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{. INTRODUCTION

1.1 PURPOSE AND SCOPE

This Phase II Body-Fixed, Three-Axis Reference System Study Final
Report is the result of a follow-on contract awarded by NASA/MSFC to
TRW Systems in April 1966, under Contract No. NAS8-20209. The purpose
of the Phase II Study was to refine and supplement the strapdown inertial ’
reference assembly (SIRA), software, airborne computer, and alignment

analyses performed during Phase I of the same contract.

Specifically, the Phase I results in many areas were those which could
be achieved using simplifying assumptions (linearization) and hand analyses.
It was the purpose of the Phase II studies to investigate the validity of the
Phase I results by means of more sophisticated computer simulations, in
which no simplifying assumptions were made, for each of the areas analyzed.
The Phase II analyses were directed, therefore, at confirming the analytical
feasibility asserted by the Phase I results.

The scope of the Phase II study was delineated and 1mp1emented as

shown in F1gure 1-1 and explained below.

.

!Stl\ll\f\LRLlil'\rAl%\lI;lrS SIRA ERROR PERFORMANCE
ASIMULATIONS —® MODEL ANALYSES
COMPUTER AND

SOFTWARE
SIMULATIONS
AND ANALYSES
COMPUTER AND COMPUTER
T SOFTWARE IMPLEMENTATION
ERROR MODELS ! STUDIES

ALIGNMENT l

SOFTWARE

ANALYSES

Figure l-1. Phase II Study Implementation
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1. 1.1 Instrument Analyses

The full nonlinear equations for the single-axis platforms (SAP's)
as derived in Phase I were simulated on both digital and analog computers
for the purpose of verifying the Phase I results and investigating un-

modeled error sources, if any. The PIGA's were not simulated.

1.1.2 Airborne Computer Analyses

The attitude reference and velocity transformation software investi-
gated during Phase [ was programmed on interpretive routines which
simulated both digital differential analyzer (DDA) and general purpose (GP)
airborne computers. The purpose of these simulations was to determine
the effects of various word length and speed airborne digital computers

on attitude and velocity error performance.

1. 1.3 Alignment Analyses

Four methods of software implementation for initial SIRA alignment
were simulated on a digital computer. The three methods completely
simulated were constant gain, white-noise Kalman and variable gain filters.
A fourth method, narrow-band Kalmén Filter, was simulated to sufficient

depth to allow evalué.tion of the filter convergence performance only.

1.1.4 SIRA, Computer and Software Error Models

Based upon the results of the simulations and analyses outlined in
Paragraphs 1.1.1 through 1.1.3, refined models for the SIRA, software,
and three airborne computers were formulated. The purpose of the refined
error model formulation was to provide the input to system performance

analyses.

1.1.5 System Performance Analyses

The error models developed as outlined in Paragraph 1. 1.4 were
input to the TRW generalized error analysis program in order to obtain the
error performance of two SIRA configurations (differing instrument orienta-
tions) in combination with three different airborne computers (a DDA and

two GP's) operating on an injection trajectory.
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1.1.6 Airborne Computer Implementations

The software as refined in Phase II, together with the airborne
computer errors as determined from simulation, were input to a study of
possible airborne computer hardware implementations. Three possible
implementations and their hardware implications were considered. These

implementations were a GP, a DDA, and a hybrid DDA-GP.
1.2 FINAL REPORT ORGANIZATION

The Phase Il Final Report is divided into seven main sections and
two appendices. This division occurs naturally due to the method of study

implementation shown in Figure 1{-1.

Section 2 summarizes the conclusions and key results obtained in each
analysis area. The study details leading to the results are documented in

Sections 3 through 7 and in Appendices I and II.

Section 3 presents the system performance analyses and error models
for various SIRA-airborne computer combinations operating on an injection
trajectory. Section 4 details the simulation techniques and results from
the instrument analyseé. Section 5 shows the interpretive simulations and
results of the airborne computer analyses. Section 6 presents the various
methods of alignment software implementation which were simulated and
evaluated. Section 7 disc.ussés several possible airborne computer imple-

mentations and the hardware implications of each.

Two appendices complete the final report. Appendix I offers two
alternate algorithms for use in an airborne computer. The first is an
algorithm which reduces commutativity error in a GP computer, and the
second is an algorithm intended specifically for an incremental hybrid
computer. Evaluation of these alternate algorithms, other than by the
hand analysis presented in the appendix, was considered beyond the scope

of this study.

Appendix II presents the results of further study of the effects of

coning on strapdown software beyond that done in Phase I,
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2. SUMMARY

2.1 CONCLUSIONS

The Phase Il study as conducted by TRW has both confirmed the
Phase I study results and conclusively demonstrated the feasibility of a

boost guidance system for Saturn composed of the MSFC SIRA and a suit-

able state-of-the-art airborne guidance computer.

The SIRA hardware error model, including the effects of a conserva-
tive evaluation of the strapdown instrument environmental errors, exhibits
an injection inaccuracy of less than 9.8 fps (30) on the injection trajectory
used for evaluation and using the Phase I SAP orientation along body axes.
The Phase II SAP orientation (SAP's straddling thrust axis as well as
PIGA's) gives an injection error of less than 11.4 fps (30) on the same tra-

jectory, due to the excitation of additional mass unbalance terms.

A suitable state-of-the-art airborne computer may be designed for
use with the SIRA which using the recommended software essentially
contributes no additional inje‘ct;ion error when the errors are combined in rss
fashion. Such a suitable computer may be either a 16-bit, 10,000-cps DDA
or a 24-bit, 10-msec GP. Shorter word length and/or slower speed com-

puters may be used with increasing penalties in injection accuracy.

If seli-contained alignment (in the airborne computer) is a require-
ment, it may be desirable to select either a GP or hybrid airborne com-
puter rather than a pure DDA. These computer types are preferred due
to the large increase in DDA capacity required to implement rapid align-
ment equations. Alignment software can be easily implemented (in a GP or
GP portion of a hybrid) which allows alignment to better than 20 arc sec in
less than 26 min time. Possibly, alignment software can be implemented

which will allow the same alignment accuracy in less than 16 min time.
2.2 STUDY RESULTS

This subsection summarizes the study results obtained and developed
in Sections 3 through 7. It is intended here to document the findings only,
without method or justification. The analysis methods, simulation techni-
ques used, and evaluation of results are presented in detail in the appro-

priate sections later in the report.
2-1



2.2.1 System Performance Analysis

The total system (SIRA, airborne computer and software) was
evaulated for a 2 x 3 matrix of SIRA (PIGA's straddling thrust axis; SAP's
on body axes; SAP's straddling thrust axis) and airborne computer (16 bit,
10, 000-cps DDA; 24 bit, 10-msec GP; 21 bit, 20-msec GP) configuration
combinations. The system performance was evaluated using the same
injection trajectory as in Phase [ for ease of comparison, and it includes
the instrument errors due to a conservative strapdown environment. The

results of these system performance analyses are shown in Table 2-1.

It is to be noted that the injection accuracy is relatively insensitive
to SIRA instrument orientation (1.5 fps (30) injection error difference),
and that either the 16-bit DDA or 24-bit GP performs equally well, including
both software and computer hardware errors. The increased SIRA error
in the Phase II instrument orientation (PIGA's and SAP's straddling thrust
axis in pairs) is a result of the excitation of additional mass unbalance
terms. This effect is both trajectory and g- level dependent, but it may
be expected to be typically small.

Table 2-1. System Performance Analyses Results

Phase I Instrument Configuration Phase II Instrument Configuration
Airborne Computer Position, 3¢ ~ Velocity, 3¢ Poasition, 3¢ Velocity, 3¢
16 bit, 10,000-cps 4105 ft 9.9 fps ’ 4710 f& 11.5 fps
DDA* 1252 M 3.0 m/sec 1434 M 3.5 m/aec
24 bit, 10-masec 4138 £ 9.9 fps : 4727 1t 11.6 fps
GP 1260 M 3.0 m/sec . 1443 M 3.5 m/sec
21 bit, 20-msec 4868 ft ’ 12.5 fps 5375 fr 13.9 fps
GP 1485 M 3.8 m/sec 1639 M 4.2 m/sec

.Auumu PIGA quantization of 0.0125 m/sec/pulse {see Section 5).
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2.2.2 Instrument Analyses

The complete nonlinear mathematical model of the SAP as derived
during Phase I was simulated on a digital compute'r. The objective of the
digital simulation was to check the validity of linearization assumptions
made to facilitate hand analysis during Phase I, and to investigate the

existence of any unmodeled error sources.

The nonlinear SAP simulation was subjected to both step inputs of
varying amplitude and sinusoidal inputs of varying amplitude and frequency.
It was found that the nonlinear mathematical description reproduced the
results of the linear mathematical description to four and sometimes five
significant figures. This key result both validated the Phase I analysis and
allowed the use of an existing TRW linear transfer function computer pro-
gram for the evaluation of instrument loop rectification performance in the

presence of sinusoidal or random inputs on multiple axes.

The rectification program was run for normalized power spectral
density (PSD) inputs out to 2,000 cps, and the integrated error drift rate
effect plotted versus frequency for each rectification error source. This
valuable set of plots allows the determination of instrument rectification

response to any shaped PSD without further computer runs.

Three new SAP error sources due to fictitious coning (unequal
instrument frequency responses and phase shifts) were found and evaluated

in Phase II. These sources do not appreciably affect SAP performance.

Due to the linearity validation in the SAP simulation, it was no't
necessary to simulate the similar PIGA. The Phase I results are sufficient

and valid.

2.2.3 Airborne Computer Analyses

The attitude reference and velocity transformation software developed
in Phase [ was refined and programmed in interpretive routines which
allowed the simulation of airborne computers of variable word length and/or
speed. Both DDA and GP computers were simulated. The results of these
simulations together with additional analyses allowed the separation and
evaluation of error sources due to both software (truncation, commutativity,

etc.) and computer hardware (roundoff, quantization, etc.)
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The simulations of a GP airborne computér were evaluated and
interpolated in order to allow the selection of two candidate airborne com-
puters for use in the system performance analyses. One candidate machine
(24 bit, 10 msec) was chosen as contributing negligible error compared to
the SIRA, and the other (21 bit, 20 msec) was chosen as contributing
approximately the same error as the SAP's. The performance of the two
candidate GP's is presented in Table 2~2, and includes both software and

computer hardware significant error contributions.

Table 2-2. Candidate GP Error Performance

Equivalent Drift Error (deg/hr)

Error Source
24-bit, 10-msec _GP 21-bit, 20-msec GP

Slewing Truncation Erfor : 0.0115 0. 046
Coning Truncation and

Commutativity : - 0.0100 0.040
Roundoff | 0.0030 0.029
Quantization - ' 0.0010 0.002
RSS 0.0156 0.0675

The simulations of a DDA computer showed that quantization of the
PIGA outputs is a major error source. It was seen that increasing DDA
word length and speed is not in itself sufficient to achieve adequate per-
formance. The velocity quantization must be reduced as speed is increased
in order to take advantage of the faster speed. Otherwise, the DDA is

operating for many cycles between velocity pulses with no input.

The present MSFC PIGA quantization is 0.05 mps/pulse. In order
to achieve reasonable performance (1.5 fps (30) total velocity injection
error) it will be necessary to reduce PIGA quantization to 0.0125 mps/pulse

at least.
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This improvement yields satisfactory performance in conjunction with a
16-bit, 10,000-cps DDA, and it was incorporated in the system perform-

ance analyses.

During the Phase Il computer analyses, it was decided that the
Phase I DDA design capable of handling only a 1.4 deg/sec nominal vehicle
rate was unrealistic. The Phase II results reflect an increase to 12 deg/sec
or better nominal capability with input buffers to handle rates up to

60 deg/sec for short periods.

Simulations of three velocity transformation methods were evaluated
during Phase II (using direction cosines present at beginning or end of
velocity accumulation interval; direction cosines at middle of velocity
accumulation interval; direction cosines averaged at beginning and end of
velocity accumulation interval). It was found that significant improvement
in error performance was gained with the use of either average direction
cosines or the direction cosine values at the middle of the accumulation
interval. Since a serial DDA must use the direction cosines at the end
of a velocity accumulation interval, it is for precisely this reason that a
DDA requires smaller velocity quantization than a GP. It cannot profit

from the averaging improvement available to a GP.

2.2.4 Alignment Analyses

During Phase II, four methods of alignment software implementation
were evaluated. Three of these methods (constant gain; white-noise
Kalman; variable gain filters) were programmed in a complete alignment
simulation involving direction cosine update, 99 percent wind sway, etc.
Significant improvement was achieved over the Phase I constant gain align-
ment in the alignment time required in the presence of 99 percent winds
by means of a software change. The Phase II software initiates alignment
by setting in an initial average direction cosine matrix obtained by filtering
the SAP and PIGA outputs for 3 to 4 min prior to initiation. In Phase,
alignment was initiated using the identity matrix for the starting direction
cosines. This software refinement achieves better than 20 arc sec align-
ment accuracy in 26 min as opposed to one hr using the identity matrix

method.
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The results of the white-noise Kalman filter and variable gain filter
simulations were unsatisfactory in that no significant improvement over
the constant gain method in alignment time was seen. For this reason,

a fourth method was investigated using a narrowband Kalman filter, but
only the filter itself was simulated in order to examine convergence pro-
perties. The design of the narrowband Kalman filter assumes that the
sway is approximately sinusoidal and is near a known frequency. This
method offers an improvement to 16 min alignment time if the frequency
and characteristic oscillation actually experienced do not differ greatly

from those assumed in the Kalman filter design.

2.2.5 Airborne Computer Implementation Studies

Based upon the results of the airborne computer analyses and the
alignment analyses, several hardware implemenations of the airborne
computer were examined. These implementations consisted of DDA's
employing several kinds of memories, GP's as discussed in the Phase I
Final Report, and a hybrid DDA-GP in which the attitude reference equa-
tions are solved in the DDA portion, while the velocity transformation

and alignment equations are solved in the GP portion.

The desire to implement the rapid alignment software developed in
Phase II places stringent requirements upon a DDA. The number of com-
puting elements is greatly increased by this software change. It is desira-
ble, therefore, to select either a GP or hybrid DDA-GP for the airborne
computer, where the alignment software may be simply implemented in
the GP portion. The salient characteristics of the candidate computers

studied are shown in Table 2-3.
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3. PERFORMANCE ANALYSES

3.1 INTRODUCTION AND SUMMARY

This section presents the results of the flight-error analyses per- .
formed during Phase II. These error analyses represent a refinement of
those accomplished in Phase 1 (see Reference 1, Section 3) based upon the
detailed instrument analyses (Section 4) aﬁd airborne-computer analyses
(Section 5) performed during Phase I. In general, it is shown that the
Phase I assertion, that computational and computer errors can be made

small with respect to hardware errors, was valid.

The performance analyses performed during Phase 1I were accom-
plished for a 2 x 3 matrix of SIRA airborne-computer combinations. Both
the Phase I instrument configuration (gyros on body axes, accelerometers
straddling the thrust vector) and the Phase II instrument configuration
(both gyros and accellerometers straddling the thrust vector in pairs) have
been analyzed for performance in conjunction with three candidate-~
airborne computers (16-bit, 10, 000-cps DDA; 24-bit, 10-msec GP; 21-kit,
20-msec GP). The total system error model for either instrument con-
figuration operating with either the DDA or 24-bit GP gave a 3¢-velocity
error of 3.5 m/sec or less. Either instrument configuration operating

with the 21-bit GP gave a 3o-velocity error of 4.2 m/sec or less.
3.2 TRAJECTORY

In order to provide ease of comparison with the Phase I results, the
Phase I trajectory was used for the Phase Il error analyses. This trajec-
tory was generated by TRW based upon a reference trajectory supplied by
MSFC during Phase I. The TRW trajectory is defined and compared to
the MSFC trajectory in Reference 1, Subsection 3.1.

3.3 INSTRUMENT CONFIGURATION

The instrument orientations used in the error analyses are defined
in Figures 3-1 and 3-2. While no attempt was made to determine optimal

*®
instrument orientation, it can be seen from inspection of Table 3-2 that

*Table 3-2 is in the Confidential Annex, "Annex of Error Models and
Analyses (U), " TRW Document No. 05128-6002-R7000.
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Figure 3-2. Phase II Instrument Orientation



there is little difference in the performance of either configuration with
respect to velocity error (approximately 0.5 m/sec, 3¢) on this trajectory.
This result is substantiated by the results of another study for MSFC by

TRW in which several orientations were evaluated on another trajectory.

Primarily, the difference between instrument orientation perform-
ance arises due to gyro mass unbalance terms being excited in the straddle
configuration. The magnitude of this effect would be trajectory and g-level

dependent, but is probably small.
3.4 SYSTEM PERFORMANCE

The total system-error model, including instrument errors, soft-
ware errors, airborne-computer errors and alignment errors, was input
to the TRW generalized error-analysis program for evaluation on the
selected trajectory. The results of these system-performance analyses

are presented in this subsection.

3.4.1 Error Modeling

The instrument hardware error models used in these analyses are
identical to those used in Phase I. The instrument error models are
summarized in Table 3-1. * The instrument errors due to the strapdown
environment are developed in Section 4 and applied to the hardware error
model in Paragréph 3.4.2.* The software and airborne-cgmputer errors
are developed in Section 5, and summarized in Table 3-2. " Theaalignment

errors are deireloped in Section 6 and summarized in Table 3-1.

3.4.2 Numerical Error Models

This paragraph is contained in the Confidential Annex, "Annex of
Error Models and Analyses (U)," TRW Document No. 05128-6002-R7000.

3.4.3 Results

The detailed injection errors obtained by propagating the numerical-
error models of Paragraph 3.4.2 through the injection trajectory are
presented in Table 3-2. The total injection error is summarized in

Table 3-3, however, for the 2 x 3 matrix of SIRA airborne-computer

combinations.

"See Confidential Annex
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4. INSTRUMENT ANALYSES

4.1 INTRODUCTION

This section presents the results of analyses performed on a single-
axis-platform (SAP) during Phase II of the Body-Fixed Three-Axis Refer-
ence System Study. The main objective during the Phase II SAP analyses
was to digitally simulate the SAP equations of motion (derived during
Phase I; see Reference 1, Section 7) in order to accurately determine
rectification errors. A secondary effort was to inspect SAP loop opera-

tion and to supplement coning studies performed during Phase I.

Subsection 4.2 summarizes the Phase Il work efforts; the remainder

of this section is subdivided into four basic subsections:

4.3 SAP Digital Simulation (MIDAS)— Time Domain
4.4 Digitally Determined Rectification Errors—Frequency Domain
4.5 Transient Characteristics of SAP Loop

4.6 Fictitious Coning Phenomena

The first of these subsections presents the methods and results of
digitally programming the complete nonlinear differential equations of the
SAP. A description of the program is provided. This program is re-
ferred to as MIDAS (Modified Integré.tion Digital Analog Simulator). By
means of this simulation the SAP is shown to operate as a linear device.
Both step and sinusoidal inputs are utilized to demonstrate this linear
property.

The establishment of the SAP linear operational characteristics per-
mitted use of another digital program known as the Drift Rectification
Program. In the second subsection this program is described. Evaluation
of each of the drift rectification errors that were determined in Phase I
is repeated. In addition each of these errors is also presented in a normal-

ized form (power spectral densities).

The third subsection presents some particular results of the MIDAS
simulation that pertain to marginal loop stability. Graphs of SAP response

time histories are shown that reflect root locus characteristics.



The overall system (SIRA) coning studies presented in Phase I are
supplemented in the fourth subsection. This supplemental material per-
tains to SAP contributions to coning errors. These contributions are
shown to arise when two separate SAP channels have different phase and

gain characteristics.
4.2 SUMMARY AND CONCLUSIONS

A digital program was designed to simulate a time domain mode of
operation for the SAP. A detailed description of the program is later
presented. Two forms of excitation were employed, step and sinusoidal.
The results of the program verify that MSFC-SAP operates in a linear
mode. This linearization is demonstrated by two means: First, the re-
sponses to step inputs matched those of a linear system; and second, it
was verified that the nonlinear SAP loops summing junction inputs and out-

puts compare numerically to those of the linearized summing junctions.

A second digital program was developed to calculate rectification
errors that occur in a linear system. The program is later explained in
detail. This program provides a means for determining error responses
to either sinusoidal or random power spectral density excitations. Both
responses are normalized; however, an explanation is provided to show
how responses to shaped PSD inputs may be obtained. The sinusoidal
response magnitudes are shown to have exact correlation to those obtained

from the time domain solution (MIDAS).

The SAP error terms €3 through €g from Phase I, as well as three’
new terms ¢ 10° €11° €12’ have been calculated by the rectification error
program, and are presented in Table 4-1. Numerical values are pro-
vided for both the drift coefficients (normalized sine responses) and the
accumulated random integrations (described in Subsection 4.4). These
latter responses pertain to power spectral densities (PSD) that are con-
stant valued to 40 cps. Curves are presented in Subsections 4.4 and 4.6
for extensions of the PSD through 2000 cps.

A low magnitude oscillatory mode of operation of the MSFC-SAP is
pointed out. Graphs are presented which demonstrate the SAP torque

restoration associated with step error torques acting about the SAP



gyro-output axis and SAP input axis. These restoration torques are shown
to oscillate through several cycles with considerable relative overshoot. |
A root locus plot that was presented during Phase [ serves to explain these

characteristics.

An analysis is provided which clearly shows that fictitious coning
effects attributed to the MSFC-SAP are negligible. This analysis includes
a description of the fictitious coning phenomena, as well as two examples.
First, two versions of a typical example involving torque motor back
emf are presented., Second, a case induced by angular vibrations acting
about the output axis of two different SAP's is provided. The errors that

result are 310, e“, gnd € 12 shown in Table 4-1,

The analysis conducted during Phase II serves to partially upgrade
the SIRA error model that was presented in Phase I. The upgrading re-
flects digital calculation of the SAP error model only. The PIGA error
model from Phase [ is assumed to remain intact. The SIRA package

alignment is studied in Section 6.
4.3 SAP DIGITAL SIMULATION (MIDAS)— TIME DOMAIN

During the Phase I study activities, the equations of motion of a SAP
were derived in detail. To determine performance errors these equations
were linearized. The Phase II efforts are premised on utilizing the non-
linear version of these differential equations. Specifically, the version
of the equations that is used reflects the nonlinearities that usually occur

in Eulers' rigid body equations. These equations omit products of inertia.

The method selected to digitally simulate these nonlinear equations
employs a standard TRW utility program commonly known a.s‘ MIDAS
(Modified Integration Digital Analog Simulator). MIDAS provides a means
of obtaining digital solutions on an IBM 7094 computer for systems of
differential equations by using conventional analog computer techniques.
It features the use of floating point arithmetic and a variable step-size
integration routine. These features eliminate the amplitude and time

scaling problems usually associated with analog usage.



Table 4-1.

Drift Rate Errors and Causes

4-4

ACCUMULATED
NUMERICAL RANDOM RANDGM
ERROR ERROR CAUSE DRIFT COEFFICIENT VALUE, deg/hr DDUCED ERRCR INTEGRATION,.
(normalized) ( deg/hr )
normalized
Toax”
I Rectification due to inputs | C, = 4 |2} cos 2y 0.162 4,,(1) c (f)ar 3.1
3 3 9, v, 23 3
of w, and W
2 3 4
2ax
<, Rectification due to inputs Cy = 3 ‘9—" cos| [L'. " 0.0073 Ioe3(x‘) ch(r)u 0.13
of L' and @ (!'e' are MUSA L. L. ©
and MUTA activated by vibra=
tion inputs)
Caax
5 Rectification due to inputs g = 3 '9—-‘ cos([:-:-—' - ¢3) | ©.00375 I’P e3(1') cs(r}u 0.075
' L
of Lpe and w, (I‘pe Pe ‘e
friction torgues or oess
unbalances excited by vibra~
tion)
. . 4 ax
I 1o 9
. Rectification due to inputs | C, = % = |.2) cos |[-R - 4 0.013% #,3(2) Cglrlar 0.01
(] 6 H |w, w, "1 23
of w, and w, (different
propagation through loop
than ¢)
} : fmax
1, {e .
o ) Rectification due to inputs | G = R fl cos ( g}’-,- '2) 7.5 x 107 {qﬂ(ﬂ Gyle)ar 0.02
of L,' and w, (different rie ¢
propagation through loop
than ¢
v . pax
. 8 - ok
5 Rectification due to inputs | Cg = 7% 12 !coa( 12 v3) 1.25 x 10”7 I’peS(f) cqlolar- 5.0 x 10
of L' and w, (dirferent °
propagation .through icop
than ¢,
4 foa
9 )
.10 Fictitious coning error Co = f -5‘22' 8L v(le xz) T.4x 10',‘ 1023“) Cm(t)dr 0.03
due to +11% gain vartation A °
between SAP channels
L x
s, Fictitious coning error due | C,, = same as C;, T.h x 10"‘ 1023(!.) Cu(t)d.t 0.03
to +11§% gain variation and different numerical °
+11% damping between SAP values
channels
. » . 4
e_{ls o bax
€2 Output axis fictitious ;: e I 1122 0.0143 I’z3(’) ¢ (r)ar '0.0052
2 2 o
coning error due to +5db T
érin veristion
»
Toax ® WO cps U -Voz V'J -V|3V03 3 -‘\hlm’\/o3
4 8, = 1.0 l98 sec)’? et -103—-(m:1puedema 1ate belance)
2 3 8 - . e -0 Soe appropr msss unbelance



The program employs operational elements (adders, integrators,
multipliers, etc.) that are familiar to analog computer programmers.
These elements serve as building blocks. The basic programming pro-

cedure consists of essentially the following four steps:
(1) Draw analog block diagram

(2) Draw MIDAS block diagram using program operational
elements

(3) Write program by listing operational element and its
particular inputs

(4) Complete program by writing additional information
pertaining to

System constants specification

Program system parameters (variations to "constant")

Desired input-output information

Plotting information.

In order to furnish an insight into the programmed SAP equations a
simple spring-mass-damper problem will be used to demonstrate the
MIDAS techniques. The procedure prescribed by the above four steps are
applied to the following system: ’

 MX+BX+KX=0, X(o)=A

A (4-1)
X (0) =0

Step 1

INPUT =0

MX 11X X X
2 - / /




Step 2

MPY1

ADD 1

DVD 1

ITG 1

TG 2

MPY 2

Step 3

Element Number

Operational Element

Element Inputs

1 ADD 1 MPY I, MPY2
2 DVD 1 ADD 1, M
3 ITG 1 DVD 1
4 ITG 2 - ITG 1.
5 MPY 1 -B, ITG 1
6 MPY 2 ITG 2, -K
7 FIN IT, FT
8 HDR T, XT, XD@T
9 END - IT, ITG 2, ITG 1
Step 4
CON M, -B, -K, FT, A
PAR None
DATA (values corresponding to C@N; assumed for example)
-2.5 -15.0 2.0 1.0
PL@T None

The operational elements are appropriately chosen from a wide
variety that are available. The total selection of elements is shown in
Table 4-2. This table is reproduced from the programming guide
(Reference 2). Each of the nine operational elements utilized in the above

example are defined in this table.
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Table 4-2. Summary of Elements

NAME SV0L INPUTS OUTPUTS
1. MATHFMATICAL OPERATIONS .
t
INTEGRATE 13, 1103 A : ] Adt + IC
o
X
- Zz Ai
RIGE GAIN H8y A (1=1,2..K < 6) ~
SRR Y
. X /
suM 83, ADDJ Ai(x-x,z,..x < 6) zl A
b )
REGATIVE NEGS AR X .o{A+BPeC+D+E+F)
MULTITLY, My, PJ, WPYS A2 P " ABoC.D.E.F
PPTENTIZMETER
DIVIDE D3, DVDJ A,B A/3
ABSOLUTF VALUE ABS§ A 14
SQUARE ROOT BQRJ A Va for a >0
EXFCNENTIAL By A ot
NATURAL LOGARITHM L) A InAforA>0
RESOLVER FES) A [g :::Z:: 2 520 A (Note: A must be in radtans)
. -1 x -1 X
ARC TANGENT AT A ten”™ A vhere - 3 <tan" A< 3
2. SWITCHING ELEMENTS
3>0] 840
OUTPUT RELAY PR AB C output A 0
D output [+] A
c>0 | c<o
INPUT RELAY IRJ A,B,C,D [Guspat q
The D field may be used %o chznge a PAR
card value
. ) D>0 ] p=0] D<O
FUNCTION SWITCE FSW) A,B,C,D e " 2 e
. A>B | C<ACB | A<%
LIMITER 1My A,B,C [outout 3 Y z
A20 | AXO
BALIG-BANG BBJ A,B [output 5 3




Table 4-2. Summary of Elements {Continued)
HAME SYMBOL - Ixeurs [vitsadijn:]
: : A>B | C<A<SB | A<C
DEAD SPACE D3J A,B,C Lq:tput o) P s
A20 B>OJA>0 BLOIACO B<KO
AND GATE Aa, AB lodtput| 1.6 - - 0.0 0.0
A<O B<O A20 1B >0
PR GATE #a, A3 loutput - | . 0.0 1.0 | 1.0
3. ARBITRARY FUNCTIONS
FUICTION } 2] A, Data Cards £{A). Linear interpolation; data for every
. . case.
COHSTANT FUNICTION G A, Data Cards £(A). Licear interpolation; data for first
|case only.
CURVE FOLIOWER CF3 A, Data Carde £(A). Quadratfc interpolation; data for
;wery case.
CONSTANT CURVE cGJ A, Data Cards £(A). Quadrutic interpolation; data for
FOLIOWER : tirst case only. .
4. XTERATIVE ELEMENT
IMPLICIT FUNCTION  IMPJ A,B,C,D,5,F See text.
5. RUN TERMINATION
PINISH nn A;Bjece,¥ : Stops computation when A 2 B, post process
data tryunsfer on option.
G. IHSERTION OF IMMERICAL ITEMS
CONSTANT cgy Data Cerds 1 to 6 items/cord. Duta for first case oaly.
PARAMETER PAR Data Carda 1 to 6 items/caxd. Data for every cace.
INITIAL COIDITION IC Duta Cards 1 to 6 ttems/card. Non-zeroc IC's for
. every case.
7. SPECIAL STATRMENTS
HEADER HDR oe. . 1 to 6 items/curd. Provides titles for
the readout.
READOUT ] sew 1 to 6 items/card. Specifies items to
be printed.
kD EID cee Signifies the ead of the symbolic prugram.
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Table 4-2.

Summary of Elements (Continued)

NAME BYMBOL

mPUTS

QUIRUT3

8.

SPECIAL HAMES

INDEPE)DENT IT
VARIABLE
TIME ESTWEEN TR
READOUTS

MAXDMUM INTERVAL  DINT
OF INTEGRATION

MININUM INTERVAL  MININT
OF INTEGRATION

INTEGRATION OPTION @PTIfNJ

new

Current value of- the indcpendent verisble.

0.1 units of the independent varisble,
usually tims, unless otlhiervise givoen on
& Cfif or PAR card.

.1.0 unlees othsrvise given on a CPN or

PAR caxd.

1076 unless othervise given on & CfN or
PAR card. ‘

Specifies a non-otﬁndﬁxﬂ integration option.
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™

With these concepts in mind the programmed SAP configuration is
introduced. The block diagram representation is shown in Figure 4-1.
This diagram essentially reflects three differential equations: one that
mathematically simulates torques acting about a SAP input axis, another
simulating output axis torques, and a third representing the SAP servo

function.

However, it is to be noted that the first two of these particular dif-
ferential equations are not the linearized input-axis and output-axis equa-
tions derived in Reference 1. Those equations were shown in Reference 1
to be represented by a simplified block diagram that is repeated here in
Figure 4-2. Instead of the linearized version of the torque equations, a
form that was derived earlier in Reference 1 is used as the basis for the
MIDAS simulation in Figure 4-1. In particular the input and output equa-
tions from Reference 1 that are employed in the simulation are the following:

d - ,
LY = L; + La = [IY (wz - e):] + L (“"1 + 6w3-)(w3 - ewi)

-1, (w3 - 9&1)(031 + G_w3) - H, (m1 + 9w3) (4-2)
d ' :
pr = L;)e + I"pa = Ipxwl + Ix (wl + 90)3)’-0 [Iz (w3 - Gwl) + HJ

L wg0, + 1 (95 - 80)) 0y + H ) + 0L (0 + 0w,) 0

2
" Ipy¥2%3 - Iy (9 - 9) “3 | (2-3)
Loa(8) = F(s)0(s) | (4-4)
W) = w0y - ép (4-5)
w, = wy_ cos Gp + w, sin Gp | (4-6)
03 = @ sin ep - w_cos @ (4-7)
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The differential equation associated with the servo function, F(s),
was reduced to a third-order system rather than the true fourth-order sys-
tem that was designed by MSFC. A pole acting at 6000 rad/sec was deleted
which has negligible effect on simulation. By lowering this order, one
numerical integration is eliminated during computer operation. Since the
primary expehse of using the MIDAS program is integration routines, a
considerable computer cost savings was obtained at essentially no loss of

accuracy. The programmed equation (in frequency domain form) was

2 28
S+1 —5-7'*' a5+1
Ty r,” T2

L
1 = P2y -
9, %2
In MIDAS differential equation form Equation (4-8) appears as
K, [AIG + AZS + A3f6 dt +ff6 dE}: blea. + bZLpa
| !
o+ b3f Ly, dt+ b4HLpa at (4-9)
where . '
' 1
Al =— _ (4-9a)
r.r
, 172
: 2t
21 a
Ay=—zt+= (4-9b)
r, 172
28
a 1
Ag=5—++ (4-9¢)
3T T -
by = —t ' 4-9d
1772 (4-94)
9,9,
2%
1 b
by ==zt~ (4-9e)
q, 2
24
b 1
by =—m+ — (4-91)
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The complete MIDAS program that is associated with the block dia-
gram in Figure 4-1 is shown in Figure 4-3. Two decks of program cards
have been prepared. One has input constants already programmed so as to
allow onI'y sinusoidal forms of the five forcing functions, wy, w_, Lpe’ Le ’
and La' The second deck is prepared to process only step function forms
of these same inputs. Although Figure 4-1 indicates an additional form of
excitation, i.e. random, the necessary subroutines to accomplish this have

not been actually included in the program.

A typical computer output sheet for the SAP is reproduced in
Figure 4-4. The program plotting information and particular input data
that are associated with the SAP computations are shown in Figure 4-5.
These plots were presented in Reference 3 and some of them will also be

shown later in this report.

The step-input configuration served two basic purposes. It was
originally used to check out the SAP/MIDAS program and later provided a
means for obtaining transient responses of the SAP. In conjunction with
these two functions the step input configuration aided in establishing the
degree of linearity to which the SAP operates. The establishment of the
linearity is essential to the verification of the assumptions a.nd results of

the rectification error ana.lyses performed in Phase I.

