e  d e s i r e d  P 

changes and p rese rve  t h e  shape of  t h e  experimental  curve. 

o f f  on /P va lues ,  phase 

A d e t a i l e d  example of t h i s  d a t a  f i t t i n g  procedure f o r  t h e  par- 

o f f  on 
t i c u l a r  case when f = 10 GHz, P /P o = 1.75 dB and I = 70 m a  

fol lows.  

t h e  d a t a  from t h e  t h e o r e t i c a l  express ions  w e  p l o t  P 

of  b f o r  va r ious  va lues  of n * t h e s e  curves are shown i n  Figure 4.5 

( t h e  s c a t t e r i n g  angle  used i s  0.01'). 

I8=0 

To demonstrate t h e  range of b and n va lues  which w i l l  p r e d i c t  

/P as a func t ion  

0 

o f f  on 

0' 

It i s  immediately obvious t h a t  

i f  one wishes t o  o b t a i n  a power change of 1.75 dB a t  t h i s  ang le ,  t h q  

a t  least fou r  p a i r s  of b-n combinations can b e  used. Of course  many 

more could be obta ined  by incrementing Re(n ) i n  smaller s t e p s .  

0 

0 

Consider now Figures  4.6 t o  4.8 which show b-n combinations 
0 

which match t h e  power change d a t a  over  t h e  v a l i d  experimental  range. 

For b = 9.1 cm, n = .994 + i10-8 

(a given t o  t h r e e  p l aces )  t h e  P /P curves ag ree  for .O L 8 , t h e  

= .997 + i10-8 and b = 7.2 c m ,  n 
0 0 

o f f  on 0 

shapes of  t h e  curves are preserved and i n  t h e  l a t te r  case t h e  magnitude 

of t h e  phase change i s  n e a r l y  t w i c e  t oo  l a r g e .  

-8 4.4 cm, n = .97 + i 10  

longer  i n  agreement and t h e  t h e o r e t i c a l  phase changes are too  l a rge .  

Using t h i s  method t h e  b and n 

magnitudes of power and phase changes and preserved t h e  shape of t h e  

I n  Figure 4.8 f o r  b = 

t h e  shape of t h e  power r a t i o  curve is  no 
0 

values  which p red ic t ed  t h e o r e t i c a l l y  
0 

curves had u n c e r t a i n t i e s  of (b, Re(n 1) of approximately (1: 1.5 ,  
0 
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i .002), (i 0.7, i ,002) and (i 0.3,  i ,002) f o r  X-, K- and A-Band 

r e spec t ive ly .  For t h i s  example, t h e  median va lue  o f  n w a s  determined 

t o  be  .997 + loe8 and t h e  corresponding va lue  of b w a s  9.0 cm. 

0 

The r e s u l t s  of applying t h i s  procedure t o  the  remaining d a t a  are 

shown i n  F igures  4.9 t o  4.16. I n  a l l  cases t h e  va lues  of  b and n are 

median values  of t h e i r  r e s p e c t i v e  ranges noted  above. 

of why t h e  va lues  of b f o r  t h e  K- and A-Band d a t a  are smaller than  

those  determined p rev ious ly  from experimental  r e s u l t s  i s  given la ter  

with t h e  d i scuss ion  of dens i ty  p r o f i l e  determined from t h e  microwave 

measurements. 

0 

An explana t ion  

The phase changes observed i n  t h e  l abora to ry  w e r e  so  s m a l l  t h a t  

t h e i r  u se fu lness  is ques t ionable .  

wave br idges  had accu rac i e s  of i 1% . 
minimum on t h e  n u l l  d e t e c t o r  added another  2 1 of unce r t a in ty .  F i n a l l y  

tak ing  t h e  d i f f e r e n c e  of two success ive  readings  gave t h e  f i n a l  r e s u l t s  

which w e r e  p l o t t e d  a p o s s i b l e  e r r o r  o f  i 5 . For l e g i b i l i t y ,  e r r o r  

ba r s  are no t  i nd ica t ed .  

The phase s h i f t e r s  used i n  t h e  micro- 

0 F a i l u r e  t o  e x a c t l y  l o c a t e  t h e  

0 

0 

4.2.3 Comparison of Densi ty  P r o f i l e s  

It i s  i n t e r e s t i n g  t o  compare t h e  e l e c t r o n  number d e n s i t i e s  and 

t h e  e l e c t r o n  d e n s i t y  p r o f i l e  us ing  t h e  va lues  of b and n 

from microwave measurements t o  those  obta ined  from probe da ta .  For 

example, cons ider  t h e  case of 30 m a  d i scharge  cu r ren t  and a gas  pres-  

s u r e  of 150 microns. The e l e c t r o n  d e n s i t i e s  can be deduced from t h e  

microwave d a t a  through t h e  approximate express ion  (Re(n)) 

determined 
0 

2 = 1 - w / w  2 2  
P 
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where t h e  Re(n) t o  b e  used i s  t h a t  va lue  which agrees  w i t h  s c a t t e r i n g  

da ta .  For t h i s  case t h e  b and n f o r  X-, K-, and A-Band are respec- 

t i v e l y  (7.2, .997),  (2.7, ,992) and (2.05, .992). These Re(n) cor res -  

pond t o  e l e c t r o n  d e n s i t i e s  o r  7 . 4 ~ 1 0 ~ ~  9 . 5 ~ 1 0 ' ~  and 2 . 3 ~ 1 0  

The two methods agree  q u i t e  w e l l ;  t h e  r e s u l t s  are shown i n  F igure  4.17. 

0 

11 -3 c m  . 

It must be remembered t h a t  t h e  problem i s  formulated s o  t h a t  each 

microwave e l e c t r o n  dens i ty  p r o f i l e  is  rec t angu la r  s i n c e  cons tan t  va lues  

of n are used; thus  each c r o s s  on t h e  p r o f i l e  marks t h e  beginning of a 

p r o f i l e  which a given frequency measurement p r e d i c t s ,  Understandably 

as t h e  frequency goes h ighe r  and h ighe r  t h e  apparent  t h i ckness  of t h e  

plasma decreases .  The d i s t a n c e  bA, as can b e  seen  from comparison t o  

t h e  probe p r o f i l e  i n  t h e  f i g u r e  included only  t h e  reg ion  of t h e  plasma 

where t h e  peak d e n s i t i e s  occurred;  t hus  t h e  A-Band measurements accura- 

t e l y  p red ic t ed  t h e  peak d e n s i t i e s  of  t h e  plasma. The measurements a t  

t he  two remaining f requencies  can be thought of as p r e d i c t i n g  average 

d e n s i t i e s  where t h e  averaging i s  c a r r i e d  ou t  f o r  t h a t  p a r t  o f  t h e  real 

p r o f i l e  inc luded  between t h e  s u r f a c e  of t h e  sphe re  and b 

va lue  of b f o r  X-Band i s  nea r ly  equal  t o  t h e  one obta ined  v i s u a l l y .  

