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ABSTRACT

A digital approximation of wavefront propagation described by
Blum is implemented on a computer to obtain a medial point transfor-
mation of two-dimensional data. The transformation is found to be
greated affected by noise and therefore unsuitable for pattern recog-
nition. The transformation is shown to be useful for data compression
and noise reduction. An aerial photograph taken over Phoenix, Ari-
zona is processed using the transformation.
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I. INTRODUCTION

r.

1.1 ,Background
 0

Recent developments in the remote sensing field have enabled in:-
b 

vestigatork; to sample and record vast amounts of video data.' The great
quantity of ootatned data- ..requirei s that methods be developed to process
the data automatically. This processing generally takes two forms.
First, the data may be proces s ed to establish its content relative to the
desired information; this establishes char' acteristics concerning shape,
position and composition of objects included in the data and is termed
pattern recognition. Second, the data may be processed to reduce its
quantity by eliminating redundancy, so that the data may be efficiently

transmitted or stored.  This is the process of data reduction.
Harry Slum 1 presents the idea of classifying a pattern by consid-

ering its surface area of arc length. This surface area becomes a func-
tion of time by considering it as a normally propagating wavefront.
Slum adds the restriction that when wavefronts meet, only the region of
space through which waves have not .passed are allowed to have waves
generated in it. Figure 1.1 shows the wavefronts generated by two
points for various values of time. 'Figure- 1.2 shows the wavefronts ob-
tained from a circle. Slum shows that • the arc length as a function of
time describes the geometry of the , .wave generating object.

A mathematical model of Slum's method of wave propagation was des-
cribed by Kotelly[ 2) and implemented on a computer by PhilbrlckC 3] .
Roth Kotelly and Philbrick suggested that the medial axis transformation
resulting from such a waver. propagation can be used for shape rec-
ognition. However, Investigatum by the author indicated that intro-
duction of a small amount of noise an the image being transformed re-
suits in a profound change on the oKwresporOlsi ng medial axis transforma-
tion. For this reason, it is believed thhat the medial axis transformation
is not useful for shape recognition, Sina6 glum's method of wave , propa-
gation involves a transformation of two-dimensicmial data, however, it is
believed that the method could provide a useful means of data compac-
tion. The usefulness of wave propagation fora data compaction was stud-
ied and the results are presented in this paper

^ti,
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rather than in a normal direction, to take advantage of two-dimensional

1 .2 Digital Wavefront Propagation

Bium's concept of a propagating wavefront suggests th,-.t the geomet-
rical properties of a two-dimensional figure can be transformed into a
different and perhaps more compact form. In fact, a receding wave-
front directly suggests a "shrinking" of data. However, to implement
this method of data reduction on discrete data (such as would be used
by a digital computer) , it would be best to modify the concept of wave
motion so that propagation is in vertical and horizontal directions,

arrays in operating on images.

A computer simulation of the wavefront propagation was made using
a GE 625 computer. The figure to be investigated was first assumed to
be a solid, homogeneous image. This image was then superimposed on
a grid of squares and each square was quantized according to whether
the majority of the area of the square was inside or outside of the
boundary of the figure. Those squares quantized inside of the bound-
ary of the figure were assigned a value of one and those outside of the
boundary were assigned a value of zero. These assigned values were
then punched onto IBM cards and read into the computer as a two-di-
mensional array which shall be referred to as the object matrix.

The quantization of a circle is shown in Figure 1.3. The circle in
Figure 1.3 (a) is quantized and put on IBM cards as shown in Figure
1. 3  (b) . Its appearance is enhanced in Figure 1.3 (c) by replacing the
zeros by blanks and the ones by '"A's. " The computer outputs 111 fig-
ures 1 .3 (b) and 1.3 (c) are distorted because a computer line printer
prints ten characters per inch horizontally while it only prints six lines
per inch vertically. Thus all c n—aputer outputs appear elongated in the
vertical direction.

The computer simulation of wave propagation is accomplished as
follows. Each point of value zero on the object matrix is assumed to
propagate one unit in all vertical and horizontal directions. Thus,, for
an object matrix, A, of size NxN:

3
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as

A	 = 0	 {	 i, j ± 1 _Q} for a!l i, j 2 < i, j < N-1i , j	 Ai ± 1, j	 0

Such an operation on the object matrix comprises one propagation itera-
tion. Obviously, if a point adjacent to a propagating zero has a value
of zero before an iteration, it will retain its value after the iteration.
This process Is repDjated .for each iteration of the propagation. Since
each wavefront progresses by a matrix unit during each iteration, the

Al	 iterations can be used as a measu re corresponding to time in Blum's
wave propagation.

To make a record of wave propagation, the points where the wave
fronts intersect are marked. This is done with another matrix of size:
NxN which will be referred to as the skeleton rr atrix and which is ini-
tially set equal to zero. After each propagation iteration, ea :;h object
matrix point which was changed to zero in the completed iteration
which now has no immediately adjacent points of value one is labeled
as a skeleton matrix point. It is labeled by setting the corresponding
point on the skeleton matrix equal to a value equal to the number of the
iteration just completed, In this matter , after all iterations are com-

	

leted the value of each	 -p	 ch non zero point on the skeleton matrix repre-
t

sents the "time"" at which an intersection of . waves occurred at the cor-
., reapondirZg point on `he object matrix during the imuge shrinking pro-

cess. Thus each skeleton point represents a medial point found in the
shrinking process.

An example of the wave shrinking of a rv.c+angle is shown in Figure
1.4. The object matrix is shown in figure 1.4 (a) . Part of the skele-
tan formation has taken place in Fiq..are 1.4 (b) where the 'Ws" repre -
b^:nt the points of value one remaining on the object matrix while the
numbers represent the non-zero values of the corresponding points on

e	 the skeleton matrix. 1.4 (c) shows the skeleton matrix after all itera-
tions have been completed. (Henceforth, in any reference to a skeleton
matrix, it will be assumed that all propagation iterations have been com-
pleted. References to an object "trix will assume that no propagation

5
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iterations have been made.) The skeleton matrix for the circle in Figure

1.3 is shown in Figure 1.5 where the non-zero values are shown as

stars .

h • •

• 0

• 0

Figure 1.5 Skeleton Matrix for the Circle in Figure 1.3

1.3 ®bpectives

A skeleton matrix uniquely describes a corresponding object ma-

trix. Thus the two matrices are transforms of each other and, in fact,

the object matrix can be simply obtained from Its corresponding skele-

ton matrix as will be shown in section 2.1. This transformation can be
useful in at least two areas of remote sensing, and these two areas

will be investigated in the remainder of the paper.

The first purpose in investigating this method of data transforma-
tion is to determine its usefulness in data compaction. Data compac-
tion is an extremely important problem when two-dimensional data is to
be transmitted from one place to another such as with the telemetry of
video data from a spacecraft to another receiving station. Also, data

compaction is important in various kinds of information retrieval prob-

lems. In describing geometric areas by arrays of points,, it might be

r
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useful to consider how orientation of both the image and the object array
i points affect the data compaction. Also, it would be useful to know

which skeleton array points are most useful in describing the corre-
sponding object matrix.

The second objective in studying this transformation is to deter-
mine its usefulness in noise reduction.

Two considerations are made in the investigation. First, the meth-
ods described must be easily adaptable to computer programming or log-
is design methods. Second, some application of the evolved methods

should be made to actual photographic data. at is felt that application
of these considerations provides a quick measure of the usefulness of

the transformation.

8
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II. ORIENTATION

2,1  Description by Diamond Fittlo

It has been shown how a two-dimensional figure may be descrih<Rd
b y several points with numerical values on a skeleton matrix. The
values of these points represent the number of the Iteration in the
sh Inkt °ng process when the corresponding point on the object matrix
becomes isolated from ether points of value one and is itself assigned
a value of zero. Obvi=ily, then, the number of iterations in the entire
shrinking process corresponds to the largest value assigned to a mem-
ber of the skeleton matrix since the last shrinking reduction of the ob-
ject mawix leaves no points cif value one to be neighbors to the points

which receive a value of zero in the last shrinking reduction.
The process of object matrbot shrinking can be reversed to obtain

an object matrix from its correspdnding skeleton matrix. This is done
on a matrix which is initially set equal to zero. The first step in re-
forming an object matrix is to consider the point or paints with the lar-
gest value on the skeleton s matrix. The corresponding points on the re-
forming object matrix are set equal to one. This corresponds to a re-
versal of the last iteration in the object matrix shrinking process. If
the largest value on the skeleton matrix is assigned a value of
NIARGE, the reformation process can continue by next considering all

points on the skele^ .an matrix of value NLARGE-10 In this step, all

points on the reforming object matrix which are horizontal or vertical
neighbors to points of value-one are first themselves assigned a value
of one, and then points on the reforming object matrix corresponding
to points of value NLARGE-1 on the -skeleton matrix are assigned a

value of one. The same process is repeated for the second step ex-
cept that skeleton matrix points of value N1-2 are considered.

9
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1

E	 Each succeeding step considers a value one less than was considered
in the previous step. When skeleton matrix points of value one have
been considered, the object matrix has been reconstructed.

Each point of value one placed on the object matrix by the skele-
ton matrix in the reformation process is allowed to propagate to its
neighbors in the next step and the resulting points are allowed to pro-
pagate to their neighbors in the following step. If a single point were

k	 placed on a matrix and allowed to propagate in such a manner it would
take on the appearance of a diamond like the one shown in Figure 2.1

s and would grow with each step of the propagation. Since the skeleton
matrix is made up of several points, the object matrix may be consid-
ered as the union of several diamonds,, each described by a point on
the skeleton matrix. If a point on the skeleton matrix has a value of
one, the corresponding diamond will only be a single point. For points
on the skeleton matrix of larger values, the corresponding diamond

t	 will have a number of points on each of its sides equal to the value of
the corresponding skeleton matrix point.

Figure 2.2 (a) shows an object matrix representing a small circle.
Figure 2.2 (b) shows the corresponding skeleton matrix. By drawing
diamonds centered at the points indicated with sizes indicated by the
value of the skeleton matrix, the original figure can be reconstructed.
Several of these diamonds are shown on the object matrix in Figure
2.2 (c) .

It has been shown that the skeleton matrix transformation may be
aegarded as a description of a figwe by diamond fitting. The position
of each diamond is described by the position of the corresponding point
on tho skeleton matrix, and the size of the diarnond is described by the
value of the corresponding skeleton point. Such a method . of descrip-
tion becomes convenient when resolution is considered. Suppose, for
example, that in the reconstruction of a figure, it is not desired to con-
sider detail which is less than three units, on a side. To do this, it is
only necessary to ignore the points on the skeleton matrix with a value

1®

t
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less than three in reconstruction. Such an approximation has been made
on the group, of rectangles shown in Figure 2.3 (a) . The result is shown
in Figure 2.3 (b) . Because the points on a skelaton matrix can be di-
rectly used for resolution determination, the values of these points will
be referred to as resolution values.
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The method of diamond fitting can be applied to several aspects of
pattern description. Transmission of video data can be controlled by
eliminating skeleton points of flow resolution. Such a method is useful

6

	 when 3L as not necessary to transmit the detail of all of the data col-

t	 lected . Diamond fitting can be used to reduce noise. Such a use will
be discussed in Chapter 3. Diamond fitting ca.-, aiso be used in pattern
recognition to describe geometries and orientations of patterns.

2.2 Preferred Orientation

Since images are being'described by diamond fitting, the geometry
of a diamond would suggest that it would bast orient the figures so that
the majority of the straight edges are parallel with the edges of the dia-
monds which represent the figures. Thus, it would be expected to be
preferable to orient figures at an angle of 450 from a vertical direction.

