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- =1

~.-.n~m<. 0, -g, -8, 0,
1x6

The power spectral density matrices of uj and w, are as noﬁoim"

2
wa T o,

Notice that

0<’

0]

Efu, 0] (1)) =Q 8 (t--)

Similarily in case (ii), we differentiate both (16) and (17) and then

substitute from the system Ejuations (2) through (8)

z  + z
N/. W< v

z +wvn 1, 8

P P P’

8, 0, -g,-g, 0

0, 0,0

Notice that the new state vector is 5x 1

sV

3%
P
88

(-]

- Ov‘

—n

R

b4

F2= 1o,
5x5

°~

Inu W<.

2x 5 ’

ONN

Sx 2

Power spectral density matrix of white noise processes in the system

equations is given as

Q, =
2x 2

Correlation matrix of white noise processes in measurements is given

as

0, -g, -g, ©
9 o0 o o0
0, 0, o0, 1
o. o. omm.. Y
o‘ O. O_ |mm
9, -g, -g, O
mv. ¢, 0, ©
g, O

0, o0

o0, o

1, o©

0 1

2, o2,

0

2

28 o

0

2
g B

4. Egquations of an Optimal Smoother

The equations of an optimal smoother were first given in a recursive

form by Bryson and Frazier [13), Alternative forms of these equations
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were 11} and Fraser [5). Mehra and
".wn<.uo=.—.—o_. .extended the above: results-to:the. case of colored noise
,in the measurements. . : ., ,

Denote by

<A : . - L
"o x(t) = Filtering estimate of x(t) based on measurements
fromt tot. - i

A . . ) - ~ . .o PR
x (t/T) = Smoothing estimate of x(t) based on measurements
from t,t ' T. ’ . -

P(t) = Covariance of error in the filtered awﬁ._.:wno. of x(t) .

E ( [x(t) -Xwl1ixtn ) _.:

P(t/T) = Covariance of error in the smoothed estimate of x{t)
SE [[x(t) - X/TV] [xtt) - x(¢/T))7 )

Then the different filtering and smoothing equations are:

Kalman-Bucy Filter: .

A A A '
“x{t)= Fx + K{(z - Hx) : . A.Nov
K : PHTR" : 21
Pri. P+ PFT+caGT - PHTR 'nP (22)
: W?OV ..rd _.u.?wo.v. are given. ) .a.... ,

. Wn«.mo:omn«wiv.n mB.oonvon”
ST =R PO A o (23)

- ) >..
v - ~(F - PHTR T + HTR Yz -Hw {29)

MT) =0 o e
P(t/T) =P - PAP (26)
L heirepHTRIT o oF - pTR ) - HTRTE @D
aMm=0 . - (28)
Rauch-Tung<Striebel Smoothe rt T Co e : -
A - A - A A
“x (t/T) = F x(t/T) + N(t) (x (t/T) - x(t) ) ‘ (29)
A DAL v —
X (T/TV=%(T) : . (30)
N{t) -GGt P i) (31)
LP/T)=(F+N)PE/T)+ Pie/D (F+NT - GaGT (32)
P(T/T) =P(T) - : - 3
Two Kalman m.:.no-. Smoother (Mayne, Fraser):
xe/m=pe/miP ko Plox o) SNEDS)
U SN . y
Pley/m=plwspym o (35)
R . oo
P lm =0 : : 36

Subscript b Awnwmiu for the vvnr..imnm Kalman filter.
The above form of equations hold for the case of white noise in the
measurements:. Mehra and Bryson [10] show that the same results can be
used for the colored noise case if proper transformations are made. In

the example considered here, the colored noise situation is handled by
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*dH (¥ [Hd + X 4d - . HA .:Tmaoco + A{1/Mda + E\:m::_-mhoco + Jd) = (1L/0d +
XdH ¥ _Hd - X_DDD + X_Jdd + Xdd = )
1 L L P A . ! : uaatd Ao.;nm
. xd +xd = X uayg P
(z2) dH ¥ Hd - DDD+  Jd +dd =(Vd 5
xd = X pue

