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ABSTRACT

An investigation of the properties of a plasma confined in the dipolar

magnetic field of a uniformly magnetized sphere has been conducted. The
main 1abofatory diagnostic tools were microwave interferometers operating
at 3.0, 1.34 and 0.86 cm.

Laboratory measurements included changes in received power and
phase for various plasma densities, scattering angles and frequencies, and
changes in the received power for different pressures in the vacuum vessel,
plasma densities and frequencies.

The assumptions used in formulating a theoretical model of the
experiment are stated and examined for validity. Consistent with these
assumptions an idealized model of the scattering geometry is presented and
expressions for the scattering coefficients and scattered field quantities are
formulated in terms of the plasma parameters. The digital computer tech-
niques for evaluating the appropriate expressions are described and the
influence of each physical parameter on the calculations is considered.

The comparison of the simple theoretical model with experimental
results indicates that in forward scattering angles the plasma is accurately
described as a plasma shell characterized by a constant complex refractive
index for the plasma densities, collision frequencieé and incident wave
frequencies encountered in the laboratory investigation. The electron
density profiles synthesized from the scattering data are in agreement with

the density profiles determined by double Langmuir probe measurements.



1. INTRODUCTION

1.1 Review of Literature and Statement of the Problem

In principle, the physical properties of a plasma can be deduced
from the changes in phase and amplitude of an electromagnetic wave
brought about by introducing the plasma into an otherwise unperturbed
transmission path. When dielectric or conducting bodies form part of
this unperturbed transmission path or when the plasma configuration
can be considered as a scattering center, the theory and practical
laboratory techniques related to the diffraction and scattering of
electromagnetic waves are relied upon to give the desired information.

Some recent literature describing work of this type, of both an
experimental and theoretical nature, are of interest to this investi-
gation. Given a cylindrical plasma column with a density distribution
which is a decreasing function of radius, Shmoys (1960) has shown that
the diffraction pattern can be calculated from a knowledge of the
density distribution. Easley (1963) investigating the scattering
patterns of a plasma jet has concluded that the plasma parameters are.
relatable to the scattering measurements although, as usggested by him,
the simple model of a homogeneous plasma gave relatively poor agreement.
Jones and Wooding (1966) were able to conclude that the variation of
power scattered by a plasma enclosed in a glass discharge tube can be
predicted theoretically by assuming that the plasma comsists of two

homogeneous regions. Midzuno (1961) presents the angular distribution



of a wave scattered from a cylindrically symmetric nonuniform plasma

in an integral formalism. Nagelberg (1964) has studied the interaction
of microwaves with gyroelectric plasmas of cylindrical and spherical
geometries and has shown that one obvious effect of the anisotropy is
to induce changes on the polarization ;f the scattered wave.

Mikulski and Murphy (1963) discuss the problem of scattering by
many concentric spherical structures using the Mie series solution in
each region. The regions are assumed to have complex characteristic
constants which can be related to plasma properties. Baker, Bachynski
and Carswell (1964) have formulated the backscattering cross section of
a plasma covered conducting sphere in terms of the plasma frequency and
the collision frequency and have observed the effect of varying these
parameters on this cross section through numerical calculations. Erma
(1965, 1967) has catalogued the radar cross sections as a function of .
frequency for four types of spherically symmetric plasma spheres and
discusses the inverse scattering problem, i.e., whether the precise
electron density distribution can be unambiguously inferred from
measured radar cross sections, In more of a theoretical nature Bisbing
(1966) analyzes the scattering by a plasma distribution in which the
electron density decreases exponentially with radial distance; he
indicates how parametric changes affect the static scattering. Wyatt
(1962) studied scattering from spherically symmetric inhomogeneous
absorbing particles and showed the dependence of the polarization and
scattered intensities on surface diffuseness.

Thus it may be stated that there exists a considerable amount of

theoretical and experimental results concerning electromagnetic



scattering from various plasma, plasma-conductor and plasma—dielectric
configurations. However, no laboratory measurements of the scattefing
of microwaves from a configuration of a static plasma coating a con-
ducting rod or sphere are available,

The realization of the latter plasma-conductor configuration in
the laboratory has only recently been made possible through the work of
Quinn. (1965, 1966) The method used to form the plasma clad spherical
conductor is to make a spherical magnet the negative electrode of a
glow discharge; the resulting ionized gas is trapped in the dipolar
magnetic field and forms a sheath around the sphere.

The specific aim of this investigation is to deduce the properties
of the plasma trapped in the dipolar magnetic field of the spherical
magnet through a study of microwave interaction with this plasma-
conductor configuration. The endeavor involves both laboratory and
theoretical work. During the laboratory phase both microwave scatter-
ing and Langmuir probe measurements are conducted.

A suitable mathematical model is formulated to predict the experi-
mental scattering patterns. These results are then compared with the

Langmuir probe data.

1.2 Definition of Symbols

The definition of the symbols used throughout this paper are given
below. The symbols are arranged alphabetically in the order of upper
case Latin letters, lower case Latin letters, upper case Greek letters

and lower case Greek letters.



A = [2/03(x) dn,(x)/dp X(x)/n3(x)]

A* = conjugate of complex A

e, m = component i of transverse magnetic, electric wave vector
i

B = A(Y)

B = magnetic flux density vector

e, mBZ = gcattering coefficients of electric, magnetic wave

C = -A(x)

D = -B(y)

D = electric displacement density vector

E= [0 )/ ny() + UG dny()/dp (k1 no(x) ]

E = electric field vector

Eo = magnitude of the incident electric field

F = E(V(x))

I

(3]

z(p) = radial dependence of rmHI
H = magnetic field vector

Hél)(x) = Hankel function of the first kind
I = current

J = current density vector

Jg(x) = Bessel function of the first kind

i . . . i i
K = wave number in region i = —kl k2
MK = arbitrary constant
Ni = particle number density of species i

Nz(x) = Neumann function
N% = arbitrary constant

P?(x) = associated Legendre function



P = power of a given wave or pressure

R = distance from scattering center to the point of observation
S = switch on circuit diagram

S = Poynting vector

T = temperature

U = general function of position or 1+iv/w

Um(p) = one solution of the Gﬁ(p) D. E.
V = voltage

Vz(p) = one solution of the G%(p) D. E.

Wz(p) = radial factor of reHII
Xz(p) = one solution to the Wz(p) D. E.
Y = fwB/w

Yz(p) = one solution to the Wx(p) D. E.

Z = ratio of collision frequency to incident radian frequency

a = radius of the conducting sphere
a = constants
2,m

b = radial extent of plasma

b = constants
m

¢ = velocity of light
c = constants

%,m ‘

d =

constants
2,m
e = magnitude of the charge of an electron or the left superscript

to denote the electric wave

h
Il

frequency of the incident wave

(_1)1/2

N
l

or right superscript to denote a particular region of

space



K] = do(e + i0/w)

ké = iwp

% = summation index

m = mass of electron, summation index or left superscript or denotes
the magnetic wave

n = refractive index

n o= refractive index of the ordinary wave

n_ = refractive index of the extraordinary wave

r = radial variable in a spherical coordinate system

t = time

X,y,2 = reference directions in a rectangular coordinate system

e,myi = transverse magnetic, electric potential in region i

2 = solid angle

o, = constants

constants

YQ = constants

6% = constants

€ = permittivity

Qi(x) = spherical Hankel (Ricatti) function of the first kind

no = impedance of free space

O = colatitude angle in a spherical coordinate system or the
scattering angle

U = magnetic permeability

Vv = electron-neutral collision frequency

‘ . . . i i
p = charge density or the dimensionless parameter K a or Kb



)

¢

xl(x) = gpherical Bessel (Ricatti) functioﬁ of the first kind

conductivity or bistatic radar cross section

azimuthal angle in a spherical coordinate system

wg(x) = spherical Bessel (Ricatti) function of the second kind
w = radian frequency of incident wave

1
plasma frequency = (Nez/meo)/2

w
P

Wy

gyrofrequency = eB/m



2. APPARATUS AND MFASUREMENT TECHNIQUES
OF THE LABORATORY INVESTIGATION

In this section the apparatus and measurement techniques of the
laboratory investigation are presented. The method to establish and
maintain the steady state plasma is given along with a description of
the changes of the plasma geometry with pressure and discharge current.
Figures displaying the electron and ion density profiles obtained from
double Langmuir probe data are shown. Described with the microwave

interferometers are some of the data obtained with these systems.

2.1 The Steady State Plasma

A uniformly magnetized 3.3 cm diameter Alnico V cylinder was
shaped into a spherical magnet by a cathodal deterioration process.
During the experiment the sphere is rigidly attached, at one magnetic
pole, to a brass rod (0.635 cm diameter) and both are fitted into a
device which centers them vertically over the base plate of the vacuum
station. (The vacuum system used throughout the experiment was a basic
Veeco pumping station consisting of roughing and diffusion pumps fitted
with a stainless steel base plate 50.8 cm in diameter and a Pyrex glass
bell jar 45.7 cm in diameter and 81.3 cm high. The gas pressure in the
bell jar was measured with'a standard thermocouple gauge.)

When the permanent spherical magnet is made the negétive electrode

of a glow discharge arrangement in an evacuated environment, the



resulting ionized gas becomes trapped in the magnetic field and forms

a plasma sheath around the sphere. The electrical circuit used to
initiate and maintain the plasma has two current paths. In one path

a high voltage low current supply (1200 v, 10 ma) initiates the gaseous
discharge. After the initial breakdown a low voltage high current
supply (600 v, 200 ma) in the second.path gives the desired high dis-
charge current. For any following diagnostic measurements, the plasma
is maintained by the second voltage supply with the first voltage set
to zero. The anode of the discharge circuit is the bared tip of in-
sulated wire lying along ﬁheksupport rod. A consideration of the
physical configurations of anodes suitable for the plasma generation
shows that the shape of the anodes does not in anyway effect the plasma
formation. (Quinn et al., 1966) TFor example, using wire loops, cyl-
indrical rods of arbitrary orientation, or the walls of a metallic
vacuum vessel (Quinn et al., 1967) gives rise to the same spatial
variation of plasma particle density at a given pressure and discharge
current.

The changes in plasma configuration due to pressure variations can
perhaps be best described by referring to Figure 2.1. In all these
photographs the current in the discharge is 30 ma. The shutter speed
of the camera and the distance separating the camera from the sphere
is the same in all cases. When the residual gas pressure in the vacuum
chamber is 500 microns of mercury, the plasma totally covers the sphere
although the particle densities are much higher in the regions away
from the magnetic poles. The farthest radial extent of the visible

plasma remains within a distance of one half a sphere radius from the
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surface of the sphere. As the pressure is lowered the plasma becomes
restricted to regions of lower latitude and is no longer visible above-
the poles of the magnet. The decrease of pressure is also accompanied
by an increase in the maximum radial distance to which the wvisible
plasma extends.