To study the effects of the orientation of a figure, a top-view out-
line of a Vr,-145 British trainer jet was used. This outline is shown

in Figure 2.4 (a) . The outline was oriented at 0 0 , 150 , 300 , and 450
from the vertical direction and coded onto IBM cards. The quantized
outlines for the jet are shown in Figures 2.4 (b) , (c) , (d) , and (e) re-
spectively. As the angle of the orientation increases, the number of
450 lines in the quantized outline increases and the number of vertical
and horizontal lines decreases. Thus, the effects of diagonal orien-
tation become more pronounced as the angle of the jet outline orienta-
tion increases. This would provide the best data for describing the fig-
ure since a large amount of the edge of the diamonds would coincide
with the edge of the figure. Thus the diagonal orientation would be the
"preferred" orientation.

2.3 1Vi_ easlirement of Orientation

Several properties of the diamonds in the figures representing the
jet were calculated for various orientations. The properties calculated

12
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were:	 the average resolution of the diamonds in the figure; the average
number of points in each diamond which lies on the boundary of the fig-
ure; and the number of diamonds ir. the figure.	 The results are shown

in F iguregraphically 	 ure 2.5.g
The results show that the average resolution per diamond increases

as diagonal orientation of the jet is approached.	 The average boundary
surface area per diamond also increases with the orientation angle
while the number of diamonds decreases. 	 The largest variation is in
the average boundary surface area per diamond indicating that the
boundary surface property is probably the best measure of image orien-
tation.	 The results also show that with an orientation of 45°, the fig-
ure can be described with fewer data points than with other orientations
and that the average data point describes a diamond with more area than
data points of the same figure with other orientations. 	 This means that
with the use of the skeleton matrix transformation which has been des-
cribed and with orientation of - the figure so that straight edges are at an
angle of 450 with the vertical, more area can be described with fewer

v data points than can be described with other orientations. 	 This,, of
course, is desirable.

2.4 Advantage s of S gMare Fitting
An orientation of 45° provides a rather awkward angle with which to

work. A person is not accustomed to orienting the straight edges of fig-
ures at angles of 45°, but rather in vertical and horizontal Wrectionso
It is easier to visually judge proper vertical and horizontal orientation
of a line than it is to judge proper 45° orientation of a line. Thus, one
feels more at ease with photographic imagery in which the straight limes

in it have been oriented in directions parallel to the edge of the photo-
graph rather than at other angles such as 45°. Orientations of 45 0 are
also disadvantageous when the representation of the image is elongated,
such as the computer outputs in this paper, or otherwise linearly dis-
torted in vertical or horizontal directions. Apparent diagonal angles will
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change under such conditions although orientations of vertical and hori-
zontal lines vill not.

The difficulties encountered with use of a 44 0 orientation would
suggest that a method of image description using square fitting rather
than diamond fitting would be more appropriate for use. Such a method
would allow images which contain rectangular forms to be represented
more easily and naturally. In fitting squares into rectangles, the edges
of the squares would often coincide wit.- the edges of the rectangles.
Thus, the edges of the rectangular forms would tend to be better enhan-
ced w ' th a square fitting transformation than with a diamond fitting
transformation.

To develop the method of image transformation by diamond fitting,
a matrix of numbers with the numbers in rows and columns was used.
An obvious way to obtain an array for diamond fitting would be to rotate
our matrix by 45". With the resulting arrangement of points in the array,
the four nearest neighbors to each point would be in diagonal directions
from that point rather than in vertical and horizontal &U-actions An ar-
ray of points resulting from such a rotation is shown in Figure 2.6

^ e o • s

e r • • •
s s • ^r

• s e • •
& o • • a

Figure 2.6 An ,gray of Punts
for a Square Fitting Transformation
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2.5 Translation from Diamond Fitting

To make most effective use of the method of image description using

the square fitting transformation, it would be best to record ime je data

for the object array at points in staggered rows. Such a method of re-

cording data would provide a direct correspondence between points on

the object array and the corresponding areas of the image. However,

image data is usually not recorded in this manner, bat, instead, it is

usually quantized in straight rows and columns. For this reason, it

would be desirable to devise a method to translate data in the object

matrix, which is in rows and columns, to data in staggered rows which

can then be described using the square fitting transformation.

A simple way of translating the data in the object matrix is to ro-

tate the object matrix 45 0 . However, square fitting after such a rota-

tion would only amount to performing the same operations which would

be made if diamond fitting were done before the rotation. Thus the ad-

vantages to be gained from square fitting which have been discussed

would not be gained from such a tri%n$lation. Furthermore, storage of

such an array in a computer would be awkward since ccnputers store

rectangular arrays and the rotated matrix would be a diamond shaped ar-

ray. A better method of object matrix data translation is desirable.

The method of data translation used in this paper involves matching

of two matrices. First, the quantized data is read into a square matrix

as was done for the diamond fitting transformation. Then each point of

a second matrix which is of the same size is set equal to the corre-

sponding data point on the first matrix. This results in two matrices

which are initially made identical to describe the object array. Each

point in the second matrix is assumed to be down and to the right of the

corresponding point of the first matrix such that each interior point of

the object array has four identically close neighbors,, each located in

it

diagonal directions from that port
row array is shown in Figure 2.7.

The formation of such a staggered

The solid dots represent points on

the first matrix while the hollow dots represent points on the second ma-

trix. The arrows indicate which points on the respective matrices are

18
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Figure 2.7

A better method of obtaining an array for square fitting from an ar-
ray for diamond fitting might be to define the initial value of each point
on the second matrix according to all foam of its neighbors rather than
by just one neighbor as is done in the translation method just described,
However, the much simpler method of point to point matching of values
with one neighbor is used in favor of this more sophisticated method
which would involve a decision process for each point on the :second ma-
trix.

Of course, another method of obtaining a square fitting array would
be to sLifft every other row in the object matrix horizontally by one-half
of a unit. This method, it is felt, would limit the resolving power of
the square fitting method of pattern description and is therefore not used.

The method of conversion using matrix matching, then, is used in
preference to the other methods mentioned for several reasons. it is

19
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quick and simple. The effect on the processing of the image would be
the same for both the vertical and horizontal directions. It allows the
resulting skeleton array to maintain close control on the resolution dur-
ing the object array reformation process.

2.6 Examples of Square Fitting

The advantages of describing an image by square fitting can be
shown by considering the set of rectangles shown in Figure ?.8 (a) .
These rectangles are identical to the rectangles shown in Figure 2.3 (a) .
However, this figure can be completely reconstructed by considering
points from the skeleton array which describe squares with resolutions
greater than three. This means that the skeleton matrix contains no
points with resolution less than four. In fact, a reasonable approxima-
tion to the figure can be made by considering squares described by the
skeleton array which have resolutions equal to or greater than eighteen.
,_rich an approximation is shown in Figure 2.8 (b) . Also, the skeleton
for the object matrix in Figure 2.8 (a) obtained using the square fitting
transformation has fewer points than the skeleton obtained using the
diamond fitting transformation. Thus, since the given object matrix can
be described with a skeleton matrix containing fewer points with higher
resolution values by using square fitting rather than diamond fitting, it
would appear that the method of square fitting is best suited for rectan-
gular images.

The effect of orientation on the square fitting transformation was
checked using the same data of the SAC-145 trainer jet which was used
in the first part of this chapter. The results for the average resolution
of the s -. ,pares and the average surface boundary for the squares are
graphed in Figure 2.9. The average resolution and the average surface
boundary are greatest when the figure is oriented at an angle of 0  from
the vertical. This would indicate that the preferred orientation using the
square fitting transformation is in a vertical or horizontal direction. a

20



nerrreeerarYrraetttrrafrfte9
/ere/tlm tleYetrrtrfttr/rtrtfrf
Mrt/9rtreerreretrerrrrrrrre/
anrrrnuf/trfruuunrus
rnm/eemertnmrnrnerrae n rrmenuerrntrnrern
reramra9nnemferrnurr+r r r enw /ntrrUf eerrtrtrtn
re r e e r/ r n r nr uurerrerrtnnrauu
eYrerea a/rrtertOrrrrrraeetrfrerrree
rerwrreeeeraemnrnrurrentrrnu
/nrerrrerrerrrremtrenruerrerrrrre
ewn/rnnrarrarrorrremreetrersem
wnrareraeerrferrrrrrfrreerereerrevfa
nrrrnerr/eraferenwnrrearrerrrfr
nn rernaewearameerrterteaeurerrr
rr9aerer/aveaerarrrrresneerrrrerree
error+eererereeaeerrrsrareratrerrrr nmrrenrnrtaerre

rnrereecrerrerrer
rrereaerertrerern
eerrearrer9rttrteBa
nnenneaeerrrtm
eeraerrerrrrerrru
nerrteteerreerrfr
rererrremerresrere
nrrrateurereeem
nrerrnrrnrarrre
nmreeeranrsrn
oreffernnerrrn

r+nr/errrrnerererfrreernn
nuanrnrnrurrrenrenr
e e eeeannerrnreefrrrnnet
ra ereetnrrrrennatnarrnr

eerrrntefreeaefrrrrueeerenrteem

Quo

rrrarerrrner/rneavtnentr
rree rerrrererrrranaarnnrr
r ruwrm eedeeerrrnnrrean
nmreeneaaerrrnrunfgr
reer/raarernurtvarrnnfr
meterm tarrrrrnerrranrru
meteenmrrrurrfnnrrrur
naarmerroeerrvrrrrerneur
rruaer a tnnrrrf rurrnrrnnseor
unevererrrrnererurraenrerrrnumetrre upmnrrrermm^orrgn n
n nnrenurrroterrrarrarrrnrrrre
nrurevnmroumervnffrewur e
usennuuurerurrrrevrnnnere e
rrrrrare/rerrrrcrrrrrrerfsfrrrrtleer/
rurmeea rnrnateuerrrrrra rrrru
eer r entl earrnrenrrrrrerruereeren
urrereefeen n aeneeffarevrfrarener

eerrr	 rrnarrrern
efrrefrrrfrr	 trnu
rrrenneferrerva
9rrrnrrnrrrraerr
reeneorrrrvnn
rrrrrrrrrrerererre

e
efrrrrvrrrrrrvvvfe
errrresrrrreernrf
reurrrvnrrrrrrrr
rrrrvrrrvrvrvvrrrr
rrrrrrrrerrenerrr
rrrrrrrrnrvevvrrr

(b)

Figure 2.8

21

.,
.e. r .• ...._ .. ... 1^^^ars.l'.t'+^Y1^... ^[^.	 wi1Vti^^i^L .̂.!Ix>:^YL1 ^Y.i6RF^iC,.. ^'.S.,K..., ....^.'.^M•	 , ... ... -



Squares

6

5 \^

3

2

i

Orientation
In Degr®es

it

i

i

i

i

i

0",	is",	 30w	 45V

figure 2.9 Average Resolution Per Square
and Average Bos!"dary Surface
per Square Vs. Orientation for
BAC- 145 .

e	 l

22



•

Such an orientation is desirable for the reasons outlined in section 2.4.

2.7 VJlWht

The rascolw000 of both i diamond and a square has been defined as
the number of polfit a ^;;-3 --ivh Fdq of that figure. Such a definition is
useful since resolutionp aro obtai#iod directly in the skeleton transfor-
mation process. Another use ful property to consider would be the num-

ber of points which are included in each diamond or square. Obviously,Y
such a property would provide a measure of the "aLaa" included in each
diamond or square. This property will be termed as the weight.

The weight of a diamond or square provides a direct measure of the
diamond's or square ' s usefulness in the formation of an object matrix.
A primary objective in two-dimensional data reduction is to describe
large areas with as few data points as possible. Since weight is a mea-
sure of area, diamonds or squares of large weights provide the most
economical means of describing a figure. Diamonds or squares of small
weight contribute little to the description of an area, and, if fine reso-
lution is not required, can often be ignored. In such cases, the small
diamonds or squares are considered noise and should be eliminated for
economical description of a. figure.

The weight of a diamond or square can be easily obtained from its
resolution. In the case of a square, the points in the square consist of
two square matrices,, each with the same center. The dimension of the
larger matrix is equal to the resolution of the square which it describes.
Tie dimension of the smaller matrix is equal to the resolution of the lar-
ger matrix minus one. Summing the number of points in each matrix to-
gether, thu weight of a square becomes:

W = R2+(R-1)2

where W is the weight of the square and R is its resolution. The for-
mula also holds for the case of a diamond.

