


a 

THE ROSENBLUTH-FERRARO-DUNGEY 

SHEATH 

by 

Charles Buffalano 

July 1968 

Report No.  68-006 

Department of Space Science and Applied Physics 
The Catholic University of America 

Washington, D. C. 2001 7 

This research was supported by the National Aeronautics and Space Administration 
under Grant N G R-09-005-025 



h 

Abstract 

e This document reviews and evaluates the Rosenbluth- 

Ferraro-Dungey model of the interaction region between a cold 

collisionless plasma and a vacuum magnetic field. e 

‘3 It is our belief that the microstructure of plasma- 

vacuum interfaces is far from well represented by this model. 

Ne believe that its use in magnetospheric models has been 

successful only because the sheath characteristics used have 

been especially insensitive to the fine structure of this 

model. 
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1. Review and Discussion of the Rosenbluth-Ferraro-Dungey Sheath 

The Rosenbluth-Ferraro-Dungey sheath is a simplified 
zr 

@ model of the transition region between a cold, collisionless, 

streaming plasma and a vacuum magnetic field. It has been used 

*I as the microscopic model for the interaction of the solar wind 

and strong planetary magnetic fields (Dungey 1958 ,  Ferraro 1952 ,  

and Beard 1960,  1 9 6 4 )  and as a model of the sheath in a pinch 

collapse (Rosenbluth 1963). 

In these early papers, the following sheath physics 

was expected (see Figure 1). The plasma streams in from the 

left and impinges on the magnetic field which extends off to 

the right. As the plasma advances into the magnetic field, the 

electrons are turned first by the u x B forces acting on them. 

The more massive ions advance further into the magnetic field 

until they are turned by an electric field due to the charge 

separation. Both species then stream away from the sheath 

eventually regaining their original velocities. 

one can distinguish four distinct regions in the interaction. 

On this basis, 

Far to the left of the interface is the region where only the 

smallest deviations from free streaming occur. 

the electric and magnetic fields and the induced currents and 

charges are very small and asymptotically approach zero at 

In this region 
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minus i n f i n i t y .  W e  w i l l  c a l l  t h i s  t h e  " f a r  upstream" region.  

Moving toward t h e  i n t e r f a c e ,  t h e  nex t  reg ion  i s  t h e  "magnetic 

sheath".  I n  t h i s  reg ion  t h e  electric f i e l d  i s  very s m a l l  b u t  

t h e  magnetic f i e l d  grows r a p i d l y  and almost reaches i t s  vacuum 

value.  Next, i s  t h e  charge s e p a r a t i o n  region.  A t  i t s  l e f t  

d 

Q 

M 

end t h e  e l e c t r o n s  are turned  around and a t  i t s  r i g h t  end t h e  

ions  a r e  turned around. Electric f i e l d s  are l a r g e  and the  

region con ta ins  only ions .  F i n a l l y ,  t h e  e n t i r e  r i g h t  h a l f  

space i s  t h e  vacuum region  and con ta ins  no p a r t i c l e s  from t h e  

plasina stream. I t  does contain,however,  a magnetic f i e l d  and 

a t  p lus  i n f i n i t y  t h e  c u r r e n t  s h e e t  which suppor ts  it. 

H i s t o r i c a l l y ,  shea th  a n a l y s i s  began with estimates 

of t h e  l e n g t h  scale a s soc ia t ed  wi th  t h e  magnetic s h e a t h &  m '  
(See f o r  example Dungey 1958,  F e r r a r o  1952 and Beard 1 9 6 0 . )  

These e s t ima tes  w e r e  based on approximations v a l i d  i n  t he  f a r  

upstream and magnetic shea th  r eg ions  bu t  i n v a l i d  i n  t h e  charge 

sepa ra t ion  region.  These approximations and c a l c u l a t i o n s  are 

reviewed i n  Sec t ion  3 .  Analysis  gave f o r  t h e  magnetic shea th  

scale: 
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Since t h e  number d e n s i t y ,  N ,  i n  t h e  solar  wind i s  of t h e  o r d e r  

of t e n  p a r t i c l e s  p e r  cub ic  c e n t i m e t e r ,  t h e  magnetic s h e a t h  i s  

very  t h i n  compared t o  t h e  scale of  t h e  magnetosphere (%60,000 km) so 

it has been i d e a l i z e d  i n  magnetospheric models as van i sh ing ly  

t h i n  and t h e  e lectr ic  f i e l d  effects have been c o n s i s t a n t l y  

neglected.  