To supplement the verification of a linear mode of operation, sinusoi-
dal forcing functions were applied. These excitations were selected so as
to represent the rectification inducement of the error term listed as ¢ 3 in
Reference 1. The following Table 4-3 is extracted from Reference 3 and

provides a summary of the step and sine input cases performed.

The linearity of the SAP can be demonstrated by inspecting the input
and output magnitudes of the two major summing junctions in Figure 4-1.
In each case the inputs consist of several signals, some of which are linear
and the rest represent nonlinear signals. Also, in each case the output is
a single signal. It remains to showk that the output signal is identical to the
sum of the linear signals at each summing junction. This not only establishes
that the nonlinear signals are negligible, but further substantiates that the
mathematical expressions representing these junctions are indeed the
linearized input-axis and output-axis equations (see Reference 1). The
following graphical and numerical comparisons will serve to demonstrate

this linearity for both junctions.
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COMSTAMTS

X"77270  22/17:0  SINT INPIT DELK

) CeN TUGHR ,KELR1,91,A7
e qon  IXslY,17,1PX,1PY,.iP7 e
? AR KY KD KD K4 KE K&
¢ nCM K74K3,KO, K10 ,K1Y,v1)?
— .o KY2,K14,K]15,K14,417,41°
) 13 ce KYIC K20,K21,K22,K22, k26 7 -
7 CPN K28 g JNF e 7A4IB,R2
e 8 SON PHTYPHIZ ,OHT3,PHT4%,DHIS
T c PAR WX WYy WZ oLPE,L= N
1 DaAR WE L TR FT,,K2¢
11 pAF MININT
Tt CAMDUTE DRIFT IATE ERROR FJX INPUTS PER PAR JATA
NPT ION?
14 ovyD) ITG3,1Y
. T Y RTTNERT YNy
LIS & {7 TG4
47 op< 1762
’ CE & 1) 1768
nVN4 NINE 4R2
_ 70 wpy2? PVNG,DVDG
FANET- T2 VAL, 2R
72 Ayng ANELQD
£ uMpys} LPF,K112
€4 MpYR?D LPF, K14
£S  MpYS32 LPE,K1”
o MPYES WE K14
C4L  MDYHT LE,%17
Cf‘; «.4pv=g lF'K‘In
e vpvse LF,k1e
1CT MPYAD WELKIC
107 MPYA2 MPY&2,TT
102 ApP2O MPYA2,PHIS
ICg 3ESH RGLRER]
1rs wpyar WX K1
106 MpY Y WX, K?
o 107 WpY3D WX, K3
110 MpPY34  wpY32,K21 -
NFGL1 ADDS
MPY14 NFG11, 1Y
MPYh MPY14,ADDG
MPY1S ADDIDLHR
ADD12 . [PY,1lY
NEGL13 - ADDY2 :
ADD11 NEG12A,1Z2,1PZ
MPY7 ADD&G, ADDTO
upys MPYT7,ADND11
NEGS MPYA
NEG?2 MPY15§
MPYTL NYD7,HR
NEGl4  MPY16
ADN? TTGL,MPYT1,NEGIS
ADDS 1PX, 1 X
nvn2 ADDZ2,ADDE

Figure 4-3. SAP/MIDAS Program
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31 NEG3 pVD2
24 ADD3 ADD17.NEG2
22 171G? A0D32

MPYQ OVD2,MOYTC
MPY1 MPYQ,ADDI O
NEG1 MPY1

ADDL NFG1yNEG2,NE35MPYS6,T1TG7,ADD25
4. 176G ADD}
MpPYT2 AND4,DVDT

ADDI DVN2,MPYT72
MpY13 ADNOHR
MPY1Q MPY2,NVD2

NEGSH MPYL10
MpPY12 nvynN2,aNN&
MPY11 MPY12,4DDS

ADD7 NEGA,MPYT1,MPY49,MPY13,ADD29
12 ITG3 ADD7
128 MPY66 K26,NEG2
146 FIN IT.FT
147 HDR  TIME,DReRTe +PLeANG,FL, ANG-PL.RT'LPA
148 HDR SEC+NEG/HR yRAD+RADLRA/SECDY=CHY
149 HDR
HOR s THETW ,HR W2 3 DIWLIDT 4D IW2DT o HRWL
HOP sRA/SFL 4DY=CMyDY=CM,NY=CMyIY=-CM
HOR : - ' .
- HDP
©3 RFSS ADD27

o8 MpYsC PESERMPYSR
97 ADD28 MPYAQ ,MPYST
B9  MpYAS P ESSR,MPYED

86 ADD25 . MPY65,MPYSL. -
87 MPYS54 ~ MPYS3,K24 .
88 _ADD26 _ ADD25,MPYS4

10C ADD?S ADD2A ,MPYS]
160 MPY32  RES2A,MPY21
1CR ADDY&  MPY23,MPY2Q

111 ADD17 ~ YPVY34,ADD1%
119 ADD19 MPY3T7MPY4C
12C _ADD20 MPY41,ADD19

€3 MPYK4 MPY2Z,NVD8
€8 MPYLlQ9 1765,A4D032
53 MpyY§ ADD22,RESIB

£2 MpPY3 ADDZG.RESLB
EC NEG4 MPYS
49  MPY4 ADDZ20,RESIC

4R MPY? ADDZ2,?FS1C
£1 ADDIC NEGGMPY4
4Lé& ADD4 MPY2,MPY?2

15 ADDS NEGT,ADDIC
S4 MPYL7  ADDB,KF
5 MPY18  MPY17,MPYf4

£4 ADD13 MPY1R,MPY13,4DPYAT,1TGSG
7T T1TGS MpYYI7?
€5  MPY2(0 ADDY&, ITGY

€6 1I7G8 1767
68 1769 1768
€7 MpY21 ADNYS5,17G8

€0 MEGS MPY20
&1 NEGO MpYZ1

Figure 4-3. SAP/MIDAS Program (Continued)
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£ S daatria

R

£2 NEGIC

1769

T35 ADDIT

ACN13  NEGB,NEGILNEGID

76 DVD3 ADD31 ,MPY2R
&4 17G7 nVD2 '
NEGIZ  1Z
ADDS NEG12,1X
MPY70  ADDS,DVD?
WPYI6 — MPYT0,A0D%
MPY6Q  MPY16,ADD4
112 MPYIS  WF,K4
117 vpPyY3s TT,MPY3s
134 ADDLR  MPY26,PHIY
118 RFESP ADNI A
o 114 MPY27 WY KS
117 MPY23  WY,K6
118 MPY3IC  W4Y,K7?
T 124 MEYA? WF,KR
125 MPY4T  MPY&rR,IT
176 ADD21  MPY&2,PH[?
Y23 2ES3 ADD21
12) MpPYAC  MPY3E,RFS38
122 MPY41  MPY29,K22
127 ¥pygs W2 K?
129 MBY43  W7,KI1C
:"C MPYSLA w?,K11
7T B nvng NNE , 01
70  MPYE] KD 4MPYSQ
77 MPY26  DVYDE,70

T 7R WMPYD7

7% wmpyI9

MPYZTALTU
NVYNA,MPY2T

T4 woveF

144 APD22
145 APN33

£1  AQDRYE  MPY2T7,NVDA
TTTTTTT74 MPY25 0 DVDRE,DVDS

7€  MDPYIR  NYD&sMPY2S

£F . AGD14  MPY26,MPY2Q
CTTTTTT iey npvry ITARS,KF

nyna NME,RY
72  MPY24  MPY?3,TU
143 MPYAR  MPY264,DVYD8

MPY22,MPYSLSR

MPYZ4,0VNE

128 upY4I
136 MPYS(

IT66,80D33
WE oKV 2
MPYAO LT T

TY137ADRYS

134 RECH
137 “pyan

PHI2,MDYS(
ADN24
K23,MPYLA

13T T MpVAT
130 ADP2?
121 ANN22

YFS4R,MDY4LS
MPV44 ,MPYLT
APN?2 ,MPY4R

TRy ¥PYER MPYRELIT

€2  APN27 MPYE6, PHI & ,
HDR W1 WI+QW3,JW1 ¢ JWI+NL,FL.RT
HDR +RA/SEC,RA/SEC,G-C/SEC+G-C/SECsRA7SEC
HDR

‘15C RN I1T,MPY6A,ITG2,DVD7,ADD3, ITGT
RO -~ 4MPYT2,NEG2,A)D1,ADDT,MPY1i3
RO . sDVD2yADD9,A3D2,1TGl,ADDS
RO - :

151 END

Figure 4-3. SAP/MIDAS Program (Continued)
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Table 4-3. Summary of MIDAS Work

Case

No.

Figure

No.
(of Ref. 1)

Plotted Parameters

Forcing Functions

Bw

pe
Other igr-em

L
L]

1gr-cm

w

X
1 deg

Yy

1 deg

w

1 deg

sec

sec

sec

Step
[nput

Freqg
cps

—

NN

o~ vl &1 Wi N

—
o

d{ BP) /dt

—
-

-
[V

—
w

-
£

—
w

[
o

-
-

—
-

-
-]

20

21

Hywy

wiwlutwloalwn]ls]ls]lelslaldbifwln

22

d(Jwy)/dt

23

d(Iw,)dt

24

Hy(w) + 8wq)

25

15

26

15

27

15

28

15

oclolfoloololw] v

29

15

-3

30

50

31

50

32

50

<) ]~

33

50

-

34

5n
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4,3.1 Input Axis Summing Junction

The summing junction at the input axis from Figure 4-1 is magnified
in Figure 4-6. It may be seen by inspection that the only linear input
signals (neglecting error torques = Lge) are Lpa. and Hrwz. The output
signal consists of a time rate of change of two linear signals and one non-
linear signal (Ix - Iz)ews. To visually inspect these magnitudes note
Figures 4-7 through 4-10. The approximate steady state values of Figures

'4-7, 4-8, 4-9, and 4-10 are respectively identified as

H w, % 4.36 x 104 dy-cm

4
Lpa. % 4.36x 10" dy-cm

d
r:e3 J'wl + NL & 0 dy-cm

and ew3 & 0 dy-cm

Therefore, it can be determined that on an approximate basis

afl.- - <
T |T@ - OH, + (T, - Iz);éé] Y Lpa - H v, (4-10)
or

(4-10a)

Je®p - H8 % Lpa - Hyop

If Equation (4-5) is used to replace @, and both sides of the resulting equa-

tion are multiplied by -1 the time domain equation appears as

J (O -0 )+HO=Hww -L ' (4-11)

or by use of Laplace transform notation

J'x [szep(s) - swx(s)] + Hrse(S) = Hrwz(s) - Lpa(s) (4-12)
Equation (4-12) may be recognized as the linearized input-axis equa-
tion that was derived in Reference 1. In order to numerically verify the

linearity, floating point numbers extracted from the computer run shown
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d
;’[un 1™ aHr+('x -12)903]

g Z f LPO
4+
L
pe

d
df["’xul - eHr+('x ‘lz)a 3]§Lpa -Hr“2
=0
OR ,
d .
_ aT[Jx(ap T X) * eHr] =Hu 2” Lpc:
OR
LS [s-op (5) -w x(s)] FHS 06)=H, 0 50 - L ()

LINEAR "INPUT AXIS EQUATION"

Figure 4-6. Input Axis Summing Junction
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ML Vi aav ekt o hetive

The second time interval, 0.002 sec, is

in Figure 4-4 may be used.
The enclosed numbers

arbitrarily selected for demonstrating purposes.
in that figure are entitled in the headings above them. The difference

between Lpa. and Hrmz is

4.484949 x 107

- 2.563091 x 104
1.921858 x 10%

A simple comparison of this difference to that of "DJWIDT," 1.921699 x 104,
indicates a direct relationship until the fifth significant figure. The per-
cent of deviation of the linearity in this case is
(1.921858-1.921699) x 10 x 100 = 0. 0083%
1.921699 x 10%
4.3.2 OQutput Axis Summing Junction
In the

Linearity at the output axis is exhibited in a similar manner.
case of the output axis summing juriction, blown up in Figure 4-11, there
is only one linear input signal H.rwl' This signal is included in the expres-
sion H_ (wl + 993). The magnitude of the nonlinear signal 8w, has just been

shown to be essentially a negligible quantity (when directly compared to

linear signal magnitudes). Therefore it is necessary to show that

= I {w, - eﬂ n H_o) (4-13)

This can be substantiated by visual inspection of Figures 4-12 and

4-13 which represent time traces of the two expressions involved. These

two curves are essentially identical. The linearized output-axis equation

results from substitution of Equation (4-5) for_wl, and changing signs on

each term, i.e.

Iy(e' wz) = Hr(Bp"- wx) (4-14)
or in Laplace notation,

Iysze(s) - H,80 (s) = - Hwy(s) + [ swy(s)  (4-15)
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ac-i- [ly(u 2" é)]

Hr("’l+ 9u3)

4T, : _ :

gf-[ly (, - e)] ~ H o +'9/43)- H, (0 y = 6)
~0

| | OR

:ysz 6(s) - H_S 'ep (6)=-Hooy () +1 Suy()

— J

v

LINEAR "OUTPUT AXIS EQUATION"

Figure 4-11. Output Axis Summing Junction
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The numerical illustration is based on the 0.005 second time interval.
Note again on Figure 4-4 that the magnitudes of the two terms of interest
are 3.475825 x 10> and 3.475828 x 10>. Not until the last significant
figure does any difference occur. The percent of linear deviation is
(3.475828 - 3.475825) x 10°

3 x 100 = 8. 63 x 10”27,
3.475825 x 10

The establishment of the linear mode of SAP operation serves two
important purposes:
(1) Verification of the Phase I assumptions of linearity. The

simplified SAP block diagram from Reference 1 is there-
for representative, see Figure 4-2.

(2) Permits use of an inexpensive digital program that is
designed to compute drift rectification errors of a linear
system when excited by either sinusoidal or power
spectral density forcing functions.

The following section explains this program and applies it to the
MSFC designed SAP. In that section a correlation between time domain

and frequency domain solutions further serves to verify linearity.

o
H
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4.4 DIGITALLY DETERMINED RECTIFICATION
ERRORS—FREQUENCY DOMAIN

A digital computer program has been developed which determines
drift rectification errors that occur in a linear system due to either sinu-
soidal or random forms of excitation. This program, identified as TRW
No. AG040—Drift Rectification Program, operates in the frequency
domain on system configurations expressed by transfer function pole-
zero-gain characteristics. ‘The forcing functions are either sinusoidal
amplitudes and phase angle or power spectral density (PSD). The primary
outputs are either a drift frequency sensitive coefficient (identical to a
sine response) and an accumulated integration of random induced drift
versus frequency. The type of calculations performed were those demon-
strated in Section 7 of Reference 1. A general description of the program

follows.

4.4.1 Program Description

The basic mathematical model that demonstrates a drift rectification
error is shown in Figure 4-14. The actual rectification phenomenonoccurs
as a result of a time-domain-multiplication (TDM) of two separate vibra-
tional inputs after they have propogated through different inertial sensor
servo paths. The?é paths might reflect alternate passages through a single
sensor or might represent corresponding paths through two different sensors.
In the case of SAP rectification, such as that treated in Reference 1, the
case of an alternate passage through one sensor applies. Fictitious coning
is an example of the case of different sensors (see subsection 4.6, Fictitious

Coning and Reference 5).

Although the actual rectification phenomenon occurs in the time domain
(i.e., TDM), it is often more convenient and useful to express the behavior
in terms of frequency domain concepts (amplitude, phase, etc.). Such an
apbroach was employed (using hand analyses techniques) to deter-
mine SAP rectification errors in Reference 1. To this extent the Drift
Rectification Program was patterned after the calculations performed in

that reference,

As described in Reference 1, the basic task consists of separately
determining the frequency response of two independent inputs, as each

propagates through a different transfer function, and then calculating
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Figure 4-14. Rectification Model
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the product of the two responses. Two types of inputs are to be considered:
both sinusoidal and random excitations. Sinusoidal inputs are merely
amplitudes of two independent inputs and the phase angle between them.

The random input will be expressed as a power spectral density. When
random inputs are being considered the sinusoidal response in a normalized
form serves as a frequency sensitive coefficient. The rectification error
for each case described above is mathematically expressed by a single

equation pertaining to that case.

Several portions of the Rectification Error Program have been
borrowed from the TRW utility program, Frequency Response Subroutine.
This routine was modified to allow the passage through two transfer func-
tions per case. It was also modified to use either a root locus gain or a

Bode gain in calculating the fre.quency response. A flow diagram on the

program is shown in Figure 4-15,

The following subsections describe some of the significant blocks
shown in Figure 4-15,

4.4.2 Built-in Frequencies

The frequency table will contain a set of built-in values of frequency
at which frequency response will be computéd. The first value, 0.1
rad/sec, will define the low end of the table. The first zero value will
delimit the upper end of the table. This provision will allow additional
frequency values to be input at the upper end of the table. Also, it allows
any part of the built-in set to be used or a completely different set to be
input over the built-in set. The range of the standard built-in set is
0.1 rad/sec to 12,600 rad/sec.

4.4.3 Additional Frequencies

At values of circular frequency, w near the imaginary part of any
of the poles or zeros, a more detailed description of a transfer function,
G(s), may be desired, particularly if the real part of the pole or zero is
small. For these frequencies a separate table will be constructed, which
has two entries per additional frequency required. These requirements

are either:
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(1) A lower value of the range of additional frequencies

(2) An increment that will be added to produce 13 addi-
tional frequencies centered at the point of interest
(resonant frequency).
This table must be constructed, arranged in ascending order, and

the entries counted before inclusion with the built-in set begins.

This table will be
Engineering Symbol Program Symbol (Dimension)

w5 ADFRQ(100, 2)

For all poles and zeros compute:

Center Frequency: (pole or zero = a + jb)

o e a——

wy = Va +b2 ' (4-16)

Increment: (Note: An entry is made only if ¢ <,05)
g = la] ' (4-17)
poy .

0.
Lower Frequ'ency.: A
wA=wo-b§ (4-18)
Thus the kth entry in the table will be ADFRQ(k, 1) = w A and

ADFRQ(k,2) = {. These frequencies define the behavior of G(jw) in

regions where phase and amplitudes are rapidly changing.

4.4.4 Modified "Frequency Response Subroutine"

The modified Frequency Response Subroutine computes the values

of two transfer functions.

N,(s)

Gl(S) = m

NZ(S')
G,(s') = D, 157 (4-19b)

(4-19a)

for given sets of values of s and s', where s and s' are Laplace transform

representations of complex numbers. The modification also allows one
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of the transfer functions, say GZ' to be equal only to a pure gain. In

other words, Cr2 has no poles or zeros associated with it.

The transfer function is given as a ratio of two complex polynominals
that have been factored into products of the roots of each of the polynomials.

Thus, the transfer function in root locus form is given as

n
7 (s -z))
(s-z Ms-2z_  )...(s-2,) -D t
Gs) = Bay = KL o pe (o7 T = “RL =
m m-1 1 T (s-p,) (4-20a)
=1
In more useful Bode form this equation appears as
n
I (s/z;-1)
G(s) = KB i=1 (4-20Db)

po—y .
i=1

where P; and z, are complex numbers and are called the poles and zeros
of the transfer function. KRL and KB are constants representing root locus

and Bode gains,

Values of s that are pure imaginary and have a magnitude ofw, i. e.,
s =0 + jw, are substituted into the equation for G and corresponding values
of G are computed by another routine. The resulting values of G are com-
plex numbers, a magnitude and an angle; the phase angle is represented by
@. These values of magnitudes and phase angles along with some of the

input data are used to compute the sinusoidal response.

R esponses

Case 1 - Sinusoidal Response

The equation for the sinusoidal induced error is
21
epr(coi) == (KOXIXZHGII 1c;zlcos(¢1 - ¢, - ) (4-21)
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where IGi, is the magnitude of Gi at the frequency of interest, and ¢ is

the corresponding phase angle, KO’ Xi’
is the amplitude of sinusoidal motion, | represents the phase angle be-

XZ' and § are data inputs. Xi

tween X1 and XZ’ and K, is an input gain used to convert the response to

0
proper units.

Case 2 - Random Response

The equation for calculating the random response is

N
Random Response =2, ®(w,)C_(w,)5w, (4-22)
i=1 1 s 1 1

The random response is dependent upon the sinusoidal response.
However, Xl and XZ must be normalized, i.e., set equal to one, in order
to obtain the frequency sensitive rectification coefficient, Cs(w), needed
to calculate the random response. This coefficient is defined as

€_ (w)
C_(w) = 22 (4-23)

X%,
In place of the sinusoidal amplitudes; Xl and XZ’ the magnitude of the
random forcing function, ®(w) expressed as a power spectral ‘density at
each frequency must be specified. This requires the program to add
values of 2(w) that correspond to the added frequencies. These values of

®(w) are calculated by interpolation as follows:

2 lw) - 2 (w)
U L x (wy - op) + 2 () (4-24)

¢A(w) = Wy - @,

where @(w) represents the value of the PSD forcing function, and w repre-
sents the circular frequency. '
The subscripts are as follows:
A - An added value
L - The last input value used

U - The next input value to be used.
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Also needed are frequency bandwidths which must be established for

purpose of integration. The bandwidths Aw are found as follows
Aw, = g (4-25a)

where w is neither the first frequency nor the last. By this method the
bandwidth will tend to center around w. The first and last bandwidths

are the exceptions. The first bandwidth is calculated as follows

Aw = > (4-25h)
while the last is
wn - @ 1
Aw = ——-2-";- (4-25¢)

The random response shown in Equation (4-22) will also be referred
to as an accumulated random integration. It provides random-induced
rectification errors attributed to a power spectrum existing through fre-
quency w,. Also' desired as putpﬁt is a supplementary set of necessary
calculations to show the contribution of each element of area to the overall

area. This is shown as a percent of the total area.
<]?(wi)Cg(mi) Awi

N
L 30y C o)ty

x 100 (4-26)

Percent of Area =

In all cases the output is presented versus frequency in cycles per second
(cps) rather than circular frequency. Tables 4-4 and 4-5 show the pro-_
grammed symbols for input and output data respectively, Figures 4-16

and 4-17 show schematically the binary and source program decks.

4.4.5 SAP Rectification Errors

A special case capability of the program is to perform the same type
of calculations that were done by hand in Reference 1, Section 7. This
capability refers to the setting of the second transfer function GZ equal to

a pure gain., These calculations involved the computation of sinusoidal
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*IF PLOTTING IS NOT DESIRED
- (1) DON'T USE NOTE CARD

(2) TAPE CARD INDICATES TAPE NUMBER ONLY
®, ., .+ . TAPESO

7 $185YS

END OF FILE

DATA DECK
/ END OF FILE

BINARY DECK

/’ $1BJOB

/s EXECUTE 1BJOB

/ $ EXECUTE IBSYS
¢/~ NOTE CARD
TAPE CARD -
NOTE CARD ,
COL  coL coL
i 8 16
*, ,, ., ,NOTE USE 06 TYPE CHART FOR PLOTTING
TAPE CARD
coL coL coL coL - coL
1 8 16 31 37

* & r 1 2 2 TAPE 50 53 ].

Figure 4-16. Binary Program Deck
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*IF PLOTTING IS NOT DESIRED

(1) DON'T USE NOTE CARD
(2) TAPE CARD INDICATES TAPE NUMBER ONLY
* ¢+ s+ TAPESO

/ $185YS

/END OF FILE

DATA DECK
/ END OF FILE

SYMBOLIC DECK

7/ $ IBFTC
/s I8JOB

/ $ EXECUTE 1BJOB

// $ EXECUTE 1B5YS
// NOTE CARD
TAPE CARD
NOTE CARD
coL coL  coL
T 8 16

AT NOTE USE 06 TYPE CHART FOR PLOTTING
TAPE CARD FOR PLOTS

cot coL coL coL coL ,
1 8 16 31 37
* v o0,  TAPE 50 53 "

Figure 4-17. Source Program Deck
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Table 4-4. Input Symbols of Rectification Program

PLS (1, 1)
ZRS (1, 1)
NPL (1)
NZER (1)
GKRL (1)
GKB (1)
KFLAG
PLS (1, 2)
ZRS (1, 2)
NPL  (2)
NZER (2)
GKRL (2)
GKB (2)
KRAND

PS1L

X1

X2

K@

PHI

RITE

PLPT

$ REDEFQ®
HEAD = H
HEAD
FREQ(a)

Poles for the first transfer function

Zeros for the first transfer function

The number of poles in the first transfer function
The number of zeros in the first transfer function
Root locus gain for the first transfer function
Bode gain for the first transfer function

If KFLAG is input equal to zero, then the second transfer
function is considered to be a constant

Poles for the second transfer function

Zeros for the second transfer function

The number of poles in the second transfer function
The number of zeros in the second transfer function
Root locus gain for the second transfer function
Bode gain for the second transfer function

If KRAND is input equal to one, the program will compute
both the sinusoidal response and the random response. If
KRAND is not an input or is an input not equal to one the
program will compute only the sinusoidal response.

Phase angle between the transfer functions

Amplitude of the first transfer function, If X1 is not an
input, the amplitude is considered to be one

Amplitude of the second transfer function. If X2 is not an
input, the amplitude is considered to be one .

A conversion factor

. . 2 2
Power spectral density power/cps (i.e., g~ /cps, ©«“/cps,
etc.) There should be a PHI input for each frequency used
from the built-in set of frequencies.

If RITE is input equal to zero, there will be no printed
output

If PLOT is input equal to zero, there will be no plotting
This card defines HEAD to be Hollerith information

HEAD is the header used on the plots to indicate the case
title

a represents the counting number of the frequencies in the

"built-in set of frequencies. If FREQ{a) = 0.0, this will stop

all computations after the (o - 1) frequency. If FREQ(«) = 8.,
this will make the frequency at @ to ba equal to B, (Note:
Frequencies must be in ascending order. )
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Table 4-5. Output Symbols of Rectification Program

Sinusoidal Response

FREQ (CPS) Frequencies in cycles per second
RESPONSE Sinuoidal response
ANGLE (DG) Difference of phase angles for G 1 and Gz in

degrees (includes input phase angle ¥)

If plot # O in input data, there will be a plot of the sinusoidal response
versus the log frequency.

Random Response A

FREQ (CPS) Frequencies in cycles per second

RESPONSE Sinusoidal response

ANGLE (DG) Phase angle in degrees

RAN SUM . Running sum of the random response

RANDOM : Random response within each bandwidth

PERCENT The percent each random response contributes
toward the total response

DELW ' -~ The bandwidth of the frequency

RANDOM : The total response, same as the last entry under

RESPONSE : running sum

If plot # O in input data, there will be two plots.

(1) Sinusoidal response versus log frequency
(2) Running sum versus log frequency

Note: (1) If RITE = O in input data, results will not be printed
(2) Input data will always be reflected in printout.
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drift rates normalized to excitation amplitudes., As previously indicated,
these normalized drift rates will hereafter be referred to as drift coeffi-
cients C, (w) where the i is indexed to drift errors €, through €g in Ret-

erence 1. These coefficients were denoted in Reference 1 as (€ /Q Q 3)(w), etc,

Certain of these coefficients are further defined to associate them
to the type of error that occurs. For example C3 may be recognized as
being induced by angular rates that occur about both the spin and output
axis of the SAP gyro. Therefore, it is defined as SAP Spin-Output Rect-
ification. Rectification associated with C8 may be similarly defined as
SAP Spin-Input Rectification,

For demonstration purposes the SAP Spin-Output Rectification is
selected. The symbolic representation of this is shown in Figure 4-14.
The transfer function Gl(s) is e/wz(s) while the second transfer function
Gz(s) is simply unity. The input data sheet is reproduced in Figure 4-18.
One page of output data is shown in Figure 4-18A. The various headings

are defined in Tables 4-4 and 4-5. A graph of the coefficient C versus

3
frequency is shown in Figure 4-19. This figure was also obtained from
a computer operation, Figures 4-20 through 4-24 are computer plots of

drift coefficients C4 through C, respectively. To obtain a rectification

8.
error due to sinusoidal inputs merely multiply the value of the appropriate
curve at the specific frequency by the amplitudes of the two forcing functions

that are involved.

4.4.6 Linearity Verification

These curves of drift coefficients also serve to verify further the
degree of linearity of the MSFC-SAP. Since the Rectification Program
is to be used in conjunction with linear systems only, if its results match
those of nonlinear MIDAS time domain simulation, then certainly the non-

linear effects must be negligible.

Two specific cases are used to verify this matching of linearity
between frequency domain and time domain solutions. Both cases again
refer to the ¢ 3 SAP Spin-Output Rectification condition. The frequency
of interest for the two cases is arbitrarily selected to be 15 cps and 50
cps respectivel{r. These frequencies compare to peak positive and peak
negative values of ¢ 3 in Reference 1. Note on Figure 4-19 that the drift
rectification error at these frequencies is 0. 146 deg/hr and -0.0036 deg/hr,
respectively.
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Figure 4-25 shows the SAP-MIDAS simulation results of the signal
fuwy for 15 cps inputs of Wy and W with 1 deg/sec amplitudes. It is easily
ascertained geometrically that the average value between positive and
negative peaks is 7.1 x 10-7 rad/sec or the same 0. 146 deg/hr. Similarly,
Figure 4-26 is indicative of a -0.0086 deg/hr error for the 50 cps inputs.
This direct correlation obviously represents an exceptionally high degree

of linearity.

4.4.7 PSD InRuts

The PSD inputs of vibration that were used in the Drift Rectification
Program runs were all of flat unity magnitude. By this normalization,
rectification errors for any magnitude of flat PSD inputs may be readily
obtained by a simple scaling. However, the "accumulated random inte-
gration" performed by the program further allows these errors to be

computed for any bandwidth (up to 2000 cps at present).

The accumulated random integration curve fore 3 is shown in
Figure 4-27. Note that if a 40 cps bandwidth is selected, the ¢ 3 rectifi-
cation error for a 0.0005 (deg/sec)Z/ cps PSD would be

=0.00155 deg/hr

. deg
0.9005 b 4 331 hr lf=40 cps

For an "extended environment" pertaining to a 300 cps bandwidth the e 3

rectification error would be-
0.0005x 8.2 ___g ' = 0,004 deg hr
. Ld ] lf 300 P . 1 /

The accumulated random integration curve for each of the remaining
rectification errors, €4 through €gq) are shown in Figures 4-28 through
4-32 respectively. A summary of the random curves and their associated

forcing functions is shown in Table 4-6,

If it is desired to obtain approximate rectification errors ¢ 3 through
€g for shaped PSD inputs these curves will also serve that purpose.
To demonstrate the method assume that a PSD curve applicable to ¢ 3

appears as
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Table 4.6, Summary of Rectification Error Work

Figure Plotted Random Forcing Function, PSD ]
.Number‘ Pa#ameters @23 ___‘/5—2—\/53— ¢e3 =\/§‘/53— fppe3 =\/3p—;\/33‘
4-27 2,, f C, df X

4-28 23 [ Cydf X

4-29 @pe3[c5 af X

4-30 2,5 [ G af X

4-31 23 [e, df | X

4-32 %eafcs af | | a X
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2
&._(f) (deg/sec)
23 cps

10.0 x 10”4
5.0 x 10‘4~-
1.0 x 10‘4“
l £
0 1 10 100 1000 c<ps

At the frequency, 1 cps the accumulated random integration to that
point is 0,0 (from Figure 4-27). At 10 cps the normalized accumulated
error is 0.75 deg/hr which corresponds to an error induced by the 1 to
10 cps bandwidth of '

1.0x 1074 x (0.75-0.0) = 7.5x 10’5deg/hr.

Similarly the error attributed to the 10 to 100 cps bandwidth is the PSD

level times the difference of normalized error values,

4

10,0 x 107 x (4.25 - 0.75) = 3.5 x 1073 deg/hr.

Between the 100 to 1000 cps bandwidth the error is

5.0 x10-4x (7.85 - 4.25) = 1.8 x 10-3deg/hr.

The total error would therefore be the sum of the errors attributed to
each bandwidth or 5.4 x 107> deg/hr. '

Obviously the more narrow the bandwidths are made to approximate
true PSD shaping, the more accurate the error evaluation will be, A
good engineering approximation may be obtained by just such coarse band-

widths since the primary integration is reflected in the curves themselves.
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4,5 TRANSIENT CHARACTERISTICS OF SAP LOOP

During the Phase I studies, a root locus determination was made of
the MSFC-SAP configuration. The root loci were plotted in Reference 1
and that.plot is repeated here in Figure 4-33. However, no attempts were
made during Phase I to evaluate transient response or determine loop

stability margins.

An inspection of Figure 4-33 reveals that a predominant closed loop
pair of conjugate poles remains quite close to the imaginary axis. This
position implies an oscillatory nature of the SAP operation. Such a mode
is to be expected when employing a gas bearing gyro like the AB-5. The

poles in question obviously propagate from the open loop pair of gyro poles.

As is indicated in Subsection 4.3, a series of step inputs were
employed to check out the time-domain digital simulation program. These
step inputs also serve to provide a series of transient responses. Three
such responses are shown in Figures 4-34, 4-35, and 4-36. The first
two figures represent SAP platform closed loop torquing required to
overcome two types of input error torques., Figure 4-34 represents the
electrically applied torque to error torques acting on the SAP gyro-output
axis., Figure 4-35 represents torque resistance to error torques acting
about the SAP input axis. Figure 4-36 portrays float angle response to
error torques about the SAP gyro-output axis.

Each of these plots serves to verify the critical location of the con-
jugate pair of closed loop poles mentioned above. In the first two figures
the torque compensation was induced to travel through essentially three
cycles of motion before damping out. The float angle motion is shown to
travel through one compiete cycle with a high transient peak. Although
each of these plots reflects the lightly damped transients associated with
the above mentioned pair of conjugate poles, it should be noted that for the
assumed l-gm-cm disturbance torque the maximum float angle that occurs
is 3.3 x 1()'6 rad (less than 1 arc sec). Such low level motion would have
essentially no effect on system operation due to the apparent oscillatory

mode of operation.
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The time domain program did not include such possible nonlinearities
as float stops, amplifier saturation, or torque hysteresis. Considering
the marginal location of the closed loop poles, a more extensive evaluation
of the SAP should be made which would include the above mentioned non-
linearities. These conditions can be readily adopted by the MIDAS simula-

tion program, once realistic values to represent them are established.

4,6 FICTITIOUS CONING

The phenomenon commonly referred to as coning is closely related to
the basic technology of a strapdown guidance system. Therefore, a study
was conducted of coning with regard to the MSFC-SAP. The aspect of
coning that pertains specifically to SAP transfer of angular rate information
is termed fictitious coning. Fictitious coning is, in essence, an error in
the measurement of vibrational angular rotation of a vehicle about some
fixed axis that is not coincident with either of the three SAP gyro-input
axes, These imperfect measurements generally result from a combination

of two error inducements:

e Computer algorithm and sampling
e Gain and phase differences between SAP loops

The coning error induced by compﬁter algorithms was studied in detail
during Phase I (seg Section 5 of Reference 1). The studies were based on

perfect SAP loops with unity transfer functions.

