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ABSTRACT

A simplified turbulence model has been constructed which describes
the statistical behavior of the flﬁid elements which comprise the larger
eddies, and which contain the chemically reactive species. The theory
was then employed, as a primary test, to analjze the turbulent Couette
flow of a chemically inert fluid., In the analysis, it was shown that the
present theory as applied to a chemically inert fluid is self-containing
up to the dissipation function. An experimental value of dissipation
function for a pipe flow, for lack of the same for a Couette flow, was
adapted and used in the analysis. A comparison of the present theorecti-
cal results with the available experimental data on Couette flow showed
a satisfactory agreement between the two, A’simple relationship has
been derived between th; dissipation function and the other variables of

the theory which would render the present theory completely self-containing

for the chemically inert single-component f£low.
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I. TINTRODUCTION

Turbulence is one of the classical subjects which have been studied
for years by many people. Most of the existing works can be divided into
twvo broad categories. The first category is comprised of those studies
which analyzed the structure and éynamics of various idealized turbulence
fields. The idealizations were necessary because of the extremely com-
plicated nature of the subject., The major contribution of these studies

was to give a better description, and therefore a better understanding, of

the phenomenon of turbulence itself rather than to supply the engineers

with the solutions of various turbulent flow problems of practical interest.

. %
There are voluminous publications belonging to this category.

In contrast to this, the other category of works expended its major
effort on deriving various relationships which can be employed to quanti-
tatively study the real turbulent flow problems of engineering interest.
By necessity, these wérks had to heavily rely upon empiricism and pheno-
menological arguments guided by experimental data, Because of the empiri-
cisﬁ, the usefulness of these theories is severely limited. As it is with
the first category, there is an abundance of publications belonging to
this phenomenological category.

The problem of "turbulent wake observables" perhaps has done more to
bring these two categories of works together than any other engineering
problem of recent years. When it was first noticed that the radar return

from an under-densed plasma comprising a turbulent wake was a function of

‘the mean-square-fluctuation of the electron concentration, it became

—
Due to lack of space, these publications are not listed herein.
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clear that the conventilonal phenomenological theories were no longer ade-
quate even 1f one were to accept the inherent empiricism. It became
inevitable that at least certain aspects of the statistical approach be
brought into the analysis of real flow problems such as the problem of

the turbulent wake. The works of Proudian and Feldman,l Lin,2’3 Sutton,é

e SRR B i

. 5
and Gibson™ represent the earlier endeavor to incorporate portions of

= 2% X

the statistical concept into the turbulent wake analysis in a tractable

manner. We shall be discussing the analyses of Lin2’3

Prosminion

: 4
and Sutton’ along

with a few other pertinent works in the next section.

]

- The turbulent wake is in fact only one out of the class of chemically

11 reacting turbulent shear flow problems that defies the solution either

} by the conventional phenomenological approaches or by the classical sta-

B tistical turbulence theories. The problems of chemically reacting tur-

ﬁ bulent boundary layers énd turbulent combustion are a few of the problem?

v also belonging to this class.

E In the present paper, a tractable statistical model of chemically
reacting incompressible turbulent shear flows is fprmulated. Particular

T

%j effort is made to eliminate the shortcomings of the conventional pheno-

o menological theories pertaining to the turbulent fluctuation, turbulent

.

- transport, and the chemical reaction., The theory is then, as ‘a primary

? test, applied to a chemically inert turbulent Couette flow. The result

i is compared with available experimental data. In view of the complexi-

L ' ties of the problem, a considerable sacrifice of statistical rigor is

- made in favor of tractability, j

IT. PERTINENT PREVIOUS WORKS

There have recently developed several simplified theories since the

e e
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carliler works of references 1 through 5 mentloned in section I which
attempted, as does the present theory, to incorporate various statistical
concepts into the real shear flow problems. The works of Harlow and
Nakayama,6 and Nee and Kovasznay7 are the typical ones. The approaches
of all these analysesl~7 are basically different from the present one.*
Moreover, most of these works are not intended for chemically reacting
flows. However, all these works, including the bresent one, have one
general purpose in common: that is to eliminate, as much as possible,
the empiricism involved in the conventional phenomenological theories
by the use of a certain statistical concept. We shall in this secction
present a very brief description of the analyses of Lin,z’3 Sutton,4
Harlow and Nakayama,6 and Nee and Kovasznay.7

Lin?"3 likened the turbulent transport unto the mixing of two classes
of fluid elements possessing two diametrically different dissipation
characteristics, With this assumption, Lin formulated a set of tractable
governing equations for a turbulent wake and salved it. Lin made a valu-
able contribution in that he was one of the first to pose the possibility
of incorporating the statistical concepts into a real flow problem. The
major shortcoming of this work2’3 is that the relationship between the
governing equations he developed and those rigorously derived from the

Navier-Stokes equation cannot be made clear. Hence, the degree of over-

all approximation involved cannot be assessed,

* ' 1
The main difference between these apalyses and the present study will be

discussed in the next section under Turbulence Model.
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Sutton4 essentially followed the rather classical approaches pre~
viously employed by such as Deissler.8’9 Here, one first considers that
the mean profiles are all given a priori., Then one applies the closure
to the classical turbulence equations at the lowest order by discaxrding
all correlation terms that are of higher oxrder than the second order.

