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Abstract: This report describes GOSPEL, a General Optimization Software Package
for ELectrical network design. The package may be applied to a wide range of
optimization problems. It consists of a series of subprograms each of which
implements a particular random or directed search strategy. The problem to be
optimized, and any desired constraints are specified by the user as a separate
subprogram. The user has the option of selecting an individual optimization
strategy or using a sequence of strategies to attack a given problem. Results

of the application of the software package to typical problems are given.
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I. . INTRODUCTION

This is one of a series of reports concerning the use of digital compu-
tational techniques in the analysis and synthesis of DLA (distributed-lumped-
active) networks. This class of networks comsists of three distinct types of
elements, namely distributed elements (modeled by partial differential equa-
tions), lumped elements (modeled by algebraic equations and ordinary differ-
ential equations), and active elements (modeled by algebraic equations). Such
a characterization is especially applicable to the broad class of circuits
referred to as linear integrated circuits, since the required fabrication tech-
niques readily produce elements which may be referred to as "distriﬁuted", as
well as producing elements which may be characterized as ''lumped” and/or "active".
The DLA class of networks is capable of realizing network functions with a wide
range of properties. In addition, such realizations usually have fewer compo-
nents and superior characteristics than realizations using only lumped elements,
or realizations using lumped elements and active elements. The'analysis prob-
lem for this class of networks, however, is considerably more complex than the
analysis problem for more restricted classes of networks. The synthesis prob-
lem is even more challenging, and the results achieved to date have been far
from general,

One of the more promising approaches to the synthesis problem appears to
" be the use of optimization techniques. The experience of research workers in
this field has indicated that in order to successfully apply optimization tech-
niques to a wide range of problems, it is desirable to have available a varied
collection of optimization strategies. To be fully useful, the individual strat-
egies of such a collection must be so designéd that any one of them can be applied
to the same problem, without requiring that the problem be modified. Thus, the
individual optimization strategies can be considered as forming the elements of
an optimization software package, in which vérious logical decisions can be
incorporated as an "executive monitor" to successfully apply the different strat-
egies in such a way as to obtain the best final results.

This report describes the formulation of a general problem structure, and
the development and testing of a series of optimization strategies. The indi-
vidual strategies are all applicable interchangeably to any problem which can be
put into the specified structure. Examples of the application of the various

optimization strategies to a pailr of test problems are described. The results
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of applying this optimization package to the synthesis of netﬁorks containing

distributed, lumped, and active elements will be covered in a subsequent report.

II. THE GENERAL OPTIMIZATION PROCEDURE

In this section of the report we present a general optimization framework
suitable for the expression of a wide range of problems, and capable of imple-
mentation by a broad class of optimization strategies. The basic approach that
is implemented involves the specification of the parameters that are to be varied,
the values of an independent variable at which some weighted requirements are
to be met, and a functional relationship which defines the problem. A scalar
error criterion is provided as a measure of the success with which the require-
ments are met. A list of the different variables and a description of their

‘purpose follows:

n - The number of parameters that are to be varied.
X, - The parameters that are to bg varied (i = 1,2,...,n).
n, - The number of values of the independent variable at
which some requirements are to be met.
h, - The values of some independent variable h at which the
requirements are to be met (i = 1,2,...nh).
gy - The values of a functional relationship g(h,X) which
defines the problem, where gy = g(hilg) i = 1,2,...,nh).
~ The requirements which it is desired to have the gy meet.
Wy - The weightings that it 1s desired to place on the L
y =-.The error criteria, y(G,W,R), that it is desired to minimize.
A flow chart of the basic optimization approach using these quantities is shown
in Fig. 2.1.
For the example of a network whose elements are to be varied to produce
specific values of a magnitude function at a certain numberof frequencies the

%, would be the values of the network elements, the hi would be the frequencies

i
at which some requirements are to be met, the g would be’ the values of the mag-

nitude of the network function, the r, would be the desired values of the magni-

i
tude at the frequencies hi’ and the error function y might be given in the form

2
y = il wi(ri—gi) (2.1
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Fig. 2.1 Flow chart of general optimization procedure



This report covers the application of six optimization strategies to the
general approach outlined above. These are random grid search, random direction
and step size search, pattern search, steepest descent, Newton-Raphson, and
Fletcher-Powell. Each of these optimization strategies has been prepared as a
separate subroutine. The use of common FORTRAN variables permits any or all
of these strategies to be applied to any given problem. In addition, this makes
possible the specification of executive monitor schemes in which different opti-
mization strategies are applied to different phases of ﬁhe optimization of a
specified problem. The method of structuring the overall approach to make this"
possible, and the details of the operation of the different strategies are given
in detail in the following sections of this report.

III. GENERAL PROGRAM INFORMATION

The various optimization strategies described in this report have been imple-

" mented using FORTRAN as a source lanmguage. Each of the strategies has been pro-
grammed as a separate subroutine. In order to provide for efficient transfer of
information between the various subprograms, and to permit as flexible usage of
these component programs as possible, a common set of variable names has been

used in writing all the programs. A list of these names follows:

N - The number of wvariables x,.

X(I) - The current values of theiVariable X, .
XL(I) - The lower bound of the variable X, .
XU(I) - The upper bound of the variable X, .
KX(I) - The number of values that it is desired for the

variable X, to take on between its upper and lower
limit (for random grid search).

XP(I) - A set of variables which can be used to store the
previous values of the varlables Xgs the gradient
VX, etc.

NH - The number of values of the independent variable h.
H(I)
G{L) i
R(1) - The desired value r, of g(h,X) evaluated for h = hi'
W(I) - The weighting w, associated with the value r,.

i i
YERR ~ The current value of the error function y.

The values hi of the independent parameter h.

The value 8 found by evaluating g(h,X) for h = h
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The names of the FOﬁTRAN variables defined above closely parallel the
symbols used for the quantities introduced in connection with the description
of the general optimization procedure given in Sec. II of this report. 1Im
addition to these variables, it is convenient to define some other variables
which have general application to all of the optimization strategies. These
are the following:

ALFA - An array used for storing alphanumeric information

for problem identification.

ITER ~ A counter for the number of iterations completed by
the optimization program.

ITMAX - The maximum number of iterations desired.

ERMIN -~ The minimum value desired for the error.

It is desirable to define two other arrays of FORTRAN variables. These
arrays are useful for the following purposes: (1) The specification of certain
parameter values that may vary between different applications of a given opti-
mization strategy; and (2) the selection of options giving minor variations in
the operation of a given optimization strategy. An example of such a variation
is in the quantity of printout that is desired from an optimization subroutine
regarding its successful (and unsuccessful) efforts to reduce the error YERR.

. For purposes of defining- these parameters and options, it is desirable to assign
\gggch optimization strategy a number and a name. The strategies described in

“‘this report are tabulated below:

» Su;z;;:ine Suﬁz::tine Sﬁﬁroutine Optimization Strategy
2 oPT2 Random grid search
3 OPT3 Random direction and step size search
4 OPT4 Pattern search
6 OPT6 Steepest descent
7 OPT7 ﬁewton—Raphson
9 OPTY Fletcher-Powell

The FORTRAN variables used to specify the values of the parameters snd the

options to be taken are:

PARAM(I,J) - A set of variables which can be used to store any

desired parameters that need to be specified for



optimization subroutine number I. The range
of J is from 1-7.

NOPT(I,J) - A set of variables which can be used to store
indicators for any options that are included
in optimization subroutine number I. The range
of J is from 1-10.

The variables defined above are placed in labeled common storage for the entire
program. Thus, no input arguments are specified for any of the optimization
subroutines. To accomplish this, each subroutine includes the following state-

ments:

COMMON /OPT/X(20), XL(20),XU(20),KX(20),XP(20),H(20),R{20),W(20)
1,G(202PARAM(10,7%NOPT(10,10),N,NH,YERR,ITER,ERMIN,ITMAX,ALFA(S)

To provide standardization and avoid duplication of the manner in which
the values of the variables are fed into any @f the optimization subroutines,
a separate subroutine RDOPT has been prepared*to provide for the reading of
any or all of the above variables. The details of this subroutine are covered
iﬁ the following section. Similarly, for uniformity, a subroutine PROPT has
__been provided to record the final resulté'é fihe use of any of the optimization
;fétrategies. The use of these two subrouﬁiﬁgs make it possible to have én
f%e#tremely simple basic main program for_chéﬁﬁée of a given Optimizationkaﬁrategy.
 fA;£1ow chart for such a program is shoaniﬁf?ig. 3.1. The executéﬁlé:staégments

" for this main program (following the labeleﬂ;éommon statements) have the form

CALL RDOPT
CALL OPTX.
CALL PROFT
STOP :
END -
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Call Subroutine RDOPT to read
input information and make a
record of it

Call Subroutine OPTX to perform
desired optimization

l

Call Subroutine PROPT to print
final parameter values, number
of iterations and best error

|

Stop

Fig. 3.1 Flow chart for a basic main program

This main program is, of course, a very simple one. Due to the general struc-
ture of the optimization software package described in this report, however, it
is a simple matter to design complex optimization programs involving more than
one optimization strategy. For example, suppose that it was desired to optimize
a given problem using up to 200 iterations of steepest descent optimization sub-
pogram OPT6, in addition, if the error was not below the specified value of
ERMIN, to try 30 iterations of the Newton-Raphson method incorporated in sub-
routine OPE7. Assuming that the subroutine RDOPT was used to initially establish
a value of 200 for ITMAX, the statements of the main program (following the
common statements) would be

CALL RDOPT

CALL OPT6

IF (YERR.LT.ERMIN) GO TO 1

ITMAX=30

~CALL OPT7

1 CALL PROPT

STOP
END

Other, more complex executive strategies are easily implemented using the basic

software structure described in this report.



The functional relationship g(h,X) which defines the problem must be imple-
mented by a separate subroutine named ANLYZ. This is the subroutine which the
individual optimization strategies call. It must include the labeled common
statements given above. The subroutine ANLYZ will contain the necessary FORTRAN
statements to generate the NH values of the variables G(I) that result from the
use of the NH variables H(I), all evaluations being made for a given set of N
values of the variables X(I). Some examples of this subroutine will be found in
connection with the discussion of the test problems given in Sec. V.

The error criteria y(G,W,R) is specified by a separate subroutine named ERR
which may be sef up 80 as to implement any desired type of error criteria. In
addition, this subroutine can be used to incorporate various counstraining rela-
tions that may be needed for a given problem. The tests of the various optimi-
zation strategies documented in this report all used an error criteria of the
form given in (2.1). A listing of the subroutine ERR for this relation is given
in the Appendix, '

IV. 1INPUT AND OUTPUT OF DATA

A subroutine RDOPT has been prepared to provide for reading any or all of the
variables defined in the last section. When this subroutine is called, it begins
to read data cards. The first card is read in alphanumeric format and is repro-
duced as the heading for all output data. It may contain any desired information
such as the name of the person submitting the program, the date, the purpose of
the run, the type of problem being attacked, etc., If it is not desired to repro-
duce any such information, then a blank card must be used as the first data card.
The second data card is used to specify the number of variable parameters N, the
number of values NH of the independent variable h, and the values of ITMAX and
ERMIN. The format for this information is (212,1I3,3X, E10.0). Following this
information, values of any of the variables listed in Sec., III may be entered.
This is done by placing a code number in format (12) on a card, and following the
code number card by a card or cards containing thé input information prepared
according to the necessary format. A listing of the code numbers, the variables

read, and the input format to be used follows:
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Code Input

Number Variables Format Remarks
1 X{1) 8E10.0 N of these wvariables are read.
2 XL(1) 8£10.0 N of these variables are read.
3 Xu(1) 8E10.0 N of these variables are read.
4 KX(D) 4012 N of these variables are read.
5 I,PARAM(I,J) 12,8X, A maximum of 7 parameters are read.
7£10.0 The index I refers to the number of
the optimization subroutine.
6 I,NOPT(1,J) 12,8X%, A maximum of 10 option indicators are
1011 read. The index I refers to the num—
ber of the optimization subroutine.
H(I) 8r10.0 NH of these variables are read.
8 R(1I) 8E10.0 NH of these variables are read.
W(I) 8E10.0 NY of these variables are read.

The subroutine RDOPT uses a DATA statement to initialize the arrays PARAM and
NOPT to zero and the array W to unity, thus, no input need be made for these
arrays unless specific input values'are desired. In addition, each of the opti-~
mization subroutines tests all of its parameter values at the time it is first
called. Any which are zero, i.e., which have not been specifically read in by
RDOPT, are initialized to convenient values by the subroutine before proceeding
with the execution of the optimization strategy. Thus, in many of the uses of
these subroutines, it will not be necessarykto provide data mards for code number
5. The code number cards and the associated data cards listed above may be placed
in the data card deck in any order, and they need to be used only for the variables
for which some input values are to be rea&. The last data card should be followed

" by a blank card. Thus, the input card deck will have the following form:

Alphanumeric Identification Card (8A10)

Data Card for N, NH, ITMAX, ERMIN (212,13,3X,E10.0)
/ Code Number Card (I12)

This set of | First input data card for specified code number
cards is re-

peated as { ’
often as *
necessary

.

