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ABSTRACT

The automation of design has been approached from many points of
view. In our group here at UCLA we adopt the attitude that design automa-
tion is just another problem where a large set of statements is presented,

some statements with a known, some with an unknown validity.

We want to transform problems in general to obtain a general set of
Boolean equations and solve it. The number of Boolean variables in such
equations is usually very large and this fact has limited the practice of ap-

proaching logical problems through the solution of Boolean equations.

Recently, a new processor, called Boolean Analyzer (BA), has been
proposed by A. Svoboda. This unit operating as a part of an automatic com-
puter is based on the idea of processing many terms of Boolean Algebra in
parallel. One of its operational capabilities is the solution of large systéms
of Boolean equations in a reasonable time (if we compare it to standard

procedures).

The Boolean Analyzer contains two basic hardware algorithms:
1) An algorithm for the determination of the set of prime implicants of a
given Boolean function of up to 14 variables (for the first proposed model).
This algorithm is based on the ordering property of the set of implicants of
a Boolean function. 2) An algorithm for solving Boolean equations of up to
22 variables (for the first proposed model) with up to several millions of

terms.

In order to promote the use of the Boolean Analyzer in its two modes
of operation we developed some applications to logic problems. In this
“report we propose to show how the Boolean Analyzer should be integrated
with a geheral purpose computer (or with a variable structure computer) to
solve efficiently: 1) the Three-level é_ND-_I_;_IOT synthesis problem of logic
networks using only Zrue inputs ‘(Sy‘nthesis of TANT networks), and 2) the

general problem of synthesis of logic networks using a restricted inventory



of integrated circuit modules. Our task includes reformulation of those
problems into Boolean equations to prove their solubility by a Boolean

Analyzer integrated with another system.
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CHAPTER I

PREVIEW OF THE DISSERTATION

1.1 A general survey of methods for solving Boolean

equations
The original formulation of the problem was first

presented by George Boole in his "Investigation of the
Laws of Thought"1 by using variables representing the

validity or non-validity of propositions which we call
today Boolean variables.

To solve a system of Boolean equations we want
to determine the unknoﬁn validities of certain propos-
itions as functions of some others with known validities.
We say that a set 6f such functions 1s a solution of the
given system of equations when the condition defined by
the set of functions implies the wvalidity of all equations
of the system. Boole provedl.that any loglcal problem
in general may be expressed by means of certain logical
operators which represent the given problem and which
can be reduced to a system of logical equations (Boolean
equations).

The problems we are interested in in this diss-
ertation are those which are related to the field of
logical deslign of computers and we consider them in this

work as an example of how problems encountered in the



design of mathematical machines may be solved using the
same logic which makes possible the existence of these
machines.

Although the Boolean algebra and its applications
to the logical design of computers have been extensively
presented in the literature, its particular application
to solution of logical design problems by systems of
Boolean equations attracted almost no attention. The rea-
son for this may be that in this type of problem we get
systems of Boolean equations with too large a number of
Boolean variables, or that because of lack of effective
methods for solving systems of Boolean equations with
large number of variables we find thils approach impract-
icable.

Today there are two effective ways in principle
how to solve systems of Boolean equations: 1) by com-
puter programming and 2) by special computer design. The
computer programming methods will be presented 1n Section
1.2. A special computer design for solving Boolean equ-
ations, called Boolean Analyzerlg, has been recently
proposed by A. Svoboda and will be described 1n Chapters
II and III.

In this section we present a panoramic view of
classical methods from the literature in three maln

groups: Algebraic, Matrix, and Tabular (Map) methods.



1.1.1 Algebraic methods

The first algebraic method for solving systems of
Boolean equations was developed by George Boolel. This
method 1is essentially an elimination method similarkto
the one used in linear algebra. The result however has
to be interpreted following specific rules of interpreta-
tion of symbols 1like 0/0, 1/0. The main drawback of this
method 1s that for equations with high number of variables
the method requires a great amount of algebraic operations,
the insertion of special symbols (0/0, 1/0...) and a
final interpretation of the solution. George Boole1
works algebralicly only with problems with small number
of variables and finds the solutioné for problems with
high numbers of them in speclial cases only.

Extensive studies of algebralc methods and of the
existence of solutions followed Boole's contribution.
Berstein2 studlied the conditions for a Boolean equation
to have a unique solution. GotS3 developed general
Amethods for solving logic algebraic equations. Zemanek“,

6 8, Carvallog, Rudeanulo

Rouche5, Phister, Shubert7, Klir
and many others have done significant contributions in
this field. It is, however, a common feature of the

algebralc methods that these are not easily applicable
to systems with a large number of variables because of
the amount of algebralc operations required. Sometimes

it 1s possible to obtain a solution by inspecting the



form of the given system. In general, however, this is
not the case and therefore we do not consider it here.

Rudeanu10

proposed a general method for solving
Boolean equations and presented some interesting applica-
tions to the problem of conductibilities of a multipole.
In order to computerize an algebraic method it
is required to generate an algorithm that will avold the
use of algebralc expressions which'are difficult to handle
with computers. Therefore it will be better, from the
computer implementation point of view, to transform the

problem to matrix form or to use tables which in general

are more sultable for computers.

1.1.2 Matrix Methods

Boolean equations represented using Boolean

11

matrices were first used by Hohn and Schissler in the

design of combinational relay switching circuits. Camp-
eaul2 uses Boolean matrices for the synthesis and analysis
of counters in digital systems and presents a method for
solving Boolean equations using matrices. This method

‘is based on the concept of the matrix determinant of the
system and is analogous to Cramer's rule in systems of
linear algebraic equations. The problems that these

matrix methods present for systems with a large number

of variables are well known because they are similar to



those encountered in linear systems} These are: the
handling of singular matrices, the matrix ihversion
problem, etc.

Another method which can be classified as both
a matrix and a tabular method is the one developed by
Ledleyl3 and extensively applied to logic circuit designlu.