“.z21a ‘suonenba sy1 jo wioj [agatng-Sung

‘(X 203109A 33®}E 2y} E.o.: JUIIIJJIP 81 X BIY]L) . ! .
-yoney 9Yy) 9Sn 01 AI1eS5209U ST 31 ‘3I0JIIBYJ WAYY UT SINIMUNUOISIP
%

xdH —nw— H: + I.H'.Hl =X 9] :
. aA®Y 03 PUNOJ 31® 510113 JUIYIOOWIS 3Y3 JO SDUBIIBAOD Y] 10} PdULeIqO
uaad .o&nm ’ . 83[MS3J TEdIIIWMU 3Y3 ‘pasn st ydeoxdde 19311y UrBWIRY OMI Y1 10 suolyenbs
dH ~..m .HI& - ,HOOU + .H..wnm +di=d . JO wixoy 1d1zerJ-uosAag Yl JjI SNONUNUOD 3I' §IIPUWINISD Suwyjoows ayy

‘§313INUIIUOISIP dARY $I1PUWIIBD Sutrairy 2yl ySnoyy udad ‘sjudwrdansedws
'dSV 3uisn (z2) uon

. 5321551p JO 95D Y3 UI JBY3 Moys (£€) - (62) BT ‘suonenbs jo wiog

-enby 3A108 03 Juem Im IEY] ssod dns ‘ardwrexa .moh *suoynyenbs 1eauty jo
[2qaiaig-Bun -yoney Y3 §I 514 ‘suoneIndwod (estrdumu 105 SqEIMS ST

was s uetuolTWIEH JuaTeAINba ue 03 31 Bunaaauod Aq paa(os aq ued uon
’ suotjenba 3yj Jo W10y 3UO A{UO ‘2321351 II1T SIUIWRINSEBIW 31 JO SWOS i

-enbs peldw xujew y .uho Burjenieas Aq suotjenba renjuazajyp 1eaUl

JO 398 ® 03 uo1In[os 3yl saptaoxd auynox renyuauodxa ayy -sadtIjew H

‘I9A3MOY ‘M3 Jo jutod [euolIeINdUIod B WOIJ YIBD JO SITIFW IA1IB[AL aya

sassnostp [g] I96BIF "3A0QE UMOYS SE ‘surIO) JUSIIIIIP JO IIqUUNU B UL

uo suonelado 13yjo jo zaqumu B wrojrad pue jzaauy ‘Aidnnuw ‘oeny
N B - o . RN * S
. R B J : - a1qiesaxdxa 21® I3Yj00WS rewndo ue 103 sUOI3END3 IDUBIIBAOD 20313 Y]

_=qns .wva 03 sauyynoaqns sey 31 ‘wesBoad :o_»m—:n_._nn..: xtzy3ew asodand
. :suoyenbyg Juryjoowg yo IdWOYD [ 'S

-nw e st ur—mcm pue uewirey jo wexrBoxg sisayjudg c>nuewony i
| TeTTeTg

[9] : (dSV) weaBoxg sisayjuhg syyewomy 2°s !

- i STS5IUAS SnIeWIoIny Juls[] sUOTjEnby BUTYIOOWg JO UoUN[Og Ted1aawmpN ¢
) ...u._uBmcm.. awes ayj prath o3 punoj axam Aayy ' .
ue warqoxd ay3 uo pasn 213 dde 3 o i . . - I
p 1q Y3 p I mn&udo..ann. a1y a3 [V °pPIsn aq ued . . K . . ‘¥ ‘D ‘H ‘D ‘3 yo aderd urly ..Nd Ty
suonenba Bugioows dyy Jo sud e ‘Husigainse ;
! 3 Ui 3 o Aue ‘dy jainsedW SNONUNIUOD 107 . .NU .~h pue ﬁm LG Ty LO 17 gaorajewt g3 suopyenbs aa0qe Y3 Ut Su1sn

