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ABSTRACT

This document is one in a series covering the development
and use of the Generalized Spacecraft Simulation (GSS). The formula-
tion of the basic equations used in programming the simulation is
presented in “wo volumes. Volume I, which supersedes Reference 5,
contains the derivation of a set of nonlinear, large-angle dynamics
equations for an N-body system, including gravity gradient and disturb-
ance torques and forces. Volume II defines and presents the equations
for a generalized active control system.

The basic spacecraft configuration consists of N connected bodies.
Body 1 is considered the main spacecraft structure wherein the orbital
experiments are housed. Each of the N-1 auxiliary bodies is assumed
to be attached to Body 1 at an arbitrary single point, to have up to three
degrees of rotational freedom relative to Body 1, and no interconnection
with the other auxiliary bodies. The relative rotation of the auxiliary
bodies, with respect to the main body, is assumed to take place about a
gimballed hinge. For axes with degrees of freedom, the reaction torques
may be zero for a frictionless pin, may be proportional to displacement
or velocity to represent springs and dampers, or may be control torques
for array drives. In addition, the motion about any gimbal axis is
limited by a system of elastic gimbal stops.

The disturbance parameters considered include solar radiation
forces and torques, thermal bending torques, aerodynamic forces and
torques, and magnetic torques. Magnetic disturbances are based upen
a simple dipole magnetic field representation. Thermal! bending, both
in plane and out of plane, is computed for all booms. Solar and aercdy-
namic disturbances include the effects of the thermally deflected boom,
and are based upon up to four basic shapes for each body. The shapes
considered are spheres, flat plates, cylinders, and parallelepipeds.

In addition; the equations necessary to incorporate the effects of
solar eclipse, boom deployment, and magnetic hysteresis dampers, have
been derived and presented in the form required for digital programming,
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1. INTRODUCTION

This document is one in a series of documents covering the devel -
ocpment and use of the Generalized Spacecraft Simulation (GSS). This
simulation is a general purpose digital computer program designed to
produce a time history of the motion of a generalized multi -body space-

craft, The program input is provided in general form such that the major-

T ity of existing and proposed spacecraft may be simulated in an arbitrary
orbit about any preselected body. The output is in both tabular and plotted
form. Provisions are made to plot up to 48 of up to 256 preselected vari-

ables.

The basic document covering the simulation is the User's Handbook,
Reference 3. which contains a complete description of the program and its
uses. The present document is a reference document to the User's Hand -

book and consists of two volumes. Volume I, which supersedes Reference

- 5, contains the derivation of a set of non-linear large-angle dynamic equa-

tions for an N body system including gravity gradient and disturbance

torques and forces. The disturbances considered are due to aerodynamics,

AR e

solar radiation, the magnetic field, thermal bending, eclipse, and boom
deployment. The reaction torques between bodies may result from springs,
viscous dampers, stops, magnetic hysteresis dampers, and positioning
control torques. Volume II of the present document defines and presents
the equations for a generalized active control system. The sensor routine
provides for two rate gyros, two horizon scanners, and two two-axis sun
sensors complete with sensor dynamics. The sensors may be patched to
the control systems through saturating lead-lag cormpensation networks.
The control systems consist of three gas jet systems, four reaction wheel
systems, and two array drive systems, where each conirol system is
provided with 6 possible control laws. Reaction wheel speed control and

unloading loops are provided.

The digital programming of the simulation is covered in a fourth

document, Reference 2, which contains the program listings and flow

diagrams,

1-1




2. SPACECRAFT CONFIGURATIONS

The basic satellite configuration under investigation consists of N
connected bodies. Body 1 is considered the main satellite structure . :esre-
in the orbital experiments are housed. Each of the N-1 auxiliary bodies is
assumed to be attached to body 1 at a single point, to have up to three de-
grees of rotational freedom relative to body 1 and no interconnection with

the . .aer auxiliary bodies.
2.1 DYNAMIC REPRESENTATION

The relative positions of the mass elements of each of the N bodies
are defined with respect to corresponding sets of body coordinates. It is
assumed that the mass elements of the bodies may be in motion with re -
spect to each other and that this motion is defined with respect to the cor-

responding body coordinates.

The main body of the satellite, designated as body 1, is the only body
which is required to huve some degree of rigidity. The relative positions
of the attach points or hinge points for the auxiliary bodies are assumed to
be fixed in body 1 coordinates. The vector location of the hinge point for
the it body is given by ﬁi expressed as three constant components in the
body 1, x, y» and z; coordinate system. In general the allowable relative
motion of the mass elements of a given body with respect to its body axes
is used to simulate the effects of flexibility (thermal bending), changes in
shape (boom deployment), and momentum changes (reaction wheels).
These effects are expressed in the dynamic equations as momentum vec -
tors and f{ime rates of change in momentum defined with re¢spect to the

corresponding body coordinates,

The relative rotational positions of the N bodies are defined by the
relative positions of the corresponding body coordinates. As noted above,
each auxiliary body is assumed to have three degrees of rotational freedom
about its point of attachment to body 1. The relative rotation of the ith
body with respect to body 1, where 1 may have values from 2 to N, is
assumed to take place about z gimballed hinge nominally aligned with the
three orthogonal body axes of body i. The components of the hinge torque

about each of the gimbal axis is a function of the reaction torques at these

R e
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axes. For axes with degrees of freedom these reaction torques may be

zero for a frictionless pin, may be proportional to displacement or veloc-
ity to represent springs and dampers, or may be control torques for array
drives. In addition, the motion about any gimbal axis is limited by a sys-

tem of elastic gimbal stops.

Body 1 is assumed to be rigid with respect to the hinge points of the
auxiliary bodies and with regard to the mass moments of inertia. How-
ever, the body dynamics may include an arbitrarily oriented angular mom-
entum vector which may have programmed changes in the magnitudes of
its components. This momentum vector is used to simulate reaction
wheels in the main body. The inertia of the wheels is included in the
inertia matrix for the body and the momentum is defined with respect to
tbe body axes. The mass properties of body 1 are defined by its total
mass, Ml’ and a constant nine element inertia matrix, [11]. The three
diagonal terms represent the mass moments of inertia with respect to the
body coordinates while the off diagonal terms are the negative of the cor-

responding products of inertia.

Each auxiliary body i is defined as k masses, m, supported by
uniform rods each of which is oriented, in body i axes, by the arbitrary
position vector ﬁik' The value of k may be 1,2, 3, or 4, The auxiliary
bodies are allowed to change shape due to thermal bending and deployment
of the k rods or booms, and may contain arbitrary oriented and controlled
reaction wheels. These effects are represented dynamically by changing
linear and angular momentum vectors. In order to generalize the mass

properties of body i, represented by the masses m,, ., each mass is given a

constant inertia matrix defined with respect to the end of rod ﬁik‘ The
total mass of body i is given by
4 B
M. = z m, (2.1-1)
L = T '

Due to changes in shape the expressions for the location of the center of

mass and the total inertia matrix for body i are time varying functions.

-




2.

2 .DISTURBANCE REPRESENTATION

The disturbance parameters considered include solar radiation for -
ces and torques, thermal bending torques, aerodynamic forces and torques,
and magnetic torques. Magnetic torques are computed upon the bases of
an arbitrary oriented magnetic moment on body i. Thermal bending both
in plane and out of plane, together with solar and aerodynamic forces and
torques may be computed for all booms. Solar and aerodynamic disturb-
ances include the effects of the thermally deflected boom. The following

solar and aerodynamic shapes are considered for the main body and tip

masses,
0. Point Mass
1. Sphere
2. Flat Plate
3. Cylinder
4. Parallelepiped

Each of the six bodies of the system may be represented by four
shapes. For the auxiliary bodies any one of the possible shapes may be
placed at the tip of each boom with any desired orientation. It is assumed
that the centroid of the shape is at the tip of the vector Rik' In the case of
the main body the four shapes may have any orientation and the location of

each centroid is defined by an arbitrary input vector.

2-3
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3. COORDINATE SYSTEMS

In dercribing the motion of body 1 and the auxiliary bodies a number
of right-haad orthogonal coordinate systems are used. These coordinate

systems are defined and described below.

3.1 INERTIALLY FIXED COORDINATE SYSTEM

The inertially fixed coordinate system has its origin at the center of
the earth and is defined by unit vectors :_:I, '{rI, and 'z'I. The '}'rI axis is nor-
mal to the equatorial plane, positive northward, and 'z'I is along the autum-

nal equinox. The coordinate matrix for this system as defined by Equa-

tion 3-10 of Reference 1 is given by
1

{51} =1 % { (3.1-1)

NI

Since the coordinate system is inertially fixed its rotational velocity

vector is given by

o, = 0 (3.1-2)

3.2 ORBITAL REFERENCE COORDINATE SYSTEM

The orbital reference coordinate system has its origin at the center |

of mass of the total satellite and is defined by unit vectors ;EM’ '}'r'M, Z
The Z,, axis is directed toward the center of mass of the earth, the 'JEM
axis lies in the orbit plane and forms an acute angle with the tangential
velocity vector and the ?M axis is normal to thg orbit plane, see

Figure 3.2-~1. The vector distance from the center of the earth to the

'center of mass of the total satellite is §M'

s
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Figure 3.2-1. Inertial and Orbital Reference Systems

A second orbital reference system, designated as the body 1 refer-
ence system, has its origin at the center of mass of body 1 and is defined
by unit vectors x, -iR' and 'z'R. This coordinate system is produced by
pure translation of the EM' i'rM and 'z'M. system to the center of mass of
body 1, therefore, the corresponding coordinate axes are parallel. From

Equation 3-14 of Reference 1.

S., = {s

M

ad, Byt = Gyg) (3) (.2

T

The coordinaie matrices are

= <?R 3 | (3.2=2)

i
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From Figure 3.2-1 it may be seen that

{SMM} = {SMR} = (¢ 0 ) (3.2-3)

where SM is the magnitude of the vector location of the total spacecraft

mass with respect to the center of mass of the earth. The rotational

S
A

AR

‘velocity vectors for the orbital reference systems are

Gr = yndr @) = lopgde @g) (3. 2-4)

and

(3.2-5)

' lopem? = logrl

The coordinate transformation matrix between {61} and the orbital refer-

ence systems is [E] such that

B}

[E] {Q} (3. 2-6)

{Qp} = [E1{Q} (3. 2-7)

3.3 BODY 1 COORDINATE SYSTEM

The body 1 coordinate system has its origin at the center of mass of
body 1 to coincide with the origin of the body 1 reference coordinate

system, and is defined by the unit vectors E3Y 71, and 'z‘:l. The axes are
. oriented in body 1 such that they coincide with the corresponding axes of
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the reference system when body 1 is in its nominal position. The

coordinate matrix for the body 1 coordinate system is

.l

Q) = { (3. 3-1)

<l
Pt

N
[V

and the rotational velocity vector for the body 1 coordinate system is

Gl where

& = o))y Q) | (3. 3-2)

The coordinate transformation matrix between {QR} and {Q,} is [A]

such that

’ {Q,} = [a] {Qp} (3. 3-3)

using Equation 3. 2-7

{Q,} = [A)[E] (@} (3. 3-4)

3.4 BODY i NOMINAL COORDINATE SYSTEM

The body i nominal coordinate system has its origin at the attach
point between body i and body 1 and is defined by the unit vectors Eni’ Vi’
and z_.. The body i nominal coordinates are fixed relative to the body 1
coordinates and determine the nominal location of the body i coordinates
relative to body 1. The coordinate matrix for the fxominal body i coordin-

ate system is

(3.4-1)




The coordinate transformation matrix between {él}and {6ni}is [Bi] such
that

Q) = [B]{Q) (3. 4-2)

where [Bi] is a three by three matrix of constants. The rotational velocity
vector for the {6ni} system is the same as for the body 1 coordinate

system

G = Ay = fep) Q)= feryd @)= B )] Q) 6.4

ni

T

Let the vector location of the body i attach point with respect to the
body 1 center of mass be ﬁi where the components of ﬁi are defined in the

body 1 coordinate systerh

g, = {u,;} {Q;}=

i T [Bi] {uil}

- {Q ni} (3. 4-4)

where the three components {uil}are constants,
3.5 BODY i COORDINATE SYSTEM

The body i coordinate system has its origin at the attach point
between body i and body 1 coincide with the origin of {éni} system, and
is defined by the unit vectors ii, i‘ri, and Ei. The axes are oriented in
body i such that they coincide with the corresponding axes of the {Qni}
system when body i is in its nominal position. It should be noted that the
orientation of the {Qni} system is arbitrarily defined by the selection of
the constant [Bi] transformation matrix which in turn defines the orienta-
tion of the body i axes with respect to body i. The coordinate matrix for

the body i coordinate sy'stem is

o
D
g
n
<l

(3. 5-1)

ittt




and the rotational velocity vector for the body i coordinate system is Zbi
where

& = {wii}T {61} (3. 5-2)

The coordinate transformation matrix between {éni‘} and {ﬁi}is [Ci] such
that

From Equation 3, 4-2
{Ql} = [Ci] [Bi] {Ql}

Let

[Di] = [CI] [Bi] (3. 5"4)
then

{Q;} = [p] {Q;} (3. 5-5)
The body i coordinate system {bi} has its origin at the attach point to
body 1 and not at the body center mass, Let the vector gosition of the
center of mass of body i with respect to the attach point be i'ri where the

components of i'ri are defined with respect to the {f)i}coordinate system.,
Then

1

. = {V“}T {éi} (3. 5-6)

where the three components {vii} are variables.
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4. METHOD

The equations of motion are sufficiently complexed to warrant an
initial discussion of the general approach to be utilized. The ultimate
objective of this derivation is to provide a set of differential equations of
motion to be programmed for a digital computer. When provided with a
set of initial conditions and disturbances the program will then produce a
time history of the motion.

Considering each of the N bodies as a free body in space, it will
have six rigid body degrees of freedom neglecting any internal elastic
degrees of freedom. In general, the six degrees of freedom c¢an be
expressed by three force equations and three moment equations, however,
for this derivation the matrix notation established in Reference 1 will be
used and the three force equations will be expressed as a single matrix
force equation an:{ the three moment equations by a single matrix moment
equation. The 6N degrees of freedom of the N bodies considered as free
bodies may then be expressed by N matrix force equations and N matrix
moment equations. At the attach point between an auxiliary body and
body 1 the reaction forces between the bodies may be equated thereby
eliminating three degrees of freedom and one matrix force equation.
Since all of the auxiliary bodies are attached to body 1, the system will
have 3 (N+l) degrees of freedom and the motion may be represented by
N matrix moment equatizii> and one matrix force equation. Since the
reaction forces between the bodies are equal and opposite, the force
equation must equate the sum of the external forces to the product of the
total satellite mass and the acceleration of the center of mass. The
solution of the force equation will describe the motion of the center of
mass of the spacecraft and will, therefore, give the orbital equations for
the spacecraft from which the location of the center of mass and the posi-
tion of the orbital reference axes can be computed for any instant of time.
The remaining N matrix moment equations are the dynamic equations
describing the motion of the N bodies with respect to a reference system
at the total center of mass. The 3N independent variables involved in
the equations express the relative rotational positions of the N-1
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auxilsary bodies with respect to body 1 and the relative rotational position

of body 1 with respect to the orbital reference axes.

It is assumed that for the time interval to be studied the external

forces, other than gravity forces, do not appreciably effect the orbit of

the center of mass. Orbital parameters are not integrated to determine

the satellite

position and the matrix force equation is reduced to a set of

orbit equations. An arbitrary orbit is established and orbit position is

computed as

The N
M, &}
M,,1{5,}

M, 1{5,}

a function of time.

matrix moment equations may be written in the form

M1 e} + My e} + oo Ml oY = (b))} (4.0-1)
+ M) (e, + Ml {a )+ ovven M o} = {b,} (4.0-2)
+ M5, {5,} + M, 1{5,} + ......[M3N]{&N} = {b,} (4.0-3)

My ey + M, e, ) + M, 1{e,) + ..’....[MNN]{&N} = {by} (4.0-9

where

{o,} =

{b, }

1

(M) =

Equations 4.

he

o

a three element column matrix representing the three
variables associated with body i.

a three element column matrix representing the three
components of the driving torque on body i.

3 x 3 matrix of coefficients

0-1 through 4.0-4may be written as the single matrix equation

- Y

My 0 M e i) | [60] [ ))
M M T e ] | [ 66,3 | )

M,y M3, lM 5L e M) [ ({65 = §(bg) 3 (4. 0- 5)
[_Mm][‘MNz][Mm]._...[MNNJJ k{&.N}J {BN}J




or simply as
M] {6} = {b} (4. 0-6)

where [M] is the 3N x 3N system matrix, {¢}is a column matrix of

3N unknown variables and {b} is a column matrix of driving functions,
The first three elements of {¢} are {&1 } representing the components

of the angular acceleration of body 1 with respect to the orbital reference
frame. In the case of auxiliary body i (2 < i < N), with three degrees of
rotational freedom with respect to body 1, {c'ri} represents the angular
accelerations about the three gimbal axes. As noted in Section 2, 0 the
auxiliary bodies may have 0, 1, 2, or 3 degrees of freedom with respect
to the main body. For each degree of freedom eliminated the independent
variable representing the corresponding gimbal deflection is eliminated
and a dependent variabie representing the locked gimbal reaction torque
is introduced. Omne of the approaches to the solution of Equation . 0-6
for a locked gimbal consists of eliminating the locked gimbal torques by
substitution and reducing the order of the system matrix, however, this
approach will destroy the matrix form of the equations and may greatly
complicate the computer programming. A second approach consists of
maintaining the order cf Equation 4. 0-6 at 3N and introducing the locked
gimbal reaction torque as a dependent variable on “ne left side of the
equation. This approach introduces 3(N-1) additional variables such that
for every possible gimbal axis there is a gimbal deflection and a locked
gimbal reaction torque one of which must be set to zero. The factors
involved in determining the most suitable method of solution with locked
gimbals are based upon digital programming considerations. Therefore,
the dynamic equations presented in Section 12, 0 of this report contain
both the gimbal deflections as independent variables and the locked gimbal
reaction torques as dependent variables, The formulation of these equa-
tions in the format desired for digital programming is presented in
Appendix for reference.. The method of solution selected consists of
elimination of the locked gimbal reaction torques by substitution. The
order of the system matrix is maintained at 3N by placing unity on the

diagonal to replace the equations eliminated. In order to further simplify

-




the programming it is assumed that for bodies with one degree of freedom,
the degree of freedom is about the x gimbal axis, and for bodies with two
degrees of freedom the freedom is about the x and y gimbal axes. This
assumption does not result in any loss in generality of the program since

the location of the auxiliary body axes is arbitrary.

At a given time, t, Equation 4. 0-6 may be solved for the

accelerations hy
(5} = MI"! ) (4. 0-7)

The accelerations may be integrated to obtain velocities which in turn
may be integrated to chtain the relative angular position of the bodies. In
order to provide a better understanding of the detailed derivation and
solution of Equation 4. 0-6, a number of the factors involved in the

s detailed approach are discussed below:

B 1. Integration is performed by a Runge~-Kutta, Adams-

o } Moulton digital subroutine using a fourth order pre-~
dictor corrector to control the integration interval.
Basically the integration is performed by fitting a
curve to the present and passed values of each variable
and integrating the curve in closed form., As a result
: the effect of continuous varying parameters is obtained
; using step by step integration, and both the accelera-

: tions and the velocities at time t are integrated during
2 single pass through the subroutine. A more detailed
description of the integration package is given in
Reference 2. In Equation 4. 0-6 the driving functions
{b} and the elements of the system matrix [ M] are
funictions of position, velocities, and time.

2. The accelerations used in Equation 4. 0-6 are relative
accelerations while the accelerations used in the
dynamic equations are inertial accelerations. As a
result those portions of the inertial a.:elerations which
are functions of position, velocity, and time are separ-
ated and placed on the driving function side of
Equation 4. 0-6.

3. Integration of the three angular accelerations compo-
nents for body 1, {4}, will result in the three angular
velocity components relative to the orbital reference
frame. Normally the velocity components are inte-
grated to obtain relative position, however, from
Equation 3. 3-3 the relative position of body 1 with
respect to the orbital reference frame is given by the
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nine elements transformation matrix [A]. Two
methods of integrating the three velocity components
to obtain nine pcsition parameters have been pro-
grammed and used. In the first method the nine
elements of the [ A] matrix can be expressed in terms
of the velocity components and the [A] matrix since
all nine elements are not independent. A minimum

of four elements of [ A] may be integrated to obtain
four elements of [ A] from which the other five ele-
ments may be computed by the relationshins given in
Reference 1. The approach used consists of integrating
the six elements in the first two rows of [ A] to obtain
the first two rows of [A]. The third rowof [A ] is
then computed from the first two. The second method
of obtaining the [ A] matrix involves the integration of
normal Euler parameters. The time rate of change of
the Euler parameters are expressed in terms of the
angular velocity components and integrated. The [A]
matrix is then computed from the Euler parameters,
see Reference 1. The first method involving the
integration of six elements of [A] is currently used
in the standard milestone program.

4, The [A] matrix defining the angular postiion of body 1
is an orthogonal transformation matrix. Since it is
obtained for each time step as a result of a double
integration process, a means of insuring orthogonality
is provided. The orthogonality is checked, compared
to limits, and corrected if necessary after each inte-
gration step., Details of the orthogonality checks and
corrections are given in Reference 2,

4.1 BASIC DYNAMIC EQUATIONS

The basic moment equation for a body with three degrees of rota-
tional freedom is given by Equation 6-18 of Reference 1. The general
subscript i has been used to denote the body being considered where i

equal unity is used to denote the main body of the spacecraft.

(Tgid = My TG b+ [l Y+ 13 5500 1 ey )

+ [IiH,]{wii} + [Jwﬁ]{Hﬁ} + {ny} (4. 1-1)
where
{TE} = components of external torque on body i
ii . . . ,
in body i coordinates
{vii} = components of center of mass location in body i
coordinates
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components of inertial acceleration of body i reference
point in body i coordinates

inertia matrix for body i with respect to body i
coordinates

{w.;} = components of inertial angular velocity of body i in
body i coordinates

; {w:.} = components of inertial angular acceleration of body i
in body i coordinates

"m'?
n

components of angular momentum of body i with
respect to the body i coordinates. H; results from
motion due to thermal bending boom deployment,
and reaction wheel rotation.

{H:.} = components of the time rate of change of {Hii} in body i
coordinates

M. = mass of body i in slugs

The [J] matrix is a 3 x 3 matrix obtained by operating on a three element

vector such as {a}where

0 -a a
§ z y 3
1 =1a, 0 -a | (4. 1-2)
-a a 0
LY. x By

A term such as [J_] {b} is the matrix representation for the vector
product a x b, see Reference 1, Section 3. 2. The inertia matrices are

definad as

ix THxy  lixz
[IiH] = -Iixy Iiy -Iiyz (4. 1-3)
-Iucz ’Iiyz I1z
where : .
1 = - '44 [35)l35) dm (4-1-4)

a

from Equation 3-30 of Reference 1.
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If Equation 4. 1-1 is written for a rigid body [IiH] and {Hii} are both
zero. If in addition, the torques are taken about the center of mass of
the body, {Vii} = 0, or about a point with no inertial acceleration

{Gnii} = 0, the equation reduces to
{Tgy b = Mgllefd + 104,000 {og )

If it is further assumed that the body axes are principal axes of inertia
such that [IiH] is a diagonal matrix, the above equation expands into the

normal basic Euler equations for a rigid body.

The basic force equation for a body with three degrees of transla-

tional freedom is simply

Fpi = M. G, (4. 1-5)
(Fgyt = M; {G,) (4. 1-6)
where
_i = inertial acceleration of center of mass of body i
{FEii} = components of external force in body i coordinates
{Gii} = components of inertia acceleration of body i center

of mass in body i coordinates
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5. RELATIVE MOTION BETWEEN BODIES

The relationships between the relative positions, velocities, and

accelerations of the bodies are presented in this section.
5.1 ROTATIONAL POSITIONS

i The relative rotational positions of the bodies are defined by the
\ relative positions of the corresponding body axes, These axes and the
transformations between axes are defined in Section 3.0 and are pre-

sented here for reference.

PR . e S T

The reference axes are:
: IGI = inertial reference system at center of mass of the earth
o (Equation 3, 1-1)
‘EM = orbital reference system at center of mass of the space-
craft (Equation 3,2-6)
o ‘GR‘ = orbital reference system at center of mass of body 1
¢ (Equation 3.2-7)
\§l| = body 1 reference system at center of mass of body 1 }
(Equation 3, 3-1) |
‘ani‘ = auxiliary body i nominal reference system at the hinge

m point of body i on body 1. These axes are fixed relative
£ to body 1 and are the reference for motions of body i
(Equation 3.4-2)

|5ll = auxiliary body i reference system at the hinge point of
body i on body 1 (Equation 3,.5-1)

The transformation matiices are

o = [=]{a (Equation 3.2-6)
IGRI = ‘E] ﬁll (Equation 3.2-7)
18, = [a] log (Equation 3.3-3)
? |§ni| = |s,] |3,]  (Equation 3,4-2)
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q| - [ |2l (Equation 3, 5-3)

g = [o] [&] (Eg:s. tion 3, 5-5)

D] = {ciW i] (Equation 3. 5-4)

IE = function of orbital parameters and therefore a function of
time only

lA = function of the position of body 1 relative to the orbital
reference frame

[Bi = constant matrix

lCi} = function of the body i gimbal deflections

5.2 ROTATIONAL VELOCITIES

The inertial rotational velocity vector for each coordinate system
has been defined in Section 3.0 as:

Wy = 0 =inertia] rotational velocity (Equation 3. 1-2)
of 10Q,
Y = inertial rotational velocity ‘ 4
R of |0, 2nd tQR| (Equation 3. 2-4)
w, = inertial rotational velocity (Equation 3. 3-2)
of Ql‘
Wi = "31 = inertial rotational velocity (Equation 3. 4-3)
of Qni| A
W, = inertial rotational velocity .
i of -Qil (Equation 3. 5-2)

Since the independent variables of the system are relative positions, the

relative angular velocities will now be defined.

