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LIST OF SYMBOLS

Aerodynamic moment coefficient

Control moment coefficient

Total thrust of vehicle

Engine moment of inertia about gimbal point
Pitch plane moment of inertia about vehicle c.g.
Total mass of vehicle

Generalised mass

Aerodynamic force

Thrust of control engines

First moment of swivcl about gimbal point for one engine
Velocity of vehicle

Drag force

(F -~ ¥/m

R'/m

N'/m

Station of displacement gyro

Station of engine gimbal

Normalized displacement at station

Normalized slope at station xB due to ith mode
Normalized slope at station Xp

Di>placement normal to reference

Total engine deflection

iii



B = Input to controller

th mode

ny = Generalized displacement of the 1
¢ = Attitide angle

¢D = Platform angle

; = Bending mode damping of 1th mode

w; = Frequency of the 1th pending mode

u(kT) = Input to quantizer at kth sampling instant.

kth sampling instant.

w(kT) = Output of quantizer at

q(kT) = Round off error due to quantization at kth sampling instant,
A = Quantizer granularity.

Le(kT) = System error at kth sampling instant due to quantization.

AE(z) = z-transform of the sequence, 2e(kT).

q(z) = z-transform of the sequence, q(kT).

x(kT) = State vector for quantized system.

A,G,H = Matrices used in the state representation uf the quantized

system.

A = Symbol representing a matrix eigenvalue.

V(x(kT)) = The Liapunov function evaluated at system stac.., x(kT).

W(x(kT)) = The first difference of the Liapunov function at x(kT).
B,C = Positive definite matrices used in the construction of the

Liapunov function.

E° = The state space where a point is defined by the sequence

of components of x(kT).
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p, B = Scalar quantities representing the radius of a shperical ball
in E".
€ = Symbol meaning " is a member of."
V = Symbol meaning "for all."
C = Symbol meaning " is a subset of."
M = A set of points in E",
M = If X € E® and x is not a member of M, then x € Mc, the complement
of M.
M, )ﬁ = A set in E™ and its complement.
|| x(kT) || = The norm of the state vector, x(kT).

€(kT) = The quantization error state vector.

| Aet | = The maximum system error due to r quantizers.
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FOREWORD

This report is a technical summary of the progress made since May
28, 1966, by the Electrical Engineering Department, Auburn, University,
toward fulfillment of Contract No. NAS8-11274 granted to Auburn Research
Foundation, Auburn, Alabama. The contract was awarded May 28, 1964 by
the George C. Marshall Space Flight Center, National Aeronautics and

Space Administration, Huntsville, Alabama.

vi




- . g

Y e -

SUMMARY

A development is given which provides a plausible explanation for
the high numerical accuracy often required when z-domain expressions are
used to obtain frequency response data for sampled systems. Turther,

a method is described with which an estimate of the required computa-
tional accuracy can be made for a class of sampled systems.

When a digital element is introduced into a system, it is necessary
to evaluate the effect on system performance of the resulting representa-
tion of some of the system variables by a finite word length. The
relative merit. of several analytical methods for determining quantiza-
tion errors are discussed and one of these methods, which is based on
Liapunov's Direct Method, is described in detail.

A digital computer program is developed to determine the transfer
function from the actuator command signal to the attitude error angle,
the roots of the characteristic equation,and the sampled frequency

response for the Saturn V.
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DIGITAL COMPENSATION OF THE TIRUST
VECTOR CONTROL SYSTEM

I, INTRODUCTION

A problem of recurring interest in the analysis of sampled data
systems is that erratic data is often obtained when the frequency
respoﬁse is computed in the z-domain. Frequently, as many as 24 signi-
ficant figures must be used in order to generate data from z-domain
expressions. In Chapter II, it is shown that as the poles of a z-trans=-
form expression are placed in closer proximity to one another, the
‘;meer of significant digits required for computation of valid results
increases. Moreover, criteria are developed from which the required
number of digits can be calculated based on the pole locations for a
particular class of systems.

The effects of quantizatiqn on the response of discrete systems is
considered in Chapter I1I. Quantization is a result of the digital
computer characteristic that all words must have a finite length; i.e.,
each variable is represented by a finite number of digits. It is shown
that these round off nonlinearities will not destabilize the system in
tne “~unded input-bounded output sense. However, system errors and/or
limit cycle behaviour may result. A recently developed method for the
determination of bounds on dynamic system errors caused by quantization

is discussed. This procedure is based on the Direct Method of Liapunov.
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The problem of developing a transfer function from the control
engine command signal to the anguI;;wéﬁtitude error is considered in
Chapter IV, Signal flow éraph techniques are used to develop the re=~
quired transfer function from the planar Saturn V equations of motion
with vehicle slosh dynamics neglecgéé; A computer program is presented
which performs the following functions: B

(1) Computes the transfer function coefficients,

(2) Factors the system characteristic equations, and,

(3) Computes the sampled frequency response of the transfer function.
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II. NUMERICAL INACCURACY IN COMPUTATION OF
NYQUIST DIAGRAM DATA BY THE
2-TRANSFORM METHOD

1. Introduction

A problem of numerical inaccuracy often arises in the computation
of Nyquist diagram data, using a digital computer, for sampled-data
systems by the z-transform method, A cause of this problem is invest-
igated below, and methods for averting the resulting numerical inaccu-

racies are given.

2, Case I - Two Poles Almost Coincident

Suppose that the continuous-data open-loop transfer function of

a sampled-data system is given by

kqy k, k

3
G = - + _— + ——— + e e o 2-1
(s) s+a1 s+a2 s+aj ( )

The Nyquist-diagram data is obtained by evaluating G(z), the z-transform

of G(s), for values of z on the unit circle. A problem of numerical in-

accuracy arises when two or more poles of G(s) are nearly coincident.
Suppose that, in (2-1),

+4, |a] >o, (2-2)

82 = 81
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where |A| is small., Suppose further that there are intervals of the
unit circle in the z-plane for which all other terms of the partial-
fraction expansion of G(z) are small compared to the first two terms,

i.e., for these intervals of the unit circle,

o kl k2 b]_s+b0
cz) = 3[ s+a; * s+a2] B 5[ (s+a1)(s+a2)]' (z-3)

Then, expressing kl and kz in terms of bl’ bO’ ajs end a2,

-bja; + b -b,a, + b
1¢1
G(z) = 3[ (a_-a )(s-?-a y T (al-i )(S'?' )]
2700578 1782785782
(2-4)
[bo-blal] . [ bo-byap ]
= ] JAY = < A *
-~ 81T z_e'aZT

It is noted that as a; —> a,, A —» 0,and the numerator coefficiernts

in (2-4) become unbounded. However, as A —=0,

b,s+b, l-e'alT(l + alT)z'l
lim G(z) = [ 1 = b [ ~ 1
A—>0 } (s+a1)2- 1 (1-¢ art 2'1)2
(2-5
e-asz-l )

+ b -a1T -1
0[:1_6312 ]’

and G(z) is bounded for values of z on the Nyquist path, except, of
course, for the case that the pole location is on the path. Thus, for

A small, the value of G(z) is obtained by subtracting two large numbers




which are almost equal. If the difference of the two large numbers is
affected appreciably by round off error, the data obtained for the
Nyquist diagram will fluctuate in some random manner and will be in-
correct.