In addition to these, Sutton assumed that the turbulent transport is
expreséible by the Boussinesq relationshiplo which says that it Is equal
to certain turbulent diffusivity times the mean gradient. Furthermore,

the dissipation function was also assumed to be known a priori. The

equations are then self~containing and amenable to a solution,

Harlow and Naka.yama6 made the classical Reynolds stress equation
determinate by introducing several transport flux approximations. These
flux approximations were, like Sutton's4 work, basically patterned after
the Boussinesq form., In the approximate expressions, the dissipation
scale became an important variable., A transport eduation for this dis~
sipation scale was formulated, mainly from a physilcal argument, and was
analyzed along with the Reynold's stress equation.,

Nee and Kovasznay7 formulated a transport equation for a total vis-
cosity again from a physical argument similar to that employed by Harlow
and Nakayama.6 The total viscosity was defined as the guantity which
when multiplied by the local mean velocity gradient yields the total stress

due to both molecular and eddy viscosities. This equation, along with

the classical turbulent momentum equation, was then analyzed,

ITI. FORMULATION OF THEORY

General Concept

The similarity between the behavior of molecules according to the
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nonequilibrium kinetic theory and that of fluid clements in turbulence
ficlds has been recognized from the days of Prandtl.lo Although there
exist certaln differcnces between the kinetie theory and the statistileal
turbulence theory as was pointed out by Taylor,lO one can exploit the
various fundamental similaritics underlying the two statistical phenomena,
especlally in view of the substantial progress that has been made in
kinetic theory during the past decade.

Most of the classical statistical analyses of turbulence begin with
the various moment equations derived from thé Navier-Stokes equation.

Fach order averaged quantity such as the Reynold's stress, the triple
correlation function, and etc,, appcaring in these moment equations must
then be considered as an independent unknown variable, The equations are,
hence, intractable for real flow problems unless one is willing to dis=~
card certain terms and replace certailn other terms by known relationships
argued from physical grounds as Sutton4 has done,

In order to circumvent this difficulty, we shall develop a governing
equation for the lowest ordenr distribution function of the random fluid
elements which can be analyzed for the real flow problems., Formulation
of turbulence equations in terms of a distribution function is not new
in itself, and such formulations derived from the Navier-Stokes equationll512
are just as intractable as the more familiar form of turbulence equations.

‘In the present study, we shall first divorce ourselves from Navier-
Stokes equation like Lin2’3 has done. We shall then show that certain
similarities between the Brownian motion and turbulence can be exploited

in such a manner that a modified form of Fokker~Planck equation can be

derived to describe the salient characteristics of the turbulent chem-

1
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leally reacting flows. The consistency of this equation dn view of the
rigorous statlstiecal turbulence equations is then argued by obtailning
various moment equatiouns from this cquation, and mémpariug them with the
corresponding order moment equations derived from the Navier-Stokes
equation.

For more detailed description of the concept and the equations to
be derived below, the reader is referred to a previous reporuls written

by this authorx,

Turbulence Model

One basic factor that is common in all the previous works mentioned
in section II is that thé turbulent transpornt phienomena are described in
analogy to the molecular transport in a continuum laminax flow.* Thus,
all important diffusions were assumed to take place at the rates propor-
tional to the local gradients of the average quantities, i

Most of the transport phenomena, however, associated with a turbu-
lent motion are due to the larger eddies with long preferred memories,
The transport of various properties by these eddies is somewhat analogous
to the kinetic~theory description of the molecular transport in a rarefied
gas flow where the transport rate is rot necessarily determined by the
local mean gradient, In addition to the fact that the larger eddies are
mainly responsible for the transport, the fluctuation comprising such as

the turbulence energy is mostly due to these same eddies. 1In the present

study, it is assumed that the turbulent fluctuation and transport are

; | 2
The only exception to this perhaps is Lin's work. >3
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entirely determined by the fluld elemcnts.which comprise the larger
eddies. The roles of the smaller eddies are considered to be those of
degenerating the long preferred memories of the larger eddies, and of
causing the dissipation of the turbulence encrgy through the interactions
with the larger eddies.

No clear-cut distinction, of course, can be made between the larger

4
10,14 that there exists a

and the smaller eddies. However, it is known
statistical seperation between the larger eddies with long prefecrred mem-—
ories and the smaller random eddies across a sort of inertial subrange,
when the Reynolds number is sufficiently high. Confining our analysis

to the cases of high Reynolds numbers, we first assume that the intex-
action between the various eddies can be represented by the interaction
between the larger eddies with long characteristic times and the smaller
random eddies with short characteristic times.

The above~described model of inktesraction is then analogous to the
interaction between the giant molecules with long characteristic times
and memories and the small equilibrium molecules with short characteris-
tic times in the classical Brownian motion. We, therefore, express the

change of the momentum of a fluid element which contains a transferable

property, such as a chemical spec&ﬁﬁand is a part of a larger eddy by

the following Langevin's stochastic equation.ls’l6
Bui
7o = 7 B vy = ug) A (E) K (xug) (1)

In the present description of turbulence, the first two terms on the

“We employ the Cartesian tensor notatimn., All the symbols are defined

in the Nomenclature.

b3

R e P v'r‘{'! s o

o S s e TR SR SN e e Se i e L et e { R —— rz



EPTINL RSN FOREEENE. — . s ] R ] A D——— SRS A PP L o d -

right-hand side of Bq., (L) represent the decay rate of the preferred
momentum of the fluld element, which 1s a part of the larger eddy, due to
the momentum interactilon between the larger and the smaller eddides, The
momentum decay rate is, in analogy to the Brownian motion, divided into
the systematic portion, B(ui - uoi)’ and the rapidly fluctuating portion
of the smaller eddies, Ai(t). l/B(xj) is the characteristic relaxaticn
time of the larger eddies due to the momentum intpraction,

The last term Ki is interpreted in the Present turbulence model as
the force cxperienced by the fluild element due to the molecular viscosity
and the average pressure gradient. The rate at which the momentum of the

fluid element changes because of the molecular viscosity is assumed to be

92u,
given by the v?lue of v . 8%— observed in that fluid element. The
d04u, m  m
quantity v §§~§§~ is considered hereln as one of the properties of the
m m

fluid element. Thus, we write,

-1
N " T 2)
m

Distribution Function

We define a distribution function f(xi, U, t) such that
f(xi, U t) dx du is the occupancy probability of the fluid element in
the phase cell E%’Eﬁ.* Next, we define n(xi, U, t) as the concentration
of a transferrable quantity, such as a chemically reactive specie, per
unit mass of the fluid element containing this quantity. We assume in
the present analysis that the fluid is incompressible and that the trans-
ferrable quantity is a passive scalar quantity, which means fthat igs
effect on the turbulence itself is negligible.