o r  bX. The K 

F i n a l l y  i t  is  p o s s i b l e  t o  show t h a t  t h e s e  va lues  of b and n and 
0 

t h e  d e s c r i p t i o n  of  t h e  plasma conf igu ra t ion  are a l s o  c o n s i s t e n t  wi th  

another  t ype  of d a t a  measured during t h e  experiement,  i .e . ,  power chaage 

as a func t ion  of p re s su re  i n  t h e  vacuum chamber f o r  a f i x e d  s c a t t e r i n g  

angle.  This  d a t a  i s  shown i n  F igures  4.18 t o  4.20. To f i t  t h i s  d a t a  

one must know how t h e  r a d i a l  e x t e n t  varies w i t h  p re s su re  and appropri-  

a te  va lues  of  b and n . 
0 
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From t h e  d i scuss ion  i n  Sec t ion  2 i t  w a s  concluded t h a t  as the  

p re s su re  i n  t h e  vacuum chamber decreased from 500 t o  150 microns,  t h e  

r a d i a l  e x t e n t  of t h e  plasma increased .  Fu r the r ,  using t h e  b and n 

va lues  of t h e  s c a t t e r i n g  d a t a  one can o b t a i n  a f i x e d  va lue  of t h e s e  

0 

parameters f o r  150 microns. 

A s  an example of how t h i s  d a t a  w a s  f i t t e d  t h e o r e t i c a l l y  cons ider  

F igure  4.18. From t h e  s c a t t e r i n g  d a t a ,  b = 7.0 cm and n = .997 + 
i10-8 f o r  a d ischarge  cu r ren t  of 30 ma.  Using t h i s  b as a s t a r t i n g  

va lue  a l l  o t h e r  d a t a  p o i n t s  f o r  t h e  30 m a  case w a s  f i t t e d  by assuming 

30 

smaller va lues  of b as t h e  p re s su re  increased .  .To f i t  t h e  curve f o r  

I = 50 m a  w e  see from t h e  s c a t t e r i n g  d a t a  t h a t  t h e  i n c r e a s e  i n  b from 

150 microns,  30 m a  t o  150 microns,  50 m a  a t  8 = Oo i s  approximately 

1.0 cm. Every va lue  of b a t  va r ious  p re s su res  f o r  t h e  30 m a  d a t a  w a s  

then  incremented by 1.0 c m ;  t h e  s o l i d  l i n e  through t h e  70 m a  d a t a  w a s  

f i t t e d  by incrementing t h e  va lues  of b a t  30 m a  by 2.0 c m ;  t h i s  aga in  

i s  c o n s i s t e n t  w i t h  s c a t t e r i n g  da ta .  For a l l  t hese  c u r r e n t s  n w a s  t h e  

same value.  For t h e  remaining f requencies  when n changed wi th  c u r r e n t ,  

t h i s  exac t  change w a s  taken i n t o  account.  

0 

0 



5. DISCUSSIONS AND CONCLUSIONS 

A d i scuss ion  of  t h e  comparison of theory wi th  experiment g iven  

i n  Sec t ion  4 is  presented .  

are presented  and methods t o  improve f u t u r e  i n v e s t i g a t i o n s  are sug- 

ges ted.  

Conclusions based on t h e s e  comparisons 

It should be  noted t h a t  t h e  microwave measurements are no t  pre- 

sen ted  i n  t h e  usua l  manner. Normally, when one performs s c a t t e r i n g  

measurements, t h e  t o t a l  s c a t t e r i n g  p a t t e r n s  are compared d i r e c t l y  t o  

t h e  c a l c u l a t e d  p a t t e r n s .  Since i t  is  n o t  uncommon f o r  s c a t t e r i n g  

p a t t e r n s  t o  change by 20 t o  30 dB from one angular  range t o  another ,  

a dev ia t ion  of a few d e c i b e l s  between t h e  measured and c a l c u l a t e d  

p a t t e r n s  i s  accepted as good agreement. W e  have chosen, however, t o  

measure t h i s  d i f f e r e n c e  d i r e c t l y  and compare i t  t o  t h e  c a l c u l a t e d  

d i f f e rences .  Thus s m a l l  v a r i a t i o n s  between theory  and experiment are 

much more apparent .  

It has  been shown t h a t  t h e  s imple theory r ep resen t ing  t h e  plasma 

as a s h e l l  of cons tan t  d e n s i t y  and r ad ius  p r e d i c t s  t h e  experimental  

r e s u l t s  q u i t e  w e l l  i n  t h e  range 101 I 8  . 0 

I f  one cons iders  reg ions  o u t s i d e  t h i s  forward s c a t t e r i n g  range,  

Some assump- t h e o r e t i c a l  and experimental  r e s u l t s  begin t o  dev ia t e .  

t i o n s  used i n  formulat ing t h e  simple model could l i m i t  agreement. 

For example, neg lec t ing  t h e  support  rod of t h e  sphere  could poss ib ly  

in t roduce  t h e  l i m i t a t i o n s  encountered here .  C lea r ly  a t  A-Band 

81 
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f requencies ,  where t h e  rod diameter  i s  3 / 4  X t h e  rod w i l l  d e f i n i t e l y  

e f f e c t  t h e  s c a t t e r i n g  p a t t e r n .  A s  t h e  r a t i o  D / A  becomes smaller, and 

t h e  s imple model i s  approached, t h e  agreement between theory and ex- 

periment should ho ld  f o r  l a r g e r  ranges of 8. 

R 

E f f e c t s  of t h e  i n c i d e n t  f i e l d  a l s o  in t roduce  e r r o r .  The i n c i d e n t  

f i e l d  i s  n o t  t r u l y  a p lane  wave as assumed i n  t h e  theory.  

tude  by which i t  decreased as a func t ion  of d i s t a n c e  and 8 w a s  taken 

i n t o  account by experimental  measurements. However, information about 

The magni- 

t h e  phase changes of t h e  i n c i d e n t  wave i n  t h e  presence of  a b e l l  j a r  

w a s  no t  inc luded  i n  t h e s e  measurements, This  inadequate  d e s c r i p t i o n  

of t h e  i n c i d e n t  f i e l d  i n  t h e  t h e o r e t i c a l  a n a l y s i s  produces perhaps 

t h e  g r e a t e s t  e f f e c t  i n  l i m i t i n g  t h e  c o r r e l a t i o n  of theory and experi-  

ment a t  l a r g e  angles .  

One could expect  on t h e  b a s i s  of phys i ca l  reasoning t h a t  t h i s  

p a r t i c u l a r  model of t h e  plasma should s e r v e  as a f i r s t  approximation. 