An important  r e s u l t  of  t h e s e  e a r l y  s t u d i e s  w a s  t h e  

formulat ion of t h e  "p res su re  ba lance"  r e l a t i o n  based on conser-  

v a t i o n  of momentum c o n s i d e r a t i o n s .  These l e a d  t o  t h e  fo l lowing  

jump cond i t ion  between q u a n t i t i e s  a t  p l u s  and minus i n f i n i t y  

(see Sec t ion  2 ) .  

Because t h i s  r e s u l t  i s  e x a c t  and does n o t  depend on a d e t a i l e d  

knowledge of t h e  i n t e r a c t i o n  p h y s i c s , i t  p l ays  t h e  same impor tan t  

role he re  t h a t  t h e  Rankine-Hugoniot r e l a t i o n s  p l a y  i n  c o l l i s i o n  

dominated shock theory .  

Recently however, c r i t i ca l  examination of this s h e a t h  

model has i n d i c a t e d  s o m e  of i t s  l i m i t a t i o n s .  I t  w a s  n o t  u n t i l  

Sestero (1965) and Davies ( 1 9 6 7 )  performed a numerical  i n t e -  

g r a t i o n  of t h e  s h e a t h  equa t ions  t h a t  t h e  f i n e  s t r u c t u r e  of t h e  
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charge s e p a r a t i o n  reg ion  w a s  ob ta ined .  

t i o n s ,  Sestero and Davies concluded t h a t  t h e  prev ious  p h y s i c a l  

p i c t u r e  of t h e  shea th  w a s  i n c o r r e c t ,  I n  t h e  solu-  

t i o n s  they ob ta ined ,  e i t h e r  e l e c t r o n s  o r  i o n s  could t u r n  

f i r s t  and t h e  e n t i r e  sheath could  e i t h e r  be n e u t r a l  o r  c o n t a i n  

excess  charge depending on t h e  va lues  o f  upstream p a r t i c l e  

d e n s i t y  and v e l o c i t y  (de t a i l s  are p resen ted  i n  Sec t ion  3 ) .  

Davies c a l c u l a t e d  t h a t  f o r  t h e  parameters  a p p r o p r i a t e  t o  t h e  

s o l a r  wind ,e lec t rons  tu rned  f i r s t  b u t  t h e  shea th  w a s  n o t  n e u t r a l .  

Based on t h e i r  c a l c u l a -  

The excess  charge in t roduces  an undes i r ab le  electric 

f i e l d  i n  t h e  vacuum region  whose magnitude i s  -10 volts/m f o r  

t h e  s o l a r  wind parameters .  Pa rke r  ( 1 9 6 7 ) ,  unhappy even w i t h  

the  e lectr ic  f i e l d  which e x i s t s  i n  t h e  charge s e p a r a t i o n  reg ion  

when t h e  shea th  i s  n e u t r a l ,  sugges ted  t h a t  p a r t i c l e s  from t h e  

ionosphere could e a s i l y  t r a v e l  a long t h e  magnetic f i e l d  l i n e s  

and d ischarge  t h e  l a y e r .  I f  t h i s  i s  t h e  case, t h e  m o r e  exten-  

s i v e  f i e l d  caused by t h e  excess  charge w i l l  a lso be d ischarged  

by drawing p a r t i c l e s  e i t h e r  f r o m  t h e  i n t e r i o r  of  t h e  magnetos- 

phere or from t h e  ionosphere.  I n  t h i s  case, electric f i e l d  

e f f e c t s  w i l l  be n e g l i g i b l e  and a s tudy  of n e u t r a l  shea ths  

would be r equ i r ed .  Pa rke r  and Lerche ( 1 9 6 7 )  have suggested 

however, t h a t  even n e u t r a l  shea ths  may be p h y s i c a l l y  un- 

accep tab le  s i n c e  t h e  presence  of s t reaming v e l o c i t i e s  p a r a l l e l  
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t o  t h e  i n t e r f a c e  causes  secondary vacuum magnetic f i e l d s  which 

r equ i r e  e i t h e r  another  source  c u r r e n t  o r  h igh  p a r t i c l e  pres -  

su res  t o  a s s u r e  confinement. 