23



r,r
y,

0	 '

As an example, consider the calculation of the weight of the dia-
mond in Figure 2.1. The resolution, R, of the diamond is five. Its

i weight can be calculated using the formula
W M 52 + (5 a 1)2

41

This value of W gives the number of points in the diamond.
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`	 III. NOISE REDUCTION
F-

3.1 Edge Enhancement

Chapter two discussed she orientation of images. It was concluded
that for images with vertical and horizontal edges, the square fitting

transformation pr(.vide s a better method of data compression than does

the diamond fitting transformation. This is true because the edges of

the images which are being described tend to coincide with the edges

of the squares. Such a (tendency for edge coincidence is used to

10 straighten out" rough vertical and horizontal edges and act as an edge

enhancer.

Enhancement of edges is useful in improving the visual appea,"ante

of an image. Straight edges appear more pronounced and regions formed
by the boundaries appear more distinct.

Enhancement of edges is also useful since it simplifies the skele-
ton resulting from a square fitting transformation of an image. If ¢i~J

edges are enhanced, then several skeleton points with resolutions of

small values are eliminated, since only large squares are used to des-

cribe the image by fitting and small squares are not needed to fill in the

once-jagged edges of the image. A simplification of the skeleton with a
s

	

	 negligible loss of information is desirable since the skeleton is used as

the means of data reduction.
Besides providing edge enhancing in vertical and horizontal direc-

' ions, the square fitting tran sformation is also useful in general noise
E

	

	
reduction. poise on two-dimensional imagery generally appears as iso-

lated single points or small groups of points. When a skeleton trans-

i

	

	 formation is made of theP oints which describe the noise, the corre-

sponding skeleton matrix points have va Aues of small resolution. The

points on the object matrix' corresponding to these skeleton Points can

l

	

	 then be identified and considered as noise, and steps can be taken to

change their object matrix value.
i
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3.2 Implementation

s	 In eliminating noise from a square matrix of discrete points, the
!	 most logical way to begin is to find all points or, the object matrix

whose neighbors have a different value and change the value of each of
these points to the value of their neighbors. For example, if a point on
the object matrix, Ai, j ° has a value of once: and Ai,j+l , Ai, j-1' Ai+b
Ai-1 'j each have a value of zero, then the point A i' j would be consid-

ered as noise and assigned a value of zero. This process eliminates
isolated points of noise in otherwise well defined regions and provides
a substantial reduction of noise on noisy imagery.

Procedures fo- further enhancement and noise reduction of imagery
are not so obvious as the step just described. It is necessary to estab-
lish a criterior for deciding which object matrix points should have
their values changed and what their new values should be . To make use
of the advantages afforded by the use of the square fitting skeleton
transformation which have been described, this criterion should base its
decision process on the skeleton transformation of the image which is
being enhanced. This would suggest that the second step in the noise
reduction process is to take the skeleton matrix transformation of the
image.

,t this point, the concept of the skeleton matrix transformation must
be modified to allow the transformation of matrices with more than one
type of region. If each region is represented by a numerical value in
the object matrix, then the number of types of regions Is the number of
different values in the object matrix. For example, all of the object ma-
trices which have been considered) thus far could be regarded as images

j	 with two regions. One region consists Of the area in which all of the
object matrix points have a value of one and the other region consists
of the area where all of the points have a value of zero. Finding the
skeleton matrix transformation of the image, then, consists of taking the
skeleton matrix transformation of each region separately and then con-
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.}	
sidering them together. The skeletons for the different regions do noti
Intersect since each skeleton is within the area occupied by its corre-
sponding region in the object matrix. However, it is necessary to re-

	

ii	 member from which region each skeleton point was formed. Images with
more than two types of regions will be considered in chapter five.

In the matrix which results from the noise reduction process, it is
desirable to have each point a, signed to a particular region. However,
in the intermediate steps of the decision process of noise reduction, the

points representing noise have an undetermined value. These points are
called free points. The skeleton matrix is used to dete. °nine which points
in the object matrix are free points. This is done by choosing the points
on the object matrix which do not belong to diamonds, or in the square
fitt ±.ng	 squares which have at least a certain resolution value.

	

!	 Once the free points have been determined, it is necessary to use
i

it decd Sion process to assign values to them. The reader can think o!:

several ways to assign these values. For purposes of investigation and
comparison, four simple methods are used here. Flow charts for these
methods are shown in Appendix B.

i Mathod I
All points described only by skeleton points with a resolution value

f of oae are free points. The value of each free point is assigned accord-
ing t\a the values of " 3 four neighbors. The value which occurs most

	

y	 frequently among its neighbors' values is the valtae assigned to the free

	

i	 point in consideration. If there is no single value which occurs most
frequently, the free point is assigned its original value.

	

i	 Method 2
I

All points described only by skeleton points with a resolution value
of one are free points. The region-. described by the non-free points
are allowed to grow into the ar%as occupied by the free points. This

process is done by assigning free points which are neighbors of one or

more non-free points • value which is equal to that of one of the non-

free neighbors. Tho newly assigned free points then become non-free
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points and the growth is repeated several times until all free points are
eliminated.
Method 3

Method 3 is like method 2 except that the grovith process is not re-
peated. Instead, free points remaining after the first step of the growth
process are assigned their original value.

Alt three methods consider free points as p,..,nts which correspond
to skeleton points of resolution one. Also, each of the three methods
may `)e reinforced again. That is, the matrix resulting from the enhance-
ment process may be considered as an object matrix and the same process
can then be applied to that matrix. This reinforcement may be used as
many times as is desired.
Method 4

Method 4 is like method 3 except that with each reinforcement, the
maximum size of the resolution values a: sociat , d with each free point
is increased by one with each reinforcement.

?	 3.3 Examples and Results

To check the four methods of noise reduction, three figures were
1

used. The first was the group of rectangles showna in Figure 2.3 (a),
4	 the second was the circle shown in Figure 1.3 (c), and the third wast

the BAC-145 at B o shown in Figure 2.4 (b) . A random number generator
with a uniform distribution between zero and one was used to add noisa
to the images. A random number was generated for every point on each

i matrix. If the random number was greater than 0. 8, the value of the
matrf . point was changed. The images were processed by the methods
discussed for five reinforcements. The square fitting transformation
was used.

The effectiveness of the noise reduction methods was checked by
comparing the enhanced Images with the original noiseless images. A

i
percentage of recovery was calculated for each Image. This value rep°- s
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resents the percentage of points which were changed in the noise mak-
ing process that were then changed back to their correct value In the en . -	 I
hancement process.

To provide a comparison between the methods a-Iscussed and more 	 1
conventional noise reduction methods, the noisy images were also pro-
cessed by assigning a value to each point according to the value of each
of the majority of its neighbors. This process was also done for five re-
inforcements.

Some results from the group of rectangles are shown in Figures 3.1 	 I
and 3.2. Figure 3.1 (a) shows the rectangles before noise was added. 	 I
Figure 3.1 (b) shows the rectangles after noise was added. Figure 3.1 	 j

{
`r	(c) shows the noisy rectangles after they were processed using the con-

ventional neighbor search method with three reinforcements. Figures
3.2 (a), (b) . (c) and (d) show the results after three reinforcements for	 i
methods one, two, three, and four respectively.

Graphs of percentage recovery vs. number of reinforcements for the
methods of noise reduction discussed are shown in Figures 3.3 , 3.4.
and 3.5. The results using the groups of rectangles are shown in Figure
3.3. The circle is considered in Figure 3.4 and the BAC-145 at 0 o is
used in ."figure 3.5.

The results show that method four apparently provides the best
noise reduction, although method two provides the lest noise reduction
if only one reinforcement is used. Of course, many other methods of
noise reduction can be contrived using the skeleton transformation.
The results givers here show that methods using the skeleton matrix
transformation can be made to be affectively useful in reducing video
noise.
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Iv. OPTIMAL CODING

4.1 Skeleton coding

If a skeleton matrix is to be transmitted, it must first be coded in
a suitable form. One war of coding the skeleton matrix is to form a
code word for each non-zero point. With such a coding method s three
pieces of information are required to describe each point: its vertical
coordinate, its horizontal coordinate, and its resolution value. One of

i

many methods may be used to describe these three characteristics,
but the coded words must contain enough information for one to deter-
mine them accurately.

In transmitting an image, it may not be necessary to transmit each
detail of the image. The receiver may desire an image of only a certain
resolution, or, if a pattern recognition process is involved, the recei-
ver may be able to recognize a pattern without information about each
detail of the image. In either case, it would not be necessary to trans-
mit every skeleton point.

Since it is not always required to transmit all skeleton points, it
is desirably' to arrange the skeleton point codes in an order such that
the first points contain the largest possible area and that succeedingly
less area is added with the addition of the area described by each suc-
ceeding skeleton point. One easy method of approximating such an or-
dering is to arrange the skeleton points in order of descending resolu-
tion. However, this method of ordering results in a poor approximation
of the desired order.

A method of obtaining an order of code words such that each code
word, as it is added, describes a maximum additional area is an opti-
mum method of code word orderim!y . To implement such a method, a dia-
mond described by one of the skeleton points with the iargest resolution
Is placed on the matrix being formed, and its code word becomes the
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first code word to be transmitted. It is also placed on a matrix which
will be called the trial matrix. Then, the diamond described by each
remaining skeleton point is added, one by one, to the trial matrix. Af-
ter each diamond is added, the total area of the region resulting from
such an addition is calculated, and then the points on the trial matrix
are reset to the values of the points on the matrix being formed. The
code whose d±.amond addition yields the maximum area from the above
trials becomes the second code word to be transmitted, and the process
is repeated on the remaining code words to find the third code word, the
fourth, and so on until all code words are' ,- --ranged in the desired order.
An example of such an ordering is shown in Figure 4.1 in which a rec-
tangle similar to the one in Figure 1.4 is being formed. Figure 4.1 (a)
shows the diamond resulting from the first code. The second diamond

r	 is added in Figure 4.1 (b) , the third in Figure 4.1 (c) , and the fourth in
Figure 4.1 (d) .

This method of ordering the skeleton code words provides the vest
obtainable ordering of code words for transmission. However, it is a
time consuming method. A new matrix must be formed for each skeleton
point tested before an optimum value can be found, and an optimum val-
ue must be found for each skeleton point to be transmitted. It is desir-
able to have a faster method in which the desired order of the code words
is approximated.

4.2 Estimated ®rderinc
I

1	 Each code word for a s'celeton point has a weight associated with

it. This weight gives infoiaa,ation about the figure which the skeleton
describes by telliag how much area is occupied by the diamond which

the code word describes. However, once a diamond has been placed on
the matrix being formed from the transmitted code words, other diamonds
near to this diamond may have areas which overlap with the area of the
already placed diamond. In such a case, the full value of the weights
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A

of thn other diamonds is not gained as additional information about the
figure being formed as these other diamonds are added, since some of
the area described by the addition of these other diamonds is already
described by the diamond which had been placed. Thus, the placement
of any diamond on the matrix being formed will have an effect in deter-
mining how much irformation will be gained by the addition of other dia-
monds is they are added later.