It is seen from the above discussion that the inaccuracies are
greater where the two parts of (2-4) are most nearly equal in magnitude.
If the pole location, e-alT, is in the neighborhood of z = 1, which
will be the case for a svstem which is low-pass with respect to the

sampling frequency, then the two parts of (2-4) are most nearly equal

in magnitude at z = -1. The difference in the two values of (2-4) is

[bo - bja; by - bjay ] ____1__? _bl_._T (2-6)
- -a = -a -
A A 1 4+ € 1 1+ ¢ 1

for b1 # 0. Then the accuracy of the calculation can be determined

by comparing the magnitude of (bo-blal)[A to b The difference Letween

h

1'
the values of G(z) in (2-4) occurs in the nt significant figure of the
computation, where n is given by

b, - b,a

and where (2-7) is satisfied only to the order of magnitude. The value
of n computed from (2-7) is an indication of the minimum number of
significant figures which must be used in order to obtain accurate

frequency response data.
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If b, is zero, then, for z = -1, (2-4) becomes

1
Eg Bg Eg -a,T -a;T
G(-1) = A (-1) A (-1) _ A (e - € ). (2-8)

-1 - e-alT -1 - e-azT (1+€-11T)(1_€-32¥

Numerical inaccuracies occur when the magnitude of one of the terms of

(2-8) is large compared to the total value of (2-8). The difference
th

between the values of the terms of (2-9) occurs in the n~" significant
figure of the computation, where n is given by
-alT
..1.'...-—6_— ~ n
-a,T -a;T|* 0 , (2-9)
€ -€

and where (2-9) is satisfied only to the order of magnitude.

3. Case II - Three Poles Almost Coincident

For Case II, it is assumed that over certain intervals of the z-

plane unit circle G(z) of (2-3) can be approximated by

r bzsz + bls + bo ]
’

G(z) & 3[_ s(sta}) (stay) (2-10)

where a; and a, are small. The assumption is made that the poles are
located in the neighborhood of the origin since, for the sampled-data

thrust vector control system, two poles of G(s) occur near the origin
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and the zero-order hold places a pole at the origin. If a higher
ordered data hold is used, then higher ordered poles occur at the origin,
and the problem is further complicated. This was the case of the example

in the Third Technical Report.* Now, from (2-10),

2
s(sta ) (sta,) = s s+a; stap ’

N

G(s) (2-11)

where

ay(ar- a) (2-12)

Then

H

G(z) (2-13)

As z —» =1 on the Nyquist path, the denominators of the terms of (2-13)

approach each other in value. Or

1
m  G(z) ¥ 27 (kg +ky +ky) = 5 (g +ky + k) (2-14)
z—p -1

*Phillips, C. L., et. al., "Digital Compensation of the Thrust
Vector Control System," Third Technical Report, Contract NAS8-11274,
Auburn Research Foundation, Auburn, Ala., pp. 47-55; September 28, 1965.
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Now, from (2-12)

k1 + ky + k3 = b2 . (2=15)
Numerical inaccuracies occur, then, 1if b2 is small in magnitude compared

to either k kz, or k3. For example, if |a1| << 1 and |az| <<1,

1’
then

b
lky| = |;;§;l >>1 , | (2-16)

and |k1| could be several orders of magnitude larger than b,. The
difference between the values of the terms of (2-14) occur in the
nth significant figure of the computation, where n is the largest

value given by the relationships

| = 10"
‘bzl (2-17)

==l ¥ 107
52

ue

10"

and where (2-17) are satisfied only to the order of magnitude. If b2
is zero, then expressions equivalent to (2-17) can be obtained is terms

of b1 and bO'



4. Methods to Avert Inaccuracies

There are several methods by which the inaccuracies discussed

above may be averted. These methods are given below.

1.

If numerical inaccuracies occur when the computations are carried
out in single precision (eight significant figures), performing
the calculations in either double precision or triple precision
will usually give the necessary accuracy.

For Case I, it is seen from (2-7) that the two poles must be very
close together before inaccuracy problems will occur. For this
case, the poles may be assumed to be exactly coincident with no
noticable error in the Nyquist diagram. Then no inaccuracy pro=-
blem will arise. For Case II, inaccuracies can occur with either
a; or a, relatively large. For this case, errors will occur if
the poles are assumed to be coincident.

The z-transform of the partial fractions causing the inaccuracy
problems, as in (13), may be recombined into a higher-ordered
function of z using double or triple precision, which ever is
necessary. Then the Nyquist diagram data may be obtained using
single precision.

The total z~transform of G(s) may be recombined into a single
rational fraction in z using double or triple precision. Then

the Nyquist diagram data may be obtained using single precision.
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III. AN UPPER BOUND ON QUANTIZATION ERROR
IN DIGITAL SYSTEMS BY THE DIRECT
METHOD OF LIAPUNOV
1. INTRODUCTION

This chapter is based almost entirely on the work of G. W, Johnson
as given in [1,2]. The purpose of the following discussion is to
develop more explicitly some of the relations used in [1,2] and to
define some of the terminology used by Johnson in the context of
engineering usage. |

Johnson's method is applicable to stable discrete systems which
are linear with the exception of quantizing non-linearities. His re-
sults are particularly attractive in that a realistic error bound is
established in closed form for both transient and steady state errors.

In general, the solutions to the problem of quantization error
estimation have fallen into two categories. Widrow [3,4] considered
the problem from a statistical viewpoint and he established that, if
certain criteria are satisfied, an r m 8 error estimate can be obtained.
This method does not, however, provide a worst case error bound and
is not applicable if the input signal to the quantizer does not have
a dynamic range covering several quantizer steps.

The other category of error estimation, and th- one to which
Johnson's method belongs, is that of establishing an upper bound on

system errors due to quantization. Bertram [5] developed a technique

10
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with which a rather pessimistic error bound may be obtained. The
method may be used to obtain both dynamic and steady state bounds

for the error but, unless the system response is overdamped, a separate
computation is required for each sampling instant. Slaughter (6]
advanced a technique which also falls into this second category. This
technique is very much like the one given by Bertram, differing only
in that the final value theorem is applied to obtain an estimate of
steady state system error due to quantization. The resulting steady
state upper bound is somewhat less pessimistic than Bertram's steady
state error bound but this bound is, again, not necessarily an upper

bound on transient errors unless the system response is overdamped.

2. Mathematical Formulation

The system given by Figure 1 will be used as a basis for the
theoretical discussions which follow. Note that only one quantizer,
at the output of the digital element, is shown in this figure. Al-
though the relations to be developed are extendable to multiple
quantizer systems, (Sect. 4), the developmental work is somewhat less
cluttered if only one quantizer is considered. Further, it is quite
often the case that a single quantizer, usually the output converter,
is sufficiently gross relative to other system quantizers so that only
its effects need to be considered.