I n  add i t ion  t o  t h e s e  d e t a i l  d i f f i c u l t i e s  w i th  t he  

simple s t a t i o n a r y  shea tn  model, no demonstrat ion has  been made 

t o  show t h a t  t h e  sheath i s  stable. I n  f a c t ,  it is more 

reasonable  t o  b e l i e v e  t h a t  it i s  no t .  Counterstreaming of  

the co ld  plasmas occurs  throughout  t h e  l e f t  h a l f  space  of 

Figure 1 and e l e c t r o s t a t i c  i n s t a b i l i t i e s  s e e m  unavoidable.  

What one expec ts  i s  t h a t  i n i t i a l l y  e l e c t r o n  s t reaming i n s t a -  

b i l i t i es  dominate and r a p i d  e l e c t r o n  the rma l i za t ion  occurs .  

Subsequently t h e  ions  are thermal ized  as they  stream through 

t h e  w a r m  e l e c t r o n s .  The  d e t a i l s  o f  t hese  processes  and t h e  

d e s c r i p t i o n  of t h e  f i n a l  state are beyond t h e  scope of l i n e a r  

t h e o r i e s .  

A l l  i n  a l l ,  it i s  t h e  a u t h o r ' s  b e l i e f  t h a t  t h e  micro- 

s t r u c t u r e  of plasma-vacuum i n t e r f a c e s  i s  f a r  from w e l l  r epre-  

sen ted  by t h e  Rosenbluth-Ferraro-Dungey shea th .  W e  b e l i e v e  

t h a t  t h e  use of 

success fu l  on ly  

been e s p e c i a l l y  

t h e  model i n  magnetospheric models has  been 

because t h e  shea th  c h a r a c t e r i s t i c s  used have 

i n s e n s i t i v e  t o  t h e  f i n e  s t r u c t u r e .  
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2 .  Formulation of  t h e  Problem 

The self c o n s i s t a n t  system of equa t ions  governing t h e  

co ld ,  c o l l i s i o n l e s s  shea th  has  been formulated w i t h  vary ing  

degrees  of completeness i n  prev ious  papers  ( F e r r a r o  1952, 

Dungey 1958, Zosenbluth 1963, S e s t e r o  1 9 6 4 ,  1965, B e r t o t t i  1963, 

Berns te in  and Rabinowitz 1959, Beard 1 9 6 0 ,  1 9 6 4 ,  and Davies 1 9 6 7 ) .  

W e  w i l l  p r e s e n t  on ly  t h e  b a r e s t  o u t l i n e  h e r e  so t h a t  t h e  equa- 

t i o n s  w i l l  be a t  hand. 

W e  wish t o  cons ider  t h e  confinement of  a one dimensional 

plasma, t h a t  i s ,  a plasma i n  which a l l  t h e  parameters  depend on 

only a s i n g l e  space v a r i a b l e ,  x. The Vlasov equat ion  f o r  a hydro- 

gen ic  plasma and Maxwell's equa t ions  f o r  t h e  f i e l d s  are: 

and 
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The charge d i s t r i b u t i o n  and t h e  c u r r e n t s  may be w r i t t e n  i n  t e r m s  

of t he  d i s t r i b u t i o n  func t ion  as : 

and 

P o t e n t i a l s  are introduced fo r  B and E. 

and 
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i 

Because c o l l i s i o n s  have been neglec ted ,  one can o b t a i n  c o n s t a n t s  

of t h e  motion f o r  each spec ie s  by i n t e g r a t i n g  t h e  s u b s i d i a r y  

Lagrange equat ions (Chandrasekhar 1 9 6 2 ) .  The Vlasov equat ions  

w i l l  then be s a t i s f i e d  by any d i s t r i b u t i o n  func t ions  which 

depend only on t h e s e  cons t an t s .  They are: 

+ - m - 

A change of v a r i a b l e s  from [u, v ,  wl t o  [Cl, C2,  C s l  

permits  t h e  eva lua t ion  of t h e  charge and c u r r e n t s  when a distri-  

but ion func t ion  i s  chosen. I n  spec i fy ing  t h e  d i s t r i b u t i o n  

func t ions  w e  w i l l  r e q u i r e  a tminus i n f i n i t y  t h a t :  a)  t h e  plasma 

be co ld  and have a c e n t e r  of m a s s  v e l o c i t y  [Ux, U 

b)  t h e  electric and magnetic f i e l d s  be zero  and t h a t  c) t h e  

va lues  of t h e  f i e l d  p o t e n t i a l s  cp and A go t o  zero.  Since t h e s e  

p o t e n t i a l s  can only be found t o  wi th in  an a d d i t i v e  cons t an t  w e  

are f r e e  t o  make t h i s  choice. 