At a pressure of 200 microns, the light intensity emitted by the
plasma appears to be most intense, Lowering the pressure below this
point produces a more and more diffuse plasma until it is extinguished
due to too small a magnitude of sustaining voltage.

If one assumes the maximum particle densities occur at points in
space where the light intensity of the plasma is the greatest, then
these regions of maximum particle density exist near 0.23 radii for
the full range of pressures used. The "halo" glow appearing above the
top magnetic pole in some of the photographs is a reflection from the
far surface of the bell jar and is not a region of space occupied by
the plasma.

The plasma extent can also be varied by increasing the discharge
current. Figure 2.2 shows that as the discharge current is increased
from 30 ma to 70 ma the extent of the plasma nearly doubles. The
shutter speed was slower. in these last photographs than for the photo-
graphs shown in Figure 2.1 and thus the plasma appears to be more
intense. Viewing the plasma along.the polar axis shows that the sphere

is not totally covered at a pressure of 150 microns.
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2.2 Langmuir Probe Measurements

Langmuir probe measurements were made to determine the plasma
density profiles in the equatorial plane for various combinations of
pressure and discharge voltage. A double probe is used since the re-
sulting data is more reliable than that obtainable from\single probes
when magnetic fields are present. Two experimental advantages of the
double probe technique are that the electrical circuit of the double
probe is not connected to the high voltage discharge circuit as in the
case of the single probe and the double probe draws a very small por-
tion of the total discharge current (usually less than 0.50 percent)
and thus has a smaller disturbing effect on the plasma.

Two similar single probes comprise the double probe. The single
probes are made of glass encased 10 mil tungsten wire having particle
collecting lengths of 0.55 cm. To form the double probe the single
probes are attached with a Sauereisen cement which has excellent heat
resistive and insulative properties. The probe circuit is shown in
Figure 2.3.

A typical set of probe data is plotted in Figure 2.4. The
pressure in the vacuum vessel is 150 microns while the current in the
discharge is 30 ma, The parameter of this family of curves is radial
distance from the surface of the sphere. For an ideal double probe
(one with two physically identical single probes) a zero current
reading should result with zero applied voltage. However, the electric
field existing in the plasma region (Quinn et al., 1967) is apparently
of sufficient magnitude to make the saturation curves asymmetric with

respect to the origin. Further for an ideal probe the portion of the
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curves beyond the "knee" should have zero slope. This increase of
current is due to an expansion of the sheath thickness as the one tip
of the probe goes increasingly negative with respect to the plasma.
(Chen, 1965) Similar sets of curves were obtained for other pressures
and discharge currents.

Assuming the ideal probe theory proposed by Johnson and Malter
(1950) to hold in this case one can calculate the density of the ions
at the points in space where probe data has been recorded (see Appéndix
A for sample calculations). Figures 2.5 and 2.6 display the results
of these calculations. The greatest ion density occurs near 0.4 cm,
0.24 radii, form the surface of the sphere and is independent of
pressure. The shape of these curves is identical to those published
by Quinn and Fiorito. (1967)

To obtain electron densities from this data we can assume Ne = N+
(assumption of charge neutrality) as does Johnson and Malter. But
Quinn and Fiorito (1967) show that in a similar plasma configuration
the maximum electron number density is a factor of 0.245 less than the
maximum ion density. Thus as a closer approximation to the values of
electron densities than can be obtained by assuming charge neutrality,
Ne at each radial position is determined from the corresponding values
of N+ through the relation Ne(r) = 0Q245N+(r), i.e., by reducing N+(r)
by the factor 0.245 = Ne(peak value)/N+(peak value) as deduced form
the curves of Quinn and Fiorito.  (1967) Figures 2.7 and 2.8 show the

resultant electron density profiles.
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2.3 Microwave Interferometer Measurements

The purpose of the microwave interferometer or microwave bridge
used in plasma diagnostic applications is to measure very small changes
in the electrical properties of the transmission path. These changes
of the transmission properties can then be related to the properties
of the plasma. | |

Although these devices can be designed to varying degrees of
sophistication, the operation of all interferometers is usually based
on the transmission of a microwave signal through a volume of ionized
gas to be analyzed. Figure 2.9 is a schematic diagram of the inter-
ferometers, except the K-Band interferometer which utilized flexible
wave guide instead of a rotary joint, used in this experiment. The
signal sources, reflex klystron oscillators, are operated with 1000 Hz
square wave modulation. The isolator permits unattenuatéd propagation
in the direction of the arrow and serves as a protective device against
possible large reflections which would tend to detune the oscillator.
The directional coupler to the right of the isolator, lets a small
amount of the signal to be channeled into the bridge arm. The remainder
of the original signal is transmitted. The received signal combines
with the portion of the transmitted signal in the hybrid junction. The
tuners are used as matching devices.

The orientation of the magnetic field of the sphere with respect
to the interferometer can be determined by considering a rectangular
coordinate system with its origin at the center of the sphere. Using
this coordinate system, the x-axis (pointing out of the paper) passes

through a magnetic pole of the sphere while the transmitting and
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receiving antennae are positioned along the -~z and z-axis respectively.
The center of the receiving antenna moves in the y-z plane of this co-
ordinate system at a fixed distance from the origin. Any position of
this antenna off the z-axis can be defined in terms of the angle 8.
A rotary joint, located directly below the sphere, makes this angular
variation possible.

The use of the bridge is described below. 1In Figure 2.10.a,
when the plasma does not surround the sphere, the reference signal is

Aosin(wt + ¢O) while the received signal is A sin(wt + ¢1). The phase

1
and amplitude of the reference signal are varied until the signal in
the difference arm of the hybrid junction is zero. This condition
gives a null reading on the '"phase detector." The setting of the
phase shifter and the "received power detector" are recorded. In
Figure 2.10.b, the plasma is formed around the scattering center. The

received signal now changes to A _sin(wt + ¢2). Again the phase and

2
amplitude of the reference signal are varied to give a null reading
on the phase detector. The change in settings of the phase shifter
and received power indicator because of the conditions of plasma on
and off are a measure of the phase shift and attenuation introduced
into the transmission path by the plasma. The receiving antenna is
then moved to a new position and the recording procedure repeated.

The frequencies of operation of the three interferometers used
in this experiment at 10Ghz, 22.4GHz and 35GHz; they will be referred
to as X~, K~ and A-Band respectively. Figures 2.11 to 2.12 are photo-
graphs of these systems.

The X~ and K-Band antennae are pyramidal horns while the antennae

in the A~Band system are conical horns fitted with lenses. The
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distances from the scattering center to the antennae are 73.7 cm,
53.3 cm and 37 cm for the X-, K-, and A-Band interferometers respec-
tively. The smallest value of attenuation that can be measured is
0.025 = 0,05 dB while the smallest phase change is 1 * 1.5 degrees.

The data of this section can be displayed graphically according
to three groups, power change as a function of scattering angle, phase
change versus scattering angle and power.change as a function of pres-
sure for various scattering angles. These results are presented and
compared with the theoretical results in Section 4. However, some
additional information which has direct bearing on the interpretation
of these results is given now.

To obtain an approximation to the angular dependence of the
magnitude of the incident electric field the horn patterns were taken
with the bell jar in place. These patterns are shown in Figure 2.13,
As an example of the corrections applied to the incident field it is
straight forward to show from these curves that for the X-Band inter-
ferometer the angular dependence for |Ei| is approximately 0.5(-1/408
+ 1) where the 0.5 accounts for the decrease in field strength due to
the 1/r dependeﬁce of the transmitted fields.

Of chief concern to the investigator is the interaction between
the bell jar and the electromagnetic fields and the limitations. that
the bell jar imposes on the range in O over which the microwave
scattering measurements are valid. In trying to resolve this question
a numBér.of laboratory tests, to be described, were conducted.

In all the figures to be discussed in connection with this problem

the circular dots are to be taken as reference and represent power
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ratios obtained with the system configuration used throughout the ex-
periment, i.e., the antennae are properly aligned, the bell jar is
centered around the sphere and no modifications of the glass surface
are made. The‘frequency of the incident field is 35 GHz and the
current in the discharge is 30 ma for all the cases considered.

The first test performed included displacing the bell jar from
its centered positionnapproximately 2.2 cn perpendiéular to the line
defined by 0 = 0°. Figure 2.14,a shows how the resultant power change
curves agreed with the reference. For either displacement both curves
agree, within measurement error, for the first 9°, The first minimum
value varies by +0.25 dB in one case and ~0.45 dB in the other case.
All three minima occur at 10.5°. Beyond this value of 6 the difference
in dB is not as great as at 10.5° but now the maxima and minima shift
with respect to the reference.

Secondly, to permit the incident wave to enter the bell jar through
approximately a plane glass slab, and to prohibit the side lobes of
the transmitting antenna from interacting with the glass, an entrance-
aperture was surrounded by a heavy coating of absorber; the aluminum
sheet covering the absorber described the aperture while the absorbing
material reduced secondary reflections (lZ'dB) from the underside of
the Al sheet. Figure 2,14,b shows the results of the aligned system
when modified in this way and when the bell jar was displaced as
shown, Both curves agree with the reference in the range 0 < 6 < 9°,
The variation of the power ratios at the first minimum is -1.0 dB for

the centered bell jar and .0.0 dB for the misaligned case.
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Thirdly, in an attempt to reduce internal reflections, the inner
surface of the bell jar was coatea with absorber everywhere except for
a small entrance aperture and exit slit. Lastly, in trying to approach
an ideal scattering situation by reducing internal reflections and side
lobe-glass interaction, the bell jar with the interior coating of ab-
sorber had added to it the exterior absorber and the Al sheet described
above. The effect on the power change data of these last two condi-
tions are shown in Figure 2.15.a and 2.15.b. Reducing the internal
reflections did not appreciably change the resultant power ratio curve.
The "ideal" scattering geometry gave a change in the value of the first
minimum of 0.2 dB and at the first maximum the change was 0.25 dB.
Displacing the bell jar for this ideal case shifted the positions of
the extrema and changed the wvalue of the first minimum and maximum by
0.3 dB and 0.25 dB respectively.