After Johnson, let u(kT) represent the input to the quantizer,

w(kT) the output and q(kT) the round off error due to quantization. Thus
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q(kT) = u(kT) = w(kT) . (3-1)
Referring now to Figure 2,

wkT) = (1) - & , (3=2)
where i is an integer with the property that

i - -21-)A < u(kT) < (i + %)A . (3-3)

Thus, the quantizer shown in Figure 1 can be replaced by a unity gain
element whose output is summed with the quantizer error, q(kT). Note
that in order to obtain a precise description of system response, it

is necessary to determine the quantizer error sequence, q(kT). In
general this is difficult to obtain in closed form since the members

of this sequence are complex functions of the past system states and
inputs. Nevertheless, the system can be represented, conceptually at
least, as shown by the signal flow diagram of Figure 3. In this figure,
NE(z) is the z=-transform of the system error which results from the

q(kT) sequence. Further; if q(z) is the z-transform of q(kT),

a(z) 6(z) (3-4)

A E(z) 1+ G(z) D(z) °
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Figure 3.-Signal Flow Graph for Basic Digital Contreol
System with Cne Quantizer
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which in general assumes the following form

(h 2"+ .. .+hg) q(z)
A E(z) = ’ (3-5)
2" +a__; 2"l 4+l +ag

where n > m for physical realizability. Equation (3-5) may be represented
by a set of linear difference equations. One technique for accomplishing

this transformation is the following, Let

q(z) A E(z)
M(z) = n n-1 - m )
z ta _q2 +. .. +ag h z +...+hy
(3-6)

Thus,

m(kin) + ap g m(ktn-1) + . . . +aj mk) = q(k), (3=7)
and

hy m(k+m) + . . . + hy m(k) = A E(k) . (3-8)
Let

xl(k) = m(k)

x2(k) = m(k+l)
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(3-9)
xn(k) = m(k+n=1)
Combining (3-7) and (3-9), the following state vector difference
equations result.
~ - - - o - -
x, (k+1) o 1 o0 o 0 xq (k) 0
xz(k+1) 0 0 1 0 0
; = - - - - + q (k)
xn(k+1) 0 0 0 0 1
xp, (k+1) -ag -a; =&, = - ") "8, x_ (k) 1
L—r w—— b o— — a—od h— —
(3-10)
A e(k) can be determined from (3-8) and (3-9).
A e(k) = ho xl(k) + ...+ hm xm(k) + 0 xm+1(k) + . e
+0 x (k) . (3-11)

It will be convenient to write the equations (3-10) and 3=11) in

the more compact vector-matrix notation.

x(k+t1) = Ax (k) +G q(k) . (3-12)
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Ae(k) = H x(k), (3-13)
T _
Where H - [ho, hl’ e o o }ltn’ ol‘lﬂ'l’ « o 0 On] . (3-14)
Recall that, at the outset, it was stated that only stable linear
systems would be considered. This means that the eigenvalues of A

lie within the unit circle; that is,
a1l <1 1=1,..., 0 (3-15)

Now the quantizer error sequence, q(k), is bounded for all time,

i.e.,

A
lq)| < 3 k2k (3-16)
This leads to the important conclusion that the output error, A e(k)
is also bounded for all time. (That is, bounded inputs to a stable
linear system will result in bounded outputs.)

Further, The solution to (3-12) and (3-13) is simply,
k|
. iek
Ae(j) = HT [Aq x(0) + E: AJ G q(k=1)] . (3=-17)
k=1

Now the term HT Al 5(0) decays exponentially to zero as j increases

j

since A" is the transition matrix of a stable system. It is evident

then that the steady state quantization error is determined by the
term HT Z AJ-k G q(k-1) .

k=1
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3. Application of the Direct Method of Liapunov

The direct method of Liapunov attempts to make statements on the
stability of the equilibrium without any knowledge of the solutions
of the differential (or difference) equations. The theorems develcped
by Liapunov are applicable for the investigation of the behaviour of
an unforced system in the neighborhood of the equilibrium point. It
has been shown, however, that if the linear system (unforced) is
asymptotically stable in the sense of Lieapunov, then it follows that
the forced linear system possesses bounded input-bounded output stability
[7]. A similar statement is valid for systems giverned by linear difference
equations.

Consider the unforced state equation,

x(k+1) = A x(k), (3-18)

where the eigenvalues of A lie within the unit circle. Let the Liapunov

function, V(x(k)) be of the quadratic form,

V(x(k)) = x (k) B xX(k), (3-19)

where B is a positive definite matrix. The first difference of (3-19)
must be negative for all x in order for v(x(k)) to be a Liapunov function

for the system of (3-18).

v V(x(k)) = V(x(k)) - V(x(k)) = xT(k) B x(k) - xT(k-1) B x(k-1) .
(3-20)
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However, from (3-18),
xT(k) = x (k-1) AT, (3-21)

Thus (3-20) becomes

V V(x(k)) = x'(k-1) AT B A x(k-1) = xT(k-1) B x(k-1)

= xT(k-1) [AT B A - B] x(k-1). (3-22)

The requirement that V V(x(k)) be negative for all x(k) is equivalent to

the requirement that
T
[A" BA = B] = =C (3=23)

is negative definite. Therefore, C is positive definite. It has been
shown that for any choice of C that is positive definite, there exists
a unique solution of (3-23) for the elements of B only in case the
eigenvalues of A all lie within the unit circle, a condition which

is satisfied for the system under consideration.

The significant aspect of the approach advanced by Johnsoa is that
the direct method of Liapurov is used to investigate the "uniform
boundedness' of the solutions of (3-12). Hahn [8] gives a definition
of uniform boundedness relating to systems described by differential

equations. The definition is restated here for difference equationms.
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Definition: The solutions of a difference equation are said to be
"uniformly bounded", if there exists, for a given h > 0, a constant

r > 0 depending only on h such that,
 x(k, x, k) || <r for all k >k, ,

if || xx)) |1 <n.

Definition: The notation EﬁkmEQ’ko) is read; the state of the system

at time kT starting at state x, and time k,T, where k and k, are integers.

Definition: .E(kaEO’ko) = [xl(k,xo,ko), . o s xn(k,xo,ko)]T. Then

” K(kyﬁosko) H = [xlz + .. ., + xn?]llz.

Although V(x(k)) = 5?(k) B x(k) is a Liapunov function for the
unforcad system equations, (3-18), it can also be shown to be a Liapunov
function in the sense of uniform boundedness of solutions by the
following arguments. By utilizing equation (3-12), the first difference,
V V(x(k)) can be determined to be

v v(x(k)) V(x(k+1)) - V(x(k))

*(ktl) B x(k+1) - xT(k) B x(k)
= [x7(k) AT + 6T q(k)] B JA x(k) + G q(k)]

- xT(k) B x(k).

After considerable manipulation, (3-24) becomes
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V V(x(k)) = -x7(k) C x(k) + GT B G q2(k) + 26T B A x(k) q(k) .

(3-25)

It is apparent upon inspection of (3-25) that there exists a region

in space, E", whose axes are X,, . . ., X , such that V V(x(k)) is
n

1’
negative. This arises because of the second order effect of the first
term on the right hand side of (3-25). Thus a spherical ball may be
defined with radius p such that if || x || >0, V V(x(k)) <0. A
value of p which satisfies this condition maybe computed from equation

(3-25). 1In order to facilitate the development of p, it is necessary

to define several terms of relevance to the derivation.