This method is based on the concept of designation numbers

which are used to represent all combinations of logical
values that a given variable takes in the given system
of equations. Using this concept a Boolean matrix may

be associated with every Boolean equation of the system.
The logical combination (bit by bit multiplication) of
the matrices representing every equation gives a unique
matrix which is used to determine the total number of
existing solutions and the expliclt algebraic form of
every solution. This method is very similar to Svoboda's
tabular16 method which we shall present in the next sec-
tion. It should be salid here that although both methods
are very similar, the convenient tabular presentation of
Svoboda makes easy the determination of every possible
solution by means of adequate maps and also the treatment
of the singular cases of certain systems (l.e. systems

with no solution).

1.1.3 Tabular Methods

The use of maps for the solution of systems of



Boolean equations was first proposed by Maitrals. His
map approach applies to a certain class of Boolean Func-
tional equations only and therefore is not considered
here. An extension of the map approach to the solution
of general systems of Boolean equations is due to Svoboda
16 who introduces for the first time the concept of log-
ical relation between logical spaces.

He considers a logical space (a map) where the
simultaneous validity of the equations of the system is
plotted and where the logical space corresponding to
unknown variables 1ls separated from the logical épace of
the known variables. The logical dependency between
these spaces glves complete information about the number
and nature of the solutions including the singular cases
when the known variables are not logically independent.

The statement of the problem of solving systems

of Boolean equations 1s as follows:

Given the system of simultaneous Boolean equations

fi(xl,c..,xn ; yl,oﬂ'ym) = gi(xl"."ym) (1)

(1 = 1,2,3,...,k), where {xl,...,xn} and {yl,...,ym} rep-
resent the sets of known and unknown variables respect-

ively, it is sought all sets of functions



yJ = yj(xl,...,xn) (J=1,2,...,m) (2)

that satisfy the system (1).%

The logical space {xl,...,xn} of the known vari-
ables contains 2" points which correspond to all possible
values of the variables XqseeesXpe To every point of
this space an identifier x may be associated which is

obtained by the formula

0

x = 2° x 1 n-1

+ 2 X5 + ...+ 2 X (3)

1

Similarly, to every point of the logical space
{yl,...,ym} of the unknown variables there exists an
identifier y given by the formula

0 1 m~-1

y =2 Y1 + 2 Vo + ... + 2 y (n)

m
The logical space where the simultaneous validity

of the system (1) is represented is a rectangular map

containing as columns the x identifiers and as rows the

y identifiers. Every entry E of this map (Figure 1)

¥ A set of functions of the form (2) satisfies the
system (1) if the set of functions (2) implies the
system (1).



.
N
a =
~
-
-

Figure 1

Discriminant of a System of Equations

is one of the 2n+m

possible comblnations of the loglcal
space where the system (1) is defined. The variable E
will take the value 0 or 1 depending whether 1ts
corresponding combination of variables makes the system

of equations (1) non-valld or valld respectively. ‘The

map thus obtained (Figure 1) 1s called the discriminant

D of the system because it contains all information about

the existing solutions (including their number).



The total number of exlisting solutions of the
type (2) is obtained from the discriminant as follows.
Let Ux represent the count of all non-zero elements in
a certalin column x of D; and let us form the Ux num-
bers for all columns x (x = 0,...,2“’1), then the total
number of solutions of the form (2) is the product S

of all Ux integers.

S = I u.. (5)

If S # 0 every solution (2) of (1) may be
obtained by decomposition of the discriminant D into
S-possible D_ (s = 1,2,...,5) maps such that Dy = D
and every one of them contalns only one non-zero element
in each column.

To explain the rules of decomposition we make the
following remarks:

1) Each Boolean function in the form (2) must
have a unique value for every given combination of values
of known variables Xy .

2) Just a single point corresponds to that
combination in the column x.

Should a decomposition map Ds of D contain
more or less than one non-zero element, it would not be

of the form (2).



The algepraic expressions (2) of the solutions
are easlly obtained from each of the Ds maps. This
wlll be shown later in examples.

If S = 0, no solution of the form (2) exlsts
and the system (1) is then said to be singular and this
means that the known variables are not independent so
that a definite logical relation between them must be
respected to bring into existence at least one solution
of the system of the form (2). Such a logical relation
- 1s obtalined by equating to logical zero the logical sum
of the minterms corresponding to those identifiers x of
the space of known variables for which no non-zero values
are found. The restricted discriminant Ds is used to
obtain the solutions of the given system as in the non-
singular case (S # 0), the only difference being that
the rule-out columns are considered as don't care cases
for possible simplification of the algebraic expression
of the solutions. In the case of S = 0, a solution of
(1) is thus an expression of the form (2) together with
the equation reporting the existing logical relation

between the known variables.

Examples
1) Non-singular case (S # 0)

Solve the system of Boolean equations

10



xl + x2 = X3 + yl

— (6)
Vo ¥y X =XV,

For convenience we first transform the system (6) into

an equivalent system using the relation

(f=g) & (fg + gf =0) (7)
Each equation of (6) is thus transformed into the follow-

ing equations respectively:
Xy X5 ¥q * Xy X5 ¥q = 0 (8)

Xo Yp ¥ Xy ¥1 * ¥ ¥y % =0 (9)

The left-hand-sides of equations (8) and (9) are
now added in Boolean sense and we obtain an equation (10)

which is equivalent to the given system (6).

Xy Yo ¥ X5 ¥ Y, ¥ Xt Xy X539 =0 (10)

The diseriminant D corresponding to Equation (10) is:

012 3
0 1
1111 1
2 111
3 1

1 12 3

Figure 2. Example of Discriminant.

11



The total number of existing solutions is

Xx=3

S = I Ux = 1x1x2zx3=6
x=0

The six decompositions of D are

o1 2 3 Xoi123 vXo0123

0 1 0 1 0 1

1171 1 1] AR

2 2 1 2 .