In ordering code words for transmission, it is desirable to order the
code words so that the greatest possible amount of information will be
gained by the addition of the diamond described by each code word as it
is added. The first step in such an ordering process is to determine
the weight of each skeleton point and to select a point with the greatest
weight as the first skeleton point to be transmitted. The .diamond des-
cribed by this skeleton point probably intersects some of the area des-

cribed by some of the other skeleton points. In such cases, it is nec-

essary to adjust the weights associated with the other sk r lecon points
so that the weights will continue to provide an accurate measure of how
much additional area would be described by the addition of the diamond

associated with any skeleton point. After these adjustments are made,
the code word describing the skeleton point with the largest weight is
chosen as the second rode word to be transmitted. The diamond des-
cribed by this code word probably also intersects some of the diamonds
described by other code words, so it is again necessary to make adjust-
ments on the weights associated with the remaining code words ' afore
the next code word for transmission can be chosen. This process of
choosing code words according to weights and making adjustments on
the weights of the unchosen code words before the next code word is
chosen is continued until all code words have been placed in the or-
dered sequence. Throughout the process, the weight associated with
each unchosen skeleton point provides a measure of how much addi-
tional area would be described if the diamond associated with this
skeleton point were added to the figure being formed.
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The adjustment which should be made on each code word weight af-

ter a code word has been chosen for the transmission sequence is deter-

mined by the resolution of the chosen code word and the resolution of

coca word whose weight is being adjusted and by the distance between

their skeleton points. The adjustment is made on the weight associated

with each code word by approximating the percentage of area of the dia-
mond described by this code word which intersects the diamond just cho-
se,z for the ordered sequence and then reducing the weight of the uncho-
sen coon word by this calculated percentage. The fraction of weight

decrease, D, can be approximated as follows:

(1/2) K (Ru - 1/2)/Wu 	K > 0

D -	 0	 K < 0	
(4.1)

where Wu is the weight of the unchosen code word which is being ad-

justed, and K is the number of diagonal rows common t o both diamonds

and is given by

K =	
I 

Ru + Rc - 1	 - J 	 - 14y 1	
(4.2)

where Ru is the resolution of the unchosen code word, R C is the resolu-
tion of the code word just chosen, and ^c and try are the vertical and
horizontal matrix distances between the skeleton points corresponding
to the twcN code words being considered.

The number of rows that the two diamonds have in common, K, can
be seen in equation 4.2 to increase as the resolutions of the diamonds
increase, and to decrease as the distance between the diamonds in-
crease s . The number of rows, K, is multiplied by the average number
of points in each row of the unchosen diamond, Ru - 1/2, to obtain an
approximation of the total number of points in the rows involved in the
diamond intersection. This result is multiplied by 1/2 to approximate
the number of intersecting points since approximately one-half of the
points in the common rows can be expected to be involved in the inter-
sc ction of the diamonds. This result is divided by the total weight of
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the unchosen diamond, Wu , to determine D. an approximation of the
fraction of the number of points in the unchosen diamonds which are in-
volved in the intersection.

Using D as an intersection area estimator, the process of skeleton
point ccYle word ordering is a simple one. First, the weight of each
skeleton point is calculated. The point with the largest weight becomes
the first one chosen for transmission. Next, the weight of each remain-
ing point is multiplied by 1 - D. The skeleton point with the highest re-
sulting weight is the next to be chosen for transmission. This process
is repeated over and over until all points have been chosen.

The purpose of ordering points for transmission is to be able to

i
	 transmit as much area with as few points as possible. A comparison of

the estimated ordering method with the calculation of the optimum order-
ing method and no ordering technique at all is shown in Figure 4.2. The
graph shows what percentage of the area is described by how many points
where the points have been chosen in an order by the method designated
in the graph. The figure used was a BAC-145 jet at 0® . The method of
estimated ordering is shown to be nearly as effective in ordering codes
for transmission as the "optimum" method. The estimated ordering meth-
od sequenced the codes twenty tines faster. 	 !

The method of estimated ordering can also be applied to the square 	 4

?	 fitting transformation .	 !

4.3 Boundary Descriotion

The usefulness of the skeleton transform as a method of data reduc-
tion can be measured by comp p: ing it with other methods of data reduc-
tion. A method of two-dimensional data reduction which is commonly
used involves describing a figure by describing a path along its outside
boundary. The path is described by a series of line segments, each one
having a magnitude and a direction. For the case of the 60 x 60 matrix,
a line segment can be as long as sixty units in any one of eight direc-
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tions . Thus, any dine segment can be represented by nine bits of infor-
mation. Each skeleton point can be represented by two coordinates and
a magnitude of resolution. Such a point on a 60 x 60 matrix can be rep-
resented by seventeen bits.

It is difficult to compare the boundary description method and the
skeleton method of data reduction since the effectiveness of both meth-
ods depend o/,i the size and shape of the object being reduced and the
skeleton method depends on orientation. Also, the skeleton method is
intended for use when transmission of every detail of the object matrix
is not required.

The skeleton method of data reduction is at least as effective as the

boundary description method of data reduction. In some cases it is much
T

better. For example, eighty percent of the area of the SAC-145 at 450
can be represented, using diamonds, by 236 bits with the skeleton meth-
od. 630 bits would be required for the same figure using the outlining
method.

4.4 A Predictor Method

In transmission of video data, it is generally desirable to transmit
only a portion of the data and to allow the receiver to predict the remain-
der. Such a method of data prediction can be applied to the skeleton
method of data reduction using methods similar to the ones discussed in
the previous chapter.

Use of the predictor method of data transmission requires that all
points on the object matrix belong to a region. All, examples which have
been used so far involve two regions. One region includes the area on
the object matrix in which the points have a value of one, and the other
region has points of value zero. Skeleton points describing a certain
percentage of each region are transmitted, and then the transmitted re-
gions are allowed to propagate into the regions not described by the	

k

transmission to a manner similar to the propagation described for Method
2 of the noise reduction process.

•
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An example of results of the prediction method of data transmission
applied to a circle is shown in Figure 4.3. True object matrix is shown
in Figure 4.3 (a). The skeleton matrix transformation of each region, was
taken using the square fitting method. Then, eighty percent of the area
of each region was selected for transmission using the estimated order-
ing method. The selected regions are shown in Figure 4.3 (b) . The zero
region is shown by ®°s and the blank area represents unselected points.
The result obtained by the prediction method is shown in Figure 4.3 (c) .

450 bits were required to transmit the circle using the predictor
v: method, and a lame number of errors were made. 61 2 bits were required
{	 to transmit the circle with no errors using the boundary description meth-
'.	 od. Since similar results were obtained with other figures, the predictor
Y.

method of data reduction described apparently does not provide a satis-
factory method of data reduction when only two regions are used.

tf-
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V. A PHOTOGRAPHIC EXAMPLE

5.1 Data

Most video data which will be enhanced and transmitted will be
photographic imagery. Such data is generally remote sensory data ob-
tained from reconnaissance planes or spacecraft. It is desirable, then,
to test the methods of noise reduction and data compression discussed
in przvious chapters using actual photographic data.

Pre-processed photographic data was used es input data to test the

skeleton transformation data enhancement and data reduction methods.

Pre-processing of the data was done by DalkeE 41 using Baye's statisti-
cal decision s trateyy to classify each point of an image into one of three
categories. The data used as input to Dalke's processing technique con-
sisted of three 70-millimeter transparencies selected from a set taken
by an Itek nine-lens multi-spectral camera during a flight over Phoenix,
Arizona, in fuly, 1965. The selected transparencies were sensitive to
different visual regions.

The photographic density at 6400 corresponding points on each image
was measured with a densitometer. These points were selected on an
80 x 60 grid with a .025-inch grid point spacing. The densitometer spot
size was defocused so that the measured density was an average over a
.025-inch diameter spot. The resulting measurements were entered into
IBM cards in a format that designated their original location on the image.

The coded images were processed using an IBM 7040 computer to
classify each point into one of three regions using Baye's decision
theory. A 66 x 60 grid was ch osen from the resulting image and coded
onto IBM cards. This 60 x 60 grid was used as input data to examine
the enhancement and data reduction methods discussed in this parer.

A positive print of the area included in the 60 x 60 grid of one of
the photographic images is shonrn in Figure 5.1 (a) . For reference in
evaluating the results, the image in Figure 5.1 (a) was reproduced out
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of focus. This de-focused image is shown in Figure 5.1 (b) and was ob-

tained with sufficient care so that it represents the data as seen by the

computer for Dalke ' s program. The computer output from Dalke ' s program

which was used as computer input for the programs discussed here is

shown in Figure 5.2.
Y

5.2 Results

Noise reduction methods were applied to the object matrix shown in
a	 Figure ` 5.2 . The methods used were the same as the ones described in

Chapter 3 except that there were three regions instead of two. The re-
sults of Methods 1, 2, 3, and 4 with threa reinforcements are shown in
Figures 5.3 (a) , (b) , (c) , and (d) respectively. It should be noted that

616 skeleton points were required to describe the result of Method 1

while the others required less than 300 points aach.

The code words resulting from the noise reduction methods were or-
dered, region by region, using the estimated ordering method for square
fitting discussed in the previous chapter. Use of the estimated ordering

method permitted eighty percent of the area of the image to be described

with less than sixty skeleton points when the image used was obtained

from three reinforcement noise reductions using Methods 2, 3, or 4.
This means that eighty percent of the image can be described by less
than 1020 bits as compared to 7200 bits which would be required if the
image grid was coded paint by point.

The predictor method of transmitted image regeneration was applied
to the noise reduced images using eighty percent of the image area for
transmission. The transmitted areas for Methods 1, 2, 3, and 4 are
shown in Figures 5.4 (a),, (b) , (c) , and (d) respectively. The images re-
formed from the transmitted areas using ! the predictor method ar : shown
in Figure S.S.

The images in Figure S. 5 represent a reasonable approximation of
the regions described by Figure 5.2. This ww d indicate that the pre-

4T,

JL



/f00N•N•N•N•NNNN N••N e•NN•N••••HNH1n1000 •• Y • • • •e• •N •••N N••• •• • •• • •«• N••N• • •• •tttNeN•N•NNN•N•N•N•N•NNH o NNNNNetttN•N. N••e•NNN•••NN•NN•NNN•NNNN

0•rfOOOtf\tNO•NNtHNN•e•NN•eNH••••• •••Ie••N^N
O•r\O\Of 1f000ONHNN•N••••NNN•NNNNN••HNNpN
OtN O\Oi/pHNN•NNN••e•••••eN•NN•N•••••N NN•ON
OOO\ n rnoiOr/fNN•N••••NN•e••HN•HNN••NNNNNN
•OOOi\OO\Y/•ppN•H•••N••e•H••NN•NN••N•N•H•N•H•
••Qr \ r00\r iOON •NUN N•NN••NN •NN•N NN•NN• pON
NOt RH •1 rr •OON ••••••H•NN••••NN•NNN•••NN•••••••
utlf\00000.000•••••N•••«••••••NNN•N••u•••NNNO•
n ••\ fMOON\OO•••N•N•H •••NHNN•H ••NN••M•• N•p•••
N•irrlOrtf\OONNNHMN•••e••••••NNNHNNNe•••O•••
00• nr0000tt1r•NN•N•NN•NN••NN•NN•N ••••N•••p0••
. n nin0orrrr••••.•••• .••NN N• ^ .•N N•••••Ne•••N •••ppN
Or1f n OOO\ rr1N••••r•••••N N•N e•N•eN ►•••e•• •NNN•p•••
OOr/ROOO1/1100• ••••••••NN•N•••NNN•NNN•M•NN•H•
OOrtYONftttON N•NNNN•NN•ue•N•N•NN••ee•N•N••
OOif iOOOi1 n •ONN••••N•••NNN•• ►N•NN•N•••••••NOR•
0e•••0000ri•0N••••••• •••N •••••••NN••NN••••N•N•0•••
•• Nt•OOOntN••••••N••••NN•••N••N.•a••N•aN«Np0••
•Nfp •OtrtlOr•NN•N •••••N•N•NNNNNN• •NNN•00••
n \ ri\f•O\N iON ••••NN•••••NNN•••NN•N••NNN••N••\t\nb•OOHt n •••••••N••NON NN N••N NN••e•NN•••pp••
/• tRrNMri^t N•NHH•ONN•N••NNNNNN N•N•NOONf \1r 0000ii\ n \••Nr•N•N•NNNN•N N••NNMNHN•p!••
Ot\OOOOr\ROO•N••••••N••N••••••N••••••••••••NN•\pN
1OO/ifOO\ n 1 n \••••••N ••NNNNN••••H•H••N ••NNNr1••
n00\ft00nt\\1NNNN••NNNNN•NN ••••N•N•NNtrf••
f00ti/0011irtMN•N•N•••••Ne ►N•NN•N•NN•••NN1N•
t911310001r/fO••N••N•HNNN••N  N••••••••l•NN•• f r•••
itr\\tilt\ \f10N •••••e••uN•NN••NNe•NN••NN••N•e0
/ frn RriffltfeN••NN••N•NN••••••e•••••••r• •NN•O.O•N
nOrrtrO••r\t•••••••••••••e••••••••••er••e••••••••0.ON•ON•O1NO•• nO•••N N•N• •N•H•N •eN•N N•N •••N NNOpipp
•Ott OM•1UNNNHN•NNNNN N••N• NN•NNNNlONO