The ques t ion  arises as t o  whether i t  would b e  v a l i d  over  a l a r g e r  

range of s c a t t e r i n g  ang le s ,  o r  would a more s o p h i s t i c a t e d  model b e  

necessary.  I n  t r y i n g  t o  r e s o l v e  t h i s  problem t h e  more r e f i n e d  approach 

of Bisbing (1966) could be  u t i l i z e d .  H e  removes t h e  assumption of 

f i n i t e  plasma boundaries  and treats t h e  problem of s c a t t e r i n g  by media 

whose p r o p e r t i e s  are a n a l y t i c  func t ions  of r.  The s c a t t e r i n g  c o e f f i -  

c i e n t s  are determined by asymptot ic  boundary condi t ions .  

s i m i l a r  s o l u t i o n  t o  t h e  plasma coated conductor problem would e l i m i n a t e  

t h e  v a r i a b l e  b and thus  one would have t o  treat  t h e  r e f r a c t i v e  index  

as a func t ion  of r a d i a l ’ d i s t a n c e .  (From an  experimental  s t andpo in t  

t h i s  impl ies  that  i n s t e a d  of  r e l y i n g  on measurements at many f requencies  

Applying a 



which p r e d i c t  average va lues  of d e n s i t i e s  f o r  assumed r a d i a l  e x t e n t s ,  

measurements a t  a s i n g l e  frequency could i n  p r i n c i p l e  p r e d i c t  t h e  

t o t a l  p r o f i l e . )  

However, another  d i f f i c u l t y  i s  p resen t  f o r  ph i s  problem; t h e  

plasma confined by a d i p o l a r  magnetic f i e l d  does n o t  t o t a l l y  cover 

t h e  s p h e r i c a l  magnet. The plasma p r o p e r t i e s  have angular  as w e l l  as 

r a d i a l  dependencies. Thus t h e  asymptot ic  model is again an approxi- 

mation. Never the less ,  an  independent i n v e s t i g a t i o n  t o  formulate  a 

more exac t  t h e o r e t i c a l  d e s c r i p t i o n  of t h i s  plasma would b e  use fu l .  

Not only could one determine d e n s i t y  p r o f i l e s  a t  a s i n g l e  frequency 

by appropr i a t e ly  adapt ing  t h e  asymptot ic  model bu t  a model t ak ing  

i n t o  account t h e  changes i n  c y c l i c  motions of  t h e  i n d i v i d u a l  p a r t i c l e s  

as a func t ion  of p re s su re  i n  t h e  b e l l  jar  f o r  a given c u r r e n t  could be 

c o r r e l a t e d  t o  power change as a func t ion  of p re s su re  d a t a  t o  g ive  in-  

formation concerning t h e  c o l l i s i o n a l  processes  i n  t h e  plasma. I n  t e r m s  

of t h e  p re sen t  model t h e  c o l l i s i o n a l  term of t h e  r e f r a c t i v e  index  w a s  

assumed cons tan t  f o r  a l l  p re s su res .  Unfortunately t h e  p re sen t  ex- 

per imenta l  l i m i t a t i o n s  mentioned h e r e i n  prec lude  such f u r t h e r  a n a l y s i s .  

The preceding sugges t s  experimental  improvements which should be  

considered f o r  f u t u r e  work. To extend t h e  range i n  t h e t a  over  which 

t h e  s c a t t e r i n g  d a t a  i s  v a l i d ,  t h e  horns should b e  placed i n s i d e  a 

s u i t a b l e  vacuum chamber. Coating t h e  w a l l s  of t h e  vacuum vessel wi th  

a microwave absorber  would e s s e n t i a l l y  e l i m i n a t e  secondary r e f l e c -  

t i o n s .  I n  t h i s  s i t u a t i o n  one could measure only  t h e  s c a t t e r e d  f i e l d  

a t  l a r g e  s c a t t e r i n g  angles  and would no t  need a d e s c r i p t i o n  of phase 

and amplitude of t h e  i n c i d e n t  wave. Then us ing  t h e  changes of p o s i t i o n  
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of t h e  extrema and zero  c ros s ings  of t h e  power and phase d a t a  one 

could more accu ra t e ly  determine plasma p r o p e r t i e s .  The phase and 

amplitude changes of t h e  rece ived  wave w e r e  r e l a t i v e l y  s m a l l ;  as 

another  l abora to ry  modi f ica t ion ,  a method t o  i n c r e a s e  t h e  d ischarge  

cu r ren t  and t h e  phys ica l  s i z e  of t h e  plasma should b e  developed. 

achieve t h e  h igh  c u r r e n t s ,  t r a n s i e n t  techniques , such as t h e  d i s -  

To 

charging of  c a p a c i t o r  banks,  could be  r e l i e d  upon. 

phys i ca l  s i z e  would fo l low as a consequence of t h e  h ighe r  c u r r e n t s  

( see  t h e  photographs i n  Sec t ion  2 ) .  

wave measurements would g ive  s c a t t e r i n g  p a t t e r n s  f o r  s p e c i f i c  t i m e s  

throughout t h e  du ra t ion  of t h e  t r a n s i e n t .  Thus a plasma decaying i n  

a d i p o l a r  magnetic f i e l d  could b e  i n v e s t i g a t e d .  A l s o ,  measurements 

f o r  t h e  case when w > w could be  taken.  F i n a l l y ,  t h e  magnitude of 

t h e  s t a t i c  magnetic f i e l d  could be  made much l a r g e r  so  t h a t  w /w  i s  

n o t  n e g l i g i b l e .  Then, as suggested by t h e  work of Nagelberg ( 1 9 6 4 ) ,  

measurements of  t h e  changes i n  t h e  p o l a r i z a t i o n  of t h e  rece ived  wave 

would a l s o  g ive  informat ion  of t h e  plasma p r o p e r t i e s .  Such experi-  

ments w i l l  provide a broad spectrum of experimental  r e s u l t s  f o r  

ve r i fy ing  t h e  many e x i s t i n g  t h e o r i e s  concerning t h e  s c a t t e r i n g  prop- 

erties of plasma c l a d  bodies ,  

The i n c r e a s e  of 

The a s s o c i a t e d  t r a n s i e n t  micro- 

P 

B 
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APPENDIX A 

DETERMINATION OF I O N  DENSITIES AND ELECTRON TEMPERATURES 

The procedure used t o  o b t a i n  i o n  d e n s i t i e s  from t h e  probe d a t a  

i s  presented  i n  t h i s  appendix. The method t o  o b t a i n  t h e s e  d e n s i t i e s  

i s  given i n  a paper by Johnson and Malter. 

theory ,  assumed t o  be v a l i d  f o r  t h i s  case, supposes t h a t  t h e  energy 

d i s t r i b u t i o n  of t h e  p a r t i c l e s  is  Maxwellian, charge n e u t r a l i t y  e x i s t s ,  

t h e  e l e c t r o n  c u r r e n t  is  governed by t h e  Boltzmann exponent ia l  l a w  and 

no electric o r  magnetic f i e l d s  are p resen t .  Using t h e s e  assumptions 

t h e  au tho r s  show t h e  fol lowing r e l a t i o n  t o  b e  t r u e  

(1950) Thei r  s imple  

i 
= 1.34 ;i?l (M+/T+)% N* 

S 

where i i s  t h e  s a t u r a t i o n  c u r r e n t ,  A is  t h e  area of t h e  probe shea th ,  

M i s  t h e  m a s s  of t h e  ions  and T i s  t h e  temperature  of t h e  ions .  