Uz] and t h a t  
Y '  
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The d i s t r i b u t i o n  func t ion  chosen is: 

w 

and when t h i s  i s  in t roduced  i n t o  ( 7 )  and (8 )  one o b t a i n s :  

J.5 = o  
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The s e l f  c o n s i s t a n t  system of equat ions  desc r ib ing  t h e  shea th  

i s  then:  

and t h e  boundary condi t ions  a r e  

The gene ra l  t h r e e  dimensional  c o l l i s i o n l e s s  system has 

an exac t  i n t e g r a l  which can be obta ined  by mul t ip ly ing  t h e  Vlasov 

equat ions through by t h e  v e l o c i t y  v e c t o r  (u ,  v ,  w ) ,  adding t h e  

two Vlasov equat ions and i n t e g r a t i n g  over  t h e  e n t i r e  v e l o c i t y  space.  



- 11 - 

" 

Currents  and charge d e n s i t i e s  which appear can be rep laced  us ing  

Maxwell's equa t ions .  The fo l lowing  r e s u l t  i s  obta ined .  

For t h e  system considered he re  t h i s  reduces t o :  

This  i n t e g r a l  i s  f r equen t ly  c a l l e d  t h e  "pressure  balance" r e l a t i o n  

and expresses  t h e  conserva t ion  of momentum normal t o  t h e  i n t e r -  

f ace .  I t  i s  of cons iderable  importance because it i s  an e x a c t  

i n t e g r a l  of t h e  system of equat ions  and does n o t  depend on t h e  

d e t a i l  s t r u c t u r e  of t h e  shea th .  

t h e  i n t e r f a c e  which p lays  t h e  s a m e  macroscopic role as t h e  Rankine- 

Hugoniot r e l a t i o n s  i n  c o l l i s i o n  dominated shock theory .  

I t  provides  a jump cond i t ion  a t  

I n  Equations (12 )  through (15)  and aga in  i n  ( 2 3 )  

square  r o o t s  o f  t h e  form 
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are t o  be taken. These forms are p a r t i c u l a r l y  impor tan t  i n  t h e  

a n a l y s i s  of t h e  shea th  because they  s p e c i f y  t h e  r e l a t i o n s  

between t h e  v a r i a b l e s  a t  t h e  p a r t i c l e  t u r n i n g  p o i n t s .  Using 

the cons tan ts  of t h e  motion g iven  i n  (11) it can e a s i l y  be 

shown t h a t  

Since t h i s  form i s  always p o s i t i v e  t h e  square  r o o t  i s  always 

real .  I t  i s  zero a t  t h e  t u r n i n g  p o i n t s  where u is  zero .  The 

locus of tu rn ing  p o i n t  coord ina tes  i n  t h e  (A ,A  ,I$) space can 

be obta ined  t h e r e f o r e  by s e t t i n g  ( 2 4 )  equa l  t o  zero.  For 

example, i n  F igure  2 t h e  upper curve l abe led  I T C  ( i o n  tu rn ing  

curve)  i s  obta ined  by s e t t i n g  ( 2 4 )  equa l  t o  zero  f o r  t h e  i o n s  

whi le  t h e  lower curve l abe led  ETC is  obta ined  by s e t t i n g  ( 2 4 )  

equa l  t o  zero f o r  t h e  e l e c t r o n s .  A t y p i c a l  s o l u t i o n  c r o s s e s  

both t h e  I T C  and t h e  ETC wi th  t h e  e l e c t r o n s  being turned  back 

Y Z  

a t  the  ETC and t h e  ions  a t  t h e  I T C .  