For all these modifications of the bell jar surfaces and reposi-
tioning of the scattering geometry, the power changes agree with the
reference points, within experimental accuracy, in the range 0 £ 8 <
10°. For values of theta outside this range the shape of the curves
are generally preserved but the depths of the minima and the heights of
the maxima can be decreased or increased or shifted for misaligned geo-
metries; this indicates that the internally reflected fields signifi-
cantly alter the wave incident upon the receiving antenna in this range.
Thus one can conclude that the presence of the bell jar can be neglect-
ed for forward scattering angles in the range IG| < 100, the experi-
mental measurements are valid for the scattering geometry used through-
out the laboratory investigation when © is so limited and the error of

each data point in this range is equal to the measurement error.
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3. THEORETICAL EXPRESSIONS FOR LABORATORY OBSERVABLES

In this section the assumptions used in formulating a mathematical.
model of the experiment are stated and examined individually for valid-
ity. Consistent with these assumptions an idealized model is formula-
ted and expressions, for the scattering coefficients and scattered field
quantities are given. Finally those quantities Which describe the
physical measurements are.written in a form suitable for numerical

analysis.

3.1 Assumptions of the Mathematical Model and the Scattering Geometry

From the description of the laboratory apparatus in Section 2,
one realizes that the fields emitted by the transmitting antenna must
pass through the glass bell jar, interact with the plasma-sphere
scattering configuration and then be collected by the receiving antenna
after passing through the glass jar a second time. To make the theory
tractable, the presence of the bell jar is not included in the analysis.
For all frequencies of interest the thickness of the vacuum vessel
(0.635 cm) is an appreciable fraction of the wavelength. However, with
a radius of curvature of 22.86 cm the above approximation is quite
valid in forward scattering directions since in these directions the
glass jar can be thought of as two plane parallel slabs of a lossless

dielectric which would introduce a constant phase shift to the waves
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passing through them. The validity of this assumption has been veri-
fied experimentally as discussed in Section 2.3.

The permanently magnetized sphere is assumed to be physically
isolated in a free space region and thus the effect of its metal rod
on the scattered field is neglected. 1In actuality the sphere is
supported by a metal rod of 0.635 cm diameter; again the ratio of rod
diameter to wavelength approaches unity near the highest frequency»
used. Verification of the validity of this assumption can be accom-
plished by at least two independent laboratory measurements. The
first, which is quite difficult from a physical realization standpoint,
would be to compare scattering patterns of the sphere supported by the
0.635 cm rod to similar measurements for a sphere supported by an in~
finitely thin rod. Secondly, the measured scattering pattern of the
actual sphere-rod configuration can be compared to scattering patterns
determined theoretically. This second method was used. Unfortunately,
one detects not only the scattered field but the vector sum of the
incident and scattered fields. Thus this question of wvalidity could
not be resolved by comparing the measured and calculated scattering
patterns. Theoretically, however, the problem of scattering by a
finite cylindrical rod terminated at one end with a spherical body
would be very difficult to solve exactly; this theoretical difficulty
prompts the use of the assumption given above.

The sphere is assumed to have infinite conductivity. Actually
the sphere has a conductivity of approximately 2.lx106 (mhos /m) ;
copper, which has a conductivity of approximately 5xlO7 (mhos/m), is

usually assumed to be a perfect conductor. 1In making this assumption,
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then, we are conforming to standard practice which has been proven to
give good agreement in numerous other investigations.
The refractive index n of the plasma is related 'to the physical

properties of the plasma by means of the Appleton-Hartree equation

YZ Y4 i
2 R e 2
n = 1-X / [U - m * {Z-(-IT:X—)T-'— YL} -J (3.1)

where X = wﬁ/wz, U = 1+v/w, YT = wB/wsin¢, Y = wB/wcos¢ and ¢ is the

L
angle between the wave propagation vector and the magnetic induction
vector. (Budden, 1961) To investigate the effect of the static mag-
netic field on the refractive index let us consider the worst possible
case, i.e., points in the plasma where the magnitude of the static mag-
netic field is a maximum; also use the frequency of the incident wave
which has the lowest value (f = 1010 Hz). From the experimental values
shown in Figure 3.1 we find the maximum value of the static B field to

‘be 165 gauss. Further assuming Y. = 0, the case of transverse propaga-

L
tion, and the magnitude of iv/w can be neglected with respect to unity,
then

2

2 2 T
= - = - - — 7]

noen 1-X and n XORD 1-X/ (1 ) (3.2)

WAVE WAVE

For the values of frequency and magnetic field strength given,
2 2 2 ' . 11 .
Y = YT = (eB/mw)” = 0.00212. For an assumed density of 10", Figure

3.2 shows that X = wlz)/w2 = (0.08. Therefore

nz = 1-X and ni = 1-X/.998 (3.3)

. . e ' 2 2
or in this worst possible case the percent change between n and n_

is approximately 0.019. Thus the'dipolar magnetic field of the sphere
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is regarded as a plasma confinement mechanism and is neglected in the
complex refractive index which describes the plasma.

Figures 3.3 to 3.5 are graphs of’the real and imaginary parts of.
the plasma refractive index for various operating frequencies, colli-
sion frequencies and electron densities as a function of radial
distance. When drawing these curves it was assumed that the electron
density has its maximum at the surface of the sphere while it decreases
as 1/r2 in a radial direction away from the sphere. See Figure 3.6.
Since for all cases the real part of n is so near unity and the imagi-
nary part is so small, the plasma covering is assumed to be character-
ized by a constant complex refractive index. Only the regions of
space above and below the magnetic poles of the sphere are not covered
by a visible plasma; as a further approximation the plasma sheath is
assumed to totally cover the sphere. In the simplified model then,
the actual plasma, which has electrical properties that blend smoothly
into those of free space, is replaced by a homogeneous plasma shell
of constant refractive index n with an assumed radial extent b.

Although the work by Quinn and Fiorito (1967) shows that the ion
number density exceeds the electron number density, we impose the
simplifying assumption of charge neutrality existing at all points
within the plasma region. Further, all nonthermal particle motions
are neglected and thus the resultant model must be purely static in
nature.

Finally, the electromagnetic field quantities are assumed to have

. s s -iwt
a time variation of e .
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Figure 3.7 shows the o;ientation of the incident plane wave and
the scattering configuration with respect to a rectangular coordinate
system having an origin at the center of the plasma coated sphere.
The outer medium, the plasma sheath, and the metallic sphere are des-
ignated as Regions I, II and III respectively. The radius of the
sphere is denoted by "a" while the outermost radial extent of the
plasma is denoted by '"b". The colatitude angle is measured from this
z—axis in the spherical coordinate system referred to later in this
section.

The incident plane wave is propagating in the positive z-direétion.
The electric vector is linearly polarized and lies along the positive

x-direction.

3.2 The Scattering Coefficients and the Scattered Field

From the assumptions stated in the last section it is clear that
the appropriate formulation of the problem should describe the scatter-~
ing of plane electromagnetic waves from a plasma coated spherical con-
ductor. The problem of scattering by a single spherical body has long
existed in the tutorial literature. To solve the problem at hand one
need only impose an identical set of boundary conditions on the electro-
magnetic fields at the plasma metal interface. This approach is well
formulated and easily understandable in terms of classical electro-
magnetic theory; the solution to the problem is presented in its
entirety in Appendix B, We will make usé of the resﬁlts of this

appendix as needed.
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We now wish to find expressions for the fields scattered by the
plasma. covered sphere and the fields scattered from the sphere alone.
For an assumed constant refractive index the quantities A, B, C,

D, E; and F (see Equations B.112, B.114 and B.124 to B.127) reduce to

A= wZ (nzx)/ng B _Xl (nzx)/n§' C = wi (nzy)/n§

(3.4)

! 2 ! IT ! IT
D = XZ (nzy)/nz E = —IPRI (nZX)/k2 nz F _XR/ (nzx) /k-z n2

and the scattering coefficients become
1 ] 1 1 ) 1 2 .
eBZn = sz(X){—wz(nZX) Xg (0,¥7) + ¥y (n,y) Xz(n2X)}+ 1P,L(X){-n2 b (n,x)
! 2" 1
Xg (nz}’) + n, IP% (nzy) Xg (nzx)}] I [C,Q, (%) {same as above}

- Ci (x) {%ame as abov{}]

on

m, " = [} ¥, () {@g (n,%) X, () = X, (%) ¥, (n2y>} + 9, ()

2
{“’z (nzx‘) Xy, (nzy) = Xy (nzx) IPQ (nzy)}]/ I:Ci (x) {same as above}
1’ '
- ;2’ (x) {%ame as abov%}]

To find the scattering coefficients for the sphere alone one need

(3.5)

only set n, = 1 in these expressions and simplify. The results are

2
e Tl W) T o)
| (3.6)
n o = -y o) /g o)
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The scattered fields are now completely defined and can be written in

component form as:

B2 = | cos(b/(KIr)2 Z‘ € ig_l (29+1) P1 (cosf) Cl(KIr) (3.7)
r o ’ =1 L 2 L
s _ I T -1 84D fe, 1 T 1" .
Ee = Eocos¢/K T z i %) {’BQ Cz (X'r) Pg (cosB) sinb +
2=1
1 "B, o) P;(cose)/sine} (3.8)
© ‘ Pl(cose)
S | 21 2841 [ e, 1" T . % .
E¢ = E031n¢/K r gzl i L) { BQ Cg (X'1r) =in0 + i Bz
L
£, (K1) P} (cos) sine} (3.9)
B = 1 B sing/kKkir? § 1¥1 (aet1) T8, ci(xTr) Pl(coso) (3.10)
r o 2 1=1 2 7R L
P Pl(cose)
S _oowoanl v A1 2841 [ e, 1.1, 22%0%%0 4
Hy = Egsind/k,r Q,Zl D) { By 5y &) s~ By
1 \
;i (KIr) Pi (cosb) sin@} (3.11)
s I. v -1 1) [e, 1,1 . .1 .
H¢ = Eocos¢/k2r gzl i (L) Bl CQ(K r) PQ (cosB) sin® +
1
P (cosH)
, m ', 1 2
i Bl El (K'r) -gzgé““—'} (3.12)
It is understood that the e,mBQ in these expressions become e,mBsz or

e,m_on . .
? BQ for scattering by a sphere or plasma covered sphere respective-

1ly.
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In this eXperimentAthe receiving horns moved only in the y-z plane
so that ¢ = /2 and m £ © £ 0. Substituting ¢ = m/2 in the above ex-

pressions yields

=]
0l

. ;
S I -1 (20+1) Je ' 1, . , m 1.1 .
5 Eo/K T gzl i %(LrL) Bl Cg P2/51n6 + i 32 ZZ PZ 31n§}(3.13)

[oo]
1 B /&I ] M a1 s, gl el (3.14)
ofKHgr L 5 %o P

==t
I

s _ Iy 21w [ e 1.1, o om 1
H¢ = Eocos¢/k2r 221 i (L) {. B% Cg Pl /sin® - i B2 C%

11
PR sinb (3.15)

The magnitude of the arguments of the spherical Hankel (Ricatti)
functions are 154.27, 250,24 and 270.49 for X-Band, K-Band and A-Band
respectively. For such large arguments it is valid to use the large

argument expansion for these functions:

ci (%) (—i)2+1 elx

(3.16)

]
~
1
.
~
1]

Ci' (x)

Introducing these approximations in Equations 3.13 to 3.15 one obtains
the asymptotic expansions of the field components which are nonzero at-
the points of observation

% I
s _ . I iK'r (28+1) Je 1, ., _m 1" .
E¢ =i Eo/K T zzl e % (L) {iBz P2/51n6 ‘ Bz PQ 31n6} (3.17)
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o 1

s _ I iK'r (28+1) 1' .ol

He = Eo/kzr gzl e % (etL) {:B /31n8 - BQ P% 51n6} : (3.18)
s LI2 o 4kt 1 (3.19)
Ho=-4iE/Kkyr™ ] e (2041) ", P L

T 2 21 2

3.3 Expressions for the Power Ratio and Phase Change

To determine expressions for the power and phase change measured
in the laboratory the total field must be used. The resultant field
at any point outside the sphere is the sum of the incident and

scattered fields.