If any two SAP transfer functions are not identical their outputs will
also differ for identical inputs. This output difference would, in turn, be
interpreted by a perfect computer as a measure of drift rate about the

axis normal to the two axes in question for certain forms of excitation.
To pictorially demonstrate this occurrence, see Figure 4-37.

The basic mechanism which induces a body to physically cone has been

shown by Goodman and Robinson (Reference 5) to be oscillatory angular

rates along two orthogonal axes acting 90 degrees out of phase with each

other. Mathematically expressed, this true coning motion that occurs

about a vehicle yaw axis (for example) for excitations about the roll and

pitch axes is

Q.(t) = 1/2 [‘PR“’p - 9’P‘°R]' (4-27)
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Figure 4-37. Fictitious Coning Mechanism
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where
[mi dt i = P(pitch), R(roll)

©
e
Hn

angular rate oscillations

€
"

If such motion was processed by perfect sensors and computer
no yaw-axis fictitious coning error would be indicated. This is the lower
path shown in Figure 4-37. However, any nonperfection of this processing
through the upper path of Figure 4-37 yields a different indication of coning
motion than the true motion. The difference between the readings of the

two paths is the fictitious coning error.

There is an alternate way of interpreting fictitious coning. If the
two input angular excitations are exactly in phase with each other, then
it can be shown that no true coning motion of the vehicle exists. Without
presenting mathematical verification, it is obvious that some greater
degree of true coning will exist for excitations that are phased somewhere
between zero and 90 degrees apart., It follows, therefore, that even when
the excitations are precisely in phase, but the SAP loops that process
these motions have phase differences, that an ideal computer would
interpret these SAP éigna.ls to represent some degree of coning motion.
This greater degree is again considered to be fictitious coning. In terms
of frequency -response to sinusoidal angular vibrations these relationships

may be expressed as

(i) = ~op 0p, [Cpglie) siny + Cpclju) cos v]  (a-28a)

where
W = amplitudes of angular vibrations about roll and pitch axes

. ¢ = phase angle between wp and wp,

CTC(jw) = true coning coefficient

1. C(j“’)lGR(jm)“GPUw)l cos [[.GR(jw) - LGPU@)] , (4-28b)

2w
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CFC(jw) = fictitious coning coefficient

_ Cliel|Gjel||Gpliv) | sin [ [Gglie) - [Gpliw) ]
N 2w ’

(4-28¢)

Gi(jw) and C(jw) are SAP and computer transfer functions as defined by
Figure 4-37.

The remaining work in this section will be based on an ideal computer
where C(jw) = 1.0 and will only investigate the fictitious coning coefficient

CFC(jw).

4,6.1 First Order Effects

In the case of the SAP it can be readily established that, in a first-
order sense, no gain or phase differences exist between SAP loops.
Therefore, no fictitious coning exists., An inspection of Equation (7-51)
from Reference 1 will serve to verify this statement. That equation

relating SAP output to four inputs, is presented here for convenience:

I sF(s)uyls) + 1 s°L g (s)-[H s + F(s)] [Lgls) + L (s)]
3

vé(s)= (s) - 4
P X J. I s
x

+H2s+H F(s)
Yy r r

(4-29)

Note that if the forcing functions, w,, L Ly and L, are independent

pE’
of the input axis rate wys then the transfer function between Gp and wy is

-2 (s)=1.0 (4-30)

Since no explicit dynamical properties exist between input rate and output
rate measurement then no explicit gain or phase differences exist between
SAP loops. The Gi(s) functions of Figure 4-37 do satisfy the idealistic
conditions of unity SAP loops. Furthermore, no fictitious coning error

contributions are attributed to the SAPs themselves,

This is not to conclude, however, that sensor-induced fictitious
coning cannot exist in the SIRA, The existence of second-order error
effects may well cause subtle differences between SAP loops. Such causes
x:m'.gh: be friction or torque motor back emi{ that act about a SAP input axis.

-z Clo
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This phenomenon would appear in L ¢ as a dynamical function of either the

P
angular rate component acting along the SAP input axis or the platform

te, 9_.
rate P

4.6.2 Torque Motor Induced Fictitious Coning

To demonstrate the approach necessary to determine fictitious
coning errors, a case is assumed where back emf acts on the input axes
of two different SAPs. In this event, the input axis error term, L pE(s)

in Equation (4-29) assumes the form

I.pE(s) = DEép(s) | (4-31)
where

DE = damping coefficient associated with back emf,

Neglecting excitations acting along the other two SAP axes,

Equation (4-29) is rewritten as

. 2 .
. A . I sD_06 (s)
0_(s) = wyls) - —L— E L (4-32a)
P J.Is” +H" s+ H_F(s)
Xy r r
or, after rearranging
8_(s) - .TIs3+st+HF(s)
B = x3Y e (4-32D)
X JIs +ID_s +H s+ H_F(s)
DE Xy y E r T

In order to evaluate Equation (4-32b) it is convenient to define a
new closed loop transfer function. This step permits use of the work
performed in Reference | and saves considerable computer time. The

new function is

5 P(S)
E T
D GP(S)
i+ D
E LpE
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where

GP(S)
L

is the transfer function used to determine 68.
pE

By simple algebraic manipulation it can be shown that the following

equality (from Equations (4-32b) and (4-33) holds true:

)
P =G, () — P . (4-34)
X D GP(s)
Dr+
pE

The numerators of GCLD and DE(éP/LpE) are identical. Therefore,
the expression for GP/wX reduces to the ratio of the characteristic
equations fox.'. BP/ L-PE and GCLD (see Equation 4-32b). The characteristic
equation for GP/ LpE was determined during Phase | to be nominally that of

éP(S)

PE

nom

1.2 10-9 §2 SZ+1 s®_ )l S + 1 _.____deg/sec)
- 235 x 5 \TTo” 1500 = 31000 ~ /\B000 gm-cm

2 2 -
. S S
(Tm Ty 1)(1’73‘7—’7‘1‘5"‘ 7759 “)(T"‘Gsz. “)(1"“"5‘933. ¥ 1)(‘“59‘1"“3.3+ 1)
(4-35)

The back emf damping coefficient is arbitrarily selected from
standard catalogs of torque motors having essentially the same properties
as that indicated for the MSFC-SAP. The nominal value used is

_ 4 dy-cm
DE = 1.356 x 10 }m.

The open loop gain variation that is used is £11 percent from the

nominal KF/ Hr’ Such variation changed the location of the poles for

GP/ L.pE(s) as follows:




=

oo

éP(S)

+11 percent

2
-10 2{ s s S
2.67 x 10 s (T._D—+ 1>(—§'0_‘1 0 % ;1000 + Q(SOOO * 1)

) )
] S
(8.01:&j35.2+1)(184.4ﬂ:j781.1 * 1)

—
-

(4-36)

and

éP(S)
D
ET
pE
-11 percent

2
-10 2 s s S
3.33x 107" s ( - * 1‘)(1500 £ 71000 | 1)(%“00 ' 1)

2
S S S S S
(6,45 z2z.9 " 1)(161.9tj660. ot 1)(—'0—683 5t 1)(1_4"“79 = 1)(“7"759 327 1)

’ Each of these equations is, in turn, used in conjunction with the
TRW-Root Locus Utility Program to determine a GCLD(S) from
Equation (4-33). The transfer functions for two channels of ép/'wx {s)
one with +11 percent open loop gain and the other with -11 percent gain,
are then obtained by employing Equation (4-32b). These are the transfer
functions that are to be used by the Rectification Program and they are
shown in Figure 4-38., This figure is a reproduction of the input sheet to

the Rectification Program.

The resulting drift coefficient Cp (see Equation (4-52)) and accumu-
lated random integration that is attributed to this fictitious coning condition
are shown in Figures 4-39 and 4-40 respectively. Again, it is significant
that the drift coefficient is a response that is normalized to rotational
vibratory amplitudes that represent 1.0 deg/sec on each channel.
Furthermore, the random curve has also been normalized to a

l.O(deg/sec)Z/cps flat PSD environment.
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An inspection of these two curves establishes that the magnitudes of
fictitious coning errors are negligible. From Figure 4-39 the maximum
error in drift rate would be less than O.’004 deg/hr. From Figure 4-40
the worst-case random-induced error is calculated to be 1,63 x 10~% deg/hr
(0.35 x 0.0005).

The investigation of fictitious coning errors was also extended one
step further. Instead of maintaining the nominal value of the damping
coefficient, Dp, it was also permuted 11 percent. The combination of
open loop gain variation with that of the damping variation was selected so
as to provide an apparent worst-case occurrence. Such a condition occurs
when gain increase is coupled with damping increase and vice-versa. The
relocated pole positions for this case are shown in Figure 4-41. Note, by
comparing Figure 4-38 to Figure 4-41, that this £11 percent damping
variation has insignificant effect on the pole relocation. The resulting
plots (Figures 4-42 and 4-43) of drift coefficient and accumulated random
integration further bear out this negligible change. These plots are nearly
identical to those of Figures 4-39 and 4-40.

4.6.3 Output Axis Fictitiou‘s-Coning

An entii‘ely differént type of fictitious coning than that described by
the two prevvious cases can exist in the SIRA. This type is induced by
angular vibrations that occur about the output reference axes of two
different SAPs, i.e., w,. This pl:xenomenon can be readily recognized by
inspection of Equation (4-29). Although the transfer function between
platform rate ép an.d input rate Wy is unity, there exists definite loop
dynamics between Bp and the output axis rate w5, This appears in transfer

function form as

IysF(s)

T 1§ +H% +H F(s)
X'y r r

ép(s) = RE - (4-38)

Ah ideal computer would receive SAP pickoff signals without any
knowledge of the cause. That is, coning motion of Equation (4-27) would

only be interpreted by the computer to be of the form

1 S .
=16 6 -6_6 (4-3
Q:5(t) = [ be o PP‘pR] (4-39)
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The effects of fictitious coning due to input axis components of angular
rate have been shown to be small. Therefore, consider the Op and ép to be
only a function of w, as reflected by Equation (4-38). As discussed
previously, if the two w, components were exactly in phase and the roll
and pitch axis transfer functions (Equation (4-35) were identical then again
no fictitious coning would be indicated by Equation (4-39). However, if
phase and gain differences do exist between loops then as before fictitious
coning effects would be interpreted by the computer. To demonstrate the
possible error magnitude the open loop gain associated with
Equation (4-38) was perturbed %5 db., Note that Equation (4-38) was also
used to determine rectification error €gr SO closed loop computer work
had already been performed. The transfer functions associated with each
SAP are shown in Figure 4-44.The drift coefficient associated with this
"output axis" type of fictitious coning is shown in Figure 4-45. It produces
a maximum value of 0.014 deg/hr normalized to 1 deg/sec amplitudes,

The accumulated random integration is shown in Figure 4-46. At the
40 cps bandwidth cutoff the error is 0.0052 deg/hr (obtained from computer

tape) normalized to a unity PSD of angular rate.

This error again causes no real concern. The drift coefficient
(sinusoidal response) requires a specific high frequency before being
excited. The random error would be negligible when multiplied by the

0.0005 PSD magnitude.

As has been indicated, the analysis presented here has assumed an
ideal computer such that the coefficient C(s) is equal to 1.0. Actually,
the effects of computer sampling have considerable consequences on the
determination of true coning that is undergone by the vehicle. These
effects are highly dependent on the frequency of the excitations. In general,
if the excitation frequency is above half that of the sampling frequency
(100 cps from Phase I) then the excitation effects are folded down. Excita-
tion effects for frequencies below those of the half-sampling frequency are

essentially passed through and contribute to the error content as previously

explained,
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This condition may be both beneficial and detrimental. If only
fictitious coning is induced, then high frequency contributions would be
attenuated and system performance is assisted. However, if the vehicle
is actually undergoing high frequency coning, then this true motion would
also be lost to the computer. A rigorous treatment of the case of sampling
has been accomplished for specific inputs only. The results of such analyses
are presented in Reference 7. Included in that reference are some normal-
ized curves to determine coning error rate in percent of true vehicle coning

rate based on sample frequencies,.

These results indicate that fictitious coning contributes no serious
error effects in the MSFC-SIRA. However, these results should not be
considered conclusive. Further studies should be conducted to determine
the effects of all possible combinations of open loop gain and damping
variations. Furthermore, realistic tolerances of these parameters should
be established as should a true value for the back emf coefficient, DE’
Also the combined effects of sensor loop characteristics with computer

sampling properties should be evaluated.
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5. AIRBORNE COMPUTER ANALYSES

5.1 INTRODUCTION AND SUMMARY

During Phase I, the errors due to computer software were evaluated
analytically (Reference 1, Section 5)., During Phase II the software
developed in Phase I was programmed in interpretive routines whereby
the complete performance of the software in conjunction with various word
length and speed airborne computers could be evaluated. The types of
computers simulated included both General Purpose (GP) and Digital
Differential Analyzer (DDA).

Subsection 5.2 summarizes the airborne Hypothetical Computer
(Hypocomp) simulations of the attitude reference equations as developed
in Phase I. The results of these simulations resulted in the choice of
two airborne-computer word length and speéd combinations for use in the
performance analyses (Section 4) and the computer implementation studies
(Section 7). These choices were a 24 bit (including sign), 10-msec
machine achieving a total equivalent drift performance for both software
and computer of 0. 0156 deg/hr, and a less accurate 21 bit (including sign),

20-msec machine offering 0. 067 deg/hr total equivalent drift performance.

Subsection 5.3 describes and presents the results of a simulation
of the velocity transformation equations. This simulation evaluated three
methods of transforming the velocity accumulated in body coordinates to
inertial coordinates, The results of this simulation showed a definite
improvement in accuracy can be obtained if either the direction cosines
present at the middle of the body-velocity-accumulation interval, or the
average of the direction cosines present at the beginning and end of the

body-velocity-accumulation interval are used for the transformation.

Subsection 5.4 summarizes the interpretive simulation of various
register length and speed DDA's for both attitude reference and velocity
transformation performance. The results of this simulation resulted in
the choice of a 16-bit register (not including sign), 10, 000-cps (or faster)
machine for the performance analyses (Section 4) and computer imple-
mentation studies (Section 7). This simulation also identified the need
to improve the PIGA resolution by at least a factor of 4 from the pre~r.t

level of 0.05 mps if the airborne computer selected is a DDA.
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5.2 HYPOCOMP SIMULATION OF THE ATTITUDE -REFERENCE
EQUATIONS

5.2.1 Introduction

A simulation of the attitude-reference equations was performed
using the Hypocomp computer program. The Hypocomp program simu-
lates computations performed by a fixed-point digital computer of
specified word length. No specific computer is represented, so that the

results are only approximate for a particular computer.

5.2.2 Algorithms Compared

Two different basic algorithms are simulated. They are:

o Second-order Taylor series

e Modified second-order Taylor series

In addition, both algorithms have optional double-precision accumulation
of the increments of the direction cosines, so that in actuality four
different algorithms are studied. This choice of algorithms permits the
comparison of a basic simple method (second-order Taylor series) with
a more sophisticated method using cofactor calculations and orthogonality

corrections.

5.2.2.1 Second-Order Taylbr Series (Algorithm 1)

= Lipay 2 2 1 ' 1 -
Aalj = -z(Acyz + Bary )alj .+ (2Aozl[\afz + /_\ozB)azJ. + (ZMBAQI A°'2)a3j

= 1 - - 1 2 + 2 1
Aazj (§AalAaz AaB)alj 2(Ao/3 Aoy )a2j + (2A02A03 + Aal)a3j
ba. . = (hlajde, + bay)a, . + (Rbada, = basda,, = A(bas® + Ax %),
3j 2535 27%13 7 Y223 17823 = B\8 2 /833
jJ = 1,2,3 (5-1)

a'ij = aij+AaiJ.; i=1,2,3; §j =1,2,23 (5-2)

Equation (5-2) may optionally be performed in single or double

precision. When double precision is used, the Aa'ij is calculated in

single precision and then extended to double precision with zeros,
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A double-right shift is performed to scale the A,a'ij the same as the 3
and a double-precision add is performed. Only the most precise parts
of the a,. are used in Equation (5~-1). In a computer without a double~
precision add order, the same effect may be achieved by a single-
precision series of operations in which the bits, which would be lost in
shifting the Aaij right to scale them the same as the aij’ are saved and
accumulated in storage bins. Overflows from these bins are added to
the least significant bits of the appropriate aij' A separate bin is main-

tained for each aij'

5.2.2.2 Modified Second-Order Taylor Series (Algorithm 2)

— 1 2 2 2
By = 2 -a)y" -ap," = a57)
- 1 2 2 '
E3 = (1 - 837 — 83y - g, ) {5-3)

Ejy = 2lajjag) +ajaq, +ajgayq

= -1(p2 2 1 1 -
Aal,j -§(Aa2 + AorB )alj + (;AalAaz + AaB )a2j + (2Acv3Aal 1.\.01'2)a3j

A = (ipa b0, + A )a + (Bho b, ~ Ax.) - 3(a 2+m2) (-4
845 bagbay T fagiayy T \tapfag = Doy Jagy = 2May T by Jagy
J = 1,2,3
, j = 1,2,3 (5-5)
= + + - :
a3y = agy + (bagy +ay.E; - a) B ,)
821 T 213%32 T 212%33
850 = 211833 = 2)424) (5-6)

833 T 85837 T 81984,

The terms in the parenthesesin Equation (5-5) are added together
in single precision.” The result is optionally added to aij by the same

double -precision technique used in Equation (5-2).
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5.2.3 Scaling

Three different sampling rates are studied: 8, 32, and 128 cps.
For the same maximum input rates, the maximum values of the Aa;
and Aaij vary with sampling rate, so that the optimum scaling varies as’
well., If the higher sampling rates are not to be penalized by nonoptimum
scaling, it is necessary to scale the equations for each rate. The scalin

S

a
=)

used are shown in the following table.

. . Sampling Rate
Variable Units 3 32 128 ops
a. . - 1.01 1.01 1.01
~ -3 -5 =7
Aa, ., - 1.01 - 2 1.01°2 1.0L -2
- -3 -5 =7
Ao rad 2 2 2
* -3 -5 -7
Ei 3 - 2 2 2

These scalings allow for a maximum input rate of 1 rad/sec or

57. 3 deg/sec and for a nonorthogonality error of about 1 percent.

5.2.4 Sensor Quantization

The inputs to the above algorithms are the incremental angles Aa,
received from the gyros. This information will, in general, be more
coarsely quantized than the rest of the variables present in the computer
and must be treated separately. The outputs of the Hypocomp drivers
Aa‘i represent the outputs of ideal, unquantized sensors, which must be
quantized to give the Aai. Because the quantization process takes place
in a closed loop containing an integrator (the gyro), the quantization
errors, Qi’ are remembered and carried forward from one cycle to the

next. The process is as follows,
Initially, before a run:

Q =0 . i=12 3 (5-7)
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For each computation cycle

1 = !
= 1 = (5-8)
bar; [Aa‘i]Q i 1, 2, 3
= LI
Qi i 5 /.\ozi

The symbol[ ]Q means roundoff to a quantum size Q. Ify = [X]Q, then
y is Q times the largest (algebraically) integer less than or equal to
x/Q + 1/2. Thus lQi‘ is always less than or equal to Q/2. Q is specified

for different runs. It is a negative integer power of 2 in rad measure.

5.2.5 Hypocomp Driver

5.2.5.1 Driver Equations

The angular velocity of the vehicle will be specified in the form

© = Aoi + AAit +A.0; cos(t +); i o= 1,2,3 (5-9)

The ideal gyro outputs at time t are:

t
wry = [ wmats 1e1,2,3 (5-10)

Thus

At i .
baly = Ay At+ AA.At(t- ) + Ai[51n(§2it+cpi)- sin(Q;t + cpi-QiAt)]

i Ol 5
(5~11)

i = 1,2,3

The coefficients, which are read in as inputs are:

Ag. constant-angular velocities (rad/sec)

AA.T constant-angular accelerations (rad/secz)

Ai ' amplitude of sinusoidal oscillations (rad)

Q frequency of sinusoidal oscillations (rad/sec)
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At computation interval (sec)

The driver outputs are computed in floating point.

to fixed point, scaled at 20.

phase of sinusoidal oscillations (rad)

They are then converted

The quantizing operation in Equation (5-8) is

next performed. Then the outputs are left shifted 3, 5, or 7 binary places

3

to scale them at 2 ~, 2753

rate is 8, 32, or 128 cps, respectively.

5.2.5.2 Test Runs

, or 27! depending upon whether the sampling

The following driver outputs were used:
Test No.
1 Three-axis slew Aol = A02 = A03 = 12/3 deg/sec
2 Three-axis slew A, = Ay = A, = -4/3 deg/sec
1 2 3
3 Three—axis vibration = A2 = A.3 = 0,5 deg
Qg =09, = Q3 = 107 rad/sec
L Coning AO = 2m(1l - cos 0.5°) rad/sec
1
A2' A3 sin 0.5°
Q, 93 = 21 rad/sec
¢y = T/2

The different runs made using these
graph 5.2.6.1.

5.2.5.3 Coning Test Runs

test inputs are tabulated in Para-

The slew and vibration tests have in common an angular-velocity

vector with a constant direction in space and,

sidered as special cases,

therefore, must be con-

The simplest test case for which the direction

of the angular-velocity vector is not constant and for which a closed form

solution is obtainable is that in which an axis of the vehicle moves in a

circular cone.

Therefore, the largest group of runs investigating type

of algorithm, precision of summation, sampling rate, word length, and

quantization are made using circular coning about the x axis as the test

motion,




If B is the coning half -angle and 2 is the coning angular frequency, -
then the angular velocity is

Q(1 -~ cos B)
{w} = ( sin B cos (it (5-12)
Q sin B cos(Qt + /2) )

Note that a small constant-angular rate is present on the x axis. It has
been introduced to cause the body to return to its original orientation
after each coning cycle. Therefore, any deviation of the direction cosine
matrix from the identity matrix at the end of each cycle represents an

error,

The driver coefficients for circular coning are

Aol =. (1 - cos B); A02 = A03 = 0
AA1=AA2=AA3=0‘

A = °?. Ay = 45 = sin B (5-13)
Q = 0 92‘= 0; = Q

@ = 9 =0 g = T/2

The closed form solution of the direction cosine equation given
Equation (5-12) is
2, = s:i.n2 B cos it + c:c>s2 B8
aj, = - sin B cos B(1 = cos Qt)

a.:L3 = = gin B sin (it

&y = - sin B cos B(1 - cos Qt)cos Qt + sin B sin® Qt
a5, = (c032 B cos Qt + sin'?' B)cos Ot + cos 8 sin:,2 Qt

3,5 = (1 = cos B)sin Qt cos Ot

a3 = sin B cos B(lL = cos Qt)sin Qt + sin B sin Ot cos Qt



‘ 2 . '
a3 = - (cos® B cos it + sin® B)sin Qt + cos B 'sin Ot cos Ot
a33 = cos B s:’Ln2 at + c032 Qt

After each cycle, wheret = 2wn/q, [aij] is the identity matrix.

One of the major errors affecting the attitude reference in the
presence of coning motions is the commutativity error. This error is
caused by the noncommutativity of rotations and the finite sampling rate
of the system. It is independent of the choice of algorithm 1 or 2 since
both algorithms assume a constant direction of the angular-velocity
vector during the sampling period. Therefore, it is convenient to cal-
culate the error analytically so that it may be separated from the other
errors., As derived in Appendix I, the drift rate is

oy = %ﬁi (5-14)

For a typical case

Q =1lcps = 2w rad/sec

T = 1/8, 1/32, _1/128 sec

B = 0.5deg = 0.00873 rad
wy = 0.246 x 1074, 0.154 x 107°, 0.960 x 1077, rad/sec

5.07, 0.317, 0.0198, deg/hr

5.2.5.4 Outputs

At each output printout time, the a'ij and Aai. are rescaled by
multiplying by 1. 01 and printed out. The scale, skew, and drift errors
are also printed out. If an orthonormal vector triad is transformed by

" the matrix the resultant vector triad will not be orthonormal. The

deviations of the vectors from unit lengths are the scale errors:

= 2 2 2 .y, s o )
e; ¥ 3(ay" +ta"ta -1 1=1,23 (5-15)
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The deviations of the angles between pairs of the vectors from w/2 rad

are the skew errors:

857847 T 8y5835 * 83354

(4]
(-
|

8y T agyap) tagyay, tagga, (5-16)

o3 ¥ apjay * gty tagiy
The drift errors represent the rotation of the triad as a whole and :alre
found by designing the inputs so that the ideal matrix is the identity matrix:
dp ¥ 2(agg - agp)
dy = 3(agy - ag3)
dy = klapy - ay)

(5-17)

5.2.6 Results

5.2.6.1 Description of Runs

The computer runs made are cataloged in Table 5-1. Algorithm 1
refers to the second-order TaylorA series algorithm and algorithm 2
refers to the seco@d-order Taylor series with cofactor calculations and
orthogonality corrections., ''D' refers to double-precision accumulation
and "S" refers to single precision. The wordlengthisgiveninbitsincluding
the signbit, Thus, ifthe word lengéh is 18, theleast significantbit has the value
of2” t 7, and the maximum roundoff erroris2” 17. The quantization of the inputs
is givenin bitsincluding the sign bit, Thus, if the quantizationis 24, the least
significant bit has the value of 2-17, and the maximum quantization error
is 2—18. The remaining items in the table define the total number of

cycles, the number of cycles which elapse between each printout, and

the values assigned to the parameters of the Hypocomp driver.

5.2.6.2 Tabulation of Errors

The nine error components at the end of each run are tabulated in
Table 5-2, They comprise the three components each of the skew, scale,

and drift errors, in radian units.
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Table 5-2. Tabulation of Errors

RUN SKEW SCALE DRIFT
1 | =.79294 | =.7929~k | ~.7929-4 | .7928-h | .7928-L| .7928-4 | .L668-2| .uh68-2| .khh8-2!
2 | «.8850~4 | =.8850=4 | -.8850~4 +8615=4 .8615=4 .8615=4 4235<2 L235-2 42352
3 «,1804~2 | =.1804=2 | =.1804~2 .8083~3 .8083-3 .8083=3 | =.2307=1 ] =.2307=1 | =.2307-1
L =,8252=5 | =,B252=5 | =,8252=5 «B2L7=5 82475 82475 | =.1903=2 | =,1903=2 | -.1C€03-2
S | = 20hbmts | =.208dimly | =200kl | .9825-5 | .9B25-5| .9825-5 | =.1903~2 | ~.1903=2 | -.1503-z
6 | =.7707b | = 7707 | =7707-4 | L4bhhi=3 | J1uhhe3 | L14k4=3 | -.8L76-k | = BLT5=k | = 8LTSL
7 | =.7929-4 | =.7929-4 | =.7929-4 | .7928-h| .7928-4 | .7928-4 | .4468-2| .u668-2| .L453-2
8 | =,1183=3 | ~.1183=3 | =.1183=3 «9613=4 | .9613=4 96134 L641~2 L5412 NNV
9 «.1929=2 | =,1929=2 | =,1929-2 «1187=2 «1187=2 .11872 «2924=2 +2924=2 .202L-2
10 | <.4124=5 | =.4124=5 |=.4124=5 | .4123-5| .4123-5| .4123-5|-.4816-3 | =.4816=3 | =.4815=)
11 | =.20474 | = 10474 | = 1047-4 | .4629-5 | .4629-5| .4629-5 | =.4815-3 | =.4815-3 | =.4815-3
12 | = bh713 | = bk71-3 | =bh71-3 | 52244 | .5224=h | .5224=h | =.4778=3 | =.4778-3 | -.4778-3
13 | =.4957=5 | =.4957=5 | =.4957~5 | .4958=5 | .4958=5| .4958=5 | =.5869~3 | =.5859-3 | ~.5869-3
1 | =,2205=L | «,2295«) | ~.2295=l 22229, «R229=1, 22229 | ~,5634=3 | =,563L=3 | =.563L=3
15 w 14742 | = 1LT74=2 | = 14742 .1094-2 . 1094=2 .1094-2 .9208-3 .9208-3 .9208-3
16 31438 | =, 11549 0 .8556-8 .5239-8 54728 | = 4753~1 .3332-4 « 14385
17 3143=-8 1 .2678=8 | «.1164=9 | .8615-8 .7625-8 .7800-8 «3039=3 | =.3841=3 | =.7761=~5
ElS .2910=8 ' «,2561-8 3492=9 ﬂ8557-8 "»7916~8 .8382-8 | =,9525=1 4502-3 +1063=4
19 | -.6165-L . .1233-3 0 .1372-3 | .1343-4 | .1371-3 | .3082-4 | L.9247-3 0
20 | =.8077-5 1 .9306=5 |=:2449-5 | .6438-5 | .7993-5 | .1632-4| .1894-1 | -.1087-2 | -.4893-3
21 | =.1846-5 .2728=5 | =. 4089~ «24.20L=5 .1011=5 1.2257-5 01898=1 | =.1652=2 | =.5495=3
22 =.3075=6 34116 | =.7555=7 1731-6 2L2L=6 | .2041~5 19041 | =, 16842 | ~,1822~3
23 .3038~7 L6165=4 .6163=4 .1368-3 304 .1368=3 0 =.2774=3 1541 =3
2L | =.1581~t | .7706=5 | 7974=7 | 13484 | .1346-L | 1351k | .2543-3 | -.3198-3 0
25 | «.9916=6 | .1951=5 |=.1820~5 | .1938-5 |=.1053=7 | .1978~5 | .2952-3 | =.3612-3 | =.8L87-4
26 | =.2451=6 .1240-6 -.}257-6 ,1310-6 | =.8324~8 | .5943-7 .3127=3 | =.3682~3 | =.1168=i
27 0 0 13673 | L1343-4 | .1367-3 0 | =.6165-4 0
28 77055 | .8848-8 | .1343-4 |-.1981-5 | .5732-5 | .8576~4 | =.1117-3 0
29 0 |-.1397-8 | .1876-5 |=-.5716=7 | .1877-5 | =.1204=4 | =.1214-3 0
5-20
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Table 5-2. Tabulation of Errors (Continued)

RUN SKEW SCALE DRIFT
10 «,1204=7 | =.2403=6 T7061=7 | =.5722=7 . 70A1=7 o635=5 | =,122]1=3 | =,22F8~5
31 211483 | =,1291=3 | =.1326-3 10343 | «.1731-4 W1h43=3 | =.3347=1 | =.3699=3 | =.74L59~2
32 | =, 1592=4 «8061=5 | =.5306=5 | =~,1282=5] =.1327=7 »7553=5 215801 | =.5357=3 | =.C0L0=3
33 | =.1799=5 «1068w5 | =.6403=8 15005 | «,1795=5 «1438=5 .1831-1 | -,1482=2 | =.5317=3
34 | =.3033-6 e3173=6 | =.2042-6 | =.5437=7 | =.1019-5 Al4l-5 .1895=1 | =.1A91-2 | -.1818~3
35 | =.5937~4 | .5737-4 | .1297-3 | .1365-4 | ~.4267-4 | .1431-3| .1162-1| ~.5200-3| .3032-3
36 | =.7635«5 277535 | =.162 =l | =.9654=5 | =.2815~4 | =.4974=5 .3055=2 . 2658=3 | =.770h=5
37 .1923=5 01925=5 | =.9724=6 | =.1003=5 | =,5835=5 | =,1002=5 | «.51C5=4 | =.1859=3 | «.1975~L
38 | =.24L6~6 36416 -.15h3-6 =.1195=6 | =.5065=6 | =.2077=6 2540=3 | =.3408=3 | -,1168-4
39 68347 | =.6155=4 | 75254 | =.1097-3 | .7510-4 | .6165-4 | =.1849-3 | -.5200~3
40 -.2337=4 | 968145 | =.9672=5 | =.3709~4 | =.6161-5 | .1071~1| -.1965-3 | .1925~L
L1 -,2889-5 7101=8 | =.4301=7 | =.3909=5 | «=.L162=7 24,286l | =, 1700=3 0
42 «.1205=6 | =.11836 | «.1690=6 | =.53876 | =.1688=6 | 16924 | =.1321-3 | =.1264-5
L3 21522 8377=3 | =.5489=3 .8329~3 JL675=2 31562 21916=] | =.1291=2 | =,1052~2
Ly 27614 oL709=4 | =.3746~5 «2800=4, . 7352=4 4681k 21G0A=1 | =,1683~2 | =.1796~3
45| .1095-2 | .8485-k| .2350-4 | .A374=3 | .5843-2 | .5684=3 | .4778-3 | =.3275-3 | -.3468~L
46 1131-4 +3609«8 | =.2650-5 1181l 1252~ .1210-4 § .3188-3 .3589=3 | -.1029~L
L7 .3160=3 | =,7916=8 «2573-7 .1984-3 12903 »1290-3 +5550=h | =.1156-3 0
48 .3853~5 .lZOL-é =.3602=6 | .2358=5 25925 o 24795 26622=5 | =,1220-3 -.2227-5
49 | =.2255-6 | =.2240-6 | =.4331~7 | .1590-6 | .1052-6 | .8073-7 | .1694-1| -.1611-2 | -.6496~L
50 | =.2708~6 78937 -.1106;7 97617 .1811-6 « 20455 W2786=) | =,2242~3 | =.1368=~3
51 223616 | =~.1513=8 | ~.2019-6 .6211=7 | =.4331-7 .7602=7 | =.1670=3 | =.4886=3 | -~.9692~5
52 | «.1205=6 | =.9688=7 | ~.1122-6 .1838-6 6548-7 .6548=7 21099=2 | =.7525=5 | =.2149~4

- 53 «,1210=6 | ~.2L07~6 ‘.6316-7 -, 18047 1024=6 | =.2802~3 .3009=6 | =.20475
54 .2328<«9 | -.2L1L~6 .6316=7 | -.1048-8 .1196-6 .1037=2 o8L28=6 | «.1204~6
55 0 0 =.1164=9 .2328-9 4075-9 .1164=9 01902=1 | =.1691=2 | =.1314=3
56 | =.1164=9 0 w,1164=9 | =.5821=10] =.5821-10 | =, 1164=9 23138«3 | =.3690=3 | =.6839~7
57 0, =.1164~9 0 - -.5821-10 0 +5307=5 | =.1221~3 | =,3900=-8
58 .5821-8 .1630=8] «.1455«7 .1596=5 .8130-6 .8069=6 .1902-1 -.1591-2 =.1364-3
59 | .3376-8 | .2328-9| -.2328-9 | .8498-8| .5646~8 | .5413-8 | .3138=3 | ~=.3690~3 | =.6822-7
60 .6985=9 0 0o - 11649 0 «5308=5 | =,1221-3 | =.3842-8
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5.2.6.3 Error Growth With Time

?