Definition: The symbol || A || denotes the spectral norm or simply the

norm of matrix A.[9] Further,

1Al = swp || ax ||
S (3-26)
x#0
= 1]

In words, || [A] |{ is a number with the property that if x ¢ En; i.e.,
is a member of E", then the norm of the point Ax is less than or equal
eo || &[]+ 1] 1l

Some of the properties of spectral norms of matrices are given by

the following theorem taken intact from reference f9].
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Theorem: If A and B are two n x n matrices, then || A || > 0 unless

A = 0, the null matrix; if @ is a scalar;

[laal]l = Jlal]-|lall (3-27)
la+s|]<|lall+]]sl]l (3-28)
la-sll<llallIls]|l . (3-29)

If a matrix, A,is positive definite, it is symmetric about the
diagonal and thereby has several useful properties which arise from its

structure .[ 9 ]

Il A ]| = (max 2; A)] (3-30)
i=1,n
i.e., the norm of A is equal to the positive square root of the maximum
eigenvalue of A.

11]

Further, if A is positive definite,[

[ min a1 |1 2 11°s 5FAx< Dmaxd, W)= 112, 30
i=l,n
The above properties, which are sufficient for the purposes of this
discussion, are necessarily a rather restricted summary of the properties
of matrix norms.

Now,returning to the problem of establishing the quantity p, the

requirement that V V(x(k)) must remain negative is equivalent to

requiring that
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x5(k) € x(k) > GT B G q2(k) + 26T B A x(k) q(k) - (3-3:\

Now the right hand side of (3-32) is a maximum when q(k) is its

maximum value of é} and chosen with appropriate sense to make the second

term on the right hand side of (3-32) positive. Thus (3-32) becomes

T A? T A
xT(k) C x(k) > G Be  +1]26 BAlc(k)-El (3-33)
Now by equatiocn (3-31) ,
() Cx(l) 2 miny ©) - | x |1% - (3-34)
i

Thus the satisfaction of inequality (3-33) may be guaranteed by requiring

that
2 T A? T
| min 2 [€] - |l x||">¢ Beg +[|cTBAXA . (3-35)
{ i
¥ A simplified expression which assures inequality (3-34) may be

realized, is

Lo W4

25 T gl
min L] - || x11*>6"8cF + |l cTBan]|l-|lxll,
i (3-36)

It is apparent that if the equality is used in (3-36), the solution

of (3-36) for || x || will represent the least value of 1| x |] for

sl BN e




-

23

which (3-33) is satisfied. This corresponds to the quantity p, defined

previously.
2 1/2
5 = I1cfBall 4[|l cTBall® , cTre LB
min M o[€) min Riz Lcl min A; [C] 2
. 1 i I 1))

At this point, perhaps it is worthwhile to summarize and consolidate
the results obtained. By application of (3-37), a spherical region may
be derfined in E™ with the property that V V(x(k)) is negative definite
for all values of state exterior to this region. The next objective
is to define the region of uniform boundedness of solutions for (3-12),
i.e., the bounded region within which the system state a.ways remains.
Obviously, since the system error due to quantization is a linear com-
bination of the state of the system at any time k, if it can be
shown that there exists a bounded region within which the system state
always remains, then it follows that the error due to quantization is
always bcunded.

This leads to the following theorem which states the central results

of Johnson's papers.

Theorem?

Given: The system of linear difference equations (3-12)
(a) The Liapunov function, (3-9).
(b) The number p of (3-37) with the property that if ||‘§ [ >0,
v V(x(k)) < O0.

Let M be the set to which x belongs only in case || X ll,f p. Let M,
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be the set to which x belongs only in case

Then if at t

x 1l <o | 2max(® | Y2t

X min (B) (3-38)

koT, x(k,T) is a member of M, x(kT) is a member of M,

for kT > k,T.

Proof:

The proof of this theorem is an almost immediate consequence

of a lemma on uniform boundedness given in reference [10]. This lemma

is stated and proved below.

Lemma:

Proof:

Let V(x) be a scalar function with continuous first partial
derivatives for all x. Let M be a closed and bounded set in
the state space with the property that if §;MC, Wi(x) <0.
Let M, be a closed and bounded set with the property that

M <M, such that if x,eM and‘gzeMi, then V(§1) <V(x,).

Then each solution of (3-12) which at some time k,T>0 is in

M can never thereafter leave Mr'
x (k+1) = A x (k) + G q(k) . (3-12)

(q(k) is bounded y k).

(after Lasalle & Lefschetz)

Suppose that a solution of (3-12) is in M at time k,T.

Assume that at k,T, x(k,T) ¢ ME, (k, < kp).

1

It can be shown thatBZ p by using (3-31).
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Then there must exist a time k¢T such that x(kT) ¢ M® for

kiT < kT < kpT. Note this implies that x(kiT) e M.

From the problem hypothesis,

V(x(k,)) = V(x(k,T)) .

This is a contradiction since W(x) < 0 for x ¢ MC.

x(kT) cannot leave M. and the lemma is proved.

(3-39)

Therefore,

Thus, all that is needed for a proof of the theorem is a demon-

stration that conditions imposed in the theorem satisfy the require-

ments of the lemma. These requirements are:

(1) W(x) <0 for x € M® - This is immediate from the definition

of M.

(2) show that if x, ¢ M and x, ¢ Mrc, V(gl) < V(ﬁz).

1

The maximum value that V(ﬁ) can attain if x € M can be computed as

follows.

V(x) = x Bx <max (8) || x ||?

Max || x || =0 .
xeM
Therefore,

Max V(x) < awmax (B) ° p2
xeM

(3-40)

(3-41)

(3.42)
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The minimum value that V(x) can obtain may be determined as

follows ¢

V(x) >Mmin (B) || x ||% . (3-43)
xeM,.©

Min || x || >8 . (3-44)
XxeM €

Min V(x) > Amin (B) B%= Mmin (B) - Mmax (B) . 2 (3-45)
xeM © amin (B)

Min V(x) > Amax (B) * p? . (3-46)
xeM ©

Equations (3-46) and (3-42) may be combined to yield the following in-
equality.
(3-47)

Max /») < Min V(x)

xeM xeM © .

The conditions imposed by the lemma are satisfied and the theorem
is proved.

Thus || x (k) || < p for all k. From equation (3-13), the system

error 1is

pe@® =HT x (&) < || BT || - || xG) || < || &[] - B (3.48)
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Some Implications of the Above Development

It has been shown that if xeM at k T, x<M . for all kj; < k. A
logical question which arises and one which Johnson does not clearly
answer is: In the physical system, is x(k ) always a member of the
set M? It would seem that ﬁ(ko) would be free to assume any value
within the dynamic range of the system variables. A further factor
seemingly omitted by Johnson's development is the system input, r (kT).
Actually both of these considerations are implicitly involved in (3-12).
Bertram [5 ] describes a set of error .state variables which are definéd
as the difference between the quantized state variables and the un-
quantized variables. For a system with only one quantizer, the follow-

ing form results
e(k+l) = Ac(k) + dq. (3-49)

Note that (3-49) is analogous to (3-12). Precisely the same solution

for Ae(k) will be obtained by using either (3-12) or (3-49). A2e(k) is, in
fact, the difference in system error e(k) for the quantized and unquan-
tized systems. Further, it is easily shown by using Bertram's arguments
that the term r(kT) does not appear in (3-49). Also, it is reasonable

to assert that the unquantized and quantized states are initially
coincident. It then follows that g(koT) =0 (0 is the Null matrix).

