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SUMMARY 

The problem discussed in the present paper results in defining a function 
which determines the amplitude and the initial phase of oscillations at each 
oscillating point of the surface of the'wing. 

* 
* *  

1. Let us consider a rectilinear forward motion of a wing with constant 
Beginning velocity u inside a boundless volume of ideal compressible medium. 

from a ceytain moment of time to, small oscillations propagate along the wing's 
elastic surface with supersonic velocity v. The normal velocity component, due 
to the basic motion, is given on both sides of the wing in the form 

vOn = -ua, (1) 
where a is the angle of attack of streamlined surface's elements. 
velocity component due to vi rations is given in the form 

The normal 

VAn = AA, (2) 
Whereda is a function of time and points of streamlined surface. Functions 
and& are small and may be arbitrary integrable functions of their arguments. 

Considering that the medium is weakly disturbed, 
we shall consider the problem of determination of the 
field of velocities in linearized setup [l, 23. We 
shall assume the medium's motion as irrotational and 
taking place in the absence of external forces. Let 
us take a mobile axis system of coordinates Oxyz, in- 
variably linked with the moving wing (Fig.1). The 
axis Oz is directed perpendicularly to the plane 
of the drawing. 

Fig a 1 
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The p o t e n t i a l  of v e l o c i t y  $I s a t i s f i e s  t h e  equat ion 

(u2 - a”)Cpxx - a2cPvlJ - a%zz - 2 q * t  + qzr = 0, (3 1 
where a is  t h e  speed of sound i n  a n  unperturbed medium, and t h e  boundary con- 
d i t i o n s  i n  t h e  p l ane  xOy. 

I n  t h e  r eg ion  C3, i .e. t h e  p r o j e c t i o n  of t h e  wing on t h e  plane xOy ahead 
of t h e  f r o n t  of v i b r a t i o n s ’  propagation ( l i n e  FF, i n  F i g . l ) ,  t h e  d e r i v a t i v e  i s  

9 2  = --ua(z, 9) = AO(Z, y). ( 4  1 
I n  t h e  r e g i o n  G i .e . ,  t h e  p r o j e c t i o n  of t h e  wing on t h e  p l ane  xOy behind 

t h e  f r o n  FF, , t h e  d e r i v a t i v e  is 
9, = Ao(s ,  y)  + AA(Z1 9, t )  = A (J.l 1/, ‘1’ ( 5 )  

I n  t h e  r eg ion  
plane xOy, w e  have 

C1, i. e. ,  t h e  p r o j e c t i o n  of t h e  v o r t i c a l  shroud on t h e  

cpt - uqx = 0. ( 6 )  

The p o t e n t i a l  Cp is zero everywhere i n  t h e  p l ane  xOy o u t s i d e  t h e  region 
1, c C f C1 ; thus,  

cp = 0. (7) 

Besides, t h e  Chaplygin-Zhukovskiy’s p r i n c i p l e  must b e  observed a t  t h e  
t r a i l i n g  edge of t h e  wing a t  any moment of t i m e .  

Therefore,  t h e  problem c o n s i s t s  i n  t h e  following: t o  f i n d  i n  t h e  h a l f -  
space z & 0 a f u n c t i o n  9(x, y ,  z ,  t) t h a t  would s a t i s f y  E q . ( 3 ) ,  t h e  boundary 
cond i t ions  ( 4 ) - ( 5 ) ,  given i n  regions wi th  mobile boundary, and t h e  boundary 
cond i t ions  ( 6 )  - (7), given i n  r eg ions  wi th  f i x e d  boundaries. The s o l u t i o n  
of t h e  problem i n  t h e  half-space z < 0 will be  found from t h e  cond i t ion  
Cp(X,Y, - z , t >  = -Cp(x,y,z,t). 

Fig. 2 

*** 
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2. For t h e  s o l u t i o n  of t h i s  pooblem w e  s h a l l  apply t h e  method developed 
i n  papers [2, 41. L e t  u s  t u r n  t o  space x y t  and consider  i n  i t  a region V ,  in- 
s i d e  of which t h e  d e r i v a t i v e s  I$z wi th  r e spec t  t o  flowing around cond i t ion  are 
given. Region V i s  bounded by s u r f a c e  C*. 
s u r f a c e  wi th  g e n e t a t r i c e s  p a r a l l e l  t o  t i m e  axis O t ,  and a d i r e c t r i x  represent-  
ing t h e  contour AOBD, which i s  given by t h e  equat ion (Fig.2) 

Th i s  s u r f a c e  E* i s  a c y l i n d r i c a l  

11 = 4 4 )  
L e t  t h e  l i n e  FFi, - t h e  propagation f r o n t  of v i b r a t i o n s  along t h e  wing's 

s u r f a c e  be. d i sp l aced  according t o  t h e  l a w :  x = f ( t )  , whereupon f ' ( t )  = v. 
The s u r f a c e  F*, given by equat ion 5 = f ( . r ) ,  d i v i d e s  t h e  region V i n t o  two p a r t s  
VI and V2 w i t h  d i f f e r e n t  va lues  of t h e  d e r i v a t i v e  I$z, according t o  condi t ions 
( 4 )  and (5).  To t h e  l e f t  of t h e  s u r f a c e  F*, i n  t h e  r eg ion  V, , t h e  d e r i v a t i v e  
is  &- = A, , and t o  t h e  r i g h t ,  i n  the region V2 , i t  i s  I$= = A (Fig.2).  