ETOT - ES + El I‘_ITOT - ﬁs + =1

=

(3.20)

The radial component of the total complex Poynting vector is

=TOT =TOT*, - TOT - TOT*
SR =% (E x H )R =-5% (E¢ He ) (3.21)

Using this component, the power intercepted by the receiving antenna

is

P= [ [Re (5:%) ds = f [ Re TOT HOT) A (3.22)
S

where S is the surface of the horn. Since the horns subtend such a

*
small solid angle (at X-Band |6| < 4° and [o]| < 3%, R (ETOT HiOT )

o 9

can be thought of as a constant over this integration and thus

TOT TOT*)r2 f f ‘dQ

~ ~ L
Pz s Re (E¢ He (3.23)
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To eliminate this surface integral the ratio POff/Pon is computed in

terms of decibels as follows. First divide P by %Ei/no, the power in
the incident wave, to cancel out, the magnitude of the incident electric

field. Changing this ratio to decibels one obtains

2 1. TOT TOT
P/ (E/2n ) [dB] = 10 log, [} EE;-Re (E¢ f f d?] (3.24)

Taking the difference of POff/I/ZEo/nO and Ponll/on/n0 gives

off _ pon _ oL "
@ /e, -2/ ) [dB] = 10 log,y 55 Re (ELOT yIOT*yoff 2 [
0 ol 6, g
1 TOT _TOT* on_ 2
dsz} - 10 1og10{- 7% Re (B, Hy ) 'r fsf dQ} (3.25)
Or
TOT - TOT*
@°tE/p°%) [4B] = 10 Log,, {Re (EiOT gOT )°ff/Re(E¢ H )On}(3.26)

Since E£OT is a component of a complex vector, and is itself

complex, its relative phase angle may be defined as

¢ = arctan (Im <E§)°T)/Re (E i"T)) (3.27)

Then, the change in phase opserﬁed in the laboratory is

_ ' TOT, TOT _
AD = Qon - @off.— 57.3 x [%rctan (Im (E¢ )/Re (E ¢ )) arctan

(Im (E o )/Re (E¢ N

TOT TOT ofi] (3.28)



4. COMPARISON OF SIMPLIFIED THEORY WITH EXPERIMENT

The numerical analysis of the problem is iﬁ principle stfaight
forward. One evaluates expressions (3.26) and (3.28) for a given value
of O by retaining enough terms in the various séries which are used to
define them to ensure proper convergence. The value of 6 is then in-
cremented and the summation process ié repeated.

This section describes the digital computer techniques for eval-
uating these expressions, shows how each physical parameter influences
the calculations and compares the simple theoretical model with ex-

perimental results.

4,1 Generation Techniques

The two equations mentioned above involve the three spherical
Bessel~Ricatti functions and their derivatives which appear -in the
scattering coefficients (wz (x), X2 (x), C; (%), wk ), Xi (x) and

1
C; (x)) for various real and complex arguments and the associated

m!

2

appear in the scattered field expressions. For this problem % is of

. : . X . mo, . .
Legendre polynomials and their derivatives (PR (z) and P (z)) which
integer value so that all these functions may be generated using re-
currence relations. However, since generation is carried out with

rounded values it is necessary to keep errors small in the recurrence

process. Using Antosiewicz (1965) as a reference for generation

50
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techniques it may be stated in general that w% (x) should be generated
using a downward recurrence while P? (z) and Xy (x) may be generated
using an upward recurrence. In so doing the round off errors do not
grow relative to the size of the wanted functions. The remaining
functions are easily generated for the derivatives of these functions-
are defined in terms of the functions themselves and Ci (x) is the
complex sum of wg (x) and Xy, (x).

The number of terms which must be retained in each series to
adequately represent the scattering coefficients and thus the scattered
field can be determined by considering the magnitude of the érguments
appearing in the spherical Bessel-Ricatti functions. For example,
Mod(nzx) ~ x = KIb since n, ~ .9+ 110_8. The maximum value of b is
approximately\9.0 cm. Thus at X-Band, x = wb/c = 209(.09) = 18.81.
For values of % less than Mod(arg) the Bessel-Ricatti functions are
oscillatory. When £ is approximately 1.5 Mod(arg) they become mono-
tonic. At A-Band X, = 3.5xX which in this case is 65.8. 1In this
instance nearly 100 terms should be retained to be certain the func-
tions have approached their monotonic nature. However, attempts to
generate such a large number of terms when the arguments were complex
led to magnitudes of numbers which exceeded the capacity of the machine.

)

Alternatively, the summation index was chosen so that Mod(e’mB,Q’MAX
was always less than 10_6. No less éhan 15 terms were used for any.
argument.

The programs used in this analysis were then restricted in the
sense that limited, and not completely general, ranges of the arguments

could be used. Fortunately these ranges were sufficiently large to

permit analysis of the problem.
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The accuracy of the generation methods and the validity of the
total program were checked as follows. All the. functions were computed
for arguments and indices for which tabulated values exist in the
literaturg; several H-plane bistatic scattering cross sections for
conducting spherical scatterers were produced and compared to those
published by King and Wu. (1959) 1In both checks nearly exact corre-

spondence was accomplished.

4.2 Consideration of Basic Parameters and Comparison of
Theory with Experiment

The important parameters in the model to be applied are a, the
radius of the spherical magnet, b, the radial extent of the plasma,

R, the distance from the scaﬁtering center to the receiving antenna,
f, the frequency of the incident electromagnetic wave and n_, the re-
fractive index of the plasma which is defined in terms of w /w, the
ratio of the plasma frequency to the radian frequency of the incident
wave and V/w, the ratio of the electron-neutral collision frequency
to the radian incident frequency.

The radius of the sphere used in all experiments was determined
to be 1.651 # 5x10_2 cm. The value a = 1.651 cm was used in the cal-
culations.

The frequencies used in the experiment, 10.0GHz, 22.4 GHz, and
35.0 GHz, could be measured to an accuracy of *0.005 GHz. To show how
an incident frequency deviation of +1.0 GHz and -0.1 GHz can effect
the power and phase changes obtained from Equations (3.26) and (3.28),

Figure 4.1 is given, In this figure fo = 10.0 GHz and Ro = 73.36 cm.
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The main effect of a frequency change is to shift the position of the
extrema. The magnitudes of the maxima and minima are very nearly the
same. for all three frequencies given. in view of the measurement
accuracy and the felatively small effect that extreme frequency changes
have on the power and phase results, we conclude that the values quoted
above may be assumed constant and introduce negligible error in the
comparison.

Figure 4.2 shows how variations in R effect power and phase. change
results; fO = 10 GHz and Ro = 73.36 cm. For variations in R of *1,27
em (+ % inch) the power curves essentially agree everywhere but the
position of the extrema of the phase change are shifted slightly.

Again the measurement accuracy of this distance (+ 0.2 cm) was well
within the hypothetical changes shown on the figure. Thus R is given
the value determined from physical measurements when evaluating the
theoretical expressions.

Having shown that the values of f, R, and a are known from labora-
tory measurements, there remain b, the radial extent of the plasma, and
n_, the refractive index of the plasma, both the real and imaginary
parts, as principal variables to which values must be assigned. These
variables are now discussed jointly. The reason for doing so will
become -apparent.

To determine appropriate values of b énd n the following pro-
cedure is adopted. A rough approximation of b and n, is obtained from
photographs and probe data. Using these approximate values as a first
estimate we will fit the scattering data. Finally these values will
be shown. to fit the profile of electron density versus distance from

the surface of the sphere.
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4.2.1 Approximate Values of b and no from Photographs and
Probe Data ' )

To determine an approximate value of b cénsider Figure 4.3 which
depicts the three regions of the plasma. ihe bi are maximum radial
extents of the various regions to be discussed. When b is in the
range a < b g'bl the uniform light intensity emitted by the plasma is
most intense and corresponds to the region of maximum ?article densi-~

ties. The distance b in terms of probe data, occurs at approximately

l’

the position of the density peak. In the region b, £ b b2 this light

~

1

intensity decreases from bl and is no longer visible when b > b2. The
value of b2 is a function of discharge current and is approximately
9.0 cm at 70 ma. Somewhere in this range a suitable value of b must
be chosen.

Magnitudes of the distances b, and b2 can be approximated by

1
scaling from photographs of the discharge for various currents.
Strictly sﬁeaking they are not exact because of film sensitivity énd,
exposure time considerations. Furthermore the extent of a trapped
plasma of this nature is not definable in terms of an abrupt boundary.
Keeping in mind these limitations the scaling was performed for the
three discharge currents used in this experiment, 30, 50 and 70 ma;
the three values of bl and b2 obtained are respectively 5.5, 6.6 and
7.4 cm and 7.2, 8.3 and 9.1 cm.

The value of n to be used in the calculations must of course
give power and phase changes consistent with experimental results.

A starting value of s however, may be determined from a simple cal-

culation and the probe data. As stated previously n is defined in
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2,2 . . .
terms of wp/m and ven/w. Considering the latter term first it is
necessary to determine an order of magnitude estimate of Vn® doing
so sets the value of Im(n). Vv _ is defined to be <v >/A  where <v >

en e "“en e
is the velocity of an electron and ken is the mean free path between

. ‘; ]/
electron-neutral collisions; <ve> is taken to be 1.224 (2kT/m)?, the
root mean square veloecity obtained from a Maxwellian distribution and
Xen = l/NnQ where N is the density of the neutrals and Q is the

.. . 2 .
collision cross section. For neutral scatterers Q = ﬂrn (rn = radius

10—15 cmz; at 150 microns of pressure Nn > 1015

of the molecule)

iR

w

o}

cm3 and thus Xen 1 cm. The velocity <ve> = 108 for T g 107 K.