With the above definitions of f. and n, we now define the o-th order

*E;'EK = dxydxpdxgduidusdug.




distribution function of the trausferrable quantity as,
(a) Y = p® N -

P (xi,ui,t) = (x50, t) ’<Xi’ui’t) (3)
where o i1s a constant which is equal to or greater than zero, The proba-
bility average of o power of n, <na>, is then,

—
<n¥> = JF(Q> du (4)
. . . : N e _ . L 14,17
which, with a suitable ergodic argument for a steady state system
(stationary random system with respect to time), is the same as the time

o
average of n .,

Transition Probability

We have previously exploited the analogy between the present turbu-
lence model and the Brownian motion. Brownian motion is a Markov pro-

cess whose general treatment can be found elsewhere.ls’l6

The portions
of the development which can be found in these refergnces are slighted
in the following analysis,

Let At be a time interval which lies between the two characteristic
times of the larger and the smaller eddies. Such time interval exists
because the  statistical separation of the larger and the smaller eddies
has been considered to exist. We then let T(Xj - ujAt, uj - Auj; Au,)
be the transition probability of the fluid element contaiﬁing the chemical
specie between the two phase points (xj - ujAt, uj - Auj} and (xj, uj)
connected by the path of the fluid element. This transition probability
is now determined from the stochastic solution of Eq. (1) to satisfy the

boundary condition that, as 1/8 - 0, F(l) must approach Maxwellian at

the average turbulence energy.l/3 <UkUk>' In a steady state flow svsztem,

|
|




; - ~ {"f“" i

{

{ il .;’4

e B s

10

1/8 = 0 implies that the characteristic turbulence decay time is much
shoxtexr than other characteristic times of the system,

In the classical Brownian motion, the boundary condition applied to
the Langevin equation is that the Brownian particles should approach Max-
wellian at the temperature (average energy) of the small particles, In
the present study, wherein the turbulence energy is contained in the
larger eddies only, the boundary condition of approaching Maxwellian at
the average turbulence energy implies the following. The effect of the
momentum interaction between the larger and the smaller cddies represented
by the first two terms on the right~hand side of Eq. (1) is to degenerate
the preferred memories of the fluid elements comprising the larger eddies
toward the random state; at the constant average energy of these fluid
elements, The last term of Eq. (1) then contains the dissipation of the
momentum out of these fluid elements by molecular viscosity,

The stochastic solution of Eq. (1) is obtained in a manner similar
to that obtained in reference 15, though the present boundary condition

is a bit different from that employed there, as

T(Ui; Aui) =7 L 372 exp
Gg T <UkUk> BAL)
12 4 .
= {[Au; + (Bu; - K)At]™ / (3 <0, U, > BAL)} (5)

(1)

Governing LEquation for F

{

ot . . . . . . 1) |
ihe governing equation for the distribution function F( ) is formu-
lated herein, which is the Fokker-Planck equation adapted and modified

for the present purpose. The governing equation for f( = F(O)) is then

R e o = T e S SR TN L e T o e e St o o A A S o S o
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(1)

readily obtained as the degenerate case of the equation for F by set-
ting n = 1.
Since we are considering only one chemically reactive specie mixed

with an incompressible chemically inert f£luld, the only appropriate chem-

ical reaction is that given below,

on _ o
[Bt]chem -yn (6)

where y is a rate constant which may be either poesitive or negative.

We assume that the molecular diffusion of n into and out of the
fluid element takes place in accordance with the value of D % A ob~-
served in that fluid element.

(1)

The governing integral equation for T is now constructed as,

[o+]

(1) ey o e @ - .
T (xi,ui,L F At) = ||T (xi uiAL, u, Aui,t)

x
(a) ,
4 vF x, - u,At,u, - Au,,t) « At
Y \i l,l l’)
3%n . .
4+ D | o f(x, - u,At,u, - Au,,t) « At
dX 90X . . 1 i i i

m wx,~u,At,u,~Au_,t

i i i i

e
'r(xi - uiAt, ug = dug; Aui) d (Au) | (7)

In the above equation tﬁe left-hand side is, of course, the probability
of finding the chemical specie at the phase point (xi,ui) at time t + At,
The quantity within the square bracket on the right répresents the prob-
ability of finding the specie at the neighboring phase point at time t,
plus the probabilities that the specie concentration contained in the

fluid element will be changed by the chemical reaction and the molecular

P _f».mm, ER——
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diffusion during the time interval At which the f£fluid element takes fox
the transition between the two phase points., On the right~hand side of
Eq. (7), then, the above-mentioned quantity is multiplied by the transi-
tion probability, and is integrated over all the neighboring points aé~
cessible to the point (Xi’ ui) during the time At,

Eq. (7) is transformed into a differentilal equation by expanding
the various functions in Taylor series and by discarding the terms of
order (At)? and higher. Then after a considerable manipulation (see ref-

erence 13) there results, with the use of Eqs. (2) and (5),

or | 9%u 1 O
Uoak  taes |F Y xoex. T b %,
J Xj i m’*m P i
N I I GO IO U g2 (1) ep g (@) %)
3U j 3 3U, 90U " ax ox VY
i k™ "k moom

The above equation is the fundamental equation for the present purpose
which governs the distribution function F(l).
It is readily seen that as 1/B = 0, the above equation gives the

following limiting solution which was to be expected from the boundary

condition applied on Eq. (1).

n(x.) U, U
P (¢ uy = 1 exp ~ |8k (9)
P2 iy s132 2 wu s
3 kYK 3 <UUy

It can be shown,13 in a manner similar to the Chapman-Enskog expan-

sion in kinetic theory,l8 that as 1/B8 is slightly increased from zero and

(1)

as T is perturbed slightly from the Maxwellian distribution of Eq. (9),

the transport rates of momentum and chemical specie become proportional

f

/
|
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to the mean velocity and concentration gradients, respectively., In this
near-cquilibrium (near~isotropic) limit, thercfore, the Boussinesq rela-
tionship is valid, In a typical shear flow, however, 1/8 is not sufficiently

small to ensure the validlty of the Boussinesq relationship.