L e t  u s  t a k e  t h e  s o l u t i o n  of Eq.(3) i n  t h e  form [3]  

where the  i n t e g r a t i o n  r eg ion  S i s  t h e  s u r f a c e  of a hyperboloid determined by 
t h e  equat ion 

(. + f ) 2  + (y - q)' + 22 + 2 4 %  - E) (t - 7 )  + (112 - al) ( t  - r)Z = 0 

and t h e  i n e q u a l i t y  T < t. We s h a l l  pass  i n  formu1.a (8) from t h e  s u r f a c e  in t e -  
g r a l  t o  double i n t e g r a l s  w i th  p l ane  region of i n t e g r a t i o n  i n  the p lane  xOy. 
L e t  us consider  a supersonic  wing v e l o c i t y  u > a; then  w e  s h a l l  o b t a i n  

z1 = t + [u ( x  - 5 )  4- ar]/(u2 - d), Z? = t + [U (z - E )  - ar]/(ue - a2). 

Region S* is bounded from above by a Mach wave, and from below by Mach 
hyperbola, o r ,  as z = 0, by Mach l i n e s .  

When cons t ruc t ing  t h e  s o l u t i o n ,  an e s s e n t i a l  r o l e  is  played by the l i n e  
of i n t e r s e c t i o n  of s u r f a c e s  S and F*. W e  s h a l l  denote t h e  p r o j e c t i o n  of t h i s  
l i n e  on t h e  p l ane  xOy by 1. Curve I subdivides  t h e  p l ane  region S* i n t o  p a r t s  
w i th  d i f f e r e n t  v a l u e s  of t h e  d e r i v a t i v e  $ z .  If t h e  propagation f r o n t  of vi-  
b r a t i o n s  along t h e  wing's s u r f a c e  c o n s t i t u t e s  a s t r a i g h t  l ine  FFi,  s h i f t i n g  
oppos i t e ly  t o  t h e  motion of t h e  wing with constant  v e l o c i t y  v > u + a ,  t h e  
s u r f a c e  F* i s  a plane determined by t h e  equat ion 5 + vc = 0, and t h e  curve 1 
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is a n  e l l i p s e  determined by t h e  equat ion 

va(z - + v"(Y - qI2 + 9 z 7  + 
+ 2 u v ( z - E ) ( u t + € )  + ( U 2 - 4 ( u t + € ) 2 = 0 .  (11) 

Note t h a t  e l l i p s e  2 is always w r i t t e n  i n t o  t h e  Mach hyperbola , o r  a t  
z = 0, i n t o  t h e  ang le  formed by Mach l i n e s .  

Assuming t h a t  t h e  cond i t ion  

i s  f u l f i l l e d  on t h e  contour AOBD, w e  s h a l l  r ep resen t  t h e  s o l u t i o n  (10) i n  
t h e  form 

Cp@, Y, 2 9 1 )  = To(% Y, 4- 

where t h e  i n t e g r a t i o n  region cf is  t h e  p a r t  of t h e  r eg ion  S* t h a t  w a s  found t o  
be i n s i d e  t h e  e l l i p s e  1 a t  t h e  moment of t i m e  t, and t h e  r eg ion  a l i is  t h e  
p a r t  of t h e  r eg ion  S* s i t u a t e d  o u t s i d e  t h e  e l l y p s e l ,  below t h e  arc of e l l i p s e  
KiLK2, The p o i n t s  K 1  and K2 are t h e  p o i n t s  where e l l i p s e  I is  tangent  t o  t h e  
Mach hyperbola (Fig.3. 
w e l l  known problem of s e t t l e d  supersonic  gas flow p a s t  t h e  considered wing 
[51. 

I n  formula (12, f u n c t i o n $ o  i s  t h e  s o l u t i o n  of the 

Mach 

Fig. 3 Fig.  4 

* 
* *  
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3. The a n a l y t i c a l  form of problem’s s o l u t i o n  depends on t h e  mutual d i s -  
p o s i t i o n  of e l l i p s e  I and of wing contour AOBD, which determines t h e  in t eg ra -  
t i o n  reg ions  CI and o1 i n  t h e  s o l u t i o n  (12). 