F i n a l l y ,  because of t h e  sepa ra t ion  of t h e  i o n  and 

e l e c t r o n  tu rn ing  p o i n t s ,  t h e  express ions  f o r  q, and J, given  

i n  (13)  t o  ( 1 6 )  p roper ly  apply only  before  e i ther  spec ie s  i s  

turned  back. Once a s p e c i e s  i s  turned  back,  i t s  c o n t r i b u t i o n  

t o  charge and c u r r e n t  is  z e r o  and t h e  appropr i a t e  t e r m  i n  (13) 

t o  (16) i s  d e l e t e d ,  

- - 
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3 .  The " S t r a i g h t  In"  C a s e  

The s imples t  c o n f i g u r a t i o n  occur s  when U and Uz Y 
are taken t o  be zero ,  I n  t h i s  case, p a r t i c l e s  f a r  f r o m  

t h e  shea th  have no v e l o c i t y  components p a r a l l e l  t o  t h e  i n t e r f a c e  

and stream " s t r a i g h t  i n "  t o  t h e  shea th ,  

A c o n s i s t a n t  s o l u t i o n  of  (18) t hen  has  AZ equa l  t o  

zero everywhere which i n  t u r n  means t h a t  w i s  zero  and t h e  

p a r t i c l e s  move i n  t h e  x ,y  p lane  as shown i n  F igure  1. The 

remaining equat ions  s t i l l  cannot be solved i n  c losed  form i n  

gene ra l  b u t  one exac t  s o l u t i o n  does e x i s t .  For t h e  s p e c i a l  

cases i n  which t h e  e l e c t r o n  and ion  masses are equa l  t h e  

e l ec t r i c  f i e l d  i s  zero everywhere and t h e  magnetic f i e l d  can  

be obta ined  a n a l y t i c a l l y .  Consider t h e  asymptot ic  form of 

(16) i n  t h e  f a r  upstream region  where A and 4 are s m a l l .  
Y 

a) (25) 
a 

Now i f  m=M, (25) has  no s o l u t i o n  which goes t o  z e r o  a t  minus 

i n f i n i t y  except  t h e  t r i v i a l  one cp=O. Then ( 1 7 )  becomes 
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and t h i s  i s  i n t e g r a b l e  (see for  example Dungey 1 9 5 8 ) .  The 

l eng th  scale a s s o c i a t e d  wi th  t n e  s i z e  of t h e  magnetic s h e a t h  

i s  found t o  be: 

While t h i s  s o l u t i o n  i s  e x a c t  it i s  of r e l a t i v e l y  l i t t l e  

i n t e r e s t  because it shows none of t h e  phenomena a s s o c i a t e d  

w i t h  t h e  e lectr ic  f i e l d  and i s  based on an unpnysical  m a s s  r a t i o .  

An h i s t o r i c a l l y  impor tan t  b u t  approximate r e s u l t  can 

a l s o  be obta ined  using the charge n e u t r a l  assumption which 

a t tempts  t o  inc lude  s m a l l  e lec t r ic  f i e l d  e f f e c t s  by r e p l a c i n g  

Po i s son ' s  Equation ( 1 6 )  w i t h  t h e  a l g e b r a i c  cond i t ion  t h a t  Cq, 

be zero.  This  replacement w a s  j u s t i f i e d  on t h e  p h y s i c a l  grounds 
- 

t h a t  t h e  plasma cannot suppor t  s i g n i f i c a n t  charge s e p a r a t i o n  

because of i t s  high conduc t iv i ty .  The c o n d i t i o n  t h a t  charge 

s e p a r a t i o n  be n e g l i g i b l e  l e a d s  t o  t h e  r e l a t i o n :  

Then ( 1 7 )  becomes 

5 
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which i s  i d e n t i c a l  i n  form t o  ( 2 6 )  

i n t e g r a l .  

now shows t h e  unequal masses and is:  

and t h e r e f o r e  has  t h e  s a m e  

The l eng th  scale a s s o c i a t e d  wi th  t h e  magnetic shea th  

The same r e s u l t s  can be obta ined  i n  a much more satis- 

fy ing  way, however, by cons ider ing  t h e  asymptot ic  forms of cp and 

A a t  minus i n f i n i t y  (Ses t e ro  1 9 6 5 ) .  

( 2 5 )  shows t h e  asymptot ic  behavior  of 0 and (31) shows t h e  

asymptot ic  behavior  of A : 

Where 4 and A Y are s m a l l ,  Y 

Y 

- 2  0 

The asymptot ic  forms can be ob ta ined  immediately by i n t e g r a t i o n .  

( 3 2 )  x 

and 

__._ . -  
c= 

( 3 3 )  

( 3 4 )  
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Note t h a t  ( 3 3 )  c o n t a i n s  only  t h e  non-homogeneous p a r t  of I$ 

because t h e  homogeneous p a r t  does n o t  go t o  zero  a t  minus 

i n f i n i t y .  