\ Last input data card for specified code number
Blank Card

The subroutine RDOPT may also be called additional times in the program to read
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values of data. On such subsequent calls it will not normally read in a new
Alphanumeric identification card or a new data card for N, NH, ITMAX, and ERMIN,
i.e., the first data card to be read on such a subsequent call should be a code
number card. If it is desired to read a new alphanumeric identification card
and a new card for N, NH, ITMAX, and ERMIN, then the call for RDOPT should be
preceded by the statement N = 0. The subroutine RDOPT provides a printout of
all the data which has been read by it before returning control to the main program.
| The major source of output data provided during the execution of an optimi-
zation strategy is the optimization subroutine itself. The details of the format
used for this vary with the individual subroutine, and will be given in more detail
in the discussions of these subroutines. To provide for uniformityvin presenting
the final results of the optimization process, however, a subroutine PROPT is pro-
vided which prints the final values of ITER and YERR, and the final values of the
variables X(I). 1In addition, using these values of X(I), PROPT calls the sub-
routine ANLYZ, and prints the resulting values of the variables G(I) for the func-
tional relationship defining the problem.

A listing of the subroutines RDOPT and PROPT may be found in the Appendix at
the end of this report.

V. TEST PROBLEMS

In order to provide a realistic evaluation of the efficiency of the various
optimization strategies in reducing a apecified error criteria, two test problems
were prepared. These problems are described’in this section. The results of apply-
ing the various optimization strategies to these test problems is treated in the

sections describing the individual optimization strategies.

Test Problem 1 ,

This problem is designed to test the use of optimization strategies to synthesize
a low-pass network with a specified topology. The network configuration has the

form shown in Fig. 5.1.
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Fig. 5.1 MNetwork for test problem 1

The values of the capacitors are specified in farads and the values of the induc-
tors are specified in henries. The voltage transfer function for this network

has the form

72

\Y

() = L

A
1 ) (x1x2x3x4x5) + p (xlx2x3x4 + x2x3x4x5)

(5.1)

3
+ p (xlxzx3 + xlxzx5 + X1X4x5 + x3x4x5 + x2x4x4)

, 5 ,
+ p (xlx2 + X%, + KX, + XyXq + Xy Xg + xaxg)

+p(x1+x2+x3+x4+x5)+2

It is desired to match the following specifications on Vzlvl(jw):

Point No. Frequency (Hz) »lvzlvl(jm)[ (db)
1 1.00E-01 ~6.4825E 00
2 2,00E-01 ~-6.2554E 00
3 5.00E~01 ~4.7086E 01
4 1.00E 00 ~-7,8108E 01
5 2.00E 00 ~1.0841E 02
6 5.00E 00 ~1.4826E 02
7 1.00E 01 -1.7837E 02

Thus, the problem is simply to find the values of the elements Xy (1= 1,2,...,5)

so that the low-pass characteristic specified by the data in the table given above
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is realized as closely as possible, The various quantities defined in Sec. II
may be identified as follows: n equals 5; o, equals 7; Xy Xgs and X5 are the
values of the capacitors; Xy and x, are the values of the inductors; the hi

1 (4= 1,2,...7) are

the specified values of the magnitude of the transfer function (in db); and the

(1 =1,2,...,7) are the values of frequency (in Hp); the r

wy (i=1,2,...,7) are the unity-valued weighting factors. The functional rela-
tionship g(h,X) is given by (5.1) with the substitution p = j2rh. The data

- tabulated above corresponds with the following values for the parameters:

o
]

.7 farad 'xé = 1.6 henries
4 = -9 farad x, = 1.4 henries

%. = .6 farad

Afflow chart and a listing for the subrbutipa#ANLYZ which computes g(hxz) is
given in the Appendix of this report. S ‘

. Test Problem 2

- This problem is designed to test the use of?ﬁptimization strategies to solve an
 approximation problem. It is desired to fip& the coefficients X, (ir= 1,2,...,5)
in the network function
k"pz
5

2 e
(" + x;p + x,) (p" + 240 + %)

N(p) = (5.2)

in such a manner that the following magnitude and phase specifications are met:

Point No. Frequency (rad/sec) Magnitude Phase (deg)
i 0.8 5.0389
2 0.9 - 20,9585
3 1.0 50.0000
4 1.1 23,6463
5 1.2 7.2198
6 0.8 153.03
7 0.9 117.75
8 1.0 0.00
9 1.1 -115.46
10 1.2 ~148.03

12

The various quantities defined in Sec. II may be identified as follows: n equals 5;
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o, equals 10; xy and x, determine one pair of pole locations; X, and X, deter—
mine a second pair of pole locations; X is an overall magnitude constant: the
hi (i=1,2,...,10) are the values of frequency (note that the first five values
and the last five values are the same); the r, (i =1,2,...,5) are the desired
values for the magnitude of N(jw); the r, (1 = 6,7,...,10) are the desired values
of the phase of N(jw); and the W, (i1=1,2,...,10) are set to unity. The func-
tional relationship g(h,X) is given by (5.2) with the substitution p = jh. The

data tabulated above corresponds with the following values for the parameters:

X = 0.1 X, = 0.9
xz = 1,1 ' x5 = 1,0
x3 = 0.1

A flow chart and a listing for the subroutine-ANLYZ which computes g(h,X) for
this problem is given in the Appendix of this report.

VI. OPTIMIZATION STRATEGIES

In this portion of the report a description is given of the various optimi~
zation strategies. Each of these descriptions is subdivided into the following

classifications:

1. Theory. In this section, the basic theory of the particular optimization
strategy is described, and the algorithm which is used to implement the method is
defined.

2., Discussion of the Program. In this section, the details of the program

which implements the particular optimization strategy are discussed, with refer-
ence to the theory developed in section 1. A description of the different para-

meters and options provided in the program are given.

3. Results. In this section, the results obtained from applying the parti-
cular optimization strategy to the two test problems defined in Sec. V are pre-
sented. These results should be interpreted as typical in the sense that they
represent initial efforts to apply the optimization strategy to the test problems
and fllustrate the use of different program options and the effect of different
initial starting points. In general, no attempt has been made to exhaustively

attack a given problem using any one optimization strategy. Thus, the results
described, in many cases, could be improved by additional optimization runs using

information gained from earlier ones to effectively direct them. A listing of
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the pertinent values of variables, parameters, and options is given in connection
with the discussion presented in each of the strategies.

A summary of the results obtained from all the optimization strategies, and
some conclusions with respect to the particular utility of each of them is given
in Sec. VII. Flow charts and listings for the different subroutines may be found
in the Appendix of this report.

A. RANDOM GRID SEARCH SUBROUTINE OPT2
Theory ,

A random grid search is made by first defining a set of upper and lower
bounds for the values of the variables. This in effect defines an n-dimensional
volume which is to be searched. There are then two alternatives which may be
used:\ (1) select a certain finite number oﬁ‘possible values spaced throughout
the defined interval of each variable and randomly select the actual vélue from
among these possible choices; or (2) select the value of each variable randomly
from the continuous range of possible values in the defined interval. The first
alternative is especially useful whenvthe pﬁyéical nature of the variable is such
. as to permit only a certain number of values. As a simple example, an (ideal)
diode may be treated as a resistor with a value of zero or infinity. Thus, if
the resistance of the diode is one of the va:iables of the problem, it is helpful
’to constrain it to having either of two vaiues, namely, a very low value or a
&efy high one, the selection between the two being made randomly. The second
alternative is useful when a continuous range of values of the phyéical’variable
are available. A simple example of such a variable is the resistance of a poten-
tiometer. When upper and lower bounds for the variables have been determined, and
one of the alternatives defined above has been selected, then a random grid search
is achieved by a cycle of operations in which a set of values for the variables
are randomly chosen, and the scalar error criteria is calculated for the values
of these variables. The error criteria is then compared with the lowest value
found previously. If it is less, then the current values of the variables are
retained as a new "best' point. Otherwise they are discarded and the cycle is
repeated. If desired, after a predetermined number of cycles, the upper and lower
limits of the variables may be redefined to more closely surrou%gﬁthe best point
which has been found, and a detailed random search made of this smaller n-dimen-

sional volume.

The random grid search optimization subroutine requires only a single

14
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evaluation of the functional relationship g(h,X) per cycle of operation. This
gives it a large advantage over strategies which require the computation of
either the gradient or the Jacobian, since such computations are usually made
by perturbation techniques, thus requiring respectively n + 1 and n2 + 1 evalu~-
ations of the functional relationship g(h,X) per cycle. In addition, the simul-
taneous nature of the random grid search strategy means that it is unaffected
by difficult terrain features in the n-diménsional space dn which the error
criteria is defined. Thus, despite its relatively unsophisticated basic nature,
random grid search frequently provides valuable information about problems in
which little information is available concerning what constitutes reasonable
initial values for the variables.

A major disadvantage of the random search strategy lies in the fact that,
for large dimensional problems, the n-dimensional volume which must be searched
is extremely large. For example, consider a unit segment of line, which is
search into a final interval of uncertainty of 10%, i.e., a length of 0.1 units.
Now comnsider a unit square. 10% of its area could be considered as a smaller
square (O.l)l/2 on a side (it could be considered in many other ways also). This
says that each of the two variables could be anywhere within a 31.6% interval
of their total range even though only 10% of the given area is being considered.
Continuing this logic, we see that if a function of 50 variables is specified,

a 10% volume of the space would encompass (0.1)1/50 range of each of the variable
values, about 93%Z! Thus we see that cutting down our multidimensional volume to
a small percentage can still mean thatvgreat ranges of individual variables remain

" to be searched.

The probablistic aspects of random search as applied to the multivagiable

situation are interesting. Consider a case with three variables, each with a
‘normalized range of 1.0. The hyperplane of experiments for this case is a cube.
If the range of each variable is divided into ten intervals of (0.1) units in
length then the cube may be considered as beéing divided into 1000 smaller cubes

or subcubes. More general we may say that if there are m divisions of each
variable and n variables; then there will be (m)n subcubes in the n-dimensional
space. Now consider the function y which is to be minimized. Assign to each
subcube the average value that y has in the subcube. Suppose that we wish to find
any 1 of the best 100 subcubes out of the thousand. By best, we mean the subcubes
with the minimum value of y. If the subcubes are chosen at random, the probability
of each choice being in the best 100 is 100/1000, i.e., 0.1. The probability of
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not being in the best 100 is 1 - 0.1 = 0.9, For two choices, the probability
of both subcubes not being in the best 100 is (0.9)2 = ,81., Thus, the proba-
bility of finding one good subcube in 2 tries is 1 - .81 = .19, 1In general,
the probability p(0.1), i.e., the probability of finding a cell in the best
10% is 1 - (0.9)", where n is the number of tries. More generally,

p(f) =1-(1-£" (6A.1)

where f is the fraction of the total possibility. For example, for a value of
f of 0.1, 16 trials give a probability of 0.8, 44 trials give a probability of

.99, etc. A table giving some other cases is given belowl

Table fér values of n

p(f)
.8 .9 .95 .99
.1 16 22 29 44
g 05 32 45 59 90
.025 64 91 119 182

.01 161 230 299 459
- ‘Note that the probability does not depéndzopfthe number of dimensions,

' Discussion of the Program

The digital computer program used to implement the random grid search
strategy described above consists of two sﬁﬁroutines. The first of these, OPT2,
:initializes the parameters, keeps track of successful and unsuccessful steps,

- provides for printout, and tests for the maximum number of iterations and the
minimum value of fhe error. The second subroutine, RAND, provides for the
‘generation of the randomly chosen values of the variables X(I). The subroutine
OPT2 has several options designed to permit greater flexibility in its use.

First of all, it provides for the use of different initializations for the random
number generator of the CDC 6400 computer for'which the program was written.
Secondly, as described above, it provides for the option of consfraining the
values of the variables to a certain number of possible values over the given

range, or the use of a continuous range of values. Finally, it has an option

1Samuel H. Brooks, "A Discussion of Random Methods for Seeking Maxima', Operations
Research, Vol. 6, pp. 244-251, March 1958,
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permitting a search to be made of a reduced volume of the n-dimensional space

in the vicinity of the best point previously found. An option by means of

which the subroutine will run for a number of iterations sufficient to provide

a speclfied probability that an option point is located within a certain volume

of the n-dimensional space using the relation defined in (6A.1) is also pro-

vided. The

NOPT (2,1)

NOPT (2,2)

NOPT (2,3)

NOPT (2,4)

NOPT (2,5)

PARAM (2,1)

options and their defining parameters are given below:

If this option indicator is set to 1, the maximum iterations as
determined by ITMAX will be computed by the subroutine using the
probability formula given in (6A.1), and using values specified

by PARAM (2,1) and PARAM (2,2).

If this option indicator is set to 1., a local random search will
be performed around the best point found from the originial random
search. PARAM (2,3) defines the area to be searched in this case.
The local search will be initiated either when the maximum itera-
tions specified by ITMAX have been made, or when the error is less
than that specified by ERMIN.

If this option indicator is set to 1, the results of every itera-
tion will be printed out. If it is set to 0, only the results of
those iterations which yield an improvement in the error will be
printed.

If this option indicator is set to 1, the values of each variable
X(I) will be chosen randomly between the limits XL(I) and XU(I).

If it is set to 0, the values of the variables X(I) will be con-
strained to KX(I) possible values equally spaced between XL(I) and
XU(I), and randomly selected.

This option determines the initialization point for the random number
generator in the CDC 6400 computer. If it is not read in, or if it
is read in as 0, an initialization of 1 is selected for the random
number generator. This option indicator may be set to any other
integer value to obtain other initializations of the random number
generator.