?Z'R' = the angular velocity of IQR‘ with 'respéct to ‘51‘

O. =W, ~w, =W

Qg "R "“1 T ¥R (5.2-1)
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ﬁR will be defined in the orbital reference systems where lQRRl is the
magnitude matrix giving the angular velocity components of the orbital
reference frame with respect to the inertial system l(_)I I The compo=-
nents of lQRRl are expressed in terms of the orbital reference coordinates

and are functions of the orbit parameters and time.

51 = the angular velocity of the body 1 coordinate system
Qllwith respect to the orbital reference system '6R|

Ql = wl -QR (5.2-2)

51 will be defined in the body 1 coordinate system where |Q“l is the
magnitude matrix giving the angular velocity components of the body 1
coordinate axes with respect ') the orbital reference system lGRI. The

components of ‘Qlll are expressed in terms of body 1 coordinates

51 = the angular velocity of the body i coordinate system lﬁi’
with respect to the body 1 reference s%stem | 'll and
the body i nominal reference system I ni* |

Qi =W =W (5.2=3)

§i will be defined in the body i coordinate system where {Qiil is the
magnitude matrix giving the angular velocity components of the body i
coordinate axes with respect to the body 1 coordinate axes. The

components of {2..]| are expressed in terms of bedy i coordinates.
P ii y

Using Equation 4-32 of Reference 1, the time rate of change of the
transformation matrices between coordinate axes may be written in terms

of the relative angular velocity components

{}'z: = -[J@R] E (5.2-4)

A - [Jml] A (5.2-5)




Di = - JQii Di (5.2-6)
Ci = - JQii Ci (5.2-7)

where IJa] is given by Equation 4.1-2.

The inertial angular velocity of body 1 may be written in terms of
the relative velocities and the transformation matrices. From Equa-

5, = 8y + T (5.2-8)

51 in body 1 coordinates has components

‘w11| = [A] |QRR| +lgul (5.2-9)

%, in body i coordinate has components
l“’li| ) [Di] ’A! |QRR! + [Di] |91;J (5.2-10)

From Equation 5.2-3

w, = 31 + Q (5.2-11)

Bi in body i coordinates has components

Wigj = I“’lil +|Qii|

3
/

il = P [4] [2ea] + o4 lod +lay (5.2-12)




5.3 ROTATIONAL ACCELERATIONS

The relative angular accelerations between the reference systems are

simply defined as ‘S:ZRR‘ ' ‘5.21 1| , and 'Qii' where

angular acceleration components of the orbital reference
frame with respect to the inertial axes {Q;|. The
components are expressed in terms of the orbital
reference axes and are a function of the orbital
parameters and time,

XY

R ———

angular acceleration components of the body 1 axes with
respect to the orbital reference system |Qp|. The
components are expressed in terms of the body 1
coordinates and represent three of the ind¢jendent
variables of the system.,

[14]

T ‘Q angular acceleration components of the body i axes with
- respect to the body i nominal axes Iﬁ i . The
components are expressed in terms of the body i

coordinates.

al

The inertial angular acceleration components of body 1 are found by

differentiating Equa*ion 5, 2-9,

o] = [a] [oxa) + (2] [9%a) * |0l

using Equation 5, 2-5

=
i
"";
A
o
g5
§
£
o
Ry
Lol
oy
5.
‘
S
o

‘&11‘ ) [AHQRR‘ - iJs*zn] [A! |QRRVI + |S°711' (5. 3-1)

Note that the first two terms of Equation 5. 3-1 are functions of positive,
velocities, and time while the third term represents an independent
unknown acceleration of the system. Torques resulting from the first two
terms are placed on the driving function side of Equation 4, 0-6 while
torques resulting from the third term are placed on the unknown side of
Equation 4. 0-6. Therefore, as discussed in Section 4. 0 the inertial

accelerations will be separated such that

l‘blll = lA‘blll * 'N&)lll (5.3-2)

X
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where
I A‘b11| = unknown independent accelerations of the system
|N‘?)11| = accelerations which are a function of positions,
velocities, and time
then

ld)”' —
11
+

Then

Sy) =
| ii

|s‘z (5. 3-3)

A“’ul - ul

‘N‘blll i [A; |ﬁnnl - IJQIII lAHQRIJ (5. 3-4)

The inertial acceleration components of body i (2< i = N) are found
by differentiating Equation 5. 3-12.

‘bi| ] lglml * IDi] |4] |QRRI + [Di] 2] [ogal

+ [Di] lﬂul + [Di] 'Qul *l“ii'

using Equations §.2-5 and 5.2-6

b 24 ol ol | [

[Al[gR] ~[ea IHAHQRRI}

tDi] i‘.’u‘ +:ﬁiil (5. 3-5)

lAéiil. - [Di”fz“’ +|éii| (5.3-6)
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i) = - Mo D] 11A] |“ra] * [l | + 124 [a]log )
'[Jszu A‘ |QRR} (5. 3-7)
NG = - %0l o oy} +[p] Iyénal (5.3-8)

5.4 TRANSLATION POSITION

The relative positions of the centers of mass of body i and body 1
(2 <isN)are shown in Figure 5,4-1. 'The vector location of the body i
attach or reference point with respect to the body 1 center of mass has
been defined in Section 2.0 as ﬁi and the vector location of the center of

3 CENTER OF MASS
1 OF BODY i

ORIGIN OF {'Qni}

V.

AND {6.1} i

ATTACH POINT
FOR BODY i

CENTER OF MASS
OF BODY | _
AND ORIGIN OF {Qi}

N|

Figure 5.4~1. Center of Mass Locations
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mass of body i with respect to the reference point has been defined as
\-ri. Let l-)i be the vector location of the centers of mass of body i with
respect to the body 1 center of mass. hen

B =G +¥, , (5.4-1)

The vector 'u1 is defined in body 1 coordinates such that its components in
body 1 coordinates are lu 1| The vector v1 is defined in body i coordi-
nates such that its components in body i coordinates are ‘v I

components ‘uil' are input constants while the components |vu are
computed time varying functions of thermal bending or boom deployment.
The components of ir'i in body 1 coordinates are given by

| 1‘ lD ]T Vi (5.4-2)
The compcnents of ﬁi in body 1 coordinates may be} qpmputed from
Ip11| [D ]‘I‘ lvnl * ‘ I (5. 4~4)

Let 'I-{M be the vector location of the total system center of mass
with respect to the body 1 center of mass. Then

N
— Z M,
RM = -IT/I— (5. 4-4)
i=2
where
N
MT = z M1 (5.4-5)
i=1
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Then in body 1 coordinates

N
~ M,
‘RM1| - 2 "M_IT ‘pill (5.4-6)
i=2

The vector positions of all of the reference systems are shown in

Figure 5.4-2.
TOTAL SATELLITE CENTER OF MASS
AND ORIGIN {OM}

BODY | CENTE
ORIGIN OF

CENTER OF MASS
OF BODY i

ATTACH POINT FOR BODY i
AND ORIGIN OF JQ .U AND
!G nil

U i}

CENTER OF MASS OF EARTH AND
ORIGIN OF {QI}

Figure 5.4-2. Relative Position Vectors

The vectors ﬁM’ ﬁi' Vi, and ﬁi are in feet while the vector §M’ ER’ gni’

and §i are in nautical miles. Then from Figure 5.4-2

§R = -S-M - KlN _ﬁM (nautical miles) (5.4-7)
§m =. SR + KlN Ei (nautical miles) (5.4-8)
- -— 1 - P s |
Si = SR + k—;} P, (nautical miles) (5.4-9)

where KN is the number of feet in a nautical miles.
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The basic form of the displacement vectors are given in Table 5-1.

" Table 5-1

Basic Forms of Displacement Vectors

Vector Components Coordinate System Dimension
u, u, body 1 feet
Vi Vii body i feet
ﬁi Py body 1 feet
Ry RMI‘ body 1 feet
Sut 'SMRI orbital reference nautical miles
_S_R SRII body 1 nautical miles
Eni Snil’ body 1 nautical miles
Si Sii body i nautical miles

Since the 'ER axis is directed toward the center of the earth it can be
seen from Figure 5.4-2 that the components of 5, in orbital reference

coordinates are

‘SMRI =08 | (5.4-10)

where SM is the magnitude of the orbital radius vectcr in nautical miles
and may be computed at any instant of time independent of the relative

motion and positions of the spacecraft bodies. Then from Equations 5. 4-7,
5.4-8, and 5.4-9, |

‘SRI‘ = [AI lSMRI - "Klg |R1\41’ (5.4-11)




[Sas1] = [8gil *’Kﬁﬂ“ﬂ‘ (5.4-12)
: |sii| = [Di ‘Sm‘ +'f<l§ eyl (5.4-13) ,

5.5 TRANSLATIONAL ACCELERATIONS

The translational acceleration vectors are defined as

H. = a ft/sec’
ui i
H = v ft/sec2
vi i
Hpi = Py ft/sec
H = ﬁ ft/s-ac2
M M ]
— _ TR " 2
GM = KN SM ft/sec
- _ o 2
GR = KN SR ft/sec
— _ . 5
i - KN Sni | ft/sec
I x 2
Gi = KN Si ft/sec

The translational acceleration components required for the dynamic
equations are the components of the acceleration of the reference point
and the center of mass of each body, ani and Gi (1l <i=<N). Since the
reference point for hody 1 is at its center of mass, which in turn is at
the origin of the orbital reference system

Gq,=G, =G

nl 1 (5.5=1)

R

From Equation 5.4-~1 the acceleration of the body i center of mass with

respect to the body 1 reference point is

p. = U, +V.
p1 i 1

5.11
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and
Hpi = Hui + Hvi (5.5=2)
I'rom Equation 5.4-4 the acceleration of the total spacecraft center of

mass with respect to the body 1 center of mass is

N
LS M
M MTpi

i=2

Pl

and

12

Hy = M. Hpi
i=2

(5.5=3)

=

From Equation 5, 4-7 the acceleration of the body 1 center of mass with

respect to the inertial origin is

el

= 1
® Ry M

-5 -
R MKN

and
(5.5-4)

Ll

. G =Gy - Hy

From equation 5.4-8 the acceleration of the body i reference point with

respect to the inertial origin is

5§ L, L
sni"§R+KN i

and

(5.5-5)




From Equation 5. 4-9 the acceleration of the body i center of mass with

respect to the inertial origin is

- i 1 =
S.=8_ +—— P:
i R KN i
| and
Gi = GR + Hpi (5.5=6)

The components of the translational acceleration vectors will be
defined in the same coordinate system as the corresponding displacement
vectors. Therefore, the components of the inertial translational accelera-
tion of the spacecraft center of mass EM’ defined in the orbital reference
system, are IGMRI » the components of the acceleration of the body i
hinge point relative to the center of mass of body 1, defined in the body
1 systera, are 'Huill and the components of the acceleration of the total center

of mass relative to the center of mass of body 1 defined in body 1 coordi-

nates are 'HM1| .

The components of the reference point inertial accelerations and the

center of mass inertial accelerations defined in body 1 coordinates are

[ e A (5. 5-7)
|Gaa} = ‘C‘Rll *(E] (5. 5-8)
where
(Gral = [4] lGMfJ ~ [Hal (5. 5-9)
X .
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From Equation 5, 5=-1

lGnnl = 'Gul = |GR1I (5.5-11)

and from Equation 5.5-2
|Hpil| ; IHuill * [Di]T IHvii (5.5-12)

From Equation 3-41 of Reference 1 the total inertial acceleration of

the components 'uil , defined in body 1 coordirates are given by

B} = “El’ *zl%u] o, ] ) +IJw11] lJmll} |2,

Since the components |ui1| are constant in the body 1 coordinate system,
the derivations Iuﬂl and uill are zero and the acceleration compnnents
are due only to the motion of the coordinate system and

LR Furd Bypad +00,4] uill (5.5-13)

The inertial acceleration of the components lvﬁ’ defined in body i
coordinates are given by

Hvii| = “’i'i +2[Jwiil i"ii’ +'Jw'ii] ‘viil +[Jwii] [Jwii] |"ii'

(5.5-14)

The acceleration and velocity components of the bedy i center of
mass relative to the body coordinate frame Iv‘n ! and ‘vnj are the result of
thezmal bending and boom deployment motions.

The translational acceleration components for the total center of
mass |C'MR| will be defined in connection with the discussion of the
motion of the orbital reference frame in Section 9. 0.
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6. FORCES AND TORQUES ON SPACECRAFT BODIES

The basic force and torque Equations, 4.1-1 and 4.1-5, are

(Tppd = M 13,51 6 ) +I1) ()} + 10,4 ) ogy)

Fry) = M, Gy

where the forces and torques are summed at the origin of the body i
reference system. The body 1l reference point has been defined as the
center of mass of the body while the auxiliary body (2 =i < N) reference

point has been defined as the attach point on the main kody.
6.1 EXTERNAL APPLIED LOADS

The external loads are assumed to result from the earth's gravity,
the disturbances, and the reaction at the attach points between bodies.
Ir addition, it is assumed that the main body, i equal to 1, may have
applied control forces and torques. The disturbances to be considered
are solar radiation forces and torques, aerodynamic forces and torques,
magnetic torques, and the effects of changes in shape of the awxiliary
bodies.

The applied loads are defined as follows:

F . = external gravity force on body i applied at its center of
g gravity
T . = torque_about the center of mass of body i due to gravity

8l force Fgi. Tgi is the external torque that must be
applied to body i if the gravity force Fgi is assumed to
act at the center of mass xnstead of a.t%
grawty.

he center of




‘
;i x F { = torque about the refereice point of body i due to the _
g gravity force Ffi applied at the center of mass., v, x F i
is the additional external torque that must be appliéd tof
body i if the gravity force Fgj is assumed to act at the
reference point (v'1 = 0 for body 1).
FSi = solar radiation force on body i applied at the solar center
of pressure.
, 1 TS' = torque about the body i referenv: point due to Fgi. Tsg;
: ! is the external torque that must be applied when Fg; is
{ assumed to act at the body i reference point.
f F Aj " aerodynamic force on body i applied at the aerodynamic f
' center of pressure,
TAi = torque about the body i reference point due to Fa: * Taj
is the external torque that must be applied when ¥p; is
assumed to act at the body i reference point.
TMi = magnetic torque on body i assumed to be a pure couple.
FCI = external control force on body 1
: -T—Cl = moment of F ]} #bout the body 1 center of mass
(reference pointj.
FRi = internal reaction force on body 1 due to body i; applied
" at the body i attach point (2<i= N.) 3
é TH‘ = internal reaction torque on body 1 due to body i;
~ ‘ applied at the body i attach point (2 <i < N)
EF’J'. = the net applied force on body i, at the reference point, to
™*  be reacted by inertia forces.
TEi = the net applied torque on body i, at the reference point,

te be reacted by inertia torques.

6.1.1 External Loads on Main Body

The external applied loads on the main body (i = 1) are

N
Fp =F  +Fg +F,, +Fq + 2 Fp; (6.1-1)
§=2

b




N N
B1 = Tt Tgp v Tay+ Ty + Ty iZZ (0, x Fp,) + Zz’rm

L
1

(6.1-2)

It should be noted that the reaction loads bdtween the bodies have been
defined as positive for loads transferred from the auxiliary bodies to the
main body. The vector U; has been defined in Section 2.1 as the vector
location of the body i attach point with respect to the body 1 cen'‘er of mass,
Therefore, the moment Gi x E‘Ri is the moment of the body i reaction

force on the main body., Equations (6.1-1) and 6. 1-2) may be written in

matrix notation as

N
Fpinl = gy bt Fgy b+ Fyy bt Feyyd+ ;2 [D,]p (Fg,;}(6.1-3)

Tt = {Tg“}+ g b+ T+ @O0+ Ty
N,
¥ Z [ Juil][Di]T {FRii}* ,ﬁz [Di]‘r {THii] (6. 1-4)
1= i=

The components of the reaction loads between bodies {FRii}and {THii} will
be computed in body i coordinates, and transformed to the body 1 system
by [Di]Tn The vector ;i is defined by constant components in body 1

coordinates.

6.1.2 External Loads on Auxiliary Bodies

The external applied loads on the auxiliary bodies (2 < i < N) are

F. =F.+F. 4+F,.-F.. (6. 1-5)

(6. 1-6)
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It should be noted that the torque equations for the auxiliary body
are written about the reference or attach point and not the center of mass,
The vector v, has been defined in Section 3. 5 as the vector location of
the center of mass of body i with respect to the reference point. The
moment v, x ng is the additional hinge moment since Tgi has been written
about the centeir of masns, These terms have not been combined since

\-ri x F i will Le canceled by an identical term in the expansion of :;i x ani'
All other terms in 6, 1 -6 represent moments about the reference point,

In matrix notation Equations 6.1-5 and 6. 1-6 become

Fryd = Fogd + Fgyd + Fyyl- Frii (6. 1-7)

gyt = [Tgy) Fgd + T+ Tgybs Ta) + Tyl - Tyl

(6. 1-8)

6. 2 TORQUES DUE TO BODY MOMENTUM

The basic torque Equation (4. 1-1) contains the terms [Jwii] {H,.}
and {Hii}’ These torques result from the fact that the body axes are not
rigid body axes and the mass elements are zssumed to have motion with
respect to the axes. The motion is assumed to be due to reaction wheel
rotation and changes in shape of the auxiliary bodies, where the changes

in shape result from thermal boom bending and boom deployment,

Let
{Hwii} = the components of the body i reaction wheel angular
mome:ntum in body i coordinates.
{HR..} = the components of the body i angula: nomentum due
ii . . . .
to changes in shage expressed in body i coordinates
(for body 1 {HR11 = 0).
then
{Hﬁ} = {Hwii} + {HRii} (l<is N) (6. 2-1)
W) = H )+ Hy,) QAsisN) (6. 2-2)
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6. 3 FORCE EQUATICN

As noted in Section 4. 0 on method and approach, the matrix force
equation for the complete spacecraft, sh~uld simply equate the sum of the
external forces to the product of the total mass and the acceleration of the
total center of mass, This result will be verified by equating the reaction

forces at the attach points.

From Equation (6.1-5) and (4. 1-5) the body i force transmitted to
body 1 is

FRi = ng + FSi + FAi - Mi G, (6. 3-1)

Defining the forces as components in the body i coordinate system

Frii}

= {ngi} + {Fsﬁ} + {F Al ~ M {Gii} (2<i <sN) (6,3-2)
and the equation for body 1 is given by Equation (6.1-1)

M) G = Fg1+F51+FA1*F01+;FRi (6. 3-3)

Substituting (6. 3-1) into (6. 3-3)

N
M1 Gl + iZZMiGi = FCl + ; ng + FSi + FAi (6. 3-4)

Since §M is the vector location of the spacecraft center of mass
with respect to the inertial origin and §i is the vector location of tha

center of mass of body i

(6. 3-5)




: (
Then
s N '
‘f MT M = Mi Gi = Ml Gl + Mi Gi (6, 3-6) |
i 1= i=2 p |
]

| and Equation (6. 3-4) becomes
A
. N
| M'I' GM = FCl + £ ( gi + Fsi + FA.) (6. 3-7)
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7. HINGE TORQUES AND MOTION

The hinge torque, THi' at the attach point between body i and body 1,

has been defined a3 the torque on body 1 due to body i. The components of

T... in the body i coordinate system appear in the torque equations for all

Hi
bodies (Equations 6.1-4 and 6.1-8). The magnitudes of these components

are functions of the reaction torques developed at the hinge. They may be
zero for a frictionless hinge, may be proportional to displacement or
velocity to represent springs and dampers or may be functions of control
torques., For this analysis it is assumed that a gimballed hinge is used
and that the reaction elements are located oi a set of gimbal axes nomin-
ally aligned with the three orthogonal body axes, As a result the motion
at the hinge points must be resolved into components about the gimbal '
axes, For a given auxiliary body i, let the displacements about the gim-
kbal axes be 6 < 6. , and 6 2’ the transformation matrix from the nominal
body i coordmates {Q } to the body i coordinates {Q. }has been defined by
Equation 3.5-3 as [Ci] Using Equation 4-54 and Sect1on 4.2 of Refer-
ence 1, [Ci] is given by

(Ce, Co, )(Se,_Se, Ce +Ce_sSe. )(-Ce. Se, /ﬁ..e ,+56,.56. )
ly 1z X 1y 1z X 1z 1xX
[C.] = |(-CH, S6, )(-S6. S6. S6. +C6. CB. )(Ce, se‘f,,,v,,gse. +56. Co, )
1 1y 1Z 1X 1y 12 11X 1% 1X Y 1Z 1X 12
( seiy N -s.eixcaiy N ceixceiy )
(7.0-1)
whetre
S{() = sine ()
C() = cosine ()

The transformation matrix from the body 1 coordinates{ Q Q Yo the nominal
i coordinates{Q Q }has been defined by Equation 3.4-2 as [B ]« The ele-
ments of[B ]are constants which are functions of input parameters defining

the fixed orlentatlon of the body i nominal reference system with respect to

Ithe hody 1 coordinate system. Rather than input all nine elements of [B ]

which are not all independent, the mput parameters are the three oxderPd

X, y, z Euler rotations Tix’ Tiy’ Tige The nominal angular orientation of

7-1




the body i axes is produced by performing the ordered rotations on the
body 1 coordinate system. The transformation matrix [Bi] is found by

replacing eix. 6, and eiz in Equation 7. 0-1 by Tix’ Tiv' Tiz'

Yy iy’ iz

Then from Equation 3, 5-4
[Di] = [CI][BI]

7.1 VELOCITY AND ACCELERATION TRANSFORMATIONS

The three gimbal deflections iy, Oiy: and 0j; may be arranged in

a 3x 1 column matrix {ei} such that

¢ \
e.
X

{ei} = <eiy} (7.1-1)

0.
\ 1Z

where {6, }is not a magnitude matrix for a vector quantity. Then from
Equation 4-61 and 4-62 of Reference 1

{szﬁ} = [Gi] {éi} (7.1-2)

where .
(coseiycoseiz) (smeiz) (0)
[6,] = | (-cose;ysine, ) (cose;,) (0) (7. 1-3)
( sinbjy ) (0 ) )

Differentiating Equation 7. 0-3

;) = [Gil{e;} + [G, Ne;} | (7. 1-4)
where :
-, . ‘ ]
. =-'(9iysm9iycoseiz'+9izcoseiysmeiz)(..eizcoseiz)(O)
[Gi] = (Oiysmeiysm.eiz-Gizcoseiycoseiz)(-Bizs1n0iz)(0) (7. 1- 5)
( eiycos eiy ) (] )(0)

It should be noted that for a system for which body i has only one
equal to the unit matrix[U] and [G;]is @sro. The elements of {ei} are the

independent variables of the system t¢saciated with the auxiliary body

degree of rotational freedom, the variables &, and 6;, are zero and [Gi] is

degrees of freedom and are the: pari@gﬁmf@x@ é5~;>mpu‘éed and printed out giving the

time history of the auxiliary bady ristion with respect to the main body.

i W




7.2 TORQUE TRANSFORMATIONS

Let Tgi;:' Tgiy' and T iz ke the gimbal reaction torques about the
X, y, z gimbal axes of body i. These three gimbal torques may be

arranged ina 3 x 1 column matrix such that

4 Y
gix

gt} = {Tgiy! (7.2-1)

T .
| " giz)

where the elements of {Tgi} are not orthogonal components of a resultant

torque vector,

From Equation 5-6 of Reference 1 the torque components of the total
gimbal reaction torque, transmitted from body i to body 1, defined in body

coordinates is

_ -1
Tyt = [Gylp (T (7.2-2)
where
cos eiz ’ sin eiycos eiz
8in 6, - :
cos0. iz cosf.
i 1y
1 sirxeiz sin eiysin eiz
[GilI' = |~ <Cosb.. cosd, - cosb (7.2-3)
iy iy
0 | 0 1

It is assumed that the gimbal stops on the y gimbal axis will always be at
a value less than 90° in order that coseiy # 0.

Similar transformations may be defined to transform the motion

and torques from the giinbal axes to body 1 coordinates, however, in

order to reduce the number of matrices to be computed and stored the

transformations will always be made to the body i system and then trans-

formed to the body 1 system by the transformation matrix [D1]T
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Since
Tyt = Oy Tyl

Ty} = [D)p (617 (T (7. 2-4)

7.3 GIMBAL TORQUEY

] | The gimbal torques about the x, y, and z gimbal axes of body i are

defined as

(T} = (k) (o} + [Pl o)+ @pd+ (T }+ ) @)}
(7.3-1)

I3 where

[‘Ki]{ei} = the spring restraint torques
[P, ] {61} = viscous damping torques
{r Bi} = magnetic hysteresis damping torques defined in
< Section 15. 0
{TNi} = stop torques
{Tvi} = reaction torques resulting from the elimination of
degrees of freedom
{TLi} = motor to.'ques used in connection with contrclled

suxiliary bodies

1 k.. 0
0 0 iz

"k, , k., , and k, are the spring constants associated
ix iy iz

with the x, y, and z gimbal axes of body i (ft-1b per

radians)

SRR R B T
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[ ]
by, 0 0
[P, = | 0 by, O
0 0 b,
12
L o

bix’ biy' and biz are the damping constants associated
with the x, y, and z gimbal axes of body i (ft-1b per

radians /sec)

The elastic stops used in the program are implemented by intro-
ducing and addition spring restraint and viscous damping when the gimbal
deflection is greater than the stop position, The introduction of the addi-
tional torque represents a discontinvity of the system and an integration
step must end at the point of contact and the integration must be restarted
with the corresponding initial conditions. The stop torques are then com-
puted as the sum of the products «f the step spring times the deflection
past the stop angle and the stop damping coefficient times the gimbal
velocity. Since the stop torques are large, the integration step size must
be kept small during the time any auxiliary body is int» its stops. The
exit point must also be determined, the step size reset, and the integra-

tion restarted.