Therefore i(koT) e M.
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4, The Case for Multiple Quantizers

Johnson states without proof that the method can be extended to
the analysis of multi-quantizer systems by simply invoking the tri-
angular rule. This will be shown below. The upper bound on system

error due to the jth quantizer is
|2esC)| < ] H, || 8 for all k >k, . (3-50)

[® is independent of the choice of quantizer, unles A varies.]

Let Ae, represent the total system error due to quantization. Then,

lce, | = |oe; + 2ep + . . o+ teg| < ooyl + Joe,| 4.+ 2]

r
<P Z ||Hj ], for all x >k, (3-51)
3=1

This corresponds to Johnson's (26).
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III. DERIVATION OF TRANSFER FUNCTION -2(8) FROM
c
SATUR V EQUATIONS OF MOTION

1. Introduction

The development of an open-loop transfer function irom ¢p, the
platform angle, to B, the input to the controller, is essential in
the synthesis of a compensation function for the Saturn V control sys=-
tem, Therefore, in this chapter é%(s)'is derived from the Saturn V,
S-IC flight, =quations of motion, The effects of sloshing in these
equations are neglected in this preliminary effort to facilitate the

uvse of signal flow techniques.

L

2, Derivation of -é-g_(g)_
c

The transfer function gg(s) was derived from a signai flow repre-
c
sentation of the simplified equations of motion., These equations, in

generalized form, are:

1, Moment Equation

4
F1 -

[ Cc '

§ == Cja - Cpp - 1—1;8 ) YiGeIn
i=1
- k.S
I o (LegSE | IE \u _ 13%E
i=1
29
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2. Normal Acceleration of Vehicle c.g.

. St e
Z= kg0t k,p+ kot % Y'(Xg)ng + 'i'?'ﬁ (46=2)

T'?\v/j:~

3. Bendigg;Mode Equations

ee - 1 .

T e (4-=3)
!
- 1Y (Xg) Js
i=1,2, 3,4
: 4. Miscellaneous Equations
3 4
op = & + y Y' (Xp)ny (4=4)
2, i=1
i
i a=0¢-2 (4-5)
! v
1 A~ + AyS
B . o1 — (4-6)
Bc By + Byst B,s + B,s3 + B s + B.s> + B.s6 + B_s/

The signal flow graph representing the Saturn V simplified equa-
tions of motion is shown in Figure 4. From this signal flow graph,
¢ .

the transfer function _2(3) may be derived by the use of Mason's gain

c
formula.
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®
The general form of Eg(s) from Mason's gain formula is
c

aD( ) 24 (2084 4+ ... 4+ 2358 4 1.0)
aom— s =
[~}
~¢ Dyp (Dgsl0 + ... + Dgs + 1.0)
(64-7)
= i i

Nyquist Program

A digital program has been written for use on an IBM 7040 digital
computer as an aid in generating a system compensation function. The
program, which appears in the Appendix, has three functions. They are

2
1. Calculation of -2(3) transfer function coefficients.

Pe

2. Calculation of the poles %2(8).
c

»*
3. Calculation of the sampled frequency response of Hy %2 (8),
c

where Ho represents the transfer function of a zero-order hold.

The frequency response is computed by the series approximation
method fci positive frequencies only. Thus, the image plot must be
generated external to the program to complete the Nyquist diagram for

the open-loop system.
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V. CONCLUSIONS

It was shown for the case where two poles of the continuous transfer
function are almost coincident and for the case where three poles of the
continuous transfer function are almost coincident that numerical inaccu-
racies may be expected if the z-transforms of these functions are to be
used to generate frequency response data. Criteria were developed to
facilitate the generation of valid data for these two cases by specifica-
tion of the required number of significant digits which must be carried
for accurate computations. These criteria were based on the pole con-
figuration and coefficients of the continuous transfer function. Four
methods were suggested for the aversion of computational inaccuracies
due to nearly coincident poles.

Several important conclusions were advanced which describe the
effect of the finite word length characteristic of digital devices on
the performance of discrete systems. It was shown that the in-orpora-
tion of quantizers into an otherwise stable linear discrete system does
not destroy the bounded input-bounded output stability exhibited by
linear systems. However, such a system can exhibit limit cycle behaviour
and system errors resulting from quantization are likely to exist. Sev-
eral techniques for the estimation of the range of system errors due to
quantization were considered and the acceptability of the results obtained

by their application was discussed. A detailed development of a method,

33
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which can be used for the computation of a dynamic upper bound on
quantization errors, was given, The method is founded on Liapunov's
Direct Method and is applicable to discrete systems which are linear
if quantization is excluded and whose eigenvalues are less than unity
in magnitude,

A transfer function from the control engine input signal to the
attitude error angle was developed from the Saturn V equations of motion
excluding vehicle slosh dynamics., A digital computer program was gen~
erated to facilitate development of the coefficients, the roots of the
characteristic equation and the sampled frequency response for the

above transfer function.
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APPENDIX

COMPUTER PROGRAM FOR CALCULATION OF ¢p/B.

Q{***iiii{l*ii{il%kkﬁhKlik*{x%*ﬁ*lﬁikki%i%*ki&ilx***l%*****¥**l**i****li***lil

TLN(7 RS REG 4 ZVVOEXAD 4 ZIASEAD 4 7K 4 1,0
PHIM/ETAC = /
D] K(PUXSERIC + DIXLKRT 4 DOHRCHXR 4 DAXGEXT 4 DAKSERE 4 DSHSHXD

/ 4+ SEM(T=1 THRU &)
s NEEGERL + NTECHED 4 DORGRED 4 DOXG 4 1,0

YTO6*(YINRSHRE + YT1*¥OKEE + YIOXC¥x4 + YI2XGH®2 4 Y]4%5¥%0 4

/
WIKNOADY DR (SHXD/WIHRD + SHOAJETAL/W] 4 1.0)R(DOXSHXL0 + DIRS*HT

YI6®S + 1,00
/ /
+ NORSERR 4 NAAGHET 4 DLASK¥EL + NMEXRSHXE 4 NAE*GEXL 4+ DTRSHERT

/
naxcexy 4 NOXS 4+ 1,7
i***%*&&**********ii****il*******{*i*:**iiii**l*I***il*#i***%**lil%******{*l**

PIMENSTION YRI4),

18R (1u)y
2P1 (4
2P1R(4)y

AT

YPR{4) s
SAVF{1R)Y

YPN{4)

ML)y Wb

Yo ZFTA(L),

SSAVE(1R) s

Q1046

Q204)

N3(4)

YC({4)