In order to study a wide variety of cases at a reasonable cost, it
was necessary to restrict the length of the runs to 6400 cycles. This
length corresponds to 800 sec at 8 samples/sec, but only 50 sec at
128 samples/sec. It, therefore, is necessary to find some means for
extrapolating the results to the mission length by calculating a drift rate,
An examination of the results shows some cases which exhibit a random
walk characteristic (~t1/2) and other cases which exhibit a ramp charac-
teristic (~t). This phenomenon is understandable when the nature of the
roundoff phenomenon is considered in detail as in Paragraph 5. 2. 6.5,
where it is observed that the basic error probability density has a nonzero
mean., With a given deterministic driving function two possibilities exist:

e The errors due to the nonzero mean average to zero and
only the random walk errors are observed,

® The errors due to the nonzero mean do not average to

zero and eventually grow to where they obscure the

random walk error component.
Which of the two possibilities occurs depends upon the type of arithmetic
used by the computer (such .as sign-magnitude or 2's complement) as well
as the type of driving function, Therefore, until the particular computer
to be used is simulated exactly, the conservative assumption should be
made that the errors have a ramp characteristic, Therefore, whenever
a drift rate is calculated in this report, it is done under the assumption

of linear error growth with time.

5.2.6.4 Interpretation of Results

In interpreting the results obtained, the following points should be

kept in mind:

e The Hypocomp results may not be exactly the same as
those of any existing computer.

e Only a small number of cases out of the infinity of
possible ones have actually been studied so that
sweeping general conclusions are difficult to come to,

e The four principal error sources (commutativity,
quantization, truncation, and roundoff) interact with
each other and sometimes cancel each other out so
that the total error is zero or small.

5-22
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e Previous studies have shown that slight changes in the
inputs can cause large changes in the errors.

Therefore, the results should be interpreted with caution and applied with
engineering judgment.

Table 5-3 compares single- and double-precision calculations for
various word lengths and sampling rates. Algorithm 2 with a quantiza-
tion of 15 bits and a coning input is used. The total extrapolated drift
error in deg/hr is given. One of the major error sources is the commu-
tativity error. As calculated in Subsection 5.3, it is 5.07, 0.317, and
0.0198 deg/hr for 8, 32, and 128 cps respectively.

In Table 5-4, the roundoff-drift error has been separated out by
subtracting the double precision 36-bit word length runs from the others.

The advantage of the double-precision accumulation technique is clearly
seen,

In Table 5-5, the effects of quantization on the total extrapolated
drift error are shown. It is seen that the MSFC quantization of about

Q = 16 is adequate,

In Table 5-6, the roundoff-drift errors for algorithms 1 and 2 are

compared. In 11 out of 12 cases, the error is less for algorithm 2,

In Table 5-7, the skew errors at the end of the run are compared

for algorithms 1 and 2, The superiority of algorithm 2 is clearly seen.

In Table 5-8, the scale errors are compared, leading to the same

conclusion.

5.2.6.5 Roundoff Analysis

An examination of the simulation results for the three-axis slew
shows that the roundoff-drift error grows linearly with time. This
result was rather unexpected, since previous simulations showed a
roundoff -drift error with a random walk characteristic. The analysis
to be described was undertaken to study this apparent discrepancy. It
indicates that the results obtained are correct and come about because
of the characteristics of the IBM 7094 computer which differ from the
characteristics of the computers used in previous simulations, There-

fore, although the Hypocomp results are of value in studying the roundoff
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Q = 15, Algorithm 2, Coning

Total Drift Error About Coning Axis - Deg/Hr

s

WL =15
18
21
24
36

1

S

32

WL =15
18
21
24

36

1/128

WL = 15
18
21
24
36

sP

-8.65
4.08
4.73
4.89

SP

12.0
3.15

-0.0526
0.262

SP

0.254
44.2
0. 177
0.0698

0.262
0. 304
0.322
0.323

DP

0.

Q. 350
-0.0497
0.0191
0.0219

Table 5-4. Round Off Drift Error About Coning Axis - Deg/Hr

Q = 15, Algorithm 2, Coning

i/8 SP bp
WL =15 -13.5 -4.89
21 - 0.183 -0.0111
24 - 0.0181 0. 00622
1/32 sp DP
WL = 15 - 11.7 -0.324
' 18 2.83 -0.0613
21 -0. 377 -0.0191
24 -0. 0582 -0.00112
5-24
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Table 5-4. Round Off Drift Error About Coning Axis - Deg/Hr

Q = 15, Algorithm 2, Coning (Continued)

1/128 | Sp
WL = 15 0.232
18 44.3
21 0.155
24 0.0480

DP

-0.0219
0.318

-0.0716

-0.00277

Table 5-5. Total Drift Error About Coning Axis - Deg/Hr

WL = 24 Algorithm 2, Coning

8 sp
Q= 9

12

15 4,89
1/32 o sP
Q=9 -

15 | - 0.262
1/128 _ Sp
Q= 9

12 o

15 ' 0. 0698

DP
7. 19

4, 37

4.92
DP

1.13

-0.172

0. 322
DP

4,28
1. 16
0.0191

5-25
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Table 5-6. Roundoff Drift Error About Coning Axis - Deg/Hr

Q = 15, Double Precision, Coning

1/8
WL = 18
24
1/32
WL = 18
24
1/128
WL = 18
24

ALG 1

0. 0372
0.0154

ALG 1

0.119
0.00521

ALG 1

0.207
0. 00542

ALG 2

-0.0197
0. 00622

ALG 2

~0.0613
-0.00112

ALG 2

0.318
-0.00277

Table 5-7. Total Skew. Error, 3 Component RSS,\RAD

Q = 15, Double Precision, Coning

1/8 -

WL = 18
24

132
WL = 18
24

1/128

24

ALG 1

0.238-02
0.327-04

CALG 1

0.110-02
0.116-04

ALG 1

0.316-03
0.387-05

ALG 2

0.115-04
0.465-06

ALG 2
0.172-04

0.302-06 -

ALG 2

0.945-05
0. 324-06
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Table 5-8. Total Scale Error, 3 Component RSS, Dimensionless
15, Double Precision, Coning

1/8 ALG 1 ALG 2
WL = 18 0.570-02 0.193-04
24 0.915-04 0.361-06

1/32 ALG 1 ALG 2
WL = 18 0.101-02 0.234-04
24 0.210-04 0. 144-06

1/128 ALG 1 ALG 2
WL = 18 0.270-03 0. 148-04
24 0.429-05 0.115-06

errors in a general v)a.y, it is also necessary to perform an exact
simulation of the particular computer to be used before the system

design is frozen.

Roundoff error occurs whenever a multiplication or a right shift
is performed. The amount of the error depends upon the type of arith-
metic and the exact number involved. Two types of arithmetic will be

studied: sign-magnitude and 2's complement.

The IBM 7094 Hypocomp simulation uses sign-magnitude arith-
metic. Two's complement arithmetic, although not precisely what was
used in the previous simulations, is studied as another case of interest.
In the previous simulations, hardware and software procedures are used
to round the results of multiplications and right shifts to the nearest
value representable in the word length. Since this procedure produces
a probability density with zero mean, it cannot cause a ramp-drift error,

and need not be analyzed.

The effect of the different possible numbers involved will be

treated by representing the errors as random processes. Figure 5-1

. shows the roundoff characteristic of sign-magnitude arithmetic and

Figure 5-2 shows it for 2's complement arithmetic. In both,the rounded
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Figure 5-1. Sign-Magnitude Roundoff Error
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Figure 5-2. 2's Complement Roundoff Error
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Figure 5-3. Probability Density of ¢
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off bits are simply truncated with no hardware or software procedure
to modify the least precise retained bit. In both, figure x represents
the original number, y the rounded number, and e the roundoff error,

where

e = y-x (5-18)

If x varies rapidly over its range of values, e will resemble a
random process with a uniform probability density and a white power
density spectrum. Let ¢ be a random process with the probability

density shown in Figure 5-3. Then the sign-magnitude roundoff error

may be approximated by

e = -2-(W-1-8) sgn(x) (5-19)

and the 2's complement error by

e = -27(W-1-8) | (5-20)
where
-1 x<0
sgn(x) = 0 x=0 (5-21)
' 1 x>0
and

word length including sign bit

g
I

scaling of x.

7]
]

The analysis will be performed for the second-order Taylor series

algorithm with double-precision accumulation. The equations for the

Aa’ij may be expressed as

[aa]l = [ael[a] (5-22)
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where

—%(Aazz + Aa32) %AalAaz + o %A&BAal - Ao,

00 bary = Aarg -%(AUBZ + Aalz)

(aa] %AUZAQB + by (5-23)

2)

%AQBAal + ba, %AQZAGB - by -%(Aalz + bo,

ad -

All of the quadratic terms in Equation (5-23) are subject to roundoff

error. Using the notation E(x) for the error in x gives

1 = = o -(W-’l—S) .
E(EAG’iAO’j) = ey 2 €3 sgn(AcriAaj),

S (5-24)

]
for sign magnitude and

_2-‘(w 1 8. ,

1 =
E(zAaiAaj) e
(5-25)

for 2's complement roundoff; where 'che.eij are independent random

processes similar toe. The error in [Ac]is

22 T ®33 ®12 *13 ]
Elte] = | e  -egy-ep o53 (5-26)
| %13 ®23 1T %22 |

It is seen at once that E [Aa] is a symmetric matrix. It, therefore,
produces no drift error for either type of algorithm and need be con-

sidered no further,
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The matrix multiplication in Equation (5-22) must now be analyzed,

Let

- . 2-(w- 1-s)€

E(Aa,

1jajk) = eijk ijksgn(Aaz. .ajk);

1)

i=1,23 j=1,2,3 k=1,2,3 (5-27)

for sign magnitude and

-(2-1-5) .
-2 €5k

E (Aarij ajk) = eijk

i=1,2,3 j=123 k=123 | (5-28)

for 2's complement roundoff; where the e ik are independent random

processes similar to ¢, The error in Aaik is

3
Eday) = D e i=L23 k= 1,23 (5-29)

=1

Since the double-precision case is being analyzed, no further roundoff

errors need be considered and

Let the direction cosines matrix be considered to be the product of an

ideal matrix [2] and an error matrix [6].
[a] = [al[e] (5-31)

The drift errors then may be obtained from [6].
= (853 - 83,)/2

= (0,,- 0,,)/2 (5-32)

[« 7
]
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The direction cosine matrix may also be expressed by

[a] = [a] + E[a] (5-33)

where E[a] is given by Equation (5-30). In order to determine how the
errors propagate with time, consider two update cycles, Ideally:

[a], = [1]+[a4] [a], (5-34)

Actually (ignoring truncation error)

[a]; = [a]; + E[a]; | (5-35)
[al, = ({11 + [a&) (31, + Ela],) + Ela], (5-36)

t

From Equation (5-31),

(5-37)

P

6] = [417[a]
From Equations (5-34), (5-36), and (5-37)
A T aq T aq T
[9]2 = [alz [a]z. = [1] + [a]1 E[ah + [a]Z E[a]Z (5-38)
Extending Equation (5-38) to the general case, the error after n iterations
is '

n

o], = [+ > [81," Elal, (5-39)
m=1
Let
[, = [0+ > [fly, | (5-40)
o m=1
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where
(6], = (3] 7 Efa]
Then
3
Prx = Z 31 Elag)
i1

from Equations (5-29) and (5-30),

3 3
Prx = Z 343 E €.k
i=1 =t

Therefore

3 3
= _o~(w=1-35) A
B = -2 D 81D ¢y senldagag)
| &

©oi=l j

for sign- magni:tﬁde and

for 2's complement, Now consider only the mean error

1 ,
g =zd 1T LAX/ j=L23% k=123

and approximate a by a. Then

3 3
— - —(W- 8) A
P = - '21 31 21 sgn(Aa;.a. )
i= j=

5-33

(5-41)

(5-42)

(5-43)

(5-44)

(5-45)

(5-46)
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for sign-magnitude and
3
By = - (w=s) 4 z 3, (5- 43,
i=1

for 2's complement,

Now consider a three axis ramp where

w; T oW i=123 , (5-49)
and
3 1/2
. 2 ‘
wg = z Wy (5-50)
' i=1
Then
A A » ‘ . \
3, = .azz = 8,4 = 1/2+ 2/3 cos w b | (5-51)
512"' 523 = 3;31 = 1/3-1/3 cos w°t+1/'\/3 sin w _t (5-52)
350 = 83, = 853 = 1/3-1/3cosw t-1/\Bsinw t  (5-53)

If Equations (5-51 through 5-53) are substituted into Equations (5-41)
and (5-32) is applied to the result, the drift errors may be calculated,
The summation is very tedious, however, so it will be approximated by
assuming that there is a very large integer number of samples per cycle

of the rotation, Equation (5-40) then becomes

[e], = [1] + nlB] | | (5-54)
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where [B] is the average value of [p]

2w/ w
- WO 0
[B] = 5 f [p]dt (5-55)

0

Performing the indicated calculations gives the average roundoff-drift

error after n cycles as

g = - 3_;:_/3. 2 (%5t )y egn(aa); i =1,23 (5-56)

for sign magnitude and

i=1,223 (5-57)

(=N
]
2

for 2's complement,
Equation (5-56) is evaluated for several cases and compared to the

Hypocomp results

Case . = w Az n 5
I - 18 - 0.01134 6400 -5
I 24 0.01134 6400 -5
I 18 -0. 00567 6400 -5
v 24 -0. 00567 6400 -5

Case - Eq. (5-56) Hypocomp
I -0,148 x 10”2 -0,174x 1072
i -0, 231 x 107* -0, 272x 1074
I ' 0,148 x 10”2 0,151 x 10”2
v | - 0.231x10°% 0.235 x 10”4

‘Considering the approximations made in the derivation, the agreement

-8eems quite good,
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It should be noted that Equation (5-57) does not imply zero ro.-

drift error for the 2's complement case, but merely zero average-cr,..

error for an ensemble of runs.

The error will have the character ¢ |

random walk, and the rms error for the ensemble will not be zero,

It should be borne in mind that the above results were obtained ¢

a special case and have little, if any, general application,

5. 2.7 Conclusions

1) Algorithm 2 offers considerable advantage over

algorithm 1,

i

2) Double-precision accumulation provides a worthwhile
decrease in the roundoff error, ‘

3) MSFC quantization is adequate.

4) An algorithm for the control of cummutativity error

such as that presented in Appendix I is desirable.
1

5) Two candidate computers can be selected from the
.results of Phase I and Phase II studies which offer
The first has a sam-

different performance levels,
pling rate of 100 cps and a word length of 24 bits,

including sign. The second has a sampling rate of
50 cps and a word length of 21 bits, including sign.
MSFC quantization was assumed for both,

The errors may be estimated by combining the results
of Phase I (Table 5-11, page 5-51) with the results of

this phase.

The Phase I results are extrapolated to

the 50-cps case, while the Phase II results are inter-

polated for both 50 and 100 cps.
rms are shown in Table 5-9.

Table 5-9. GP Computer Selections

These errors and the

Sampling Rate
Word Length

Slewing Truncation

Coning Truncation and Commutativity

Roundoff
Quantization

RMS

100
24
0.0115
0.0100
0. 0030
0.0010
0.0156

50
21
0. 046

0. 040

0,029

0,002

0. 068

cps
bits
deg/hr
deg/hr
deg/hr
deg/hr
deg/hr
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5.3 VELOCITY TRANSFORMATION SIMULATIONS

5.3, 1 Introduction and Summary

The purpose of this simulation was to provide a means for the
comparison of several strapdown methods of obtaining the inertial velocity
increments from velocity increments measured in body coordinates. Only
three methods are simulated for comparison in this study, although other

methods could easily be programmed for evaluation.
The velocity transformation methods programmed in this computer

gimulation are:

1) the velocity increments in vehicle coordinates are
converted to inertial coordinates by multiplying by the
direction cosines at the end.of the velocity accumulation

interval

2) the inertial velocity increments are obtained by multi-
plying the velocity increments in vehicle coordinates
by the direction cosines present at the middle of the

velocity accumulation interval

3) the inertial velocity increments are obtained by multi-

plying the velocity increments- in vehicle coordinates

by the average of the direction cosines present at the

start and the end of the velocity accumulation interval.
The direction cosines may be maintained by either a first- or a second-
order Taylor series algorithm, depending on the input variable IFC. In
the next few sections, the complete simulation is described and includes
the input and output format, as well as block diagrams of the acceleration
drivers, the wvehicle attitude drivers, and the strapdown equations
mechanized in the simulation. Only the equation errors are presented.
Neither computer quantization errors nor errors associated with the fact

that the accelerometers are not all located at the same point were
considered. '

Of the thrt_ae velocity transformation méthods considered, the best
method used the direction cosines present at the middle of the velocity
accumulation interval to transform the velocity increments from wvehicle
coordinates to inertial coordinates. The second best method used the
average of the direction cosines present at the start and end of the velocity
accumulation interval, The least effective method used the direction
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cosines present at the start (or the end) of the velocity accumulation
interval. The difference between the two best methods was very slight,

5. 3.2 Velocity Transformation Simulation Description

The ideal method of computing the inertial velocity increments is
continuously evaluate the following integral

H

—
Ut
1
Jt
v

~ t, too
AT, = [ dt = [ [ aij]Abdt
t t

However, this is not possible as the aij matrix, which relates the inertiu
and vehicle body axes, is available only at discrete intervals (n At sec,
where At is the computer cycle time). This problem is complicated more
as the acceleration vector Kb is not available. The only information
available about Ab is AVb

tz .
AV, = f Ade ‘ - (5-59)
. tl .

where:

A_V_b is a veloc.ity vector equal to the velocity increments along the
~ roll, pitch and yaw axes as measured by the strapdown
accelerometers.

Thus, in order to design an accurate strapdown navigation system, two
things must be accomplished. An accurate attitude reference algorithm
must be used for maintaining the direction cosine matrix. Also, a method
must be developed to accurately compute the correct answer to
Equation (5-58). This simulation provides a means of comparing solutions
to Equation (5-58), and mechanizes the three ﬁossible solutions shown
below, ' ' S ' .
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. - T —
Avp = aij](n+.5)At Avy, (5-61)
[ AV,
ot T b )
AVp = L[a‘ij](n-l),m: * [aij]nAt] 2 (5-62)

A complete block diagram of the simulation is shown in Figure 5-4.
In Paragraphs 5. 3, 1, 1 through 5. 3. 1, 6 the equations used in each block
and the input variables required for their mechanization are described.
The program's input format is described in Paragraph 5. 3. 1.7, and the

output format in Paragraph 5. 3. 1. 8,
5.3.2,1 Variable Initialization

The first operation is to initialize the variables in the simulation
which are not a part of the input format., These variables, such as time

and M, may' not have the correct values from the results of a previous
run,

5.3, 2. 2 Vehicle Attitude Driver

The vehicle attitude driver has two options; the option desired being
designated by the fixed point input variable IFA, The two options are
shown in Figure 5-5 for IFA =1, and in Figure 5-6 for IFA = 2, When
IFA = 1, the vehicle attitude may be (1) slewed at a constant angular
velocity, (2) slewed at a constant angular acceleration, or (3) put under
the influence of a sinusoidal vibration of any frequency, phase shift or
amplitude, When IFA = 2, the vehicle attitude may be slewed at a con-
stant angular velocity or put under the influence of square wave angular
vibrations. '

Thus, the attitude drivers may perform the following tests:

1)  vehicle coning at any arbitrary amplitude, frequency
or phasing

2) vibration tests - in phase sinusoidal motions

3) constant slewing tests
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(Figure 5-5)

bery™ W51At + AOY‘.T';

]
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'1'6 Reference Direction Cosine
' Computation

Figure 5-6. Vehicle Attitude Driver (IFA=2)
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4) constant angular acceleration tests
. 5) any combination of (1) - (4)

6) square wave vibration tests

7 'a combination of (3) and (6)

The outputs of the vehicle attitude driver are in the form of angular
rotation increments (Aal, Aaz, Aa3) the body mounted gyros would

.experience in each DDA computation interval At.

5.3. 2. 3 Reference Vehicle Attitude Computation

- The reference vehicle attitude computation is performed using a
second-order Taylor's series algorithm, This computation method is
shown below in matrix notation as it is programmed in the scientific
simu%a'.t'idn, "'Equa.tiozi V(5-59). This mechanization is based on the [ afij]

métrik'relaﬁonship shown in Eqﬁaﬁon (5 - 63).

Px - r . . 7 r-x -
b 211 212 213 1
%] [ 232 233f. [Z1]

where
Xb, Yb’ Zb are the vehicle body axes

ZI are the inertial reference axes

[a.. ] is an orthonormal matrix relating the two systems

XID I’

-

2 2 [
1-0, S(Aaz+Aa3)] [Aa3+ 0.5 AazAal] - Bay +0.5 AalAa3]

= | [- Aa

+0,5 AalAaZ] [1 - 0. 5(Aaf+Aa§)] Ay +0.5 AazAaz3] [aij]n

[aij ]n+1. | 3

i ‘ _ - 2 2
A¢2+0,.5 AalAa3] [ ,Aal +0.5 AQZAQQ [1 0. 5(Aa1+Aa2)]

 (5-64)
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5, 3. 2.4 Velocity Transformation Logic

There are three methods for transforming the velocity increments
measured by the accelerometers to inertial coordinates. These three
methods are all similar in one respect; the output velocity increments are
multiplied by a 3 x 3 orthonormal matrix. In the first method (IFB =1)
the orthonormal matrix used is the matrix present at the end of the
velocity accumulation interval; in the second case (IFB = 2), the direction
cosines present at the middle of the velocity accumulation interval are
used; and in the third case (IFB = 3), the orthonormal matrix is obtained
by averaging the direction cosines present at the start and the end of the
velocity accumulation interval. The method used to obtain these matrices
is shown in Figure 5-7. In order to use these three methods easily, a
dummy matrix [aPij] is defined, and it is this matrix which is used to
multiply the velocity increments accumulated by the accelerometers in
vehicle coordinates,

5.3. 2.5 Vehicle Acceleration Driver

The vehicle thrust accelerations simulated in this computer simu-

‘lation are the accelerations which would be experienced by the acceler-

ometers mounted along the Xb’ Y., and Z, axes (Xb x Y, = Zb). The
accelerations simulated are shown in Equation'(5-65). ‘These accelera-

tions include

_ 2
A, TA, +A, t+A tz' | (5-65)
- Tyb 1y 2y 3y ' :
A, =A +A, t+A, t°
zb 1z 2z 3z

where

Ax ’Ayb’ Azb are the accelerations along the Xy Yo 2 vehiclg axes

A x'A ’Alz' are constant accelerations along the Xy Ve 2y, 3X€8

1 ly
AZx’ AZy’ AZz are ramp accelerations along the Xp» Vo 2y, 3XES

A s A3z are parabolic accelerations along the Xy Vip» %y, 3XeS

3x’ A3y
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"~ (FROM THE ATTITUDE REFERENCE
COMPUTATION)

(UPDATE TIME AND RETURN
TO VEHICLE ATTITUDE DRIVER)

R L. o i e s v s e

(ACCELERATION
DRIVER)

Figure 5-7. Velocity Transformation Logic
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constant, ramp, and parabolic accelerations along any or all of the
vehicle body axes. Since the accelerations are computed with a secop:.
order polynomial, simple acceleration profiles may be simulated. T,

equations mechanized in the simulation are shown in Figure 5-8,

5.3, 2.6 Velocity Increment Transformation to Inertial Coordinates

The body mounted accelerations are simulated along the X Vi

and Zy) body axes, and experience the accelerations described by Equa-

tion (5-65). Thus, the velocity increments measured by the accelerom-

eters are.
. — A N
AVb = AV Xb + AVYb Yb + AV zb b (5-66)
where
A A A s
Xb, Yb’ Zb are unit vectors along the Xb’ Yb’ Zb vehicle body axes,
t t
2 2
AV, [Adt, AVb fAdt, N fAdt
; tl _ tl

t, -t is the velocity update cycle time in sec,

Since the body axes are related to the inertial axes by the aij orthonormal

matrix,
-xb-u ~ XI -1
A RECTIR , (5-67)
[ %b | L 1

the inertial velocity increments are obtained by the following equations,

AVYI = AV <b312 * AvybaZZ + szba32 (5-68)
AV,1 T AV 2313+ AV 3,53 AV a3,
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FROM THE VEHICLE ATTITUDE DRIVER

At [AIX +A2X (+ - At/2) + A3X (2 - 1At + At2/3)]
At [ATY +A2Y (¢ - At/2) + A3Y (2 - 1At + A/3) |
At [A1Z + A2Z (s - At/2) + A3Z (2 - 1At + 22/3) |

> 22
N ~ x
oo o U

il i} i

o AN MR ey £ B e ot

v

VY= AV papp + AV ) agp + AV, a3
YZI = Abe a3t Avyb Ayq + AVzb Aga
' REFERENCE VELOCITY COMPUTATION

v

TO THE DDA MECHANIZATION
EQUATIONS

Figure 5-8. Vehicle Acceleration Driver
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In the computer simulation, a dummy matrix aPij is used instead of the

a.. matrix so any of the three velocity transformation methods may be

1]
called out.

The inertial velocity is then computed by the below equations.

V. .+ AV

Var = Var xI
VYI = VYI + AVYI (5«69
VzI = VzI * szl

5. 3, 2.7 Program Input Variables

DELT
IFA

A’ol’ AOZ’ Ao3

AAol’ A'AOZ’ AA03

Wi Wy Wy

PHI1, PHI2, PHI3

IFC

Attitude Reference Matrix update cycle time in sec.

Fixed-point flag for the attitude driver., When

IFA = 1, a constant, ramp, and sinusoidal angular
velocity may be applied to any or all of the three
vehicle axes. When IFA = 2, a square wave angular
velocity motion is applied to any of the vehicle axes,

Constant angular velocities in rad/sec experienced
by the vehicle about the Xps Ve and Zy vehicle axes.

" Constant angular accelerations in rad/sec/sec

experienced by the vehicle about the X Yy %y
vehicle axes, .

The amplitudes in rad of the sinusoidal rotations
experienced about the Xy Ve % vehicle axes,
respectively,

The frequencies in rad/sec of the sinusoidal rota-
tions about the Xpr Vo %, vehicle axes, respectively.

The phase shift in rad of the sinusoidal rotations
experienced about the X Vo 2 vehicle axes,
respectively.

Fixed-point flag for the attitude reference equations
used to maintain the direction cosine matrix, When
IFC is 1, a second-order Taylor's series algorithm
is used; when IFC is 2, a first-order Taylor's series
algorithm is used, :

5-48

L ; pytan g * o



e AL AR i bOu § hvm L € R ot e e e

s,

IFB

Alx, Aly, Alz

A2x, A2y, A2z

- A3x, A3y, A3z

DELTI1

IPRINT
TF

wSsl, ws2, WS3

T1, T2, T3

A fixed-point input which is used in the logic for
using the desired velocity transformation equations.
This input allows the attitude reference equations

to be updated faster than the velocity transformation
equations are used. If IFB =1 or 3, the velocity
increments are transformed to inertial coordinates
every (IQ) (DELT) sec and DELTI1 (described below)
must be input as this value. If IFB = 2, the velocity
increments are transformed to inertial coordinates
every 2 (IQ) (DELT) sec and DELT1 must be input
as this value.

A fixed-point flag which calls out the desired
velocity transformation driver, When IFB = 1, the
velocity increments are transformed to inertial
coordinates with the direction cosines present at the
end of the velocity accumulation interval, When
IFB = 2, the direction cosines present at the middle
of the velocity accumulation interval are used for
the velocity increment transformation., When

IFB = 3, the velocity increments are transformed
to inertial coordinates by using the average of the
direction cosines present at the start and end of the
velocity accumulation interval,

Constant accelerations in ft/ sec2 along the Xy Vi
zZy, vehicle axes, respectively.

Ramp acceierations in ft/ se:c3 along the Xpr Vo 2y

vehicle axes, respectively.

Parabolic accelerations in ft/ sec:4 along the Xpr Vo
' zy, vehicle axes, respectively.

The integration interval for the vehicle accelerations
and the time interval for the transformation of the
velocity increments to inertial coordinates., As
described in the description of the input variable IQ,
the input DELT1 depends for its value on the input
values of DELT and IQ. '

IPRINT is a fixed-point input which causes the
output data to be printed every (IPRINT) (DELT1) sec.

The program stops when time is greater than
TF sec. ‘ -

The input rotational velocities for the square wave

angular motions applied to the xy,, yy, zp vehicle
axes, respectively. These inputs are required only

when IFA = 2,

One half the periodin seconds of the square wave angular
velocities applied to the xp, yy, zp vehicle axes,
respectively. ' ‘
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5. 3. 2.8 Program Output Variables

TIME Time in seconds
A The three by three orthonormal attitude reference
matrix.

AP A three by three orthonormal attitude reference
- matrix. When IFB = 1, A is identical with AP.
When IFB = 2, AP lags A by DELT1/2 sec. When
IFB = 3, AP is the average of the A matrix and the
A matrix computed DELT] seconds earlier,

VX1, VvYi, vzl The inertial velocities computed by the strapdown
system along the XI, YI, ZI inertial axes.

VxB, VyB, VzB The integral of the vehicle accelerations along the
X}, Ybhs Zb vehicle body axes. This outputis
included only to checkout the acceleration driver,

5. 3. 2, 3 Velocity Transformation Results

Several tests were performed on the three sets of velocity trans-
formation equations to determine which method was the most accurate.
These tests were performed on the 7094 computer and were compared to
results obtained from hand computed analysis. The errors of the three
methods comparea to hand cdmputed results are shown in the next

few tables,

From the tables, the best methods are apparently method B which
uses the direction cosines present at the middle of the velocity accumula-
tion interval, and method C which uses the average of the direction
cosines present at the start and end of the velocity accumulation interval,
The difference between the accuracy of the two methods is very slight,
and is not involved in the decision as to which method should be used. The
choice of method B or C depends entirely on the computer, the available

computer space, the computer speed, etc.

Method A, which uses the direction cosines present at the end of the
velocity accumulation interval, should only be used under extreme com-
puter storage limitations, or in a very fast computer, as it is far inferior
to method B or C. The effects of computer roundoff were not included in
the se results and must be considered before the final choice of the velocity

transformation may be made.
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Table 5-10.

Velocity Transformation Results

A =(96 + 201:)‘§'b ft/secz, ©=5 arc deg/sec )A(b

t At Aty AY7 AZ]
(sec) " Method {(msec) {msec) (fps) (fps)
5 5 10 0.799 -0, 305
B 5 10 0, 037 0,014
10 A 5 10 0. 426 -0.709
B 5 10 0.019 0,015
15 A 5 10 1,12 -1.0
B 5 10 0. 044 0. 061
20 A 5 10 2. 09 -0, 947
B 5 10 0. 054 0. 151
Table 5-11. Velocity Transformation Results
A = (96 + IOtZ)&b ft/secz, W= S}I\{b arc deg/sec
t : At Aty AY; AZ;
(sec) Method | (msec) . (msec) (fps) (fps)
5 A 5 10 0. 108 -0. 372
| B 5 10 0, 0525 0. 0022
10 A 5 10 1. 094 -1. 46
‘B 5 10 0. 0488 0. 0443
15 A 5 10 4, 47 -2, 82
B 5 10 0. 155 0., 271
20 A 5 10 11, 37 2, 297
B 5 10 0. 174 0. 951
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Table 5-12.
A =96 ’}b ft/secz, & = 5 arc deg/sec X

Velocity Transformation Results

b
Time | Transformation At Aty AXy AYg AZy :
(sec) Method (msec) | (msec) | (fps) (fps) ’(fps) !
5 A 5 10 0.0 | 0.0472 | -0.202 |
10 20 0.0 | 0.0918 | -0. 405
10 20 0.0 | 0.00175| 0. 00055
5 10 0.0 | 0.00222| 0.00074
10 5 10 0.0 | 0,1802 | -0, 3618
10 20 0.0 | 0.3497 | -0.7309
20 40 0.0 | 0,6897 | -1.469
B 10 20 0.0 | 0,00652| 0,00433
5 10 0.0 | 0.00873| 0.00591
10 10 0.0 | 0.015 0. 0015
15 - A 5 10 0.0 | 0.3721 | -0.4451 ‘
) 10 - 20 0.0 | 0.7236 | -0.9135
10 20 0.0 | 0.0118 | o0.0134
5 10 0.0 | 0,0162 0.0185
10 10 0.0 | 0,05 0. 066
20 A 5 10 0.0 | 0.5842 | -0.4352
| | 10 10 0.0 | 1.1412 | -0.9174
20 20 0.0 | 2.2614 | -1,8777
10 10 0.0 | 0.0143 0. 0274
5 5 0.0 | 0.0207 0, 0377
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5.4 DDA SIMULATION AND ANALYSIS

5.4, 1 Introduction and Summary

This subsection describes the DDA interpretive simulation and
presents the results of both the simulation runs and hand analysis. Hand
analysis was required because of the prohibitive cost of running the DDA
simulation for long intervals of time. Real time in seconds converted
approximately to simulation time (7094 time) in minutes by virtue of the

high iteration rate involved in a DDA,

The algorithm mechanized in the DDA simulation was a first-order
Té.ylor' s series for attitude reference maintenance and velocity transfor-
mation. Since the DDA is a serial device, it is necessary to use the
direction cosines present at the end of a velocity accumulation interval

for velocity transformation., It will be shown that this fact implies

[improved velocity resolution from the measuring instrument with increased

computer speed in order to improve accuracy.

The accuracy results obtained for the DDA which mechanizes a
simple navigation system are presented in this section for several
velocity pulse quantizations, gyro pulse quantizations, and DDA computer
speeds. These results were obtained both by computer simulation of the
DDA and from hand analyses. The DDA selected, based on these results,
uses a speed of 10, 000 cps with gyro quantization of 2."16 rad, and velocity
pulse quantization of 0.0125 M/ sec. This design apparently will cause a

0.5 M/sec error (3¢) for a velocity change of 11, 000 M/sec.

5.4.2 DDA Operation

DDA's are organized in a2 manner similar to numerical digital
computers, that is, they contain input-output, memory, control, and
arithmetic sections. The same type of equipment is used; the sequence
of operations is governed by a program stored in the memory (or a pro-
gram is permanently wired in instead of having a variable program capa-

£
bility) , and the computer exercises but one order at a time. However,

*Some DDA's are also mechanized with a delay line technique. All serial
DDA machines operate in the manner used in the simulation regardless of
the DDA control method mechanized.
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the only two orders available in a DDA are integrate and add., The

variable memory is divided into words called ihtegrators.

Each DDA integrator consists of two registers which are called the
y register and the R register (see the DDA Integrator diagram below),
Each integrator has two inputs, AX and AY, each of which accepts incre-
mental signals in which a 1 represents a one increment increase in the
variable, a minus 1 represents a one increment decrease in the variable
and a 0 represents no change. The AY bits are summed in the Y register,
The AX controls the operation of the integrator as follows: when AX is |,
the y register is added to the R register, when AX is minus 1, the y regis-
ter is subtracted from the R register, and when AX is zero, nothing
occurs. The output of the integrator is an incremental signal AZ, which
has the value 1 whenever the R register overflows in the positive direction,
minus 1 whenever the R register overflows in the negative direction, and
zero if no overflow occurs. The AZ signal represents the results of inte-
gration to an accuracy consistent with the inputs. The AZ bits can be

summed in another integrator, giving the results

- AZ .yAX

Z

z yAx =fyAX

A DDA integrator is shown below in the standard form, as will be

used in this discussion.

