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I. Systems Analysis Research 
SYSTEMS DIVISION 

A. Effect on Precession Parameters of New 
Planetary Masses Used In Ephemeris 
Development, J. D. Mulholland 

In a previous article (SPS 37-45, Vol. IV, pp. 17-19), 
a new set of planetary masses was proposed for use in 
ephemeris development computations. This set, with some 
slight modifications, has since been incorporated into a 
formally recommended set of JPL astrodynamic constants 
(Ref. 1) and is now in use in the ephemeris development 
effort. It is believed that these represent a substantially 
more reliable set of values than the IAU values, which 
date from the time of Simon Newcomb. Still, the interplay 
between the various quantities that are used to describe 
the physical universe is frequently indirect enough that 
one must be cautious about introducing unwanted prob­
lems in one area by the very act of improving the accuracy 
somewhere else in the system. 

The perturbative effect of the planets on the spatial 
orientation of the ecliptic appears in the planetary preces­
sion. Thus, if the planetary masses are changed, this 
should imply corresponding modifications to the preces­
sion parameters. Indeed, Lieske (Ref. 2) has derived and 
published the partial derivatives of the precession param­
eters with respect to the planetary masses. 

JPL SPACE PROGRAMS SUMMARY 37-52, VOL. III 

On the other hand, the appropriate modifications have 
not been applied to the precession parameters in Ref. 1 
nor in any of our programs. Before this state of affairs is 
explained, it is best to examine the values that such cor­
rections would take. Table 1 lists the results of evaluating 
Lieske's expressions for the mass system in Ref. 1. The 

Table 1. Corrections to the precession parameters 

Coefficient of 
Parameter 

1 T, T T, T r ' 
General formulae 

Ll.<. - + 0 ':038 - - -
A< - + 0 .038 + 0 .038 - -
AP - - - - 0.002 - 0.001 

Ll.I. - - + 0.002 - 0.001 -
AZ - - + 0.002 - 0.001 - 0.001 

Ll.8 - - - 0.0 10 + 0.001 -
Evaluated for T, = 1950.0 

Ll.<;; + 0.019 - - - -
S. +0.019 - + 0.038 - -
AP - - - 0.001 - 0.001 

AI. - - + 0.002 - -
Ll.Z - - + 0.002 - - 0.001 

M - - - 0.010 - -



values given in the lower part of Table 1 are those that 
correspond to the expressions for ~o , Z, 0, E given in Ref. 1. 

It is now known (cf, e.g., Ref. 3) that the conventional 
value for the constant of general precession is too small 
by some amount in the range ON6 L. I:lP L.1':3, and it 
appears that the uncertainty in the value of the mean ob­
liquity (Ref. 4) is in the vicinity of - 0':3 L. (I:lE + 0.3T) L. 

- 0':1 also. If we hypothesize that the "true" errors are 
1':0 and - 0':2, respectively, then this implies the follow­
ing errors in the l?recession parameters: 

I:lP = + 1'.'0 

I:lZ = + 0.460T 

MJ = + 0.402 T 

These numbers are much larger than those in the lower 
half of Table 1, which means that the inconsistency in­
volved in retaining the conventional values for the preces­
sion parameters is notably smaller than the known error 
that contaminates the entire system. This is not taken as 
a warrant to ignore the existence of the inconsistency and 
its possible consequences. Indeed, the entire subject of 
precession is now under study. These results are, however, 
interpreted as a justilication of the adoption of mass values 
that better satisfy the observed motions in the solar system 
at the earliest date, even at the cost of what is hoped to 
be a temporary inconsistency. 
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B. On the Partial Derivatives of the Two-Body 
Problem, R. A. Broucke 

1. In trodu ction 

It is well known that in the differential correction of 
orbits of celestial bodies, with the use of observations, the 
partial derivatives of the two-body problem play an im­
portant role. It is also known that these partial derivatives 
are of extreme importance in the computation of perturba­
tions on the celestial objects due to other massive bodies. 
This has been recently shown in detail by this author 
(SPS 37-49, Vol. III, pp . 31-40). 

The probl.em which is crucial in the computation of 
perturbations, i.e., the development of planetary theories, 
is to find good explicit forms for Green's functions or the 
fundamental matrices that are required. This is shown 
in a fundamental article published by J. M. A. Danby in 
1962 (Ref. 1), which studies the foundations of the prob­
lems associated with generating planetary theories. Our 
article attempts only to develop in detail some technical 
formulas necessary for an implementation of Danby's 
theory on the computer. We have work in progress to 
implement this theory. 

Since the three-dimensional Kepler problem is repre­
sented by a sixth-order system of differential equations, 
the solution will depend on six arbitrary constants. W e 
are interested in the matrix with the 6 X 6 = 36 partials 
of the position in phase space with respect to the six inte­
gration constants, and also the inverse of this matrix. For 
the six variables in phase space, we will use the three 
position coordinates x, y , z and three velocity compo­
nents X, y, Z with respect to some given inertial frame of 
reference. 

We will develop the results for three different sets of 
the six integration constants. The first set will be the 
classical system of orbit elements (a, e, Mo, i, w, 0). The 
others will be the set-I and set-III elements defined by 
Brouwer and Clemence (Ref. 2, pp. 238 and 241). Our 
results are derived in such a way that the partial deriva­
tives with the set-III elements are obtained from those 
with the classical elements by simple matrix operations . 
We have obtained our results by rather elementalY and 
straightforward algebraic development, mainly because 
we intend to extend our results later to some other sets of 
variables and orbit elements, by applying a chain of suc­
cessive simple changes of variables. 

The principal result presented in this article is a con­
sistent derivation of four fundamental solution matrices 
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(Green's functions ) of the variational equations of the two­
body problem. The fundamental matrices are Matrices 
(10), (25), (31), and (37). In Expression (13), we indicate 
the basic formula to obtain the inverse of the fundamental 
matrix. As an application, the inverse of Matrix (10) is 
given explicitly in Expression (14}. 

2. The Basic Formulation of Kepler's Problem 

We will use the formulation of the two-body solution 
which makes use of the three classical orthonormal vectors 
(P, Q, R) depending on the three orbit elements (i, w, n) 
only. These vectors are well known (Ref. 2, p. 33) so their 
components are not reproduced here. 

The position and velocity vectors x and x depend 
on (i, w, n) through the components of P and Q, and on 
the other three orbit elements through the intermediate 
quantities X, Y: 

x = a (cos E - e), Y = a(1 - e2 )V,sinE (1) 

The expressions for the position and velocity vectors are 

x = PX + QY, 

The time derivatives of X and Yare 

x = - na2 sinE 
r 

y = _n_a_2 (,-1_-_e_2
-,-) \-\_1 _co_s_E_ 

r 

(2) 

(3) 

The notations used in the above formulas are classical, 
and the meanings of most of our symbols are known. W e 
have used E for the eccentric anomaly. We will also use 
the symbol M for the mean anomaly and l' for the radius: 

M = nt + Mo = E - e sin E, r = a(1 - ecosE) 

(4) 

The time derivatives of M, E, and l' are given by 

M =n 

. na 
E = ­

l' 

a 2 e n sin E 
i· =----

(5) 

The mean motion n and the semimajor axis a are related 
by 

oa 
on 

2a 
3n (6) 

The partial derivatives of some important quantities 
are given in Expression (7). The derivation of these 
quantities is straightforward. In deriving the partials of 
the two-body equations, Expression (7) , we consider them 
as being a set of functions depending on the time t (mea­
sured from a given epoch) and six parameters. The six 

Expression (7) 

/oa /oe /oMo 

01'/ 
l' 3aentsin E a2e sin2 E a2e sin E 
- - - acosE + 
a 21' r l' 

oM/ 
- 3nt 

0 + 1 - -
2a 

-3nf a sin E a 
aE/ -- - -- -

21' l' r 

1 ( 3t .) X 
ax / a X - "2X L -

n 

1 ( 3t . ) 
y- , ay/ a Y - 2 Y M -
n 

ax / 1 e Xt ) - - X - 3jJ--
2a 1'3 i -n (~yx 

ay/ 1 C Yt ) - 2a Y - 3jJ- r3 
it - n ( ;YY 
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parameters (or orbit elements) are considered indepen­
dent. When the partial derivative with respect to one 
element is taken, the five other elements and the time 
are kept constants, but the eccentric anomaly E, mean 
anomaly M, and radius r are treated as functions of t and 
of the orbit elements. 

We have used the following auxiliary variables related 
to the partial derivatives with respect to the eccentricity e: 

a2 
• 

L = - (e cos E - 1 - sin2 E) 
l' 

a2 sin E 
M = 1"(1 _ e2 )'h (cos E - e) 

• na4 

L = --:;:a (e - 2 cos E + e cos 2 E) sin E 

• na< 
M = 1'3(1 - e2)'h (e ~ - 1 - ecosE 

+ 2 cos 2 E - e cos3 E) 

(8) 

All seven quantities on each line of Expression (7) are 
independent of the orbit elements i, w, n, and the corre­
sponding partial derivatives are thus zero. Only P and Q 
will give a contribution in taking the derivatives of x and x 
with respect to (-i, w, n). For this reason, we will now intro­
duce two 3 X 3 matrices with the nine partial derivatives 
of the components of P and Q with respect to the ele-

a e 

1( 3.) x 
a X- "2 xt LP + MQ -

n 

[~:] = 

- x-3 --1 ( xt) 2a /J. 1':' LP +MQ ( a)" - n -;; x 

3. The Partial Derivatives of the Six Orbit Elements 

ments (i, w, n}. We will designate each matrix by its first 
element, written between brackets. The elements (i, w, n) 
correspond to each column of the matrices, while the three 
rows refer to the three components of P or Q. The partials 
of R will not be needed. 

We have 

[ +P,s;nO Q J: 
-P'l [ aa~ ] = ~ P z cos ~ Qy Px 

SIn OJ cos 1 Qz 0 

[ + Q, s;nO - Px 

-Q'l 

(9) 

[aai] = - Qz cos ~ - Py Qx 

cos w cos t - Pz 0 

It is obvious that in computing the derivatives of the 
position and velocity with respect to (a, e, Mo) all that is 
needed is Expression (7), while Expression (9) contains 
all the required information for the derivatives with re­
spect to (i, w, n). This separation of the six orbit elements 
in two groups of three greatly facilitates the computation 
of partial derivatives. Following is the 6 X 6 matrix of 
partials of x and x with respect to the six orbit elements 
(a, e, Mo, i, w, n). The columns of the matrix correspond to 
these orbit elements in the order given, while the six rows 
are in the order (x, y, z, x, y, z) . 

OJ n 

+z sin n QX - PY - y 

-z cos n = R X x +x 

+ (X sin w + Y cos w) cos i 0 

+z sin n QX - PY -y 
(10) 

-z cos n = R X x + i 

+ eX sin w + Y cos w) cos i 0 

We will now develop the matrix with partial derivatives of the orbit elements with respect to the position and velocity. 
In other words, we will develop the inverse of Matrix (10). This inversion can be performed with the use of Lagrange 
brackets [aa, a/3] and Poisson parentheses (aa, afj). These may be written in the following form: 

4 JPL SPACE PROGRAMS SUMMARY 37-52, VOL III 



I 

l 

[ ax J1' [ax J [[ aa, all]] = aaa S aall 
(11) 

where T indicates the transpose, and where S is a 6 X 6 
matrix 

S=[ 
o 

(12) 

where Is is the 3 X 3 unit matrix. 

The different Lagrange brackets and Poisson paren­
theses corresponding to the classical orbit elements are in 
many textbooks and we do not reproduce them here. As 
a consequence of the Definitions in Expression (11), we 
may directly write an expression for the inverse of the 
Matrix (10): 

(13) 

The symbol aa represents the six orbit elements used in 
Subsection 2. We have used the con~ention that Latin 
indices go from 1 to 3 and Greek indices from 1 to 6. 
Expression (14) gives the explicit terms for Expression (13). 

Expression (14) 

aa 2a2 

- = -x ax 1.3 

[
. . aXJ ai (py - QX) cos i + an 

ax = + 002 (1 - e2 }Jh sin i 

aMo = + 1 [-x + 3 xt + (1 - e
2

) (LP + MQ)J ax na2 jJ. rS e 

aw = _1_ [ - (1 - e
2
)lh (LP + MQ) + cot i ax] 

ax 002 e (1 - e2 )lh ai 
ao - 1 ax 

4. The Set- III Orbit Elements 

We will now introduce a new set of orbit elements 
defined by a system of non-integrable differential rela­
tions. Two of the orbit elements will be left unchanged : 
a and e. The four other orbit elements (Mo, i, w, n) are 
replaced by four new orbit elements (A, r, p, q), according 
to the following definitions: 

LiA = cos i M2 + Liw + liMo 

Lir = cos i Li·n + Liw 
(15) 

Lip = + cos w Lii + sin w sin i Lin 

Liq = - sin w Lii + cos w sin i M1 

JPl SPACE PROGRAM S SUMMARY 37-52, VOl. 11/ 

aa 2x 

ai _ [ (PY - QX) + ~ J 
ax - 002 (1 - e2)lh sin i 

~=- -2x + 3xt - --(LP + MQ) aM + 1 [ 1 - e
2 

] 

ax 002 e 

an + 1 ax 
-ax - na2 (1 - e2 )lI.l sin i ai 

Solving these four relations for Lii, Lin, Liw, liMo gives 

Lii = cos w Lip - sin w Liq 

sin w cos w 
Lin = - . - . Lip + -.-. Liq 

sm t smt 

Liw = -sin w coti Lip - cos w cot iLiq + Lir 

liMo = - Li1' + LiA 

(16) 

We have thus defined the set-III orbit elements given 
by Brouwer and Clemence (Ref, 2, p. 241). We will now 
give an elementary derivation of the partial derivatives 
related to the set-III orbit elements. We derive these 
partial derivatives from the partial derivatives given in 
the preceding subsections for the classical orbit elements 

5 



(a, e, Mo, i, w, n). W e will always use the set-III orbit ele­
ments in the order (a, e, '\, r, p, q ). W e will designate them 
symbolically by the letter p or pa. According to the basic 
relations (Expression 16), the 36 partial derivatives of a" 
with respect to P13 may be assembled in the following 
6 X 6 matrix formed with four blocks of 3 X 3 matrices: 

[ ::; J ~ [*J (17) 

where the matrices Band D are 

0 0 0 

B = 0 0 0 (18) 

- 1 0 0 

° cos w - sinw 

- sinw - cos", 

D = 
+ 1 tg i tgi (19) 

0 
sinw cos w 

sin i sin i 

The matrix D is thus the matrix with partial derivatives 
of (i, w, n) with respect to (r, p, q ). The partial derivatives 
of x and x with respect to the set-III orbit elements pa are 
obtained by multiplying the Matrices (10) and (17): 

[:;13J [~J [aaaJ 
aa" ap13 

(20) 

a e 

x 

r 

This matrix multiplication is straightforward because 
of the presence of many zeros and one's in the second 
matrix. Only the terms in the right half of the first matrix 
which combine with the D terms of the second matrix 
require some attention. These terms are in the following 
3 X 3 mah'ix: 

(21) 

where the two 3 X 3 matrices [ap /ail and [aQ/ai] at the 
right side have been defined in Express ion (9). We have 
the two products: 

[ aa~J·D = [Q, O, - R] 

[ a~ J . D = [ - P, R, 0] 

Equation (20) may then be written in the form 

--- = [QX - PY + RY - RX] [
ax ax aXJ 
ar ap aq " 

(22) 

(23) 

The expression QX - PY may be replaced by a cross 
product of vectors: 

QX - PY = R X x (24) 

The final Matrix (20) with the partial derivatives with 
respect to the set-III orbit elements may thus be written 
as follows: 

p q 

x ~(x -% Xt) LP +MQ - - + R X x - RY - RX 
n n [::J= - 1 ( xt) LP + MQ n(~yx + R X X (ay - RX - x - 3fL - - n r x RY 2a 1'3 

(25) 

5. Some Additional Formulas Related to the Set-III 

Orbit Elements 

If one wants to compute planetary perturbations with 
some of the methods developed in SPS 37-49, Vol. III, 
pp. 31-40, with the set-III orbit elements, it is neces­
sary to b e in possession of the inverse partial derivatives 
ap,,/ax. These partial derivatives may be obtained from 
Matrix (25) by using the set-III formulas corresponding 
to Expression (13}; this requires knowledge of the Poisson 
parentheses. Thus, let us develop the Lagrange brackets 
and Poisson parentheses for the set-III orbit elements 

6 

Pet. These quantities may be considered as two skew­
symmetric tensors of rank 2 in a six-dimensional space. 
The transformation from the six elements a>.. to the six new 
elements pa may thus be expressed by the classical for­
mulas of transformation of rank-2 tensors. 

,\. F 
(26) 
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Expression (26) would be easier to apply in a matrix 
form: 

(27) 

We have used Expression (27) to obtain the set-III 
Poisson parentheses and Lagrange brackets. We Bnd that 
for each case there are only four pairs of non-zero ele­
ments, all the other terms of the 6 X 6 matrices being zero. 
The four basic Lagrange brackets are 

na 
[a, r] = 2 [1 - (1 - e2 )!h ] 

-na 
[a,A] = -2-

nate 
[e,r] = (1 - et )!h 

[p, q] = na2 (1 - e2 )!h 

The four Poisson parentheses are 

[
ax -, 
opaJ 

-2 
(a A) = -, na 

(1 - e2 )!h 
(e, A) = na2e [1 - (1 - e2 )'h] 

e (1 - e2)'h 
nat [1 + (1 - e2 ).!h ] 

1 
(p, q) = na2 (1 - e2 )lh 

a e 

- x - -xt 1 ( 3.) 
a 2 

LP + MQ 

(28) 

(29) 

x 
-
n 

The partial derivatives of the set-III orbit elements 
with respect to the position and velocity components 
may now be obtained by using Expression (13). With this 
formula no numerical difficulties with zero inclination 
will occur; but on the other hand, zero eccentricities may 
give rise to some difficulties, since the factor e appears 
in some denominators. 

6. Some Elements RE"lated to the Set-III Elements 

It is of interest to introduce a set of elements composed 
of the three classical elements (a, e, Mo) and the three 
set-III elements (r, p, q). In this set of elements the mean 
anomaly M 0 is used instead of A. This will be useful in 
the introduction of the set-I elements in Subsection 7. 

The partial derivatives of the classical elements aa = 
(a, e, Mo, i, 0), n) with respect to the elements Pt3 = 
(a, e, Mo, r, p, q) are given in the following 6 X 6 matrix: 

[ oaOl] [~] 
Opfj = 0 I D 

(30) 

where the 3 X 3 matrix D has been deBned in Matrix (19). 
Matrix (30) is the analogue of Matrix (17), but we see 
that Matrix (30) is slightly more symmetric because B is 
replaced by zero. The consequence of this additional 
symmetry will be that the Bnal partial derivatives will 
have a more simple form. The matrix products given in 
Expression (22) are still to be used here to form the partial 
derivatives of the coordinates x. Matrix (23) will be the 
right part of the new matrix with partial derivatives. The 
left part, corresponding to the classical orbit elements 
(a, e, Mo) will be taken from Matrix (10). The complete 
matrix with the 36 partial derivatives of x and x will then 
take the form: 

p q 

QX - PY RY - RX 
(31) 

-- x - 3fL-- 1 ( xt) 
2a r3 

LP + MQ (ay - n r x QX-PY RY - RX 

We can see here that the only column of this mah·ix which is different than the columns in Matrix (25) is the column cor­
responding to the variable r. 
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The fundamental Lagrange brackets and Poisson paren­
theses of these orbit elements are 

na 
[a,MoJ = - 2' 

na 
[a, rJ = - 2 (1 - e2)'h, 

- 2 
(a , Mo) = ­

na 

( M ) = _ (1 - e2
) 

e, 0 na2e 

1 
(p, q) = na2 (1 - e2 )lh 

(32) 

7. The Set-I Orbit Elements 

We will derive from the preceding results a set of orbit 
elements which has been called set-I by Brouwer and 
Clemence (Ref. 2, p. 238). They are related to the set-III 
elements in the following way : the first three elements 
(a, e, Mo)r which are used are the classical elements. The 
three other elements ( f" f 2' f a) will replace the set-III 
elements p , q, and r, according to the following differen­
tial relations: 

[ ~:J = 

Llf l = Pz Llp + Q z Llq + R x M 

Ll fz = Py Llp + Q y Llq + R y M 

Ll f a = Pz Llp + Q z Llq + R z M 

a e 

~(x - %xt) LP + MQ 

- X - 3p. - t - 1 ( x ) 
2a r3 

Lp + MQ 

(33) 

--j 

The nine partial derivatives of (f" f2, f3) with respect 
to the three elements (p , q , r) are 

(34) 

and the nine partial derivatives of (p, q, r) with respect to 
the three elements (fh f2, f 3) are obtained by taking the 
inverse (= transpose) of Matrix (34): 

(35) 

W e will now be able to obtain the partial derivatives of 
(x, y, z, x, tj , i) with respect to (a, e, M o, fh f2' f 3) by simple 
matrix multiplications. The derivatives with respect to 
a, e, Mo have been given previously. The derivatives 
with respect to (f" f 2, f 3) are obtained by multiplying 
Matrix (23) by Matrix (34); we find : 

[;;J = [: J. [;;J = [ - : 

z 

(36) o 
-x 

The full 6 X 6 matrix with the partials with respect to 
(a, e, M o, f" ';2, .;, ) is 

0 z - y 

x - -z 0 x 
n 

y - x 0 
(37) 

0 z - y 

-n(~r x -i 0 x 

y -x 0 

Thus, we find here the results obtained by Brouwer and Clemence (Ref. 2, p. 238). These are also essentially the 
results which have recently been obtained by D. C. Lewis (Ref. 3, p . 107). These authors obtained the same results 
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in a different way, essentially because they used the fact 
that ('/J!, 0/2, 0/3) correspond to small rotations about the 
x, y, and z axes. We have not used this property here. 

Matrix (37) gives a simple set of partial derivatives 
for the two-body problem. However, the inverse of 
Matrix (37) is somewhat more difficult to obtain than 
in the preceding cases, mainly because the Lagrange 
brackets and Poisson parentheses are more complicated 
here. We found, for instance, that some of the Lagrange 
brackets involving (0/" o/z, o/a) are proportional to the com­
ponents of the angular momentum vector. More precisely, 
we find that 20 out of the 36 Lagrange brackets are non­
zero. The 10 fundamental brackets are: 

na 
[a,Mo] = - 2"" 

[0/" 0/2] = naZ (1 - e2 )'h cos i 

na 
[a, .pz] = + 2 (1 - e2)'h cos n sin i 

JPL SPACE PROGRAMS SUMMARY 37-52, VOL. 11/ 

(38) 

The Poisson parentheses can be found by inversion of 
the matrix with Lagrange brackets. We find that there are 
eight basic non-zero Poisson parentheses: 

2 
(a,Mo) = - na 

(e M ) _ _ - --....:(_1 _-_e---,-~) 
, 0 - na2e 

+ (1 - e2 )'h . . . 
(e,o/l) = ., smtsmn na-e 

- (1 - e2 )1)1 

(e'o/2) = naze sin i cos n 

+ (1 - e2 )'fz . 
(e,o/3) = 2 cos t na e 

sin i cos n 
(.p), "'3) = naZ (1 - e2)'h 

sin i sin n 
(o/ Z, 0/3) = naz (1 - eZ)V2 

(39) 

Having all the Poisson parentheses, we can now easily 
construct the matrix of inverse partial derivatives of 
(a, e, Mo, .p1, .pz, .p3) with respect to (x, i) by simple matrix 
multiplications. 
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II. Computation and Ana lysis 
SYSTEMS DIVISION 

A . LEASTQ: A Program for Least-Squares Fitting 
Segmented Cubic Polynomials Having a 
Continuous First Derivative, T. M. Lang 

1. Introduction 

Although there are several existing subroutines for 
linear least-squares curve fitting, the Fortran IV program 
LEASTQ offers a number of important advantages. At 
the heart of the procedure is a subroutine SPLHFT' 
which applies the highly successful Householder refl ec­
tion techniqueZ to least-square solve the resulting system 
of parameterized equations. In particular, the block 
structure of this least-squares problem allows significant 
savings of computer storage and execution time that has 
not been previously realized. 

The complete LEASTQ package includes other optional 
features . If desired, a computer-generated Fortran IV 
subprogram can be requested to evaluate the fitted 

]Lang, T. M., and Hanson, R. J., LEASTQ-A Least Squares Package 
Using C' Segmented Cubic Polynomials, JPL internal document 
( in process) . 

'Hanson, R. J. , and Lawson, C. L. , E:t'tensions and Applications of th e 
Householder Algorithm for Solving Linear Least Squares Problems, 
Part I: Extensicms, JPL internal document, July 12, 1968, pp. 28-32. 
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function and its derivative. (The break points and poly­
nomial · coefficients are coded in DAT A statements.) 
Another set of subroutines plots the data and fitt ed 
function on convenient and readable graphs. 

2 . Mathematica l M ethod 

Let (Xi,Yi) , i = 1, " ' , n , denote the coordinates of the 
observations, reordered such that X, ::;; Xz ::;; ... ::;; Xn. 

Consider the k + 1 points a = b, < bz < ... < b"+l = c 
with a ::;; X, < x" ::;; c. Although it is possible to solve 
directly for the coefficients of k cubic polynomials where 
th e first derivative is continuous on [a, c) , there exists a 
parameterization to the problem 

minimize II Ax - b II subject to Cx = d 

in which the constraints Cx = d are implicit, and the 
banded nature of the coefficient matrix becomes apparent. 3 

Suppose an Xi E [b j, b j + l ] for some integer j, 1 ::;; i ::;; k. 
Compute l' = bj +1 - bi and s = (Xi - bi)/r. The standard 

'Lawson, C. L. , Least Squares Curve Fitting Using Segmented 
Quadratic or Cubic Polynomials Having C' Continuity, Jan. 24,1968 
(JPL internal documen t ) . 
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Hermite cubic interpolation fonnula 

f(X i) = f(b j )P,(Xi) + f'(b j )P2(Xi) 

+ f(b j +1 )P3(Xi) + f'(b i+1 )P. (Xi) 

where 

P,(Xi) = (1 + 28)(8 - 1)2, 

P3(Xi) = 82(3 - 28), 

P2(Xi) = 1'8(8 - 1)2 

P.(Xi) = 1'82(8 - 1) 

constitutes a one-to-one linear mapping with the original 
least-squares problem when we solve for the 2k + 2 pa­
rameters (f(b i ), f' (b j )), i = 1, " ' , k+ 1, to minimize 

Each su binterval [b j, b j+1 ], i = 1, ... , k, yields a block of 
equations, one equation for each Xi E [b j, bi+1 ] . Because 
of the constraints on f(b i ) f'(b j), they appear in the equa­
tions for [b j-1, b j] and [b j, b j+1 ], but no other. Hence, each 
block consists of exactly 4 nonzero column entries and 
is offset two columns to the right with respect to the 
previous block (Fig. 1). 

3. Numerical Procedure 

The system of parameterized equations, if solved in a 
single step normally would require a matrix Z with n rows 
and 2k + 3 columns, although many entries are zeroes. 
In fact, for each row indexed i, i = 1, "' , n, the only non­
zero entries in Z are 

Zi.2""'3 = Yi 

for X E [b j,b j +1 ]' An existing program SEQLSQ4 can pro­
cess the blocks sequentially or accept the entire matrix, 
though the number of columns is :fixed by the number of 
subintervals [b i, bj +1 ], i = 1, "', k. A problem with 500 
data points and 32 subintervals ultimately would need 
500 X (2 X 32 + 3) = 500 X 67 = 33,500 core locations, 
which exceeds the present IBM 7094 capacity. 

LEASTQ and its subroutine SPLHFT are designed to 
take advantage of this block structure. The blocks can be 

'Hanson, R. J., Write-ups fOl' LSQSOL, COVLSQ, LSQLS2, and 
SEQSLQ/ SEQLQ2, April 24, 1968, pp. 21-29 (JPL internal 
document ). 
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00 x x x x 00 

o 0 x x x x 00 

Z = o 000 x x x x 

o 000 x x x x 

0 
L 

x 

x 

x 

o 
x 

X IS n BY 2k + 3 

x 

~~ 
~x 

Fig. 1. Block ma trix of parameterized coefficients 

processed sequentially in such a way that only 5 columns 
are needed in the working array. 

The parameter equations for the nrst subinterval are 
written into a matrix, e.g., W, in columns 1 through 5. 
Householder orthogonal transformations are applied to 
reduce the entries to upper-triangular fOnTI, and then 
the third and fourth rows are rearranged to prepare for the 
next block (Fig. 2). The single entry in row 5 is the block 
residual term. 

The next block of equations begins in row 5 and the 
transformations are applied to rows 3, 4 and below to 
again yield an upper-triangular array (Fig. 3) . This pro­
cedure is continued until all k blocks have been processed. 

xxxxx xxxxx xxxxx 
xxxxx oxxxx oxxxx 
xxxxx ooxxx xxoox 
xxxxx oooxx oxoox 

w= xxxxx TRANSFORMED TO oooox REARRANGED TO 
0 

0 

xxxxx 

Fig . 2. First iteration 

xxxxx xxxxx xxxxx 
oxxxx oxxxx oxxxx 
xxoox YYYYY yyyyy 
oxoox OYYYY OYYYY 

w= YYYYY TRANSFORMED TO OOYYY REARRANGED TO YYOOY 
YYYYY OOOYY OYOOY 

OOOOY 
0 

YYYYY 
0 

Fig. 3. Second iteration 
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Then a back-substitution step yields the 2k + 2 param­
eters ( f(b i), f' (b i) ), i = 1, · ··, k + l. 

Very few of the zeroes in the Z matrix enter calculations 
in this arrangement of the array W. Column require­
ments are reduced from 2k + 3 to 5, and the worst-case 
row reduction is from n to (2k + maximum points in any 
subinterval). This procedure, however, requires that at 
least 4 data points must fall in the first subinterval and 
at least 2 points in each of the other subintervals to 
ensure the existence of a unique solution . If our example 
of 500 points and 32 subintervals had no more than 
20 points in any subinterval, 5 X (2 X 32 + 20) = 5 X 84 
= 420 core locations would suffice, and execution time 
would be significantly decreased. 

4 . Remarks 

The computations in LEASTQ are performed in double 
precision, and solutions to test problems agree precisely 
with those from SEQLSQ. A test case with 3 break points 
and 20 data points was executed in 0.20 sec using SEQLSQ, 
but only 0.10 sec was needed by LEASTQ. With LEASTQ, 
execution time is a linear function of both the number 
of data points and the number of break points. 

The plotting section is independent of solution to the 
least-squares problem, thereby eliminating unneeded 
coding when this option is not used. All data and the 
fitted function are scaled together, then plotted using a 
modification of EZPLOT.5 Arbitrarily, 300 or fewer data 
points appear per fram e until all points are plotted. (The 
number 300 can be reset by the user. ) Scaling is identical 
on consecutive frames. For each frame of data and fitted 
function, a second frame displays the continuous first 
derivative, with the same abscissa. Break points are indi­
cated at the bottom of each graph. 

Another optional section will generate a Fortran IV 
subprogram deck for the user. With two entry points, the 
punched deck will evaluate f(x) or f (x) in double pre­
cision, when the user supplies the argument x. Break 
points and parameter coefficients are coded into DATA 
statements. 

5. Utility 

LEASTQ has already been used successfully to smooth 
data. Constraining the first derivative ensures a "rather 
nice" fit of the points. Execution is very rapid. One large 

'A JPL Sect. 314 program. 
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test case of 1000 data points and 25 break points required 
only 2.8 sec. 

There is no present provision to alter or add break points 
to reduce the residual. However, the least-squares fit is 
sensitive to the choice of break points, and modifications 
of this type can have unsuspected results on the residual 
and the continuous derivative. 

Another possible extension is the use of fifth-degree 
segmented polynomials, instead of cubics, with both the 
first and second derivatives being continuous. Such a 
parameterization might make more sense if break-point 
juggling is contemplated. Some users are more interes ted 
in the first derivative than in the polynomial itself, and 
the cubic approach makes such data smoothing more 
difficult. 

6 . Displays 

Figure 4 is a sample of the Fortran IV subprogram 
which is punched out for the user to evaluate the fitted 
function and its derivative. The constants in the DATA 
statements are the break points and parameterized poly­
nomial coefficients for each subinterval. An entry to 
FXDP with the argument X will initiate a search for the 
proper subinterval containing X, then evaluate the poly­
nomial X. An entry to DYDXDP performs the same 
search and computes the derivative at X. Extrapolation 
OCCurS if the desired point is not within one of the sub­
intervals. 

Segmented cubic polynomials were applied success­
fully to smooth discrete doppler radar data from Lunar 
Orbiter V and the derivative was used to obtain the firs t 
gravimetric map of the front side of the moon. Figure 5 
is a frame showing the data from one orbit in its least­
squares polynomial fit, and Fig. 6 shows the continuous 
first derivative (Ref. 1). 

Data points are denoted with an asterisk, and break 
points are shown as an "X" along the lower edge of the 
graph. The user supplies the title line for each frame. 
In terms of execution time, plotting is the most expensive 
option : about 5 sec were needed to produce these two 
frames. 

Reference 
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~I6FTC .PA RA . LI ST 
C 
C SAMP LE COMMENT . 
C 
C Y.M,D.H.M=68.07.24.16.31 7094A 
C 

DOUBLE PRECISION FUNCTION FXDP (X) 
REAL B(10) 
DOUBLE PRECISION X,z( 20).R.Y.01.iJ2.:d3 , 04 . 05 
DA TA NB/101.LOOK/11 
DATA' B( l).B( 2) I 0 . 0000000E - 39. 1. 600COOOF 011 
DATA B( 3) . B( 4) I 2 . 8000000E 0 1. 3 . 7000000E OIl 
DATA B( 5). B( 6) I 4 . 2000000E 0 1. 4 . 9000000E 0 11 
DATA 5 ( 7).S( 8 ) I 5 . 4)OOOOOE 01 . 6 . 2()OOOCOE OI l 
DAT A B( 9 ),1j(10) I 7 . 4000('OOE aI , 9 . 000::l000E 0 11 
DATA Z( 1hZ( 2 ) I 9 . 56153')580380041D - 02 . 1 . 1?8145129085036D-011 
DATA Z( 3).Z( 4) 1 9 . 50171261?355640D - 02, - 8 . 1600887809492e5D - 021 
DATA Z( 5).Z( 6) / - 1 . 7087401a58819~8D-0].-2.37324824q4135P,5D-021 
DATA Z( 7) ,Z( 5 ) I 2 . 407657424848087D-01. 1 . 15 8097f>2249502 7 D- 021 
DATA Z( 9 ).Z( 10 ) I 1 . 769927521742830D 00 . 1 . 14063934226300 o D-011 
DATA Z( 11).L( 12 ) 15. 0 4 95 146706 11 92f>D - 01 .-5 . 91255209670n325D-021 
DATA Z( 13).Z( 14,) I 3.574101493610389D-01. 2 . 968269119769935D - 01l 
DATA Z( 15).Z( 16) I 1 . 144 30240 1 89 1606C OO . - 4.482827378377Q42D-031 
DATA Z( 17).Z( 18) 12.165 028826547599D - Ol,-7 . 850635429082006D- 021 
DATA Z( 19).Z( 20 ) I 4.395104 84 46 )23 l f6D-01. 1 . 88<:92197 1 235911D - 0 11 
INTJ=1 
GO TO 5 
ENTRY DYDXDP(X) 
INTJ=2 

5 IF(X.LT . DB LE( B( 9 ») GO TO 10 
LOOK= 9 
GO TO 20 

10 IF( X.LT . D6 Lt:( B(L OOK ») LOOK=l 
15 IF(X.LE . DB LE (B (LOOK+1») GO TO 20 

LOOK =LOOK +1 
GO TO 15 

20 R=DBLE(Ij(LOOK +1)~a (L OOK)~ 

Y=(X-DBLEIBILOOK»)/ R 
01=Y-1 . DO 
J=2*LOOK - l 
GO TO (30.40).I NT J 

30 04=2 . DO*Y 
Q2=1 . DO+04 
03 =3 . DO-04 
Q4=Ql**2 
05=Y**2 
FXDP =Q4 * ( 02*Z (J)+ R*Y* Z(J+l»+Q5* (03* Z(J+2)+R*Ol * Z(J+ J » 
RETURN 

40 02=3 . DO*Y 
03=6 . DO*Y/ R 
FXDP =Q1*(Q3*(Z(J )- Z(J+2) )+( Q2 -1 . DO ) * Z(J+l) )+Y*(Q2-2 . DO)* Z(J+3) 
RE ,TURN 
END 

Fig , 4, Sample evaluation subprogram 
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Fig. 5. Lunar Orbiter V velocity data and fit 
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B. Abstracts of Certain Mathematical Subroutines, 
III: Minimization Subject to Linear Inequality 
and Equality Constraints With an Application 
to Curve Fitting, R. J. Hanson and A . J. Semtner 

Abstracts of several general-purpose mathematical sub­
routines which have been developed or extended by JPL 
since September 1966 were reported in SPS 37-48, Vol. III, 
p. 26, and in SPS 37-50, Vol. III, p. 66. This article presents 
the following three abstracts: 

(1) A general-purpose highly reliabl~ subroutine is 
formulated which will minimize certain classes of 
real valued functions of several variables with 
linear inequality and equality constraints on these 
variables. The algorithm used is the gradient pro­
jection method in Ref. 1. 

(2) The linear least -sq uares problem with these linear 
constraints is reformulated in such a way that the 
solution can be easily obtained with the gradient 
projection algorithm mentioned above. 

(3) The subroutine in abstract 2 is applied to a prob­
lem of curve-fitting experimental data by so-called 
"spline functions" (continuous, twice differentiable 
jointed cubic polynomials in one independent 
variable) with the constraints that the first deriva­
tive is to be decreasing on the entire interval, while 
the function is to be convex downward on part 
of the interval and convex upward on the remaining 
part of the interval. 

There are many other possible applications which one 
could make with these subroutines, including corrections 
to certain planetary constants past only a fixed number 
of decimal places, and the optimal allocation of resources 
from mathematical economic theory. 

Abstract 16 

a. Purpose. Let f(x) be a real-valued function of n 
variables x = (Xl, "', x,,), which has continuous partial 
derivatives (Djf)(x) on C = {x I Cx ~ c}. Here C is a 
given m l X n real matrix and c is a real m l vector. 

Then if f is convex, the gradient projection algorithm 
will find x E C (if it exists) such that f(x) ~ f(x), (x E C). 
Recall that if f has second partial derivatives, then f is con­
vex in C if, and only if, its Hessian matrix H = {(Di(DJ)(x)} 
is positive semidefinite in (' (Ref. 2). 

'Identification: subroutine name-GPMTHD/ GPMTH2; source lan­
guage-FORTRAN IV; machine-IBM 7094·. 
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The subroutine may be used formally even if f is not 
convex on C, and will only allow the value of f to decrease 
in any case. 

The user is required to supply code which will evaluate 
f (x) and {(D jf)(x)} for any x E C, but the program itself 
"reaches" C by an internal algorithm which we will not 
elaborate upon here. 

h. Mathematical method. J. B. Rosen's gradient pro­
jection algorithm is used to minimize f on (" provided 
this minimum exists (Ref. 1). 

The main computational problem in this algorithm is 
the solution of a sequence of least-squares problems 

(i = 1,2, ... ) 

The matrices A j are of dimension m j X n;., where m i and 
11j are positive integers. Thus it is necessary to have a 
reliable subroutine for solving such least-squares prob­
lems. Such a subroutine is provided by a slightly modified 
version of LSQSOL, previously described in SPS 37-48, 
Vol. III. 

This subroutine also permits one to minimize f subject 
to equality constraints 

Ex = e (1) 

For in one case l' = rank(E) < n, one can find the most 
general solution of Eq. (1) in the form 

x = Xo + Hy (2) 

If Exo = e, the problem then reduces to minimizing 
g(y) = f(xo + Hy) with gradient vector 

{(Djg)(y)} = {(D;f)(Xo + Hy )}H (3) 

in the region 

(4) 

The program will also handle special types of bounds on 
the variables (such as nonnegativity of the variables) with 
a great savings in storage. 

c. Experience. This subroutine has been tested and per­
formed satisfactorily on several problems, and seems to 
be free of coding errors . Its use is straightforward. 
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The authors recommend that minimization problems 
with linear constraints be attempted with this subroutine. 

d. Special class of minimization problem. For an arbi­
trary mA X nA matrix A = {aij } , and an m.4-vector h, find x 
which minimizes the euclidean norm of 

Ax - h (5) 

subject to m E ~ 11,. ,1 equality constraints 

Ex = e (6) 

and m r inequality constraints 

Cx > c (7) 

Here E and C are, respectively, mE X- nA and mr X n_1 
matrices, while e and c are m E and m e vectors. 

Abstract 27 

a. Purpose. Provide a general-purpose subroutine 
which solves the problem of Expression (5) subject to 
Eq. (6) and Expression (7). 

b. Method. Equation (6) is first solved to yield an n,1 
vector Xo and an 11,." X (11,.. - mE)orthonormal matrix H 
such that 

x = Xo + Hy (8) 

is the most general solution of Eq. (6). The vector y is 
still arbitrary. In case rank (E ) = r E < m E, or r E = 0, 
program execution stops. 

With 

D = AH (9) 

d = h - Axo (10) 

F = CH (11) 

f = c - CXo (12) 

and 

(13) 

'Identification: subroutine name-LWLCV1; source language­
FORTRAN IV; machine-IBM 7094. 

16 

the original problem expressed in Eqs. (5), (6), and (7) is 
reduced to minimizing the euclidean norm of 

Dy - d (14) 

subject to the m r inequality constraints 

(15) 

The matrices D and F are, respectively, mIl X no and 
mr X no, while d and fare m A - and me-vectors. The prob­
lem of Eqs. (14) and (15) is unchanged if we choose an 
m,1 X m A orthonormal matrix Q (Ref. 3) such that 

[ R] [gl]} no 
Q(Dy - d) = y -

o gz } m A - no 
(16) 

where R is no X no and upper triangular. 

The euclidean norm of the right member of Eq. (16) is 
minimized precisely when we minimize the euclidean 
norm of 

(17) 

subject to the inequality constraints 

Fy ?: f (18) 

If R is singular, the execution stops. If R is nonsingular, 
we let Ry = z and z - gl = w to obtain the equivalent 
problem of minimizing the function 

(19) 

subject to the inequality constraints 

(20) 

Once w is found which minimizes Ex. (19), subject to the 
inequalities of (20), we compute 

z= w + g , (21) 

y = R-IZ (22) 

and 

x = xo+ Hy (23) 
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The vector w is obtained with the gradient projection 
subroutine GPMTHD/GPMTH2. 

c. Experience. Computational experience with 
L WLCV1 shows that it is a working subroutine which 
appears to be free of coding errors. It is, therefore, highly 
recommended. 

Abstract 3, an Application of the Subroutine LWLCVl 
to Curve-Fitting Experimental Data 

Let k real pairs of points (Xi,Yi), (i = I, .. " k), be ob­
tained as the result of some experiment taken on a 
bounded interval [a,b], (a < b). (Without loss of gener­
ality we may take a = - 1, and b = + 1). 

Let nb ~ 0 points ~i' (i = 1, "', nb), be chosen in the 
interior of [ - 1,1]. We then wish to construct a function 
y = f(x) , where f is defined piece-wise as a cubic poly­
nomial on each of nb + 1 subintervals . Thus if 

then for x Eli 

i = 1 

I < i S; nb 

i = nb + 1 

(24) 

(i=I,"',nb+ 1) 

(25) 

We further require that f, f = df/dx, and f' = d2f/dx 2 

be continuous on [-1,1]. Let 

(26) 

be a 4(nb + I)-vector to be determined. 

We require that f be monotone decreasing on [-1,1] , 
and that f be convex downward on [ - I,xm ] and convex 
upward on [X'",,l]. Here ~, is one of the breakpoints {~}. 

It can be shown that if we wish to choose ([ such that 

k 

L: (f(Xi) - Yi Y (27) 
i;;;; l 
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is minimized, we have the problem of minimizing the 
euclidean length of the vector 

/\ Aa - y, (28) 

subject to 

Ex = 0 (29) 

and 

Cx ~ 0 (30) 

The forms and dimensions of the matrices A, E, and C 
are straightforward, so we will not elaborate on this 
further, except to say that E and C reflect the continuity, 
convexity, and monotonicity requirements for f. 

Computer-generated plotted curves8 of an example 
which occurs in a JPL problem involving core flow pre­
dictions (Ref. 4) are shown in Figs. 7 to 9. 

Figure 7 displays computer-generated graphs for f, f , 
f' with the requirement that f is decreasing on [ - 1,1] , 

A 
convex downward on [-l,x",] and convex upward on 
[£;",1] . 

Figure 8 displays graphs of the same derivatives with 
the additional requirement that f be convex downward 
on [ - I ,x",] and [~",1]. 

Figure 9 displays graphs of the first two derivatives 
with a less restrictive additional requirement that f be 
convex downward on [ -l,x",] and convex upward on 
[X", ,1 ]. 
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III. System Design and Integration 
PROJECT ENGINEERING DIVISION 

A. Entry and Landing Capsule System, E. K. Cason ; 

1. Introduction 

The objectives of the capsule system advanced devel­
opment (CSAD) program were discussed in SPS 37-48, 
Vol. III, pp. 45-47. The design of a functioning engi­
neeIing model, called the CSAD feasibility model, was 
described in SPS 37-49, Vol. III, pp. 67-76. In this article, 
the capsule system operational sequence is given, and the 
functional and environmental tests performed on the 
feasibility model are described. 

The CSAD program has demonstrated that it is tech­
nically feasible to conduct a Mars entry and landing 
mission in the immediate future, and that the required 
technologies do exist. It has also shown that the type of 
equipment required for a high-g impact landing can be 
developed and the equipment required throughout the 
system can survive the heat cycle. 

2. Operational Sequence 

The capsule is mounted on a modified Mariner Mars 
1969 spacecraft which is launched by an Atlas/ Centaur 
vehicle into a trajectory which flies the spacecraft a pre-

JPL SPACE PROGRAMS SUMMARY 37-52, VOL . 1/1 

determined distance by Mars. Ten days before planetalY 
encounter, the capsule is separated from the spacecraft. 
After separation, a rocket motor is ignited to provide the 
required velocity increment. This maneuver deflects the 
capsule away from the spacecraft and puts it on an impact 
trajectory with the planet. During this separation and 
deflection phase, the capsule transmits engineering data 
to the spacecraft, which relays the data to earth. The last 
event in this phase occurs 15 min after separation, and 
then the capsule is turned off for the 10-day cruise period. 
This near-planet geometry is shown in Fig. 1. 

At 15 min before entry into the planetary atmosphere, 
the capsule is turned on by an onboard timer and begins 
to transmit science calibration and engineering data to 
the spacecraft. As it enters the atmosphere, the capsule 
begins to simultaneously store and transmit both engi­
neering and science data. Three-axis acceleration mea­
surements are made on the capsule to determine the 
atmospheric density profile. A radiometer located in the 
nose of the capsule measures the intensity of the shock 
layer in front of the capsule at several different wave­
lengths to make gross compositional analyses of the atmo­
sphere. Aerodynamic braking reduces the capsule speed 
to low supersonic levels; then a port in the front is opened 
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Fig. 1. Near-planet geometry 

to take a sample of the atmosphere into the capsule for 
analysis by the mass spectrometer. Probes are extended 
through the heat shield to measure the low-altitude tem­
perature and pressure profiles. (See Fig. 2, entry profile.) 

As the capsule speed approaches transonic, a small 
lander is extracted from the capsule and descends to the 
surface of the planet on a parachute (Fig. 3). The capsule 
continues to transmit real-time science and engineering 
data to the spacecraft until impact, as well as continuing 
to transmit the stored data. 

Upon landing, the parachute is released from the 
lander, and 30 s later, its radio begins to transmit directly 
to earth. Two and a half minutes after landing, an instru­
ment boom is deployed from the lander to measure the 
surface wind-speed. For 20 min, the lander transmits engi-

22 

neering data along with wind, pressure, temperature, and 
water vapor measurements, and an atmospheric composi­
tional analysis. At the end of this period, the lander radio 
is turned off for the Martian night. The next day, when 
the earth is again in view, engineering and scientific 
measurements which were made and stored during the 
Martian night are transmitted to earth. 

3. Functional and Environmental Tests 

A series of functional tests was performed on the cap­
sule (Fig. 4) . These tests were deSigned to operate the 
capsule in its different functional modes, including issu­
ance of primary and backup commands, in different 
power system configurations, and in different radio and 
data handling modes. These tests demonstrated the func­
tional adequacy of the capsule equipment prior to envi­
ronmental testing. 
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The environmental test program consisted of subjecting 
the capsule to the two most difficult environments required 
for this type of mission : sterilization and impact. 

If man is to look for life on Mars, it is important not to 
contaminate the planet with life from earth. To avoid this 
possibility, it is necessary to sterilize any capsule which 
would enter the planet's atmosphere. Today, the most 
acceptable sterilization technique is to heat the assembled 
capsule system to a temperature of 257°F in a sterilization 
chamber. When the capsule is in the chamber, it is en­
closed in a sterilization canister so that after it is removed 
from the chamber and exposed to the earth's atmosphere, 
only the external surface of the canister becomes recon­
taminated. The capsule remains in this canister during its 
flight through space and up until several days before it 
enters the planet's atmosphere; at this point, the canister 
is opened and the sterile capsule is separated from the 
spacecraft. 
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The sterilization environmental test was conducted by 
placing the capsule in its sterilization canister into the 
chamber for 35 h ; the chamber was filled with gaseous 
nib'ogen, and its temperature was raised to 257°F. 

After completion of the sterilization test, a capsule 
system functional test was conducted. The lander was 
then removed from the entry aeroshell and taken to the 
Goldstone Deep Space Communication Complex for a 
high-velocity impact test. The lander was carried by a 
helicopter to an altitude of 250 ft and allowed to freefall 
to the desert floor. Tests were conducted on the ."hardpan" 
bed of a dry lake simulating the Mars landing conditions 
and also on an asphalt roadway to simulate the design 
conditions. In both of these tests, the impact velocity of 
the 63\1!-lb lander was 80 mph before it struck the ground. 
On a mission to Mars where the atmosphere is about 200 
times thinner, the landing craft would be slowed to the 
same velocity by a parachute. 
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Fig . 4. Entry and lander capsule (separation configuration) 
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The radio transmitter turned on automatically 30 s after 
the lander struck the surface and operated for a scheduled 
20 min. At 2Y!! min after impact, a tiny anemometer­
a wind velocity detector-deployed at the end of a 4-ft 
telescoping instrument boom . A wind instrument is one 
of the prime experiments under consideration for initial 
planetary landing missions. Other experiments include 
investigation of surface pressure, temperature, water 
vapor, and low-mass atmospheric constituents. 

On a mission to Mars, as in the Goldstone test, the Mars 
landing craft would be cushioned by balsa wood to absorb 
landing shock. In the test conducted on the dry lake bed, 
the impact energy was mostly absorbed by the lake bed, 
whereas in the test conducted on the asphalt, the energy 
was absorbed by crushing and shattering the balsa wood. 

Following a mission profile identical to projected Mars 
surface operations, the lander's radio turned on again 22 h 
after the initial transmission . Signals were received for 
another 40 min to conclude the test. 
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IV. Flight Computers and Sequencers 
GUIDANCE AND CONTROL DIVISION 

A. STAR Computer Assembler and Loader, 
J . A. Rohr 

1. Introduction 

The JPL STAR computer currently being developed is 
a Self-Testing-And-Repairing computer. The organiza­
tion of this machine is described in Refs. 1 and 2. The 
use of the computer in unmanned interplanetary travel 
for guidance and control computation, as well as onboard 
processing of scientific data, is described in SPS 37-46, 
Vol. IV, pp. 57-62. An overview of the software system 
for the STAR computer is presented in SPS 37-50, 
Vol. III, pp. 75-77. The assembler and loader are de­
scribed in this article. 

The first two programs of the STAR computer soft­
ware system, SCAP (STAR Computer Assembly Pro­
gram, i.e., assembler) and LOAD (STAR computer 
loader), are used to prepare programs to be run on the 
STAR computer. At the present time SCAP is complete 
except for macro facilities and certain pseudo-operations 
peliaining to input-output operations and subroutine 
linkage. LOAD is complete at this time. The primary 
design objective of these programs is completeness and 
versatility for the STAR computer programmer. A sec­
ondary objective is minimization of programming effoli 
without any sacrifice of the primary objective. 

JPL SPACE PROGRAMS SUMMARY 37-52, VOL . //I 

2. ' Assembler 

SCAP is designed both to provide all the usual features 
found in an assembler for a conventional computer, and 
to facilitate later modification for automatic inseliion 
and checking of rollback points as described in Subsec­
tion 2-g. The most unique feature of SCAP is the COM­
PILE pseudo-operation which automatically compiles 
certain types of arithmetic expressions . Macro facilities 
are included in the design of SCAP, but will not be im­
plemented until a later date. To simplify programming 
of SCAP, the symbol and literal tables use a fixed-size 
format. To make the most efficient utilization of the re­
maining memory space, the reference tables use a linked­
list format. The symbol and literal tables have a binary 
tree format for Pass 1 and a binary list fonnat for Pass 2. 
The reference tables appear in Pass 2 only. The external 
symbol linkage used in SCAP and the loader is basically 
a linking-loader type (see Subsection 3). 

Instructions assembled by SCAP are written in SCAL 
(STAR computer assembly language). A SCAL statement 
for a machine operation consists of a label field, an oper­
ation field, an address field , a tag field (if required by 
the operation), a comments field , and an identification 
field. The tag field is used only for instructions which 
may have an index register specified. A SeAL statement 
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for a pseudo-operation consists of a label fi eld, an oper­
ation field, a variable fi eld consisting of one or more 
subfields, a comments fi eld, and an identification fi eld. 
The particular format depends on the pseudo-operation. 

a. Organization. SCAP is organized as a two-pass 
assembler. The input to SCAP is a card deck of SCAL 
statements. Prior to reading the first card, files and 
variables are initialized and default options are set. Dur­
ing Pass 1, the symbol and literal tables are constructed, 
header card information is accumulated, and macros 
and CO IIPILE pseudo-operations are expanded. The 
intermediate processing between Pass 1 and Pass 2 pro­
duces the title and header cards for the deck and rear­
ranges the symbol and literal tables. During Pass 2, the 
address and tag for each instruction are evaluated and 
the instruction is constructed. Finally, after Pass 2, the 
literal table, symbols and symbol reference table, all 
undefined symbols and their references, all multiply­
defin ed symbols, an error legend, and a summary are 
printed. 

h. Pass 1. The input to Pass 1 is supplied by a sub­
routine which provides card images from the input deck, 
the macro expander, or the COMPILE expander. The 
operation specified for the card is used as the key for 
searching the operation table. If the operation is a macro 
sp cification or a macro call, control passes to the macro 
processing subroutines. If the operation is a pseudo­
operation, control passes to the appropriate subroutine 
for Pass 1 processing. If the operation is a machine oper­
ation, the following action is taken. First, the label fi eld 
is checked. If a valid symbol appears in the label fi eld, it 
is entered into the symbol table. ext the address field is 
checked for a literal. If a legal literal is used in the 
address field, it is entered into the literal table if it is not 
already there. Next the address fi eld is checked for an 
external symbol. If the address consists of an external 
symbol only, this reference is noted in the symbol table. 
Finally, the input card and two control words are written 
onto an intermediate file. 

c. Inte1'lude. The intermediate processing between 
Pass 1 and Pass 2 produces title and header cards and 
rearranges the symbol and literal tables. The first card 
of the output deck is a title card containing the deck 
name, date of assembly, initial instruction address, pro­
gram length, COMMON length, number of entry points, 
and number of external symbols for the deck. H eader 
cards follow the title card. The header cards specify 
each entry point and its location, and each external sym­
bol and the location of the base of its internal linkage 
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chain. The symbol and literal tables are transformed 
from the binary tree fOlTI1at used for Pass 1 into the 
binary list format used for Pass 2. 

d. Pass 2. The second-pass processing is primarily de­
voted to construction of machine instructions in an 
intermediate language used as input to the loader. An 
instruction in the intermediate language consists of an 
operation code that includes the tag specification, an ad­
dress, and three bits that specify the relocation attributes 
of the address. One bit is used to specify program relo­
cation, one to specify COMMON relocation, and one to 
specify the position of the address field in the word . 
When a card is read from the intermediate fil e, the oper­
ation code information passed from Pass 1 is examined to 
determine whether a machine operation or pseudo­
operation is specified . If a pseudo-operation is specified, 
control passes to the appropriate subroutine for Pass 2 
processing. If the operation is a machine operation, the 
address is evaluated, the tag (if present) is evaluated, 
and this information, and the operation code information 
passed from Pass 1, is used to construct the instruction. 
The instruction is then printed and/or punched accord­
ing to the listing and punching options in effect at the 
time. 

e. Postlude . The post-processing phase of SCAP pro­
vides the programmer with useful infol1nation accumu­
lated during the assembly. First, the literals generated 
by the assembly are listed . ext, a symbol and symbol 
reference table are printed. This table lists each symbol, 
its value, the card number of its definition , and the num­
ber of each card on which the symbol appears in the 
address, tag, or variable field. ext, all undefined sym­
bols, and all references to them, are printed. Then, all 
multiply-defined symbols and the card numbers of the 
definitions are printed. Finally, an error legend and 
summary are printed. The summary lists the input and 
output card count, output page count, and error counts. 

f. Pseudo-operations. Most conventional pseudo­
operations are included in the set of SCAP pseudo­
operations. Among these are list- and punch-control 
pseudo-operations for selective control of the printed and 
punched output; storage reservation pseudo-operations, 
including a COMMO T feature similar to that of Fortran; 
and data-loading pseudo-operations. The generation of 
data by data-loading pseudo-operations includes auto­
matic encoding of each data word as required by the 
design of the STAR computer for error checking. D eci­
mal, hexadecimal, and binary constants may be generated 
as well as address-type constants. An EQU (equate) 
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pseudo-operation is included to set a symbol equal to an 
expression, and a SET pseudo-operation is included 
which is the same as EQU except that redefinition is 
allowed. The final value of a SET symbol in Pass 1 
is used as its value throughout Pass 2. Two pseudo­
operations, ENTRY and EXTER (external) are used for 
linkage specification. For each assembly, each entry point 
and each external symbol must be explicitly specified. 
An entry point is a symbol whose location is available to 
all decks of a load; an external symbol is one whose 
value is defined by an entry point in another deck. The 
COMPILE pseudo-operation implements compilation of 
ordinary arithmetic expressions. Any syntactically legal 
expression using = , +, -, *, /, and () operators is 
allowed. The programmer must define elsewhere all 
variables except working storage. The COMPILE feature 
greatly increases the versatility of SCAP. 

g. Rollback. The self-repairing features of the STAR 
computer are implemented primarily in the hardware of 
the machine as part of its normal operation. When an 
error occurs, the computer automatically returns the pro­
gram to a prespecified rollback point and tries to do the 
calculation again. If the error does not repeat, the trouble 
is assumed to be transient in nature, and computation 
continues. If the error does repeat, the faulty module is 
replaced and the program is again resumed at the roll­
back point. Initially, the programmer will be completely 
responsible for the specification of these rollback points. 
One research area of the STAR computer project is an 
investigation of automatic checking and insertion of roll­
back points by SCAP in a STAR computer program. 

3. Loader 

LOAD is a relatively straightforward program which 
assigns absolute values to relocatable addresses and per­
forms external symbol linkage. The deck-name table 
uses a fixed-length format. In order to get maximum 
utilization of the available core space for reference tables, 
the symbol table, and all reference tables, use linked-list 
formats. 

Each symbol in a deck referenced by other decks of 
the LOAD is specified on a header card along with its 
location in the deck. The symbol table is constructed 
using all entry points defined in the LOAD . For each 
external symbol used in each deck, a header card speci­
fies the symbol and the location of the base of a linkage 
chain. This chain links every location in the deck that 
uses the symbol. LOAD uses this chain to replace each 
address in the chain by the actual value of the symbol 
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as defined by an entry point in one of the decks of the 
LOAD. 

a. 01·ganization. LOAD is basically organized in two 
passes. The first pass actually loads each instruction into 
the memory, adding program relocation to the address 
if specified; generates the symbol table from entry-point 
specifications; and prepares an intermediate file of 
external-symbol specifications. The second pass links 
extemal symbols and relocates all COMMO addresses. 
Finally, a postlude prints undefined and multiply-defined 
symbols, a cross-reference table, and a core map. 

h. Pass 1. The input to LOAD consists of one or more 
decks assembled by SCAP and output in an intermediate 
language. Each deck begins with a title card followed 
by header cards and program text. The title card in­
formation is entered into the deck name table. The entry 
points on the card are entered in the symbol table. The 
external symbols are recorded on an intermediate file so 
that the input deck does not have to be read more than 
once. Each word of the program is entered into the 
memory as it is read. If program relocation is specified 
for the address , it is added at this time. if COMMON 
relocation is specified, a Rag is set. 

c. Pass 2. During Pass 2, each external symbol address 
is set and COMMO relocation is added where speci­
fied. Each external symbol recorded on the intermediate 
file is read and the base of its linkage chain established. 
The value of the symbol is obtained from the symbol 
table. Beginning at the base and following the linkage 
chain, the value is set in each address field in the chain. 
After all external symbol values have been set, the entire 
memory is scanned for words having the COMMON 
relocation Rag set. On all such words, the COMMON 
relocation amount is added to the address. The loading 
is then complete. 

d. Postlude. The post-processing phase of LOAD pro­
vides the programmer with useful information accumu­
lated while loading. A table of all undefined symbols, 
and every location in which they are used, is printed so 
that the address may be supplied from the STAR com­
puter console. A table of all multiply-defined symbols, 
and the decks in which they are defined, is printed. An 
option allows the printing of a cross-reference table 
which lists, for each deck, the name, base, and length of 
the deck, each entry point in the deck with the names 
of the decks referring to it, and each external symbol 
with its value and the deck in which it is defined. A final 
option is a core map that gives the location of each deck 
and symbol of the LOAD. 

29 



30 

References 

1. Avizienis, A., Rennels, D. A., and Rohr, J. A., "Application of 
Concurrent Diagnosis and Replacement in a Self-Repairing Com­
puter," Presented at IEEE International Convention in New 
York, Mar. 18-21, 1968. 

2. Avizienis, A., "The Design of Fault Tolerant Computers," in 
AFIPS Conference Proceedings, Vol. 31, (Fall Joint Computer 
Conference), pp. 733-743, Thompson Books, Washington, D .C., 
1967. 

JPL SPA CE PROGRAMS SUMMARY 37-52, VOL. 111 



v. Spacecraft Power 
GUIDANCE AND CONTROL DIVISION 

A. Thermionic Converter Technology, o. S. Merrill 

1. Introduction 

Previous SPS articles l have reported a contracted effort 
to develop planar thermionic converters having op timized 
performance in close agreement with the performance 
predicted from the data obtained on a variable param­
eter test vehicle. The reason for developing converters 
to operate at a specified voltage and power output is 
that these factors must be known with confidence in 
advance in order to design thermionic spacecraft power 
systems with predictable performance characteristics. 
This article gives a description of the test vehicle, the 
converters, and the correlation of performance between 
them. 

2. Variable Parameter Test Vehicle 

Figure 1 shows a cross section of a thermionic research 
test vehicle depicting the critical elements of the struc-

'SPS 37-39, Vol. IV, pp. 15-19; SPS 37-50, VoL III , pp. 82-92; 
SPS 37-51, Vol. III, pp. 41--44. 
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ture. There are three operational fea tures of this vehicle 
which are noteworthy: 

(1) The test vehicle is so designed that the emitter 
temp era ture can b e measured with an BS­
calibrated' micro-optical p yrometer sighted (direct 
line of sight) into a 10 :1 blackbody hole positioned 
in the side of the emitter. In this manner, no ex­
traneous radiation from the electron bombardment 
heater can introduce error into the emitter tem­
perature measurement. 

(2) The device proper is thermally isolated from the 
cesium reservoir by the thin-walled cesium tubula­
tion. It is, therefore, possible to maintain the device 
a t a temperature which is 200°C or more higher 
than the cesium reservoir, which insures that the 
cesium reservoir temperature uniquely es tablishes 
the cesium atom arrival rate at the emitter, col­
lector, and guard ring surfaces. 

(3) The interelectrode spacing of the test vehicle is 
capable of adjustment over the range from 0.1 to 

'NBS = ational Bureau of Standards. 
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Fig . 1. Variable parameter test vehicle 

15 mils and can be established to within + 0.05 mil 
at any spacing by a precision drive and indicator 
mechanism. The interelectrode spacing is adjust­
abl at three equally spaced points to achieve 
parallelism. To maintain parallelism during oper­
ation, the individual adjustments can be locked 
tog ther and driven from one central location . 

'j he test vehicle is fabricated from high-temperature 
ceramics and refractory metals such as niobium, molyb­
denum, rhenium, and tantalum. The subassemblies (Fig. 2) 
are prefabricated by high-temperature brazing with vana­
dium or titanium and assembled by electron-beam weld­
ing. The electrodes are preprocessed at temperatures 
400°C higher than intended operation in order to stabilize 
the surface structure. As a final step, the device is ex­
hausted to a terminal pressure of 5 X 10-8 torr at bake­
out temperature and then loaded with triple-distilled 
99.98% purity cesium. The completed vehicle is mounted 
in an ion-pumped vacuum chamber and instrumented 
for test. 

A polycrystaIIine rhenium emitter and collector were 
selected for initial performance evaluation. During the 
test program, various types of data were obtained such 
as saturated electron emission, converter optimization, 
and voltage output (power output) versus interelectrode 
spacing. These latter data were obtained by instrument-
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ing the test vehicle to measure the voltage or power 
output variation as a function of spacing between the 
electrodes at a constant current level with a constant 
emitter, cesium reservoir, and collector temperature. In 
turn, these non-varying conditions insure a constant 
sheath thickness at the emitter and collector, a constant 
plasma density, and a constant plasma electron tempera­
ture. Therefore, the voltage output variation with spac­
ing may be related to a power output profile of the 
vehicle interelectrode space. Moreover, the spacing is 
easily controllable to within + 0.05 mil since all the test 
vehicle thermal expansions are fixed by the constant heat 
load through the electrode structures. 

3 . Fixed-Spacing Converters 

The converter design (Fig. 3) purposely retained as 
many of the common features of the test vehicle as 
possible. 