3 3 3 ]
D, Dy D3

0123 $N01 23 Xo1 23

ol | ol [ 0

G| IRE IEE

2 1 2 Ak 2 ]

3 3 3 ]
D, D, D,

Figure 3. Discriminant Decompositions.
The algebraic expression corresponding to every decomp-

osition DS of D 1s obtained uSing the explicit truth

tables of the unknown variables as follow

™ 2 3
01
0 1 PN Ao 1
11111 1 :> 0t1 11 0
2 1 1 1
3 _
yl = xl + x2 yZ = 0

12



y 0 2 3
‘ 0 1
Th
2 1
3
D,
X
0} 1
111
2
3 1
D;
Similarly,
Du gives
D5 gives
D6 gives

2) Singular case (S

X

1
XN 0 1 X"2X101
of1] 0

1 1l
Vp F %5 o = X%,
X X

1 1
20 1 SNl
ol1]1 0

Vg =X X5 Ty T XX,
yp =%t X Yo = X X,
yi = %, Yo = %5
¥, = X+ %, Vo = Xy

0)

System of equations

13



Yyt ¥, =X Y,

X3 97 = %+t Y,

Using the identity (7) the system (11) becomes

Yy XtV v Xy ¥y ¥y 7

0

(11)

(12)

Xy Xy ¥y Yo+ Xg Xy ¥ X3 ¥y v Yy Xy ¥ Yy Y, =0

(13)

The left-hand-sides of Equations (12) and (13) may be

added together reducing the original system (11) to the

following equation:

Yy Xy ¥V, * Xy Y, ¥ Xy Xy ¥y Yy b X3 X5 Y,y

The discriminant D 1is represented in Figure 4,

X
Y™S_01 234567
0 1 1
1 1| |1
2
3

v - 00 1 10110

X .

Figure 4

Discriminant of a Singular System

14
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The number of solutions are

x=T7

S = 1 U.=0x0x1x1x0x1x1x0=20
x=0 X

The logical relation between known variables is obtained
considering the columns of D with no non-zero elements

(Figure 5).

j\\f\\o 1 234 56

T 7 117
%/
%/R//RRY,

Figure 5,
This logical relation is ,

W N R o
N

Zero Columns of Discriminant

1 Xp %3 = 0 (15)

If we rule-out from D the columns with all-zero elements
we obtain the reduced discriminant DY which gives in

this case a unique decomposition and hence only one sol-

ution:

] 74 1 3 %%
1| 7 %R
V1% Yo =0

15



The solution of the system of Equation (11) 1s
yl = xl (16)

(17)

<
N
i
o

1 %o X3 = 0 (1%)

Effectively,if we substitute (16) and (17) in the orig-

inal system we obtaln

Xy = Xy which 1is an ldentity

[i}

Xy

Using identity (7) it can be shown that this last

equation 1s equivalent to

Xq x3 X, + (x1 + x3) X, = 0

which is identical to relation (15). Therefore equations

(16),(17) and (15) form the solution of the given system.

1.2 Computer Programming Solution of Systems of Boolean

Equations.

The Svoboda's tabular method described in Section
1.1.3, can be applied to solve systems with any number
of Boolean variables. When this number 1s larger the

hand method is not practicable and a computer must be used.

16



When too large, the computing time of standard computers
becomes prohibitively large and speclal operation hard—
ware (proposed by Svoboda in 18) is necessary.

A FORTRAN IV program has been developed17
(Appendix I) which solved systems with up to 9 variables¥,
This program accepts equations of the type (6) computes
and prints out the discriminant of the system, prints out
the total number of existing solutions and the truth
table of every solution.

In the singular cases, a printout of the logical
relation between known variables is given.

Any of the stand ard general purpose digital
machines available today executes a computer program in

a sequential fashion, 1.e. instruction after instruction.

This means that any computer program that will iImplement
any classical algorithm (Section 1.1.3) for solving
Boolean equations has to process each Boolean term of

the system separately (in a sequential manner). This

fact imposes a basic limitation on any software implement-

ation, of any method for solving Boolean equations.

# In principle, programs to solve systems with higher
numbers of variables can be developed. However, the
recently proposed Boolean Analyzer18 by far dissuades
any programming effort as we shall see later.

17



It is possible, however, to achieve parallel processing
18

in Boolean Algebra by using special hardware equipment

as a part of a digital computing system. This parallel

processing of Boolean terms, first introduced by Svobodale,

makes possible to compute the discriminant of the given
system of Boolean equations 1in a very short time compared
with the time required in a sequential software-type
implementation. For that reason no further effort was
made in developing optimal computer programs for solving
Boolean equations.

In the folldwing chapters we Shall consider in
detail how parallel processing of terms 1n Boolean Alge-
bra can be achieved and how it applies to the solution
of systems of Boolean equations and to problems stated

in terms of such systems.

18



CHAPTER II

THE UCLA VARIABLE STRUCTURE COMPUTER SYSTEM

2.1 The Fixed-Plus-Variable System

In 1960 Estrinl9 proposed a new concept ih com-
puter organization called a variable structure computer
system. This system combines the characteristics of
general-purpose and speclal-purpose computers to achleve
effective computer solution of a vaste class of problems.

The system, also called Flxed-Plus-Variable system,
consists of a general-purpose Fixed structure computer
(F) and a variety of high-speed special purpose problem
oriented subsystems which form its Variable structure
part (V). A control unit called Supervisory Control (SC)

coordinates both structures (Figure 6).

CENTRAL oo External
MeMoryY Me.moq
PROCE 5%0R 3 I/o
F
T Sy —=]
f
5C
¥
SPECIAL
PURPOSE Pemony
STRY CTUR.H MEMORY [a— BACK~UP
Externatl Figure 6
v MemovsJfo Variable Structure System

19



2.2 The Boolean Analyzer as a part of the UCLA Variable

Structure Computer

The organization of the variable structure com-
puter offers the possibility of solving systems of Boolean
equations in a more efficlent way than using a software
implementation of any classical algorithm. A hardware
V-structure implementing the algorithm may be addressed
and monitored by the general purpose computer. The eff-
iciency of such an approach is evidently higher than the
all-software implementation, however, 1t does not offer

any parallel processing feature within the V-structure.