This constant speé¢ifies the fraction (with the lowest error) of the
total volume in which it is desired that the best point found by the
random search be located. It is used only if NOPT (2,1) is set to 1.
The parameter is initialized to 0.05 if not read in by RDOPT.
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PARAM (2,2) -

PARAM (2,3) -

PARAM (2,4) -

PARAM (2,5) -

PARAM (2,6) -
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This parameter determines the desired probability that the best
point found by the random search be within the fraction of the
total volume defined by PARAM (2,1). It is used only if NOPT (2,1)
is set to 1. The parameter is initialized to .95 if a value is not
provided by RDOPT,
This parameter determines the reduced volume to be searched if the
fine search option is selected by setting NOPT (2,2) to 1. It does
this by redefining the values of XL(I) by the statement

XL(I) = XP(I) - PARAM(2,3)*(XU(I) - XL(I))
where XP(I) is the best value found for X(I) in the original search.
Similarly, the value of XU(I) is redefined by the statement

XU(I) = XP(I) + PARAM(2,3)*(XU(I) - XL(I))
where the value of XL(I) 4s the original one, not the redefined ome.
It should be noted that if any of the XP(I) are close to the original
values of the corresponding XL(I) or XU(I), the new volume to be
searched may include an area outside the area defined by the original
XL(I) and XU(I). This parameter is initialized to 0.2 1if a value
for it is not previously established by the main program or by RDOPT.
This parameter specifies the ratio between the minimﬁm error used in
the original search and the minimum error specified for the local
search. It defines a minimum error ERMN 2 using the statement

ERMN2 = ERMIN*PARAM(2,4)
It is initialized to 0.1 if a value is not read im.
This parameter establishes an arbitrary initial value for the error,
against which the error realized by the initial iteratioms of the
program can be tested to determine whether or not they have made an
improvement. It is initialized to 1.E+20 by the program, unless some
other value is read in.
This parameter specifies the new value of the maximum number of itera-
tions permitted for the local search. 1t defines a new maximum itera~
tion constant ITMX2 using the statement

ITMX2 = ITMAX*PARAM(2,6)

It is initialized to 1.0 unless some other value is read in.

A flow chart and a listing for the subroutine OPT2 and RAND is given

in the Appendix.



Results
Tests were made to determine the effective ness of the program in

solving test problems 1 and 2. The data for these tests is itemized in Table 6A.

Some comments on the different runs follow:

Run 1 - This and the following run were made on problem 1. The run illustrates
the effects of convergence from a poorly chosen starting point with an initial
error of 5169, After 80 iterations the error was reduced to 15.62. No further

improvement was made in iterations 81~100,

Run 2 - In this rﬁn, the points have been chosen randomly rather than being
constrained to 30 values of each parameter as was done in run 1. Very little
difference was noted in the points found for the first 100 iterations. The
error at iteration 80 was 14.98, compared with an error of 15.62 at this point
in run 1. Only two additional improvements were made in the second 100 {itera-~
tions, and these reduced the error only slightly to 9.243., A local search was

next made around the "best" point having the values

X(1) = 1.039 X(4) = 1.109
X(2) = 1.178 | X(5) = .5304
X(3) = 1.244

In 200 iterations, only 6 improvements were found, but these reduced the error to
0.5969.

Run 3 -~ This and the following run were made on problem 3. This run illustrates
the vastness of hyperspace, and the problems of matching many requirement points.
The initial error was greater than 105 and was not recorded. The starting point

was poorly chosen, and after 400 iterations the error was still 2403.

Run 4 - A better starting point was chosen for this run. Even so, the initial

errox was 125,484, After 400 iterationms, the error had been reduced to 163. 1If
further reduction of the error was required, additional runs could be made using
the final point of this run as a starting point, and further reducing the volume

to be searched.

19
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TABLE 6A -~ TEST RESULTS FOR OPT2

Run No. 1 2 3 4
Problenm 1 1 2 2
X(1) D .5 1. .05
X(2) o3 .5 1. 1.0
X(3) .5 .3 1. .05
X(4) : .5 .5 1. 1.0
X(5) .3 .5 1. 1.0
XL(1) .01 01 .01 0.
XL(2) .01 .01 .01 .8
XL{(3) .01 .01 .01 0.
KL(4) ' .01 .01 .01 .8
XL(5) .01 .01 .01 .8
Xu(l) 1.5 1.5 1.5 .2
Xu(2) 1.5 1.5 1.5 1.2
XU(3) 1.5 1.5 1.5 o2
Xu(4) 1.5 1.5 1.5 1.2
XU{(5) 1.5 1.5 1.5 1.2
KX(1) 30 30 0 0
KX(2) 30 30 0 0
KX(3) 30 30 0 0
KX(4) 30 30 0 0
KX(5) 30 30 0 0
PARAM(2,1) .05 .05 .05 .05
PARAM(2,2) .95 .95 .95 .95
PARAM(2,3) .2 .2 .2 .2
PARAM(2, 4) 1 1 1 1l
PARAM(Z,5) 10000. 10000. 10000. . 1.E+20
PARAM(2,6) 1. 1. 1. 1.
NOPT(2,1) 0 0 0 0
NOPT(2,2) 0 1 1 1
NOPT(2,3) 0 0 0 0
NOPT(2,4) 0 1 1 1
NOPT(2,5) 0 0 0 0
ITMAX 100 200 200 200
ERMIN .001 001 .001 .001
Original Error 5169 5169 125484
Final Error 15.62 .5970 2403 A 163
Iterations 100 400 400 400
X(1) .7293 1.189 .0540 .0896
X(2) . . 8834 1,158 1.017 1.081
X(3) 1.294 1.137 .1723 .1317
X(4) 1.140 1.313 .9051 .9021
X(5) .9862 4203 .1827 1.152

CP time 3,272 4.416 4.202 3.829
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"~ B. RANDOM DIRECTION AND STEP SIZE SEARCH SUBROUTINE OPT3

Theory

The random direction search OptimiZation strategy is characterized by an
extremely simple basic philosophy. To initiate such a search, an initial set
- of values for the variables is selectgd, and the value of the error criterion
is computed for this point in the n—dimensional space. All the variables are
then simultaneocusly changed using independent pogitive and negative random incre-
ments obtained from a random number source, and the error criterion is again -
‘evaluated at the new point. If the new value of the error is less than the ori-
ginal value, the new point is used as the basis for future random moves. If an
improvement has not been made in the error, then the original point iz used as
the base for another random move. Although the philosophy of this procedure is
extremely simple, this type of an optimization strategy has the advantage that it
is able to follow quite difficult terrain features with excellent results. Thus;
it is useful in many optimization problems where other search strategies fail.
Another advantage is that this type of search does not require the computation
of gradient information, which frequently must be obtalned by a perturbation tech-
nique. Thus, the number of evaluations of the functional relationship defining
the problem is considerably reduced. As a result, the random direction and step
size search optimization strategy can be permitted to operate for relatively large
numbers of cycles without using up large quantities of computing time.

A modification of the basic strategy which has been found to be of value in
many problems is to reduce the magnitude ofrthe random variations after a prede—
termined number of unsuccessful moves have been attempted. In effect, this ini-
tiates a "local" search in the vicinity of the best point previously found. Such
a step is frequently of assistance in more accurately locating sharply defined
minima.

‘Discussion of the Program

The digital computer program used to implement the random direction and step
size search described above ‘consists of two subroutines. The first of these, OPT3,
initializes the parameters, counts successful and unsyccessful steps, provides for
printout of data, and tests for maximum iterations and minimum error. The second
" subroutine, RANS, computes the random changes in the variables X(I).

' The subroutine OPT3 has several options designed to permit greater flexibility

in its use. TFirst of all, it has provision for the use of a set of externally



provided random numbers, for cases in which it is not desired to use the random
number source provided by the computer on which the program is being run. Second,
for the case where the program is being run on a CDC 6400 computer, an option is
provided to permit the use of different initializations for the random number gen-
erator of this computer. Finally, parameter choices are available to specify the
details of the manner in which a local search is made. The options and the related

parameters are described as follows:

NOPT(3,1) - If this option indicator is set to 1, the random numbers used in
determining the random changes in the variables are read in as data
when the subroutine OPT3 is first called. In this case 572_random
numbers must be supplied in FORMAT (16F6.3). These numbers should
have a normal distribution with zero mean and variance equal to one.
They should have a maximum magnitude of 2.7 in both the positive and
the negative directions. If this indicator is not set to 1,‘the ran-
dom numbers are taken from the computer random number generator. In
this case it is assumed that the ﬁumbers are uniformly distributed
over a range of 0 - 1.

- NOPT(3,3) - This option determines the initialization for the random number gener-
ator of the CDC 6400 computer. If it is not read in, or if it is read
in as zero, an initialization‘of 1l is selected for the random number
generator. This indicator may be set to any other integer value to

4 obtain other initializations fdr the random number generator.

' PARAM(3,1) ~ This parameter controls the méximum size of the steps which are per-

: mitted in the initial phase Offthe random search, i.e., before the

program has switched to the loéél mode, The actual variation in the
variable X(I) is determined by adding the quantity DELTX(X) to X(I).
The quantity DELTX(I) is determined by the relation

DELTX(I) = PARAM(3,1)*(XU(I) - XL(I)) ARN/S50.
where the quantity ARN takes on random values lying between -50 and
50. The parameter is initialized to 0.25 unless some other value is
provided by the user.

PARAM(3,2) -~ This parameter controls the maximum size of the steps which are per-

mitted in the second phase of the random search, after the program has
switched to the local mode. The expression for determining DELTX(I)

is similar to that used for determining the previous parameter, namely,
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DELTX(I) = PARAM(3,2)*(XU(I) - XL(I)) ARN/50.

This parameter is initialized to 0.05 unless some other value is
provided by the user.

PARAM(3,3) ~ This parameter specifies the number of unsuccessful steps which
must be attempted in the initial mode of the search strategy before
the program changes to the local mode. It should be noted that the
variable NFAIL used in the program to count the number of unsuccess-
ful steps is initialized to O after each successful step. Thus, the
program will change to its local mode only after a number of ggéf
cessive unsuccessful steps equal to PARAM(3,3) have been made. This
parameter is initialized to 40.0 unless some other value is specified
by the user.

A listing and a flow chart for subroutines OPT3 and RANS is given in the
Appendix of this report.

Results _

Tests were made to determine the effectiveness of this optimization strategy
in solving test problems 1 and 2. Some comments on some of the trial runs which
were made are given below. The numerical data for these runs is given in Table 6B. .
It should be noted that in some of the early runs PARAM(3,2) was made larger than
PARAM(3,1). This in effect changed the mode of the program from its initial search
mode to a larger 'global” mode, In general, this approach was not as successful

as changing to a smaller "local" mode.

Run 1 - This run was a broad search mode on problem 1 using the internal computer
random number generator initialized to 1. The initial error was 5173. After 45
. iterations the error had been reduced to 3.523. At iteration 80 (after 35 unsuc-
cessful iterations) the program changed to a global mode encompassing 3 times as

much space. No further successes were observed through iteration 200.

Run 2 - This run was similar to the first run except for the use of an initializa-
tion of 5 for the computer random number genérator. After 31 iterations the error
had been reduced from 5173 to 2.559. At iteration 66 the program changed to a .
global mode,.and no further successes were observed through iteration 200. The
final point reached in this run was quite different from the one reached in rum 1.
This was especially notable in the values of %y and Xg. Thus it appears feasible
to use different initializations for the random number generator to obtain dif-

ferent minima in the hyperspace.

23
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Run 3 - In this run, also made on problem 1, the mode switching capability of

the program was used to reduce the area to be searched, rather than to enlarge
it. Values of .4 and .l were used for the pertinent parameters. A different
initial point and a different set of limiting values was used for the variables.
The original error was 23.69, the mode changed at iteration 43, The final error,
reached at iteration 180, was 0.2402, The final point appears to be similar to
that attained for run 1. The initialization of the random number generator was

the same as that used for run 1.

Run 4 - This run was made on problem 2, using a poorly chosen starting initial
point with an error of 4.35E+04. At iteratiou 104 the error had been reduced to
3.840E+03, One hundred unsuccessful iteraﬁions followed, and the progfam switched
to its local mode at iteration 204. Only 5 successful iterations occurred before
"the program exited on maximum iteraéions (800), however, these reduced the error

to 6.352E+02. Although the total reduction in error accomplished by the 800 itera-
tions was not great, the values of the variables were changed considerably. For
example, X, and x, were changed from unity to values quite close to 0.1, while

the other three variables remained in the vicinity of unity. The results of this

run were used as a starting point for run 5 which is described below.

Run 5 - This run used the final point of run 4 as a starting point. The upper

and lower bounds of the variables were also redefined to more closely surround

the initial values. At iteration 121 the error had been reduced to 40.08. No
further improvements were recorded in the next 40 iterations, so at iteration 161,

- the program switched to its local mode. After continuing through the specified

800 iterations, the error had been reduced to .3249, a significant reduction from
the original error specified in run 4. A comparison of the resulting values for
the variables xi shows them to be remarkably close to the known minimum specified
for problem 2 in Sec. V. If it was desired to reduce the error even further, these
values could be used as a starting point, together with redefined upper and lower
limits on the ranges of the variables. It should be noted that, although the total
number of iterations used in run 4 and run 5 seems high, namely 1600 iterations,
each of these iterations requires only a single evaluation of the anlysis subrou-
tine defining the problem. Thus, the total central processor time required for the
two runs was only slightly over 7 sec. Such a result compares quite favorably with
the time required to make considerably fewer iterations in optimization strategies
‘which require many function evaluations per cycle of operation. In many cases, the
random type of search procedure described here will be found to be more efficient

than runs requiring larger amounts of computing time.
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Run No.