Figure 4 illustrates the similarity of fabrication and 
external detail of emitter structure and blackbody hole 
geometry. Similar emitters, hohlraums, metal-ceramic 
seals, divided current-lead straps, and thermally isolated 
cesium reservoirs are some of the more readily observable 
common features. The philosophy is that as many design 
and operational aspects of the test vehicle as possible 
should also be incorporated into the converter, for only 
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Fig . 3 . Converter SN-1 01 subassemblies and components 

Fig. 4. Test vehicl e (foreground) and converter SN - 1 01 

in this manner is a one-to-one comparison of performance 
possible. Particular attention was accorded to mini­
mizing the sidewall emission of the converter (Table 1). 
The test vehicle is guard-ringed to prevent this. However, 
hardware design precludes the use of three electrode ele­
ments and two ceramic insulators, as in the test vehicle. 

The fabrication of the S -101 series converters rep­
resents advances in thermionics converter fabrication­
prefabrication of the ceramic-metal seals, their pretest, 
and their final assembly into the converter configuration 
by electron-beam welding. Converters built previously 

34 

were dependent upon the ceramic- metal sealing opera­
tion as the final assembly step. Two disadvantages 
resulted: (1) a seal failure generally rendered one sub­
assembly, and perhaps two, useless with minimal chance 
of recovery; and (2) the vapor pressure of seal brazing 
material was often high enough at this melting point 
that the converter interior, including the electrodes, was 
coated with several layers of contaminant materials. 

The collector- radiator subassembly is comprised of a 
molybdenum collector barrel, OFHC3 copper radiator 
fins, a niobium welding ring, a rhenium collector shim, 
and a tantalum reservoir. The rhenium shim is vanadium­
brazed to the collector barrel since the resultant bond is 
made without the formation of a brittle intermetallic or 
low-melting-point eutectic alloy. The other components 
are titanium-brazed. The niobium welding ring is selected 
to provide a base material identical to that of the sealing 
flanges to avoid the apparent incompatibility of a solid 
solution of niobium and molybdenum formed during 
electron-beam welding. 

The emitter support subassembly is comprised of a 
rhenium tube, a niobium transition ring, and tantalum 
lead straps. All parts are vanadium-brazed. The niobium 
transition ring contains a 0.060-in.-thick lip section to 
which the upper flange of the prefabricated seal is 
electron-beam welded. 

' OFHC = oxygen-free high conductivity. 
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Table 1. Comparison of converter and variable parameter 

test vehicle design features 

Design or operational particular Converter Variable parameter test vehicle 

Measurement of emitter temperature Blackbody (8,] to 10:1) hohlraum; directly observed 

in line of sight; no ex traneou s radiation from 

heater filament 

Blackbody (10:1) hoh/raum; directly observed in 

line of sight; no extraneous radiation from 

heater filament 

Method of heating emitter Indirect heating by counterwound, pancake electron 

bombardment heater 

Indirect heating by counterwound, pancake 

electron bombardment heater 

Power-producing region Collector area and corresponding emitter area only; Collector area and corresponding emitter area 

sidewall emission minimized by heat choke only by using guard ring 

directly below emitter and wide spacing between 

enve lope and collector 

Cesium reservoir Isolated from converter structure to establish a 

unique reservoir tem perature 

Isolated from test vehicle structure to establish a 

unique reservoir temperature 

Method of attaching emitter Solid rhenium emitter electron beam welded into Solid rhenium emitter electron beam welded into 

rhenium tubing rhenium tubing 

Interelectrode spacing Fixed spacing by positive method; ± 0.0003 - in . Variable spacing with drive mechan is m; ±0.0005 -

accuracy 

The fina l assembly operation is the electron-beam 
welding of the rhenium emitter to the emitter support 
subassembly. The weld schedule follows previously es tab­
lished parameters for electron-beam welding rhenium, 
i.e., an electron-beam voltage of 150 kV at a current of 
4.9 rnA, with a part revolution speed of 40 rpm. Attach­
ing the emitter last has several advantages: 

(1) It allows for visual inspection of the concentricity 
of the envelope and collector. 

(2) It permits a high-temperature emitter outgas and 
grain stabilization treatment independent of the 
converter structure. In particular, the outgassed 
emitter impurities will contaminate the collector 
surface and reduce the converter voltage output. 

(3) It provides a means of setting the interelectrode 
spacing to a predetermined value by grinding or 
shaping the emitter before welding. 

In the final converter assembly depicted in Fig. 3, 
only three electron-beam welds are necessary for as­
sembly of the converter-two welds at the flanges and 
one at the emitter. The exhaust tubulation is joined to 
the diode assembly and high-purity cesium is distilled 
into the converter. The final step is the application of 
Rokide "e" (E ~ 0.78) to the radiator fins to enhance 
the removal of waste heat. 
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4. Comparison of Test Vehicle Data With Converter 

Performance Data 

a. Selection of design criteria. On the basis of the 
rhenium-rhenium test vehicle data shown in SPS 37-51, 
Vol. III, p. 42, Fig. 12, design criteria were selected for 
the fabrication of four additional fixed-spacing con­
verters for emitter temperatures of 1327, 1427, 1527, and 
1627°C. Other stipulated conditions were: 

(1) Each converter was to have a polycrystalline 
rhenium emitter and collector, the emitter area 
being 2 cm 2 as de£ned by the inside diameter of 
the emitter sleeve. 

(2) Each converter was to be so designed as to make 
sidewall emission negligible (de£ned as less than 
10%) compared to that of the emitter. 

(3) The radiator fins for each converter were to be 
sized for the current load and the emitter tem­
perature to allow optimized performance while 
operating passively at the design point, i.e., no 
additional hea t input to the collector-radiator 
assembly. 

(4) Each converter was tobave an independent cesium 
reservoir and a heater capable of heating the 
reservoir over the entire range of operating tem­
peratures commensurate with the design criteria. 
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Fig_ 5_ Converters SN-l05, -106, -107, and -108 
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Table 2. Comparison of converter performance with design criteria 

Emitter Interelectrode 
Output voltage , Output power density: Efficiency 

Converter V W/cm 2 

number 
temperature, spacing, observed,b 

·c mils Design Observed Design Observed % 

SN-l05 1327 12 ± 2 0.2 0.2 2.5 2.54 4.23 

SN-l06 1427 B ± 1.5 0.3 0.3 5.25 5.59 5.B5 

SN- l07 1527 5 ± 1 0.4 0.4 11.0 11.4 B.B5 

SN-l0 B 1627 4±.5 0.55 0.52 15.0 15.65 9 .30 

SN-l0l 1735 3.2 ±.5 0.7 0.7 21.3 21.0 12.22 

40n the basis of the 2_cm 2 emitter area. If the output power is desired on the basis of the 1.8B-cm2 collector oreo, multiply these values by the foctor 1.064. 

bEfficiency is defined as output power/bombardment power. It does nof account for any losses or geometry foctors and is therefore conservative. 

(5) Other conditions specified instrumentation, meth­
ods of measuring temperatures, and fabrication 
and processing procedures, all of which were to 
be identical with the corresponding factors for 
converter SN-lOl. 

h. Results. In Table 2, the performance of the four 
converters is tabulated along with that of converter 
SN-lOl, showing both the design criteria and the ob­
served performance of the converters. A comparison of 
this data shows good agreement, which is signiflcant both 
from a performance point of view and from the point of 
view of fabrication, processing procedures, and experi­
mental technique. 

The four converters, SN-105 through SN-I0B, are 
shown in Fig. 5. The relative sizes of the radiators are 
here dramatically illustrated. Note that for S -105 and 
S -106 the radiators are approximately the same size, 
1 % X 2 in. overall, but the radiator for SN -105 is com­
pletely devoid of the high emissivity Rokide "c" coating. 
This was necessary in order for the converter to have 
sufficient radiator area to which one could attach thermal 
heating units for increasing the radiator temperature and 
thus the collector temperature for parametric testing. 
Such testing has not yet been done, nor has the extensive 
performance and parametric testing which is planned. 
These tests will explore, among other things, off-optimum 
performance caused by a variation in collector tem­
perature, emitter temperature, and cesium reservoir 
temperature. 

B. Low Saturation Drop Transistor, A . I. Schloss 

1. Introduction 

There are presently available efficient electrical sources 
of energy whose output voltages are in the 2- to 5-V range. 
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Since this range of voltage is impractical for most useful 
loads, the voltage must be converted upward efficiently. 
Dc to dc conversion can be accomplished using transistors 
as switching elements to convert dc to ac. Efficient conver­
sion requires that the switch have low internal resistance 
while on. Germanium transistors have this characteristic; 
however, allowable ambient temperatures are limited for 
germanium. A greater temperature margin is possible 
using silicon transistors; however, to date silicon has 
exhibited rather high internal resistance. It is the purpose 
of this effolt to develop a low saturation drop silicon 
transistor (i.e., low resistance). 

Effort to produce such a transistor has occurred in two 
stages. Phase I required a saturation drop of 0.2 V at 75 A. 
Phase I was completed. Phase II requires a saturation 
drop of 0.1 V at 75 A and the effort is continuing. Several 
approaches to achieve this goal are outlined in this article. 

In phase I, ITT and Westinghouse Electric Corp. used 
two different basic approaches. ITT used a multichip 
approach and Westinghouse used a single large area star 
geometry approach. ITT would not bid on phase II and 
Westinghouse has continued in an effort to improve their 
techniques. A "spin off" of this effort has resulted in a 
higher voltage version of the transistor now offered 
commercially. 

2. Thin Wafer Approach 

The earlier (0.2-V) effort used a simultaneous diffusion 
process. It was decided to use this process in conjunction 
with a thin crystal. The thin crystal permits steeper con­
centration gradients, thereby increasing injection effi­
ciency, a factor in low voltage drop. Planar technology 
is used in fabricating the device. Breakage during fabri­
cation is a major problem with such an approach. 
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3 . Two Controlled Collector Geometry Approaches 

Current crowding at the emitter edge contributes to 
higher voltage drops. By controlling geometry such that 
the collector and emitter geomeb:y are identical, it is 
possible to attain symmetry of gradients in the base under 
high injection, thus forcing equality of collector to base 
and emitter to base junction drops. Low saturation voltage 
drop is attained when these two drops are nearly equal. 
One method to achieve this is to use selective arsenic 
diffusion prior to epitaxial growth which results in an 
epitaxial selective collector type of transistor. Another 
method of achieving symmetry is the use of a double­
sided selective diffusion. In this method, deposits are 
introduced on opposite faces of the crystal. Masks on 
both sides are required and alignment is quite critical. 

Results so far have been only slightly better than those 
obtained for the first (0.2-V) effort. Problems arose in 
handling the thin wafer h·ansistor. Flatness and paral­
lelism have also caused problems in the large area devices. 
The thin crystal does show promise for smaller devices. 

4 . Epitaxial-Selective Collector 

The epitaxial-selective collector approach involves 
growing a junction over a buried collector. It is presumed 
that auto-doping has offset differential peneh'ation, result­
ing in shallow differential steps. Back voltage of these 
units were low. It is felt that the problem lies in the basic 
process technique. 

Based on the experience to date, a double epitaxial 
base approach has been proposed. This process will yield 
higher absolute gains as well as some symmetry between 
forward and reverse gains. Geometric symmetry was 
thought to be the key to low drop. However, because of 
practical problems in obtaining such symmetry, it is now 
felt higher absolute gain should help in providing low 
voltage drop. 

Future studies will investigate the use of several 
matched chips in one package as a simple way to achieve 
low current density and hence low drop. 

C. A Cell for the Direct Observation of Gassing 
Phenomena at Battery Electrode Surfaces in 
Low-Gravity Environments, G. L. Juvinall 

1. Introduction 

As part of a continuing JPL program to study the effects 
of variations of gravitational acceleration on the perform-

38 

ance of batteries, the General Electric Research and 
Development Center is under contract to design and 
construct a breadboard low-gravity battery test unit. The 
capabilities of the breadboard unit will include measure­
ment of the limiting current of smooth flooded zinc 
anodes, measurement of the limiting current and capacity 
of conventional silver- zinc battery cells, and a photo­
graphic study of the formation and behavior of bubbles 
at the surface of polarized silver and zinc electrodes 
during flight. The photographiC results will be correlated 
with electrical measurements of capacity and limiting 
current. Data generated by this program will be directly 
applicable to the design and construction of spacecraft 
batteries uniquely suited to future long-term missions 
contemplated by JPL. 

This article discusses the construction and operation 
of the cell used for the photographic study of battery 
electrodes. 

2. Cell Construction and Operation 

The complete test cell assembly and an exploded view 
are shown in Fig. 6. The cell mounting flange contains 
the tes t electrode, which is simultaneously illuminated 
and observed through the optical windo"v. Continuous 
elech'olyte circulation from the cell mounting flange and 
the optical window through the second mounting flange 
and the gas collector is necessary in order to ensure clear 
optics and gas-liquid phase separation at any time. The 
cell performance is thus independent of gas pressure or 
gravity conditions. 

Further details of the electrode arrangements in the 
test cell are illustrated in Fig. 7. The zinc wire reference 
electrode is positioned close to the test electrode in order 
to accurately measure its polarization. Also shown is the 
electrolyte flow path . Electrolyte is constantly swept past 
the elech'ode to remove any gas bubbles occurring in the 
test elech'ode structure during overcharge and evacuation. 

A top view of the cell mounting flange, which contains 
the test electrode, the counter electrode, and the three 
leads, is shown in Fig. 8a. An exploded view of the cell 
mounting flange is shown in Fig. 8b. Inside the cavity of 
the electrode holder are the silver substrate, with lead, 
the zinc tes t electrode (14-in. disc), a cellophane separator, 
a disc of nylon mesh, and a disc of expanded nickel. All 
components are under compression from the expanded 
nickel grid. The counter electrode holder and counter 
elecb'ode are also shown. 
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Fig.6. Test cell: (a) assembled, (bl exploded view 
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Fig. 6 . (contdl 
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Fig. 8. Cell mounting flange: (a) top view, (b) exploded view 
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Fig. 8. (contd) 
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During operation, bubbles are induced to form on the 
surface of the electrode by intentional overcharging. 
Other bubbles in the system will be removed by the 
constantly circulating electrolyte (45% KOH) . Electrical 
measurements will be taken during discharge. At the end 
of discharge, the cell is evacuated and backfilled to 
ambient pressure. The evacuate-backfill cycle is repeated 
a second time to reduce the trapped gas volume inside 
the porous tes t electrode to an insignificant value. 

Aggregates of gas bubbles at the electrode- membrane 
interface form highly reaective areas, which are easily 
seen or recorded on films . Such bubble structures have 
been observed on all test electrodes studied. 

3 . Conclusions 

A successful design has been developed for a cell which 
will permit the direct observation of bubble formation 
and behavior at the surface of a battery electrode while 
the electrical parameters are being measured. The con­
struction of the cell is unique in that the electrode 
environment closely approaches that in a real battery cell, 
which contains a compressed pack of electrodes indi­
vidually wrapped with separator material. 

It is anticipated that th is cell will become a valuable 
laboratory tool after fulfilling its intended purpose in the 
breadboard unit. For example, it affords an opportunity 
to precisely investigate the efficiency of various gas 
inhibiting compounds which are added to battery elec­
trodes at the time of fabrication . 

D. The Products of the Electrochemical Oxidation 
of Zinc Battery Electrodes, G. L. Juvina/l 

1. In troduction 

Idaho State University is presently under contract to JPL 
to investigate the reactions pertaining to zinc, cadmium, 
and silver electrodes. Dr. C. Myron Arcand is the principal 
investigator on this project. This effort represents part of 
a continuing study of the fundamental properties and 
reactions used in alkaline ba tteries. A major objective of 
this effort is the acquisition of quantitative data regarding 
the nature of the electrochemical oxidation products of 
zinc and cadmium electrodes. The results of another area 
of study included in this contract, the thermal decom­
position of argentic oxide, have been reported previously 
in SPS 37-49, Vol. III , pp. 122-123. Such information is 
needed to understand the fundamental electrochemical 
processes involved in the operation of alkaline spacecraft 
batteries. 
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2. Experimenta l Approach 

The method used in the identification of zinc and 
cadmium reaction products involved the use of tritium as 
a tracer. If a metal hydroxide is precipitated from a 
solution containing tritium in the form of either water or 
hydroxide, the precipitate will show activity. If an oxide 
is preCipitated, it will be inactive. The activity will be 
proportional to the total hydrogen in the precipitate. No 
distinction can be made between hydrogen present as 
hydroxide or water of hydration. The relative amounts 
of hydroxide and oxide in the precipitate can be deter­
mined by measuring the activity of the product. Liquid 
scintillation counting was accomplished with a Nuclear­
Chicago model 703 counting system. 

3. Results and Discussion 

The relative amounts of Zn(OH)2 calculated from tracer 
data are shown in Table 3. The high values (above 10%) 
are probably due to incomplete drying of the precipitate. 
The results average 2.8 mole-% Zn(OH)2' with (T (stan­
dard deviation) 1.3% of the high values discarded. 
The next lowest value, 9.1 % , is 3.2 (T above the average. 
The statistical probability of a random deviation of this 
magnitude is less than 0.2%. Thus, tracer analysis indi­
cates that the oxidation product, zinc oxide, contains less 
than 5% zinc hydroxide. This conclusion is borne out 
by the results of a thermogravimetric analysis of the re­
action product, which is shown in Fig. 9. The initial 
relative weight appears to be less than l.000 because the 
s~mpl.e was heated to 50°C during temperature equi­
hbrahon. If the assumption is made that the hydrogen­
containing component was removed at temperatures 
below 120°C, the results compare favorably with the 
tracer data. In addition, the data in Table 3 show that 
the nature of the product is unaffected by the form of 
the electrode. 

Table 3 . Product of electrochemical oxidation of zinc 

Solid Zn (OHI , fo rmed , % 

Zn sheel anodes ESB, Inc., 
Zn-o n-PI anodes 

porous anodes 

9 .1 20 12.0 

16 .0 2. 9 1 .1" 

4. 3 5.4 

1.8 8 

1.7" 

2.2" 

.Il.Reaction in N2 atmosphere. 
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E. Development of the Heat Steri lizable Battery, 
R. Lutwack 

1. Introd uction 

The research and development program for a heat 
sterilizable battery comprises contracts with ESE, Inc., 
for the Ag-Zn system, with Texas Instruments, Inc., for 
the i-Cd system, and with Eagle-Picher, Inc. , for the 
remotely activated system. The ESE, Inc. , contract is 
supplemented by an in-house effort. 

The research and development program for a separator 
for the heat sterilizable Ag-Zn battery comprises contracts 
with Monsanto Research Corporation, Westinghouse 
Electric Corporation, and the Southwest Research Insti­
tute. A research and evaluation program is being con­
ducted at JPL. 

2. Batte ry Systems 

a. ESB, Inc. (contract 951296). Phase I studies were 
directed to electrochemical problems and to the design 
for a high-impact resistant cell. Some of the results are : 

(1) A special, very low rate pre-formation charge must 
be used to preven t excessive gassing a t the Ag 
plate during the formation charge. 

(2) A procedure of partial discharges increases and 
makes more uniform the capacities of cells which 
are fabricated in the same manner. The partial 
discharge followed by a recharge increases the cell 
capacity about 15%. 

(3) Capacity data for open-circuit stand at room tem­
perature after 7, 8, and 9 010 have been obtained. 
Capacity losses per month vary from 0 to 1.3% of 
the total capacity. 
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(4) An electrolyte concentration study has shown that, 
up to 13 cycles, cells with 41 % KOH had more 
uniform capacities than did those using 31 % KOH. 

(5) A cell pack tightness factor of 2.1 X 10-3 in. per layer 
produces higher capacity cells than does a larger 
factor. This has been established up to 11 cycles. 

(6) It appears that heat steriliza tion can be done after 
the electrical cycling of cells if special precautions 
are taken to completely discharge the Zn plate 
before sterilization. Data have been obtained indi­
cating this procedure can be used without creating 
large gas pressures and without incurring large 
capacity losses. 

These electrochemical and cell design investigations are 
con tinuing in an effort to improve the cell performance. 

Phase II consists of the design, fabrication, and testing 
of cells for four types of batteries. 

Five AH high-impact resistant cells, in which the plates 
are reinforced with heavy Ag backbones and the sub­
cover and cover are special designs, were formed into 
12- and 14-cell batteries for the capsule systems advanced 
development program. The sterilized 12-cell primary 
batteries performed sa tisfactorily in capsules after impacts 
of 1200- and 2500-g loads. 

In the first tes ts, the capacity losses due to sterilization 
of the 80 AH prototype cells for the 2000 W-h battery 
were low. 

The emphasis in the task for the secondary battery is 
on the Zn plate; teflon-containing pla tes are being studied. 

h. Texas Instruments, Inc. (contract 951972). In the 
task for electrochemistry studies, which include statis­
tical experiments for characterizing and optimizing the 
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electrodes, the electrolyte solution, and the separators, 
it has been shown that: 

(1) There are indications from X-ray diffraction, 
porosity, and pore-size distribution data that sterili­
zation causes morphological and crystallographic 
changes of the plates, which may affect the solution 
distribution and the electrochemical efficiency of 
the cell. 

(2) Two sterilization cycles result in about a 30% loss 
of rated capacity. 

(3) The oxygen-free capacity decreases as a result of 
sterilization although the addition of Co lessens 
this loss. 

(4) The addition of In to the Cd plate has no effect 
b efore or after sterilization. 

The studies of the effects of sterilization on the properties 
of the cell components and on the electrical perform­
ance of the cell continue. 

3. Separators 

a. Monsanto Research Corporation (contmct 951524). 
Films prepared from ligand-containing polymers are being 
investigated. Those which were fabricated on a paper­
coating machine from a 31: 69 2-vinylpyridine/methyl 
methacrylate copolymer have good physical properties. 
Studies of saponification procedures led to the use of a 
pretreatment with alcoholic KGB solutions to cause 
partial saponification before the fIlm formation step. 
Completely saponified films have resistivities of about 
10 a-cm after sterilization in 40% KGB at 135°C. Eval­
uation of 100 linear ft of 18-in. wide lo5-mil-thick film 
is being done at JPL. 

b. Westinghouse Elect1"ic Corporation (contract 
951525). Composite membranes, which contain a mab'ix 
of polypropylene, a binder of polysulfone, and a filler of 
zirconium oxide, are being investigated. A modified com­
mercial dip-coating procedure and a foil-drying tower 
have been adapted to fabricate the films. The best speci­
mens, which were prepared with a 3:1 oxide :polysulfone 
ratio, were shown to have low resistivities and to permit 
negligible Ag transport. Problems of uniformity and 
material loss during sterilization remain to be solved. 
Modifications in the apparatus are being made for the 
purpose of extending the process to I-ft-wide tape. 

c. Monsanto Research Corporation (contmct 951966). 
Materials made from ethylene/methyl acrylate co­
polymers, which are crosslinked with a peroxide and 
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hydrolyzed to the salt form in an alcoholic KGB solution, 
are being investigated. The most promising films were 
prepared from a copolymer composition of 45:55 for 
acrylate: ethylene. After consecutive hydrolyses for 24 h 
at 65°C in alcoholic KGB and then in aqueous KGB 
solution, these fIlms survived sterilization and had resistiv­
ities less than 20 a -in. Samples have been submitted to 
JPL for evaluation. 

d. Southwest Research Institute (contmct 951718). This 
is a study of the parameters involved in the preparation 
of separator materials from polyethylene, which is modi­
fi ed by crosslinking with divinylbenzene and grafting 
with acrylic acid using COlio radiation. The parameters 
studied and the results obtained are: 

(1) Acrylic, methacrylic, oleic, and maleic acids were 
used for grafting. The best films were prepared 
using acrylic and methacrylic acids. 

(2) By varying the washing procedure, it was shown 
that the dimensional changes which occur during 
sterilization are dependent upon the temperature 
of the wash. The reasons for this dependency are 
not known. 

(3) Films with higher K contents are produced when 
the grafting solution contains lower chain termi­
nator concentrations. 

(4) The use of Ni, Co, and Zn naphthenates reduces 
homopolymerization and inhibits grafting. 

(5) Films are grafted more uniformly under a N2 
atmosphere although the presence of G 2 has no 
apparent effect on the crosslinking. 

A scale-up of the basic procedure is also being developed. 
Southwest Research Institute supplies JPL with the 
separator mateIial used in the Ag-Zn cell development 
program . 

F. RTG Test Laboratory, R. G. Ivanoff 

1. Introduction 

Future mission studies conducted by JPL indicate the 
need for a solar-independent power source for mission 
opportunities beginning in 1972. The most probable 
candidate for this category of power source is the radio­
isotope thermoelectric generator (RTG). A key problem 
regarding RTGs is one of incorporating the device into 
spacecraft designs. Major technologies which must be 
evaluated are those related to the compatibility of the 
isotope power source and its inherent radiation field with 
space science experiments and other sensitive subsystems. 
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Also, assurance must be provided through life and per­
formance testing to obtain information on the behavior 
of the device as a power generator. 

To support the above requirements, ]PL has begun the 
design and development of an RTG test laboratory. The 
test laboratory will play a major role in developing 
technology required to insure integration of RTGs on 
advanced planetary vehicles. The test laboratory will 
amplify and complement the capability now present at 
JPL by providing facilities and equipment for the eval­
uation and testing of fueled SNAp4 generators and other 
isotopic sources. 

2. Ope ratio ns 

The test facility is designed to run life and perform­
ance tests on both fueled and electrically heated RTGs. 
These tests include: parametric tests at preselected values 
of power output, voltage output, and hot junction temper­
ature; short-circuit current tests; power system tests; 
thermal-vacuum tests; life tests; simulated mission profile 
tests; and evaluation tests on electronic equipment to 
assess radiation damage at distances and relative loca­
tions simulating those in a spacecraft. 

The test laboratory is designed to conduct a program 
to establish interface requirements. Test objectives of 
such a program include: (1) identification of the mecha­
nism of science-instrument and neutron- and photon­
radiation interference, the level of those interferences, 
and the nuclear spectral components primarily responsible 
for the interference effects; (2) prediction of the sta­
tistical or transient response of science instruments pro­
posed for typical particle and flux measurement space 
experiments; and (3) determination of the statistical 
transient response of as many science instruments as are 
physically obtainable, in the environment of expected 
neutron and photon mixed beam dose rates. To identify 
further the mechanism of the nuclear radiation and 
science instrumentation interferences, the measurements 
will be correlated with the responses predicted from 
theoretical studies. 

Other more general objectives of the test laboratory 
are: 

(1) Provide the spacecraft designer and experimental 
scientists with accurate data on the interactions 
between the power supply and the spacecraft 
and/or scientific experiments. 

'Systems for nuclear auxiliary power. 
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(2) Create an installation capable of supplying and dis­
persing knowledge of the interrelation/integration 
between the isotope power sources and different 
scientific experiments/instruments, components, 
and spacecraft configurations. 

(3) Obtain performance data that is unavailable when 
using electrical heating. 

(4) Provide NASA and other government agencies or 
facilities an independent and accurate report on 
the performance of isotope-fueled power sources. 

(5) Familiarize JPL personnel with the handling of 
radiOisotope-fueled devices . 

Fueled SNAP generators for the laboratory tests will 
be obtained on a loan basis from the Atomic Energy 
Commission (AEC) and will remain under AEC com­
pliance. 

3 . Tas k Statu s 

Equipment design and construction details for the 
RTG test laboratory have been established. Preliminary 
test flow plans are completed. Security and radiological 
safety requirements have been established with AEC and 
NASA. Certain special laboratory equipment has been 
procured. 

G. Analog Voltage to Duty Cycle Generator/ 
A . I. Schloss 

In all switching types of regulators, there is a circuit 
that converts a dc error signal to a time-ratio switching 
signal. The ratio of switch-on time to cycle time is called 
a duty cycle. The greater the duty cycle the greater will 
be the dc output voltage of the switching regulator. The 
circuitry that accomplishes this function operates at a 
low power levcl and lends itself to fabrication as an 
"integratcd" or "micro" circuit. Integrated circuits reduce 
the number of required interconnections relative to those 
required in a discrete component approach for the same 
function. Reliability and long life are, therefore, greatly 
enhanced. The purpose of this effort is to produce a 
"universal" duty-cycle generator in integrated form. It 
is universal in that it is designed in a way to be easily 
adaptable to many different switching regulator designs. 
The regulator may vary as to power and voltage level 
and may be of either the single- or double-ended design. 

'Contractor for this project is Westinghouse Research Laboratories, 
Pittsburgh, Pa. 
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Besides the increase in reliability offered because of the 
in tegrated approach, there is also the possibility of in­
creasing reliability using high-level redundancy. The 
size and weight of the integrated circuit permits rela­
tively complex (high-level) circuits to be used redun­
dantly in a practical way. 

A discrete component equivalent of the duty-cycle 
generator has been completed to demonstrate circuit 
performance. The circuit performed to specification. 
Masks were made to fabricate the monolithic circuit. It 
has been determined that the best compromise between 
yield and the number of external connections would 
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occur when four chips are used. The four chips are to 
be bonded to a single heat sink. Layout of the four chips 
is such that if yield is good it will be possible to produce 
the generator on one piece of silicon. 

It has been demonstrated that all functional parts of 
all chips have at one time or another worked; however, 
to date there have not been four completely functional 
chips with which to make one generator. Low yield is 
aggravated by the limited production of this research 
effort. Much of the effort so far has been in perfecting 
fabrication techniques. A complete generator should be 
available for test within the next three reporting periods. 
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VI. Spacecraft Control 
GUIDANCE AND CONTROL 

A. Development of an Approach-Guidance 
Optical Planet Tracker, F. R. Chamberlain 

1. Introduction 

Competing analytical theories for optical approach­
guidance orbit determination are under development by 
a number of organizations, including JPL. While some 
studies emphasize long-duration measurements several 
weeks prior to encounter, others place heavy emphasis on 
measurement of planet angular diameter during the last 
24 h. All theories characterize accuracy limitations in 
terms of angular measurement bias and drift. Figure 1 
illustrates a typical case where I-a tolerances of 4 arc-sec 
drift and 40 arc-sec bias are assumed . 

OPTICAL 00 ALONE 

RADI0.-9~~~ ___ _ 

COMBINED 00 USING BOTH 
OPTICAL AND RADIO DATA 

IO~1--------~--------~---------L--------~5 

TIME TO ENCOUNTER, days 

Fig . 1. 1-a impact parameter errors vs time 
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Development of an optical planet tracker was initiated 
by JPL in April 1966; detailed design and fabrication 
were subcontracted to Electro-Optical Systems, Inc. Pro­
gram plans during FY 67 included a Hight-feasibility 
demonstration on Mariner Mars 1969 as an engineering 
experiment. The initial efforts were reported in SPS 37-42, 
Vol. IV, pp. 48-49. Preliminary and detail design were ac­
complished, followed by fabrication of Hight-configuration 
planet tracker prototypes and precision equipment for 
evaluation of hardware performance. Parts for Hight 
hardware were bought and screened, and a detailed 
design review and exploratory environmental testing were 
completed. 

A revised program for ground hardware evaluation 
and engineering development has now been implemented 
at JPL. Facilities have been modified to provide a 
temperature-stabilized and seismically isolated environ­
ment for limited demonstrations of feaSibility . Studies con­
tinue in preparation for ei ther another Hight-experiment 
opportunity or a mission-critical application where optical 
approach guidance is mandatory for reasons of required 
orbit determination accuracy. 

2 . Data Correlation Concepts 

The measurements made by an optical planet tracker 
will exhibit the effects of attitude motion and, if the p lanet 
tracker's measurements are corrected by means of attitude­
control system data, all attitude-control system errors in 
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bias and drift will carryover into orbit determination 
calculations. In addition to the sum bias and drift of 
individual attitude-conb'ol sensors, each alignment toler­
ance is a bias; any alignment drift during a measurement 
period is equivalent to an instrument drift. 

As a result of attitude-motion considerations, auxiliary 
attitude-motion reference sensors with arc second accu­
racies are required; incorporation of these sensors' optical 
trains into the planet-tracker chassis is highly desirable 
for alignment reasons. The possibilities of superimposing 
planet and reference-body images (so that correlation 
reduces to precision opto-mechanical or electro-optical 
scanning) are very attractive and are under evaluation. 

Past development of auxiliary attitude-motion sen­
sors for approach guidance is limited to a miniaturized 
narrow-angle sun sensor of conventional shadow-bar and 
cell configuration. Ultra-stable excitation circuitry, high­
resolution thermal sensors, and exhaustive calibration will 
be required to achieve a repeatable analog output. 
Analog-to-digital conversion will require either additional 
approach-guidance subsystem electronics complexity or 
stringent requirements for the analog-to-digital circuits in 
a telemetry subsystem. 

3. Planet Tracker Concept 

The planet tracker utilizes an electrostatic image dis­
sector as its sensor, and scans the image of a 10 X 10-deg 
field of view over the sensor's faceplate by means of 
orthogonal pairs of counter-rotating optical wedges. It 
searches for, locks onto, and tracks the geometrical center 
of gibbous-phase planets ranging in size from 1-0.05 deg 
in angular diameter. 

Figure 2 illustrates the layout of the tracker opto­
mechanical train and shows locations of the electronic 
modules. After the field of view is corrected by a foreprism 
and scanned by optical wedges, it is focused through a 
24-in . folded optical path onto the image dissector face­
plate. The electronics mechanization provides the logic 
and Signal processing for search, acquisition, and planet 
tracking; it scans and derives signals from the image dis­
sector tube, controls wedge positions through servo­
mechanism drives, and reports the angular positions of 
wedge encoders to telemetry circuits through a data 
converter. 

In the search mode of operation, a raster pattern is 
scanned across the 10 X lO-deg field of view. The image 
area interrogated by image dissector scanning is a circle 
1 deg in diameter, and a raster interval slightly larger than 
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Fig . 2 . Optical train diagram 
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0.2 deg is used to provide extensive overlapping. The 
raster is scanned until image dissector Signals indicate the 
presence of a planet. "Planet-detect" circuitry then cues 
in an acquisition mode to approximately center the planet. 

In the centering mode of operation, orthogonal bipolar 
error signals are derived from a rotating spike (starburst­
shaped) scanning pattern and are used to approximately 
center the planet. Once this preliminary tracking null is 
obtained, transition to a geometrical tracking mode is 
carried out. 

In the geometrical tracking mode, an image dissector 
scan pattern centered about the electron aperture is used 
that scans only the illuminated limb of the planet and 
develops error signals that not only recenter the planet, 
but also adapt the scan radius for changes in planet 
angular diameter. In signal processing, a memory is 
developed of peak planet brightness for each scan orienta­
tion and thresholding for the generation of pulse-width 
information is based on a fixed proportion of the memory 
value. This method of signal processing largely eliminates 
albedo-related amplitude errors. 

A data converter periodically interrogates the two 10-bit 
encoders for wedge (field of view) positions and converts 
the 20 bits of parallel format information, plus 8 engineer­
ing bits, into 4 telemetry words of 7 bits each in serial 
format. 

4 . Design Criteria and Characteristics 

The existing approach-guidance planet tracker weighs 
15 lb, consumes less than 8 W of power, and occupies an 
envelope with a maximum dimension of 12 in. It is 
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Fig. 3. Approach-guidance planet tracker 

designed to survive temperatures ranging from 0-120°F. 
Figure 3 is a photograph of a planet tracker with the 
optical train cover removed. 

Repeatability of the optical gimbals is specified at 4 
arc- ec; an alignment stability of 2 arc-sec over 4 days is 
a design goal. All aspects of the opto-mechanical design 
involve detailed attention to the effects of temperature 
varia tion, thermal gradients , and mechanical errors; gear 
train and stress analyses were performed in the selection of 
gear configurations, anti-backlash methods, and bearings. 

A closed compartment is required for the mechanisms, 
primarily to avoid particulate contamination. While pres­
surization is used to avoid the complexity of venting de­
vices, gear materials are selected for resistance to cold 
welding phenomena and vacuum-qualified lubricants are 
employed. All materials and components to be enclosed 
by the pressurized compartment have been subjected to 
a thorough contamination test to avoid the possibility of 
some high vapor pressure substance (e.g. , residue from a 
cleaning process in a motor or encoder) redepositing on 
cold optical surfaces and degrading performance. Pres­
sure switches are installed in the pressurized compart­
ment for optical calibration correction in case of pressure 
loss. (Loss of all pressure results in a 10 arc-sec increase 
to wedge deviation at the edges of the field of view.) 
Figure 4 is a view of the scan subassembly with one of its 
pressure covers removed. 
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Fig. 4. Scan subassembly 

The image-forming subassembly of the approach­
guidance planet tracker contains a 24-in. focal-length 
triplet telescope lens, 3 porro prisms to fold the optical 
path, and the image dissector tube. Ahead of the objec­
tive lens are the 4 achromatic wedges (two elements per 
wedge), the two pressuri zed compartment windows, and 
a foreprism. Scattering, absorption, and reflec tion losses 
in the thirteen elements sum to a transmission coeffi cient 
of 0.670 that, when used with a 20% margin for degradation 
and an objective lens diameter of 1.10 in. , yields an 
effective clear aperture of 0.531 in ." 

Design of the planet-tracker objective lens results in a 
nearly diffraction-limited image with an Airy disc diam­
eter angular subtense of 9 arc-sec. The achromatic wedges 
each contribute a difference of deviation such that when 
weighted for spectral power, the new wedge dispersions 
at the edge of the ReId of view are about 8 arc-sec. The 
limiting element in sys tem resolution is the image dissec­
tor tube, which has an electron aperture diameter of 
0.004 in. and an electron spot dispersion of the same 
dimension. The 69 arc-sec subtended by the electron 
aperture and electron dispersion serve to dominate all 
modulation transfer function descriptions. 

In the electronics mechanization, wide use is made of 
microcircuits for logical operations and signal processing; 
ReId-effect transistors are used for switching functions in 
the generation of digital scanning signals and analog 
memories. Electronics packaging techniques emphasize 
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the use of welded cord wood modules for discrete com­
ponents and stick modules for integrated circuits; circuit 
boards were used in the immediate vicinity of the image 
dissector tube for high-voltage power supplies and the 
video preamplifler. 

5. Conclusion 

Problems for continued study include the correlation 
of tracking data for the planet with that for celestial ref­
erence bodies (within an extremely tight error budget). 
The difficulties of sensor integration into a spacecraft 
system, and software integration with mission operations, 
may not be subject to satisfactory short-term solutions; 
a Bight experiment prior to a mission-critical application 
is the preferred approach. 

B. Strapdown Inertial System Analysis, G. Paine 

1. Introduction 

The Strapdown Electrically-Suspended Gyro Aero­
space avigation (SEAN) system is a developmental 
inertial-navigation system described in SPS 37-36, Vol. IV, 
pp. 55-59. The system employs two-position electrostatic 
gyroscopes (ESGs), and three digital velocity meters 
(DVMs) as inertial sensors. Each ESG has three pick­
oHs to provide two, or all three, direction cosines between 
the case and the rotor spin axis. The ESGs have been 
described previously (SPS 37-36, Vol. IV, pp. 51-55). The 
ESC drift model and its development is described in 
Section D. This article discusses the systems-analysis eHort 
and the resultant software. Due to their number, detailed 
equations are not included here. 

The initial analysis resulted in a set of equations used 
in the theoretical part of the error analysis. Subsequently, 
this set was expanded and embodied in several system 
simulators. Two of these programs, described here, are 
written in Fortran IV and can be executed on an 
IBM 7094-7044 computer installation. The software de­
veloped for the digital Bight computer that processes the 
outputs of the inertial sensors is Bow-charted. The Bight 
equations were a direct outgrowth of the system-simulator 
equations. 

The interconnection between the theoretical error anal­
ysis and the two simulators described can be seen in 
Table 1. A variety of error sources are listed together with 
marks identifying which method of analysis was used to 
determine the magnitude of their eHect. 
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The concept of testing system behavior by simulation 
prior to mechanization of the Bight computer software 
has been justifled and has resulted in a higher degree of 
confidence in the fInal software because of the thorough­
ness of its checkout. Without the Bexibility and accuracy 
of a large-scale computer, a complete checkout would 
be conSiderably more difficult. 

Table 1. System error sources and analysis methods 

Confirmation 

Error sou ree source· 

T 1 3 

Attitude errors 

Initial attitude (alignment) 

Uncompensated gyro drift D D 

Normal gyro data noise D D 

Bad gyro counts I I 

Gyro count resolution D D 

Accelerometer doto resolution D D 

Accelerometer errors I I 

Attitude measurements 

Normal gyro noise D D 

Bad gyro counts I I 

Gyro pattern misalignment I I 

Gyro misalignment D I 

Vehicle turning rate D D 

Averaging gyro direction cosines D D 

Gyro drift (twa gyros) D D 

Gyro drift sine term D 

Velocity errors 

Hardware 

Accelerometer bias D D 

Acceleromete r scale factor D D 

Accelerometer misalignment D D 

Software 

Computed gravity D 

Systematic with rotation rote D D 

Accelerometer resolution with rotation rate D D 

Systematic with oscillation D D 

Accelerometer resolution with osc i llation I D 

Systematic with vibration D 

Position errors 

Hardware 

Altimeter b ias D D 

Alt i meter resolution and noise D D 

Software 

Initial position D D 

Computation and integration D D 

li T = theoreticol D = Deta iled investigation 

1 = simulator 1 I = Incomplete investigation 

3 = simulator 3 
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START 

INITIALIZE PROGRAM 

PICK UP AND ACCUMULATE GYRO COUNTS 
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Fig . 5. SEAN flight computer program flow chart 
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2. System Simulators 

In order to verify the theoretical system analysis and 
to investigate areas that are not amenable to theoretical 
studies, several system simulators were written. Each of 
these allows computer simulation of the SEA system 
performance. Each simulator is divided into (1) a driver 
that simulates the inertial sensors over some test Bight 
path, and (2) a navigation portion that simulates the 
behavior of the Bight computer software. The generation 
of accurate inertial sensor data consumes the largest por­
tion of computer time during simulation. To simulate the 
system efficiently, some of the capabilities of the driver 
are provided as options so that the associated computa­
tions will be skipped if the options are not being used. 

a. Navigation simulator 1. This simulator simulates the 
SEAN system minus the gyros. The driver provides DVM 
outputs and an attitude matrix to the navigation simula­
tor. These are provided for a constant latitude, constant 
velocity, and constant altitude Bight path. In addition, the 
driver can simulate a combination of roll, pitch, and yaw 
angles coupled with constant and sinusoidal roll, pitch, 
and yaw rates. The navigation simulator processes the 
DVM outputs with the attitude matrix provided to give 
delta velocity quantities in an earth-centered inertial 
frame. The delta quantities are then integrated to obtain 
position, velocity, latitude, and longitude. 

This simulator was used to verify (1) the predicted 
effects of accelerometer bias, scale factor, misalignment, 
and resolution with constant and sinusoidal turning rates, 
(2) the effects of systematic software errors caused by 
vehicle turning rates, (3) the accuracy of the integration 
procedure used, and (4) the effects of altimeter bias, reso­
lution, and noise. 

h. Navigation simulator 3. This simulator simulates the 
complete SEA system. The driver provides DVM and 
ESG outputs to the navigation simulator for a constant 
latitude Bight path. The driver can simulate the same 
combinations of constant and sinusoidal turning rates as 
simulator 1. This driver can also simulate the reversal of 
the flight path, a change of altitude, and a Bight path 
where the aircraft altitude is perturbed by sinusoidal vari­
ations. The navigation simulator processes the DVM and 
ESG outputs to generate position, velocity, latitude, and 
longitude. The same earth-centered inertial frame is used 
here as in the navigation portion of simulator 1. In addi­
tion, the initial alignment program is simulated. 

This simulator was used to check out the final equa­
tions used in the Bight computer program (subsequently 
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flow-charted) and to verify the predicted effects in align­
ment of gyro drift, noise, and resolution, and of accelerom­
eter resolution. In navigation, the effects of gyro drift, 
noise, and resolution, and the effects of averaging gyro 
counts, were verified. Wherever possible, simulator 3 was 
checked against simulator 1. 

3 . Flight Computer Program 

The equations generated and verified by the system 
simulators have been assembled into a final form for 
definition of the flight computer program described below. 

The flow chart of the Bight program (Fig. 5), shows how 
the inertial sensor outputs are processed to generate the 
initial alignment data, and then, during navigation, to 
generate velocity, heading, latitude, and longitude infor­
mation. The alignment process is described in Section C. 

The outputs from the iner tial sensors are sampled and 
processed at discrete intervals. Between samplings, the 
outputs from each sensor are accumulated. An external 
clock maintains the synchronism between the sampling 
of the inertial measurement unit outputs and the execu­
tion of the computer program. 

For the sake of brevity, several loops that determine 
the frequency of some of the corrections in navigation 
have been omitted, as have the variables that determine 
the intervals of summation and averaging in alignment. 1 

C. Strapdown Inertial System Alignment 
Technique, B. R. Markiewicz 

1. Introduction 

A Strapdown Electrically-Suspended Gyro Aerospace 
Navigation (SEAN) system, presently under development 
at JPL, uses 3 accelerometers and 2 two-degree-of-freedom 
attitude gyros mounted ligidly to a common frame defined 
as the inertial measuring unit (IMU). The IMU is, in turn, 
rigidly connected (through vibration isolators) to a vehicle 
body. The IMU supplies the necessary physical measure­
ments to the airborne computer to enable a continuous 
computation by the navigation program of vehicle posi­
tion in terms of latitude and longitude. 

In addition to performing the navigation function, this 
system is self-aligning since no external inputs are re­
quired. The only restriction on the IMU orientation is 

1~ l arkiewicz, B. R. , SEAN Navigation Equations for the Alert Com­
pilfer, April 30, 1968 (JFL internal document). 
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that it remain constant with respect to the rotating earth 
during the alignment period. Although this article does 
not include any details of the navigation program, since 
that function is not essential to an understanding of the 
alignment process, a description of the coordinate systems 
used in the navigation system will facilitate the present 
discussion . 

2. System Coordinates 

The SEA system uses the three ortho-normal coordi­
nate frames depicted in Fig. 6. The main computational 
frame is the earth-centered equatorial iner tial (Eel) 
frame with coordinates x, y, and z. All accelerometer data 
and computed gravitational acceleration are h-ansformed 
to this inertial frame, which is established at the beginning 
of navigation (to). The gyro frame (g" g2, and g3) is inertial 
except for gyro drift and is established from the two gyro 
spin vectors (which are not orthogonal) by selecting one 
spin vector as the reference coordinate and orthogonaliz-

(0) 

l vT _____ 

ALIGNMENT SITE -

(b) 

(c) 

EQUATOR IAL 
PLANE 

ing. Finally, the lMU body axes are defined as colin ear 
with the accelerometer triad except for small knovro 
misalignments . 

It is important to note that the gyro attitude informa­
tion obtained during every sampling interval (compu­
tation cycle time) supplies the orientation of the body 
system, with respect to the gyro system, in terms of a 
transformation mah'ix (Mt). This changing matrix is the 
essence of the alignment process. 

3 . Alignment Procedure 

The basic reason for the alignment process is to estab­
lish the orientation of the gyro spin vectors with respect 
to the computational Eel coordinates. This is accom­
plished by determining the matrix, M~, which defines the 
transformation from the gyro frame to the Eel frame. 
Once this transformation is determined, it remains con­
stant except for gyro drift (an added compensation). The 

A ALIGNMENT SITE GEODE TIC LATITUDE 

8 ALIGNMENT SITE GEOCENTR IC LATITUDE 

WE EARTH ROTAT ION VECTOR 

l vT ALI GNMENT SITE LOCAL-VERTICAL VECTOR 

S I GYRO I SPI N VECTOR 

S2 GYRO 2 SP IN VECTOR 

Os ANGLE BETWEEN SPIN VECTORS 

AI' A
2

, A3 ACCELEROMETER TRIAD IN PUT AXES 

Fig _ 6 . SEAN system coordinate frames : la) earth-centered equatorial coordinates, 
Ib) gyro coordinates, IcJ body coordinates 
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subsequent h'ansformation from body coordinates to Eel 
coordinates is easily obtained as 

using the continuously-computed M~ . 

Deriving M~ requires (1) the unitized earth-rotation 
vector (l wEo), and (2) the alignment-site geodetic vertical 
vector (I '-TO)' Both vectors are in gyro coordinates as indi­
cated by the subscript g . The earth-rotation vector is 
obtained from gyro-attitude information using successive 
values of Mt obtained over an interval (M J . 

[ a" 
a12 a1 :; 

] A = Mb (M b)1' = a", a,o ao:! 
9 ",-Ilt, 

a", a"2 Cl" 

W Eg = [ :::: ] = 2~t2 [ ::~ = ::: ] 
W E !J :l a2 1 - {/ I.! 

The local-vertical vector is derived from the accelerom­
eter thrust velocity data (VTb) 

and is then h'ansformed to gyro coordinates and rotated 
about the earth-rotation vector to an inertial orientation 
coincident with the alignment site at the end of the align­
ment period. 

Many of these vectors are computed and summed over 
the alignment period. The final unitized mean values are 
used to compute M~. 

Yg = lwEu X 11 X 1 I 
WEU vTg 

[go. g Z7 

go] r~' 
Xg2 

X'' ] M~ = gly g 2!J g:!y = Y U! Y UZ Yu" 

gl : g'2:: g,,= ZU! Z gz Zga 

This matrix is established at the end of alignment, at 
which time navigation begins. Thus, the inertial x axis 
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(Fig. 6) is on the alignment-site meridian at zero naviga­
tion time, provided the computed M~ has no errors. 

4. Error Sources 

Errors in the alignment-computed M~ are the result of 
errors in the computed l wf;y and I .-Tg . Attitude devia tions 
in these vectors occur from the sources given below. 

a. Earth-rotation vector error sources. 

(1) Noise on the gyro attitude data . 

(2) Gyro data resolution. 

(3) Uncompensated misalignments . 

(4} Uncompensated gyro drift. 

h. Local-vertical vectm' enor sources. 

(1) Uncompensated accelerometer bias. 

(2) Accelerometer scale factor error. 

(3) Accelerometer data resolution. 

(4) Uncompensated accelerometer misalignments. 

(5) Uncompensated gyro drift. 

Although all of these error sources have been analyzed to 
a varying degree (and their effects are known), the noise 
on the gyro data is of primary concern and has shaped 
the alignment program to its present form. 

5 . Simulation Results 

The accuracy of the alignment program was checked 
by supplying it with simulated gyro and accelerometer 
data obtained from a driver simulation developed for the 
navigation program. This driver program, combined with 
the navigation program and the alignment program, en­
abled a complete simulation of the alignment process for 
any alignment-site latitude and IMU orientation. 

The effect of noise on the gyro-attitude data was ob­
tained using a random number generator. To obtain an 
error characteristic independent of other error effects, the 
value of noise used was much larg~r than the realistic 
value. The results are plotted in Fig. 7 for a 30-min align­
ment period. The error characteristics, shown as a func­
tion of lMU azimuth orientation, are the statistical mean 
values of the misalignments in M~. Azimuth error and 
IMU orientation imply a rotation about the local geo­
centric vertical, while longitude and latitude errors are 
rotations of M~ which result in longitude and latitude 
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Fig . 7 . Alignment errors due to gyro data noise : (a ) IMU 
az im uth in local-horizon tal plane, (b) gyro spin 

vector orientation , (el 1 - a alignment 
erro r vs IMU azimuth 

orientation errors , respectively, in the computational Eel 
coordinate frame. 

The fact that only 4 azimuth points were taken for the 
data plotted in Fig. 7, and only 10 simulation runs were 
made for each point, accounts for the irregular error 
characteristic. Using this data, the final alignment error 
due to noise on the gyro-attitude data can be approxi­
mated by considering that the noise magnitude simulated 
is about 6 times the expected noise, and that only 0.04 of 
the available gyro data was used to obtain this data. Using 
all of the gyro data, and a realistic I-a noise magnitude of 
80 arc-sec on each gyro data set (instead of the 480 arc-sec 
actually used), results in an error reduction factor of 30 
that applies directly to the azimuth error and, to a much 
lesser degree, to the latitude error. Using an azimuth error 
of 0.03 deg (Fig. 6), a realistic I-a error becomes 0.001 deg, 
or 3.6 arc-sec. 

It has been previously mentioned that no external inputs 
are required for the alignment process, but alignment-site 
latitude (although not essential) is assumed known and 
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was used in the program to perform a correction. This 
accounts for the very small latitude errors in Fig. 7. Con­
sidering all other system error contributions, an alignment 
error of 5 arc-sec is quite tolerable and will very likely be 
attained, at least for the gyro noise input alone. 

D. Strapdown Electrostatically-Suspended Gyro 
Drift Math Model Development, 
V. A. Karpenko and D. H. Lipscomb 

1. Introd uctio n 

A mathematical drift model is being developed for the 
electrostatically-suspended gyro (ESG) as a part of the 
Strapdown Electrically-Suspended Gyro Aerospace Navi­
gation (SEAN) system project. The development of the 
drift math model has been divided into Phase land 
Phase II. The Phase I effort was concerned with the devel­
opment of a stationary dlift model based on a postulated 
theory, and regressed on a sufficiently large and universal 
set of stationalY test data for a single gyro. The main 
objectives of this phase were as follows: 

(1) To develop the basic software system for process­
ing the ESG drift data. 

(2) To assess the validity of the present approach to 
ESG drift modeling. 

(3) To develop an initial drift compensation model. 

(4) To assess the range of quantitative drift compensa­
tion possible with the assumed approach under 
SEA operational conditions. 

The basic software, as subsequently described, has 
been thoroughly checked out and has been used success­
fully in exercising the Phase I math model. The soft\.yare 
is sufficiently flexible so that more general math models 
can be easily inserted into its structure. Positive results 
were also obtained for the objective listed as (2), above, 
in that the development of the software, and of the math 
model, has always progressed smoothly and without any 
major reversals. The linear model of this phase has been 
tested under general conditions, and the quantitative re­
sults are classified. However, as these tests were con­
ducted only under static conditions, it has been impossible 
to meet the objective listed as (4), above, to any large 
degree. 

The Phase II effort will concentrate on improving the 
drift math model, testing the gyro under a wider set of 
environmental conditions, and testing the developed math 
model in the SEAN system. 
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The remainder of this article describes the underlying 
ideas, basic mathematical formulae, and organization of 
the computer software developed during the Phase I effort. 

2. Equations of ESG Dynamics 

The physical makeup of the ESC is described in 
SPS 37-36, Vol. IV, pp. 51-55. A rotationally-symmetric 
rotor is suspended in what is assumed to be a potential 
force field (electrostatic suspension) stationary in the gyro 
housing. Steady-state conditions prevail so that the fo llow­
ing four well-defined centers can be recognized: 

(1) The rotor center of mass. 

(2) The rotor center of geomeh'y (rotor symmetry 
center). 

(3) The null of the potential force field (electros ta tic 
suspension center). 

(4) The rotor electric center. 

An orthogonal coordinate frame 

is fixed for the purpose of analysis in the gyro housing 
with the unit vectors ia (a = 1,2, 3) nominally along the 
ESC pickoff axes . Another orthogonal frame (Sa) is fixed 

/"-

in the gyro rotor with the unit vector S I lying along the 

rotor major principal inertia axis. Referring to the dia­
gram of Fig. 8, the following definitions are made: 

o = origin of (i,,)~coincides with null of the poten­
tial force field 

0' = rotor geometry center-origin of (So) 

0" = rotor electric center with respect to the poten­
tial force field 

p = position of rotor center of mass (eM) in (ia) 

dA = infinitesimal rotor surface area 

p = position of dA in ( S ~) 

( S~)" = Euler frame of the rotor at some reference 
time t" 

"-
N = local unit vector to cIA 

(ea) = arbitrary reference inertial frame, which locates 
the frame (i,,) by position vector Ii 

The frame (ia) rotates with angular velocity (1 with respect 
to (ea), and the frame (5,, ) is rotated by co_with ~spect to 
(i,,) . The resultant of all applied forces is F and Ln is their 
moment about the center O. Then the rotor translational 
dynamics are described by: 

- !.!. 00 _ 0 -=- __ 
F = M [R + p + 20 X p + 0 X p + 0 X (0 X p) 1 

(1) 

dA 

ESG ROTOR BODY 

Fig . 8. Schematic of ESG rotor reference frames 
and significant centers 
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and rotor rotational dynamics are given by 

- .!..!.. _ 0 00 0 _ 

Lo = M {p X R + n X (p X p) + p X P + 2;>· Ii n 
0- 0 - - _ ...!..... ~ 

- pp' n - pp ' n - n X pp • .n + ? n - pp ' n} 

+ JJ . (0 + ~) + (n + -w) X If · (n + (0) 

(2) 

where 

1J = rotor inertia dyadic, 

M = rotor mass, 

p = time derivative of p in frame (ia), etc 

In general, Eqs. (1) and (2) are coupled. In reality, how­
ever, the vectors fr, p are, on the average, zero, so that 
Eq. (2) reduces to equations of the linear gyroscope theory 
(Ref. 1), and Eqs. (1) and (2) become decoupled as an 
approximation. 

3. The Drift Torque Model 

Within the space (ea), the ESG rotor undergoes motion 
about the instantaneous center of rotation, which will be 
referred to here as the kinematic center. Under the ex­
pected operational conditions, I wi> > w" (Wn is equal to 
the natural frequency of the gyro suspension and the 
kinematic center lies approximately on the major prin­
cipal inertia axis of the rotor, Ref. 2). 

The gyroscope will drift about its kinematic center 
so that analysis, via the linear theory approximation of 
Eq. (2), requires an appropriate expression of net torque 
acting on the rotor about this center. The following three 
generic types of drift torques were considered in the cur­
rent model: 

(1) Torque due to "average" applied gravitational and 
dynamic accelerations (the torque due to gravi­
tational field curvature and gradient is assumed 
negligible) 
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(3) 

where A = net average applied acceleration. 

(2) Torque due to magnetic field forces, or similar 
phenomena 

- -
L", = - p X I (4) 

where 

1\ 

P = PaSa = magnetic dipole associated with 
the rotor 

- 1\ 
I = laia = uniform magnetic field flux density 

associated with the gyro housing 

(3) Torque due to electrical fi eld forces 

1\ 

L~ = Jl Cp - ea) X N • F 1 (v ) dA 
ha · ha 

s/ 
/ 

(5) 

where the integration is performed in the frame (ia) over 
the total rotor surface S/ 

/ 

and 

ha = actual local rotor-stator gap 

F, (v) = coefficient showing dependence of the 
electrical torque on the applied 
voltage v 

ea = vector defining position of the kinematic 
center from the average geometry center 
0;, of the rotor 

4 . The Discrete Form of the ESG Drift Equations2 

Whether in testing or in operational use, the ESG drift 
is measured (observed) at discrete time instants t,., where 
n is the index. It is convenient to define ESG drift as the 

A 

angular displacement of the gyro spin vector S1 in the 
reference frame ( S ~)o ~ a particular ( S~) I t o; as time grows 

- A 
from t o. Let I::. {}", 1::.",,, be the drift of SI at time t tl about the 
/\ A 

S~o and S;o axes, respectively. Then, it can be shown that 
the fundamental dlift observation equation for the ESG 
is of the form 

[
I::. {}" ] + + noise 
1::.",,, 

(6) 

where 

J 1W" = ESG total angular momentum at t Il 

'V. A. Karpenko has described the complete mathematical develop­
ment in a series of ]PL internal publicat ions. 
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L z, L 3 = projections of the ESC drift torque '2.E = 
Lg + L",,;t E., [see Eqs. (3), (4) and (5)] on 
axes ~o, S ~o, respectively 

/\, 

a" = direction cosines of S1 with respect to (ia) at 
time til 

A = local latitude 

EA~ = the definition of orientation of the gravity vec­
tor in the reference frame ( S~)o 

Equation (6) is a discrete-form approximation of the 
linear theory (uncoupled gyrodynarnics) valid for small 
drift angles D.B, D..p, and for a system sampling rate suffi­
ciently high with respect to the ESC housing rotation 
rate ·n. Also, it is assumed that the decay of w" is negligible 
for any normal sampling interval T". 

For regression analyses of the drift model, the basic 
Eq. (6) has been recast into 

[
D.8

11i
] ~ [D.8

11
+

1
] _ [D. fJ lI

] = ~ [AJ i + noise 
D. .p" i D. ","+1 6. ",,, 1,w" 

(7) 

where 

L = n - vector of constant regression coefficients 

[AJ = 2 X n matrix, function of all, EA{" A, and tIl - t " 

5. O rganizatio n of the Da ta Processing Program 

As a part of the ESC drift model effort, a software sys­
tem, with an organizational structure as shown in Fig. 9, 
was conceived with the following two inclusive objectives 
in mind: 

(1) Processing of the ESC drift test data for drift 
assessment. 

(2) D evelopment of the ESC drift mathematical model. 

The software system is logically divisible into the follow­
ing four major subsystems (Fig. 9) : 

(1) Test data survey, editing, and preparation program 
(Program A). 

(2) The main data processing program (Program B). 
This program accepts drift data (from the data 
library) and drift model structure {i.e. , the form of 
[AJ and E in Eq. (7)} as inputs and computes the 
model regression coefficients L, the actual gyro drift 
D.B )j, D..pn, and the drift compensation or the drift 
residuals. 
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(3) The program for statistical evaluation of the drift 
residuals using the Monte Carlo approach (Pro­
gram C). The size of the model, the drift data, and 
the drift compensation time span are the controlla­
ble items. 

(4) The drift data simulator program (Program D ). 
This program employs the observation Eq. (6) to 
compute an artificial (Simulated) set of drift da ta 
based on assumed concrete drift parameter values 
and form of the drift torque. 

6 . Data Proce ssing A cti vi ties 

The steps involved in processing the raw tes t data 
received from the laboratory through to a set of drift 
coefficients for the ESC are described below. 

Cyro drift-test data is received from the laboratory in 
the form of a paper tape punched on a Flexowriter in the 
Friden SPS code. This data is converted to punched data 
cards in a binary-coded decimal (BCD) format through 
use of a keypunch machine. The data is then opera ted on 
by three Honeywell , Inc., genera ted programs for the 
IBM 7094 computer to edit out bad data records, add 
necessary information, and convert data records to the 
form required for further processing. 

The data cards are read into the SM 1100 program 
that (1) lists the cards, (2) computes direction cosines of 
the angle between the rotor spin vector and each of the 
three optical pick-offs, and the rotor speed from the gyro 
counts read in , (3) edits out da ta events for several types 
of possible errors, and (4) writes a magnetic tape in the 
BCD format. This output tap e is read into Program 
SM 2200 which adds the sign to the computed direction 
cosine (only two are read at one time), the case-to-earth 
transformation angles, and the angular momentum. The 
BCD format is retained by the magnetic output tapes 
throughout the balance of the processing steps. Noise 
spikes frequently occur on the drift data and are removed 
by manually deleting the contaminated data events 
through use of program SM 3700. These programs have 
been described in SPS 37-43, Vol. IV, pp . 96-100. 

New test data is processed through the D ata Survey 
and Stacking Program to compute the transformation 
matrices, the gyro drift, and the position with time of 
the inertial rotor axes in the stator field. This program 
is also capable of stacking up to seven individual tes t 
runs on a composite magnetic tape in the same BCD 
format. An initial survey of the drift data is desired to 
assure both the adequate removal of noise spikes and a 
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Fig. 9 . Conceptual organization of the software system for ESG drift model development 
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reasonable drift magnitude before stacking the new test 
data with other test data on a composite tape. This com­
posite tape is used to read in the test data for the Drift 
Regression and Prediction Program. Since only seven 
input data tapes can be loaded on the IBM 7094 com­
puting equipment, this tape stacking approach greatly 
increases the variety of input data available for regression 
and prediction processing on a single computer run. The 
output plot of the position with time of the rotor axes in 
the stator field is used to relate drift anomalies with singu­
larities or anomalies of the stator such as pickoff holes 
and seams which can be manually superimposed on the 
stator field. 

A computational flow chart for the Phase I version of 
the Drift Regression and Prediction Program is presented 
in Fig. 10. The coordinate sys tem and the h·ansformations 
are as follows: 

(ao, (30, Yo) = initial direction cosines of gyro pickoffs 
with respect to rotor spin vector 

R" = assigns earth rotation 

P = transforms rotor inertial-reference frame 
to inertial earth (earth-centered, polar, 
equatorial, or local meridian) frame 

M" = transforms rotor ineItial frame to current 
case (pickoff) frame 

E = transforms case frame to earth frame 

Ao = transforms initial case frame to rotor iner­
tial fr ame 

The program can be used (1) to derive drift coefficients 
over selected data segments and predict the drift over 
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these, and other, data segments using the derived coeffi­
cients , or (2) to predict the drift over data segments 
using pre-selected drift coefficients. The data may come 
from either one or many different laboratOlY ESC drift 
tests. There are no additional steps in the program se­
quence if it is desired to use the data from several drift 
tes ts to determine one set of coefficients for the math 
model. 

During the computation of a set of coefficients for the 
math model, the program first computes the initial earth­
to-pickoff, rotor-to-pickoff, and earth-to-rotor transforma­
tion matrices, followed by the computation of the actual 
drift of the earth-fixed gyro . The incremental drift is used 
in a least-squares regression subroutine to derive the set 
of drift coefficients, which is then used to compute the 
predicted drift over the data used in the regression as 
well as any other test data specified. Correlation matrices 
are printed out with the coefficients to enable an evalua­
tion of the cross-correla tion present. The actual and pre­
dicted drifts are plotted together to facilitate an estimation 
of the gyro compensability. These three outputs (the 
math model coefficients, their cross-correlation, and the 
differences b etween the actual and predicted drift) are 
used systematically to generate an improved math model 
and a set of corresponding coefficients. Statistical insight, 
useful both here and in determining the effect of gyro 
drift on the SEA system performance, can be obtained 
by processing the drift differences in the Statistical 
E valuation Program. 
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VII. Guidance and Control Research 
GUIDANCE AND CONTROL DIVISION 

A . Emitter Work Function of an Operational 
Converter, K. Shimada 

1. In troduction 

To evaluate the electrical performance of operational 
thermionic energy converters, it is necessary to determine 
the emitter work functions. The measurement of such 
work functions is considerably more difficult in opera­
tional converters than in experimental conver ters because 
of a lack of accurate knowledge of the emitter areas. Since 
most of the properties measured, such as current density, 
are area-dependent, this lack of precision adds uncertainty 
to the data. 

A theory was developed that evaluates the current con­
tributed by the emitter-supporting structure (heat choke) 
to the total converter current. The theory makes it pos­
sible to calculate the correct emitter work functions, since 
that portion of the current which is truly contributed by 
the emitter can be evaluated from the total measured 
current. 

The work functions of an emitter of a solar energy 
thermionic converter were determined by its volt-ampere 
characteristics in an unignited mode and then applying 
the theory. 
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2. Theory 

A theory was developed for calculating currents from 
the side walls of an emitter heat choke for a converter 
operating in an unignited mode. Since the tempera­
ture along the heat choke varies between the emitter 
temperature T E and the metal-ceramic seal temperature 
T 2 (T E > T 2), the electron emission also varies with the 
position along the heat choke. This temperature gradient 
frequently allows the emitter to operate in an ion-rich 
condition (necessary for work-function measurements) , 
while the cooler end of the hea t choke is in an electron­
rich condition . 