AX | R
| AN
a¥ | 'Y./

DDA Inte grato‘rv Symbol
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For example, a DDA integrator operates in the following manner:
1) Y=Y+ AY

. 2) if AX is a positive pulse,
R=R+Y

if AX is a negative pulse,
R=R-Y

if AX is zero,
R remains unchanged

3) frR=1.0,
AZ = + 1 pulse
.R=R-1.0

#R<-1.0
AZ = -] pulse
R=R+10

if |R] <1.0,
AZ = 0.
R remains unchanged.

The DDA computer performs all of these operations for each
integrator in a definite sequence. However, this sequence is always the
same once the DDA is assembled. The primary advantage of the DDA is
that it is capable of performing these operations on several integrators at

a very fast speed.

. 5.4,3 DDA Scaling

"~ As described in the previous section, the output of a DDA integrator

is AZ where

AZ = YAX

Thus, the scaling of the output of a DDA integrator is equal to the product
of the scaling of the Y register and the scaling of the input variable AX.
For instance, the scaling of a AZ pulse is 10 rad when the scaling of the
Y register is 1..0 and the scaling of the AX input is 10 radians per bit,
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In the DDA design characteristics shown in Figure 5-9, the scaling
of the integrators used for the direction cosine maintenance is
AX = 2™% rad, AZ = 279 rad, and the Y register is scaled at 1. 0 with the
least significant bit scaled at 2™% rad (q is the number of bits in the Y and R}
registers). The scaling of the integrators used for the velocity transfor-
mation is AX = K, feet/second, AZ = K, feet/second, and the scaling of
the Y register is 1. 0 with the least significant bit scaled at 2™% rad. The
scaling of the accelerometer and gyro output pulses is also K1 ft/sec and
2" rad, corresponding to the scaling of the AX inputs used in the
integrators.,

The accuracy of incremental information is limited to the increment
value or quantization of the input signal. This limitation is no different
than the quantization of binary number representation. However, there is
a link between accuracy and speed which results in a fundamental limitation
to incremental information. The maximum rate of change which can occur
in an incremental variable is equal to the bit rate times the incremental
value, As an example, suppose each bit represents 0.1 ft/sec and the
maximum rate at which bits can be transmitted is 1000 bits/sec. Then
the maximum accelerations which can be tolerated is 100 ﬁ:/s.eo::2 or
about 3 g's. If higher accelerations were experienced, this information
would be lost, ._

The desired DDA design for the MSEFC body mounted study is one

which can maintain an accurate navigation system when under the influence

of accelerations as high as 10 g's and rotation rates per axis as large as

one rad/sec. In Figure 5-9, the quantization or scaling of the DDA's least
significant bit is plotted as a function of the computer speed, As is evident
from this graph, the computer speed increases inversely proportional to

the DDA quantization in order to measure the same vehicle dynamics.

For the MSFC study, the high rates and accelerations are present
only for a short interval of time, and so it appears as if the DDA could be
designed for rotation rates and accelerations smaller than the expected
maximum values if a buffer register is used to accumulate the outputs of
the inertial instruments. In this manner, no information will be lost if
the design rate is exceeded - provided this high rate is not continued long

enough to completely fill the buffer registers, However, even though
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DDA CYCLE TIME, MILLISECONDS

10.0

\ \ REQUIRED ACCELEROMETER PULSE

N QUANTIZATION FOR A MAXIMUM
M. ACCELERATION OF 10 G's TO

\ PREVENT LOSS OF INFORMATION

AQ\
\
0.1 -
N\
h)
AN
A Y
N\
REQUIRED GYRO PULSE QUANTIZATION \\
— FOR A MAXIMUM ROTATION RATE OF N
1.0 RADIAN PER SECOND PER AXIS TO \ \
PREVENT A LOSS OF INFORMATION \ \
0001 ) \ \
\ \
\
: AN
0.001 \

2-8 2-10 2-12 2-14 2-16 2-'18 2-20 2-22
GYRO PULSE QUANTIZATION, RADIANS PER PULSE
{ | ] | | J
20 2-2 2-4 276 28 210
ACCELEROMETER PULSE QUANTIZATION, FEET PER SECOND PER PULSE

Figure 5-9. DDA Gyro and Accelerometer Pulse Quantization Versus

DDA Computer Cycle Time to Prevent Loss of Information
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information is not lost, errors will occur due to a time lag in processing

the information.

The DDA designs tested on the scientific computer simulation are

shown below in Table 5-13.

5. 4.4 DDA Simulation Description

A block diagram of the complete simulation is shown in Figure 5-10,
In paragraphs 5.4.4.1 through 5.4.4. 5 the equations used in each block,

and the input variables required for their mechanization are described,

5.4,4.1 Variable Initialization

The first operation of the program is to initialize the variables used
in the simulation which are not a part of the input format. These variables,
such as time, may not have the correct values from the results of a

previous run,

5,'4_.. 4.2 Vehicle Attitude Driver

The vehicle attitude driver has two options: the option desired being
designated' by the fixed point input variable IFA. The two options are
shown in Figure 5-11 for IFA = 1, and in Figure 5~12 for IFA = 2, When
IFA = 1, the vehicle attitude may be (1) slewed at a constant angular
velocity, (2) slewed at a constant angular acceleration; or (3) put under the
influence of a sinusoidal vibration of any frequency, phase shift or é.mpli-
tude. When IFA = 2, the vehicle attitude may be slewed at a constant
angular velocity or put under the influence of square wave angular

vibrations,
Thus, the attitude drivers may perform the following tests:

(1) Vehicle coning at any arbitrary amplitude, frequency,

or phasing ‘
(2) Vibration tests - in phase sinusoidal motions -
(3) Constant slewing tests
(4) Constant angular acceleration tests -

(5) Any combination of (1) through (4)
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by = = Uyt + Ay 8%

e Sl bor)= gyt + Agyat |
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Ry =R, +1

ot

S -534'1
R, =™ +1

Ma - - WSBM'.A + A°3At

A:B - WS3A1‘- + AOBM‘.

)

!

To Reference Direction Cosine
Computation

Figure 5-12. Vehicle Attitude Driver (IFA=2)
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(6) Square wave vibration tests
(7) A combination of {(3)and (6).

The outputs of the vehicle attitude driver are in the form of angular
rotation increments (Aal, Aay, Aa3) the body mounted gyros would experi-

ence in each DDA computation interval At.

5.4.4.3 Vehicle Acceleration Driver

The vehicle thrust accelerations simulated in this computer simulation
are the accelerations which would be experienced by accelerometers
mounted along the Xb’ Yb and Zb body axes. The accelerations simulated

are shown in Equation (2), These accelerations

| 2
Ay =AL tA, t+A ¢
AL = A +A.t+A t° (5-71)
yb ly 2y 3y
A. =A. +A, t+A, t°
- z 2z 3z

zb 1

A ., A b Azb are the accelerations along the Xb’ Yb’ Zb body axes
, AL, Alz are constant accelerations along the Xb, Yb’ Z.b axes

’ AZz are ramp accelerations along the Xb, Yb’ Zb axes

A3z are parabolic accelerations along the Xb’ Yb’ Zb axes

include constant, ramp, and parabolic accelerations along any or all of the

Since the accelerations are computed with a second-

vehicle body axes.
The

order polynomial, simple acceleration profiles may be simulated.
equations mechanized in the simulation are shown in Figure 5-13.
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FROM THE VELOCITY TRANSFORMATION LOGIC

?

Abe
AV
AV

o
"

zb

At
At
At

[A1X + A2 (1 - At/2) + A3X (2 - 1At + Ar2/3)]
ATY +A2Y (t = At/2) + A3Y (F - tAt + AZ/3)
A1Z + A2Z (+ - At/2) + A3Z (1 - tAt + AZ/3)

“,

VX1

vz

Abe AP” + Avyb AP2.l + AVZb AP3]

Avxb AP]2 + AVyb APy, + szb APy,
Abe AP]3 + Avyb AP23 + szb AP33
REFERENCE VELOCITY COMPUTATION

vXI = VXI + AVXI
VYl = VYI +AVYI
VZI = VZI +AVZI

TO PROGRAM STOP AND
PRINT OUT CHECK

Figure 5-13. Vehicle Velocity Increment Computation
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5.4.4.4 Reference Vehicle Attitude Computation

The reference vehicle attitude computation is performed using a
second-order Taylor's series algorithm, This computation method is
shown below in matrix notation as it is programmed in the scientific
simula.tion (Equation 5-73). This mechanization is based on the [ aij ]

matrix relationship shown in Equation (5-72).

- . - - L.
Xy 311R  %12R 213R Xy
Yo ® 221 %22r  223R Yy (5-72)
Zp 231R  %32R %33R 2y
L L g L
where
Xb’ Yb' Zb are the vehicle body axes
XI’ YI,' ZI are the inertial reference axes

[ a; ] is an orthonormal matrix relating the two systems
1-0 5(Aa2+Aa2)] A[Aa +0.5 A, Aa | [-Aa, +0.5 Ay &
LT 27%%3 37T T BRA% P

[ainlm = ||-ae +0;5 A&l AaZ] _[1 -0.5 (Aaf +Aa§)] {Aal +0.5 Ac, A, [ain]n

[ ‘ 2 2
[acy +0.5 Aqy Aa3] [- Aoy +0.5 Ac, Aa3] [1 - 0.5 (A + Ad)

(5-73)

5.4.4.5 DDA Gyro-Output Scaling

The gyro pulses received by the DDA computer are generated at the
same frequency the DDA operates. That is, if the DDA operates at a
1000 cps rate, the pulses received by the DDA from the gyros must also
be at a 1000 cps rate. The pulses which are received by the DDA computer

5-65




each represent a definite value of angle rotation, and they are generated
in either a binary or ternary pulse sequence. Both the binary or ternary
pulse sequences may be generated in the simulation, depending on the
fixed point input JFA, If JFA = 1, a ternary pulse sequence is used;

if JFA = 2, a binary pulse sequence is used.

A binary pulse sequence is a sequence of pulses with either a
positive K1 (scaling of the gyro pulses in rad) a negative Kl’ but never a
zero value., Thus, a zero rate would be a sequence of alternating pulses,
a maximum positive rate would be a sequence of all positive pulses, etc,
The method used for generating the binary pulses is shown in Figure 5-14,
For the binary sequence mechanization, a positive pulse is output when
the gyro is off null in the positive direction, and a negative pulse when the
gyro is off null in the negative direction. By doing this, the gyro will be
torqued back and forth, like a pulse-torqued gyro.

The ternary pulse sequence is a sequence of pulses of value zero,
+K1, or -Kl. This pulse sequence is generated in the computer simulation
as shown in Figure 5-15. The ternary pulse sequence is typical of the
single axis platform gyro mechanization.

5.4.4.6 DDA Accelerometer Output Scaling

The accelerometer output pulses received by the DDA computer
are generated at the same frequency the DDA operates, The pulses

received by the DDA computer each represent a definite value of velocity,

b T et ey

and are generated in either a binary or ternary sequence. Both the binary
and ternary pulse sequences may be generated in the simulation, depending
on the fixed-point input JEB, If JFB #1, a binary pulse sequence is

simulated; if JFB = 1, a ternary pulse sequence is simulated. ;

A binary pulse sequence is a sequence of pulses with either a
positive CK2 (scaling of the accelerometer pulses, ft/sec), a negative
CK2 value, but never a zero value. Thus a zero accelerometer output
would be a sequence of alternating positive and negative pulses, a maximum
positive accelerometer output would be a sequence of all positive pulses, etc.
The method used for generating the binary pulses is shown in Figure 5-16,

and is the same method used for generating the gyro binary pulse sequence
(Figure 5-14),
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JFA = 2

=Yty
T2 = ¥y ¥ by

Y3 % Yy + bag

- ey s o ta i s s e s B e et Ty et s vy ot

e oo g 0

No
n=n-5
8y =t K
Y

Yl-rl.‘.x-(:. YZ-YZ-K]-

8=~ K f2=TH

Y3.'Y3-K1 Yes

93-+K1..

3= Y3+ Ky
3= -5
v

— TO DDA ATTITUDE REFERENCE COMPUTATION

Figure 5-14. Binary Gyro Pulse Sequence Computation
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To DDA Attitude Reference Computation

Figure 5-15. Ternary Gyro Pulse Sequence Computation
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DVXI = DVXI +CVvX
DVYl = DVYI +CVY
DVZI = DVZI +CVY
CVX = Q¥Y=CVZ= 0.0
JFo=1 p (Figure 5-17)
| JFB #1
DVXI = DVXI - CK2
DVX = CK2

DVXl = DVXI - CK2 | ovvi = pvvi+ck2
DVX = CK2 . DVY = -CK2
DVYl = DVYI - CK2
DVY = CK2
DVZI = DVZI + CK2
DVZ = - CK2
TO THE DDA | ovzi = pvzi-ck2
EQUATIONS DVZ = CK2

Figure 5-16. Binary Accelerometer Pulse Sequence Computation
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The ternary pulse sequence is a sequence of pulses of value zero,
+ CK2, or - CK2, This pulse sequence is generated in the computer
simulation as shown in Figure 5-17, and is the same method employed fo

generating the gyro ternary pulse sequence (Figure 5-15).

5,4.4.7 DDA Attitude Reference Computation

The DDA simulation mechanizes the attitude reference equations of
a strapdown system using a first-order Taylor's series algorithm for con.
puting the direction cosines.

The relationship between the two coordinate
systems is

%, | ;]
Y, | = [aij] Y, (5-74)
% |1
where
Xb’ Yb’ va are the vehiéle roll, pitch, apd yaw axes, respectively

XI’ YI’ ZI'are the inertial coordinate axes for navigation and
guidance purposes

[ aij] is the direction cosine matrix which relates the two systems

shown in Equation (5-74), The first-order Taylor's series algorithm used

to update the aij direction cosine matrix is shown in matrix notation in
Equation _(5-75) and in equation form in Equation (5-76). The DDA simu-
lation mechanizes the equations shown in Equation (5-76); the DDA mechan-
ization of these equations is shown using DDA symbols in Figure 5-18,

1 Aoz3 -Aaz
{aij] (n+l) = | -8e; 1 Aoy (aﬁl (n) (5-75)
Aa% -Aal 1
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are the direction cosines present after the Kth direction
cosine update cycle '

Aal, Aaz are the positive right hand rotation increments about the
X, Y, Z body axes, respectively, in the time interval
Aag between direction cosine computations

aj; (n+1l) = 211 (n) + Aa3 asy (n) -Aa, ag, (n)

a), (n+1) = a5 (n) + Aa3 a5, (n) -la, a3, (n)

a3 (n+1) = as (n) + Aagz a,, (n) -Aaz azs (n)
a.21’ (n+1) = a1 (n) - Aa3 ar (n) +Aal az; (n)
asy (n+1) = a,, (n) - Aa3 2, (n) -i-Aaz1 az, (n) (5-76)

afZS (n+1) = a5, (n) - Ay 3, (n) +A¢1f1 353 (n)
as; (n+1) = az; (n) + Aaz a1, {(n) = Aql a1 (n)
ag, (n+1) = a.:,"2 (n) + Aa, ay, (n) - Aay ay, (n)

ag3 @+1) = ay, (n).+ Be, a4 (n) - Ae) 3y, (n)

The integrators simulated in the computer program operate as

follows:

(a) The values of the AX, AY, and AZ pulses are scaled
the same and are of a value equal to the quantization
of the Y and R registers least significant bit (K, ).
This also requires the gyro quantization to be equal
to this L.SB quantization value,

(b) The gyro output pulses are quantized to the LSB
quantization, and may be transferred to the computer
in either of two ways, a ternary or binary sequence of
pulses.

(c) The integrators are simulated by performing the
following steps for each integrator in sequence, 1
through 18:

(1) The first operation is to update the Y registers.
This is accomplished by adding the AY pulse to
the value presently in the Y register.

Y =Y + AY
n n-1

5-73




(2) Then the AX pulse is checked for magnitude. If
AX is a +1 pulse,

If AX is a zero pulse, R_ = R
n n-1

(3) The third and last step is to check the magnitude
of Rn' If Rn 21.0, then

AZ + 1 pulse

R =R -1.0

n n
IR = -1.0,
n
AZ = -1 pulse
R =R_+1,0
“n n
H]Rn|<1.0,
AZ = 0,0
R =R
n n

(4) Then the same procedure is followed on the next
integrator,
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5.4.4.8 DDA Velocity Transformation Equations

The body-mounted accelerometers are simulated along the X Yy
and z, axes of the vehicle, Thus, the velocity increments measured by

the accelerometers are

A

AVb = Abe x, + Avyb Yp t szb zZy

Since the body axes are related to the inertial axes by the a.ij orthonormal

matrix,
*b *1
Y | = [aij] Vi (5-77)
_zb_ LZI

the inertial velocity increments are obtained by the following equations

(as mechanized in the simulation)

AVXI = Abe a;; * AvybaZI + szba'31

Avyl = Abe a.ll2 + AVyba.22 + AVzba32 (5-78)
szI = Abe a, + Avyba'23 + szba33

In DDA notation, these equations are shown in Figure 5-19, These

DDA integrators are operated in sequence, 19 through 30, after the 18th

integrator operations are completed.

5. 4. 4.9 Attitude Reference Errors

The attitude reference errors of the DDA were computed by

comparing the reference direction cosines with the direction cosines
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computed by the DDA, These attitude errors are defined as the positive

rotation's about the vehicle body axes to align the two matrices. That is,

E, = 0.5 [Zb(.DDA) . Y, (ref) - Y (DDA) . zb(ref)]
Ey = 0.5 [Zb(DDA) + X, (ref) - X, (DDA) . Zb(ref)] (5-79)
E, = 0.5 [xb(DDA) . Y, (ref) - Y, (DDA) . xb(ref)] :

These attitude errors as described above in Equation 5-79 are computed
in rads, These attitude errors are converted to arc seconds by dividing
by 4. 84813681 x 10'6, as shown in Equation 5~-80, The errors are printed
out both in radians and arc seconds. These attitude errors are the errors
of the DDA relative to the second-order Taylor's series attitude reference
algorithm as used in a general purpose computer., Thus, the true attitude
errors of the DDA must be computed from a true analytically computed
direction cosine matrix as the second-order Taylor's series is not com-

pletely accurate.

P
E, =10 [;xb/z}. §48...J
S |
Eype = 10 [Eyb/4. 848...] (5-80)
E. =10° [Ezb/4. 848. ..

zbs

5.4.4.10 Input Variables

Tl . the periods of the square wave limit cycles applied to
TZ the Xb, Yb' Zb axes
T3

FK (Kj in the previous discussion) - DDA least significant bit
quantization in radians. FK is also the quantization of the gyro
output pulses in radians.

IFA - vehicle attitude driver flag (fixed point)

IPRINT - output printout cycle interval

Yi - initial DDA integrator Y register values
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PHI1 phase shift of the sinusoidal rotations experienced about
PHI2 ¢ the Xb, Yb’ Zb body axes, respectively

amplitudes in radians of the sinusoidal rotations

A

1
A2 ¢ experienced about the Xb’ Yb’ Zb axes respectively
A3

W1 frequencies in radians/second of the sinusoidal rotations
WZ ¢ experienced about the Xb, Yb’ .'Z.b axes respectively
3
AAQL constant angular accelerations in radians/ second2
AAQ02) experienced about the X.b, Yb’ .Zb axes
AA03J
A01 ] constant angular velocities in radians/second experienced
A02 » about the Xb’ Yb , Zb axes
AQ03
Ws 1 ] amplitudes in radians per second of the square wave limit
Ws?. ,  cycles which may be applied to the Xb’ Yb' Zb axes
Ws3 ]
TF - duration time in seconds of the computer simulation

DELT - time in seconds per DDA cycle
DELT1~ time in seconds per DDA cycle

JFA - DDA ternary or binary flag (fixed point). Ternary if
JFA = 1, binary if JFA = 2

ARij - reference direction cosines

ARTjj - initial direction cosines for a new test case.

JFB - DDA ternary or binary flag for the velocity integrators.
(ternary if JFB = 1, binary if JFB = 1)

CK2 - quantization level of the accelerometer output pulses in
feet per second

5-78
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AlX constant accelerations in feet/ second2 along the Xb, Yb,
AlY ¢ and Zb body axes '

AlZ
A2X ramp accelerations in feet/ second> along the Xb, Yb, and
A2Y ¢ ZDb body axes

A2Z |
A3X parabolic accelerations in feet/ second? along the Xb,
A3Y }  Yb, Zb body axes

A3Z

s

5.4.4.11 Output Variables

Time - time in seconds

EXB, EYB, EZB - attitude errors (radians) relative to a second-
order Taylor's series attitude reference algorithm

EXBS, EYBS, EZBS - the above attitude errors in seconds of arc

AR - the reference direction cosine matrix

Y(1) through Y (18) - the first 18 DDA integrator outputs, These
outputs are listed in the following order, so that the direction
cosines matrix as computed by the DDA may be easily compared
to the reference set of direction cosines." :

Y(7) . Y(8) Y(9)
Y(1) Y(2) Y(3)
Y(4) o Y(5) Y(6)
Y(13) Y(14) Y(15)
Y(16) Y(17) Y(18)
Y(10) O Y(11) Y(12)

VX, VY, VZ - accumulated velocities along the vehicle body axes
(confidence check of the simulation's operation only)

DVXI, DVYI, DVZI - inertial velocity increments (for checkout
purposes only :

Y(19) through Y(30) - last twelve DDA outputs, The first nine are
the direction cosines and the last three the inertial velocities

accurmnulated by the DDA
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Y(19) Y(20) Y(21)

Y(22) _ Y(23) Y(24)
Y(25) Y(26) Y(27)
- Y(28) , - Y(29) Y(30)

VXI, VYI, VZI - reference set of inertial velocities in feet/second,

5.4, 5 DDA Quantization Errors

As mentioned previously, the DDA integrators operate as follows:
First the Y register is updated with the incoming AY pulses; ifa AX pulse
is present, the Y register is added to the R register, and if the R register

has a value greater than one, a Z pulse is generated.

N
s v/

Consider a DDA design for the direction cosine maintenance which
the AZ, AY, and AX pulses all have the same value of 214 rad, and the
Y and R regisfers both have the same word length with the least significant

bit worth 2”14

AX R

rad, Since the Y register contains a direction cosine, the

number in the Y register is < one.

The output of the DDA integrator described is AZ = YAX, However,
if the R register does not attain a value 2 1, the AZ output will be zero.
Since the R register accumulates £ YAX until this sum is 2 to the least
significant bit of the Y register, this is equivalent to having a 28 bhit GP
corré%uter. That is, the quantization error of the DDA is apparently
*2

of this quantization error (the difference between the real variable and its

radians, If it may be assumed that the probability density function

discretized representation in the computer) is uniform between -2-29 and
+2 -29 or between -q/2 and +q/2., The variance of such a distribution is

.

given by

2
% = | (5-81)
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.; the errors are additive, and independent, the resulting variance at the

end of n cycles is

crz(n) =n qz./12
=Valzalz (5-82)

o (n)

v(a) =227

After a flight of 600 sec (n = 2,16 x 106),
o(n) = 1.58 x 10™° rad . (5-83)

The scientific simulation results of the DDA mechanization are used
as a2 means of verifying this computation of the variance of the DDA quanti-
zation errors., The simulation results will be a combination of the first-
order Taylor's seriesalgorithm errors and the DDA mechanization errors.,
Since the algorithm errors are known from analytic derivations, the DDA

errors can be easily determined from the simulation results,
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5.4.6 DDA Simulation Results

The DDA designs presentéd in Table 5-13 were tested on the qu

computer simulation to evaluate their respective accuracies, and al,,, .

compare these results with the methods which may be employed on

general purpose computer. The tests which were run on the DDA sj;, ;.

lation are tabulatedin Tables 5-16 through 5-20. The results of these teys, ,,,

- discussed in two parts, the attitude reference results in Section 5.4, ¢,

and the velocity transformation results in Paragraph 5.4.6.2. The

velocity transformation results were obtained by comparing the test

results with results obtained from computer simulations. . The attitude

reference errors were obtained by comparison of the DDA direction

cosines with hand computed direction cosines or direction cosines

obtained from a 7094 computer simulation, and are presented in the next

section using the following definitions.

1)

-
///

B = 0.5 (e

Attitude Errors —

The attitude errors are obtained by comparing the DDA
direction cosines (aj;) with the true direction cosines

(b :). The attitude errors are defined to be the right hand
pos1t1ve rotations about the j body axis (j = x, y, z) which
would be required to reduce the attitude error about this

. axis to zero.

E,=0.5 (s b, +a,.b.. -8, b, -a_b., -8,.Db.]

31 21 32 22 331723 21 31 22 32 23 33

11 P31 *'%1p P3p + 233 P33 - a31 b11 - 835 by = 833 Dy5]

E, = 0.5 [ay) by # 8y by +8y30y3 = 8y 21 a12 22 - 813 Pa3)

2)

(5-84)

Normality

The sum of the squares of a row or column of direction
cosines will equal 1. 0 if the direction cosine matrix is
normal, If the direction cosine matrix is not normal, the
velocity increments will be transformed incorrectly to the
coordinate system. The following set of normality terms
are calculated in the next sections.
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- (5-85)
3) Orthogonality

The dot product of two unit vectors in an orthonormal
‘coordinate system is zero. The aj; matrix obtained from

the DDA simulation tests will be tested for its orthogonality.
by computing the following quantities. .

Opp = 83 B * 81 8pp * 813 83
YO =g 8. +8.,.8..+8._8
13 11 731 12 32 13 733
O23 - a.21 5.31 + a.22 a32 + 3.23 9.33
(5-86)

5.4. 6.1 DDA Attitude Errors

In all of the tests performed on the DDA simulation, constant
slewing rates were applied equally to each of the vehicle body axes. This
test was chosen as it exercised the direction cosin.e compufations to the
full extent, and provided at the s;ame time an easily computed reference

I
direction cosine matrix Equation(5-87.

-

!3‘- (1L + 2 cos ut) [—;— (1 - cos ot) + % sin ut] [%- (1 - cos gt)- % sin at]

[% (l - cos ut) - % si:n at ] [%'- (L +2 coé q;t:)] t_%. (l- ‘¢os at) - % sin :wt]'

[-]3= (1 - cos ut) + %As.in ut] [']3; (1 - cos at) - % sin ot] [}5 (1 + 2 cos ut]

(5-87)
where . .
w= A3 times the rotation.rate applied to each vehicle axis
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The tests are divided into 4 areas for the velocity comparison, .. .
into 3 areas for the attitude reference comparison. The drivers used 1,
test the DDA accuracy for several DDA word lengths are shown in Tay.
5-14. Note that tests 2 and 3 will be presented together for the attitud,

reference results of the DDA.

Table 5-14., DDA Driver Characteristics

e SR

Test X, Body Axis* Y, Body Axis* |2, Body Axis* Rotation Rateges
Acceleration Acceleration Acceleration - of the Vehic!»
(i‘t/sece) (ft/secz) (ft/sece) (deg/sec)

1 5.0 + 0.1t 20 + t +0.5t° | 5.0 + 0.1t 04 L1 .
| N 2 T A
2 5.0 + 0.1t 20 + t+0.5t2 | 5.0 « 0.1t 25 a0 T

3ok

3 5.0 + 0.1t 20 + £+ 0.25t% | 5.0 + 0.1t B G +1 -1 B

/3 x y - '

b .| 5.0+ 0.1t 20 + t+0.25t% | 5.0 + 0.1t 0 0 0
. . /3 x y oz

% tis time in sec
A A

**lx, ly’ 1z are unit vectors along the vehicle x, y, z axes.

s

As mentioned earlier, the attitude reference algorithm used to
maintain the DDA direction cosines was the first-order Taylor's series.
In Phase I of the MSFC body-mounted study, a hand analysis of the first-
and second order-Taylor's series algorithms was performed to ascertain
their respective errors as they would occur in a general purpose com-

putc.ar (without considering word length as a variable). The results of
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this hand analysis are shown below for the first-order Taylof's series
algorithm, using the above definitions N, 0, Ex’ Ey’ and Ez, for a

three-axis slew.

, n/2
N1=N2=N3-[1+3A2] A

per. cycle angle error = - o3

3
Ex-Ey-Ez~-nA

) l-R .
012 = 013 = 023 2z 3 (5-88)

where

n is the number:- of attitude compute cycles

Ais the angle increment in rad about each vehicle body axis

R=+Ji+3§

However, this error analysis does not aiaply for the accuracy of a
first-order Taylor'sseriesalgorithm whenitis méchanize& on a -DDA.
This is because the DDA direction‘cosines ‘are split into two parts; onc-
half in the Y register and one-h'alf in the R register. The direction
cosines stored in the Y register have a maximum value of 1 and are
quantized to Z-K rad (least significant bit). The R register is scaled at .
maximum value, of 2K rad with the least significant bit scaled to 272K L.
~Thus, the DDA has an effective word length of twice the word length uf.t:':v
'Y register; however, this advantage is lost when the velocity incrementy
are transformed to inertial coordinates as only the Y register is used for
this purpose. As a result, normality and orthogonality errors are present
in the transformation of the velocity increments, the size of which drpenis

on the quantization of the Y register 2'."K~ rad.

For example consider the following case where a general purpose

computer and a DDA are operating at the same speed.: The initial

5-85 ‘ -
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direction cosine matrix is the identity matrix, and the output pul
the gyros are scaled to q rad. The direction cosine matrix of .. ..

computer would be

-

1 Q -q
o =l - 1 :
[aiJ](n) q q -
- a -q 1
where
q is the gyro quantization in rad
n is the number of compute cycles
After 2 cycles, .
l-2q2 éq_+q2 -29 + g
2 2 2 |
- [aij](a)— "2(1 + g 1l - 2q 2q +q (5")‘]1
2q + q2 -29 + q2 _ l - 2q2

-

- ’/

The DDA output for the same algorithm is-obtained first by exam-
ining the way a DDA integrator operates, and then to apply this knowledgu
to Figures. 5-18 and 5-19, ' k

As explained in Paragraph 5.4. 2, the first DDA integrator opera-
tion is to update the Y register. After the Y register is updated, the R
registér is updated with the contents of the Y register corresponding to
the input A8 (gyro output pulse), and a AZ output pulse is generated when
the R register overflows. Applying this information to the DDA diagrams

on Figures 5-18 and 5-19, the direction cosines which would be used for
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e transformation‘ of the velocity increments to inertial coordinates

- d\lld be

1 -9 g

[3133(1) =| q 1 -q

i 1- -2q 2q.

[313](2) =l 29 1 -2q

-2q 2q 1
ad e
) 1 :éq 3q
L -3¢ 3¢ 1]

The DDA matrices keep building up in \this manner until the off diagonal

direction cosine R registers overflow and send pulses to the maindiagonal
Y registers. Thus, it is easily seen that the direction cosine matrices in
the Y register of the DDA are much different from the aij matrix computed
in a general purpose computer, especially the normality and orthogonality
conditions of the matrices, Since it is known that the off diagonal term

integrators output pulses only when their respective R registers overflow,

a maximum scale factor and normality error may be computed:

For instance, a DDA computer with the Y register scal_ed' at q rad
will be used as an example, The R register of an off diagonal direction

cosine would build up as follows

When this sum reaches the value 1.0, an output pulse would be generated,

and the R register would then be decreased by 1.0 in magnitude.

- 5-87
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Since the sum R =q+2q +... +nq i:s equivalent to:

+1)
(n) (;1 )q -

the number of cycles required to cause the R register to overflow may .

found by solving Equation (5-93) for n

+1 o
2‘2‘(':—1—‘-)' g=1 (5-7:

This equation was solved for several DDA quantization values and

are shown below in Table 5-15.

The maximum normality error for this worst-case condition is

NE™'0) = 1. 00184631 - © 0.185%
N@"12) = 1.0004827976  0.05 %
‘ N 1) = 1;.0001206994 0.012%
N2~18) = 1.000030342722 0.003% O (5-93)

Table 5-15. Solutions for DDA Quantization Values

- q n . . (m-l)gq
2719 = 201,43 arc sec .45 |7 2.45193 arc deg
2712 = 50, 358 arc sec 91 . | T1.2589 arc deg
2°' -1z2.589arcsec | 181 | | 0.6295. arc deg
2716 23,147 arcsec 362 ~ 0.315 arc deg
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lues and

(5-95)

deg
deg
deg

‘ deg

U

S YRR

L A NV

- maximum orthogonality error is

0(271%) = 0. 00184631 R = 381 arc sec = 6. 35 arc min

02"1%) = 0.000427976 R = 88. 4 arc sec = 1.47 arc min

14 | (5-96)
0(2""7) = 0,0001206994 R = 24.9 arc sec = 0,41 arc min
0(2“16) = 0. 0000303427 R = 6. 25 arc sec = 0. 104 arc min
Of the four quantization values, it appears as though the only
methods which mightachieve the desired accuracy are 2-14 and 2"16 rad

quantization.

The attitude reference results of the DDA simulation tests which -
were run on th’e 7094 IBM cbmpufer are tabulated below in Table 5-16.
These tests verify the above results for the several quantizationr values
for the DDA. In some cases, the attitude errors exceed the quantization
of the gyro pulses. This is because each direction cosine ima.y be in error
by 3 times the Y register's least significant bit scaling due to the storage ‘
in the R registers, However, the probléms which result from the non-
orthogonality and nonnbrmality of the direction cosines stored in the Y
registers do not become apparent until the results of the velocity trans-

formation are examined.