12

For X-Band frequencies this gives Ven/w = 10_3. From Figure 3.4 one

sees a ratio of this value for electron densities of approximately

lOlO give Im(n) 2 10-7. Going to the higher frequencies (see Figures

3.5 and 3.6), Im(n) is approximately 10_8 and 10_9. Substituting the

range .996 + ilO_9 < n < 996 + 110_6 into the expressions gave

deviations of power and phase changes that varied in the third decimal

place. A value of 10_8 was assigned to Im(n) for all frequencies used.
Since Im(no) is relatively small Re(no) 2 (1 - ws/wz)%. From

the electron densities determined from the probe data (see Figures

2.7 and 2,8) it is seen that the values of Ne which are typical of

this experiment lie in the range 109 < Ne < lOll° Using the approxi-

mate expression for Re(no) one can show that for electron densities

in this range, .999 < Re(no) £ .93 for all frequencies of interest.
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4.2.2 Fitting the Scattering Data

Having now established a reasonable range of values for b and ns
these values are used to fit the scattering data. Before doing so
however, the manner in which b and n effect the power and phase re-
sults is investigated; from this investigation a systematic fitting
procedure can be developed which sets limits on these variables.

Figure 4.4 displays curves with b as a parameter for constant n.
In this discussion to follow f = 10 GHz and R = 73.36 cm. In part a
of this figure n = .996 + ilO—8 and b varies from 3.3 cm to 9.08 cm.
For increasing b and constant n the magnitude of the change in power
increases in the range 0 < O £ 15 degrees. The first zero crossing of
all the curves occur at 0 = 8° while the second crossings are confined
in the range 13 £ 8 X 14 degrees. For values of O > 14° the position
of the extrema depend on the particular value of b but all zero cross-
ings occur at nearly'the same places. In Figure 4.4.b, 3.3 £ b £ 5.5
and n = 0.95 + 110_8.‘ Again the first two zero crossings occur for
the same values of theta but now the shapes of the curves have changed
and the power changes have greatly increased. From these curves one
can also observe the effect n has on the power change results. For
example, consider b = 5.5 cm in a and b of the figure. When Re(n) is

off

near unity (0.996) then P /POn = 0.75 dB; as Re(n) becomes smaller

Off)pon _ 3.0 4B and 6 = 0°. Substituting n = 1.0 + 10,0

(0.95), P
into the programs gave power and phase changes of zero as would be
expected.

One can now establish a systematic method to fit the scattering

data from the knowledge of how b and n enter into the final results.
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o

The range of theta in which the scattering data is valid is ]el < 10
Since all the curves for various b and n have the first zero crossings

off/Pon

)
at 0 = 87, one merely has to match the measured P value at

6 = 0° with the calculated values; the appropriate values of n and

Off/POn values, phase

b to be used are those which give the desired P
changes and preserve the shape of the experimental curve.
A detailed example of this data fitting procedure for the par-

off

ticular case when f = 10 GHz, P /POn l6=00 = 1.75 dB and I = 70 ma

follows. To demonstrate the range of b and n values which will predict

the data from the theoretical expressions we plot POff/Pon

as a function
of b for various values of no; these curves are shown in Figure 4.5
(the scattering angle used is 0.0lo). It is immediately obvious that
if one wishes to obtain a power change of 1.75 dB at this angle, then
at least four pairs of b—no‘combinations can be used., Of course many
more could be obtained by incrementing Re(no) in smaller steps.
Consider now Figures 4.6 to 4,8 which show b—nO combinations
which match the power change data over the valid experimental range.

For b = 9.1 cm, n_ = .997 + 1107 and b = 7.2 em, n_ = .994 + 11078

Off/POn curves agree for .0 < 80, the

(n given to three plaées) the P
shapes of the curves are preserved and in the latter case the magnitude
of the phase change is nearly twice too large. In Figure 4.8 for b =
4.4 cm, n = 97 + ilO_8 the shape of the power ratio curve is no
longer in agreement and the theoretical phase changes are too large..
Using this method the b and n values which predicted theoretically

magnitudes of power and phase changes and preserved the shape of the

curves had uncertainties of (b, Re(no)) of approximately (* 1.5,
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+ .002), (£ 0.7, + .002) and (* 0.3, * .002) for X-, K- and A-Band
respectively. For this example, the median vaiue of nd was determined
to be .997 + 10_8 and the corresponding value of b was 9.0 cm.

The results of applying this procedure to the remaining data are
shown in Figures 4.9 to 4.16. 1In all cases the values of b and n_ are
median values of their respective ranges noted above, An explanation
of why the values of b for the K~ and A-Band data are smailer than
those determined previously from experimental results is given later
with the discussion of density profile determined from the microwave
measurements.

The phase changes observed in the laboratory were so small that
their usefulness is questionable. The phase shifters used in the micro-
wave bridges had accuracies of l%o. Failure to exactly locate the
minimum on the null detector added another * 1° of uncertainty. Finally
taking the difference of two successive readings gave the final results

which were plotted a possible error of * 5°.  For legibility, error

bars are not indicated.

4.2.3 Comparison of Density Profiles

It is interesting to compare the electron number densities and
the electron density profile using the values of b and n determined
from microwave measurements to those obtained from probe data. TFor
example, consider the case of 30 ma discharge current and a gas pres-
sure of 150 microns. The electron densitieé can be deduced from the

microwave data through the approximate expression (Re(ri))2 % 1 - wﬁ/mz
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where the Re(n) to be used is that value which agrees with scattering
data. For this case the b and n_ for X-, K=, and A-Band are respec~’
tively (7.2, .997), (2.7, .992) and (2.05, .992). These Re(n) corres-
pond to electron densities or 7.4x10°, 9.5x10'° and 2.3x10%! cm ™3,
The two methods agree quite well; the results are shown in Figure 4.17.
It must be remembered that the problem is formulated so . that each .
microwave electron density profile is rectangular since constant values
of n are used; thus each cross on the profile marks the beginning of a
profile which a given frequency measurement predicts. ‘Understandabl§§
as the frequency goes higher and higher the apparent thickness of the:
plasmé decreas;s. The distance bA’ as can be seen from comparison to
the probe profile in the figure included only the region of the plasma
where the peak densities ocecurred; thus the A-Band measurements accura-
tely predicted the peak densities of the plasma.  The measurements at
the two remaining frequencies can be thought of as predicting average.
densities where the averaging is carried out for that part of the real

profile included between the surface-of .the sphere and,bK or b The

x*
value of b for X-Band is nearly equal to the one, obtained visually.
Finally it is possible to show that these values of b and n and .
the description of the plasma configuration are also consistent with
another type of data measured during the experiement, i.e., power change-
as a function of pressure in the vacuum chamber for a fixed scattering
angle. This data is shown in Figures 4.18 to 4.20. To fit this data

one must know how the radial extent wvaries with pressure and appropri-

ate values of b and no.
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From the discussion in Section 2 it was concluded that as the
pressure in the vacuum chamber decreased from 500 to 150 microns, the
radial extent of the plasma increased. Further, using the b and n
values of the scattering data one can obtain a fixed value of these
parameters for 150 microms.

As an example of how this data was fitted theoretically consider
Figure 4.18. From the scattering data, b = 7.0 cm and Dy = .997 +
ilO_8 for a discharge current of 30 ma. Using this b as a starting
value all other data points for the 30 ma case was fitted by aSSuming
smaller values of b as the pressure increased, -To fit the curve for
I = 50 ma we see from the scattering data that the increase in b from

o . -
is approximately

150 microns, 30 ma to 150 microns, 50 ma at 6 = 0
1.0 cm. Every value of b at various pressures for the 30 ma data was
then incremented by 1.0 cm; the solid line through the 70 ma data was
fitted by incrementing the values of b at 30 ma by 2.0 cm; this again
is consistent with scattering data. For all these currents n_ was the

same value. For the remaining frequencies when n_ changed with current,

this exact change was taken into account.



5. DISCUSSIONS AND CONCLUSIONS

A discussion of the.comparison of theory with experiment given
in Section 4 is presented. Conclusions based on these comparisons
are presented and methods to improve future investigations are sug-
gested.

It should be noted that the microwave measurements are not pre-
sented in the usual manner. Normally, when one performs scattering
measurements, the total scattering patterns are compared directly to
the calculated patterns. ©Since it is not uncommon for scattering
patterns to change by 20 to 30 dB from one angular range to another,
a deviation of a few decibels between the measured and calculated
patterns is accepted as good agreement. We have chosen, however, to
measure this difference directly and compare it to the calculated
differences. Thus small variations between theory and experiment are
much more apparent.

It has been shown that the simple theory representing the plasma
as a shell of constant density and radius predicts the experimental
results quite well in the range |9| < 8°,

If one considers regions outside this forward scattering range,
theoretical and experimental results begin to deviate. Some assump-
tions used in formulating the simple model could limit agreement.
For example, neglecting the support rod of the sphere could possibly

introduce the limitations encountered here. Clearly at A-Band

81
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frequencies, where the rod diameter is 3/4 A the rod will definitely
effect the scattering pattern. As the ratio DR/A becomes smaller, and
the simple model is approached, the agreement between theory and ex-
periment should hold for larger ranges of .

Effects of the incident field also introduce error. The incident
field is not truly a plane wave as assumed in the theory. The magni-
tude by which it decreased as a function of distance and 0 was taken
into account by experimental measurements. However, information about
the phase changes of the incident wave in the presence of a bell jar
was not included in these measurements. This inadequate description
of the incident field in the theoretical analysis produces perhaps
the greatest effect in limiting the correlation of theory and experi-
ment at large angles.

One could expect on the basis of physical reasoning that this
particular model of the plasma should serve as a first approximation.
The question arises as to whether it would be valid over a larger
range of scattering angles, or would a more sophisticated model be
necessary. In trying to resolve this problem the more refined approach
of Bisbing (1966) could be utilized. He removes the assumption of
finite plasma boundaries and treats the problem of scattering by media
whose properties are analytic functions of r. The scattering coeffi-
cients are determined by asymptotic boundary conditions. Applying a
similar solution to the plasma coated conductor problem would eliminate
the variable b and thus one would have to treat the refractive index
as a function of radial distance. (From an experimental standpoint

this implies that instead of relying on measurements at many frequencies
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which predict average values of densities for assumed radial extents,
measurements at a single frequency could in principle predict the
total profile.)