To allow for these varying conditions, the current from 
the heat choke was calculated as the sum of two currents 
II and I" where I , is the current from the ion-rich portion 
of the heat choke with height X, next to the emitter 
(Fig. 1), and 12 is the current from the remainder of the 
heat choke next to the seal. 

For a given cesium reservoir temperature, elecb'on 
emission from a cesiated emitter surface of an unignited 
thermionic diode increases as the emitter temperature 
decreases. However, the current conduction through the 
diode becomes space-charge limited when the emitter 
temperature becomes lower than that required for the 
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Fig . 1. Emitter reg ion of a thermi on ic energy converter 

neutral emission. Consequently, the current conduction is 
maximum when the emitter is at a "neutral temperature ." 
Similarly, the largest current is contributed by a small 
cylindrical area of the heat choke having a temperature 
approximately equal to the neutral temperature T" where 
the transition from ion-rich to electron-rich emission 
occurs. This area and, hence, the additional current from 
the heat choke are calculated as follows. 

Let 11 and 12 be the currents which are equated to those 
from annuli with respective heights Ll and L 2 , with a 
uniform work function CPl and a uniform temperature T,. 
According to the tl1eory, 

L - X kTl T [ 2 kT, 
1 - ,--- 1 + --

eq" t:;. eq" 

( 
2h 2t:;.) ( - eq,l t:;.)] - 1 + - + - exp 
eq,[ Tl kT, T 

where 
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(1) 

(2) 

(3) 

(4) 

with 

r = radius 

A = Richardson's constant 

e = electron charge 

k = Boltzmann's constant 

and 

(5) 

(6) 

To arrive at the above expression, the temperature dis­
tribution along the heat choke was approximated by a 
linear distribution, and the local work functions were 
assumed to vary with temperature, according to the 
Rasor-Warner theory (Ref. 1). Furthermore, the assump­
tions t:;. < < T E and eq,t/kTI > > 1, which are always true 
for any conventional thermionic converter, were made in 
obtaining Eqs. (2) and (6), respectively. 

The magnitude of the equivalent length L, + L2 turned 
out to b e 20% of the total length of the heat choke in a 
converter which was tes ted for the effect of side-wall 
emission. This increase in emission area was responsible 
for approximately 60% of the total measured current. Side­
wall currents of this magnitude are enough to offset the 
measured work functions by as much as 0.15 V. 

3. Emitter Work Functions of SN 107 

Emitter work functions were determined for a hardware­
type thermionic converter,' serial number S 107. The 
electrode geometry (Fig. 1) was plane-parallel with an 
interelectrode gap of 0.0045 in. (0.0114 em). A cylindrical 
heat choke (1' = 0.8 em, wall thickness = 0.0076 cm) sep­
arated the hot emitter from the cold metal-ceramic seal. 
In the analysis of its side-wall emission, the effective 
height L of the heat choke was assumed to be 0.5 cm. 
The emitter , emitter heat choke, and the collector were 
rhenium, with an assumed uncesiated work function of 
4.8 eV (Ref. 2). To assess the effect of side-wall currents, 
the cesiated work functions were first calculated from the 
measured saturated currents 1m of the converter, and then 
from the true emitter current (1", - 1, - 12 ) of the con­
verter. 

'F abricated to JPL specifications by Electro-Optical Systems, Pasa­
dena, Calif. 
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Procedures for calculating the apparent and the true 
emitter work functions of the converter SN 107 are: 

(1) For apparent work functions, use the Richardson 
equation with the A-value of 120 A/ cm2-oK2. To 
determine the saturation-current density, divide 
the measured saturation currents by the geometrical 
emitter area of 2 cm2. The heat-choke area is not 
considered in any way in this type of determination. 

(2) For true work functions, determine the emitter tem­
perature T E, the cesium reservoir temperature T 0 8, 

and the seal temperature T 2 • Assume that the elec­
trode materials are clean, and hence the uncesiated 
work functions are 4.8 V, and that the cesiated 
work functions are governed by the Rasor-Warner 
theory. Determine the neutral emission parameters 
TI and CPl from the Rasor-Warner theory. Establish 
Xl by assuming a linear temperature distribution 
along the heat choke (L = 0.5). Calculate II and 12 
from Eqs. (1 ) and (5). Subtractl1 + 12 from the mea­
sured saturation current I",. Apply the Richardson 

equation to determine the work functions. Average 
this calculated work function with the theoretical 
value for cesiated rhenium to arrive at the true work 
function. 

Results are shown in Fig. 2. H ere, the T EIT 08 was cor­
rected for the transpiration effect (Ref. 3) of cesium gas, 
especially for low cesium temperatures T 08 for which the 
mean-free-path of the cesium atoms was equal to or larger 
than the interelectrode gap. Comparison of these results 
showed that measured work functions were consistently 
lower, by as much as 0.15 V, than those which were ex­
pected for a rhenium emitter. On the other hand, the work 
functions, which were determined from the true emitter 
current using the theory, agreed with expected values 
within 0.02 V. 

4. Conclus ion 

A conduction current as large as 60% of the measured 
current could originate from the side wall of a heat choke 
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in an operational thermionic energy converter when it 
is operated in an ion-rich, un ignited mode. Such cur­
rents are equivalent to those that are contributed by 
approximately 20% of the side-wall area operating under 
neutral-emission conditions. The side-wall current must 
be subtracted from the total measured current to obtain 
meaningful values for the emitter work function in opera­
tional converters; otl-erwise, errors as large as 0.15 Y would 
result in work functions. 

An application of the theory for calculating side-wall 
current and the true emitter work function of a hardware 
converter SN 107 demonstrated that the true work func­
tions were indeed within 0.02 Y of the theoretical values. 
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B. Surfa ce Barrie rs on Layer Semiconductors: 
Ga Se/ S. Kurtin 3 and C. A. Mead3 

1. Introduction 

Metallic surface barriers have been investigated on a 
wide variety of materials by many researchers. On the 
basis of information gained from their research, semi­
conductor materials have been divided into two broad 
classes (Ref. 1). The first class is composed of materials 
such as ZnS in which the barrier energy depends directly 
on the electronegativity of the metal on its surface. Such 
behavior is interpreted to mean that ZnS has a low 
d ensity of surface states « 1012 eY-l-cm-2

). The second 
class is composed of materials such as GaAs in which 
the barrier energy is nearly independent of the metal 
on its surface. This type of behavior is interpreted to 
mean that GaAs has a high density of surface states 
(~1014 eY-l-cm-2 ) with the Fermi level being set at 

'The authors acknowledge the assistance of J. L. Gumnick and C. D. 
Hollish of ITT Laboratories and H. M. Simpson, L. G. Fishbone, 
and R. S. Douglass of Caltech. 

'California Institute of Technology, Pasadena, Calif. 
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approximately Eg/ 3, where Eg is the energy gap. Ionic 
solids fall into the fhst class whereas covalent solids, with 
their "dangling bonds," fall into the second. 

Layer compounds possess a high degree of anisotropy 
in their chemical bonding (Refs . 2 and 3) and physical 
properties (Ref. 4). These compounds are of interest 
because of this anisotropy and because study of their 
surface barriers may aid in understanding the relationship 
between chemical bonding and surface properties. In this 
study, the behavior of surface barriers on one layer 
compound, CaSe, was investigated by the photoresponse 
method. 

2 . Sample Prepa ra tion 

Samples were prepared by peeling small (r--8 X r--'3 mm) 
single crystal flakes from a Bridgman-grown boule of 
p-type (p ~ 8 X 10"3

) CaSe. An ohmic contact was made 
to one side of each flake by vacuum evaporation of a thin 
(r--'50 A) platinum layer followed by a thick (r-' 1000 A) 
zinc layer and subsequent alloying in a hydrogen-reducing 
atmosphere at approximately 450°C for 1 min. The 
platinum layer is necessary to provide nucleation sites on 
the smooth, 'inert CaSe surface. Without such a layer, 
zinc atoms will run along the surface until they encounter 
a cleavage step or edge and a uniform layer cannot be 
obtained. Electrical contact was made to the zinc by 
low-temperature soldering with In- Ag solder. 

Different methods were used to construct surface 
barriers for each metal. For the more noble metals, the 
procedure consisted of cleaving the CaSe sample in air to 
expose a fresh (0001) surface and then vacuum depositing, 
through a wire screen mesh, small (r-'0.010 X 0.010 in.) 
semitransparent metallic dots. Samples of this type were 
well-behaved for periods of minutes to weeks depending 
on the metal used. 

The above technique was not directly applicable to the 
alkali and alkali earth metals since they oxidize rapidly 
on exposure to air, being especially vulnerable in thin 
fi lm form. It is conceivable to make a two-layer vacuum 
deposition with a relatively inert metal covering an active 
one. The registration problems involved in such a pro­
cedure are severe; if any of the covering metal overlaps 
the active metal dot, the measured barrier potential will 
be primarily tnat of the more noble metal since barrier 
height decreases with increasing electronegativity for 
metals on p-type semiconductors. An interesting variation 
of this technique was devised. It consists of covering the 
entire CaSe surface with a transparent layer of active 
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metal and then evaporating, through a mesh, semitrans­
parent dots of noble metal. This entire procedure is 
carried out at 2 X 10-7 torr in approximately 30 s. When 
a completed sample is removed from the vacuum deposi­
tion apparatus, all the dots are found to be shorted to­
gether. As the active metal oxidizes, the region between 
dots can no longer conduct and photoresponse measure­
ments may be made. This approach allows measurements 
to be made by a straightforward front wall cell technique 
in atmospheric ambient environments. 

Metals used for barriers were evaporated from directly 
heated tungsten fllaments with the exception of cesium, 
for which a Cs2CrO.-Si channel was used. 

3. Photoresponse Measurements 

Barrier energies in the CaSe surface barrier structures 
were measured primarily by the photoresponse method. 
Photocurrents were measured with a 50-Hz chopped-

light system and lock-in detector. The light source was 
a Sylvania sun gun lamp with a quartz prism mono­
chrometer. Intensity calibration was done with a Reeder 
thermocouple. 

The dependence of photocurrent on photon energy 
was generally found to follow a square law as expected 
from the simple theory of photoemission from metals. 

Typical curves of the square root of photoresponse per 
incident photon versus photon energy for several metals 
appear in Fig. 3. Intercepts on the photon energy axis 
correspond to the CaSe-metal barrier energy measured 
from the CaSe valence band. 

From photoresponse data, as in Fig. 3, it is possible to 
plot barrier energy versus electronegativity for the differ­
ent metals. Such a curve appears in Fig. 4, where the 

0.50 I. 00 1. 25 1. 50 1. 75 

PHOTON ENERGY, eV 

Fig.3 . Typical plots of photoresponse per incident photon vs photon energy for several metals 
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values are the best averages of several samples. The slope 
of the reference line is ~0.6. 

4. Con clusion 

The experimental results as presented in Fig. 4 differ 
in character from those observed in nonlayer compounds. 

As discussed, ionic materials are characterized by unity 
slope, and covalent materials by a slope of approximately 
0.1 on such a plot. A result of slope ~0.6 may be inter­
preted (Ref. 5) in terms of a uniform density of surface 
states (~7 X 101 2 eV-l-cm-2

) distributed over the forbid­
den gap. This behavior is evident over a range of electro­
negativity from 0.7 to 2.5 V, thus giving some credence 
to the linear relationship proposed. 

From the physical nature of layer compounds, it is 
evident that their chemical bonding is fundamentally 
different from that of typical crystalline semiconductors. 
The unusual dependence of surface barrier potential on 
electronegativity that was observed may be intrinsic to 
the layer structure. If so , a deeper understanding of the 
relationship between chemical bonding and surface 
properties may be gained through the study of layer 
compounds . 
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C. Noise Measurements on a Double-In jection 
Silicon Diode, D. H. Lee: and H. R. Bilger,S 
and M-A . Nico/et'J 

1. Introduction 

icolet, Bilger and McCarter (Ref. 1) report noise mea­
surements on a double-injection silicon diode (DISD) in 
which the current-voltage (I-V) characteristic has a linear 
and quadratic range. They demonstrate that the white 
noise level can be represented by a noise current generator 
W )lf" where 

W) = (3 · 4 kT (al laV) 6.f 

' California Institute of Technology, Pasadena, Calif. 

' Oklahoma State Univers ity, Stillwater, Okla. 
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and 

k = Boltzmann's constant 

T = temperature 

aI/aV = low-frequency conductance of the device 

t:.f = frequency range 

The factor (3 = 1 holds for the linear portion of the I-V 
characteristic and (3 = 1/ 2 for the quadratic range. In 
similar measurements of the noise in a germanium double­
injection diode, Liu, Yamamoto, and van der Ziel (Ref. 2) 
indicate that the white noise level is represented by a 
noise current generator W)1fz, where 

W) = a ' 4 kT ghf M (2) 

and gh' is the high-frequency differential conductance of 
the diode. Liu, et al. , find IX ::::; 1 for both the linear and 
quadra tic range of the I-V characteristic. Similar results 
are also obtained by Driedonks, Zijlstra, and Alkemade 
(Ref. 3) for a germanium double-injection diode which 
has an I roo' V3 characteristic. 

2. Noise and Conductance 

Measurements were made at room temperature (298°K) 
on a DISD identical to that of Ref. 1. The I-V character­
istic of the 3.1- X 3.2- X 6.0-mm diode with doping level 
,...., 1.1 X 102 cm-3 is given in Fig. 5. By comparing the noise 
current (i2)Y.! of the DISD with a temperature-limited 
calibrator shot noise source (5722 vacuum tube), W) can 
be represented in terms of an equivalent saturated noise 
current I oqu iv: 

(3) 

where q is the electron charge. Figure 6 shows the noise 
spectra of the DISD. The continuous curves represent a 
least squares fit of the function 

I oquiv = A + (Bl fY) (4) 

to the data. The excellent fit of Eq. (4) to the noise 
data indicates that the noise consists of a frequency­
independent (white) component and a "1/ t" component. 

Measurements of the diode differential conductance 
g (w) and the appropriate least squares fit were made from 
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90 Hz to 22 MHz. The result is given in Fig. 7. In the 
range I roo' V, the low-frequency conductance glf is equal 
to the high-frequency conductance gil,; whereas, in the 
I,...., V 2 range, glt = 2 gilt . The high-frequency conduc­
tance is reached when WTorr > > 1, where Terr is the effec­
tive recombination time for the elecb'ons and holes. This 
time is approximately 38 p's in the present structure and 
is determined from the curves of leas t squares fit in Fig. 7. 
By applying a differential voltage step to the DISD and 
measuring the current response, a second independent 
measurement of Torr was obtained and found to be ap­
proximately 37 p.s. 

3. Discussion 

To compare the white noise of the DISD with the 
Nyquist noise of the high-frequency conductance, one 
may write 

(5) 
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With Eqs. (3-5), this can be written as 

2kT 
A = aa_-ghf q 

(6) 

The least squares fitted values of A and ght are plotted in 
Fig. 8 along with the theoretical value of Eq. (6) for 
ex = 1.00. A value of ex = 1.04 -+- 0.05 is obtained from a 
least squares fit to the experimental data. The excellent 
agreement indicates that, for frequencies much greater 
than l l Terr , the noise of the device is represented by 

(i2) = 4kT gilt c,.f (7) 

This result is compatible with those of Refs. 1-3. It should 
be noted, however, that the diodes investigated in Refs. 2 
and 3 are germanium devices and that their conductances 
at high frequencies are not constant, as is the case here. 
The thermal noise of the double injection diode as ex-

4.0 

« 
:I. - 3.0 
.~ 

" 

pressed by Eq. (7) can thus be considered as a general 
property of the device. This interpretation is evident if 
one realizes that for frequencies at which the noise cur­
rent fluctuations are not influenced by generation recom­
bination, the electrons and holes are independently at 
thermal equilibrium with the lattice, and thus exhibit 
thermal noise. 

A more detailed analysis of the l i t region, where 
1."" iV,....., Bl fY, yields values of B = 12

.
2 and y = 2.0. It is 

speculated, therefore, that the origin of the I l f noise may 
be generation recombination. 
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VIII. Electronic Packaging and Cabling 
ENGINEERING MECHANICS DIVISION 

A. Thermal Resistance of Transistors in 

JEDEC TO-5 and TO-18 Packages, R. M. Jorgensen 

1. Introduction 

In conventional ground environment electronic pack­
aging, the heat developed in electronic components is 
largely dissipated into the surrounding air by convection. 
In the space environment, air is lacking, and thus the 
convection mode of heat transfer is absent. A design 
technique has been evolved over the years that recognizes 
the need for a conduction path for heat transfer from tran­
sistors packaged in "cans" when printed circuits or terminal 
boards are part of the packaging concept. This technique 
places the can of the transistor against a thin epoxy-glass 
laminate electrical insulating sheet adjacent to a metal 
heat sink. The method used to quantitatively evaluate the 
thermal resistance of canned transistors when mounted 
with the above-mentioned installation technique and the 
results are described in this article. The standard JEDEC 
TO-5 and TO-l8 transistor packages were chosen for the 
first evaluation. 

2. Mathematical Model 

A mathematical model was generated in the form of 
a thermal resistance network, with each term of the 
network representing a series conduction path from the 
semiconductor chip to the heat-sink chassis. Part of the 
ivtent of this mathematical model was to identify which 
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portion of the transistor installation provides the limiting 
factor in increased heat transfer from the transistor. 
Radiation internal to the transistor can was ignored, due 
to the complexity of the mathematics. 

A generalized model of a mounted transistor is pre­
sented in Fig. 1. It is assumed that the header contacts 

T 

T. T T 
J w 

THERMAL ANALOG 

c 

EPOXY 
ADHESIVE 

Fig. 1. Cross section of transistor mounted for 
heat transfer by conduction 
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the case only at the welded joint. This may not always 
be tIue, but it serves as a conservative assumption. The 
conductivities of the epoxy adhesive and epoxy glass 
laminate are assumed to be equal, which allows the 
thickness of adhesive plus insulator to be lumped as hg • 

Kh , Kc and Kr are the thermal conductivities of the header, 
case, and epoxy insulator and honding material, respec­
tively. T j , Til, T w, T c and T ell are temperatures at the points 
indicated on Fig. 1. 

R" R2 , R3 and R. are expressed in terms of geometry 
and conductivities as follows: 

10 (N1'~ ) 

I, (N1':! ) 

where 10 , I I are modified Bessel functions and 

(1) 

(2) 

(3) 

(4) 

R. was derived by developing an expression for the 
temperature distribution in a disk, into which heat flows 
through the perimeter and out through one face. The 
other face is thermally insulated. The disk is assumed to 
be thin enough that temperature t can be assumed to be 
a function of radius l' only. The perimeter has uniform 
tempera ture Te. The thermal conductivity of the disk is 
Kc. The non insulated face is in perfect thermal contact 
with a resin bonding compound of thermal conductivity 
Kr and of thickness ha. 

It can be shown (Ref. 1, p. 82) that the equation for the 
temperature distribution in a disk (the lid of the 
transistor case) is 

T e - T ell 
t - T eh = 10 (N1' ,) In (N1') (5) 

where 

I" = modified Bessel function 
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This temperature distribution was used to integrate 
the hea t Bow over the entire lid of the transistor case, 
which is given by 

_f T
3 <) K (t - T ell) .d. q - ~W r 1 1 1 

n 1:{ 
(6) 

Substituting Eq. (5) into Eq. (6) and carrying out the 
integration gives 

Since 

_ 2wKr1'3 • 11 (N1'a) ( _ ) 
q - Nh:\ 10 (N1':

l
) T c T ell 

R.I = T e - T ell 
q 

(7) 

(8) 

Eq. (4) is derived by simple substitution of Eq. (7) into 
Eq. (8). 

Several TO-5 and TO-I8 transistor cans were measured, 
and the various pertinent dimensions for computing 
numerical values of RI through R. are listed in Table 1. 
In all cases, the measurement tending to maximize the 
value of thermal resistance is listed in the table. Values of 
K were chosen from handbooks. K" and KII were chosen to 
be equal , which provides a further conservative assump­
tion, since K ,. may be greater than KII • (The case is some­
times made of nickel, which is more conductive than the 
Kovar header by almost an order of magnihlde.) 

Ta bl e 1. Dimension s and con ductivit ies for TO-5 and 
TO-1 S trans istor case ins tallations 

TO- 5 TO-1 8 

Area In ches Centimeters Area Inches Cent imeters 

w, 0.014 0.0356 w, 0 .008 0 .0203 

w~ 0 .010 0.0254 w~ 0 .010 0 .0254 

h , 0 .097 0 .2460 h , 0 .100 0.254 

h, 0.245 0.6240 h , 0.200 0 .508 

h" 0.018 0 .0458 h, 0 .018 0 .0457 

r , 0 .017 0 .0433 r, 0 .017 0 .0432 

r :! 0 .145 0 .369 r',! 0.075 0.190 

r, 0.160 0.407 r, 0.090 0.228 

"" = 4.6 X 10- :: col /s-cm -O
( 

IC c = 4 .6 X 10- : ca l/s-cm -O
( 

Kr = 4.5 X 10- " col/s-cm· O
( 

The values of thermal resistance resulting from use of 
Table 1 data in Eqs. (1) through (4) are given in Table 2. 
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Table 2 . Calcu la ted thermal resistances of TO- 5 and 

TO- 18 transistor cans 

TO- 5 TO-18 

R, = 208 O( _s/ cal R, = 202 O( -s / cal 

R, = 91 R, = 182 

R, = 183 R, = 380 

R. = 228 R, = 667 

Rt = 710 O( _s/ cal Rt = 1432 O( -s / ca l 

= 173 O( / W = 348 O( / W 

= 312 ° F/ W = 626 ° F/ W 

= 0.31 ° F/ mW = 0.63 ° F/ mW 

Rt = R, + R, + R, + R •. 

3. Experimenta l Measurements 

To determine the heat dissipation capability of various 
transistors in chassis-mounted circuit boards, tests were 
undertaken to measure thermal resistance between the 
junction and the chassis. The relation between thermal 
resistance R t , heat dissipation q, and junction and chassis 
temperatures T j and T elt , respectively, is expressed as 

4 k!l. lOOkn 

I NI368 ~ 1 N2042 

'" ZENER <;> ZENER 

+ 
--~ 
-90 V 

-

A 

\ 
\ 

c 

8 

Thermal resistance Rt can be determined for a given 
mounted transistor from the above formula if q, Ti , and 
T eh can be measured while the transistor is operating in 
the steady state. Measurement of dissipation and chassis 
temperature is straightforward. Junction temperature, 
however, cannot be measured directly, for it is not 
practical to attach a thermocouple to the silicon chip 
which constitutes the junction. 

Several methods of determining junction temperature 
indirectly, by measuring such temperature-sensitive pa­
rameters as the collector-to-base current l ebo or the 
collector-to-base voltage V cbo, exist. Germanium devices 
have a temperature-sensitive l ebo, whereas silicon devices 
have a temperature-sensitive Vcbo. The test circuit for 
using the V ebo technique, which gave significant results, 
is shown in Fig. 2. 

a. Calibration of transistor under test. For each tran­
sistor tested, the V cbo (across terminals A and B in Fig. 2) 

+J, - .L 
I ' 5~~ I. 354 V 

PO TENTI -

PRECISION 
O METER 

POTENTIO METER 

53 

/ I ~ 

• OSC ILLOSCO PE 

I 

Ion .... 
52 I 

V 
DC POWER 

SUPPLY 

51 
A 

Fig . 2 . Test circuit for determining temperature of transistor under power-dissipating conditions 
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must be calibrated versus junction temperature. For cali­
bration, the load circuit is disconnected by opening switch 
S1. The chassis containing the mounted transistor is placed 
in an oven. When the temperature of the oven, the 
chassis, and the transistor stabilizes, it can be assumed 
that the junction has the same temperature as the ambient 
in the oven, since no power is being supplied to the tran­
sistor. The transistor is then connected to the circuit at 
terminals A and B by leads which are brought out through 
the oven wall. Power is now being supplied to the tran­
sistor from the 90-V battery. The Zener diodes, however, 
limit this power to about 1.0 mW, or less; the precise 
value is not important as long as this calibration power is 
low enough that essentially no change in junction temper­
ature occurs . The voltage across A and B (V cbo) can now 
b e read. V cbo will be approximately 0.5 V with the circuit 
shown and with the junction temperature at about 70°C. 
The 10-turn precision potentiometer is adjusted until the 
bucking voltage of the 1.354-V mercury cell matches V cbo , 

and the oscilloscope reads zero volts with switch S3 
thrown to the potentiometer wiper contact. Since the 
voltage across the potentiometer has been adjusted to 
1.000 V (with a digital voltmeter), the potentiometer reads 
V "bo to the nearest millivolt. This precision is mandatory, 
since the change in V dlO is 2.0 m V JO C of junction tem­
perature change. 

h. Power loading of transistors under test. After each 
transistor has been calibrated, and the potentiometer 
settings recorded, the chassis (Fig. 5) is removed from 
the oven and allowed to cool to room temperature. With 
the potentiometer set at the calibrated reading, switch 
Sl is closed, and power is supplied to the h'ansistor, thus 
hea ting the junction and raising its temperature above 
that of the chassis. The voltage across A and B is now 
approximately 1.5 V, and the power being delivered to 
the transistor is of the order of several hundred milliwatts . 
The switch S3 shorts out the oscilloscope during this 
loading, so that the vertical preamplifier, which has been 
set to read a vertical sensitivity of 1.0-5.0 mV j cm, will 
not be overdriven. 

The junction temperature stabilizes several seconds 
after load power is delivered. When it has, the relay­
operated switches S2 and S3 are thrown simultaneously. 
The junction immediately starts to cool; and, as it does, 
the oscilloscope traces the change in V cbo . The power 
supplied to the transistor is adjusted until the cooling 
curve traced on the oscilloscope begins at zero, indicating 
that the junction b efore cooling was at the calibrated 
temperature . This procedure was used in order to observe 
the rate of change of V "bo versus time. The slope of the 
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V cbo versus time curve can be used to estimate the degree 
of radiation cooling present, since, in effect, this is merely 
a calibrated cooling curve. 

Figures 3 and 4 show cooling curves with the power 
adjusted so that the junction temperature is at the cali­
brated temperature. These curves quantitatively show 
the nature of the transient thermal characteristics of 
the h'ansistor junction region . The initial cooling rate 
is greater than exponential, indicating that the effect 
of radiation cooling is appreciable, for if conduction 
cooling alone WE're present, the curve would be purely 
exponential. 

c. Transistors tested. The following transistor types 
were tested: 

Transistor type 

2N1l32 
2N1613 
2Nl973 
2N995 
2N915 
2N2222 

Case type 

TO-5 
TO-5 
TO-5 
TO-IS 
TO-IS 
TO-IS 

The majority of tes t runs were made with the chassis 
at room temperature in free air. One test run was made 

I I I I 
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~ 
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Fig . 3 . Cooling cu rve for transistor 2N16 13 
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Fig . 5. Test chassis for transistor thermal 
resistance tests 
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in an 18-in. bell-jar vacuum chamber, which verified 
that the vacuum has little effect on the transistor dis­
sipation. A 3 to 5% derating factor applied to free-air 
dissipation values is in substantial agreement with results 
from the vacuum chamber. 
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Since the thermal resistance is being measured between 
the junction and the chassis, it is implicitly assumed that 
the chassis is an isothermal heat sink; that is, that T ch 

exists as a single measurable temperature. To justify this 
assumption, thermocouples were attached to the chassis 
beneath three transistors tb check for hot spots. They 
indicated local temperatures between 1.0 and 2.0oC 
higher than ambient temperature. Since the mass of the 
entire chassis is large compared to the mass of the portion 
of the chassis affected by this local heating, the assump­
tion of isothermal chassis temperature seems reasonable 
and conservative, since it results in a higher value for Rt 

than might actually be the case. 

Transistor 
type 

2N1132 

2N1132 

2N1132 

2N1132 

2N1613 

2N1613 

2N1973 

2N2222 

2N915 

2N995 

Table 3. Measured thermal resistance 
for several transistors 

JEDEC R" oF/mW 
case T ('h , 0 F 
type Air Vacuum 

TO-5 0 .145 73.4 

0 .140 75.2 

0 .137 73.4 

0.138 75.2 

TO-5 0.130 73.4 

0.143 75.2 

0.130 73.4 

0.149 75.2 

TO-5 0.112 - 72.5 

0.117 - 72.5 

TO-5 0.124 - 71.6 

0.123 - 71.6 

TO-5 0.144 73.4 

0.152 75.2 

0 .140 73.4 

0.147 75.2 

TO-5 0.144 73.4 

0.152 75.2 

0.138 73.4 

0.142 75.2 

TO-5 0.143 73.4 

0.158 75.2 

0.133 73.4 

0 .148 75.2 

TO·18 0.300 - 72.5 

TO· 18 0 .295 - 72.5 

TO· 18 0.236 - 72.5 

1, - T("h , 
of 

86.5 

85.0 

100.2 

98.2 

87.0 

85.0 

100.0 

96.5 

86_3 

101.0 

88 .2 

101.7 

85.5 

83.7 

101.7 

100.0 

87.0 

85.3 

99.8 

96.2 

87.0 

85.2 

99.8 

96.2 

101.0 

101.5 

87.0 
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4 . Sum mary 

The measured values of thermal resistance for each 
transistor tested are given in Table 3. Most of the tests 
were run with two calibration points on the V cbo versus 
temperature curve, since the cooling curves indicated 
some radiation heat transfer inside the transistor cans. 
Those devices in TO- I B cans showed very little difference 
between air and vacuum tests and are reported to be the 
same in both test conditions. The highest value of thermal 
resistance b etween junction and chassis measured for a 
transistor in a TO-5 case was approximately 0.15 OF j mW 
which, when translated into the amount of power dis­
sipation per temperature rise, is approximately 6 mW j 0F. 
The highest value of thermal resistance measured for 
transistors in a TO-18 case was approximately 0.30 
OF / mW which, when translated into power dissipationj 
temperature rise, is 3 mW;oF . 

Although these measured values are less by a factor 
of two than that predicted by the mathematical model, 
the mathematical model is conservative, as desired . The 
mathematical model could probably yield closer numbers 
if the physical constants were corrected. 

The difference in thermal resistance between TO-5 and 
TO-IB cans appears to be predominately a function of 
the heat-transfer area from the lid of the can to the chassis. 

Reference 

1. Schneider, P. ] ., Conduction Heat Trans fer, Addison-Wesley 
Pub . Co. , Inc., Reading, Mass., 1955. 

B. Simplifying Complex Miniature 
Interconnections, L. Katzin 

1. Introd uction 

This article presents an approach to overcome some of 
the undesirable features associated with short-run com­
plex miniature interconnections. This complexity de­
creases standardization and reliability and increases lead 
time and cost. A unique machine has b een deSigned 
which permits small quantities of complex miniature 
assemblies to be inb'aconnected at efficiencies and a re­
liability level normally associated with mass production. 
Two packaging methods which achieve these effi ciencies 
are possible with this machine. 

2 . Co ncen tric Electrode Welding Machine 

Complex miniature interconnecting involves a large 
number of simple operations: routing, joining, and ter­
minating of an electrically conducting medium. These 

eo 

operations have been automated almost entirely with 
complex wire-wrap machines. This complexity was toler­
able for short-run production but not for miniature inter­
connecting. The two changes that are necessary are 
process simplification and miniaturization. 

The machine deSigned and built for complex miniature 
interconnecting performs in a semi-automated mode. 

The need for this machine b ecame obvious when short­
run complex assemblies were first interconnected with 
multilayer boards. The number of modifications which 
were required, the high cost, the long lead time, and the 
questionable reliability, even before the modifications 
were incorporated, were all valid reasons for searching 
for alternate approaches. Wire wrap was too large, since 
the miniature assembly required telminating on 0.050-in. 
centers. A technique to which JPL had conb'ibuted in 
the early development stages-the magnet wire-welding 
technique-was considered . This technique uses a con­
ventional opposed-electrode welder, in which the upper, 

Fig . 6. Concentric electrode welding mach ine 
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or upper and lower, electrodes are heated to a tem­
perature that will plasticize the insulation on the magnet 
wire and cause it to flow until physical contact is made 
between upper electrode, bare wire, and lower electrode. 
The weld is then effected as with an uninsulated wire. 
This approach had some advantages but also had the 
following shortcomings : 

(1) Two electrodes, a terminal, and a wire had to be 
aligned on a single axis. 

(2) The hot electrode could burn the insulation from 
adjacent wires. 

(3) Because the insulation thickness on the wire varies, 
the amount of heat required to melt the insula­
tion will also vary. This will change the wire 
temperature, which will change the electrical con­
ductivity of the wire. These changes will require 
adjustments in weld schedules, depending on in­
sulation thickness. 

The new machine (Fig. 6) has removed the above dis­
advantages, and by so doing has made it possible to adapt 
this machine to fully automatic short-run capability. 

The basic concept of the machine is shown in Fig. 7. 
Rather than using heat to locally displace the insulation, 
pressure is used. The amount of pressure required to 
break through the insulation is considerably greater than 
the welding pressure; therefore, two cycles are used. The 
first cycle applies the heavy pressure for piercing the 
insulation, and the second cycle applies a lesser pressure 
for welding. The two pressures are mechanically inde­
pendent, and each has its own adjustment. Figure 8 
shows a No. 34 AWe nickel wire (0.0063-in. diam) with 
Teflon insulation, welded to a gold-plated type 302 stain­
less terminal, 0.036-in. in diameter. 

There is no bottom electrode in the machine, as the 
two electrodes are concentrically telescoped. The outer 
electrode makes a spring collet contact to the terminal 
shank, while the inner electrode (which is a hollow 
capillary) feeds the wire and presses it onto the top of 
the terminal. Since the electrode assembly feeds the wire, 
it also routes the wire. The routing is accomplished by 
moving the work from point to point. Unlike wire-wrap 
interconnection, a series of joints to terminals are accom­
plished with a single length of wire. 

Fig . 7 . Concept of concentric electrode w elding 
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Fig. 8 . Weld made on concentric electrode we lder 

The outer electrode serves a triple function. Its first 
function is to make a good electrical contact to the shank 
of the terminal. Its second function is to pilot the electrode 
assembly onto the terminal. This second function is very 
important, because, it not only makes the alignment prob­
lem less critical and more perfectly repetitive, but it also 
prevents the inner electrode from deHecting during the 
pressure cycles. The third function of the outer electrode 
is to clear the top of the terminal of all previously routed 
wires. This is implemented by the normal down stroke 
of the electrode. The top of the terminal is spherical. As 
the outer electrode descends, it pushes all adjacent wires 
out of the way prior to enveloping the straight portion 
of the terminal shank. This eliminates any possibility of 
a previously routed wire interfering with the implemen­
tation of the current weld . Because the top of the terminal 
is spherical (convex), the lip of the inner electrode is also 
spherical, but in a matching concave geometry. 

The insulated wire emerges from the center of the 
inner electrode and h·ails in the direction of the previous 
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weld . Before the electrode descends to make a weld, the 
wire is moved by a mechanical finger into the slit of the 
outer electrode. This prevents the wire from getting 
pinched between the outer electrode and the terminal 
shank. By moving the wire into the outer electrode slit, 
since the outer electrode is rotationally stable, all welds 
will be made with the wire approaching the terminal 
from the same direction. This has the advantages of pro­
viding an extra service loop in most point-to-point con­
nections, providing better symmetry to the panel and also 
making automatic wire cutoff much easier. To date, the 
automatic cutoff is still in the draWing stage; ho\vever, 
once the machine is automated, which is the next step, 
this function will become mandatory. 

The automation of the machine will be accomplished 
by the addition of a numerically controlled table to trans­
port the work. The table has a speed of 100 in. min. 
A 6 X 6-in. panel with an average run length of 2 in . and 
a welding speed of 1 sec (the machine is driven b y a 60-
rpm motor, with one revolution per weld cycle), would 
produce over 1600 welds per hour, not counting wire cu t­
off time, which will probably be a I -sec operation, based 
on an additional motor revolution for the cutting action. 
This would amount to interconnecting approximately 
one hundred 14-lead integrated circuits per hour. The 
interconnections are point-to-point; therefore, program­
ing time is very short. There is no art work, no lamina ting, 
no alignment problem, and sllccessive units made from 
the same punched tape will be identical. Repa irs or mod­
ifications are quick, simple, and reliable, and such changes 
can be eas ily programmed into the punched tape or cards. 

The carrier for the wiring and the components can be 
either planar or threc-dimensional modular. Both methods 
have been developed, and each has its own advantages 
and unique applications. 

3 . Plana r Ca rrier 

The planar carrier consists of a perforated board , and 
gold-plated terminals. The cos t of materials and labor 
required for assembly of the perforated boards is a small 
fraction of that for the multilayer boards. 

The terminals that are used have two interes ting fea­
tures: (1) As shown in Fig. 9, the terminals have a self­
locking feature which permits them to snap into the board 
and remain permanently in place, but yet removable, with­
out the use of staking tools or adhesives . (2) The U-shaped 
terminal has a double leg which provides two wire attach­
ment posts per componen t lead . Since wires can be joined 
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Fig. 9 . U-terminal 

to a terminal without being terminated, each post has the 
equivalent capacity of two wire-wrap connections, or a 
total of four equivalent wire-wrap terminations per 
component lead. The back of the terminal is the integrated­
circuit attachment surface, and the leads may be parallel­
gap-welded or reHow-soldered to the terminal. 

4. Folded Stick Module 

Another method of using the concentric electrode 
welder for high-density integrated-circuit packaging is the 
folded-stick module. The interconnecting method is the 
same as for the planar packaging; however, by using the 
folded stick geometry, three advantages are derived: (1) 
The wiring is protected within the fold of the stick. This 
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forms a self-contained mold if the wiring needs to be 
encapsulated. (2) The component density on a system level 
is improved. The stick module has a component density 
of thirty 14-lead integrated circuits per cubic inch, and 
relatively little of this is lost in the subsystem packaging. 
(3) A very simple back panel can be used to combine 
many sticks in a system. This back panel need not be more 
than a one-sided printed circuit board. 

Figure 10 shows how the folded stick module is wired 
in the Hat and then folded to conceal the wires. The inte­
grated circuits are attached to the two outside surfaces of 
the stick, and the output terminals extend from the stick 
along the folding line. The folded stick module is molded 
from polypropylene, a thermoplastic which permits the 
two molded-in hinges to be an integral part of the module. 
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(b) 

Fig . 10. Folded stick (0) wiring side (b) closed 

5. Conclusions 

The complex interconnecting problem has been reduced 
to a series of simple, high-dexterity, high-volume opera­
tions. Short run automation is thus made possible. 

C. Documentation of Wiring Harnesses Using 
Punched-Card Techniques, W. G. Kloezemon 

1. Introduction 

Punched IBM cards can b e used in conjunction with a 
card sorter and a card printer to document wire harnesses . 
This technique was developed in an effort to save time 
and to increase the flexibility of the present wiring doc­
umentation method which requires that a draftsman draw 
a pictorial representation of each connector. This drawing 
shows each pin of the connector, its wiring destination, 
the wire size, the function of the wire, and any pertinent 
twist or shield information. A wiring change requires that 
the drawing be corrected and then reissued, which is time 
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consuming and costly. Also, the drawings fade over a 
period of time and the hand lettering can at times become 
illegible. 

The basic idea behind this punched card technique is 
that each pin of each connector is represented by a 
punched card. A splice in this documentation method is 
treated as if it were a single pin connector. Thus, the 
number of punched cards for a harness equals the number 
of connector pins in the harness plus the number of wires 
in the harness that route to splices. All the cards repre­
senting a connector or splice are punched, sorted on a 
card sorting machine, and then used to print wiring 
documentation for that connector or splice. Also, wiring 
changes are easily accommodated. All cards involved in 
the wiring change are separated from the other cards; 
new cards are punched ; and the wiring documentation is 
reprinted to obtain the latest configuration. There is no 
waiting for drawing vellums to be updated, and fabri­
cating to engineering change orders or to obsolete prints 
is eliminated. 
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2. Procedure 

The first step in using this technique is to punch the 
required input information onto the IBM cards in the 
80 card columns. The information includes: the harness 
number, connector-pin or splice, wire destination, wire 
size, twist and shield requirements, wire length, wire type, 
Signal or power direction, impedance, maximum signal 
voltage, sensitivity of the wire to noise, circuit data sheet 
number, wire function, general note reference, date of last 
card change, and harness revision letter. 

The cards are then machine-sorted according to harness, 
sorted again according to connectors or splices within each 
harness, and the stacks arranged in consecutive order 
according to pin. 

Next, the cards are ready to be run through an IBM 407 
card printer to obtain wiring harness documentation. This 
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consists of the information punched on the cards plus 
information coming from the character emitter of the 
printer. The printing format has 120 spaces available in 
comparison with the 80 columns on the punched cards, 
allowing room for the insertion of blanks. 

A heading card which titles the information printing 
and a connector information card which describes the 
connector are inserted at the front of each connector stack 
before printing. After the cards are printed, the connector 
and splice sheets representing each harness are then 
stapled together. A wiring change is easily accommodated. 
The cards involved in the wiring change are removed, and 
new cards are punched. New wiring documentation for 
each affected connector is then printed and stapled with 
its respective harness. Figure 11 shows the documentation 
for a five-pin connector, and Fig. 12 shows the documen­
tation for a splice. 
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Fig. 11. Documentation for a five-pin connector 
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Fig. 12. Documentation for a splice 
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3. Conclusion 

The use of this technique in documenting wiring har­
nesses has the following advantages: 
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(1) The quality of the documentation is improved. Wire 
harness drawings that fade are eliminated and 
hand lettering is not required. 

(2) The flexibility of the documentation is increased. 

The cards can be used to print wiring harness doc­
umentation that is tailored to the requester's needs. 
For example, the cards could be sorted to obtain a 
stack of cards representing all twisted wire pairs in 
a particular harness by sorting for this characteristic 
in its respective card column. 

(3) A wiring change is easily handled. The latest wiring 
information is immediately available. 
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IX. Solid Propellant Engineering 
PROPULSION DIVISION 

A. Study of Radiative Cooling of a Graphite 
Composite Nozzle, S. Fogler 

1. Introduction 

For the design study on radiatively cooled nozzles for 
a long-burning solid propellant rocket motor containing 
760 lb of propellant, it became necessary to estimate the 
temperature profile and heat flux at the outer nozzle 
surface. This need arises from the potential heating 
problem that may occur in spacecraft components such 
as solar panels or hydrazine tanks which are adjacent to 
a mid course propulsion system. If the nozzle surface 
temperatures prove to be so high that thermal insulation 
for the spacecraft components becomes impractical or 
the required insulation weight becomes prohibitively 
high, the incentive for developing a light-weight radia­
tively cooled nozzle will no longer exist. 

The radiatively cooled nozzle under study is fabricated 
from a composite consisting of a filament-wound graphite 
fiber in a graphite matrix, i.e., Carbitex. In the calcula­
tions, it was assumed the nozzle would have a throat 
diameter of 2.405 in. and an expansion ratio of 69, it 
would be radiating solely to deep space, the initial nozzle 
temperature would be - 260°F before motor firing, and 
the nozzle emissivity was taken to be 0.9. The stagnation 
temperature To of the combustion gases was estimated at 
4600°F, and the maximum motor bum time was 200 s. 
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Estimates were made on the temperature profile in the 
solid nozzle as well as on the heat flux from the nozzle. 

2. Theory 

Under the conditions stated above, the differential 
equation describing the variation of temperature T with 
distance down the nozzle x and time t for a nozzle 
thickness which is much less than the nozzle radius is 
given by: 

G l aT = h(T _ T) + lk o2T + kl aT ~ - E(}"T4 
P P at 9 ox" l' ox ox 

where 

T = temperature, OF 

t = time, h 

l' = radius of nozzle at any distance x, ft 

(}" = Stefan-Boltzmann constant, BTU /fF-h- °R4 

k = thermal conductivity of nozzle, BTU/ft-h_oR 

l = nozzle thickness, ft 

Gil = heat capacity of nozzle, BTU/lb-oR 

P = density of nozzle, Ib!ft3 

E = emissivity 
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Fig. 1. Composite nozzle schematic 

A schematic diagram of the nozzle is shown in Fig. 1. 
Utilization of the equation for the hea t transfer coeffi­
cient 71" developed by Bartz (Ref. 1), will give approxi­
mate values for the propellant under consideration, but 
within the accuracy required: 

71, = 559 ( 2.4 ) 1. 8 

6.36 + 2 x tan a Ul 

where a. = the angle the nozzle cone makes with the 
center line, and Ul = the dimensionless factor accounting 
for variation of gas density and viscosity across the 
boundary layer which is a prescribed function of x, 
0.6 < Ul < 1.6. The nozzle thickness is on the order of 

0.08 in. As a result of an order of magnitude analysis, 
it can be shown that axial conduction in the nozzle can 
be neglected , and that the thermal capacity is quite 
small. Consequently, a steady-state nozzle wall tem­
perature is reached in a small fraction of the total 
buming time. 

3 . Computational Technique and Results 

At each point x down the nozzle, the surface tem­
perature was determined by an iteration procedure on 
an IBM 7094 computer. In the iterative technique used, 
convergence was set so that if the calculated temperature 
was within 5 deg of the predicted temperature, the 
iteration loop was terminated after convergence was 
achieved. The distance downstream from the nozzle 
mounting was incremented and a new heat transfer 
coefficient was calculated. With this new value of h, 
the iterative procedure was repeated and the tempera­
ture at this new x calculated. By continuing in this 
manner, one can determine the temperature T as a 
fun ction of distance x downstream from the nozzle 
mounting. This relationship between T and x is shown 
in Fig. 2. Also shown on this plot is the heat flux q, which 
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is readily calculated from the equation q = h (Tg -T) 
once T is determined. The temperature of the nozzle 
varies from approxi'mately 2700°F at the nozzle mount­
ing to 2040°F at the exit of the nozzle. The average 
temperature of the nozzle is quite close to 2350°F, and 
the average heat flux is on the order of 0.2 BTU/in.2/s. 

In another segment of this study, a calculation was 
performed to determine whether or not the solar panel 
would be made inoperative by the effects of radiative 
energy. If it is assumed that only 10% of the radiative 
energy leaving the nozzle hits the solar panels, a quick 
engineering estimate shows the solar panels will exceed 
their maximum allowable operating temperature in 
approximately 20 s. 

As a result of this work, refined calculations will be 
made of the energy radiated to all spacecraft com­
ponents and methods will be examined for reducing the 
nozzle-radiated heat flux to these components. This 
reduction in heat flux could be accomplished by sub­
mersion and isolation of the nozzle by the rocket motor, 
or through the introduction of a thermal insulation such 
as a graphite felt shroud around the nozzle cone. 

Reference 

1. Bartz, D. R., Jet Propulsion Laboratory E:I:temal Publication 
351. Jet Propulsion Laboratory, Pasadena, Calif., July 31, 1956. 

B. Solid Propellant Rocket Motor Command 
Termination by Water Injection, L. D. Strand 

1. Introduction 

Command termination of solid propellant motors by 
water quench has been demonstrated to be feasible in 
many tests using motors with propellant weights up to 
19,000 lb. In these tests, some parameters have been 
varied in an attempt to define extinguishment criteria; 
however, all attempts to correlate the data have given 
questionable results. This is primarily due to, and points 
out, the inadequate understanding of the quench 
mechanism. In these correlation attempts, it has been 
assumed that: (1) rapid cooling of gases causes a dp/dt 
sufficient for extinction, (2) cooling of the gases below 
some threshold temperature lowers heat feedback to the 
propellant below that necessary for self-supported com­
bustion, and (3) a water film covers the entire surface 
of the propellant, thereby quenching combustion. Be­
cause the extinguishment mechanism is not adequately 
understood, it is difficult to make confident estimates 
of necessary water quantities, optimum injection rate, 
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and optimum injection techniques to accomplish ter­
mination. A complete understanding of the means 
necessary to prevent reignition of the propellant is 
also lacking. 

2. Test Program 

A study of water quench of solid rockets has been 
initiated to: (1) determine the optimum method of 
water injection to obtain complete extinguishment, (2) 
better understand the quench mechanism so that it 
may be optimized, (3) establish means for predicting 
water requirements of any given motor, and (4) deter­
mine feasibility and performance of water extinguish­
ment of flight motors. 

The program consists of hvo phases: (1) a laboratory 
motor phase, which is currently underway, and (2) a 
small solid-propellant motor phase. The laboratory 
motor, which is fully described in Subsection 3, consists 
of a slab burning window motor which is capable of 
accepting several different types of water injectors. In 
this phase, a knowledge of the efficiency of each of the 
different types of injector and spray patterns and an 
indication of the dominant quench mechanism, or 
mechanisms, will be sought. Using this information, an 
attempt will be made to develop a theoretical model 
capable of correlating the data of each injector and 
providing general extinguishment criteria. 

The objective of the Phase 2 portion of the program 
is to gain confidence in the Phase 1 extinguishment 
criteria and the reliability of this type of impulse con­
trol. It will consist of the combustion termin~tion by 
water injection of a 5-in.-diameter by 6-in.-long cylin­
drical grain motor with a propellant weight of approxi­
mately 3Y2 lb and a flight-weight cylindrical motor with 
a low length-diameter ratio and a propellant weight of 
60 lb. Knowledge of the optimum values of the quench 
parameters gained in the slab burning motor will be 
applied in these tests to determine any motor configura­
tion and size dependency. 

3. Phase I Test Apparatus 

A block diagram of the original version of the Phase 1 
water quench apparatus is shown in Fig. 3. The princi­
pal components, shown on the horizontal line of the 
diagram, consist of a high-pressure nih'ogen source, a 
water accumulator, a flow meter, an explosively operated 
valve, and a window motor. The side leg is used to 
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purge all air out of the line and to fill the accumulator 
with the amount of water to b e injected. Valves are 
provided to enable all air to be bled out of the system. 
A photograph of the system is shown in Fig. 4. Several 
modifications to the system were found necessary when 
attempts were first made to terminate the motor. These 
will be discussed in Subsection 7. 

A schematic of the laboratory motor is shown in Fig. 5. 
It is fabricated of 304 stainless steel. The overall dimen­
sions are: length, 17.2 in.; width, 3.75 in. ; and height, 
4.5 in. Flat slabs of propellant, 13.7 in. long, 1.75 in. wide, 
and 0.50 in. thick, cast on steel plates, are mounted on 
either the bottom surface only or both the top and bottom 
of the motor. The slabs are restricted on all four sides 

Fig. 4. Water quench test system 
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Fig. 5 . Laboratory window motor 
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and have a burning area of approximately 24 in.2
. The 

threaded nozzle is solid copper and converges to its exit 
throat diameter. The exit diameter can b e varied from 
0.400 to 1.000 in. The motor was designed to use 5A -in.-thick 
quartz windows, although plexiglas windows have been 
used for a majority of the tests . The windows sea t on 
copper gaskets and are sealed with rubber O-rings. As a 
guard against over-pressurizing the motor, the motor has 
a 300-psig pressure relief diaphragm. 

The motor is designed to accept three different types 
of water injector systems. Figure 4 shows the Erst basic 
system, a set of eight %-in. overhead injectors. Only the 
lower propellant slab is used for this system. Solid-cone, 
hollow-cone, Bat jet, and atomization-type injectors will 
be used. The second system, a head-end sheet injector, 
is shown in Fig. 5. This injector design, based on the 
work reported in Ref. 1, is designed to lay a thin sheet 
of water over the lower propellant slab burning surface. 
The third system consists of a %-in. head-end injector. 
Solid-cone, hollow-cone, and atomization-type injectors 
will again b e used . A different head-end closure is used 
for each of the igniter systems: a simple Bat plate for the 
over-head system and plates for mounting the head-end 
sheet and %-in. injectors. The motor accepts a Dynisco 
water-cooled and a Taber pressure measurement trans­
ducer. Both are of the strain gage type. Motor ignition 
is provided by a hot-wire igniter system, with the igniter 
leads passing through the motor nozzle (Fig. 4). 

The explosive valve is manufactured by Cartridge 
Actuated Devices, Inc. It is of the nOlmaIly closed type. 
Opening time is a few milliseconds, and is accomplished 
by gases generated from an electrically initiated pyro­
technic squib, forcing a cutter bar to shear off an aluminum 
closure. 

A I-in. Waught turbine-type Bow meter, model FL-1658, 
measures the water Bow rate. A solenoid-operated globe 
valve is included in the water line for checkout and 
injector spray tests, where millisecond opening times are 
not required. The water accumulator, manufactured by 
Greer Hydraulics, Inc., is a 5-gal Boating-piston type. 
As shown in Figs. 3 and 4, Taber pressure gages measure 
the water pressure at the accumulator exit and upstream 
of the injector(s). 

4 . In strumenta ti on 

Instrumentation for each test consists of the accumu­
lator and injec tor wa ter-pressure Taber gates, the motor­
pressure Taber and Dynisco gages, the turbine Bowmeter, 
a silicon diode photovoltaic cell to indicate cessation of 

92 

combustion, and high-speed motion-picture photography. 
The Dynisco pressure transducer, model PT49C-5C 
(0-500 psig), h as a fl at (-+- 10%) frequency response to 
10,000 H z (Ref. 2) . The photocell is mounted on the motor 
window in approximately the position shown in Fig. 3. 

A 16-mm H ycam camera is used for the motion-picture 
coverage. The camera has a full-frame maximum speed 
of 11,000 frames/s and a half-frame rate of 22,000 frames/so 

The pressure transducers, Bowmeter, and photocell 
outputs are ampli£ed and recorded on a 7 -channel Ampex 
FR 600 tape recorder. Signals indicating the closing of 
the hot-wire igniter, camera power, and explosive valve 
squib circuits are also recorded on one of the channels. 
The tape recorder is operated at a recording speed of 
60 in./s and played back on a Consolidated Electro­
dynamics Corp. oscillograph at a play-back speed of 
6.5 in./s, resulting in an 8/1 expansion of the time scale. 

5 . Test Procedure 

The standard test procedure is as follows: The window 
motor and explosive valve are assembled, using the motor 
exhaust nozzle required to provide the desired chamber 
pressure, and installed in the test system (Fig. 4) . During 
assembly of the motor, all water injectors are plugged 
with Celvacene vacuum grease. The pressure gages are 
calibrated and installed. With all bleed valves open, the 
accumulator is slightly pressurized with nitrogen to drive 
the piston to its fully expelled forward position . The 
Eller tank is Elled with wa ter and water is Bowed under 
nitrogen pressure to the portions of the main water line 
forward and aft of the explosive valve until the line is 
purged of all air . The main line bleed valves are closed 
and the Eller tank is fill ed with the amount of water to 
b e injected into the motor. The nitrogen side of the 
accumulator is vented to atmosphere and the water in 
the fill er tank is flowed under pressure into the accumu­
lator. The accumulator nitrogen vent valve is closed, the 
electrical leads to the hot-wire igniter, camera, and 
explosive valve are connected, and the accumulator is 
pressurized wi th nitrogen to the desired pressure level. 

Now the tes t can be performed. The tape recorder is 
started and the hot-wire igniter circuit is closed. When 
the propellant is visually observed to be completely 
ignited , the camera power circuit is closed. The closing 
of the camera circuit starts a digital sequence timer that 
closes the explosive valve circuit after a time delay 
required for the camera to accelera te up to its nominal 
operating speed (approximately Ph ms). Following open­
ing of the explosive valve, nitrogen pressure forces the 
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floating piston to the forward end of the accumulator, 
injecting the predetermined quantity of water into the 
motor. The rate of injection is determined by the area 
of the injectors and the accumulator nitrogen pressure. 

6. Motor Checkout and Developm ent 

In order to (1) verify that the over-head injector system 
was producing a uniform spray pattern along the motor 
and (2.) determine the spray pattern for each type of 
injector nozzle planned to be used in the test program, 
a series of cold-flow motor injector water spray tests 
were performed. The spray patterns in the motor were 
photographed using both still and motion-picture pho­
tography. The data verified that the spray pattern was 
uniform and that obtaining complete coverage of the 
propellant surface would be no problem with any of the 
injectors. 

The first motor firings had the primary purpose of 
(1) checking the combustion stability characteristics of 
the motor and the quartz windows and (2) developing a 
propellant igniter system and a propellant side-restricter. 
A restricter was desired that would inhibit the sides of 
the slab from burning, but one that would regress with the 
burning top surface so as not to interfere with the camera 
view of the burning surface. Ten motors have been fired 
to date, with water injection employed in the last five. 

As a precautionary measure, steel plates were used in 
place of the windows in the first two tests . No erratic 
pressure oscillations were experienced throughout the 
two firings. No instability problems have been encoun­
tered in any of the motor firings conducted to date. 

The quartz windows were used in the third test. Fine 
cracks were found near the edge of one of the windows 
upon post-fire inspection. The window eventually burst 
during the fifth test firing. For all subsequent tests, the 
quartz windows were replaced with double-layer plexi­
glas. A %-in. inner sheet was replaced after each test. 
Ablation of the inner windows does obscure detail view­
ing, but the plexiglas should be adequate for a majority 
of the tests. Quartz windows may again be used for a 
few of the final tests, when specific details are desired. 

A simple hot-wire igniter was used in the first five tests. 
This resulted in excessively long ignition delays of 
several seconds. An igniter paste technique was tried in 
the next two tests. It consisted of a pyrotechnic igniter 
paste that was spread over the top surface of the slab and 
allowed to harden. The paste was ignited with a hot wire. 
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The paste proved to be difficult to ignite, and the tech­
nique gave greater ignition delays than were obtained 
using the hot-wire igniter. In the eighth test, an igniter 
system consisting of three hot-wire propellant igniters 
wired in parallel was used. A relatively rapid ignition for 
a hot-wire system was obtained (1h-s delay). The same 
igniter was used in the ninth test, but the use of too large 
an igniter propellant weight resulted in over-pressurization 
of the motor and bursting of the motOr pressure-relief 
valve. The igniter system was modified to two hot-wire 
igniters wired in parallel for the tenth test, providing 
satisfactory ignition of the motor. 

The restricter tried in the first two tests was cellulose 
dissolved in methyl ethyl ketone (MEK) solvent. This is 
the standard restricter used at JPL for restricting the 
strands of propellant used in burning-rate bomb tests. 
In both tests, the restricter failed less than a second after 
the motor reached its operating pressure, as indicated by 
a sudden rise in the chamber pressure. In the third test, a 
Sil-Guard cement was tried as a restricter. Post-fire 
inspection showed that the Sil-Guard had not regressed, 
but remained intact although badly charred. For the 
fourth test, MEK thickened with more cellulose was 
used and was marginally successful. A material called 
Okun's Original Liquid Plastic Vinyl was tried as a 
restricter in the fifth test, and it seemed to perform as 
desired. Armstrong cement was tried in the sixth test. 
It did not prove successful; there was some charring, but 
no regression . The Okun vinyl material was used as the 
propellant restricter for all subsequent tests. 

7 . Initia l Extinguishm ent Tests 

Five water quench tests have been performed (tests 
6-10), with successful termination in three cases. Details 
of the tests are given in Table 1. The results of tests 8 
and 10 will be discussed in greater detail later in this 
subsection. 

Motion-picture data were obtained in all the tests. 
The camera field of view included the entire length of 
the propellant slab in the sixth test. This was reduced to 
approximately the forward half of the slab for the sub­
sequent tests. Ektachrome EF-B and EF-Daylight color 
film was used. Different lighting setups and camera 
framing rates were tried. For the first three water quench 
tests, the lighting consisted of six 500-W RSP2lights, four 
for front lighting and two as back lights. This proved 
inadequate to view the combustion process during termi­
nation, when self-illumination from the combustion falls 
off rapidly. For the remaining tests, the lighting system 
consisted of three 750-W reflector spot back lights focused 
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Table 1. Test parameters and results 

Accumulator Accumulator 
Nominal 

Total Camera average 
Nozzle throat 

Test Injector system water volume, 
motor 

water pressure , burning frame rate, Test results 
diameter, in. 

ml psig 

6 0.660 8 flat spray 120 300 

7 0.660 8 flat spray 150 90 

8 0.600 8 flat spray 90 300 

9 0.600 8 hollow cone 60 1400 

10 0.640 8 hollow cone 140 2000 

along the front half of the propellant slab. The film was 
over-exposed in the focus region of the spots, but more 
detail was obtained during the quench process. This will 
be discussed further under the description of the tenth 
test. 

The overhead water injector system (Fig. 4) was used 
in all the tests. In the first three tests, the injectors used 
were of the flat spray type, with an orifice diameter of 
0.070 in. and a nominal spread angle of 40 deg. The 
nozzles were aligned so that the jets spread along the 
centerline of the propellant slab. Hollow-cone atomizing 
nozzles were used for the last two tes ts. 10zzle diameter 
was 0.028 in. 

Injection problems were encountered in these initial 
tests. 10 flow meter signal was obtained in the sixth test, 
and examination of the motion-picture film showed that 
only a minute amount of water had been injected. 
Apparently, when the explosive valve plug was sheared 
off, most of the injectant water flowed into some un£l11ed 
void in the line instead of being injected into the motor. 
The obvious culprit was the valve itself, which has some 
void space inside it. To correct this, the valve was rotated 
180 deg from the position shown in Fig. 4, and the top of 
the valve was drilled and tapped and a bleed valve 
installed. This allowed the valve to be purged of air when 
the portion of the water line dmVT1stream of the valve 
was purged. 

In the seventh test, the accumulator was pressurized to 
300 psig, but the water pressure dropped to approxi­
mately 90 psig before the test could be initiated . The 
decision was made to go ahead and run the tes t with this 
low water-injection pressure. The motor extinguished in 
spite of the low water pressure and resultant low rate of 
injection. To £lnd the reason for the water pressure drop, 
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pressure, 
time,s frames/s 

psig 

75 3.2 4000 No extinguishment 

80 0.05 4000 Extinguish ment 

95 2.6 8000 Extinguish ment 

(half frame) 

- 0.2 8000 Motor Over-

pressurized 

70 2.0 8000 Extinguishment 

the water side of the accumulator was disassembled. A 
signi£lcant void was found in the transition region from 
the accumulator exit to the I-in. water line, a pOJtion of 
which was not being completely bled of air prior to test. 
When the accumulator was pressurized with nitrogen, 
the small amount of water in the accumulator was forced 
into this void, and the piston bottomed against the end 
of the accumulator. A bleed valve was installed in the 
water exit end of the accumulator, only partially cor­
recting the problem. 

For the eighth test, the camera was driven at the same 
voltage, but the half-frame prism was used, doubling the 
framing rate. Prior to test, the accumulator was £llled with 
90 ml of water and pressurized to 300 psig. Before the 
test could be initiated, the water pressure dropped to 
30 psig. This time the lines were repurged and the 
accumulator re£l11ed and again pressurized to 300 psig. 
The water pressure stayed at this value until all water 
was injected. The test resulted in extinguishment of com­
bustion. The extinguished propellant slab is shown in 
Fig. 6. The roughness of the surface is due to the three 
hot-wire igniter propellant pieces that were stapled to the 
slab surface. Ignition of the propellant under the igniter 
pieces was apparently delayed. 0 photocell data were 
obtained, but the motion-picture mm indicated that 
extinguishment appeared to be very rapid , occurring 
within 6-8 ms after the onset of water injection. The 
maximum rate of depressurization calculated from the 
oscillograph record was approximately 6,000 psi/so The 
flow meter response seemed to be surprisingly good, indi­
cating Row a few milliseconds after the explosive valve 
signal and giving an integrated total water volume 
injected that agreed quite wel l" (within 10%) with the 
volume loaded into the accumulator. The average flow 
rate during quench, as measured by the flow meter, was 
4.8 Ibis. The total amount of water required to terminate 
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Fig 6 . Extinguished propellant slab 

combustion, again as measured by the flow meter, was 
0.03 to 0.05 lb (14 to 23 ml). 

In tests 9 and 10, the full-frame prism was again used, 
but the camera drive voltage was increased to give an 
estimated average framing speed of 8,000 frames/so The 
water injector nozzles were changed to hollow-cone 
atomizing nozzles. For the ninth test, the accumulator 
was filled with approximately 60 ml of water and pres­
surized to 1700-plus psig. Because of gas voids, the 
accumulator piston again bottomed, and the water 
pressure dropped significantly before the test could be 
initiated. As previously described, the motor over­
pressurized at ignition in this test, bursting the motor 
pressure-relief diaphragm before the water quench system 
could be activated. 

To avoid bottoming of the piston in test 10, the accumu­
lator water volume was raised to approximately 140 ml 
of water. The water was pressurized to 2000 psig, and 
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the pressure held constant throughout the test. The test 
resulted in termination of combustion. Figure 7 shows 
the extinguishment portion of the oscillograph record. 
The oscillations in the injector water pressure are prob­
ably due to the nature of the injector manifold. The 
calculated maximum depressurization rate was approxi­
mately 7500 psi/so Extinguishment appeared to begin 
approximately 4 ms after the onset of water injection and 
was complete after 10 ms, as indicated by both the photo­
cell and motion-picture data. The measured water flow 
rate during quench was 14 lb/s. The total amount of 
water injected up to the onset of extinguishment was 
0.06 lb (28 ml). 

The framing rate in the region of quench was 6000 
frames/s. As mentioned earlier, the intense back lighting 
provided more than adequate illumination. The motion­
picture record showed the following: Combustion ap­
peared to continue normally for approximately 4 ms 
following appearance of the water spray. At 4 ms the 
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Fig . 7. Oscillogra ph re cord of test 10 

combustion gases appeared to flyaway from the propel­
lant surface, as if the chamber had suddenly been vented. 
Light intensity in the motor then dropped off rapidly. 

8 . Discussion of In itial Res ults 

Any conclusions drawn from the results of the few 
tests performed to date are, of course, very speculative. 
Nonetheless, certain distinctions between the different 
test results are apparent. Using the solid-cone water 
injector system, with its resultant direct impingement on 
the propellant surface (tes t 8), extinguishment was very 
rapid. It appeared to occur prior to any significant drop 
in the motor chamber pressure. The extinguishment had 
the characteristics expected of a simple thermal quench 
of the burning propellant. With the a tomizing injectors 
(test 10), the extinguishment process was somewhat 
slower and coincided with the rapid drop in chamber 
pressure, resembling a rapid depressurization or dp/dt 
quench. Extrapolating the results of recent low-pressure 
L* extinguishment studies (Ref. 3), the measured maxi­
mum rates of depressurizations for these tests are two to 
three times greater than that required to produce ex­
tinguishment at these low motor pressures . It is, there­
fore, hypothesized that, under low pressure conditions 
and for a propellant readily terminated b y rapid depres­
surization, such a phenomenon may be the critical process 
iri water quench. Further tests will have to be performed 
to substantiate this argument. 
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9 . Futu re Effort 

The piston accumulator used in the tests to date was 
sized for the Phase 2 full-scale motor test portion of the 
program. As has been described, the small quantities of 
water required to quench the laboratory motor do not 
displace the accumulator piston sufficiently to get a 
positive expulsion action when the accumulator is pres­
surized. A smaller (30 in. ~) accumulator has been pro­
cured and is being installed for use in the remainder of 
the Phase 1 effort. 