A l l  of t h e  prev ious  a n a l y s i s  deals only  w i t h  t h e  

reg ions  f a r  from t h e  i n t e r f a c e .  The f i n e  s t r u c t u r e  of t h e  

sheath due t o  e lectr ic  f i e l d  effects has n o t  proved amenable 

t o  a n a l y s i s .  

equa t ions  numerical ly  and thereby  o b t a i n  a complete s o l u t i o n .  

An e f f o r t  has  been made however t o  i n t e g r a t e  t h e  

I n  1965, Sestero p resen ted  t h e  r e s u l t s  of h i s  

numerical  i n t e g r a t i o n  of t h e  equa t ions  governing t h e  shea th .  

Then i n  1 9 6 7 ,  Davies performed a s i m i l a r  i n t e g r a t i o n  

extending t h e  r e s u l t s  t o  i n c l u d e  r e l a t iv i s t i c  e f f e c t s .  Both 

i n v e s t i g a t o r s  found anomalous behavior  of  t h e  s o l u t i o n s .  Pr ior  

t o  t h e i r  c a l c u l a t i o n s  it w a s  g e n e r a l l y  b e l i e v e d  t h a t  i o n s ,  

because of t h e i r  g r e a t e r  momentum, would always be tu rned  back 

a f te r  t h e  e l e c t r o n s  and t h a t  t h e  shea th  would be n e u t r a l  i n  t h e  

sense  t h a t  t h e  excess  p o s i t i v e  charge i n  t h e  charge  s e p a r a t i o n  

reg ion  would j u s t  cance l  t h e  excess  n e g a t i v e  charge i n  t h e  

magnetic shea th .  Both S e s t e r o  and Davies produced s o l u t i o n s  i n  

which t h i s  w a s  n o t  t h e  case. I n  s o m e  cases, i o n s  w e r e  t u rned  

back f i r s t  and i n  g e n e r a l  t h e  s h e a t h s  w e r e  n o t  n e u t r a l  b u t  had 

excess  charge which could  be e i t h e r  p o s i t i v e  or negat ive .  
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The i n t e g r a t i o n s  of Sestero and Davies are performed 

by using t h e  asymptotic forms f o r  4 and A 

va lues  f o r  t h e  func t ions .  Equat ions ( 1 6 )  and (17)  are then  

numerical ly  i n t e g r a t e d  and t h e  momentum i n t e g r a l  (23) used t o  

provide a check on t h e  i n t e g r a t i o n .  

shown i n  F igure  2 i n  t h e  A 4 space.  The t r a j e c t o r y  of  a 

s o l u t i o n  i s  traced o u t  i n  t h i s  space as an  i m p l i c i t  f u n c t i o n  

of x. Consider t n e  s o l u t i o n  for  U / c  = .45.  S t a r t i n g  a t  

s m a l l  va lues  of A and I$ i n  t h e  l o w e r  l e f t  c o r n e r ,  t h e  so lu-  

t i o n  moves t o  t h e  r i g h t  pass ing  through t h e  e l e c t r o n  t u r n i n g  

curve,  then through t h e  ion  t u r n i n g  curve and f i n a l l y  becomes 

l i n e a r  i n  t h e  region beyond t h e  l a s t  t u r n i n g  p o i n t .  The s l o p e  

i n  t h i s  l i n e a r  reg ion  g i v e s  t h e  ra t io  of  t h e  e lectr ic  and 

t o  o b t a i n  s t a r t i n g  
Y 

Sestero’s s o l u t i o n s  are 

Y ’  

Y 

magnetic f i e l d s  so t h e  f a c t  t h a t  t h e  s l o p e  i s  non-zero shows 

t h e  e x i s t e n c e  of an e lectr ic  f i e l d  i n  t h e  vacuum region.  