5.4.6.2 DDA Velocity Transfornﬁ‘.ati'on Errors
Rl

The velocity transformation errors are a result of the ofthogonality,
normality, and attitude errors of the direction cosines as discussed in
Paragraph 5. 4. 6. 1, the velocity transformation algorithm errors, and -
the errors due 1;'0 the computer quantization of the velocity iﬁptit pulses.’
The velocity errors which resulted from thésé.ér_ror sour,ceé were
obtained from the DDA simulation for several differvent.computer quanti- -
zation values. These results are tabulated in Tables 5-17 through 5-20,
and include the effects of the direction cosine errors, the velocity quanti-
zation errors, the velocity transformation algorithm errors, the gyro

quantization errors, and the DDA computer errors.
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Table 5-16, DDA Attitude Errors

Rotation Rate

Gyro Pulse

X DDA Cycle] .. E E

'Il'\}e:t %I;il}iezxf: Quantization| Speed fslIeI::e) (arc | (arl (::rg |
. (dog/sec) (arc/sec) (msec) seg) sec) sec)

1 10/3 201.4 5.0 5.0 | 177.4|- 88.2|-168.+
2 10/~3 50. 4 1.25 5.0 | 42.0{- 38.8{- 25.¢
3 10/ 3 12.6 0.25 5.0 10.3|- 9.0|--5.¢
4% 25/ \3 201, 4 2.0 5.0 150.5|-150.4|- 49+
5 25/ 3 50. 4 0.1 .| 5.0 37.11- 39,2}~ 64.2
6 25/ 3 50, 4 0.5 5.0 37.3|- 39.7|- 63,3
7 25/ 3 12.6 0.1 5.0 10.5]- 10.6|- 17.8
8 " 50/N3 201. 4 1.0 5,0 | 112.8|- 85.7| 43,g;
9 50/ 3 50. 4 0.25 5.0 |- 3.1 5.8] 33,0!
1 - 10/3 201.4 5.0 10.0 23.9|-124.5|~ 23.9
2 10/ 3 50, 4 1.25 10.0 75.5{- 40.1]|- 69.0
3 - 10/ 3 12,6 0. 25 10.0 4.6{- 10.1{- 4.8
4% 25/ 3 201. 4 2.0 10.0 |-112.8|- 85.6] 43.8
5 . 25/\3 50.4 0.1 10.0 |- 6.9 8.9{ 35.9
6 25/ 3 50. 4 0.5 10.0 |- 6.1 8.8] 36.0
7 25/ 3 12.6 0.1 10.0 14,5}- 22.1{- 2L.2
8 50/ 3 201.4 1.0 10.0 | 149.8!- 92.9| 185.6
.9 50/ 3 50. 4 0. 25 10.0 26.1|- 26.0]|- 26.3
1 . 10/ A3 201. 4 5.0 15.0 24.5|-149.8(-116.3
2 T 10/\3 50. 4 1.25 15.0 35.3|- 26.9|- 47.8

3 10/ 3 12.6 0.25 15.0 O 3 %*
4 25/ 3 201.4 2.0 15.0 7.92| - 24.1[-122.5
57l - 25/A83 50. 4 0.1 15.0 5.9/ 19.3] 19.5
) - 25/3 50.4 - 0.5 15.0 10.0{- 6.0 18.7
7 25/ 3 12.6 0.1 15.0 16.5{- 11.3}- 18.2
8 50/ 3 201, 4 1.0 15.0 92.0{ 66.9| 24.3
9 50/ \3 50, 4 0.25 15.0 |- 29,1 12.4] 60.5
1 10/ 3 201.4 5.0 20.0 |- 6.7]-153.1|- 83.8
2 10/\3 50, 4 1.25 |20.0 10.0|- 38.7]- 28.9
3 10/ B 12.6 0.25 |20.0 % 2 5

4 25/\3 . 201.4 2.0 20.0 | 149.7|- 92.9(-185.5
5 25/ 3 50. 4 0.1 20.0 |- 5.3|- 4.1]|-24.0
6 25/3 50. 4 0.5 20.0 | 24.5|- 24.4|- 24.7
7 25/ \3 12.6 0.'1 20.0 | 23.1|- 25.1[- 31.0
8 50/ 3 201. 4 1.0 20,0 [-305.5| 206.7]| 210.3
9 50/ N3 50, 4 0.25 |20.0 |- 39.9| 26.3] 48.6

*Run 4 was timed for a maximum of 12 sec.
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Table 5-17. DDA Velocity Errors for Test 1 (Table 5-16)

"7 .

DDA Cycle | Gyro Pulse Accelljixl':zneter Time Vi Vy | ¥,
Time le.antizati?n Quantization (sec) | (ft/sec)|(ft/sec)| (ft/sec)
(msec) arc sec (ft/ sec)

0. 25 50. 4 0. 0805 5.0 | 0.05 0.09 | -0.03
1.0 2014 0. 322 -0. 03 0.33 | -0.59
0.25 50. 4 0.0805 |10.0 ] 0.26 | 0.02 | -0.07
1.0 201. 4 0. 322 0.06 |-0.06 | -0.23
0.25 50. 4 0.0805 |15.0 [-0.004 | -0.40 0. 55
1.0 201. 4 0.322 -0.65 }-1.53 2. 15
0.25 50. 4 0.0805 |20.0-|-0.89 0. 81 0.79
1.0 201. 4 0.322 -3.59 3.37 | -0.31
Table 5-18, DDA Velocity Errors for Test 2 (Table 5-16)

’ ' Accelerométer :

D%A Cycle g yrot.Putise Pulse Time | Vx Vy Vz
ime xzan 1za ;m Quantization |(sec) |{ft/sec) |(ft/sec) |(ft/sec)
(msec) arc sec (ft/ sec)
10-4 12. 6 0. 164 5.0 0.09 [-0.13 | -0.01
107* 12.6 0. 164 10.0 | 0.22 | 0.11 | o0.04
107% 12. 6 - 0.164 - |15.0| 020 |'0.32 | o0.03
107 12.6 0.164  |20.0 | 0.40 | 0.54 | 0.76 |
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Table 5-19. DDA Velocity Errors for Test 3 (Table 5--16)

Accelerometer -
DA le| G Pul o v A .
> Tixi)erc *| Quantization Pulse Time) =~ x Ty Vs
Quantization |(sec)|(ft/sec)|(ft/sec)|(ft/s.
(msec) A{arec sec) (ft/ sec) "
2.0 201.4 0,322 5,0| "0.18 | -0,17 0.2:
0,5 50,4 0,164 0,22 ~0.16 -0, ;2
0.1 50, 4 0,164 0.22 | 0.00 | 0.5
2.0 201.4 0,322 ,10.0 0.10 0.46 -0, 24
0.5 50,4 0,164 -0, 07 0.11 0,01
0.1 ) 50,4 0,164 0.09 |- 0,11 0.17
2.0 C 201,44 0,322 15,0 -0.46 | -0.70 | 1.4
0.5 -7 50,4 0.164 -0,21 -0.20 0,21
T .0.1 1 . 5064» . - 0. 164 -Ou 21 "0. 04 0. 3C .
2,07 T 20104 0,322 20,0| 2.51 | -1.52 | -1.32
2051 . 50,4 0,164 0.63 -0, 38 -0.17
0. 1 50. 4 0. 164 o 0. 79 _00 28 "0. 10

 Table 5-20. DDA Velocity Errors for Test 4 (Table 5-16)

DDA Cycle| Gyro Pulse Acce;e‘flzr:eter Time Vx V'y Vz
Time Quantmatlon Quantization |(sec) |(ft/sec) |(ft/sec) [(ft/sec)
(msec) (arc sec) (ft/sec) '

5,0 201.4 0. 322 5,0 0.11 [-0.07 | 0.20
1.25 " 50,4 0,164 0.006 | 0,07 [-0.03
0' 25 12. 6 B 0. 164 "O. 02 0. 05 0. 14
5.0 201. 4 0, 322 10,0| 0.13 |-0,08 . |-0.15
1.25 50, 4 0.164 : 0.12 0.03 0. 06
0.25 12,6 0.164 -0, 16 0. 07 0. 30
5, 0% 201, 4% 0, 322 15.0 | 9,73% [-7,3% |42.9%
1.25 50.4 0.164 - 0.26 0,01 |-0.29

0- 25 120 6 0. 164 "'0- 05 0. 18 0. 11 °

5, 0% 201, 4% 0, 322 20,0 172.2% |-85,5% [209,5%

1. 25%% 50, 4% 0, 1643 2.85%% | -0, T2%% 11, 09%%
0. 25 12,6 0.164 -0.20 0. 07 0.07

“This run exceeded the maximum design accelerationatt = 11,5 sec.

. This run exceeded the maximum design-acceleration at t = 19.2 sec.
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In some cases, the computer roundoff and integration errors in the
attitude reference direction cosines and velocities are quite sizeable, —
especially in runs with a cycle time of 0.1 msec. The drivers used for the

tests are presented in Table 5-14. In Table 5-20, the velocity errors show

_ the effects of exceeding the maximum design acceleration of the DDA.

The DDA diagram of the velocity transformation équations is shown
in Figure 5-19. In this figure, the Y registers of the first nine integrators
contain the nine direction cosines, the R registers of the first nine inte-

grators contain the portion of the respective velocity increments trans-

. formed to inertial coordinates, and the Y registers of the last three

integrators contain the accumulated velocity in inertial coordinates. Since
the R registers contain as much as one velocity pulse, the velocity com-
ponent may be in error by as much as three times the velocity quantization,
For instance, if the accelerometer output pulses are quéntized to 0.05 msec,
each inertial velocity component may be in error by 0. 15 msec without any _
of the errors previously mentioned c&isid.ere.d'. This would amount to a

total velocity error of 0,26 m/sec.

-

The velocity transformation algorithm error analysis is presented
-in section 5, 3 of this report. This error analysis was performed to deter-
mine which velocity transformation method was the best method. In that
gsection, a different; transformafion method was recommended over the
method used in the DDA navigation system. Since the DDA cycles at such
a fast rate, this velocity transformation algorithm will suffice if the
quantization of the input velocity pulses are small enough, The velocity
pulses must be small or the increase in accuracy due to the DDA's fast
cycle rate will be lost as it requires a finite amog:nt of time for the
velocity pulses to build up. For example, a quantization of 0.3 {t/sec
pulse while under the influence of a S5g a’.cceleré.tion would cause velocity

pulses to be output to the DDA computer every 1.8 msec.

If the DDA were operating at a.cycle rate of -10, 000 cps, the effec-
tive velbocity; transformation rate would only be 556 cps, and this would
cause the velocity transformation algorithm evrrors to increase. Thus,
to take advantage of the DDA's computation speed, the velocity pulsés
should be quantized to as small a value as possible.- For this reason,

and the results of the DDA simulation tests, the veiocity puises are
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recommended to be quantized at a value smaller than the prelimina ry
design value of 0. 05 msec, 0.0125 msec for example. By doing this,
the velocity transformation algorithm errors would apparently be held ¢,
within one tenth of one msec for the 11,000 msec velocity flight. This
would also decrease the velocity error due to the velocxty quant12at1on

from 0. 26 msec to 0. 06 msec,

The direction cosine errors were presented in Paragraph 5.4.6.1,
and were prxmanly composed of normahty and orthogonality errors, The
primary effect of these errors is to transform more velocity to inertial
coordinates than the vehicle is actually experiencing. For instance, a
0. 05 percent normality error would result in a 12,5 ft/sec velocity error
for the vehicle fo attain a velocity of 25,000 ft/sec. However, the
normality error varies from zero to a maximum error (0,003 percent

-16

for a 2 rad direction cosine quantization). If one can assume that the

average normality error for a 2~16 rad quantization is 0. 001 percent, the

velocity error due to the direction cosines would be 0.11 msec for a

velocity of 11,000 msec.

The total velocity errors for the 11,000 msec flight, using velocity‘
quantization of 0.0125 msec and a direction cosine quantization of 2~
rad, should be = 0.49 msec (37). '

5.4.7 ‘ -Conclusions

The recommended design for the DDA is for an angular quantization
of 2'16rad, a velocity quantization of 0.0125 msec (0.04101041 ft/sec)
and a DDA cycle rate of 10,000 cps or faster. The 10, 000 cps speed will
allow the DDA to maintain an accurate navigation system while under
influence of accelerations up to 410 ﬁ:/sec2 and rotation rates up to 8. 75
arc deg/sec. This design was arrived at from the results of the DDA
simulation and hand analyses, the important results of which are
summarized below, N C

I. The accuracy of a DDA cannot be improved by an increase in

speed alone; the increase in speed must be accompanied by
a corresponding decrease in quantization of the input quan-
tities computed in the DDA. If the speed alone is increased
and the quantization is not decreased, the DDA will spend

these extra cycles calculating on zero input pulses and will
achieve exactly the same result as a slower DDA,
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The mechanization of a first-order Taylor's series algorithm
for the maintenance of the attitude reference matrix will
result in a nonnormal and nonorthogonal matrix for trans-
formation of the velocity increments to inertial coordinates.
Since the normality and orthogonality of the matrix depend
on the quantization of the direction cosines, this value
should be decreased until the matrix errors come Wlthln

the desired accuracy limitations,

The accuracy of the velocity transformation algorithm is a
function of the velocity quantization. Just an increase in
DDA speed will not improve this accuracy as explained in
(1) above.

The velocity errors of the DDA for the simple navigation
system are caused by

a. Attitude Errors - , .
1) Attitude-reference algorithm
2) Gyro-pulse quantization

3) DDA operation (time lags, information stored in R
registers is not available):

b, Velocity Errors

1) Attitude errors
2) Velocity-transformation algorithm
3) Veloéity-pulse quantization

4) DDA operation (time lags, information in R
registers is not available).
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6. ALIGNMENT STUDIES

6.1 INTRODUCTION AND SUMMARY

Four methods of prelaunch alignment for a strapdown system were

;;nalyzed for the MSFC body mounted study.

e Constant gain

® White noise Kalman filter

e Variable gain filter

e Narrow band Kalman filter.

The first three methods wére analyzed with a scientific simulation
programmed for the IBM 7094 computer. *Disappointing results were
obtained from the white-noise Kalman filter. Therefore a simplified
analysis of the white-noise Kalman filter and 2 narrow-band Kalman filter
was performed to study the filter problem in detail. The poor performance
of the white-noise Kalman filter was confirmed and the narrow-band Kalman
filter showed promise.  However, time did not permit evaluation in the

scientific simulation.

Al aligniment methods are bas;é;l on the use of a'theodolite for azimuth
reference information, and the accelerometer outputs for leveling informa-
.tion. The porro prism which reflects the theddolite signal was defined to
be in the X, , Z, plane (Y, vertical) and is aligned with (parallel to) the
Z, axis. The matrix to be obtained from the alignment is shown in Equa-
tion (6-1), and relates the vehiéle body axes with a local level north, east,

vertical coordinate system.

1 12 13
o= Far %22 %3 | W (6-n
zb 1831 832 : 633 lE
— e et L. d
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where

Xy Vo 2y = vehicle yaw, roll, and pitéh axes, respectively,’

IN’ Iv, IE = unit vectors along the north vert1ca1 and east
directions

l.eij] = orthogonal matrix relating the two systems.

The final matrix relating the vehicle body axes to the desired inert..,
navigation axes is found by a simple rotation about the IV axis as the Saty-:-

‘inertial guidance and navigation system is also local level at launch.

[ 7 - of
xb cos Az O ~sgin AJ j
R EY [em] 0 1o s (6-2)
% sinA, —0  cos A z_ .
where
X_, Y., z_ = inertial reference axes
s’ ’s s . . ,
Az = launch azimuth of the vehicle

clockwise from true north.

- . . .
_.~That is, at launch Vs is vertical, xg at an azimuth Az clockwise from north,

. — = - - v ] . » -
and Zg T X XY . The vehicle's trajectory is in the Xgr Vg plane.

The only errors which were considered in the analysis o-f the strap-
down alignment methods were accelerometer bias errors, gyro constant
drift errors, and the errors due to veh1c1e sway, which were not completel\
filtered out.by the alignment methods. The vehicle sway. used in the com-
puter simulation was derived completely from the vehicle sway data obtainet!
from MSFC. These vehicle sway data showed the Saturn wind induced motion
on a launcher, including lateral oscillations and accelerations versus station
(3250 in. for MSFC). They indicated that the vehicle is deflected away from
the wind an angle yo', and;oscillates perpendicular to the wind a maximum
angle a, with a corresponding maximum distance dg. These lateral oscilla-

tions cause the accelerometers to pick up accelerations other than gravity
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which must be filtered out by the alignment method used. Typical vehicle
sway data are shown below for a 99.9 percent wind. In all cases, only the
above fueled frequencies and amplitudes-were used in the scientific

simulation tests,

Yc> ] ao K .do f -

_ " (rad) (rad) . {in. (cps)

Fueled 0.01025 0.00432 8.0 0.33
Unfueled 0.0134 0.06424 7.7 0.8

Using these values for vehicle sway (and no gyro or accelerometer
errors), the constant gain filter required 26 minutes to attain the desired’
accuracy of 20 arc sec. The Kalman and variable gain filters showed no
ir‘nprovement over the constant gain filter as the high gains of these two
filters at the start of the alignment caused a very large initial misalign-
ment error due to the accelerometer—;neasurement errors. For this
reason a constant gain filter appears to be the best alignment method of
the three tested in the scientific simulation. The simplified analysis
showed that the narrow-band Kalman filter was capable of reducing the
level alignment error below 20 arc sec in 16 min or less depending upon
the correlation time of the swaying motion. If this performance could be
verified in.a full scientific simulation, then it would be the best alignment

method.

The scientific simulation is described completely in Section 6.2, the -
theodolite correction method is described in Section 6.2.5.2, 'the align-

ment equations are described in Section 6.2.5.3, and the alignment results

are presented in Section 6,3. The simplified analysis is presented in

Section 6.4. ) )
. . ] s
6.2 SCIENTIFIC SIMULATION DESCRIPTION
A functional block diagrain of the scientific simulation developed for
the analysis of prelaunch alignment methods is shown in Figure 6-1, The
seven blocks in this dia.gram will be discussed in this section, and the

equations used for their mechanization explained.
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6.2.1 Vehicle Sway Driver

A As mentioned briefly in the summary, the vehicle sway data were
obtained from MSFC. These data showed the lateral oscillations and

accelerations which would be experienced by a Saturn vehicle at any station

desired. They were presented for many different wind probabilities, 99.9, .

99, and 95 percent, and fqr both a fueled and an unfueled vehicle. The
primary tests perforfned on the simulation were for 99.9 percent wind

probability and a fueled vehicle.

When a Saturn vehicle is under the influence of a constant wind, the
vehicle deflects or leans away from the wind and, if the wind is of suffi-
cient strength, oscillates in a direction perpendicular to the wind. The
vehicle sway data supplied by MSFC are graphs of the lateral deflectlon
and lateral oscillations in inches versus the vehicle station in inches.
Thus, the angle the vehicle is leaning at any station may be obtained by
finding the slope of these graphs, and taking the inverse tangent of the =
slopes. Since the wind is constant, the i-leflnection angle is assumed to be

constant.

The lateral oscillations graphically presented are evidently the maxi-
mum lateral oscillation angles, and are also of the form a = @, sin wtas
the frequency is also quoted. Vehicle sway motion may be summarized
as follows:

(1) The vehicle is deflgcted away from the wind an angle yo
(2) The vehicle oscillates an a.ngie a. The oscillation frequency
is 0.8 cps unfueled and 0. 33 cps fueled,

The vehicle sway data, for example, at a station of 3250 in. and a

99.9 percent wind probab111ty are:

-

Yo - cIo E f

a
o -
. (rad) (rad) - * {inJ) " (cps)
Fuelgd : 0.01025 0.00432 8.0 0.33
Unfueled 0.0134 0.00424 7.7- 0.8
6-5
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6.2.2 True Vehicle Attitude Computation

In the scientific simulation, the true vehicle attitude is computeq -
the multiplication of matrices. Thus the true vehicle attitude does not (. .
tain any algorithm errors as would be the case if the true attitude were

maintained by a Runge-Kutta integration algorithm or equi\}alent.
‘Before any wind is applied to the §}ehicle, the relationship betweey

N v g
This provides a capability for initial misalignment of the inertial instry-

the X0 Yo %y 2Xes and the 1 axes is shown in Equation (6-3),

ment package to be input to the simulation.

B LI |
.yb = [bu] 1, : . (6-3
% e

) The constant wind which is to be simulated may come from any
. azimuth Aé clockwise from north. Since rotations are not commutative,
a new local level coordinate system, D, E, F will be defined with the

E axis collinear with the wind azimuth.

1 r 1 [ -1
e cos A 0  -sinA E E
o e
].v = 0 1l -0 F ={A1J] F ' 1(6_4)
lE sin Ao 0  cos 1\0 D D

L4 L | J L -

The wind causes the vehicle to deflect away from the wind an’angle y_

which is a clockwise rotation Yo about the .E axis. .

[~ < - ’ —-1 - 1 ™ -
- £
D cos AYo sin Yo ‘0 E!
= L P ! 6-5
F |= |sin Yo cos v, 0 F= [yu] F | (6-5)
- E 0 0 1 ) D' D'
b d L— - e . e wwed
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- after the wind reaches sufficient strength, the vehicle oscillates back and
forth in a direction perpendicular to the wind. This is equivalent to a

'clocliwise rotation a = 'ao sin wot about the D' axis.

-1 <1 ¢ O ~
D| l O o E" o Ell
F'l=]o0 cos @ -sina| |F"| = [ai,j] C{F (6-6)
E' 0 sino cos o] |D" ' D"

From these matrix relationships, the true vehicle attitude may now be

computed for the D", F", E" and X0 Yy 2%y, @Xes are related as shown in

Equation {(6-7), as both sets of axes are body fixed coordinates.

= i
-
— *
11] T T .
Fo) = Aggbiy S (6-7)
n
D %,

Thus

-
e ) ) By |
= T
Ly {= 1Ay Dyyyd Lyl (A Togyd iy (6-8) -
1z i)
e el ; : ) ) L T

6.2.3 Vehicle Sway Acceleration and Rotation Rate Computation

The vehicle sway motion at the 3250 in station is assumed to be a

sinusoidal motion of the form (based on the MSFC- vehicle sway information)
d-= d, sinw t | (6-9)
and the corresponding lateral oscillation is of the form

=@ sin w. t (6-10)
o o : A
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The lateral distance the vehicle moves and the vehicle sway rotation ra

are, in vector notation

d = d_sinw tD"
. o o

Re

T =&E" =aw cosw tE" = o E"
s 00 o s

where

d_ = maximum lateral deflection in feet the vehicle will
experience

radian frequency of the vehicle's lateral oscillation

€
]

a_ = maximum!? a.ngle the vehicle rotates during the
lateral oscillations

gl
i

= unit vector along the D' axis

E" = dnit vector a.IOn-g— the E" axis

The velocity of the vehlcle due:to vehlcle sway is computed from the equa-

tions for d a.nd @ by takmg the derivative of d w1th respect to time.

) e or ~
- - - -
- ~ - -
~

- L Eme =1
. d= do ©, cos u?otD * do sin w t D
(6-12)

.dad u:ocosth" + 4 sinwt[a o coswt]""

/// ) R .
- S N
./r-

The acceleration experienced by the accelerometers is the time deriva-
o -

tive of d

B 4 2 N 41 . 2,.2 "n_' 2 2 "
d=- do_- oy sin u:otD +oay ‘,lo W, cos moﬁﬁ‘_ ao do sin th

-

. » Taee i N -
+ 4w cos wt oo cos ot 1F . - o (6-13)

. . 2 /!
-d sinwt [aomo cos w_t b

’

6-8
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Al 2 . 2 2
=D | { dw sin ot -4 sin 0t o 'mot o w cos” wi ]

(o]
o

_ = 2 2 2 2
. "
6-11; , + F ao dc ©, cos wot aod‘o ‘wo sin wot

2 2 i
+ otodo mo cos wot

L - (6-14)
=8y D"+ A, B . (6-15)
2 ) 2 2
Ap=-d u sin w {1+ o cos mot]
: =-d o sinwt[1 o (61 ‘ :
. o Uy sin o +__g_ +cos2wot)]
ua- . o 2 ' 2 °9 6-16
Ap=a,d o [2cos” ot - sin wt ] ( )
" Aﬂa'd'wa [cosawt-l-coszt]
, F © 0 o o °
aodw
: Ap=_o000 [l+cos2ut + 2cos2wt]

-12) - NN ° °
TR adw2 [l+3co§2wt] ' |

, Ag="0o00 o (6-17)
The acceleration experienced by the accelerometers is due to vehicle
sway and gravity. From the above calculations, the total acceleration is
2 En o me - |
Aegl, +ayD en B o (6-18)

13)

i Similarly, }:he total rotation rates experienced by the gyros is composed of
earth rate and the rotational rate caused by vehicle sway. The total rota-
tional velocity is

N - 1 A z | 6-19)

d - " -

o _ msamecosl.lN+wesinklv+msE A )
6-9
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Since the relationship between the vehicle body axes and the several

nate axes are known, these accelerations and angular velocities are .,

converted to accelerations and angular velocities in body coordinatey .,

the matrix relationships described in Section 6.2.2. These matrix pre '

will be redefined below so one variable may be used in this conversion

process. By definition

"'E" - -

Lo

-1

1,1 = [ryyl

L. lg»..

The rotation rates and accelerations experienced by the inertial instrume:t:

2,

using these definitions are

Xxg

g

z8

A ,
w =we§os h11+mesinlhl+wsc

A
w, = ®, cos hl3+we sin lh23+wscl

X, %
o= [8,) | %

2, _ 7, |

T T
= [A],1 oy Y,

2 11

) Bwecoskh12+wesinlh + 9 C

22 s k2

3

R

A, = By + Ap Sy + Ay Sy
i Ay = BBy + by S ¥ A Sy

A, = ghyy + Ap Sy + Ap Sq3
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where

= rotational rates experienced by the X, , Y., Z
. b’ b’ Tb
~ strapdown gyros, respectively

accelerations experienced by the Xb, Yy, Z

version . strapdown accelerometers, respectively
' The accelerometer outputs already compensated for angular rates and
gyro outputs as mechamzed in the scientific computer simulation are:
i
(6-20) Abe = Aa A‘i';l * ?be * Pra A‘t"l!.
) A y A -
i Vyb = Aya At + Vyb + bya &6y (6-24)
Xb | — szb = Aza Atl + AVyb + bze. &l
% l6-21) by = weg B8y + By + Ba Dy Oy
(8 Lo, =0, &) + Lo, + Aaya. +b, &) (6-25): |
astruments A0'3 = g Atl * 00’3 * Aaza * b3 Z:ml
where '
AV};b, AV b AV b velocity increments accumulated by the
Y z X, , Y., Z,_ accelerometers (ft/sec)
_ b’ "b’ Tb
, ) 2
(6-22) bxa’ bya.' bza accelerometer bias errors (ft/sec®)
Aal, Acxz, @y attitude increments accumulated by the gyros -
about the X, , Y., Z axes (rad).
A b’ "b’ Tb .
‘ by, b,, b, = constant drift errors of the body mounted
1’ 72’ 73 :
- gross (rad/sec)
At = time interval over which the incremental
integration is computed.
(6-23)
i " 6-11
i -
i
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6.2.4 Theodolite Reference Signal Generation' ,

The azimuth reference signal is provided by a theodolite Wl

located along the astronormcal north axis for simulation PUrposin ..

An

an angle of inclination.of 26 degrees with the horizontal. Dye ¢, s

clination angle, the theodohte measures the azimuth with an err,
tional to the tangent of the inclination angle and the deflection anx;‘-.

vehicle.

The porro prism is aligned with the Z body axis in the X

The reflected signal is essentially a dot product of the Zb axis wit}, ,

collinear with the line of sight from the theodolite to the porro priu::.

The unit vector defining the theodolite's line of sight to the pots
prism is ‘

N -~
=cos 11, -sini 1l

lth N

where

* i = theodolite's angle of inclination with the horizontal

.FI'OIT’J.‘_ Section 6.2. 3, the Zb axis is defined to be

el
e

Thus, the,theodolite signalU is:

~ L)

E Zb . th hl3 cos 1 --sin ih23

- Zb % "Ly =n - ten 1n,
“cos 1 h13 23

BT

v  E N

z‘b'_"hn]7\r""“a~31v"'h33 1z (el

The error in the theodolite signal is (tan i)- (h23) which is approx:-

mately one-half the vehicle deflection about the Xb axis for a 26-degree

inclination angle.

'6.2.5 Flight Computer Equations

After the true vehicle attitude has been‘cémputeci, the true accelr7-

6-12
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ations and rotation rates and the resulting inertial instrument outputs =%
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obtained, the flight computer equations which are used during alignment
are then processed. Thege equations which include the attitude iefereﬁce
equations, theodolite signal correction équations, and the alignment equa-
tions are then proceésed in the order they would be used in the flight

computer.

6.2.5.1 Attitude Reference Equations

The primary purpose of the attitude reference equations in a.strap-
down system is to update and maintain the direction cosine matrix that
relates the vehicle axes to the desired navigation or guidance coordinate
system.. For the Saturn application, the attitude reference equations up-

date the matrix that relates the .Xb’ Y, Zyp body axes to the inertial navi-

gation coordinate axes Xgr Yg, Zg.
- - - -
Xb S . :
Y, | = [aij] Y - (6-29)
Zb Zs |
S L
where
Xy = vehicle yaw axis
Yb = wvehicle roll axis
Zb = vehicle pitch gxis
Xs, Ys’ Zs = inertial na.vigga.t'ion axes, with Ys vertical at lauﬁch,
XS at an azimuth Zz clockwise from north,
and _
) Zs- = (_is) X (:fs)' The vehicle's trajectory is in‘the
X, Y_plane . .
6-13
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‘The alignment of the body mounted system is accomplished by obe;,
ing the matrix which relates the vehicle body axes to a local level Systers,

with one axis north, one east, and the third vertical.

o B s O e

% Li _
Ib = eiJ ].v . (6—3.0)

B | | e

-where
X,Y, 2 - vehicle yaw, roll, and pitch axes,
b’ b’ b :
respectively
ln' 1v'~ lE = unit vectors defining the local level system:

1l north, 1. east, and 1  vertical
n E v

e.. = an orthogonal direction cosine matrix which
. ‘ is obtained during alignment and relates the
: ' vehicle body axes to the local level system.

DR

When the attitude reference equations go inertial, the [aij] matrix which
relates the vehicle body axes to the inertial reference coordinate system by

m’v.iitiplying the [eij] matrix by another matrix as shown below

cos Az 0 -sin Az_ .

ein A - O ~cosA
z MR

where -

[a ] = orthogonal matrix relating the vehicle body axes and the X ,
Ys, ZS coordinate axes.

[e.;] = orthogonal matrix relating the vehicle body axes and the local
level north system.

. Az = vehicle launch azimuth clockw’ise from‘north.
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The attitude reference equations update the direction cosine matrix
with 2 second-order Taylor's series algorithm, This algorithm. is shown in

matrix notation below exactly as mechanized in the alignment simulation.

tJJ

s

l-l(ﬂaad-éqa)' Lo, + 0.5 &y, Oy, -Ay + 0.5 &, AQr-—1
2 2 3 3 . 1 "2 . 2 1 73
' " 1,2, A2 - '
| - 2 .2
Aaa + 0.5 Aal éa3 | .Aal + 0.5 Aaa Aa3 1 - 0.5 (Ag(2 + Aa3)

[aij] (n-1) : — (6-32)

6.2.5.2 Theodolite Signal Correction Equations

As described in Sectlon 6.2.4, the theodolite signal is in error by an
amount proportional to the tangent of the theodolite's inclination angle times

the 1 o Zb direction cosine. Two correction methods are mechanized in

the computer sxmulatxon as shov(n below

AVAC = AVAC + AVZ

C.av . o o ~
_ 17z AVAC ) »

- ' i .
31D = Uam * K03, * Kpan

The first method of correcting the theodolite signal is to add the tan-
gent of i times the €3, direction cosine to the theodolite signal U;..m' This
is accomplished by setting KZ to zero and setting Kl equal to the tangent

of 1.
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‘method.

'The second method is to use the velocity increments from the ,

accelerometer .
. A
831D = Uzm + tan 1 -—--'GTa (6-3{;

This method is mecﬁanized by setéing K2 equal to the tangent of i and (:1

equal to 1,

The third method is to accumulate the z accelerometer outputs and

then compensate by adding this term to the theodolite signal.

T
ﬁ ' : {z sz ]
&np = Yom * ten 1. tzgrif (6-35)

This method is mechanized by setting Ci to zero, CZ to 1, KZ equal to the
tangent of i, Of the three methods, this method reduces the azimuth error
due to the theodolite the best.

6.2.5.3 Alignment Equations

Four different alignment methods were tested on the computer simu-
lation, and are shown in Figures 6-2, 6-3, and 6-4. These methods include’

two constant gain methods, one Kalman filter method, and one variable gain
. e - . N )

.- The equations shown in the next few pages do not include the initial
direction cosine matrix computation. The initial direction:cosine matrix
is computed as shown in Figure 6-2 except using the velocities accumulated

over 240 sec.
_6. 3 ALIGNMENT SIMULATION RESULTS B .

Three alignment methods were tested on the scientific computef.

simulation. The primary difference between these methods was the align-

. ment time required, as they were all essentially low gain filters. In the

next few paragraphs, the results for the constant, white noise Kalman,
and variable gain filters are presented. In all cases, the theodolite signal

is corfected using the method selected in Phase I [Equation (6-36)] .
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. o
- tan 1 2
B 'A31D *VUm t glt - To) & av, i
o
where
1 » .
Uzm = theodolite signal .
i = angle of inclination of the theodolite
T0 = time the é.lignment is started {sec)
g = gravity in ft/sec2 .
~ AV_ = output of the z accelerometer in ft/sec
t = time in sec

In Phase ] of the MSFC body mounted study, the constant gain {1}
aligned to the desired accuracy of 20 arc sec in 1 hour. This alignm.:-
was achieved using an initial direction cosine matrix equal to the ideniit.

matrix and with alignment gains of 2.5 x .1_0'5..

Since it was desirable to reduce this alignment time, an initial d:r-

tion cosine matrix was computed in lieu of using the identity matrix, as
this'decreased the initial attitude error from 3600 arc sec to less than
900 arc sec. The computation of fhe initial direction cosine matrix is u
. comphshed using the equations shown on the following page. This initi.!
dlrectlon cosine matrix is essentially the average direction cosine matr:x
as the velocity increments used were accurmulated over a rela.tlvely lonyg
time, 3 to 4 minutes. If the vehicle deflects to’a constant position, the
alignment may be concluded after the matrix is computed. However, s:©
the vehicle is swaying in the wind, this matrix is only an average direc!
cosine matrix and may be in error by @, degrees — the max1mum sway

angle. During the 99.9 percent winds whlch were used to’ test the align-

ment, & is 0.00434 rad or 895 arc sec. Thus, after the average directi -

cosine matrix has been computed,’ the maximum - a.ttltude error is 900 ar< *"

and this error must be reduced to less than 20 arc sec with a filtering

process. . -
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The constant gain filter, using gains of 5 x 10_5, reduced this error
to less than 20 arc sec in 25 minutes — a considerable improvement over

the resﬁlts of Phase I.

The Kalman filter, although expected to finish the alignment much
faster and with better accuracy than the constant gain filter, did not show
any improvement over the constant gain filter. Due to the high gains of
the Kalman filter at alignment start (0.5), and the accelerometer meas-
urement errors, the alignment was very unstable at first as the initial
alignment error increased from 900 arc sec to 16, 000 arc sec. After
approximately 2 minutes, the Kalman filter started to converge to the v
desired alignment in an oscillatbry manner indicating that the white-noise ‘
Kalman filter used was definitely not the best filter to solve the alignr;'xent
problem. This result occurs because of the fundamental mismatch between

the sinusoidal errors and the white-noise Kalman error model.