+ S 

+ 
I n  t h e  fol lowing sample c a l c u l a t i o n  we  use  t h e  probe charac te r -  

i s t i c s  f o r  a po in t  i n  space 0 ,5  cm from t h e  s u r f a c e  of t h e  sphere when 

t h e  d ischarge  cu r ren t  is 30 m a  and t h e  p re s su re  i n  t h e  vacuum chamber 

is  150 microns (see Figure  2.4).  

i n  which t h e  d ischarge  w a s  i n i t i a t e d ,  M 

c u l e  = 4.65 x 10 gms. Fur ther ,  T i s  expected t o  be  s l i g h t l y  h ighe r  

than t h e  temperature  of  t h e  n e u t r a l  background and is  taken t o  b e  

350°K and A 
S probe' 

from t h e  curves and i s  seen t o  be 94 ma.  For t h e s e  va lues  N from 

Equation ( A . 1 )  is  5.95 x 10 

out f o r  each po in t  i n  space and each cu r ren t  shown i n  Figures  2.5 and 

For our  case, w i t h  a i r  as t h e  gas  

E m a s s  of t h e  n i t r o g e n  mole- + 
-2 3 * 

i s  approximated t o  be 2A The va lue  of  i+ is taken 

+ 
The s a m e  c a l c u l a t i o n s  w e r e  c a r r i e d  11 cm-3 
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2.6 by assuming t h a t  A 

cases and thus  

M+ and T remained cons tan t  f o r  a l l  t h e s e  
S' + 

(A. 2) 
i ( x )  

i (. 5cm) N+(x) = N+ (.5cm) 

where N (x) and i ( x )  are t h e  dens i ty  and s a t u r a t i o n  cu r ren t  respec- 

t i v e l y  a t  t h e  p a r t i c u l a r  po in t  i n  space  where t h e  express ion  i s  being 

evaluated.  

+ 

Using t h e  "equivalent  r e s i s t a n c e "  method proposed by Johnson and 

Malter t h e  e l e c t r o n  temperature  p r o f i l e  i n  t h e  e q u i t o r i a l  p lane  f o r  

t h e  above example w a s  determined. 

is 

The b a s i c  equat ion  f o r  t h i s  method 

(A. 3 )  
2 T = 11,600 (G-G ) Ro 1 i 

P - 

and 1 i i s  t h e  
P 

where G = ( i  e2 /i p ) I Vd = 0'  R o E (dVd/did) I vd = 0 

sum of t h e  magnitudes of t h e  s a t u r a t i o n  cu r ren t s .  Using t h e  same 

s a t u r a t i o n  curve as above, G-G2 = 0.247, R = 0.228, 1 i 
thus  Te = 10.5 x 10  . 
space  f o r  t h i s  p re s su re  and cu r ren t  l e d  t o  Figure A . 1 .  

= 160 and 
0 P 

4 Evaluat ing t h e s e  cons t an t s  a t  o t h e r  p o i n t s  i n  
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APPENDIX B 

ELECTROMAGNETIC SCATTERING BY A PLASMA COVERED SPHERE 

I n  t h i s  appendix t h e  theory  of s c a t t e r i n g  of p lane  e lec t romagnet ic  

waves from a plasma coated s p h e r i c a l  conductor i s  presented .  The 

approach is  gene ra l  i n  t h e  sense  t h a t  t h e  plasma p r o p e r t i e s  are assumed 

t o  be r a d i a l l y  symmetric. 

as descr ibed  i n  Sec t ion  3 .  

Born and Wolf (1959), Wyatt (1962), and Erma  (1965, 1967) through t h e  

in t roduc t ion  of a plasma-metal boundary. 

t o  t h e  problem precedes t h e  a c t u a l  a n a l y s i s .  

The geometry of t h e  s c a t t e r i n g  problem is  

The a n a l y s i s  extends t h e  combined works of 

A d i scuss ion  of t h e  approach 

To begin t h e  problem, Maxwell's equat ions ,  t h e  c o n s t i t u t i v e  re- 

l a t i o n s  and t h e  assumption of charge n e u t r a l i t y  are d iscussed  i n  t e r m s  

of a s p h e r i c a l l y  symmetric medium. To reduce t h e  v e c t o r  problem t o  

one involv ing  scalars,  t h e  two c u r l  equat ions  of Maxwell's equat ions 

are so lved  by t h e  supe rpos i t i on  of two l i n e a r l y  independent f i e l d  solu-  

t i o n s ,  namely; t h e  t r a n s v e r s e  magnetic wave and t h e  t r a n s v e r s e  electric 

wave. Each p a r t i a l  wave i s  expressable  i n  t e r m s  of a s c a l a r  p o t e n t i a l  

o r  "rr. It is  shown t h a t  t h e  equat ions e'mII s a t i s f y  are sepa rab le  

i n  s p h e r i c a l  coord ina te s ;  t h e  8 and 4 dependencies are i n  t e r m s  of 

s tandard  or thogonal  func t ions  b u t  t h e  r a d i a l  v a r i a b l e  obeys q u i t e  

complicated d i f f e r e n t i a l  equat ions  involv ing  t h e  plasma p r o p e r t i e s  and 

only i n  s p e c i a l  cases reduce t o  d i f f e r e n t i a l  equat ions  s a t i s f i e d  by 

a n a l y t i c  func t ions .  