The elements of {T i} represent the locked gimbal reaction torques
and are non-zero only when a degree of freedom has been eliminated, in
which case all of the other corresponding elements in -Equation 7. 3-1 are
set to zero. The non-zero elements of {Tvi} then become the dependent
unknowns of the system and provisions must be made to eliminate them
from the equations, The selectioa of the elements of {Gi} and {Tyi}’ based
upon the specified degrees of freedom of body i, is made at the start of

the program and the formulation of the [M ] matrix is then set.

The auxiliary body control torques {TLi-} are computed in the control

routines and can be non-zero only for those gimbal axis which are given a

degree of freedom.




Equation 7.2-1 may be written as
r} = T )+ ) (7. 3-2)

where the elements of {TB i} are zero for axes without degrees of freedom

, and the elements of {TYi} are zero for axes with degrees of freedom,

'
i




8. ORBIT EQUATIONS

As noted in Section 4. 0, the solution of the force equation will
describe the motion of the center of mass of the spacecraft. The vector

force equation given by Equation 5. 3-6 is

N
Mp By - Ty ¢ 2y ¢ By Fpg

The effects of the disturbance forces and the control force will be neglected
in the computation of the orbital position of the spacecraft. Therefore, the

force equation for orbital computations reduces to

N
My Gpo ® 1221 Foi = Foy (8.0-1)

In addition, it is assumed that the magnitude of the gravitationa! force at
the center of mass is equal to the force that would result if the total mass

were concentrated at the center of mass. 'Then

— yMT SM ..
FgM = - KN ';—2'— (-s——- (8. 0-2)’
M
where
' (n._mi. )
Y = earth gravitational constant = 62746, 8 =3
sec
Sy i - magnitude of orbital radius vector EM in rautical miles
MT = total mass of spacecraft in slugs

Equation 8, 0-1 represents the motion of the mass MT in an elliptical

orbit about a spherical earth, Figure 8.0-1. The orbital eguations are:

P

€

orbital period in hrs

eccentricity of orbit (N.D.)
8-1
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Figure 8, 0-1, Orbit Parameters

The semi-major axis of the orbit a is given by

a = (%—1)2/3 = nautical miles (8.0-3)
o
where
w, = Tgﬁ%ﬁ = equivalent circular qrbital frequency in
radians per second
(8.0-4)
g = 2tan” ! l: if—: tan }2 E] (8. 0-5)
where E must be found from
E-e¢sinE = W, (t-tp) (8. 0-6)

The angle ¥ is the orbit angle from perigee at time t and tp is the time

at perigee,

S = i—Q—l—e—Z} = nautical miles (8.0-7)
M - TF € coa gy ~ nauue )

8-2
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. 2
‘ y = Va y (1 '2‘ ) - radians per second (8. 0-8)

Sm

by differentiating

S = K Y e sin 4 = ft/sec (8. 0-9)
o} M N Va(i-¢? Y

Sy = KN‘—Y-C—";J = ft/sec? (8. 0-10)

SM

s

&
3

'qj - . 2 sizn = radians/ssec2 (8.0-11)
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9. MOTION OF ORBITAL REFERENCE SYSTEM

The inertial reference system {Q } thz orbitz2l reference system
{QM} and the transformation between them {E] have been defined in
Section 3. 0. The components of the relative angular velocity {ﬂ }and

the linear acceleration components {G } have been used in the equations

MR
of Section 5.0, These parameters are independent of the relative motion
of the bodies of the spacecraft and can be written as functions of the orbit

parameters and time,

9.1 THE INERTIAL REFERENCE AXES

EQUATGRIAL PLANE

AUTUMNAL EQUINOX

Figure 9.1-1. Inertial Reference System

The inertial reference axes have their origin at the center of mass of
the earth. The -i;I axes is normal to the equatorial plane and is positive in
the northward direction and the ;I axis lies along the autumnal equinox.
The coordinate matrix of the inertial reference ax»s is given by Equa-

tion 3.1=1 as

M1

~
@)
-
—pt
il
<]
-

N |
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9.2 THE ORBITAL REFERENCE AXES

A rotation of the inertial reference axes through an angle g about
the '{rI axis produces the {Q B} system in which 'z'p lies along the line of
nodes (intersection of the orbit plane and the equatorial plane,

Figure 9.2-1). The positive direction of the ;‘5 axis it toward the

ascending node.

where

4 y

*p
{Gp} = ‘-};p g (9.2-1)

z
.-y

Let [E I] be the transformation matrix which transforms the {51}
system into the {Q p} system such that

(Qp} = £q) @) (9. 2-2)

LINE OF NODES

Figure 9.2-1. Line of Nodes
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whzre

(cos B 0 -sinf]
[Em] = 0 1 0 (9. 2-3

 sin B O cos B

: g and

% [-sin B 0 -cos f]
! [Eg) = B 6 o0 o (9. 2-4)

cos B 0 -sin

Rotation of the {65} system, Figure 9. 2-1, about z, through an angle £,

the orbit inclination angle, produces the {60} system Figurc 9, 2-2 where
;o lies in the orbit plane.

then
)
X
(o]
,, {Q)} ={v,¢ (9. 2-5)
9-3
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Let [Eo ] be the transformation matrix which transforms the {Q B} system
into the {50} system such that

Q)= [E 51 {Q4) (9. 2-6)

where

[ cos€ sin £ 0]
[Eop] = | -sinf cos €0 (9.2=-7)
0o o0 1]
Since £ is a constant .§= 0 and
[Eop] = 0 (9. 2-8)

Rotation of the {60} system, Figure 9.2-2, about ‘fro through an angle @
produces the {ﬁa}system, Figure 9. 2-3, where Ea passes through the
orbital position of the center of mass of the spacecraft.

Vi )
- e X
y. =Y o
° ¢ ? ORBIT PLANE
\‘ Xo
\
\ o
\\
v EQUATORIAL PLANE
a zOf
ORBITAL POSITION
L OF SPACECRAFT
z
(0]

Figure 9.2-3. Orbit Angles




Then

GCRERE N (9.2-9)

Let [an] be the transformation matrix which transforms the {C-)o} system

into the {Q a} system such that

Q)= [E, ] {QO} (9.2-10)
where
cosa 0 -sin o
: ;,\T-; [anl =] 0 1 0 (9.2-11)
-f.- sin a 0 cos @
and
-sin @ 0 -cos?
E l=a| o 0 0 (9.2-12)

ao

cosa 0 -sin a |

The orbital reference system {GM}, Figure 9.2-4, with unit vectors ;EM’

;M’ and ;M is defined in Section 3.0 with its origin at the center of the mass

of the total satellite, with the ;M

mass, the EEM in the orbit plane forming an acute angle with the tangential

axis pointing toward the earth's center of

velocity vector, and with -y"M normal to the orbit plane.




X

ORBIT PLANE

EQUATORIAL PLANE

Then

*™M T xaf
VM ':-‘?‘a

Let [EMa] be the transformation matrix which transposes the {Q a} system
into the {GM} system such that

oy = [E, B} (9. 2-13)
where
1 0 0]
[Eyal= [0 -1 0 (9.2-14)
| 0 0 «1] |

a5
i
ey




and

Combining Equations 9.2-13 and 9.2-10

and letting [EMO] = [EMa][Earo]

@) = (B,

1 @)

@®,) = [E,]) 8}

and
) [ cos a 0
[EMO] = 0 -1
=sina O
and
[-sin @ O
[EMO] = a 0 o0
-cos a 0

from Equations 9.2-16, 9.2-6 and 9.2-2

Byt = Byl Byl By @)

Since the transformation from {Q
Equation 3.2-6 as [E]

I

-s8in a

=COS§ a’_

-Cosw

sina_j

} to {ﬁM }has been defined in

[E] = [EMO] [Eop] [EﬂI]

(9.2-15)

(9.2-16)

(9.2-17)

(9.2-18)

(9. 2-19;

(9.2-20)




Substituting Equations 9.2-3, 9,2-7, and 9.2-~17, the transformation

matrix [E] defining the angular position of the orbital reference frame
may be written as

r(cosa cos§ cosP - sina sinp)( cosasint) (~cosqgcosf sinp-sina cos (5)1

[E] = {( sinf cosP ) (+cos & ) ( -sinf sinp )

| (-sine cos§ cosP-cosasinP) (~singsin) ( subacost sinp-cosa cosp) |
(9.2-21)
where [E] is a function of the three parameters a, £, and B. The angle a
has been defined as the orbital position of the spacecraft with respect to
the ascending node while § has been defined in Section 8.0 as the orbital

position with respect to perigee. Therefore, if ap is the orbit angle
between the ascending node and perigee

@ = a_ + Y (9.2-22)

from Equations 8.0-8 and 8. 0-~11

2
a = = _ay,_(__z__\/——l—i—e—‘)_= radian/sec (9.2-23)

Sm

e (X Ze ] :

a =y = = —Sl—%l—n—¢= ra,dia.n/lsec2 (9.2-24)
M

The orbital inclination of £ is an input constant. The nodal regression
rate P is assumed to be a constant value given by

2
. _2 (R
B =-1.637x10 3( :)wo cos § (9.2-25)




where Re is the radius of the earth in nautical miles. If [30 is the value of

f at time zero the parameter p is .imply defined by

+p t (9.2-26)

Since the matrix [E;ﬁ] is zero (Equation 9.2-8) diiferentiating
Equation 9.2-20 gives

(E] = Eygo) B, gllEgy] + [Epg,) [E g] By ]
and from Equation 5, 2-4

Then
grg! = = [Ey) [By 1p [ J (B g) [Bg] [Eg ) [E gl [E), T
(9.2-27)
expanding
[T | sin€ cosal] " J 01}]
[JQRR] = ‘; "COBg + & -1
I—singsinaf i I 0]
therefore,

r . 3
B sin§ cos o

{QRR} = {=- écosg -a (9.2-28)

-PBsin€ sin @ J

\




and since £ is constant

- B asin £ sin a W

e

RR} = - ) (9.2-29)

-Basin £ cos @

\ P

9.3 LINEAR ACCELERATION OF SPACECRAFT

CENTER OF MASS

Since the moment equations are written about reference points

which do not coincide with the syste.>» center of mass, the acceleration of
the reference points appear in the equation, The expressions for these
accelerations contain the linear translational acceleration components of
the spacecraft center of mass {C‘MR} In defining the crbit equation of
Section 8.0, the control and disturbance forces were neglected and the
acceleration of the total center of mass was assumed to result from only
the gravity force. This assumption is not valid for the dynarnic equations
definring the relative angular motion of the spacecraft and Equation 6. 3-7
will be used

N
Mp Gy = Fgy *i; (Foj + Fgy + Fy5)

From Equations 8.0-1 and 8. 0-2

o et N SM/% \SM
Letting
- Y -
g, = KN . 5 (9. 3-1)
M




where €, = magnitude of the acceleration of

‘ ravity at the center of mass
of the spacecraft. Then

S S
z T M
; Equation 6. 3-7 may now be written as
¢
"* - = N
; Gy =-g 50 + %C—l + -I-M— 2 (Fg, +F,.) (9. 3-3)
°-"M T T i1 S

If the forces are defined in the corresponding bod

Y axes and [Di] for body 1
is taken as the unit matrix [U 1

the required acceleration components in
the reference coordinate system are

r 3
0 N

- 1 : l
MR}‘ =g, | 0 >+H;[A]T {FCll} +'IWT-[A]T; [Di]T
')

G

Fgis} + {Fpy }}

(9. 3-4)

and in the body 1 coordinates

0 N
= - —l._ ) _1._ y

Gy t=lal Gy gt =g, [Al]0 *1\511, Fed +MT 12:1 [Djlp {Fgd+ {F,,.)
. -

(9. 3-5) ‘(
\
\

From Equations 8. 0-1 and 9. 3-2 the accelerations components assumed
in defining the orbit equations are

o0

0
{GMOR} # g 10p (9. 3-6)

(1)
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where {GMOR} are the components of the total center of mass accelera-
tion due to orbital motion. In defining the motion of the center of mass in
Section 9. 0, Equation 9. 3-6 was violated in that a constant nodai regres-
sion rate ﬁ was introduced with no consideration given to the forces
required to maintainé constant. The magnitude of this neglected force

will now be determined.

From Equation 3.4] of Reference 1

Gyort = Syr} t Aqrpl Sur! * KNl[JQRR][JQRR] +[J9ﬁR]] {Spmrl

(9. 3-7)
where
r
0
{SMR} = = 8y, 10¢ nautical miles (9. 3-8)
kll
(o]
{8} = -éM {0} ft/sec (9. 3-9)
. 1J
4 3
0
N . 5
{sMR} =-S5, 10 ft/sec (9. 3-10)
, |
. J
[0 -9, SRRy
[J'QRR]= 2 Rz 0 .,szRRx (9. 3-11)
| “'RRy OR Rx 0




0  -%Rg, %Rgy
[Lrr] = | %RR: ®  -@Rgpx (9.3-12)
| “®rry  %Rrx 0

Substituting Equations 9. 3-8, 9.3-9, 9.3-10, 9.3-11, and 9. 3-12 into
Equation 9. 3-7

&.5.,’*@* = .

4 3
0
= H ) -]
{GMOR} {AGMOR, + g, |0 (9. 3-13)
1
where
Y- . \
| 25\ Ry * En Sm (%RRx @RRz t “RRy/
{aG = -

S

mMor! = |25y %rrx t Ky Sm (Rry %Rz - ?RRx

2 °2 2. . . .
L-KN SM m‘RRx + B~ cos" & + 2PBa cos &)

N~

(9. 3-14)

{AGMOR} = components of the acceleration of the center of

mass due to nodal regression.

Substituting for the

orbit rates and accelerations from Equations 9. 2-28
and 9.2-29

> ¥ ' . . 2 . . N
rZSM cos § + KN SMQ sin"§ sin @ cos o

: {8G o} =B {25, sint cos a - K\S,, B sing cos§ sina

v~

| Ky SM (é si;nzg cosza + écas2 £+ 2qcost)]

(9. 3-15)




and

{FB} = M., {A (9. 3-16)

T c:'MOR}
where {Fﬁ} are the components of the total external force required to
prodace nodal regression. It is assumed that the acceleration field is
uniform such that the force { Fé} on element of mass dm is equal to
{AGMQR} dm. The total external moment on the spacecraft is zero,
however, the nodal regression forces create internal moments between
the bodies which cause relative motion. It should be noted that these

internal moments are neglected in this derivation.
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10. DISTURBANCE PARAMETERS

The parameters required in determining the disturbance torques
and forces on the bodies are presented in this section. The disturbances
to be considered are solar radiation torques and forces, magnetic torques,

aerodynamic torques and forces, and the effects of changes in shape due to
thermal expansion.

10.1 THE APPARENT MOTION OF THE SUN

It is assumed that the earth is in a circular orbit about the sun and

that the sun appears to be in a circular orbit about the earth in the ecliptic
plane, Figure 10,1-1,

The angle es is the apparent displacement of the sun from the

autumnal equinox measured in the ecliptic plane. Since the period of
revolution is 365. 24 days,

360
85 = 365.24 PAE (10.1-1)

where D, .. = days aftur autumnal equinox.

EARTH
O
v' APPARENT PATH OF SUN
SUN
| * ECLIPTIC PLANE
AUTUMNAL
EQUINOX

Figure 10.1-1 Sun Angle




It is assumed that 6 is a constant for the period being considered

and DAE is a mean value.

The relationship between the ecliptic plane and the inertial reference
system is shown in Figure 10, 1-2,

Let ES be a unit vector in the direction from the sun toward the cen-
ter of the earth. In terms of the inertial reference system IQII, : ES is

given by
- _ . O oy = _ fa . o - -
-bg = (smes cos 237 27Y) Xy (sin QS sin 237 27") Vi + (cos GS) Z;

In matrix notation the components of the sun vector in inertial coordinates

are

( \

-sines cos 232 27

|55;] = {siney sin23° 27} (10. 1-2)

-COS8 GS

\ P

The components of léctl are constant during the time being con-

sidered and may be computed from input data. Transforming to the orbital

Vy

4

/QI

EQUATORIAL PLANE

ECLIPTIC PLANE = AUTUMNAL EQUINOX

®

EARTf{/

D SUN

Figure 10,1-2 Ecliptic Plane:

10-2




Ak !ﬂ;
N
%,

reference system through the transformation matrix IEI, then to the
body 1 axes through the transformation matrix.lAI, and finally to the
body i cocordinates through the matri:; [Dil' the sun vector components in

body i coordinates are

loss] = (2] [a] |=] [ssi] (10.1-3)

Since IDiI for body 1 has been defined as the unit matrix [Ui, Egquation
10-1-3 will hold for (1 <'i = N).

In order to determine the dynamic torques resulting from the thermal
deflection of the auxiliary bodies, it will be necessary to compute the first
and second derivatives of the sun vector components with respect to time.
Since the components with respect to the inertial axes, lésII’ have been
taken as constants, the first and second time derivatives with respect to
the inertial axes are both zero, and the changes in components in body
coordinates result only from rotation of the body axes. From Equation
3-38 of Reference 1

0 = Josi) + [3uss] fosil
Therefore,
il - b ] sl o1
and from Equation 3-41 of Reference 1 and 11. 1-4 above
o = [ + Pl s - Pl bl
therefore,

[oss] = [[Jwiil 7] '[J;ii]] |5s:] ©(10.1-5)

values of ,6.Sil and I‘S.S';i need only be computed when the effects of thermal

deflections are to be considered, and then only for (2si < N).
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The apparent displacement of the sun from the autumnal equinox in

the ecliptic plane has been defined as 6.. Let the apparent displacement

S
of the sun from the autumnal equinox measured in the equatorial plane be
1
Os . Then
sin@ _ cos 237 27!
o' = tan! S (10. 1-6)
S cosOS ’

where es' is a constant angle required in the computation of the magnetic
field strength at body i.

10.2 POSITION OF MAGNETIC AXES

Let the ‘ﬁGi cocrdinate system be fixed in the earth with its origin

at the center of the earth, the ?G axes normal to the equatorial plane and

ccincident with the Er'I ineytial axis and the 'z'G axis passing through the

prime meridian, Figure 10.2-1.

EQUATORIAL PLANE g

- <

Figure 10.2-1 Earth Fixed Reference System
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It is assumed that the sun crosses the prime meridian at noon (GMT)
on each day of the year. Then

=e'+—3—§-0-.

ch 5 1440 t“G = degreecs {(10.2-1)

where td is the elapsed time in minutes after noon (GMT). is a variable

*G
and must be computed for each instant of time. The position of the GGl

coordinate system is obtained by rotating the 'GII axes about VI by the
angle ¢G’ Figure 10.2-1., Therefore

1l - [¢G] lQI' (10.2-2)

where

= -
c°s¢G 0 -sind,;G

o] =] © 1 o (10.2-3)

sin ¢G 0 cosé,
L .

The magnetic coordinate system, Iﬁm" is obtained by rotating GGI about
its '}'FG axis through an angle of 20 degrees to form the lQG'i system. The
lQG" system is then rotated about its Z.. axis through an angle of

G
11 degrees to form the |ami axes, Then letting

cos 11° cos 20° sin 11°  -cos 11° sin 20° |
A& = |-sin 11° cos 20° cos 11°  sin 11° sin 20° | . (10.2-4)
sin 20° 0 cos 20°
L.
|6m} = [A”QG} N (10. 2-5)

where [A] is a constant matrix.
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Then the position of the magnetic coordinate system is
|Gm| = [A] 4] IGII (10. 2-6)

10.3 MAGNETIC FIELD STRENGTH

It is assumed that the earth's magnetic field strength for each body
of the satellite is equal to the field strength at the center of mass of the
satellite, This field strength is computed in relationship tc the magnetic
axes of the earth Iﬁml at time t, Figure 10.3-1,

In terms of the angles, M and )»2 the magnetic field strength at the

center of mass of the satellite is

,CENTER OF MASS
/ OF SATELLITE

CENTER OF EARTH

Figure 10.3-1 Magnetic Reference System.
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¢ . .
3 am,kl sink, coa,hz )
Me 2
B_ = -g--3< 3 sin), - 1 , lnm, (10.3-1)
M
; 3 cos)\l sin‘)\z COMZA
T
where
M,_ = 1.266 x 100 gauss(NM)>
Let o be a unit vector along S'M then
[
7 = 's'M (10.3-2)
M

and from Figure 10.3-1 the components of ¢ in the magnetic coordinates
are

(o] [cosh, sinx, )
. cos), sink,
Iaml = ¢ amy} = ¢ s:.n)\z > (10.3-3)
; asz cos)\z cosklJ
and Equation 10,3-1 becomes
4 w
mx “my
3M 2 =
M
“my *mz | T

10-7




defining the magnetic field vector in the magnetic coordinate system

3

“mx “my
iM
' - € 2 - -
iBmml = -3 | %y 1/3} (10.3-5)
M
/s | “my mz |

Since the z, axis of the orbital reference system is directed toward the

R
center of the earth, the components of @ in orbital reference coordinates

are
(0 )

‘aRl = {0} (10.3-6)

L-lJ

transforming to the inertial reference system

t

&
=
7
#
,

|all - [E]T IaRI = =\ E3z (10.3-7)

the third row of the [E] matrix. 'O'II are the components of a unit vector
from the center of the earth directed toward the center of mass of the
spacecraft expressed in inertial coordination, This vector should be com-

The matrix product [E]T laR} = ! O’II is a column matrix of the negative of
puted and stored since it will be used in cther computations in the program,.

From Equation 10, 2-6 the components of o in the magnetic coordinates are

ol = P %] ,
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The elements of Iam‘ may now be used to compute the components of Bm
in magnetic coordinates using Equation 10,3-5, The components are
transformed to inertial coordinates by [lAl [QG“ T and then to body i
coordinates by lDil lAl [El so that the components of the magretic field in
body i coordinates are

Bl = (23] 4] ] [le] 12l

I IBmml (10.3-9)

where

[Pa =[]

10,4 ECLIPSE

For eclipse computations it is assumed that the sun's rays are
parallel and that the earth's shadow is cylindrical, see Figure 10.4-1.
The axis of the cylindrical shadow lies along the unit sun vector 'S'S .
From Figure 10,.4-1 it may be seen that the spacecraft will enter into or
exit from eclipse when the quantity (SM sin crE) is equal to the radius of
the earth,

The unit sun vector 6. and the unit ve. .»r o are both defined in the

inertial coordinate system rﬁll. From Equation 10, 1-2

CM OF SPACECRAFT

(SM sin S5 «‘Re)

}

R

e

l

Figure 10.4-1 Earth Shadow for Eclipse
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(-sine, cos 23° 27t)  [x%s1]
|651| = { sin@ ein 23° 27"} = y%I} = a constant matrix (10.4-1)
8
L -CcO8 65 ) | 2 SIJ

From Equation 10,3-7

4 3

E;

E33

J

The components IaI| are required in nearly all of the disturbance
computations and will th¢refore be computed at each integration step.

From Equations 9,2-21 the components 'aI' may be expressed as

. 3 1
cosf cosfl sinw + 8inp cuia

l”II = 4 sint sina | (10. 4-3)

~-cosf sinp sino + cosp cosa
. P

From Figure 10,.4-1

cosrp = ES S (10, 4-4)
cosr = |6SIiT gr,i B (10, 4-5)

Using 10.4-1 and 10.4-3
cosop, = D, sina + Dc cosa (10. 4-6)




ol

where
Ds = (6SIx cost cosf ‘+ 6SIy sing - 6SIz cost sinp) (10.4-7)
Dc = (6SIx sinp + GSIz cosp) (10. 4-8)

Since the components of |6 SI l are constant and the orbit inclination § is

constant, D_ and DC will be constant if B is assumed constant. Then from

Equation 10,.4-6 coso . will be maximum or a minimum when

2]

1

UIU
o

o, = tan” (10. 4-9)

0O

where ag is the orbit angle for maximum or minimum cosop, . The two
values of o found from Equation 10.4-9 represent the orbit angles for the
. closest approach of the orbit radius to the sun vector; one on the sun side

and one on the shadow side of the earth., Substituting either value of ag

into Equation 10.4-6 will give a value of (cosaE)o for minimum approacb
to 'S'S . If (coscrE)o is positive the correct value of a for minimum
approach on the shadow side was used. If (cosa'E)o is negative, the other
value of a s equal to the one used xr is the correct value. Using the com-

puted value of (C‘.OSO’E)O the value of (sier)n may be computed from

.(simrE)o = \/1 - (COSO’E)OZ (10.4-10)

1Using Equations 9.2-22 and 8.0-7 together with the value of a the orbit

radius at minimum approach, SMo’ may be computed and the qﬁantity

;‘f:ﬁ}iM sincrE)o 4t minimum approach may be found. The value of (SM SincrE)o
will be computed once during each orbit and if greather than 1.1 times the

radius of the earth, R_, it is assumed that eclipse will not occur during the
orbit, and no further eclipse computations will be made, see Figures b

10.4-1 and 10.4-2. The value of 1.1 is used since p is not constant during
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CYLINDRICAL
PATH OF C. M, SHADOW

SPACECRAFT

'PATH OF C, M
SPACECRAF T,

CYLINDRICAL
SHADOW

POINT OF

MINIMUM
APPROACH
POINT OF
MINIM UM
APPROACH
ECLIPSE NO ECLIPSE

Figure 10.4-2 Minimum Approach to Eclipse

the nrbit and § has a small value. If the value of (SM sin (TE)o is less than
1.1 Re , eclipse may occur at an orbit angle near ag and further eclipse

computations must be performed.