All test techniques have been essentially defined . The 
Phase I quench tes ts will be continued, with the test 
variables consisting principally of water injector type 
and injection rate. 
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x. Polymer Resea rch 
PROPULSION DIVISION 

A. Saturated Hydrocarbon Prepolymers, 
J. D. Ingham 

1. Introduction 

This article summarizes the current status of a con­
tinuing effort (SPS 37-45, Vol. IV, pp. 113-115) on the 
synthesis of new saturated hydrocarbon prepolymers for 
use, primarily, as thermally and chemically stable pro­
pellant binders. The present effort is concerned with 
poly(isobutylenes). Although the initial work indicated 
that polymers containing terminal double bonds could be 
prepared directly by cationic polymerization in the pres­
ence of a suitable Lewis acid cocatalyst system, it has 
been established that none of the polymers prepared to 
date (in which adventitious water was the cocatalyst) 
contain more than one terminal double bond per chain. 
Two approaches are underway to attempt to increase the 
functionality to two. The first involves the study of other 
cocatalysts (under rigorously anhydrous conditions) that 
may lead to initiation and termination reactions produc­
ing terminal unsaturation to the extent that the function­
ality will be close to two. These studies will be discussed 
in a future SPS, Vol. III, article. The second approach, 
which is the primary subject of this article, involves chem-
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ical modification of prepolymers to obtain the desired 
endgroups. 

2. Results and Dis cussi on 

For the polymerization of isobutylene by vanadium 
oxytrichloride in the presence of naphthalene, Yamada, 
Shimada, and Hayashi (Ref. 1) postulated a mechanism 
whereby an initiating cation would propagate at both 
ends. The cationic chain ends would then undergo ter­
mination by proton abstraction to give poly(isobutylene) 
with unsaturated chain ends. Although earlier analytical 
data indicated that such a polymer contained 1.6 un­
saturated endgroups per molecule, more recent results 
indicate a value no greater than 1.1. The lower value is 
based on the amount of hydrogen consumed in a catalytic 
hydrogenation method and an infrared analysis calibrated 
with a polymer containing a known concentration of un­
saturation. Both of these methods agreed with each other 
within less than 10%. Although the mechanism mentioned 
above may be partially operative, it does not occur ex­
clusively and is not sufficient for the production of di­
functional prepolymers. Analysis of a large number of 
Snell-water (Ref. 2) and BF3-water catalyzed poly{iso­
butylenes) showed that they contained 0.5 to 0.7 terminal 
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double bonds per chain. This tends to indicate that the di­
radical mechanism takes place when VO Cl3-naphthalene 
catalyst is used. Unfortunately, termination by some 
reactions (other than proton abstraction) apparently occur 
to produce non-olefinic endgroups irrespective of the 
predominant initiation or propagation reactions. One of 
these reactions is known to be of the type shown below 
(Refs. 3, 4). 

CH
3 

I 
SnCl

4
0H - 'VIf\N' CH - C - OH 

2 I 
CH

3 

Thus, rigorous elimination of water and use of an 
appropriate cocatalyst initiator may result in the forma­
tion of difunctionally unsaturated polymers. 

One method of modifying poly(isobutylene) is to 
react it with bromine or chlorine and then dehydrohalo­
genate to produce double bonds. Although chlorination 
has not been investigated , there is reason to believe that 
substitutive bromination may occur predominantly near 
the chain ends. An isobutylene polymer with number­
average molecular weight (Mn) of about 1000 was reacted 
with bromine and dehydrobrominated . It was then treated 
with ozone and reduced to convert the unsaturation to 
hydroxyl groups. The Mn of the final polymer was essen­
tially unchanged and contained a high concentration of 
OH and no unsaturation. 

After the dehydrobrom ination, the unsaturation, mea­
sured by infrared, corresponded to a functionality of 
approximately 2.7, which was roughly equivalent to the 
unsaturation initially present plus that expected from 
complete dehydrobromination of th e excess bromine 
added. The final polymer also contained some carbonyl, 
apparently b ecause of incomplete reduction after ozonol­
ysis. Due to the small sample of polymer obtained, a 
reliable hydroxyl functionality determination has not 
been carried out. However, this polymer and a sample 
of hydroxyl-terminated saturated polybutadiene (SPBU) 
were reacted with pyromellitic dianhydride in xylene and 
the intrinsic viscosities were measured before and after 
chain extension for each polymer. The increase was rela­
tively small but comparable in both cases: 58% for the 
hydroxyla ted poly(isobutylene) ester and 55% for the 
SPB U esterification product. This result may mean that 
the functionalities are approximately the same; however, 
a more definitive and reliable determination is required . 

98 

Larger amounts of unsaturated poly(isobutylene) are being 
prepared both for further functionality analysis and to 
investigate other reactions for the modification of unsat­
urated groups, such as epoxidation. 
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B. Investigation on Sterilizable Polymer Battery 

Separators, Port II, E. F. Cuddihy and J. Moaeanin 

1. Introduction 

Sterilizable battery separator materials have been 
prepared from a graft copolymer of polyethylene and 
poly (potassium acrylate) (Ref. 1). An investigation of 
their properties is being carried out in order to develop 
a set of physical and chemical criteria to characterize both 
the starting polyethylene and the separator materials 
(SPS 37-50, Vol. III, pp. 166-169). This article provides 
additional information on the structure and properties of 
these materials. 

2. Molecular Weights 

The number-average and weight-average molecular 
weights of the starting polyethylene (PE) film (Petro­
thane 301) were found by gel permeation chromatog­
raphy to be 15,000 and 48,200, respectively, giving a 
M,,/ M II ratio of 3.18; this ratio is a measure of the spread 
in molecular weight. 

3. Additives 

An attempt was made to detect and identify additives 
in the polyethylene by exposing the materials to a vacuum 
and trapping the volatiles in a liquid nitrogen condenser. 
In addition to water and a trace of CO2 , the presence of 
an es terified material was detected by infrared analysis. 

4. Radiation Exposure 

The graft copolymer battery separator is prepared by 
first crosslinking the PE with divinylbenzene and then 
grafting with acrylic acid. Gamma radiation from a 
Cobalt 60 source is employed for both reaction steps, and 
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the PE is exposed to a cumulative dosage of around 
2\6 mrad. The PE sheets were exposed to this level of 
radiation both in air and vacuum. After irradiation, both 
materials remained completely soluble in a-chloro naph­
thalene, indicating the absence of crosslinking. These 
results lead to the conclusion that the crosslinking in the 
final battery separator material is definitely due to the 
divinylbenzene, and possibly, to some extent, to the 
grafted acrylate chains. 

The crystalline content of both irradiated samples was 
unchanged, whereas the crystalline content of the PE in 
the battery separator was found to be decreased by 7% 
(SPS 37-50, Vol. III). Previously, it was suggested that 
the decrease in crystallinity could have been caused by 
radiation exposure, or from partial melting caused by 
heating the separator to 80°C during an extraction step 
to remove excess acrylic acid homopolymer. Eliminating 
radiation exposure as a possibility implies that the crystal­
line content was reduced by the partial melting. However, 
since recrystallization did not occur when the separator 
was cooled back to room temperature, some permanent 
change had to occur during the extraction step. Perhaps 
some post-grafting occurred in the newly created amor­
phous region produced by the partial melting. In any 
event, if it is desirable to reduce crystallinity in the bat­
tery separator, perhaps the simple expedient of an increase 
in the extraction temperature to effect more extensive 
melting would be in order. 

Finally, the only effect noted for the PE at this level of 
radiation occurred for the air-exposed sample. Infrared 
analysis revealed the presence of carbonyl groupings not 
present in the starting materials , showing that some 
oxygen uptake occurred during irradiation. 

5 . Divinyl Benzene 

Divinyl benzene (DVB) is employed as a crosslinker in 
the battery separator. Exhaustive washing in hot benzene 
showed no free DVB present in the final product. Infrared 
analysis showed DVB present with either both or one of the 
vinyl groups reacted. Estimates of the concentration of 
these two, from infrared data, run about 2 wt % for the 
totally reacted DVB and 0.2 wt % for the partially reacted 
DVB. 

6. Potassium Concentration Grad ient 

The battery separator material (designated GX-1l9) 
presently under study was prepared by immersing PE 
into a grafting solution containing acrylic acid monomer, 

JPL SPACE PROGRAMS SUMMARY 37-52, VO L. III 

and then exposing the system to gamma-radiation from a 
Cobalt 60 source. A total of 700 ft of PE (rolled into a 
cylinder) was employed for the grafting reaction. After 
irradiation, the film was washed in hot alcoholic KOH to 
extract out acrylic acid homopolymer and to convert the 
acid form to chains of poly(potassium acrylate) (PKA). 
Analysis of samples of the final product taken from the 
outside, middle, and inside of the rolI revealed PKA con­
centration of 27, 43, and 38%, respectively. The concentra­
tion gradient of PKA along the radius of the roll of PE 
may be the result of the balance between the decreaSing 
level of ionizing radiation with depth and the diffusion 
of fresh acrylic acid monomer (which is uniform through­
out the r.oll) into the PE. 

A high level of radiation impinging on the outside may 
generate free radicals faster than they can be consumed 
by the diffusing acrylic acid monomer. This would pro­
mote undesirable side reactions, e.g., disproportionation 
leading to the formation of acrylic acid homopolymer. As 
the radiation is attenuated by passing through the roll, its 
level may become sufficiently reduced to result in free 
radical formation occurring at a rate commensurate with 
the diffusion of acrylic acid monomer and, concomitantly, 
favor the grafting reaction. 

7 . Water Absorption 

The graft copolymer is extremely hygroscopic and 
readily equilibrates with atmospheric moisture. A plot of 
equilibrium water absorption versus relative humidity for 
the GX-1l9 material is given in Fig. 1. It is seen that these 
materials pick up 13 to 14 wt % of water at a relative 
humidity, typical for this locale, of 40 to 50%. 

The previous article (SPS 37-50, Vol. III) gave differen­
tial scanning calorimetry (DSC) patterns for the battery 
separator and the starting PE. Both PE and the separator 
exhibited an endotherm corresponding to the crystalline 
PE melting at around 1l0°C, while the separator ex­
hibited a second unexpected endotherm maximizing at 
around 150°C. Infrared and ultraviolet analysis of the 
separator sample, before and after heating to these tem­
peratures, revealed that the only change in the system was 
a loss of water. AnalYSis of the volatiles obtained under 
vacuum when heating samples to these temperatures 
showed the products to be predominantly water. Also, 
the second endotherm was absent in the DSC patterns 
taken on samples after the stripping of water. However, 
when samples were allowed to re-equilibriate with mois­
ture, the second endotherm reappeared. Therefore, this 
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endotherm appears to represent the heat of hydration and 
was calculated at 2 kcals/ mole water. 

8 . RAI-1 16 Battery Separator 

A sample of a battery separator material, prepared by 
RAl Research Corporation, chemically similar to the 
GX-lI9 materials was investigated. Properties of this 
material, designated RAl-lI6, are summarized in Table 1. 
The PKA content of 32% is within the range observed for 
the GX-lI9 materials. The 34% crystallinity content for 

Table 1. Grafted-crosslinked polyethylene film RAI-116 

Property Determina tion 

De nsity at 22 °( : g / cm' 1.2 18 

Me lting po int,b O( 105 

Pol y (Potassiu m Acryla te), w t % 3 2c 

Pol yethy lene, wt % 68 

Po ly (Acrylic Aci d ), wt % Und etected 

PE c rys tall inity," % 34 

So lubility in goad acrylic solvents" % 0 

Solubility in good PE solvents.' % 14 

1. 0etermined from buoyancy in sil icone o il. 
bOete rm ined by d ifferential scan ning colori metry (OSC) . 

COetermined f rom K determination by flame photometry. 

dDeterm ined from DSC using Petrothone 301 os reference . 

eMethanol and KOH-Metha nol solutions. 
t a · Chloro- Nop hth a l ene . 
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RAl-lI6 is Significantly lower than the 43% value for 
GX-1l9. The lower solubility of RAl-lI6 (14% versus 21% 
for GX-U9) in good PE solvents reBects the lower cry.~­
talline PE content. 

9 . Role of Crys talli nity 

The results obtained prior to this study show that the 
final b attery separators have retained a considerable pro­
portion of the initial crystallinity present in the starting 
FE. This means that all of the crosslinking and grafting 
has been confined to the amorphous part of the FE initially 
present. This necessarily leads to an inhomogeneous dis­
tribution of the grafted acrylate on the FE as well as 
some restriction to the amounts of the grafted material. 

The battery separator membrane functions to keep 
separate the constituents of the respective half-cells of 
the battery, but must permit the ready permeation of 
the hydroxyl group (the charge carrying species common 
to both half-cells) . As crystallinity in membranes retards 
permeation, the amount of material transported per unit 
time for a given membrane decreases noticeably as the 
crystallinity content increases. 

Finally, the dimensional stability of the membrane can 
be seriously affected since large changes in dimensions 
are encountered when the very dense crystalline regions 
melt. Environment, temperature, and mechanical strain 
all influence the kinetics of recrystallization, and, hence, 
the rate at which the membrane returns to its former 
state after heating. If the membrane is first properly 
fitted for its application and then subsequently heated 
(as during sterilization), the accompanying dimensional 
changes may present a serious operational problem, espe­
cially if recrystallization proceeds slowly, or not at all, 
and results in permanent dimensional changes. Evidence 
for this latter point comes from DSC measurements on 
heat-sterilized specimens whose crystallinity after one 
week was about 70% of the initial crystallinity. The role 
of crystallinity in membrane performance should not be 
overlooked . The fact that the RAI-ll6 membrane with 
its lower crystallinity content improved the performance 
of test cell operation suggests th at crystallinity should be 
kept at a minimal level. 
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C. The Ethylene Oxide- Freon 12 Decontamination 
Procedure: Control and Determination of the 
Moisture Content of the Chamber, 
R. H. Silver and S. H. Kalfayan 

1. Introduction 

The rate of decontamination with ethylene oxide (ETO) 
is dependent, among other factors, upon the moisture 
content, or relative humidity (RH), in the decontamination 
chamber. Decontamination is believed to be most effective 
at RH values of 35-55%.1 

This article concerns the evaluation of several selected, 
commercially-available, humidity-sensing and controlling 
instruments. A literature search indicated that very little 
work has been done on moisture determination in atmo­
spheres other than air or inert gases (Refs. 1, 2). Available 
instruments have been developed mainly for the deter­
mination of the moisture content in air; however, some 
appeared promising with respect to the capability of 
determining the moisture content in an ETO-Freon 12 
atmosphere. 

To be usable in an ETO-Freon 12 atmosphere, the sens­
ing instrument should fulfill the following requirements: 

(1) Its sensing probe should remain unaffected by the 
ETO-Freon 12 mixture for long periods at 50°C. 

(2) It must be capable of remotely reading the moisture 
content in the decontamination chamber. 

(3) It must be accurate and give repeatable results. 

(4) Its cost and operation should be inexpensive. 

Among the many basic types of humidity-sensing in­
struments available (Ref. 2), those considered most suit­
able for evaluation in ETO-Freon 12 were the electrical­
resistance type, the electrical-impedance type, and the 
cold-mirror optical dew-point type. 

2 . Experimental Instruments 

a. Description of instruments evaluated. 

Electrical-resistance instrument2 (Ref. 3). This instru­
ment consists of an electric circuit capable of measuring 
the resistance of a proprietary wafer made of sulfonated 
polystyrene. Gold electrodes are depOsited on the surface 

'JPL Speciflcation VOL-50503-ETS. 

'El-Tronics, Inc. , Warren, Pa. , Model 102. 
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and, as the surface resistance changes due to the wafer ad­
sorbing moisture, the output is read from a meter directly 
as %RH. The instrument is calibrated periodically by sub­
stituting a known resistance in place of the sensor element. 

Electrical-impedance instrument3 (Ref. 4). The opera­
tion of this sensor depends upon the impedance of a thin 
layer of aluminum oxide placed between pure aluminum 
and gold faces. By means of a suitable measuring circuit, 
the electrical impedance of the sensor is displayed on a 
meter, the value of which can be converted to the dew 
point using a calibration curve supplied by the manufac­
turer. The basic element, known as the Stover type, is illus­
trated in Fig. 2. The electrical behavior of this type of 
element may be described in terms of a single pore of 
aluminum oxide and an equivalent circuit for that pore. 

Cold-mirror optical dew-pOint instrument' (Ref. 5). This 
instrument utilizes an optical-sensing technique, a cooling 
element and a linear thermometer (Fig. 3). The optical 
technique detects the formation of dew on the sensor 
mirror. The temperature is monitored by the linear ther­
mometer, the output of which is displayed as a direct dew­
point reading on a meter. The cooling of the sensor mirror 
depends upon the bismuth-telluride semiconductor Peltier 
effect. The more important properties of this semicon­
ductor are expressed by a figure of merit, Z, as 

Z = f (T;;K) (1) 

"Panametrics, Inc., Waltham, Mass., ~Ioclel 1000. 

'Technology-Versatronics, Inc., Yellow Springs, Ohio, l'vloclel 707. 
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Fig.3. Functional block diagram for a typical cold-mirror hygrometer 

where 

7r = the Peltier coefficient 

K = the thermal conductivity 

T" = the cold-face temperature 

p = the electrical resistivity 

For good cooling, Z should be maximized; therefore, p 

and K should have values as low as possible, and 7r should 
be as high as possible. The best Z value currently obtain­
able from commercial materials is about 3 X 10-3 °C-l. 

b. Description of reference instruments. Two other 
types of humidity-sensing instruments were used in the 
present investigation. One, a manual dew-point instru­
ment, served as a standard of reference, and the other, a 
wet-and-dry bulb psychrometer, was used as a secondary 
reference for comparison of data. As both of these instru­
ments were unsuitable for use in the ETa-Freon atmos­
phere, they were used as references for measurements 
taken in air. A brief description of these instruments is 
given below. 

Manual dew-point instrument5 (Ref. 6). In the operation 
of this instrument, the gas mixture is drawn into an ob-

'Alnor Instrument Co.-Division of the Illinois Testing Laboratories, 
Inc., Chicago, III . 
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servation chamber at a pressure above that of the atmos­
phere and a gauge indicates directly the ratio between the 
pressure of th e gas sample and that of the atmosphere. An 
operating valve is then depressed, allowing the gas sample 
in the observa tion chamber to expand rapidly to atmos­
pheric pressure. In the meantime, a lamp illuminates the 
chamber, and if the gas has cooled below its dew point 
(due to its rapid expansion), a distinctive fog is observed 
in the chamber through a lens system. This procedure is 
repeated to find the pressure ra tio at the time the fog just 
starts to vanish. The dew point of the gas sample may 
then be determined by 

T'I."POil1' = (T i + 460) (PR )Q - 460 

where 

T ; = initial temperature of the gas sample 

PR = pressure ratio 

K - l 
Q = - K- = 0.2855 for air 

K = C" 
C /. 

(2) 

C p and Cv are specific heats of the gas at constant pres­
sure and constant volume, respectively. 
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Wet-and-dry bulb psych1'Ometer6 (Ref. 7). In this in­
strument, a battery operated fan causes the ambient air to 
circulate uniformly over both the wet and dry bulbs at an 
optimal air velocity for the instrument. The wet bulb is 
covered with a water-soaked cotton sleeving. Readings of 
both the wet and dry bulbs are taken after the instrument 
has reached a state of equilibrium. The averages of several 
readings are recorded. 

c. Test procedure. The procedure followed in testing 
the instruments is shown diagramatically in Fig. 4. For the 
first exposure conditions, namely at room temperature in 
air, readings were taken twice a day for one week with 
all the instruments. At least five readings were taken with 
each instrument at the other exposure conditions. 

d. Data reduction. With the exception of the electrical­
resistance instrument, all instruments gave readings in 
some parameter other than RH. The data obtained were 
converted to RH values to facilitate the comparative 
evaluation. 

Raw data from the wet-and-dry bulb psychrometer 
consist merely of the temperatures of the wet and the dry 
bulbs. The values of RH, which are obtainable from psy­
chrometric tables (Ref. 8), are based on the Ferrel equa­
tion 

e = e' - 0.000367P(t - t') (1 + t'1;7~2) (3 ) 

where t is the temperature of the dry bulb, t' is the tem­
perature of the wet bulb, P is the baromeh'ic pressure of 
air in inches, e' is the saturation pressure of water vapor 
at t' . Solving the Ferrel equation gives e, the vapor pres­
sure of water at t. 

Readings from the manual dew-point instrument con­
sist of the pressure ratio and the ambient temperature. The 
dew point can be calculated by the use of Eq. (3); however, 
the RH can be obtained from the dew point using the 
relationship 

vapor pressure at dew point 
--=--=-------:...-- X 100 = %RH 
vapor pressure at room temp 

The use of the Smithsonian Tables (Ref. 9) facilitates the 
data reduction. 

'Bendix Instruments, Inc., Model 566. 
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ROOM CONDITIONS (IN AIR) 
ALL I NSTRUMf NTS 

122°F (I N AIR) FOR 48 h 
ALL INSTRUMENTS, EXCEPT 

WET -AND-DRY BULB PSYCHROMETER 

ROOM CONDITIONS (IN AIR) 
ALL INSTRUMENTS 

85°F (IN ETO-FREON 12) FOR 28 h 
ALL INSTRUMENTS, EXCEPT MANUAL 

DEW-POINT INSTRUMENT AND WET-
AND-DRY BULB PSYCHROMETER 

ROOM CONDITIONS (IN AIR) 
ALL INSTRUMENTS 

122°F ( IN ETO -FREON 12) FOR 28 h 
ALL INSTRUMENTS, EXCEPT MANUAL 

DEW-POINT INSTRUMENT AND WET-
AND-DRY BULB PSYCHROMETER 

ROOM CONDITIONS (IN AIR) 
ALL INSTRUMENTS 

Fig . 4 . Test sequen ce for the evalua tion of 
moisture detectors 

3. Results and Discussion 

The initial RH readings in air obtained from the manual 
dew-point instrument and the test instruments differed 
significantly in that variations of up to 4 percentage points 
in RH were observed. The disagreements between the test 
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Fig . 5. Readings for various humidity-sensing 

instruments at room conditions 

instruments themselves were also significant. Figure 5 
shows these disagreements plus the values obtained by the 
wet-and-dry bulb psychrometer and the manual dew-point 
instrument. 

The tendency of the cold-mirror optical dew-point in­
strument, compared to the manual dew-point instrument, 
was to read higher RH values, while the tendency of the 
electrical-impedance and electrical-resistance instruments 
was to indicate lower RH values, also as compared to the 
manual dew-point instrument. 

Significant changes occurred in the probes of the 
electrical-impedance and cold-mirror optical dew-point 
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instruments when they were exposed to ETO-Freon 12 
either at room temperature or at SO°C. Under these con­
ditions, readings from the electrical-impedance instrument 
probe were exceedingly low, while those from the cold­
mirror optical dew-point instrument probe were quite 
high. Bringing the probes to atmospheric conditions did 
not improve the situation. 

A vacuum treatment of the electrical-impedance instru­
ment probe, to dissipate any absorbed sterilant gas, did 
not improve its operation. Likewise, repeated cleaning of 
the mirror of the cold-mirror optical dew-point instrument 
did not bring about a recovery. Indications were that the 
probes of both instruments were irreversibly affected 
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by the ETO-Freon 12 gas mixture. Presumably, the 
aluminum-oxide of the electrical-impedance instrument 
probe and the bismuth-telluride semiconductor of the 
cold-mirror optical dew-point instrument probe reacted 
with the ETO-Freon 12 atmosphere to change their 
capacitance or resistance. 

The electrical-resistance instrument probe was the least 
affected; however, readings taken from it after one cycle 
of ETO-Freon 12 exposure were much lower, with refer­
ence to the manual dew-point instrument, than those taken 
prior to exposure. Before exposure, the %RH readings were 
on the order of 1--3 percentage points below those of the 
manual dew-point instrument; after exposure, these read­
ings dropped to 8-lO percentage points below those of 
the reference instrument. While washing the sensor ele­
ment of the electrical-resistance instrument with distilled 
water improved its sensitivity, fur ther exposure to ETO­
Freon 12 again lowered its sensitivity. There was, however, 
no indication of a continuous deterioration of the element 
as it was exposed to subsequent cycles of ETO-Freon 12 
decontamination. Additional washing with distilled water 
did not improve the probe's response. 

4 . Conclusion 

The humidity sensors evaluated thus far have not 
proved to be suitable for moisture determination in an 
atmosphere of ETO-Freon 12. Although one of these, the 
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electrical-resistance type sensor, appears to be far better 
than the others, it tends to read lower %RH values after 
exposure to ETO-Freon 12. This study has confirmed the 
need for humidity sensors that will function properly in 
an atmosphere of this sterilant gas mixture. 
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XI. Resea rch and Adva nced Concepts 
PROPULSION DIVISION 

A. Special Applications for Spectroscopic 
Scanning of Internal Plasma Flows, E. J. Roschke 

1. Introduction 

Radial distributions of temperature and/or electron 
density in an axisymmetric plasma are obtained com­
monly from edge-on spectroscopic observations trans­
formed to yield radial distributions of emission. When 
it is difficult or inconvenient to make edge-on Or trans­
verse observations across the whole plasma, one observa­
tion location (for example, along a single diameter of 
the plasma) must suffice. The interpretation of the 
weighted temperature determined at a single observa­
tion location was examined in SPS 37-47, Vol. III, 
pp. 116-119, for slightly ionized argon, assumed to be 
optically thin and having an axisymmetric temperature 
distribution with a peak at the duct centerline. 

The purpose of this article is to enlarge upon the pre­
vious results and extend the discussion to the more gen­
eral case of off-axis observations. In particular, it became 
desirable to determine if inversion of edge-on data (by 
the Abel formula) was necessary for the usual conditions 
of the experiments. This has practical significance aside 
from accuracy since the standard inversion techniques 
require axial symmetry whereas the actual plasma flow 
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may not be axisymmetric. Even though the results given 
later apply to symmetric flows only, the general con­
clusions will not be seriously modified by the presence 
of moderate degrees of asymmetry, provided absorption 
in the gas is absent. 

An optically thin (nonabsorbing), slightly ionized gas 
is considered; the temperature distribution is assumed 
to be axisymmetric, having a peak value at the axis of 
the flow. In particular, interest is confined to argon in 
thermal equilibrium at temperatures less than lO'IOK and 
pressures of the order of 0.1 to 0.3 atm. The latter con­
siderations eliminate the possibility of off-axis peaks in 
the radial intensity distributions of argon atom lines and 
reduce the emission of ion lines to virtually zero. Thus, 
the results are not general and must be considered only 
in terms of the assumptions. 

2. Viewing Along a Diameter-Further Remarks 

The general expression for the spectral line-intensity 
is given as (Ref. 1) 

(1) 

(See Table 1 for definition of terms.) 
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Table 1. Nom enclature 

A transition probability 

B value of integral, e.g., Eq. (8) 

b ratio of temperature at center of duct to 
wall temperature, i.e., T o/Tto 

G, G', Gil constants in intensity equation, independent 
of>.. or E 

D diameter of duct 

E upper energy level of excited states 

g statistical weight 

I intensity of radiation of a spectral line 

I(x ) total intensity of a line as seen by spec­
trometer viewing along a chord or diameter 
of plasma 

K constant view factor independent of A or X 

k Boltzmann's constant 

m parameter defined by E/kTo or E/kTo(x) 

N number density of emitting species 

n exponent defined in text 

R radius of duct 

l' radial coordinate 
-
T temperature, absolute 

T(x) temperature along x-axis 

If two experimental measurements of intensity IJ(x) 
and 12(x) are made along a diameter of the plasma cor­
responding to the spectral lines A1 and A2, then the 
weighted temperature for the path of view according to 
SPS 37-47, Vol. III, may be calculated from 

(2) 

Equation (2) is strictly correct only when the number 
density of the emitting species has a weighted value, 
over the path of view, which bears a simple relationship 
to T, e.g., when N is proportional to the reciprocal of T. 
The weighted temperature T is not a spatial average, as 
pointed out in Ref. 2. 
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T weighted temperature determined spectro­
scopically by viewing along a chord or 
diameter of plasma 

u paltition function 

x, y coordinates transverse and parallel to di­
rection of observation, respectively (Fig. 1) 

(x ) function of x, used with B, I, T, and m 

X distance from y-axis of an off-axis observa­
tion (Fig. 1) 

Y half-chord length corresponding to X 
(Fig. 1) 

z axial coordinate 

a ionization fraction 

fJ coefficient equal to (b - l)/b 

A wavelength 

cp coefficient defined in text 

Subscripts 

1, 2 designations for parameters corresponding 
to wavelengths A1 and .\2 

o value at center of duct, or along x-axis when 
used with (x) 

w 

* 

value at boundary or wall 

indication for normalized value, defined as 
used in text 

An integrated value of I(x) across a diameter of the 
plasma is calculated from Eq. (8), p. 117, of SPS 37-47, 
Vol. III, as 

>..I(x) _ DB '" 
. gAG' - ----;y; e-- (3) 

where m = E/kTo and B depends on the shape of the 
temperature distribution as well as E. In general, it 
appears that for temperature distributions which decrease 
monotonically with radius, B = const • E-n with n ::; l. 
Substituting Eq. (3) into Eq. (1), taking logs and re­
arranging, 

I [ AEnI(x) ] = _ log e E 
og gAG" kTo (4) 
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where Gil is a new constant independent of A or E. 
Hence, this formulation suggests that the centerline tem­
perature To should be obtained from a relative line­
intensity method viewing across a diameter by including 
the term En in the dependent variable. Unfortunately, n 
is not generally known, except n = 0 for a uniformly flat 
temperature distribution. For a parabolic temperature 
distribution, n = 1/2 (SPS 37-47, Vol. III). 

3 . Off- a xis Viewing When Temperature Distribution 

is Parabolic 

Enthalpy distributions across a circular duct using 
arc-heated argon have been obtained by means of a 
calorimetric probe (Ref. 3). Generally, the results indi­
cate the existence of a flat, adiabatic core surrounded by 
a cool, annular boundary layer. The boundary layer 
grows progressively thicker with increasing distance 
from the inlet until eventually it occupies the entire duct. 
The case of an off-axis direction of view (as viewed by 
the spectrometer) will now be considered in a manner 
similar to that used for diametral viewing in SPS 37-47, 
Vol. III. An integrated spectral intensity along an arbi­
trary chord will be obtained for the case of an assumed 
parabolic temperature distribution for purposes of illus­
tration. The weighted temperature as obtained spectro­
scopically will be compared to the maximum temperature 
existing in the path of view. 

x 

Fig . 1. Cross section of a x isymmetric plasma 
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Jotation is given in Fig. 1. The diameter of the duct D 
is coincident with the y-axis ; Y represents the half-chord 
length corresponding to an off-axis direction of view 
parallel to the y-axis at a distance X from the y-axis . The 
maximum temperature in the field of view is denoted by 
To(x) and occurs at the x-axis. To is the maximum tem­
perature at the center of the duct, i.e., at x = y = O. A 
parabolic temperature profile in the plasma is given by 

(5) 

where f3 = (b - l )/b , b = To/T w, and 1'* = r/R. Along 
the direction of view, Eq. (5) can be transformed to the 
following relationship: 

where 

. _ T(x ) _ (y)2 
T * (x ) - To(x) - 1 - cj> Y 

X 
R 

(6) 

The integrated spectral intensity in the direction of 
view for a slice dx high by dz deep is 

AI(x) = 9Kjl' !!...- - E/kT d 
gAG ~ u e y 

o 

(7) 

where K is small compared to unity. Assuming N is pro­
portional to 1/T and u ,...." 1, with T * (x) given by Eq. (6), 
Eq. (7) in normalized form becomes 

AI (x) _ 2Ye-m (Z) 

gAG' To(x) 

xl [ T ,\x) ] exp 1-m(x) [T : (X) - 'J!d (~) 
(8) 

where m(x) = E/kTo(x). Equation (8) is identical in form 
to Eq. (8) of SPS 37-47, Vol. III, p. ll8. H ence, the value 
of the integral B(x) is given by numerical integration as 

B(x) = const· [cj>m(x)] -'" (9) 
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For a given value of X, cp will be the same for all 
spectral lines so that on a relative basis B(x) varies only 
as m(x) varies. Thus, if two spectral lines at )", and ).,2 are 
used to detennine the weighted temperature along the 
direction of view, 

(10) 

where 

Equation (10) is analogous to Eq. (9) of SPS 37-47, 
Vol. III, and reduces to it when X = 0, Y = R. Consid­
ering argon atom lines at values of temperature 10,oK or 
less, T(x) will differ from To(x) by less than 5 % . 

From Eq. (10), it is clear that the largest relative dis­
crepancy in temperature occurs at the y-axis (diameter) 
and decreases as X increases. Also, the discrepancy in­
creases with increasing To (center temperature) and 
increasing b (ratio of center temperature to wall temper­
ature). In general then, the weighted temperature ob­
tained along a chord will agree with the maximum 
temperature along that direction of view to within a few 
percent. Under these conditions, Abel inversion of ex­
perimental, off-axis, intensity measurements is not neces­
sary; and the temperature distribution obtained from 
these measurements may be assumed to be the radial 
distribution if symmetry is present. However, if the 
actual enthalpy and temperature distributions are not 
axisymmetric, only the maximum temperature in parallel 
slabs of plasma is obtained. Whether or not symmetry is 
present, the temperature determined spectroscopically 
will agree with the maximum temperature in the path of 
view with increasing accuracy accordingly as the relative 
portion of flow having a flat temperature distribution 
increases in extent. 

In the case of internal flows, a problem exists which 
seems to have been discussed rarely in the literature. 
This concerns the possible errors introduced by a highly 
reflective internal wall. If this wall were a perfect re­
flector over all wave lengths, the plasma emission would 
be uniform over the volume and the integrated intensity 
distribution would be elliptical (Ref. 4). The degree of 
error introduced will depend on the actual reflectivity 
of the wall and whether it is a diffuse or specular reflec-
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tor. In the present experiments, stainless steel parts are 
usually used; and it is possible that these have sufficient 
normal and hemispherical reflectivity to introduce some 
error, especially in the cool regions of the plasma. How­
ever, as pointed out in Ref. 4, the problem can be 
avoided Or greatly reduced if observations are made 
against the background of a deep cavity, thus providing 
an essentially black background for observation. Such is 
the case in the present experiments. 

4 . Conclus ion s 

For axisymmetric and optically thin internal flows of 
slightly ionized argon at specified conditions, it has been 
shown that temperatures determined spectroscopically 
from off-axis or edge-on views tend to agree closely with 
the maximum temperature in the path of view. The 
agreement is poorest at the center of the duct and also 
tends to decrease with an overall increase in temperature 
level. It is concluded that Abel inversion of off-axis in­
tensity data to obtain radial intensity distributions is not 
necessary when the conditions of the present treatment 
are met. Thus, the transverse temperature distribution 
obtained from scanning may be taken as the true radial 
distribution of temperature with very little error. These 
results are not general, however, and do not necessarily 
apply when the center temperature greatly exceeds 10,oK 
or when the ionization fraction a begins to approach 0.1 
or more. 
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B. Hall and lon- Slip Effects in Channel Flow, 
E. J. Roschke 

1. Introduction 

The purpose of this article is to consider both Hall 
and ion-slip effects on the joule-heating parameter S, 
which influences the convective heat transfer from an 

109 



electrically conducting fluid for laminar flow. Calculated 
results for argon are presented so that the relative mag­
nitudes of both the Hall and ion-slip parameters may be 
compared and their effect on S evaluated. (See Table 2 
for definition of tenns.) 

Back' considered laminar heat transfer for constant 
property slug flow between infinite parallel plates sub­
ject to an applied, uniform, transverse magnetic field. 
Provision for an applied electric field was also included. 
The effect of an applied magnetic field arises by joule 
heating, which appears in the energy equation in the 
term 121u. This term, when nondimensionalized, is called 
the joule-heating parameter S, which may be written as 
S = Ha2Ek(1 - K2)Pr. The influence of the Hall effect 
on S was considered briefly in SPS 37-47, Vol. III , pp. 
121-128. It was found that 12/u or S was reduced by a 
factor [1 + (weTe)2], where {3e = WeTe is called the Hall 
parameter. This result may be viewed either as a decrease 
in current or, more usually, as a decrease in electrical 
conductivity. For temperatures in the range 7,000 to 
14,OOooK and pressures in the range 0.1 to 1.0 atm, it 
was found that {3e decreases with increasing temperature 
and increasing pressure and can take on values consider­
ably greater than unity. When {3e» 1, a drastic decrease 
in S results theoretically. 

2. General Considerations 

The collision frequencies are defined by 

We = eB/me and Wi = eB/m , 

and the times between collisions are T o and Ti; the Hall 
and ion-slip parameters are defined by {3e = WeTe and 
{3j = WiTj. Neglecting electron pressure gradient, the gen­
eralized fonn of Ohm's law (Ref. 1) may be expressed in 
the following fonn: 

Table 2 . Nomenclature 

B magnetic field vector (applied) 

E electric field vector (applied) 

Ek Eckert number 

e charge on electron 

Ha Hartmann number 

current density 
j current density vector 

K load factor, ratio of applied to induced electric 
fields 

k Boltzmann's constant 

m particle mass 

n particle number density 

Pr Prandtl number 

q general velocity vector 

q collision cross section 

S joule-heating parameter 

Sf modified joule-heating parameter 

T temperature, absolute 

U, v, tv velocity components (Fig. 2) 

x, y, z spatial coordinates (Fig. 2) 

{3e, {3, Hall and ion-slip parameters, respectively 

u scalar electrical conductivity 

T time between particle collisions 

w collision frequency 

Subscripts 

a, e, i atom, electron, and ion, respectively 

x, y, z designate components along coordinate axes 

j = (1 + {3:{3;)2 + {3~ {(I + (3e{3i) (E + q X B) - {3e (E + q X B) X I : I 

+ [{3 ~ + (3.(I + {3e{3,) ] [(E + q X B) ' I ~ I J I ~ I} (1) 

If there is no component of current in the direction of B, then the third term on the right side vanishes. Ion-slip is 
included in the first term and produces an additional transverse current as that arising simply from q X B. The Hall 
current arises from the second telm and is in the direction of flow if the flow is purely axial and no axial component 
of applied E exists. 

'Back, L. H., Laminar Heat Transfer in Electrically Conducting Fluids Flowing Between Parallel Plates ( submitted for publication in 
Int. I. Heat and Mass Transfer). 
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It is now assumed that (Fig. 2) 

j = (fa;, 0, iz) 

E = (Ea;, 0, Ez ) 

q = (u, 0, w) 

B = (0, By, 0) 

From Eq. (1), the expressions for the axial and transverse components of current become 

(2) 

(3) 

When properly modifIed, these expressions agree with those given in Refs. 2 and 3. From Eqs. (2) and (3), the joule­
heating term becomes 

L = i; + i; 
(T (T 

Table 3. Current components and joule-heating 
for Ea; = W = 0 

Case 
Ax ial current Transverse current Joule heating 

;, ;, ;' /0' 

{J; = 0 ~(E,+ uBy) 
1 + {J~ 1 -: {J! (E , + uB ,,) _O'_(E, + uB y)' 

1 + {J~ 
{J, = 0 0 0' (E,+ uB g) 0' (E, + uB. )' 

{J , = {J; = 0 0 0' (E,+ uB . ) u (E, + uB . )' 

B 
Y 

jx 

jz 

E 
z 

Fig. 2. Geometry and coordinate system for 
channel flow 
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(4) 

The effects of the Hall and ion-slip parameters are listed 
in Table 3 for the case of Ea; = ° (continuous conductor) 
and w = ° (zero cross-velocity). It is clear from Eqs. (2) 
and (3) that ion-slip does not increase the transverse 
current iz but tends to decrease it; however, the contri­
bution of the Hall current to the total axial current ia; is 
also decreased by ion-slip. From Eq. (4), it is determined 
that the reduction in the joule-heating parameter S due 
to Hall and ion-slip effects is 

(5) 

Thus, it is sufficient to compare the magnitude of f3e 
with (1 + f3 ef3i) to assess the relative importance of ion-
slip. . 

If E., = w = 0, Eqs. (2) and (3) reduce to 

and 

uf3e(Ez + uBII) 

i., = (1 + f3ef3i)2 + f3~ 

f3e 

(6) 

(7) 

(8) 
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Equation (8) is plotted in Fig. 3 versus f3 e for various 
values of 13;/ f3 e. Later, it will be shown that 13 j ~ 10-2 f3 e 

for singly ionized argon in thermal equilibrium in the 
range of interest. Hence, for 1 < f3 e < 10, j", > jz; and 
for f3 e ~ 1, j", < jz. Also, under these conditions, it is clear 
that ion-slip has a negligible effect on S. 

3. Calcu lation of f3 e and f3i and Discussion 

Expressions for (3e = WeT e and f3 j = W i T i given in Ref. 2 
are 

(9) 

_W_Bi
T
_, ~ 3

4 
e (8m~kT' ) '12 -;(n_-:-+_n_u --.,.):-? -q-

. , u n e - '0 (10) 

Calculations for singly ionized argon (assuming T. = Ti 
and n e = n i) were made using collision cross sections 
from Ref. 4; q.u was used directly, qiu was computed 
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Fig . 3 . Ratio of current densities i",1iz = f3 . / {1 + f3 if3 . 1 

for case E", = W = 0 

from the empirical relation q,a = (1.44 To .16) qaa, using 
qaa from Ref. 4, and q., (a weak function of pressure) 
was obtained by extrapolating the low-pressure values 
given there. 

Results are shown in Fig. 4, from which it is seen that 
f3 i ~ 10-2 f3 e. The results given for (3 e agree reasonably 
well with those given in SPS 37-47, Vol. III , which were 
computed from the simple relation fie = aBlene. If fie > 2, 
it is likely that Te is appreciably larger than Ti so that 
f3 i may be somewhat larger relative to 13. than indicated; 
however, it does not appear likely that ion-slip would 
contribute significantly to a reduction in joule heating. 
Theoretically, the Hall effect could affect joule heating 
significantly even if f3 e is only of the order of unity. Ex­
perimentally determined values of f3 e in the range 1 to 5 
are common, but they always tend to be lower than the 
theoretical values, especially at high values of applied 
magnetic field (e.g., Ref. 5). 

4. Conclu sion 

Theoretically, ion-slip appears to exert negligible in­
fluence on joule heating for argon in the range of interest. 
Hall effect must be taken into account, however, even 
though its true magnitude may be considerably less than 
theoretical. It is sufficiently accurate, in the first approxi­
mation, to reduce the joule-heating parameter accord­
ingly as Sf = S/(1 + f3 ~ ) with (3. determined experimen­
tally or estimated from the literature. On a theoretical 
basis, it was found that the simple relation f3 e = aBlen. 
is sufficiently accurate compared to a longer expression 
utilizing collision cross sections, when suitable values of 
a are obtained from results published in the literature. 
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C. Liquid-Metal MHO Power Conversion, 
D. G. Elliott and L. G. Hays 

1. Introduction 

Liquid-metal magnetohydrodynamic (MHD) power 
conversion is being investigated as a power source for 
nuclear-electric propulsion. A liquid-metal MHD system 
has no moving mechanical parts and operates at heat­
SOurce temperatures between 1600 and 2000°F. Thus, the 
system has the potential of high reliability and long life­
time using readily available containment materials such 
as Nb-l%Zr. 

In the particular MHD cycle being investigated, liquid 
lithium would be heated at about 150 psia in the reactor 
or reactor-loop heat exchanger; mixed with liquid cesium 
at the inlet of a two-phase nozzle, causing the cesium to 
vaporize; accelerated by the cesium to about 500 ftls at 
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15 psia; separated from the cesium; decelerated in an 
alternating-current MHD generator; and returned through 
a diffuser to the heat source. The cesium would be con­
densed in a radiator or radiator-loop heat exchanger and 
returned to the nozzle by an MHD pump. 

The ac generator for the NaK-nitrogen conversion 
system is undergOing empty-channel electrical tests. A 
theory has been derived for the effect of fInite number 
of slots on MHD induction generator efficiency. Evalua­
tion of the Haynes-Stellite alloy 25 loop with IBOO°F 
lithium was completed, and additional cycle efficiency 
results were calculated for multistage cycles. 

2. Effect of Finite Number of Slots on MHO Induction 

Generator Efficiency 

The ideal MHD induction generator has a continuous 
winding current sheet I' = I~, cos [(2nrxIL)-wt], where 
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I' is the instantaneous winding current per unit length, I;" 
is the amplitude of the winding current, x is the distance 
from the generator inlet, L is the generator length, and 
w is the angular frequency. The current I' produces an 
empty-channel magnetic field Bo = Bo", sin [(2,,-x/L) - wt] 
having amplitude BOm = p.oI'".L/2,,-g, where g is the iron 
gap. 

When a fluid of conductivity u flows in the generator 
through channel height b ~ g and width c, the field is 
reduced in amplitude and shifted downstream such that 

/Lo I'".L 

B(x, t) = 2,,-g [1 + c~,brr2 

X sin [~ - tan-1 (SR;b) -wt ] (1) 

where S is the slip (U - U.)/U. between the fluid and 
wave velocities and R", is the magnetic Reynolds number 
/LoaUs L/2,,-. The field induces an rms fluid current I f 
= ubBUss per unit length, where B is the rms field. The 
products cUBIt and c(Ir)2 / ab integrated over the generator 
length give the input power P '" and the ohmic loss P r, 

respectively, from which the internal electrical efficiency 
"10 = (Pm - Pr)!P", is found to be (1 + s)-'. The question 
for a practical generator is (1) how many slots must the 
actual generator have to give a sufficiently sinusoidal I~,(x) 
for negligible departure from the (1 + S)-l efficiency, and 
(2) how rapidly does the efficiency diminish with reduction 
in the number of slots? 

The above equations for B and If already contain the 
solution since the actual winding current I' can be written 
as a sum of harmonics for each of which B and If can be 
calculated and summed. The products cU("5. B)("5. In and 
c(:::::lf )"ab can then be integrated over the generator length 

SLO T No. 

11-11 ... 1---- -t ----t~~1 

B 
n 

FIELD DUE TO POSITIVE 
CURRENT IN PHASE n 
(n= 3, m = 61N THIS 
EXAMPLE) 

Fig . 5 . Winding geometry and field due to one phase 

to obtain the input power, ohmic loss, and efficiency with 
the actual non sinusoidal waveform. 

Figure 5 shows the winding for an m-phase, 2m-slot 
generator with m = 6. The first phase has coil sides in 
slots 0 and 6 (or 6 and 12), the second phase in slots 1 
and 7, and the sixth phase in slots 5 and 11. To represent 
the ideal current sheet, the coils carry current I" = I ", 
cos [(7rn/m) -wt], where I", is the amplitude of the cur­
rent in each slot and 11. is the number of the slot. The 
fi eld produced by one coil is a square wave of magnitude 
B" = l1-oi,J2g, which can be represented by the series 

(2) 

for odd k's where k is the order of the harmonic and ~ is 
the distance from the zero crossing. Substituting for I ", 
noting that ~ = x - (nL/2m), and using some trigono­
metric identities, the empty-channel fi eld due to phase n is 

B." = 11-;~" ~ ~ [sin (27X 
- wt - (k - 1) :) + sin (2,,-{X + wt - (k + 1) ::) ] (3) 

This equation still describes only the square-wave field of a single coil, but now the field is expressed as a sum of 
forward-moving and backward-moving harmonics. The total empty-channel fi eld is the summation of Eq. (3) over the 
m phases. Perform the summation, and the result is 

( ) p.oI",m" 1 . (2,,-kX ) Bo x, t = ---:;;g '7: k sm ---y;- -+- wt (4) 

where the summation is over odd values of k for which either (k + 1) mod (2m) = ° or (k - 1) mod (2m) = 0, the 
plus sign in Eq. (4) being employed in the former case and the minus sign in the latter. Thus, the empty-channel 
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magnetic field for six phases, m = 6, is 

B ( ) 6JLoI", [ . ( 2.".x ) 1 . (22.".X ) 1 (26.".x ) o x, t = -:;g- SIn --y:- - wt + il sm -L- + wt + 13 -y;- - wt 

+ - SIn -- + wt + -sm -- - wt + ... 1 . (46.".X ) 1. (5()""X ) ] 
~ L ~ L (5) 

Figure 6a shows the empty-channel field at wt = 0 for six phases with harmonics up to the 49th included (k = 1, 
11, 13, 23, 25, 35, 37, 47, 49). The wave shape closely approaches the 12 straight-sided steps which can be drawn by 
simply adding the square wave from each coil, verifying the correctness of Eq. (4). 

For the kth harmonic, the wave velocity is U 'k = +wL/2.".k, the upper and lower signs corresponding to those in 
Eq. (4), and the product of magnetic Reynolds number and slip is 

(6) 

The magnetic field in the fluid , from Eq. (1), is then 

- JLolmm '" 1 sin [2.".kx - -1 ( SkRmkb) -+- ] 
.".g k k 1 + Sk "k g B(x,t) - ~ [ (R, b)2J1/2 L tan - wt (7) 

g 

with the k's and the signs selected as described above. 

Figure 6b shows the field in the fluid with six phases 
and harmonics up to the 49th included at operating 
conditions for the experimental 50-kW generator, namely, 
L = 0.1088 m, V = 66 mis, S = 0.3, u = 1.9 X lOG mho/m, 
and b = g. The fundamental is shifted downstream 32 
deg and reduced in amplitude by 17%, but the har­
monics are less affected by the fluid, resulting in a skew­
ing of the steps making up the total field. 

The inclusion of harmonics up to the 49th in Fig. 6 
provides a close representation of the wave shape ideally 
produced by a six-phase winding, but in practice the 
sharp corners are lost due to fringing. 

The fluid current produced by each harmonic of the 
Eq. (7) field is 

Ilk (x, t) = ubBk(x,t) V SkSk 

Summing over the harmonics gives the local fluid cur­
rent If' Numerically integrating cVBI! over the generator 
length gives the input power Pm, and integrating 
c(Ij)2/(J'b gives the ohmic loss Pr' The efficiency is 
TJo = (Pm - Pr) /p./>. When these calculations are done 
for L = 0.1088 m, u = 1.9 X 106 mho/m, S = 0.3 (slip of 
the fundamental), m = 6, and V = 66 mis, the efficiency 
is found to be 0.77 with only the fundamental (k = I) 
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included, 0.71 with the 11th and 13th harmonics, 0.695 
with the 23rd and 25th, 0.690 with the 35th and 37th, 
and 0.687 with the 47th and 49th harmonics included. 
Thus, a reasonable estimate of the efficiency reduction 
can be obtained by including only harmonics up to the 
25th, and even this may be pessimistic in view of the sup­
pression of harmonics in practice due to fringing. 

Figure 7 shows the variation of efficiency with slip at 
the same conditions as Fig. 6, with only harmonics up 
to the ~th included. The efficiency is 5 to 10 percentage 
points below the ideal, sinusoidal value (1 + S)-l down 
to a slip of 0.1 where the efficiency peaks at 0.75 and 
then drops to zero. Thus, a larger number of phases than 
six is required for negligible reduction in efficiency over 
the ideal continuous winding. 

The variation of efficiency with number of phases at a 
slip of 0.3 (under the same conditions as Fig. 6) is pre­
sented in Fig. 8. The efficiency increases from 0.52 with 
three phases to 0.76 with twelve phases, only one per­
centage point less than the (1 + S)-l value. Thus, it is 
concluded that generators with about 24 slots will ade­
quately approach the ideal (1 + S)-l efficiency, and gen­
erators with only 12 slots, as in the current experimental 
generator, will have an efficiency which is reduced by 
about 5 to 10 percentage pOints. 
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3. High-tem perature Bimetal Corrosion Loop 

A test loop fabricated of Haynes-Stellite alloy 25 
(H-25) completed 100 h of operation in air with Howing 
lithium at temperatures above 1800°F . Use of this alloy 
for a 200- to 300-kWe performance test is being investi­
gated because of its low cost relative to refractory metal 
alloys. All interior surfaces of the loop except the pump 
duct and weldments were protected from corrosion by 
Nb-1 % Zr tubing or coating. The purpose of this experi­
ment was to evaluate (1) the protective qualities of a 
coating of vapor-deposited b-1 % Zr on the interior of 
the H-25 tubing, (2) the use of Nb-1 % Zr tubing to 
mask the bulk of the H-25 tubing from corrosion, and 
(3) field welding methods to join sections of the bimetal 
test loop. Except for the interior coatings and field weld­
ments, the flow system was identical to that described in 
SPS 37-45, Vol. IV, p. 133. 

The maximum velocity during this test was approxi­
mately 50 ftls at the throat of a venturi. The test was 
interrupted after 82 h of operation above 1800°F by a 
pump coil failure and again at 102 h by a lithium leak 
at a location remote from the vapor-deposited test sec­
tion. Post-test examination revealed no significant evi­
dence of corrosion in the failure region, and the cause of 
failure is believed to be brittle fracture of the H-25 alloy 
in a high-stress location. The high-temperature history 
of the test loop is summarized in Fig. 9. In addition to 
the 102 h above 1800°F, peak temperatures of 2000°F 
were reached and a total of 10 h of operation above 
1900°F were realized. The total temperature difference 
ranged from 600 to 800°F. 

2400r------r------.------.------.-------r-~ 

PUMP COIL FAILURE 

TIME, h 

Fig . 9. High-temperature history of bimetal lithium 
system (H - 25;Nb-l % Zr lining) 
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Examination of the vapor-deposited section after the 
test showed the coating to be intact with no spalling or 
degradation apparent. Complete protection was provided 
to the H aynes-25 substrate for the period of the test. 
The surface appearance of the Nb-1 % Zr coating had 
altered considerably during the test. 

Figure 10 is a series of scanning electron microscope 
photographs of the surface at different magnifications. 
The regular polyhedral surface of the as-deposited coat­
ing changed to an amorphous structure with scattered, 
isolated crystals. The crystals were identified by electron 
microprobe analysis to be composed of nickel which may 
have been dissolved from the pumping section and sub­
sequently precipitated from the lithium during the cool­
ing process. The amorphous surface is believed to be the 
result of a coating or reaction product rather than an 
attack of the vapor deposit. Electron microprobe analysis 
identified cobalt, nickel, and chromium to be present on 
the surface. These elements may have migrated from 
the pumping section which had no protective coating 
over the Haynes-25 alloy. 

Metallurgical evaluation of sections of the flow system 
is continuing. However, it appears that inexpensive pro­
tection of H-25 alloy from lithium corrosion, by vapor 
deposition of Nb-1 % Zr, is feasible and that present field 
welding techniques are adequate for at least 100 h of 
operation at 1800°F. 

4. Multistage Cycle Analys is 

Analysis of the performance of multistage liquid­
metal MHD cycles was continued (SPS 37-51, Vol. III, 
pp. 120-124). These calculations use the summation of 
experimental or calculated efficiencies for demonstrated 
components to arrive at the total cycle efficiency and 
should be quite realistic. Cycle efficiencies in excess of 
10% were realized at 1800°F maximum cycle tempera­
ture. 

Figure lla presents the variation of efficiency with 
condensing pressure for four combinations of the number 
of stages n, and mass flow ratio of lithium to cesium re. 
The peak efficiency of 10.4% was obtained at a condens­
ing pressure of about 8 psia. This point corresponded to 
nine stages and an t e value of 15. The maxima of the 
curves appear to be very broad with only a lh-percentage 
point loss in efficiency suffered if the condensing pres­
sure were raised from 8 to 15 psia. If only five stages 
were used at a mass ratio of 15, an efficiency of 9.6% 
would be obtained at 6- to ll-psia condensing pressure. 

11 7 
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Fig. 10. Surface of vapor-deposited Nb-1 % Zr 

before and after corrosion test 
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The actual operating point and number of stages chosen 
will depend upon system tradeoffs of reliability, weight, 
and configuration to be considered in a future study. As 
an example of the type of consideration required, Fig. llb 
shows the relation of the effi ciency to specific radiator 
area as the condensing pressure is varied. The curve for 
n = 5, t c = 15 shows that the minimum radiator area is 
not achieved at the maximum effiCiency point. The mini­
mum specific area of 2.6 ft 2/kWe is achieved at an 
efficiency of 8.6 % . The specific area rises to 3.3 ft2/kWe 
at the peak efficiency point of 9.6% for this combination 
of cycle parameters. 

An unexpected result of the studies to date is that the 
maximum cycle effiCiency at 2000 e F maximum tempera­
ture is lower than that for 1800°F. Figure 12 shows a 
peak efficiency of only 9.4% for seven stages at the 
optimum value of f c = 8. This can be contrasted to a 

value of 10.0% for seven stages at 1800°F at the opti­
mum 1"c of 15. The lower effiCiency is due mainly to the 
higher partial pressure of lithium vapor and subsequent 
higher heat load on the condenser. The higher cycle 
temperature might still be of interest to further reduce 
the radiator area. For example, the minimum specific area 
calculated for the 2000°F cycle was 2.1 fP/kWe com­
pared to the minimum calculated value of 2.6 ft2 /kW e 
for the 1800°F cycle. However, variation of the param­
eters is incomplete for the lower cycle temperature and 
furth er reductions may be possible. Performance calcula­
tions are continuing for further variations in the number 
of stages, mass flow ratio, and power level. 

D. Dynamic Gas Effects on the Breakdown 
Potential of Helium, J . A. Gardner 

An experimental inves tigation was conducted to deter­
mine the influence of gas velocity and pressure on the 
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electrical breakdown potential of helium between parallel 
flat-plate electrodes. These experiments were performed 
with helium to determine whether or not the velocity­
pressure effects observed with argon might also be ex­
hibited with another monatomic gas. The apparatus was 
the same as that used to conduct the experiments with 
argon reported in SPS 37-47, Vol. III, pp. 143- 148 and 
in Ref. 1. 

The results of the argon experiments indicated that 
the breakdown potential was reduced by a factor of 2 
to 3 in the pressure range between 50 and 200 torr, 
exhibiting a significant reduction at velocities of the 
order of 25 to 100 ft / s. After the initial reduction in 
breakdown potential at the onset of a transverse gas 
motion, a further increase in the gas velocity had a lesser 
additional effect. Druyvestyn and Penning (Ref. 2) re­
ported the breakdown potentials for static conditions of 
several monatomic and diatomic gases in the form of a 
Paschen curve of breakdown potential versus the product 
of pressure and electrode separation distance. 

The parallel flat-plate electrodes were made of copper 
and installed downstream of a lucite nozzle. They were 
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1 in. square, 1h in . thick, and were separated by a dis­
tance of "I:! in. The exit of the nozzle was V~ in. high and 
2 in. wide. H elium entered the space between the elec­
trodes at ambient temperature. 

The high-voltage dc power supply used to provide 
the breakdown potential to the electrodes consisted of a 
primary controlled transformer, a fullwave rectifier, and 
two 4-JJ-f capacitors for filtering. 

The procedure for conducting these breakdown experi­
ments consisted of, first, setting the desired gas flow 
conditions. Then, the primary voltage of the high-voltage 
power supply was increased until the onset of break­
down was observed on an oscilloscope and recorded on 
polaroid film. The output of the power supply was re­
duced for measurement by the use of a 10,000/1 precision 
voltage divider connected between the power supply 
and the inputs of the oscilloscope. 

Breakdown potentials for helium are shown in Fig. 13. 
Results were obtained over gas velocity ranges of 0 to 
525 ft/s at 50 torr, 0 to 425 ftls at 100 torr, 0 to 160 ftls 
at 200 torr, and 0 to 75 ftls at 400 torr. The gas velocities 

Fig- 13. Influence of velocity and pressure on 
breakdown voltage for helium flow between 

flat parallel-plate electrodes 
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between the electrodes were computed from measure­
ments of the total mass flow rate, the pressure and 
temperature of the gas, and the cross-sectional area of 
the throat of the nozzle just upstream of the parallel 
flat-plate electrodes. Uniformity of the velocity at the 
nozzle exit, in the absence of a discharge, had been 
determined by pitot tube traverses prior to the argon 
flow experiments. 

As shown in Fig. 13, the breakdown potential for 
helium at all pressures tested is significantly below that 
for a stagnant gas, even for comparatively low gas 
velocities. Furthermore, once this reduction occurred, 
an increase in the gas velocity had a smaller effect. In 
the 50- and lOO-torr pressure regime where data were 
taken over a larger velocity range, leveling off appears 
to develop at approximately 420 and 640 V for the 50-
and 100-torr conditions, respectively. 

A comparison of the breakdown potentials between 
helium and argon at a pressure of 100 torr is shown in 
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Fig. 14. The effect of velocity exhibits the same trends 
for the two gases with the breakdown potential for argon 
being higher at all velocities. 
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E. Lithium-Boiling Potassium Test Loop Runs 
With Reactor Simulator, H. Gronroos and G. Kikin 

1. Introduction 

Phase III operations of the lithium-boiling potassium 
Rankine-cycle test loop at JPL have been completed and 
represent the final experiments that were performed be­
fore the dismantling of the experimental facility for 
metallurgical examinations. Earlier phases were devoted 
to thermal-hydraulic and stability experiments utilizing 
the co-annular boiler. The final phase of operations was 
performed with a shell side boiling, cross-flow boiler and 
with the analog nuclear-reactor-simulator coupled to the 
test loop. 

The primary purpose of the test loop is to investigate 
overall transient and steady-state characteristics of a 
two-loop Rankine-cycle pilot plant, which contains all 
the essential components of a Rankine space power plant 
and approximately simulates velocities, temperatures, 
pressures, transit times, and heat fluxes in the range of 
actual system interest. Transient investigations include 
startup, load perturbations, shutdown, and the effects of 
various control concepts on system performance. The 
primary heat source is direct-current-resistance heat gen­
eration in a section of tube wall and liquid metal. This 
method of heat generation lends itself to nuclear reactor 
simulation using an analog computer for observation of 
power and temperature responses to various system 
perturbations. 

This article briefly discusses the formulation of the 
analog representation of the nuclear reactor heat source, 
its coupling to the lithium-boiling potassium test loop, 
and some of the results obtained. Later JPL publications 
will cover additional phases of test loop operations and 
provide further detail and results. 

2. Test loop 

The test loop has been described in SPS 37-44, Vol. IV, 
pp. 150-163, and Refs. 1 and 2. An isometric view of the 
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test loop is shown in Fig. 15; Table 4 summarizes 
the essential parameter data. A direct-current resistance­
heated helical coil provides the heat input to the lithium 
primary loop fluid . The resistance coil is driven by a 
power supply which is in turn controlled by a Robertshaw 
controller. Potassium vapor generated in the boiler drives 
a turboalternator, is condensed in a radiating condenser, 
and then returns via a preheater to the boiler inlet. The 
design of the loop components is detailed in Ref. 1; 
however, a shell side boiling, cross-flow boiler was sub­
stituted for the original co-annular boiler described in 
Ref. 1. This design modincation essentially eliminated 

the boiling instabilities which had been experienced with 
the earlier boiler design. 

Obviously, the dynamic characteristics of the lithium 
heater coil with power supply and associated controller 
do not closely correspond to those existing in a nuclear 
reactor. Therefore, not much is gained by directly driv­
ing the controller with a signal obtained from simulation 
of the neutron kinetics equations. However, a reference 
reactor model may be chosen such that the temperature 
drop between the reactor coolant outlet and inlet tem­
peratures is the same as that across the heater coil. One 

POTASSIUM TURBOAL TERNATOR 
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Table 4. 30 kW-21 00 0 F loop operating conditions 

Item 
Operating Supplier and 

conditions type 

Lithium (liquid) Foote Mineral 

Flow rate 5 gpm Company 

Temperature 2100°F 

Pressu re Up to 20 psig 

Potassium MSA Research 

Flow rate o to 1 gpm 

Temperature 1500 to 2000° F 

Pressure Up to 200 psig 

Centrifugal pump Up to 10 gpm at 100 ft Byron-Jockson 

(lithium) 2100 0 F service 

Em pump, de MSA Research 

(potassium) Cb-1 Zr 

Temperature 1500°F 

Head-flow, nominal 90 psi-150 Ib/h 

Swing gate valves Valcor Engineering 

(bellows seal) 

Potassium 2000° F boiling :Va in. 

potassium service 

EM flowmeters MSA flowmeter FM·4 

Lithium 2100 ° F service % in. 00 
){6 in. wall 

Potassium 1 500 ° F service Cb-l Zr duct 

:Va in. 00 
Cb-1 Zr duct 

Potassium boiler Loop design conditions J PL 

Turboalternator 

Inlet temperature 1900° F Aeronutronic 

Exhaust temperature 1500°F Cb-1 Zr co se 

Weight flowrate 0.0324 IbIs Molybdenum 

turbine wheel, 

shaft,olternator 

rotor 

Des ign speed 12,000 rpm 

Electrical output 1.0 kW SS 316 alternator 

housing 

Dump tanks and 500 ° F service Material SS 304 

valves and 321 

(Argon, vacuum, 

and fill) 

can then attempt to design an on-line control element 
that gives the correct reactor transfer function for the 
experimental assembly. In other words, if To(s)/n(s) is 
the transfer function between outlet temperature and 
neutron density in the reference reactor, a control ele­
ment is determined so that the transfer function between 
the signal to the power supply controller and coil outlet 
temperature, T co(s)/u(s), is equal to To(s)/n(s). The con­
trol element is most conveniently programmed on an 
analog computer on which the reference reactor is also 
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simulated. This makes it possible to define the reactor 
state variables and the various reactivity coefficients. 
The common state variables between the test loop and 
reference reactor are the measured heater coil coolant 
inlet and outlet temperatures. 

In attempting to implement the above scheme, a diffi­
culty arises from the need to realize the transfer function 
between the reactor outlet and inlet temperatures, 
To(s)/T, (s), and not only the transfer function To(s)/n(s) 
mentioned above. Also, the thermal power level is only 
about a twentieth of that in the smallest practical space 
nuclear powerplant. Scaling up proportionately from the 
power level used in the experimental assembly implies 
that the full-scale plant would consist of the proportionate 
number of parallel loops, while in a true system probably 
no more than two parallel loops would be used. In addi­
tion, since the loop components were not manufactured 
to space application specifications, the time constants 
only approximate those to be expected in a real space 
powerplant. 