Problem

X(1)
X(2)
X(3)
X(4)
X(5)

XL(1}
XL(2)
XL(3)
XL(4)
XL(5)

Xu(1)
XU(2)
XU(3)
XU(4)
XU(5)

PARAM(3,1)
PARAM(3,2)
PARAM(3,3)

NOPT(3,1)
NOPT(3, 3)

ITMAX
ERMIN

Oringinal error
Final error

Iterations

Final values:
X(1)
X(2)
X(3)
X(4)
X(5)

CP time

Successful
iterations
Last successful
iteration
Mode switched

at iteration

TABLE 6B - TEST RESULTS FOR OPT3

1
1

200
.001

5172
3.523

200

1.219
1.440
.9165
1.172
.4829

3.49

13
45

80
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1%; B eo]

200
.001

5172
2.559

200

.3935
1,201
1.084
1.478
1.076

3.49

11
31

66

3
1

1.
1.
1.
1.
1.
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.l
40

200
'001

23.69
.2401

200
1.231

. 8269
1.509

1.115.

.5000

3.480

180

43

800
.001

4,35E+04
635

800
.1021
1.048
L1754
«9536
1.361"

3.534

16
736

204

Jen

.1021
1.048
1754
.9536
1.361

[ R )

800
.001

635
.3249

800

.1008
.9001
.0991
1.100
.9972

3.701

30
772

161
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C. PATTERN SEARCH OPTIMIZATION SUBROUTINE OPT4

The theory of pattern search may be explained by assuming that the search
algorithm is initiated at a "base' point in n-space specified by a vector‘gz.
From this base point a series of exploratory moves are made by perturbing each
of the varilables x, in sequence. On the initial cycle of the algorithm, the
first perturbation of each variable is made in a positive direction, 1f this
does not produce a point in n-space with a lower error, then a perturbation in
the negative direction is tried. If neither perturbation brings an improvement
in the error, then/fhe variable is restored to its previous value. On succeeding
éycles of the algorithm, each variable is first perturbed in the direction which
last brought an improvement in the error. If this 1s unsuccessful, then a pertur-
bation in the opposite direction is tried. The perturbations of the L which
have been retained from a new base point which we may calllgl. The search algo-

rithm now makes a "pattern’ move to another point EB using the relation
2{.3 = —)SZ + 2(_}51 - 2{_2) (GC. 1)

A new series of exploratory moves is made from the point‘§3, and the process is
continued. Because of the accumulation, from move to move, of variable changes
which yield reductions in the error func@ion; this algorithm develops a pattern
of movement in n-space which has been found in practice to be quite successful
in following contour irregularities.

1f a pattern move and the following sequence of exploratory moves fails to
yield an improvement in the error, then the perturbation size is reduced, and
the process is restarted. User experience with this search algorithm has indicated
that the computing time tends to increase in proportion to the first power of the
number of variables. This is indeed attractive, since most classical optimization

methods have computing times which are proportional to the cube of the number of

variables.

Discussion of the Program

The logic of the digital computer program for subroutine OPT4 which implements
the pattern search described above follows the basic theory quite closely. Para-
meters are provided to enable the user to vary the initial exploratory step size,
to vary the factor used to reduce the step size, and to set a lower limit for the
step size, An option is also provided to permit éxtéuded pr1ntout‘for diagnostic

purpose, The options and the parameters are as follows:
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NOPT (4, 1)

If this option is se; to 0, printout of the variables X the error,
the exploratory step size, and the number of restarts of the pattern
move algorithm will be made at iterations which are multiples of
PARAM(4,1). If this option is set to 1, printout occurs at every step.
PARAM(4,1)

t

This parameter determines the frequency of the reduced printout which
occurs if NOPT(4,1) is set to 0. The parameter is initialized to 10,
thus printout will normally occur on iterations numbered 10, 20, 30,
etc., unless some other value of the parameter is specified by the

user or unless NOPT(4,1) is set to 1.

1

PARAM(4,2) ~ This parameter determines the size of the exploratory move which is

initially made for each variable., It gives the fraction of the total

permitted range of each variable which is used as a perturbation. It

is initialized to 0.05 unless some other value is read in by the user.

PARAM(4,3) - This parameter specifieg the minimum value which is permitted for the
exploratory step size., It is dinitialized to 0.00001 unless some other
value is read in. When the step size is reduced below this value, a
return is made to the main program.

PARAM(4,4)

This parameter specifies the factor which is used to reduce the step
size after a set of unsuccessful exploratory;moves. It is initialized

to 0.5 unless some other value is read in.
PARAM(4,5)

This parameter specifies the improvement in error which is necessary
for an exploratory move or a éattern move to haveAto be considered as
successful. It is initialized to .9999 in the program. Thus, unless
the new error is less than 99,99 percent of the old error, no improve-
ment in error is considered as having taken place. Any other desired

value of this parameter may, of course, be read in by the user.

Results
Run 1 - This run was made on problem 1. The initial error was 10.72, After 181

iterations the error had been reduced below the specified .001 criteria.

Run 2 - This run was also made on problem 1, however, a different initial starting
point with an error of 7899 was used. After 105 iterations the error had been im~
proved to a value of .2459, and the step size had been reduced below the 1.E-05
criteria normally used for PARAM(4,3).

Run 3 - In an effort to improve the results obtained om run 2, the run was repeated

using a value of 0.7 for PARAM(4,4) rather than the value of 0.5 used in run 2,
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Thus, smaller decreases were made in the exploratory step size, after a set of
unsuccessful moves, than were made in run 2. The results were considerably
improved. Starting from the same initial point and the same initial error (7899),
the error was reduced to 9.971E~-04 in 65 iterations. Thus, in addition to
improving the final errror, the number of iterations required was also considerably

reduced.

Rﬁn 4 - This run was made on problem 2. The original error was 43546. The algor

rithm proceeded very efficiently to reduce the error to 6.615E-04 in 49 iterationms.



Run No.

Problem

X(1)
X(2)
X(3)
(&)
X(5)

XL(1)
XL(2)
XL(3)
XL(4)
XL(5)

Xu(1)
XU(2)
XU(3)
Xu(4)
XU(5)

PARAM(4, 1)
PARAM(4,2)
- PARAM(4, 3)
PARAM(4, 4)
PARAM(4, 5)

NOPT (4, 1)

ITMAX
ERMIN

Otiginal error

Final error
Iterations

Final values
X(1)
X(2)
X(3)
X(4)
X(5)

Final step size

CP time

TABLE 6C - TEST RESULTS FOR OPT4

300
001

10.72
9.849E-04

181

.923
1,317
1.483
497

2, 44E-05

7,807

2 3

1 1

L4 b

A b

.4 .4

iy .4

b b
.01 .01
.01 .01
.01 .01
.01 .01
.01 .01
2. 2.

2. 2.
2. 2.

2. 2.

2. 20

10 10
.05 .05
1.E-07 1.E-05
.5 ' .. ‘ .7
.9999 .9999
0o 0

300 300
.001 .001
7899 7899
2459 9.971E~04
105 65
1.282 1.204
.7843 .8931
2.057 1.708
L9495 1.064
.4338 .4329
9.536E-08 1.163E~04

5.372 3.864
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. 500
- .001

43546
6.615E-04

49

.1000
1.0999
.1600
.9000
.9997

9.765E-05
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D. STEEPEST DESCENT OPTIMIZATION SUBROUTINE OPT6

Theoxy

The steepest descent optimization strategy is a well-known one, and
the theoretical discussion of it which is presented here will be brief. Basi-
cally, the method involves the determination of the gradient direction in
n-space of the error surface determined by the error criteria y(X). If the
gradient vector is called D with elements,di, then these elements are defined
by the relation

d, = dy(X)/ox, | (6D.1)

Frequently, the elements di are normalized so that the length in n-space of
the vector D is unity. A minimization of the error function y(X) may then be
achieved by computing a vector AX by the relation

AX = - aD {6D,2)

and where the quantity u.is called the step size. If this step size is cor-
rectly chosen, then replacing X by X + AX should produce a new point in n-space
shich has a lower error. In the implementation of this basic approach there
are many variations concerned with the proper selection of step size, the method
of computing the elements of the gradient vector D, and the possibilities of
making one-dimensional searches in the negative gradient direction to minimize
the error after each determination of the gradient.

The steepest descent optimization strategy has limited usefulness in
practice, despite its attractive basic philosophy. One disadvantage is that
in the vicinity of a minimum convergence tends to be painfully slow, especially
wvhen compared with techniques such as the Newton—-Raphson or the Fletcher-Powell.
The steepest descent method is, however, well suited to rapidly covering broad
stretches of relatively flat terrain in n-space; therefore, it may; be appropri-
ately applied to cases where a good initial starting point is not known. In
many such situations, the optimization strategies which are very efficient near
a minimum such as the Newton-Raphson, may flounder helplessly; thus, the steepest

descent method provides a useful addition to the optimizer's 'bag-of-tricks".

biscussion of the Program

Several options have been provided for the user of the steepest descent

optimization subroutine OPT6. Some of these have to do with the manner in



which the elements of the gradient vector are computed. A first option pro-
vides for the normalization of the elements by dividing the change in the
variable by the magnitude of the variable. This feature may be useful where
the magnitudes of the variables encompass a wide range. A second option per-
mits the perturbation of the variables used to compute the gradient to b€ made
as a fraction of the actual current value of the variable, or as a fraction of
the total range permitted for the variable. The following options are also
available: acceleration of the step size following successful steps, thus, in
effect providing an automatic step size adjustment feature; one-dimensional
search in the gradient direction until a minimum is found; different types of
printout to document the progress of the strategy. The detalls of the various

options and parameters follow:

NOPT(6,1) - This option is used to determine whether or not normalization of
the elements of the gradient vector is desired. If the option is
set to 0, then, if we let ki =»Ay/Ax, the elements of the gradient

vector are found by the relation

Thus, the components of d, are unnormalized, although the magnitude

i
of the D vector in n-space is set to unity. If the option is set
to 1, then the quantities ki are determined as Ay/(Ax/x). Equation

(3) is again used to find the components d In this case the com-

1°
ponents of D are normalized with respect to the magnitude of the
variables,

NOPT(6,2) - This option determines the manner in which the quantity Ax is com-

puted. 1f it is set to 0, then the statement
DXX = (XU(I) - XL(I)) * PARAM(6,1)

is used (where DXX is the variable used for Ax). Thus the perturba-

tion is proportional to the specified range of x If the option

i'
is set to 1, then the statement

DXX = X(I) * PARAM(6,1)

is used. 1In this case, 1f the magnitude of X(I) is very small, such

a computation would give a perturbation which might be too small.
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NOPT(6,3)

NOPT(6,4)

NOPT(6,5)

PARAM(6,1)
PARAM(6,2)

PARAM(6, 3)

PARAM(6, 4)

PARAM(6,5)

i

§

t

To aveld this, if the magnitude of x, is less than 0.01, the per-

turbation variable DXX is simply setiequal to PARAM(6,1).

This option provides for different types of printed output. If

it is set to 0, only successful steps are recorded in the output.
If it is set to 1, then the successful steps are printed oniy if
the acceleration step size option is in effect, after which a print-
out occurs whenever ITER 1s a multiple of the value of PARAM(6,6).
If the option is set to 2, then printout occurs at every step. -
This option provides for acceleration of the step size to rein-
force a series of successful gteps. If it is set to 0, the step
size will be multiplied by PARAM(6,5) after each successful itera-
tion. If it is set to 1, no such acceleration will take place. If
NOPT(6,4) is initially set to 0, then, when the first reduction in
step size is made by the subroutine, NOPT(6,4) is set to 1, and an
"Acceleration Stopped" message is printed.

If this variable is set to 1, the option attempts to improve the
speed of convergence by making additional steps in the gradient
direction until the error no longer decreases. If it is set to O,
no such one-dimensional search is made,

This parameter specifies the perturbation size used to change the
variables when computing the elements of the gradiemnt vector., It
is set to 0,.0001 if not read in.

This parameter specifies the initial size of the step made in the
gradient direction. It is used to multiply the elements of the
gradient vector D. It is set to 0.05 if not read im.

This parameter specifies the minimum value permitted for the step
size. I1f an attempt is made to reduce the step size below this
value, optimization is stopped, and the subroutine returns control
to the main program, The parameter is initialized to 1.0E-06 if
it is not read in,

This parameter specifies the factor used in reducing the step size
after an unsuccessful move in the negative gradient direction. It
is set to 0.8 1f not read in.

This parameter specifies the acceleration factor which 1s used to

increase the step size when NOPT(6,4) ds 0. It is initialized to

32
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1.25 unless some other value is read in.

PARAM(6,6) - This parameter determines the iterations at which printout is
made 1f NOPT(6,3) is set to 1. In this case, printout of the
variables, the elements of the gradient vector, the step size,
and the error is made at any iteration which is an even multiple
of PARAM(6,6). The parameter is initialized to 20; thus, print-
out will normally occur at the following values of ITER: 20, 40,

60, etc. Any other desired value of this parameter may be read in.

A listing and a flow chart for the subroutine OPT6 will be found in the
Appendix of this report.

Results
Tests were made to determine the effectiveness of the program in solving
test problems 1 and 2. The data for these tests is itemlized in Table 6D. Some

comments on the different runs follows:

Run 1 ~ This and the following two runs were made on test problem 1. In 100
iterations, the error was reduced from 23.89 to 3.98. Another 100 iterations
only reduced the error to 3.80, illustrating the slow convergence of the steepest

descent method as it approaches a minimum.

Run 2 - This run was started at a point considerably further removed from a known
optimum than the preceding run. The original error was 67751, After 200 itera-
tions, however, the error had been reduced to .383, considerably below that
obtaiﬁed from the better imitial point which was used in Run 1. This type of
behavior is frequently observed in the steepest descent method, consequently,

it may advantageously be used when a good initial starting point is unknown.