Eclipse computations are started at the first integration step after

the orbit angle ¢ becomes greater than a_ given by

1 zRe '
@ = a -sin T o— (10.4-11)
e ° SMo
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where sin™? ZRe/SMo is w/2 when ZRe/SMo >1.0. With the current value
of B, the values of a and a are updated and a value of (SM sincrE)o is
computed, If (SM simrE)o is greater than 1.1 Re no further ecliipse com-
putations are performed until the orbit angle o« becomes greater than the
revised a, approximately one orbit later. If (SM cosaE)o is less than

1.1 Re , the current value of the quantity

ap = S, sinog = R_ (10. 4-12)

is computed using already available components ‘6sI| and '6I| computed

from Equations 1C.4-1 and 10.4-2. From Figure 10.4-2 it may be seen
that ap
the earth's shadow and the spacecraft will enter and exit from eclipse

is the distance between the center of mass of the spacecraft and

when ap is zero. The integration continues computing a value of ap at
each step and retaining one past value. If after a given integration step n,
the value of (aLE)n is negative or zero, it is assumed that eclipse occurred
at the end of step n. If, however, the value of (a‘E)n is positive, the
quantity

TIME AT

ﬁ\, MINIMUM
APPROACH qa
!
aE \) :
|
[
:
a'E '
i l
f %\ ; == TIME
| 1 __Atn—ﬁAtE‘ . i
R! tn-i tn |
Re e [
t + 1 |
n
ASSUMED TIME OF
ENTRANCE

INTOQO ECLIPSE

Figure 10.4-3 Prediction of Eclipse
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Aa (10. 4-13)

E ° (aE)n - (aE)n-l

is computed, If AaE is positive or zero no further eclipse computations
are made until o again becomes greater than a, . If Aap is negative the

quantity

(a)_ At
- E'n " ™n

ie computed. Where At is the length of integration step n and At is the

linear interpolated length of time to eclipse, If atg > At the integra-

n+1l

tion continues and if AtE SAth. the value of At _ .is set equal to At

n+l E
and eclipse is assumed to occur at the end of integration step n+l, see
Figure 10.4-2. The value of ap at the time of entrance into eclipse is

-

denoted by aE' and the quantity

R, = R+ a (10.4-15)

ie computed. Where Ré is the radius of the earth shadow used to deter-

mine exit from eclipse,

After entrance into eclipse the integration is restarted with the
solar radiation forces and torques set at zero. However, when thermal
bending is being considered there will be an eclipse transition period
after entrance into or exit from eclipse. Normally, in sunlight, boom k
of auxiliary body i is bent and in motion with respect to the body i coor-
dinate sysfem. When the satellite enters eclipse the boom will return to
its nominal undeflected position during the short period of time teo after
which the deflection and motion remains zero until exit from eclipse. At
exit the boom deflects to its normal deflected position in time tp . The
boom motions during these transition periods is represented in the pro-
gram by allowing the bending coefficients to reduce linearly to zero during
time t. at entrance to eclipse and to increase linearly from zero to their

nominal value in time tE at exit from eclipse.
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For each integration step after entrance into eclipse the quantity ap

is computed from

aE = SM sina-E

- Ré (10.4-16)
retaining one past value. If after a given integration step n, the value of
(aE)n is positive or zero, it is assumed that exit occurred at the end of
step n. If, however, the value of (aE)n is negative, AaE and AtE are com-
puted from Equations 10.4-13 and 10.4-14. If Atg > Atn+1 the integration
continues and if AtE < Atn+1

exit from eclipse is assumed to occur at the end of integration step n+1l,

the value of Atn+1 is set equal to AtE and

After exit from eclipse the solar radiation forces and torques are again
computed and the integration is continued. However, no further eclipse
computations are performed until the orbit angle a again becomes larger

than ae .

When thermal boom bending is being considered, sufficient data must
be computed and stored, during the transition periods, to allow the ther-
mal bending routine to properly modify the bending parameters. The
parameter p;. is used to indicate the rate of change of the thermal bending
coefficients (see Equations 14.3-1 and 14.3-2). The current value of Pg

must be set in accordance with the following logic:

Pp = 0 when not in eclipse transition
P = L when in entrance eclipse transition
E 60 t |
E
P = + 1 when in exit eclipse transition
E 60 te

If the input value for the length of eclipse transition, tes is zero, the
program should set it to four minutes. The parameter kE is used to com-

pute the current value of the thermal bending coefficients (see

>
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Equations 14,3-3 and 14.3-4). The current value of kE must be set in

accordance with the following logic:

kE = 1.0 for no eclipse and no transition

(1 + PR At) for entrance transition

kg

=
i

E (pE At) for exit transition

1!
o

kE for eclipse and no transition

where At is the time since start of transition., It is assumed that four
integration steps during eclipse transition are adequate, therefore, the
integration step must be maintained at 1/4 te during transition. At the
start of the program initial values of o, o and ap must be computed,
It ap is negative the program has been started in eclipse. If ap is posi-
tive and o < asa the spacecraft is approaching eclipse and if ap is
positive and a s a <a no further eclipse computations are made until
a exceeds o . It will be noted that when the spacecraft enters into or
exits from eclipse on the first step after the start of integration, there
is no past value of ap from which to predict the time of transient, How-
ever since entrance is assumed if an is negative and exit is assumed if
ap is positive, transient will occur at the end of the first step. Since the
integration step size small at the start of integration this error may be

neglected.
10.5 THERMAL BENDING AND DEPLOYMENT PARAMETERS

Auxiliary body i has been defined in Section 2.0 as k masses m,,
oriented at the tip of k arbitrary vectors Rik defined in body coordinates
(1 = k =4), Changes in shape are expressed in terms of variations in the
components of the vectors Rik' It is assumed that these variations result
from either thermal boom bending or boom deployment which may not
occur together. The nominal positions of masses m,, are input as k col-

umn matrices 'oRikI' Then the components of Rik are given by

lR. = |°R.

1kl ¥ ‘ARikl | (10.5-1)
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and

Rik AR,

o (10. 5-2)

R. = [AR,

e " (10. 5-3)

where 'AR‘ik| and |Ap:ik| are functions of position and velocity. Since

leé‘ik' is a function of the body i angular acceleration let

|ARik| = |xik| " ["ik”‘*’iil (10, 5-4)
The 3 x 1 column matrix l)\ikl contains the components of IAR1k| which are

functions of position and velocity and the 3 x 3 square matrix lxikl contains

the coefficients of the components of |“’u|

The parameters required at any instant of time are:
ARikz
ARikI

Nk l

M|

These parameters may result from either thermal boom bending or boom

deployment and are used to compute the instantaneous inertia and body

momentum parameters.

10.6 BODY INERTIA AND MASS PARAMETERS

The inertia matrix for each body represents the inertia eiements
with respect to the body axes located at the body reference point. The
diagonal elements are the mass moments of inertia about the body axes
while the off diagonal elements are the negative of the products of inertia.
The inertia of any reaction wheels which may be attached to the bodies is

assumed to be included in the body inertia matrix. The inertia matrices

- -




and the time rates of change of the inertia matrices are functions of
positions and velocities and do not contain the unknown accelerations

of the systern,

10.6.1 Body 1 Mass and Inertia Parameters

The main body of the spacecraft is assumed to be a rigid body, for
which the inertia and mass parameters are constant., Therefore, the
mass and inertia parameters are input constants where

M mass of body 1 in slugs

1
[ I, ] = 3 x 3 inertia matrix for body 1 giving the 9 elements with

respect to thel ﬁll coordinate system in Blug-ftz

It should be noted that the components of the vector location of the center

of mass of body 1, |v“l are zero,

10. 6.2 Auxiliary Body i Mass and Inertia Parameters (2 <i £ N)

Each of the auxiliary bodies has been assumed to consist of k point
masses supported by rods, where k may have values of 1, 2, 3, or 4.
The mass data is input as k values of m,y and the total mass of body i

is given by

Mi = ; m, = slugs (10.6-1)

where Mi is a constant computed at the start of the program. The location

of the kth mass in the ‘Qi' coordinate system is given by the vector Rik

and the vector location of the center of mass of body from the body i refer-.

ence point is

- _l_ .
v, = M, % mikRik (10. 6-2)
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From Equation 10,5-1

———
<
[N
o
——
!

FUD S 1y
M, My oRik| * M, m ARy | (10.6-3)
i k | i k

'vii' = Iovii|+_l\711? g mik!ARik| (10. 6 -4)
where
‘oviil = Mli % My |oRik| (10.6-5)

The components 'ovii are constants computed at the start of the program
and the additional term l/Mi %{3, m, 'AR‘ik' need only be computed when

thermal bending or deployment is being considered.

From Equation (10, 5-3)

‘v;i‘ - Mli ; my ‘Af&ikl (10. 6-6)
and
I‘;;i' T M, Ekl My Ap.‘i.k}

From Equation 10.5-4

l‘;i.il - 1711'1' 2 mikl"ik|+'ﬁ1; g My ["ik] “‘iiil




Let

|)\1| = l\Tl; g mik“ik‘ (10.6-7)
[ pi ] ﬂll 2’ e [ (10. 6-8)

Then
v | = I)‘il’“lpil I“ﬁ' (10.6-9)

From Equation 3-30 of reference 1, the inertia matrix for body i with
respect to the Iﬁi I coordinate system with ite origin at the hinge point is

given by

[IiH] = - 2 m, [JRik] [JRik]+ %[Iik] (19. 6-10)

The term [Iik] represents the inertia matrix for mass m, with
respect to body i axes translated to its own center of mass. Provisions
are made to input up to four Iik matrices for each auxiliary body. The
matrix i [Iikl is the sum of the inertia matrices for each of the k masses
m,, with respect to the | Qil coordinate system when translated to the cen-
ter of mass of m, . This provision is made in order that rigid bodies of
arbitrary shape may be coneidered as auxiliary bodies, When considering
booms, the inertia of the tip mass about its center of mass is usually
small and would normally be neglected. However, if the k masses lie
along a coordinate axis the matrix IiH is singular and the inverse of the

system matrix cannot be found. In order to insure that|I...|is non-

1Hl
singular the diagonal elements of ﬁ Iik] are tested for zero. If zeros

are found the mass M, is assumed to be a solid steel sphere and each zero
is replaced by . 03(M,._)5/3

computed at the start of the program, this correction is made only once

Y
%;s»

. Since the matrix i[likl is a constant matrix

at the start of the program.

N -
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By differentiating Equation 10.6-10

|t ] = - gmik [P;\.Rik] [J;{ikl +lJRikHJ;Rikl] (10.6-11)

The matrix IIi.Hloccurs only as a result of changes in shape and is

used to compute the dynamic torque [IiH! ‘wii"

The inertia matrix for body i with respect to its center of mass is
required in the computation of gravity gradient torques and may be obtained

by using Equation 6-19 of reference 1.

llil = IIiHlJrlJi,_ Y {10, 6-12)

10.7 BODY ANGULAR MOMENTUM PARAME VRN .

The torques due to body angular momentum appear in the dynamic

equations as IJwiil lHii‘ and lHul and result from reaction wheel momen-

tum and momentum due to changes in shape. From Equations 6, 2-1
and 6,2-2

[Jwii] IHiiI = Jwii] leiiI + [Jwii] |Hgs; | (10.6-13)

|

Rii

(10, 6-14)

H!?s«ﬁ".‘;| + ‘H

The body momentum torques due to reaction wheels, anl 'Hwiil
and ‘Hv;'iil are computed and introduced into the equations bv the control
system subroutines. The angular momentum due to changes in shape

occurs for the auxiliary bodies only and are given by

lHRiil y gmik[JRik] ‘Ri.kl E %mik [JRikl l"‘;i‘ik| (10.6-15)
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difterentiating
|Hl{ii} = g My lJRikl lekl = g My [Rmkl |AR.i.k'
Substituting Equation (10, 5-4)
f
| ] * 2 o Pacl* 2 el P 1
Let
| i | = g my [JRikH)\ikl (10.6-16)
(W] = g My | T M (10.6-17) ‘
Then
H];ii,: |T_.m|+[wi]|wi'i| (10. 6~18)




11. GRAVITY FORCES AND TORGUES

The exprezsions for the gravity force and torque at the center of
mass of a rigid body have been presented in a number of published works
on gravity gradient systems. Since the forces and torques are functions
of positions only, these expressions are also applicable to flexibie bodies
if the instantaneous position and shape parameters are used. However,
when the effects of the gravity forces in producing changes in shape of a
flexible body are considered, the forces and moments at points within the
body are needed, and additional computaiions are required. The flexible

spacecraft being considered here, consists of N flexibly connected bodies.

It has been assumed that the center of mass of the total spacecraft
is in an elliptic earth orbit defined by equating the gravity force to the
radial centrifugal torce. If all of the mass M4 were concentrated at the
center of mass of the system, the centrifugal force would be KN woz SmMm
T'S'M/SMZ,(Figure 11.0-1).

However, the mass M occupies a finite volume, and the mass elements

MT and the gravity for¢:» would be - KN y M

dm are in a varying centrifugal force field and a varying gravitational
force field. The centrifugal force field is linear, the magnitude of the
force at any point is a linear function of the distance from the center of
mass of the earth, therefore, the net moment at the center of mass is
zero. In addition, the principle of superposition is valid for the centrifu-
gal field and the change in forces and moments between points within the
body are linear functions of the change in the distance from the system
center of mass. The gravitation field, on the other hand, is not linear,
the magnitude of the force at any point varies inversely as the square of
the distance from the center of the earth, therefore, the net moment at
the center of mass is not zerc, In addition the principle of superposition
is nbt valid, and the forces at any point within the body must be based

upon the distance from the total spacecraft center of mass.
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CENTER OF MASS OF EARTH

Figure 11.0-1 Inertial Position of Mass Element

Consider a portion of the spacecraft designated as body i with
mass M; and flexibly attached to the remainder of the mass. The center
of mass of body i may have an orbital radius different than that of the
total spacecraft center of mass, however, the angular orbit rate W, is
the same and the gravitational forces do not balance the centrifugal -
forces. The internal forces and torques required to keeo all elements
of the spaceci'aft in the same orbit will cancel over the total system and
the normal rigid body equations are valid, however, these forces and
torques are effective in producing relative displacements between the
spacecraft elements. The gravity force and torque equations for body i
attached to another body will be derived in this section in order to

determine the relative magnitude of these internal forces and torques.
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11.1 GRAVITY FORCE EQUATIONS
The gravity force on an element of mass dm is given by
- KN vy dm
dF_ = - —_— r (11.1-1)
g r

where y is the earth gravitational constant and r is the distance from the

center of the earth to dm.

from Figure 11.0-1
Y = §M + R
2 _ = = 2 = = 2
r mr.r-SM+2(SM~R)+R
where
S = [Sul
R = |R|
Then
2 2@y R g2
2 = 1+ 2zt 2
ct
SM S Sm
and 3 3
"2 T .3 T2
1 1 [r? 1 2By - R g2
T Su \Owm, M M Sm? ”
2 2 . . -6, .2 2
In general R“<< Sps“. A nominal value of R/S)f is 5x 10 ~ and R /SM

2

is 25 x 10-12, therfore, in comparison to unity the term R2/Sy;“ may i

be neglected. Expanding the term (1 + 2(Sp; - R)/ SMZ)'?’/Z into a 3
binomial series and letting

2 .
R oo | (11.1-3)

5
SmMm
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(11.1-4)

= 3 1

] 1 3(Sy* R)
k] - 2
r SMm Sm

Substituting Equation 11.1-4 and r + SM R into Equation 11.1-1 , the

expression for the gravity force on mass element dm becomes

— KNY — - 3KNV - - - -
dF_ = -—--—(SM + R)dm + (SM R) (SN[+ R)dm (11.1-5)
g Sy 3 Sy 5

Consider some portion of the spacecrafit for which the gravity force and
torque expressions are desired. Designate the portion as body i and let
the mass be M; and the mass of the total spacecraft be M. If the vector
location of the center ¢f mass of body i with respect to the total center of

mass is ﬁMi’ it may be seen from Figure 11.1-1 that

f g;dm = 0 (11.1-6)
M,
1
N
Z Ry M; = 0 (11.1-7)
i=1
R = ﬁMi+ Z; (11.1-8)

SPACECRAFT CENTER OF MASS

Figure 11.1-] Relative Position of Mass Element
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Substituting Equation 11.1-8 into 11.1-5, the gravity force on mass

element dm in body i is

— KNY - - -
ngi = - -S—T(SM + RMi + §1) dm
M

3KNy - - - - - - - - - -
+ . 5 [(SM . RMi)(S + RMi + gi) + (SM- t;i)(S+RMi+§i)]dm
M

(11.1-9)

Integrating over the mass of body i, the gravity force on body is is

- KN\.» _ 3KNy _ _ R
ng = - S——3 (§+RMi)Mi + S 3 [(S- RMi)(S + RMi)Mi +£l (S- L)L dm]
M M i

(11.1-10)

From the triple cross product expansion A x (A x B)

(B.A) A = A x(AxB)+ A’ B
Then
f.(é. g,) t; dm = /.Zix(zixg) dm+§f . giz dm (11.1-11)
Mi Mi Mi
Let
L, = KZme tZdm = 3 (I + I+ 1) (11.1-12)

L; is a constant for a given rigid body and is independent of the vorientation
of the coordinate system. It is equal to one half the sum of the diagonal

elements of the body i inertia matrix

- — - _ 1 =
l\f/ﬁ;ix (L; x Syf) dm = %2 (L * Syp) (11.1-13)
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where the inertia elements are with respect to the center of mass of

body i,
Then
- - -— l — - —
{/I'(SM‘ gl) t_‘,i dm = — [LiSM-Ii. S] (11.1-14)
i KN

_ KNYMi _ YM; _ 3KNYMi - _ - -
Foi = ° s 3 SMm 5 3 Ry + 7 5 Syt RSy + Ryyg)
M M SmMm
3KNY - = -
+-I-(—i-—-5-[1,i 5, -1, - s] (11.1-15)
N Sm |

The first term in Equation 11.1-15 is the gravity force that would exist
if the mass M; were concentrated at the total spacecraft center of mass,
The second and third terms, containing RMi' represent the additional
force due to the fact that the center of mass of body i is not in the same
orbit as the total center of mass, The fourth term, not containing ﬁMi'

is due to the finite size of body i,

Force Equation 11.1-15 may be written as

5. R S. R 3[LiS—M'71'§I\!I’]
Fooog o | (1-3oM Bwi)(Sm, Bl | Sm M
gl o SM© SM/\5M  Sm M. K, 2 s, 2
L 1 N M J

(11.1-16.)

The second term in the brackets is approximately three times the radius
of gyrétion of body i divided by the orbital radius squared. This term is
less than RZISM2 which has been neglected in comparison to unity, Equa-
tion (11.1-3), Therefore, the additional force due to the finite size of
body i will be neglected. The vector iMi will normally have a magnitude
of less than 50 feet while the orbital radius has a mirimum magnitude

of about 3500 nautical miles or 20 x 106 feet. The magnitude of SMi is of
M .
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the order of magnitude of 10-6 which will be neglected in comparison to
unity. In other words the assumption that the orbital radius of body i is
the same as the orbital radius of the total spacecraft produces negligible
errors for size of spacecraft to be considered. The gravity force equation

may then be taken as

|

S (11.1-17)

11.2 GRAVITY TORQUE EQUATION

Let ;fgi be the gravity torque on body i with respect to the body i

center of mass. The torque on mass element dm is then

dTgi = KN t_;i x ngi (# - feet)

Substituting Equation 11.1-9 and integrating over the mass Mi

- 3KN Y - - - - -
Tgi = 3 [/ (SM . t;i) gi dm] x (SM + RMi) (11.2-1)

using Equation 11.1-14

T - 3 '] T L] '] 3 n » g - "
Ty = -S-Y-5 Sy x (L v By + —YB' Ry X [ Syt Ly M] (11.2-2)
M |

L2}

Sm

The first term in Equation 11.2-2 is the gravity gradient torque due to
the finite size of body i, while the second term is the additional torque

due the difference in orbital radii.

Vi




The torque equation may be written as

_ 3g S R,,. . S S., R,,.
Tom ol (e 20) o (1. M) n (M| ey
g M [\SMm  Sm Sm SM " Sm
‘ Neglecting ﬁMi/SM as in the force equation
— 38, - = =
Ty = —35yx G- 5y (11, 2-4)

N M

11.3 MATRIX NOTATION

From Equation 9.3-8 the components of the vector from the center
of the earth to the spacecraft center of mass in orbital reference

coordinates are

B

szt = =Sy 107
Ll J
and in body i coordinates
( 94
0
= - § ] -
{SMI} = - Sy [D,} [A]50¢ (11, 3-1)
\l s
Let
[F;,] = [D,][A] (11, 3-2)
then
Syt = - Sy {Fy3) (11, 3-3)

N R 4 P
i A LR
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where SM is the magnitude of §M and{Fw}is a column matrix formed
from the third ~5lumn of [Fi]’ [Di] having been defined as [U] for body 1.

The gravity force equation for body i, 11.1-17, now may be

written as

{ngi} = g, M; {F;} = g M, [D][A] {0} (11. 3-4)

The gravity gradient torque equation for body i, 12.2-4, now may be

written as

3g° .
{Tgﬁ} = Y [T i3 (3] {Fi3} (11. 3-5)

where [Ii] is the inertia matrix of body i with respect to a set of body

axes translated to the center of mass of body i,




12. DYNAMIC EQUATIONS IN BODY COORDINATES

The dynamic equations in terms of body coordinates are developed
in this section. As noted in Section 4. 0, the motion of N bodies is defined
by N matrix moment equations and N matrix force equations. Since the
(N-1) auxiliary bodies are attached to the main body, (N-1) matrix force
equations were eliminated in Section 6. 3 by equating the reaction forces
at the attach points. The remaining matrix force equation, describing the
motion of the total spacecraft center of mass, was used in Section 8. 0 to
define the orbit equations and in Section 9. 0 to develop the inertial trans-
lational accelerations. The remaining N matrix moment equations are
the dynamic equations describing the motion of the N bodies with respect

to a reference system at the total center of mass,
12,1 MATRIX MOMENT EQUATION FOR MAIN BODY

The basic moment equation for body i is given by Equation 4.1-1 as
Tt = M350 G b [n) G b+ 17,50 (1] o)
] o+ [ ) ) + (5D

for the main body (i = 1. 0) the reference point is at the body center of

mass, therefore,

fry ) = 0 (12.1-1)

(L) = (1] (12.1-2)

In addition the body is rigid, therefore,

(L] = (L] = [0] (12.1-3)
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From Equations 6.2-1 and 6.2.2 the body momentum results

only from reaction wheel momentum, and

{H“} = {Hw“} (12.1-4)

{H

)=

wil} (12.1-5)

‘ The body 1 matrix moment equation reduces to

(T = (1) oy + 03y 0 Moy 40T, R 3+ (H ) a2.1-6)

From Equation (6. 1-4) the external torques on the main body are given by

(T} = T} + Ty b+ Ty 3+ {Tyy I+ Ty}

+ i_ [7i D;)p {Fpys ) + ._i[Di]T Tz}

where from Equation 6.3-2
(Fpil = {Fyht Pt Fyyd- M, ;)

and from Equation 7.2-2

Cpied = (6] )

The body 1 matrix moment equation may now be written as

N
{Tor 1t Ty Ty 1 Ty 1 g gé["uil] I[Pi]T{ngi}'Mi{Gil}
N N
* i.-.zz [Ty )ID;)y {Fgyh+ )] + 22 [Di],r A )
12-2
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12.1.1 Translational Accelerations of Body i

The translational acceleration components of the center of mass
and of the reference point for each body were derived in general form in

Section 5.0, Repeating Equations 5.5-7 through 5.5-14 for reference

(5.5-7) {G ;;,} =Gg,}+{H ]

(5.5-8) {G,} ={GR1}+{HPH'}

b
v

i
%
&4,

(5.5-9) {GRI} = [A] {GMR} - {HMI }

N M
_ _i ¢
(5.5-10){HM1} -i; T {Hpil}

(5.5-11) {Gn“} ={G“} = {Gm}

(5.5-12){Hpil} ={H . }+ D1 {H .}
(5.5-13) ¥ 1} = (3, 034wy, }- 195 (o)) ]
(5.5-14) (H .} = (Vb 2T Mo b+ [0 J00 d o} - 3 Mo )

From Equation 10. 6-9 the componen:s of the acceleration of the center of

mass of body in body coordinates are

W) = D+ {oy,)
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Substituting 10, 6-9 in 5,5-14 and then 5.5-13 and 5.5-14 into 5,5-12, the
components Of the acceleration of body i center of mass relative to the
body 1 center of mass are
. ' .
B = 0,00 Mugd - 006, o000 6 (e )

wl
/ 2 13,350 0vih + D9, 95 vy - 190 o) (12.1-8)

The expressions for {Hpil }contain terms which are functions of only
position and velocity and terms which contain the unknown accelerations
of the independent variables. Referring to Section 5,3 and Equation 5.3 -2

the inertial angular accelerations have been defined as

{lop = {ywph + oy}

’ - [ .
o {wii} - "'Nwii} + {A‘*’ii}
! where the prescript N denotes terms which are not a function of the
é unknowns while the prescript A denotes terms containing these unknow.is.,
Then
g - - * / - _' i
{AI-.Ipil} = [Ju“]{Aw11 }+ [Di]T [ [B/] [Jvﬁ]]{Awii} (12, 1-9)
(NHpind = D008 g oy - 13 ) fgep B+

1

D001+ [[B{ 1-13,] ]{Nw{- paald, W+ 000 MY (ze1e10)

Letting {HHpil} = k

il .




where {Kil}is the symbol used for this term in the digital program, using

]

o

: D) (3] [D,]

[T01) = 5] - Dgy))

~ e T

,. {Nwil} = [Di]T {N"’ii} + [Jwil] {wll}

TR "

Uy ) = [[Di]T[B;l[Di] - g ]l[Di]T{N‘”ig}l

s2la Mo b - g, Ma | + I dls M, )

+ D) O} + g Mg 1y ) (12.1-11)
Then
B ) = U he {H )

and from Equation 5, 5-10

{ } § i {k..} g 7 { }
H = — {k., }+ =2 { H_.
MLT " o My L7 6 My "ATpil
Let
& Mg ETRARL 3% (12,1-12)
Then
N X
Ay} = {le}"i_ 'IT/ITT'{AHpu} (12, 1-13) !