| w . .lm.jl

. A




1 #9198 jo uostiedwos vy .mw pue *a .mo ..no, 30 sajewysa Suryoows

N . o ‘uOlIN|O8 AIVUOLBIS B 24®Y OSie PInOm 1233¥] ay3 ‘(zg) uolenbz uy pasn
v:n uc:oﬁd ul 9310112 mzm 3o snjea ALivuorie;s ay3 uao:n Z 219®° L ’ . . . ’ ) )
: o C p . < Bl (3)d JO 9njeA jJuvIFUOD BIY3} j1 ‘ol3z O3 renba (2z) uoiienby jo apts ‘
L nacoEousnauE L0012 pue uonsogq azosczcou 2°9° . :
-puey-iydix u:u Supnd Aq pauteiqo suolzenbe uo 198 ay3 03 UOIIN[OS 3y} 81 by
‘Mot :
. . 1°q : Yolym Jjwi| AIBUOIIL}E © O3 BPU) Atnm ‘(9] o—nn?—ouao 81 waisis Iyl jI
g% 3iv poulejqo §3[NGIL Y] °PIIIPIFUOD.BIIM §IFED JO 1IQWINU Y : . .
- . - . - . . - . . .Eo«?»m u:.ﬁuc‘«mou

e T e . . .« ... . sanpey ndul Bupmoys | a1qel
‘ ‘ . ) . T : Co : C. ’ - ucnunzou e 105 uopenby Zauu—m 5.252 uo :ozs_ow Aieuonieis ¢ -
. Lt Ll e u...»Eo: Buisasis |
. K d E 1 o . . ¥
Yy /1 wu y°g - -3 ‘10113 x1j uolisod . - ) . : .
. . - i . . | Lp
Yy MM 90 *a ‘10112 juawaIngeaw A3r0ja . . X AJ?:-&.HOGU +. -.:, . h..OCU N N )
. : . : ' il x
81y ¢ 1y /89p 10 wm.. ‘10113 3L PP OISO .x r ) H::_-nm.ﬁoqu + "
: ' : e S ) X : ) . h . .
04y 0f 228 07 ) 2 ‘10119 133PWOII[IIDY : - . o :uoryenba Buimoyjo) Y3 aA{0e pue
sewny 10233 SWH ] 221N0g I8ION ?.... 1) = L9t 2 ‘L=33v v.u_zuoue. o nom:vc.uu Aapunoq ayy sy
uo1Iv[III0) . ) . : . . . . : )
- 814 G| = peads diys : )
. ‘ - X
. X o 25—.-&&.000 +.4) HUOU 3 ¢ :
-{jjestaawmnu L o x ) 0 . .u.:.-—-&..—.OGO + d) - Togx uayl
euoljunba Sulyjoows ay3 2A[08 O3 PaSN IR VY] 8I3qINU. 3y} {[e §3A18 | . xa
. A = Y -
. : pue.
o1qeL ‘(6] SINY Wu [ ‘0 Jo 10119 x1j uonisod € svY YIlym D DVHOT Fuisn ] *
apew 31% 9axyj uoleod [g] pu® (] 920U2Iafay WOIF UYL} BT BIUIIIND o ‘ o T Mhzz_rnu 209+ d) - =x -
U0 0} INP 9I0XId LJ1IOIIA PUB §I0113 IIJIWOII[IIIT JO sanjep - ‘81 . i - :
P! 19n Bt ! . u,. SORIEA, 4s : S : ‘Awa zeijWIle ¥ Ul Paajos aq ued (2¢) uoyyenby
, _ . 3o swyn ..._o_ua_o.:o". ® ynm u:\uov _o * 91 a3va umuv swa taotad € ay g _ : ) T - C : T
(2] ou:o::ﬂﬁ Eo.& uagoyd st nu-u_:o.a un_?.o uy 1»:: o.;u :u:;u v ST o i o B .. L) wond d xy .
.ncoaonu*ﬂuoum 9 h | o -snb3) ..r:o«, LI o2 L Ut Jo l—hulE nozﬂondu oﬂw . | -t . $ NS
-u_snum ‘9 - L 2 )
% . . i
. i 2z3ym,
- !
- « -