L e t  u s  examine t h e  moment of time L, belonging t o  t h e  i n t e r v a l  

O = t o  < t < t i = d / u ,  

where - d is t h e  l eng th  of segment OD. L e t  u s  draw a p lane  
&. 
F* on the  p l ane  xOy w i l l  be  denoted by FFI (Fig.2). 
space xyt 

T f t i n  t h e  space 
The p r o j e c t i o n  of t h e  l i ne  of p l ane ’ s  T = t i n t e r s e c t i o n  w i t h  t h e  p l ane  

t h e  family of cones determined by t h e  equat ion 
L e t  u s  consider  i n  t h e  

(X - E)2 + ( Y  - q ) 2  + 2u(X - g) (T - 2) + (u2 - a2) (T - r ) 2  = 0 

and t h e  i n e q u a l i t y  T > T,  wi th  summits on t h e  l i n e  of i n t e r s e c t i o n  of P lanes  
F* and t h e  s u r f a c e  I*. W e  shall  denote  t h e  envelope of this fami ly  by Q. 
The p r o j e c t i o n s  of t h e  l i n e  of i n t e r s e c t i o n  of t h e  p l ane  T = t wi th  t h e  en- 
velope 52 on t h e  p lane  xOy w i l l  be  denoted by R1 and Qz. L e t  us f i n d  t h e  
equat ions of curves  Ql and R, i n  parametr ic  form 

u 2 ( d  - E)2 + vz[g(s*)  - 1132 - 2uu(z’ - E) (3. + ut)  + 
+ (u2 - u2) (z. + vt)2 = 0, 

v y s .  - E )  + u2[$(2.) - q]l)’(z’) - uv(s* - E )  - 
uu(s* + ut) + (u2 - a2) (2. + ut) = 0, 

where x* is a parameter.  

The l i n e s  FF1, $21, Q2 d i v i d e  t h e  regions wi th  d i f f e r e n t  a n a l y t i c a l  cha- 
racter of problem’s s o l u t i o n .  
l i n e  FF, and t h e  curve ill ,  responds t h e  s o l u t i o n  (12) i n  which t h e  i n t e g r a t i o n  
reg ion  CI is p a r t  of S* bounded by e l l i p s e  & l o c a t e d  f u l l y  i n s i d e  S* (Fig.2). 
To t h e  r eg ion  comprised between curves R1 and Q 2 ,  responds the s o l u t i o n  (121, 
i n  which CI i s  p a r t  of S * ,  c u t  by e l l i p s e  I ,  cross ing  t h e  contour of t h e  wing. 
A t  t h e  same t i m e ,  t h e  p o i n t s  of tangency K1 and K2 may be  loca ted  i n s i d e  
(F ig .3) ,  as w e l l  as o u t s i d e  of t h e  wing (Fig.4). To the reg ion  comprised be t -  
ween curve R, and t h e  Mach wave, responds t h e  s o l u t i o n  (12) when t h e  in t eg ra -  
t i o n  i n  both i n t e g r a l s  extends over  t h e  e n t u r e  reg ion  S*, t h a t  is, reg ion  CI 
i s  absent ,  wh i l e  reg ion  o1 coinc ides  w i t h  the reg ion  S*. 

To t h e  reg ion  comprised between t h e  s t r a i g h t  

I f  t h e  propagat ion v e l o c i t y  of v i b r a t i o n s  along t h e  s t reaml ined  su r face  
s a t i s f i e s  the i n e q u a l i t y  v < u + a, curve 1 is a hyperbola.  

4 .  I n  p a r t i c u l a r ,  when harmonic o s c i l l a t i o n s  wi th  frequency w propa- 
g a t e  along the elastic s u r f a c e  of t h e  wing, t h e  func t ion  

A A ( ~ ,  y, t )  = di(s, y) expio(t + aj(q y) )  = Re A2(s ,  y) exP id. 
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U t i l i z i n g  t h e  r e l a t i o n  
i a  ioa 00 exp - r+exp-- r =  2cos- r,  

U= - 11% ua - as ua - a= 

w e  s h a l l  r e p r e s e n t  t h e  s o l u t i o n  (12) in t h e  form 
_. __ 

I iou 
cp = cpo - Re exp (iot) exp (-.x) x 

- iou 

x 5s (:' q' exp ( i d )  exp (- 5) exp (& r )  dgdq - 
0 

-- I Reexp(iot) exp (* x )  x ' 

x $! 4 4 ( € 9  11) iou oa 
r (- ;;..i-=-;;.-+s 

zn 
r&d% 

01 

where t h e  g iven  f u n c t i o n  A2 determines t h e  ampligude and the i n i t i a l  phase 
of o s c i l l a t i o n s  a t  each o s c i l l a t i n g  p o i n t  on t h e  s u r f a c e  of t h e  wing. 
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