The e x i s t e n c e  of t h i s  e lectr ic  f i e l d  i s  a n  unexpected 

r e s u l t  of t h e  c a l c u l a t i o n s .  I n  order f o r  t h e  s o l u t i o n  t o  be 

c o n s i s t a n t  wi th  t h e  boundary c o n d i t i o n s  a t  minus i n f i n i t y  it 

i s  necessary t o  have n o t  on ly  a c u r r e n t  source  a t  p l u s  i n f i n i t y  

b u t  also a charge source.  Such a charge source  w a s  n o t  p a r t  of 

t h e  o r i g i n a l  concep tua l i za t ion  of t h e  s h e a t h  which w a s  t o  be 

a t r a n s i t i o n  r eg ion  between a f i e l d  f r e e  plasma and a vacuum 

magnetic f i e l d .  I n  geophys ica l  a p p l i c a t i o n s ,  f o r  example, 



- 18 - 

I -  

- 

while  t h e  magnetic f i e l d  is e a s i l y  i d e n t i f i e d  as due t o  c u r r e n t s  

i n s i d e  t h e  e a r t h  t h e  e x i s t e n c e  of a l a r g e  scale electric 

f i e l d  i s  d i f f i c u l t  t o  imagine. This  i s  because t h e r e  are so 

many charged p a r t i c l e s  p r e s e n t  i n  t h e  magnetosphere t h a t  

n e u t r a l i z a t i o n  s e e m s  h igh ly  l i k e l y .  The a d d i t i o n  of s h e a t h  

cu rva tu re  e f f e c t s  w i l l  somewhat reduce t h e  e x t e n t  of t h e  f i e l d  

by causing a l / R 2  f a l l  off i n  t h e  f i e l d  b u t  t h i s  w i l l  n o t  s o l v e  

the  conceptual  problems associated w i t h  t he  e lectr ic  f i e ld .  

Tha t  such a cnarge i s  a c t u a l l y  necessary  can be seen 

by cons ider ing  t h e  e lec t r ic  f i e l d  due t o  t h e  plasma charge and 

charge Q 6 ( x - = ) .  Since  t h e  charge depends only  on t h e  s i n g l e  

space v a r i a b l e  x and i f  t h e  l a s t  t u r n i n g  p o i n t  i s  a r b i t r a r i l y  

taken t o  be a t  x=O then:  

I f  x i s  less than  zero,  t h e  f i e l d  i n  t h e  plasma i s  obta ined .  

0 

I (%to) = _._ 

2% 
r( 

In t roducing  t h e  asymptot ic  form f o r  q i n  t h e  f i r s t  i n t e g r a l  and 

t ak ing  t h e  l i m i t  as x goes t o  minus i n f i n i t y  w e  o b t a i n :  
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But t h e  boundary cond i t ion  a t  minus i n f i n i t y  i s  t h a t  Ex be zero ;  

t h e r e f o r e  t h e  a d d i t i o n a l  charge i s  equal  t o  the excess  shea th  

charge b u t  oppos i t e  i n  s i g n .  The a d d i t i o n a l  charge need n o t  be 

a l l  a t  p l u s  i n f i n i t y  b u t  can be sp read  throughout  t h e  p o s i t i v e  

h a l f  space. The only  requirement i s  t h a t  i t s  sum be t h e  va lue  

s p e c i f i e d  above. 
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4. Neutral Sheaths 

. " 

n 

Analysis shows the existence of electric fields in 

both the charge separation region and the vacuum field region. 

Parker (1967), discussing the electric field in the charge 

separation region, suggested that such a field would be rapidly 

discharged in the geophysical case by charged particles drawn 

from the ionosphere since all the geomagnetic field lines pass 

through the ionosphere at high latitude and particle diffusion 

along the field lines is relatively unhindered. If these argu- 

ments are valid for the charge separation field, they will 

equally apply to the vacuum electric field caused by the excess 

sheath charge. 

Since it seems likely that electric fields cannot 

exist for long at the boundary of the magnetosphere, we wish 

to consider the possible configurations of neutral sheaths. 

In a neutral sheath, we distinguish an active streaming plasma 

of solar origin and an immobile passive plasma of magnetospheric 

origin. The passive plasma does not produce currents at the 

sheath but only acts to neutralize charge imbalance in the 

active plasma causing 9 to be zero everywhere. Now the problem 

is to solve for A and AZ using (17) (18), (20) and (21). 

The passive charge distribution required is given by: 
Y 
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.^ 

Iv 

I n  t h e  " s t r a i g h t  i n "  case, where U and Uz are bo th  
Y 

zero, AZ i s  zero everywhere and A i s  ob ta ined  by s o l v i n g  ( 3 9 ) .  
Y 

. 
'/hl + ( 3 9 )  

Again A f a l l s  o f f  exponen t i a l ly  a t  minus i n f i n i t y  wi th  t h e  same 

leng th  scale given i n  ( 3 4 ) .  F u r t h e r ,  F igure  2 shows t h a t  t h e  

e l e c t r o n s  w i l l  always t u r n  back f irst .  The phys ics  of  t h e  

" s t r a i g h t  i n "  i n t e r a c t i o n  holds  no s u r p r i s e s .  