•iOqt /OtfNNNNNNN•NN•NNNeeNN•••NNN•N••
••1/ //fOO tNeeNNNNN•N N•N N••••••N N••N N•N N••• //fUn f1ONNNNN•N ••N•N••N N•N N••••N N•••NH••Uff/1n iNNi•••N•N•Ne•••NNNN•N••N•N•N••NN•Nif n t \Of 1NNNN•eeN•N••N•N•N ••N N•••N N•eN NN
nOttt\ //YIMHNNNN•••eN1••e••NNN•NN•NNb•••••
\irtl n r0Yif1•N•NNN•N••NNN•••NN•NN•NN •N •••••nn 11 i1N///tNN••NHN H•••N ►•NNHNN••••Ni•••N •••
n fnn \OOOY t1N•N•N•••NN•N•••N N•N••eNN•NNNNN•
1111 \000/\1i••••e•••••e•••••••••••••••e•••••••••••••e•••••
111 n ip0ptf lf••N•N•rN N•NNN•NNHH••. N•••NNHN
rrrffloaf\1f•••••• ►••••••••...•..••••••••..•.•••.••••.••.•
n f f f nON n n H•N• NN•••••N••H N••NN N•N NNNNNN•iii\ 11/ n r//N••••••••••H•N•H••••H•N••NN• •Ne•NpNO
f /O \t1f nfrf•N••NNN•N•N•N•N•••••NN•• H•• •N•OOpp
O\f nf•tiftrNN••H•N NN••N•N•N•NN•H•H•NNeOppp\ 11! f •Nit/O•NNN • N H••NNN••••Nre•NNM N •r• •pOpO
nOrrH NR\tf••••N a1N•NN•NNN•HN••N••N ►NN•Np0
111 n rN • n rff\HN•H•N•N•N•NN•••NNNN•NN•N •ONOUff rfOOO/\i tM►NN•N NeeN•••••••••e••NNNN ►rN•ONOr 1 n 11 fO01Or /..•NN•NN ••e•••••NN•Ne•NN•NNN•O• •
n f\n n f00if1O•NN•HN•NNNNHNHN•• N••••►•••Ntt••
1 fnti/OOOr10NN•N •••N•NNNN••••N•b•••N•••• •r1f ••1t//1/ONt11t•N•••NN•NN•••e•••••••eNH••Ne•N•if/N
f Nrfn 10001N N•NNHNNNH•••N ••N NNN••N N••//••

(a)

OOfYONO tf000NNNN••NNNNNN•••NNNNNH•N•••e
KtfOtUB00N•NN•• e N•u••••NN•N•NN••NN•NNN•
Ktt11f \Un YOQO•N•NN•NNN•NN••NN ••• ►NN•HNN••
OYff r/\Rfr ffNNNHN•NN•NNNN•e•NN•H•eNN••N••
OOOfrir nUfN•NN••Nr •H•H•••H•NNN•N•••NNNN• ,
OOtt /f 1Ott u00000•e •NN• NeNNN«NN•N•N N•«N••iN
KtNttttrl f000NOr••NNHN •NN►•NNN•«NNNN•

n i11fOYfr n ONN•«NH•N•NN•N••N NNN••N•NN•• : •1111tti/Yt/r\•NNNN•M Ne•NNNNN N•N•N e•NN•NV••
111/1f \r\f/ fO•e•N NNN •N N••NNN N•N•NN••N•••••••

N rftrnf\ONNE,"*e•••••••N•••H•e•N••N•N••••N•••N•N•
O•fOU t1Y n/tNN••N••••NNNN•N•NNH••••N•e•••e•••
Of1f O\OO\tf • ••re•••• ••••••••N •INNN•NNNNe••IN•N
•f \1t1OOrf \t••••r•••• H N•N N•H N•NNNHN N•NN••eN
11U/ONir\f••NN•••NN•NNN•Nr•••N••NNN•NN•N•

N NN•NNgNN• ••«•NNN««•••NNN•NNNNN • •H NN• •1••N •1 N••N•NN•Ne•

OttlgtinifNNN • ••N•w"#9.64io^i► iN^•i^^•i•i iiN^•N
KOffNU g00•••••••••••NNN• ,NNNNNNNNNNN•••t1f /lt tit UON • •••N NNNMNNNNNN••N••NNNNN•tltOtfftti^ON•N•N NN N•N N•NNN•N•H•••N H••N ••
OrOttPtOfOp•••NNN••••r•N•NNN•NN••N•N ►N••• ••Ofif n ff •1gf00• •NNN • •••N••NNNN••NN•• N•NH•N••atrt Ott //ifipO NY••e•► NNN•N N•N N•N•N ••N ••••N00.
tYOf]t1ftT OOO•N••N•• NNN••N••NNNNNNNN•••N•grOgf//rt IN•«e«N•NNNN•««NNNNN«•NN•N•
totnnrn rrf •. ••• ••.••.•••••••.•••N•.•• •••••••••N••ON
1Ottt/1f •O\NN•NN•N•NNNNet••Nr••NN•N••N•OC
KOON///ON ••NN•N•«NN••NNN.•. •NNNN•HNN!f/t/tlttfit/•N ••N••eNNe•N•N••NHe•e••••NNN•N ••
!tflt\f 11t\/t•N•«««•rN••NNN•N••N•NN• •NNNN•
tNQt1111 U\ N • NN ••N ••• • • N• NN•N•N N•••••••N••e • •
•Nf/ttit/f/N•NNN•••••N•e•e•NNN•N••N•NNN•NN
N/t1f f f tt ON•N•N••• •NNNN•••HNN•HN•••NNN•N
N ►N!/f/N1N•N•NNNNNNN•ee••HNN•N•N•N••N••
• •itgiftNfN••NNN••NN•••N•N«eN•••NN NrNN•.•
•Nf O\ONOInmN NN•N•NNNN•HNe•«•NMNN•N••ueoi•/t /tt/tONN•N••NNN ►•asp Nee•N NNNN • ►NNNNm
OtY/NftietH•••• •N••e•••N••pN«•NNNN•NNNe•N••
NYU ta0r 1YN• •H•NNNH•NNN«•N•NNHN••••••NN•
OO/Npfr fl••••••••••• • q•N••N••e••NN•NN••N•N••R
O\O1N/l rft •••Nr•••••••H•N•NNB•NNNN ► •N••N••e► eKfftiO/ff \f••N••NN• ••N• N,•rNNN•NN•NNNNN•eoo

' NO/ ntln rtf/s••••N••••N«•••NN•NNN•NN••e«e•••r••
N1U/Ott\iN.NN•NNe1• ••••••r••e•ee•••••••er••••N N•

' •Ntt1O/n/1NNNNNNNN•NNNN•N ••• ►•N•N•N••N•
tlfpftOtOt•N••NeN•••••••eNN•N•NN ►N••N•N••N•
O/1t000t/r• •••N•N•••eN•p N•NNNNN••NNN•eOO•

^ t10q►ttfi\/NNN••NN•N•N••N•N••NN••NNNewN•' f11t1/NfttifNNHNN NNNNMNNr•N••H N•NN N•N•
tlttttM\\tftN •NNN• •oNNN •N«N••N•e•NN•N••N•

' itOff00tY nO•••NN••pN•eNN••NN•N••N•N•eN•N••e
^ i1//1tf4t/1tRNNeNN ON•Nrrn•uNN••••e•••NNetomo
1N/4tOtOft/N•NNNNN••e••N ««N••N• ►•NNN•i N•

Figure 5.3

(d)

48



is

v

,

....t. oe0000-----aeoenn martn . _
.nHH.	 un .. Oe0seo0eoo0#10	

-
 (nun n oJOOOaOeononoree9eonooaneon000000nl

nnntnn 	 to One00noe0n000 nttOttttt :0000000001100011400040110^0#1o000own
nNn tt1 nr	 .• 68esen6e0eee0nO01bNf10^M ,OMOiMOMO tlmt)fr n e000eon000000o+^n000OOOnn ,e0000e0000n

r.1	 etre eunfnr n.•• e000ea+o:90e00oroonnooe#1nna(00eoo:oon ...
.. n rrn Yr•f .

oe
oeeee#1oeO
e00"O"neeene

eeoenee#1seeeA"- trtnnfnnrr•.. 0000:eon00000000neneeeno(nnooeooen:0n^ ...
off. errs ......eeee0eoonnen0#1enosnneee^eeoee#1eeena rfrefrnnn re.• 000000000000000e0000nOOO^.0oo00:O"Ooo ...

fnur. n n 	 •oo^^^#1^eonononsennn#1o0e#1e#1onneseenenenn . unnt nnn oonoeoo01010#1onononen^n.0nnron000noo00non^ .
nfn 	 n..	 .a0oo0000onmfonmM^eeo#1.0oenr ^taMe0e0e0n1 • fnnnnnnnnn 0n000eoononnn000n00000nonn^ooeonoo11on^ •.•
tuft.. u.H	 .ooeo0e0000e:onononnno00ennnere00e9e00enonn

win:,ewirat.t Hr
..

Betrt	 tt nn noorenooa+on00"O"nn#1onenn^eeoee:enona • 000o00000000no00.,nnotononnnonoo00oeo001
• nfor .volt 000000O00n000nOnnnan1000e0"oftoo0n0oOnl• rte n trntn t (onoocoo..."0 flnnn wonono:n...nr011n
o	 tot •rot• • Hi rtYt nnnn 0000101(,Oon000nnoor000000000nonn00000000
.f fire• t•

00
00

0000011900000011.A"000n:nn^on0110110nonI •
00:001100:OOOOOOnOnOee#1onnne^Onnoe0000no • H n .1rtBtrr o0000o0oo0e0n000nono.0OnOnnn00000n00000

•	 1 n t	 let
11

ffttrtttt n 0000000011000010(0(,0000000119 ^011000#10001111noOQOOOn
0000f

ftonew"On1
10) :On000"'. .OnOennnnMnO0e6o0nenn0 rffetY n t nn 000000000000nOnon9rn0on0oo^On00000000n

00000oc
•• r . V : V
•t1l .rt n 00000000

0
	oon0oonnnnnonrnon:1100^::oonnononn.. tfrr nfHrtr .no00onon0nnn0#1nn#1nn^On000n000nn

•119	 1111 • 000000000900000nOnen0000110n^eenn0::nn01 r1Vte nYrrr 30000:00000nn000n0^0o000110n000000000n0
•rrr	 tot	 • 0000000^ennneno00o^000.100nnonn000oe0no frltn fHrr OOOOOn0000000000nOn000(Ono^00^000006011
rmrt.	 .•00e011nOo0n0000onolono00nnnn^nnn0000nonl tttttlrt n 00000010000::0000n0ro00^000^0oloo"o0on

r	 for	 ••.n . o00oeoo0011^nonono#1r...,,nnoneno^enenn00ononn. rettntulr 00000000000on000no0nooe0n0^000000000110
r	 fBrt•t n tr 000000000lOn0o0oonlnonon011n^OnOnnne00n10 Ytt n ttt	 tr n oo0neoo0n0001o0ononeon01)	 0000000000n

l•.• not 10.011	 ooponan00on9nono11nnn^ofMnn00noon nf1H	 tot 0001(0nonon000000nnnnonononnnonn0ano0onn
YtH••• toe 3n000000000nor0neonnononnn11nrn00nonoon9nn . Vee1r.•. t n t 00000()OOn0009000nnn00000nrnoo00o11o00rn
nt... nl 00001(000eononon(nnnonornnnnn^onnonnnolne u n et... nt 040000:oo.0n000no(onn00nnononnn0000000ronl
rrtm..rrtr o11001101101eano:nnnm,nonononno11^:nn0000n0 nn ttrrH... Bee 11000e00000n9eoo0n(,nn11ornlnnooe000enoon