However, another difficulty is present for this problem; the
plasma confined by a dipolar magnetic field does mot totally cover
the spherical magnet. The plasma properties have angular as well as
radial dependencies. Thus the asymptotic model is again an approxi-
mation. Nevertheless, an independent investigation to formulate a
more exact theoretical description of this plasma would be useful.
Not only could one determine density profiles at a single frequency
by appropriately adapting the asymptotic model but a model taking
into account the changes in cyclic motions of the individual particles
as a function of pressure in the bell jar for a given current could be
correlated to power change as a function of pressure data to give in-
formation concerning the collisional processes in the plasma. TIn terms
of the present model the collisional term of the refractive index was
assumed constant for all pressures. Unfortunately the present ex-
perimental limitations mentioned herein preclude such further analysis.

The preceding suggests experimental improvements which should be
considered for future work. To extend the range in theta over which
the scattering data is valid, the horns should be placed inside a
suitable vacuum chamber. Coating the walls of the vacuum vessel with
a microwave absorber would essentially eliminate secondary reflec-
tions. 1In this situation one could measure only the scattered field
at large scattering angles and would not need a description of phase

and amplitude of the incident wave. Then using the changes of position
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of the extrema and zero crossings of the power and phase data one
could more accurately determine plasma properties. The phase and
amplitude changes of the received wave were relatively small; as
another laboratory modification, a method to increase the discharge
current and the physical size of the plasma should be developed. To
achieve the high currents, transient techniques, such as the dis-
charging of capacitor banks, could be relied upon. The increase of
physical size would follow as a consequence of the higher currents
(see the photographs in Section 2). The associated transient micro-
wave measurements would give scattering patterns for specific times
throughout the duration of the transient. Thus a plasma decaying in
a dipolar magnetic field could be investigated. Also, measurements
for the case when wp > w could be taken. Finally, the magnitude of
the static magnetic field could be made much larger so that wB/w is
not negligible. Then, as suggested by the work of Nagelberg (1964),
measurements of the changes in the polarization of the received wave
would also give information of the plasma properties. Such experi-
ments will provide a broad spectrum of experimental results for
verifying the many existing theories concerning the scattering prop-

erties of plasma clad bodies.
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APPENDIX A
DETERMINATION OF ION DENSITIES AND ELECTRON TEMPERATURES

The procedure used to obtain ion densities from the probe data
is presented in this appendix. The method to obtain these densities
is given in a paper by Johnson and Malter., (1950) Their simple
theory, assumed to be valid for this case, supposes that the energy
distribution of the particles is Maxwellian, charge neutrality exists,
the electron current is governed by the Boltzmann exponential law and
no electric or magnetic fields are present. Using these assumptions

the authors show the following relation to be true

i
= 27 _+
N, = 1.34 x 10 Y

M, /T )1/2 (A.1)
+ T+

where i+ is the saturation current, AS is the area of the probe sheath,

M‘ is the mass of the ions and T+ is the temperature of the ions.

In the following sample calculation we use the probe character-
istics for a point in space 0.5 cm from the surface of the sphere when
the discharge current is 30 ma and the pressure in the vacuum chamber
is 150 microns (see Figure 2.4). For our case, with air as the gas
in which the discharge was initiated, M+ = mass of the nitrogen mole-

cule = 4.65 x 10_23 gms. Further, T, is expected to be slightly higher

+

than the temperature of the neutral background and is taken to be

The value of i, is taken

o . .
350K and AS is approximated to be 2Aprobe° +

from the curves and is seen to be 94 ma., For these wvalues N+ from
11

Equation (A.1l) is 5.95 x 10 cm_3. The same calculations were carried

out for each point in space and each current shown in Figures 2.5 and
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2.6 by assuming that As’ M+ and T+ remained constant for all these

cases and thus

Ci(x
N+(x) =N, (.5cm) Eztézﬁy (A-Z)

where N+(x) and i(x) are the density and saturation current respec~
tively at the particular point in space where the expression is being
evaluated.

Using the "equivalent resistance' method proposed by Johnson and
Malter the electron temperature profile in the equitorial plame for
the above example was determined. The basic equation for this method

is

T = 11,600 (6-G2) R ) ip (A.3)

where G = (1e2/1p) ] Vd -0 RO = (dVd/dld) ‘ Vd -0 and 2 1p is the

sum of the magnitudes of the saturation currents. Using the same
saturation curve as above, G—G2 = 0,247, Ro = 0,228, z iP = 160 and
thus Te = 10.5 x 104. Evaluating these constants at other points in

space for this pressure and current led to Figure A.1l.
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APPENDIX B
ELECTROMAGNETIC SCATTERING BY A PLASMA COVERED SPHERE

In this appendix the theory of scattering of plane electromagnetic
waves from a plasma coated spherical conductor is presented. The
approach is general in the sense that the plasma properties are assumed
to be radially symmetric. The geometry of the scattering problem is
as described in Section 3. The analysis extends the combined works of
Born and Wolf (1959), Wyatt (1962), and Erma (1965, 1967) through the
introduction of a plasma-metal boundary. A discussion of the approach
to the problem precedes the actual analysis.

To begin the problem, Maxwell's equations, the constitutive re-
lations and the assumption of charge neutrality are discussed in terms
of a spherically symmetric medium. To reduce the wvector problem to
one involving scalars, the two curl equations of Maxwell's equations
are solved by the superposition of two linearly independent field solu-
tions, namely; the transverse magnetic wave and the transverse electric
wave. Each partial wave is expressable in terms of a scalar potential
°I or ™I. It is shown that the equations ety satisfy are separable
in spherical coordinates; the O and ¢ dependencies are in terms of
standard orthogonal functions but the radial variable obeys quite
complicated differential equations involving the plasma properties and
only in special cases reduce to differential equations satisfied by
analytic functions.

In a consistant manner scalar potentials fbr the incident field,

scattered field and the field within the sphere are given. The incident
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field potentials are completely defined but the potentials of the
scattered field and the field within the sphere (as well as the po-.
tentials in the plasma region) contain unknown coefficients. Applying
boundary conditions at the plasma-free space boundary and at the plasma-
sphere boundary leads to eight simultaneous equations involving the
unknown coefficients. - This set is solved for the unknown constants
appearing in the potentials of the scattered field, the so called
"scattering coefficients." These coefficients are in terms of funec-
tions of the properties of the plasma, radial extent of the plasma
and radius of the sphere. Allowing the conductivity of the sphere to
grow large simplifies these expressions. somewhat.

Specifying the plasma properties in terms of its refractive index
completely defines the scattering coefficients and thus the scattered
field. At the conclusion of the analysis the scattering coefficients

are expressed for a special case of plasma refractive index.

B.l Expressions for the Field Quantities in a Spherically
Symmetric Medium

Using the MKS system of units Maxwell's equations may be written

as

VxH=J+ 3D/ot (B.1)
Vx E=- 3B/t (B.2)
VeD=p (8.3)

V+«B=0 - (B.4)
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The field quantities are related by the following equations.

B = uH (B.5)
D = €E (B.6)
J = oF (B.7)

We consider the case of constant magnetic permittivity in all regions

while the dielectric constant € and the conductivity ¢ may be func-

-iwt
tions of position., Using the assumed time convention of e equa-
tions (B.1l) and (B.2) can be written in the form
VxH=oE - iweE = - klﬁ (B.8)
VxE= iwuH = kzﬁ (B.9)
where
. io
k, = i (¢ + =) = £f(r) (B.10)
1 w
kZ = iWd = constant (B.11)
2

and K™ = - klk2 ’ (B.12)

is the equation defining the propagation constant. Note that the
problem is completely specified by (B.8) and (B.9) since (B.4) follows
from the divergence of (B.9) and (B.3) follows from (B.7), (B.8), and

(B.13), the assumption of charge neutrality

. T 49D _
VeldJ+ e 0. (8.13)

Having the two basic equations (B.8) and (B.9) we now concern

ourselves with their solution when € and ¢ are function of the radial
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distance r from the origin. In a spherical coordinate system (r, 0,

¢) equations (B.8) and (B.9) can be writtenﬁ(ﬁith the time dependence

oWt suppressed)

1 ‘ o(r H¢ sin®) o(r HG)
- kl Er = 2 { PY:) - 30 . (B.14)
r~ sinb
oH a(r H, sin) :
= 1 T b
~ kK By = Toine {34) B or } (B.15)
o(r H,) oH
_ 1 8’ T
T {"_"—sr 5 } (B.16)
3(r E, sinb) 3a(r E.)
= 1_ ¢ _ 6
r~ sind v
9E 3(r E, sinB)
- 1 T NS
Ky Hg = T5in0 { ad 5t } (B,18)
: 3(r E) OE
- 1 ~ 6~ _ T
k2 H¢ T { or 36 } v (B.l9)‘

The general solution of this set of‘differential equations may be
written as the superposition of two linearly independent field solu-
tions: the "transverse magnetic wave" (ef, ®H) for which Hr = 0, and
the "transverse electric wave" (mﬁ, mﬁ) for which Er = 0, Each wave
will be derived from scalar potentials (eH, mH) which are known as
Debye's potentials.

Considering first the (eﬁ, i) wave, Equations (B.1l4) to (B.l9)

take the form
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- iy éEr -2 :ine {a(r e:de) o “a(ra:%)} | (8.20)
"kleEe=—%{(rH)} »‘(3.21)
- Ky eEq; =% { ?—(ra——;’—)-} | (B.22)
. . zi,ne {a(r eEgesinG) ) B(ra:EQ)} .23

k, Hy = 751 {B:qE)r & esf Sine)} (B.24)
et (e )

Iwo expressions which will be useful later can be obtained by substi-
tuting (B.21) into (B.25) and (B.22) into (B.24). Performing these

substitutions one obtains

e

f 2 9,123 e 9 Er
o ki 3% (klﬁ? r Hy = k; 755 (8.26)
k d(E)
2 e 1 r
{K + k1 or (k Br } r HG - 7 sind ¢ (B.27)

Recalling that the gradient of a scalar function can be expressed

in spherical coordinates as:

VU= 2= T + % 6 + b (B.28)
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one sees that Equation (3.23) is satisfied by choosing °E = VU. oOr

e
gy = = 2L (B.29)
e _ 1 2°u
By = T eind 39 | (8.30)

P - .
Furthermore, if "U is defined in terms of another scalar °I as

U= = G °m (B.31)
then Equations (3.29) and (3.30) can be expressed in terms of 1.

e 1 82 e
Ee = < 3550 (r 1) (B.32)

e 1 32 e
E¢ T T sin® 9ro¢ (r "D (8.33)