Despite the previously mentioned fundamental con­
straints, the inclusion of a reactor simulator in the test 
loop significantly aided the investigations of the dynamic 
behavior of nuclear liquid-metal Rankine-cycle power­
plants. A gross view of the kinetics was obtained, and by 
comparisons to other similar analytical and experimental 
studies, identification of the significant parameters may 
be inferred. 

3. Analog Simulation 

In order to determine the necessary compensating 
element for the realization of a desired transfer function 
for the power supply-controller assembly, the transfer 
function of the power supply with controller, KRTGRT, 

was measured separately. The following was obtained 
for the open-loop system: 

3060 
KRTGRT = ---,-----,.~-~~-

S(S2 + 10.28 + 473) 
(1) 

To this is added the equations describing the thermal 
balance in the coil. This set is compared with the set 
obtained from describing the reference reactor system. 

A variety of techniques is available to design the com­
pensation such that the desired transfer function defined 
by the reference reactor is obtained for the experimental 
assembly. The uncertainties present do not warrant any 
extended effort in this regard; and, therefore, linear state 
variable feedback techniques were used. The necessary 
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state variables are fed back through constant-gain 
frequency-independent elements so that the resulting 
overall transfer function is the desired one (Refs. 3 and 4). 
If some important state variable is not measurable, it can 
be generated through its known relationship to a measur­
able variable. 

The desired transfer function b etween reactor outlet 
temperature and neutron density was calculated to be 

T o(s) _ 3944 
Iln(s) - (s + 8.86) (s + 98.8) (s + 0.8) (s + 0.2761) 

(2) 
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The prompt jump approximation was used with the 
point kinetics equations. The thermal balance equations 
were spatially lumped so that a low-order model was 
obtained. Equation (2) was determined by assuming con­
stant r eac tor inle t temp erature and, consequently, 
constant heater coil inlet temperature. 

Only the coolant temperatures and power supply volt­
age were readily measurable. This was accomplished 
using amplifiers with common mode rejection and filters. 
These signals were fed to a Systron-Donner model 20 
desk analog computer on which the neutron kinetics and 
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Fig. 16. Schematic of reactor simulator 
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reactor thermal-balance equations were programmed. 
Equations defining additional non-measurable state var­
iables were also programmed on this computer. Because 
of limitations of available equipment, compromises had 
to be made in setting up the simulation by deleting the 
least important states. The temperature coefficients of 
reactivity, which make up the internal feedback loops in 
the reactor core, were not calculated; but their range 
of values was estimated and reasonable values were set 
on the coefficient potentiometers. 

Figure 16 illustrates schematically the obtained simu­
lation setup. The analog computer was brought on line 
by balancing the control signal to zero and then activat­
ing a switch on the main control board, which also 
contained the safety logic. By setting a gain adjustment 
potentiometer, the same percentage variation in neutron 

density as that observed for the heater coil power supply 
was obtained. 

4 . Resu lts 

A variety of cases was investigated with the simulator 
on line, including non-boiling loop conditions, boiling 
start-up, reactivity perturbations, and perturbations in 
the loop components. Figure 17 shows the response to a 
step change in reactivity. The long time constant for the 
loop is evident, while the reactor simulator responds 
quickly. It was observed that small perturbations in the 
secondary side of the thermal loop had negligible effects 
on the state of the reactor simulator. Only large changes in 
potassium pump power produced appreciable variation, 
as shown in Fig. 18. Due to an electrical winding failure 
within the turboalternator thermal power demand, vari­
ations could not be readily introduced. 
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Fig. 17. Response of reactor simulator to a + 5¢ step reactivity perturbation 
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Comparison of the responses with those obtained from 
other studies on corresponding nuclear systems shows 
that the results are similar. No unusual behavior was 
encountered in the dynamic behavior when the reactor 
simulator was on line, and the loop operated in a very 
stable manner. The only oscillatory behavior experienced 
occurred at significantly off-design conditions where the 
boiler saturation temperature and pressure were greatly 
below the nominal values. At these off-design conditions, 
unstable oscillatory boiling is more prone to occur due 
to liquid-metal superheat and boiling nucleation prob­
lems . These boiler exit-vapor temperature oscillations 
were only observed in the secondary loop; no oscillations 
were observed in the primary loop. 
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XII. Liquid Propulsion 
PROPULSION DIVISION 

A. The Reaction of OF2 With B2H6: Rate of 
Formation of BF3 and Consumption 
Rates of OF2 and B2H6 , R. A. Rhein 

A preliminary experimental study of the OF d B2H6 re­
action (SPS 37-42, Vol. IV, pp. 70-80, 103-104) indicated 
that at 20-torr partial pressure of each reactant and at 
ambient temperatures, the main products were BF 3, H2, 
and solid materials; the initial rate of formation of BF 3, 
at 300oK, was found to vary with the initial concentration 
of the reactants as follows: 

[~ (P )] = 5.2 X 10-.1 (P )2.15 (P . )-o.n dt BF3 OF 2 0 B2 11 6 0 
o 

(1) 

where concentration is in units of torr partial pressure 
(at 3000 K), and time is in minutes. 

The experimental data from which the coefficients in 
Eq. (1) were derived have since been reevaluated, using 
a computer program designed to process spectrophoto­
metric data. These results of recentJy measured (computer­
processed) coefficients for consumption rate equations for 
the reaction of OF2 with B2H6 are presented in this 
r epor t. 

The experimental appara tus and procedures used for 
the consumption rate measurements were the same as 
for the previous experiments and are described in SPS 
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37-46, Vol. IV, pp. 173-180. In addition to those pro­
cedures, however, a heated cell was used for measure­
ments at elevated temperatures , ranging in 6-deg intervals 
from 300 to 330°K. The spectrophotometric transmittance 
measurements were made at the 6.88-,u.m band of BF3, 
the I2.I-,u.m band for OF2, and the 6.I8-,u.m band for B2H6. 

The experimentally derived values for the rates of B2H6 
and of OF2 consumption and of BF3 formation are plotted 
versus initial reactant concentration or temperature in 
Figs. 1 to 5. When these data are used as input for the 
computer program, the coefficients for the rate expres­
sions are determined, and the several rate equations 
become 

[ !!:.- (P ,)] = 2.16 X 10-3 (P )1.699 (P ) - 0.432 dt RF 3 OF 2 0 B2 11 G 
o 

(2) 

- [ !!:.- (P . )] = 2.82 X 106 (P ) 2.200 (P ) - 0.562 cit 11 2 "G OF 2 0 I1 z" u 
o 

exp ( - 1l ,466.9/ RT) (3) 

[~ (P )] - 0294 (P )1.62.j (P )- 0.024 - dt OF2 0 - . OF2 0 B2 11 " 

exp ( - 2822.5/ RT) (4) 

where P is concentration in units of torr at 300oK; t is 
time, min; T is temperature, OK; and R is 1.987 
cal/ mole- °K. 
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It is significant that rate magnitudes of B2HS consump­
tion and BFa formation are dependent inversely on B2Hs 
concentration, while the OF2 consumption rate is inde-

pendent of B2H6 concentration. This rate dependence, or 
lack of it, must be accounted for by any mechanism pro­
posed for the OFd B2HS reaction. 
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XIII. Space Instruments 
SPACE SCIENCES DIVIS ION 

A. High- and Low-Field Operation of the Helium 

Vector Magnetometer, F. E. Vesce lus 

The phenomenon of optical pumping in metastable 
helium underlies the operation of the helium vector 
magnetometer (Ref. 1). The transmission of l.083-j-tm 
resonant radiation through a helium plasma is dependent 
on the angle between the magnetic fi eld in the plasma 
and a circularly polarized, resonant, collimated light 
beam. The resultant light through the cell can then be 
monitored by a light detector sensitive to the 1.083-j-tm 
region, yielding a signal S from the detector of 

S = k cos2 () (1) 

where () is the angle between the light beam and the 
magnetic field, and k is a constant dependent on param­
eters of the measuring system. The sensor components 
are surrounded by a triaxial set of Helmholtz coils which 
are used to generate a rotating magnetic vector and to 
null out the ambient magnetic field at the sensor. 

As shown in SPS 37-30, Vol. IV, pp. 131-134, the signal 
at the detector, using Eq. (1) and vector considerations, is 

cos wt + H . cos cf> 

[ 

( H ) 2 l 
S = k (cos wt + : . cos cf> ) 2 + ( sin wt + : 8 sin cf> ) 2 

(2) 

JPL SPACE PROGRAMS SUMMAR Y 37-52, VO L. 11/ 

where 

H = magnitude of ambient field 

Hs = magnitude of sweep vector 

cf> = angle between light axis and H 

wt = angle between light axis and H s 

When the sensor is used as a null device, with the feed­
back coils reducing the ambi nt field to a residual "error" 
fi eld H , then H «H .. , and Eq. (2) can be simplified by 
discarding (H/H. )2 terms and approximating 1/(1 + a) 
by 1 - a, yielding 

k [ H S = 2" 1 + cos 2wt + Hs cos cf> (cos wt - cos 3wt) 

- : . sin cf> (sin wt + sin 3wt) ] (3) 

Equation (3) indicates that the components of the am­
bient field cause perturbations synchronous with their 
corresponding sweep vectors . Also, since H/Hs is small 
compared to unity, the major ac portion of the signal is 
the second harmonic of the sweep frequency. This signal 
must therefore be rejected and. the signal at the sweep 
frequency processed . 

Figure 1 shows the helium vector magnetometer block 
diagram. The rotating magnetic vector sweeps about 
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two axes at one time. By commutating between xz and 
yz rotating vectors, a triaxial system is obtained. An 
oscillator generates a signal that is made a pure sinusoid 
by a bandpass amplifier. This drives the z-axis sweep coil 
with a sinusoidal current and provides the z-axis de­
modulator drive. The oscillator output is also phase­
shifted 90 deg to provide the x and y sweep currents and 
demodulator drives, which are commutated between the 
x and y axes on alternate cycles. The signal from the sensor 
is then amplified and filtered to eliminate the second 
harmonic of the sweep vector. This signal is fed into the 
z-axis bandpass amplifier, commutated, and fed into 
the x- and y-axes bandpass amplifiers . The signal is then 
synchronously demodulated with respect to the corre­
sponding component of the sweep vector to yield a dc 
signal that drives the dc amplifiers. Each dc output is 
then applied to the appropriate feedback resistor Rf 
which is in series with a sensor coil. The current through 
the respective x, y, and z coils produce a magnetic field 
to buck out the ambient field. Because the field of the 
coil is linear with applied current, the X-, y-, and z-axis 
output voltages are directly proportional to the asso­
ciated fields, and are used as a measure of the magnitude 
of the ambient magnetic field. 

Prior to this study, it was assumed that the helium 
vector magnetometer sensor would not perform in ac­
cordance with Eq. (3) for magnetic fields above approxi­
mately 500 y . However, by increasing the magnitude of 
the sweep vector to correspond to the full-scale value 
of the feedback system, operations in accordance with 
Eq. (3) have been observed up to 100,000 y (1 C), the 
limit imposed by present electronics. This is believed to 
be the first time that magnetic fields above 1000 y have 
been measured vectorially using the optically pumped 
helium. 

The magnitude of the sweep vector for the three axes 
is determined by the sensor coil constant, the output 
voltage of the sweep circuitry, and the sweep resistor Rs 
in series. The scale factor of the instrument is determined 
by the coil constant, the output voltage range, and the 
feedback resistor Rf . To maintain a constant-loop gain, 
the open- and closed-loop gains should vary directly. As 
indicated in Eq. (3), the sensor response to a given mag­
netic field decreases inversely with increasing sweep 
vector magnitude. Figure 2 shows the theoretical and 
actual sensor response to changes in HIH s, given in 
terms of system ac gain. 

Using the system shown in Fig. 3, and assuming infinite 
input and zero output amplifier impedances, the closed-
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loop gain is 

(4) 

where 

ei = input voltage 

eo = output voltage 

Zf = circuit feedback impedance 

Z. = circuit input impedance 

A = amplifier gain 

Letting 1/[3 = 1 + (ZfIZi ), where [3 is the feedback at­
tenuation, the error term then becomes 1/[1 + (I I A[3)] 
and the percentage error is a result of the product A(J. 
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Fig. 4. Open- and closed-loop gain vs frequency for constant-loop gain 

Figure 4 indicates how maintaining a constant-loop 
gain in this system, where the open-loop breakpoint is 
independent of gain (due to the output integrator), yields 
a fixed breakpoint in the closed-loop response. Therefore, 
the closed-loop system bandwidth remains constant as 
long as the loop gain remains constant. 

In the helium magnetometer, the sweep vector is ap­
proximately equal to the full scale factor for optimum 
performance. This means that as H s is increased, the loop 
gain is decreased directly. Therefore, as /3 goes up, A 
goes down, and vice versa, maintaining a constant A/3 
term. Some deviations from this are experienced at low 
fields, where the H/Hs relationship no longer holds true, 
but the portion of the dynamic range over which this 
occurs is small indeed, as seen in Fig. 2, and is not of 
important consequence over the dynamic range being 
considered. 

A simple change of the feedback resistors Rf and the 
sweep field determining resistors Rs will then yield a 
magnetometer with a dynamic range of at least 106 . 

I t has been demonstrated that the helium magnetom­
eter performs well at both high and low fields. This 
discovery should greatly expand the areas of possible 
application of the helium vector magnetometer. A wide 
dynamic range instrument is possible using extremely 
simple range switching. An important use of the high­
fi eld operation for low-field magnetometry is the capa­
bility of isolating the instrument and magnetic field 
noises. This assurance is not present when the unit is 
operating as a low-field magnetometer, since shielding 
from the ambient field is incomplete. 
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B. Ground Support System for X-Ray/ 
Gamma-Ray Prototype Flight Experiment, 
L. L. Lewyn 

A ground support system for a prototype flight pulse­
height analyzer has been constructed and tested. The 
ground support system provides both command and 
readout capability for the flight instrument, as well as 
power and signal monitoring functions. 

The flight data consists of pulse-height analysis and 
event scalar words that are transmitted in a serial bit 
stream with appropriate frame synchronization and 
parity checks. The pulse-height analysis words are 
decommutated and presented in parallel to a Nuclear 
Data D 130A pulse-height analysis system for storage. 
The ND 130A is read visually on an x- y oscilloscope 
and data printout is provided by an IBM typewriter. 
Event scalar words appear on a Nixie visual readout 
and are printed out on a Hewlett-Packard HP 563A 
parallel printer. The printout also contains three digits 
of frame identification to provide time correlation. Parity 
and frame synchronization are indicated visually by 
Nixie readout. Pulse-height analysis words with parity 
errors are stored in half of the ND 130A memory, which 
is reserved for that purpose. 

The Hight system requires two voltage level commands 
and two pulse commands. The level commands control 
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the power and veto functions in the Right instrument 
and are actuated by switches on the ground support 
equipment (GSE) panel. The pulse commands step the 
instrument mode and the high-voltage power-supply pro­
grammer. The pulse commands are actuated by push­
buttons on the GSE panel. All commands are buffered 
by integrated circuit logic. 

Wideband current monitoring of the flight system is 
provided by oscilloscope inspection of the voltage differ­
ential across a 1-0 series resistance. Flight unit operating 
time is monitored by a running time meter which is con­
trolled by the power command switch. Monitoring is 
provided for four of the Right system signals that are 
routed to BNC connectors on the GSE front panel. 

The GSE is constructed using discrete components and 
Amelco 300CJ-series high-noise immunity logic. Approxi­
mately 100 discrete components and 90 logic Batpacs are 
mounted on 9 general-purpose printed-circuit cards de­
signed for this system by JPL. 

The GSE will be used to support prototype flight 
system tests, provide a data acquisition facility for field 
evaluation tests of X-ray and gamma-ray detectors, and 
serve as a prototype for future GSE systems. 

C. Parallel to Serial Converter for Punch Tape 
Perforation, L. L. Lewyn 

A parallel to serial converter and punch tape drive has 
been completed and is in operation in the laboratory. 
The device is used for readout of X-ray and gamma-ray 
spectra. The use of the perforator eliminates the previous 
requirement for manually preparing punch cards from 
pulse-height analyzer printer output data. The punch 
tape output of the converter is fed directly into a PDP 4 
which forma ts the data on magnetic tape for further 
reduction by an IBM 7094. 

The parallel to serial converter accepts data from 
Victoreen ST 400 D and ST 800 DM pulse-height 
analyzers and presents the data one decade at a time to 
a Tally 1505 punch. Data readout begins with the most 
significant decade of pulse-height analyzer address zero. 
A 4.5-ms punch tape feed signal occurs first. The punch 
tape feed signal energizes the punch capstan solenoid. 
During the next 4.5-ms interval, the sprocket and data 
punch signals occur. The capstan is still rotating whi le 
the sprocket and data punch levers begin to move. How­
ever, by the time the punch levers strike the tape sur­
face, the capstan rotation has stopped and the tape is no 

JPL SPACE PROGRAMS SUMMARY 37-52, VOL. 11/ 

longer in motion. The levers punch the state of the most 
signilicant decade of pulse-height analyzer data into the 
tape in ASC II fonnat. Odd lateral parity is also recorded. 
The feed and data punch signals are repeated for a 
period of 18 ms until all 6 decades of the first address 
are read out. During the seventh interval a space is 
punched. Readout then resumes with the most significant 
decade of the next address and continues through the 
remaining addresses. 

The converter uses discrete components for pulse­
height analyzer interface circuits and punch solenoid 
drive. Motorola MC 830P-series dual in-line integrated 
circuits are used to implement the logic functions. The 
device is constructed in a 19-in. card file for rack­
mounting with the perforator (Fig. 5). The front panel 
controls allow leader and identification data to be man­
ually punched into the tape. 

Fig. 5. Serial converter and punch tape 

perforator configuration 

D. Electronics System for Measuring Induced 
Photon Spectra at the UCLRL Bevatron, 
L. L. Lewyn 

An electronics system has been constructed for measur­
ing induced photon spectra at the University of Cali­
fornia 's Lawrence Radiation Laboratory (UCLRL). The 
principal function of the system is the acquisition of 
100 keV to 10 MeV gamma-ray spectra generated by a 
flux of high-energy protons on a thick target. The system 
also provides gating, timing, and monitoring functions. 
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The system is housed in an experiment shed located 
near the outer shield wall at the northwest section of the 
Bevatron. On the left side of the experiment shed, equip­
ment made available by the Alvarez Physics Group of 
the Lawrence Radiation Laboratory is mounted on three 
racks. One rack contains the high-voltage supplies for 
the coincidence scintillator- photomultipliers, the second 
the high-speed counters, and the third the timing elec­
tronics. Located on the right side of the experiment shed 
are the high-speed oscilloscope in the magnetic shield 
(made available by the Alvarez Physics Group), the mag­
net power supply monitor and control system (provided 
by the Bevatron), the signal distribution panels, the delay 
line amplifiers, the gamma-ray detector high-voltage 
power supplies, the main resistance- capacitance ampli­
fier, the monitor scope, the IB '1 output writer, and the 
res istance-capacitance-inductance (RCL) pulse-height 
analyzer (PHA) . 

The beam monitor and gamma-ray detector block dia­
gram is shown in Fig. 6. The circulating beam is extracted 
by means of the north-outside-west target which is 
plunged into the beam for a preprogrammed interval 
that ranges from 400 to 800 ms. While the target is in the 
beam, the scattered protons are deflected by C magnet 
564. The protons are then focused by quadripole mag-

+ NORTH-OUTS IDE-WEST TARGET 

CIRCULATING I 
BEAM ' ~ o MAGNET 564 

A"""') Q UADRIPOLE 

net 562. After emerging from the Bevatron wall, the 
protons strike thin plastic timing scintillators 51 and 52, 
which are approximately 6 in. apart. The phototubes 
S2A and S2B collect the light from scintillator S2. The 
protons are deflected by Apollo magnet 567 and pass 
through closely spaced scintilla tors S3 and S4 before 
striking the target. 

The 3 X 3-in. aI (TI) gamma-ray scintillator-
photomultiplier is in close proximity to the target. A 
charge-sensitive preamplifier located a few feet from this 
detector performs a short time constant charge-to­
voltage conversion on the photomultiplier signal and 
drives the signal over approximately 70 ft of cable from the 
target area to the experiment shed. Three layers of mag­
netic shielding were required around this detector to 
prevent photopeak shifts during the high Bevatron mag­
netic fields at beam spill time. The monitor detector is 
located approximately 10 ft from the beam line and 
consists of a 3 X 3-in. NaI (TI) scintillator-photomultiplier 
ray detector. The monitor detector signals are used to 
obtain gamma-ray background levels . 

The timing electronics block diagram is shown in 
Fig. 7. Photomultiplier signals SlA through S4B are 
passed through variable electronic delays. The delays are 
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Fig. 6 . Beam monitor and gamma-ray detector block d iagra m 
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adjusted so that all signals resulting from the passage of 
a proton in the energy range of interest arrive simul­
taneously at the fan-in networks. Proper output signals 
from the fast and gates should then arrive simultaneously 
at the input of the coincidence network. The coincidence 
network has a resolving time of 7 ns. The coincidence 
network output is monitored by a high-speed scaler, 
which records the flight of each proton within the energy 
range of interest. The low-level output of the coincidence 
network is amplified and delayed. The delayed output 
triggers a pulse generator, which provides an acceptance 
gate input level to the PHA control for the duration of 
the pulse. The presence of another signal is also required 
for the PHA control to allow the analyzer to store. This 
signal is present for the duration of the spill and is 
derived from the Bevatron 128 timing pulse. The 128 
pulse triggers two delay generators in succession. The 

first generator output rises at 128 and lasts until the 
start of the spill. The trailing edge triggers the second 
generator. The output of the second generator is present 
during the spill. For many of the runs the output of the 
delay generator was used to tum on the PHA control 
without requiring the presence of the coincidence pulses. 

Beam momentum analysiS by the time-of-flight method 
was obtained by using the coincidence network inputs 
to drive a time-to-voltage converter. The coincidence 
network input from the first scintillator pair (Sl-S2) is 
connected to the start input of the time-to-voltage con­
Velter. The coincidence network input from the second 
scintillator pair (S3-S4) is connected to the stop input. 
Electronic delays have been added to the Sl-S2 signal 
chain so that signals from a proton in the middle of the 
energy range of interest will not arrive at the coincidence 
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Fig. 8. Gamma- ray signal analysis bloc k diagram 
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network simultaneously and have an apparent zero time­
of-flight. Therefore, a delay comparable to the Sl-S2 
delay is added to the stop input of the time-to-voltage 
converter to center the time-of-Bight spectrum peak 
above a zero value. 

The gamma-ray signal analysis block diagram is shown 
in Fig. 8. The gamma-ray signal from the preamplifier 
in the target area is amplified by a TC 200 amplifier and 
routed to the low-voltage input of an RCL pulse-height 
analyzer. The gamma-ray spectra accumulated in the 
PHA are printed out on an IBM typewriter. The monitor 
input is amplified by a delay line amplifier and routed 
to a single-channel analyzer with window levels set to 
300 keV and 3.0 MeV. The single-channel analyzer out­
put is monitored by a scaler to provide a measure of 
gamma-ray background levels. 

Experiments at the northwest section of the Bevatron 
have been completed and the electronics system is in 
storage. In late 1968, experiments are expected to be 
resumed in the external beam area. 

E. Developmental flight-Model Infrared 
Interferometer, R. A. Schindler 

1. Introduction 

The objective of the flight-model infrared interferom­
eter program is to develop a flightworthy, high-resolution, 
infrared interference spectrometer for analysis of the 
earth's atmosphere and for surface and atmospheric 
analysis on advanced planetary missions. The instrument 
is to be used as a high-resolution infrared spectrometer 
for measuring the absolute intensity of spectral emission 
or absorption lines in the frequency interval 2000-8000 
cm-1 • The design resolution is 0.5 cm-1

. 

The operation, functional components, and design 
considerations of this instrument were presented in 
SPS 37-43, Vol. IV, pp. 253-257; the basic operating 
principles, as well as some results of Fourier spectro­
scopy, were described in SPS 37-30, Vol. IV, pp. 164-171. 
Progress in the design, development, and construction 
of this instrument is discussed in the following functional 
areas: 

(1) The optical portion consisting of: (a) the basic 
interferometer, including the cat's-eye retroreflector 
and beam-splitter cube; and (b) the fore-optics, 
including the energy collection mirrors and optical 
chopper. 
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(2) The cat's-eye position stabilizing and stepping sys­
tem (servo-drive). 

(3) The data acquisition system consisting of the infra­
red detection system and the telemetry system. 

The experiments to be conducted with this instrument 
and the instrument requirements imposed by these ex­
periments will be reported in a separate article. 

2. Basic Optical Portion of the Interferometer 

Since the last report, two cat's-eye retroreBectors 
(Fig. 9) have been successfully assembled and focused. 
Tests have shown their performance to be satisfactory 
for the successful operation of this instrument. 

No real problems were encountered after assembly 
except for a quartz secondary mirror support, which 
cracked after assembly. The problem was solved by 
making these supports thicker. It is difficult to fasten 
these supports to the quartz tube, which positions the 
secondary mirror at the focal point of the primary mirror, 
because the optical alignment of the secondary mirror­
driving transducer-support assembly (cemented together 
beforehand) must be accurate before the support is 
cemented to the quartz tube. This alignment is aided by 
a small hole in the center of the primary mirror that en­
ables the secondary mirror to be viewed with a telescope. 

Rough adjustment of the primary-to-secondary distance 
was initially done with the vibrating Ronchi ruling 
method (SPS 37-43, Vol. IV). Fine adjustment was done 
with the single cat's-eye interferometer arrangement 
shown in Fig. 10, which uses a photomultiplier to indicate 
the amplitude of the interference fringes as the differen­
tial thread adjustment on the cat's eye is moved. The 
cat's eye is in correct adjustment when the fringe ampli­
tude is a maximum. It was found that the Ronchi method 
was not sensitive enough for the final adjustment. In fact, 
the rough adjustment can be done just as well with the 
interferometric method by visual observation of the 
fringes. 

For the future, it is intended to design an all-quartz 
cat's eye. There will be no mechanical adjustment and 
the unit will be fabricated to the correct optical tolerance 
by trial-and-error methods. This cat's eye will be more 
stable and the weight will be reduced by a factor of 
about 3 from the 2 lb of the current units. The reduction 
in mass is not particularly important in itself. However, 
the reduction in inertia will allow the size of the magnet 
and drive-coil to be reduced and, consequently, the 
weight of the entire structure will be reduced. 
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Although a quartz beam-splitter cube is available for 
the interferometer, which will suffice for testing the servo­
drive system, an infrared transmitting beam splitter is 
required for the final system. Such a beam splitter 
(Fig. 11), capable of transmitting radiation to 5 JLm, has 
been designed and is being manufactured! out of single­
crystal calcium fluoride. Unnecessary portions of the cube 
have been removed, which should increase the infrared 
transmission and may also reduce distortion effects 
caused by variations in the index of refraction that are 
greater with calcium fluoride than with glass. The angles 
A and B (Fig. 11) may not differ by more than 0.2 arc sec 
if the system is to operate as an axially symmetric inter-

'F. J. Cooke, Inc., orth Brookfield, Mass. 
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Fig. 11. Beam splitter 

ferometer. The beam-splitting surface for the infrared 
portion will be a ).:I -wave (at 2 JLm ) coating of ultrapure 
silicon while the reference channel will be partially 
silvered. 

3 . Fore- optics 

The fore-optics (Fig. 12) is that part of the optical 
train which accepts the incoming radiation, impresses a 
modulation on it, and introduces a comparison source. 
This combined radiation is collimated and fed to both the 
interferometer and a reference, total-power detector. 

Difficulty in procuring an adequate optical tuning-fork 
chopper was anticipated because of the requirement that 
the reflected image from the blade (calcium fluoride) 
have an angular stability of -+- 1 arc min for the required 
motion amplitude of 1.2 mm. However, a chopper meet­
ing these requirements has been produced.2 

The 90-deg off-axis gold-coated paraboloid mirrors 
(focal length 50 mm) have been received and appear to 
be satisfactory. These mirrors are used to condense the 
radiation so it can be chopped, recollimated for the 
interferometer, and finally condensed on the infrared 
detectors. 

The optical assembly for the servo-drive reference 
source, a mercury lamp, has been completed and was 

' Manufactured by American Time Products Div., Bulova Watch 
Co., Inc., Woodside, N.Y. 
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utilized in the servo-drive test. A laser reference source, 
using a 9-in.-Iong helium-neon (6328 A) laser tube, is 
now being designed because a laser reference will give 
better servo performance due to its much higher intensity. 
This laser will be enclosed in a hermetically sealed, 
pressurized box, along with its power supply, to eliminate 
high-voltage corona problems inherent at balloon flight 
altitudes. This packaging approach is also being used 
with the servo-drive photomultiplier tube. 

Design of the fore-optics housing and mirror mounts 
has been completed. The fore-optics housing was fabri­
'cated as a single unit using electron-beam welding to 
prevent stresses and consequent warpage during machin­
ing operations. This housing contains the cat's eyes, beam 
splitter, and servo-drive assembly, as well as the fore­
optics and detectors. It was built out of %-in.-thick 
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aluminum plate so that it would be sufficiently rigid to 
eliminate resonances which could be deh'imental to the 
operation of the interferometer. The weight is presently 
about 81 lb, but, after successful operation of the inter­
ferometer system has been demonstrated, the weight can 
be reduced by a factor of 3 by milling away unnecessary 
material. 

The mirror mounts were fabricated by electrolytic­
discharge machining because conventional machining 
methods could not have economically produced the cavi­
ties capable of finnly holding these odd-shaped mirrors. 

4 . Cat's-Eye Position Stabilizing and Stepping System 
(Servo-Drivel 

The function of the servo-drive is to move the cat's eye 
in equal steps, whose size is one wavelength of the 
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monochromatic reference source. Some changes have 
been made to the basic operation of the system. One of 
these is the addition of a reversible fringe counter 
(Fig. 13). Two signals in phase quadrature are required 
to operate a reversible counter : one is the demodulated 
error signal and the other is the dc component of the 
fringe signal. These two signals can be seen to be in 
phase quadrature by considering the demodulated signal, 
obtained by vibrating the path difference a small fraction 
of one fringe to be the first derivative of the dc level of 
the fringe. Since the fringe amplitude from the mono­
chromatic reference source vary sinusoidally with path 
difference, the first derivative also varies sinusoidally but 
has a 90-deg phase difference. The function of this re­
versible counter is to keep track of the actual number 
of fringes traversed, regardless of the direction of motion. 
Thus, if the servo were to temporarily fail for some reason 
(such as too high an acceleration), the exact optical path 
difference would still be known. Knowledge of the exact 
path difference is of utmost importance because an error 
of only one step position can invalidate the entire inter­
ferogram. 

The command to step to the next fringe is given to the 
system incrementing another counter (reference fringe 
counter) by one count. A digital magnitude comparator 
compares the numbers on the reversible and reference 
fringe counters. If the numbers are the same, the cat's eye 
will stay in the present fringe position. If the numbers 
are different (as when the reference counter is incre­
mented by one count or if the servo becomes unlocked 
and is in error by many fringes), the servo stepping 
control is commanded to restore the digital balance. The 
number on the reversible counter is telemetered. In 
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REVERSE FORWARD 
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addition, a flag to indicate that the numbers are not the 
same is sent. Originally, it was proposed to drive the 
secondary mirror vibrator, which modulates the path 
difference, passively. Instead, the mirror, along with its 
piezoelectric driver, now forms the resonant element in a 
crystal oscillator circuit. Tests showed this to be neces­
sary to obtain a sufficiently high amplitude (20 A peak-to­
peak) without overheating the piezo element. The reso­
nant frequency is 480 kHz, which is high enough to allow 
for a 20-kHz servo-system bandwidth. 

A laboratory test was made to demonstrate the feasi­
bility of the basic servo-control system. In particular, the 
use of the secondary mirror to provide the small ampli­
tude, high-frequency error corrections had not been 
demonstrated before. The test arrangement utilized por­
tions of an interferometer used previously to demonstrate 
the feaSibility of the "double-passed" interferometer ap­
proach. A simple actuator was built and laboratory test 
equipment was used for the electronic portion. In this 
test, the path-length vibrator secondary was driven at 
150 kHz; the system bandwidth was limited by the 
phase-demodulator instrument to 1 kHz. 

Due to unsatisfactory progress in the design and fabri­
cation of the servo-drive, the vendor3 was given a stop­
work order in September 1967 and the contract was 
renegotiated. Work resumed on January 12, 1968 and the 
assembly was delivered on June 21, 1968. JPL acceptance 
tests performed at the vendor's facility demonstrated 
compliance with all but two of the specifications called 
forth in the statement of work, but these were not serious 

'Aeroflex Laboratories, Plainview, N.Y. 

~ 
SERVO REFERENCE 

DETECTOR SERVO PHASE 
PHOTOMU LTIPLIER DEMODULATOR 

TUBE 

O-deg PHASE 90-deg PHASE 

FORWARD 

TRUE FRINGE 
DIRECTION 

COUNTER 
RECOGNITION 

REVERSE LOGIC 

Fig. 13. Fringe counters and direction command logic 
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enough to affect operation of the instrument. The length 
of travel of the moving cat's eye was slightly less than 
the 1 cm called for but an adequate tolerance had been 
allowed. Coil resistance and number of turns was slightly 
out of specification but will have no effect on operation. 

Completion of the electronic design and construction 
is now an in-house effort. To date, all circuit boards have 
been fabricated and tested but systems testing awaits 
fabrication of card files, cables, etc. 

5. Data Acqu isition System 

a. Infrared detection system. The infrared detection 
system (Fig. 14) includes the infrared detectors, ac ampli­
fie rs for amplifying the chopped signal , demodulator, 

integrator, and analog-to-digital converter (ADC) . Con­
siderable changes have been made since the last system 
report. 

Signal amplification is done in two steps. Adjacent to the 
infrared detector is a high input- impedance preamplifier 
utilizing a field-efFect-transistor input operational ampli-

CHOPPER 
DR IVE I kHz 

GAIN CHANGE 

CON TRO L LOG IC 
FOR DATA A N D 
SE RVO SYSTEM 

DEMODULA TOR 
REFERENCE 

fier. The gain can be varied in steps, upon command, to 
a set of reed relays which decrease the amount of feed­
back. During a flight, the gain changes will be pre­
programmed according to the number of reference fringes 
from the zero-path-difference position because the ampli­
tude is large only within a few tens of fringes around the 
zero-path difference. Varying the feedback for the gain 
changes, instead of using an input attenuator, provides 
maximum system linearity as well as a better noise figure. 

The preamplifier is followed by another ac amplifier 
which also uses an operational amplifier and feedback 
conh'olled-gain changes. The gain of this amplifier varies 
inversely as the Signal integration period, allowing for 
signal-level equalization at different stepping rates and 
integration times. 

The demodulator must be capable of asynchronous 
operation because of the start-stop mode of operation of 
the servo system. In the fastest mode of operation (500 
fringe steps/s) , the detector will see the radiation source 
and reference blackbody only once each step (i.e., for a 
total time of 1 ms). The radia tion from the interferometer 

1---------------... TO SERVO SYSTEM 

INTEGRATOR 
SHORT 

START 
CONVERSION 

DEMODULATOR I--I-~ IN TEGRATOR 

GAIN CHANGE 

INTERMEDIATE>--~ 
AMPLIFIER 

DEMODULATOR INTEGRATOR 

Fig. 14. Data-system block diagram 
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can be utilized only during 1 of the 2 ms available be­
cause the servo is stepping during the other. When the 
interferometer is being stepped at slower rates, however, 
more time is available for signal integration (e.g., at 
250 fringe steps/s, 1 ms is still lost during stepping but 
now 3 ms are available for integration). The demodulator 
must not have a "memory" of the previous data point be­
cause the signal can vary greatly from one step to the next. 

The signal integrator, which follows the demodulator, 
is also designed for asynchronous operation. First, it 
integrates the demodulated signal for an integral number 
of chopper cycles (e.g., 3 in the 250-step/s case given 
above), then it holds the integrated signal for the first 
half of the I-ms stepping period to allow the ADC to 
digitize the signal. This method eliminates the necessity 
for a separate sample-and-hold circuit. During the second 
half of this 1 ms, the integrating capacitor is shorted by 
a transistor switch to set the integrator back to zero. 

The ADC is of the successive approximation type 
wherein reference voltages, decreasing in steps of two, 
are compared to the Signal and are left on or turned off 
depending upon whether they are less or greater than 
the Signal. No other type of converter can digitize rapidly 
enough for the required resolution. The circuits have been 
built on standard module cards. The in-house-designed 
circuits are built on blank cards of the same type as the 
ready-made logic cards. Such construction methods are 
suitable for balloon flights, for which the engineering 
model has been designed. 

b. Telemetry system. Design of the balloon flight 
telemetry system is now underway. It is presently planned 
to build the data-encoder portion of the pulse-code­
modulation (PCM) telemetry system in-house because of 
the unique synchronization problems with the optical 
chopper and stepping rate of the interferometer. As pres­
ently planned, there will be around 50 bits/word/step, 
which includes the infrared data, the fringe number, a 
flag if the data point is no good, and the detection system 
gain settings. Every sixteenth data word will give the 
reference detector intensity instead of the fringe intensity; 
the interferometer will not step at this time so that no 
fringes will be missed. The interferometer will also not 
step during the frame synchronization time for the same 
reason. The total bit rate at 500 steps/s will be about 
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21,500 bits/s and will be proportionately slower at slower 
step rates. The same PCM format will be adhered to 
regardless of the step rate, simplifying the ground data­
handling problem. 

The logic circuitry for the PCM data encoder will, as 
in the other areas, be built out of standard modular 
plug-in cards using diode-transistor logic. The ground 
data-handling system, on the other hand, will be assem­
bled out of commercially built equipment. It is intended 
to use a small computer to decommutate the PCM data 
and format it to a standard 7- or 9-track IBM format 
magnetic tape so that the interferograms may be pro­
cessed by an IB M 7094 or similar computer, using the 
same computer program presently in use for reducing 
planetary interferometer data. 

An FM- FM telemetry system is planned for the balloon 
flights to simplify the transmission of engineering data 
and also to allow other experiments to operate simul­
taneously and independently of this experiment. The 
PCM data will be transmitted by a very wide-band 
(-+-66 kHz) subcarrier, which will be possible with 
S-band (2.2-2.3 kHz) telemetry. (By the time of the 
planned balloon flight, S-band telemetry will be manda­
tory.) FM-FM systems do not have as good a signal-to­
noise ratio as simple FM systems, but this should not be 
a problem on a balloon flight because the signal level 
remains high as long as there is a line-of-sight to the 
balloon. 

c. Laboratory data acquisition system. Because it will 
take considerable time to make a full PCM data-handling 
system operational, even without telemetry, an incre­
mental 7-track IBM format stepping recorder will be 
used in the interim to obtain interferograms. The incre­
mental recorder will record fringe number and data. 
When the recorder is ready for another data word, it will 
signal the servo-drive to step to the next reference fringe 
and the data will be integrated and digitized, and the 
next data word will be recorded. This maximum stepping 
rate possible with this scheme will be about 10 fringes/ so 
However, it should be possible to simulate the effect of 
high-speed operation (as far as the data system is con­
cerned) because the integration time can be as small as 
necessary. Considerable preliminary testing will be 
possible with this recorder before the PCM system is 
completed. 
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XIV. Science Data Systems 
SPACE SCIENCES DIVISION 

A. Decomposition of the States of a Linear 
Feedback Shift Register Into Cycles of 
Equal Length, M. Perlman 

1. Introduction 

The linear logic feedback shift register (FSR) in Fig. 1 
has been investigated in considerable detail in Ref. 1. The 
state of the ith two-state memory element at clock pulse 
interval (CPI) k is denoted as ak-; . The behavior of the 
FSR can be described by the linear recurrence rela­
tionship 

r 

ak = e + L Ci ak- i 
i;;;;1 

~-~-~ - - - - - - r--~-----' 

Fig. 1. linear logic feedback shift register 
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The bit fed back at CPI k is denoted as ak. The ith stage 
contributes to the feedback when the Boolean multiplier 
Ci is at state value 1. The summations are taken modulo 2 
and e, a Boolean constant, is 0 for mod 2 summing 
(exclusive-or) or 1 for the complement of mod 2 sum­
ming (not exclusive-or). The feedback function in Eq. (1) 
is of the form to guarantee branchless cycles where 
distinct states have distinct successors. 

The cycle length or periodicity of {ak} can he deter­
mined from its generating function (Ref. 1) 

00 

Ge(x) = L ak xk 
k=o 

For e = 0 

r 

L CiX' (a_i x - i + a..'+IX-i
+1 + ... + a_Ix-I) 

Go(x) = .:.:i=:..::I _______ , ______ _ 

1 + L c,xi 

(2) 
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where a-i is the initial state of the ith stage. 

Fore = 1 

- 1 + ~ c.x' (a ·x' + a X'+ I - -+ 1 L-- ' -, -i + I 
X i=l 

+ '" a4-I + G1(x)) 

1 
X+T + go(x) _ 1 + (x + 1) go(x) _ gl(X) 

fo(x) - (x + 1) fo(x) - f,(X) 

(3) 

The characteristic polynomial fe(x) is a function of the 
feedback connections only. The length of the longest 
FSR cycle(s) is the smallest value of s for which fe(x) 
divides XS + 1. The polynomial ge(x) is a function of the 
initial state of the register as well as the feedback con­
nections. The degree of ge(x) is always less than that of 
f e(x) . Whenever an initial state a-I a_2 ... a_, yields a ge(x) 
that has a common factor with fe(x), it will lie on a cycle 
whose length divides s, the length of the longest cycle(s). 
Initial states which result in a ge(x) that is relatively 
prime to fe(x) will lie on a cycle whose length is equal 
to s. Thus all cycle lengths of a given FSR divide s. 

2. FSR Configurations Which Yield Cycles of 
Equal Length 

a. Characteristic polynomial. An r-stage linear FSR 
will decompose its 2' states into cycles of equal length if 
it has the following characteristic polynomial: 

f,(X) = (x + 1) (x + 1)' (4) 

The factor x + 1 in Eq. (4) is a result of complementary 
mod 2 summing. The actual feedback connections are 
determined from fo(x), which is equal to (x + 1)'. 

First, the length of the longest possible cycle will be 
determined. Then it will be shown that no initial state 
can be selected which results in a gl(X) that has a com­
mon factor with fl(X), 
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b. Periodicity of Mx}. The length of the longest cycle 
is s = 2>, where these inequalities are satisfied: 

(5) 

Note that 

(x + 1)2 = x2 + 1 

and by induction 

thus 

The 00 . . . 0 initial state lies in the longest cycle, since 
this reduces G1(x) to Ilf ,(x). 

Example l. Given 

f,(X) = (x + 1) (x + 1)6 

= (x + 1) (x6 + x' + X2 + 1) 

where 

1'+1=7 

and 

s = 23 = 8 

The successive states for an initial state of 000000 is 
given in Table 1. 

c. Structure and properties of fix}. To determine the 
feedback connections, the (x + 1)' factor of Eq. (4) must 
be expanded. Representing x + 1 as 11 and multiplying 
11 by 11 gives 101 (using mod 2 arithmetic) or x2 + 1. 

Table 1. Successive states for initial state of 000000 

k O /(-J ak-~ O k - J O k_ 4 0 /(-5 O.t -6 a. 

0 0 0 0 0 0 0 1 

1 1 0 0 0 0 0 1 

2 1 1 0 0 0 0 0 

3 0 1 1 0 0 0 0 

4 0 0 1 1 0 0 0 

5 0 0 0 1 1 0 0 

6 0 0 0 0 1 1 0 

7 0 0 0 0 0 1 0 
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This result is again multiplied by 11 resulting in 1111 or 
x3 + x' + x + 1, the expansion of (x + 1)3. Table 2 was 
generated in this manner. Expansion of (x + l )r is tabu­
lated for values of 1" from 1 through 16. 

The expansion of (x + l )r results in an even number of 
terms for all 1'. All the terms except the constant term 1 
represent a feedback connection. H ence, the number of 
feedback connections is odd for all1'. The number of feed­
back connections T may be expressed as follows: 

T = 2'" - 1 (6) 

where w is the weight (i. e., the number of 1's) of the 
binary representation of 1'. The number T is a Mersenne 
number (Ref. 2). 

Example 2. Given r = 13 or ll01 2 and w = 3, 

(x + 1)'3 = (x + 1)8 (x + 1) I (x + 1) 

= (x' + 1) (x" + 1) (x + 1) 

Each term in the expansion has XS or 1 and x·, or 1 and x 
or 1 as a factor. The expansion of (x + 1) 13 results in a 

total of 2/0 Or 8 terms and represents 7 feedback connec­
tions. Since the factors of f l(x) are self-reciprocal, f l(x) 
is a self-reciprocal polynomial. Thus each sequence {ad 
associated with ft( x) in Eq. (4) and its reverse are identi­
cal. The self-reciprocity of (x + 1)' is apparent in the 
symmetry of the feedback connections. That is, Cj and 
cr - j are equal for 1 ~ i < 1". 

The recurrence relationship in Eq. (1) may be ex­
pressed as 

where h is the exclusive-or or not exclusive-or Boolean 
functions of r - 1 or few er variables. The recurrence rela­

tionships associated with f l(x) in Eq. (4) satisfy the fol­
lowing equation : 

where 

Table 2. Feedback connections from the expansion of Ix + 11'" for r = 1,2, " ' , 16 

x' x' x x' X 
, 

x" X 
, ; 

X 
, 

X 
, 

x' x'O x" X l:! X I:1 x" X i S X l'; 

r in Binary T 

C, C, C3 C, C, c. c, c, Co C,O C" C I:! ( 1:1 COl ( I ;; C" 

1 1 1 1 

1 0 1 0 1 1 

1 1 1 1 1 1 3 

1 0 0 1 0 0 0 1 1 

1 0 1 1 1 0 0 1 1 3 

1 1 0 1 0 1 0 1 0 1 3 

1 1 1 1 1 1 1 1 1 1 1 7 

1 0 0 0 1 0 0 0 0 0 0 0 1 1 

1 0 0 1 1 1 0 0 0 0 0 0 1 1 3 

1 0 1 0 1 0 1 0 0 0 0 0 1 0 1 3 

1 0 1 1 1 1 1 1 0 0 0 0 1 1 1 1 7 

1 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 3 

1 1 0 1 1 1 0 0 1 1 0 0 1 1 0 0 1 1 7 

1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 7 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 15 

1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 
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Therefore, as shown in Ref. 1, 

= a" + 1 = a~ 

If the states ak- " ak-2, ... ,a" - r and a~ -1' a~ - 2 " . . ,a~_r lie on 
different cycles and have the same length, their cycles are 
complementary images of one another. Assuming the 
FSR's with an fl(X) of Eq. (4) yield cycles of equal length, 
complementary images of each cycle will lie on another 
cycle when 1" does not divide s (see Eq. 5). When 1" equals 
2" (and thus divides s) complementary states will lie in 
the same cycle and will be separated by 180 deg. 

d. Cycle length ve1'SUS initial state . T~1e cycle length 
of the longes t cycle for fl(X) of Eq. (4) was determined 
in Subsection 2-b . It remains to show that none of the 
initial states result in a g,(X) that has a factor common 
with f,(X). These states then must all lie in cycles of 
length equal to the one containing the 00 ... 0 state. 

Let 

1" = 2" - 1 

then 

r 

(x + l )r = L X i 

Equation (6) follows from 

(x + 1)2q 
X + 1 

oj =0 

The numerator of Go(x) in (2) gives go(x) as follows: 

+ 

(6) 

(7) 

The mod 2 summation of all the terms in Eq. (7) is go(x). 
The expression for g,(x) is 

1 + (x + 1) go(x) 

152 

The tabulation of terms comprising gl(X) is 

1 

(8) 

For gl(X) to have a common factor with fl(X), it must be 
of the form (x + 1)1 where t < 1" + 1. Recall that (x + l )t 
results in a polynomial with a constant term 1 and an 
odd number of terms which are distinct powers of x. The 
latter condition can be satisfied by assigning an odd 
number of a_/s the state value 1. This leads to a contra­
diction, since the constant term 

and requires that an even number of a-i's be assigned the 
state value 1. Therefore, there is no initial state which 
results in a g,(X) that has a common factor with f,(X). 
The same argument can be applied for other values of 1". 

Example 3. Given 

f,(X) = (x + 1) (x + 1)5 

= (x + 1) (x5 + x' + x + 1) 

the terms comprising go (x) are tabulated as follows: 

The terms comprising g,(X) are 

+ (a_, + a_J + a_5 ) x 

+ (a_" + a_.) x" 

+ (a~ l + a_3) x3 
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To reduce f,(x) to x + 1, (x + IF, or (x + 1)3, g,(x) would 
have to be (x + 1)5, (x + 1)\ or (x + 1)3, respectively. 
For g,(x) of 

(1) (x + 1)' = x5 + x' + x + 1, 

but 

(2) (x + 1)4 = x·1 + 1, 

but 

(3) (x + 1)3 = x3 + X2 + X + 1 

but 

The foregoing procedure for determining whether or not 
an initial state results in a g,(x) which has a common 
factor withf,(x) is prohibitive when 1" does not equa12Q - 1. 

The foregoing proof for any 1" equal 2Q 
- 1 is a starting 

point for showing that cycles associated with 1" of 2q- 2 
are equal in length, and so on. The following relationships 
hold : 

where the superscript 1" denotes the number of stages in 
the FSR, with an f l(X) equal to (x + 1) (x + 1)' . 

Also 

{aT} + {a ' } = {ar
-

Z'
} k 'k-2 1 k 

(See Table 3.) 
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Table 3. Equal - length cycles for r of 2, 3, 4 , and 5 

1 2 345 
, 

1 2 3 4 . 123 3 1 2 a ' 
- - O k a . - -- a. • 

o 0 000 1 o 0 o 0 1 000 1 o 0 1 

1 000 0 0 1 0 0 0 1 1 0 0 0 1 0 1 

o 1 000 1 1 1 0 0 1 0 1 0 0 1 1 0 

1 0 1 0 0 0 1 1 1 0 1 0 0 1 0 o 1 0 

o 1 0 1 0 0 1 1 1 1 0 

o 0 1 0 1 0 o 1 1 1 0 1 1 1 0 

00010 0 o 0 1 1 0 o 1 1 1 

o 0 0 0 1 0 0 00 1 0 1 0 1 1 

1 1 0 1 

1 1 1 1 1 0 

o 1 1 1 1 1 

1 0 1 1 1 0 

o 1 o 1 1 1 

1 o 1 0 1 1 

1 1 0 1 0 1 

1 1 1 0 1 1 

1 1 1 1 0 1 

001 1 0 0 o 1 0 1 0 

000 1 1 1 0 01 0 1 

1 000 1 1 1 0 0 1 0 

1 1 0 o 0 0 o 1 0 0 1 

o 1 1 0 0 1 1 0 1 0 1 

1 0 1 1 0 1 1 1 o 1 0 

1 1 0 1 1 0 o 1 1 0 1 

o 1 1 o 1 0 1 0 1 1 0 

1 1 0 0 1 1 

1 1 1 o 0 0 

o 1 1 1 0 0 

o 0 1 1 1 1 

1 0 0 1 1 0 

o 1 0 o 1 0 

0 01 o 0 1 

1 0 0 1 0 1 

Cycles of equal length are shown on Good's diagram 
for an 1" of 1, 2, 3, and 4 (Fig. 2). Each vertex of a Good 
diagram (Ref. 3) represents a state of an FSR. Two edges 
enter and two edges leave every vertex. An edge leaves 
a vertex and enters a vertex which is a possible successor. 
Each vertex thus has two possible successors and two 
possible predecessors. 
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Fig. 2. Good's diagram for r of 1,2, 3, and 4 

B. Capsule System Advanced Development 
Entry Data Subsystem, R. V. Gutierrez 

1. Introduction 

The entry data subsystem (EDS)" a subsystem within 
the entry capsule system, has been designed and de­
veloped in accordance with the requirements set forth 
by the Capsule System Advanced D evelopment (CSAD) 
program. 

'Casani , K., Capsule System Advanced Development Program 
Report, July 15, 1968 (JPL internal document ) . 
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The EDS is designed to accept digital and analog 
information from all the entry capsule's scien ce and 

engineering sources, process it, format it, and send it to 
the spacecraft for transmission to earth . 

All analog inputs are connected to a 62-ch annel multi­
plexer for subsequent analog-to-digital conversion, using 
an analog-to-pulse width converter (A/PW) (Ref. 1) and 
conversion scheme. This data is fed to the spacecraft 
prior to separation, to the entry radio subsystem for 
transmission back to the spacecraft after separation and 
during entry, and to the EDS's plated-wire memory­
storage unit during entry. Storing data in the plated-wire 
memory-storage unit assures that the accelerometer, 
radiometer, and engineering data obtained during the 
radio blackout period of entry is not lost and will be 
retrieved after blackout and prior to impact. 

The EDS is designed to interface with the following 
scientific and engineering data sources : 

(1) The JPL mass spectrometer designed to perform a 
compositional analysis of the atmospheric envelope 
of the planet Mars. 

(2) The water vapor detection system designed to 
investigate the water content of the Mars atmos­
phere during capsule entry. 

(3) The aerometry experiment package (consisting of 
accelerometers, pressure and temperature detec­
tors) designed to determine the gas density, pres­
sure, and temperature as a function of altitude 
above the surface of the planet Mars. 

(4) The radiometer experiment designed to determine 
the principal chemical constituents of the Mars 
atmosphere and the mole fraction of these con­
stituents from radiometric measurements of the 
intensities of selected bands and lines in the emis­
sion spectrum of the high-temperature shock layer 
form ed ahead of the probe during entry. 

(5) All the analog transducers from the entry capsule's 
62 science and engineering sources. 

There was a requirement for a storage unit of the 
correct size to accommodate the data from the maximum 
calculated blackout period. 

The assumption was made that the Mach 9 signal 
would be a true indication that the blackout period is 
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over. Therefore the EDS will start writing into memory 
at E -12 (12 min before entry) and start playing back 
from memory at Mach 9, after calibration is over . 

A breadboard EDS using Signetic integrated circuits 
and operational support equipment (OSE) have been 
designed and fabricated at JPL. They were tested and 
delivered to the Spacecraft Assembly Facility (SAF) for 
integration within the CSAD entry system configuration 
on March 21, 1968. 

2. Functiona l Design 

a. Operation. The EDS will always be in the entry 
mode of operation at power turn-on. Figure 3 is a time­
phase profile for the two modes of operation. 

The EDS will be powered on at S - 175 (175 min be­
fore separation) and operate in accordance with the 
CSAD entry format (Fig. 4). At S - 120 (120 min before 
separation) the EDS will receive a command from the 
entry sequencer and timer subsystem (ES&T) and switch 
into the separation mode of operation. In this mode, the 
EDS will operate in accordance with the CSAD separa­
tion format and sample only engineering sensors. The 
EDS will be powered off at S + 15 (15 min after separa­
tion). 

The EDS will be powered on at E - 15 (15 min before 
entry) and operate in accordance with the entry fo rmat. 
At E - 14, the EDS issues calibrate commands to the 
aerometry experiment, the radiometer and the water 
vapor experiment. At E - 12 the EDS starts writing into 
memory in accordance with the EDS tGrite blackout 
format (Fig. 5). Upon receiving a Mach 9 command, the 
EDS stops writing into memory, issues a radiometer cali­
brate command and starts reading out from memory. In 
this mode the EDS operates in accordance with the 
entry format (Fig. 4) with the memory information sub­
stituted in the radiometer slots. 

h. Modes of operation. The EDS has essentially two 
modes of operation: the separation mode and the entry 
mode. Writing into memory and reading from memory 
occur only in the entry mode of operation. 

Separation mode. The EDS receives a separation com­
mand from ES&T and switches into the separation mode 
of operation. In this mode the EDS will operate in ac­
cordance with the separation format, and will sample 
only engineering sensors. All measurements are 6-bit 
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measurements, except for pseudonoise (PN) (15 bits), 
frame count (9 bits), and Accutron clock timer (10 bits). 

The 3-sec frame is divided into I-sec subframes, and 
each subframe is divided into 30 units. Each unit is, in 
turn, divided into three 6-bit measurements; thus, the 
total number of bits for a I-sec subframe is 

3 X 6 bits X 30 units = 540 bits/sec 

All subframes are identical, except for the first 24 bits of 
subframe 1. 

Entry mode. In this mode the EDS operates in ac­
cordance with the entry format of Fig. 4. This format is 
divided into three essentially identical subframes. The 
radiometer, temperature, and pressure are 7-bit measure­
ments; the water vapor detector is a 9-bit measurement; 
the accelerometers are 10-bit measurements; and the mass 
spectrometer is a 22-bit measurement. 

The EDS u;rite blackout form at is a I-sec, 224-bit 
fram e and is shown in relationship with the CSAD entry 
I-sec subframe in Fig. 5. 

Upon receiving a Mach 9 command from the parachute 
in itia tor subsystem, the EDS stops writing into memory, 
issues a radiometer calibrate command, and starts to 
read out the blackout information from memory at 
112 b its/sec, according to the CSAD entry format of 
Fig. 4. Blackout memory data is then substituted for the 
radiometer data within the radiometer time slots of 
the entry format. It should be noted that blackout infor­
mation is read out in the follovving manner: las t in , first 
out. 

c. System block diagram. The block diagram of the 
complete EDS is shown in Fig. 6. The EDS may be 
divided into eight functional blocks: 

Oscillator and timing generator. The EDS timing 
generator contains a 1.728-MH z crys tal oscillator whose 
output feeds a countdown timing chain. Outputs from 
this countdown chain are decoded to provide all of the 
timing requi rements of the EDS. 

I nstrument control. The instrument control receives all 
the required timing signals and generates commands 
that control all the instruments that interface with the 
EDS. 
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Fig. 6. EDS block diagram 

Multiplexer. All the 62 analog inputs from the engi­
neering and science sensors are connected to the EDS 
multiplexer. Upon command from the multiplexer con­
trol , these analog inputs are normalized to 6 V, then 
switched to the central analog-to-pulsewidth (A/PW) 
converter for analog-to-digital conversion . The t iming 
requirements for the multiplexer are dictated by the 
mode of operation of the EDS and the formats required 
by these modes . The detailed design and description of 
the EDS multiplexer is described in SPS 37-50, Vol. III, 
p . 216. 

Multiplexer and mode control. The multiplexer control 
logic consis ts of timing signals: entry, blackout, and 
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separa tion- three unique gate matrices which feed the 
FET control matrix and the output control logic. The 
FET control matrix is a gate matrix which receives 
the timing signals and issues all the commands required 
by the multiplexer. 

The mode control logic consists of gates and flipflops 
which set the mode of operation of the EDS. The EDS 
receives only two external commands: the separation 
command and the Mach 9 indicator command. The sep­
aration command causes the EDS to switch from the 
entry mode to the separation mode of operation. The 
?If ach 9 command allows the Mach 9 counter to count, 
the calibrate commands to be sent, the memory to start 
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reading back, the probe deploy and open inlet P01t 
commands to be sent. 

Central A/PW conversion and control. The analog-to­
digital conversion is achieved within the EDS by using a 
MarineT flight-qualified A/PW converter. The A/PW 
converter converts analog measurements to digital form 
with a resolution of 1 part in 511 (9 bits ). 

The output pulses of the A/PW (data and reference), 
the mass spectrometer A/PW pulses, the accelerometer 
A/PW pulses, and the water vapor frequency input are 
fed into the A/PW control logic with the appropriate 
timin g signals. The control logic allows th e high­
frequency (864 kHz) clock to be counted by the central 
counter for a period of time equivalent to the delay 
between the A/PW reference and data pulses . This time 
period is directly proportional to the analog input voltage 
at the A/PW converter (Ref. 1). For the water vapor 
experiment, the control logic allows the water vapor 
frequency to be counted for a fixed period of time. The 
result of this count is the central converter data and is 
sent to the memory control and the output control units 
in accordance with the mode and formats in use. To 
ensure correc t operation, the logic, counters, and shift 
registers are kept in sync by being reset at the start of 
an A/PW conversion period or at the start of a water­
vapor reading period. 

M emory and mass spectrometeT control. The memory 
control logic receives central converter data, mass spec­
trometer data, frame count and PN data, as well as 
appropriate timing signals. Its primary function is to 
condition this incoming data for subsequent storage 
within the plated-wire memory. It also provides the 
memory with the read/write control function , the clock, 
and the address location lines. 

The mass spectrometer control logic receives the peak 
detect signal and the scale inputs from the instrument. 
Its primary function is to convert this peak signal (l1-bit 
conversion), using a similar type of conversion scheme 
to that used for A/PW conversions. It also provides a 
time of occurrence measurement (9 bits) indicating when 
this peak occurs with respect to the sweep start of the 
instrument, and scale measurements (2 bits ) indicating 
the range of the peak measurement. 

Each time a peak detect signal is received, the mass 
spectrometer control logic outputs 22 bits of information 
for storage within the plated-wire memory and counts 
the number of peaks received during the given sweep 
time of the instrument. 
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Plated wire memory. This unit was designed and de­
veloped by Librascope under ]PL contract with in-house 
]PL design support. It receives data, a read/write con­
trol signal, a clock, and 13 address lines from the memory 
control unit. Depending upon the status of the control 
signal and the receipt of a clock, the memory unit will 
either read information from an address location or write 
data into a location within the stack. For a detailed 
description of the CSAD woven plated-wire memory 
unit, refer to SPS 37-51, Vol. III , p. 175. 

Event counters and output control. There are four 
event counters which monitor pyrotechnics and ES&T 
events. As an event occurs, these counters are updated 
by one, and at the appropriate time and in accordance 
with the mode and data form at in question, the content 
of the counters are transferred to the output control logic. 

The output control logic receives ES&T clock counter 
data, mass spectrometer peak counter data, pyrotechnics 
and ES&T data, memory data, central converter data, 
mode data, frame count and P data. With the appro­
priate timing, it outputs this data in accordance with the 
mode of operation and the format under consideration. 
All EDS data (except PN) is fed into a half adder. The 
relay receiver bit synchronizer on the parent spacecraft 
will not operate correctly when it receives a long string 
of zeros. Due to the fact that the mass spectrometer data 
may be a long series of over 100 ze1'OS (no peaks de­
tected), the requirements of half-adding ones and ze1'OS 
to the EDS data was imposed. The outputs of the EDS 
half-added data and the output from the IS-bit PN gen­
erator are oT-gated together and sent to the radio sub­
sys tem. This resultant EDS data is used as the modulating 
signal in the radio subsystem. 

3. Testing 

The CSAD EDS underwent two levels of room tem­
perature testing. 

a. Initial checkout. The EDS underwent initial check­
out with its operational support equipment (OSE). The 
OSE contains all the power supplies required by the EDS, 
the memory unit, and the OSE. It also contains a modi­
Bed 40 line/sec Franklin printer which, in conjunction 
with its logic, is capable of printing out in real-time all 
the data that the EDS sends to the entry radio subsystem 
or all the data that the EDS OSE receives from the relay 
receiver demodulation subsystem. 

The OSE logic is designed to simulate all system 
inputs to the EDS (Fig. 6). Switches on the front panel 
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control the number of mass spectrometer peaks, and the 
width of these peaks sent to the EDS. Push buttons simu­
late the events that are counted, and the Mach 9 and 
separation commands. The A/PW data and reference 
pulses are simulated and controlled by thumbwheels on 
the OSE front panel. All 62 analog inputs are simulated 
and fed into the EDS; voltage potentiometers control 
the analog inputs through a known voltage range. Lamps 
on the front panel indicate the status of the EDS as it re­
sponds to a command, changes in mode of operation, etc. 

b. System functional testing. Upon delivery to the 
Spacecraft Assembly Facilities (SAF), th e EDS and 
the other subsystems of the CSAD Capsule System 
underwent capsule system functional testing. 

c. Test results. After the initial debugging during 
checkout, the EDS operated correctly with all the simu­
lated inputs from the OSE. 

Throughout SAF testing the EDS operated correctly, 
without any problems. The data was good, with occa­
sional noise glitches that caused elTors in the data 
retrieval system contained within the EDS's OSE system. 
Upon further investigation it was determined that these 
glitches OCCUlTed when the mass spectrometer ion pump 
was turned on. It was also determined that they were 
the result of a combination of the system configuration 
at SAF, the noise sensitivity of the data retrieval system 
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within the EDS's OSE, and the noise effect on the 
system upon turning on the ion pump. 

4. Future A ctivity 

A general review of the EDS logic should be con­
ducted to ensure simplification in design, minimization 
of components and power consumption, and maximiza­
tion of reliability. 

A review of the memory and its electronics is in order 
so as to improve the margins and noise immunity of its 
input circuits. The memory should also be designed 
mechanically to withstand shock and vibration as re­
quired in a Bight project. 

The EDS multiplexer presently uses PF 157 flatpack 
which contains four 2N3386 p-channel junction field­
effect transistors (JFET). These JFETs are employed as 
switches, but unfortunately they are normally closed 
(when power is off), thus shorting all the analog inputs 
through high-impedance paths. This situation may not 
be acceptable in a flight configuration, and new designs 
for the multiplexer switches are needed. 

Reference 

1. Nixon, R. R., Bipolar Analog-to-Pulse Width Converter, Tech­
nical Report 32-1034. Jet Propulsion Laboratory, Pasadena, 
Calif., Jan. 15, 1967. 
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xv. Lunar and Planetary Instruments and Sciences 
SPACE SCIENCES DIVISION 

A . Infra red Absorption Spectrum of CH. at 
9050 cm-t, J. S. Margo/is and K. Fox l 

A high-resolution infrared absorption spectrum has 
been obtained for the region of the R branch of the second 

'NRC-NASA resident research associate on leave from The Univer­
sity of Tennessee. 
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overtone of the triply degenerate fundamental Va of CH •. 
The measured lines between 9057 and 9133 cm- l are 
reproduced in Fig. 1. Comparisons have been made 
between the tetrahedral fine structure splittings in this 
spectrum and those in the spectra of Va and 2 va of CH. 
and 2 V3 of CD •. A more detailed account will appear in 
The Journal of Chemica.l Physics (September 1, 1968). 
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Fig . 1. Absorption spectrum of CH . in R branch of 9050 cm- t band (75 torr , 64 m, 294°KI 
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B. Peak Detector-Analog/Pulse Width 
Converter Analysis, J. R. Locke 

1. Introduction 

The peak detector-analog/pulse width converter 
(PD-A/PWC) has potential application in spaceborne gas 
chromatography and mass spectrometry instrumentation. 
It was developed by JPL in discrete component form and 
has been successfully interfaced with a mass spectrometer 
to provide signal conditioning in a form appropriate for 
digital processing that simultaneously furnishes qualita­
tive (peak time of occurrence) and quantitative (pulse 
width proportional to signal voltage peak) information. 
It has been operated over the temperature range of 0 to 
50 a C, detecting signals ranging from 10 mV to 10 V. 
It has good linearity, between pulse width and peak 
input, deviating over the range of 0.1 to 10 V less than 
0.15%. A novel feature of the circuit is its noise immunity, 
which is a minimum of 17 m V and can be increased by 
making the static offset larger. Worst-case peak-detection 
error occurs for low-level triangular input signals and is 
less than 3 ms. 