Run 3 - The starting point for this run was even poorer than the one used for
the preceding run. The initial error was 275040. After 200 iterations the

error had been reduced to .8531.

Run 4 ~ This run was made on problem 2. The initial error was 43546, After 200

iterations, the error had been reduced to 188, but the convergence was very slow.



Run No.
Problem

X(1)
X(2)
X(3)
X(4)
X(5)

XL(1)
XL{(2)
XL(3)
XL(4)
XL(5)

Xu(l)
Xu(2)
XU(3)
XUu(4)
Xu(5)

PARAM(6,1)
PARAM(6,2)
PARAM(6,3)
PARAM(6,4)
PARAM(6,5)
PARAM(6,6)

NOPT(6,1)
NOPT(6,2)
NOPT(6,3)
NOPT(6,4)
NOPT(6,5)

ITMAX
ERMIN

IOriginal Error
Final Error

Iterations

X(1)
X(2)
X(3)
X(4)
X(5)

CP Tine

TABLE 6D - TEST RESULTS FOR OPT6

1

23.89
3.80

200

1.03
.753
1.50
.753
1.03

i

.001

6.77E+04
.383

200

.695
1.05
1.61
1.05
.695

fw

100.
100.
100.
100.
100,

.001

2.75E+05
.851

200

JJ71
1.07
1.29
1.07
771

f&

.001

4.35E+04

188

200

. 1289
.9991
.1289
.9991
.9154
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E. NEWTON-RAPHSON OPTIMIZATION SUBROUTINE OPT7

Theory
The Newton-Raphson optimization strategy is a well-known method of mini-

mizing a given functional relationship. First let us review the basic (scaiar)
concept of the Newton-Raphson approach. To do this, suppose that a functioﬁ g(x)
is defined, and that it is desired to find the value of x which satisfies the

relation

g(x) =0 "~ (6E.1)

It is assumed that the process is started at some 0 which does not satisfy (1).

Ikal is a point in the vicinity of xo, we may write the Taylor expansion

glxd) = g(xO) + g' ) (xl - x0) + ... . (6E.2)

where g'(xo) is the derivative g(x) evaluated at x = xo. If g(x) is linear,
only the first two terms are present in the series given in (2), and we may

select xl so that g(xl) = 0 by using the relation

= 0 - g /g () | (6E.3)

This is the well known Newton-Raphson formula. 1In practice, for functions which
. are not linear, if the process converges,vche value xl is a better solution to
‘(1) than xO is, and the method may be continued iteratively, until the desired
degree of accuracy is obtained. The cqnvefgence properties of this approach are
) wéll documented in the literature. ‘

To apply the basic Newton-Raphson method to the problem format used in this
report it is first necessafy to convert the scalar formulation of the Newton-
Raphson method to a matrix format. Let us now assume that we have a scalar func-

tional relationship g(h,X), where X is an n~vector with elements x Let us

_ i
assume that there are also specified n values hi of the independent variable h,
thus we may define an n-vector G(X) with elements 8y» where 8; = g(hilg). To

express a Taylor Series for this n-vector, we define the Jacobian matrix J(X),

an n X n matrix with elements
jik = Bgilaxk (6E.4)

Our problem is now to find a solution to the vector equation

EX =0 (6E.5)

35



: S 36

If g? is some point in n-space which does not satisfy (5), and if'gl is some
point in the vicinity of g?, then the matrix equivalent of the Taylor Series
given in (2) is '

e =e@ + 3 & -+ .. . (6E.6)

If G(X) is a lincar function of X, only the first two terms of the series given
in (6) are present. In this case we may select Xl so that gﬁgl) = 0. This
requires that

=20 - @1t e (6E.7)

Just as was true in the scalar case, if G(X) is not linear, then the iterative
application of (7) provides values of X which are closer to the vector satisfying
(5) within the limits of the convergence of the method. This approach is easily
. extended to the case where it is desired to find an n-vector X such that the

 quantities 8y approach some specified valueﬁ'r which may not be zerb. Let us

i
define a requirement n-vector R with element's,ri and an error vector E(X) with
elements e . These are related by the expression
E® =6 - R  (6E.8)

: ;Note that since R is not a function of X, ﬁﬁéuJacobian of the vector E(X) is the
iquame as the Jacobian of the vector G(X). Now ‘let us write a Taylor series for

'l_E(X) in terms of the points XO and X1 in n~space. We obtain

el = 5@ + J(ke'j el o W " (6E.9)
{The same 1ogic as used previously applies, namely, if Xl is a value of X such

- that EX ) = 0, giving us zero error, then we find that

t=x - LJ_(EO} Il e  (68.10)

. We may now define a change vector A by the relation

X =x"+a | (6E.11)

Thus, A is the vector which must be added to 59 to decrease the magnitude of the

eflements ey of the error vector E(X). From (10) we see that

A=-eH1 e (68.12)

Thus, the elements of A are found by solving a set of simultaneous equations.
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As was true in the scalar case, if E(X) is not a linear function of X, the approach
defined above may be iteratively applied to determine the elements of the vector

X which produce values of the functional relationship g(hi,gp which approach the
specified requirements T, within the limits of the convergence properties of the
method. It should be noted that if perturbation techniques are used to determine
the Jacobian matrix, then n2 evaluations of the functional relationship are required
for each iteration. In addition, each iteration requires the solution of a set of .
simultaneous equations of order n. Thus, the Newton-Raphson optimization strategy
requires considerable computing effort per cycle of operations. In the regibn of

a minimum, however, the convergence of this method is very rapid, and the strategy
is very useful in such cases.

To apply the Newton-Raphson method as described above it is necessary that the
number of requirements be equal to the number of variables in the problem. The
basic method is easily modified to take account of the case where the number of
requirements 1s greater than the number of variasbles in the problem. To see this,

we may first define a scalar error criteria y(g) by the relation

"h
yX) = I w
i=%

X (ei)2 (6E.13)

where the w, are the weightings given to the various errors e If we assume that

i i®
the functional relationship g(h,X) is linear in X, then a change in n-space from
the point X to the point X + A will produce a change in the functional relationship

 which may be expressed as

n
g(h,, X +A) - g(h,X) = I a i, (6E.14)
k=1
where the quantities a, are the elements of the n-vector A, and the quantities
3y are the elements of the n x n Jacobian matrix J. We may use (14) to determine
an expression for the new error y(XtA) -which results at the new point in n-space.

Thus we obtain

™ n )
y(+a) = T w, (I o+ e,) , (6E.15)
i S Y Bl T8

This new error may be minimized by setting the partial derivatives of y(X+A) with

respect to the aj equal to zero. Thus we may write a set of n equations defined as
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3y (X+4) Py n
——a=2 I wi., (I i, te) =0 (§=1,2,...,0)  (6E.16)
7 a P O E R R !

The unknown in these n equations are the elements a - Thus, the equations may
be solved to find the n-vector A which may be used to improve the point in n-space
defined by X so as to reduce the scalar error criteria y(X). The relations of

(16) are more compactly expressed in matrix notation as

A“-&@fﬂg@Hdg@fzgg) (6E.17)

where W is a diagonal matrix of order n, with elements w The observations with

respect to the convergence of this modification of the Niwton—Raphson approach
are similar to those given for the basic method,

Frequently,’the convergence of the Newton-Raphson method is improved by
multiplying the elements of the change matrix A by a scalar o which is less than
'unity, before computing the new values of the elements of X. Thus the improved
values of X are given by the expression X + aA. A provision for this operation

- has been included in the OPT7 subroutine.

Discussion of the Program

The digital computer program OPT7 whiéb implements the relations presented
in the preceding paragraphs has two main paths. One, for the case where n = s
splves the set of simultaneous equations J(X) A = ~E(X). The other, for the case

where n is greater than n, solves the set of simultaneous equations
[_.l(gg)t WIX]A=-J Q{_)t W E(X). A subroutine for solving simultaneous equations
is included as part of the program. Because of the tendency of the Newton-Raphson
algorithm to diverge for large step sizes when it is not near a minimum, a feature
has been included in the program which attempts to find a path through difficult
terrain by successively halving the elements of the change matrix aA. Three cycles
of this feature are permitted before the program gives up. If success is achieved
on any of these reduced step sizes, then the step size is restored to its original
value before proceding with the next iteration of the program. This feature has
been found to be useful in several of the tyial problems. o
The parameters and options provided for the user of OPT7 are:

NOPT(7,1) — If this option is set to 1, extended printout is provided at each

step of the optimization process. The normal printout consists of

the values of the variables X and the value of the error at each

step. The J matrix is also printed when a return is made to the
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main program from OPT7.

PARAM(7,1) - The perturbation factor used in calculating the elements of the
matrix J. A value of .0001 is selected for this parameter if a
value is not provided by RDOPT.

PARAM(7,2) - The factor o used in determining the size of the step to be made,
i.e., the initial quantity used to multiply the elements of the
matrix A. A value of 0.8 is selected unless some other value is
provided from RDOPT.

A listing and a flow chart for subroutine OPT7 may be found in the Appendix
of this report.

Results
Tests were made to determine the effectiveness of this optimization stra-

tegy in solving test problems 1 and 2. Some comments on the runs are given below.

The numerical data for the runs is tabulated in Table 6E.

Run 1 - This and the following three runs we:é made on problem 1. This run started
'at a point quite close to a known optimum. In three iterations the error was
reduced from .1256 to 1.407E~04, demonstrating the rapid convergence of the Newton-
Raphsen method. It should be noted that since this problem has only five variables
But has seven constraints, the "non-square" feature of the Newton-Raphson program
is utilized.

"~ Rum 2 - The starting point used for this run was a poorer one than that used for
run 1, The initial error was 58.99. After 8 iterations, convergence stopped. The
program thdpused its intérnal capacity for'feducing the step size from an original
value of 0.8. A value of 0.4 did not prodhée convergence, but a further reduction
N ﬁo 0.2 was satisfactor&. Following this sutcessful iteration (with step size of
0.2), the step size'wéé restored to its original value of 0.8, and the program con-
k‘fﬁerged to a minimum of 6.449E~05 in a tQCal)éf 10 iterations. A run made leaving
‘the step Qize at 0.2 required a totalvdf‘isﬁi;erations to reach a final error of
i8,979E—04, demonstrating the importancg(pfzféétoring the step size, A different

final point was reached than was reached i@}iﬁn 1.

Run 3 - A different starting point from either of the above runs was used for this
run. The initial error was 20.17. The step reduction algorithm was required on
the first step to achieve convergence. After a successful iteration with a step

slze of 0.2, the program converged successfully with the 0.8 step size. After 9




BRun No.
Problem

(1)
X(2)
X(3)
X(4)
X(5)

PARAM(7, 1)
PARAM(7,2)

NOPT(7,1)

ITMAX
ERMIN

éfiginal Error

Final Error
Itgrations

XL
X(2)
X(3)
x(8)
X(5)

TABLE 6E ~ TEST RESULTS FOR OPT7

=

.71,
1.61
.89
1.39
.61

.0001
.8

1.

50
001

.1256
1.4078-04

3

. 7145
1.591
.8980
1.405
.5902

fro

50
.001

58.99
6.45E~05

10

1.339
1.015
1.231
1.187
<4258

3

50.
1.E-08

19,62
1.748E~06
23

;7124
1.5914

. 8986

- 1.405

.5913

4

1.
1.
1.
1.
1.

.0001
.8

50

1.E-08

23.89
23.89

1.
1.
1.
1.

jun

2

.11
1.15
.09
.91
1.1

.0001
.8

0

20
.001

523.2

9.549E~05

6

.1000
1.100
.1000

.9000

1.000

40

lov

.05
1.0 -
.05
1.0
1.0

.0001
.8

20
.001 .

12550
10398

~329
2120
3957
~2334
2487



iterations the error was 1,908E-04 (less than the .00l used as a general mark

of success). The rapddity of convergence in the region of a minimum is readily
apparent from the next two iterations, (10 and 11) in which the error was reduced
to 2.213E-06 (less than .00001). Additional iterations, however, were able to
improve the error only slightly. After 23 iterations the error was 1.748E-06,

a poor increase for the additional computing expended. The program stopped after
a reduction of the step size to 0.1 failed to improve the error. The final point

was similar to that found in run 1.

Run 4 - The starting point used for this run illustrates the complexities of hyper-
spdce. The original error was less than that encountered in run 2, but no conver—
gehce was obtained by decreasing the initial step size of 0.8 to 0.4, 0.2, or 0.1.
Other tries were made to optimize this starting point with initial step sizes of

- +1, .01, and .001 with no success. Changing the perturbation size to 1.E-06 also
had no effect, |

Run 5 -~ This and the following run were made;bn problem 3. The starting point
was fairly close to a known minimum, and the initial error was 523.2, In 6 itera-

tions the error had been reduced to 9.459E=03,

,EEE"Q - This run was also made on problem;j;ybut with a starting point somewhat
/fﬁrthér removed from the known minimuﬁ;‘vlﬁéfbis case the initial error was 1.255E+05:
_in 3 iterations the error had been reducgd,to“1.04OE+95. At this point the method
‘failed to converge despite reduction 6ffthé;b;8p size to the allowed minimum of 0.1.
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F. FLECTCHER-POWELL OPTIMIZATION SUBROUTINE OPT9

Theory
The Fletcher-Powell optimization strategy is one of the most useful and
general methods currently available. In the vicinity of a minimum, it demonstrates
a rapid convergence which is comparable to that of the Newton—Raphson approach.
The Fletcher-Powell method, however, has a considerable advantage over the Newton-
Raphson method in that it will also converge from initial points in n-space which
are remotely located with respect to a minimum. Thus, it may be applied directly
té’problems in which the general area of an optimal solution point is unknown. A
.comparison of the computational effort required by the two methods is of interest.
;‘The major computational effort required in the Fletcher-Powell method is the cal-
‘culation of the gradient of the error functionm. A second major cOmputational
 éffort is the determination of the minimumtgﬁra'one—dimensional search which is
m&de7at each iteration. The combination of the gradient determination and the
one-dimensional search togethexr, however, will in general, require comsiderably
' ylless computational effort than that requira@fto determine the Jacobian in the
*Néﬁton~Raphson approach.