Svoboda's new theoretical results on the ordering of imp-
licants of a Boolean Function20 made possible the dev-
elopment of another new algorithm18 which leads to the
design of a special hardware operation unit called Boolean

AnalyzerlB.

The Boolean Analyzer system as proposed in18
(Figure 7) is composed of a general purpose computer (SDS,
Figure of computer) a Circulating Memory and the Boolean
Analyzer unit proper which includes a logical operational
unit, a control unit, a snake delay unit and proper inter-
face units. A more detalled description of the system
is given in Section 3.2.

For the purpose of this chapter 1t is sufficient

to say that the logical operation unit of the Boolean

20



SIGMA 7

Control Unit

Triadic
Counter

s

Hp

Indexing
Block

!

y

Mode

Binary
Counter

Il

Figure 7. Block Diagram of the Boolean Analyzer

21

Interface
# 1

Logical
Operation
Unit

-Interface
2
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Analyzer as it stands today21 performs the parallel pro-

cessing of the Boolean terms. To explain it, let us have
a system of Boolean equations written in the form F = 0
(as in Equation (10)) and its terms stored in parallel

in speclial registers of the logical operation unit. A

triadic counter counts seguentially from 0 to 3n+m (n and
m represents the number of known and unknown variables
respectively) and its content is compared in parallel
with every Boolean term 1n the special registers. The
result of each such. comparison is a bit of information
which is registered in the circulating memory.

It is clear that for an equation of n+m total
number of variables, 3n+m sequential comparisons are
required. This number is independent of the number of
Boolean terms contained in the special registers.

Estrin's concept of variable structure computer

organization permits reduction in the 3n+m

required
sequential comparisons by using instead of a unique tri-
adic counter any power of 3 of them (N = 3?) working in
parallel (Figure 8). Each triadic counter, TCi,
(1 =1, 2, ..., N) should count from

[(i-1) * pJto[1 + p - 1] where 1 =1, 2, ..., N

and p = 30

.

The total processing time of the logic operation

unit is thus reduced by the factor of N.

22
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The circulating memory should now provide data
storage for N simultaneous data channels (Multi-RAD cir-

culating memory, Figure 8).

Finally, a supervisory control is required in

addition to the original control unit.

24



CHAPTER III

THE BOOLEAN ANALYZER PROPER

3.1 Theory

The Boolean Analyzer as proposed in reference
18 has two basic modes of operation: 1) Computation
of the discriminant of a system of Boolean equations and
2) Prime implicants determination\of a given Boolean
function. The theoretical basis for the Boolean Analyzer
is extensively presented by Svoboda in reference 18. 1In
essence there are two fundamental theorems that make

the parallel processing of Boolean terms possible. The

first deals with the determinationﬁof non implicant min-
terms of a Boolean function, the second with their order-
ing.

In this section we present these two theorems
with detailed examples of their application. Their proof
may be found in reference 18.

z

Let ¥ = h th = 0 be a Il - form corresponding to

the complement of the given Boolean function y.

X . (18)
L

Each term th is a Boolean function of the form

e Ry R (19)

25



where the variable ii takes on one of the values 1, Xy
or Ei exclusively, (for every 1 = 1, ..., n, n = number
of variables of y). It is clear that there are 3n poss~
ible Boolean functions of the form (19) which may be
considered as elements of a 3n—logica1 space T. The

subscript h 1s the identifier of the elements th of

the space T.

The value of h in (20) ranges from 0 to 3n-1.

h =h

0
13

h
+ h, b+ ...+n 3"t=1 n 3i-1 (20
1=1

The correspondence (21) between il and hi being

established
hi l 0 1 2
I _ (21)
xi 1 xi xi

the identifier h in (20) of every term (19) is uniquely
determined and a one-to-one correspondence exists between

every integer in the set {h} and every Boolean term (19).
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Example: Let vy = fu Xy X + X, El + Xy Xg ié X) =t +

t, + tc =0 and n = 4,

b

Using (21) we obtain

33 32 31 30
Xy X3 X5 Xq hu h3 h2 h1 h
ty Xy X, X 2 0 1 1 58 = a
t, X5 ii 0 0 1 2 5 = b
t, Xy X3 ié Xy 1 1 2 1 43 = ¢

Y = t58 + t5 + tu3 .

Each term ¢t in Equation (18) implies Y, but

h
y = Y by definition of Y, therefore the terms th are
nonimplicants of y. In other words every term ¢t
implicant of Y is a non-implicant of y.

In order to determine all implicants of y it
is sufficient to cancel from the 3n space T of all
possible terms those which are non-implicants of y.

This statement 1s proven by the followling theorem.
Theorem 1. (Svoboda (18))

Given a Boolean function y and 1lts complement

Y, let {th} be the set of implicants of Y, and

{th,} represent all terms in T

27



The sufficient condition for a definite t,, , (ht =
n

z h'J.3J"l , th,s{th,}), to be a non-implicants of y
J=1 n

is that for at least one th - term of Y, (h =L hJ
J=1
-1
3971, ¢ el D),
hJ + h'J #3 for J=1,2, 3, ... n (22)
Example 1.
Let y = x, + 23 Xy (n = 3). The complement

function Y is

Y=y-= x2(x3 t xq) = x5 X3 * X, xl
The set {th} has two terms: t15 = x3 X
t8 = x2 x1

The triadic representation of thelr identifiers are

t15 : (2 1 0), t8 : (0 2 2). (Table I)

The space T 1s composed of 33 = 27 th,-terms

which is represented in Table I (see following page).
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TABLE I

SPACE OF TERMS T

{*n} T~space
[] 1 1 ] ”
t, | b hg hy hy| h ty,
X Xy 8 0 0 O 0
X 15 0O 0 1 1 X
32 o 0 21| 2 x1
0O 1 O 3 Xo
0O 1 1 b4 X2X1
o1 2] 5 X%
o 2 0| 6 %5
0 2 1 7 iexl
0 2 2| 8 %oX]
i1 0 O 9 X3
1 0 1 10 X3 Xq
1 0 2]11 x3 X
1 1 1 13 X3%XpX4
1 1 2 14 x3x221
1 2 0115 x3%5
1 2 1 16 x3%pX 1
2 0 0} 18 23
2 0 2 20 23 il
2 1 1 22 i3x2x1
2 2 0 24 2322
2 2 1] 25 X3%oX4
2 2 2 26 i3i221

29




Table II displays the step-by-step application

of condition (22). The implicants of y form the set

20

T . This set Tc has an ordering property that leads

c
to the selection of prime implicants of y.