.tt....rr n t 000nonoo00nn00onononnnennnnnnnonoonnono no naftl	 1 n t n t oo:000nonoron:oonn000nonnon00000e000nn
•tf H... nn o a0000nO00r000no00^on0no11n11ono0nn000n000 err n t	 Volvo 000000000000100060nn:o00n0^00000000000

...	 n n000een00nnO0n000nn11COnn0.0^00o0nnononn ttffV	 trr nn 000000000000n000009000n000^0n0000o0010
... n t mo0o00oeoln00ono#1lnonnnen11n00nonno0non:nn flffl	 torso 001000110101anoo^oorononn(ono^o^0nnoo#1e::nn ...

l	 tr1 0n11n000011r00nnnno"onoo.nonn Aeon0000non,) • HfrtY	 erfre 000000000a ioenononeOon0o0^00000#100000 •.•
rt nn 	 err n0oo000nno l$o0000nn^0n000nnon^ononnoononn rl tl n 	 n tot 00000000r .000OW0n000000nn0000600000n

tlrHr	 tort rlttt	 toot :0000000#1OOOO000 n(9noonnn0^Oonoono0011 •••
n nn t	 •tot n

n00a00n000000000000 nnOnn110nn^n•On:ennlnonn •
0090nnOn#111111111111100011#1r n^0011110110#1Orl •b t•rl n 	 r n tH 0000000000^00000110110^009n00000ni

tool	 •tt n n e000O11nOnOnOrnn0nn00#10011^On000n001n a .00n tntl n 	 Yr^ 00000000a00000nOnO0000
000000

nOnrnL A000000nn ••
loan •• nt0 0:onoenno9oenfk"onneonnnonn•0n00000	 n nnnfro	 tot o0000n0OOo:00000nOnn00nnnnnononno:o001

H	 rtr •tt11 OOOnOn0090600n11nenOnO#1fln0110^0000111111 ttrfrr	 oft 00000000000n0000e0n0000	 0000neo0oeronoetrt
r .for .rt.tt n 011:#1oonno#1nno90nononononaln nooeon:11 	 f ltf rr	 t n c a0000000noo:oono non:no

ne
 nnnnn oo00oo00noo r/s

n ertn •toot n ^:Oe0nOe0rneon0nn,rnOnOn#1911+00110000	 V n ffrr n 	 low 0000:000000000000000001noon000000000 n r.
ntrotn . nnt n000000000ceA00nOnnn0e0:onn Iann0000 n tern	 r vt 06000000n0000000n00n00.000,0800000.0
ttlrt n 	 n Hoe nn00001000100"11110#10^oe0nnn011n nOn0n000 frn tr	 tot 000000000000011:On0.000:nonrnoon000000
rnittetttn 0:0#100000nonnnOnOnnM00n0nn^011000110 rrr(	 low 0000000000000000nonnoonnnan0011800000 ••.••
n 	 tvl	 fH n 000000000nononn000nononnnn^01f01111n 	 •.• •.• fmt9H	 oft 00000000110000000^00000o000n00oo	 ......•••.

rot	 tt n OOnonnoonOn00nnnnn0000nOno+oon000 	 •....•• 111nn 00800000011:0nO00nO8:0:n00000000	 ....•.•••

u :: g
o
	 tot n n 	 •n•.• •••	 •..•• .....•.•.•......

t	 •	 ••• r n e	 n 	 •	 r	 •a• / •••	 •00.•01 ♦•.•.••.••.•• a.•

o	 •.••s n e n tor n 	 •..••..u..• e••	 e•••• ••.•01••••01• 	 ...•.•••••e.••••
•.•..•o•.•.a• H	 ••.•e.e•• •uw	 • •...•	 ••.e•••o•ee•••u ....•.••......	 •o u...•••..•..•

•	 oe••••••u ••.•	 ..........•.••• •.•.. •e•••.••..o.•...........••..•••.•o.•o. ••.......•.....•
•oM•••...•.••.•N.••HNN.•a. •••••	

•• o
NwHH•e••.H••N•M.•tl 00••••,.0.0•	 .e.MM H.••••

•e••e•••e••......•.....••....... ..... •...• n 	 ••	 ••• ••••m••••u••..•.e•••••••o•.0M ••N••• tN	 •..as ••
o••o••••w•••••suw.e••.•..u.•o.u••• o	 t	 •• • e••N U••e•..w•s••••u••••.•...•••	 ntr	 e••u ••
u••••em••••e•••.•o•e•e••...••••u•••.• r	 • •• ••e.•w••eo•ee••e•w••••••••••••p nrfttrts	 flitrfteY
o..o•••••••.••••••••e•.••e•.•oo.o...reV r•et	 n •.••••••e,••••.•.e.••••••••ee•.. mete	 rrrrrrtef
01.01	 .••..••e••e•• •••...01.011 rrr n 	 . t	 . r	 r ••••e••••••.•• ...e••••... tnrnr	 nrtnrttf
•e•	 •s•••••••• •u•oe••eea too	 tt	 • ••••e•a••••e•• ••ee•s•e••. rr► tte	 rrnt11n n

•	 000.1•• n Or n ..N•0.•	 n VVVH	 •••	 n 	 t	 •.• M0N•••M•N• •N•NHe•	 often	 rtnntrter

cap
latttrtte nn n00000000r90on000n#11100onon0^eonoo00000n

frn nttlr 0000000009081111000009000^00.00000600 nrtrneflarr 000eo00eonon0oe00nn1100e011nnneenOn:neo0'f
nrrtleflt es0000esooasOn0000000110000000000000 nurmren rl n n0nwoo+0e0900omMOo0no00n00000000000
nrfOtrntr 0000000000000(0e000e0::n000000eeeno n1r nnrrrr n o0emewoeenee0^:oOenOe0ene00oMM(oonrrtrra nun Oe000e0e00080n	 9
11212101=00.0000000000000n0000^1 e.. rqufn ► :n 0000e0MOn$"e0^Onn0n(y(MOOnnnOpeneenowl

fft ntttfttn ]0000000(.^000nNOnnn00000nnneeQOn0000r^
nfrvf•ivr•.•	 0^06000ne000000000n ••• 9111111111:119 ' 	 n"00098n0^80oo`oo0o0n
ttrrfrtttN•e	 Oe0e000ee:esone:0000e00neeeeNONoo •..rnrn nnr••• eoe0a^000000e0eeeae0oo(e000aIMM •.. frinrrnrn :nNOeepe0eo90Onneeneoe0nnn000oeenoom,rrunrrn n ^epneeoenen00eoeooeoon
urrnrlu OMOWOAODOOOOGOW ••• m11nntt e01NONOr000#18011n0000000^On01100e0e000n
trtOtUn110v rn 0n

00	 00M00000000110 •w
H• uutm1s1/8..........r ►KeeM090000n00nr00ee0e11e01100:000eeM1n



A

•• nr•••l/tit•ee•.Oe0:pN0:N00oonpn06000e9^8rts000000p0000n r9. rl n IIIW n tIItrtf0o0o000000000rte0on00ne0o00P+000OOnOnOnonOro
•.eu•Nnn•••••ppppppp 	ennnnnMMan•eMnMOnOnonann YBnumtuYro000

os
00e000000n0	 ^a^MnOnonononen.

Hornn r..r.•.. •:ea:eweetesaeenoeoeee:9sneas.eneotleonoon oas6e	
noPonOOronoo

rerernt nf.Ynn..oeoee9ano9ob0000nPnnoeeooe0a000na..
n•9..ftrOn n N••N,O	 eePeep	 On 08000M00-0000000M.MOnn rn r n rmm nntN•••OOOOQOOa0006e00nana0000a^. ^ptlp0a000000n•
n e •t n O n nBNw N09Ne:tM09.00MOM0eeeenO +Oe:ee110:00nn00 • KIWI Now tr nr•N ••pe00000000oneMnOn.np110enM00p6n900b09.•.
,.••nuun nu••••• 	n'.ennn:nenonnon.• ndrat nn r,rY•o..•000:OO:60000:00e01)000np00n000e0e0e0o9e•••
N11 t t • / n t 1t n NNNpOMppgnp00nOp00fl `^1Cnw 011pOM^On000n • • • MYY n rrY Yr t rmNn e0000000pp000ppOM0a000nOPn+00000M1000nn•
nun/. ntiun•e-w-----------seena,nnnhP-omtnenenonaw•m. ►nnrsII n n ne.OOOOOOOaon000MeonOeoaflOOno•oeoeoop000no•.•
ttrnnueeneYNgepOppppOpp^appenonOnOniMPPOnON%^0o0onn•.. nfurscorn,rOn0000p00000000000n000000n90npppp0e000nnP•..
n ntt II . • a n n1N•000ONNOOgp00nOnDnoa0"" *app6p0000nan... ttnf n n n inII n 01111000000090e000n0110b90ePOnn+ene0pnpe0nnn...
nn nr.•ones.0060:sepsepeeenpnonbna►anpnnwenooeoon pno^••. t nnnr n n nnnooeoeoeoeflnoonnenoPnoopenp,nwonnnpppppnan...
.unri. ntom..oepeppeeonpeseentlnonnpppnoon"eeeenon.nnn. .. nnu n in nn nnooe0000.o"0000.900000000eseaooeono90+oonooeoevflono••
•. ntin,•nte•N680"Go pOnp*MIOnOno"OnOnpne	 Ina Oepnonnn• • • r/nrrar nnt ntao00pe^OnpaOOnnopenOnOOnnflnp+onnbnponOponoP•
.rtes nt•f t•N••00pnppppppppp	 OnenOnbnnnnn00ppM0e^n•.. r nnn , nrlr4e ut00000000000000lononnoll""OnOn0000cf4r4oneeno
.•ti 49.•nmfnro00sspn00net1tlnOpon011annnnnnn0000on0onnon••• Y nn nrrnnY nrfpoe0000000000s0000w000O 0090"000000000000001.1
•••• n tt•Wit^IIttOe60pnpppnpnpnOn900n0ennflnn wCn00000nOnnn •.. IIeen/t WWII 0t Ht0000ae000on000no00noononeO( 3140000000000000on
•••/lWt•ltrte• •OnanpOpnOnopn0a0nnOnnOOnnnnn0e000e0nOno• •.. L'8eY n ft n t nn trtOa0000000en00000000pn..."O..".O...Ooo.00,
...11r n ..r, nu.•0000000eaboeononononoflnnnnn nonneoeononnP . .. u nt.rrr. n n uoaooe0000^s.900000000000000ennnooneowpppppe000non000
n t.1 n r nn r0 nr••• OO0000000O00enesononnecono'l .00000nonongnp•• n rIIII,re,r neiir000000000000600p00no0ponnOnn^000OpnOPonOnOne
Wire n r•e•t,t•••nnOP0e00en11p000nonnn000o0^n •enoopOpnonnn .. . 1^rr, n trr nn Y9.:00000:000O0o0n0n0noo0000000a0nO000O000000"On(W
rW/t nlr••oet•••0e00000090.0.0 0Owbn"a),on. " an 'none...... ,YYt,r,eYWeIIlr00000000000000n000nonpneoonOwbo000o000onnpll^
n tWltir.nlfmr.enopo.ooeonpeonnnnnonnnoonnn^noeonnbnonn ... . irlf n le n,stmt,on00000000e,MeneeOnpepotlnoeonoonooee0000nonn
Wtrrl•.a•/Wtr••000000000000000eOn pnflennOn'fnpaP0000e0nJn•.• nn Wild nU nn 	 n noa000000000000npoon00000nenp^.On000000n00000
n n nn a••.•erect:000e0oopen000n00nn0ennOnnno wnnn^onnn0onr •.. n rvrr•e• nn Wr110000000000nO00oOflO",...OoOnOnaon.00.00.OnO,'
nu1...x

rW
tnuonn0e000.oeneononnnonnoonoennon000n"nor .••• e nn rn..enr n i noon"ntloonon000neoann9neonnnowpnaebneflonoro^+