I n  a c o n s i s t a n t  manner scalar p o t e n t i a l s  f o r  t h e  i n c i d e n t  f i e l d ,  

s c a t t e r e d  f i e l d  and t h e  f i e l d  w i t h i n  t h e  sphe re  are given. The i n c i d e n t  
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f i e l d  p o t e n t i a l s  are completely def ined  but  t h e  p o t e n t i a l s  of t h e  

s c a t t e r e d  f i e l d  and t h e  f i e l d  w i t h i n  t h e  sphe re  (as w e l l  as t h e  po- 

t e n t i a l s  i n  t h e  plasma reg ion)  con ta in  unknown c o e f f i c i e n t s ,  Applying 

boundary cond i t ions  a t  t h e  plasma-free space  boundary and a t  t h e  plasma- 

sphere  boundary l e a d s  t o  e i g h t  simultaneous equat ions  involv ing  t h e  

unknown c o e f f i c i e n t s .  This  set i s  so lved  f o r  t h e  unknown cons tan t s  

appearing i n  t h e  p o t e n t i a l s  of t h e  s c a t t e r e d  f i e l d ,  t h e  s o  c a l l e d  

s c a t t e r i n g  c o e f f i c i e n t s . "  These c o e f f i c i e n t s  are i n  t e r m s  of func- 11 

t i o n s  of t h e  p r o p e r t i e s  of  t h e  plasma, r a d i a l  e x t e n t  of t h e  plasma 

and r ad ius  of t h e  sphere.  

grow l a r g e  s i m p l i f i e s  t h e s e  express ions  somewhat. 

Allowing t h e  conduct iv i ty  of t h e  sphere  t o  

Specifying t h e  plasma p r o p e r t i e s  i n  terms of i t s  r e f r a c t i v e  index 

completely de f ines  t h e  s c a t t e r i n g  c o e f f i c i e n t s  and thus  t h e  s c a t t e r e d  

f i e l d .  A t  t h e  conclusion of t h e  a n a l y s i s  t h e  s c a t t e r i n g  c o e f f i c i e n t s  

are expressed f o r  a s p e c i a l  case of plasma r e f r a c t i v e  index. 

B . l  Expressions f o r  t h e  F i e l d  Q u a n t i t i e s  i n  a Sphe r i ca l ly  
Symmetric Medium 

Using t h e  MKS system of u n i t s  Maxwell's equat ions  may be  w r i t t e n  

as 

v x E = 3 + a D / a t  

v E = - a i i / a t  

- 
V * D = p  

- 
V * B = O  



92 

The f i e l d  q u a n t i t i e s  are r e l a t e d  by t h e  fol lowing equat ions .  

W e  cons ider  t h e  case of cons tan t  magnetic p e r m i t t i v i t y  i n  a l l  r eg ions  

whi le  t h e  d i e l e c t r i c  cons tan t  E and t h e  conduc t iv i ty  CT may be func- 

t i o n s  of p o s i t i o n .  Using t h e  assumed t i m e  convention of e equa- 

t i o n s  ( B . l )  and ( B . 2 )  can b e  w r i t t e n  i n  t h e  form 

- i w t  

v x E = iq.5 = k2H 

where 

k2 = 5Wl.l = cons tan t  (B. 11) 

and 2 
klk2 

K = -  (B. 12) 

i s  t h e  equat ion  de f in ing  t h e  propagat ion cons tan t .  Note t h a t  t h e  

problem is  completely s p e c i f i e d  by (B.8)  and (B.9)  s i n c e  ( B . 4 )  fol lows 

from t h e  divergence of  (B.9) and (B.3)  fol lows from ( B . 7 ) ,  ( B . 8 ) ,  and 

( B . 1 3 ) ,  t h e  assumption of charge n e u t r a l i t y  

v 5 + & = 0 ,  a t  (B. 13) 

Having t h e  two b a s i c  equat ions  (B.8)  and (B.9)  w e  now concern 

ourse lves  wi th  t h e i r  s o l u t i o n  when E and cr are func t ion  of t h e  r a d i a l  
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d i s t a n c e  r from t h e  o r i g i n .  

4) equat ions  (B.8)  and (B.9) can be w r i t t e n  (with t h e  t i m e  dependence 

I n  a s p h e r i c a l  coord ina te  system (r, 0 ,  

- i w t  e suppressed)  

a ( r  E s i n e )  

ar 

(B. 14) 

(B. 15)  

(B. 16) 

(B. 17)  

(B. 18) 

(8 * 19)  

The gene ra l  s o l u t i o n  of th is  set o f  d i f f e r e n t i a l  equat ions  may be 

w r i t t e n  as t h e  supe rpos i t i on  of two l i n e a r l y  independent f i e l d  solu-  

t i o n s :  t h e  ' ' t ransverse  magnetic wave" (eE, H) f o r  which H = 0 ,  and 

t h e  " t r ansve r se  e lectr ic  wave" %) f o r  which E = 0. Each wave 

w i l l  b e  der ived  from scalar p o t e n t i a l s  

Debye's p o t e n t i a l s .  

e- 
r 

r 

"rr) which are known as 

e- Considering f i r s t  t h e  (ei?, H) wave, Equations (B.14) t o  (B.19) 

t ake  t h e  form 
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e 
e -  1 - kl Er - 

r2 s i n e  

a ( r  e~ 
- k l e E  @ r  = L  { a r e  ] 

e 
- 1 

r s in9  2 o =  

e E a ( r  E s i n e )  e 
e -  (*- ar 

k2 '0 - r s i n e  

Two expressions which w i l l  be u s e f u l  later can be obtained 

(B. 20) 

(B. 21)  

(B. 22) 

( B . 2 3 )  

(B. 24) 

(B. 25) 

by s u b s t i -  

t u t i n g  ( B . 2 1 )  i n t o  ( B . 2 5 )  and ( B . 2 2 )  i n t o  ( B . 2 4 ) .  Performing t h e s e  

s u b s t i t u t i o n s  one ob ta ins  

a eEr } r eHe = kl (B. 26) 

kl a(eEr) 
He = - -  (B. 27) s i n e  a @  

Recal l ing  t h a t  t h e  g r a d i e n t  of a scalar func t ion  can be expressed 

i n  s p h e r i c a l  coord ina tes  as: 

(B. 28) 
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e- one sees t h a t  Equation (3.23) i s  s a t i s f i e d  by choosing E = V U. O r  

e 1 - aeu 
r s i n e  a @  E =  4 

(B. 29) 

(B. 30) 

e e Furthermore, i f  U i s  def ined  i n  terms of another  scalar I[ as 

u = -  a ( r  (B. 31) e 
ar 

then Equations (3.29) and (3.30) can be  expressed i n  terms of 

E = - -  (B. 32) 
e 

8 r arae  

(B. 33) 

S u b s t i t u t i o n  Equation (B. 32) i n t o  Equation (B. 21) and Equation (B.  33) 

i n t o  Equation (B.22) one o b t a i n s  express ions  f o r  H and Heo Per-  

forming t h e s e  s u b s t i t u t i o n s  one g e t s  

e e + 

and 

e These may be  s a t i s f i e d  i f  H and eH are def ined  as + e 

(B. 34) 

(B. 35) 

(B. 36) 
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(B. 37) 