aB1e] 6y :.o:..-u,ov._.-.:ou zapun :?-35@52 ayy .:u_.._.i uy ased> ay} 10}

_ , . o S : E . -, ™ LeNd
. PIi®a 91w Aoyl ‘820113 Bujyjoowss puw Buiaajy oyl UC SW] LMo} SR o ::m 4 4 : () .4.... «oun (

.no—a!.vo nSBo:.vu o&» nﬁ-s .»-ozouauou vo«.&EOo [} E& nos.u.

u_..o-o.:.n.o.u Aoy ssned9q .-on_.-> .»....-.:o-uw«c, °83Y) 53993..-30-.1 81 i .




! -18-

and 2 shows that rms errors —m. e . o.< and e are significantly reduced,

The accelerometer error e is almost unchanged,

P

Noise Source

Stationary Value |Stationary Value
of RMS Error in |of RMS Error in

Filtered Estimate |Smoothed Estimate

Accelerometer error, e,

Gyro drift rate, nm

Velocity measurement error

{ocean currents), e,

Position measurement error, nv

19.95 fec - 19.9 de¢

0. 0044 deg/hr 0. 0024 deg/hr
0, 286 kt 0.1635 kt

0. 089 nm 0. 067 nm

Table 2 Showing Stationary RMS Values of Smoothing
and Filtering Errors for the Case of Continuous
Position and Velocity Measurements

6.3 Continuous Velocity Measurement (No Position Fixes):

Position error is unbounded in this case, Table 3 shows the sta-

tionary RMS values of filtering and 8

moothing errors. It can be seen

that they are much higher than the values in Table 2,

Stationary RMS Stationary RMS
Value of Filter- Value of Smooth-

Noise Source ing Error ing Error
7~ ~
Accelerometer error, e 20 sec 19, 95 sec

a

Gyro drift rate, e

g

Velocity measurement error

(ocean currents), e,

Position measurement error, €

P

0. 007 deg/hr 0. 006 deg/hr

0, 45 kt 0,4 kt

unbounded unbounded

Table 3 Showing Stationa

ry RMS Values of Smooth-

ing and Filtering Errors for the Case of
Continuous Velccity Measurements (No .

Position Fixes)
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o. 4 Continuous Velocity Measurements and Position Fixes Every

One -Half Hour:

Filtering estimates have discontinuities, but the m_dooﬁ_m.um estimates
are continuous. In m.wm.. .2, the vno.vﬂmwnmo: of on..."bm\m .».: gyro drift rate are
shown. The rms values wno.maomnam&wn.m between the values in Tables 2
and 3. There is an initial discontinuity in the filered estimate of ocean

currents due to the presence of perfect measurements, "See Mehra and "

Bryson {10].

7. Methods to Reduce Smoothing and Filtering Errors

7.1 Ship Speed

Changing the speed of the ship changes the correlation time of ocean
currents. It was found that reducing the ship speed reduced rms errors,
in ocean currents Ao<v and gyro drift rate Aon? .H..rt. is due to »ro fact
that ocean currents look more and more like white noise if the ship speed

is increased. Figure 3 shows rms smoothing errors (stationary values)

of ey ve. ship speed,

7.2 Correlation-Time of Accelerometer Errors
Changing the correlation time of accelerometer errors changes the
smoothing and filtering errors in estimates of the noise sources. Figure 4

shows that smoothing error of e increases as the correlation time of e
a

is reduced. The reason for this lies in the fact that the effect of e
system output is more pronounced when its time constant is comparable
to the Schuler-loop frequency of 84 min,

covery of gyro-drift rates, the spectrum om.mm should be different ?.o:.u,.

that of e_.
. a

It is clear that for better re-
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7. u. Including Ship's U%:Wﬂumnm with SINS:

Henrikson [2] has shown 2..».;» by ...:on_m::m the ship's motion and v<.
adjoining it with the model for the SINS, the nm:m::m mn.nou. can be sig-
nificantly reduced. The same holds true for the smoothing problem.