Y 

I f ,  however, one permi ts  non-zero va lues  of U and U z r  
Y 

thereby in t roduc ing  s t reaming components p a r a l l e l  t o  t h e  i n t e r -  

face,new phys ica l  effects  occur .  We no te  f i rs t  t h a t  t h e r e  i s  no 

t r a n s l a t i o n a l  i nva r i ance  i n  e i ther  t h e  y or  z d i r e c t i o n .  The 

s o l u t i o n s  t h e r e f o r e  are n o t  simply those  of t h e  " s t r a i g h t  i n "  

case w i t h  p a r a l l e l  components superimposed. Rather ,  s i n c e  t h e s e  

p a r a l l e l  s t reaming components g i v e  r ise  t o  a d d i t i o n a l  c u r r e n t s ,  

t h e  phys ics  i s  m o r e  complicated,  Consider,  f o r  example, t h e  

a d d i t i o n  of t h e  s t reaming v e l o c i t y  U,. 

c u r r e n t  i n  t h e  z d i r e c t i o n  i n  t h e  magnetic s h e a t h  due t o  t h e  

There i s  now a nega t ive  

upward s t reaming e l e c t r o n s  and a p o s i t i v e  c u r r e n t  i n  the  charge 

s e p a r a t i o n  reg ion  due t o  t h e  upward s t reaming ions .  These 
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cur ren t s  g i v e  rise t o  the  magnetic f i e l d  p o t e n t i a l  AZ. 

e x t r a  component is  undes i rab le ,  however, s i n c e  it neces- 

s i t a t e s  t h e  add i t ion  of an unphysical  c u r r e n t  a t  p l u s  i n f i n i t y  

o r  the  add i t ion  of e l e c t r o n  and ion  thermal effects (Lerche 1 9 6 7 ) .  

This  
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5. Conclusions and Research Di rec t ions  

The Rosenbluth-Ferraro-Dungey shea th  i s  probably a 

poor microscopic model of t h e  t r a n s i t i o n  reg ion  between a stream- 

ing  plasma and a magnetic f i e l d .  The extraneous electric and 

magnetic f i e l d s  r equ i r ed  by c o n s i s t a n t  s o l u t i o n s  of t h e  gene ra l  

sheath equat ions in t roduce  conceptual  d i f f i c u l t i e s  which are un- 

avoidable f o r  a r b i t r a r y  d i r e c t i o n s  of t h e  i n c i d e n t  plasma. We 

a r e  p re sen t ly  i n t e g r a t i n g  (17 )  and (18 )  f o r  t h e  gene ra l  n e u t r a l  

sheath t o  estimate t h e  magnitude of t h e  induced f i e l d s  b u t  w e  

do n o t  expect  t h e  r e s u l t s  t o  change t h e  gene ra l  conclusions.  

W e  a t t r i b u t e  t h e  success  of t h e  model n o t  t o  i t s  

d e t a i l e d  co r rec tness  but  r a t h e r  t o  t h e  f a c t  t h a t  t h e  shea th  

c h a r a c t e r i s t i c s  modeled have been independent of t h e  d e t a i l .  

For example, a p a r t i c u l a r l y  important  r e s u l t ,  t h e  "p res su re  

balance",  Equation ( 2 3 )  i s  c o r r e c t  f o r  - any shea th  which e x i s t s  

even i f  it i s  warm a s  long a s  t h e  v a r i a t i o n s  i n  f i e l d  v a r i a b l e s  

normal t o  t h e  shea th  a r e  l a r g e r  than t h e  v a r i a t i o n s  p a r a l l e l  t o .  

t h e  sheath.  

The warm shea th ,  a b e t t e r  model, is  much more d i f f i -  

c u l t  t o  quan t i fy  however because of t h e  e x i s t e n c e  of t rapped 

o r b i t s  and t h e  non-stat ionary c h a r a c t e r  of t h e  flow. While 

some e f f o r t  has  been made i n  t h i s  d i r e c t i o n  (Lerche 1 9 6 7 )  t h e  
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results lack generality. We hope to continue our research with 

warm sheaths and study numerical simulations of these transition 

regions. 
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