82u 2
Eg. (8) is not determinate because the quantitics Py ai and 5%m%;~
m Tm “m “m

are not known. Since these quantities have been assumed to be properties
of the fluid elements, ecither these must be considered as additional inde~
pendent variables for the distribution function or one must be able to
relate them to other properties which have been already described.

In the subsequent analysis of chemically inert Couette flow, Eq. (8)
will be analyzed by an approximate method which utilizes the moment equa-
tions derived from that equation, Out of those terms appearing in the

3%u,
moment equations which are genecrated from the term % on

oo m m
(Al
term is important and is unknown. It is the dissipation function. We

, only one

shall analyze the problem first by employing the experimentally measured
value of the dissipation function., Later, a theoretical approximation
of the dissipation function will be given in the light of the solution

obtained.

Moment Fquations

The generalized moment equation will be first derived from Eq. (8).

Several particular order moment equations will then be deduced from the

generalized moment equation., The reason of deriving these moment equa-

tions is twofold. The first is that the particular order moment equations

.derived will be compared with the corresponding moment equations classic-

ally derived from the Naviexr-Stokes equation., From this comparison, we

o
In that problem, n = 1 and azn/axmaxm = 0.

L e
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shall be able to estalish a certain conslstency of the present model in
the light of the rigorous classical approach. Seccondly, as we mentioned
in the preceding subscetion, we shall be utilizing these moment cqua-
tions for the solution of the Couctte flow,

We let Q(xi,ui) be a generalized property function, and multdiply
Lq. (8) through by this function., Then, after some manipulation similarx
to that employed in deriving the Enskog'é generalized moment cquation

from the Boltzmann cquat:i.on,l8 we obtain:

9 . s (L) g X 9Q_ 4%
ax J<uok k Uk)Q Frrdy I(uok - Uk) 0% du
k k

QQ auom '(l) =
+ - (u , + U ) ——| F*’dU
aU ok k® ox
m k.
f 2
9Q 9 (uok + Uk) 1 apo (L) =
" |aU v 0X_9x B ible B du
J 'k m m P k
i <U. U. > (1)
_ 29 (1) = k“k™ [9Q 23F =
=B JUk ou, T AUt T3 gy sy Y
; k k Tk
(o) > : 92n_ >
+ v JP Q du + D [f Q axmaxm du (10)

Now, the above equation can be first reduced to the generalized moment

equation for F(O> = £ by setting n = 1. Then, as we substitute Q = 1 and
Q = u, successively in Eq. (10), there result the éontinuity and the momen-
tum equations which are identical to the corresponding equations derived

from the Navier-Stokes equation. Next, we derive the following stress

tensor equation by substituting Q = (uOi + Ui)(uoj + Uj) in Eq. (10).
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EN [uoioibok + Yoy Usli> + Mgy UyUp> o+ ug <Ugthys ok <0, U0 >]
i alu_, + U,) aCu ., + U,)
oi 1 01 i o
- v |fjCu_, +U,) + (u_, +U,) du
N | axmaxm 0l i meaxm
op op | .
P2 el U =2 (o, ok UL) —2d
0 0] i axi ol i axj
<U, U. >
- R _..li_li._ . ..Q.f....- e .@.3:.._ 1
=~ B 42 <Uin> b 3 {}uoj 4 Uj) an I <uoi ! Ui) aU;}dﬁ ()

The above equation can be put into a more convenient form in the
following manner., We first return to the momentum equation derived from
Eq. (10) by setting Q = Uss which ig identical to the momentum equation
derived from Navicr-Stokes equation and is not shown here., We multiply
that equation through by uoj' We then rewrite the momentum equation in

terms of uOj instead of u_, and multiply it through by u g Adding these

oi.

two equations and subtracting the resulting equation from Eq. (ll) gives

the following equation.

9u Uy 3

<U,U, > b+ <UL > STt u s <UL UL
: Xk J k 8 Xk 1]
.. 5 s - 2ar< _L
= - . <UinUk> 26[\Uin> 3 Gij <UkUk>]
82<UiU.> 3V, BU.\‘ .
LR ey A ), (12)
m m m m

L
~

Here we assumed that the present probability average is the same as the
92U, U, 82<U, U, >
—t 1N y — )

time .average and, hence, we replaced 5% O S O .
m m m m
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The turbulence evergy cquation is derdved by

as,
ou
9 Tos of J
Yok Bx <Uiui> k2 ﬁuiukb 9%, %
k k k
Y4
90 <U1Ui> BUi BUj\
TV T ew T A\ G B%
m m m o m

- g UL UL
L

a contraction of Eq. (12)

ki1

(13)

Similar moment equations for the chemical specie n can be derived from

Eq. (10). However, we shall include them in a future paper for lack of
\

space here,

It has been already stated that the continuity and momentum equa-

tions obtained from Iq. (LO) by substituting Q = 1

and Q = U, respectively,

are identical to the corresponding cquations derived from the Navier-

Stokes equation.

iy
equation derived from the Navier-Stokes equation

identical if,

1
26 [<0,0,> = 5 6, <U0;>]

- oU,
= L ~§—-<pU,> + —g—-<pU,> S P —
o Bxi i ij i o Bxi

A contraction of Eq. (1l4) gives,

3 S
Bxk <pUk> = Q

Implications of Eqs. (14) and (15) are as follows.