To maximize the value of this circuit, it is planned that 
the final configuration will be in microminiature form. 
In anticipation of making this conversion, the Planning 
Research Corporation (PRC) of Los Angeles, California 
was contracted to perform a computer-aided analysis of 
the circuit that would provide analytical guidelines 
for the microminiaturization. The decision to utilize 
computer simulation methods was motivated by the 
following considerations: 

(1) They provide a thorough means of investigating 
circuit performance that would be prohibitively 
time-consuming if sought through standard bread­
boarding techniques. 

(2) They are much faster and more accurate than hand 
analysis. 

(3) They allow (equivalent) measurements that would 
be extremely difficult to make in an actual circuit 
(such as a low-level voltage measurement on a 
high-impedance point, or the values of all node 
voltages at the peak of a signal). 

Two computer programs were used in the analysis: 

(1) PRONE-a nonlinear dc circuit analysis program 
developed by PRC. 

(2) SCEPTRE-a transient analysis program devel­
oped by the U.S. Air Force Weapons Laboratories. 
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It should be noted that complementary breadboard 
testing was used in conjunction with the computer 
simulations to confirm their validity. 

The material covered in this article is an abstract of 
the final report prepared by PRe. The complete report 
will be published as a technical memorandum in October 
1968. 

2. Functional Description of the PD-A/PWC 

Figure 2 is a complete schematic of the PD-A/PWC. 
Peak detection is achieved by storing a voltage propor­
tional to the peak on capacitor C; as the input voltage 
drops below the peak, CRI is disconnected creating an 
unbalance across matched transistors QIAB which tog­
gles Q5 from a normally high to a low state. When the 
output goes low, it provides a signal that fires a one shot. 
The one shot controls a series-shunt switch that dis­
connects the input from the signal source for a period 
of time long enough to allow discharge of the maximum 
input signal seen by capacitor C. By discharging C with 
a constant current source Q6, until Q5 reverts to its 
original state, the resultant pulse width defined by Q5 is 
proportional to the peak input voltage. 

3. Ana lysis Objectives 

The main objectives of the analysis were to determine 
what parameters were of primary importance in con­
trolling: 

(1) Peak detection. 

(2) Peak-to-pulse-width conversion accuracy. 

Four areas were explored in seeking this information: 

(1) The leading edge trigger. 

(2) The capacitor discharge circuit. 

(3) The trailing edge trigger. 

(4) The interrelationship of these factors as they affect 
peak detection and pulse width. 

Another area that was given limited treatment was input 
noise sensitivity. 

Preliminary hand analysis showed the effects of the 
series-shunt switch and the one shot to be of a secondary 
significance. It was also observed that the buffer amplifier 
could affect circuit performance in terms of its input and 
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Fig . 2 . Complete peak detector-analog/pulse width converter 

output impedance and input offset voltage, but that these 
factors could b e handled in a straightforward manner 
with standard analysis techniques. For these reasons, the 
series-shunt switch, one shot, and buffer amplifier were 
not treated in the computer simulations. 

4 . Circuit Analysis 

a. Leading edge trigger. The leading edge trigger 
analysis is concerned with two considerations associated 
with the instant when the input signal produces a change 
of state at the output: 

(1) The Schmitt trigger changes state at some non-zero 
base voltage differential. This voltage is a function 
of CR1, CR2, Q1AB, R1, R7, R8, Rll, positive 
voltage V pos, input voltage VIN, temperature, and 
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to some degree the remaining components in the 
circuit. 

(2) The rate of change of the input signal will cause a 
component of current to flow in CR1 that is not 
present in CR2. In addition to making the drops 
across CR1 and CR2 unequal, the rate-of-change 
current component affects the dynamic resistance 
of CR1 and thus the manner in which capacitor C 
charges. 

To study the first of these two considerations, the 
Schmitt trigger portion of the PD-A/PWC was simulated 
together with a fictitious negative feedback circuit. The 
feedback circuit senses Q5 threshold current and feeds 
back a voltage Vb corresponding to that which capaci­
tor C would have to attain to cause toggling for various 
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input voltage V;N values.2 A second simulation of the 
Schmitt trigger circuit was run without the negative 
feedback circuit, to determine the peak input voltages V p 

corresponding to the capacitor trigger voltages V~ . The 
difference between the peak input V I' voltage values and 
their corresponding trigger input voltages V~N is the 
static offset voltage error Vas' which is the minimum 
voltage difference required to produce toggling. Such a 
static offset error would occur if the input signal flat­
topped and remained at its peak value long enough for 
capacitor C to reach its steady-state value. 

Table 1. Nominal 25°C static offset voltage and 
trigger locus data 

Figure 3 illustrates the meaning of these terms, and 
Table 1 summarizes the computed data for the circuit at 
room temperature. A plot of V~N versus V~ results in the 
trigger locus, which will be combined later with the 
transient tra jectory to define the PD-A/PWC's dynamic 
behavior. Table 2 summarizes the PD-A/PWC's static 
offset voltage sensitivity to parameter variation. The 
parameters considered are resistors, voltage sources, base­
emitter junctions, junction leakages, and transistor cur­
rent gains hIe at peak input voltages V I' of 0 and 10 V. 

'Numerical superscrip ts are defi ned as follows : 

X' = quantity obtained in first computer simulation to analyze the 
leading edge static trigger. 

X' = quantity obtained in second computer simulation to analyze 
the Q5 off equivalent circuit. 

X' = quantity obtained in th ird computer simulation to analyze the 
capacitor charging circuit. 

X' = quantity obtained in fourth computer simulation to analyze 
the trailing edge trigger. 

V p , V" 
I h 

V' N. Y V ~8 ' ve 

0.0 - 0 .0167290 0 .0167290 

0.5 0.4838834 0 .0161166 

1.0 0 .9844980 0 .0155020 

1.5 1.4851144 0 .0148856 

2.0 1.9857331 0 .0142669 

2.5 2.4863538 0 .0136462 

3.0 2.9869765 0 .0130235 

3 .5 3.4876014 0 .0123986 

4.0 3.9882282 0.0117718 

4 .5 4. 4 888572 0 .0111428 

5.0 4.9894880 0 .0105120 

5.5 5.4901214 0 .0098786 

6 .0 5. 9907564 0.0092436 

6.5 6.4913939 0 .0086061 

7.0 6 .9920331 0 .0079669 

7.5 7.4926745 0 .0073255 

8.0 7.9933180 0.0066820 

8.5 8.4939635 0.0060365 

9.0 8 .9946112 0 .0053888 

9 .5 9.4952610 0 .0047390 

10.0 9.9959130 0.0040870 

{l YP is the peak va l ue of the i npu t vo ltage . 

v ~ (V p ) , y d 

- 0 . 2635916 

0 .2358232 

0.7352401 

1.2346588 

1.7340798 

2.2335027 

2.7329277 

3.2323549 

3 .7317840 

4 .2312157 

4 .7306483 

5 .2300839 

5 .7295212 

6 .2289609 

6 .7284024 

7.2278460 

7 .7272917 

8.2267395 

8.7261894 

9. 2256414 

9.7250959 

X' = quantity obtained in fi fth computer simulation to analyze the 
capacitor d ischarge circuit. 

bV~ .,. is th e voltage the inpu t mu st drop to before triggering will occ ur . 

cVZs = V p - V: .v w hen V I.V has so t at V p long e nough fo r capaci to r C to o tta in 

its steady·stote vo lue. 
X' = quantity obtained in sixth computer simulation to analyze Q5 

on equivalent circuit. 
dV ~ (V p ) is the steady-stote voltag e on capaci tor C. 

V IN (INPUT SIG NAL) 

TIME OF THE 
LEADING EDGE I 
TR IG GER~ 

TIME 

I 
V IN = V IN (TRIGGER) 

Fig. 3. Input signal for defining static offset terminology 
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Table 2. Static offset sensitivities 

Peak input voltage V /' Peak input voltage V I' 
Parameter Parameter 

VI' = OV VI' = 10 V V p = OV V p = 10V 

Resistor sensitivity Sn Junction leakage sensitivity 5/. 

Resistor SR, V/ % Rank SR, V/ % Rank Diode/ 

transistor 5/>, JlV / JlA Rank Sf. , JlV / JlA Rank 

Rl 0.000 X 10-1 - - 0.001 X 10- 1 -
R2 - 0.490 X 10-' 1 - 0.510 X 10-' 1 CR3 1.01 X 10' 3 1.01 X 10' 3 

R3 0.149 X 10- 1 - 0.149 X 10-.1 - CR4 - 1.01 X 10' 3 - 1.01 X 10" 3 

R4 0.472 X 10-' 2 0.472 X 10-' 2 Q1AC - 71.5 X 10" 1 - 65.7 X 10' 1 
R5 - 0.163 X 10-1 - - 0.163 X 10-' -

X 10' 10' 01BC 64.5 2 64.5 X 2 
R6 - 0.431 X 10-1• - - 0.431 X 10-1• -
R7 - 0.140 X 10-3 4 - 0.345 X 10-' 4 

02C - 0.524 X 10' 4 - 0.524 X 10' 4 

R8 0.159 X 10-' 3 0.388 X 10-.1 3 03C 0.495 X 10" 5 0.495 X 10' 5 

R9 0.190 X 10-'1 - 0.019 X 10-' - 04C - 0.010 X 10' 8 - 0.011 X 10' 8 

RI O 0.000 - 0.000 - 05E - 0.011 X 10' 7 - 0.D105 X 10' 7 

Rl 1 0.368 X 10-'1 5 - 0.265 X 10- 1 5 05C 0.372 X 10' 6 0.228 X 10' 6 
RL 0.182 X 10 .... - 0.216 X 10-' -

Emiller junction sensitivity Sf) 
(3 sensitivity Sf3 

Transistor 

Transistor St' , mY / mY Rank Sf) , mY / mY Rank l(:J l Sf3' mV / 6, (:J Rank Sf3 ' mV / 6,(:J Rank 

0 1A 0.62835479 2 0.67113600 2 0IA(200) - 0.141 1 - 0.150 1 

0 1B - 0.62835594 1 - 0.67115959 1 01 B(2oo) 0.141 1 0.150 1 
02 0.01010435 4 0.01010583 3 

- 0.354 X 10-' 10-' 02(150) 2 - 0.354 X 2 
03 - 0.00974759 5 - 0.00974899 4 

0.00046383 
03(150) 0.262 X 10-' 3 0.262 X 10-' 3 

0 4 6 0.0004729 6 

05 - 0.01781465 3 - 0.0041525 5 04(150) 0.169 X 10-' 4 - 0 .800 X 10- 1 4 

05(150) - 0.465 X 10-' 5 - 0.46 5 X 10-6 5 
Diode iunction sensitivity Sn 

Voltage source se nsitivity 5\" 
Diode Sn, mY / mY Rank Sn, mY/ mY Rank 

CR1 0.628 1 0.671 1 
Voltage 

source 
51', V IV Rank 51', V/ V Ran k 

CR2 - 0.628 1 - 0.699 2 

CR3 0.195 X 10-' 3 0.195 X 10-' 4 V m (Zener) 0.01 78 1 0.00462 1 

CR4 - 0.259 X 10-1 2 - 0.259 X 10-' 3 V .VEO 0.0168 2 0.00444 2 

CR5 0.241 X 10- ' 4 0.221 X 10-' 5 Vpos 0.0021 3 - -
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To study the second factor affecting the leading edge 
trigger, the equivalent circuit shown in Fig. 4 was used. 
This circuit accounts for premature discharging of ca­
pacitor C by the nonlinear base current of Q1A and the 
nonlinear resistance of CR1 as a function of its bias and 
signal current. In studying the dynamic behavior of the 
circuit, it was also necessary to simulate mass spectrom­
eter (MS) peaks originating from wide and narrow aper­
tures. For narrow apertures, the MS peaks are nearly 
triangular; for wide apertures, the waveform becomes 
trapezoidal. Another required characteristic was the 
peak-width-to-peak-height relationship. Observed MS 
peak widths were found to be a maximum of 12 ms 
for a 10-V peak and half that value for a 100-m V peak. 
The equations used to describe the two waveforms are: 

(1) Trapezoidal waveform. 

t2 = [; + (do) VI' ] ms 

t3 = [6 + (160) VI' ] ms 

(2) Triangular waveform. 

tl = t2 = [3 + (130) V I' ] ms 

t3 = [6 + (160) VI' ] ms 

where VI' is the peak value of the input signal expressed 
in volts. 

+ 

Rl 

ERI = v
RI 

+ 

R8 R7 

CRI 

-= 

Rll 

RL r os 
-= 

Vx = VEOIA - VEOI S - VCR2 

= VC-V,N- VRI-VR8 

Fig.4. Leading edge capacitor charging circuit 
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The purpose of this simulation, which used the Scept1"e 
transient analysis program, was to compute the transient 
trajectory for peak signals ranging from 25 m V to 10 V 
for both the triangular and trapezoidal waveforms. The 
trajectory is defined by the parametric equation: 

V ~'y = f(t) 

V ~ = g(t ) 

The use of the trajectory information in conjunction with 
the trigger locus [Table 1; V~.\. , V ~ (V!, ) ] allows a deter­
mination of the actual offset voltage Vo s under dynamic 
conditions. The resulting V 08 is equal to or larger than 
the static offset voltage V~s because capacitor C may not 
have fully charged by the time the input voltage drops 
sufficiently to cause triggering. The use of the trajectory 
and trigger locus is illustrated in Fig. 5, and Table 3 
summarizes the offsets versus peak input voltage and 
waveform. 

u 
> 

DROOP IS DUE TO 
ISOlA DISCHARGE 

- - - ;;;--"""--~"--

g(t) 

TRIGGER LOCUS 

V:N= h (V~) 

TRIGGER 
POINT 

TRANSIENT 
TRAJECTORY 

3 
VIN = f(t) 

V~ = g(t) 

Fig.5 . Example of transient trajectory and 

trigger locus 
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Table 3. Dynamic offset voltage as a function of peak 
input voltage and waveform at 25 ° C 

Triangular Trapezoidal 
VP. 
V It = tz, t3. Vos . t,. tz, h. Vos . 

ms ms V ms ms ms mV 

10 6 12 204.2 5 7 12 45.0 

5 4. 5 9 195 .5 3.75 5 .2 5 9 64 .3 

3 3. 9 7.8 184 .3 3 .25 4 .55 7.8 73.0 

1 3.3 6.6 147.3 2.75 3.85 6 .6 79.1 

0 .1 3 .030. 6.06 61.1 2.525 3.535 6 .06 51.1 

0 .05 3. 015 6.03 44.8 2.5215 3.5175 6.03 38.8 

0 .025 3. 008 6 .015 - 2.5063 3 .5088 6.015 -

b. Capacitor discharge. Prior to the leading edge 
trigger, Q6 is off. When triggering occurs, the PD-A/PWC 
output V OUT drops to its lower value and the input VI~' 
drops to zero. Q6 turns on and its collector current and 
the base current of QIA discharge capacitor C. Thus, 
the collector current of Q6, I CQ6 , largely determines the 
pulse width til" ' 

The current source circuit, shown in Fig. 2, was solved 
by using PRO E to determine I CQG and its sensitivity to 
parameter variation with V OUT in its low state equal to 
- 9.3 V. A summary of results is given in Table 4, where 
it should be noted that the R OUT referred to is the output 
resistance of the PD-A/PWC, and that the capacitor 
voltage Vc was set at 5.0 V. 

c. Trailing edge trigger. While capacitor C is dis­
charging, V IN remains at zero and V OUT remains at its 
lower value. When the capacitor voltage V C reaches a 
particular negative value, triggering again occurs and 
V OUT is restored to its upper value. This action will be 
called the trailing edge trigger. The computation of the 
trailing edge trigger is somewhat more simple than the 
leading edge trigger because only V (' is changing when 
the threshold is reached. 

PRONE was again used to compute the capacitor volt­
age at which triggering occurs. Because Q5 is just coming 
out of the saturation region, at the point of triggering, a 
slightly different feedback setup was used to determine 
the threshold voltage. Instead of defining the threshold 
in terms of collector current, it was defined as that ca­
pacitor voltage which produces a given collector to 
ground voltage. 
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Table 4 . Capacitor discharge current source 
sensitivities (/ cQu = 0 .20153 mA at 25 °CI 

Re sistor sensitivity Sn 

Resi sto r 

SR. mAl % RanK 

R1 2 - 0.20045 X 10-' 1 

R13 - 0.19108 X 10- ' 2 

R Il3 0.75309 X 10-' 3 

ROUT - 0.14732 X 10-' 4 

Voltag e source sensitivity 5 .· 

Voltage source 
Sl'. mA/mV Ran k 

Vc 0.20303 X 10-10 3 

Vou,. - 0.51389 X 10-' 2 

VD3 0.40655 X 10- ' 1 

Diode iunction sensitivity So 

Diode 
Sn. mA /mV Rank 

CR6 0.40657 X 10- ' 1 

CR7 0.20000 X 10-' 2 

Emitter junct ion sensitivity St:.' 

Transistor 
St: . mA/mV Rank 

Q6 - 0.41170 X 10- ' -

{J sensitivity ({J = 200) 

Transistor 

S{3. mA /t:.{J Ran k 

Q6 0.49873 X 10-' -

Since V IN is always zero at the time of the trailing edge 
trigger, only one solution is required. The solution is: 

V ~ = - 0.30303355 V 

Table 5 summarizes capacitor trigger voltage sensitivity 
to parameter variation. 

d. Delay and pulse width. Based upon the results of 
Paragraphs a-c, above, the delay time tD and the pulse 
width tlV can now be evaluated and the parameters affect­
ing them discussed. To aid in the discussion, Fig. 6 is pro­
vided to define some of the .terminology that will be used. 

Peak detection delay. It was illustrated in Fig. 5 how 
the intersection of the transient trajectory and the trigger 
locus could be used to determine the leading edge 
trigger. From the illustration, some of the factors which 
affect the leading edge trigger may also be inferred. For 
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Table 5. Trailing edge trigger point sensitivitiesa 

v~ resistor sensitivity SR 
Resistor 

SR, V/ % Rank 

R1 -0.477 X 10-4 6 

R2 - 0 .491 X 10-3 2 

R3 0.158 X 10-4 8 

R4 0.471 X 10- 3 3 

R5 - 0.171 X 10"" 7 

R6 - 0.374 X 10-10 11 

R7 0 .250 X 10-3 4 

R8 - 0.204 X 10-3 5 

R9 0.470 X 10- ' 1 

R10 0.000 12 

Rll - 0.123 X 10-' 9 

RL - 0 .704 X 10-' 10 

V ~ diode junction sensitivity So 
Diode 

SD,mV/mV Rank 

CRl 0.508 X 10-'0 5 

CR2 - 0.100 X 10-' 1 

CR3 0.169 X 10-4 3 

CR4 -0.299 X 10-4 2 

CR5 0.214 X 10-' 4 

- Nominal 2So C trailing edge capacitor trigger voltage Vf = -0.303034 V. 

instance, if the trigger locus is translated to the left or 
right, triggering occurs at a new intersection. The factors 
which cause such translation were discussed in the first 
of the two considerations controlling the leading edge 
trigger. A second factor that can affect the point of 
triggering is the rate at which the input voltage drops. 
In conjunction with the rate at which the input voltage 
drops, the base current of QIA which discharges capaci­
tor C must also be considered. The implication of the 
base current is best illustrated by taking, for example, 
the extreme case where the base current discharges the 
capacitor at the same rate the input voltage drops. Under 
such circumstances, triggering would never occur. The 
third and last factor which will be considered is the ca­
pacitor charging waveform. Ideally, the waveform of the 
rising edge of V IN and V c would be identical. This is not 
the case because 

(1) A nonlinear current-dependent voltage drop occurs 
across CRl. 
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Transistor IS) 
V ~ S sensitivity Sil 

SIl' mv /!1{3 Rank 

01 A (200) - 0.464 X lQ-3 6 

018 (200) 0.233 1 

02 (150) - 0.394 X 10-' 3 

03 (150) 0.225 X 10-' 4 

04 (150) - 0.186 2 

05 (150) 0.807 X 10-3 5 

V~ emitter junction sensitivity Se 
Transistor 

Sf: , mV /mV Rank 

01A 1.000 1 

Q1B - 1.000 1 

02 0 .010118 3 

03 - 0.0097293 4 

04 0.010953 2 

05 0.000297 5 

V ~ voltage source sensitivity Sv 
Voltage source 

5 1' , V/V Rank 

Vo, (Zener) - 0.01656 1 

V.no 0.3 X 10-' 3 

V POR 0 .186 X 10-' 2 

(2) The rate at which capacitor C can charge is limited 
by the resistance of CRl. 

Because diode resistance is inversely proportional to 
the diode current, small peak input voltages result in 
larger time constants and correspondingly larger offset 
voltages. In conjunction with this last point, another 
related factor should be pointed out. The currents through 
diodes CR1 and CR2 are 

dVIN 
!cRI = I nQIA + C ~ 

Therefore, for large peak input voltages with high 
rates of change, sizable differences can exist between the 
diode junction voltages of CRI and CR2 which shift 
the trigger locus to the right; but because a high rate of 
change increases the current through CRl, its resistance 
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O UTPUT 
WAVEFORM 

TIME 

INPUT 
WAVE FORM 

tD PEAK DETECTION DELAY TIME 

tw PULSE WIDTH 

tA TIME OF THE LEADING EDGE TRIGGER 

ts TIME O F THE TRAILING EDGE TRIGGER 

t
1
, t2' t3 DEFINES INPUT WAVEFORM 

Fig. 6 . Terminology definitions 

is substantially reduced, which allows capacitor C to 
reach steady state more rapidly. This moves the tra­
jectory to the right, thus compensating the waveform­
induced delay error. 

Figure 7 shows the relationship between delay time 
and peak input voltage for trapezoidal and triangular 
input signal voltages. The data used for the curves is 
given in Table 6. 

Pulse width. When the leading edge trigger occurs, 
the input drops to zero, Q6 turns on, and Q1B turns off. 
This remains the operating state through most of the 
discharge period. The capacitor starts at voltage V~ (tA) 
and discharges at a constant rate until it reaches V ~, at 
which time the trailing edge trigger occurs. The expres­
sion for the pulse width tw is 

The values of pulse widths for trapezoidal and triangular 
input voltages are plotted in Fig. 7 and tabulated in 
Table 6. 
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For all parameters except C, the partial derivative of 
t lY is 

at w 
ap 

C 

where P represents anyone of the circuit parameters 
other than C. The terms av~ l ap and al c Q6/ ap are sum­
marized in Tables 4 and 5; the partial derivative of 
aI8Q1A/ ap is small and can be neglected; and most of 
what was said regarding peak detection delay applies to 
av ~ (tA)/ ap. 

e. Input noise sensitivity. For dynamic inputs, the 
noise threshold starts out as the static offset voltage at 
zero, which is approximately 17 mv. During charging, 
the threshold is equal to the static offset plus the addi­
tional drop across CR1 due to the charging current. 
When the input reaches its peak, the capacitor begins to 
fall , thus decreasing the noise threshold with respect to 
negative noise spikes. Input noise immunity is further 
enhanced against low-energy-Ievel noise by the low-pass 
£Itering effect of CR1 and capacitor C. 

4 . Conclusion 

A study of circuit sensitivity to parameter variation 
shows it to be very stable both with respect to peak 
detection delay and pulse width. This stability is pri­
marily due to the cancellation effects of the most sensi­
tive parameters. Optimum circuit performance will be 
achieved if components 

Q1A, Q1B 

CR1, CR2 

Q2, Q3 

R2, R4 

are matched and the following parameters have small 
tolerances: R1, R7, R8, R9, Rll , R12, D2, D3, C, V pos, 

and negative voltage V NE G • 

The most serious problem of the circuit is the dynamic 
offset error which is primarily determined by the input 
signal rate of change. Since for any particular applica­
tion this error is repeatable, it can be accounted for by 
calibration. 
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V p , V 11 = 121 ms 

10 6 

5 4.5 

3 3.9 

1 3.3 

0.1 3.030 

0 .05 3.015 

0 .025 3 .008 

~ 
I ..... 
0 

~ 
w 

'" -' 
ii' 
0 
Z 
-0: 
_0 

~ 
;::: 
>-
~ 
0 

Table 6. Peak detection delay and analogI pulse width conversion 

Triangular Trapezoidal 

'3, ms tD, ms t W I ms # 11 ms I'l l ms ' 3, ms I D, ms 

12 0 .102 2.2814 5 7 12 0.02252 

9 0.1761 1.1256 3.75 5.25 9 0 .04820 

7.8 0.2396 0.66510 3. 25 4.55 7.8 0.07910 

6.6 0.48610 0 .2106 2.75 3.85 6 .6 0.21800 

6.06 1.8514 0.02210 2.525 3.535 6.06 1.2930 

6 .03 2.6811 0.01430 2.5215 3.5175 6 .03 1.9484 

6.015 - - 2.5063 3.5088 6.015 -

2.8,-----,-----,-----,-----,-----,------,-----,-----,-----,-----, 

2 . 4~----~----+-----+-----~----~----~----~-----+-----+----~ 

2 . 0 

1.6 

1.2 

0.8 

0.4 

ii' 

~ 

TRAPEZOIDAL INPUT 
TRIANGULAR INPUT 

'\\ 
\\ 1 /~ 
\ ~ V .....:; r-DELAY TIMf 

o 3 456 7 9 

PEAK INPUT VOLTAGE V, V 
P 

Fig. 7 . Delay and pulse width vs peak input voltage 

10 
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'lV, ms 

2.3182 

1. 1560 

0.69090 

0 .2263 

0.02440 

0 .01570 

-
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XVI. Bioscience 
SPACE SCIENCES DIVISION 

A. So il Studies-Desert Microflora . XV. Analysis 
of Antarctic Dry Valley Soils by Cultural 
a nd Radiorespirometric Methods/ 
J. S. Hubbard, R. E. Cameron, and A. B. Miller 

1. Introdu ction 

In the examination of desert soils, microbiological cul­
tural methods proposed for extraterrestrial life-detection 
instruments have provided a basis for selecting and testing 
soil collected in harsh climatic regions of the earth. For 
this study, Antarctic soils were selected from collections 
made in McKelvey and Victoria dry valleys in southern 
Victoria Land during Antarctic austral summer 1966-67 
(SPS 37-40, Vol. IV, p . 125, Fig. 6). The samples were col­
lected aseptically from the soil surface and subsurface at 
seven sites. All samples were stored at temperatures below 
freezing until used. 

2. Soil Propertie s 

All soil physical and chemical analyses were performed 
on air-dry sieved, or powdered aliquots, by methods 
previously used for Antarctic soils (SPS 37-44, Vol. IV, 
pp. 224-236). Some physical and chemical properties of 

'Logistic support and facilities for the Antarctic phase of this study 
were provided R. E. Cameron by the Office of Antarctic Programs, 

ational Science Foundation . 
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these soils are shown in Table 1. All of the soils are sandy, 
have pH values above 7.0, and relatively low organic 
nitrogen and carbon contents, except soil 507. Only soil 
537 is very low in soluble salts, and cation exchange 
capacities are low for all soils except 506, 507, and 508. 
Moisture content generally increased with depth of sam­
ple and with proximity to hard, icy permafrost. 

3. Methods 

a. Cultural. Microbiological analyses were performed 
on samples kept frozen until weighed out and inoculated 
into culture media. One- or lO-g samples were used, and 
serial dilutions were made for microaerophiles and algae 
at 10-1, 10-2 , 10-3 , 10-<, and 10-5 . Dilutions for agar plates 
were at 5 X 10-1 , 10-1 , and 5 X 10-3 . The spread plate 
technique was used to distribute the inoculum on the agar 
surface. Trypticase soy agar was used to cultivate aerobic 
bacteria plus actinomycetes, fluid thioglycollate was used 
for microaerophiles, and cultivation for anaerobes was 
with trypticase soy agar following the sprinkling of soil 
on the agar surface. Rose bengal agar with sprinkled soil 
was used in the attempt to culture fungi, and Thornton's 
salt medium less organics was used for the algae. All 
incubations were conducted at 20°C for approximately 
4-5 wk, except for the algae. These latter dilution .cultures 
were incubated under Sylvania gro-Iux fluorescent tubes 
at apprOximately 500 ft-cd light intensity for 3 mo. 
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Table 1. Physical and chemical properties of Antarctic soils 

In situ 
Sample 

Soil depth, in. 
Location moisture Texture 

content, % 

500 Surface 2 McKelvey, near 1.4 l oamy sand 

center of valley 

506 Surface 2 McKelvey, near 0 .84 Sond 

507 2-6 center of valley, 4.9 Sandy loam 

508 12 
150 It from 

6.9 Sandy loam 
site for soil 500 

510 Surface 2 McKelvey, S af 2.3 Sand 

511 2-6 I nsel Range, SW 1.1 Sand 

of Mt.lnsel 

513 Surface 2 McKelvey, N of 2.7 loamy sand 

O ly mpus Range 

below 

MI. Hercules 

537 Surface 1 Victoria, 150 It NE 0.24 Sond 

of lake Vida 

540 Surface 1 Victoria, ~ 1 mi 3 .5 l aamy sand 

543 10-12 SW of lake Vida 4.9 Sandy laam 

574 Surface 1 Victoria , sand dunes 0.35 Sand 

;;;,; 1 mi NE of 

lake Vida 

h. Respirometric. The principle employed in the Gulliver 
experiment (Ref. 1) was used for detecting biological 
activity in the Antarctic soils. This procedure involved 
the measurement of the 14C02 evolved when soils were 
incubated with HC-labelled substrates (Table 2). With 

Table 2. Metabolic 14 CO~ production by Antarctic soilsa 

CO, evolved per hour per 300 mg soil, counts l min 
Soil 

Untreated Sterilized Net" 

500 673 131 542 

506 234 112 122 

507 186 181 5 

508 94 127 - 33 

510 683e 131 c 552 

511 140 99 41 

513 1577 103 1474 

537 1008e 109· 899 

540 441 103 301 

543 109 140 - 31 

574 323 121 238 

" Substrate mixtures contained 144 "9 of U J.fC-gl ucose (5 X 10-1 counts/min) plus 

20 ng of U14C_omino acids (3 .9 X 10-1 counts/min) in 0 .3 ml of water. 

hCounts /min evolved with untreated soil minus counts/mi n with sterilixed soil 

controls . 

('Average of three determinations; al l other values are the overage of determ i nations. 
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Electrical 
Saturated 

Cation 
Organic Organ ic 

conductivity, exchange 
10- 0 mhos I em' paste 

capacity , 
nitrogen carbon 

at25 ° C 
pH 

meql100 g 
content, % content, % 

3360 8.0 3 0.007 0.09 

2150 7 .5 8 0.006 0.09 

6000 8.2 13 0 .057 0 .38 

3500 8. 1 15 0 .018 0 .19 

1800 8.0 2 0.008 0.04 

2150 8.1 2 0 .026 0. 12 

4000 8.0 2 0.017 0 . 13 

88 8.9 4 0.002 0 .02 

3900 8.0 4 0.000 0.05 

7000 7 .7 11 0.002 0 .21 

124 9.0 - 0 .002 0 .02 

this method, the metabolic activities can be measured 
withou t removing the organisms from their soil environ­
ment. The substrates employed were of high specific 
radioactivity. This permits the detection of the CO 2 pro­
duced from the catabolism of a small amount of sub­
strate. Because of the sensitivity of the method, it was 
necessary to include controls with sterilized soils in order 
to determine the proportion of the radioactivity which 
was due to nonbiological decomposition of the substrates. 
The lowest value considered to be unquestionably posi­
tive is twice the background level, i.e., greater than 
120 counts/ min (net) . 

The measurement of metabolic CO~ evolution was per­
formed in the apparatus shown in Fig. 1. The soils were 
handled aseptically and were maintained in a frozen state 
until immediately before the assay. The reaction was 
initiated by mixing 0.3 ml of a filter-sterilized solution of 
the l.IC-substrates with 300 mg of soiU The chamber was 
immediately sealed, and the incubation was carried out 

' Uniformly labelled HC-glucose (50 mCi per mmole) was obtained 
from International Chemical and Nuclear Corp., City of Industry, 
Calif. Uniformly labelled HC-am ino acids (50 mCi per 33.5 mg) 
were obtained from New England Nuclear Corp., Boston, Mass. 
This is a mixture of 15 pl!re L-amino acids in the same proportions 
found in algal protein hydrolysate. 
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14CO TRAP 
2 

Fig. 1. Apparatus for measuring metabolic 14 C02 

at room temperature for 1 h. The reaction was stopped by 
the addition of 0.7 ml of 5% trichloroacetic acid, and the 
CO2 which had been evolved was Hushed from the cham­
ber with a stream of nitrogen (45 cm3 j min for 30 min). 
The efHuent was Hushed through a sintered glass aerator 
which was submerged in a hyamine hydroxide trap (7 ml 
of 0.2 M hyamine hydroxide in methanol). The radioactiv­
ity in a I-ml aliquot of the hyamine hydroxide solution 
was measured in a liquid scintillation counter (Beckman 

Instruments, model LS-IOO). The total 14C02 evolution 
was calculated by subtracting the background radioactiv­
ity and correcting for the dilution made from the hyamine 
hydroxide trap. The control experiments were run with 
300-mg aliquots of dry heat sterilized soils using the pro­
cedure described for the untreated soils. 

4. Results and Discussion 

The abundance of microorganisms resulting from cul­
turing on artificial media is shown in Table 3. Compared 
with most desert soils, the abundances are quite low, 
showing the absence of anaerobes, fungi, and except for 
soil 537, also algae. There were no more than 10 bacteria 
per gram of soil in some of the samples, and only two of 
the samples, 513 and 537, had abundances approaching 
10,000 per gram of soil. 

With the exception of soil 506, which was a question­
able positive, all the surface soils catalyzed the produc­
tion of measurable amounts of HCOt (Table 2). The four 
soils collected at subsurface levels from three of the sites 
(507, 508, 511, and 543) did not give a positive metabolic 
response in this assay. These same four soils also showed 
the lowest abundance of culturable microorganisms, gen­
erally 10 or < 10 per gram of soil. Although it is not 
presently possible to show an exact correlation of the 
magnitude of 14C02 evolution with the abundance of 
microorganisms, it should be noted that, in general, the 

Table 3. Abundance of microflora in Antarctic soils by cultural methods (per gram of soiW 

Aerobic bacteria 
Microaerophiles 

So il + actinomycetes 
(positives at Anaerobes Fungi Algae 

highest dilutionl 

500 25 100 0 0 0 

506 <10 100 0 0 0 

507 10 10 0 0 0 

508 <10 10 0 0 0 

510 20 1000 0 0 0 

511 25 10 0 0 0 

513 25b 1000 0 0 0 

537 8000 10,000 0 0 10 

540 55 1000 0 0 0 

543 <10 10 0 0 0 

574 150 100 0 0 0 

Medium Trypticase soy agar Fluid thioglycollate Trypticase soy Rose bengal agar Thornton's medium 

agar in (0, without organics 

fl Ail incubations at +20°C for approximately 4-5 wk, except algae for 3 mo . 

bActinomycete agar yielded 7,500 pigmented bacterio per gram of soil. 
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soils with the greatest number of culturable microorga­
nisms showed the greatest 14C02 evolution. For example, 
as shown in Table 3, soils 513 and 537 contained more 
culturable microorganisms than the other soils and also 
showed the highest values for 14C02 evolution. 

An anomaly was noted when the data with the Antarc­
tic soils were compared to assays run with soils collected 
at JPL (unpublished results). Even though the JPL soil 
contained roughly 1.2 X 107 organisms per gram, the 
metabolic 14C02 evolved was only 10 times that evolved 
by soil 513 in which only 7,500 organisms per gram were 
cultured (Table 3). This would mean that the amount of 
14C02 evolved per viable organism in soil 513 is more 
than 100 times greater than that evolved per JPL-soil 
organism. 

5. Concluding Remarks 

Several possibilities are being considered to account for 
the disparity in the results with the Antarctic and JPL 
soils. The most obvious explanation is that some of the 
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Antarctic soils contain large populations which do not 
proliferate on the artificial media used for this study. 
Alternatively, the organisms of the harsh environment 
may be adapted to utilize low substrate levels more effi­
ciently than species found in the more favorable environ­
ments, i.e., JPL soil. If so, the number of substrate mole­
cules metabolized per Antarctic-soil organism would be 
higher than that metabolized per JPL-soil organism. Still 
another possibility is that the Antarctic soils may contain 
nonviable organisms with active metabolic apparatus to 
catalyze the CO2 evolution. Conceivably, the low tem­
peratures of the Antarctic soils could protect these enzyme 
systems from the thermal denaturation which occurs in 
warmer soils. Additional cultural and metabolic experi­
ments are in progress to examine these possibilities. 
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XVI I. FI u id Physics 
SPACE SCIENCES DIVISION 

A. Magnetic Topology and Fl ux Reconnection , 
A. Bratenahl and C. Yeates 

Several aspects of the problem of reconnection of lines 
of force at the X-type, hyperbolic neutral point has been 
investigated . This work is largely experimental but is sup­
ported by theoretical efforts relating it to solar activity. 
The experience has provided some very valuable insights 
and revealed some very basic concepts; the neglect or 
misinterpretation of these concepts has produced some 
confusion and hindered progress in understanding the 
problem. 

In ordinary hydrodynamics, neglect of viscosity leads 
to absurd paradoxes unless careful attention is paid to the 
topology of the flow. For example, exclusion of infinite 
velocities and velocity gradients introduces such things 
as boundary layers, wakes, circulation, shocks, and, above 
all, irreversibility in the form of an essential asymmetry 
between upstream and downstream (Ref. 1). A very close 
analogy exists, as might be expected, in hydromagnetics 
but, unfortunately, this has gained little notice. If resis­
tivity is ignored, a new set of paradoxes is encountered 
unless it is made certain that the magnetic topology is 
mathematically free of surface currents. On this basis, 
the so-called neutral sheet, terminated in branch points, 
is a wholly inadmissible structure. The significance of the 
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neutral sheets terminated in Y -points has gained consider­
able interest (e.g., Ref. 2). However, with their elimina­
tion, the only critical points available to define a real field 
are the elliptical O-points and the hyperbolic X-points. 
Moreover, if two anti-parallel systems of flux are brought 
together, the contact line will be broken immediately by 
an X-point from the very first instant and not delayed 
(Ref. 3) for some resistive instability to do its work. The 
topology of a field system is conclusively determined by 
the number, kind, and geometrical relationship of its 
zeros, i.e ., its critical points. Limitation to 0- and X-points 
severely limits the variety of possible configurations, and 
is a very helpful result indeed. 

In a region devoid of insulators, the ohmic field at 
O-points will destroy flux, while, on the other hand, 
X-points permit production of new flux through the 
agency of a suitable velocity field (Ref. 4). It can be 
shown, in fact, that X-points are a necessary ingredient in 
any astrophysical dynamo. 

The facts discussed above are significant in that: (1) the 
topology of magnetic and velocity fields is inextricably 
tied to the requirement of irreversibility (manifested in 
finite resistivity, finite viscosity) no matter how small these 
parameters are; (2) the avoidance of paradoxes places 
topological questions on an equal footing with energetic 
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questions; (3) the information on the dynamic properties 
of 0- and X-points must be acquired (with the X-points 
being of particular importance because of their essential 
role in the dynamo); and (4) if the detailed component 
structures, such as spots, Bares, and prominences, are to 
be understood, the whole magnetic system, topologically 
as well as energetically, must first be understood. Only 
in this way can the appropriate questions be formulated. 
The starting point and approach must be basically holis­
tic. Following this procedure, one can expect to deIive 
models of the parts that are consistent with, and respon­
sive to, each other in ways that agree with observations. 

This method was used with some success to derive a 
new dynamically functional quiescent prominence model 
and a model of Zirin's hourglass flare. The basis of the 
holistic approach is Babcock's topological synthesis de­
scribing a solar magnetic dynamo (Ref. 5), and this work 
becomes one of its further development and elaboration. 
At each step of the way, the following questions must be 
asked: Given the general topology and the kinds of dy­
namic processes required as the dynamo process evolves, 
(1) what local structures are implied, (2) where and under 
what conditions are they to be found , (3) what are they 
likely to look like, (4) what kind of properties should they 
exhibit, and (5) can a correspondence be found between 
these hypothetical structures with those actually seen? 

The properties of a Bare may not be fully understood, 
but the experiment reveals precisely what kinds of ques­
tions are more important than others. The experiment 
indicates that the really important question deals with 
understanding an intricate nonlinear Bow process in-the­
large. The present day preoccupation of searching for 
local Bows and instabilities that are fast enough is of 
secondary importance (Ref. 6). The experiment demon­
strates that an explosive release of stored magnetic energy 
does in fact occur at the end point of a self-consistent Bow, 
which leads inevitably toward what is called a critical 
state. The nature of this limiting state is such that access 
to it is blocked by the intervention of dissipation and/ or 
resistive instabilities. The question of which instability is 
thus involved, if any, seems quite academic; for the ulti­
mate instability, if all intervening ones fail, is the tempo­
rary breakdown of the plasma condition of space charge 
neutrality, and with it the failure of high electrical con­
ductivity. The reason is simply that the critical state calls 
into play the forbidden surface current requiring infinite 
current density. Carlquist' has shown that the maximum 

'Carlquist, P. , Report 66-10, Division of Electron and Plasma 
Physic ', Royal Institute of T echnology, Stockholm, Sweden, 1967 
( to bc published in Phys. Fluids) . 
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current density a plasma can support and still remain a 
plasma is 

( kT)"~ 
ionllx < ne 2m 

where 

n = electronic number density 

e = electronic charge 

k = Boltzmann's constant 

T = tempera ture 

m = electronic mass 

The critical state is thus a virtual state, inaccessible in 
real systems, but of singular importance in controlling the 
course of events. 

The experiment clearly demonstrates a self-consistent 
conspiracy to set up the forbidden surface current. This 
general idea is not new (Ref. 4), but what is new is a 
laboratory demonstration that this critical state could and 
would be reached in a finite time, were it not for the last­
moment intervention of dissipation. 

With the experimental device, a collision is produced 
in the magneticaIly driven expansion of two cylindrical 
shock waves in ionized argon. Following collision, the 
waves merge into an expanding oval, but left behind at 
the point of collision is an X-type neutral point in a mag­
netoplasmadynamic Bow in a gas of low denSity and high 
conductivity. The two parallel driving currents, which 
increase steadily with time, are ,.....,60,000 A by the time 
the collision occurs at 3 I1.S. These currents continue to 
increase ,.....,200,000 A during the ensuing 7 !1.S test-time. 
The condition of rising current requires a very substantial 
reconnection of Bux to take place. 

The situation is clarified here by a look at the curl-free 
potential field about two parallel currents (Fig. 1). The 
heavy figure eight represents an exceedingly useful con­
cept known as the separatrix (Ref. 7). The separatrix, an 
integral invariant, can be thought of as a real spacial 
extension of the hyperbolic neutral point and serves to 
divide the field system into three subregions on the basis 
of topological mapping of lines of force about the source 
currents. Marking a discontinuity in mapping properties 
(Ref. 8), the separatrix forms the walls of tubular com­
partments each containing Bux of a common topology. 
The experimental condition of increasing current requires 
lines of force in regions 1 and 4 to become "severed" so 
that they can "reconnect" to form new lines in region 2. 
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Fig. 1. Curl-free field about two parallel currents 

This is a .aux transfer process in a topological sense, and 
studies with magnetic probes and flux probes show that 
in general this process is unsteady. The numbered double 
lines in the figure show the position of the .aux probes. 
The .aux transfers are, in fact, extremely impulsive (Fig. 2), 
and the process appears to be describable in terms of a 
relaxation oscillation. There is reason to suppose that the 
flux transfers would become even more violent with still 
higher conductivity simply by delaying significant dis­
sipation until a closer approach is made to the virtual 
critical state. Thlls, in terms of a relaxation oscillation , 
the time average reconnection rate should depend only 
weakly on conductivity, if at all, and the time average of 
the stored magnetic energy should increase as the con­
ductivity is increased. 

Fig . 2. Oscilloscope traces of large flux transfer event: (upper! main current wave form, 

!lower! total flux on probe 2 of Fig . 1 
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(a) 

Fig . 3 . Magnetic field lines at: (a) 7 }LS , (b) 9 fl S 

Figure 3 shows the status of the lines of force before 
and after a flux transfer event. A change can be seen in 
the separatrix (dashed curve), with the distended curve 
appearing before the event and the contracted curve 
after. The angle B this curve makes with the x (horizontal)­
axis is related to the current density at the neutral point as 

/I I (tan"B - 1) . 00 = _r_"_ 
I ( ,) 27r0" tan B ' 

where 

fl = permeability of free space 

20 = separation of current conductors 

I = current 

o 

7r 

2 

Accompanying the flux transfer, large amplitude mag­
netoacoustic waves are observed to propagate in all di rec­
tions from the neutral point. They are expansive in the 
inner topological regions (x-quadrants) and compressive 
in the outer (y-quadrants) ; these waves give a good indi-
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cation of conditions preceding the event. In the neighbor­
hood of the neutral point, the field develops a curl and 
the total current involved here is completely determined 
by the amount by which the distTibution of flux between 
the inner and outer regions differs from the potential dis­
tribution. The cross-sectional area through which this cur­
rent flows , however, is variable, and is determined by the 
detailed nature of the distortion of the magnetic fi eld 
that is produced by the flow. The effect is that of a vari­
able resistor whose value is determined by the relative 
rate of inflow in the x-quadrants to the rate of outflow in 
the y-quadrants. The direct cause of non steadiness in the 
overall flow is clearly related to the fact that proper coor­
dination of outflow with inflow is impaired by finite signal 
propagation times. In fact, as a further complication, these 
times valY in accordance with the previous history of 
the regions. 

In the x-quadrants the Lorentz force is opposed by 
the pressure gradient; in the y-quadrants it is assisted 
by the pressure gradient. The result (Fig. 4) is a hyper­
bolic pinch that is bounded in the x-quadrants by a com­
pressive hydromagnetic shock and in the y-quadrants by 
a hydromagnetic expansion fan. As neither wave can cross 
the separatrix, a limit is reached when the finite total 
current becomes concentrated as a surface current on the 
separatrix. This is the critical state (step 4). However, 
the surface current shown in step 5b is forbidden and 
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Fig . 4 . Proposed behavior of separatrix in relaxation 

oscillation (hatched area denotes 

current-carrying region) 

actively prevented by anyone of a number of possible 
resistive instabilities that decouple the field from the flow­
ing plasma. Indeed no instabilities need occur at all; the 
current concentration itself may provide sufficient ohmic 
electric field in many circumstances. With the decoupling 
of the fi eld from the fluid , the system quickly relaxes in 
the direction of the curl-free state (step 5a), and in this 
transition the stored magnetic energy is released. It is then 
ready for a repeat performance. 

From the manner of the release, it is clear that most of 
the stored energy is made available for direct plasma 
and particle acceleration, and very large electric fi elds 
have been observed . The readjustment toward the curl­
free state spreads at different rates over the entire sys­
tem. It is therefore clear that: (1) magnetic energy storage 
is distributed over the entire system; (2) finite propaga­
tion times make the problem nonlocal, requiring integral 
analysis over the whole system; and (3) the control of the 
current concentration, the variable resistor, is affected by 
two independent boundary conditions, namely, conditions 
affecting the inflow and outflow in the x- and y-quadrants, 
respectively. Petschek's solution (Ref. 9) is incomplete 

Fig . 5. Separatrix for system of two bipolar sun spots 
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because its over-simplified geometry precluded adequate 
treatment of the second boundary condition. I t has been 
demonstrated, for instance, that by suitably impeding the 
Row in the y-quadrants, the reconnection process becomes 
steady, and this forms the basis of the new quiescent 
prominence model. 

Such is the observed behavior of the hyperbolic pinch. 
This work is being continued with an attempt to deter­
mine the density and its gradient using Schlieren and 
hologram methods. The equipment is under development. 

If the separatrix has been a help in two-dimensional 
problems, it is expected to be of much greater help in 
three-dimensional problems, such as the pair of bipolar 

N 

E ~--------------------------4 

s 

sun spot fields shown in Fig. 5. In this case, the separatrix 
surface decomposes the field into four topologically dis­
tinct flux boxes, including the outer space. But in this 
three-dimensional case something distinctly new comes 
in. These four chambers have a common line of contact, 
marked by sharply cornered ridges. This contact line 
forms an arch joining two genuine X-points lying in the 
plane of the poles. Contrary to some published opinions 
(Refs . 7 and 10), this line is not a line of force even though 
in all probability it satisfies the field line equations . Prop­
erly speaking, this line is a singular integml of these equa­
tions corresponding to an envelope solution. Flux must 
obviously reconnect somehow all along this line, not just 
at the X-points at its ends. The tme physics of this line 
must await some future experiment. 

Fig.6. Orientation rule for S-shape of hourglass.flare 
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Figure 6 shows a possible link between Babcock's 
theory and Zirin's hourglass Hare (Ref. 11), and illustrates 
the advantage of the holistic approach. If a complex 
group appears with parallel rows of leader and follower 
spots, it is clear that new flux coming from below in 
accordance with Babcock must £rst en ter and overstuff 
the two egg-shaped boxes. Subsequent h'ansfer of excess 
flux into the inner and outer boxes releases stored mag­
netic energy. If, for some reason not understood at pres­
ent, the flare brightening has the form of the letter S 
(shown shaded) , then it follows that this hourglass flare 
must show the prescribed parity for the S shown at upper 
left. Thus far, seven cases have been found supporting 
this idea and none contradicting it. 
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XVIII. Physics 
SPACE SCIENCES DIVISION 

A . Enhanced Fluctuations in a Plasma Due to Ion 
Cyclotron Instability, c.-s. Wu and J . S . Zmuidzinas 

It is known that the fluctuation fields in a plasma may 
be resolved into propagating and nonpropagating modes 
and that under certain circumstances the propagating 
modes may playa more important role than the non­
propagating modes. For example, Gorbunov and Silin 
(Ref. 1) have shown that ion oscillations can result in a 
significant modification of the value of transport coeffi­
cients calculated on the basis of the classical binary col­
lision model. Also, Tidman and Dupree (Ref. 2) have 
demonstrated that collective oscillations can give rise to 
enhanced bremsstrahlung emission in a non equilibrium 
plasma. 

One sees from these studies that the essential mecha­
nism generating the said effects is due to enhanced field 
fluctuations. However, in these and other works, no 
external magnetic field has been considered . Since in 
practical cases the plasma is often magnetized, it is 
desirable to investigate whether enhanced fluctuations 
are possible in the presence of an applied magnetic field. 

The results of a recent study of the spectral density of 
electric field fluctuations in a magnetized plasma is ana­
lyzed. Of particular interest is the contribution of elec-
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trostatic oscillations with a frequency close to the ion 
cyclotron frequency. 

The nonequilibrium plasma being considered is de­
scribed by the following electron and ion distribution 
functions: 

where 

s = e or i 

u~= = k T s=lms 

U~l = kT' l 1m, 

and V eD = V D is the electron drift speed along the mag­
netic field Boe=. There is no ion drift (ViD = 0). The sub­
scrip ts z and -L refer to the quantities associated with 
parallel and perpendicular directions with respect to the 
magnetic field . It is found that the plasma becomes 
unstable when VD exceeds a certain critical value (VD) cri t, 

given by the minimum of the following expression as a 
function of the wave vector k: 
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where 

W r = (1 + 8)il , 

ili = eBo/m jc 

T il. T '{: 

T W ( 
W - 1) 

1 + 1 + 8 8 

Only the case Vo < (Vo) cri l is considered. The resonant 
contribution to the spectral density of electric field fluc­
tuations is found to be 
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where 

In this work, x is always taken to be much greater than 
unity to ensure weak Landau damping. Consequently, 
Wo is very small. When kz approaches w,/ vo, the second 
denominator of the spectral density becomes essentially 
Wo so that the spectral density itself is strongly enhanced. 
Some applications of these results will be discussed in 
a forthcoming publication. 
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XIX. Communications Systems Research 
TELECOMMUNICATIONS DIVISION 

A. Coding and Synchronization Studies: Effect of 
Quantization on the Mariner Mars 1969 
Digital Dump Matched Filter, J . K. Holmes 

1. Introduction 

In a previous article (SPS 37-50, Vol. III , pp. 266-272), 
the digital dump matched filter was analyzed under the 
assumption that the signals fed into the computer were 
in analogue form. The actual system, however, must be 
digital, and hence some degradation is to be expected 
from this quantization. This article analyzes the effect 
of a small-gap quantizer inserted at the output of the 
resistance-capacitance high-pass filter (Fig. I ). 

The input sequence, which is composed of the sub­
carrier (S C) plus (Mod 2) the data (D), together with 
white noise (N), is multiplied by the subcarrier reference, 

SC €> D + N 

SC 

SC , to produce the noisy data sequence which is fed into 
the detector. The unit-gain amplifiers are employed to 
provide isolation stages. The low-pass RIC l (resistance­
capacitance) combination, in conjunction with the com­
puter and the analog-to-digital converter, forms the esti­
mate of the symbols every T seconds. The high-pass RC 
filter is used to "remove" slow drifts that might arise in 
the amplifiers or in previous circuitry. 

2. Effect of the Quantization Noise 

In order to analyze the effect of the quantizer on the 
digital-dump system, it will be assumed that the quan­
tized output is composed of the true output plus quantiza­
tion noise. To proceed to an expression for the probability 
of error, the distribution of the quantization noise must 
be specifi ed. Of course, the distribution in the quantum 
levels are determined by the distribution of the incoming 

Fig . 1. Digital-dump matched filter with analog-to-digital converter 
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waveform if we neglect the internal noise of the quantizer. 
However, this distribution is very difficult to determine, 
and, in most analyses, the author, in analyzing the prob­
lem, will hypothesize a distribution in the gap. In prac­
tice, small-gap quantizers (e.g., 14-bit analog-to-digital 
converters) have been observed l to have quantization 
(conversion) noise, with distributions resembling a 
quantized-gaussian distribution, with a standard devia­
tion of several quantization levels. This distribution is 
primarily due to the internal noise of the quantizer. In 
large-gap quantizers (e.g., 8 level), a uniform distribution 
is probably a more accurate model. In this article, only 
a small-gap quantizer is considered, therefore, we hy­
pothesize that the quantizer output can be expressed as 

X (kT) = Y (kT) + u (kT) (1) 

where u (kT) is the quantizer noise at time t = kT, and, 
further, that u (kT) is a normally dish'ibuted random vari­
able satisfying 

E [u (kT)] = 0, (2) 

(In eHect we are approximating a "discrete gaussian" dis­
tribution with a continuous gaussian distribution.) Here (3 

= 0'2 + O'~ 

is a constant of the system, s is the quantum-level spacing, 
and Il j k is the Kronecker delta. It will be further assumed 
that there is a sufficient number of levels L so that 

P [Y (kT) ::::"" Ls] < < P E 

where PE is the average bit-error probability. 

The computer forms the decision statistic 

Z (kT) = X (kT) - X (kT - T) exp (-T / RoCo) 

which, after using Eq. (1), the above equation becomes 

(3) 

We have simpli£ed the notation in Eq. (3), i.e. , 

Z (kT) = Zk and po = exp (- T / RoCo) 

With the assumption that Uk is an independent gaussian 
random variable, the modi£cation of the previous analysis 
to include quantization is greatly simplilied. Again, £xing 
the sequence Ak, it is easy to show that Zk I Ak is a gaussian 
random variable with its mean and variance given by 

(4) 

where Ek represents the second and third terms of Eq. (9) of SPS 37-50, Vol. III, pp. 266--272, 0'2 represents the £rst 
term of Eq. (4), and O'~ represents the second term, which exhibits the quantizer variance and, consequently, the 
effect of the quantizer. It is easy to show, using the same approximation for Ek as before, that the probability of error 
can be expressed as 

J'" 1'" 1 [1 (Z + y + E)2] 1 [E2 ] 
PE = _'" 0 [271' (0'2 + 0'~) ] 1h exp - '2 0'2 + O'~ (271'0';)1fl exp - 20'; dE (5) 

After some algebra, we arrive at the £nal result 

(6) 

'Private communication from J. Layland . 
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where 

and 

and also 

Clearly, as cr~ ~ 0, the result is identical with the probability of error expression derived assuming no quantization. 

B. Combinatorial Communication: Orthogonal 
Codes and Erasures / L. R. Welch 

1. Introduction 

If a transmitter is using a code with equi-probable, 
equi-energy code words in a channel with white gaussian 
noise, the optimal receiver will correlate the received sig­
nal with each of the code words and select the code word 
with the maximum correlation. However, if the maximum 
is too small, it will be unlikely for the code word selected 
to be, in fact, the transmitted word. Since sufficient infor­
mation will be available to compute a poster'iori probabili­
ties, the receiver could make the alternate decision that 
an erasure has occurred. This article discusses some rele­
vant statistics. 

2 . Gauss ian Channels with Orthogonal Codes 

In a wide-band gaussian channel with white noise, let 
the transmitted power be PT , noise power per hertz be N o, 
and the bandwidth be B. If D is defined to be the num­
ber of degrees of freedom per unit time and A2 to be the 
signal energy per degree of freedom, then 

D =2B 

A2 = Pd 2B 

cr2 = NoB/ 2B = No/ 2 

and the channel capacity is 

1 (A~) C = "2 D log~ 1 + cr2 

'Prepared under contract 952108 with the E lectrical Engineering 
Department, University of Southern California . 
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Since A2 tends to zero as B tends to infinity, the large 
bandwidth approximation is 

1 A2 
C = - D --:---:-

2, cr2 10g 2 
(1) 

An orthogonal code is a set, {<Pi Ii = 1, , N }, of 
orthonormal functions spanning N degrees of freedom. An 
encoding is the selection of an integer, i, from 1 to N, and 
transmission of the function A (N)'h <Pi' The transmitted 
energy is then A 2N, or A2 per degree of freedom, and the 
information rate is 

R = D log2N 
N 

(2) 

The maximum likelihood decoder receives r (t) and selects 
that i for which 

Xi = f r (t ) <pdt) dt 

is a maximum. 

3 . Distributions and Probabilities 

Let io be the index selected by the transmitter. Then 
{Xi Ii = 1, ... ,N} is a set of mutually independent nor­
mal random variables. For i=Fio,Xi. has mean zero and 
variance cr2 while X io has mean A (N)lh and variance cr2

• 

The decoder makes an error if 

Xio < max (Xi) 
I :;t 10 

For large N , a good approximate density for max (Xi) 
is well known. To simplify its expression, we introduce 
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the new variables 

(2 log N)'h 1 
Z = max (X i) - 210g N + - log (47T log N ) 

0- ; ;do 2 
(3) 

(2 log N)'h 1 
Y = Xi - 210gN + -2 log (47T log N ) 

0- 0 

Then Z and Yare independent, Y is normal with 

A 1 
p.y = --;; (2 N 10gN)'h - 210g N + 2" log (47T 10gN) 

o-y = (2 log N )'h 

and, for large N , the density of Z is approximately 

f z(z) = exp(-z -e-z ) (Ref. 1) 

Let 

M = max (Y,Z) 

Then the density of M is 

fM (x) = f y (x) F z (x) + f z (x) F l , (x) 

where f denotes density and F denotes distribution. A de­
coding error occurs if M = Z. The conditional probability 
of this event, given M = x, is 

f z (x) Fy (x ) 
Pro b (M = Z! M = x) = f y (x) F z (x) + f z (x) F y (x) 

(4) 

4. Erasure Decisions 

If the receiver has a decision function on observations 
to accept or reject (erase) the code word of maximum 
likelihood, then two types of errors can occur. Type I is 
the acceptance of a wrong code word; Type II is the rejec­
tion of the correct code word. A straightforward solution 
of the variational problem shows that if Type I errors are 
to be minimized, holding Type II errors fixed, the decision 
function must reject the maximum likely choice if the 
a posteriori probability that M = Z exceeds a threshold, 
and accept the choice otherwise. The threshold depends 
on the Type II probability desired. 
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In the case where the entire set of observations is used, 
the a poste1'iori probability is 

[
p.y ( J exp . max X j) 

Prob(M = Z!{Xd)= U y [ ] 

L p.y 
exp Z-Xj 

U y 

Although this expression may be simple enough for the 
decoder to use, it is not easy to evaluate Type I and 
Type II errors for various choices of threshold. A Monte 
Carlo method seems most feasible but was not attempted. 

In the case where 

is the only observation used, Eq. (4) gives an equivalent 
function whose behavior can easily be evaluated (see 
Table 1). It was found that the distributions could be 
defined in terms of two parameters, logz Nand (C / R)'h. 
For each choice of N, (C/ R)'h was chosen to give a word­
error rate of about 1/ 150 when no erasure rule was used; 
this rate is the most acceptable for Mariner-type video. 
The threshold was chosen to reduce the error rate (Type I ) 
to about 1/ 300. Types I and II error rates and erasure 
rates are shown in Table 1. Notice that when N = 64, an 
erasure rate of triple the initial error rate is needed to 
reduce the error rate by a factor of 2. Even when N = 4096, 
an erasure rate of I lh times the initial error rate is needed 
to reduce the error rate by a factor of 2. It is, therefore, 
concluded that there is little value in allowing erasures 
in an orthogonally coded system. 

Reference 

1. Cramer, H. , Mathematical Methods of Statistics, p. 375. Prince­
ton University Press, Princeton, N. J., 1946. 

Table 1. Types I and" error rates and erasure rates 

Log, N (C I RI " Error rate 
Type I Type II Erasure 
rote rate rate 

6 1.8 0.0065 0.0032 0 .017 0.020 

12 1.54 0.0065 0.0032 0 .0057 0.009 

16 1.46 0.0069 0.0034 0.0043 0.0078 

24 1.38 0.0065 0 .0032 0.0024 0 .0055 

30 1.34 0.0066 0.0033 0.0020 0.0052 
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C. Combinatorial Communication: Sphere-Packing 
in the Hamming Metric, 
R. J. McEliece and H. Rumsey, Jr. 

1. Introduction 

Let V" (2) be the n-dimensional vector space over 
GF (2), with vectors represented as n-tuples of zeros and 
ones. The Hamming metric d (x, y) is defined to be the 
number of coordinates in which x and y disagree. If 
A = {a

" 
a2, . . . ,aA[} is a set of M vectors, we define 

d (A) = min d (ai, ai) 

and 
d(A) = mean d (ai, ail 

i;t:; 

Finally define 

D(n,M) = max d(A) 
I,ll = M 

This article describes a method of obtaining an upper 
bound on D (n, M) which is always at least as good as the 
well-known bounds, and which is frequently better. At 
the same time, the method gives a satisfactory explana­
tion of the relationship between the various known upper 
bounds on D (n, M). (Hamming and Plotkin, Ref. 1, and 
Elias3). The weakness of the method seems to be that, for 
the most part, it deals only with the average distance 
between vectors. Further progress probably awaits a tech­
nique capable of dealing more directly with the minimum 
distance. 

2. Derivation 

Three theorems are required. In each of these theorems, 
A = {a" G.:!, ... ,aM} is a set of M vectors from V .. (2). 

Theorem 1 

Let S, (x) be the sphere of radius l ' centered at x. Then 
the mean value of IS,(x) nAI as x varies over Vn (2) is 

Proof 

Each ai appears in exactly 

k:!fr 

'Wyner, A. D., "On Coding and Information Theory," J. Soc. Ind. 
Appl. Math. (to be published). 
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spheres of radius r, so that 

L ISr(X) nAI = M L(~) 
x k:!fr 

Them'em 2 (Plotkin) 

Suppose A ~ Sr (x), and let the mean distance of vectors 
in A to x be r: Then 

- [ M _( ')] d(A) L:: min 21·,2 M - 1 r 1 --; 

Proof 

The value 21' is obvious. We assume x = ° and arrange 
the M vectors in the M X n array (aii) with column sums 
Sic. In column k, a pair of entries (aik' a jk) contribute 1 to 
d (ai, a j) if, and only if, aik -=1= ajk. Hence 

But 

and by Schwarz' inequality 

so that 

and the theorem follows. 

Them'em 3 

D (n, M) L:: D (n - t, r M / 2 t 1) t = 0, 1,2, ... 

Proof 

There must be a set of at least rM/ 2tl, rMl is the small­
est integer ~M, vectors from A which agree on the first 
t coordinates. 

3. Families of Upper Bounds 

Using Theorems 1, 2, and 3, it is possible to obtain a 
two-parameter (1' and t) family of upper bounds on 
D (n, M) as follows: 

(1) For each r, Theorem 1 guarantees that we can find 
a sphere of radius r which contains at least r M r 1 
vectors from A. 
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(2) Theorem 2 [with r replaced by min (r, n/ 2] then 
gives an upper bound on the average distance of 
this subset which is also an upper bound on d (A). 

(3) Them'em 3 allows us to repeat this procedure for 
the parameters (n - t, rM/2t l),t = 1,2, . . .. 

The explanation of the relationship between this pro­
cedure and the other known bounds is easily stated: If 
we locate the smallest l' for which Theorems 1 and 2 give 
any upper bound at all (Mr> 1) and apply the 2r part 
of Them'em 2, the result is numerically the same as 
Hamming's bound. If we apply Theomms 1 and 2 with 
the largest allowable l' (r = n) to the sequence of pairs 
(n - t , rM/ 2tl) , as per The01'em 3, the result is Plotkin's 
bound. (We conjecture that only Plotkin's bound is im­
proved by an application of Theorem 3.) Finally, if instead 
of spheres of radius l' we use shells of radius r L. n/ 2, we 
obtain a somewhat weaker bound. This bound is the 
same as Elias-Wyner's. 

This procedure improves known bounds on D (n, M) 
for even modest values of the parameters. For ex­
ample, D (22, 214) L. 6 is given by the Hamming, Plotkin, 
and Elias-Wyner bounds, while the procedure of this 
paper gives D (22, 214) L. 5. Another interesting example 
is D (53,22 3 ) L. 18 (Hamming, Plotkin), L. 17 (Elias­
Wyner), and D (53, 22 3

) L. 16 by our methods . It is known 
(see Footnote 3) that Elias- Wyner's bound is asymptoti­
cally better than both the Hamming and the Plotkin 
bounds. The bound of this paper is, however, not asymp­
totically better than Elias-Wyner's. 