The knowledge of position w:m velocity obtained from ship's dynamics
acts as a measurement input to the MHZm.. .

7.4 An Adaptive Scheme:

Vu the covariances of the noise sources are not known exactly, the
smoothing technique being used is mcvovn.:.:wr Furthermore, the cal-
culated values of the covariances shown in Tables 1-3 and m,mmL«mm 2-4
are not the actual values of covariances (Cf. Ref. [12]). But'if the
a priori values of noise covariances in Table 'l are upper limits on the
actual values of noise covariances, then the calculated values given in
Tables 2-3 and Figures 2-4 are upper limits on smoothing and filtering

“errors. See Mehra [12]. A comparison of suboptimal filters with the
optimal filter shows that the errors in suboptimal filters increase as
the difference between the assumed and actual values of the noise covari-
ances increases. This suggests that we may profitably use an adaptive
scheme to approach correct values of noise parameters and to recover
the signals. We start with certain ,ﬂw_c.m.m for noise covariances which
are different from the actual values. We update our estimate ‘of these
values by using smoothed waveforms as sample functions of the random
processes. Then we use these new values of nm<m~.wv:nmm and smooth'
the data again. This process is carried on till the changes in parameters

become very small,

8., Summary and Conclusions ’ 3

A Single-axis of a'Ship's Inertial Zmiwwnmos m<wn..m3 (SINS) has’

been considered. The noise inputs into the m.v,mnm:a are the accelero-
meter errors, gyro drift rate errors, position fix errors and velocity
measurement errors due to ocean n:nnmnmw. ,>: the _...ommo inputs are -
assumed to be exponentially correlated with unknown covariances. Con-
tinuous velocity and awwﬁnnnno position measurements are made on the
system over a certain time interval. Assuming a priori values for
noise covariances, it is shown that smoothing can mm.m:m:nwan; reduce
the errors in the estimates. This is done by numerically solving the
error covarianceequations for the smoothed estimates. Since the cov-
ariance @n:mﬁ.o:m do not depend on the measurement vector or the state
vector of the m«.mnm_.w.. they can be solved before any data are collected.
In fact, a parametric study can be made to-examine the feasibility of
satisfactory waveform recovery and to specify instrument accuracies
for the test runs. There are a number of different forms of smoothing
equations, but c.cm show that if voﬂﬁo: fixes are discrete and the system
is continuous, only the wwcnr.oﬂ.::m»m:mo_om_ form of equations is suit-
able for numerical computations. Since the measurements contain
colored noise, we use anc:m of Mehra and mm«.mo: [10]) to derive an

equivalent reduced system with white noise in the measurements. Re-

sults of Ref. [12]are applied to evaluate the smoothing results in

view of the fact that the smoother is no longer optimal if the noise
covariances are not known exactly. A number of methods are suggested

to improve the estimate of gyro drift rate errors. Finally, an mmwﬂnmco

scheme is suggested to obtain values of noise covariances.
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~All inertial navigation systems are excited by random errof inputs such as
gvro drift rates, accelerometer errors etc. These errors make the position and
velncityv errors of the inertial navigator grow unbounded with time if no external
mcasurements are made. Statistical smonthing techniques of Bryson-Frazier [13]
and Rauch-Tung and Striebel [14] provide methods of estimating these random in-
puts {rom test runs of the svstem. (Smoothing involves estimating the state of a
svstem at time t using measurements made both before and after time t.} In the
present report, a ship’s inertial navigation svstem is considered. It is shown that
by using smoothing techniques, uncertainties in the knowledge of random error
sources, particularily, gyro drift rates, can be significantly reducerl.
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