A comparison of Eq. (12) with the corresponding stress

shows that the two are

ol
i
| vy (14)
J
(15)

First, the present

theory neglects the first term on the right-hand side of Eq. (l4) as com-

pared to the second term; and secondly, the present equation when compared

to the classical stress equation says that,

L

xSee, for instance, Eq. (4~3) of reference 10.
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The appyoximation of Eq, (15) probably is caused by thoe assumption
of constant g made in the Langevin's cquation, LEq. (1). We shall rectify
this approximation partially by letting f be a function of <Ukuk> in the
subsequent. analysis. '

Eq. (16) is ddentical to the relationship between the stress and the
pressure~veloclty-gradlient correlation funection derived by Rottalo if we
let,

A <U, U
<

B = Eﬁf 1 c> (A7)

I

Furthermore, the cxpression on the lefit~hand side of Lq., (16) was dexived
from the present turbulence model to describe the decay of the preferred
memories of the larger eddies toward the randomized state. Reference 10,
at the same time, gives a rather detailed physical explanation showing
that the right-hand side of Jlq. (16) dis the term which describes precisely
the same decay of the preferred memorf:w of the eddices in the classical
turbulence stress equation. Hence Lq. (16) is essentially a physical
identity.

Now, we have shown that the present moment equation, Eq. (L0), is
consistent with the classically derived momcnt,equations, at least up
through the stress equations, except for the approximation that it neglects
the first term as compared to the second term on the right-~hand side of
Eq. (14).

Finally, we shall, in the following, employ the value of B as defined
by Eq. (17). It is because, aside from the fact that Eq., (17) makes Eq.

I

/

« mm e 3 o
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(16) identical to the Rotta's™ expression, the decay rate of the larger

10,14

eddies, f, is well known to be expressible by an expression such as

Bq. (17).
This concludes the formulation of the general theory. We shall now
apply the theory, as a first test, to the simplest flow configuration of

Couctte {flow,

IV. COdETTE FLOW O A CHEMICALLY INERT FLUID

Formulation

4
We consider a turbulent Couctte flow of a chemically incert fluld, as

shown in Figure 1,

Because of the reasonvgiven in the sentences following Lq. (9), we
shall analyze Eq. (8) for this problem by a moment method that has been
previously employed in solving the Boltzmann equation for highly non-
equilibrium (kinctic theory-wise) rarefied gas flows Qr shock structures.,
Out of the numerous methods available, we shall employ the moment method
first used by Liu and Lec319 in the solution of a rarcfied Couette flow,
It is recognized at the outset that this is not the best suited one for
the present turbulent flow problem. This method is chosen, however, be~-
cause of its simplicity. Since the detailed discussion of the method is
given in reference 19, we shall in the following apply the method to the
present problem without elaboration.

We first approximate the distribution function f by the following

two-stream half Maxwellian functions.
f = f1 -+ f2 (18)

where
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Cg " El) 1

- 2 2 4w
1 u udz) + Ve 4 W

( ?]
£, = exp -~ [ : . for V<0 (20)
2 4 H
Q% m E2>3/2 2yl3

“and £, and f, are zero for V < 0 and V > 0, xespectively, In Eqs. (19)

and (2Q), Ej, Ej, Uys and u__ are the unknown funciions of y to be deter-

02
mined,
With the above distribution function, the salient mean quantitics

are defined in terms of the functions E;, I, Uy and L as,

1) () o ) 0 0
uo=-<u> = JdU IdV de £f1 u -k de JdV de fopus= (uol -+ uoz)/Z (21)
R | R~ ~ 0D 00
+ u . j
R Y01 02 L I L L |
D » [‘ "'”'“"2““‘“’"} % = B+ BT - B | (22)
(6) -
Y91 ~ Yop i 1 1 1 1
= | = S| (B A Bn) ko (HE,)72 ;
U U> = 2 + [z 6w](E1 + Lp) 37 (B Ep) (23)

We now employ the first four moment equations derived in the preced-
ing section from the generalized moment equation, Eq. (10)., These are
the continuity equation, the momentum equation, and LEqs. (12) and (13).

These equations are first simplified by recognizing the fact that
V. R W, = L =-%; = 0 for Couette flow. The various average quantities

of the equations are then evaluated in terms of E;, Eop, U and u_, by
(¥}

02
the use of Eqs. (18) through (20). The resulting continuity equation is
immediately integrated with the boundary condition of v = 0 at the wall

to give,
E1 = E» = E (24)

—
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The remaining three cquations are now manipulated and nondimensionalized

to gilve,
1.
3 d% . (2.]" d@wo) (25)
Re dY2 (3% dYy °
1 1 L
L(6)*a2@o) . ,(6]" (¥2 . 42]” o d¢.
Re [ﬂ] dy? = 2 T -0 (o) + 0 &y (26)
'1 Fa2 (42 + 40%) ¢ 4]
L |2m)"dzCes 4 407) QI
Re [8 J ay? (o) y + 2(6m ud® 27)
where
¢ = Cuy, u dug s b= Qg =ug ) ug, s
Y
0 =L /uOc R Y = y/L , Re = uocL/v ; (28)
N A ke
0X_ 90X
m o m
. L L U AV .
In deriving (26), it was assumed that v o e ) S B<UV>, This assump-
m m

tion implies that the effect of molecular viscosity in degenerating the
preferred memories of the larger eddies is negligible as compared to that
of the momentum interaction between the eddies.,

Also, in Eq. (26), the expression of Eq. (17) was employed for B
with A = 1 and A = é'L. This p -ticular value of A was chosen because

2
of the following reason. The quantity A is the characteristic scale of
the larger éddies which is probably of order y measured from the wall
reaching the maximum value of L at the midpoint between the two plates.
For simplicity, it was decided to set A equal to an average value of L/2

for the entire flow region.

The only unspecified quantity in Eqs. (25) through (27) is the dis-

o e e B e A T W s xo {4 PR —
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sipation function e' appearing in Eq. (27). As it has been already
stated, following Lq. (9), we shall employ an experimentally measured
value of e' for a pipe flow in the solution of Jgs. (éS) through (27).

At the end of the present paper, however, we shall advance an approximate
theory which predicts the dissipation function.