In an attempt to achieve a faster alfgnrx}ent,' a least -squares fit
method was also tested on the computer simulation. This method computed
a variable alignment gain which decreased to a desired steady state align-

ment gain inversely proportional to time. Since the initial alignment

K. =K 1

10 = ®rof *R@E-TY (6-37)

where

K

10 alignment gain

K]:Of = desired steady state alignment gain

-t = ‘time in seconds _
' T, = time the alignment starts = .
. K = constant which controls the rate of change of the

alignment gain E -

' gain did not start a.; high as the Kalman filter gain, this method did not
diverge like the Kalman filter. However, this filter caused the initial
attitude error to diverge from 900 to 1400 arc sec before stérting to reduce
thé'alignmeht error. Thus, this method also did not compare favorably

with the constant gain approach. T
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6.4 NARROW-BAND KALMAN FILTER FOR VERTICAL
ALIGNMENT

The performance of the white-noise Kalman filter in the scientific
simulation was disappointing. It was hypothesized that the reason for .
poor performance was an inadequate representation of the €rrors causcgq
by the swaying acceleration of the vehicle by the whl_te noxse model, since
these errors are sinusoidal or nearly so. Therefore, a Kalman filter in
whichthe sway error is modeled as a narrow-band gaussian process was
also studied. This type of filter is consider®ably more complicated than
the white noise filter, and is therefore more demanding in its computer

capacity requirements.

6 4.1 General Approach

It would have been possible to modify the scientific 51mu1at10n pro-
gram to mclude the NBKF (narrow-band Kalman filter) as an option.
However, the NBKF might have offered no advantage over the present
techmques, so it appeared wiser to examine it thoroughly in a 5pec1a1 IBM

7094 computer program before such action.

Thls spec1a1 program is a linearized, statistical, single axis error
analysis. Thus quantization and roundoff errors are neglected. There
is no simulation using deterministic or Monte Carlo inputs; rather the
second-order statistics of the inputs and the model of the system are used .
to calculate the second-order stat'istics of the alignment error. Only one
axis is considered. Since the program is an error analysis, only the
errors are calculated. That is, there is no direéf representation of a
platform being torqued or a direction cosine matrix being slewed, and
the results apply equally well to either. No error source 6ther than the

swaying motion of the vehicle is considered.

6.4.2 Narrow Band Noise .-

Anarrow-band gaussian process may be represented by
x=x_coswt+x_ sinwt : (6-38)

where X and x_ are independent gaussian random processes having the
same spectrum which is band limited about zero frequency. For con-
venience in this study, X, and x  are taken as first order Gauss-Markov
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processes. Their spectra are thus not really band limited, but perhaps
the actual sway error spectra aren't either, Figure 6-5 shows the re-

sulting model of the measurements. In the figure:

ic
6 = actual misalignment
the
sed Gm = measured misalignment
ince Uc' Us = independent Gaussian white noises of equal intensity
in . .
n,n_= independent Gauss-Markov processes with equal spectra
7as
in n = narrow band noise
T w = center frequency of the narrow band noise
T = time constant of the Gauss-Markov process .
s = Laplace operator
ro-
t = time
The standard deviations of the noises n,n ,and n, are all equal
BM ‘ g =0 =0 '
) n n_ ng . (6-39)
ror : ) ’
The purpose of the NBKF is to estimate 8, given the measurements
H Bm, n_ and n  are also estimated as by-products.
tsed :
. § 0
sne =",
. U —p cos wt” |
Ts+1
1 s
Yy i P> sin wt
) Ts+ | ..
1e T
Figure 6-5. Measurement Model
6.4.3 Kalman Filter
I The following nomenclature is used: .
-3 . . :
&) i x = state vector including system and error states
he R % = estimate of x . .
1= » ~ B . A A )
X = error inX (x = x - x)
ov. .
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y = perfect measurement of a linear combination of states

¢ = estimate of y calculate& from %
M = measurement matrix(M = -g_}YE)
K = filter matrix

® = state transition matrix

P = covariance matrix (P = (‘:‘E}‘:‘T))

noise matrix

0
1

- tt = after measurement at ti_rne t

o
i

before measurement at time t
T = sampling period

When a measurement is made, % and P are updated.

A =2 + K@y - ) "(6-40)
where |
) vy = Mx; § = MX(t) _(6-41)
and |
P(tY) = (I - KM) P(t") ; C (6-42)

In Between measurements % and P must be propagated through time

Rt +T) = ®(t+ T; R () - (6-43)
and ‘ . ‘ ‘ R W
PE+T)=2(t+T;t) P2 (t+ T 1) + Qe+ Ts t) (6-44)
The Kalman filter matrix is | S
K =PM" (MPM ) - - ' {(6-45)

The states are identified as follows.

Ty, ) R ,

71 i

{ i - (6-46)
N [ b’ = n ‘
- 2 c i
!
X3 . ns E
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t0)

1)

2)

3)

The M matrix is

M =[1 cos wt sin wt] : (6-47)
The ® matrix is: .
1 0 0
I
3 = 0 e T 0
L : 6-48)
0 e T ( )
The Q matrix is:
0 0 0
.2 2L
Q = {0 07 (Q-e-T) 0 : .
! 2, 2% (6-49)
; 0 0 g “(1-" T)
d . n ]
The initial P matrix is: _
- 5 -
9 O -0
; : 2
F(0O) = | O o, 0
2
i 0 0 9 ]

(6-50)

where b'e is the standard deviation of the original alignment error. The
value of P 111/ 2 at any time represents the standard deviation ¢ of the

remaining alignment error at that time,

6.4.4 The Real World

In order for the above Kalman filter to be'optimal, the real world

must be exactly represented by the Kalman model. ‘Obviously, this will

not be the case in a practical system. For the purposes of this study it
is assumed that the real world has the same form as the Kalman model,
but that the parameters (a‘e, T, T,w) may have different values, The
resulting errors are calculated statistically. If these errors are small
enough to be encouraging, then the other erro;' sources such as non-
linearity, quantization, roundoff, cross-coupling, and a different form

"of the real world erroz_-' model may be examined in the éimulationprogram.
¥ " -~

6-25



e
#F

Let all quantities with a superscript star (x ) represent real world
values, w:vhile the unstarred quantities continue to represent the valuesg

used in the Kalman filter., In order to keep track of the errors, it is

necessary to use a 6 by 6 covariance matrix,
2 M. ) \
N iy w k
&7 x7]
X - (6-51)

15

E3
When a measurement is made, x is updated by

%+ ¥, e 3% % '
Fu) = 8¢ +xG -5) - (6-52)

where K is calculated from (45)

7= M , ~ (6-53)
.and :
A% A3
= MX '
v (6-54)

Combining (6-51), (6-52), and (6-53) gives

et = [1-xd¥ + KMx _ - (6-55)

since x is unchanged by a measurement, we have

~

1 3% 3% -
RO I-kM KM | | %)
= |
3 ¥, - ' -56
Lc(t-*) B ING
and . _ . : -,
D r AT
[I-KM KM [T-KM KM, .
S, + ‘ ’ H, - ! i
P} = g P ‘ (6-57)
L o I. o 1]

~ In between measurements X and x are propagated through time by
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- Fa+1) = st +15 £) 8 (t) (6-58)

#*,. * 3 3
x(t+7T) = é(t+T; t)x (t)+U(t+T; t) (6-59)

where U (t + T; t) is the effect of the white noises actmg through T.
Therefore P is propagated by

3(t+T; t) 0 Qe+ e) o | lo
* 3
P(t+T; t) = P () +1
o %*
0 8 (L+7T; t) 0 3 (t+T; t) Lo
(6-60)
where :
e = (UUTy . (6-61) -
The error is given by -
| AR * ; f :
X = X =X . : (6-62)
or
o= -1l|% | (6-63)
Thsrefore x
% P % :
(FED =1 1171 (6-64)
-1
and the alignment error is square root of the 1, 1 term of the resultant
matrix. ‘ | :
' o = B 28t + P )R L |
R 1L 74k ) ’ (6-65)

o -

Both ¢ and ¢ are calculated. o represents what the Kalman filter
%

thinks the error is and ¢ represents what it actually is. The initial

value of the P matrix is:
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00 0 0 0o o
0O 0 0 0 o0 o
3% 0 0 0 0 0 0
P (0) = _ v
’ o 0 o o;, 0 o0 (6.
0 0 *2 :
0 0 Gn 0
0O 0 0 o0 o0 g%
— n N

since the initial estimates of the states are zero. Figure 6-6 shows a

flow chart of the computer program.

READ IN ggo,Tw T RUN
AND PRINT n .
og' gt Tt w' NMAX

1 0 0 1 0 0
=L . -T
®=|0 eT 0 & =0 eT* 0
<L - =L
0 0 eT 0 0 etT*
0 0 0 () 0 0
2 =21 2 E
Q= |0 Sf(1-eT) 0 Q* =0 ol (1-eT) 0
- 2 .'_2_T. =2r
: 0 0 Gas(1-eT) , 0 e:'“"2(1-e'r )
|
cg2 o9 o 0 0 0 0 0
P=lo0 2 g 0 0 0 0 0
o n 2 P 0 0 0 0 0
0 o = . N
. n 0 o -0 oy*2 0
P 0 0 0 0 g2
T = a'e .
0 0 0 0 0 a
o* =.a'e* nd . .
N- = 1

« e o 0 wern

[

PRINT t, o, o*

Figure 6-6. Flow Chart
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(6-66) :

M = [ cos vt sin wt] M* = [l cos w*t sin w*t]

K = M7 [vem] T P < fi-xM e

o [l kMel e i -kM L KM T

| A o T
rg & { 'T

P = opral+Q o b T :
[e 1o el07 oo

Pr = J-=-4—- | pr -...:... R DA
01 @ te 0! Qr

o = 1/2 = (P*. =2p* « 3172
) 77 ot = Py m2Py, TPy

— | | -~ (®INTY, 0, 0" )

¢
i
i
<NMAX
i
{ N=N+1
§
!
|
’ %
!
01 & Figure 6-6. Flow Chart (Coutinueg)
Q : ’
a
" %
s, )
0 i
a2 ,
i
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6.4.5 Figure of Merit

Since the alignment goal is 20 arc sec, the time required for the
alignment error to become and remain less than 20 arc sec would be the
ideal figure of merit. However many of the runs would require too mucy
computer time to actually reach this value. Therefore a figure of merit
is chosen. If the standard deviation of the error does become and remainp
less than 20 arc sec during the run, then the time required to do so is the

figure of merit. If not, it is assumed that the variance is proportional to

the reciprocal of time

The values of ¢ at the end of the run and at 80 percent of the end of the run
are used to solve for kz and tg in (6-67) which is then used to calculate the
time required for crz to be reduced to 20 arc sec.- This estimate is taken

as the figure of merit, and is referred to as the "alignment time."

6.4.6 Runs Made

"Runs 1-26 had erroneous inputs because of a key-punching error.
Since the answers were correct for the inputs used, even though the inputs
were not those intended, useful information,was obtained from them and
they/wevi"e not discarded. When rerun with the proper inputs (modified in -
sorhé cases on the basis of information from runs 1-26) the originally in-
ter;ded runs became numbers 27-52, Only the latter are presented here
because they cover all of the results of interest, Table 6-1 shows the

values of the input quantities for each run.

~

Three major cases were stt_z.d'ied in which the Kalmanfilter assumed

- the swaying accelerations to be

(1) Pure sinusoids, T = 1.0 x 1010 sec (r'u.‘ns 27-31)
(2) Narrow-band noise, T = 200 sec (runs 32-42)

(3) White noise, v = 1.0 x 10™ 0 (runs 43-52)

For eachcase, the parameters of the real world model were varied to.ex-
plore the filter sensitivity. . Table 6-2 shows the _fig\}res'-of'mérit for @
and ¢ for each run. A

-
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The runs are plotted in Figures 6-7 through 6-32, where o is indicated
% . % '
byd&A and ¢ byV. For runs 27, 28, and 29, ¢ is in error after 1.5 seconds,

because of loss of significance.

6.4.7 Sinusoidal Kalman Filter

The sinusoidal Kalman filter works very well when the real world
and the filter model are identical, converging to zero error in three sam-
ples or 1.5 seconds. However, it is sensitive to changes in w* -and T‘*. A
10 percent variation in w* prevents it from ever converging. It assumes it
has finished after three samples and makes no further corrections even if
the error is still large in actuality. The filter is not sensitive to changes
inve* or o-n*, reaching zero error in three samples if w* and -r* are cor-
rect. Because of its sensitivity the sinusoidal Kalman filter has no

practical value.

6.4.8 Narrow-Band Kalman Filter __

.

When the actual swaying accelerations are sinusoidal, and w is
correct, the alignment time is increased from 1.5 to 10 sec for T = 200 sec.
* .
However, a 10 percent variation in w further increases the alignment time

"to only about 1.2 min, rather then infinity.

When the actual swaying accelerations are narrow band noise with

% ¢ .
T."= 200 sec the alignment time is about 16 min. The filter does not seem
0. % % .o »
to be overly sensitive to variations inO'e , T n’ @WaOTT. .

6.4.9 White-Noise Kalman Filter

_ The white-noise Kalman filter is very insensitive to variations in
w* and -r=== and only moderately sensitive to variations in 0'9* and -,crn*. How-
ever,it takes much too long to converge. Itis possible to cause it to con-
verge more rapidly by reducing T, to a fra‘étﬁon- of o-n*, ?)ut this procedure

leads to the initial error growth experienced in the scientific simulation.

6 .4. 10 Conclusions

The NBKF shows promise in reducing the alignmeént time when the |
IMU is subjected to sinusoidal or narrow band swaying accelerations. The
actual alignment time depends upon the correlation time of the swaying
i’notion, -r*, which is.not presently known. The 1o.nger 'r*‘is, the befter
" are the results which can be ‘obtain.ed from the NBKF. .The sinusoidal

Kalman filter is not practical.
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Table-6-1. Runs Made

2%

*

A

g % T w- ce" Cn T w” T
Run : : , v
sec sec sec | rad/sec| sec sec sec |rad/sec| sec '
27 | 2150 |17500 |1x10'°| = 2150 | 17500 |1x10%° | 1.1m 5
28 ' o
29 200 T
30 4320 1x101°
31 , 1080
32 200 2160 1.1m le:
33 3
34 .9m
35 200 1.1m
36 , ‘ JOm
37 Ko |
38 100
39 4320 200
L0 1080
L1 2140 .25
L2 . .125
13 1x10% o P 1x10° | 1.1 | s
Li | . m
45 .9m
15 200 | 1.1m
L7 w .
48 9.
49 400 T
50 100°
51 4320 200
52 1080
Notbe

When an entry is blank, take the next non;blank entry above.
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Table 6-2, Figure of Merit

Run Time for ¢ Time for c%

27 1.5 sec @ sec

28 1.5 ®

29 1.5 ®

30 1.5 1.5

31 1.5 1.5 -

32 15.99 min 1.189 min

33 "15.99 0.1557

34 15.99 1.195

35 15.99 12.48

34 15.99 156.38

37 15.99 7.95

38 15.99 31.90

39 15.99 15.88

40 15.99 15.98
41 13.63 13.63

L2 12.79 12.79

43 106.2 hrs 15.85 hrs

Lh 106.2 - 14.80 .

L5 106.2 17.08

L6 §106.2 14.00

47 106.2 15.25

L8 . 106.2 15.70

49 106.2 15.02

50, 106.2 - 15.50

51 106.2 61.10

52 106.2 . 3.74
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7. AIRBORNE COMPUTER IMPLEMENTATION STUDIES

7.1 INTRODUCTION

This section will investigate some of the techniques available for
mechanizing the SIRA equatio;:s in an airborne computer., A general
purpose (GP) computing device will be considered, Since instrument out-
puts are in incremental form, digital differential analyzer methods will -
also be considered. Generally, DDA's have been used to solve equations
of rather limited number and complexity because of the rather large’
investment in hardware required. . Therefore, in most instances use will
depend upon whether or not hardware can be time-shared between compu-

tations in order to bring the total hardware count within reasonable bounds.

The number of equations to be implemented, approximately 50,

" illustrates the computational load which the device must carry, The com-

plexity of the equations varies from a simple multiplication of a variable
by a2 constant to the comparison of two 3 x 3 matrices. The performance
rate at which these must be performed varies with the equation, and for
most DDA implementations varying spe'eds are very awkward to accommo-
date, '

There is also the necessity to perform'one. set of computations during
the alignment mode and a slightly different set after liftoff. This con-
straint again is cumbersome for a DDA to handle and implies a logical

]
restructuring and reinitialization of certain functions,

In the paragraphs to follow, six configurations of hardware are dis-
cussed using IC's, MOS's, delay lines, and cores for a DDA implementa-

tion, and IC's for both a general-purpose compufer and a hybrid.

During Phase I the number. of DDA coi‘nputational elé’ments needed _
to implement the e_qxiations was specified. This number is substantially
the same and the information is repeated in Table 7-1 with additional

elements added to accommodate the new alignment procedure.

-
gre



Table 7-1, DDA Hardware Requirements

Integrators | Adders |Samplers | Total

Flight Equations® 87 33 . 14 134
Flight Equations** 99 51 14 164
Flight Equations*** 133 .1 51 11 195
Alignment Equations 31 11 1 43
New Alignment Equations 44 3 0 47
Maximum Total **** 208 65 12 285

* . . '
Assumes no extrapolation of guidance commands.

*, e . " o o
Assumes direction cosines are received by unit which

performs linear extrapolation on these

Ak

Assumes commanded angles are received by unit.
_~" Unit extrapolates; forms sines/cosines,.and commanded Aij's.

T e

7-2

Implies use of all alignment equations and flight equations.,
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7.2 SUMMARY

The problems associated with the alignment‘computaﬁon in a DDA
were not satisfactorily resolved, Further studyis recommended. The con-
cept of alignment studied is quite easily adaptable to either the GP or
hybrid configuration, It is possible that other alignment schemes would
be more adaptable to the DDA structure. .

Table 7-2 delineates some of the differences between the various
computer implementation approaches. The set of equations used for the
comparison are the simplest éet of flight equations. Additional circuitry
must also be added to the flat-pack count to accommodate delay line read
and write amplifiers and core memory circuitry where appropriate. The
power totals reflect this additional circuitry but do not include a power

supply itself,

The large number of flat-packs associated with an all IC approach
simply emphasizes the size of the computational problem and the 'amount
of comnﬁunication necessary between basic computational units, The cir-
cuits chosen for this application were integrated, 2 gates, 1 flip-flop, or
~ one 8-bit register per flat-pack, Flip-flop toggle rates of 2 MHz and

pair delays of 80 nsec were assumed,

The MOS approach indicates the potential advantages of multifunctions

per ﬂat-pack. Clock rates of 500 kHz were considered as maximum at

this time.

During Phase I, the core memory DDA was considered the optimum
‘DDA design for the system, The increased data rates‘and new élignment
techniques force this structure to extremely high internal rates. The
power totals reflect the requirements of these fast devices (namely, 100 mw
per flip-flop and 50 mw per dual gate). The speeds required were toggle
rates of 40 mHz and pair delays of 20 nsec.,

The dela.y line approach suffers considerably from the requirement
to communicate mﬁch data between delay lines, These devices also re-
quire a weight, volume, and power expenditure much above all others
considered. The data rates within the delay line were 10 MHz, The rates
external to the delay line were essentially 5 MHz. The s‘ystem,' as described,
should be considered an approach and not necessarily an optimum configura-

tion,
7-3
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The GP approach is essentially the one described in the Phase I
report. Input/output equipment has been modified to reflect system
changes. Word length has also been increased to 24 bits, The hybrid

configuration takes advantage of the desirable characterisitics of both

'a DDA and a GP device. Alignment and fast data rates were accommodated

easily, Much of the input hardware in the GP configuration was traded for
computational hardware in the hybrid. The ability to custom-fit a small

section of the computations enabled a reasonably economical solution.

Table 7-2 shows DDA's presently structured toaccommeodate the flight

equations. If all the other equations were to be implemented in a similar

fashion, the DDA systems become prohibitiyvely complex, The maximum

number of computational elements required is 285, This includes all
alignment and commanded angle extrapolations. This would essentially
double the hardware totals shown above uhless some kind of logical re-

structuring and subsequent re-initialization is done. This restructuring

_itself would entail additional hardware and complexity.

Table 7-2 does indicate the competitiveness of the approaches if the
simplest set of equations are to be implemented, Additional functions lend
favor to either the hybrid or conventional GP configurations. Additionally,
short of pure redundancy, there does not appear to be any means whereby
operational readiness can be determined within the DDA's, An operational
check (during ~c:ount:down, for example) can be done by the GP or hybrid

with relative ease. |

The basic ,cor;j_)uta.tional elements of which the DDA is comprised
permit conventional development and checkout techniques to be used.
The system as a whole is quite another matter, however, primarily be-
cause of the 1nab111ty to break out and exercise small functmnal units.

Development of these devices would further be handlcapped by the 1nt1mate

" relationship between the equations and the loglcal structure, Parallel

design of the logical structure and program could not be accomplished.
Further system changes would be very difficult to fit into an existing

system,

Gyro and accelerometer inputs are incremental . All other -
data (commanded angles and outputs to Saturn LVDA) are most efficiently

handled by transferring whole binary numbers. ' Therefore, although the



DDA can accept incremental data, a whole number interface is desirable
as its output mechanism, Similarly, the GP device can output whole
binary numbers readily, but the input logic must accept incremental
data., The hybrid configuration of hardware seems to offer a reasonable
solution to these opposing constraints. The gyro data (to 46 kHz) canp be
handled very effectively by the DDA portion of the hybrid. This reduces

- the computational load on the GP to the point where a 250 Hz major itera-

tion cycle is possible, The conversion from incremental to whole number
formis accomplished by the communications schemebetweenthe DDA and

GP sectlons of the hybrid. In addition, the alignment schemes considercvd
lend favor to a hybrld configuration in that only the expend1ture of time is

neces sary to permit their solution,
7.3 SYSTEM CHANGES DURING PHASE II OF STUDY .

During Phase II of this study it was recognized that the alignment
scheme was too time-consuming. It was also observed that the nominal
vehicle turning rates considered in Phase I were unrealistic, That is,

the 1.4 deg/sec turning rate has been changed to 13 deg/sec. Accelero-

' meter data rates have remained constant in the GP mechanization. Improwe:

alignment time necessitated the inclusion of a set of equations which gen-

erate an approximation to the actual attitude reference matrix, instead of

. using the identity matrix as the starting point‘for alignment, This set
’_pf'équations and the new nominal vehicular turning rates have a profound

" impact on the structure of the computing element. These new criteria

have changed the direction of the study and will be reflected in the follow-
ing paragraphs, Additionally, the scheme used to output-data from the
computing instrument has been modified to permit the transmission of
whole numbers as compared fo,the incremental scheme described in the

Phase I report, - , o - S

7. 3. 1 >A1ignment Mechanization

Several approaches were considered for the satisfactory solution
of alignment mechanization, Some of the solutions depend upon the con-

figuration of hardware used to mechanize the equations,
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le The equations derived in order to improve the alignment time are
given below. They are essenéially the only equations which have changed
since the Phase I study was completed, A flow diagram -of the computa-~

e tions is shown in Figure 7-1.
e .
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Figure 7-1. Alignment Flow Diagram



Note from Figure 7-1 that the initial reference matrix calculation
is transferred just once. The velocity pulses are accumulated and an
initial approximation made of the attitude reference matrix. The align-

ment increment computation is then used for the final alignment.

It is possible that the initial attitude reference matrix could be
evaluated by ground equipment or the primary guidance computer and
then transferred to the airborne computer., This would reduce the com-

plexity of the computing instrument by approximately 45 integrators and

6 adders, or their equivalent in a general-purpose device.

Another possibility is an increased iteration rate, and thus, faster
aligriment. This assumes an initial reference matrix such as the- identity
matrix as was used during Phase I studies. Verification of this approach

by a simulated alignment would be necessary.

These calculations are trivial, of course, if a general-purpose com-

puter is the computing instrument (80 cells of program storage).

i

7.3.2 Iteration Rate

. The ramifications of the increased data rates change markedly the

requirements of a satisfactory computing element.

The increment size on the gyros has been tentatively selected as
4.’7 arc sec. This compares with 10 arc sec during Phase I of this study; _
Moreover, the nominal vehicle turning rate has been changed from 1, 4

to 13 deg/sec. This implies a data rate of 10 kHz or equivalently 100 psec

.for a DDA to process one bit of incremental data. The maximum turning

rate of 60 deg/sec corresponds to a data rate of 46.2 kHz or 21,6 psec/bit
of data, . ' o ‘

The data rates of the accelerometer inputs, on the other hand, have
rema;.:'.ned._at 805 bits/sec, or 1.25msec per incre_ment. .Thus, there is
one computation, the attitude reference equations which must be executed

at-a significantly higher rate than all the other computations.
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7.4 DDA IMPLEMENTATIONS

Since several techniques for alignment exist, the following tra&eoff
studies assume the use of the simplest set; i, e.,, a first-order Taylor
series approximation for the attitude reference computations, no extrapo-
lation of guidance commands , and a simple identity matrix for the initial

matrix upon which aligﬁment is pérformed. The implications of including

additional functions over and above this basic set are discussed where

a@propriate.

7.4.1 Conventional Flat-Pack Integrated Circuit Hardware

It is certainly possible to construct a computing element exclucively

of active elements (i.e., flip-flops, gates). Such an implementation is

inefficient in terms of the number of computations performed per flat-pack;

nevertheless the implementation is straightforward. Due to the large
number of calculations, it is desirable to construct a small set of functional
units which can be used to solve all the equations. Certainly with all
computations Being done in parallel, serial operationnwi‘chin the small
functional units should be considered. The two functional units required
to solve the equations are an integrator and an adder, Figure 7-21is a
block diagram for the integrator. An adder or time buffer elerhent is
similar in construction, but requires no R register, Ax input, or R £ Y
a_dder.” The number of flat-packs assuming two gat.e s, one flip-flop, or

one 8-bit shift register per flat-pack is also listed. Another element,

_an integrator without its own Y ’regiséter, is also listed.

{

Power
.o Number of . per Element
Type ) Flat-Packs {w)
Full Integrator . 30 . 1,45
' Half Integrator . . . 14 - 0.70
Adder Element . 16 . 0.75

*Registers at 200 mw/FP
Gates, etc, at 25 mw/FP
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With a completely parallel operation, at least one simplification
technique exists for reducing the total amount of necessary hardware,
The direction cosines (used in many computations) need only be stored

in one integrator., These data can then be routed to the appropriate inte-
grators where needed, ‘ ' |

The computations which can share a common Y register are itemizeg
below, Obviously, the savings include not only the Y register itself, but
also the adder and control circuitry. '

Computation : Savings

Gyro to Accelerometer Coordinatér 9 Y's

Attitude Reference Equation 9 Y's

" Velocity Res to Inertial Space 9 Y's
Attitude Error Calculation , B 9 Y's

Earth Rate to Body Axes _ . 9 Y's

Alignment Increment Equations ' 1 6 Y's

Total 51 Y's

The minimum number of elements necessary to mechamze the

strapdown equatlons is 162 elements.

. Flat-Packs . Power {w)
Full Integrators .67 | 2010 : 97 '
_ Half Integrators 51 714 36
7 Adders 44| o4 o3
‘Total 162 | 3428 B 164 w

To these totals must be added the necessary circuitry to enable
a) communication with-outside world, b) initialization of DDA, c) sequenc-
ing and/or restructuring the device to facilitate the proper sequencing of
the calculations. All of the above considerations are rela.ted in that some
form of common hardware could be the solution.

Since all a.dders and R registers would be set initially to zero, this
leaves 67 full integrators whose Y régisters will have to be preset. This

implies the ability to address uniquely 67 registers which involves an

addressing scheme of 6 binary bits, A simple binary counter scheme in-

‘ volving approximately 100 flat-packs could be used. If the counter

MCt
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is addressable by an external source, tke Y registers could be a_ccesséd
randomly, The characteristics of th€ external equipment determine

desirability,

Obviously, there is a need for an inpﬁt/output register used in
conjunction with the 6-bit counter described above. It could be imple-
mented with 8 bits per flat-pack shift registers, This communication
scheme, coupled with several discrete signals, could be the vehicle by
which data are also outputted from the DDA. A block diagram of the

system is shown in Figure 7-3 below,

! |y

L’ IN/OUT REGISTER L ADDRESS CIRCUITRY
MODE CONTROL - :
. T T
- . DECODING
SCRETE DATA :
DISC N ~N
INTEGRATORS ' i , i i
“ J
Y

ADDRESS LINES

gﬁz%”

5

SERIAL DATA TRANSFER BUS
USED FOR INITIALIZATION AND
~/ READOUT

Figure 7-3. Communication Technique
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The total number of flat-packs is:

, : Flat-Packs Power {w)
Arithmetic Units 3428 | 1 164.0
Addressing 100 2,5
In/Out Register : 5 R 0.5
Discrete Register . - 20 o 0.5

 Serial Bus 10 1.1
'- Total 3623 | | 169.25 w

Presently available circuits permit a maximum iteration rate of
apg;i:o:cima.tely 100 kHz., This would obviously negate the requirement

for input buffers even at maximum vehicular turning rates (60 deg/sec),

If alignment must be done according to Figure 7-5 and the equations
"described earlier, the implementation shown in Figure 7-4 must be

accommodated.

These équatiOns require 45 integrators and 6 adders for their ‘
mechanizétion. As can be seen from Figure 7-5, approximation is made
once at the beginning of alignment and as such is not well suited to DDA
i;npleménia'tion. It would, of course, be possible to restructure the DDA
via flip-flops and gating to accommodate the equatibns; howé_ver, there is

still the necessity of initializing this newly structured DDA.

7.4}21 MOS Devices

It is appropriate to mention recént developments in the field of MOS
‘devices., There are presently available DDA elements fabricated in a
-single 72 x 86 mil area flat-pack. This d‘evi'ce coupled with two suitable

shift registers forms a complete DDA integrator, Although the maximum
‘clock rate is relatively slow, 500 kHz, the packing density is significantly

.greater than that obtainable with presently integraféd circujt devices.

A system comérised of these devices would appear very similar to
‘the one shown in Figure 7-3 in block diagram form., There still exists the
neceésity to time buffer AZfs which are added to form AX's in other inte-

‘grators.v
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The other considerations, such as initialization and communicay;. .
channels, are also required of this system, Hardware totals are shox.,n-

below, The significant advantages are reduced size and power,

Flat-Packs ‘ Power (w)

Arithmetic Units | 378 30.000"
Addressing | 100 | 0.800
In/QOut Register 5 - 0,400
Discrete Register 20 0.160
Serial Bus _70 0. 560
N Total 573 31.900

*DDA element i‘equires 80 mw of power
Dual 16-bit shift registers require 150 mw of power
Adder element (full adder/flat-pack) requires 25 mw of power
The obvious disadvantages of these devices are the laék of opera-
tional data, lack of experience using such devices, their nonstandard
interface with other solid-state circuits, and reduced maximum clock
rates, They will be worthy of serious thought if and when the above factors

are satisfactorily resolved.

7.4.3 Core Memory Technique

This”iaaragraph will describe the characteristics of a DDA s'imila}'
in natli;'.e to the one specified in the Phase I final report. Its organization
was similar in many respects to a general-purpose digital computer.
Specifically, data associated with a particular "integrator" ére fetrieved

from a word-oriented core stack, The appropriate arithmetic, y + Ay's,
R + Ax(y) is perfo-i'méd on the data and the result 'resthlre'd- in thé san:le
~cell location in the stack. The Az's are routed to many -"integrator.s"
{cells) as Ay's or Ax's by a unique .wiring arrangement, - The transrﬁit{:al
of + Az to some integrators and the same -Az to others is also accom-

plished by a wiring technique already described in the Phase I report.