Yt(4)o

Y2 (4)

Y2{4)

Y4 bty

YE(4LYy

YAU4LY s

P2R (&)

P11(4)

P21(4)

IN YY)

COVPLFX TFOSOPCNIvWUMlonﬁ(Q)9NN(A‘~(MDLX9fCXP
10 FORMAT(2(5XsF1548))
11 FOR™MAT(4(SX sF15,8))
REFAD (69 10)ALC ALY R0
REAN(H917)IR] 924172
REAN(H91N )4 ARG ,04
RFAD(541118 790140 2F
RFAD{B,1Y)ALCGy ATXXy AIF, T
PFAD(Ss11)AGFs AK3 s AK4y P
RFAD(5911)AK7s AMy RPs V
READ(Ss11 )W (1) “W{2)e W(3)e W(4)
REAN (53111 2FTA(LYs ZETA(2)s ZFTA(3)
RFAD(S5911)1GM(1)s GM(2)s GM(3)y oM &)
READ(5s11)YR(1)s YR(2)s YR(3)s YR(4)
RFEAN(5511)YPA(1)s YPR(2)Y YPR(3)y YPR({4)
PEAD(S,11)YPN(TYs YPNI2)s YPN(3Y, YPD(4)
33 FORVAT(IH ¢4X o 1"HINPUT NATAS/ /Y
PRINT 273
PRINT 10, ALD> ALl RN
PRINT 1Ny Rl Ry R13
PRINT 1N, R4y 35, RE
PRINT 11y RT7s Cly C2s F

2°TA(4)Y
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pPRIN
pRIN
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pRIN
PRIN
PRIN
PRIN
pRIN
POIN
AK?3
AK G
AKT
M
A2
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nn
0l
n2
na
D&
D%
né
N7
nea
ng
24
zn
21
22
22
no
Wit
21¢
N2t
03¢
ot
P11
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o}

Yol
Yl
vat
1
Y3l
1
2
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T 11y ALFAy ATXXy ATFE, T
T 11y ACEy AV 2, AK4,y P
T 11y AT, AYy RP,y V
T 171 “(1Vve W(2)y “(2)s W(4)
T 11y 2FTAi{Y)s 2FTA(2)s ZFTAL)y 7FTALL)
T 11y AM(1)s AMED2)e AM(2R)y GM4)
T 11y YR(1)s YR(2)s YR(3), YR(4)
T 11, YPBI(1)y YPR(/?2)s YPR(3)y YPR(4)
T 119 YPO(1)s YPR(2)s YPN(2)y YPD(4)
= AK3%¥57,798%78
= AK4¥%RT7 426578

AKT#57,20878
—(C24AKARASEF/ATXX)Y
~(ALCA#ASF/ATXX+ATF/ATXX)
= «ROARAKARCY/ (OTHV)
leN/NYO
(R6/BT7+AKT/VY/DIC
(RE/RT+REXAKT/(RT®V)I4+71) /P10
(B4 /RT+RE#CI/RTI+RERAKT/ (RTRV)~AKIXC1/V) /D10
(B3/B7-RE6E*AK3I*CY1/(RT#V)+BS*C1/BT+R4HAKT/(RT®V)Y) /D10
(B2/B7-RE#AK3IRC1/(BTRVI+B4%¥C1/BT+B3*#AKT7/(RTRV))I/D10
(R1/B7-R4XAKIHCL/(BRTRV)+RIAXC]I/RT+RIXAKT/(RT*V)}/D10
(Br/R7=RAXAK A/ (RTHV)I$R2HCI/RT4+RIRAKT/(RTRVII/N10
(=B2#AK3RC1/(R7#V)4+BI#C1/BT+BORAKT/(RT*Vi) /D10
(«=R1#AKIRCY/(RT#VI4RO%C1/B7)/D10
AYRALNRAK T/ (BTRV)SCIHAKGRALC/ (RT1V)
(A2®#AL1/RT7Y/24
(A?*ALO/B7¢A2'AL1*AK7/(R7'V)+A%F*f1*AL1/(°7*AM*V\)/Za
(A2*ALO’AK7/(P?*V)+A1*AL1/R7+ASF*(1*ALC/(R7*AM*V))/24
(AY#ALC/BRT+AI®ALI®AK 7/ (BTRVI+CIRAKLHALY/(BTHV)) /24
I=ly &4
=z W(T)#2,0%3,1415927
(ASFRYB(1)Y=-AIF#YPR(I))/GM( 1)
PRFAYP3(1)/AM
PR -FRALCG/AIXXRYPR([)-F®*YR(])/ATXX)
YPnN(1l)
RPRYR(I)/7GM( 1)
AYLTYRALO/(RTHVIE(NI (1) %CT14QR (T RAKT =04 (11 ¥AK2RC])
(QG(TY%#PYI(T)®RALY/RTI/YEI(T)
(D4 (TYRPY(T)/BRI*(ALO+ALIRAKT/V)YI/YE(T)

\
}
)
)
)
)
)
)
)

V+AL1#C1)Y/7Y6(])
(PI1(I)/BT#(Q2(1)#CI#ALL/V+Q3{1)*ALC+Q3(1)2AL1*¥AKT/V)+
QU(T1)/BTH(QL(T)I#ALC+QI (T ) *AL1*AKT/V4P1 (T ) *ALO*C]1=P1L])*
AL 1®AK3RCLl/VY)/YEL(T)

)

) = (QP(1)#P1L1)#CI#ALC/V+QI(T)%#Q3(T) *AL1+Q3(1)*P1(T)*ALO®RAKT/
VHQI(T)RQG{ 1) RALO#AKT/V4Q1 (1) #04 (1) *ALI*C1-G4(1)*P1(]1)#ALO

#AKARCL1/VYI/(BTRYE(1))

(AL :/BT#(G2{1)*PI(1I+Q1(1)*Q4 (1) )+Qa(1)*P1(1)/B7*(ALO*AKT/

. - -
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1TOYE(TDY) = MV UIN/0TECLOCINRCIEALT/VHLACT) R O LT FALYRAYT/VE 6T X
1 ALNXAI= T4 ( TYRAL N KACARAT /YN /YA (T
117 FORMAT(IH] 04X a2 THE £OMPLUTEN CNFFETATONT . 8 PHIN/UCTAC FORS/ /)