LT
3
ig




DB bk

and from 5, 5-9

N

M,
(Gpy} = [AlGyp} - g} - Zz W (At}

and from 9, 3-5

N
0 N |
[AlG g} = g, (A (1)] "'i'/f‘ {Fcu}*%a"" 21 [Di]T'{FSii}+ Fps5

T T
Then
N
oot =g talo] s iote yalo Siol e detr, )¢
“ri’ = & AN N Ferd M Dlp[tFgyd + (7 gy -l }
i=1
S My
" & My At
Let
N
{F} = :‘I} {Fep h+ 121 [Di],rl{FSii}+{FAii}l - kg, b (12.1-19)
then
0 S M,
(Ggy} = g, [A] [g HEY- D M o) (12.1-15)

and from Equation 5,5-8

N |
+|{F} +{kil}|‘ g 122 i—ii—,{Aszl}* {AHpil:(}lz o
=2 My J1-1

, 0
{6, ,}=¢ [A]lo
1 (o) 1
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From Equation5,5-13 and 5.5-7

{\H 1} = -1 ,0(01,} (12,1-18)

and

@ + (Y - 2 5t GHpntt B!

0
{G ..} =g, 1Al IO
nil ° ] {2 Mg

(12.1-19)

12, 1.2 Main Body Driving Torques in Body Coordinates

Returning to the main body moment Equation 12, 1-6 and consider
the term

N
Z iy oyl i) - G )]
From Equationll, 3-4 the gravity force on body i is

0
{F ..}= Mg [D.][A]IO]
gi 10" 1 1

1

Then using Equation 12, 1-15

S N
2, Uyl (-3 {6 = - 2 a I, ) [+ )
N M, .
! iZ?. M Wi gz _1‘71%; {_AHpii} " {iAHpil | (12.1-20)
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Substituting Equation 12.1-20 into 12,1-7 the main body moment
equation in body coordinates is

N N
[1)) {yoqy}- ; M; (3] i; 1\—4? WHont- {Hy)
N

-1
= {q),}+ iZZ (D]} [G,1 {Tgi} (12.1-21)

where
' N
) = - ey - [ i )= 2 ML) [+ )

i=

t Tt Tt Tt Tyt Ty

N

+ Z [Juil][Di]T l{FSii}+ {FAii}|-[Jw“] He11}- Hypyl

(12. 1-22)

The components of {qn}are the raain body driving torques in body coor-

dinates (torques about body 1 axes) and are functions of position and velocity.

12. 1.3 Coefficients of Unknowns in Main Body Equations

The unknown of left side of Equation 12.1-21 will now be expanded.
From Equations 5.3-3 , 5.3-6 and 12.1-8 ,

foig) = 8]y
{qoj;} = [Dy] fog; )+ {o)

and

11

(Hyt = [1D]081,] - o] 950 + 100y [ 18]~ 19,40 ] f03)

(12.1-23)




s B

Letting

M,
§ _M—;f [D;1y (8;')D;) = [Ry,] (12.1-24)
i=2

and from (5. 4-6)

N Mi :
1;-1\2-']:‘- {Pn}= {RMI}

Then
N Mi ‘ |
i= M—T {AHP“} - [[RII] -[JRMI]] {911}
M, ‘
+ liM—:: [D,]1; [[fsi'] - [Jvﬁ]] @, (2.1-25)
and '

- * M
’2 ﬁ-;: {A%il}- {AHpil} = [ (Ry,]- [-Tm\u] + {J'p“] - [Di].r[ﬁi] [D‘]] {ﬂ;:!l} +Lg MJT[D‘]T [[pi] '[Jvii]] . [Di]'r[["i]' [J‘vii]]l @®),)

(12, 1-26)

The main body moment equation may now be written as

[Ly) {9, + Ji [Ly;) @) = fay) + i_ D))y (617 (T}

(12.1-27)




where
N
() = )+ 2 M, 10,0 gy )+ g0+ (0] (8D, [R,,]]
(12. 1- 28)
) = My [0 - ur|im g [0 - 13,5]] (12.1-29)
N
fag,} = mlfj= M {u ) (12. 1-30)

12, 2 MATRIX MOMENT EQUATION FOR AUXILIARY BODIES

The basic torque equation for body i is given by Equation (4. 1-1) as
Tgysd = My 150 Gpgd + I G + [T 550 (1,0 o)

From Equation 6.2-1 and 5. 2-2 the body momentum results from

reaction wheels and changes in shape.

H = B )+ He ;! (12, 2-1)

H,} = EHo )+ o) (12. 2-2)
and from Equation 10, 6-18

gyt = Ty + (W] o) (12.2-3)

deaB M 3 iy R S




From Equation 6.8-8 the external torques on auxiliary body i are given by
(Tgid = Uyl {Fgygd + {T g+ {Tgy b+ T g i+ {Tpgyd - (Tiyyd
(12.2-4)
where from Equation 7.2.2

-1

The body i matrix torque equation may ‘now be written as
-1
(Toguh + {Tgy b+ AT gy d + (T - (G {T 3+ [004] |{ngi}

- M; [Dy] {Gnil}| - [ oy d - 133000 o) - [0 o)

B [Jw ii

MHg b - (Y - 19 1 Hg b - AT - W ey} = 0
(12.2-6)
12.2.1 Auxiliary Body Driving Torquer

The torques due to the translational acceleration of the body i
reference point and due to the gravity force on the body are given in
Equation 12. 2-6 by the term
}- M, [D; (G, }]

7,5 [(F

vii gii

Substituting Equations 11.3-4, 12,1-19, and 12.1-17

g ‘{ngi} -M; DG} = - M [D) [{F)+ To1q) 19,10 (uy)

M,

| N
. .
- ) Gyt + My (D)) M, {aHpi

1=

- {aHyy!
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Let
(Fyb = (F}+ 1T )10 Tug) - 10 ey )
Then
{F;} = [D){F,}
[ and
| [ 5) [{Fgis)} - M [Di]{Gnil}l = - M; gHF)

N M,
tm [3;1(D,] Z {aHpi} - {aHy}

(12.2-7)

Substituting Equation 12. 2-7 into the body i Equation 12. 2-6 and letting

wii

IR

Sl HH Y - (B - [0 J(H ) - (T - W (o))

w1l
AT i+ Ty b AT 53+ {T ) (12.2-8)

the body i moment equation becomes

[1,,] o)) + W, y0}} - M, 13 ,1(D,]

M,
i m—;_{AHpil}“ {aHyi ) = {oy)- [C'i]:rl (g} (12.2-9)
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12,2.2 Coefficients of Unknowns in Body i Equation

The unknown or left side of Equation 12. 2-9 will now be expanded.
From Equations 5. 3-3, 5. 3-6, 12.1-18,

f ’ = '
CITURRLYY.

———
>
e.
-
1

= [Dj]{a),} + (2}

aFund = - Byl (ae)y) = - (3010 ))

N M. N M, .
Zz KZ,';,' aHp) = |[R1,1] '[vau]]{“il}‘“ZM}LIDi]T[[ﬁ}] -[Jvii]] {2}

Then

N M, PR
Z My, taHpn) - (H) = |Ir),) - CISVILRRCAN | ROMY:
)

+ 2 "1\1:1—4;" [Di]T l[p').] - [Jvii], {éii}

(12.2-10)

The auxiliary body i moment equation may now be written as

. N ) -1
[L)4@,, )+ z; Lyl o) = dayd-l6)p (T} a2 2.1
J=

where

[Ly] = i) +1w,1) ip,] *M; [D113,4)) [[900) - [Ry,] - [7,4]]

(12.2-12)
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: A MM,
(12.2-13)
N - .
& ij - 0 j#i
A
6 ij = 1.0 j=i

12.3 BASIC DYNAMIC EQUATIONS

The basic dynamic equations expressed are terms of body coordinates
are summarized in this section. The main body or body 1 equation given
by 12.1-27 is

..N
(L e, >

N
. ‘N -1
j=2 i=2
| (12.3-1)
The auxiliary body or body i equation [2<i < N) is given by
Equation 12. 2-11 as
. N . -1 {
, - v T .} (12.3-2)
(L ey 3+ > Inley) = da0 - (61 e
j=2

From Equation 7. 3-1 the gimbal torques {Tgi} may be written as
{Tgi} = {ngi}+ {TYi} (12.3-3)

where {ngi} are the gimbal reaction torques for gimbal axes which have
degrees of freedom while {TYi} are the gimbal reaction torques for
gimbal axes which do not have degrees of freedom. Therefore, for a
given axis the corresponding element in either {ngi} or {TYi} must be

zero. Substituting Equation 12. 3-3 the basic dynamic equations become

it

g g E o 5 e ~ 3 o — DRl NS it i
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[L“usz',,ni[Llé}-z;a.;j} {q“}+§:[D][G] C
j:Z i=2

-1
+ i (D17 [Glp (Tyy) (12.3-4)
i=2
- , -1 -1
=

12. 3-5)

The basic dynamic equations may be written as the single system matrix

equation
o 1( 3 ¢ -1 ¢
Ly )i () ) || @) (q“ni Dy l6]y (1,,) 2 (D) (G4 (Ty,)
%2 {=
. -1 -1
[I"Zl][LZZ] (022) {qZZ} - [GZIT {T'gz} - [GZ]T {Tyz}
I I } = I ) + t }
-1 -1
() =1 {n;} {ayd - o)y (T} ' -[Gp (Tyy)
: I . !
[LNI] < > [LNN] {ONN} (”“NN) = [GN]T (T.SN} L - [GN]T {TYl}
1 J J J
(1 2. 3-;6)
or
2} = +  EaT

Equation 12. 3-7 can be solved directly for the unknown accelerations
only if all auxiliary bodies have three degrees of freedom about their

gimbal axes. All of the elements in the {TYi} ma*rices are then zero

and since {ngi} is a function of only position and velocity the elements

of the [L] matrix and the right hand side of Equation 12. 3-7 do not contain
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the unknown accelerations. The elements of {2} can then be found by
inverting the [L] matrix. From Equation 7.1-2

{ij} = [Gj]{éj} (12. 3-8)

{fzﬁ} =[Gj]{6j}+[c:j] {ej} (12. 3-9)
' -1

®;} = (6] i@} -(G)l{6,) (12. 3-10)

For each degree of freedom eliminated a locked gimbal reaction torque will
appear in the {TYi} matrices and Equation 12. 3-7 cannot be used to
directly solve the equations of motion. Methods of solution for locked
gimbals were discussed in Section 4. 0 covering method of approach. As
noted in Section 4. 0, the reformulation of Equation 12.3-4 and 12. 3-5 in

the desired form for digital programming is presented in Appendix A.
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13, SOLAR AND AERODYNAMIC FORCES AN TORQUES

Both the aerodynamic and the solar forces on an element of area are
assumed to result from a particle flow against the area. Using one of the v
simple and most commonly used particle -sur{ace interactiorn models, the
same set of force and moment equations will apply for both aerodynamic
and solar disturbances. The equations derived in this section are expressed
in terms of a unit flow vector 6p, a pressure Vg and the normal and ??
tangential coefficients vy and vp. For solar disturbances, oF is the
unit sun vector 35, Vg is the solar radiation pressure Vg, and vy
and vT are the normal and tangential reflectivity coefficients. For aero-
dynamic disturbances, EF is a unit vector along the negative of the
spacecraft velocity vector, Vg is the dynamic pressure Vp, and vy

and VT are the normal and tangential momentum exchange coefficients.

13,1 SOLAR AND AERODYNAMIC REFERENCE SYSTEMS

For the derivation of the force and torque equations, it is convenient
to define time variant reference systems for each shape. These reference

systems will be designated as flow oriented systems. The general sub-

script F will be used which may be chaiged to S for solar disturbance
computations and to A for aerodynamic disturbance computations., The
solar oriented reference systems are the same as the h©yjom reference
system used to describe thermal bending except that the boom reference j

axis is replaced by a unit vector defining the orientation of the body shape.

Let KNik be a unit vector defining the orientation of a surface of
the kth element on the ith body, and let 3}:«‘1 be the unit vector defining
the direction of partial flow, Figure 13.1-1. The angle NNik» Petween

6-ﬁ and E'Nik’ may have values in the range 0 < 'ﬂN < 7; therefore

1

sin nNik is always positive
€08 Mk = S Fik* ANik (13.1-1)
zndd ‘
sin Ny = 41 /1 = €08 Ny | 13,1-2
nINik Nik (13.1-2)
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Figure 13.1-1. Relative Position of Flow Vector

The flow oriented reference sysfem is defined such that ‘{rN equals KNik’

§F is in the direction of the component of -gFi normal to KNik’ and
EN forms a right hand orthogonal system, Figure 13,1-2, The womponent

of -51:‘1 along -Z-N will always be zero, and the unit flow vector EFi may be
cefined in the flow oriented system as
bpy = (sinnng) Egge + (€08 M) ANk (13.1-3)

The flow oriented reference system varies with time. From Figure 13.1-2

XNik - T (13.1-4)
YNik © ANik (13.1-5)
= . bFi’ Awik |
T g (13.1-6)

If al’ of the vector quantities in Equations 13,1~4, 13.1-5, and 13.1-6 are
expressed as components in the same coordinate system, the equations

may be written in matrix form as

(13,1-7)




YFik™ Anib

sin T‘Nik 5

o cmen e eEE GES e SIS G wEs G

Fi

nNik CcCOoSs Tbik

X Nik

ZNik

Figure 13,1-2, Flow Oriented Coordinate System

] = A (13.1-8)
Topil 1A
IzNikI - ZF;; nlNiTkl (13.1-9)

If 6p; and ANjk are in body i coordinates, Equations 13.1-7, 13,1-8,
and 13, 1-9 give the components of the flow oriented axes in body i coordi-
nates. The flow vector BSi in body i coordinates is given in Section 10.

In the case of the auxiliary bodies the vector Aprre for the tip shapes may
change orientation with respect to its body axes due to thermal bending.

From Equation 14.2-25 the transformation from the body system to the

,,;&‘:‘

W
¥

boom coordinates is given by

!'dmkl - ["ik] rdi|'
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From Equation 14, 5-9 the transformation from the boom coordinates to

the thermally deflected boom coordinates at the tip is given by
= _ -
Raad = [oud Raid -

Let lA{\Tikl be constant input components defining the nominal orientation

of the kth sghape on the jth body in body i coordinates., The components

in nominal boom coordinates are Tikl lAl'\Iikl »ad in deflected boom
: ] . .
coordinates they are laik]T [Tik] IANik . Transforming back to body i

coordinates the deflected orientation is then defined by
- ' -
‘ANuJ = ITik]T [“’ik]T !"ik] |2-hvind (13.1-10)

In the case of the main body of the spacecraft, there is no thermal bending
- : = = '
and laikl = lUl and since [Tik]T [Tikl lUl, {ANik, l'ANikl for body 1.
In general the distrubance forces and torques will be computed in the
flow oriented coordinate systems and will then be transformed into com-
ponents in the body axes before substitution into the dynamic equations.

Let the 3 x 3 matrix |P‘Nikl be the transformation matrix between the
body i coordinates [61| and the flow oriented system lﬁNik, where

!amkl = { Ynix( (13.1-11)
L;Nik,
then
{aNik! = |”Nik] lﬁi’ (13.1-12)
and

[”Nik]T ) “"ka‘ |”'Nik| !zNik” (13.1-13)

- W——
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Using Equations 13,1-7, 13,1-8, and 13,1-9

] il - co8 e [Anud A Pogd ,ANik”
TNik|T oln N e Nik| |7sIn g, l

(13.1-14)

8in N [“Nile

AN oin i

|6Fi| - €08 Nk |ANik|!

(13.1-15)

o oFi) 'ANik|

where [nNik T is the matrix which transforms components in the flow
oriented systerm to body coordinates if |6Fi| and 'ANikI are in body i
coordinates.

13.2 GENERAL FORCE EQUATION

In this section the general expression for the ior~e on an element of
area dA will be defined. Using the urnit fiow vector EF‘“’ and the equations
of Section 13,1, define the flow oriented reference system et, € s and e
Figure 13.2-1. The unit vector ;n is normal to the element of area dA
and corresponds to the unit vector AF and the y axis. e, and Em represent

_ _ t
the x and z axes respectively. Then

cosn = e *gp T Op € (13.2-1)
sinn = +\/1 - cos? y (13.2-2)
sin n Et = EF - cos 1 'é-n - (13.2-3)

Frorn Equations 4 and 5 of Reference 4, the force components along En,

and e are
m

t.

dF = Vg (1 + vy) cos ndA e31 - (13.2-4)
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Figure 13.2-1, Surface Coordinates

dFt

Ven (1 - vT) sin n dA 'é't ‘(13.2=5)

i
o

dFm (13, 2-6)

normal reflectivity coefficient for solar forces and normal
momentum exchange coefficient for aerodynamic forces

tangential reflectivity coefficient for solar forces and
tangential momentum exchange coefficient for aerodynamic
forces

VF |cos nl
-7 2
Vg = . 94 x 10 ' #/ft” for solar forces
2.

Vy = 1/2 LV, = dynamic pressure in #/f.t2 for aerodynamic
forces. '

N




Then
dF_ = Vo (1+vy)lcosn| cosndAe (13.2-7)
dF, = Vo (1 -vp)jcosn|sinndAe, (13, 2-8)

using Equations 13,2-3, Equation 13,2-8 becomes

dF't = Vg (1 =-vy) |cos nl dA bF - Vg (1 - vT)'cos nl dA cos n e
(13.2-9)
The total force on the element dA is dF given by
dF = dF + dF + dF
n t m
dF = VF lcos n| dA ((l - vT) E-F + (vN + vT) cos n -e-n )
(13.2-10)
If 5, and e are defined in the same coordinate system, the force

Equation 13.2-10 may be written in matrix notation as

IdF| = VF |cos n|dA {(l - vT) ‘bFl + (vN + vT) cos 7 len‘}
(13.2-11)

L.et dA be an element of area 9f a surface enclosing a volume and let é'n
be an inward directed unit norma:l to the surface element. From

Figure 13.2-2 it may be seen that the flow does not reach an area for
which cos n is negative or an area which is shaded. Therefore when
integrating to obtain the total force, the integration must not be carried
‘out over these areas. Introducing the restriction that cos n must be

positive Equations 13,2-10 and 13,2-11 become,

dF VF ((l - vT) cos n EF + (vN + vT) cos; M ;n) dA

(13.2-12)

Vg

jar]

(1 - vT) cos n |6F| + (vN f‘ vT) <:os2 n lenl ldA
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Figure 13,2-2. Body Self Shading

Equations 13,2-12 represent the general force equations for solar and
aerodynamic forces, It should be noted that the total force on an element
dA is the sum of two non-orthogonal forces, one along the flow vector
and one along the inward directed normal to the surface. The following
factors must be considered when using these equations for obtaining total
forces:

1. cosn = léF!T ‘en‘

2. cos n must be positive - % S = %

3. IdF| are zero if area is shaded.

15,3 FORCES AND MOMENTS ON A FLAT PLATE

The flat plate area attached at the end of boom k of auxiliary body i
is defined by the unit vector KFik and the scalar area AFik' For
F23° In the case
of body 1 which may have up to four shapes actached, the same symbols
apply except the subscript k refers to the shape number. For example

if the third shape placed upon body 1 is a flat plate, its area is defined
by A |

example the third boom on body two would have area A

F13°
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Figure 13,3-1, Forces on a Flat Plate

Referring to Figure 13, 3-1, the angle Fik ie constant and -e'n is equal
to KFik for every element of area dA. Since the area of the plate does
not enclose a volume and En is not an inward directed normal, the total

force on the plate is found by integrating Equation 13,2-11,

Prud = Vi Apge leos npa {01 = vppa) opy
(13.3-1)
* (UNFik T VTFiK ©°° "Fik |AFik|
where
cos npqy = [Spalr [Apud (13.3-2)

|AFik| is found from Equation 13.1-10
‘PFik‘ = components of force at centroid of the plate

when 'AFik‘ and ‘6Fi| are in body i coordinates, the force components
!PFikl are in body i coordinates., It should be noted that Equation 13, 3-1
will give the total force when the flow is on either side of the plate. When

13-9




the flow is against the under side of the plate in Figure 13,3-1 cos Fik

is positive and when the flow is against the top of the plate cos Mpik is
negative, Either side of the plate can be shaded by setting |PFik| to

zero in accordance with the sign of cos Fik’ For the general expressions
for a single flat plate neither side will be shaded.

The moment of the forces about the centroid of the plate area is
|dMFik| = p |dpFik| = pdA (constant)

Therefore

|MFi.k| = 0 (13.3-3)

13.4 FORCES AND MOMENTS ON A SPHERE

The spherical shape attached at the end of boom k of auxiliary body i
is defined by the scalar radius RSik' For body 1 this parameter is ‘R'Slk
where the subscript k denotes ths kth shape of body 1, The elemnent
of area dA and the inward directed unit normal En will be define? in a

right hand orthogonal coordinate system established in the sphere such
that ;S = -GEF , Figure 13.4-1. Then in the 68 system

il
]
A
p—
~~

|‘5Fs| (13.4-1)

’si.n 0 cos ¢:1

IR| = R{cos® > (13. 4-2)

Lsin 0 sin ¢

s

The inward directed normal to the surface is
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r R
8in 6 cos ¢

‘en| = -{cos 6 y (13.4-3)

sin 6 gin ¢

Then
4 9 4 Y
sin 0 cos ¢ 0
cosn = =-<{cos 6 y {-1) = cos 6 (13, 4-4)
sin 6 sin ¢ 0
\ JT \ p
cos n is positive if 0 = 6 = g-
dA = R® sing d6 do (13, 4-5)
Then from Equation 13,2-12
A
/ 0
ldP ‘ = -l’2 V(1 -v.)sin 6cos 6d6dd {1
Sik ‘Sik "' F T

r A
sin O cos ¢

- Rgik VF (vN + vT) sin 6 cos2 6 {cos 6 y d6 do

sinesinch

(13, 4-6)

Integrating with respect to d$ from 0 to 2w

_ oo n2 ) ,
‘dPSik\ = -2 RSik VF ((1 VTSik) sin 6 cos 6 d6
| A 0
+ (v + v )sinOcos36de> 1
NSik TSik
| 0
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Integrating with respect to d6 from 0 to %,

lPSikl = TRen Ve (143 vnsu " 2 VDsik) lops| (1347

If -S-Fi is in body i coordinates pSik is also in body i coordinates. For
solar forces VN T VT and the reflectivity is arbitrary and ne solar

reflectivity need be input for a sphere.

The moment of the force on element dA about the centroid of the

spheres is given by

aMpy, = Rx dBg,
|dMsu<| lJR] |dpsn<‘

Substituting Equations 13,4-2 and 13, 4-6 and integrating gives

! | Mgy | = 0 (13, 4-8)

13,5 FORCES AND MOMENTS ON AN ELEMEN: OF A CYLINDER

The force, and the resulting torque, due to an element of area of a
cylinder will be required for both the body shapes and for the booms.
Therefore the equations for the differential forces and torques will be
derived in this section. The element of area dA and the inward directed
unit normal, En will be defined in a flow oriented coordinate system
established in the cylindrical volume such that ?c lies along the axis
of the element, Figure 13.5-1. From Section 13.1

cosn , = |6FIT|YCI (13.5-1)
oy - Belgmeld s,
c
?
2| : [Jsbii!\lycl (13.5-3) ?
| c
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AXES OF CYLINDER
Figure 13.5-1. Coordinate for Cylindrical Element

From Figure 13,5-1

. A
| 8in n
c

‘6‘1‘“‘ = {cos n
0

Figure 13.5-2. Coordinate for a Cylindrical Element
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cosé
|Rc| = -R { 0 } (13, 5-5)
siné 3

\ J

The inward directed normal to the surface -e-n is

of
1]
]
w| 0|
0 J0

(13.5-6)

1
o

(on)

ATt

dA R d6 dh (13, 5-7)

et

Note that n_ is the angle between the unit flow vector EF and the
axis of the cylindrical element and is constant for all area elements dA
of the cylindrical element. Let e be the local angle between the unit

flow vector and the normal 'e-n to the area dA. Then

co8 Ne = lean ,6F|
¢ 3 4 . 1
cos® sinn

cos M, = 0 } ({ cosn el = sinn c cosé (13.5-8)
s8in6 0
L JT \ J

cosn is positive if
) -%-s e s.%
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Assume that the inside of the cylinder is shaded. Then from Equation 13,2-12

the force on the element of area dA is

'sinn W

C
|dP|F = R Ve (1 -vy){cosn } siny cos 6d6dh
0
\ J ~ (13.5-9)
’ Y
cos 6
+R_V_ (v + v) sin®n_ cos® 6dedh { 0
¢ FYVYNT VT Ne
LsmBJ
Integrating d6 from -g— to '+%T'
(.2 ~
sin"n
;-'; laP|. = 2R_ VL (1-vp) {sinn_cosn _}{ an
B 0
- \ p
(13.5-10)
.‘, 3
FR_V_ (v + vo) sin®n_{ 0} an
¢ F''N T e

i Since the flow vector .gFi and the unit normal gn were both defined in
the flow oriented system given by Equations 13,5-1, 13,5-2, and 13,5-3,
the force components ‘dPIF are also in these coordinates (denoted by
the subscript F). From Equation 13, 1-12 the force components in bndy i

coordinates are given by

|dP| = [“c]"r ldplF




From Equation 13.5-10 and letting Dc = ZRc = diameter of cylinder ’

4 3

8in n
'dp' = D, Vg (1 -vg)seinn, [nclT jcos n_ ¢ dh
0
y J
'“sinr.]c

2 »
+ 3-Dc VF (VN + VT) sin n _ [“c]'r { 0 ; dh

Substituting Equations 13.5-1, 13,5-2, and 13,5-3 into Equation 13, 1-13

rore 17|

(13.5-11)

léFi‘ - cos n, lycl lycl sin Ne

r Y
sin
nC

~-
i

sin N (nc]T {cos n_ {éFil sin n_

sin 1 Inc]T‘ o !6Fi| sinn_ - sinn_cosn, IyC'

The force components in body coordinates then become

IdPl = D,V (1 -vg)sinn, laFi' dh

(13.5-12)
2 .