Definition: Definition of prime-implicant.

Let th be an implicant of vy, eTc, and let

y
th' be an implicate of th, th = th' 3y We say that
th is a prime-implicant of y 1if the following prop-

osition

[(h=> ¥) N (b => £,0) N (8 # 6,0 (s5hy) (24)

is true for all th"

Theorem 2: Ordering of implicants. (Svobodazo)

If a term t_ =S t,, then a > b. (25)

b,
Theorem 3: Exclusion of non-prime-impllcants.
If a term th R theTc , 1s a prime implicant of
y then any other term tk implicant of th is not a
prime implicant of vy.

Example 2: Ordering of implicants (see Table II).

» [y =2 £5) = (4 > 3)].

30
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Example 3: Exclusion of non-prime-implicants
(see Table IIT).

The term with the lowest identifiers t3 = X,
is a prime implicant because it has only one implicate,
knamely itself th' =‘x2 » Wwhich 1s ruled out by relation
(24). In consequence and by virtue of theorem 3, terms
tu , t5 s t12 R t13 s tlh , t21 R t22 s t23 , are can-
celled 1in Tc as non-prime-implicants of y. Term t19 sh
§3 xl i1s a prime implicant because its implicates (ruling
out §3 x;) are t,g = §3 and t; = x; which are CAN-
CELLED in Tc meaning that they are non-limplicants of vy.

Based on the above concepts and theorems, the
algorithm for the prime-implicants selection of y has

the following three steps:

1) Determination of the ordered set Tc containing all
implicants of vy.

2) The term tp s tpeTc , with smaller i1dentified p

is a prime-implicant of y and is transferred to the set
{th}. ( {th} is empty at the start of the algorithm
and contains all prime implicants of y at the end)

3) All implicants of tp are cancelled in Tc’

Steps 2 and 3 are repeated until Tc is empty.
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TABLE III
SELECTION OF PRIME IMPLICANTS
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Table III displays the application of Steps 2 and

3 to example 1.

3.2 Components

The logical design of the Boolean Analyzer (BA)
is presented in detail in reference 21. 1In this section,
and for the purpose of its simulation (Chapter V), we
describe briefly the hardware components and character-
istics of the Boolean Analyzer.

The Boolean Analyzer System (Figure T7) 1s composed
of three subsystems:

1) A general purpose computer, (SDS, SIGMA 7)

2) A circulating memory : for ekample, the

' SDS Rapid - Access-Data (RAD) storage system.

3) The Boolean Analyzer Unit (BAU) proper.

BAU is composed of the following parts:

1) An Interface #1 between the general purpose

computer and the BA.

2) An Interface #2 between the BAU and the

circulating memory.

3) The logic operation unit (LOU)

4) The control unit

5) The snake unit

34



3.2.1 The general purpose computer is a Sclentific
Data Systems SIGMA 7 Computer, whose READ DIRECT and
WRITE DIRECT instructions facilitate its use in real-time,

time-sharing, and multiusuage applications.

3.2.2 The Circulating memory (SDS RAD SYSTEM, Models
7203/7201) includes 256 tracks, l6ysectors/track, 360
bytes/track at a rate of 5u seconds/8 bit-byte and con-
tains only one read/write amplifier with proper electronic
switching. Its data may be organized in two modes:

Mode A: 27 groups/sector, each group with 88 bits

Mode B: 64 groups/sector, each group with 40 bits.

3.2.3 The logical design of Interfact #2 between the
BAU and the circulating is presented in detall in refer-
ence 22 and is composed of an 8-bit read-shift-register
(Reading Buffer) and an 8-bit write-shift-register

(Writing Buffer).

3.2.4 LOU contains special registers for storing triadic
numbers (the identifiers h of the terms in Y = 0) and
special combinatorial network which generates a signal

Ck according to its switching mode:

Jk + h'j # for every J) =$>(Ck = 1)

(Theorem 1, Section 3.1)

Mode A: (h
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. | k 1 k =
Mode B: {(hJ + h 5 #£3) N [(hJ 0)

Zﬁ?(h’J = 0)]1} =f?(Ck = 1)
(Theorem 3, Section 3.1).

3.2.5 The Interface #1 provides the linkage between the
BAU and SIGMA 7 computer and contains proper encoding
and decoding devices to store and retrieve data from the

registers of the LOU.

3.2.6 The Control Unit includes: 1) a binary counter,
counting from 0 to 222-1; 2) a triadic counter, counting
from 0 to 314-1; 3) an Indexing Block whose mission 1is
to provide proper indexing of flip-flops in the LOU; i)
a pulse generator; 5) two special registers, Ht and
Hb for temporary storage of the contents of the triadic

and binary counters respectively.

3.2.7 The Snake Delay Unit logically combines the in-~
formation coming from two different sources, the RAD and
the LOU, whose organizatlon has different bases: the RAD
is organized in 8-bit bytes while the LOU may have a tri-
adic organization. The Snake Delay Unit contains two
delay logical circuits, Snake #1 and Snake #2, with

proper control for two-way information transfer between
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RAD and LOU. Two modes of data organization are possible:
Mode a which transforms a 9-bit lnput sequence into an
8-bit output sequence and Mode b which transforms an 8-bit
input sequence into a 9-bit ouput sequence.

Svoboda18 gives operation time estimates for the
Boolean Analyzer. Its operation time is a function of
the number of variables and the size of the LOU specilal
registers. For a m&del with 100 speclal registers the
followiﬁg estimates were givenlB:

1) For discriminant computation the time ranges
from .00% sec for 500 terms of 10 variables to 2 hours
for 500,000 terms of 20 varlables.