Fur the r ,  s u b s t i t u t i o n  of Equations (B.36) and (B.37) i n t o  (B.20) one 

o b t a i n s  

Now s u b s t i t u t e  (B.38), (B.36) and (B.37) i n t o  (B.26) and (B.27) to 

o b t a i n  

a a ell - ( s i n e  - ) 1 
ae ae  

(B. 39) 1 - a2 ell}= 0 
2 + 

r s i n  e a+2 

‘1 . 
(B. 40) 1 a “  

2 + 
r s i n  e a+2 

A s u f f i c i e n t  cond i t ion  f o r  bo th  (B.39) and (B.40) t o  be  s a t i s f i e d  i s  

t h a t  t h e  bracketed t e r m  i n  both  equat ions  vanish.  

t h e  bracke ted  t e r m  equal  t o  ze ro  y i e l d s  an equat ion  which 

s a t i s f y ,  namely: 

Notice t h a t  s e t t i n g  

e 11 must 

a% ( s i n e  F) a - 1 + -  a2  + K2] r ell + 
2 sine a e  ar 

(B. 41) 1 - = o  a 2eII 
2 + 

r s i n  e a@2 
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- 1 ( - - -  1 a k i  a e 2 a% 32% + K2 en + 1 + -  
ar r2 s i n e  

2 - ) r  II + - -  r kl ar ar r ar 

- -  - 0 (B.41)  aen 1 a 2 e ~  
2 ( s i n 8  -gj-) + a 

ae - r2 s i n  8 a@2 

which can b e  w r i t t e n  i n  a more concise  form as 

(B. 42) 

e 
Er Combining Equations (B.41) and (B.38) l eads  t o  an  express ion  f o r  

i n  t e r m s  of II. The r e s u l t  is  e 

(B. 43) 

W e  have succeeded i n  s a t i s f y i n g  t h e ' o r i g i n a l  Equations (B.20) t o  (B.25) 

i n  terms of t h e  p o t e n t i a l  II which s a t i s f i e s  Equation (B.42). e 

W e  now t u r n  our  a t t e n t i o n  t o  t h e  magnetic wave (mz, "rr) w i t h  qEr 

= 0. Equations (B.14) t o  (B.19) then  t ake  t h e  form 

(B.44) 

(B. 45) 

(B. 46) 

m 
(B. 47) a ( r  E s i n e )  - -  a ( r  

a@ 4 
1 

k2 
= 

r2 s i n e  



98 

k2 "k, = r (" ar (r mEe)} 

(B, 48) 

(B. 49) 

However, this last system of equations can be obtained from Equations 

(B. 20) to (B. 25) under the transformations : 

e- m- E + %; eE + - E; kl + k2; k2 + kl (B. 50) 

Since those transformations convert the electric equations (Equations 

B.20  to B . 2 5 )  identically to the magnetic wave case (Equations B . 4 4  

to B . 4 9 ) ,  all components of the magnetic wave vectors can be expressed 

in terms of a scalar potential "rr transforming equations ( B . 3 2 ) ,  

( B . 3 3 ) ,  ( B . 3 6 ) ,  ( B . 3 7 ) ,  ( B . 4 2 )  and ( B . 4 3 )  according to ( B . 5 0 ) ,  and 

letting -f "rr. The result is (keeping in mind that K2 # K2(r) so 

that aK2/ar = 0): 

m E = O  r 
(B. 51) 
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= - -  I a %  Ee s i n e  a$ 

E = - -  a %  m 
4 ae 

where "rr must s a t i s f y  

(B. 51) 

V 2 % + K  2 m  r [ = O  (B. 52) 

F i n a l l y  assuming t h a t  t h e  most gene ra l  s o l u t i o n s  of t h e  e lec t romagnet ic  
- 

v e c t o r s  are E = 

t h e  t o t a l  f i e l d  

E =  r 

H =  r 

H =  4 

eE(eII,?I) + mE(eII,mII) and I? = efi(eII,%) + 
may be expressed as 

(B. 53) 

(B. 54) 

(B.55) 

(B. 56) 

(B. 57) 

(B. 58) 

The scalar func t ions  and % appearing i n  Equations (B.53) t o  (B.58) 

are obta ined  by so lv ing  Equations (B.42) and (B.52). Equations (B.42) 
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and (B.52) may be sepa ra t ed  i n  s p h e r i c a l  coord ina tes  according t o  

s tandard  methods and t h e  g e n e r a l  s o l u t i o n s  w r i t t e n  i n  t h e  forms: 

(B. 5 9 )  1 m R  

R-0 m=O 
r = 1 1 W,(r )  cosm4 + bm sinm@ P; (cos0) 

(B. 60) 1 m R  

R=O m=O 
r ?TI = 1 1 GR(r) cosm4 + d sinm@ P i  (cos@) m 

a b c  d m 
R where m, m y  m, and m are a r b i t r a r y  cons t an t s ,  P (cos9) is t h e  

a s soc ia t ed  Lengendre Polynomial, and W and GR are gene ra l  s o l u t i o n s  R 
of t h e  d i f f e r e n t i a l  equat ions  

Ro w = o  
+ [K2 - r 2  ] R 

- d2 - 2  dK d W  
2 K d r  d r  R d r  

- d2 = [ K 2 -  R (R+1) r2 ] GR = 0 
2 GR d r  

(B. 61) 

(B. 62) 

This  completes the  d e s c r i p t i o n  of Maxwell's Equations i n  a 

r a d i a l l y  inhomogeneous medium. 

f i n d  t h e  g e n e r a l  s o l u t i o n s  W 

cons t an t s  by imposing s u i t a b l e  boundary condi t ions .  

Thus given a s p e c i f i c  K ( r ) ,  one may 

and G R R and then  determine t h e  a r b i t r a r y  

B.2  Inc iden t  F i e l d  Expressed i n  Terms of 

To impose boundary cond i t ions  a t  t h e  s p h e r i c a l  su r f aces  t h e  in-  

c i d e n t  p lane  wave is  expressed i n  terms of scalar p o t e n t i a l s .  The 

p o l a r i z a t i o n  of  t h e  i n c i d e n t  wave and t h e  r e fe rence  coord ina te  system 
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is shown i n  F igure  3.7. With t h i s  s c a t t e r i n g  conf igu ra t ioQ t h e  i n c i -  

dent wave i s  c h a r a c t e r i z e d  by t h e  

E ~ = E ~  
X 0 

fol lowing f i e l d  components. 