Reference 

1. Peterson, W. W., Error-Correcting Codes, John Wiley & Sons, 
Inc., ew York, 1961. 

D. Combinatorial Communication: A General 

Formulation of Error Metrics, S. W. Golomb' 

1. In troduction 

In the two decades since Hamming (Ref. 1) described 
his family of error-correcting codes, a vast and, at times, 
bewildering literature has developed on the subject of 
error detection and correction. Central to any formulation 
of this problem is the notion of an error metric. Although 
there is ample description in the literature of the Hamming 
metric (Ref. 2), occasional reference to the Lee met1'ic 

'Consultant, Electrical Engineering Dept., University of Southern 
California. 

190 

(Ref. 3), and even some mention of other possible metrics, 
no attempt has been made to develop a systematic treat­
ment of the general class of metrics that might reasonably 
correspond to the error patterns encountered in actual 
communication systems. The purpose of this article is to 
provide such a h·eatment. 

2 . The Alphabet Metric or Anti-Metric 

A codeword A may b e regarded as vector of dimension 
k over a q-symbol alphabet: A = (ah a2 , .. . ,ak) . A gen­
eral error sphere around this codeword, 5,"", (A), may be 
defIned as follows: 

A codeword B = (b" b2, " bk ) is in 5,!»" (A) if, and 
only if, the follOwing apply: 

(1) B differs from A in no more than h of the k co­
ordinates. 

(2) The difference in anyone coordinate does not 
exceed m. 

(3) The sum of the differences in all the coordinates 
does not exceed g. 

The parameters m and g require a (one-dimensional) 
meh'ic on the underlying q-symbol alphabet. For con­
venience, we will defIne several possible metrics. 

Let the q-symbol alphabet be regarded as consisting 
of the numbers 0, 1,2, . . . , q - 1, mod q. 

{
o if a = b 

(1) p(a,b) = 1 - Ba,b = 1 if a =fo b 

(2) a (a,b ) = min {(a - b), (b - a), mod q} 

(3) T (a, b) = (b - a), modq 

For both a and T, the meaning of (b - a), mod q, is that 
integer c, 0 L. C L. q - 1 such that c = (b - a) (mod q). 
In the mathematical sense, T (a, b) is not a meh'ic since it 
fails to satisfy the symmetry law T (a, b) = T (b, a). (For 
example, if q = 10 and a = 8, b = 7, we fIud T (a, b) = 9 
while T (b, a) = 1. In general, T (a, b ) + T (b, a) = q. 
This may be regarded as an anti-symmetry law, 
T(a, b)=-T(b , a)(modq), and we may call T an anti­
metric. ) The reason for defIning T is that it corresponds to 
some of the coding distance ideas considered by several 
authors, including Shannon (Ref. 4). (In colloquial terms, 
driving distance between two points may b e asymmetric 
if one-way streets are involved.) 

We will assume that any alphabet metric j.t (a, b) which 
we consider satisfies the remaining metric axioms, namely: 
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(1) /J. (a, b) is a non-negative real number for all a and b. 

(2) /J. (a, b) = 0 if, and only if, a = b. 

(3) /J.(a,b) + /J.(b, c):::::"' /J.(a, c). 

3. The Multi-Dimensional Metric 

Suppose /J. (a, b) is any alphabet semi-metric on the q-
symbol alphabet Q. That is: 

(1) /J. (a, b) is a non-negative real number for all a, b € Q. 

(2) /J. (a, b) = 0 if, and only if, a = b. 

(3 ) /J.(a, b) + /J. (b ,c):::::"'/J. (a,c). 

Given any two codewords A = (aI , a2 , ••• , ak) and 
B = (b I> b2 , •• • , bk ) of length k over Q, we define the 
generalized coding distance function, Gfl , ,, (A , B ), as 

k 

~ p.(ai, bi)a, 
i=l 

GIl,a(A, B) = (1) 

For any semi-metric p., we obtain 

lim Gil. a (A, B) = H (A , B) 
a-+O 

equal to the Hamming distance between A and B. Also, 
if p. (a, b) = p(a, b), we have Gp,a(A, B) = H(A, B) for all 
0 < (l' L. 1. If p. (a, b) = a (a, b), we have 

k 

Ga,l (A , B) = ~ a (ai, bi) = L (A , B) 
i= 1 

equal to the Lee distance between A and B. 

That is, the Hamming Sphere of radius r is obtained by 
setting h = r while leaving m and g unconstrained. (This 
definition is independent of the alphabet and semi-metric.) 
The Lee Sphere of radius l' corresponds to g = l' in the 
a-metric with no constraints on hand m. 

Stein (Ref. 5) has considered certain geometric packing 
problems that are equivalent to the arrangement of the 
spheres with h = 1 and g = m = 1", with both the a and T 
alphabet (semi-) metrics. Using the a-metric, with h = 1 
and g = m = r, we get the "Stein Sphere of radius 1'," 

which is the intersection of the Hamming Sphere of radius 
1 with the Lee Sphere of radius r. The Stein Spheres are 
star-like objects which hug the coordinate axes in k­
dimensional space. Using the T-semi-metric in the same 
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way, we define the "Stein Corner of radius 1'," also con­
sidered by Stein (Ref. 5) as an object with which one may 
attempt to tile k-dimensional space. 

4. A Hierarchy of Error Spheres 

The multi-dimensional metric Gil, a (A, B) is defined by 
Eq. (1) in the same manner as the Lebesgue metric in the 
Banach Space La. The most interesting Lebesgue metrics 
are Lo, L I , L z, and Loo- For coding purposes, we have seen 
that Lo gives the Hamming metric, irresp ective of the 
alphabet distance function , and L , gives the Lee metric 
when a is used as the alphabet distance function. A sphere 
of radius l' in the L", metric around the codeword A con­
sists of all codewords which differ from A by as much as 
r in each coordinate. The m easw'e of differ en ce in a given 

coordinate is, of course, relative to the particular alphabet 
metric that has been chosen. It the T-(semi-) meu'ic is 
used as the alphabet metric, we will call the corresponding 
L",-spheres "Shannon Spheres," since they generalize a 
coding problem considered by Shannon (Ref. 4). 

If the a-meh'ic is used as the alphabet metric and the 
L",-metric is used to combine the individual coordinate 
conu'ibutions, we get a hypercube of side 21' + 1 as our 
sphere of radius l ' which we will call the "master sphere 
of radius 1''' in k dimensions. The Shannon Sphere of radius 
r in k dimensions is a hypercube of side 1" + 1. 

In Fig. 2, we see a variety of 3-dimensional "spheres" 
of radius L. 2 using various coding metrics. These are par­
tially ordered by geometric inclusion, as shown in Fig. 3. 
(The "Lee Hemisphere" of radius l' is defined like the Lee 
Sphere of radius 1', but using T instead of a on the alpha­
bet. ) All the spheres of Fig. 3, except the Stein Sphere and 
Stein Corner, are uniquely specified by the alphabet 
meh'ic and the value of (l' in Eq. (1). 

If we modify the generalized coding distance function 
Gil, a (A, B) of Eq. (1) to the non-convex distance function 
H Il.a (A, B ), defined by 

k l /a 

H }.l,a (A,B ) = ~ p.(a" b,)" (2) 
; ",, 1 

then 

lim H Il.a (A, B) = S (A, B) 
a-+O 

the "Stein Distance" between A and B, which is infinite 
if A and B differ in more than one coordinate. With the 
distance function H, the Stein Sphere and Stein Corner 
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• MASTER ED SPHERE 
(r = 2) 

SHANNON 
SPHERE 
(r = 2) 

~ 
LEE 

SPHERE 

~ 
HAMMING (r = 2) 

SPHERE 
(r = 1) 

~ 
LEE 

HEMISPHERE 
(r = 2) 

STEIN 
SPHERE 

Irv (r = 2) 

STE IN CORNER 
(r = 2) 

Fig . 2. Three-dimensional spheres of radius L 2 in 
several different metrics 

ALPHABET 
METRIC 

Q=a> 

a = 2 

a = 1 

a = 0 

T 

Fig. 3. Hierarchy of \\error spheres" (partially ordered 
by geometric inclusion) 

192 

are the spheres of radius l' corresponding to 0' = 0 using 
the alphabet metrics a and T, respectively. 

5 . The Euclidean Case 

In classical mathematics, the most important special 
case of meh'ics corresponds to a = 2, for which value the 
Banach Space L a becomes the Hilbert Space L 2 , which is 
self-dual; and normed linear spaces for 0' = 2 satisfy the 
"parallelogram law" (Ref. 6). Simply stated, a = 2 gives 
us the Euclidean metric, where we have ordinary (Euclid­
ean) spheres of dimension k and radius r around our 
codeword, in whatever alphabet metric we are using. 

For coding purposes, even a Euclidean "sphere" is de­
fined as a set of lattice points. Specifically, the Euclidean 
sphere of radius r around the point A = (a" a2, ... , ak) 
consists of all points X = (X I, X2 , .•• ,Xk) such that 

k 

2: (Xi - ai)2 L r2 

i = 1 

(We have further assumed that a is the alphabet metric 
to make this case as familiar as possible.) If l' = 1, the 
Euclidean sphere consists of the same lattice points as 
the Lee Sphere of radius 1. However, for r > 1, it is, in 
general, a difficult problem in number theory just to 
evaluate the size (i.e., number of lattice points) of the 
Euclidean sphere. There is, of course, a large literature 
on this problem involving the representations of integers 
as sums of squares. The problem of efficient packing of 
Euclidean spheres is correspondingly difficult. 

Coding situations can, indeed, be envisioned for which 
equal amounts of noise power will produce errors of the 
same Euclidean magnitude. However, the analysis of any 
real communications system is likely to lead to a coding 
metric appropriate to that specific channel, and the 
Euclidean metric will not be indicated very often. This 
may be fortunate in view of the evident difficulty of 
efficient coding for the Euclidean metric. 

In Fig. 4, we see how the two-dimensional sphere of 
radius r = 3 increases in size as 0' goes from 0 to 00. These 

a = 0 a = 2/ 3 a=1 a = 2 Q = Q) 

Fig. 4 . Two-dimensional spheres of radius 3 fo r several 
values of 0' 
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"spheres" consist of those points (x, y), as coordinates of 
the centers of the squares, which satisfy 

References 

1. Hamming, R W., "Error Detecting and Error Correcting Codes," 
Bell Syst. Tech. J., Vol. 29, pp. 147-160, 1950. 

2. Peterson, W. W., Error-Correcting Codes. John Wiley & Sons, 
Inc.-MIT Press, 1961. 

3. Golomb, S. W., and Welch, L. R., "Algebraic Coding for the 
Lee Metric," in Conference Proceedings of the Symposium on 
Error Correcting Codes, University of Wisconsin, May 1968. 

4. Shannon, C. E ., "The Zero Error Capacity of a Noisy Channel," 
IRE Trans. Inform. Theory, Vol. IT-2, No.3, pp. 8-16, Sept. 
1956. 

5. Stein, S. K., "Factoring by Subsets," Pac. J. Math., Vol. 22, 
No.3, pp. 523-541, 1967. 

6. Halmos, P. R , Introduction to Hilbert Space. Chelsea Publishing 
Co., New York, 1951. 

E. Combinatorial Communication: The Maximum 
Number of Cycles in the de Bruijn Graph, 
H. Fredricksen 

1. Introduction 

In a recent article (SPS 37-51, Vol. III, pp. 244-250), 
the problem of disjoint cycles in the de Bruijn graph was 
introduced. It was conjectured that the maximum number 
of cycles was attained by the pure-cycling register. The 
number of cycles defined by the pure-cycling register was 
given by 

Z(n) = !Lcf> (d)2n1d 

dI n 

where the summation is over all divisors d of the length 
of the register n, and cf> is Euler's cf>-function. This conjec­
ture is discussed in this article, wherein we show that the 
conjecture is valid in case 1 L. n L. 6. (See SPS 37-49, 
Vol. III, pp. 295-297 for a discussion of the asymptotic 
behavior of the conjecture. It was shown that the con­
jecture is asymptotically correct.) Several algorithms for 
choosing cycles are investigated and the number of cycles 
they define is given. We also include some results on the 
structure of possible counter examples. Proofs of the theo­
rems are generally omitted as the results will be pub­
lished elsewhere. 

2. Z In) is Maximal for 1 L. n L. 6 

If we restrict ourselves to only those truth tables associ­
ated with pure cycles, there are 220

-
1 possible truth tables 
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and a like number of cycle decompositions to consider. 
For n = 1,2,3,4, 5, this number is small enough for a com­
plete search to be made of all the truth tables to determine 
if the conjecture of the maximality of Z (n) is true or false. 
For n = 6, however, the number of truth tables is too 
large for a complete search, but we can eliminate this 
case in another way. 

For n = 1, there are only two possible truth tables: 
one where the vector 0 takes on the value 0 (i.e., where 
f (x) = f (0) = 0) and the other where f (0) = 1. The first 
case corresponds to the pure-cycling register. There are 
two cycles for this register: (0), (1). The other feedback 
choice yields one cycle, i.e., (01). 

For n = 2, there are four possible truth tables corre­
sponding to the four independent choices of feedback 
values that can be associated with the two variables. 
These cases are: 

x, X2 Fo Fl F2 Fa 

0 0 0 0 1 1 

0 1 0 1 0 1 

1 0 1 1 0 0 

1 1 1 0 1 0 

The pure cycling register is Fo' For Fo we have f (0, 0) = 0 
which means the vector 00 maps into the vector 00 corre­
sponding to the cycle (0). The vector 01 maps into 10 since 
f (0, 1) = 0 and 10 maps into 01. This corresponds to the 
cycle (01). Since 11 maps into 11 we have the cycle (1). 
We see Z (2) = 3. Fl yields the cycle structure (0) (011). 
F2 yields the cycle structure (001) (1). Fs yields the cycle 
structure (0011). Thus, the conjecture is valid for n = 2. 

In SPS 37-51, Vol. III, we gave complete descriptions 
of the possibilities for cycle decomposition for n = 3,4,5. 
In every case there were no truth tables yielding more 
than Z (n) cycles. 

Since there are approximately 4 X 109 truth tables 
for n = 6, an exhaustive examination of each of them is 
impossible. We verify the conjecture for n = 6 by a sep­
arate argument. 

First, we write down the cycles generated by the pure­
cycling register for n = 6, and also the decimal notation 
for the binary states of the 6-cell register. We then circle 
certain positions in the cycle decomposition. These posi­
tions are the locations of heavy-light transitions (see 
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Table 2. Heavy-light transitions of the pure-cycle 
decomposition for n = 6 

Cycles Cycles in decimal natation 

(0) ® 
(000001) 1, 2,4,8, 16, ® 
(000011) 3,6,12,24,48, @ 
(000101) 5,10,20, @ , 17, ® 
(000111) 7, 14,28,56, @' 35 
(~Ol) 9,18,@ 
(001011) 11, 22, @' 25, @ ,37 
(001101) 13,26,52, ® , 19, ® 
(00111 1) 15,30,60,57, ®, 39 

(01) 21'~ 
(010111 ) 23, 4 ,29, 58, ® , 43 

(011 ) 27,54, @ 
(011111 ) 31,62,61, @,55,47 

(1) @ 

Table 2). A number is defined to be heavy if the number 
has a larger or equal value in the decimal notation than 
when compared with the vector in the reverse order. If the 
reverse of a vector is larger than the vector, then that 
number is said to be light. A heavy-light transition is a 
situation where either the successor of a heavy number is 
light or a number is its own successor (see Table 2). We 
observe from Table 2 that every cycle of the pure-cycle 
decomposition contains at least one heavy-light transi­
tion. We shall show that an arbitrary cycle must contain 
at least one heavy-light transition. 

Theorem 1. Every shift register cycle contains at least 
one heavy-light transition. 

Consider again the set of circled members in the pure­
cycle decomposition for n = 6 given in Table 2. Since 
there are 18 circled numbers, there may be as many as 
18 cycles. But, if any truth table is to yield more than 
Z (6) = 14 cycles, at least one of the eight circled mem­
bers that occur paired on a cycle will have to be on a 
cycle containing no other circled number. We examine 
each element in turn below to see if they can occur on a 
cycle which contains no other circled number. An exam­
ination of cases shows each circled node is on a cycle 
with another circled node, hence Theorem 2. 

Theorem 2. Z (n) is maximum for n = 1, 2, .. . ,6 

For n = 7, Z (n) = 20 and the number of heavy-light 
transitions in the pure-cycle decomposition is 34. The 
methods that disposed of the case n = 6 would apply to 
the case n = 7, but the difference between the 34 heavy­
light transitions and 20 cycles is too great to allow the 
necessary computation. 
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3. Short-Cycle Algorithm 

a. Inclusion and exclusion of general cycles. In 
SPS 37-49, Vol. III, it was assumed that we added the 
lengths of all cycles discounting the fact that some nodes 
appeared on more than one cycle. In order for the feed­
back function to remain Single-valued, it is necessary to 
include only one cycle for each of the 2n nodes. 

We make the reasonable assumption of choosing the 
shortest cycle available consistent with other chOices, 
which should keep the average cycle length to a mini­
mum. This method suggests we take all cycles that have 
previously been chosen. 

Them'em 3. The cycles of length g L. [(n + 2)/ 2] con­
tain no overlaps. Table 3 contains the cycle sets resulting 
from the short-cycle algorithm. 

b. Particular results on registers of length 1-7, 8-13, 
and 17. We note in Table 3 that the short-cycle algorithm 
results are complete for n = 1, 2, . .. ,7. From the results 
of Subsection 2, we know that no other choice of cycles 
for n = 1,2, ... ,6 will yield more than Z (n) cycles. In 
Subsection 4, we shall investigate other choices of cycles 
for registers of length n ':::::o.. 7 in attempting to find a counter 
example to the conjecture. 

In the case n = 6, we find the short-cycle algorithm 
yields 12 cycles while Z (6) = 14. We amend the short­
cycle algorithm to exclude the three cycles of length 4 
which can be chosen. This allows us to choose four cycles 
of length 5, (00001), (OOOU), (OOIU), and (OUU), which 
had been excluded by the cycles of length 4, and also to 
choose four cycles of length 6, (OOlOU), (00U01), (000101) 
and (01OU1) . With one cycle of length 10, we have a total 
of 14 cycles for n = 6. This increase of two cycles gives 
hope for finding a counter example in Subsection 4. 

For n = 6, 8-13, 17, the short-cycle algorithm yields 
less than Z (n) cycles. If the computer had been allowed 
to find all the cycles in each case, the time required would 
have been excessive. The computer was instructed on a 
second pass to stop generating cycles after it was clear 
that the algorithm would fail to produce Z (n) cycles. For 
these n, Table 4 gives the bound on the number of cycles 
produced by the algorithm and the length of the cycle at 
which time it was clear Z (n) cycles would not be achieved. 
The cycle length at halt is in no sense monotone, and its 
asymptotic behavior is not clear. Because it can be said 
that the algorithm will fail to produce Z (n) cycles at such 
small values compared to n, it appears that it will not 
ultimately produce a counter example. 
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Table 3. Cycles from the short-cycle algorithm 

2 3 4 5 6 7 8 9 10 
n 

2 

3 

4 2 

5 2 

6 1 2 

7 2 2 2 3 

8 2 2 

9 2 3 6 2 

10 2 2 3 9 

11 2 2 3 6 18 

12 2 2 3 6 

13 2 2 3 6 9 

17 2 2 3 6 9 97 

Table 4. Bounds on the number of cycles produced 
by the short-cycle algorithm 

n Z (n) Bound Cycle length at halt 

6 14 12 7 

8 36 32 10 

9 60 ~58 13 

10 108 ~98 12 

11 188 ~177 14 

12 352 ~320 14 

17 7712 ~7616 18 

4 . Other Algorithms 

a. Choose cycles of length n - 1. The results of 
Subsection 3 indicate that the short-cycle algorithm will 
not provide a counter example. The pure-cycling register 
yields all the cycles of length k for kin. Another approach, 
intermediate to the short-cycle and the pure-cycle algo­
rithm, is the following; 

(1) Take all cycles of length n - 1. 

(2) Take all smaller cycles not excluded. 

(3) Take smallest remaining cycles. 

Theorem 4. This algorithm yields r-' % Z (n) cycles as 
n ~ co. The proof of this theorem is accomplished by 
showing several intermediate results. 

Lemma 1. No (n - 1) cycle can exclude another. 

Lemma 2. Any t-cycle, where t I (n - 1), is disjoint from 
any v-cycle if v I (n - 1). 
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12 13 14 15 16 17 18 20 22 

4 3 

8 7 12 

19 10 9 6 

287 532 479 226 226 548 286 

An examination of the truth table imposed by this choice 
of cycles yields the result. 

For short registers, the algorithm does somewhat better 
than its asymptotic behavior. For n = 1,2,3, 4,5, and 7, 
the algorithm produces Z (n) cycles. For n = 1,2,3,4, the 
same cycle sets are produced as were produced by the 
short-cycle algorithm. For all other n, this algorithm pro­
duces different cycles than did the short-cycle algorithm. 
For n = 5, we have the three cycles of length 4, two cycles 
of length 1, and one cycle of length 2 from the pure cycling 
half of the truth table. The other nodes are on two cycles 
of length 8 for the total of eight cycles. 

The n = 7 case produces the 14 cycles for the pure­
cycle half of the register corresponding to Z (6) = 14. The 
complementing half produces one cycle of length 4 and 
five cycles of length 12 for a total of 20 cycles. 

We can extend the above results by starting with all 
cycles of length n - 2, n - 3, etc., and continuing with 
the rest of the algorithm. We produce Z (n - 2) cycles 
in the case of length (n - 2) cycles. This uses 2n

-
2 nodes of 

the diagram. We can artificially impose a complement 
restriction on another 2n- 2 of the nodes in the same way 
as was naturally imposed in the length (n - 1) algorithm 
producing cycles of length 2 (n - 2). At this point, the 
remaining 2n- 1 nodes are on cycles of length 4 (n - 2). 
This method produces approximately 

,)"- 2 2"-2 ')11 - 1 2" + 2"-1 + 2"-1 
-~-- + + ~ = ----:-:------:-,---
n - 2 2(n - 2) 4(n - 2) 4(n - 2) 

2" 1 
2 (n - 2) r-' '2 Z (n) cycles 
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If we start with cycles of length (n - 3), we produce 
approximately 

2"-3 2"-3 2"-2 2n- 1 

-n-- -3 + 2 (n - 3) + 4 (n - 3) + -=-8 -:-(n-----::-:-3) 

2" + 2"-1 + 2"-1 + 2"-1 
8 (n - 3) 

For cycles of length (n - 4), we produce approximately 

2"-4 2"-4 211 - 3 2"-2 2"-1 
-n ---4 + 2 (n - 4) + 4 (n - 4) + 8 (n - 4) + -16-("-n---4-:-) 

2" + 2"-1 + 2"-1 + 2"-1 + 2n- 1 

16 (n - 4) 

3 2" 3 
16 (n - 4) ,....., 16 Z (n) cycles 

In general, this method yields approximately 

k + 2 
~Z(n) 

cycles if we start with cycles of length (n - k). 

b. Choose cycles of length n - 2, n - 3, etc. If the arti­
ficial complement restriction is not imposed, other cycle 
distributions will be produced if we start with the cycles of 
length n - 2, n - 3, etc. For n L. 6, the short-cycle algo­
rithm produces the same cycles since the length of the 
longest unrestricted cycles in the short-cycle algorithm 
was [(n + 2)/ 2]. 

In SPS 37-49, Vol. III , and Subsections 3 and 4, we 
gave algorithms that yielded certain cycle structures. The 
methods used in these algorithms required that the short­
est cycle not explicitIy ruled out by having a non-void 
intersection with the set of cycles previously chosen be 
included in the set. For cycles of length not exceeding the 
register length, the set of cycles chosen is unambiguous. 
For cycle lengths exceeding the register length, there 
exist cycles not excluded by any shorter cycles, but having 
non-void intersection with other cycles of that length . The 
choice of cycles to be included is arbitrary for these 
lengths. A hybrid method can be used to consider all 
choices of cycles for lengths exceeding the register length. 

5 . Structure of Possible Counter Examples 

In this section we shall give some results on the struc­
ture of possible counter examples. 

196 

a. Weight of counter example "::::0,. 7. We handle the proof 
with 3 lemmas. 

A counter example of weight 7 could be formed from 
four cycles as follows: 

(1) Join cycle A to B, B to C, and C to D (the weight is 
now equal to 3). 

(2) Cycles A and B can be split once, as can Band C 
and C and D. 

(3) This yields 4 cycles and a truth table of weight 6. 

(4) Cycle A was a cycle containing k ones. 

(5) Then cycle B contained k -+- 1 ones. 

(6) Cycle C has k -+- 2, or k, ones; then cycle D could 
have k -+- 1 ones and could contain, with A, a vector­
successor pair. 

b. Minimum-join-maximum-split path. Suppose we do 
have a counter example to the conjecture for some n. We 
find one with a truth table of minimum weight, (2P + 1). 
This counter example must have Z (n) + 1 cycles since, 
if it had more cycles, we could decrease tile weight of 
the truth table and have a counter example of smaller 
weight. There are (2P + I ) ! paths from the position 
[2P + 1,Z(n) + 1] to tile position [O,Z (n)]. As we de­
crease the weight of the b'uth table, the number of cycles 
changes. Choose one of the paths that stays closest to the 
Z (n) line, i.e., consider the first set of joins of cycles 
(as we begin to decrease the weight of the truth table) 
and choose a path having the minimum number of joins 
before one of its cycles is capable of splitting. If more 
than one path has the minimum number of joins, choose 
one that has a maximum number of splits after the initial 
set of joins. Continue the process until all 2P + 1 ones in 
the truth table have been changed to zeros. We seek to 
test the conjecture that the truth tables lying on the 
minimum-join-maximum-split path formed by the above 
procedure never yield less than Z (11, ) - 1 cycles and give a 
set of lemmas on the general nature of tile minimum-join­
maximum-split path. For the purposes of the lemmas, we 
shall consider the path as the weight of the truth table 
increases. Then the joins will be splits, and the splits will 
be joins. 

Lemma 3. As the weight of tile truth table increases, 
the set of all splits occurring at any point of the path 
comes from exactly one cycle. 

Lemma 4. As the weight increases, tile set of t > 1 
splits can be preceded by, at most, one join. 
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Lemma 5. The minimum-join-maxirnum-split path can­
not miss exactly one position anywhere on the Z (n) line 
(see Fig. 5a). 

Lemma 6. The minimum-join-maxirnum-split path can­
not miss exactly two positions at the end of the path (see 
Fig. Sb). 

(o ) NUMBER OF CYCLES ___ 

Z{n) 

(b) NUMBER O F CYCLES __ 

Z{n} 
WEIGHT OF 

TRUTH 
TABLE 

WEIGHT OF 
TRUTH 
TABLE 

j j o 

o 
o 

21 + 1 

21 +1 

Fig . 5. Z In) line showing la) miss 1 position on the 
minimum-join-maximum-split path, and 
Ib) miss 2 positions on the minimum-join­

maximum-split path 

F. Information Processing: Prediction With Piece­
wise Linear Correlation Functions, I. F. Blake 

1. Introduction 

This article considers one aspect of the problem of 
predicting a continuous-time parameter random process. 
It is shown that for a particular class of piecewise linear 
(PL) correlation functions, the optimal (minimum mean­
square error) linear predictor utilizes only a finite number 
of samples from any finite observation interval. 

2. Prediction With PL Correlation Functions 

Consider a continuous PL correlation function that is 
zero outside of a finite interval (which, without loss of 
generality, is assumed to be [ - 1,1]). Such a function 
may be represented by letting cp (T ) = max (0, 1 - I T I ) and 

n 

pH = 2: Pi cP (T/ ai) (1) 
;, = 1 

where 
n 

2: Pi = 1, ai < 1, a" = 1 
T = l 

Clearly, a = {O, a" ., , an-I, I} is the set of points at 
which pH changes slope. D enote the interval [0, T] over 
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which the process has been observed by 71', and suppose 
an estimate of the process at T + a is desired. The point 
set 0, which will be called the sampling set, is given by 
the following: 

Definition. The set 0 is such that 

(1) an 71' E 0, (T - a) n 71' E 0, and (T + a - a) n 7T E n. 

(2) If t i E n, then {(ti + a) U (t i - a)} n71' E o. 

ote that 0 is a function of a, T, and a. It is apparent, in 
many cases, that the cardinality of the set 0 is finite 
([ 0 ] < 00). Conditions on a and 71' for this to occur are 
made precise in the following theorem. 

Theo'rem 1. Assume 71' to be finite. Then a sufficient con­
dition for [0] < 00 is that all break points be rationally 
related. A necessary condition for this is that if any two 
break points ai and a j are in 71', and their sum ai + aj is 
also in 7T, then they must be rationally related. 

Pmof. First assume that aj = i/ n, n a positive integer. 
Then, for arbitrary T and a, the set 0 will consist of the 
points 

{O, l i n, 2/ n, ... , T , T - l i n, T - 2/ n, 

(T + a) - (l / n), (T + a) - (2/ n), ... } n 71' 

and, clearly, this set will contain finitely many points. 
Omitting a break point, say ai, from a will generate a set 
0' with no more points than the above n, i. e., n' ~ o. It 
follows that if ai = m i/n i (mi, ni are integers), then 
[0] < 00 since n , n 2 . • • nn forms a greatest common 
denominator. 

For the converse, suppose that the two break points 
are not rationally related and ai, a j, ai + aj E 7T and ai < ai' 
Consider the number of points that must be in 0 from the 
interval [0, ai + aj]. Begin the development by adding 
ai to ai. If the sum is in the interval [0, aj], add ai again. 
If the sum is in (aj, a. + aj), subtract aj. Continuing in 
this way, it is clear that there will be an infinite number 
of points in [0, ai + ai ] (and hence in 0) of the form 
mai - naj where m and n are integers. It remains to show 
that no two of these points are identical. Suppose two of 
the points were identical, i.e., there exist integers m, n, 
m', n' such that mai - naj E O, m' ai - n' aj E O and that 

(2) 
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or 

ai (m - m' ) = aj (n - n') (3) 

This, however, implies that ai and aj are rationally re­
lated which is contrary to the assumption. Therefore, no 
two of the points generated in this manner are identical, 
and, under the assumptions stated, n will not have finite 
cardinality.5 

The principal result of this article is now given in the 
following theorem. 

Theorem 2. For any real random process x (t) t E 7r 

(7r finite), with a continuous PL correlation function P (T) 
having a break vector a that generates the set n with 
finite cardinality, the linear least mean-square error pre­
dictor depends only on the points 

t j. En, i = 1, ... , M 

P1'Oof. Assume that the M points t i in n are ordered, i.e., 
o = t] < t2 < . . . < tM = T. It is only necessary to show 
that 

E {[ x (T + a) - i~' dix (ti) ] X (t)} = 0 

(4) 

and all t En where the constants d; are chosen such that 

E {[ x (T + a) - it dix (ti) ] x (t;)} = 0 

i = 1, ... ,M (5) 

Denote the closed interval 

K = 1, ... , M - 1 

and consider the quantity Yt where 

(6) 

for some arbitrary but fixed K. It is claimed that for all 
t E J K, the right-hand side of Eq. (6) is given by an equa-

'The author wishes to thank Dr. L. L. Welch for supplying the last 
part of this proof. 
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tion that is linear in t , and that is the same equation for 
the whole interval J K' To see this, it need only be shown 
that the expression for p ( It - t i I) does not "pass through" 
any of its break points as t varies over J K for each t i En. 
This is clear because condition (2) in the definition of n 
states that if t i E n , then {(ti + a) U (t i - a)} n 7r E nand, 
hence, if a break point of p (I t - t i I) occurred in lK, that 
point would also occur in n . Therefore, tK and tK +l would 
not have been adjacent, as assumed, and for each 
t i, i = 1, ... ,M, and for all t E lK 

(7) 

Thus, Eq. (6) may be written as 

(8) 

where 

AI AI 

(3 K = 2: (3 ifi YK = 2: Yi/\ 
; =0 ; =0 

and 

(30K + YaK t = P (T + a - t) 

But from Eq. (5), it is seen that 

(9) 

and 

(10) 

Thus, (3/\ = YK = 0 and Eq. (6) is zero for all t d K. Since 
K was chosen arbitrarily, the same is true for all the 
intervals and, hence, for 7r. 

3 . Comments 

A simple consequence of Theorem 2 is that if it is 
desired to predict a given process a into the future where 
l / a = n = integer, the break points of the PL correlation 
function are evenly spaced a apart, and T is some multiple 
of .a , then the best linear predictor uses only uniformly 
spaced samples on 7r. 

For the particular case where 

pH = cp H = max (0, 1 - H) 

the prediction formula may be stated in general terms. 
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For a < 1, the formula is 

E [x (T + a) I x (t), t €7T, N - 1 L T < N] = [ b - N ~ 1] [X (0) + N ~ 1 X (1) + ... + ~ X (N - 1) ] 

N-1 1 
- ~x(T+a-1)-'" - Nx[T+a-(N-1)] 

+ b+-- x(T) + --x(T - 1) +'" +-x[T -(N-1 )] [ 
N ] { N-1 1 } 

N+1 - N N 

(11) 

where 

b = _1_ [ 2N - T - (N + 1) a] 
N + 1 2N - T 

Other aspects of this work are presently being con­
sidered. Conditions on an arbitrary continuous PL func tion 
which ensure that it is a correlation function have been 
studied. Random processes with PL correlation functions 
have representations in terms of the Wiener process that 
are closely related to the moving average representations 
of arbitrary stationary random processes. 

A principal aim of this work is the development of an 
approximate theory of prediction in the following sense : 
Suppose that the correlation function of the process to 
be predicted is approximated with a PL correlation func­
tion, and the predictor for this approximate correlation 
function is used for the process. It is desired to relate 
the degradation in prediction error to some measure of the 
closeness of the approximate correlation function to the 
true. This problem is currently under investigation. 

The ideas used in this article are easily extended to 
include the interpolation and signal extraction problem. 

G. Information Processing: Least-Squares 

Estimates From Likel ihood Ratios, T. Ka i/athG 

1. Introduction 

In another article, 7 it was shown that the likelihood 
ratio for the detection of a random Signal in additive 
white-gaussian noise could be expressed in terms of the 
causal least-squares estimate of the signal. This article 
demonstrates that, conversely, the causal least-squares 
p.s timate can be obtained from the likelihood ratio with 

'Consultant, Electrical Engineering Dept., Stanford Univers ity. 
'Kailath, T. , "A General Likelihood-Ratio Formula for Random 
Signals in Gaussian oise," to appear in IEEE Trans. Inform. 
Theory, 1969. 
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the case of a narrowband random-phase Signal worked 
out as an example. A related but different result in the 
discrete-time case is also discussed. 

2 . A Descripti on of the Hypotheses 

We first describe the major result of the article listed 
as Footnote 7. Comider the two hypotheses (Ho and H ,) 

H I: x(t) = z(t) + w(t) l, 
Ho: x(t) = w(t) , 

(1) 

where tV ( . ) is zero-mean white-gaussian noise with 
covariance function 

tV (t) tV (s) = 8 (t - s) (2) 

[In other words, w ( . ) is the so-called Wiener process, 
i.e., a gaussian process with zero-mean and covariance 
function min (t, s).] The signal process z ( • ) is a random 
process (not necessarily Gaussian) that satisfies 

iT Z2 (t) dt < 00 (3) 

and z (t) is independent of tV (s) for s> t. Then the like­
lihood ratio can be written (see Footnote 7) 

where ~(t I t ) is the least-squares estimate of z (t) given 
x (T), 0 L T L t , and assuming H, is true, and f denotes a 
special kind of stochastic integral known as the Ito 
integraJ.8 The Ito integral has some special properties 

'Esposito, R. , -"On a Relation Between Detection and Estimation in 
Decision Theory," to appear in Inform. Contr., 1968. 
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that differ from those of ordinary integrals. The major 
property is the Ito differential rule which is briefly 
described in Subsection 3. In fact, the major result of 
this article is that if the likelihood ratio L (t) is known, 
then Z' (t I t ) can be obtained from it by the formula 

A dL (t) 
z(tlt) = L(t)dx(t) (5) 

where d ( ) denotes the Ito differential. 

3. The Ito Differential Rule 

The description of the Ito differential rule (and the 
Ito integral) presented here must of necessity be brief. 
Detailed discussions can be found in Ref. l. 

Let b (t) be a stochastic process that depends, at most, 
on the past and present values {w (s), 0 L S L t} of a 
Wiener process but is statistically independent of future 
values {w (s), s > t} . Such a process will be called 
admissible. 

Suppose that the variance of b (t ) obeys 

Then Ito showed that integrals of the form (where the bar 
will henceforth be used to denote Ito integrals) 

t t b(s)dw (s) 

can be defined so that they are also admissible and con­
tinuous (with probability one). The Ito integral has cer­
tain special properties that derive basically from the fact 
(the so-called Levy property) that the increments dw (t) 
of a Wiener process are of the order of (dt)lh and not 0 (dt) 
as they would be for a smoother random process. This 
means that second-order terms (dW)2 cannot be neglected 
in the Ito stochastic calculus. This will be made readily 
apparent by the Ito processes presented in Subsection 4. 
Before presenting these processes, however, the following 
additional definition is required. 

It will be said that {x (t), 0 L t L T} is an Ito process 
if it can be written in the form 

x(t) = 11 a(s) ds + i t b(s) dw(s ), 

(6) 
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where a ( • ) and h ( • ) are admissible processes and 

(7) 

It is usual to write Eq. (6) symbolically in differential 
form as 

dx (t) = a (t) dt + b (t) dw (t ) (8) 

Note that in this notation, d ( ) and f ( ) are inverse opera­
tions as in the usual calculus. 

4. The Ito Processes 

Suppose f (x, t ) is a function of two variables with con­
tinuous second-order partial derivatives in x and t, which 
will be denoted by it, f", f"", etc. Then Ito's differential 
rule states that f [x (t), t] will also be an integral process 
defined by 

1 
df (x, t) = f t (x, t ) dt + f" (x, t ) dx + 2 f"" (x , t ) b2 (t ) dt 

(9) 

= [fdx, t) + a (t) f" (x , t) + ~ f"" (x, t) b 2 (t ) ] dt 

+ b (t ) dw (t ) (10) 

The integrated form 

f [x (t ), t] - f [x (0), 0] = 

11 [f t + af .. + ~ b2f"" ] dt + i t f"dw (11) 

is also sometimes useful. Equation (11) can be heuristically 
obtained by a formal Taylor expansion of f (x + dx, t + dt) 
and use of the symbolic relations 

dtdw = 0 = dxdw, (dw) Z = dt 

Note that due to the Levy property of w (.), Eqs. (9)- (11) 
are different from the ordinary formula for the differential 
in that they contain the second-order term 

1f2 f"" (x , t ) b2 (t) dt 

Of course, if b (t) = 0, then the Ito formula and the ordi­
nary formula coincide. 

It will sometimes be necessary to consider the vector 
Ito processes 

dx (t) = a (t ) dt + B (t ) dw (t ) (12) 
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where a, w, and x are vectors and B is a matrix. Let t (x, t) 
be a scalar function of x (t ) and t, while f" denotes the 
vector of first-partial derivatives and f"" the matrix of 
second-partials. Then the Ito rule is 

dt (x, t) = tt (x, t) dt + f~ (x, t) [a (t) dt + B (t) dw (t)] 

1 + "2 tf [B' (t) · f"x (x, t) B (t) ] (13) 

where the prime denotes transpose. 

The following two examples are given to illustrate the 
use of the Ito rule. 

Example 1. Let 

f (x, t) = X2 (14) 

and 

dx (t) = a (t) dt + b (t) dw (t ) (15) 

Then 

In particular, when a ( • ) === 0 and b ( • ) = 1, one has 

1 1 
"2 dw2 = w dw + "2 dt (17) 

or, equivalently 

w dw = - dw2 
- - dt = --- -t T It 'I' 1 /, '1' W (T) T 

. 0 2 0 2 C) 2 2 
(18) 

Note that for ordinary integrals, we would not have the 
term (- T / 2). 

Example 2. Let 

t(L,t) = DnL(t) 

where dL (t) = a (t) dt + b (t) dw (t). 

Then 

dL (t) 1 1 
d DnL(t) = L (t) - "2 U(t) b2 (t)dt 

or, equivalently 

[
TdL(t) Ifb2(t ) 

1 L(t) dt=PnL(T) + 2 U(t)dt 
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(19) 

(20) 

(21) 

which again clearly demonstrates the difference from the 
usual integration rules. 

5 . The Estimation Formula 

If, by some means, we have been able to directly deter­
mine the likelihood ratio L (T) for the problem given as 
Eq. (1), then the formula given as Eq. (4) suggests that 
we should be able to determine Z'(tlt) from it. This is 
true, b ecause direct application of the Ito differential rule 
to Eq. (4) yields 

dL (t) = L (t) · Z'(tlt) · dx (t ) (22) 

Therefore 

/\ dL (t) 1 
z(tlt ) = L(t) • dx(t) (23) 

where dL (t) and dx (t) are the Ito differentials of L (t) and 
x (t), respectively. Note again [cf E q. (21)] that, in the Ito 
calculus, dL (t)/L (t) is not equal to d Dn L (t). 

6. The Narrowband Random-Phase Signal Case 

The formula given as Eq. (23) can be applied in any 
problem where L (t) is easily determined. A ra ther trivial 
case is where z (t) = am (t), with m (t) a known signal 
but a a gaussian random variable. H ere we shall treat the 
somewhat less obvious case of a narrowband signal of 
random phase. The likelihood ratio for the problem 

X(T) = A(t) cos (wot + B) + wet) l 
H I: 1 ' 

P CB) = 27T 

(24) 

is well known (Ref. 2) to be 

L (t) = 10 [V (t)] exp [ - ± 1 '1' N H dT J (25) 

where 10 ( . ) is the modified Bessel function and 

V 2 (t) = V~ (t) + V~ (t) (26) 

(27) 
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To apply Eq. (23), first calculate [ef Eq. (21) ] 

dL (t ) = dlo [V (t )] _ .!. N (t ) dt 
L (t) 10 [V (t )] 4 

(28) 

Furthermore, after some algebra, and some use of the 
narrowband assumption, we obtain, say 

dV ( ) = V e (t) dVe (t) + V B (t) dVB (t ) .!. A2 (t) d 
t V (t) + 4 V (t) t 

where 

Then 

and 

1 N (t ) 
= A(t) cos [wot + cp (t)] dx(t) + "4 V(t) dt 

cp (t) = - tan-1 [VB (t )J 
V c (t ) 

1 
[dV (t))2 = 2 N (t) dt + 0 (dt) 

= 11 (V ) X A (t) X cos [wo t + cp (t) ] dx 

1 N(t) [ aI 1J +"4 V (t) X I d V ) + V av dt 

Finally, by using the Bessel function identity 

01) 
I I (V) + V av = Vlo (V) 

and combining Eqs. (33) and (28), we obtain 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

/\ dL (t) 1 IdV) 
z(tlt) = L(t) • dx(t) = 10 (V) A (t) cos [wot + cp(t)] 

(35) 

This formula can be directly verified. 

7 . The Discrete- time Case 

A discussion of the likelihood ratio formula, Eq . (1), 
with R. Esposito (Footnote 8) led him to develop a relation 
in the discrete-time case between the likelihood ratio and 

202 

the noncausal estimate of a random signal in gaussian 
noise. Thus consider the hypotheses 

H 1 :x = z + n H o : x = n (36) 

where n is a gaussian vector with 

0 = 0 nn' = I (37) 

and z is an independent random vector with, say, a density 
function pz ( . ). Then the likelihood ratio is readily seen 
to be 

(38) 

The least-squares estimate of z, given the whole vector 
z + n = x, is well known to be (the conditional mean) 

The expressions in Eqs. (38) and (39) seem closely related; 
in fact, by direct differentiation of A (x) witl1 respect to x 
we have 

'V .. A (x) = f u exp{u'x - ~u'u}Pz (u ) du = 2A(X) 
(40) 

so that 

'" z = 
'V .. A (x) 

() 
= 'V Pn A (x) A x x 

(41) 

This is Esposito's relation (which he derived somewhat 
less directly). There is some similarity between Eq. (41) 
and our continuous-time formula , Eq. (5). In fact, Eq. (4) 
can be derived in a similar way. However, note that in 
discrete-time there is no Ito rule and 'V .. L j L can be writ­
ten 'V .. Pn L. The important difference, however, is that 
there is no discrete-time formula for the likelihood ratio 
corresponding to our general continuous-time formula, 
Eq. (4). All that can be concluded from Eq. (41) is that 

L (x) = exp [(z' dx + constant] ( 42) 

Equation (42) uses noncausal estimates and is not as ex­
plicit as Eq. (4); moreover, unless an analytical expression 
is available for z so that the integral in Eq. (42) can be 
evaluated analytically, it does not seem possible to imple­
ment Eq. (42) for any given observation x. In Eq. (4), on 
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the other hand, the integrations are with respect to time. 
In addition, Eq. (4) yields a receiver structure into which 
suboptimum estimates for z ( • ) can easily be introduced. 
It will be interesting to study the relationships between 
the discrete-time and continuous-time analyses in more 
detail and, in particular, to see how to carry one over into 
the other. 

8 . Conclud ing Remarks 

The above results can be extended to the case of colored 
additive gaussian noise by use of a noise-whitening filter; 
the results can also be easily extended to the vector case. 
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H. Astrometrics: Toeplitz Matrix Inversion-The 
Algorithm of W. F. Trench, S. l ohar 

1. Introductio n 

A matrix T whose ii element, T ij, is a function of (i - i), 
rather than of i, i separately, is called a Toeplitz matrix. 

By way of illustration, we show here a Toeplitz matrix 
of order 4 

[" 
T-l T - 2 

'" 1 T1 T O T-, T - 2 

T 2 7 1 T O T - 1 

T 3 T 2 T, T O 

A typical example of a situation where the inverse of 
such a matrix is needed is the case of a linear network 
prescribed in terms of its sampled output correlation in 
response to white-noise excitation. In determining the 
sampled input correlation corresponding to a given sam­
pled output correlation, we are led to the inversion of a 
real symmetric Toeplitz matrix. Such an application arose 
in planetary radar mapping. 

The inversion of a non-symmetric Toeplitz matrix is 
called for in the case of signals known, or assumed, to 
have a rational spectrum. In this case, the inversion of a 
non-symmetric Toeplitz matrix allows us to compute all 
correlation coefficients from a finite number of given 
coefficients. 
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The very special structure of a Toeplitz matrix suggests 
that an inversion scheme exploiting this structure would 
yield significant savings in time and effort. As a matter of 
fact, several authors have approached this problem in the 
past. However, a really significant contribution was made 
in 1964 by W. F. Trench (Ref. 1). His method is both 
powerful and elegant. Unfortunately, his somewhat com­
plicated derivation tends to obscure the fact that the 
resulting algorithm is beautifully simple. Also, Trench 
mainly stresses the Hermitian Toeplitz matrix and shows 
only the final results without proof for the more general 
non-Hermitian case. 

The purpose of this article is to rephrase the derivations 
in order to make them easier to follow, thus making this 
powerful tool more accessible. In this method of presenta­
tion, no significant Simplifications result when the deriva­
tions are limited to the Hermitian case, and so the more 
general non-Hermitian case is treated here from the outset. 
Hermitian Toeplitz matrices are handled as a simple 
special case in Subsection 9. 

The inversion algorithm does not apply to all Toeplitz 
matrices. In order to describe the class to which it does 
apply, we introduce the notion of a "strongly non­
singular" matrix. An arbitrary matrix is said to be strongly 
non-singular when, in addition to being non-singular 
itself, all its principal submatrices are non-singular. 
(Equivalently, all its principal minors are non-zero.) The 
inversion algorithm applies to strongly non-singular 
Toeplitz matrices and, hence, to positive-definite 
Hermitian Toeplitz matrices. 

A trivial immediate result of this constraint is that the 
main diagonal term T U is non-zero (T O is the first-order 
principal minor) . Hence, it is permissible to divide the 
given matrix by TO to get a form with ones along the main 
diagonal. It is this form that will be treated here. 

2 . Formulation of the Problem 

We start with a brief note regarding notation: 

We use Greek letters for scalars, capital letters for 
square matrices, and small letters for column matrices. 
Transposition is indicated by the symbol,......,. The order 
of the matrices is indicated by a subscript. In the absence 
of a subscript, the order is taken to be n. Thus 

L == L" is an n !>< n matrix 

g == gll is an n X 1 matrix 

g == g ll is a 1 X n matrix 

All is a scalar 

203 



L 

The initial steps of the inversion follow the well-lalOWD 
bordering scheme. Therefore, we represent the Toeplitz 
matrix L '1+1 and its inverse, B"+h as follows 

L n+l = [~ ~ ] (1) 

BM1 = : , [ : ~ ] (2) 

Note that L"+l is fully specified in terms of the matrices a, r 

a = [P-l P-2 . p-,, ] 

The representation of the inverse adopted in Eq. (2) is not 
general. Thus, with all the terms involved being finite, 
Eq. (2) certainly rules out an inverse whose (1, 1) term 
is zero. This, however, is consistent with the property 
of strong non-singularity. To see this, we apply the gen­
eral formula expressing an inverse term as a ratio of 
determinants. 

Now, since I L"+l l is finite and I L I =F 0, it follows that 
(B,,+l)l1 =F ° and the representation adopted in Eq. (2) 
is valid. 

We record here, for future use, the specific meaning of 
the parameter An that follows from this 

A = I L"+l I 
n ILn.1 

(2a) 

3. Applying the Bordering Approach 

Multiplying Eqs. (2) and (1), denoting the identity 
matrix by I , and a zero-column matrix by <9, we obtain 

[ 1 

<9 

1 + er 
g+ Mr 

The first column yields 

An = 1 + er 

g = - Mr 
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a+eL ] 
ga+ ML 

(3) 

(4) 

In deriving the results of the two remammg terms, we 
multiply both sides by B (= Bn - L -1) and arrive at 

Thus, Eq. (2) now takes the form 

(5) 

(6) 

(7) 

Equations (3) to (6) facilitate the expression of all the 
elements of Bn+l as functions of Bn. This is the basic idea 
of the bordering algorithm. Here, however, we can dis­
pense with this cumbersome approach because the in­
verse of a Toeplitz matrix is completely prescribed in 
terms of its first (or last) row and column. 

The proof of this property is facilitated by the intro­
duction of the notions of persymmetry and the exchange 
matrix E taken up in Subsection 4. 

4 . Persymmetry and the Exchange Matrix 

A square matrix is said to be persymmetric when it has 
symmetry about its cross diagonal (the diagonal extending 
from the upper-right corner to the lower-left corner). If 
P (= P,,) is persymmetric, then 

Operations with these matrices are facilitated by the use 
of the exchange matrix E, which is defined as a square 
matrix with units along the cross diagonal and zeros else­
where. Premultiplying a matrix by E exchanges its ele­
ments which are located symmetrically about a bisecting 
horizontal line. Postmultiplying does the same with re­
spect to a bisecting vertical line. 

To see the connection of E with the concept of per­
symmetry, let us examine the expression E A E, where 
A is an arbitrary (n X n) matrix. Visualizing the effect of 
the three indicated operations on a Single element of A, 
we find that the overall effect is to exchange elements that 
are located symmetrically with respect to the cross 
diagonal. Hence, we can rephrase the definition of a 
persymmetric matrix as a matrix P satisfying 

EPE=P 

From this formulation, it is easy to see that the inverse 
of a persymmetric matrix is persymmetric. Starting with 
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"" ,v 
p-1 P = I (8) 

and noting that EE = I, we can rephrase Eq. (8) as 

'" But E P E = P. Hence 

A> 

EP-1E = p-1 

and p-1 is persymmetric as was to be shown. 

5. The Self-Regeneration of the Toeplitz Inverse 

We now note that a Toeplitz matrix is a special case 
of a persymmetric matrix. Hence, we conclude that the 
inverse of a Toeplitz matrix is persymmetric. Since both 
Land Ln+l appearing in Eq. (1) are Toeplitz matrices, it 
follows that their inverses, Bn+1 and B, are persymmetric. 
This is the basic property needed to establish the algo­
rithm for generating elements of Bn+1 from its first row 
and column. 

To do this, we apply the condition of persymmetry to 
Eq. (7) 

(9) 

In expanding expressions such as these, it is convenient 
to have a special symbol for the product of E by a column 
matrix. We use the notation Eg = g with similar expres­
sions for the other column matrices. (Note that the ele­
ments of g are just the elements of g in reversed order). 
With this notation, and the fact that B is persymmetric, 
Eq. (9) leads to 

J=[ ~ J 
(10) 

We now express an element of An BtI+l in terms of the 
middle matrix 

1 L i,jL n 

(11) 

To eliminate Bi ;, we now express an element of An Bn+1 
in terms of the right hand matrix [in Eq. (10)] 

1 L i,jL n (12) 
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combining Eqs. (11) and (12), we obtain 

'" 
An (B'Hl)i+l,;+1 = An (Bn+1)i; + (ge - ~g)i; 

1 L i,jL n (13) 

Thus, given an element of B n+b we can generate all the 
remaining elements along the same diagonal. The entities 
needed for this are An, g .. , en. But these are, essentially, the 
elements of the first row and column of B"+1 [see Eq. (2)] 
and as such, they supply the initial values for the recur­
sion given in Eq. (13). 

The dependence of the proof of this result on the fact 
that B n+1 is the inverse of a Toeplitz matrix is subtle and 
merits some elaboration . Obviously, the crucial step is 
embodied in Eq. (10). Now, while it is true that any 
persymmetric matrix Bn+l (or, for that matter, any strongly 
non-Singular matrix) can be represented in the specific 
form shown in Eq. (7), the resulting B matrix will, in 
general, not be persymmetric. It is the persymmetry of 
B that is essential to the derivation of Eq. (10). 

It should be noted that only about half of the elements 
of B"+l have to be computed in this way, the remainder 
being given by persymmetry. We point out the computa­
tional simplicity of Eq. (13) which becomes evident when 
the function of g, e appearing there is written down 
explicitly. Thus 

(14) 

6. The Recursion Relations 

We now proceed to establish recursion relations for the 
quantities A;, e;, gi (1 L i L n). In view of the self­
regeneration property of Bn+l, this is, essentially, all that 
is needed to obtain this matrix. 

In deriving these relations, we use Eqs. (5), (7), and (10) 
and rely on the fact that they are valid for matrices of 
any order rather than the basic order n indicated. 

Starting with the ei recursion, we apply Eq. (5) to ei+l 

and obtain 

'" 
ei+l = - Bi+l ai+1 1 L i<n 

where a;+l consists of the first i + 1 elements of a. 

Since B i+1 is persymmetric, this can be written as 
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Writing this out explicitly using Eq. (7) we obtain 

lLi < n (15) 

Note that we have expressed li;+l as 8i augmented by a 
single term. Carrying out the indicated multiplications, 
and again applying Eq. (5), we arrive at the desired 
recursion relationship 

ILi<n '" A [ _ p-(i+1) + ei ai 

Ai 

(16) 

We again note the relative simplicity of the computa­
tions. The recursion relation for g can be obtained directly 
from Eq. (16) by noting the symmetry of the basic equa­
tions. Thus, we obtain 

] ILi<n 

(17) 

Premultiplying both sides by Ei +1 , we get the final form 
used in the algorithm 

gi+1 = [ 
0 

] - P;'~~ ' ,g, [ 1 ] 1\ l L i < n 
gi ei 

(18) 

Here, we have used the fact that g: '?i = r: g. so that in 
Eqs. (16) and (18), the ~ matrices appear consistently in 
their "exchanged" form (g). 

The recursion for A is somewhat Simpler. Writing 
Eq. (10) explicitly for the bottom-right element, and 
replacing n by i, we obtain 

(19) 

Replacing i by i + 1 in the middle term gives us 

(20) 
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Eliminating B i+l from Eqs. (19) and (20), we arrive at 
the recursion relationship for A 

(21) 

Using Eqs. (16) and (18), this can be expressed in terms 
of e i , gi as 

(22) 

Equations (16), (18), and (22) require division by Ai . This 
is always possible because the strong non-singularity of 
LtH-l guarantees Ai =F 0 (1 L i L n). To see this, we recall 
Eq. (2a), repeating it here for the index i. 

A. = /Li+l / 
, /L ; I (23) 

With / Li I finite and / Lin/ =F 0, we must have Ai =F O. 
This is the motivation for imposing the constraint of 
strong non-singularity. 

We note that in the case of Hermitian matrices, this 
constraint is much weaker than the positive-definiteness 
constraint originally imposed by W. F. Trench9 (Ref. 1). 

Returning now to the recursion relations, we note that 
the initial values can be obtained rather trivially by 
considering i = 1 

L2 = [ ] 1 P-l 

1 Pl 

1 -~-l ] 

Hence 

1..1 = 1 - P-l Pl 

e, = -P-l 

gl = - P1 

This completes the derivation of the inversion algorithm. 
The overall scheme is summarized in Subsection 7. 

'In discussing the constraint for the non-Hermitian algorithm, 
Trench does mention the correct weaker constraint. However, in 
his discussion of the Hermitian algorithm, he specifically imposes 
the stronger constraint of positive-definiteness. 
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7. The Trench Algorithm (Non- Hermitian Case) 

Problem formulation. 

(an)il = P-i 

(rn)il = Pi 

Initial values for recursion. 

A, = 1 - P-l P, 

Recursion of A, g, e (1 L. i < n). 

Evaluation of Bn+1 . 

8 . Computer Implementation 

1 L.i, i < n 

(persymmetry) 

The most significant aspect of the above algorithm is 
that, although we are dealing with the inversion of a 
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matrix, most of the computations involve one-dimensional 
arrays. Thus, all the information prescribed by L'HI is 
contained in its first row and column. We arrange these 
into a single row matrix as 

"X ,J 

[a 1 r] 

and store it in the computer as the following one­
dimensional array 

I p-n, . . . ,P-3, P-2, P- l 11 I Ph P2, ps, . . . ,pn 

We refer to this as the R array. 

As we have seen, Bn+1 is completely prescribed in terms 
of e, g, An which we arrange in a single-row matrix 

The corresponding computer array is denoted X and has 
the following structure 

The main computational effort is in obtaining array X 
from the given array R. We start the process using the 
three central elements of R to assign (transient) values to 
the three central elements of X, namely (g')l1, A" (e , )Il' 
In the next cycle, two more elements of R, (P-2, P2), are 
used to fill in two more cells of X. This process of spreading 
from the center to the edges continues until all the cells 
of X are filled up . 

The details of the algorithm are illustrated in Fig. 6. 
The third array Y shown here is a temporary storage array 
that can be eliminated with a saving of both time and 
storage. It is adopted here only in the interest of a simpler 
representation of the algorithm. All three arrays are of 
size (2 n + 1) and are assumed to have an index range 
( - n, n). 

Figure 6 describes the situation immediately after 
e3, g3, A3 have been determined. p. (plus the products 
involving Ph P2, P3) yields ys· Similarly, P-4 (plus the 
products involving P-3, P-2, P-l) yields 'YJ3' This permits us 
to enter the two new values of X 
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x 

y 

Fig. 6 . Algorithm for the general case 

The updating of the remaining seven terms of X is now 
accomplished using the temporary storage array Y. First, 
we place the indicated multiples of e3 and g3 in Y. We 
also set 

Y (0) = _ T) 3Y3 

>"3 

Now, upon adding the seven central elements of Y to the 
corresponding elements of X, we complete the cycle and 
are ready to start all over with the next cycle. 

9. The Trench Algorithm (Hermitian Case) 

When LtH1 is Hermitian, we have ai = r~ (* denotes 
complex conjugation) and, consequently, ei = gr. Sub­
stituting these in the formulae of Subsection 7, we arrive 
at the following summary for this important special case. 

Problem formulation. 

(r .. )., = Pi 

Initial values for recursion. 
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Recursion of >.., g (1 L i < n). 

-v 1\ 
Yi = - (Pi+l + r i gi) 

Evaluation of B "+l' 

() 
(g .. )il 

B n+l i + l,l = ~ 

1 ~ "I( + ~ (g g* - g* g)ij 
1\" 

l LiLn 

1 Li, j < n 

(per symmetry ) 

(Hermitian) 

We now briefly consider the computer implementa­
tion in this case. The situation corresponding to Fig. 6 of 
the general case is shown in Fig. 7. As a special case 
derived from Fig. 6 this is mostly self-explanatory. Note 

x 

y 

Fig . 7 . Algorithm for the Hermitian case 
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that Y (0) is now given by 

Y (0) = _lr.J.:. 
A3 

Also note that because both g. and gr are needed, array X 
still has the dimension (2 n + 1) as in the general case. 

Figure 7 describes specifically the steps involved in 
computing the left half of array X, namely g.. The right 
half. g: is obtained by "reflection" of the left half about 
X (0), followed by the operation of complex conjugation. 

10. Computing I L"'+ll 

If in addition to computing the inverse of Ln+l we also 
want its determinant, the extra effort amounts to just 
n multiplications. The relevant formula is derived from 
Eq. (23). 

1 L i L n 

This is, in fact, a recursion relation for the computation 
of ILn+l l. Recalling [Eq. (1)] that ILt/ = 1, we arrive at 
the final result 

" I L n+l I = II Ai (24) 
; = 1 

11. Concluding Remarks 

As anticipated, the final algorithm represents an ap­
preciable saving when compared to an inversion ignoring 
the Toeplitz structure. We wish to point out that in some 
applications (e.g., operations with rational spectra) the 
saving is even greater than so far indicated. It turns out 
that the first row and column of the inverse, rather than 
the complete inverse, are all that is needed to solve the 
problem at hand. Thus, all the computations involved in 
generating B_1 from e, g, An can be dispensed with. 

Another point to bear in mind is that when dealing 
with very large Toeplitz matrices, an appreciable saving 
in memory requirements can be effected by using special 
subroutines that would perform the multiplication of B_1 
by a column or square matrix without ever having to 
assign the (n + 1)2 memory cells to store B_ 1 , These sub­
routines would incorporate the self-regeneration algo­
rithm so that the storage requirements for B_, would be 
just the' (2 n + 1) cells of array X. 
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I. Data Compression Techniques: Entropy of 
Graphs, E. C. Posner 

1. Introduction 

This article is concerned with the definition of an 
E-entropy concept for finite graphs, and the relationship 
of this concept to the problem of the efficient representa­
tion of random sources of data. The concept of a random 
data source is idealized as a probabilistic metric space'O 

(Ref. 1). Such a space is a complete, separable metric 
space (X, d) together with a probability measure JL on 
the Borel subsets of X. The points x of X represent out­
comes of experiments made according to the distribu­
tion JL. The distance d (x, y) indicates the loss of fidelity 
if x actually occurs when y is thought to occur. It is 
desired to describe all but a set of probability 0 of X 
in such a way that two close pOints of X need not be 
distinguished. That is, given E > 0, X is to be partitioned 
by a countable union of Borel sets of diameters of at 
most E (i.e., by an E-partition), and it is necessary to know 
into which set of the partition the actual outcome falls. 
This is the general problem of data compression." 

In order to determine the number of bits of information 
H (CU) necessary to describe into which set V i of the 
E-partition CU the outcome x falls let 

(1) 

Then 

(2) 

is the entropy of the E-partition CU. A word of caution: If 
each outcome x must be described separately, the most 
efficient assignment scheme of binary words to sets Vi 
may have an average length greater than H (CU). It is 
possible to achieve H (CU) asymptotically only if long 
sequences of independent outcomes are observed and the 
entire sequence of sets of the partition is then described. 
If H , (CU) represents the actual attainable value with the 
best encoding scheme on a single experiment, then (Ref. 2, 
p.71) 

H (CU) L H , (CU) < H (CU) + log 2 

'·Posner, E. C., Rodemich, .E. R., and Rumsey, H., Jr., "Epsilon 
Entropy of Gaussian Processes" (submitted to Ann. Math. Stat.). 

"Posner, E. C., and Rodemich, E. R. , "Epsilon Entropy and Data 
Compression" (in preparation). 
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In this article, we are interested mainly in the case H (CU) 
large. Therefore, we will ignore the difference between 
Hand Hl and adopt H. 

Since the partition CUt may not have been particularly 
well chosen from the point of view of minimizing H (CU), 
we define 

H. (X) = inf [H (CU)] 
ql an t:-partition 

of X 

(3) 

as the €-entropy of X; in Ref. 1, Theorem 2, it is shown that 
H. (X) = H (CU) for some €-partition U of X. Thus, H. (X) 
represents the minimum number of bits necessary to 
describe experimental outcomes to within fidelity €, a 
property of the probabilistic metric space X. The €-entropy 
H. (X) is infinite if and only if every €-partition CU of X 
has infinite entropy H (CU). (The separability property of 
the metric space X guarantees that the class of €-partitions 
is indeed non-empty.) 

There are numerous examples of probabilistic metric 
spaces of practical interest. For example, Ref. 1 and 
Footnote 10 are concerned with mean-continuous sto­
chastic processes on the unit interval with L2-norm as 
the metric, and with probability measure p. on L2 [0,1] 
induced by the joint distributions of the process. Another 
important example consists of compact manifolds under 
a probability measure invariant under some Lie group 
of motions of the manifold, e.g., the n-sphere with prob­
ability measure proportional to hypersurface area (see 
Footnote 11). The stochastic process class of examples 
can be considered to give rise to problems on the efficient 
approximation of random functions. Similarly, the mani­
fold examples give rise to problems of efficient packing. 

2. Graphs and Their Entropy 

In the remainder of this article, we shall be concerned 
with probabilistic metric spaces arising from finite graphs. 
The purpose of this article is to reduce problems arising 
for arbitrary probabilistic metric spaces to the same prob­
lem arising for the smaller class of spaces derived from 
graphs. These problems are concerned with the effect of 
allowing many experiments to be performed and then 
using an €-partition of the product space, the object being 
to save bits by allowing storage of experiments. As men­
tioned earlier, little saving can be effected if the same 
partition is used in each factor of the product space. The 
question is whether the same result is true if arbitrary 
€-partitions are allowed for the product space. 
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We will now proceed to define the probabilistic metric 
space associated with a graph. (All graphs are unoriented, 
finite, and have no loops or multiple vertices.) Let G be 
such a graph with n vertices v, and let p. be such that 

1 
p.({v})=-

n 
(4) 

i.e., each vertex is equally likely. To define the metric d, let 
d (v, v) = 0 (all v € G), and, in general, let d (v, w) equal 
the length of the shortest path connecting v and w (if v 
and ware connected) where each edge has length 1. If 

m = max d (v, w) 
V, w connected 

let d (v, w) = m + 1 if v and ware not connected. 

Thus, d (v, w) = 1, if and only if, v and ware adjacent; 
d (v, w) > 1 if and only if v and ware unequal and non­
adjacent. For the purposes of this article, any definition 
of d (v, w) for v and w unequal and non-adjacent has the 
same effect as any other definition, as long as such d (v, w ) 
are defined to be greater than 1; all that matters is whether 
v and ware equal or adjacent, or not. 