2) For prime implicants determination the time
ranges from .0022 sec for 100 terms of 7 variables to
383 sec for 8,000 terms of 14 variables.

The operation time increases logarithmically (as
a rough approximation) with the number of variables.

The circulating memory 1is mainly the device that
imposes a limitation on the number of variables. The
SDS RAD system, for example, has a capacity of 12 million
bits. For functionswith 15 variables, 315 ~ 14 million
bits are required in the circulating memory which exceed

the RAD storage capacity. The utilization of a multi-RAD

memory system (Figure 8) could overcome this limitation.
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A great advantage of the parallel structure of the
LOU is that it can easily be extended to allocate higher
numbers of variables, because the same simple circuit is

used for each variable.

3.3 Modes of Operation

The Boolean Analyzer unit operates in two basic
modes: Mode I corresponding to the realization of Theorem
1 (Section 3.1) and Mode II corresponding to the implement-

ation of Theorem 3 (Section 3.1).

These two modes of operation constitute the
elementary logic operations of the Boolean Analyzer and
consequently any glven problem to be solved with this
system must be formulated in terms of them. This formu-
lation as it applies to certain problems shall be the
task of Chapter IV. 1In this section we present the
procedures* corresponding to Modes I and II as they are

executed by the Boolean Analyzer Unit (Figure 7).

¥More details on these procedures may be found in

18 22

the works of Lonnie Laster and George Gilley .

38



3.3.1 MODE I: Non-implicants determination
This mode of operation corresponds to the deter-

mination of non-implicants of a Boolean function.

If all non-implicant terms are desired, then the B.A.
operates in triadic mode, using the Triadic Counter; the
mode selection is made in the mode control.

If only non-implicant minterms afe seeked, then the mode
control selects the binary counter and the B.A. operates
in binary mode.

The procedure corresponding to MODE I 1is outlined
in the flowchart of Figure 9. The following initial
conditions which can elther be set manually or automatic-
ally by the digital computer (SIGMA 7), are required:

1) The mode control selects the triadic counter

(TC) and the binary counter (BC)

2) LOU registers are organized elther in Mode a
(corresponding to mode control selection of
TC) or Mode b when BC 1s selected. LOU com-
binatorial network 1s connected in Mode A.

3) Snake Unit 1s connected either in Mode A
(corresponding_to selection of TC) or Mode B,
corresponding to selection of (BC)

k) Circulating Memory, either in Mode A (TC

selection) or Mode B (BC selection), is filled
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with zeros.
5) Triadic and Binary counters reset to zero

6) Indexing Block reset to zero.

3.3.2 MODE II: Non-prime-implicant determination

In this mode of operation, the Boolean Analyzer
eliminates in the circulating memory (which is assumed to
contain the implicants of a given Boolean function as the
result of Mode I) those implicants which are not prime-
implicants. The cancellation procedure is a direct imp-
lementation of Theorem 3 (Section 3.1) reformulated in

the following condition

k ' kK _ —
{?J *h'y #S)ﬂfﬁﬁ 0)%%hj Og}

Y
for every J =$(Ck = 1) (26)

The procedure corresponding to MODE II is des-
cribed in the flowchart of Figure 10. The following in-
itial conditions are required:

1) Circulating Memory (used in Mode A) contains

results of Mode I.

2) LOU is in Mode B

3) Snake Unit in Mode B

) Indexes set to zero

In Table IV MODES I and II are summarized.
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Figure 10. Flowchart corresponding to MODE II.

Initlal
Conditions

!

TC=0

+

RAD Reads content
C of address TC

TC+1l » TC

Every block rk'in LOU gen-
erates a signal Ck according

Kk to K '
{(hJ j)#3) [(hj=0)=#(hj=0)])

for every j =% (Ck=1)

+h

44




Switching Net of LOU
in MODE B properly
combines all Ck sig-

nals producing a
cancellation C.

Address A
from TC

!

RAD writes
C in Addr. A

NO

Store HT

in LOU

,

HT + TC

Figure 10(Continued), Flowchart corresponding to MODE II
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CHAPTER IV
APPLICATIONS OF THE BOOLEAN ANALYZER SYSTEM

In Section 3.3 we presented the two fundamental
modes of operation of the Boolean Analyzer Unit. In this
Chapter the Boolean Analyzer System (composed by SIGMA 7
and Boolean Analyzer Unit) will be used to solve some pro-

blems in Boolean Algebra.

4,1 Solution of Systems of Boolean Equations

Svoboda's algorithm for solving Boolean Equations
(Section 1.1.3) can be implemented using the Boolean
Analyzer system. The following algorithmic steps are
needed:

Step #1. Transfer of terms in Y = 0 to the

Logical Operation Unit.
Step #2. Discriminant determination.
Step #3. Computation of truth table of every

existing solution.

Step #1 1is executed by proper indexing of the
flip-flopsin LOU and by means of a WRITE DIRECT instruction.
(For details, see reference 21 ).

Step #2 1s computed using Boolean Analyzer in
MODE I (binary mode).

Step #3 1s executed by means of an adequate soft-
ware program stored in SIGMA 7. This program called

SOLDET decomposes the discriminant and gives the truth
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tables of the set of functions corresponding to every
solution. In Appendix I a flowchart and listing of this
program is given. |

In Pigure 11 the algofithmic steps 1, 2, 3 are

summarized.
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Read NT, N

Step

Y.

Figure 11.

L «—100

S
NT > 1007?

Read NT terms
of Y=Q.

NPe-NT - L

!

L terms

Read

i

B.A, in
MODE I
(binary)
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LEGEND

# of terms of
Y 0.

#of unknowns

# of knowns.

SOLDET Subroutine to

determine all
solutions.

Flowchart for System of Boolean Equations.