.. nal.e•mWm n"ono"oeonon90000nononoenonn°+9noonnnnouono.. II/ r nr.•.n n 1nnoa0000060oo nooflOnon00000nonnnp000pOpnonononr
oonennoonoonononnrnc ••• n f n ...r nrt0l0000000n000000fl0no nann	 n ettl n II• n r, i nr,ol0000eooonoo00neenoe00onoonn00000000000000-

.+ n e n••e n t,lr nn000n110000n9e0n0b9rnMnOnn nnnpnn00nno0e0o0e• Nov WWII nn l, nft0000000000a0000000^OOOOOoonOnOn000n00O9n00••

..ei n••••IIttrr00000On000nppOnpnonOfl)rorMenn n0e00000n000n0.. ,rill n vor nn rWt0000000000e000nOn3noceconO0nn00000001)0090•••
•/ nnn /...rrYrrornne00000npeonononennnnnnn^wpnoonnobonon••• ri n II, n i n e n , n e nooroo.00000nnflnnnnnon00000nonoonneoon000+...
nrnu..n fno0000"on.e9eebnnennnnnoonoonwoennenne pnnn ••• nn n erevn • e nnoonoonononnnflnonnn9noaoonno•on000eeoonnn...
nn YWt:•fir nr1eo0MOnenOnae tneP9nn1E6o0Pnn ^POn0a0e900nnn••. n Hissr n ni n ,000OOOOn00no00000000n0no ooan00oon00o^n.n.•.
nnn WWII n.. rrr/.00000000.:on9eo9aee nrtnnpppnoonannenneeo0nn... rr•W1 n r,rrr n it00000aoobonnotlotlobnpennbonnnwpnfl.000noenne..
Onn IIt nt••itttii0oen000e MpeOnOMnppppnennonPe000e0e pflne•.• n .OW, n YII n n r1nII0900000000n000Q00bPOn000npe0+p000000e00nn...
n 1nn e/r••, nn ,te00tlee0nee•.bestpesns9eesnnnnwnnn0senepenn••e r9. n 9. n rravev n v non0000o000o000ooPonOp000nononO000000n00nn...
nn YIIrireoltW nn t000O0:rteOn9:eMnN'OnonanOnnwon00an00e001•• n ,II n Yr r mm,e n m m mo:OOOOOOOO o 6000none"	 0,0000 0 00000on9n•••
nrn n 0•vttfr100ppppnnppnpnNlneowennnanOneMIn000e0n00 n 1f n v Dr n i n e nni„ ntM90000fle000000nen000nnannnOflwOnOn0n000P1r.e•
n•/rewBirtn000o0e0pen>.:tle/rmrme0en0n+nOfl0Nee00sorts n nnn i1n ntrte900000b.000000000... ..00...0o06o0.n o.,
n f.nur.ntWnuppeppp•ppn^nenewpn0pp00pOns n n v 1e n SW nn rir n Wnanene00000nb00000.n000eonoeoweoo.000non nnn n
n n t' 9. t e o • r t t r mOpNnMp:OPONaiM' PMbf1011nOMN00000MQW t nn r r mt n Y r m r r na n n 09 aecob00000000"Onnnnnonnno nonec00000nt y l,.

I
Yfft9.tt/t rees n000enNN:oNSeN^Pn9n:panPnnennp:npestmrWm• n rmr n ,m n tMO IOOeO:000000:nOflanOOOOa900pnOnnO9OOOOa•••••IWrrr
v i v re en Y t t ntOM:e::af:neM9:e11MenpM aeM0eM00a0.• w •• • YII W t 1 t O n f r r n II60o00

e0
0:00000ap0:Osn000a00o00noa000noon... e.

at nstn rt0t 0moo:oseees:np:enesnPeaOOSn'! !nen:npseooe••••o•• .rmn nrn,too:op nnpnon 0"Ononnnenanononno........••
nun . n rrr. nr,aonOps00ee0npnOnppnnn9bneea"Msneoeeo••w•••• rumrrp0oonpepppopooaonowpppope:pnnpop9p••••••••••
till r n,•aeon:aeppteeQOn!lOOilOtln•.pn:pOn:OSnin9ose•.•......

IWtn nn
nerlmY_ .•..... 0000oe0000000ee0anona00000 pneo ....... ••••••

nrrne••tot•.000:n0000oeernvmOnrem0en0nOn0n.. fW ..n•..ar •••Hen,•.^....+000O000000o0o000OOnonOb00on•.•.......•..•o..
Wreft^w• r.••••.m•••nt n tneno.nn•. •.•e•••.nf+u..•W• •• w nnu.e.e....•..•....,•••••....•.•••o...........•......
swt/ n •••w.:•.•w•w.t n i0n net••W n tww•wwwwew•••••4 wwe••w w•w a••www•w w...••w•.w •••••se.••w•.w.••
•w •••w e•w w••..e••.•• ...... ....... we•••...ww••.••• w•.••www•o•••.•••.e.•s.ee•.••w•••.••••.•.•...•••..••.
............. •.•*.•• ......Nw••••.Nww.......	 Nw H•• ......................................... w ..•••......... •
.ww••.••. wOr.Nw•e w•NN N.wwNNH.N ww•w N •••• wHH••H wN•ew•w N•.. Hw Nel••NH,ep...e.........•
.••e•ww•wNwN.w •••w•ew•w•wowNtw •••tl N.• ••••• ww••••.•o•••o••sw•••w ww•e•s wew•1 nnn ts•.'..•.•••.•••
w•w•www•s•uoNN•w•Nww•wwgw netu•• nB H••.•.. •.w•e•ww.•w••w•.••w•w•••••w •.• rmrrrn•u n H •••••••
wNMww.NNw•ewwwNYw wne•••s•• ► 1rtn .••t s••• •.••• •ww••eo•n.New•wa•wa•••••••.w rt 11 n ntert n nnn ttnWU Y••
••••Nwq•.NNNNN•ww•w•s...••/ nn nr0fr• /t,wN1 w n ••••....w• ................ .....•e nnn mie11•r nrnreeuren n
••N•N wnee.•w•N•w.we••...•crr........r n wtttw t n r• nn wU•w•w w•. N•www•ew••.••••.4tYW n /111 n 11 n Ye,lf Wrrerf nn
••e•N•••w•N.Nf11111 p•NN.9.Y • n •Henn n••w..t rt Her ••• n e.e.wwww•wwww•••.w ••w•• n e n nn reN 1111 n 111 nn ttt Otte
..:.NNpwN•••n11t n rw•w •••N. n er nrre.•wore ninn.••• wN•Nww.•wwN .............. n tr^er trt.e n n trtYYnrei n

r rr
\b)

tt as" 11811119,811119	 80:00000On866804,00000noon mu, nn nn n ee0000:o000000Nn'NOnaa90000nr+0ao0nnironnononn^ tUefnn11tnnnn 	 ee:eM:60ns0000se0anOn000 n ttr n in n tort:less:00:On000o011bPOn001w.napn0eeonn000Mr^Onn
n let r9. t6/t89.e n 11•^p0eyp:pp:0no0yppppnOn00+1006000e0n:0 • n trf n.mosstrern9yp0eeMn:M90:nnpppoppppeneOppppp0000nOnanftttttfif rR:•••:::ppr00po:opOprgpp gPpnpppp0ppppppn0•e nrtIIWm n t► n t ntYe0n0(6p0o0lnoo0M/Cnnrp^nn9flnnan0a0006nf10PnnOn+nunnnWr, •••• peppppoe•.e rrtnntnnnnobeee:eeow9sen9ennnnPnennwnnoenoon^esonnnnn-
.........rs4•.a.•	 e0000eePe000e00e:One••• n rr n mttrtmmQWrOn0000o000n0o:Oppnnnn000nOnnn(n100na1M000nOn.e8esn nffetrf.••o• 00:8000866M686000p00:n00.00i000000•••00 nnnn t^^er n etnnoM1pP0p00onMl0nnnnnnnn0annwww^jnpnM1PnnOnn9nnn
nstnn nttr f••• • ppOpp0000o0M000n00n000:00n0:00a00000naw e W W ft nttm r n n n 09POONb00a000MnnnPMMOnOnnn00nnDOnOOnOnP^nusfeurirn•••080000060000000000,006000000e00000000000e •e. Han ntsetnp0'M009pa0nnpnanOnm.Ppo00nnna.nnnoP0Mln00n^ .nm nnurronn••oeoe00600."oetlea000non"eoeooen:eeootleoen9e ••• nnrTn nn nep9apo9upoonoopna,m^nnneoannnenopnpoonapppnpo'rnnrYm n 11rr111aoo000000000o00006noeatlo.e00w 0000000m ,;n... nn, ntrue n noenoneoonennano+eeennnneflnennnnenonnfloonnnonnnfftt nrrrBUenp00o:0:0ooP000000OnOP000OamI 110000000000O4••• n rrrnY11Yrt n nounno000o00npnnnynnnp00o0nnngnaennotlbn0a9•o^nmin n t nnfuoop00:006000000000Ppp0000natimmo600m000n••• nnone,r nm,n0ne0000::n:on9nnnnn'1nOM'Oennnnwnnnnnabnnnn^nonnrnnrninifr000000000000000000P00o000000not00000me110•• rr:narnnai0ea00000e^9eoebnoennnnn00nnnOne0n0enn0onnnnan

'rrrnn n tt nf88000000:0e0000000oo .o.000n00o.aoo.0000000n0r• eat•nrvrvn W0pn0pO:00oon000000nn00009nn00n0n000000o0010+nr nooseinu0000o0e00000000000nOnn0s00nen pn00oe0009000en nn r n r neH nu0m:n0000nnOn000oeennpM.OnnnnnneOMneepannn0nnnftrrtitttfftfo00"opope:O00000noPOa000000OAOOGOOOOOOoon0en
M.n1MNItrf000960000p00000O0ono00000coa-0l000000009n0nn

n ertt nnn e nn W•O0000000o00n0ee000nrnnn09nrtnpnpnnn900000o+ono
.cnrnnnr npo9p@OppoOnapnpn0onnn9n0onnnen0nnnnpo0app^p •nr rfrffWYt rrtit00000000000000000pe0o9"00000n0000000000000n0 r nntrn„ rt r W 000nnp0o00oon0e0 noannnnptlOenPM•000^n000oo0^0.1"tfatnlit m irttf:OO000000000000o00noconon0aOP0o00oeQflOnOnOnn s hell r nn st nn tr00n00e00000n0n0oOnnPnnnoOrtennwflfl0"neOflOnn^n^n

nrnn r nrn9.rtn:"op000000"00000e000..Ootl00oon000000000b9o0no n i.aYe n .re. n1^ooeoe00009nyeonppnwnnetlonnwnn0000neo0oe9ronP
nftt nOWtt ntrtt000000000000000/,4Mnoe0000nnsnpn9000000000000 n i n attleett n100'0000900an00o9pe0n.nftOOna"n+00000Oo00O0nOnrna^tes^rrt ncif00000"0000"n0001.00OnOnn00700en0000000000000nn r n e,r, n ari nure00000e0000n0000000n0e00000ennp00on0000nno000tin nit n rttnt0000000	 000000600n0n006000bne00000"0009n000

Irfrt n ..• rtrWfe00oe000000b000000b
p0
	n000O6n000A0000000000n9000

e nu nn r nnn r1n00n0etla01bOP0OnnOnnnpnn0pnennn001MBe9nOpOnOnr
114.34110 nn tt„600000.00oOn00nn000nnno090nnonoo0000600nnnone