PRINT 111}
12 FARMAT(BX s 1 2HFLIGHT TIVF= FE lalXel i e00nny, ARy //)
PRIMT 12, T
19 FARVATLOX 9 HZ. =F 19 4R 48X 3R/ 1271048 sAX 9 AH7 2 =F 15 4R/ /)
PRINMT 13y 7 9 71s 72
14 PPQ?AT(GXQKH?Q=F1Q.°99X,1H7&=fl:.qo//1
DRINT V144 7 74
16 FARMAT(BX e 3HN =F15 R 4ARX g 2HNTI =10 A 48X 3 2HN22F 18,8, //)
DRIMT 1R, Ny N1y NI
1A CﬁP“AT(5X01Pﬁ1='15.99°Ye°““h=f]“.ﬁo°xo’““‘Tr‘“.QQ//)
PRINT 16y N2y N4,y NF
17 FARMAT (BX 9 3HNAZC1H (A4 X g THNT=F 15 4B g AX g 2THNR=F 1R ,R 4/ /)
PRINT 174 NEy N7y NA
19 FARMAT(EX s IHNA=F 16 4 893X g 4HN] =C1ReRs/ /)
PRINT 1Ry, NAy DO
16 FNRMAT(5XeAHY (1)=r15.QoQXiFHY](1)=r1‘.°9‘X96HY7(1)=F15a8¢5X9
1AHY 3 (1)=F154%4//)
11e FOQMﬁT(SX,ﬁHY&(1)=C15.RgRX96HYQ(1):Clﬁ.QqRX,GHY6(1)=515.89//)
PRINT 19y Y (1) Y1(1)s Y2011 Y23(1)
PRINT 119s Yal(l)s Y5(1)s YA(1)
o0 EARMAT(BXeaMHY (212156, 48X sAHYT(2)1=F 18 R 4RXsAHY2 (2 )1=F1KReEXy
16HY3(2)=F184Ry//)
120 FFQ”AT(“XvﬁHYQ(?)=f1S.Qs‘xobHYg(7‘=V15-R0‘X’FHY6(9)=F‘“.8!//)
PRINT 27 YOI (D) YYI(2)s Y2U2)s Y2 (D)
PRIMT 120 Yalb)e YBRI(2)e YAL(?)
21 FORMATIEXSAHY (31=F 16 690X sAHY L) =F 16,8 4EXeAHY? (2)=F15,855X
16HY3(2)=F1%¢84//)
121 :CRVAT(5X96HYQ(3)=715¢“09X05HY5(1)=315.99‘X’6HY6(3)=F15.90//)
PRINT 21 Y7 (3)s YVI(3)s Y2(2)y Y3I()
PRINT 121s Y4(2)s YB(3)s YA(3)
277 FORMAT(SXeAHY (&)=c1q.poﬁxoﬁHYl(Q\:V]“.ﬂo“XoﬁHYz(4)=F1‘.995X’
TEHY 2 (4)=F154Ry//)
122 FPQMAT(RX,AHYQ(&)="1S.QQCX,AHY“(h\=f1‘.ngXyFHYﬁ(h)=C1R.PQ//)
PRINT 225 YN(4)s Y1(4)s Y2(l)s Y3(4)
PRINT 17229 Yal(l)s YB(4)y Y6(4)
N IS THE ORNDF? AR THE POLYNNOMTAL

1112 N = 9
NZ = N
IM=C 0
C = 140
SF = 140
AR(11) = 14,0%C
AR(10) = DO/SF*C
AR(Q) = NR/SFX*IXC
AR(R) = NT7/SF%%Anr
AP(T7) = NE/SFRR4%C
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2 st

Vo il e 5

222

a1
66

1

1

1

AR(6)
AR(E)
AR(4)
AR (3)
AR(2)
AR(1)
caLL
FARMVA
PRINT
Ny 2

39

NG/ CFHXRRC
NG/ QFERK®C
N3/ GF#%T#C
Ny JCFRRRRC
nN1/SEX%Q%C
NOJSEXRYNRC
SOULVFR (Mg TMa ARG AT 4 1VF)

!

TUIHT ¢ 4X s LNHTHE PR ES AF PHIN/AFTAC (RIGIN RONYY ARF 4/ /)

227
K = 1l¢ M2

L=2%K=]

Mz 2#K
SSAVF
SSAVF
IF(AR
SSAVF
CONTI
FORMA
WRITF
CONT?
FORMA
2//)

PRINT
no /1
PIR(!T
PIT( Y
P2R( 1
p21t1
WRITF
WRITF
CONTY
FORMA
PRINT
OMFEG

TF =

TS =

OMEGS
NTILT
NX =

no 24
XJ =

OMEG)
S = C
NiM]

nENY

TF =
po 23
NN (K )

(L) = SAVF(L) / SF

(M) = SAVE(M) / SF

SUSGAVF (Y) )=l 1FNIr "OE=nR) 24474418
(M) = NgnirnprrngE A

NUE

TIEXsE154R92XsC154R92H Js//)

(6+7) SSAVE(L)s SSAVE(M)

NyE

TUIH] o LX 94AHTHF PCLFS RESULTING FRAM THE AFNNINA MONFS ARF

76
1

)
)

14

=ZFTA(TIY*W ()

“W(TIRSORT(14C=-ZFTA(T)¥¥2)

) PIR(T)
) -811(1)
(692) PIR(I)y PII(I)

(692) POR(1)Y P21(1)

MUIF

TIIHY 44X 93NHFRFQUENCY RESPANSE QUTPUT NDATA o//)
66

= N,NGK
CMPLX( MMy NgN)

Ne" 4

= DeN%2341415927/7S

= ?

2ANTILT+1

J = 1ls NX
“NTILT+U=-1

= OMFG+XJROMFGS
MPLX(NgNy NVMFARY)
= (2C42)1/75422/SH%2422/G%8241 ,N/SH¥L4) %N 1F=10
2 NI0/24%(NNACRBBINTHSERELNIASH R4 4N AXCHEILNLRSHRD $NERS
4DAPNT/SHNC/SERIINO/SHR4] JO/SHRL1%¥0,1F=-10

TEF=140/VSENUMY /NDENTR(]40=CFXP(=S#TS)V/S

K=1s4

= YOE(K)I*¥{YI(K)*#S4YT1(K)+YDP(KY/S+YAKY/SuRD4YLIK)/SH¥%2
+YS (K)/S%RL41,0/5%%5)%,1F=-2N
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40

AR Y = VXX (5 X/ (var¥eny 00 w2 0Ta(v v/ (Kyat " VARENY /82y
¥ 1Fen”

22 TE = TF 41, JTORNN()/NNUY ) (Vg =X =TTy /¢

24

an
ER|

a4
LY

CONTINUF

ARSVAL = CARS(TF)

RR =2 DrgqNEA|NTYr (ABLVAL

PHASF = &7 ,7G6T7A¥ATAN?(ATIVATLITF )Yy REALITFY)
IF(PHASF)Y) 2143N,4131]

PHASF = PHASF+3AN,N

CNANTINUE

FORMAT(EX 9 6HNMFRASF T 424 AX g IHPR=FN 42 4 AX g AHRPHACF=FQ 4 3)
PRINT 28 40YFGeNRyPHASF

FXIT = 341476027/ 7¢<

TE(ONER (CFq NN AN, ONMFr JLF, ")y A TN 44
NAMFA = ONVEA 4 00D

GO TC &E

NMEG = OMFG 4+ N1

TFICMFG=FXTT) 4ol

CONT INUF

sSTOP

FND

$SIRFTC SCLVER

21

e
24

~

SURRCUTINF SCLVER(NsTMeARGAT 4 CAVF)
NIMENSTON AR(1IDYs AT(I0Y)e SAVE(18)
RFEGIN NDATA INPUT

M=N+1

TE (TM)24427%,474

NO 20 J=1.Y

AT(J)=NG"

CONTINUF

INDFX=z?