4,2

Irredundant coverings of a Boolean Function

The problem of finding all irredundant coverings

of a Boolean function y is a classical one and therefore

it will not be presented here in detall. However, it is

the purpose of this sectlion to show how the Boolean Anal-~

yzer system may solve thls problem,

Step
Step
Sfep
Step

Step

Step

#1

#2

#3

#U4

#5
#6

The algorithmic steps are the following:

Transfer of terms of Y = ¥y into the Logical
Operation Unit of Boolean Analyzer.
Determination of all implicant terms of y. This
step 1is executed using MODE I in triadic conexion.
Determination of all prime-implicant terms of y,
by using MODE II.

The covering problem is formulated bullding a
special function z, called Petrick function29.
Steps 1, 2, 3 are applied to function Z = Z.

The prime—implicants of functlion z are printed,
each one of them is an irredundant covering of
the given function f.

The above algorithm 1s summarized in Figure 12.
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Figure 12.

Flowchart for Irredundant @

Coverings.
READ NT, N.
J+—1
L=1lod
is -—
NT > 1002 NT<-NT - L
READ NT READ L
terms terms
B.A. in
MODE I
(triadic)
NO is
NT<L ?
B.A., in
RESET
Lou MODE IT i LEGEND
| NT | Total # of terms
in Y=0.
N |# of variables.

BA | Boolean Analyzer
PI | Prime Impllicant.
Z Petrick Functionj
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00 ¢

READ OUT P.I.
from LOU

is
I>27°

Yes

Print
P.I.

!

Form 2
Function

‘

Compute NT,
N of Z

function

l

TJ=—T1 +1

Figure 12. (Continued).
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4.3 Synthesis of TANT Networks

4,3,1. Introduction

The synthesis of Three-level AND-NOT combinational
networks with Epﬁe inputs (TANT networks) has been studied

by Marley and OgdenZ', McCluskeyZ>, Hellerman26, Marley

27 28. This last author

and Earle“', and recently by Gimpel
presents the first systematic synthesis and simplification
method of TANT circuits. This method is very similar to
the Quine-McCluskey minimization algorithm for two-level
AND-OR logic.

Gimpel's method starts by generating a general
form for the implicants of the given Boolean function f,

called permissible-implicants of f, and in such a way that

it is simple to derive the circuit configuration from this
general form. From the set of permissible implicants, the

set of prime-permissible implicants (which we shall call

here generalized prime implicants) is determined and from
this set those which realize the gilven function with a
minimum number of NAND decision elements are selected.

In this section we propose another method of TANT
synthesls based on the two modes of operation of Boolean
Analyzer (Section 3.3).

The proposed method consists of calculating the
ordinary prime implicants of the given function f and, from
this set, to calculate all generalized prime implicants of

f by solving a system of Boolean equatlions. The selection
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of those generalized prime implicants which form the
minimal TANT network is done by constructing a special
Petrick function29 7 and determining its prime implicants.
The proposed method thus uses the two modes of operation

of the Boolean Analyzer: the MODE II for the determination
of the generalized prime implicants and MODE I 1in triadic

mode for the determination of all minimal TANT networks.

4,3.,2 DEFINITIONS AND THEOREMS

Consider the TANT circult of Figure 13. It is
easily verified that this circuit implements the function

£ = X% ¥ Xo<X1X0) + xlxz(xoxl) 27)

Xo -

)—(—0'1’ X (%o
Xo 2o ~5\¥ et >’¥ .
i
: X]+XD
Xo_'.
X

P
pLBs

Figure 13
Example of TANT Circuilt
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This function is written in AND-OR form as follows:

f = x2x0 + xoxl + xlxzxo

Form (27) of f presents a characteristic structure of sum
of permissible terms (P-terms) whose general form may be

defined in the following way:

Definition 1

Every time P, implicant of a Boolean function f
of n variables and expressed in TANT for (97),may be

written as product of two factors H and T

P = H.T (28)

ii takes the values 1

where H = n-1° xi - «X0%Xq or x4 exclusively (i=0,...,
n-1)
T Tm—le-2"’T1TO 'I‘J = Xpoqtee XAt vxg Xy
takes the values 0 or ii
exclusively. (j = 0,...,m-1),
(i-_-o,. . e ,l’l-l) ’ mf_no
Example 1:
The term P1 = xo(xoxl) has H = Xy T = T1 = (xoxl) =
(x1 + xo).
The term P2 = xlxz(xoxl) has H = Xqs and T = T2.T1 =

x2(xO + xl).

Definition 2

A term P of the form (28) is said to be a
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generalized prime implicant of f (GP-term) if an ordinary

prime implicant ofvf,(in'the sense of the AND-OR logic) or
a sum of any number of them is obtained when a P-term (28)
is expanded using the rules of logical sum, product and
complementation. The ordinary primé implicants of f will
be denoted by OP.

Example 2:
The function f given in Figure 13has the following ordinary

prime implicants:

XgX1s XgX5s XgXqXse
The terms P1 and P2 of Example 1 corresponding to the TANT
form (27) of f are generalized prime implicants. Effect-

ively, according to Definition 2,

XO=X

+d
L

1 T 8P = xp(xx5) = xg%X) *+ X

P2 = GP2 = x1x2(x0x1) = X XXy + X,XpXy = X

Definition 3: (Criterion of Minimal TANT network)

We shall say that a TANT network producesa certain
given Boolean function f in a minimal form if no other
TANT clrcult exists which has less number of NAND declsion

elements.

Theorem 1:
According to the previous definition of minimal
TANT network, every P-term (28) of a minimal TANT form of

f 1s a generalized prime implicant.
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Proof: Suppose that the minimal TANT expression of f is

P. + P, + ... + P +,,.+P

17 Y2 1 r

where each term Pi is of the form (28). We shall prove
that‘Pi is formed by logical addition of any number of
ordinary prime implicants OP of f. To prove this state-
ment it is sufficient to prove that there is no minterm

mi of f such that

P, = I

1 OP

+ m, with m

] OP

J 73
Effectively, according to Definition 1 the general form
of Pi is Hl.(TlT2....Tk); on the other hand, since OPJ is

an ordlinary prime Iimplicant of f,

Zj OPj = H1 XyeoeXgeooeXns X4 ¢ H1 for
1,

i-= ., M m<n.