The dissipation function measured by Laufer for a pipe flow given
in reference 10 is used because no published dissipation function is avail~-
able for a Couctte flow, and also because the pipe flow is perhaps more
similar to Couectte flow than any other flow configuration. The following
modification, however, was first made on the value of the dissipation
function measured in the pipe flow so that it will more closcly describe
the dissipation in the Couette flow.

In the Couctte flow, the mean velocity at the midpoint U, is the
average mean velocipy of the flow field between the two plates, The mean
velocity at the center of the pipé flow, on the other hand, is the maximum
velocity but is not thg average mean., We assumed that the dissipation
in the Couette flow normalized with u. and L is equal to that in the
pipe flow rnormalized with the average mean velocity, Uve? and D/2. Re-
lationships were needed between the friction velocity, maximum velocity,
and the average mean velocity of the pipe flow in order to translate the
dissipation data of Laufer. These relationships are found in reference
20, and the eighth power mean velocity profile for the pipe flow was em-

ployed in utilizing these relationships.

' is not exactly equal to dissipation. It is, however,

=
To be precise, €
sufficiently close to it, and &' is usually measured to represent the

dissipation.lo

4
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According to reference 10, .out of the two Reynolds numbers at which
the measurcaent of the dissipation function was made, the most reliable
measurement is that which was made at the Reynolds number, based on the
maximum velocity and the pipe radius, of 2.5 x 10", At the same time,
the most complete experimental values of mean velocity profile for Couette
flow are presented in reference 21 at Re = 10", with which we would com-
pare the present theorctical results subsequently, It was decided, there-
fore, to solve the governing equations, Eqs. (25) through (27), for
Re = lO”, with an interpolated pipe dissipation valuc.

In accordance with the discussions presented in the preceding two
paragraphs, we obtained the following expression for the dissipation func-

tion for Couctte flow at Re = 10%.

+0004 for 0 <Y <1

Y H
',
ﬁ":o; = (29)
oc .0004 ‘

A for 1 <Y <2

The above expression was chosen because it is simple, yet it approxi-
mates the éxperimental value closely for all Y except for Y = 0 (and
Y+ 2) and Y = 1, On a physical ground, it is obvious that e' should
decrease near the wall, and should become zero at the wall. Also, at
Y =1, de'/dY must be zero from symmetry condition. The fact that Lq.
(29) fails to describe the dissipation correctly at these isolated regions
is not critical in the present.analysis, and these points will be dis-
cussed further subseguently. |

The boundary conditions for Eqs. (25), (26), and (27) are as follows.

At Y = 0,
¢ = Y6 = 9% =0 | (30)

© e m————
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and at Y = 2,

u

¢ =4, Yo = yY? =0 (31)

An inspection of Eqs. (25) through (27) shows that these equatious
exhibit a singular behavior at large values of Re, We shall therefore
exploit this singular behavior and solve the governing cquations by the

*
method of "inner and outexr'" expansions in the following.

Manipulation of Equations

The relative orders of magnitude of the various terms comprising the
governing equations can be made clear through the following manipulations.
Eq. (25) is fdirst integrated once. The resulting equation is then

combined with Eqs. (26) and (27) to give,

1 [.@.3.1 _nd¢ [_el,da cllz/xﬂ]

Re |dY3 = 2 dY (dY ~
-2 [ﬂz’i4 21 f%(é"f[% - cl]z/q,?- E [g; - Cl} = 0 (32)
bt [l - ] <o) 2 -
o [f}%—] = 0 (33)
ocC

where C, is the constant of integration of Eq. (25). We have now réduced
Eqs. (25) through (27) to the two equations, Eqs. (32) and (33). The
coupled Eqs. (32) and (33) ggvern ¢ and Y%, 6 is then given by Eq. (25):
Eq. (25) converts the boundary condition Y6 = 0 of Lgs. (30) and (31) into
the following condition at ¥ = 0 and Y = 2,

[i‘t] =¢ (34)

dy
w

KSee reference (22) for the general method.
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21,23 N s
It is known from cxperimental data”™? on surface skin friction
that (d¢/dY)  is of much greater order of magnitude than one, and, also,
W

it is related to Reynolds number, We therefore first let

) = [%]w = Cp/ (L/Re) 1 (35)

where Cy is a constant of order one., We also let
= (L/Re)™ ¥ (36)

with ¥ considerad as order oﬁe. The exponcents m and ¢, which are positive,
will be determined subsequently.
Eqs. (35) and (36) transform Eqs. (32) and (33), along with Eq. (25),

to,

m+2n - n
1 3 m [ de 2 dg
B S-3lE &oe e

Re 2 Re dy
3m
= +n-1
2 2 (1~m-n) Y- n
L. T3 (L 2yl 1] 4o -
- ?[Re [; " {Re] CZ/Q} [[Re) dY C%] 0 @GN

n n~-1
_oo 40 (i) do _ _ogldo 'L _
2 dY | (Rej d¥ CZ_ 8 Re uog _ 0 ' (38)
L (347 ¢ 1 1- %l;n 1" dd
3n |27 A 2 L a0
Yoo B TR S )

Boundary conditions for the above equations are those given by ‘Egqs. (30),
(31), and (34).
The coefficients of the highest order differential terms of Igs. (37)

through (39) are very small. This indicates that there exists an "inner"

-
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region (sce references 22 and 24) ncar the wall, These highest order

terms describe the laminayr transport, and this "inner" region, only within

which the Tlaminar transport is dmportant, would correspond to the con-

ventional "laminar sublayer." The method of the "inner and outer" expan-
, 22,24 , .

sions (singular perturbation) is well suited for solution of such a

problem. It is pointed oult here at the outset, however, that Eq. (38)

with e'L/Uos given by Tig. (29) is valid for Re = 10% only. Hence, the

full use of the method, resulting for instance in the universal values
for m and q, is not possible here since such analysis requires the func-
tional relationship between the dissipation function and the Reynolds
number.