The general theory of the FletcherﬁPo?eli method begins by assuming that the

-gcalar error criterion y(X) is quadratic, %

¢., has the form

7@ = 7@ +¢fx+ 3 5 X (6F.1)

whéfelg is the n~vector containing as elements the values of the variables %, C
is a column matrix of first partial derivatives, and D is a square matrix of second
partial derivatives of ygg) with respect to the variables x

The gradient P(X)
of the function y(X) is readily found to be

x

P(X) = C+ D X (6F.2)

Lo

Solving (2) for the point in n-space at which all the elements of the gradient
vector P(X) are identically zero, we obtain

X=-D C (6F.3)

Equation (3) defines the point in n-space at which a minimum is found. Thus, it

is necessary that the quantities C and 2?1 be known to find the minimum. In the
Fletcher-Powell method, the matrix.zfi'is found by an iterative process. This
process consists of initializing a matrié‘g to the identity matrix, and then applying
an algorithm (which is described below) to iteratively modify the elements of the
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H matrix so that they approach those of the matrix_gfl. Even though this method
only requires computation of the gradient, it may be shown that it has ''second-

order’ convergence, and, if there are n vardables x,, it will converge to a mini-

i’
munm in n cycles. ‘
In practice, the error function is more likely to be of the form
n ,
h , 2
yX) = I w, (g, - 1) (6F.4)
i *®i i
i=1
where the quantities g 4 are the values of some functional relationship g(h,X).
Thus, the error criterion is usually of considerably higher degree than the assumed
quadratic form given in (1). In such a case, although a minimum will not, in gen-
eral, be reached in n cycles, the method has been found to yield excellent conver-
gence for a wide range of problems and initial points.
The iterative process used in each cycle of the Fletcher-Powell optimization

strategy consists of the following steps:

1. Determine the gradient P(X) at the current point defined by the
vector X in n—~space. This requires the determination of the ele-
ments p, = 9y (X)/ox, of the vector P(X).

2, Compute a search direction vector S(X) using the relation
S = - ER® | (6F.5)

3. Make a one-dimensional search in the direction specified bylg(g)
starting from the current point X, until a minimum in the error
criterion is found. If we let a be the distance to the minimum
in the S(X) direction, then we desire to find

min [y(X + aS)] x>0 (6F.6)
a

4. Replace the current values of X with the values X + oS.

5. Compute the gradient P'(X) at the new value of X, and define Y(X),
the difference between the neﬁ gradient and the old gradient by
the relation

I =P - BX (6F.7)

6. Use the following relations to determine the square matrices A and

B (the functional notation has been dropped for compactness of



representation):

8$Ss (6F.8)

B=-—t— HYY H (6F.9)
uy

7. Determine a new matrix H' by the relation
H' =H+A+3B (6F.10)

8. Store P' as P and H' as H and return to step 2.

The steps described above may be continued until the error has been reduced
below some desired minimum value. It is assumed that the matrix H has been ini-
tialied to the identity matrix before the start of the iterative procedure. The
proof of the convergence of this methodiﬂay be found in the Fletcher and Powell
paper and in the 6ther papers listed in the Reference section of this report.

Discussion of the Program

The digital computer program OPT9 which implements the Fletcher-Powell opti-
mization strategy adheres closely to the prpé&dure outlined in the preceding
discussion. It differs from the origina1 ﬁg£hod, presented by Fletcher and
Powell in the details of the manner in whiéh;the one-dimensional search is con-
ducted. The method implemented here consisﬁs of fitting a quadratic polynomial
to the curve, and determining the minimum from this polynomial. To do this the
error function y(X) is evaluated at a éériasgof points taken in a direction
determined by the search vector S(X), until three successive points X + a§,

X + bS, and X + ¢S are found which satisfy the relations

a<b«<e (6F.11)
(X + c8) < y(X + bS) (6F.12)

If we then assume that the error criterion can be expressed in the form
.2 :
y=a;+actas (6F.13)

where a is the distance measured in the S(X) direction, then the values of the

constants a5, 855 and a, may berfound from the quantities a, b, and ¢, by first
solving the set of equations
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i 1 o’ _‘ a, Y& + as)
1 b b’ a,| = 7@+ b8 (6F. 14)
1 c c? - a, y{X + cS)

The value of a at which the minimum occurs is then found from the conmstants

ay and a, by the relation
a = —al/Za2 (6F.15)

The procedure described above readily finds the minimum of the error func-
tion when the values of a, b, and ¢ have been determined so that (11) and (12)
are satisfiéd. To determine these values, successive steps are made in the
8(X) direction, and the error function is evaluated after each step. The pro~
cedure for making these steps is started by computing an initial step size. This
is taken as the smallest of the reciprocals of the magnitude of the elements of
5(X), or unity, whichever is the lesser. If this initial step size does not
produce a lower error, it is assumed that it is too large, and it is halved and
the error is recomputed. This procedure is continued until a step size is found
which does give a lower value of the error (in which case, a quadratic curve is
fitted as described above) or until the number of reductions of the initial step
size exceeds some specified number. In this latter case it is assumed that the
topology is too irregular to permit convergence, and the entire algérithm is
restarted by resetting H to the identity matrix. This modification of the ori-
ginal Fletcher-Powell algorithm has been found useful in speeding the convergence
of problems in which the topology of the error surface is extremely irregular.
If a step made using the initial step size does produce a lower error, then the
step is doubled on each succeeding evaluation, until no further decrease in the
error is obtained, at which time a quadratic curve is fitted to the most recent
three points. If no minimum is found after a predetermined number of step size
increases, the farthest point in the one-dimensional searxch is treated as the
optimum, and the program procedes to the steps'used to iteratively improve the H
matrix.
The parameters and options provided for the user of OPTY are:
PARAM(9,1) - The perturbation factor used in computing the gradient P(X). This
parameter is set to l.E~06 if a value is not previously established
in the main program.

PARAM(9,2) -~ The maximum number of iterations allowed in the one-~dimensional
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search. This parameter is set to 10 if some other value is not
read in. ’ ‘

PARAM(9,3) - The maximum number of reset cycles in which the H matrix is rein-
itialized to the identity matrix. This parameter is set to 3
unless some other value is read in.

NOPT(9,1) ~ This option provides for the use of a separate subroutine named
ANLYD to be used to compute the gradient vector. To use such a
subroutine NOPT(9,1) must be set to 1. Otherwise, perturbation
techniques are used to compute the gradient.

NOPT(9,2) - This option provides for three levels of printout in the program.
If it is set to 0, the values of the wvariables X the error, the
optimum step size, and the number of cycles made in the one-dimen—
sional search will be printed for each iteration. If it is set to 1,
then, in addition, the details of each cycle of the one~dimensional
search will be printed. Finally, if it is set to 2, the A, B, and
H matrices will also be printed for each iteration. When an exit
is made from the program, the elements of the H matrix are printed
for reference.

A listing and a flow chart of subroutine OPT9 may be found in the Appendix
of this report.

Results
Tests were made to determine the effectiveness of the Fletcher-Powell opti-
mization strategy as realized by the subroutine OPT9 in solving test problems 1

and 2, Some comments on some of the different runs which were made follow:

Run 1 - This and the following four runs were made on problem 1. This run used

a starting point known to be close to an optimum. The initial error was .1256.
After three iterations the error was reduced to 8.551E~05. The number of itera-
tions is the same as was used in run 1 made for the Newton-Raphson OPT7 subprogram;
however, this method requires only five evaluations of the analysis subprogram

per iteration, plus a total of 24 evaluations for the one~dimensional searches
making a total of 39 evaluations. On the other hand, the Newton-Raphson method
required 35 evaluations per cycle; thus, it needed a total of 105 evaluations for
comparable results.

Run 2 ~ This run used the same starting point as was used for the Newton-Raphson

OPT7 subprogram (run 2). Agailn, the initial error was 58.99. The final error of
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7.121E-04 was reached after 8 iterations. Forty evaluations of the analysis
function were required in the computation of the gradients, plus 36 more for

the one-dimensional searches, making a total of 76. By comparison the Newton-

Raphson method required 350.

Run 3 - Another different starting point was tried for this run. 1In additionm,
the minimum error desired was set to 1.E-08, in an effort to determine how far
the Fletcher-Powell subroutine would reduce the error. The initial error was
19,62, After 21 iterations the error had been reduced to 1.813E-06. At this
point, the one-dimensional search was unable to find a point with a lower error
after ten reductions of the step size. The H matrix ¥as reset to the identity
matrix, and another attempt was made to reduce the error; this also falled. This
run is similar to run 3 made for the Newton-Raphson OPT7 subroutine, and the

results are comparable.

Bun 4 - Another different étarting point was tried for this run., The initial
error was 7899. After 3 iterations the error had been reduced to 287.7. On the
4th iteration, no improvement in error was found in the S8 vector direction after
10 reductions (each of 1/2) in step size. Thus, it can be assumed that the topol-
ogy of the hypersurface was such as to prevent convergence of the method. The
modification of the basic Fletcher-Powell algorithm referred to in the description
of the program, was called at this point to reset the H matrix to an identiy
matrix, in effect restarting the problem. From this point the method converged
smoothly, although on iteration 28 no minimum was found in the one-~-dimensional

- search after 10 increases (by a factor of 2) of the step size. After 36 itera-
tions the final error was 8.513E-04, '

RBun 5 ~ This was the final run made on problem 1. A still different starting
point was used than the ones used in the preceding runs. The initial error was
10.72. After 25 iterations the error had been reduced to 4.69E-04. No problems
were encountered in the one-~dimensional search elther in failure to reduce the

error, or in fallure to find a minimum.

Run 6 - This run was made on problem 3. The initial error was 43550. After 28
iterations OPT9 converged to a known minimum with a final error of 2.233E-04.
During the process, no reduction in error was obtained in the one-dimensional
search on iteration 5 after 10 evaluations., Therefore the H matrix was reset
to the identity matrix at this point. All other one~dimensional searches func-
tioned Buccessfully,“most of them using only 2 or 3 evaluations. The largest
number of evaluations required by any of the successful one-dimensional searches

was 7.



Run No,
Problem

X(1)
X(2)
X(3)
X(4)
X(5)

PARAM(9,1)
PARAM(9,2)
PARAM(9,3)

NOPT(9,1)
NOPT(9,2)

ITMAX
ERMIN

Original Error
Final Error

Iterations

Reset Cycles
of H matrix

Final values:
X(1)
X(2)
X(3)
X(4)
X(5)

=

.71
1.61
.89
1.39
.61

.001
10
0

0
1

20
.001

.1256
8.551E~05

3

.6987
1.605
.9013
1.396
.5992

TABLE 6F - TEST RESULTS FOR OPT9

N

20
.001

58.99
7.121E~-04

8

. 7869
1.539
.8579
1.424
.5464

fwo

50
1.E-08

19.62
1.812E-06

24

.6612
1.620
.9051
1.382
.6316

]

100
.001

7899
8.513E-04

36

.7233
1.568
. 8847
1.435
.5877

fen

1

1.
1.
1.
1. L
1.

1. E-06
10
3

0
0

100
.001

10.72
4.693E~-04

25

.5963
1.382
.9115
1.604
.702

48

o

1.E-06

200
.001

43550

28

0.100
1.100
.09998
.8999
.9999
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VII. CONCLUSION

The software package described in the previous sections of this report
provides a gemeral capability for the optimal solution of many engineering
problems. It should be apparent from the test results itemized in Sec. VI,
that each of the optimization strategies has its own set of advantages and
disadvantages which depend on several factors such as the nature of the problem
being attacked, whether or not a good starting point is known, etc. Thus, each
of the optimization subprograms may be considered as a tool whose use may be
appropriate for a certain class of problems, or for part of the attack which
is to be made on a given problem., The fact that several strategies of widely
varying characteristics are included in the software package makes for gener-
ality of application. The fact that any one of the optimization subprograms
can be applied interchangeably to a given problem, allows considerable flexi-
bility in their use, as well as an opportunity to make a comparison of their
relative merits.

It is not falr to generalize exhaustively on the relative merits of
the various optimization strategies based on the limited number of tests docu~
mented in this report. OSome general observations, however, are pertinent by
way of a summary. First of all, if the user has no knowledge of a good solu~
tion point for the problem he is considering, then the use of random grid
search (OPT2) may prove worthwhile as an initial effort. Another possibility
would be to use a steepest descent approach (OPT6) with step size acceleration
from some assumed point. If a reasonable starting point which nevertheless |
has a high error is known, then the Fletcher-Powell algorithm (OPT9) or the
pattern search (OPT4) might be used. If it is desired to minimize computation
time, then random direction and step size search (OPT3) might be used. In
the vicinity of a solution, to locate the minimum as accurately as possible,
the Newton-Raphson (OPT7) subroutine or the Fletcher-Powell subroutine (OPT9)
might be applied. To determine other minima, the random direction and step
size search (OPT3) with different starting points and different initializations
for the random number generator is sometimes useful. Many other combinations
of these various algorithms will suggest themselves to the reader. In general,
if several problems of a given type are to be solved, using the same subroutine
ANLYZ, but different requirement data, it may be worthwhile to make up a master
program to repetitively apply a strategy which has been found to be useful in
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previous solutions of the problem. Such a master program is readily imple-
mented using the procedure suggested im Sec. III.