I i ( K  z - u t )  

(B. 6 3 )  

I i (K z - u t )  E e  Hi = - K I  
Y uou 0 

The s p h e r i c a l  coord ina tes  ( r ,  8 ,  @) a p p r o p r i a t e  t o  t h e  problem are 

def ined  by 

and 

x = r s i n e  cos4 

y = r s i n e  s i n @  

z = r cos0 ; 

(B. 64)  

f u r t h e r  one may t ransform t h e  components of any Car t e s i an  vec to r  (x) 
t o  a s p h e r i c a l  system according t o  t h e  r u l e  

Ar = A s i n e  cos4 + A s i n e  s i n 4  + AZ cos8 

Ae = A cos0 cos4 + A cos0 s i n 4  - A s i n e  (B.  65) 

X Y 

X Y Z 

A = A s i n 4  + A cos4 
4 X Y 
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Using t h i s  r u l e  one can express  t h e  r-components of t h e  i n c i d e n t  f i e l d  

as : 

I 
(B. 66) i K  r cos0 = e s i n 0  cos@ r 

I I 
cos0 s i n $  (B.67) iK Eo i K  r cos0 e 

e i  m i  To f i n d  t h e  p o t e n t i a l  func t ions  TI , TI from which t h e  above f i e l d s  

can be  der ived  w e  proceed w i t h  t h e  well-known formula 

co 
I I 

e iK = 1 iR ( 2 ~ + 1 )  j, (K r )  pR (case) 
R=O 

def ines  t h e  so-ca l led  "spherical-Bessel  funct ion."  Using t h e  

i d e n t i t i e s  

I i K  r cos0 1 ae I i K  r cos0 - - 
I accose) e 

i K  r 

1 dPR (cos0) 

d (cos0) = PR (COS0) s i n 0  

and 

1 
Po (cos0) = 0 

Equation (3.68) can be w r i t t e n  as: 

(B. 68) 

(B. 69) 

as 

(B. 70) 

(B. 71) 

(B. 72) 
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f u r t h e r ,  i f  w e  i n t roduce  t h e  Ricatti-Bessel func t ion  def ined  by 

(B. 74) 

i n t o  (B.73) t h e  Equations (B.66) and (B.67) can be  w r i t t e n  i n  t h e  

form 

(B. 75) 

I n  terms of 

as 

and ?ITi) Equations (B.75) and (B.76) can be w r i t t e n  

(B. 77) 

(B. 78) 

Equations (B.77) and (B.78) w e r e  der ived  from (B.53) and (B.56) by 

I I n6 t ing  t h a t  i n  Region I, K1 # K1(r). But when 

and G s a t i s f y  t h e  same d i f f e r e n t i a l  equat ion ,  R 

d2 R (R+1) 
- G R +  d r  [K' - r 

I ' I  
1 1  K # K ( r )  then WR 

namely : 

= o  (B. 79) 
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I 
However, t h i s  equat ion  is  s a t i s f i e d  by $ (K r) so  t h a t  i n  Region I R 

(B. 80) I 
WE GR -t GR(K r) 

Consequently one may w r i t e  t h e  t r ia l  s o l u t i o n  of t h e  gene ra l  expres- 

s i o n s  f o r  p o t e n t i a l s  of t h e  i n c i d e n t  wave as 

(B. 81) 

S u b s t i t u t i n g  Equations ( B . 8 1 )  and ( B . 8 4 )  i n t o  Equations (B. 7 7 )  and 

( B . 7 8 )  one ob ta ins  t h e  fol lowing express ions  

(B. 83) 

Equating Equation (B. 83) t o  Equation (B. 75) and Equation (B. 84) t o  

Equation ( B . 7 6 )  one can w r i t e  

Eo cos@ 
1 it-' ( 2 ~ + 1 )  Q~ P: (B. 85) 1 R(R+1) - Eo cos@ 

- 
(K1r)2 R = l  1 pE 2 R = l  r 

and 
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00 i E s in$  K' 00 c 2-l (2R+1) 1 R(R+l) - 0 K' - - I bR 2 @R I 2 (K 

i E s i n $  
0 

I 2  
k2 r (K1)2 k2 R = l  

(B. 86) 

where t h e  bracke ted  terms i n  Equations (B.83) and (B.84) w e r e  e l i m i -  

na ted  through t h e  use of Equation (B.79). By comparing c o e f f i c i e n t s  

i n  Equation (B.85) and (B.86) one o b t a i n s  t h e  fol lowing r e l a t i o n s  

f o r  t h e  c o e f f i c i e n t s  a and bR. R 

2-1 (2R+1) 
R (R+1) i - 

aR - 

R-1 (2R+1) 
R (R+1) i - 

bR - 

(B. 87) 

(B. 88) 

Using t h e s e  express ions  f o r  t h e  c o e f f i c i e n t s  t h e  scalar p o t e n t i a l s  

f o r  t h e  i n c i d e n t  can be w r i t t e n  as: 

R-1  (2R+1) $ (K'r) PR(cos6) 1 Eo cos$ 03 

c i  R(R+l) R 
r eni - - 

(K')2 R = l  
(B. 89) 

I 

c i  R(R+1) @ R (K'r) P&os6) (B. 90) R + 1  (2R+1) i K s i n $  Eo 00 

r % i  = 

k i  (K1)2 R = l  

B.3 Expressions f o r  t h e  Sca t t e red  F i e l d s  

W e  now t u r n  t o  t h e  problem of determining t h e  t o t a l  f i e l d s  i n  

This  gene ra l  f i e l d ,  t h e  presence of a plasma covered s p h e r i c a l  body. 

a t  a l l  p o i n t s  o u t s i d e  t h e  s c a t t e r i n g  conf igu ra t ion ,  i s  assumed t o  be 

composed of t h e  i n c i d e n t  p l ane  wave and a s c a t t e r e d  wave. The scalar 
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p o t e n t i a l s  of the p lane  wave w e r e  der ived  i n  t h e  last s e c t i o n  and are 

given by Equations (B.89) and (B.90). The p o t e n t i a l s  of t h e  s c a t t e r e d  

f i e l d  ( supe r sc r ip t ed  w i t h  s) and t h e  f i e l d  w i t h i n  t h e  sphere  (super- 

s c r i p t e d  w i t h  111) can be obta ined  from t h e  gene ra l  express ions  (B.59) 

and (B.60) where W ( r )  and G ( r )  must s a t i s f y  R R 
0 

dL UR + [ , 2 - ~ ] u R  = 0 

2 d r  
(B. 91) 

-+ 
To i n t e g r a t e  t h i s  equat ion ,  set K r  = p and U = (p) Z(p) (remember- 

ing  t h a t  U = rR) and o b t a i n  Bessel's equat ion:  

R 

R 

The s o l u t i o n s  t o  t h i s  equat ion can be w r i t t e n  as 

(B. 92) 

(B. 93) 

(B. 94) 

The gene ra l  s o l u t i o n  t o  (B.91) may b e  w r i t t e n  

1 1  wi th  MR = 1 and NR = -i w e  have t h e  "Hankel function' '  (c, (K r ) )  

which vanishes  a t  i n f i n i t y .  The r a d i a l  func t ions  i n  t h e  express ion  

f o r  t h e  s c a t t e r e d  wave is  assumed t o  be  of  t h e  form 

e'mBR <; (K'r) (B. 96) 
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s i n c e  t h i s  wave must vanish  a t  i n f i n i t y ,  whi le  t h e  r a d i a l  func t ion  i n  

t h e  p o t e n t i a l s  from which t h e  f i e l d  w i t h i n  t h e  sphere  is d e r i v a b l e  

takes  t h e  form 

CR *v dl *R (B. 97) 

so t h a t  t h i s  f i e l d  i s  f i n i t e  a t  t h e  o r i g i n .  I n  Equations (B.96) and 

(B.97) e'mBR, cR and d are cons fan t s  chosen t o  s a t i s f y  boundary' 

condi t ions .  