In the following analysis by the singular perturbation, Re is simply
a large number equal to 104, and the values of m and q are chosen so as
only to render the salient terms of the inner and outer regions order

L
one for Re = 10",

OQuter Solution; Fully Turbulent Region

’

After a study of various terms of Lqs. (37) through (39), it was de-
cided to let m = 1/4, and q = 1/2. We shall, in the outer region, con-

’ ;ﬁ ]/2

sistently neglect the terms of order (L/Re)™” and higher. Up to 0(1l/Re)’,

Eqs. (37) through (39) become,

1240 - 2(10)* “ﬁ + 28 (10)” CZ”’TZ (40)
2 ¥ ay T I 2
i
[3%%]% for 0 <Y <1 |
f%? = (41)
[.33] 1

for 1 £Y <2

¥ig = - [—3—1!]? an~¥? ¢, | (42)

- —————
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TProm the symmetry which exists between ¥ < 1 and Y » 1, the two boundar
y s

n

conditions on ¢ given in Eqs. (30) and (31) dmply that ¢(1) = 2, Kq., (41)
is now integrated and after applying the boundary condition ¢(1) = 2,

there results,

= n Y 4+ 2, for ¥ < 1
20, =
¢ = (43)
géég-zn (2 -Y)+2, fory>l
2C, £

Eq. (41) is then substituted into Eq. (40) for d¢/dY and there results

for Vv, '
-2 . 2 1 ‘
v3 o 6n(1077) of y - LB Lo g for Y s 1
) (44)
¥3 4 6m(10”%) cg‘ y - £0:33m)7 } 7 = 0, forY>1l

160 (2
Standard solution for linear cubic equations is of course available, and,
therefore, Y described by Eqs. (44) is considered to have been obtained.
With ¢ and ¥ known, Eq., (42) immediately gives 0.

Eqs. (43) and (44) show that ¢ is antisymmetric and ¥ is symmctric

about Y = 1, as was expected. In addition to this, we should expect that

it

d2¢/dY% = d¥/dY = 0 at Y = 1 on physical grounds, which are not satisfied
by Egs. (43) and (44). One can readily see, however, that this discre-

pancy is precisely due to the fact that we approximated the dissipation

function by Eq. (29) which, though symmetric, does not give the correct

physical behavior of d(e'L/uoz)/dY = 0 at Y = 1. This point was explained
earlier following Eq. (29). However, the values of d2¢/dY? and d¥/dY at
Y = 1 given by Eqs. (43) and (44) are negligibly small.

The outer solution has now been obtained up to the unknown constant
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Cp . This constant which represents the surface shear (sce Bq. (35) is
determined through a matching with the inner solution whieh is to be

deseribed below.

Inner Solution; Taminar Viscous Region C

It was mentioned following Lq. (29) that this equation approximat-
ing the dissipation should fail ncar the wall., In fact, the dissipation
should decrease toward zero through the iuner region., In the inner re-
glon, the laminan viscous phenomena predominate over the turbulent phe-
nomena including the dissipation, It dis assumed in the following that
the dissipation term whose correct value is not known ie of smaller oxder
of magnitude than other terms of the governing cquations in the inner
region.

Now for near Y = 0, we stretch the inner region by defining an inner

independent variable hy,

n = v/ (1l/Re)? (45)

: 1
Egqs. (37) and (38) become up to O(l/Re)é, with the use of Eq. (45), as

43 o7y (80 o] L osp 0 4o o 1Py - [
an3 10 * vy an Cy 5T an dn Col /¥ =0 (46)
4%y _ 9o dd (do
dn? 20 dn [dn - G2 (47)

L " do d¢
D 2 1 7 e - that [T, ) y mewloa
Eq. (39) is unchanged except that [Re} I becomes ar
Boundary conditions for the above equations at the wall are those
éiven by Eqs. (30) and (35). The other sct of boundary conditions are

that ¢ and Y should asymptotically match to those given by the outer solu-

tions, Rqs. (43) and (44), respectively, as n - o,




b

o

Remembering that C, appears both in the outer solutlons and in the
inner equations, the particular outer and inner su]ﬁtinnu satisfydng all
the boundary conditions arce obtained din the following manner, The outer
solutions and lqs. (46) and (47) arc first made cxplicit Dy guessing a
value of Cy. Egs., (46) and (47) arc then dntegrated by the usce of a |
computer to satisfy Bqgs. (30) and the asymptotic conditions al n - o,
(dq»/dn)W derived from the integration is then compared with the guessed
value of Gy to sce i Rq. (35) is satisfied. If. Hq. (35) is not satisfied,
a new value of C, is guessed and the above-mentioned process is repeated,
This iteration on C, finally resulted in a matching set of solutions.
Near Y = 2, the inner region can be stretched, solﬁed, and matched to
the outer solutions, Eqs. (43) and (44), in the same manner as we have

done for near Y = 0,

Couctte T’low Results

From the solutions of LEqs. (25) tbrough (27) described in the pre-
ceding subsections, the profiles of the mean velocity, Reynolds stress,
and the turbulence energy have béen computed by the use of Egqs. (21)
through (23). These quantities are ploited in Figure 2. The stretched
inner profile (laminar sublayer) is shown on Figure 3,

The available experimental data for Couctte flow are summarized in
a paper by Robertson.21 All the published measurements were on the mean
velocity profile and the surface shear, and no experimental data are
available for the Reynolds stress and the turbulence energy.

Figure 2 shows that the velocity profile obtained in the present
analysis compares very satisfactorily with the experimental values. The

coefficient of skin friction, C_., was computed from the present solution

f’
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for Re = 10" as .498. This value 5 within a pereent or two of that
measured in the experiment of RObGT’SGH.Zl Since the approxiuate dissi-
pation function deduced from the experimental data of pipe flow was one
ployed din the present analysis, this close agreement of Cf with that of

Robertson is rather fortuitous,

V. APPROXTMATION OF DISSIPATTON FURCTION

The dynamics of turbulence leading to dissipation, and the relation-
ship between the turbulence energy spectrum and the dissipation, have
been studied quite thoroughly for various idealized turbulence fields (sce,
for instance, references 10 and 14). These, however, do not immediately
produce the quantitative dissipation functions neceded in shear flow anal-
ysaes such as the present onc,

We shall, in this section, formulate a simple relationship between
the dissipation function,more preciscly the €', and the other physical
variables of the present theory. The formulation is based on a rather
crude physical model. However, it will be shown that this relationship
approximates the dissipations in the Couette, pipe, and the boundary layer
flows quite closely.