Willi
. ••err nt1000o0000oon00000noeD10e00o000noo000oonoe^noon

... X.:•• tilr.9.000"00000"Dooa00o0"oe0000o0 nOn0000000nOn009 11141 n a t ar n t nnnnapnOpllflnnnnrtnennnen9o0nnnnnOn/Innnenpn9no"n
nnnten nn n n00n010130"n.nN000o9Onnn00000no.dno"0000nnn0onNunn vv- frnrtoo00otloo00o00pMIa0n0eeooo0n0woon00Ppfl09nne0• n II nArf nnn tYfOflwbpe00ea1nOnan0e0^9eMnnnnnnnn00n0e0009nOrPiff11nW nnrmmf00p0000eppppabnpnonooa6"ponpn"PPeoaopoenno•• nu n a n mr n ireonnaonnoepnnonnnonnn^nnnnnnn+w"peappnannnnnnn

ntinttltIIt31000"optltl00000OooO0Pp0ooo0000n00Qnone00M0..• ^mrer00pn000oo000n000n009Pnannonnne•WMO00000nnnonoasrta nn tare nncoo" Op"oo00oo0:a"Oonoom000nP000000e Donne.. n Wetrmamieeerroonpp00npnr)ppn90ennnnna0nnnnPfMnonoep9nnnOnn
nfrmttntervftr0000060000ono000oonOtl0o0000n"OSOaoeoo0een.•e n f8a:emr nrrtre0^oovemonpoonOPnnnenppn000-0000000000n,0onnfmm^ neta9.ns.000060100.0nono , 	..np"nonpnonood.8 :non... nun,nn nr n.one+n9aonnno9onnonnnnnonnnnnwoann9e000nn^nn^
nrtenunnnfpsnoop.otlonetlonanonone00aonona0000eeeefl9n•.. .rmeisvun11pn.o:pppen^nnnnnnnnnnnnnnnnnrnnnnneepenn,one
nffaffnrroni0000t000000000000n0000~nwon0000eoo"n... nnnnmv nire0cnp00e.onnnnn+Onnnnnnnnnnnnnnnnnneeu0pnn.nn
feu nft,nrrtte0poo00000000O0"OOOnanOO"o00onDODOO 000enn••• r nn nu4 nu nip9no0e0opnnnnonppnnonnnnnnMPO0n0neoeoonngnqftnrYfrfIIlnnf0pp000600000006080"Oeto o0oo''000000004w ... t n vW rruinnre M^enpeengannn9nnnnn'fOnnannPpanonenoonnn0^-m9. nrnm/n 0000000000000"mo*00000OWI01.t,oe0000mNyvv- e1 nn tIIYWr n ,nra+Oan0000MnennnonwrMnannnnMnnnnnnoe0onnlo•.
nlntttnnfnooOoom000000000000000womoon00000eannr nn .Y nn e.rtm41.b9000"oeJO"040eonOn0OsAonsMoaoe000001inn.e
uanrin iatu

n
o00p000000n00e000en:'"O"OdOOROO8808000nnr11u n 1111 n mYYt1 n r usn 7ennesnpannnpneennnnna0ennnPnnnonennon^+•••n II11r/tnot: 	 oopoeo0000np000poonpeep00ononppoaos0000+•w ' enean.•e)n acoon^oiropenn^Moft 	 P.,onnOnnn"ooftann"Go....•.►ntt11ffnrLne00000000000000OOOOnef100p11000n0s000o0000w ••• nlo Ve y ISO rn/ersnONenoenoonpso*nnnooPnnensenaaenno•..•..rmtttitttt9.utp00seop0pppop00peenen^sepoppPepoesn0ese•• •..  one mrnt gal wendano:eennespnbnnnnn^pnppr'nwpnaappppo••.•..rttununue00s0e0000QOMOMM	 •o••• n nnen l nnpoPeeONeeon9ne"aneor, owo0n009o~..•••• •

rtttfmnneteeee	 •••lee• coon n .{....,w*s9a+esoeoneoenaooPnnnn6n+nwnno.N.•.•.•..nettrnuem•Po:e:"eeoes:nnrpaon"aoeee•.N..•N•....... errYttt t...•••nryr.̀0),V0pi7s^1ppp0pnMpM)snpnneNOwwNNww•
' Nt/f1111N.N•N••••e be0::f nmlf11tY•w••••NSNN•NY••e•we n fe8e nn••w••••w•wN•ne••wwas•s•N•N••••a•••NN••••.•••••9.1••N.•••••••.•Y N•9.1e11r.e•1••N•••e1.• 	 ...a. • •. of II n t. • . •.., e••••. • • • • •.•••••O•••NO•e•N.•••wwON• • •.••o•N••N•N••q••N.•••N nN•®• •N••N ••e•w N.so* w •.• • • • • p .• s• w.N. s N••• •• • • •N••... •.•O•.••{• •q••e•••e m • •.•••N•••••N•N.•01.••N••ge.N•••N.••••.{•O•••••.••.•.• •• e...........•.• ......... N W.M w••. q•N ••N •.O•••••.•••eNN.•N•e••en.•.1••••••NNq••r•q e•••tw.••1•N••w. • v•••••w•.weNONO..••e•NN••. we••••1••N•••......w•••e••N•N•Y•N0 •861•••86•••............n11........ ONw.•• :) ...... w.0PqN•NI.NNF.••••NNN•H•N•N••Nwerle•••N.00•Y••.e •••••w.egw••q•.•NN..ON ••mw••••••N	 ••

•• m w •1• •• •• ••••1.86•/86 • • eq•N•ONN•N• 111•••• e••••• • •.••••186.0• ••868686.86•• e•.•••••{e.•..•tffeef nerrne••P...•• • • •••......q•N N••e•••••.•Ne..•ettn110 n/•N •••Ne•••e•.••1•N••••••J•a1N^•Ne•/N••N•.NNt11trfl tftinfittf11•..• wN••1..••••N.e•/N1G•86••e•••• ..ISweeteet•••tRnNww•
I •••!i•0.86•N•NM NN•NNN•N• nr110tnfftYen11n111fifnnH•• •os•Nw•w•••NNNNNNNNN •Na11ntnWrrtH nBYtt•N•••0••••86.86864186.N••.1•NqNeoa.1111titent/r"nfilttfBRfeiNe
I N•.gN•qN1{NN•8686•N86•.Nee11eterfeerfBetftltA11ta.• ••N•86N.....N86••1•••PS•e••e•••*91an

ftee
eften11rneftn.....

•.•.••wOweO•• ••.•••Y{.••O•.••e••/trffe11 n11en tn•••.••

(C) (d)

F 9.g xa) 5.5

50



'w- ;ar ^.r .	 :^xA^, .. ^x+• c +t^ r^+ *.My1NRlM1*x^^a+rst^ +^	 ^MRukll4^hv*'!R+ 	 ^7 0°Yta 'aM9^Rxvn;, . ,.,.T

dictor method of transmitted image reformation described in Chapter 4
might be useful when more than two regions are used. In any case, the
method appears to be useful in describing the imî  gery used here .

i
9
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VI. CONCLUSIONS

6.1 Results

The two-dimensional medial point skeleton transformation described
in the introduction provides a useful means of representing two-dimen-
sional data such as radar imagery and video data. Regions of the image
are described as the union of several diamonds, each of which is de-
fined by a point on a skeleton matrix. The transformation is a useful
one since the value of each skeleton point can easily be used to calcu-
late the area of its corresponding diamond and therefore provides a di-
rect indication of the importance of that point in the description of an

image.
The use of the transformation for pattern recognition is restricted

siric:e introduction of a small amount of noise on an image being trans-
formed greatly affects the resulting transformation. For this reason,
the primary value of the skeleton transformation is its Usefulness in
data compression and noise reduction.

Since the transformation describes each image as the union of sev-

eral, straight -edged figures (diamonds or SgUdres) , the average size of
the diamonds or squares described by the transformation is a function of
the orientation of the image. This dependence is a strong one as shown
with the example of the BAC-145 jet. The dependence can be used ad-
vantageously if it is suspected that the image has an orientation of its
own by simply aligning the edges of the image to coincide with the edges
of the diamonds or squares. The transformation can also be used to de-
tect orientation of an image.

The skeleton transformation provides a useful method of noise re-
duction. Since noise generally occurs in video data as small isolated
points or lines,

'
 t can be eliminated since the resolution associated with

this noise is smal and can be smoothed out. Noise was reduced quite
effectively on the images used in Chapter 3, especially with Methods
B and 4. These results suggest that a method of region growth where

•
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the regions are defined by points ai high resolution obtained from the
skeleton transformation provides a more effective method of noise reduc-

t	 tion than does the more conventional neighbor search method.
The usefulness of the skeleton matrix transformation as a means of

dat reduction when only two regions are involved is questionable. It
cannot be relied upon to provide a more effective means of data com-
pression than the boundary description method. However, the skeleton
matrix transformation provides an effective means of data reduction when
more than two regions are involved. Its usefulness for this purpose is
,,nown with the use of pre -processed photographic data. The data used
contains only three regions. However, the methods used may be di-
rectly used to reduce data with as many regions as desired. It should
be noted that the methods used treat each region separately. No ad-

r	 justment is made nor the relative similarity of the regions.

i 6.2 Recommendations for Further Investigation

A problem noted with the medial point skeleton transformation is
that it does not provide a completely effective method of data compres-
sion. This shortcoming might be overcome by devising a method to
describe the skeleton in a more general manner rather than point by
point. Such a description might involve a two-dimensional least--
squares curve fit of the more important skeleton points or a description

t of the skeleton shape using methods of syntax. E 51 A study of a *medial
axis description of figures similar to a syntax description of the skele-
ton transformation has already been done by P'hilbricr..

i The noise reduction methods described in Chapter 3 are only in-
tended to suggest a few possible methods of noise reduction. Obviously
many more ingenious methods can ^)e contrived using the skeleton trans-
formation. Best results would he expected using a region growth method.

The data reduction methods described involving more than two re-
f

gion Bake no adjustments to account for the relative similarity of the
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regions. However, for effective data reduction, it is desirable to clan-

sify similar regions together. In the example of the photographs taken

of Phoenix, the merging of similar regions was accomplished by pre-

processing the photographs with Dalke's Baye's Decision Theory pro-

gram. However, it would definitely be advantageous to use a similarity

of regions criteria to assign object matrix values during the noise re-

duction process. Such a process would be useful for direct processing

of photographic imagery. Also, such a process might allow pattern

recognition which uses both shape and similarity of regions as criteria.
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APPENDIX A

Computer Subroutines

Most of the basic computer simulations done using the skeleton

transformation were done in computer subroutines. Brief descriptions
of some of these subroutines are given below to aid the reader in under-

standing the makeup of the computer programs used.

Subroutine SKEL finds the skeleton transformation of an object

matrix using diamond fitting. Subroutine SSKEL is the same as SKEL

except that it uses square fitting. Subroutine NSKEL uses SSKEL to find

the skeleton matrix transformation of an object matrix with three regions.

Subroutine DIADD adds a diamond to a matrix given the matrix and

a skeleton point code word. DIADD also finds the number of 1's in the

matrix after the addition is made. Subroutine SDIADD is the same as

DIADD except that squares are used instead of diamonds.
Subroutine PRNT prints a matrix printing blanks in place of zeros

and X's in place of ones.
Subroutine OTLIN calculates the number of bits required to des-

cribe a figure using the boundary outline method.
Subroutine NCQ(DE finds the code words describing a skeleton

matrix.
Subroutine DIAF orders code words using the "optimum" method.

Listings of these subroutines are shown on the following pages.
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APPENDIX B

Flow Charts for Noise Reduction Methods

Method 1

Start

Eliminate isolated
points

Find skeleton
of matrix.

Label free points
(skeleton points
with resolution= l)

Assign free point values
according to most
frequently occuring
neighbor

Y_ —4reinf orce .	 No

Stop

r

59



f

Method l

Start

Eliminate isolated
points

Find skeleton
of matrix

Label free points
(skeleton points
with resolution= 1)

Allow non-free regions
to grow one unit dis-
tance into free region

free parts
left?

No

Reinforce 0

6o
	

Stop



Method 3
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Method 4

Start

Eliminate isolated
points

K=1

Find skeleton
of matrix

Label free points
(points corre 6po ding

N= N+1	 to skeleton points
with resolution
l< K)

Allow non-free regions
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Stop
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