Substitution Equation (B.32) into Equation (B.21) and Equation (B, 33)

into Equation (B.22) one obtains expressions for eH and eH . Per-

(o} 6

forming these substitutions one gets

-k 2
1 _0 e _ 1 9 e ‘
= 3756 (r-1) = - el (r H¢) A (B.34)
k 2
1 9 e _ 1 2 e
and T sind orag & M = ¢ 37 (r Hy (B.35)

These may be satisfied if eH¢ and eH6 are defined as

e 3 e K1oa

e
6 RERY. I= T 36 (r ) (B.36)
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e ™2 e M b cm

He ~ sind 55 ‘ r sinf ad

(B.37)

Further, substitution of Equations (B.36) and (B.37) into (B.20) one

obtains

2

e, _ _ -1 3, ...0%m 13" e
Er " r sinf {86 (s1nf 26 ) + sinb 2 H} (B.38)

9

Now substitute (B.38), (B.36) and (B.37) into (B.26) and (B.27) to

obtain
3 2 31 3. e 1 3, .. 2%
96 {le + kl or (kl Br):lr T+ r sin6 236 (sinb 0 )
2
+ 1 - 9 - en}= 0 (B.39)
r sin"® 9¢

2
+ 1 3 eII}= 0 (B.40)

A sufficient condition for both (B.39) and (B.40) to be satisfied is
that the bracketed term in both equations vanish. Notice that setting
the bracketed term equal to zero yields an equation which °I must

satisfy, namely:

2
3 L, 3 L3 21 e L3 g O
[kl 5t (kz) w T 3 tK :i r T + 7o e (s1nd 33

+ = 0 (B.41)
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. ’ 5
1 1371 3 e 2 3°m 3% 2 e 1
r(_k or Br)rn+r3r'+ 2v+K I + 2,
1 or r~ sinb
2e
3 . oI 1 -
o6 0350 * 75 7 =0 (B.4D
r sin 0 9¢
which can be written in a more concise form as
ok
2 e 1 1 3 e 2 e _
V-l - Tz 3% 5% (r M+K T =0 (B.42)

1

Combining Equations (B.41) and (B.38) leads to an expression for feEr

. € .
in terms of II. - The result is

2 ok
e _ 23 2 1 1 29 e
| E. = [——— +K - 3T 5% (r ) (B.43)

We have succeeded in satisfying the‘original Equations (B.20) to (B.25)
in terms of the potential ®I which satisfies Equation (B.42).
o . M= MW=, .., W
We now turn our attention to the magnetic wave (E, mH) with Er

= 0. Equations (B.14) to (B.19) then take the form

1 {B(r de) sinB) _ a(r InHe)}

0 = (B.44)
r2 sinf a9 a¢
3™ d(r MH, sinb)
I r ¢
- kl mEG T r sine{ 30 ar } (B.45)
3(r MH,) o™y
-k, mE¢ =% {—_31' & _ aer } (B.46)

m X m
o To- 2l {_g__e_(r E¢ sinf) _ 3 (r EG)} (B.47)
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3(r "E, sind)
k. g =1 { o :} o (B.48)

2 G r sin® 8r

w
o

1 ) m
9 6= ‘;{5-; (r Ee)} (B.49)

However, this last system of equations can be obtained from Equations
(B.20) to (B.25) under the transformations:

e= = e= m=
E > ™; ®E - -TE; k, > kys ok, > kg (B.50)

Since those transformations convert the electric equations (Equations
B.20 to B.25) identically to the magnetic wave case (Equations B.44

to B.49), all components of the magnetic wave vectors can be expressed
in terms of a scalar potential ™M transforming equations (B.32),
(3.33), (B.36), (8.37), (B.42) and (B.43) according to (B.50), and
letting °I + ™I. The result is (keeping in mind that K2 # Kz(r) 50

that 8K2/8r = 0):

2 | 9r
my - i—;;ﬁi—e  "m
By = kT T ai:¢ (x "M
b (B.51)
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¢ a6 (B.51)
where ™I must satisfy
T O (B.52)

Finally assuming that the most general solutions of the electromagnetic
vectors are E = “E(°I,™M) + "E(°N,™0) and # = SH(°M,™M + "H(Cn,™m

the total field may be expressed as

2 k.-
= @____l__ _1 3_ 2 e
El’ - [8 2 k, 3r 293 + K ] r (B.53)
r 1
2 k
- 1L 9 e 2 9
By = ¢ 56 & D +T5me 95 ¢ D (B.54)
2 k
= 1 9 e 2 09
By = om0 395 & M -7 5 ¢ D (B.55)
52 2
i, = [ + K (r "M : (B.56)
r 2
or
_k 2
= 1 3 e 1 .9
By = T sind 3¢ (r ") +7 355 (¢ ) (B.57)
k 2
. 1 9 e 1 ) m
H¢, Cor a6 (" + r sin® 0r9b (r H) (B.58)

The scalar functions ‘Il and "I appearing in Equations (B.53) to (B.58)

are obtained by solving Equations (B.42) and (B.52). Equations (B.42)
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and (B.52) may be separated in spherical coordinates according to

standard methods and the general solutions written in the forms:

oo A [~
r o = lzo Z Wz(r) a cosm$ + bm sinm¢:} Pi (cos) (B.59)
=0 m=0 B
[+ ba —
r M = z E Gz(r) ¢ cosmp + d sinmd PE (cosB) (B.60)
220 m=0 ™ "

where am, bm, Cm, and dm are arbitrary constants, P? (cosB) is the
associated Lengendre Polynomial, and wl and GZ are general solutions

of the differential equations

2
d 2 d&K 4 2 (D) )
2% "X a ar "t [K 2 :’WJL =0 (B.61)
dr r
2
9—2 c, = ‘:Kz - ﬂ-’%ﬁ:‘ ¢, = 0 (B.62)
— |

This completes the description of Maxwell's Equations in a
radially inhomogeneous medium. Thus given a specific K(r), one may
find the general solutions W% and GK and then determine the arbitrary

constants by imposing suitable boundary conditions.

B.2 Incident Field Expressed in Terms of e,mn

To impose boundary conditions at the spherical surfaces the in-
cident plane wave is expressed in terms of scalar potentials. The

polarization of the incident wave and the reference coordinate system
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is shown in Figure 3.7. With this scattering configuration the inci-

dent wave is characterized by the following field components.

. el
o S e iK'z - wt) -
X o}
E. = E. = 0
vy 4
(B.63)
. I I
e K,w E e iK'z - wt)
y M,
H. = H = 0
X Z

The spherical coordinates (r, ©, ¢) appropriate to the problem are

defined by

X = r sinf cos¢

vy = r sinb sin¢ (B.64)
and z = T cosh ;

further one may transform the components of any Cartesian vector (A)

to a spherical system according to the rule

A = A sin® cos¢ + A_ sinb sind <+ A cosb

T b4 y z
Ae = AX cosB cos¢p + Ay_cose sin$p - Az sin® (B.65)
A¢ = A.X sing + Ayrcos¢
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Using this rule one can express the r-components of the incident field

as:
i iKIr cosb
Er = E0 e ' sinb cos¢ (B.66)
i iKIEo iKIr cosb
Hr = I e cosf sin¢ (B.67)
X

To find the potential functions eﬂl, ™" from which the above fields

can be derived we proceed with the well-known formula

| o
e T eost Ly 5t a1y 3, &) B, (cosd) (B.68)
2=0
5
where jR, (KIr) = {——]%—} JJZ,+1/ (KIr) (B.69)
2K r 2

defines the so-called "spherical-Bessel function." Using the

identities
I iK'y cos o
e iK'r cosb _ 1 de r cos (B.70)
iKIr 3 (cosB)
sz(cose) 1

sinb E—?EBEET— = Pl (cosB) (B.71)

and
1
Po (cosB) = O (B.72)

Equation (3.68) can be written as:



103

[+

7oavl (e i, &) P}L (cosB); (B.73)

iKIr cosB 1
e i
K'r sinf &=1

further, if we introduce the Ricatti-Bessel function defined by

I 1%
v, «&'r) = k'r iy &) = ]:ﬂ-%lj Tom, ®'r) (B.74)

into (B.73) the Equations (B.66) and (B.67) can be written in the

form

E cos¢
E. = OI 2 2 il—l (22+1) wz (KIr) Pi (cosb) (B.75)
(K'r)” =1
I
1 E sind K
H = =3 2 T.2 ) 1+-1 (28+1) ¥, (KIr) Pi (cosb) (8.76)
K, (rK7) 2

In terms of (eﬂl, and mHl) Equations (B.75) and (B.76) can be written

as
i 32 I éﬂ e i
Er =| —3 + K r 1 (B.77)
or -
i 82 1 2— m.i
Hr =|— + K r 1 (B.78)
or —

Equations (B.77) and (B.78) were derived from (B.53) and (B.56) by

néting that in Region I, K{ # Ki(r). But when Ki # Ki(r) then W2

and G% satisfy the same differential equation, namely:

Faly
dr2 2

[}
o

; [ 2 _ w_ziz] :, (5.79)
r
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However, this equation is satisfied by wl(KIr)‘so that in Region I
W, , G, + ¥,&r) (. 80)
L 7L '3 )

Consequently one may write the trial solution of the general expres-

sions for potentials of the incident wave as

E cosp

T eHi = ZKI)Z WL ay wR(KIr) Pt(cos@) , (B.81)
, i E sin¢ |, I o
m_ i 0 K I 1
r 1 = [————:l—— ) b, ¥,(Kr) P, (cosh) (B.82)
1.2 I 2 7% 3
o (K™) k2 2=1

Substituting Equations (B.81) and (B.84) into Equations (B.77) and

(B.78) one obtains the following expressions

. E cos¢p o 2
B = _2;1)_2_ 221 a, P} (cos6) B———z- v, + D7 wQ:] (B.83)
= r
. i E sinp o 2 I
i 0 ; 1 9 1,2 K~
H_ -—————(KI)Z R,Zlb'q' P, (cosb) [Brz Yo + KD %J g (B.84)
2

Equating Equation (B.83) to Equation. (B.75) and Equation (B.84) to

Equation (B.76) one can write

E cos¢p o Eo cosp

== 1 a, PQM;Q— === 1 1*71 (2041) by P;, (B.85)
(K 2=1 r (Kr)° 2=1

and
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s . . I
i E0 sing I 1_Eo sing K== o

K- z b Pl 2 (A+1) v, = 2 iﬁ—l (29+1)
1.2 I 2 7% 2 2 I 2 1.2
(KD k2 =1 T k2 T’ (X)" 2=1
v, P B (B.86)
L2 R *

where the bracketed terms in Equations (B.83) and (B.84) were elimi-
nated through the use of Equation (B.79). By comparing coefficients
in Equation (B.85) and (B.86) one obtains the following relations

for the coefficients ak and bl'