+§Dc VF (vN+vT) s:'i.nnc dh

,6Fi| - cos T"c chl
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Equation 13.5-12 is the general expression for the force on a cylindrical
élement of length dh in body coord’nates where )—rc defines the axis of
the element and Em defines the flow directioa both in body coordinates.
The moment of the force dP about the centroid of the cylindrical element
is

dAM = R - 4P

C

B S~
e

and in flow oriented coordinates

ldMlF = [JRC‘ ,dP'F
i 0 sin 6 0 ]
[JRCI = R_ |-sin6 0 cos 6 from 13,5-5
0 - cos 6O 0
b -

Using Equation 13,.5-9 |

[ ( 0 )(sin © cos ¢ deé) ( 0 )

|dM|F - Ri Vg dh (1-vo)| (-sine cose de)( 0 ) (cosZ e de)
( 0 )(-cos2 6 de ) ( 0 )
| o
/ [, 2 3
sin” n_

* | sin N €08 M, ¢

0

Integrating d6 from -% to 127-

- _ T2 _ .
ldM‘F = -3R_Vpdh(l -vp) sin n_cos n, 10

L") (13,5-13)
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where ldM}F arn the components of the moments about the centroid of
the cylindrical element in flow oriented coordinates. From Equation 13,1-12
the moment components in btody i coordinates are

[ = [refr M

Using Equation 13,5-11 and 13.5~13

TTDZ
’dMI = =% Vpdh (1 - vp) cos Ich] léFi' (13, 5-14)

Equation 13,5-14 is the generai expression for the moment on a cylindrical
element of length dh in body coordinates, where .;c defines the axis of
the element and gFi defines the flow direction both in body coordinates.

13.6 FORCES AND MOMENTS ON A CYLINDRICAL SHAPE

The cylindrical shape attached at the end of hoom k of auxiliary body i
is defined by the unit vector Acik and the scalars Lcik and Ecik' For
body 1 the subscript k denotes the Kkth shape. The unit vector Acik lies
along the axis of the cylinder and L cik and Rcik are the length and
radious of the cylinder in feet,

The total force on the side of the cylinder is obtained by integrating

Equation 13,5-12 over the length Lcik

.l = - 1
lpcik,iside Doik Leik VF (1 = vpeir! 810 ejie l“’ml

2
+ 3 Dgix Leik VF Neix t Vreik! (13.6-1)
" 8in Mo |6Fil " €08 Neik IAcikll

The total moment about the centroid due to forces on the side is obtained
from Equation 13.5-14

Meiclside = F Pk Lot VE ! = Vreid ©°8 Nepe ,!JAcik] log)

(13, 6-2)
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where
L cik 2 Rcik
2, ,Acikl is obtained from Equation 13,1190
3. The inside of the cylinder is assumed to be shaded
, 4. cos gy = |6_Fi|T |Acik|
5. sin Neik = +Vll - c:os2 Neik

The ends of the cylinder may be considered as flat plates of area

2
1/4 n Dcik .
instant and the inside surface of each end is shaded, the two ends can be

Since the flow can reach only one end of the cylinder at any

replaced by a single two sided plate., From Equation 13, 3-1 the force

components on this plate are

2

cikv

= l . - ! o
Peisclends = T7 D F %% epe |1 = Vpeix! ‘OFiI

+ (v (13.6-3)

] |} ,
Neik ¥ VTeik! €°8 Nk |Acil<|

S

Acik

e—1/2 Lo ——r__i /2 L, —=t

Dc‘ik =

Figure 13,6-1, Definition of Cylindrical Shapes
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where the primes are used to allow different surface conditions on the ends
and sidee of the cylinder. From Figure 13, 6-1 the componenty Ipciklends
are applied at the centroid of the lower end when cos Neik is positive and
at the centroid of the upper ernd when cos Neik is negative. The vector
location of the applied force is -1/2 Lcik Zcik when cos Neik is positive
and 1/2 L_;, A_;, When cos n_, is negative. From Equation 13.3-3

the moraent about the centroid of the end is zero, the moment about the

centroid of the cylinder due to forces on the ends is

- _l
K;rc:ik = -7 Lok Kci.k xpcik

or
‘M , = =~ (sign cos )lL [J ] |P I
cik | ends \81g Neik! Z “ecik | Acik cik lends
Substituting for ;‘Pcik|en ds

. | 2 . -
IMciklends - "8 1TDci.k I"cik VF (sign cos ncik) | cos r‘cikl

* - y! £ ' : ]
[JAcikl (1= viead opsl * O * Y Teik)
€08 Neik 'Acik‘
However
(sign cos n_ ) [cos n o | = cosn
[JAcik] Acu] = ©
Therefore,
‘M | =-11rD2 L V. cos (1 - ! ) {|J ]‘6 I
cik lends 8" Yeik “cik ' F Yleik YTeik Acik] |'Fi

(13. 6-4)




The total force and .noment on the cylinder may now be written as

] :
pcik - |Pcik|side * |Pcikgends
. -
Pei] = Peik Leik VF 1+ Tead #Mce [ori]
+2D L .. V(v ¥ v ..) sin ‘
T “cik “cik 'F VNcik T Tcik! ®*cik ‘
) - cos" A + 1 Dz V.. |cosn i
IFiI cikl cik| T " Dok Vi 1909 ]
)
{(1 - e ori]* (it Ve €0 eik lAcikI}
(13. 6-5)
; lMcik, = Mein]sice * lMcikIends
| lM - Ipd L .V (v -v! ) cosn
cik|] = B Pecik Yeik VF (VTeik = VTcik cik
[[JAcik] léFi” (13.6-9)

It should be noted that for a cylinder of uniform reflectivity the

net moment is zero for any position of the flow vector.
13.7 FORCES AND MOMENTS ON A RECTANGULAR PARALLELEPIPED

The rectangular parallelepiped attached at the end of boom k of
auxiliary body i is defined by three unit vectors normal to any three non-
parallel sides &nd the length, width and depth, The order of the dimen-
sions Wp. .Lp, and Dp is arbitrary as long as the vectors are defined
consistently. The two opposite sides normal to a given vecior can be
treated in the same manner as the ends of a cylinder, Since the flow can a
reach only one side of a parallel pair at any instant and the inside surfaces ;
are shaded, the two sides can bea replaced by a single two sided plate.

From Equation 13.3-1 the force components on this plate are g
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pik . VLDik

pik

/

Viwik
Figure 13.7-1 Definition of Parallelipiped
IP = W

pik|wD = Wpik Dpuic Vi [0y py|

l“ - “rwpud [ori)* UNwpi * VTwpird ©0*ypik ,VWDikrl

(13.7-1)

where

oSNywpik = |orilT Vwpix|

|v

WDikI = ‘Tik]T aik]T [Tik] IV"NDiki from Equation 13, 1-10




From Equation 13, 6-4 the moment of the centroid of the parallelepiped is

L \'4

Mpidwp = 'é'wpikDpik ik VF ypic (1 = Yrwoid [Tywoix] [ori]

(13, 7-2)

The forces and moments due to pairs of sides LD and LW are found in the

same manner and the total force at the centroid of the parallelepiped is

|Ppix] = |Ppixjwo * |PpixjLo * IPpilew (13.7-3)
and the total moment is
|Mpik| = IMpikIWD ¥ |MpileD + ‘MpileW (13.7-4)

13.8 FORCES AND MOMENTS ON A DEFLECTED BOOM ELEMENT

The k™ boom of auxiliary bedy i is defined by the vector oﬁik along

the undeflected position. Vector oﬁik is defined in body i coordinates with
magnitude R equal to the length of the boom in feet, The cross-section of
the boom is assumed to be circular with diameter Dik . A flow uvriented
coordinate system is established with its origin at the base of the boom
and its VBi.k axis along oRik . The solar oriented system is then identical
to the solar oriented system established for the derivation of the boom
bending equations. For boom computations the angle n is replaced by the
angle A . Since the equations are long and involved, the subscript ik will
be dropped in the derivation and reintroduced into the final equation. In

boom flow oriented coordinates, Figure 13.8-1.

r sin)\ )

|5F|' = lcosn} ~ (13.8-1)
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Figure 13.8-1 Boom Coordinates

r dx, )

|ds| = { dyg | (13.8-2)

The boom is assumed to be cylindrical in shape and ds is a vector
defining the axis of a cylindrical element of length ds. Let the flow

oriented coordinates for the cylindrical element be SZBe ’ vBe , and Zhe

. In boom flow oriented coordinates

B
|
lyBel = H1Yg! (13, 8-3)
\ dzBJ
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Figure 13.8-2 Boom Element

(sin\]  (dxg)

- 1 |
-SF'YBe = dsicos)\} 1dyB>

os
c Tle

(dzp

de | dyB
Cosnev s sin\ + v're COS\

For small deflections

dyB
- r 1.0
de N de _
ds 'dyB - 7B
,dzB N dzB .
ds dyB B
- 2 2
l:l:(x'B) = ld:(z'B) = 1,0
Then cosne = cos\ + x'B sin)\
1326

(13, 8-4)

b




and for no deflection cos'f"'3 x cos\

sinzne = 1 - coszne z (sin \ - Xp COS\ )2
. s el 8-
sinn_ = sin\ Xp cos)\ (13.8-5)
and for no deflection sinne = gin)\
From Equation 13.8-3
fx'B.}
(yBe) = {1 ) (13.8-6)
%)

The force components on the boom element in the element flow oriented

coordinate system x
tion 13.5-10.

Be’ -V-Be’ and ;B‘e may be obtained from Equa -

’ . 2
sin"n_

|dple = DVF {1l - vT) <s,1nne cos M >dyB

{ 0 J

D 2
+-2—'V'F (vN+vT) sin T'Ie . (13.8-7)

Let the transformation matrix from the boom flow oriented system to the

element flow oriented system be ["e]’ then the force components on the

boom element in the boom flow oriented ccordinate system ;B’ ;B’ and
-Z_B is

 eels = lcleel,
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Then from Equation 13.8-7
8inmn )
e

|dp‘B = DVF (1 - vT) sinn ‘ne].r {cosn ¢ dy

(1)

2D + .2
VR vyt ovp) sin®n, |ne] {0dyg  (13.8-8)

L0

|B is in boom -flow oriented coordinates T quation 13.8-8 may be

integrated over the iength of the boom to get the total force. However,

Since |dp

the variables sinne, cosn_, and [ne]T must first be put in the boom
parameters x'B, zl'3, and A\ . The expressions for sim']e and cosm_ are

given by Equations 13.8-4, and 13.8-5 while

e - rad bad bad] s

From Figure 13.8-2

— ' = . + -—
6F smne xBe c08'r|e YBe

and

|"Be| = sirlme [‘GF.‘ - cosng IYBe’]
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From Figure 13.8-1, Equations 13.8-4, 13.8-6

\

rsin\ - x'B cos\ )
. . .
‘xBe| = ST, { - *b *io\ > (13.8-10)
- z'B (cos\ + x'B sin\ ) |

From Equations 13.8-5 and 13.8-6

. . 2
! 1 [ o ! - ! A
pr sinn_ Xn sin\ (xB) cos\
1 . 1 . \
‘yBel = Sinﬂe {sinn y = sinﬂe { sin\ - Xg cos\ » (13.8-11)
.sz sinne ) kz'B (sin\ - xh cos\ ) J

‘zBel - [JyBel |"Be|

where

= ' ox!
. [JyBe] 2g O *B
-1 xg 0o |
from which
'zis cos\ )
| | = o ' gin\ (13.8-12
ZBel ~ sinne{'zB n ’ (13.8-12)
. (8in\ - x! cos)\)




From Equations 13.8-9, 13.8-10, 13.8-11, and 13.8-12

sinn, [ne]T =

. 2
sin"n inelT 10¢

1 sinng [nelT ‘

B

From Equations 13.8-4, 13.8-5, and 13.8-13

B

(g3 N = ' ai 2!
sin\ 0 0 ( chosx )(stm)\. )(chos)\ )
: 4 3 oy ! ! 3
sin\ 0 |+ (-stm)\ N chos)\ X zBsmx )
0 sinn | |( -zbcoa)\ )(z'Bsin)\ ) -x'Bcos)\ ) |
0 (-x! )Zcos)\ 0]
B
0 0 0 (13.8-13)
| { -x'szsin)\) (-x'Bz'Bcos)\) 0 |
(sinn ) 'sinz)\ - x!, sin\ cos\)
e B '
cosn_ ' = \sin\ cos\ - xfB cosz)\’ (13.8-14)
L 0 J \ 0 J
[ sin "\ [ -2x! sin\ cos)\) [ (x! )2 cosz)\ )
B B
0 »+{-x sinz)\ y (% )2 sin\ cos\ i
B B
. v 2 -
. 0 -z! sin\ cos\ (x5 2 (cos™“\ - sin“\) J

(13.8-15)
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Stustituting into Equations 13.8-8

’sinzx - xp sink cos\ )

2
- - i - !
|dp|B = DAVF (1 vT) dyB {sin\ cos\ xp cos \¢

{ 0 J

1

2

‘sin®n - 2x}, sin\ coe\ + (x'B)2 cos“\ )

| L2 . 2 .
Ll oz ¢ ; ;
* 33 V‘F (vN + vT) dyB { -xp sin"\ (xB) sin\ cos)\ )

2 .2 .
1! - -
[ Xp Zp (cos™\ - sin"\) z'B sin\ cos\,

(13.8-16)

Equation 13.8-16 is the general expression for the force components on

an element of a boom in boom coordinates.

Let |dMo| equal the components of th: moment about the centroid of

the cylindrical elermnent. From Equation 13.5-13 the components in

element-flow oriented coordinates are

?o\
) wDZ
. _ _aD_ - i 4
dM()'e 3 VF (1 vT) dyB sinn cosm_ 0
(1)
; and
3 0)
'n'Dz.
|dMo|B = [neIT |dMole = 78 VF‘ (1- VT) dyB Bm""e cosne [ne]T 1%
Lla
(13.8-17)
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From Equation 13.8-4, and 13.8-13

2 .
f () ) oy ! ' t [} A
0 Z; CO8 A Xp Z2p sin\ cos\
[ . 13 z
- et - %! '
smnec.osne‘nel,r 10 = ¢ ZR sIn\ cos\ Xp zp 8in A )
. 2 . 2
L 1) (sin\ cos\ - xb (cos™\ - sin"\))
Substituting into Equation 13.8-17
fz'B cos‘ N b ,x'BziB sin\ cos\ )
tz 2
- - S—— - - ] H A - .
|dMolB 5 VF (1 vT) {-zp sin\ cos\ x'Bz'B sin ")\ }dyB
. ' 2 . 2
(8ink cos\ - xp (cos™\ - sin"\ )]

(13.8-18)

Equation 13.8-18 is the general expression for the moment components

about the centroid for an element of a boom in boom coordinates.

The moment at the base of the boom resulting from the forces on
the the boom element is given by

IdMIB - 'dMolB * [JpB] !dp’B

where pg is the vector from the base of the boom to the centroid of the
boom element.

fwa
|pB| = {yp} :
%R i
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Then

R Ry
|dM‘B - |dM|B+ 2y 0 -xg |dp|B (13.8-19)
L-yg *g 0 _

Substituting Equation 13.8-16

~2p sin\ cos\ ¢ xiBZB conz.\.

1%B linz)\ - x‘BzB sin\ cos\

lam]p = lam |y BV O - v ayg 2 | .
-yg oin"\ - xpyp sin\ cos\ + Xp 8ink cosh - xBx'B cos )

+Zpxp siny - yp?p #ink cosn - zB(x'B)z sin\ cos\ + ypXpzp (cosz)\ - ninzx)

2 .. 2 PR U 2, . 2
+-3-DIF (VN+ vT) dyB zg 8in N - Zsz‘B sin\ coe)\ + sz'B sin\ cos\ + LB(XB) cos )\ XpXiZh (cos™\ - 5in™)\)

“Yg sin’y + Zypxp sin), cos\ - XpXp sin?\ - yB(:n‘B)2 cosz)‘; + xB(x'B)z sin\ cos)\

(13.8-20)

Equation 13.8-20 is the general expression for the moment components

about the base of the boom for an element of a boom in boom coordinates.
13.9 SOLAR FORCES AND MOMENTS ON A DEFLECTED BOOM

The expressions for the force and maoment due to a particle flow
impinging upon an element of a deflected bsyocm element are derived in
Section 13.8. The force at the centroid ¢. the element is given by
Equation 13.8-16 and the resuliing mo.neat at the bace of the boom is
given by Equation 13.8-20. Tha fores and moment components are with

respect to a flow oriented coordinate syster;'h x (see Fig-

B’ ;;B’ -z-B
ure 13.3-1). and are expressed in terms ui the element location Xp» Yg°
and zg expressed in this sytem. In the case of solar force and torques
the components are defined with respect to a solar oriented system and

the boom deflection with respect to this system are rerived ix Section 14, 0.




e
g
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From Equations 14. 5-1 and 14-5-2
2

YB . . !
Xp = ke CB-R—-smk (13.9-1)

2
y

. B . ,
= ' — -
zp = ke CB sin ¢ —— sin A (13.9-2)

differentiating with respect to YB

= 2k Co ~Bsinn (13.9-3)
X ¥ ““e YBR ' "

' 'L, YB .
z2g = Zke CB sin ¢ 5= s8in A (13.9-4)
Substituting Equations 13.9-1, 13.9-2, 13.9-3, and 13. 9-4 into Equa-
tions 13.8-16 and 13. 8- 20 and integrating dyB from 0 to R Equations 13. 9-5
and 13.9-6 of Table 13. 9-1 are obtained. Equation 13, 9-5 gives the com-
ponents of the total solar force on a thermally bent hoom in solar oriented

coordinates.

Equation 13, 9- 6 gives the components of the total solar moment at
the base of a thermally bent hoom in solar oriented coordinates. The
corresponding force and moment components in body i coordinates are
given by Equation 13, 9-7, and 13. 9-8 where [-rik'] is the transformation
from body i coordinates to boom coordinates. The matrix [Tik] has already
been computed in connection with thermal bending disturbances, Equa-
tion 14. 2-27. In programming Equations 13, 9-5 and 13. 9- 6 the second

and third order terms in Cg and Cp have been neglected.
13,10 TOTAL SOLAR FORCES AND TORQUES

Let the general expressions for the solar force and solar torque
about the centroid of the kfh shape element of body i be ENik and ﬁNik'
The subscript N will change to indicate the type of shape considered: F for
flat plate, S for sphere, C for cylinder, and P for parallelepiped. In

e S
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addition let EPlk
kth shape of body 1 in body 1 coordinates. Then for body 1

be the vector location of the center of pressure of the

Fsil = > Pyl 13.10-1)
:
T N
sl = 3 (I + 72
sl = 3 (Pl + mad o] 352000

13.11 AERODYNAMIC FORCES AND TORQUES

The present version of the program, Version C, does not include the
capability for computing aerodynamic forces and torques. However, pro-
visions have been made for the future incorporation of this capability.
Aerodynamic force and torque components have been programmed into the
dynamic equations of motion, and a dummy aerodynamic subroutine is
provided which presently sets these forces and torques to zero. Future
expansion of the program will consist of replacing the dummy routine by
one which computes aerodynamic forces and torques using the composite

equations already presented for solar disturbance.




14,0 BOOM DEFLECTION EQUATIONS

It is assumed that each of the rods supporting the masses m,, of the
auxiliary bodies may change shape due to thermal bending., All of the
forces and torques associated with thermal bending are internal and there
is no net change in the momentum of the system, however, the bodies
will change their relative positions, The torques are reflected into the

dynamic equations in a number of ways. Consider Equation 4,1-1
(Tgys b = My [T, Gy b * [l oy} *+ [ 55] (L] (o)
[ g) Loy + D350 (Hyg b+ {Hy)
If thermal bending changes the body inertia matrix by [AIiH] , the torques

[aL

to thermal bending, the torque [I1H] {wii} is a thermal bending torque,

gl {w;}and [J;;) [ALy] {w;}are created. Since [Ia.H] is due only

The change of body i momentum and the rate of change of momentum

with respect to the body axes are partly due to thermal bending and the
torques [Jwii] {HRii}and {HR;i} are created, The center of mass loca-
tion {vii'} together with the linear acceleration {Gnii} are affected by
thermal bending. Therefore, all of the inertia torque terms at the right
hand side of F'quation 4, 1-1 are affected. In addition the inertia change

is reflected into the gravity torques and the center of mass movement is
reflected into the hinge reaction forces, If {ARik}“ are the components of
the deflection of mass m,, due to thermal bending, all of the above effects
may be expressed in terms of the components ‘{ARik}’ {AR;k}. and

{AR;IL}. Expressions for these components will be derived in this section,
14,1 NORMALIZED DEFLECTION EQUATION
Consider a single rod or boom deflecting in the ;EB’ ;;B plane due to

thermal heating, where the ;B’ ;B plane is the plane containing the

undeflected boom position ;B and the unit sun vector 3-8, Figure 14, 1-1,




et b P

3R]

B DEFLECTED BOOM AXIS

A B = f(yg)

8+ deo

de

J -—ae=REFLECTED

5 = UNIT SUN VECTOR ds
S
SUN LINE

\
0-x L i
90-\ —7" ’VB

\
/ NORMAL TO dS

SUN LINE

Figure 14, 1-1, Deflected Boom Parameters

The heating of element dS is proportional to (1-v) cos (90-\ 46), where v

is the reflectivity constant for the boom and (90-\ +6) is the angle between
the sun vector and the nocrmal to the element dS, The change in direction
of the boom in length dS is d6 where d6 is proportional to the heat absorbed
by the element,

Then

de = ﬁB(l-v) [sin\ cos® dS - cos\ sin@ dS] (14, 1-1)

where BB = radians per feet for total absorption and a normal sun sector,
From Figure 14, 0-1

dS cosO = dyB
dS sinb = de
dx
8 = tan~? 3 B
B
then
dx
de . B
_— = B (1-V) [smk - cos\ ]
dyB B ' dyB
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but

2
dxg
d ;
e  _ YB
dy 2
B dx
L+ <_nd )
YB
and
ax® (de>2 [ dx
= |1 +|{==——) |IBo(1-Vv) | sin\ - cos\
dyzB dyB B dy
dx é
assume that 1 +{——)] = 1 then
dyB
deZ dxg
5 = pB(l-v) sin\ - cos\ 3
dyg B
Let
Pl = ﬁB (1-v) sin A\
constants for time t
P2 = [SB (1-v)cos A\
Then
dsz dx
2 " P -P g
dyB B
Integrating
B _
.  Pive- P, xg
B

14-3

(14, 1-2)

(14, 1-3)

(14, 1-4)

(14, 1-5)

(14, 1-6)




Substituting for Pl and P2

. = sin) (PYplihcosr ) .
B cos A\ pB (1-v) cos A\ YB
Let
Yp T kL
x., = mbL

B

where L is the length of the boom and 0 = kb = 1, the normalized deflec-
tion equation is then

- L(l-v) A
sin A\ e[ﬂB co® ]kb

= -1
" cos \ pB L (1-v) cos A +k‘b

P L (1-v) = ZCB where CB is a non-dimensional coefficient defining the

material and length of boom,

Then

A-(ZJCB cos \) k

-1 k |
* ZCB cos \ (14.1-7)

m = 2C_ sin A
B (2C cos )2

Consider the expansion of e -3k

ZkZ a3k3 . a4k4 a5k5 .

a
1 -ak + =57 - =5 2t " B

e-ak XN X

Then

e .1 k| (k¥ _and,a®? a%E,
2 a 2" 6 ' 24 ~T20 Tcee

Letting a = ZCB cos A Equation 14, 0-7 becomes

2 x3(2c_.cos)) k%2c. cosn)® K32C. cos 1)1

m = 2C_ sin \ |5 - B + B _ B +
psin M | 6 24 120
(14, 1-8)

=t




The nominal value of the coefficieat CB is approximately , 01, therefore,
the maximum values of the terms in the series expansion are

[.5 -.003 +,000066 - , 0000003 +.,..]

and neglecting all but the first term will introduce an error of less than

1/2%. Then the normalized deflection equation becomes

I 2 _.
m = CBkbsmx (14, 1-9)
' oL he deflection curve is a parabola, the magnitude of m is propor-
tional to the sine of the angle between the sun vector and the nominal posi-
tion of the boom, Consider the maximum deflection which occurs when the
sun vector is normal to the nominal boom position, A = 90 degrees,

- 2
mo - CB kb (1401"10)

The maximum deflection curve is shown in Figure 14, 1-2

It may be seen from Figure 14, 1-2 that when k = 1,0, Vg equals L
and the length of the curve, S, is grcater than I, The approximate
length of the arc of a parabola is given by

2

4 x

- 2 B
S“\/VB+ 3

i
<
of tv
+
1N
wid

Figure 14, 1-2, Normalized Boom Deflection
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Then for k =1

and for CB =,01

S =

Therefore, it is assumed that CB is the maximum deflection of the end of
the boom and that the end of the boom deflects normal to the nominal

position, The normalized deflection equation is

- 2 .
m = CBkb sin \ (14, 1-11)

The slope of the deflected boom is given by

%n—b = 2Cg k, sin\ (14, 1-12)

where ZCB sin A\ is the slope at the end of the boom and CB is the maxi-

mum normalized deflection at the end of the boom,

14,2 THERMAL BENDING DEF LECTIONS

The plane containing the nominal position vector of mass my, oRik’
and the instantaneous unit sun vector 38 is defined as the instantaneous

bending plane for mass m,

not lie in the instantaneous bending plane and at any instant of time may be

K It is assumed that the total deflection need

expressed as the sum of an in-plane component in the bending plane and an

out-of-plane component normal to the bending plane, Both components

are taken to be normal to the nominal position vector of the rod, oR ik’
Figure 14, 2-1,

Then

ARik = (ARi + (ARik) (14, 2-1)

X z

)

and the instantaneous vector position of mass myy is given by

14-6




YBik

Out-of-
plane component In-plane component
(AR, ) (AR, )

ik’z x

unit sun vector

|

Bik
ﬂ.'k

Figure 14.2-1 Tip Mass Displacement
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i R A R R, S it

and when expressed as components in body i coordinates

where subscripts denoting the coordinate system are not used siance the R
vectors will always be defined in the corresponding body i coordinates, It

should also be noted the components %Rik} are input constants,

The angle )xik is the angle between the nominal position vector and
the unit sun vector, The vectors ﬁik and Fik are norrrnal to the nominal
position vector. 7 ik is in the instantaneous bending plane with the mag-
nitude sinxik and is, therefore, the component of the unit sun vector
normal to the nominal position vector. Fik is normal to the instantaneous
bending plane and also has the magnitude of sin\ ik