The prirary advantage of using this technique is that the same
arithmetic unit is used to perform all calculations. Thus the rather large'

. xpenditure -of h‘ardware to imple‘mgnt'the 16-bit parallel Bina.ry adder is
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amortized over all of the compx'ltations. The number of computationai
units required to execute the flight equations was 134 (integrators, |
samplers, adders)., The time allowed during the Phase I study effort
was 1 ms, This has since been reduced by a factor of 10.‘ It would be
possible to execute the attitude reference equations more frequently than
the other computations. The attitude reference set required 32 computa-
tional elements, This leaves 102 for all other calculations, If the 32
devoted to the reference matrix are to be processed every 100 psec and
the rest every 1.24 ms (1/805 blts/sec), the required unit cycle time -
(UCT) would be

L(r02)(UCT) + (12.4)(32)(UCT)]

1,24 ms =

or
1,24 ms = 498 UCT \
‘e UCT = 2.5 psec i

The above estimate is without doubt optimistic since there will be

two different computation rates within the DDA,

Another alternative would be to process a.ll 134 elements within the
100 psec interval, This demands a unit cycle t1me of 0.805 p.sec. Sylvania
has recently disclosed integrated c1rcu1ts capable of permitting these fa.st
iteration rates, th flops which can be clocked at 40 MHz and gates w1th
pair delays of 20 nsec even after proPer derating are seen to be available
in the future. A core memory capable of 0.8 psec is also feasible, There-
fore a design predicated on using state-of-the-art hardware could be done,
however, the development would entail all’ the problems assoc:.ated with

using present state-of-the-art devices, ‘ . o

7.4.4 Large Serial Memory Devices

Several configurations of delay line storage elements were consid-
ered as candidates, Since there is a minimum of 134 integrators and
adders, the task of communicating information between them is a formid-
able one, A single delay line as the common storage element has the

obvious advantage of an efficient storage element; it also provides a A
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convenient technique for initializing the system. During actual cory,y,..
. AR R Y
" tions, however, communicating with other integrators implies either

multiple passes through the single delay line or multiple delay lincs . -

B

ille

random access storage element for the 134 Az's. This also involvey 1.

existence of a relatively complex addressing scheme,

In order to reduce the lag in solution time within the DDA, it iq
desirable to accommodate more than one Ay per iteration., The optimy:-.
number for the strapdown equations is about three or four, This mean,
that some of the integrators should be able to randomly address three o
four Ay's and a Ax, which in turn requires that some integrators need
four or five addresses of 8 bits per address. This does yield a very
flexible system, in that reprogramming could be accommodated with
relative ease, A comipletely flexible system, as described, would require
that many integrators carry with them much excess addressing capacity
which would never be used simply because they require.a single Ay and
a Ax, '

A single delay line for storage is corﬁpletely incompatible with the
necessary speed at which this unit must operate. There would be no grea!
’ advantage‘invo]:ved in replacing each of the 16-bit registers specified in
the all-parallel DDA described earlier with delay line storage elements,
‘The package would be larger and the electronics.necessary to drive and
sample the delay line would tend to offset any power advantage, Hence,
the delv'cjm‘.y line storage element will be useful if it can serve as a common

storage element for multiple integrators,

Therefore, itis nécessary to gr.oup the calculations ii-xto subsets
using the reduction of comrhunication between them as one of tl}e criteria
for selecting the éu‘béet itself. Since 1t is desirable toA‘,operat:e~ on all data
. at the same rate (so as to negate the need for pulse buffering), the task of

forming optimum subsets of equations is relatively complex,

The flow of incremental data through the DDA is _serial from equation
to equation, Since time did not permit the consideration of all possible

configurations, it was decided to evaluate one which would minimize the

-
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lag in solution time, Assume that an "adder" element consumes computa-
tional time equivalent to that of an integrator and call this a unit cjcle time
(UCT). The flow diagram in Figure 7~6 illustrates the minimum number
of UCT's for each block of computations provided that parallelism is
applied within each block,

The equations to be solved within each block are given below for
one axis, ‘

-

Aab = 50 (Ra -2, A0) - (7-1)

E =~ [a21Aa31R t ag pha,, aZZAa?32R t az,pha,,

X
+ 23,3833, * a33RAa23] | (7-3)
. o :
Aa, = b“Ao.x + b21AaY + b31Ac.z o (7-4)
—-— - 4 - : -
AVXS = ,CixAVx szAa.. C3xAt o _ | (7-5)
'// . .
' b 4b,.av
Abe = biiAsz * }312A ys 0138V, (7-6)
AV, = 2118V + 25 AV + 33 AVp - A

An assignment of delay line elements to speciﬁc functions is shown
in Figure 7-7. These will execute the flight equations for the strapdown
system, Notice that the delay lines are grouped in triplets for solving the
equations from blocks 3, 4, 5, 6, and 7; pairs for block 2, and single units
for block 1, Each delay line is broken up {timewise) into 4 word times,

Within each word time an integration and a servo-addition can be accom-
plished.
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GUIDANCE’ @ @
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INPUTS :
’ ¥ AVl
’ i‘= (xl Y. z)
Figure 7-6. Flight Equations Flow Diagram
. ~[ WORD TIME 4 3 -2 1 FUNCTION
EQUATION 7 6 5 4
BLOCK
DELAY LINE .
! (agy) byy) (€1 (byy)
2 (agy) b | (e, bap) | AV
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.8 2 gy |2 b |2 ) |2 Gy

Figure 7-7. Delay Line Assignments
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WORD TIME 4 3 2 1 FUNCTION
EQUATION 1 3AND I 3 AND 1 2
BLOCK
DELAY LINE
10 %31 ) | [ a
12 %32R 922 N [ae b g
13 a 21 X
D ey
14 50 50 by a {Aaa }a
; T “ xb
15 > o | 2 9 D ey
1o 1R a3 922 [
: _ .
17 > e | T2
18 9928 a32 932 | ¢
Ao, b
19 Z ap | | 22 y
20 50 5.0 5 & o) rA“sz } b
21 > o a3 2 e | ‘ 4
2 °1R %1 2| [
23 S 13 )
a3 |
24 R a2 933 [ U
25 . ‘ 2
2 | 2 °n :
26 50 5 - .
° | %b °13 ["“’33 L
27 2 - a13R Z a3 Z a3 y

Figure 7-7. Delay Line Assignments (Continued)

7-23




The data in the delay line is envisaged as shdwn below, where R
is the least significant bit of the remainder and YN the least significant
bit of the Y register. The right-most bits precede the left-most bits in
leaving the delay line,

Ro YoRy ¥y ==m==--- Rnt Tno1.Rp ¥y

Thus, the operands for the integration are interleaved in a common '
delay line, During the second half of word time, 1, the increments which
must be summed before they are used as Ax's in the next integrator are
summed, One delay line within a triplet or pair is assigned the task of
summing A's, The other delay lines simply wait until the summation is

complete,

For example, during word time 1 (first half), delay lines {, 2, and

3 and their respective arithmetic units are executing the equation

i _
Aa, = b“Ao,x + b

1 3140, (7-8)

ZlAay + b

During the second half of word time 1, delay line 3 is summing the
resulting Az's from delay lines 1, 2, and 3. The output of this summer

is then used as a Ax input to integrators 2, 5, and 8 during word time 2,

’_Th'é’.eqﬁations from blocks 1, 2, and 3 are all performed by delay
lines 10 through 27, The data shown on the assignment chart are, of
course, the contents of the Y register for that particular integrator, Delay
lines 3, 6, 9, 11, 13, 15, 17, 19, 21, 23, 25, and 27 have an irithmetic
unit associated with them which will per}nit summation of A's to be per-
formed, All other delay linés have a more conventional arithmetic unit,

A block diagram for those with summation logic is shown in Figure 7-8.

A block diagram of the necessary contrdl functions to permit initiali-

zation, distribution, ‘and readout is shown in Figure 7-9.
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Figure 7-9. DDA Delay Line Storage ‘Elements-
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7.5 GENERAL-PURPOSE COMPUTER

The study conducted during Phase I concerning a GP approach in-
cluded alignment functions such as ihe ones new to this phase of the DDA
study., Memory sizing and timing estimates are still valid. The new
modified form of second-order Taylor series expansion is sufficiently
similar to the one used in the Phase I study so as to require no new sizing

effort,

During the Phase I study, it was assumed that the output of the GP
comput;r should be in incremental form. - This was a rather severe
penalty to impose upon the GP configuration and further consideration
has led to a communication channel whereby a single serial output register
coupled with discrete information would not only meet requirements but

also be more desirable,

In addition, the gyro data input repet1t10n rate has increased. The
input accumulators must now accommodate up to 7.6 ms/21.6 p.sec/b1t
or 3519 bits, The size of the accumulators thus increases from 8 to 12

bits each., The word length has sifnilarly been increased from 18 to 24 bits,

The influence of these changes are included in Table 7~2, The block

: diagram for the GP configuration is shown in Figure 7-10,
7.6 HYBRID COMPUTER

' Gyro data are received at 46,2 kHzf however most of the equations
need not be calculated at this rate, This preliminary study has revealed
the désirability of having certain functions computed at different rates.
Thus a certain amount of general purpose capability is requlred especxany

durmg the alignment phase of operation.

It becomes practical to investigate the p0351b111t1es of using a hybrid
configuration wherein the attitude reference equations are "solved" by
the DDA and all other functions computed by the general purpose section.
- On the surface it would appea.r that many of the items troublesome to a
large DDA would be avoided., A block diagram of the system is shown
in Flgure 7-11,
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Since the GP device does not need to solve the attitude referesc.

equations, the maximum iteration rate can be increased by about 4 ¢,. .

of two. These equations, when solved by the GP computer, require:

equivalent of 420 adds and 30 multiplies. In the example computer

(TRW's LEM) this entailed 3.6 ms of computing time. This load iy ;.,

borne by the DDA and the iteration time can be decreased from 7,6 m:.

to 7.6 - 3.6 = 4.0 ms. The iteration rate is then 250 Hz for all equa:.

except the attitude reference equations which are executed at 100 kHg,

(Unit cycle time for the DDA is tentatively set at 10 psec.)

Naturally difficulties are encountered when one tries to matz theae

two nonsimilar devices. Time must be expended to transmit quantitics

to the GP device., A serial or parallel transfer system could be devise:
depending upon the characteristics of the GP device. The TRW LEM

computer could accept this data either way by virtue of its logical con-

struction., Since it is desirable to be able to preset (initialize) the DDA,

a simple serial input/output register would be required in the DDA. A

scheme for communication with the LEM computer is shown in Figure 7
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Figure 7-12. Communication Tecﬁnique (Hybrid)
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Two possibilities exist for sampling the Aij's. If they must be
sampled all at once, sample registers (one for each Aij) must be included
within the DDA, It has been tentatively decided that serial sampling would
not degrade system performance {this should, however, be verified). A
binary counter could be included to "address" or route the Ai.'s serially
both into and out of the DDA, It would take a maximum of 10 psec to load
the transfer register within the DDA. An additional 15 psec would be
- :quired for the GP tb retrieve 'the data., Thus all 9 direction cosines

could be exchanged within 300 psec.

Since the raw gyro data no longer need to be sent to the GP device,

new equations must be generated which

a) Permit body rate data to be extracted from the
_ available quantities

b) Allow the GP device to compute new Aij's during
alignment instead of the angle increments

c) - Enable the angle increment information to be:
formed for use in the accelerometer compensa-
tion equations., A cursory examination of this
- indicated that it is possible (by holding two
successive A,. matrices) to form increments
in the same ntanner as the attitude error signals
are generated. These increments can then be
used in the required equations.

//Because the computations within the DDA are self-contained, (i. e.,
partial results or incremental data suich_. as AAij are not needed else-
where) certain simplifications can be made within the unit itself. As was
~ shown on a block diagra:m transmitted informally from NASA to TRW
Systems, this results in a much simpler configuration. With proper
consideration given to initialization and inpuf and output, this system

qualifies as a candidate for use in a hybrid configuration,

For' the computations (first-order Taylor series) all Ai.'s must be
‘available serially for every iteration. However since there is no need for
AAij's outside these units; they can be added to their respective Ai.'s as
shown in Figure 7-13, Furthermore, the sharing of Y registers eliminates

9 registers required in a conventional approach,

' 7-29



Figure 7-13.
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APPENDIX I. ADDITIONAL ALGORITHM STUDIES

1. WHOLE NUMBER COMPUTER ALGORITHM TO REDUCE COMMUTATIVITY ERROR

1.1 Introduction

The existence of commutativity error in a strapdown attitude
reference comes about not from any”fundamental'principle,'Eut from the
way in which most strapdown gyroscopic sensors are implemented. -
That is, the components of angular velocity are individuélly integrated,
sampled, and quantized, and the resulting.increménts of angle are all
that is available to the algorithm that determines attitude. '

| The information as to the variation of the direction of the angular
}elbgity vector during tbe sampling period which was available from the
uﬁ%bdified components of the angular velocity, has peen lost and must

be assumed. The usual assumption is that the direction of the angular
ﬁéiocitynﬁector-is unchanging during the'sampiing period. Whenever the

assumption differs from the actuality, commutativity errors occur.

At least four approaches to the reduction of commutativity error

exist:

e “Increase the sampling rate of the basic algorithm.
// ’
o Use a simplified algorithm at the increased sampling

rate while keeping the basic algorithm at a slow rate, *

e Modify the sensor to provide additional information such
as angular acceleration and use an élgorithm cépablg of

making use of this information. o

e Attempt to recover some of the lost information by use
of ‘differentiation and use an algorithm capable of making

use of this informatiomn.

The last is the approach taken here.
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1.2

Magnitude of the Problem

Consider an IMU subjected to a circular coning motion aboyt tin

x axis such that the coning half-éngle is B and the coning angular

frequency is Q.

{w} =

The angular velocity is

Q(1 - cos 8)

Q sin B cos (Ot

Q sin B cos(Qt +2)

2

-
-
..

Note that a small constant angular velocity is present on the x axis.

It has been introduced to cause the IMU to return to its originél orién-

tation after each coning cycle, facilitating analysis.

velocity components are individually integrated and sampled, and the

If the angular

resultant angular increments are used in a ﬁérfept algorithm assuming
constant direction of the angﬁlar velocity vector during the sampling

. period, then the commutativity error drift rate about the x axis; as is

shown in Section I-1.6,

where T is the sampling period.

~

e

Q =
T

B’z
then

“p

P1ie?/12

lcps =

1/32 sec

O 5 deg =

Consider the case

ZTﬁrad/sec.

54 x 102 rad/seé =

.00873 rad

.317 deg/hr .

(1-03

Tt can be seen that commutativity error can have considerable effect

on a high accuracy system.

1. 3 Approach to the Problem

The gyros will be sampled at twice the ba31c attitude algorithm

sampling rate.

Once each sampling period, prior to each execution of

+he basic

.o obtair
The prepr
assumpbic
the sampl
which an
at the st
sampling
algorithn
of the ar

1.4 Der:
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where

‘and the ¢
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b

the basic algorithm, the six angular increments will be préprocessed

to obtain three angﬁlar increments for input to the basic algorithm.

The preprocessor is the heart of the technique. It operates under tﬁe
assumption that the éngular acceleration of the IMU is constant during
the sémpling period. The three outputs are the three angﬁlar incréments
which an ideal IMU would produce if it were rotated from the orientatién
at the start of the sampling period to the orientation at the end of the
sampling period at constant angular velocity. Therefore the basic
algorithm can be of the ﬁsual variety which assumes constant direction
of the angular velocity vector.

1.4 Derivation of Preprocessor | .

Quaternions- will be used to facilitate the derivation. The quaternion

p defining the orientation of the IMU satisfies the differential equation

oo (1-3)
where . r ‘ ' ‘

3

-

© = witedtuek+o ' (z-4)

and the w,; are the angular velocity components. Assume

cu(t) = wlty) et - ty) (1-5)
and:expand p in a Taylor series N
- (-t )
p(t) = pltg) + oltg)(t - tg) + p(to)-——f~ + . (1-6)

Substitution of: (I-5) émi (1-6) iﬁ'(I—B) gives .
) = 3olegaltg) + [h(tgdiltg) + Bltqult, 16 - )

-t - T (D)
+ [Zp(to)w(to) + p(to)w(to)]—-——-— + ..

,Equation«(I—B)'can be used to eliminate thehderivatives of p from (I-7)

. @P(ty)
o e(e) = daleg)ult) + [altg) + —5— It - t4)-
' 3 (ty) +_(L(tc)w(to)1(t‘-‘to)2 .
[‘_ 2 . J 21 - see

- (1-8)

+ Talegliley) +

I-3



- Therefore

T i

The value of‘b at the end of the sampling period is

to+T

pltg + 1) = alty) + [ 5(t)at ' (Q .
: : to

L

2,
. W (ty) o2
el +T) = pleg) + Zug(o)T + Blalty) + —5—I
“Pt)  altalt.) (=22,
+ oty dalty) + — o, 02w 9 ]%%-+ .
The gyro outputs may be represented fy
b, +1/2 | . ORI ')Tg :
8, = ft [m(to)+&)(to)(t -to)]dt = ‘”20 +w g (1-1:;
_ ey |
" O Lutg) + ateg) )]" ECLEOn
6., = wltn) + ot )t ~t.)]dt = + I-1)
2 _fto+Tﬁ 0 0 0 E i
Sqlvihgf(l-ll) and (I-12) simultaneously gives .
| i) = (e -e)r ()
iltg) = 4oy - 0,/ L ()

 Substitution of (I-13) and (I-14) into (I-10), discard of terms higher

than second order in 91 and 92 and introduction of
o +T) = A (11
. plty + T) p(ty)ae | | (1-15)
. 8, +8 =98, + 198,08, + 116,68, ~ 99 ,
Ap = 1+ 1 5 2 + 1 1 221'. 2°1 2 (1-16)

. : . +
be expressed in terms of their components

Let the quaternions 91 and 92

1

. Ik

R Y

= s . . . =. . ,—ln.} .
8. 8,91 +8,,0 + ein + 03 i 1, 2 | (I ‘t

where

Thare



9)

0)

2)

3)

)

_ oD T8y 819853 =838y, 815 F8yy 8138y = 8948y,
Ap [= 1+ [ 4 s 13
2 3 2 3
8,, + 8 8:48.,, = 8.8,
[__];3 2, 23 + 11722 3 12 ;]:]k +1 (1-18)
ote 24 2.8 2y 2. . 2

2L

If Aw, 33 i=1, 2, 3 represent the outputs of the hypothetigal IMU performlng B
the same orientation change at constant angular velocity, then’

Ac:o
. ' -8in —2= Aao
- dp = (Aali + Arxzj + AatBk)T + cos = (1-19)
o ‘
where —
) : 1
- 2 2 2.2 :
by = (by” + 20y + bayg ) ; (I~20)
Therefore . - N
2 sin™(8p,% + 80,° + 80,°)°
o, = > 5 5T by 1 0=1,2,3 (1-21)
(8py" + 20,7 + 8p57)° :

Substitution of the components of Ap from (I-18) into (I-21) and discarding
terms higher than second order givés tfhe preprocessing algorithm

Aoy =78y * 8y 3(912 23 T 913%2,) (1-22)
Ac 8, + 922 508159, - J‘1923) (I-23)
- 2 _ . ‘
bag = B39 8y * 3(911922 815651 ) (I-24)

1.5 Accuracy Improvement

The commutativity error drift rate about the x axis in the presence

of circular coning, as is shown in Section I-1.6, is

w = @T/%0 (1-25)
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For the same case as before,

w, = .738 x 107 rad/sec = .00152 deg/hr

If the sampling rate had merely been doubled, without use of the Pre=
processor, the drift rate would have been reduced to

i

wp .385 x 107 rad/sec = .0793 deg/hr
and the basic algorithm would have had to be computed twice as ofter.,
The ratio of improvement is about 50:1 for this case. ‘

3

&

1.6 Commutativity Error in the Presence of Circular Coning Motiorn«

* From (I-1) the angular velocity applied to the IMU for circul-r

coning motion is represented by the quaternion

e = 2(1 - cos B)i +Q sin B cos Qtj +Q sin B cos(Ot + g)k (z-.

The qpaternlon deflnlng the orientation of the IMU is the solution of
the differential equation

-

" which is

p(t) = A[(1L - cos ) sin Oti + sin B sin Qtj

. ~ (1-.
- sin B(1 ~cos Ot)k + (L + cos B) + (1 - cos 8) cos Ot] -
The ideal quéternion at the n+lph sampling instant is related to the
jideal quaternion at the ath sampling instant by -
. p(nT + T) = p(aT)ap(nT) ©o(1-a
Therefore the ideal Ap is given by
* . ) N '..;
8p(nT) = p (nT)p(nT + T) (30

1-6
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and
8p(nT) = £{(1 - cos B)sin QTi

-+ sin B[~ sin mMT(L - cos QT) + cos nQT sin QT1j

. (1-31)
- sin Blcos mOT(1l - cos QT) + sin nQT sin QTlk }

+1 - 3(1 = cos B)(1 - cos QT)
Now consider an IMU where the individual components of angular

velocity are integrated and sampled. The gyro®outputs for the nth sampling
instant are '

. nT+T
4 8(nT) = f wdt . . (1-32)
nT -
so that ‘ _ -

8(nT) = QT(1 - cos B)i + sin B[~ sin nQT(1~ cos QT) + cos mQT sin 6Tl

< sin Blcos mT(1 = cos QT) + sin nQT sin QTlk (1-33)

If the algorithm assumes that the angular velocity is constant during the

sampling period, the quaternion representing the fqtation is

f/

) sinie . :
fp' = 85— + cos 38, (I-34) _
0 - -
where » . :
8y = (8,7 +8,° +855)2 (1-35)

Substitution of the components of ® from (I-33) into.(I-35) and discard
of higher than second order terms in B gives ' ’

902 = 252(1 -~ cos QT) ; . (I-36)
Theréfore
90_ :
sin o~ ~ 31+ _82(1 - cos QT)/12] | : (1-37)
] - 8 : '
eo ~ 2 M : . .
cos 3 ¥ 1-8 (1 - cos QT)/4 ’ (1-38)

I-7
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.an expression for the ideal Ap

Discarding terms of higher than second-order in B gives
ot = A QT 8%/2 i + 8~ sin MT(1 -cos OT) + cos MT sin o+
- s[cos nOT(L - cos QT) + sin nQT sin QTlk} + 1 - 8 (1 - cos oT)/u

Discarding terms of higher than second-order in B in Equatlon (1-21) £l

are

i

pp = 3{sin QT B /2 i + 8[~ sin nQT(1-cos 2T) + cos mQT sin 075

~ glcos nOT(1 - cos QT) + sin mQT sin QTIk} +1 - 8 21 - cos QT)/4

Note that (I-39) .and (I-40) differ only in the Ap, term. The angular
error per cycle about the x axis may be approximated by

= v ATy . ‘ .
€ 2(8p’; - e;) B (-
_ o om)a2 .
e = (QT ~ sin QT)8/2 : (z-..
¢ = PPpY/12 (e
The drift rate is then
g oy = /T = 3T28 /12 | ’ -

-

which is the required result. Simulation of the exact equations has
demonstrated that this expression is accurate for coning half angles le:cc
than about ten degrees and for sampllng rates. greater than about 31x

samples per coning cycle. o : ST

Now suppose the commutativity preprocessiné algorithm is used.

The gyro output angles are

nT%g
Ol(nT) = j wdt - 4%

nT

I-8



and ;
nT+T

o) = [ wat : (1-46)
an'-i-é' :

If the expressions for the components of el and 92 from (I-45) and (I-46)
are substituted into (I-22), (I-23), and (I-24) gnd the results treated as the

f components were above, it is found that y
. 2 ’ ) ‘ ’
i wy, = Q'1'8%/960 . (1-47)
i
/‘/
I-9 '




2. HYBRID-TNCREMENTAL WHOLE NUMBER ALGORITEM

L 2.1 Introduction

Incremental, whole number, and hybrid incremental-whole nuria-

digital computers have all been proposed for use in strapdozm inertia:

navigation systéms.‘ If the relative merits of thesé'thfee hardware c»:;
ations are to be fairly compared, an appropriate algorithm must be gal..
for each. Much effort has been expended in the study of algorithms o=
incremenfal and whole number computers. Thks section proposes an alyor::: - aher
for a hybrid computer and discusses some of the problems of implemen-ar: it

2.2 Description of Algorithm

deper
The algorithm consists of two parts. The incremental part con'al:: somp!
Euler parameter attitude calculations and body axis velocity calculati.::
performed at a frequency of about 1 to 5 kHz. The whole number part coia-:
the velocity transformation, gravity calculations and velocity intebrA L
performed at a frequency of about 1 to 5 Hz. The use of body axis velis:i' : where
‘calculations in the incremental part of the algorithm permits the velc:.:
transformation to be performed at a low sampling rate in the whole nuilter
algorithm. This technique greatly reduces the complexity of the incremer::. 8.7
part of the computer without overburdening the whole number ﬁért.
.~ The Euler parameter calculations are: Cand ¢

| _ do; = %(p,d8) - pgd8, + p,d6,)

dpy = Blp3d0y + 0,38, - pyd03)

|

dpg = %(-pzdel + pld62 p,304)

wherg the p; are the Euler parameters, the dpi are increments of the ¢;,
and the dei are the angular increments from the gyroscopes.

I-10



The body axis. velocity calculations are:

- ds8, Vv

dav. = 4V + d6,V
.Bl i 2 B3 3 B2
dVy = dV, - de;Vy +de;Vy (I-49)
2 1 3
v, = dv, - de.V, +de,V
B 3 1B, T2h
where the VB are the components of body axis velocity, the dVB are increments
of the V land the dV are the velociiy increments from the accelerometers.
' i

The velocity transformation may be performed in either of two ways;

depending upon which way is most efficient for the particular whole number

won e

computer instruction repertoire selected. The first method is:

AL, = BYp T (1I-50)
where
2 2 2 2 "
pl - 92 - 93 + Ph z(plrz 93 h) 2(9391 + pzph)
_ . 2 2 - 2 2 -
B = 2(Plp2 + PBPA) "p'l + p2 93 o+ pLI- 2(92.03 Plpl’_) (I—Sl)
e ~ 2 2 2 2
2(9391 - pzph) 2(9293 + plpt&) ’pl - P2 + D3 + ph
P : ’ : d .
and the second method is
M1 T Pulp) 7 P3¥p, T PoTh,
f u2 =- pBVBl +.QVI+V32 - prBB . (I“52)
M3 = _pszl + prB2 + phVB3 )
= + + 5,V
b, = f1Vp T P2's, T P3'B, _
I-11
s
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.
|
!
i
;
!

(S

and

= - + +
Il _ p&“l PBHZ 92“3 pluh
AVI2 = 93ul + phu’z - plp‘B + p2p‘ll- . k '(:_:.t
AVI3 = . "921-1-1 + plu'z + Phuj + psuh

where AVi is the incremental initial velocity for one whole number computa
cycle, B is the direction cosine matrix, and the Wy are temporary storage,
The first method requires 19 multiplies and 21 adds (exclusive of shifts) .
the second method requires 24 multiplies and 17 adds, so that the first meth-:
would probably be more efficient than the second. -

Whenever VB is transmltted to the whole number section of the comute
for use in (I-50) or (I-52), it is zeroed out in the Y registers of the incre-
mental part of the computer. However, when the Py are transmitted to the whol-

-
.

P

number section for use in (I-51) or (I-52) and (I-53), they are not zeroed cu:.

The velocity integration may be performed by a number of techniques.
The following technique, using trapezoidal integration, is quite efficieni:

AVI A +L G(x I)
o X =% T

V7 - AV + 31 52 G(x ) _ o . (1-5.0

Sk e I
L ETE TR

Y- I+ ol

where T is the whole number iteration period, 2 is the gravitational

 acceleration, x; is the inertial position, and V. is the inertial velocity.

L
The equations comprising (I-54) must be performed in the order given excert
that the last two may be interchanged. h

LI

I-12
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2.3 Implementation of Algorithm — Fuler Parameters

The implementation of the whole number part of the computer will not
be discussed here. The implementation of (I-48) would require'12 DDA inte-
grations. This would be an inefficient implementation, however. An

;ngpemehtal computer requires only 4 Y registers and L4 R registers to solve

) (I-48). Each R register would have to be processed three times per cycle'

and each Y register once per cycle. The R registers should all be processed

three times before the Y registers are procesged. This technique ("parallel")

.gives third order drift errors. Three other orders of processing were in-

ot

vestigated and found to give second order drift errors:

Input Serial:
Process R registers for del
Process Y registers

Repeat for de2 and de

3--
R Serial:
Process Rl three times
- ] Process Yi
'Repeat for Rz, Y2; RB’ Y.3 Rh’ Y4

4

Y Serial:
Process RZ"RB’ Rh with Yl
T Process ¥,, Y., Y

L
Repeat with Yé, Y., Y

s 4
Figure I—l shows a partial flow chart of a p0551ble organlzatlon for

an 1ncremental computer to solve (I—A8) It is a serlal-parallel arrangement
with four adders to perform the 16 additions rﬂqulred per cycle. The iteration
period is broken up into four intervals Tl’ 3, and Th The R registers
are processed durlng Tl’ T2, and T3 and the Y reglsters during TA Not shown
are the provisions for zeroing the dz_i at the beginning of each iteration
period or the buffering_for the in.’ Ternary inputs are ﬁéed, with the

‘dei appearing as a pulse on either a plus line or a minus line or neither,

but not both. The R registers and Y registers all circulate and might be

1-13
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implemented by active microcircuits or delay lines. Depending upon the
iteration rate and the type of clrcultry selected, a completely serlal

organlzatlon may be feasible.

2. Secaling - Euler Parameters

The incremental computer organization can be kept simple if no more
than one overflow of any R register is permitted per iteration. In each
iteration period, three Y registers are édded to each R register. The
maximum value of an Euler parameter is one and the max1mum value. of the sum
of three Euler parameters can easily be shown to be 3E Therefore if the
Ewler parameters are scaled at any scaling greater than 3%, the sum of three

of the scaled parameters cannot exceed unity.~ A convenient scaling is'2l.

2.5 Implementétion of Algorithm ~ Body Axis Velocity

An example organization has not beeﬁhworked out for the body axis
velocity equations. Six DDA integrators would be required. An incremental
computer requires three Y registers and three R registers. For (I-49) the R
registers must be processed twice each and the Y registers once each per
iteration. ,Provisioﬁ must be made for the accumulation of up to three dY
increments. A somevhat more accurate algorithm than'(I-49) can- be achieved

at the expense of processing each Y register a second time.

//A"
Vg - Vg + 2dU
Vy, «V, + 3dV. - do V, + do,V
B, B 1 2'B, 3'B, .

: . : (1-55)
Vo, =V, + 3V, -de, Vv, +de,V

B,  'B, 27 %3’ T ¥1'p,
V, =V, +idV, - do.V, +de.V
By~ B 3 1's, 2B, |

.-

In this algorithm half of the veélocity increments are added to the body axis

~ velocity before the Coriolis terms are computed and half are added afterwards.
The scaling depends upon the choice of iteration rates and the vehicle envir-
onment .

I-15



. ?.6 Initialization

dezer
The body axis velocity computations. require no initialization, because corze
the Y registers are zeroed every whole number computing cycle. The Euler
parameter computations, however, must be initialized. At least two possibiliﬂiuz
" exist: '

(1) Four slewing integrators accepting Y register inputs from The ¢
the whole number computer and driving the Y registers or Lo
containing the p's directly. is:

(2) Three slewing integrators accepting thegister inputs from
the whole number computer and producing dei outputs, plus
provision for forcing the constraint (I-56) at computer turn
on. ’ ' and t

The methods are compared below: -

Méthod_l Method 2
Number of integrators required o L 3 The 1
Special startup circuitry required no yes no ¢
Whole number computer can correct orthogonality yes no means
. ’ RN
Whole number computer can slew angular rates directly : mec-c
without calculating Euler parameter rates . no yes . Lhe

,//’j ' . - ‘ E sec::

”ﬁnless orthogonality corrections were to be app}ied to the Euler sulie

parameters during flight, the above equipment would only be used during
alignment. Provisions must be made that the d6 or dp, resulting from the
gyro inputs are not lost when slewing inputs are present. One approach
would be to suppress‘the appropriate slewing integrator:whenever’gfnonzeré
_‘dei or dp:.L appears.. The slewing integrator would takevlbngér to complete

its slew, but no information would be lost. e

2.7 Orthogonality

The orthogonality errors of the direction cosine matrix B may become
large enough to require correction in very high accuracy applications.

~
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Wheﬂher or not such corrections are required in a specific case must be
determined by further analysis. The requirement that B be orthogonal

corresponds to a requirement that the Euler parameters satisfy the constraint.

2 Ehp.z

B = Iy = 1 . (1-56)
i=1

o
The correction may be applied either to the Euler parameters themsélves’

or to the transformed velocity components. The Euler parameter correction

is: ) .

© |

i =1,2,3,4 (1-57)

o

and the velocity correction is:

oY, - —5 . (1-58)
A 0 .

The 1attef is simpler, involving three components‘instead of four and requiring
no square root operation. The division can be eliminated in either case by
méans of a first or higher order approximation. If the first initialization
method were use&,.(i—Sé) may be implemented by calculating slewing commands in
the whole number section of the computer and sending them to ﬂhe incremental
section. .If the second initialization method were uséd, (I-58) would be more
suitégle, performed entirely in the whole number section.
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APPENDIX II. ADDITIONAL CONING STUDIES

The coning results documented previously in Reference 1, Section 5 were
obtained for four attitude reference algorithms while under the influence of a
very limited type of vehicle coning. The vehicle coning errors were analyzed only
for one case cycles applied to two of thé vehicle axes. In this memo, these pre-
vious results are expanded for the second-order Tsylor series algorithm to include
} vehic;e coning which results from the application of the following limit cycles:
(1) .Equal ifrequency limit cycles - -
' (a) 90—degree phased, different amplitudes (< one degree)
(b) phase # 90 degrees, equal amplitudes (~ 180 deg < phase < + 180 de; g)
(¢) phase # 90 degrees, different amplitudes*
(2) Different frequency limit cycles _.
(a) through (c) as described above
(3) Since the previous results were obtained oniy for frequencies up to one-
) half the sampling frequency (fs) s the above tests (a) through (e) will
* also be performed for frequencies higher than £y /2°
(%) The previous coning results were presented on a graph of percent error of
’ the true vehicle coning rate versus the limit cycle frequency normalized
‘to the computer sampling frequency (see Figure -.I.I-l).' After the f/fS ratio
e reached 0,01, these previous results were affected by the roundoff quanti-
zation errors of the 7094 computer. To examine the effects of computer
word length, several coning runs were performed on a double precision
7094 computer simulation and an Interpretive Computer Similaticn of
the IEM 18 bit computer. |

¥For these coning tests, the phase was varied from -180 deg to + 180 deg
and the amplitudes were < 1 de; eg.
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The equal frequency limit cycle tests which were performed for different com~
binations of amplitudes and phasing showed that the true vehicle coning rate was
proportional to the two amplitudes, the frequency, and the sine of the phase between
the two limit cycles which were applied to the two vehicle axes. That is, the true

_vehicle coning rate Wg about the third vehicle axis may be computed from Equation
(II—l) or Equation (II-2).

w, = A1A2 g- sin @ rad/sec ' (11_1)
. g a%:z sin @ rad/sec (I1-2)

where
w is the limit cycle radian frequency (rad/sec)

Al, A2 are the limit cycle amplitudes in radians
a2y, a, are the limit cycle amplitudes (rad/sec)
@ is the phase shift between the two limit cyclés,

The percent error of the computer for any.combination of phasing or amplitudes behaved
exactly the same as the previous results which were obtained for equal amplitudes and
90 degree phasing. This implies that the errors due to coning are just due to sampling
errors as the application of different amplitudes did not affect the percent error.*
The same type of tests were performed for.frequencies higher than'dne—half
the sgmpling frequency. The results of these tests zre included in Figure II-2,
whicﬁvis also a graph of the percent error of the true vehicle coning rate versus
normalized frequency. This graph also shows the effects of computer word length as
the coning errors are shown for the 18 bit computer, the single precision 709L4
computer, and the double precision 7094 computer. From the graph on Page II-4, the
percent error due to sources other than roundéff apﬁears to ngof'the'fofm

i * , .
"% error = 100 [ 1- EL;;JQ— ] o - (11-3)
where '

A m is the limit cycle frequency in radians per second

T is the computer sampling period in seconds (T = % )
‘ s

~ .

* . B - e T .
These conclusions and Equation II-3 appear to be very strongly justified by the
simulation results, but should be analytically proved before accepted as correct,

II-3
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The different frequency tests were performed for several different amplitude
combinations, and different starting phase shifts. These tests showed that when
two sinusoidal limit cycles of different frequency are applled about two of the
vehicle's axes, the vehicle will cone in one direction sbout the third axis until
the. phasing between the two sinosoids reaches zero or 180 deg. At this time
the vehiele will begin to cone in the opposite direction until the sinusoids are
again in phase or 180 degrees out of phase. Thus, the vehicle coning motion for
different frequency limit cycles 1is simply a rotation about the third axis in one
direction, and then in the opposite direction. One coning trajectory, i.e., the
path of the tip of the vehicle about a reference vertical axis, 1s shown In Figure II-3

This coning motion returns to the original coning motion after ’E-——_f—‘ seconds.
' ~ 1° .
The coning drift errors for different frequency limit cycles cancel out or are

zero after an integral number of 'f T | seconds. The direction cosine matrix
does drift in one direction about t%e vihicle's third axis;, but this drift is
exactly canceled when the direction is reversed. Thus, one method of e;;minating
a coning drift is to use a vehicle which is slightly non-symmetric.
One possible application for the results of the coning studles presented in
Flgure I1-2, be51des providing an easy calculaulon of coning drift errors, is to analyze
the coning errors which may oceur during vibrations due to fictitious coning. The
coning percent error curve shown in Figure II-2 is converted for this purpose to a

gain versus normalized frequency curve (Flgure II-4). The gain is the ratlo of the

_fictitious coning output error to the fictitious coning input.

This graph shows that the direction cosines are not affected by vehicle vibrations
vhich occur at an integral number times one-half the sampling frequency. Also, the
vehicle vibrations higher than one-half the sampling frequency are greatly attenuated

~ and cause a smaller effect than the vehicle vibrations which occur at frequencies

less than one-half the sampling frequeney. Due to this attenuation, the vehicle
vibrations need only be analyzed at low freQuencies (0 to 2 fs, for example) as
the high frequency vibrations should have a negligible effect on vehicle attitude

errors.
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