The software developed in connection with this research is written in
FORTRAN IV. The programs were run on a CDC 6400 computer, but are readily
adapted to any other medium size computexr with a FORTRAN IV capability. The
application of this software package to the synthesis of distributed-lumped-~

active networks will be covered in a following report,
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APPENDIX

This appendix contalns listings and flow charts for the following
subroutines: ERR (listing only), RDOPT, PROPT, ANLYZ (for test problem 1),
ANLYZ (for test problem 2), OPT2, OPT3, OPT4, OPT6, OPT7, and OPT9.
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Flow Chart for Subroutine RDOPT
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Flow Chart for Random Grid Search Subroutine OPT2
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Flow Chart for Subroutine OPT2 (page 2)
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Flow Chart for RAND Subroutine used with Random Grid Subroutine OPT2
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M ?IK*PAVAM(fZ!Z)ﬁHFSIRED PRU!"ABILLTYQqunccgnccglopoy.-ov*f“?od/
m}f T T3 X#PARAM{Z253) ~LOCAL VOLUME TO Bt SEARCHEDecssvvvsoese®EGe2/ .
o &1XQPAHAM(2Q‘})"H&.OUCT10N 0" MIN‘MUM LRHOH.AQOQOQOOQQ!Q‘“’&‘QQE/
':q' SIA4PARAM{Z+5) warRBITRARY QHIGIN“L &'—RRQHoOnpoI'Qctnottv“EC)oZ/
J 61**?ARAM(?Q6)~KATXO FOR 1TERATIONS FOR LOLAL SEARCHe o #E9 2/
s T T 71 keNORT (20 ) ) =USE PROBRABILITY DATA TOQ COMPUTE ITERATIONS (l)eo®Il2/
BIX#NUPTHQQQ)-'MAKE’. LOCAL SEAKCH ARUUND BEQT POINY (1) susosevee®]Z/
1T T TG R4 NOPT (29 3) -RPRINT SUCCESSFUL (0) OR ALL (1) ITERATIONSesesss®12/
| 11A4NOPT (296)=USE KX (0) OR COMPLETELY RANDOM (1) VALUESeesseo®12/
o , LLXeNOPT(299) = INITIALTZATION FOR TNTERNAL TRANDOM”™ G@NERATOH....*IZ/;”
000044 . £3=1,
lgEmuee T IR (NOPT(295) v6T40) Z3SNOPT (2050
U L4sRANF (23)
C(B=RANF{0) B o . B -
| \ IF{NOPT(ZHH 9y 69 5
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: Cmemawd ARAM (P94) SPECIFIES A SMALLER MINIMUM ERROR
000223 CITFAC = PARAMACYO) e
00224 1TMA2 = ITMAx¢lTFAC
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Subroutine used with OPI2
SUHKOUTINE Rawy
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= E 1,u(dO)oP‘HAM(LU’7)aNOPT(10’10)oNvNHyYﬁﬂﬁelTiﬂwhHMINuITMAX1“LFA(6)
¢ o2 GIMENSTON AKX (20)
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_00u0S L 10 I=len
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T RNNMsKKX o
 AAmKA(T)=] ‘
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Flow Chart for Random Pattern Search Subroutine 0OPT3
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Flow Chart for Subroutine RANS used with Subroutine OPT3
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¢ SUBHOUTINEs RANDOM DTRECTION AND STEP SYZE SEARCH
C FORTHAN 44 CDC 6600446/A84UA

COMMON ZOPT/X(20) « XL (20) o XU(20) oKX {20) 9 XP(20) o H{20) s R(20) 44 (20) :
ST & 3¢ (?O)-PAQAM<10:7)vNQstlﬁzJOQyNeNHaYFHPsIWFH»nRMIN,ITMAX.ﬁLrnfﬂy

UTHMENSTON RN(600) o o

e G INYTIALIZE THE PARAMETER VALUES AND_THE RANDOM
C HUMKER GFMFHATOH
23=1.4

IF (NOPT(3¢3)4GTe0) Z3=NOPT(3+3)
LL=RANF (27)
LR=HANF {0 ,)
i JNRENMX ST

NSyCC=wl

000016 NRNZTO

00017 CITER=Z0
L0000 YFRIRP=14F+50

0000?) ' NFATL=0

00022 NOPT(3,2)=0

=000?3 IF (PARAM{391) eENeDa) PANAM (3y1) =425
000025 IF (PAGAM(342) JF0.0,.) PARAM (3¢2)m.08
~00027 IF (PARAM (343)FQe0a) PARAM (343)=40.
00031 PRINT ©00_

00038 900 FORMAT(//1Xe

e 1BOPTIMTZATION PROGRAM 3 HAS REEN CALLED, PARAMETERS FOLLOw#/y -

100035 ‘ PRINT Q01 (PARAM(341)eI=193) oNOPT (341} +NOPT(3,3)

00054 901 FORMAT(

11X#PARAM (33, )=INITIAL PER UNTT MAX VARTABLE CHANGE=%EY9,.,2/
2LX#PARAM (3.2 ) mFINAL __ PER _UNIT MAX _VARIABLE CHANGE=z=®EQ.2/
J1X4PARAM (o3 =NUMRER OF FAILURES REFORE MODE CHANGE=%F4,0/

e &1XHNOBT (3,1)=RANDOM NUMBER SOURCE (0 IS _INTERNAL) =%12/
51X*NOPT(%.3)-LNITIALI7ATION FOR INTERNAL RANDOM SOURCE =#712/)
n c TEST THE FIRST OPTION FOR THE RANDOM MUMBER SELECTION ¢4

U00N054 : IF(NOPT (34131252953

.‘0\00054&, 93 READ 564 (BN(T)eT=1gNRNMX)

00071 54 FORMAT(13F643)

00071 2 CaLl AaNLYZ

000072 3 CALL ERR |
L s C TEST FOR AN IMPROVED ERROR 48 48dpdudatandnatanttedidas
00073 4 IF(YERHP-YERR) 1751710

R o IF“HJCCES54*MLDAIE*IHE*EBBQB*ANﬂ&EABAMETFR VALUFS e
nNpooTe 10 YERRP=YERR

00100 NFAIL=Q

Wo0101 ‘ NSUCC:NSHCC*I
.poginz 00 12 I=1eN

; ¢ PRINT THF ERROR AND PARAMETER VALUES #awdustdioanoitnd
2100104 12 XP(1)=X(1)

000111 PRINT 106« 1TER,YERRP

300121 mnwmlﬂﬁMFOHwAIi[22HMSUCQESS,Al*llﬁﬁﬂllﬂﬂuﬂuMBERJJleﬂXJ3H~£BRQB_~ E17.8)
100121 PRINT 108 .
1000125 105 FORMAT(/+17H PARAMETER VALUES)

noo12% D0 229 T=) N ‘

100127 - 229 PRINT 2241%P(1)

300142 - 22 FORMAT (4% +3H X(eIPebH) = o El174%

» C '{'_EST FOQ A__C,QE;’TAQLE ERR()R &***%'&*%Q#G%&##Qﬁﬂ-%ﬁﬂﬂﬁéﬁ'&#%

IF(YERAR=FRIMIN) 13213414
C IF FAILYURFs TNCREMENT FATLURE PARAMETFR #podbunbbaaday




000145 17 NFALLENFATL®] ‘ , '

' A G AFTER PAHAM(3.3) FAILHRELCMNGE _THE _MONE _sstuabtabdus

000147 NPARA zPARAM(343)

000150 IF(NFATL-NPARA ) 14y]1Ry 18
Apnoine 1R O IEF(HOPT(3.2)GTa0) GO T0O 14

CPASS L JF A ATL=NPARA ) 14924010 N

u0l1s7 26 PRINT 19,1TER :
000165 L 19 FORMAT (/. 305 MODF_ HAS CHANGED AT ITERATIQON.ID)

00016% NORT(342) 21 ; ‘

— C TEST FOR MAXIMUM ITERATIONS FHBERURHDBURBGE S GO RDIRB LD

0001AA 14 JF(ITFR=-TTMAX) 1516416

L00027Y 15 ITER = ITEReL
e 0001773 CALL RANS (NRMyNRNMXRN)

000179 _ . .60 T 2. .

ol ExIT CONNITIONS BURGRELBERGBERLRGHGGBUCRERL IR BRBY

000174 13 PRINT 101

10002072 101 FORMAT(/P4H EXIT ON ACCEPTAHLF YFRR)

e002o02 G0 T0O_ 103

0002073 16 PRINT 102
000207 102 FORMAT (/.23 FXIT ON MAX IT&RATIQAS)

1000207 103 PRINT 1094NSUCC

Noo21s 109 FORMAY (/435H NUMRBER 0F SUCCESSFUL ITERATIONS z »1%)
. Do021s DO 23 I=1.N

000217 23 AL1)=XP(T)

1000224 . YERR=YERRP

..000226 RETURN

000226 END




" Subroutine called by OPI3 ~ 7~ 77 ;
Y SUMROUTINF RANS (NRN, NRNMX g RNY R 24
C SUQUT e FOI COLFddﬁYIVG TRIAL PARQHFTFNG
CP00008  COMAUN /ORT/X(20) 5 XL (P03 s XULZ0) aKX (20) s XP(20) sH(20) 3R I20) M (20)
g, 1o F(Pﬂ)»QADAM(1097)qNﬁPT(lﬂaln)aN-NHquRP ITERGERMINS ITMAX JALFALR)
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Flow Chart for Pattern Search Subroutine OPT4
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Flow Chart for Pattern Search Subroutine OPT4 (page 2)
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Flow Chart fqr Steepest Descent Subroutine OPT6
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Flow Chart for Subroutine OPT7 - Newton Raphson

Start

Set KFAIL = 0, ITER = 0, ERl = 102°
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(2) '“>L 72

Call ANLYZ

ITER = ITER + 1
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N0N200 X{D =X (1) +NX

§000201 ChLL ANLYZ
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o

Atena N0 1R dsT e
mxcut 175 ag(isiy= (r(fx~ﬁw(z)i/nx
\ 222 13D x{ill=s{1y-DX L
in““)/? IF (caeT (791).l£.n) VO 10 133
N0023Y e YN .
NOOR34 00 13 Tm)eiuH

O00P2A PRIMT Y62, (A(Ted) e d=laN)

0n02%?2 C 131 CONTINGE

0007295 _ . 133 JF(NeERQ.MHY GO _T0_ 143
T G002KR7 00 135 Tz eidH
_{00026lﬂ;mw_‘nm" DN 13N J=l el
T onn2e? 135 uN(J~I)*AJ(TnJ)%“(Y)
L. D00300 CALL XL MMIAD A JeNsNHaNenR)
0007404 IF (NORT(791).LELN)Y GO TO 138
SODO306 L PRINT 136 . . '
000311 136 FORMAT (1X woaaATRIX AJ(TY X W X Ag# )
00031Y . b 137 ImleN o
00313 COPHINT 168, (AR ({1e.d) s = 1oN)
_Do0327 137 _COnTIngE v
£ 000332 138 CALL MXMNY (AOF oWaNHeEA)
000336 CALL SIMEN (ARaNeFAsA)
000341 GO TU 44
N00362 143 CALL_SIMEAN (AJsNeFed)
L 0003465 146 IF (MOPT(7e1)LF.0) RO TO 141
000347 PHInT 142
0NnN3Isg 142 FORDAT (1% #CHANGF MATRIX As#)
NN0352 PRINMT 165 (A(T) eIzl e}
€ ‘ PRINT 139
03711 239 _FORtiAT (.
ann371 141 DO 140 I=71ew
000373 10 X (1) =X (T +AlTY®DA
000401 GO TU 112
000402 160_PRINT 185
LaDaAns 185 FOR®aT ¢ IHDe#JACOBRT AN MATRIX® )
000406 PO 160 T=1aliM
n0o041o PRINT 165 (Ad(Isd) eduleN)
000424 140 _CONTINUE
L D004RT 165 FORAAT (7E10e2)
000427 e PRINT TS
. 000437 175 FORMAT (1HO#EXTT FROM QPTTH///)
000432 RE TURN
000433 END
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Flow Chart for OPT9 Fletcher Powell Subroutine OPT9

Initialize KH to O by
DATA statement

Initialize PARAM variables

Set ITER = 0, KAMAX = PARAMQZ,

Call ANLYZ, ERR
108 >}

Set SMA =1

KHMAX = PARAM93

Set HH to identity matrix

Print ITER, YERR, X, (i = 1, N)
1
@ }

ER1 = YERR
ITER = ITER + 1

Compute gradient XP, (i = 1, N)

i

Store XP, as XPT., (i
i i

Compute S = -HH x XP

1, N)

<€ 0%
Is NOPT92 = 07 Yos

l No v

Print XPi andiSi (i=1, M)

Z-

SM = SMA
Find maximum of SM, S;5 (i =1, N) store as SM
AL = 1/ sM
Set le, sz to 0
Q24 = ER1

1

87
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Flow Chart for Subroutine OPT 9 (page 2)

?AL

88

Q
321{
KA i 1]
Store Xi in XTi (i =1, N)
< <
Compute Xi = XTi + ¢Q32 x Si (i =1, N)
Call ANLYZ, ERR
Qq, = YERR
KA = KA+ 1 A
Is NOPT92 = 0% Yos
No _1
4 ,
Print KA, Qg5 Qy Q3 = Q3
\V< ? | >
Is Q343 Q24 o 1s KA-KAMAX?—-}ES
(E} > Yes . Yes
b
Q = Q Print "1-D search
12 722 fails," AL, Q.
Q,, = Q
22\& 32 ’/ig\
Q3 = i * Q3 (282)
U i Q4
Qa4 T Ya
Compute Xi = XTi + 332 X Si (i =1, N)

Call ANLYZ, ERR

©

/2
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Flow Chart for Subroutine OPT9 (page 3)

KA = KA + 1

<07 —5oT
Is NOPT,, €07 —5:

No sy

Print KA,

J’Q;w Qy, |
Is QBAa Q24? No —>1Is KA <KAMAX?-——Y;—S——)@
No

Yes

set Q 1, Q «Q )2 Print "no min in
e P = . = . . - "
11(i =’1’1a) i2 1-D search," AL, Q32

ALF =
Solve quadratic fit to find Q32

ALF, minimum for 1-D search J
S, =8, x ALF (i = 1, N)
Let S, = S, x ALF, i i

_ i i,.
Xi-XTi+Si (i=1, N)

|
Ccall ANLYZ, ERR

pd
A s

Print ITER, KA, YERR, ALF,
X, (i=1, N0

1s YERR <€ ER1? —————Print "OPT9 does not
l Yes No "
converge
Is YERR < ERMIN?— > ‘L‘J : 282
es YERR = ER1
No i
¥ Set Xi to X'ri (i=1, N)

Is ITER Z ITMAX?