FND "ATA ~PUYT

REGIN N1, CRS FTHAN

KOUMT =7
TOL = 1eF-2r
{TRA=&N

DIR=AR(N+]1)+AR(N)+ART |=)

OYI=AT(N41)+AT(NY+AT (N=1)

POo2R=AR(N4+1

P21=AT(N+1)
UzAR(N)#%2=AT(N)#%#2=g ,Cx (AR(N=1)¥AR(N+1I1=AT(N=1)*¥AT(N+1))
V2o URAR(N)I®AT (N) =4 O¥ {AR(N=T1)*¥AT(N+1)+AT(N=1)#AR(N+1))
Q=AR(N)

P=AT(N)

KRAD=1

GO TO 500

TEMP=RADR#*¥24ANT *#¥2

IF(TFMP) 5174517451

XR=45

X1=040



S

Brbespesenm 4

el

€y

&1
&04

506

5N
%2

5211
521
822

523
524

52%

526

41

¢cn TN 812

XR==7qC* (AR (N+1 VY ¥RANRFAT (N4 I VHRAD] Y)Y/ TFEVP
XT1==DOR(AT{N+1)¥RANR-AR{N+1 ) ¥RANT)/TEMP
HR=XP

HI=XI

WR==XR

Wiz=Xx1

KPOLY=1

GO TO 41
TEMP=(ARS(PRIFARS(PINVY/(ARS(PIRYFARS(PDT)Y)
TFITFVP=1D )B8NR,RNE ,&0HK

WQ':.“'WR

WizeheWl

HR z=WR

Hi==WI

XR=HR

X1=H1{

GO Y0 %1

PaAR=PR

P31=P] )
NEN=ARS(P3IR)4+ARS(PAY)
IFINENY 7T 4521

XRO=XR

X10=x1
IF(ARS(PIR=P2R)=1,F=~2515214521+525
IF(ABS(P11=P21)=1,F=251K2245224525
IF(ABS({PIR=P3R)=1,F=2515224522,525
IF(ABS(P11=P311=1,F=25)158244524+525
WR=1,40

Wi=0e0

GO TO 53

TFMP=WR4+1,N

AR=TFMPXP3R WD AT
AT=TFMPXD] W ¥PAR
O=TFMPXPIR=-WI*PD?
R=TFVPRPIT4WIHPOR
TEMPz=WR#PIR=~WI*P ][ ~N+P2R
Fl=WR#P11+WIHP]1R--R4+P31]
FRzWR#TEMP=WI*F1

FIsWR&F I +WIRTFMP

Q=FR=-C+DR

R=F[=R+D!

UzQ#Q=RAR=4 JOX(NRAFR=DTRFT)
V=2,080%R=4 ,OR(NRAFT4NT 4FP)

KRAN=)

GO TO 8NN

TEMP=RANR#R24RANT %%

WR2=? JOR(NDRARANRLD I #RACTY/TFMD
WIz=2,0#(DI#RANR~-DR*¥RANY ) /TFMP
HRO=HR

HIO=H1




42

HRzWR#HRO=-W I AH [N
HT=WR¥HTN4W T *#HRD
XR=HR4XRO
XT=HT+XI0O
KPOLY=?
O TO 41
527 TFVMP=(ARS{PR)IFARS(PTY))/NFN
1FITFMP=1C, 16069878
528 WR=(C (E#WR
WIizCeS%WI
HR=HRO
Hl=sHIO
GO TO 53
() KOUNT=KQUNT +1
. c APPLY CONVFERGFNCF FRITFRION
; TFST=zARS{XR=XROY4+ARG(XT=XT0)
TFMPARS (XR)I+ARC({XT)
IF(TFMP =1 ,N)82062 4K
61 TFST=TFST/TFMP
: 62 IF(TFST=TNL)T797+64
: 64 P1R="_R
P11=pP21
P2R=P3R
i P21=P31
: P3R=PR
‘ Pa1=P1
TFIKOUNT=1TRAR44)52 4841950
R4 1FIKOUNT=TTRP)IRDI 4K 42,642

é = SFT 562 FOR NFW 1TRR ANMD NFW TOL IF NFSIRFN,
541 I1TRB=1TR8+10
TOL=TOL®]1",
GO TO 52
: 7 SAVF (INDFX=1)=XR
3 SAVF(INDEX) =X1
¢ INDEX=INPEX+?
C SUBROUTINE FOR CALCes OF COFFSe OF POLY, OF DEGRFF N-1 FORM THOSE OF
, c POLYe OF DFGREE N WHEN DIVINEN RY FACTOR X-~(XR+I#XI), ALL NOS. ARF
: r COMPLEX, ARGUMENTS ARE NoXRoe X[ sAR(UI9AT(UVsJ=1se0e N+,
? r RFSULTS OF CALC, ARF AR(JYSAT( U1 sJ=19eeesNsANND REVRIRFMT,

MaN+1
NO 76 Jz2M
f ARIJIZAR(J)+XRHBAR( J=1)1=XTHAT ()-1)

i 16 AT(JYI=AT(J)SXRRAT(J=1)4XTHAR( =)
c END SUBRROUTINF
N=N~1
, . IF{N=,)9+81+5
: 81 TEFMP=AR(1)1#%24AT (1) %#%2

XRz=(AR(2)*%AR(1)I+AT (2} %A1 (1)) /TEMP
XI=(AR(2)%A1(1)=AT(2)%AR(1))/TFNP
SAVF(IMDEX=1)=XR

oo ot o

m




3Ry

500
5001

LY
s0N1
5nN4

5008
5006

%01

4?
420
f

$SENTRY

43

SAVF LINDFEX) =X
RFTURN

"SURROUTINE FOR THF CALC,

(RADRIRANI)I=(QeRI+SOR(UWV) OF GRFATFST MAGNTITUNF,
TEMP=SQRT{USU+VEY)
1EI(TEMPAU)ISON1+80N1,85002

RADR=0,0

GO YO 5001
RADR=2SORT(TFMPaL))
1F(TEMPaU)BONL ¢ &RNNGWENNR
RADI=zN N

GO 10 85n0g
RADI=SQRT(TFMP=LI)
TEMP=QR#RADR+4R#RADI

IF(TEMP )60 95014807

RADR=Q=RADR/14414212%

RADI=R=RADI /1441421135

GO T0 %5013

RADR=Q4RANDR/1,01421125

RADI=R4RADT /144142135

GO TO (80:%526)eKRAD

END SURRCUT INF

SURRNDUTINFE FNOR FVALUATION OF PUiX)YeX COMPLFE Xy THAT 185,
(PRoPIVZ{aee( (A(1YRXSA(2)IRX44{T)) gq0) #X+A(N+]Y)
ARGUMENTS ARE NoXRoXIsAR(UJYsAT{ )Y .
MeNel

PR=AR(1)

PI=Al(1)

DO 42 J=22eM

TEMPa X1 #PR+XREPISAT ()

PReXRBPR=XT1#PI+AR( J)

PisTEMP

T1F(ARS(PRISARS(PI1=1,F37)142+42,420

CONT INUF

GO TO(S04LsR2T7)eKPOLY

FND SURROUT INF

FND
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