From Equation 14,1-11, the magnitude of the in-plane deflection at
the end of the rod is

|(A§ = R., C

ik)x ik CBik 810 My

where Rik is the length of rod ik and kb is unity,
Since (Aﬁik) is the direction of @ ik which has the maénitude sin )‘ik’
x
the in-plane bending component is given by

(ARgud " Rix Cpik Mik (14, 2-4)

The magnitude of the out-of-plane deflection is assumed to be a function of
the relative posiﬁons of the instantaneous bending plane and a reference
bending plane fixed in body i. The reference bending plane is defined as
the body fixed bending plane for which the out-of-plane bending deflection
is zero, Since the reference bending plane for mass m,,; must contain

the nominal position vector, oRik’ its position is defined by oR ik @nd any
other vector Fik in the plane, iot parallel to oRik’ Let -p-ik be a unit_
vector along the component of Fix in the Pik - Mk plane normal to oRik’
Figure 12, 2-2
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3T

INSTANTANEOUS
BENDING PLANE

2giks /./ Mo
REFERENCE BENDING PLANE \
FIXED iN BODY i ‘ \
_ *Bik

Pik
Figure 14, 2-2, Thermal Bending Flanes
Let the maximum magnitude of the out-of-plane bending be defined by

ik® Where
Tix is the relative position of the instantaneous bending plane with respect

Equation 14,1-11 and let the magnitude vary as the sine of ¢

to the reference bending plane measured by right-hand rotation about

o ik ®

From Equation 14,1-11 the magnitude of the out-of-plane deflection
is
]

(ARik)zl = Rik CBik sin ’\ik sin o ik

where C'Bik is the out-of-plane bending coefficient, The direction of the
out-of-plane component is along Bik which has the magnitude sin )‘ik' the

out-of-plane bending component is given by

= ! . .
(ARik)z = Rik CBik sin o,y Py (14, 2-5)

From Equation 12, 2-1 the total bending deflection may be written as

— ) } -
AR = Ry (Cyix ik + Cyik 51 7 53 Py (14, 2-6)

' [3
AR, } = Ry (Cpyy 01y} + Cpyy sin oy o)) (14, 2-7)

1!




where CBik and C'Bik are in-plane and out-of-plane normalized thermal
deflection coefficients for rod ik, The length of the rod ik is

Ro = lo-ﬁikl = length of rod ik

2 )
Ry = {oRik}T {ORik} (14, 2-8)

where {oRik} are the input components of oﬁik' Therefore, Rik is a

constant computed from input data,

From Figure 14, 2-1

R.
- k
YBik = OR : (14. 2'9)
ik
Thken in body coordinates
rpad = Ry LRyt (14, 2-10)

Therefore, {YBik} is a con::ant niatrix computed from input data and

defines the unit vector §Bik in the {61} coordinate system, Define the

input vecter F’k which defines the reference bending plane as
Fg = F ik}T Q;}

where F_ik is not parallel to oﬁi'k and {F ik} are input components of “fik

in the {51} coordinate system, see Figure 14, 2-3,

= NOMINAL POSITION OF m,

oﬁik k
|

# VBik

il

ik

- Py

Figure 14, 2-3, Location of Reference Blending Plane
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Let fik = component of F., normal to yg 4
Then

Tk = “Ypik * Uik * Fi
and

tyt = - Uypad Bypud Fad (14, 2-11)

The magnitude of -f‘ik may be found from

Z -
and then
| S S
{pyt = I €50 (14, 2-13)

{yBik} and {pik} are constant matrices compmted from input data and
represent the components in the {51} coordinate system for two normal

unit vectors,

The components of the unit sun vector in the {ai} coordinate system,
{68’1}' have been defined by Equation 10,1-3, From Figure 14, 2-1

By = ES * ¥pik (14, 2-14)
and
Tk = Ypik * Bg * Vi (14. 2-15)
From which
oyt = [I5gs) Opad = - Uypix] gy (14, 2-16)

= [Iypad [Tesi] tpud = - [Typud [Tymud {653}

(14, 2-17)
Substituting Equations 14, 2-16 and 14, 2-17 into Equation 14, 2-7, the

deflection components of mass m,, becomes

14-11
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. ! .
AR, } = - Ry [CBik[JyBik] [Iypid + Cpiksin “ik[JyBik]] g;}
(14, 2-18)

The expressions for sin T and cos T4 aTe obtained from the components
of the unit vectors ;Bik and -Z-Bik in body i coordinates, From Figure

12, 2-1 and the fact that '6—8 and vBik are unit vectors
cos My = Ygi* Og = {yBik}T {6Si} (14, 2-19)

and

. - 2
sin )‘ik = \/1 - cos xik (14, 2-20)

where the sign of sin )\ik is always positive since 0 = )‘ik £ mw, Since

Bik sin \
and
— Pik

Z . = »
Bik sin )‘ik

Equations 14, 2-16 and 14, 2-17 give

xo.. )} = _f'l_lﬁ_ = . [JYBik] [JyBik] g} (14, 2-21)
Bik’! = sin \,, sin N\, *

ik ik
and

{o5} [T, o] 6}

- ik yBik! Ysil i
pud = T ° " S % (14, 2-22) \
ik ik

where [‘IyBik] and [JyBik] [JyBik] are constant matrices, Also from
Figure 14, 2-2

Sin o4 = Pik® ZBik ° {pik}T Epiud (14, 2-23)
- T . % - 1 ;
cos Tu = Vik * *Bik {Pika bepind (14, 2-24)
14-12 !
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Let the transformation from the body i axes to the boom axes for
the k™ boom of body i be [rik] such that
{QBik} = [Tik] {ai} (140 2'25)

Thus from Equations 14, 2-21, 14, 2-10, and 14, 2-22

[Tik] = [{xBik} {yBik} {zBik}] (14, 2-26)
(] = |- [Topiid [Iypad ©si}] [ Ry Dyl bgy)
ik sin )\ik Tik Sinxik

(14, 2-27)

14,3 ECLIPSE TRANSITION

The in-plane and out-of-plane thermal bending coefficients C and

C;Bik are nominally constant at their input values, however, they af;k
assumed to vary linearly with time in Equation 14, 2-18 in order to
represent the transition at the entrance to and exit from eclipse,
Normally, in sunlight, boom k of auxiliary body i is bent and in motion
with respect to the body i coordinate system, and CBik and C'Bik are
constant at their nominal values with both CBik and Ciaik equal to zero.
When the spacecraft enters eclipse the boom will return to its undeflected
., after which the deflec-

E
tion and motion remains zero until exit from eclipse, At exit the boom

position, oRik’ during the short period of time t

deflects to its normal deflected position in time tie The boom motion
during these transition periods is represented in the program by allowing
the bending coefficients to reduce linearly to zero during time t. at
entrance to eclipse and to increase linearly from zero to their normal

input values in time tp at exit from eclipse,

The time rates of change of the bending coefficients are gi'ven by

. CB.k(nomi-nal)
Coh:w. = % ! . . ‘o
Bik 00 te in eclipse transition where the positive
» sign is used for exit and the negative
. c' . (nominal) sign for entrance
C' - Bik
Bik ~ 60 te




i
o

Chik

Chik

not in eclipse transition

i
o

The parameter Pg has been defined in Section 10, 4 such that

1

Pp = - i when in entrance eclipse transition
E
Pp + -galT- when in exit eclipse transition
E
Pp = 0 when not in eclipse transition
Therefore
CBik = Pg CBik (nominal)
1 ' .
Cpix = Pg Cpji (nominal)

(14, 3-1)

(14.3-2)

In addition, the parameter kE has also been defined in Section 10, 4 such

! that
kF‘ = 1,0 for no eclipse and no transition |
ke, = 1 - At . (1 + p~ At) for entrance transition
E 60 to E
k., = At _ P~ At for exit transition
E 60 te E ’
kE = 0 for eclipse and no transition

where At is the time since start of transition,

CBik = kE CBik (nominal)

' .
CBik = kE CBik (nominal)

and

)

E - Pg

14-14

(14, 3-3)

(14, 3-4)

(14, 3-5)
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The values of Pg and kE are set for each integration step by the
eclipse subroutine and are held constant for the next step, Therefore if
C Bik and C'B ik are multiplied by kE in the thermal bending equations the
effects of eclipse and eclipse transition are incorporated, The bending
coefficients are reduced in a stair step manner during transition requiring
the use of small time steps, The thermal bending Equation 12, 2-18,

modified to include eclipse effects, becomes

' I3
R} = - kgRy [cBik[JyBik] [Tymid *Cpik 8in oyl JyBik]] {6}
(14, 3-6)
Let
' .
[Byd = - Ry [CBik [Jomitd [Iypik] * Cpix 8in "ik“ymkl]
(14, 3-7)

where all terms in [pik] are constants except sin T ik

Then
R} = kg [, ] g} (14, 3-8)

14,4 THERMAIL BENDING RATES AND ACCELERATIONS

Since kE is Pr the rate of change of {ARik} with respect to the body i

coordinate system is
From Equation 10, 1-4

wii

Then
{ARy } = [PeiBic) + kgi®h) - kpByl (3] s} (14 4-1)

Differentiating Equation 14, 4-1 and substituting for {Géi} and {6é;} from
Equations 10, 1-4 and 10,1-5 gives
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BRy,) = sz[[pkl 18 19,54 65 - kg (20050 -083 17,557] L1,

wii

J (g}
kg [[85d ~[Byd [7,51] 6g)) (14, 4-2)

The first term in Equation 12, 4-2 is zero except when in eclipse
transition, the second term is a function of position and velocity, and the
third term is a function of the unknown accelerations of the system, A
portion of the third term must then be placed on the unknown side of the
dynaniic equations. Since the terms in [, k] are all constants except
sino,,, [pl,(} and [ B, k] result from the assumed variation in the magni-
tude of the out-oi-piane bending deflection, and will contain Uik and Gik'
In order to further expand the bending equations &ik and &.ik must be

expressed in terms of {uii} and {wii}'

From Figures 14, 2-1 and 14, 2-2 it may be seen that ¢, ik and Gﬂlk are
the rotatmnal rate and acceleration n, ik and, therefore, 6S and YB K 28
seen from the {Q } coordinate system, The components of the velocity

of the tip of the unit sun vector in the {Qi} coordinate system are {681} and

the compone.nts of th1§ velocity normal to 68 aren,, in the Xpik = ZBik
plane are {6Si}T {zBik}’ see Figure 14, 4-1.

YBik

{ ési} T{%Bix}

v

Bik

Figure 14, 4-1, Motion of Bending Plane
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The rotational velocity of n {) about VBik is then

6g;} {zpy

. - - I -
ik = 2in N, (14, 4-3)
ik
From Equation 10,1-4
g} = - (3 g3

and
] {[ Joii) {631}}1{213&}

0. :
ik sin Xik

(14, 4-4)

From the fact that the cross and dot may be interchanged in a triple vector

product or by direct expansion

L ] [Tesi) 2pit

o, Y n
ik \ sin xik

{o,} (14, 4-5)
T

Likewise the acceleration of the tip of the unit sun vector is {651} and the

components of acceleration normal to 65 and n;, in the iBik - _z-Bik plane

are {6Si}T {zBik} and

{ééi}T gl

ik = T Tsin N, (14. 4-6)
ik

s

From Equation 10,1-5

Bgid = [T [0 By - 13,50 (6g,)

and

{[Jwii] [ 7,1 {GSi}}T{zBik} [ %51l 2p11)
+

{oi,} (14.4-7)

g. = =- "
ik sin )‘ik -

sin hik
In order to simplify the equations, matrix expressions which are not func-
tions of the unknown independent variables will be grouped and assigned
new symbols, Where possible the grouping and symbo.s will correspond
to those used in the digital program,

Let

Jee:l {Z2a:
{Aik} = [ 681] B1k} (14, 4-8)

sin hik

14-17
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oAik = - =in }‘ik ~ (scalar) (14.4-9)

From Equations 12,4-5 and 12.4-7

O = {Aik}T {wﬁ} (14.4-10)
Tk T 0Bkt {Aik}T {wii} (14.4-11)
Returning to Equation 14, 3-7
' .
[Bipd = = Ry [ka [Ty Bitd Uymitd + Chix 5im oy [JyBik]]
Let
By = Dy = - Ry Cpyy oy c08 0y [T 5] (14.4-12)
then
2
[Bisd = = Ry Clyye ¥y <08 oy, [T yBik] * Rik Chik Tiic 8in o5y [T 5y
(14.4-13)
Let
- 2 .
legid = Ry Chix uic #in oy [T pyy] (14.4-14)
then
. . )
Byl = [pyicd = Ryp Chyjy oy 08 3y [T 5y ] (14.4-15)

Substituting for &ik from Equation (12,4-11)

Bisdd = ey - Ry Clhype (A510) €08 oy [T g5y

- Ryj Chyx €08 o4y {L,\,.ik_}T {w;;} [JyBik] (14.4-16) . |

Let
- c! -
[o¥isd = = Ry Chix (6A51) 08 oy [T g3 ] (14.4-17) |
where [oyik] is the same as [yik] except ( A,,) replaces (&ik) then -4
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[Ppd = [pyidd + [o¥isd = Ry Chjy €08 oy {Aik},r i g
(14.4-18)
Substituting for [Bik] and ['311(] in Equation 14,4-2

R, - [sz (v - 18y 19,0 + e logsd + [[y] 195)

-2 [Yik]] [Jwii] + [Oyik]]] {6Si} - k_E [ﬂlk] [Jw.ii] {6Si}

- g Rj) Chik €08 74y {Aik}.r toi} Uy pined {8

By interchanging cross vector products

{Aik}T o} g {6g;) = - [{[J ssi) {VBik}} {Aik},r] oy}

Let
[Aik] = {[JGSi] {YBik} ]{Aik}T (14.4-19)
Then
{Qik}T to } I piid B} = = [ayd 1oy}
and

R} = [sz [F¥ic) - [8iid 19,451 + 3 [l + {81 13,
-2 [Yik]] [[Jwii]" [oYik]]] {6gy} + kg [[pik] 7 651
+ Rix Chik ©°8 %k [Aik]] o)
From Equation 10, 5-4 the term {Rik} has been defined as
Ry d = Dypd + Dyl foy)
Therefore, A
By = [sz [[viid - 1833 7,541] + kg [Togyd + [[Byd 19,5

- 2 [vik]] [T, + [ovik]]] {6} (14.4-20)
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My = kg [{pik] [Tgsi) * Rix Chik €08 ) [Aik]] (14.4-21)
14.5 TIP MASS COORDINATES

In determining disturbances on the spacecraft, the solar radiation
and aerodynamic forces and torques will be considered for bodies
attached at the end of the booms, As a result it will be necessary to
establish a coordinate system at the end of each boom and determine its
rotation due to thermal bending. Referring to Figure 12, 2-], the SEBik’
iBik’ and iBik system will be transiated to the end of the boom and des-
ignated as the ’-‘..Bik' E;'Bik’ and E'Bik system, It {s assumed that this
{a'Bik} system is fixed to, and rotates with, iie end of the boom, see Fig-
ure 14,.5-1.

Introducing the eclipse transition factor kg into Equation 14,111

gives

2
‘ Yg .
Xp = kE CBT sin \ (14.5-1)

YBik

— Xpiy

Bik
| Figure 14,5-1. Tip Mass Coordinates
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2
R -
zp = kE CB sin ¢ —— sin \ (14,5=-2)

where C'B sin ¢ is the effective out of plane bending coefficient. In the
true bending plane the deflection is L2 where

2 2 1/2 Yr_».‘z
wg = kE [CB + (C'B sin o) ] —E— sin \
Let
z 211/2
CB off [CB + (CB' sin o) ] (14.5=-3)
Then
2
B . i
Wg = kE CB eff | Sin N (14, 5-4)
dw y
B _ . 2B .
&y, - XECBestm *inH

Let the slope at the end of the boom equal the sine of the angle of rotation
of the end of the boom in the true bending plane

sin GB = ZCB off sin \ (14.5=-5)

assume cos GB = 1,0.

The rotation occurs about a unit vector 3B normal to the true bend-
ing plane and fixed in body i.

zg C'B sin @
w

¢ = =
x B CB eff
= 0
Oy
¢ - -:-‘-g-u = - CB
'z wp Cp g
14-21]
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Then

S | . 0:

CB sin

0.} = =~ —{¢ o | (14, 5-6)
Bi® — Cp gt

\ -CB J

From Equations 4-49 of Reference 1, the transformation matrix for fixed
axis rotation gives

[a] = [U] + [T4p3] [T4p4] (1-cos 85) - [24g] sin 6y

(14, 5-7)
Using 14, 5-5 and 14, 5-6 the transformation matrix for the kth boomn of
the ith body is

[~ ' ]
ey ] = (U] 2k 4 ) | sin N, (14, 5-8)
| | CBik J

and

Qpit = [apd Oyl (14, 5=




15, MAGNETIC TORQUES

The magnetic torque on body i is given by the expression

Tp = Ky (N x Byg,) (15.0-1)

% where EMi is the magnetic field vecto: at body i, ﬁi is the magnetic
/

5
6
.
5
E s
EAN

moment of body i, and KM is a constant, Expressing the vectors in body

coordinates the matrix equation for the magnetic torque components is
Tavai} = By i) Brogs) (15.0-2)

In Section 11.3 the magnetic field cornponents at the center of mass of the
spacecraft were expressed in body i coordinates., Equation 11, 3-9 gives
the field components {Bmii} in gauss for 1 S i € N, The body i magnetic
‘ . . . 2
moment components {Nii} used in this program are in ampere-turn-ft ,

therefore,

K 6.86 x 10~° (15, 0-3)

M -
. and the torque components {TMii} are in #-ft.

It will be noted that provisions are made in the digital program to
input four magnetic moments for each body of the spacecraft. In the

present version of the program only the first magnetic moment is used in

the computation of magnetic torques. The additional input was incorpo-

rated for future expansion of the program. Magnetic moments for each
boom will be used in connection with the tip mass coordinates defined in

. Section 14.5 to provide for the simulation of magnetic viscous dampers at
the end of booms.
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16, MAGNETIC HYSTERESIS DAMPER

Provisions have been made to introduce a magnetic hysteresis
damper at each of the auxiliary b;)dy gimbal axes, Equation 7.2-1., An
expression will now be derived for the damper torque about the x gimbal
axis between body i and the main body. The torque equation will then be
generalized to apply to the y and z gimbal axes and the results will be

expressed in the desired matrix form.
16.1 BASIC DAMPER TORQUE EQUATION

The three hysteresis damper torques at the gimballed hinge between
body i and body 1 have been defined as {TBi}, Equation 7.2-1, where

3

Tgix

Bi} = { Thiy
| TBiz |

and TBix is the ig axis torque. The corresponding gimbal deflection and

{T (16.1-1)

—

velocity are 6, and éix’ Equation 7,1-1.

The damper torque TBix at any instant of time is a function of the
past history of the motion about the ':'Eg gimbal axis., Assume that the

angular velocity about the ?cg axis, eix changes sign when the gimbal

deflection is eixec and the damper torque is T , see Figure 16.1-1,

Bixsc
‘I’he change in damper torque during the period after sign change, ATix'

is a function of the displacement from the point of sign change, Aei, until

the velocity again changes sign or the damper saturates.

Y | - (16.1-2)

" Let 2B, = l(eixsc -9,

1

The value of ATix' is cormputed from

2 3
(Aeix) + HZix (Aeix) : ,+ H3 x (Aeix)

- (sign &
AT, = (sign ;) [Hlix i

4
f H4ix (Aﬂix) ] | (16.1-3)

R




TBix

4

T i—-—-—v—-—-——_—--—-—r——-—

Bmix

eix SIGN CHANGE

Figure 16,1-1., Hysteresis Damper Torque Vs Deflection

The damper torque equation for the Eg gimkbal axis of body i is then

T,.. = T

Bix + AT, | T

Bixsc ix

Bix| = TBmix  (16.1-4)

-where TBmix is the saturation level of the damper. When the magnitude

of Thix 18 found to be greater than TBmix it is set equal to T and

Bmix
ix changes sign. Duriny this peried the value

of Aeix and A'Tix need rot be computed.

remains at this value unzil 6
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Expanding the damper torque equation to include all three gimbal

axes of body i, let

T Bmix |
{TBmi} = {TBmiy | (16.1-5)
{TBmiz )
TBixsc
{TBiac} = ‘ITBiysc ( (16.1-6)
LTBizsc‘
r 3
Aeix
{Aei} = 4A6iy ) (16.1-7)
LAeiz )
(AT, ]
ix
{ATi} = {ATiy / (16.1-8)
AT,
\ 12 2
H 3
lix
tHlin
Then f
{TBi} {TBisc} + {ATi} (16.1-10) *
where
ITpixl 5 TBmix
l TBiy I TBmiy
|Tgil = T




and the elements of {Aei} and {ATi} are computed from expression corre-
sponding to Equations 16,1-2 and 16,1-3,

16,2 MAJOR LOOP OPERATION

For large angle operation of the hysteresis damper, the damper
saturates for both positive and negative torques. The resulting torque
deflection curve is shown in Figure 16, 2-1,

On the torque-deflection plot the coordinates of a given sign change,

and eix » define the point at which a given curve segment starts.

TBi:xsc sc
This point will be denoted as the anchor point for that curved segment.
Any curved segment with an anchor point on either the upper or lower
saturation level is considered a portion of a major loop. Conversely any

curved segment with an anchor point not at a saturation level is consid-

ered a portion of a minor loop. The saturation levels are considered as a
portion of a major loop, therefore, the entire loop shown in Figure

16.2-1 is a major loop. The single exception to the above definitions is
the initial curve at the start of the program which is considered as a por-

tion of a major loop independent of the location of its anchor point.

Bix SIGN CHANGE
——————— _— = — IBmix
SESI'VE %

[TI 1X |
NEGATIVE ‘ l
|
’eix ‘

T — ’_TBmix

SIGN CHANGE

Figure 16,2-1. Hysteresis Damper Major Loop Oparator
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It should be noted that the hysteresis damper torques {TBi} are
added to the spring and viscous damper torques in Equation 7,2-1,
Therefore, a positive damper torque is a positive torque transmitted
from body i to the main body and is a retarding torque on body i. The
energy absorbed by the damper during a cycle of operation is equal to the
area inside the loop of Figure 16,2-1, For a more detailed description of

the damper operation see the program user manual Reference 3,
16.3 MINOR LOOP OPERATION

For small angle operator of the damper, the damper does not satu-
rate and the torque deflection curve is as shown in Figure 16,2-2, Con-
sider the minor loop shown o1 the right side of the figure, assume that
éis is negative and the torque deflection relationship is moving downward
from the upper anchor point, If eix changes sign to positive befcre the
lower saturation level is reached, the lower minor loop anchor point is
created and a new upward curve is created., Then if the sign of éix does

not change the upward curve must pass through the original upper anchor

point,
T,
1y
UPPER SATURATION LEVEL
Lé:ix ANCHOR POINT
MAJOR OSITIVE
LOOP MINOR LOOP »=MINOR LOOP
+ "'eix
8,yNEGATIVE
ANCHOR POINT
_ LOWER SATURATION LEVEL

MAJOR LOOP ANCHOR POINT

Figure 16, 2-2, :Hysteresis Damper Minor Loop Operation
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Consider the minor loop shown on the left of Figure 16,2-2, assume
that the torque deflection relationship is shown by the major loop with an
anchor point on the lower saturation level. If the sign of éi changes to
negative at point a, the relationship is downward along the minor loop
with an anchor point at a. If no sign change is encountered the minor loop
will saturate at the original major loop anchor point, however, if a sign
change in éix is encountered at point b the relationship mov?s upward
from minor loop anchor point b and will again pass through point a, It
has been shown by both experiment and damper theory that the minor loop
returning to point a will not cross the original major loop and the torque

deflection relationship returns to the major loop.

The above discussion is an attempt to explain the following basic

operating principles of the hysteresis damper:

a) any minor loop can cross or return to a previous
minor loop only at the anchor point of the previous
loop

b) any series of minor loops generated from a major loop
can return to the major loop only at its anchor point or
the original point from which it left the major loop.
Upon returning to the major loop, the relationship
reverts to the major loop as if it had never left the
loop.