But Pi = Zj OPj + my s therefore, the minterm m,

have the same factor H1 of uncomplemented variables that

should
the terms OPJ and Pi' But my is a minterm and thus con-
tains all complemented variables which are not contained
in;Hl. These variables much be contained also in ZJ OP'j
because, i1f not contained, or my is not a minterm or its
H-factor of uncomplemented variables does not colncide

with H

implying that P, is not of the form (28). There-

1° i
fore, every term of a minimal TANT form is a generalized

prime implicant.

57



, The question 1s now how to determline the set of
generalized prime implicants and, from this set, tb select
those that produce the function f according to Definition
3.

To form the set of generalized prime implicants we
start from the set of ordinary prime implicants of f, as.

proven by the following theorem.

Theorem 2
Let {OP} be the set of ordinary prime implicants

of £ and let {GP} be the set of generalized prime impli-

cants, then

(1) {oP} c {(GP}

(2) GP, =1

P OP, for OPie.{OP} ; GP, € {GP}.

1 J

i

The proof of these two propositions follows Iimmediately
from the definition of ordinary prime implicant of f and
from Definition 2.

Based on theorem 2, it 1s clear that the set of
ordinary prime implicants of f augmented with those P-terms,
of the form (28),obtained by logical addition of any number
of prime implicants OPi contained in {OP} constitutes the
set of P-terms from which it 1s possible to generate all
possible generalized prime implicants GPJ. This set of
P-terms thus formed is called the BASE of the given

function f. It will be denoted by B.
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Note that once the set of ordinary prime implicants
is obtained, only those with common H-factor wlll produce
'a new P-term of the base by logical addition. This is due
to fhe speclal form of the P-terms (28).-

Example 3: Consider the function of Figure 14

b xle
00 01 10 11
0 ® ®
1 o ®

Figure 14
TANT Synthesis Example

The set of ordinary prime implicants is
{oP} = {xoxl, XoX5 s XgX X, ¥

Since there are no terms OPj C {OP} with common H-factor,
the Base B of the function coincides with the set {OP}.
Thus

B = {xoxl, X5%5s xoxlxz}.
Example 4: Consider the function whose corresponding

Marquand map is X3 Xlxo
0

]
o

Q01 11
ole le|e
°

1
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The set {OP}is{xli2, xlio, §O§2L

In thls case there are two terms OP’j with common H-factor:
xliz and xlio. These two terms are combined by logical

addition producing the term xl(xzxo). The BASE 1s thus
B = {xX,, X3X55 XpXy, Xq(X5X )}

4.3.3 CALCULATION OF THE GENERALIZED PRIME IMPLICANTS

The generalized prime implicants of a given
Boolean function f are constructed inserting in all
possible ways the variébles contained in the H-factor of
each term of the base in its corresponding T-factors. The
GP terms thus obtained which are identically equal to zero

are disregarded.

Example 5: Consider the base B = {xoxl, XgX1X55 xoxzk.
From the term xoil we obtaln the term GP1 = (x )

From the term Xo¥%, no acceptable term is generated because
those obtained: XX 2(x ), XX 2(x2), XX 2(x x2) are ident-

ically equal to zero. From term xlioiz we obtain

GP2 = xl(xlxo)x2

GP3 = xlxo(xle)

GP) = xl(xlxo) (xle)

The generalized prime implicants are:
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GPl = xo(xlxo)

0

GP2 xl(xlxo)x2

GP

3 xl(x2x1)x0

(?rP‘4 = xl(xle) (xoxl)

plus the P-terms of the base

GP5 = xox1
GP6 = x0x1x2
GP7 = x0x2

This method of calculating the generalized prime
implicants is preferred when the synthesis is done
manually. However, the automatization by standard computer
programming of this method is laborious because 1t is
required to handle variable-length words and many shift
operations to insert the variables of the H-factor 1in the
T-factor. Also, the identification of H- and T-factors
belonging to the same P-term 1s not easy to implement. For
these reasons, and due to the fact that the Boolean
Analyzer is capable of solving large systems of Boolean
equations, we studied the possibility of transforming the
problem of generalized prime implicants generation to the

solution of a system of Boolean equations.
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Before describihg the set up of this system of

equations we need the following theorem.

Theorem 3
If a T-factor of a P-term belonging to the base B
of a given Boolean function f of n variables has m(m<n)
complemented variables, the GP-terms obtalned from this

P-term has m distinct TJ factors (j = 1, ..., m).

s r
Proof: Let the term OPl =Xy .o xi.xJ -« X, Where (r+s)

s , r
< n, xO,TTT,xi # xJ,TTTxk, and let

P = OPJ, PeB and OP, € {OP}.

J

Suppose that it is possible to generate from this P-term
a generalized prime implicant of the form

s Z

GP, = xoTTixi.id...ik(Tq) (29)

" According to Theorem 2, the factor Tq has to have the form

- . &=L - X _
= + +ot + o+
Tq (ax0 bx1 hxi ij Kx

(where a,b,...,h,A,...,K are logical variables), because,

k)

if it will not have this form, or P does not belong to

the base B, or GP, (29) is not a P-term of the form (28).
But, suppose that the term GP1(29) is accepted as a
generalized prime implicant of the minimal TANT expression,
then 16 is evident that the circuit thus obtained will use

an additional gate to synthesize Tq as compared with the
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circuit obtained by accepting the term P instead of GPl.
In the case that the factor Tq is available already in
the synthesized circuit because it may belong to a necessary
GPJ - term (J # 1), 1t 1s easily seen that it is also
preferred the term P instead of GPl because'by using P
an 1lnput at the decision element that realizes the term
GPl is saved. Therefore, the term GP1 (29) withm + 1
factors T does not introduce any gdditional information
in the synthesis process and thus is not considered as an
effective generalized prime implicant of f.

Theorem 3 gives the general form of the equation
to be solved to obtain the acceptable generalized prime

implicants. Effectively, given a term P1 of the base,
(r