R 

Moreover, s i n c e  t h e  boundary cond i t ions  a t  r = a and r = b must 

hold f o r  a l l  va lues  of 8 and + i t  i s  assumed t h a t  a l l  p o t e n t i a l s  have 

t h e  f u n c t i o n a l  dependence on 9 and + as does e'%i. Using t h i s  

assumption, t h e  p o t e n t i a l s  of  t h e  s c a t t e r e d  f i e l d  and t h e  f i e l d  t r a n s -  

m i t t e d  i n t o  t h e  sphere  can be w r i t t e n  as 

(B. 98) 

Introduced i n t o  t h e s e  equa t ions  is t h e  " r e l a t i v e  d i e l e c t r i c  cons tan t"  

of t h e  plasma and t h e  Greek let ter rho  def ined  by 

I p = K r ; i = 11, I11 Ki n =-• 

K1 ' i (B. 102) 
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S imi l a r ly  t h e  p o t e n t i a l s  i n  Region I1 may be  w r i t t e n  i n  t h e  form 

1 

'-' (2R+L1 P'(cos9) XR(p)  + 8, YR(p) (B.103) c i  R(R+1) R 1 E cos$ co 

I1 2 
0 

(K ) R = l  

KII I1 c i  R(R+l) P'(cos9) R U,(p) + 6R VR(p) (B.104) 1 i Eo s i n 4  

R = l  k2 

where X,(p), Y R ( p ) ,  U R ( p ) ,  and V,(p) are def ined  through t h e  r e l a t i o n s  

and 6 are a r b i t r a r y  cons t an t s .  Note t h a t  Region I1 and aR' 8,s yR R 
does no t  con ta in  t h e  o r i g i n  s o  t h a t  t h e  four  s o l u t i o n s  of t h e  two 

r a d i a l  equat ions  

(B. 108) 

must be r e t a i n e d  i n  t h e  e *%I1 express ions .  

Requiring t h e  t a n g e n t i a l  components of t h e , E  and E v e c t o r s  t o  be 

continuous a t  t h e  boundaries  def ined  by r = a and r = b l e a d s  t o  t h e  

fol lowing boundary cond i t ions  i n  terms of t h e  s c a l a r  p o t e n t i a l s .  

1 11,111 e 11,111 
(r (I: = kl (B. 109) 
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( r  1 (B. 109) 11,111 (r %II,III 
= k2 

I n  t h e s e  express ions  e'%1 = + e'%s etc. By s a t i s f y i n g  t h e s e  

boundary cond i t ions  a t  r = a (p = y)  and r = b (p = x) one ob ta ins :  
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These e i g h t  equat ions  can b e  so lved  f o r  t h e  s c a t t e r i n g  c o e f f i c i e n t s  

BR. The r e s u l t s  are e 9 m  

e 
BR 

( B .  111) 

where 

(B. 112)  
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The l i m i t  of n -+a has been used i n  t h e  d e r i v a t i o n  of these  equat ions.  3 

Having now t h e  s c a t t e r i n g  c o e f f i c i e n t s ,  one may s u b s t i t u t e  

i n t o  Equations (B.53) t o  (B.58) t o  f i n d  genera l  expressions f o r  t h e  

components of t h e  s c a t t e r e d  f i e l d s .  

03 

(B. 115) E: = Eo cos@/(K I 2  r )  1 eBR iR-' (2R+1) PR(cos 1 ) 3R(K 1 1  r )  
R= 1 

(B* 116) 
+ i mBa 3R(K 1 1  r) PR(cosB)/sinB 1 

CO 

I '-' (2R+1) (- 3;' @Ir )  
R (R+1) s i n e  ES = Eo s in@/K r 1 i 

R= 1 0 

1 I 1' + i mBa TR(K r )  PR (cose) s i n e  (B. 117) 

03 

(B.118) I 1 2  1 1  1 H = i E sin@/K k 2 r  1 iR-' (2R+1) mBR SR(K r )  PR(cos8) r 0 R= 1 

00 pR 1 (case) 
e 1 1  

BR 3R(K s i n e  
I He = Eo s i n @ / k 2 r  1 i 

bl 

(B. 119 
1' I 1' + i m~ 3 (K r )  pR (case) R R  
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03 
e '1 I 1' 

R ( R + l )  BR GR(K r)  PR (cose) s i n e  
I H = E cos$/k2r 1 i 

R= 1 $ 0  

B.4 The Refractive Index of a Plasma Medium: The S c a t t e r i n g  
Coef f i c i en t s  f o r  Constant n 

The r e f r a c t i v e  index n is  r e l a t e d  t o  t h e  phys ica l  parameters of 

t h e  plasma by means of t h e  Appleton-Hartree (Budden, 1961) equat ion:  

2 X + n = 1 -  

4 (U-X) 2 (U-x) u -  

(B. 121) 

With t h e  assumption of  no e x t e r n a l l y  app l i ed  magnetic f i e l d  p re sen t  i n  

t h e  plasma reg ion ,  t h i s  express ion  reduces t o  

2 

2 u  
2 w (PI  1 

n ( p ) = 1 - -  - (B. 122) 
w 

We cons ider  t h e  s p e c i a l  case of a plasma coa t ing  which is  

cha rac t e r i zed  by a cons tan t  refractive index. When t h e  r e f r a c t i v e  

index of t h e  plasma is  a cons tan t  va lue ,  dn2/dp = 0. Consequently, 

t h e  d i f f e r e n t i a l  equat ions  which W (p)  and GR(p) s a t i s f y  become 

i d e n t i c a l  and have t h e  two s o l u t i o n s  

R 

(B. 123) 
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Let t ing  

t h e  s c a t t e r i n g  c o e f f i c i e n t s  may be w r i t t e n  as 

same as above) - 5;' (x) (same as above 

(B. 124) 

(B. 125) 

(B. 126) 

(B. 127) 

(B. 128) 