16.4 SHAPED HYSTERESIS DAMPERS

It has been shown that a trade off exists between the optimum

damper parameters for steady state operation and the optimum damper

parameters for acquisition, For steady state operation, when the deflec-

tion amplitude is small, a relatively low saturation level is required,

whi;e for large angle acquisition a much higher saturation level provides i
j optimum perfor.nance. In order to «:liminate this trade off in perform- J

ance, hysteresis dampers are being manufactured with tapered vanes 1

such that the saturation level is a function of the deflection angle. A typi-

cal shaped saturation curve is shown in Figure 16,4-1, The saturation

level is minimum at eix equal to zero and increase with a value of

approximately 40 times the minimum value at a deflection of one radian,

The operation of the shaped damper is rather complicated, how-

ever, the damper torques can be arrived at in a relatively simple
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MINIMUM
SATURATION

LEVEL TBMix

..'aix
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EEE Sl o

Figure 16,4-1, Shaped Damper Characteristics

manner. The damper coefficients in Equation 16,.1-3, Hy.» through Hy
are linear functions of the damper saturation level, As a result the
damper torque for a given eix may be computed on the basis of a constant
saturation level, equal to the minimum value, and the resulting torques
multiplied by the corresponding ratio of the actual saturation level to the

minimum saturation level,
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17, BOOM DEPLOYMENT

In Section 10,5 the parameters variations resulting from changes in
shape of the auxiliary bodies are definred. It was noted that these varia-
tions may result from either thermal boom bending or boom deployment
but not both, Expressions for the parameter variations in terms of ther-
mal bending are given in Section 14,0 and corresponding expressions in
terms of boom deployment will be presented in this section. The param-
e.ers required at any instant of time are: {ARik}, {Aflik}, {Xik}, and
LOWE

It should be remembered that in the derivation of the dynamic equa-
tions the mass of the auxiliary bodies is concentrated in the tip masses
m; e ard the distributed mass of the booms has been neglected. As noted
in the User's Handbook, Reference 3, the error created by this assump-
tion ¢:an be compensated for in the case of an extended boom, If the mass
of the boom is not small in comparison to the tip mass, the body inertias
and the body momentum due to thermal bending is ¢orrected by adding one
third of the boom mass to the tip mass, The mass ratios are then cor=-
rected by placing the remaining two thirds of the bcum mass at the hinge
point on a zero length boom, In the case of boom deployment the boom
mass is changing and the amount of mass added at the tip and at the hinge
is a function of the boom length, Since the progfam does not provide for
variations in the mass distribution as a function of time, the effects of
boom deployment will be approximated by neglecting the distributed rmrass
of the boom,

It is assumed that the kth boom of body i starts at some initial
sion will start at some time interval toB after the start of the program,

extension defined by oiik and extends along ﬁik to a length L

see Figure 17.0-1. The values of m,, and {oRik} are part of the input

HINGE t =t
i POINT / oD m.,
oRik JO
l-n Lpik -'I

Figure 17,0-1, Initial and Final Deployed Positions
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parameters defining auxiliary body i. The direction of deployment is

along the unit vector ¥Ygikx Where the components {yBik} are computed as
in the case of thermal bending using Equation 14,2-10, It should be noted

that the initial position components {OR ik} cannot be zero but must have

some finite value in order to define yBik'

It is arsuamed that a given boom ik deploys at a constant initial
acceleration for a time tDik until the velocity reaches vDik‘ The exten-
sion will then occur at a constant velocity of vDik and decelerate at a
constant deceleration for the period tDik reaching the final length LDik"
The additional irputs required for each boom are:

a) t Dik = deployment time

b) tDik = acceleration and deceleration time
c) V Dik = maximum deployment velocity
d) LDik = deployed length

The five phases of deployment together with the acceleration, velocity,
and displacement during each phase are shown in Figure 17.0-2. From

the figure and simple kinematics it can be s<en that

Ap = —;i-‘f— (17.0-1)
AT (17.0-2)
£, = Lp ~R, =21, (17.0-3)
I,
ik = Voo (17.0-4) ‘

where ADik’ £ 1 22, and tmik are constants computed at the start of the
program, The magnitudes of the acceleration, velocity, and change in
displacement from: Rik during each phase of deployment are given in
Table 17,0-1,
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The required parameters in terms of boom deployment are

{6R,;} = (Relative Displacement) {yp,, } (17.0-5)
{AR,, } = (Velocity) fyg;,} (17.0-6)
{xik} = (Acceleration) {VBik} (17.0-7)
i =0 (17.0-8)

The total time for boom deployment is relatively short, therefore, a
large number of small integration steps may be taken and still maintain
reasonable length runs, It is proposed that the time of each phase of the

deployment be divided into a large number of constant steps.
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APPENDIX A, PROGRAMMED DYNAMIC EQUATIONS

It was noted in Section 4,0 of the body of this report, that the
dynamic equations presented in Section 12,0 are not in the format desired
for digital programming. The equations presented contain both the gim-
bal deflections as independent variables and the locked gimbal reaction
torques as dependent variables., Although two methods of handling the
elimination of degrees of freedom were discussed, the problem was not
resolved and the reformulation of the equations was left to those respon-
sible for the digital programming (see acknowledgement), The final pro-
grammed dynamic equations as established by the Mathematical Analysis
and Programming Departments are presented in this appendix for refer-
ence., The material presented dces not stand alone but refers back to the
body of the report, and is presented as a bridge between the dynamic
equations derived in the body of the report and the equations programmed

for the computer.

The final dynamic equations presented in the body of the report,
Equations 12, 3-4 and 12,3-5, are

[L,,] 4} + ji (L] {QJTJ-} = {ag,}+ ii [Di]T [c;i}"r1 {T g
A 1
+ 22 CACY WY (A-1)
N
[Ly) 6} = }‘é (L] €50 = day) - 1G] 4T ) - [csi];}. ()
] (A-2)

Equation A-1 is the matrix moment equation for the main spacecraft body,
body 1, and Equation A-2 is the matrix moment equation for the ith auxil-
iary body. The torque components {ngi} are the body i gimbal torques
for gimbals with degrees of freedom while the torque components {Tyi}
are the body i gimbal torques for gimbals without degrees of freedom.

Therefore, for a given gimbal axis one of the corresponding elements in




either {ngi} or {Tyi} must be zero, If the non-zero element occurs in
{'I“i gi} it is a driving torque which is a function of position and velocity
and it should be added to {qll} or {qii}‘ If the non-zero element occurs
in {Tvi} it is a dependent variable and should be eliminated between equa-

tions. Premultiplying Equation (A-2) by [Gi]T

N
(G (L] @3 +0G] D (L) @) - (G fay)- (T, 4} - (T.,)
T T . T
j=2
(A-3)
It should be noted that Equation A-2 is written in terms of torques
about the body i reference axes {61} and since [Gi]T is the transformation
matrix transforming body i reference torques to gimbal torques, refer-
ence Equation 7,2-2, Equation (A-3) is the body i moment equation in

terms of body i gimbal torques. From Equation 12, 3.9
.} = [G.] {6} + [G.] {6, -4
() = [G] )+ (6] 6} (a-4)

Substituting Equation A-4 into A-3 the body i equation in terms of gimbal

torques and gimbal accelerations is

N
(] (L] 0]y} + [Gy]_ }:2 (L1 (651 6]} = fa ) - (T, ) - (T.,)
J:

(A-5)

where

N
PEPBICHRCN (4-6)
j=2

{qig}‘ = lGi]T {qii} -

Define the matrix [Pyi] such that for body i

0 0 0
[Pyi] = |0 0 0 | for no degrees of freedom
0 0 0




N . e

1 0 0
[Pyi] = |0 0 0 for one degree of freedom
o o o
1 0 o0
[pyi] = |0 1 0 for two degrees of freedom (A=T7)
0 0 0]
1 0 0]
[Pvi] = |0 1 0 for three degrees of freedom
o o0 1]

Note that the restriction has already been made in Section 4.0 that the
first degree of freedom is about the x gimbal axis and the second degree

of freedom is about the y gimbal axis.

Then from Eguation A-7

1 0 0]
[U'Pyi] =10 1 0| for no degrees of freedom
o o0 L
0 0 0]
[U'Pyi] = |0 1 0| for one degree of freedom
o o 1]
0 0 0
[U'Pyi] = |0 0 0| for two degrees of freedom
0 o0 1
- -
0 0 0 |
[U'Pvi] =10 0 0| for three degrees of freedom
| 0 0 0]

Consider Equation A-5 which represents the torques about the three gim-
bal axes of body i including those with degrees of freedom and those with-

out degrees of freedom, If Equation 'A-5 is premultiplied by [Pvi] all of

N
iE
H
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the elements representing gimbal axes without degrees of freedom have

Yi] all of the
elements representing gimbal axes with degrees of freedom have been set

been set to zero, If Equation A-5 is premultiplied by [U-P

to zero. Therefore

(A-5) = [P;] (A-5) + [U-P ;] (A-5)

Premultiplying (A-5) by [P’Yi]

N
Pyl (6] [Ly] €3+ [PLIIG] D [y (61 8)) = [Py] fayg)
)=

- {ngi}
(A-9)
Premultiplying (A-5) by [U-pyi]
N
[0-Py 1 1G] [Lyy] 1,0 + [U-Py) (6] >‘z (L] (G;] &)
J:
= [U-P,;]{q; } - (T} (A-10)
Note
[P\{i] {ngi} = {ngi}
[U-Pvi] {TYi} = {TYi}

Equation A-9 is the body i matrix moment equation with the dependent
variables {Tyi} eliminated. Since the elements representing locked gim-
bals are zero, there will be a row of zeros in the system matrix for each
degree of freedom eliminated. In order to prevent the system matrix
from being singular a value of unity must be placed on the diagonal in
each of the zero rows, This is accomplished by adding the term [U-PYi]
N o

z lgij {é;} to Equation A-9. The matrix moment equation for body i may
j=2

now be written as




"
;

N

[Py (G [1y,] 8y} + ,-.zz [1pyid ) (051 + (w-2 ) B | 65

Equation A-10 is an auxiliary equation defining the dependent variables
{Tyi }. Premultiplying A-10 by [Di]T [C}i],'rl and summing over all bodies

N
22 (D] 16;)"" [U-Py)[Gy)_[Ly)] 0]))

N

N
1= j=
N N
-1 . -1
. gz [;]_ 16517 [(U-Py] fay 1 - gz D6 ryy)

If Equation A-12 is added to the main body Equation A-i the dependent

variables {T Yi} are eliminated from all equations. Substituting Equation
A-4 into A-1 and adding A-12 the main body equation becomes

N
[Ly,] + 22 CARCANICENICHIN N RENY
1= J

-

N N
-1 .o
+ gz (L] + 22 CANICANICE NI CNIN eI CARUNY

. . (A-13)
N .. B .
= {a))}- j; (L] [G;] {o;} + }2 (D] (617" [U-Py] oy )

N
-1
+ }:é (D] G]" {T gy




Rewriting the main body Equation A-13 in the form of Equation 4,0-6

M), ] {0} + ,--i. M) {055} = b)) (A-14)
where
N
E [My)) = [L),]+ z [[Di].r (6] [U-Py) [Gy]_ [Lill] (A-15)
| M) = [L1j1+i=§2 (D) (6" [U-Py,) [G]_[Ly]| [G;)
(A-16)
N . . N
b} = fay}- ,Z [Ly] [G]) {0;} + i;zz [o,]_ [Gil;‘ (U-P ;] o, )
N |
+ Zz CAIC (A-17)

Rewriting the auxiliary body i Equation A-11 in the form of Equation

4,0-6
M1 0,3+ [M;5] {0} = o) (A-18)
where
[MiI] = [PYi] [Gi]T [Lil] (A-19)
} A
) = [Ry] 165 [y (6] + [0-P) B (A-20)
{bi} = (P'Yl.] {qig} - {ngi} | (A-21)

Eliminating {T_ gi} between A-17 and A-21

{qig} = {bl}}

(A-22)

b} = fa,,}- ? (L) [G;) foy,} + z D] [cr
JZ




LIST OF SYMBOLS

Section Symbol Definition

COORDINATE SYSTEMS

3.1 {C-)I} Inertial reference system at center of
mass of the earth

3.2 {aM} Orbital reference system at center of
mass of spacecraft

3.2 {ER} Orbital reference system at center of
mass of body 1

3.3 {al} Main bodv reference system at center
of mass of main body

3.4 {ani} Body i reference system fixed in body 1

at body i attach point (2 =i = N).
Defines nomina. position of body i.

3.5 {51} Body i reference system at body i
attach point (2 < i < N).
* 9.2 (Gg} |
_ Intermediate systems in the transfor-
9., 2 {Qo} > mation of Q; to Q) by rotations B,
€, a, and a change in sign
9.2 {Q,} |

10.2 {EG} Earth fixed system, yg is polar, and
z2g is at the prime meridian

10.2 {Q_} Earth fixed magnetic system,, y. . at

m X m
magnetic pole

14,2 {6Bik} Solar oriented reference system for kth

' boom of body i .

14.5 {aiaik} Reference system for k! boom of
body i, located at tip of boom and
rotates as boom bends.

13.1 {Ble} Flow oriented system for kth shape
element of Liody i

13.2 {Qe} Flow oriented system for area element
dA




T e R o

Section

COORDINATE SYSTEMS (Ccntinued)

13.4

13.5

13.8

COORDINATE TRANSFORMATION MATRICES

3.3

3.4

3.5

3.5

3.2

Symbol
(@)
@)

{6Be}

(a]

[B,]

1

[c.]

1

Ip,] =[c,](B,]

(E]

it

Definition

Reference systen: used in the integration
of forces and moments on a spherec

Reference system used in the integration
of forces and moments on an element of
a cylinder

Reference system used in determining
the forces and moments on a boom
element

Transforms {Qp} to {Q;} and defines
the position of body 1 with respect to
the orbital reference system

Transforms {Q } to {Q i} and defines
the pomtmn of the body i reference
system in body 1 (constant)

Transforms {Q;} to {Q;} and defines
the position of boay i with respect to

{Q,

Transforms {Q, } to {Q;) and defines
the position of body i w1th respect to
body 1

Transforms {Q } to {Qp} and {Q };
defines position of orbital reference
systems with respect to the inertial
system

Intermediate transformations in the
transformation [E] representing
rotations P, £, and @ and a change
in signs

Transforms {QRr} to {Q;} and defines
the position of body i with respect to
the orbital reference system




Section Symbol Definition

COORDINATE TRANSFORMATION MATRICES Continued)

7.2 [Ki] Transforms body i gimbal displacements
to gimbal spring torques

7.2 [Pi] Transforms body i gimbal velocities to
gimbal viscous damping torques

14.5 [a.k] Transforms the reference system for
! the ktY boom of body i to the rotated
system at the tip of the boom

14.2 [Tik] Transforms the body i system {Q;} to

the boom reference system QBxk}

10,2 [a] Constant matrix which transforms the
earth fixed axes through the prime
meridian {Qg} to the earth fixed
magnetic axes {Q }

10,2 (4] Transforms {Qp} to _{QG} and defines
the earth fixed axes {Qg)} with respect
to the inertial system

13.1

. [ﬂNik] Transforms the body i axes {Qj} to

the flow oriented axes associated with
the shape of the kth element of body i

{Qnik}

INERTIA MATRICES Slug-ft“)

2.1 [Il] Inertia matrix of body 1 with respect
to the {Q;} system

10.6 {1.] Inertia matrix of body i with respect
to the {Q;} system translated to the .
center of the mass for body i

j 4.1 [IiH] Inertia matrix of body i with respect

i to the {Q;} system at the body i hinge
point

’ 106 [Iik] Inertia matrix of tip mass m;, with
respect to the {Q; f system translated

to the tip of boom
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Section

Symbol

SPECIAL SQUARE MATRICES

7.1

7.2

14. 3

14.4

14.4

14.4

10.5

12.1

10. &

10. 6

(]

-1

Ch

6]

~—
-
[
I
(=]
il

e

-2
s
b3

[ S

~

—
e
o
oy
d
1

6,

[w.]

(L]

[M]

Definition

Transforms body i gimbal rotational
velocities to body i relative velocities

Transforms body i gimbal torques to
torques about the body axes {Q;}

Transforms components of sun vector

in Lody i crordinates into tip mase
deflections due to thermal bending

(6]

Grouping of terms in expression for

(8 ik

Transforms body i inertial accelerations

" into components of {A R } which are

not independent of accelerations

N Mi
2;2 ol AP CRIIEN]

m,
D e Dyl
= My

Transforms body i inertial accelerations
into components of {HR;j} which are
not independent of accelerations.

3N x 3N System matrix for dynamic
equations in terms of torques and
accelerat:.ons about body axes.

3N x 3N System matrix for dynamlc
equations in terms of torques and
accelerations about gimbal axes.
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Section Szmlzgl
VECTORS
13.1 ANik
10.3 Bm
6.1 FAi
6.1 FCI
6.1 FEi
5.0 Fgm
14.2 Fik
14.2 fik
6.1 FRi
6.1 Fsi
5.4 C'i
5.4 C'ni
5'4 GM
5.4 GR
8.0 GMo
5.4 H

Definition

A unit vector defining the orientation of
the ktP ghape in body i (1 = 2 < N).
The subscript N changes to define the
shape, F for fiat plate, S for sphere,

C for cylinder. and P for parallele

Magnetic field vector at center :»i mass
of spacecraft, magnitude in gauss

Aerodynamic force on body (pounds).
Control force on body 1 (pounds)

Net external force on body i at its
reference point (pounds)

Gravity force on body i (pounds)

Total gravity force on spacecraft
(pounds)

Input vector to define reference bending
plane for out of plane thermal bending
(N.D.)

Component of fik normal to boom i

Internal reaction force between body i
and main body (pounds)

Solar force on body i (pounds)

Inertial aéceleration of body i center
of mass (ft. per sec.?2)

Inertial acceleration of body i reference
point (ft. per sec. 2)

Inertial acceleration of center of mass
of total spacecraft (ft. per sec. 2)

Inertial acceleration of center of mass
of main body (ft. per sec. 2)

Inertial acceleration of total center of
mass used to define orbit

Angular momentum of body i due to
internal motion (ft. -1b. -sec.)




Section Symbol

VECTORS (Continued)

5.4 H

M

5.4 Hm
12.1 ‘AHpi
12.1 NHpi
6.2 Hp;
3.4 H .
ul

5.4 H
6.2 H .
wl

13.0 M'Nik

|

13.3 Mpii
15.0 Ni
5.4 P,
14.2 P

ik

Definition

Acceleration of total center of mass
with respect to rnain body center of
mass (ft. per sec. 2)

Acceleration of body i center of mass
with respect to main body center of
mass (ft. per sec.2)

That portion of Hy; containing unknown
acceleration of the system

That portion of 'ﬁpi not containing
unknown acceleration of the system

Angular momentum of body i due to
thermal bending (ft. -1b. -sec.)

Acceleration of body i refererice point
with respect to the main body center
of mass (ft. per sec. 2)

Acceleration of body i center of mass
with respect to body coordinate
(ft. per sec. 2)

Angular momentum of body i due tc
reaction wheels (ft. -1b. -sec.)

Gene~al expression for the solar
torq: . about the centroid of the kth
shape of body i (1 =i =N). The
subscript N changes to define the
shape (see Apnjix). Torques are in
ft-1bs.

- Total solar movement due to boom k

of body i (2 <i = N). Torque in ft-lbs.
about the body i reference point.

Magnetic moment of body i ixi ampere-
turns -ft2

Vector position of body i center of
mass with respect to main body center
of mass in feet

Unit vector along f;;




Section Szmbol

VECTORS (Continued)

13.0 PNik
13.3 Poik
2.1 R,
10.5 oRik
5.4 Ry(
11.1 RMi
4 S.

1
3.2 Sum
5.4 S .

nil
5.4 Sy
6.1 Tai
6.1 Tgi

Definition

General expresmon for the solar force

on the kth ghape of body i (1 < i < H).

The subscript N changes to dcfme the
shape (see Ale) Forces are in pounds.

Total solar force on boom k of body i
(2<isN)

Vector position of mass mjk in body
coordinates. Magnitude in feet.

Nominal input value of Rjj before
changes in shape, magnitude in feet

Vector position of total spacecraft
center of mass with respect to the main
body center of mass (feet).

Vector position of body i center of mass
with respect to total spacecraft center
of mass (feet)

Vector position of the center of mass of
body i with respect to the center of mass
of the earth (nautical miles)

Vector position of the center of mass of
total spacecraft with respect to the
center of mass of the earth (nautical
miles)

Vector position of the body i reference

- point with respect to the center of mass

of the earth (nautical miles)

Vector position of the main body center
of mass with respect to the center of
mass of the earth (nautical miles)

Aerodynamic torque on body i about the
body i reference point (1b. -ft.)

Control torque on body 1 about the
center of mass of body 1 (lb. -ft.)

Net external torque ahout the body i
reference point (1b. -ft.)




Section

Symbol

VE(, TORS (Continued)

6.1

6.1

6.1
6.1

10.6

2.1

3.5

10. 6

10.3
13.1
10.1

13,1

11.1

14, 2

14,2

14.5

3.3

T .
gi

Hij

Hi

T

H

Si

=

Ti

|

<l

N

ol R|

on

on

Definition

Gravity torque on body i about the body i
center of mass (1b. -ft.)

Torque transmitted from body i to

Magnetic couple on body i (1b. -ft.)

Solar torque on body i about the body i
reference point (ib. -ft.)

That portion of the thermal bending
torque which is due to the accelerations
of mass mjx and is independent of
unknown accelerations of the system.

Vector position of body i reference
point with respect to body 1 center of
mass (feet)

Vector position of body i center of mass
with respect to body i reference point
(feet)

Nominal value of ;i for no change in
shape of body i

Unit vector along §M
Unit vector in direction of particle flow
Unit sun vector

Unit vector along negative velocity
vector

Vector position of mass element dm
with respect to body i center of mass
(feet)

Component of sun vector along Xpse

Vector along ;Bik with magnitude of
Nik
Axis of rotation due to thermal bending

Inertial rotational velocity of body 1 in
radians per sec

i
P
]




Section Szmbol Definition

VECTORS (Continued)

' 3.1 GM Inertial rotational velocity of orbital
reference system in radians per sec.
2 3.2 “p Equal to w,,
3.4 'Jni Inertial rotational velocity of body i
* reference system equal to w,

3.5 w, Inertial rotational velocity of body i in
radians per sec.

3.2 Q. Relative rotational velccity of orbital
reference system with respect to the
inertial system, equal to wpg .

5.2 .Ql Relative rotational velocity of body 1
with respect to the orbital refererce
system in radians per sec.

. 5.2 Qi Relative rotational velocity of body i
with respect to body 1 in radians
per sec.

GIMBAL AXES PARAMETERS
7.3 {TBi} Hysteresis damper torques at body i
gimbal axes in 1b. -ft.

16.1 {T Hysteresis damper saturation torque

.}
BMi for body i gimbal axes in lb. -ft.

16.1 {T Hysteresis damper torques at last
corresponding sign change in {6;}

(1b. =ft. ).

7.2 {T i} Net gimbal torques at body i gimbal
' g axes (1b. -ft.)

7.3 {TLi} Motor torques on body i gimbal axes
" due to drive motors (1b. -ft.).

Stop torques at body i gimbal axes 0
(lb- "ftc ) |

7.2 {TS .} Reaction torques at body i gimbal
- 581 axes with deg.rees of freedom (1b. -ft.)




Soction er_r_xbol Definition

GIMBAL AXES PARAMETERS (Continued)

7.3 {TYi} Reaction torques at body i gimbal axes '
without degrees of freedom
16.1 {Aei} Relative gimbal displacements since
last sign change in corresponding
! gimbal velocities (radians)
16.1 {aT.} Change in hysteresis damper torques
! since change in corresponding gimbal
velocities (1b. -ft.)
7.1 {e.} Body i gimbal displacements from
1 nominal axes (ravdians)
16.1 {6,5.}) Gimbal displacements at last sign

change in corresponding gimbal
velocities (radians)

f SCALARS AND CONSTANTS

8.0 a Semi-major axis of orbit in nautical
miles ,
10.4 aE Distance from center of mass of
spacecraft to earth's shadow in
nautical miles
13.3 Apa Area of flat plate k of body i (ft2)
17.0 ABik Acceleration magnitude due to boom
deployment for book ik (ft per sec?)
14,1 CBik Non-dimensional in-plane thermal
bending coefficient
14,1 C!Bik Non-dimensional out-of-plane thermal
' bending coefficient
13.6 DC ik Diameter of cylindrical shape k of
" body i (feet)
L
13.9 DBik Diameter of kth boom of body i (feet)
10.1 DAE Number of days after autumnal equinox 5
13.7 D ik Depth of kth parallelipiped of body i
P (feet)
S-10

R R T




Section Symbol Definition
SCALARS AND CONSTANTS (Continued)
9.3 g Acceleration of gravity at cente’ _f
: mass of spacecraft (ft per sec?)
(H,,)
kg 16.1 Hystereeis damper coefficients for
i {H 3.} body i
i
(Hyd
2.1 i General subscript denoting body i
2.1 Kk General subscript denoting the kth
boom or the kth ghape of body i
9.0 KN Number of feet in a nautical mile
1£.0 KM Conversion factor from ampere-turns-
ft2-gauss to foot-pouncs
1
LT 10.4 k Ratio of instantaneous thermal bending
% E coefficient to the nominal value
} 17.0 Lo Deployed length of boom ik (feet)
13.6 Les Length of cylindrical shape k of body i
ik .
(feet)
13.7 L ik Length of parallelipiped k of body i
P (feet)
10.3 Me Magnetic field constant
2.1 M, Mass of body i (slugs)
2.1 m,, Mass of element k of body i (slugs)
5.4 Mo, Total mass of spacecraft (slugs)
1.0 : N Number of bodies
8.0 | P Orbital period in hours "
10.4 Pp Time rate of change of parameter kE ‘
S-11 ;
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Definition

SCALARS AND CONSTANTS (Continued)

13.6

13.4

9.0
10.4
10.2
17.0

17.0

17.0

9.2

R.0

8.0

13,1

13.8

Reix

ik

ik

Radius of cylindrical shape k of body i
(feet)

Radius of spherical shape k of body i
(feet)

Radius of Earth in nautical miles
Time of eclipse transition in minutes
GMT

Initial time of deploymuent for boom ik
(minutes)

Acceleration time during deployment
of boom ik (minutes)

Deployment velocity of boom ik (feet
per sec)

Width of kth parallelipiped of body i
(feet)

Orbit angle from line of nodes (radius)
Orbit angle from perigee (radians)

Orbit angle for closest approach to
ezith's shadow

Orbit angle at which eclipse comnutations
are started

Angic between autumnal equinox and
ascending line of node measured in the
equatorial plane

Gravitational constant

Eccentricity of orbit

Angle between flow vector and the
orientation vector for the kth shape

of body i

Angle bitween flow vector and the
ncminal position of boom ik
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13.2

13.2

9.2

10.1

g

10.1

14.5

10.4

14.4

10.2

Y

Tangential reflectivity c.efficient or
momentum e¢xchange coefficient

Normal reflectivity coefficient or
momentum exchange coefficient

Orbit inclination with respect to
equatorial plane

Position of sun measured from
autumnal equinox in the eclip*ic
plane

Position of sun measured from
autumnal equinox in the equatorial
plane

Rotation of tip of boom ik due to
thermal expansion

Angle between orbital radius vector
and sun vector

Angle between bending plane and
rcference bending plane of boom ik

Angle between prime meridian and
autumnal equinox

Orbit angle from perigee

Equivalent circular orbit rate
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