We consider that the vorticities responsible for dissipation
are confined within the sheets, whose thickness is 6f the order of ﬁhc
Taylor microscale AT’ surrounding the larger eddies. Such a general model
has been proposed previously25 in connection with certain other turbulence
studies. These sheets are being stretched by the non-uniform mean velo-
cities in shear flows. If we consider that the average scale of the lar-

ger eddies is proportional to the distance y measured from a wall where
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Up, © 0, then the average veloecity with which these shects are belng

stretched is the local mean velocity U Now, we agsune that thesce sheets

26
are analogous to the laminar free=shear-layers”™ formed by the stretching

veloelty u and the characteristic length y. Then the thickness of the

20,26

shear layer, which is now assumed to he equivalent to A, is given by

lli’
3
Ap = B [*’-*Y-J (50)

u
¢)

where 4 < B < 8. Then we wrilte after reference 25,

<U, U, > <U, U, >u
kKl __kk o
ATZ B2y

(51)

The dissipation functions computed by the above equation are comparcd
with the experimental values in Figure 4.

First, we sce that Eq. (51) with B = 5 gives e' which agrees very
closely with the experimental value employed for the Couctte flqw. In

computing €' by XEq. (51) for the Couctte flow, the values of <UkUk> and u

»

obtained éﬁg the present analysis were utilized. lence, if we had used
Eq. (51), instead of the modified experimental value of pipe flow, for ¢
in Eqs. (25) through (27), we would have obtained essentially the same
sclutions shown on TFigures 2 and 3.

The dissipation function for the boundary layer flow, without mean
pressure gradient, and the pipe flow are also computed by Eq. (51), and
are compared with the corresponding experimental values given in refer-

ence 10, Yor these computations, B was chosen as 7, and the experimental

*
A suitable thickness such as the displacement thickness of the laminar:

shear layer,

——

SPBPN.
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values of <UkUk> and u, are ugsed, The agreements between Eq. (51) and

the experimental data are again satisfactonry,

VI. CONCLUDIHG REMARKS

A simplified turbulence model. has been constructed which deseribes
the statistical behavior of the fluild elements that comprisce the larger
eddies, and which contain the chemically reactive species. A modified
Fokker-Planck equation has heen derived and adapted to govern the dig~
tribution function of the fluid elements and, hence, of the chemical
species, ‘First, four’ order moment equations were derived from the pres-
ent theory, and they were shown to be identical up Eo a term to those
derived from the Navier-Stokes equation, thus establishing the basic con-
sistency of the present theory.

The thoery was thcn‘employed, as a primary test, to analyze the tur~
bulent Couctte flow of a chémically inert fluid. In the enalysis, it
was shown that the present theory as applied to a chemically inert fluid
is self-containing up to the dissipation function. An experimental value
of dissipation function for a pipe flow, for lack of the same for a Cou~-
ette flow, was adapted and used in the analysis. A comparison of the
present theoretical results with the available experimental data on Cou-
ette flow showed a satisfacuiory agreément between the two.

A simple relationship has been derived between the dissipation func~-
tion and the other variables of the theory which would render the present
theory completely self-containing for the chemically inert single-

component flow, Though this relationship is based on a rather crude

. physical model, it was shown that this relationghip predicts the dissipation

for the Couette, boundary layer, and the pipe flows quite satisfactorily.
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Basleally, the present theory concentrated on deseribing the behavior
of tue larger eddies as affecting the turbulent fluctuation and trang-
port phenomena. The effeet of the smaller eddies, aside from their role
in degenerating the larger eddies through the Brownian type interactions,
was slighted. Tor instance, the dissipation which is due to these smaller
eddics was not described by the theory itself but was considered to be
given in the original development., We have demonstrated, howuver, through
the comparison of the moment equations and the successful solution of
the Couette flow, that the present theory cén be applied to shear flow
problems in a tractable mamner to produce various important statistical
quantities. Also, we hove shown that the roles of the smaller cddies,
such as the dissipation, which we had slighted, can be estimated without
excessive difficulty, because these basically depend on the local properties,

The present th@ory should be improved by describing the behavior of
the smaller eddies simultancously with the description of the larger ed-

dies.
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NOMENCLATURY,

constant of order one

constants of integration defined by JEqs. (34) and (35)
diffusion coefficlent or diameter of pipe

function defined by Lq. (24)

functions defining £, and f,, nespectively

a-th order distribution function defined by Lq. (2)
distribution function of fluid clements

functions defined by Eqs. (19) and (20), respectively
function defined by Lq. (2)

half width of Couctte {low

mass fraction of a chemical specie

pressure

property of fluid elements

Reynolds number, uOCL/v

time

velocity vector relative to average velocity

absolute velocity vector

relative velocity in %wdirection

absolute velocity in x-direction

functions defining £, and f,, respectively

relative velocities in y- and z-directions, respectively
absolute velocities in y- and z~directions, respectively
directions shown onAFigure 1

position vector

y/L (v is measured from a wall}in-Couette flow) -
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1/R characteristic decay time of larger coddices
Y chemical reaction rate constant
é boundary layer thickness
6ij Rronecker delta
e! function defined by Fqs. (28)
n inner variable defined by Eq. (45)
0 function defined by Eqs. (28)
A characteiistic scale of larger eddics
v kinematic viscosity '
T transition probability defined by Eg. (5)
¢ function defiued by Eqs. (269
Y,y functions defined by Eqs. (36) and ©28), respectively ‘
<> Jf Q du
Subscripts
c midpoint between two plates in Couette flow

i,j,k,m Cartesian tensor indices

o) averaged value '
1 wall
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