-1 (2841)
ag = i %L (B.87)

-l (2041)
b2 = i % (UHD) (B.88)

Using these expressions for the coefficients the scalar potentials

v for the incident can be written as:

E0 cos¢

ept . o ° -1 (2841) I 1
o ®H? =1 17 g V&) Pylcosd) (B.89)

I
. i K sinp E
r it s 2 ] MLy @) ppteos®)  (2.90)
@h? g
2

B.3 Expressions for the Scattered Fields

We now turn to the problem of determining the total fields in
the presence of a plasma covered spherical body.. This general field,
at all points outside the scattering configuration, is assumed to be

composed of the incident plane wave and a scattered wave. . The scalar
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potentials of the plane wave were derived in the‘last section and are
given by Equations (B.89) and\(B.90).' The’potentials of the scattered
field (superscripted with s) and the field within the sphere (super-
scripted with III) can be obtained from the general expressions (B.59)

and (B.60) where Wz(r) and Gz(r) must satisfy

9 _
d“ u
2“ +[K2-’““2fl JU -0  (B.91)
dr r %

1
-,

To integrate this equation, set Kr = 0 and UQ = (p) Z(p) (remember-

ing that Uz = rR) and obtain Bessel's equation:

2 2
az 1 Q_Z_J,{KZ_H_%)_}Z:O (B.92)
dpz p dp o

The solutions to this equation can be written as

1
- doy®
v, () G I, @ (B.93)
L
LI N B.94
Xy (P) G Ny (0 (B.94)
The general scolution to (B.91) may be written
xR = M, Y, (Kr) + Ny X, (Kr) (B.95)
. , ' n ' . 1 .1
with Ml = 1 and N2 = —i we have the "Hankel function (Cz (K'r))

which vanishes at infinity. The radial functions in the expression

for the scattered wave is assumed to be of the form

e,m 1 I
By T, (K'r) (8.96)
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since this wave must vanish at infinity, while the radial function in
the potentials from which the field within the sphere is derivable

takes the form
cy wl’ dl wz (B.97)

so that this field is finite at the origin. In Equations (B.96) and

(B.97) €. 2 and dz‘are constants chosen to satisfy boundary

Bl; c
conditions.
Moreover, since the boundary conditions at r = a and r = b must
hold for all values of O and ¢ it is assumed that all potentials have
, e,myi . .
the functional dependence on 9 and ¢ as does .. Using this

assumption, the potentials of the scattered field and the field trans-

mitted into the sphere can be written as

E cosdp = _
r °r° = -° .2 Z eBz z 1 é%%$%% Cz(p) P (cose) (8.98)
(K)“ 2=1
i 1B st 2 g A1 o)
r e 5 [ ey 1 AT ) Pyleos®)  (B.99)
K™k, =1
el _ Fo °% T 91 (2p41) 1
v &2 o5y co 177 L) Ve (gP) By (cosh) (8.100)
II1 iE, sin¢ 2 A1 g 2+1) 1 |
r T = 111 L I11 ) dp 1 L) by (ny0) Py(cosd) (B.101)
Kk, g=1

Introduced into these equations is the 'relative dielectric constant"

of the plasma and the Greek letter rho defined by

: |
ni=-1%; 0o=FKr; i=71I, III (B.102)
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Similarly the potentials in Region II may be written in the form

i

E cosp o
ell _ o 9-1 (29+1)
r I = (K II) 22 i A1) P (cosﬁ)[j Xz(p) + 82 Yz(p{} (B.103)
mpIT _ i E_ sing "z° -1 (2041) L1 6 © + 5. 7 (o] (5100
T h KII kII P52y % (4+1) (cos My l 0 . Y, 0 .
) |

where Xz(p), Yz(p), Uz(p), and Vz(p) are defined through the relations

Wo(p) = g X, (p) + By Y (p) (B.lo§>

]

G (p) = ¥, Ug(p) + & V(o)  (B.106)

and Ops Bl’ Yy and 6% are arbitrary constants. Note that Region II
does not contain the origin so that the four solutions of the two

radial equations

2

a%w, (o) dn, aW, (o)

i E ] Wo(e) =0 (8.107)
a“p 2 P 9P P

a%c, (p)

— A7 p2 S &AL 6y =0 (B.108)
de 2 pZ 2

must be retained in the e,mHII expressions.
Requiring the tangential components of the ‘E and H vectors to be
continuous at the boundaries defined by r = a and r = b leads to the

following boundary conditions in terms of the scalar potentials,

I,II

LI enl>ITy _  IL,IIT  eqIL,III, (B.109)

k 1
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%or & o1t = 2o (@ oI
k;,1’1 L N kgl,III (r Pt I1Ty (B.109)

B/Br (r mHI,II) - a/ar (r mHII,III)'

In these expressions e,mHI = S0t ¢ S8 eee. By satisfying these

boundary conditions at ¥ = a (p = y) and * = b (p = x) one obtains:

®s, [c,ﬁf(x)/kﬂ - o, [xz(m/kfj - 8, [Y,L(x)/kf] = -V, @)k,

e 1" % [ 2 9 ' Bo [ 2 9% |
By [‘?z <X>] "2 I:'—z'p_X(X)+X (X)J’_z "n, 3 T -
n, n n, 2

Y’ (x)] = - Y,

Y 8
m 1 3 % -
By [%Q(X):} - ;; UQ(X) - ;; Vz(x) = - w£<x>

1 Y 1 dn § 1
"8, z;i (x) /K - —IT&— [U (x) - = —2 U(x):]— 1% [v (x) - i—

n, dp
2 ™2 2 k, n, 2
dn ' ¥, )
2 %
2o | - -
dp I
k2
o X(y) /Ky + By Y /KT = e, b, (ngy) /T = 0
% |:_ 2x(y) I X'(y)‘J 2 l} 2v(y) ¥ Y'(y)]
ng(y) ny ) de ng(y) 2 de
C,Q, -‘
;‘;(;)- Yp(ngy) =0 (B.110)
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i ‘ .
;;]y) Uy ) + 8y Vo(y)/n,(y) - dzlwz(n3y)/n3(y) =0
JT 1) [‘ nyy) @ a7 Uz(y’] * T 1) [‘ n,(y) @
' dﬁ‘ '
Vo(y) +V (y{] - ;355 by (ngy) =0 (B.110)

2

These eight equations can be solved for the scattering coefficients

e,mBz. The results are

=P, (%) ' X, (%) Y, (%)
e, 'R 2 2
B,Q, ~ 1 {AD - BC} + wQ,(X) {-— D 11 + C T }

k k k
2 2 2
L N R Xz(x) Yg(x) (B.111)
CQ(X) AD - BC /k2 - (X){; D —;Tf_ + C 1 }
2 2
where
dn, (x) ! dn. (x) !
s, B e 50l v - 50
n, (x) n, (x) n, (x) nz(x)
(B.112)
dn, (y) ' dn, (y) !
c=|-% 27xe +ED|man-|-L 27 yy + LO
ni(y) 9° n2 () >y 4 2
5 5y n, (y n; (y
"By= ~Up () fny (x) E Vo (y) + ny(x) F U ()}
E%(X){ " same as above }
WZ(X)
4 (B.113)
gy ()
- I { same as above }
k

2
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£ - [_U" ® 1 dn, (=) ]

i T, () ’kglng(x) do. UG5
! dn, (%)
F=|- y—éﬁ + Ii > 2 V(x)] (B.114)
dp
sznz(x) k, nz(x)

The limit of n, + © has been used in the derivation of these equations.
. . . ' ' , e,my
Having now the scattering coefficients, one may substitute

into Equations (B.53) to (B.58) to find general expressions for the

components of the scattered fields.

oe]

ES = B cos¢/(Kr)? Y °B i (2041) Plcos ) zixr) (B.115)
T 0 0=1 2 2 2
(o o]
s _ 1 -1 (2841) e 1' 1 1' ,
Ee = E0 cos¢d/ (K r) gzl i (D) {} BQ Cz (X'r) Pz (cosB)sinb
+ i mBQ"C;(KIr) P;:(cose)/sinﬁ} (B.1}6)
- Pl (cosh)
s _ . I A1 (2041 [ e 1',. 1 2
Ey = E, sind/K'r le N TN { By Tg (K1) =108
1
+1i ™8, ct&%r) Pl (cosB) sind (B.117)
J A A 2
B =iE sing/RKikir? § ¥ e U8, ol @) Pl(cose) (B.118)
r o 2 021 L2 7L 2
P Pl(cose)
_ . I 2-1 204D [ e 1,1 2
Hy = E, sing/kyr zzl S YO { By T Kr) —o1mp

H
+ i mBZ Ct (KIr) P% (cosH) siné} (B.119)
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~ I, Y .o-1 84D fe, 1.1, .1 L
H¢ = Eo cos¢/k2r 221 i 2(2+l)‘{: Bl Qz(K r? Pz (cose)Vslney

1
P, (cosB)
~ ., m 1' 1 L
+ i BSZ, QQ,.(K T) —ind } (B.120)

B.4 The Refractive Index of a Plasma Medium: The Scattering
Coefficients for Constant n

The refractive index n is related to the physical parameters of

the plasma by means of the Appleton-Hartree (Budden, 1961) equation:

2 X
> i (B.121)

i
Y Y, *
V-5 [—T—Tf‘fi]
4(U-X)

With the assumption of no externally applied magnetic field present in

the plasma region, this expression reduces to

wz(p)

2 1
n(p) =1~ > T (B.122)
. w
We consider the special case of a plasma coating which is
characterized by a constant refractive index. When the refractive
index of the plasma is a constant value, dnz/dp = 0. Consequently,

the differential equations which Wx(p) and Gk(p) satisfy become

identical and have the two solutions

1

n,p *
wg(“zp) = (-37—0 Jz*%(nzp) (B.123)
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- Tnyp %

Letting Xz(p) Uz(p) = ‘J’z(nzp)
Yo = Vop) = ¥%p(n,0)

the scattering coefficients may be written as

o
1l

0 [— ¥, () {— by (0y%) X, (0,7) + W, (m,y) xz(nzx)} + 9, )

{- ng lIJJL(nzx) Xg‘(nzy) + ng wz(nzy) XR,(HZX)}]/E;:(X)

-
1
{same as above} - Qi (x) {same as above}

o

g = Ew,L(x) {wi(nZX) Xy (n,¥) - X;L(nzx) w£<n2y>} + KPL(X)
{Pz(n?_x} Xg (1,y5) = Xg(ny%) wg(nzy)}] I [C}L(x)
{same as above} - Zi'(x) {same as above}:l

(B.124)

(3.125)

(B.126)

(B.127)

(B.128)