L3
&

Yes ¢ Is KH > KHMAX?——>Return
No Print HH
N matyrix l No
Compute new HH matrix
KH + 1

ﬁR Re t;(lrn KH =
{130
=
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%  SURROUTINE OPT9Y ' s
vaoung ; LOMﬁON /OPT/X(du),XL(EO)qxu(au)oﬂX(QO}oKP(?O)sﬂiéa)1912039ﬁ120)
£ . 196G (20) sPaRAM(IU»T)aNOPTL1Go10) sNsNHpYERRS ITERsERMINy I THAXSALFA(B)
g%wuaa UIMENSTION HH<10v10)vKPT(IO)sS(lOJfYP(lG)qAFP(10¢1OJvYPHI}Q)v
“ ; J1oFPLI0s10) 9Q(314) o XT(1D) ; . ‘ L
0Q0u02 UATA KMH/U/
. LPHRINT 110
110 rORMAT (///1X“UPT9 FLETCHER POWELL MAS bE&N CALLED“/)
1TER=n L
IF (PARAM(991)+LE 0. ) PARAM(9¢IJ=1.£-06
1IF (PARAM{G2) oLELO PARAM(Go2) =104
1F (PARAM(913):LE~0.) PARAM(9+3) =3,
) FRINT 1200 (PARAM(951) 9 1=103), (NOPT(951)012)92)
120 FORMAY
h 31XapauAM(q-1)«VtRTURBATION SIZE FOR FINDING GRADIENT uaiq,g/
2IXEPARAM (992} =HAX ITERATIONS IN ONE DIMENSIONAL SEARCH =¢E9e.2/
CPIX4PARAM(993)«NUMBER OF RESET CYCLES PERMITTIED=®EQ, 2/ .
31 XENOPT (991 )=FIND GRADIENT BY (0) PERTURBATIONs (1) ANLYD¢¢Q.“12/
41XENOPT(942) nPRINTOUT OPTIUN, (0) REDUCEDs (1) =Dy (2) ABHes®12/) _

S Cmremn b e i e i e 8

noous2 RAMAX=PARAM(G942)

00044 KHMAX=PARAM(993) . R - -
Jgaoges CALL ANLYZ
000946 CALL ERR et e e e e e e e e e e
pQus? XGR aMA=1.,
00051 o w0 YT IsYeN
0000%2 w0 115 JslsN
100053 118 mH(TaJ) =06 . - e
i 117 HH{IsI)=)e
d e FRINT 1259 ITﬁH,YERR ‘ S - -
000077 . 125 r ORMAT (lHQ*IThRATION*IQQlZX*ERﬂUR=*EIOo3)
100077 HRINT 1260 (X (1) sI=loN)
900112 126 FORMAT (1X®#X(I)#2X¢BE11e3)
000412 130 eRIEYERR e e BRI
100114 [TER=ITER+]
200115 IF (NOPT(991)) 13591359140 e e e e e e e
- DO0LYT - 135 CALL GRAD
200120 60 _T0 145
300021 1640 CALL ANLYD
000122 145 p0 170 I=leN e
000124 170 APT(I)=XP ()
00131 . CALL MXAMNL (HHeXPeNsNeS) -
~30013% ul 175 I=1lyN
000137 175 S(UI) ==-S{I)
Jp0las 1F (NOPT(992).L£ 0) GO TO 185
.p00ies PRINT 1609 (XP (L) 9121eN) S — i
000160 160 FORMAT (SH GRAVI2XeSE1le 3
~000160 FRINT 1809 (SCA)oIsYeNY__ e —— S
;DOOl73 180 FORMAT {2H SeHAsSEL11e3)
“000173 185 sMzSMA .
000475 GO 190 T=1,N
200176 - ASMEABS(S(1)) . e e - o
300&01 IF (ASM,GT.SM) SM=ASM
190 CONTINUE R i - e - - e
ALzlq/SM
e (1 023 20,
000212 QP e2) =0

000213 Q2s4)=ERL

e ape o St st & A S s et e



; ra 2%
000146 w{3e2Y AL
}O(}cﬁiﬁ : DO E-T} B
007 RALESEEEY
n(”&aa 210 At {iy=x{1y
ITERS 217 L0 21% I=1eN
10GeRT 218 A(1)sXT(T)+Q(3:s2)051(1)
000240 CALL ANLYZ
 CALL ERR ) .
{34y mYERR
KAzZKA ]

IF (NOPT(992)olba0)) GO TO 245
PRINT 24605KA201304)9Q(352)
240 FORMAT (1Xe¥1lml SEARCHy CYCLEWI39SAYERRORSE)QeI95XPALFAS#E]NW3)

000460‘“. 248 TF(Q(3e6) oL T Q244 ) GO YO 248
~N00eeA IF(KAL.GE2KAMAX) GO TO 246
gooaaa GE3rPY=Q(302) /2,
0002aT GO 70 217
DoUEhT 246 RRINT 247siLaG{342) . ‘
éogavv 247 FORMAT (1MO#]=bU SEARCH FAILS, STEP CHANGED FROMME]Q+3% TO#El0.37)
go2YT L0 TO 282 R ST U S U
000300 248 G(192)=0(202)
00302 Gl292)=01(392)
100303 G{3e72)=Q(322)%2
000304 o Gllsa)=Q{204)
200306 l2046)2Q0(344)
100307 DO 2%0  IsieN_ e e e e e e e e e e
500310 250 A (1)=XT(I)+Q(3s2)%S(1)
000321 . CALL ANLYZ
’6?322 CALL ERR
JwiFIP3 C Wi3v4)=YERR
000375 mAzKAS] ,
100326 . 1IF (NOPT(9.2) .LE, 0> GO TO 255 . e
)00330 ‘ PRINT 2409KAs0(306)9Q(392)
000341 258 IF (Q{354).,6E,0(294))6G0 TO 265
100344 . IF (KA.LTeKAMAX) GO TO 248
)00346 CPRINT 2609aLsQ3e2)
900356 260 FORMAT (IMO®NO MIN FROM 1=D StARCHg STEP CHANGED FROMRE10.3% TO#
. e - YELD03/) — e - —
100356 ALF=Q(3.2)
.400360 GO 262 I=leN
000361 262 S(1)=S(I)%ALF
100366 60 TO 278 .
100366 265 00 270 1513
000370 S GlIel)=1e N o . e
nooarTe 270 G(ls3)=Q(ly2)a%g
0037% DO 271 JE2e4
“000377 DO 271 K=2,3
000400  27) G (KyJ)2Q(KyJ) =W (]gJ)}
1100413 00 272 15344
100614 272 G391 =0{3, N =W(2e1)%#Q(352)/0(292) .
000426 ﬁLF“(-Q(iyﬁ)*u(Zoé)*Q(2’33“Q(304))/(2-°Q(202)*Q(3;4))
10043% 50 273 1sleN N
100436 S(I)=S{1)%ALF
273 AtDsXT(I)eS(I)
CALL ANLYZ
CALL ERR

b o o i e A e o g ke e e o8 kbt i . o e st o v e 1 e

" 275 PRINT 276+¢1TERsKA YERRALF ™
276 FORMAT (1H0“If&RATION“Iko4Xv3HKA='12,3x“€RROR=“E10.3:5X*ALFAm

\—
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] o 92
. lllOc':H
1004AL QINT 1203 (X (1)alnleN)
300900 : IF (YERFLLTLERL) GO 7O 28%
ffmyﬂ3 FRINT 2R1
i Tand 261 FORMAT (1HO#0PT9 DOES NOT CONV&NG&%/)
_povné 28P YERH=ER]
000510 v 230 1s1eN
G011 280 A(1)=XT(D) o ) e
00516 , IF (KH.GF e KHMAKY RETUR
Qo922 KHeiKHel
00524 FRINT P92 9KH ,
00931 292 FORMAT (1X#RESET H 7O ITUENTITY MATRIXs CYCLE®13/)
00531 ; GO TO 10w
000232  28% [F (YERR.LTLERMINY GO TO 370
TRO035 O IF (1TER.GELITMAX) GO TO 370 '
 §00537 . IF (NOPT(991)) 29052908290 -
000541 290 CALL GRAD
~D009s2 a0 TO 300 -
500543 295 CALL ANLYD
000944 300 L0 305 IzleN.. e e .
000546 305 YB (D) =xP(1)=XPl (1)
goo:%s . APD=0, = .
00556 O ub 310 ImlaN
000957 310 APDsAPRDSS{I)#YP(D) e e e e e e e e e et e
300266 : U0 315 I=1eN
DOOS6T . ... L0 315 JslN - —
000570 3ls AFP(Te ) =5 (1) %5 (J)ZAPD
00605 . CALL MXEMNL (MR e Y P oNeN o YPHY o e e e e
) g 511 uhPD=0.
o1z RO 320 I151eN T A
000614 . 320 BPDSHPD+YP (1) #YPH(I)
nO0e23 00 32% 1=1.N . e - .
. Do0e?4 20 325 JslaN
000625 . BFP(lsJ)==YRPH{J)RYPH(I)/BPFD AR
po0OoO34 326 PWH Ly J) =HA (T o) «AFP (19J) +BFP (Ied) A
0000@7 CIF ANOPT(9e2) WhESL)Y GO TO 130 o
000051 FRINT 32694PD
OOGGSI_ﬁMW*326WFQRMATM(lHQ?utNOMINAIQR“EACIQBMKQ&WA“MAIRJASaE9121
000657 PRINT 330
~000663 _ 330 FORMAT (1A®A MATRIX®) . 0 o
000063 p0O 335% I=1leN ;
000665 PRINT 3409 (AFP(Iod) sdmholNY o o e e e
_pooroy 340 FORMAT (TE10.2) - ' ;
000703 335 CONTINUE -
000/04 PRINT 3364HP0D

$§00111 . .336 FORMAT (1HO®DENOMINATOR FACTOR FUR B_MATRIX=#EGQe2)
000711 PRINT 36%
00715 . 345 FORMAT (l1X#g MATRIX°) A

no71s GO 350 I=1sN
007Y7 . PRINT 1¢0o(Bﬁﬁil,J)'J 1aN)
000733 350 CONTINUE
000736  PRINT 3% e e e e et S i i £ i . e
000741 355 FORMAT (1HO®#H MATRIX®)
0 A7T4l . L0 360 11N e o e e e e o e e e —

& PRINT 340,(Hnt1,d)-Jc1'N)""M'”
O (o 157 » m_m_w.}}QOMCONT INUE

000762 GO TO 130 ,
000762 370 PRINT 355 . o
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O0pGTED
M f 70
iiﬁdv(},'i vk
(vt
"Wivov
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H
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b 582 1%leN

PRINT 3409 (HH{TgJd)ed=1aN}

342 CONTINUE
HE TURN
END
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. 1Um?‘<OUT'fNr‘ GRAL
G COMPOTES GRADIENTs MUST BE PRECLUED 8Y A CALL FOR ‘
o€ U SURRQUTINES AMALYZ AND ERKR ‘

‘ COMMON /O“T/X(db}eXL(70)pXU(20)yﬂX(£0)nxP(£0)¢H(ZGlvﬂiéﬁ)awaO)

196G (203 +PARAM(10s7) sNOPT({10910) oNoNHe YERR, ITERaERlevTTMAX,ﬂLFAlaa
ERI=YERR ,

L 00 186 I=1eN e et B
DX=X (1) #PARAM(91)
AL U (1) 40X
CALL ANLYZ
CALL ERR o

: AP (I) s (YERR= &Rl)/Dx
WOOOG?I . 180 K1) EX(1)=DX

00025 : ‘;\ ; , “YERR=ER] — e i e ,_,..,._f.ﬁyw‘w.,.,m.,m,,_w‘.,,._m,_ e WM, e N.
100026 - o RETURN. » . ‘ ‘
.-»aoaaaa T END