The entropy H (G) of the graph G is now defined as the 
I-entropy of G regarded as a probabilistic metric space. 
That is, H (G) is the minimum of the entropy of partitions 
of the graph G by complete subgraphs (or "cliques"), be­
cause a set of vertices of G of a diameter of at most 1 is 
a complete subgraph. 

There is no loss of generality in studying the I-entropy 
of graphs instead of, say, the k-entropy, for k an integer 
greater than 1, because Hk (G) is equal to Hl (Gk ), where 
Gk is the graph obtained from G by placing a new edge 
between every pair v, w of non-adjacent vertices of G at 
a distance of at most k. 

We will see in Subsection 4 that this article's questions 
of interest concerning the €-entropy of arbitrary proba­
bilistic metric spaces can be reduced to the corresponding 
question about the entropy of graphs constructed from 
the metric spaces. This is the main reason for studying 
the entropy of graphs, although the concept of entropy 
for graphs is interesting in its own right as it provides a 
framework for discussing the complexity of graphs dif­
ferent from other measures of complexity (Ref. 3; Eef. 4, 
Chap. 2; Ref. 5, Chap. 4). Also, since the general ques­
tions presented in this article have a direct application 
in random approximation and packing theory, Subsection 4 
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will present a possible application of graph theory to other 
areas of mathematics. 

3. Products of Graphs and Probabilistic Metric Spaces 

In this subsection, we will construct the n-fold product 
probabilistic metric space XC,.) of the probabilistic metric 
space X. The metric d cn) on XCn) is defined as 

l~i~n 

(5) 

This is the appropriate metric when it is required that, 
in a sequence of experiments, every outcome be known 
within E. The probability measure jJ. cn) is, of course, 
product measure. 

If G is a graph, the probabilistic metric space Gen ) is 
identified with the graph Gcn ) called the n-fold tensor 
product of G with itself. The tensor product G@H of 
two graphs has for its vertex set the cartesian product of 
the vertex sets of G and H; two ordered pairs in G@H 
are equal or adjacent in G@H if and only if correspond­
ing component vertices are equal or adjacent in their own 
graphs. This agrees with the definition of den). The term 
"tensor product" is used because the adjacency matrix 
of G@H (ones are required down the diagonal in this 
usage of adjacency matrix) is the tensor product of the 
adjacency matrix of G with the adjacency matrix of H. 

Let us consider the two functions H. [X c .. )] and 
H [Gc n ) ]. It is easy to obtain 

(6) 

and so 

H [Gu,) ] L nH (G) (7) 

This is because the entropy of a "product partition" of 
XCn ) (i.e., of a partition of X C,,) consisting of cartesian 
products of sets in partitions of the separate factors ) is 
equal to the sum of the entropies of the partitions in the 
individual factors.1 2 

The entropy H. [X Cn )] is a measure of the number of 
bits necessary to describe the outcomes of independent 
experiments from X when the storage of n outcomes is 
allowed before transmission. The saving comes from not 

" Posner, E. C ., Rodemich, E. R., and Rumsey, H. , Jr., "Product 
Entropy of Gaussian Distributions," (submitted to Ann. Math. 
Statist. ) 
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having to use product partitions by using a more efficient 
partition of XC n ). This article is concerned with the savings 
possible in data compression by allOWing such storage. 
This is a really fundamental question in information 
theory, the answer to which is yet to be found. However, 
it will be shown that the fractional saving achieved for 
graphs is the same as the fractional saving achievable for 
arbitrary probabilistic metric spaces. In other words, for 
this class of problem, it is enough to study graphs. 

4. The Storage Constants 

This subsection defines the storage constants A in), Bin), 
A Cn ), BC n ), ~, !}, AI., BA, A, B, for n a positive integer 
(,\ > 0). First, define 

A(" ) - { nH. (X) } 
A - sup H [X Cn) ] 

eo>H,CX»A ' 
(8) 

called the n, ,\ storage constant. It represents the supremum 
of the fractional bit savings possible for spaces of E-entropy 
more than ,\ when storage of n-experiments is allowed 
before partitioning. The n,'\ graph-storage constant B>- Cn) 
is defined by 

BCn ) _ {nH(G) } 
A - sup H [G cn)] 

H CO»>-
(9) 

Both Ain ) and Bin) are less than n. The n storage constant 
A Cn) and the n-graph storage constant BCn) are defined by 

A ( n ) = lim A ~n) 
A -+ eo 

(10) 
B cn ) = lim Bin) 

A -+ -00 

The limits in Eq. (10) exist because Ain) and Bin) are 
decreasing in ,\. 

Before defining the absolute storage constants, we ob­
serve, as in Footnote 11, that 

Hence 

1 -
lim - H. [XCn )] = H. (X) 
n-HXI n 

(12) 

exists (possibly infinite) , and is called the absolute epsilon 
entropy of X. Similarly, the absolute entropy ii (G) of a 
graph G is defined as 

lim H [Gcn )] = if (G) (13) 
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The quantity ii. (X) is the number of bits per experiment 
needed to describe arbitrarily long blocks of outcomes 
of X to within E; this is made quite precise in the article 
referenced in Footnote 11. 

Because of Eq. (11), we see that the limits 

A = lim A(n) (14) 
n ... 00 

11 = lim B (n) (15) 
n ... oo 

exist, although they are possibly infinite. They can be 
called the limit storage constant and the limit graph 
storage constant, respectively. 

The absolute A-storage constant Ax is then defined by 

{
H. (X)} Ax = sup ----

oo > H,(X»X H.(X ) 

and the absolute graph A-storage constant Bx by 

H(G) 
Bx = sup ---­

H(G»X H (G) 

Finally, the absolute storage constant A is defined by 

A = lim Ax 
x ... 00 

the absolute graph-storage constant B by 

B = lim Bx 
x ... 00 

(16) 

(17) 

(18) 

(19) 

It is apparent from Eqs. (6) and (7) that all Ai"), B\"), 
A (n), B(n), Ax, Bx, .:1, J}" A, B are at least 1, and A~n), 

Bin), Ax, Bx can be shown by examples to be actually 
greater than 1; for all that is known, A, Ji, Ax, Bx, A, B 
may be infinite. However, it is easy to show that Ai" ), 
~in), A(n) , ~ ( ... ) must be less than n for n> 1. Also, 
A L. A and B L. B. We define, but do not name 

Ax = lim Ai") (20) 
n ... c< 

11x = lim Bin) (21) 
'1-+ 00 

Similar comments apply to these. We do not bother to 
further mention 

A = lim Ax, 
- A-+OO 

11 = lim !Jx 
x ... 00 
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The main open problem in the theory of epsilon entropy 
of probabilistic metric spaces is to End the absolute storage 
constant A. More specifically, it is desirable to know 
whether A is infinite, or even whether A is greater than 1. 
That is, it is necessary to know how much can be saved 
in transmitting sources of large E-entropy if arbitrarily 
long storage is allowed. The result A < ex), if true, would 
be extremely useful. What is done in Subsection 5 is to 
prove A = B, and thus reduce the general problem to a 
graph-theoretic problem. 

S. Storage Constants are Equal to Graph-Sto rage 
Constants 

This subsection shows that the storage constants are 
equal to their corresponding graph-storage constants. 
More specifically, we have the following result. 

Theorem. The storage constants Ain
) , Ax, Ax, A (n), A, 

A are equal to their corresponding graph-storage con­
stants Bin), l1.x, Bx, B (n), [J, B for every A> ° and positive 
integer n. 

Proof. We first prove that 

Ain) = Bin) (22) 

for every A > ° and positive integer n. The inequality 

(23) 

is immediate, since the definition of Ain) given in Eq. (8) 
takes a supremum over a larger class of probabilistic metric 
spaces than the definition of Bin) given in Eq. (9). The 
hard result is to prove that 

(24) 

and this we now proceed to do. 

The condition given as Eq. (24) can be translated as 
follows: Given n a positive integer, A > 0, e > 0, p > 0, 
X a probabilistic metric space with ex) > H. (X) > A, then 
there exists a graph G such that H (G) > A and 

H. (X) L. H (G) 
H. [X (n) ] - H [G(n) ] + P (25) 

To shew this, we claim that it suffices to assume that 
X is compact. According to Ref. 6, Theorem 1.4, given 
any ~ > 0, there exists a compact subset X~ of X such that 
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p. [X(n) - Xt)] L.~ 

and, by Theorem 4 of Ref. 1, given any probabilistic 
metric space X and € > 0, v > 0, such that HE (X) is finite, 
there exists a ~ > ° with the property that if Y is a closed 
subset of X such that /J. (X) L.~, then 

IHE(X) - HE (X) I < v 

Since 00 > HE (X) > A> 0, and, hence, HE [X(n)] > ° in 
our application, we can guarantee by choice of ~ suffi­
ciently small that 

I 
HE (X~) HE (X) I 

HdXt)] - HdX(n)] 

is less than p. Hence, there is no loss of generality in 
assuming that X itself is compact, and we do so for the 
remainder of the proof. 

First note that any €-partition of X, or of X (n), to be 
considered can be assumed finite. If CU = {V i } is an 
€-partition of a compact metric space, such that p. (Vi) 
is a non-increasing function of i, then C)) = {Vd is an 
€-partition with the property that 

is closed for all k, and such that H ((2)) L. H (Q{), if we 
define V 1 = fj I and, for i:::::"" 1, 

Compactness applied to the open covering 

{ X -.~ V i } 
) ; 1 

then guarantees that only finitely many V i are non-empty 
and, therefore, only finite €-partitions will be considered 
in the remainder of this article. 

It is known (Ref. 1, Theorem 4) that H. (X) is continuous 
from above in € for any X. Let T be so small that 

(26) 

and let 9 = {I1, J2, ... ,h} be a finite T-partition of X, 
which exists because of compactness. Let gi € Ii (1 L.i L. k), 
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and let K be the finite metric space of the gi with metric 
inherited from X. Let a probability measure /J.T be put 
on K by 

so that K is a finite probabilistic metric space. 

It will be convenient to assume that CU is an €-partition 
of X with H (CU) = HE (X) and such that the boundary 
of each V i E CU has probability 0. If this does not happen, 
we consider, for small CT, the sets V [U) consisting of all 
points at a distance of at most CT / 2 from some point of U i. 
There exist arbitrarily small CT such that the boundaries 
of all VrU

) have probability 0, since these boundaries for 
the same i and different (1 are disjoint. An (E + CT)- partition 
can then be culled from among the V~U) as before; the 
continuity of HE (X) from above in E then shows that we can 
assume that the original boundaries all had probability 0. 

We now claim that 

HE (K) L. H. (X) + '7 

for T suffiCiently small, depending on TJ > 0. If CUK = 
{V i; d is the partition CU induces on K by putting 

then /J.T (Ui; K) differ from /J. (Vi) by at most the proba­
bility of the set of points at distance at most T from the 
boundary of Vi . Since this boundary has probability 0, we 
conclude that T can be chosen so small that 

and thus 

H. (K) L. H. (X) + '7 (27) 

Actually, we do not need Ineq. (26) for X, but for X(n) in 
the form 

(28) 

We now need an inequality going the other way. Let 
CUK = {Vi; K} be an E-partition of K achieving HE (K), and 
let CU be the (E + 2T )-partition of X that V K induces by the 
follOwing process. Define 

Vi = U Ii 
;, EU, : K 

Then, since the Ii have diameters of at most T, Vi is 
indeed of diameter ' of E + 2T at most. Also, the Vi cover 
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X, and 
"" 

/J. (U i ) ~ /J.. (Ui;K) (29) 

Hence, if the indexing is such that ]6T (Ui;K) is non­
increasing in i, and if we define U1 = U1 and, for i> 1, 

we have 

'" , 
Ui +1 = U i +1 - U Uj 

j = J 

J.L (lJ Uj) ~ J.LT ( .~ Ui) 
) = 1 1 = 1 

(30) 

(31) 

for all i. Thus, the (E + 2T)-partition CU = {Ui} of X satis­
fies (Ref. 1, Lemma 2) 

(32) 

In other words 

(33) 

We then conclude from Ineq. (26) that 

HE(X)L.HE(K) + 'Y/ (34) 

which is the desired inequality. 

Since HE [X (n)] is not 0, because otherwise HE (X) would 
also be zero, Ineqs. (28) and (34) allow us to choose 'Y/ > 0 
so small that 

I 
HE (X) HE (K) I 

HE [X(n)] - HE [K(n)] < P (35) 

for given p > O. 

Now we construct G. By making an arbitrarily small 
change in HE(K) and HE [K(n)], we can demand that the 
probabilities of all the points in K be rational with the 
same denominator N; call the probabilistic metric space 
so obtained L with probability measure J.LL. We have 

I 
HE (X) _ HE (L) I L. 

H.[X(n)] H.[Vn)]-P (36) 

Now make L into a graph G with equally likely vertices 
as follows: If J.LL (ji) = aj N, a a non-negative integer, 
replace ii by a set of a vertices. Connect two distinct 
vertices by an edge if and only if they arose either from 
the same ii, or from different ii at a distance of at most 
E. Call the resulting graph G. Then clearly 

H (G) = Ho (L), 
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and so G will do for the graph required by Ineq. (25). 
This proves that Aln) L. Btl, and so 

(37) 

The proof that AA = BA cannot be based on Eq. (37), 
but must be done as follows: In Ineq. (36), choose X, n so 
that 

I 
nHE (X) I 

HE [X (n)] - AA < 'Y/ 

say, with HE (X) > A. Now 

so that 

AA - BA < P + 'Y/ 

Since p, 'Y/ are arbitrary, we conclude AA L. BA• Recalling 
that BA L. AA proves that AA = BA• 

The remaining equalities follow from the ones proved 
by the definitions. This completes the proof of the 
theorem. 

The storage constant A, as has been stated, remains 
unknown at the present time, and, for all we know, is 
anywhere in the extended interval [1,00] . However, we 
do have a sequence {Gk } of graphs such that 

Determination of the storage constant is left as an open 
problem. 

6. The Deterministic Case 

We close this article with some remarks on the determi­
nistic case. For a compact metric space X (or a graph G), 
define the E-entropy EE (X) (or the entropy) as the mini­
mum of the logrithms of the number of sets in coverings 
of the space by E-sets (Ref. 7, Chap. 1). Product partitions 
are used as before to define storage constants. Here, the 
interpretation is that outcomes of X must be transmitted 
and nothing can be left out. Furthermore, words of con­
stant length must be used for a given partition. Then 
EE (X) is continuous in E from above, and the analogue of 
the theorem holds for these entropies too. 

Similarly, define the E-capacity C. (X). (or the capacity 
C (G) of a graph G) as the logarithm of the maximum 
number of points that can exist in X at separation greater 
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than E (Ref. 5, Chap. 4, and Ref. 7, Chap. 1); C< (X) is 
also continuous from above in E. Also 

C< [X ("..,,)1 :::",. C< [X(m)1 + C< [X (n) 1 

and the absolute €-capacity C< (X) can be defined. This 
definition is essentially that of Shannon for the error-free 
capacity of certain channels (Ref. 5, p. 38, and Ref. 8). 
Note that 

C< (X) L. E. (X) 

and so 

c. (X) L. E. (X) 

The analogue of the theorem can be proved for capacity 
as well as entropy, and, in fact, for questions about entropy 
and capacity simultaneously. 

We have seen that important questions in metric spaces 
are really questions about finite graphs. It may well be, 

JPL SPACE PROGRAMS SUMMARY 37-52, VOL. III 

however, that this fact does not make the problems any 
easier to solve. 

References 

1. Posner, E. C., Rodemich, E. R. , and Rumsey, H., Jr., "Epsilon 
Entropy of Stochastic Processes," Ann. Math. Statist., Vol. 38, 
pp. 1000-1020, 1967. 

2. Fano, R. M., Transmission of Information, MIT Press, Cam­
bridge, Mass., 1961. 

3. Mowshowitz, A., Entropy and the Complexity of Graphs, Ph.D. 
Dissertation, University of Michigan, 1967. 

4. Ore, 0., "Theory of Graphs," Amer. Math. Soc . Colloq. Publ., 
Vol. XXXVIII, Providence, R. 1. , 1962. 

5. Berge, C., The Theory of Graphs, Translated by A. Doig, 
Methuen, London, 1962. 

6. Prokhorov, Yu. V., "Convergence of Random Processes and 
Limit Theorem in Probability Theory," (in translation), Theory 

Frob. Appl., Vol. I, pp. 157-214, 1956. 
7. Vituskin, A. G., Theory of the Transmission and Processing of 

Information, (in translation) , Pergamon Press, New York, 1961. 

8. Shannon, Claude E., "The Zero-Error Capacity of a Noisy Chan­
nel," IRE Trans. Inform. Theory, Vol. IT-2, pp. 8-19, 1956. 

215 



1-

xx. Communications Elements Research 
TELECOMMUNICATIONS DIVISION 

A. Spacecraft Antenna Research: Radiation 
From a Turnstile Antenna Located in a 
Plasma Shell, R. Woo 

1. Introduction 

The geometry of interest is shown in Fig. 1. The prob­
lem of radiation from a horizontal dipole within a plasma 
shell was formulated in SPS 37-50, Vol. III, pp. 312-316. 
The formulation has been extended to a turnstile antenna 
A/4 above an infinite ground plane in the same way as 
was described in SPS 37-49, Vol. III, pp. 346-355. The 
radiation patterns have been evaluated with the aid of 
the IBM 7094 computer, and the results are discussed in 
this article. 

2. Results and Discussion 

As was seen in SPS 37-47, Vol. III, pp. 247-257, there 
are two types of electron density profiles in the wake. In 
the near wake, electron density increases and then de­
creases for increasing radial distance. In the far wake, 
electron density is maximum on axis and decreases for 
increasing radial distance. These two types of electron 
density profiles are approximated by the plasma shell 
configuration of Fig. 1, and the radiation patterns are 
discussed separately. 

216 

a. Far wake. Since electron density decreases radially, 
the relative permittivity El of region I is greater than E2 

of region II. Radiation patterns for two cases are shown 
in Fig. 2. When these patterns are compared with those 
obtained for the plasma column configuration (SPS 37-49, 
Vol. III, Figs. 37 and 38, p. 351), it is seen that the addi­
tion of the plasma shell smoothes the plasma column 
patterns, as is expected. The respective critical cone 
angles calculated from Snell's law and applied to the 
denser medium region I are also shown in Fig. 2. It is 
seen that the patterns begin their drop in the proximity 
of these critical cone angles. 

h. Near wake. For this configuration the relative per­
mittivity El of region I is less than E2 of region II. Con­
siderable difficulty was encountered in the evaluation of 
the radiation patterns on the computer. The difficulties 
were traced to truncation error and were removed by 
rewriting the program in double precision and by solving 
the fields in matrix form on the computer. 

The patterns in Fig. 3 are typical of those obtained. 
The critical cone angle calculated from application of 
Snell's law to the denser medium region II is also shown. 
As in the far-wake region, the patterns decrease rapidly 
with decreasing cone angle for cone angles less than Bcr-
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REGION II 

REGION III 

E8 Ecp 

~R, 8,cp) 
/1 

I 
I 

-J.~-----+--~--~----~ y 

----- ---- ........ 

I 
-..J 

Fig. 1. Geometry of the problem 

In addition, there are sharp peaks present. These peaks 
are due to leaky wave radiation and have been observed 
in other studies (Refs. 1-3). The physical picture can be 
described as follows. If radius b is extended to inflnity, 
surface waves would be excited along interface a. When 
b is flnite, the energy that would propagate along inter­
face a as a surface wave if b were inflnite, continues to 

Table 1. Summary of leaky-wave beam data for 
El = 0.9 and E2 = 0.6 

ka kb 
Location of peak: 

cone angle, deg 
Gain of peak, db 

4 6 31.72 , 2.52 

4 8 31.63 18 .67 

4 10 31.58 24.79 

4 12 31.58 30.84 

2 10 39.4 16.33 

6 10 26.52 23.0 

8 10 23.7 , 6.9 

6 8 26.4 , 5.2 

10 12 22.2 17.98 
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Fig. 2. Radiation patterns for far-wake region 

be trapped. However, part of this energy continuously 
leaks away at interface b as the surface wave propagates. 
Since the surface wave decays exponentially in the radial 
direction before it appears at interface b, its amplitude 
is small, and the leakage of energy is also small. Since 
the surface wave is a fast wave, the leaky wave pole can 
be very close to the saddle point, resulting in a sharp 
peak in the radiation patterns. 

Patterns other than those shown in Fig. 3 were ob­
tained. A summary of the leaky-wave beam data from 
all these patterns are shown in Table 1. 
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Qualitative results in agreement with those observed 
in the planar geometry (Ref. 3) are: 

(1) If a is fixed and large compared to wavelength, 
the beam position is approximately independent 
of b. 

(2) When the beam is narrow, the power contained in 
the beam remains approximately constant. There­
fore, the higher the beam rises, the narrOwer it is. 

It should be noted that if the location of a fixed thickness 
plasma shell is allowed to increase radially, the beam 
location shifts to small cone angles, and the beam becomes 
sharper. 

The patterns in Figs. 2 and 3 are for the case where 
the antenna is located on axis. If the antenna is moved 
off axis, the general effects are similar to those observed 
in the plasma column case (SPS 37-49, Vol. III, pp. 346-
355). However, in the near-wake case, if the antenna is 
located off axis, higher order surface wave modes will 
be excited so that additional peaks at cone angles less 
than Bel' will appear. If ka and kb (k is the free-space 
wave number) are increased, the effects would be similar 
to those observed in the plasma column patterns; there 
will be more ripples in the patterns, and the drop in the 
proximity of Bel' will be sharper. Additional peaks at cone 
angles less than Bel' may also appear, since higher order 
surface wave modes may be excited. 

3. Conclusions 

The presence of the plasma will cause the patterns to 
develop an on-axis "null ." The extent of the null is pro­
portional to electron density. The null region starts at 
approximately the critical angle calculated from Snell's 
law corresponding to the maximum electron density in 
the wake. The effect of this null is to increase the black­
out time for communications cone angles within this null 
region. In the nonnull region there are no significant 
depolarization effects, and satisfactory communications 
may still be carried out. 
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B. Spacecraft Antenna Research: Antenna 
Tolerances, R. M. Dickinson 

1. Introduction 

The object of this study is to increase the accuracy of 
full-scale spacecraft antenna pattern measurements. An­
tenna patterns recorded from full-scale spacecraft antenna 
models are used in communications analysis and pre­
diction. 

Previous articles have mainly reported instrumentation 
and measuring techniques. This report will present the 

results of a preliminary investigation into the feasibility 
of analytic determination of antenna patterns. 

2. Calculated Antenna Patterns 

The analytical calculation of antenna patterns will 
never replace the actual measurement because of the 
need to verify the theory and accuracy of pattern cal­
culations. However, the capability of calculating patterns 
should aid in producing more accurate pattern data. 

Calculated patterns may be the most economical way 
to obtain patterns that are representative of the space­
craft antennas in the free-space environment. Present 
measurement techniques are currently limited, not by 
instrumentation, but by the ability to simulate free space 
when the test antenna must be positioned on some sup­
port structure near the earth. Reflections and diffraction 
from surrounding objects and mechanical deflections 
caused by wind and gravity cause measurement errors. 

The two extremes of the problem of obtaining greater 
accuracy pattern data analytically are exemplified by 
very high-gain and very low-gain spacecraft antennas. 

a. High-gain spacecraft antennas. Because of the lim­
ited packaging volume available on spacecraft launch 
vehicles, the high-gain antennas will most likely be un­
furl able types. The lightweight versions of unfurlable 
antennas could be constructed in such a way that they 
would not be capable of self support in a 1-g field. How­
ever, a tightly furled antenna could survive launch more 
easily. Therefore, pattern data: obtained by measurements 
on earth presents many mechanical problems. The nor­
mal pattern measurement of large-diameter solid an­
tennas is also difficult because of the long distances 
required. 

219 



However, if both the surface equation of the erected 
surface and the primary illuminator pattern are known, 
the secondary pattern can be calculated to within only a 
slight degree of uncertainty by surface current integra­
tion techniques (SPS 37-47, Vol. III, pp. 242-247). 

The uncertainties involve: (1) possible gain reduction, 
(2) polarization changes caused by reflector reaction on 
the feed, and (3) gain loss and sidelobe shape changes 
due to feed support blockage. In addition, the accuracy 
of the surface current technique is limited somewhat by 
the requirement for the radii of curvature of the reflect­
ing surface to be large compared to a wavelength. The 
erectable antenna reflecting surface is not a smooth 
figure of revolution. 

Thus, techniques are available for calculating the pat­
terns of high-gain spacecraft antennas. 

h. Low-gain spacecraft antennas. Techniques for cal­
culating the patterns of low-gain antennas are almost 
nonexistent, with the exception of the simple half-wave 
dipole (Ref. 1). Also, when a low-gain antenna is placed 
on the tortuous geometry of a spacecraft such as 
Surveyor, the problem of calculating the resulting pat­
tern is even more hopeless. 

However, the previously mentioned surface current 
integration techniques can be employed for spacecraft 
with uncluttered surfaces (such as the later Mariners), 
using medium gain (5 to 8 dB) low-gain antennas. The 
low-gain antenna is considered to be the primary illumi­
nator, and the spacecraft solar panels are considered to 
be the reflector. 

The major problem is that of obtaining the primary 
illuminator pattern. 

c. Wire antennas. Recent developments (Refs. 2 and 3) 
in applying integral theory techniques to radiators small 
in comparison to a wavelength have possible applica­
tion to the problem of calculating low-gain or primary 
illuminator antenna patterns. The continuous conducting 
surfaces of the antenna are modeled by wire segments. 
The integral equation technique could then be used to 
determine the currents in the wire segments so that the 
boundary condition of the tangential electric field equal 
to zero everywhere except at the feed point is satisfied. 
The radiation pattern can then be calculated from the 
current distribution in the wires. 
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Existing programs (Ref. 2) for calculating scattering 
(not self-induced radiation) patterns are currently lim­
ited to approximately 100 wire segments on an IBM 7094 
computer. 

An experiment was made to determine the minimum 
number of wires required to model a typical S-band 
(2300 MHz) low-gain antenna. Figure 4 shows the solid 
conductor coaxial cavity antenna and three wire mesh 
models. The mesh spacings are 0.25, 0.50, and 0.75 in. 

Figure 5 shows the measured patterns for the four 
antennas. The pattern shapes of the solid, 0.25, and 
O.S-in. mesh antennas are all approximately the same. 
The 0.75-in. mesh pattern is very different, exhibiting 
dipole-like radiation directly from the feed points inter­
fering with the normal pattern shape of the more solid 
configuration. 

Table 2 summarizes the characteristics of the antenna 
models. The decreasing peak gain with increasing mesh 
spacing is due to FR losses in the wires in the 0.25- and 
O.S-in. models, since the pattern shape stayed the same 
as the solid model. In order to yield the same pattern 
shape the effective current distribution must remain the 
same. In the finitely conducting wire models the current 
is constrained to flow in a much smaller surface area. 
This increases the current density and, hence, the FR 
losses. The gain losses of the 0.75-in. mesh model are due 
to both FR losses and leakage loss through the widely 
spaced mesh. Based upon the experimental measure­
ments the maximum wire spacing allowed to model this 
particular S-band antenna is greater than 0.5 in. but less 
than 0.75 in. A wire segment spacing of )../10 would 
appear to be a good choice for the maximum allowed 
spacing. The )../10 mesh spacing requirement would re­
sult in approximately 500 wires in the computer model 
of this particular antenna. 

However, by modeling simpler feeds than the one 
illustrated in Fig. 4, and using a computer with greater 

Table 2. Antenna model characteristics 

Number Peak Phase center 
Feed point 

Antenna of wire gain, relative to 
VSWR 

segments dB mouth, in. 

Solid conductor - 7 .5 - 0 .12 2.0 

0 .25-in. mesh 2200 7.25 + 0.08 2.0 

0.5 -in. mesh 532 5.0 0 .0 2.5 

0.75 -; n. mesh 270 2.6 - 5 .0 
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Fig . 4. Coaxial cavity antenna models 
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speed and core capacity than the IBM 7094, it should 
be practical to develop a program to calculate the pat­
terns of low-gain spacecraft antennas. 
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C. Precision Calibration Techniques: Microwave 
Thermal Noise Standards, c. T. Stelzried 

1. Introduction 

Calibrated microwave thermal noise standards (Ref. 1) 
are used for microwave radiometry (Ref. 2), antenna tem­
perature calibrations (Ref. 3), loss measurements (SPS 
37-41, Vol. III, p. 83), low-noise amplifier performance 
evaluation, and low-level cw signal level calibrations 
(Ref. 4). A typical thermal noise standard consists of a 
matched resistive element thermally isolated by a uniform 
transmission line. The transmission line is usually fabri­
cated from copper-plated stainless steel and has distrib­
uted temperatures and transmission loss factors. Solutions 
of the theoretical noise temperature at the output of a 
transmission line with various temperature and loss dis­
tributions have been tabulated (SPS 37-51, Vol. III, p. 301). 
A Fortran computer program has been developed for a 
general solution that uses the transmission-line tempera­
ture and loss distributions for input data. 

2. Computer Program for Calibration of Microwave 
Thermal Noise Standards 

The available noise power from a termination is given by 

1 hfB 
P = 2" hfB + e'IJ/kT_ 1 (1) 

where 

T = termination temperature, oK 

k = Boltzmann's constant, 1.38054 X 10-23 J- oK-l 

h = Planck's constant, 6.6256 X 10-31 J-s 

B = bandwidth, Hz 

f = frequency, Hz 
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Assuming hf/kT «1 

P = kTB (2) 

Consider a thermal noise standard, as shown in Fig. 6, 
consisting of a termination at temperature T and a trans­
mission line with distributed temperatures and propa­
gation constants. Signify the propagating noise power, 
transmission-line thermal temperature, and propagation 
constant at x by P", T", and ax. 

Fig. 6. Thermal noise standard with loss and temper­

ature of transmission line a function of position 

The propagating noise power can be separated into 
two parts. One part is from the termination, attenuated 
by the transmission line; the second is from the noise 
contribution of the lossy transmission line. The noise 
power at the reference output due to the termination is 
given by P /L, the termination noise power divided by 
the total line loss. Total line loss is given by 

L = exp 2ai = exp (10 t 2axdX ) (3) 

where i is that portion of the line that has a temperature 
distribution during operational use. The total noise power 
at the output reference given by the contribution from 
the transmission line and the contribution from the 
termination 

2kB 1/ P pI = -- UxLxTxdx + T 
L 0 

Dividing by kB gives the noise temperature l 

T' = Til + .I...­
L 

(4) 

(5) 

'IRE Standards On Electron Tubes: Definitions of Terms, 1962 ( 62 
IRE 7.S2), Proc. IEEE, March 1963, p. 434. 
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where 

T" = 110 1 (J."L"T "dx 

is the contribution from the transmission line. 

A Fortran IV computer program (JPL Designation 
5847000, CTS34; submitted to Cosmic2

) has been devel­
oped to calibrate microwave thermal noise standards 
according to Eq. (5). An iteration computing technique 
is used to transfer the termination temperature T at 
x = 0, i = 1 to the output of the transmission line at x = 1., 
i = n (as shown in Fig. 7). The transmission-line loss 
distribution is determined by measuri~ the total loss 
L i in decibels at various temperatures 1\. A curve fit is 
determined from 

(6) 

and the constants A" A 2 , ••• are used as input data . The 
length 1.' identifies the transmission-line overall length in 
the above calibration . The operational temperature dis­
tribution entered as a table of X i versus T i completes the 
required input data. 

1 2 (i-l ) i 

Fig. 7 . Thermal noise standard repre sentation 

fo r computer program 

The thermal temperature of the ith section (from 
i - I to i) is estimated by 

(7) 

The loss of the ith section is then computed from Eq. (6), 
using the temperature defined by Eq. (7), as follows: 

E dB = (Li,dB) (Xi - Xi-i) 
1, 1. ' (8) 

'Computer Software Management and Information Center, Com­
puter Center, University of Georgia, Athens. 
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The loss from the source to output to output of the ith 
section is calculated by iteration (using an initial value 
of L i , dB = 0), 

(9) 

It should be noted that L",dB = L , dB. 

The loss ratio for the ith section is calculated from 

[ i,dB < 0.02 dB 

otherwise (10) 

where 

The noise-temperature contribution of the ith section of 
the transmission line (assuming linear temperature and 
linear propagation loss distributions across the section, 
per case 5, Table 1, SPS 37-51, Vol. III, p . 301) is cal­
culated from 

- - - 1 -
T ~' = Ti -C - (3 (Ti + 2T; -i)..[i L i , dB < 0.02 dB 

[ 1] [ 1] 1-~ 1-~ 
L · 1 L· 

= 1 - Ii ' T i - r:: - L ' T i - i 

otherwise (11) 

The total noise contribution due to the transmission-line 
length from the source to the output of the ith section is 
calculated by iteration (using an initial value of T~ = 0), 

_ Til 
Til = T" + L'-l , , . , (12) 

It should be noted that T;; = T". The total transmission­
line loss is obtained from Eq. (9) using 

..[2 ..[3 
L- = 1 + r. + - ' + - ' , -L, 2 6 L t, dB < 0.02 dB 

= lo L i ,dB/I0 otherwise (13) 
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where 

The total noise contribution due to the transmission line 
and the source defined at i is 

T~ = T~' + I..-
• • Li 

(14) 

It should be noted that T~ = T'. 

Identification of the computer symbols with the nota­
tion is given in Table 3. Various test cases have been 
generated comparing theoretical solutions (Table 1, SPS 
37-51, Vol. III, p. 301) to computer-iterated solutions to 
provide necessary verification of the program. The num­
ber of increments (or increment size) is an important 
consideration in the computing accuracy. The use of 
case 5 rather than case 1 in Eq. (11) minimizes the com­
puting error when using large transmission-line incre­
ments. A least-squares fit was performed on the input 
temperature distribution data given in the text. The com­
puting error from using the 11 data points is less than 
O.OOI °K for this example. More data points are not re­
quired, considering the other sources of error. 

3. Operational Microwave Thermal Noise Standards 

The Deep Space Network communications system 
employs 85- and 210-ft-diam antennas using cassegrain 
feed configurations. The low-noise transmission-line com­
ponents, maser amplifier, and calibration equipment are 
installed in removable (plug-in) feed cones. The standard 
DSN and experimental research cones are interchange­
able among the various antennas. The DSN standard 
cassegrain cones presently use a WR 430 waveguide 
ambient and a 0.875-in. coaxial liquid-nitrogen-cooled 
termination3 installed in a 20-liter Linde dewar for low­
noise calibrations. The accuracy of these calibrations is 
directly dependent on the accuracy of the noise standard 
calibrations. Improved noise-temperature calibration ac­
curacy has been achieved in the research cones4

, using 
all waveguide ambient and liquid-nitrogen-cooled ther­
mal noise standards. The waveguide configuration has 
lower transmission-line loss, better connector-insertion 
loss repeatability, and, therefore, can be more accurately 
calibrated and maintained. 

'Model SP 9025A, Maury Microwave Corp., Montclair, Calif. 
'Levy, G. S., et al., "The Ultra Cone: An Ultra Low-Noise Space 
Communications Ground Receiving System," to be published in 
IEEE Trans. Microwave Theor. Tech., September 1968. 
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Computer 

printout 

X(I) 

L' 

LBB, DB(A) 

LBB(I), DB 

LB(I), DB 

l(I) , DB 

L, DB 

T(I) , K 

TB(I), K 

TB"(I), K 

T"(I) , K 

T" , K 

T' (I) , K 

T', K 

T, K 

Table 3. Nomenclature for Fortran IV 
computer program 

Com-
Text 

puter 
notation 

Defi nition 

program 

X(I) XI Distance from termination 

to ith data point of line 

DLP 1.' Line length for L, evaluation 

NCF Computer input for the number 

of coeff icients in Eq. (6) 

A(Nq A1,A"A" ... Constants defi ning L, in Eq . (6) 

NC Coefficient number in Eq. (6) 

LBB(I) [" dB Loss when at constant tern per-

ature f" dB 

lB(I) [, Loss of line increment (from 

i-I to i), ratio 

lBDB(I) [ " dB Loss of line increment (from 

i-I to i), dB 

L(I) L, loss of line from 0 to i, ratio 

LDB(I) LI, dB Loss of line from 0 to i, dB 

LDB(N) L Total line loss, dB 

T(I) T, Physi cal line temperature at ith 

data point , oK 

TBII) r, Averag e physical temperature 

of line increment (between 

i-I and i), ° K 

TBPP(I) f ;' Thermal noise contribution due 

to l ine increment (between 

i-I and i) def ined at Ii, oK 

TPP(I) T" I Thermal noise contribution due 

to line between 0 and i, 

defined at it 0 K 

TPP(N) T" Total thermal contribution of 

line, 0 K 

TP(I) r: Calibrated temperature defined 

at ;, oK 

TP(N) T' Cal ibrated temperoture, ° K 

TT T Termination temperature, 0 K 

SL(I) £, L" dB/ l0 logloe 

SLB(I) I. L" dB/l 0 log,oe 

4. Noise-Temperature Calibration 

A commercial termination5 is used in the standard 
cassegrain ultra cone (see Footnote 4) in a liquid nitrogen 
40-liter dewar. This termination is designed primarily 
for use at 2295 MHz. The VSWR at 2295 MHz is approxi­
mately l.013. The VSWR bandwidth is limited primarily 
by the half-wavelength plastic-foam-sealed window in 
the 30-deg waveguide bend. Techniques are available to 
broaden the bandwidth, if required (Ref. 5). 

'Model SR 8135 S 002, Maury Microwave Corp., Montclair, Calif. 
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The temperature distribution (Figs. 8 and 9) along the 
stainless steel thin-wall waveguide section is measured 
with chromel constantan thermocouples referenced to 
liquid nitrogen. The data are taken with the dewar in a 
vertical orientation. A linear temperature distribution 
along the thin-wall stainless steel waveguide section is 
assumed. The temperature changes from approximately 
2 to 19°K above the reference temperature during the 
operating liquid levels of the dewar. The total insertion 
loss of the copper waveguide section was measured to 
be less than 0.01 dB. This represents less than 0.02°K 
output noise temperature variation (Case 3, Table 1, 
SPS 37-51, Vol. III, p. 301) with liquid level. 

Temperature measurements were made to verify that 
the termination material achieves temperature equilib­
rium with the liquid nitrogen. The thermocouples were 
imbedded directly in the termination material and ref­
erenced to the liquid nitrogen. The temperature differ­
ence was not detectable (the instrumentation resolution 
was better than 0.02°K) even with an infrared heat lamp 
pointed at the open 15-in. length of copper waveguide. 
However, it is imperative that the termination section 
be completely submerged in the liquid nitrogen. 

A dissipative loss of (0.0085 + 0.003 petota,)dB was 
measured for the 4.2-in.-length aluminum 30-deg wave­
guide bend at ambient (20°C) temperature, using the 
transmission technique (Ref. 6) at 2295 MHz. The 
transmission-line loss of the stainless steel section was 
measured in the neighborhood of three separate temper­
atures, using both transmission (Ref. 7) and cavity reso­
nance (Ref. 8) techniques (Refs. 9, 10, and SPS 37-43, 
Vol. III, p. 54) with results as indicated in Table 4 and 
Fig. 10. The measurement temperatures were deter­
mined by the ambient temperature (300 0 K), dry ice and 

Table 4. 2295-MHz dissipative 1055 of stainless steel 
WR 430 waveguide section versus temperature 

Physical temperature, OK 
Transmission-line loss at 

2295 MHz, dB 

299.0 0.0149"· b 

210.8 0.0052" 

196.8 0 .0045 b 

107.0 0.0016" 

77.4 0.0017b 

RJPl transmission technique. 

bRontec cavity Q technique IGtronsfafed to 2295 MHz os defined at 299.0oKI. 

CASE IDA 

L( I I ,OS TSIIl,K LBBI I 1,03 LB I I I ,DB ~ I I I 

~~~79L-~~~L-~~~~~~~~~~--~--~~~--~------
TB"ln,1<. r" ( I ) ,I( T'IIl,K 

0 .002 6 0 .0)26 71.3606 
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6 
7 
6 
9 

10 
11 
12 
13 

0.962 
1.454 
1.921 
2.364 
2.850 
3.324 
3.767 
4.270 
4.765 
5.074 
5.363 

0.QQ~4 
0.005S 
O.OOH 
0 .H59 

.OH6 
0.JH3 
0.0480 
0.0646 
O.n37 
0 .0565 
0.J565 

0.0060 71.3619 
0 .0119 77.3648 
J.J216 77.3703 
0.)375 77.3602 
0.J621 77.3963 
J .0964 17.4211 
0.H64 17.455J 
0.2109 17.5017 
0 .2H6 17.5636 
0.3530 17.6073 
0.4115 17.651J 

-------- ------------------------------
L' = 6.000 
T,K=. 77.360 

~j)B 
I AI 

0 .b5112E-0 2 
-0.91372E 04 

0 .40007 E-06 

L,OB = 0.00S3 
T' , • K= o .4115 
T' ,K = 77.6510 

Fig. 8 . Computer printout of thermal noise standard calibration 
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Fig. 10. Insertion loss of stainless steel WR-430 
waveguide section versus temperature 

alcohol cooling (200 0 K), and liquid nitrogen cooling 
(80 0 K). A second-order curve fit of these values results 
in the coefficients (Eq. 8): 

Al = 6.5712 X 10-3 

A2 = -9.1372 X 10-5 

A3 = 4.0007 X 10-7 

The loss and temperature distribution measurements are 
used with the computer program as shown in the printout 
of Fig. 8 to define the nominal noise temperature at the 
output of the stainless steel section. Figure 9 shows 
the measured physical and calibrated noise temperature 
distributions for the stainless steel waveguide section. 
The transmission line contributes the major portion of the 
increased noise temperature at the upper hot end. The 
noise temperature at the output of the 30-deg bend is 
computed, assuming a linear temperature distribution 
from 306.3 to 293.2°K (20°C) and an input temperature 
of 77.651 °K (Fig. 8). The nominal calibrated noise tem­
perature at the output reference flange is 78.09°K. Table 5 
indicates calibration errors that result from various mea­
surement errOrs. These errors are obtained from the 
computer program with various input temperature dis-
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Table 5. Noise-temperature errors due to various 
potential calibration errors at output of 

stainless steel waveguide section 

Parameters Noise temperature errors, OK 

Straight-line temperature distribut ion 0.031 

(83 .3 to 306.3 ° K) 

10 % li neori ty error in temperature 0.003 

distribution 

5 % linearity error in loss 0 .013 

measurement 

Constant loss (0.0149 dB at al l 0 .122 

tempe ratu res ' 

1 O( error in stainless steel wove- 0.003 

guide upper flange temperature 

6 ° C error in stoinl ess steel wove- 0 .004 

gu ide lower f lange te mperatu re 

tributions, etc . The largest source of error for this par­
ticular standard would be obtained if account were not 
taken for the change in transmission-line loss with tem­
perature. Table 6 summarizes the actual calibration error 
estimates "for this liquid-nitrogen-cooled noise standard. 
The error estimate for loss measurements is estimated to 
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Table 6. Calibration errors for the waveguide 
liquid-nitrogen-cooled terminationa 

Parameter error 

Transmission·line loss measurements 

(assuming <5% linearity error) 

Transmission-line temperature distribution 

(assuming 10% nonlinearity) 

Cryogenic liquid pressure (assuming 

0.2 mm/Hg error in pressure) 

Termination/liquid temperature difference 

(resolution of laboratory thermocauple 

measurement) 

VSWR mismatch (assuming a system with 

comparable matches) 

Liquid nitrogen level changes (during 

operational use af approximately 

15h) 

Computational error 

8$um = O.12oK. 

rss = 0.06 ° K. 

Noise-temperature 

cal ibration peak error, 

oK 

0 .034 

0.003 

0.020 

0.020 

0.013 

0.033 

0.001 

be between O.06°K (rss) and O.12°K (sum). The lower 
value is probably valid (since most of these errors are not 
correlated), although the higher value can be considered 
conservative, to allow for further unresolved sources of 
error. 

5. Conclusion 

Precise calibration of operational microwave thermal 
noise standards requires the use of a computer program. 
This is because the assumptions made in the theoretical 
solutions, such as linear temperature and loss distribu­
tions, are not exactly satisfied. The calibration error that 
results from assuming a theoretical linear temperature 
distribution and an ambient temperature transmission 
loss results in approximately O.l°K error for the standard 
evaluated. This error would be considerably higher with 
larger transmission-line losses such as are normally en­
countered when a coaxial transmission line is employed. 

The computer program minimizes the effect of large 
segment size by using either the higher order terms in 
the loss-calculation expansion or an exact expression for 
losses greater than 0.02 dB. 

With additional effort and expense, increased accuracy 
in the calibration accuracy of thermal noise standards 
could be obtained. These improvements include submerg-
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ing the termination directly in the liquid, using liquid 
helium (which has a lower sensitivity to pressure), in­
creasing the accuracy in the transmission-line loss and 
temperature distribution measurements, etc., as indicated 
by Table 6. Further study could account for such small 
effects as nonhomogeneous transmission-line loss effects. 
More effort should be directed toward evaluating and 
improving the long-term calibration stability of thermal 
noise standards, especially under field conditions. 
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D. A Precision DC Potentiometer Insertion loss 
Test Set and Reflectometer for Use at 90 GHz, 
D. A . Oltmans and T. Sato 

1. Introduction 

Precision waveguide insertion loss calibrations are 
critical in many phases of radio-astronomy and commu­
nication systems. A dual-channel 90-GHz insertion loss 

229 



test set (Ref. 1) has been constructed for these measure­
ments with an absolute accuracy of about 10-4 dB at all 
microwave frequencies. 

2. Test Equipment 

The insertion loss test set employs two Hewlett Packard 
Model 4S1B power meters with power-meter heads de­
signed for use to 40 GHz. Each power meter head re­
quires two thermistors, one for RF detection and the 
other for thermal compensation. 

The insertion loss test set uses a new FXR Model 
E208A01 dual thermistor mount and operates at 90 GHz 
(Figs. 11 and 12). A re£ectometer was also built on the 
same aluminum plate to simplify the measurements of 
the waveguide components' VSWR and the tuning of the 
heads of the insertion loss set. A special denting tool was 
used to tune the matching sections. 

The RF power for the insertion loss set is generated 
by a Varian Model VC-71S re£ex klystron. A power out­
put of 200 mw (min.) is required for correct operation of 
the system. 

3. Operation 

a. Reflectometer. With the switch (Fig. 12) in the most 
counterclockwise position the RF power is directed into 
the reflectometer system. The klystron is reflector­
modulated with a 1000-Hz square wave to produce the 
required signal to the standing wave ratio meter. The 
re£ectometer system is of standard configuration using 
two FXR model (El64A) rotary vane attenuators as an 
attenuation standard to reduce errors of the individual 
attenuator at large angles of rotation (i.e., near 90 deg). 

Because of the high frequency (i.e., short wavelengths, 
around S.S mm), the screw tuning method used at lower 
frequencies becomes too unstable at 90 GHz. To greatly 
reduce this instability a waveguide denting tool (Fig. IS) 
was used to permanently dent the waveguide in the 
E-plane only. This achieved the same effect as lowering 
a screw into the waveguide in lower frequency screw 
tuners. The denting tool has variable denting rate of 
from 0.05 to 0.01 in. pel' knob revolution to make possible 
coarse and fine tuning. Using a trial-and-error denting 
technique, reflectometer return losses of 42 dB were 
easily obtainable by comparing a short to a sliding load. 

Fig . 11. Insertion loss test set and reflectometer 
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Fig . 13. Denting tool for fabricating E-band waveguide matching sections 

Return losses of 46 dB (VSWR = 1.01) or better were 
achieved, but required many dents. The tuning is reason­
ably stable from day to day, because the tuning is perma­
nent; however, it is still necessary to fine tune the 
ref!ectometer before using it each time for the best 
performance. 

h. Insertion loss test. For insertion loss measurements 
the klystron was run cw through two Baytron isolators 
and then into a 3-dB directional coupler. At the output 
of the auxiliary arm the compensated thermistor mount 
for power meter 1 (Ref. 2) was connected. At the output 
of the main arm another isolator and a tuning section 
were connected. Power meter head 2 (Fig. 14) was pre­
ceded first by an isolator and then a tuning section. Both 
thermistor mounts were thermally isolated in polyure-
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Fig. 14. E-band thermistor mount isolator and 
VSWR matching assembly 

thane foam. The VSWR looking into the open end of 
each tuning section was optimized by comparing each 
section to a short at the output of the ref!ectometer and 
denting the tuning section until the maximum return loss 
was obtained. The mounts were adjusted for maximum 
cw power reading at the desired frequency by position­
ing the power-detecting thermistor card in its slit and by 
positioning the sliding short. This adjustment was found 
to critically affect the efficiency of the mount (Ref. 1). 
After this was done, the matching sections were tuned, 
using the previously tuned refIectometer and the denting 
tool. Return losses were easily tuned to 46 dB or better 
(46 dB = VSWR of 1.01). It was observed that the adjust­
ments of the power thermistor card in the slit and the 
adjustment of the short affected the match. Therefore, 
it was important to follow the above order of tuning and 
to be sure that the cards and shorts were tightly locked 
in place before tuning the matching sections. 

The insertion loss measurements were made by first 
measuring a reference voltage ratio between power 
meters 1 and 2 without the test piece (a 3-dB fixed at­
tenuator) between the two tuners and then measuring a 
new voltage ratio with the test piece in place. The dif­
ference between these two ratios in dB was the insertion 
loss of the test piece, assuming all matches to be perfect. 
Two sets of nine measurements were made. 

4. Performance 

The refiectometer was tuned to a 0.3-dB swing for a 
sliding short and a 42.8 to 46.3 dB return loss for a sliding 
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load. By comparing the reflection coefficients to those of 
a second load, the VSWR of the reflectometer was found 
to be 1.012. 

The input and output heads of the insertion loss test 
set were tuned to a return loss of 46.9 and 49.0 dB, 
respectively. The match looking into both ends of the 
test piece was also measured so that reflection losses 
could be separated from dissipative losses. The insertion 
loss data and that of the reflectometer measurements 
were entered into the computer (Ref. 1). Only periodic 
resetting of signal frequency was made during the first 
set, whereas the frequency was reset just before each 
measurement during the second set. The results showed 
that the standard deviation and probable error were 
about 50% less when the frequency was reset each time. 
This was due to the narrow band characteristics of the 
system caused by the dent tuning. 

The attenuator measured insertion loss was calculated 
to be 3.2086 dB. The average weighted dispersion prob­
able error was calculated to be 0.00178 dB. Added to this 
were the reflective probable errors due to the reflectom­
eter and mismatch (i.e., system resettability, linearity, 
and mismatch). This gave a total probable error of 
0.00485 dB, which showed that the contribution to prob­
able error due to the reflectometer and mismatch was 
greater than that of dispersion. ' Linearity and res etta­
bility probable errors could be reduced by calibrating the 
reflectometer's attenuation standards. 

After the insertion loss measurements were made a 
recorder was used to show the system's drift and in:ta­
bility. The charts showed that instability was introduced 
by the signal generator due to frequency drift. 

5 . Conclusion 

It has been demonstrated that with the use of the new 
FXR model E208AOI dual thermistor mounts, the exist­
ing precision DC potentiometer microwave insertion loss 
test set can be used to make precision insertion-loss 
measurements at 90 GHz. It is also clear that the present 
total system probable error of 0.00485 dB can be further 
reduced to obtain more precise measurements of the 
waveguide components, especially with lower loss com­
ponents. 
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E. Accuracy of Numerically Computed 
Electromagnetic Scattered Patterns, 

s. A . Brunstein , R. E. Cormack, and A . C. Ludwig 

1. Introduction 

Computer programs have been used extensively to 
evaluate the performance of existing or proposed Deep 
Space Net antennas (Ref. 1). A critical link in the evalu­
ation is the computation of the scattering from the sub­
reflector of the cassegrainian configuration used in these 
antennas. In order to minimize the amount of computer 
time used by this type of program, data is presented 
which may be used to ensure accurate results without 
excessive use of machine time. 

The programs covered by this study are: (1) the Rusch 
scattering program for reflectors which are a figure of 
revolution (Ref. 2), and (2) the Ludwig program for 
asymmetrical reflectors. 6 In the Rusch program the scat­
tering surface integral is reduced analytically to a one­
dimensional integral, which is evalu[.ted numerically 
using Simpson's rule. In the Ludwig program the two­
dimensional integral is evaluated numerically using the 
technique described in the above reference. 

2 . Point Accuracy of Computed Patterns 

A typical subreflector feed system is shown in Fig. 15. 
The same reflector, a figure of revolution azimuthally, 
was used for testing both programs. The "standard" 
pattern for this configuration is ~ pattern computed by 
the Rusch program. The reasons for accepting this as a 
valid standard will be discussed in some detail later. 

The variable under study is the density of data points 
used in numerically evaluating the integral. This density 
will be expressed in terms of the number of data points 
on a line segment one wavelength long on the surface of 
the subreflector for a one-dimensional density, or on an 
area segment one wavelength square for a two-dimensional 
density. Thus the step size in the integration parameter 
is translated into a physical distance on the subreflector 
surface. 

'Ludwig, A. C., "Computation of Radiation Patterns Involving 
Double umerical Integration," to be published in IEEE Trans. 
Ant. Prop. 
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Typical amplitude patterns computed by the Rusch 
program with two different point densities are shown in 
Figs. 16 and 17, and errors are given in Fig. 18. The 
behavior of the phase patterns is essentially identical with 
that of the amplitude patterns. As shown in Fig. 18, error 
is evaluated at illumination angles of 0, 20, and 40 deg 
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(main beam region), 60 deg (taper region) and 80 deg 
(sidelobe region). The error is the absolute value of the 
complex difference between the computed and true pat­
terns, expressed in decibels below the peak of the true 
pattern. 
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It is seen that the error at ° deg is particularly erratic. 
Since the point at ° deg is the least important point for 
computing antenna performance, the error at ° deg will 
be ignored; hereafter the error will mean the worst case 
among the errors at 20, 40, 60, and 80 deg, as shown by 
the dashed line in Fig. 18. On this basis roughly 5 points 
per wavelength are required by the Rusch program to 
achieve an error level below - 40 dB. This density also 
corresponds to the minimum density required to elimi­
nate the noise-like variations exhibited in Fig. 17. 

The point density used in evalua t ing the two­
dimensional integral in the Ludwig program is best 
specified in terms of points per square wavelength. How­
ever, it is of interest to consider variations of point 
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densities in the radial and azimuthal directions separately. 
As one would expect, the effects of the azimuthal and 
radial point densities are not independent. It was found 
that errors were below - 40 dB for one-dimensional 
densities of one point per wavelength with a density of 
21h points per wavelength in the other variable. It was 
also found that minimum error occurred when the radial 
and azimuthal densities were roughly equal and that 
1.2 points per wavelength in both variables gave errors 
of less than - 40 dB. 

In the Rusch program, where the azimuthal density is 
effectively infinite, the results cannot be extrapolated to 
the two-dimensional case simply by squaring the one­
dimensional results. However, this does yield a lower 
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bound, so for the purposes of comparison we can say 
that Simpson's rule would require at least 25 points per 
square wavelength to achieve error levels below -40 dB. 
Conversely, since the method of Ludwig achieves errors 
below -40 dB with 1 point per wavelength in one 
variable and a finite density in the other variable, one 
would expect that in the one-dimensional case this error 
level could be achieved with less than 1 point per wave­
length using this method. It should be noted that the 
computer time required for a single integration point 
using the Ludwig techniques is estimated to be about 
four times as long as for a single point using the Rusch 
technique. 

3 . Accura cy of Performance Calcu lation s 

Although computed patterns are accurate on a point­
wise basis, what is actually important is the overall effect 
on computed antenna performance. In the usual evalua­
tion system, the computed patterns are input to other 
computer programs to determine antenna gain and noise 
temperature (Ref. 1). Using the Rusch program with out­
put increments of 0.5 deg for the input to the analytical 
programs, it was found that densities greater than 5 points 
per wavelength gave noise temperature errors from the 
standard pattern of less than 0.05°K and a gain error of 
less than 0.001 dB . Below five points per wavelength, 
accuracy deteriorates rapidly. 

So far, only numerical integration data point densities 
have been discussed; however, computer time is nearly 
proportional to both integration and output point densi­
ties. The parameter set used in the past with the Rusch 
program has had 400 integration points (IP) and 181 
output pOints (OP), resulting in an IBM 7094 computer 
running time of about 36 min. 

In order to determine the number of subreflector 
scattered pattern points necessary to accurately deter­
mine overall antenna performance, tests were run for 
various values of OP, with IP initially held at 15 points 
per wavelength (IP = 400). A reference pattern was com­
puted for angle increments (tJ.O) of 0.25 deg. Pas t experi­
ence indicated that this would be more than sufficient, 
and the amount of predicted performance divergence as 
t:.8 is increased would show whether this is a valid 
assumption. Other patterns were then generated for 
larger incremental angles, using the same number of 
integration points. The patterns from 0.25 to 1.0-deg 
increments were visually indistinguishable, but there was 
a noticeable loss of detail in the 2.0-deg pattern. Ob­
viously the detail loss was worse for larger incremental 
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angles . Figure 19 shows the pattern for 2.0-deg incre­
ments. Note the difference between this and Fig. 16. 

The patterns thus generated were input to the Ludwig 
antem1a efficiency program (Ref. 1) and the efficiency of 
a parabolic antenna with an edge half-angle of 60 deg 
was computed for each incremental angle. Results were 
obtained for the overall antenna efficiency "10' the illumi­
nation efficiency "Ii> the phase efficiency 7JP, and the dish 
edge spillover efficiency "Is. The cross-polarization effi­
ciency was ignored because it is generally a negligible 
factor in a well-designed antenna. 

Figure 20 shows the errors in the computed effi ciencies, 
using the 0.25-deg increment pattern as a reference. The 
errors are negligible up to an increment of 1.5 deg, but 
beyond that point they increase rapidly and also fluctuate 
in value. Note for the cases studied that the errors in the 
individual effi ciencies tend to compensate. There is no 
reason to conclude that this would always be true; there­
fore, the magnitudes of the individual errors should 
determine the increment size. On this basis an increment 
of 1.5 deg appears to be the break point, with 1.0 deg 
giving a comfortable margin. 
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To test this hypothesis in conjunction with the pre­
viously developed integration point criteria, a pattern 
was generated using 5 points per wavelength (IP = 132) 
with 1.0-deg incremental angles (OP = 91). The pattern 
thus generated was virtually indistinguishable from the 
standard pattern. The computed efficiencies in decimal 
fraction form were identical to four signmcant figures 
(~0.003 dB) with their 1.0-deg (IP = 400) counterparts. 
Thus it appears that for the Rusch program, 5 points per 
wavelength and 1.0-deg increments are valid criteria to 
use in analyzing antenna performance for the cases 
studied. The computer time required to run this case was 
about 6 min, compared to 36 min for the previously 
generally used case. Since, for the same case a 5-point­
per-wavelength Rusch pattern and a Ph-point-per-square­
wavelength Ludwig pattern are essentially identical, it 
can be assumed the 1-deg criteria applies to both. 

The incremental angle analysis was not conducted with 
the generality of the integration point analysis, and the 
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conclusions are not necessarily applicable to any case. 
Two observations, however, seem to point the way to a 
more general application. As was previously noted, the 
2.0-deg pattern has a visually obvious loss of detail over 
the 0.25 and 1.0-deg patterns. Thus it appears that, as 
with the integration points, visual pattern comparison 
can determine if enough pattern angle points were used. 
The second observation concerns the ripples in the pat­
tern. The peak-to-peak spacing of the major ripples in 
the amplitude and phase patterns varies between 4 and 
8 deg. If this value is considered a form of "angular wave­
length," then the 1.0-deg increment gives a 4 to 8 point­
per-wavelength comparison, which roughly agrees with 
the points-per-wavelength criteria developed in the inte­
gration point analysis. 

4. Other Criteria for Judging Pattern Accuracy 

Preceding sections have relied on the most common 
method for judging the accuracy of a numerical tech­
nique; that is, to increase the number of data points to 
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see if anything changes. Although this is almost always 
a reliable method, it is possible for data to converge to 
an incorrect result. 

One reason for accepting a pattern computed with high 
integration and output point densities as a true pattern 
is that it has been established that these patterns agree 
very well with experimental data (Ref. 3). Agreement 
between the Rusch program and a program based on a 
boundary value technique has also been demonstrated 
(Ref. 3). These facts strongly indicate that the results are 
basically sound. 

On a numerical basis, not only do the results from the 
Rusch program converge pointwise to the standard pat­
tern (which was computed using a density of 20 points 
per wavelength), but the results from Ludwig's program 
also converge to this pattern. Although both programs 
have Kirchoff theory in common, they differ greatly in 
numerical technique, and this level of absolute agree­
ment is gratifying. 

A very valuable absolute test (as distinct from the 
relative tests presented previously) is to compare the total 
output power in the scattered pattern to the total input 
power in the feed pattern. For integration point densities 
of 6 or more points per wavelength the power values are 
in close agreement. For low-point densities there is sub­
stantially more power in the scattered pattern than in 
the feed pattern- a definite indication of error. 

s. Conclusions 

It has been determined that for one-dimensional inte­
grals an input data spacing of 5 points per surface lineal 
wavelength and Simpson's rule integration result in point­
wise errors of more than - 40 dB below the pattern 
maxima. Using the integration technique of Ludwig the 
spacing can be increased to about 1 point per wave­
length. For two-dimensional integrals the Ludwig tech­
nique requires P/2 points per square wavelength, and 
Simpson's rule requires at least 25 points per square 
wavelength. Assuming that the Ludwig integration tech­
nique requires four times as much computer time per 
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integration point, the two techniques require about the 
same computer time for one-dimensional integration and 
an equal number of output points. However, for asym­
metrical scattering where two-dimensional integration is 
a requirement, Simpson's rule would require about four 
times as much computer time as the Ludwig technique 
for the same number of output points. 

If output data points are spaced such that there are 
4 to 8 data points for each cycle of the periodic type of 
variation characteristic in this type of pattern, and the 
integration points are spaced as described above, per­
formance data is accurate to better than 0.01 dB. 

Although this data was developed for a very particular 
type of scattered pattern, it is considered applicable to a 
fairly general class of problems, the primary exception 
being high-gain narrow-beam patterns. However, the 
numbers given above do not include much of a safety 
margin, and when analyzing configurations that differ 
markedly from the one presented here, a similar con­
vergence test should precede detailed analysis. It was 
found that a visual check of computed patterns is an 
excellent indicator of bad data, and a reliable numerical 
check is a comparison of total input and output power. 

The cost of the safety margin used prior to this study 
was shown to be about a factor of six, so although work­
ing without comfortable margins is a little troublesome, 
it can result in a very substantial reduction in computer 
time. 
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XXI. Spacecraft Telemetry and Command 
TElECOMMUNICATIONS 

A. Frequency Acquisition in an MFSK Receiver, 
H. Chad wick 

1. In trodu ction 

The m-ary noncoherent frequency shift-keyed (MFSK) 
communication link is under study as a technique for low 
data rate transmission at low signal-to-noise ratios (SPS 
37-33, Vol. III, pp. 103-107, and Refs. 1 and 2). A possible 
application of this technique is in the transmission of 
data from a capsule landed on the surface of a planet. 
The available power is restricted by the size and weight 
of the capsule; therefore, the received signal-to-noise 
ratio on earth may be expected to be small. Under such 
conditions, the more conventional phase-locked loop re­
ceivers are not practical, whereas the non coherent MFSK 
approach offers a potential solution. 

There are two synchronization processes involved in 
an MFSK system: (1) time synchronization (i.e., the cor­
rect timing between the transmitter and receiver of the 
beginning of each transmitted word), and (2) frequency 
synchronization (i.e., the correct location at the receiver 
of the position of the carrier frequency in the spectrum). 
Inaccuracy in either of these synchronization processes 
results in loss of performance in an MFSK system. 
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Both time and frequency synchronization can be re­
garded as a combination of an initial-acquisition proce­
dure, when transmission is first started, and a subsequent 
tracking procedure that follows any changes in the 
parameters during transmission. The problem of time­
synchronization acquisition has been treated in SPS 
37-48, Vol. IIi, pp. 252-264. This article deals with the 
problem of frequency acquisition, using some of the re­
sults in the time synchronization paper, and will show 
that frequency-synchronization acquisition results in con­
siderable time lost at the beginning of a transmission. It 
will also be shown that the maximum relative frequency 
error between transmitter and receiver must be held 
small if frequency acquisition is to occur in a reasonable 
amount of time. 

2. Frequency-Acquisition Problem 

In the MFSK system under consideration, one of M 
messages, Xt ; (1 = 1, 2, .. " M) is transmitted during each 
T-sec interval as a sinusoidal tone at a frequency f t. This 
tone is then modulated onto a carrier frequency, fe, to 
produce the single transmitted frequency fe + f t. Ideally, 
at the receiver, the carrier frequency fe is removed and 
the resulting signal, at frequency ft, is detected using 
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spectral analysis. However, due to instabilities in the 
transmitter and receiver oscillators, and uncompensated 
doppler shifts, it is not possible to know in advance 
exactly the received carrier frequency at the receiver. 
The actual received carrier frequency may be repre­
sented as 

fe + Afe = (1 + A)fe 

where A is a factor representing the difference between 
the actual and nominal carrier frequencies. The demodu­
lation process then produces the frequency ft + Afe, which 
effectively shifts the position of the signal in the spec­
trum and can cause an error in the decision process in 
the receiver. 

The frequency shift, Afe, must be estimated from the 
received signal so that the displacement of the spectrum 
may be effectively eliminated by changing the frequency 
of the local oscillator to compensate. The effects of a 
residual frequency error on the probability of error in 
the receiver are discussed in the remainder of this article. 
Also, several techniques for initial frequency acquisition, 
and their effect on system performance, are described. 

3 . Probability of Error Due to Frequency 
Uncertainty-Derivation 

After carrier demodulation, the received signal is 
assumed to be of the form 

x(t ) = A cos (2mfst + cp) + n(t ) (1) 

where 

fs = ft + Afe (the signalling frequency plus frequency 
error) 

¢ = unknown phase term 

n(t ) = white-gaussian noise process 

One form of the optimum MFSK receiver uses the 
discrete Fourier transform. The process x(t ) is low-pass 
filtered to a bandwidth Wand sampled at a rate 2W. If 
N samples are taken during the interval T (N = 2WT) 
by the sampling theorem, no information has been lost 
about the filt ered w aveform . The dis cre te F ourier­
transform receiver calculates the quantities 

X- I ( ik) 
a k = r; X i cos 2m N ' 
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N k = 01 9 ... -, , ..... , ' 2 

(2) 

and 

:\'- 1 (ik) 
bk = r; X i sin 2m N ' N k = 012 .. · -, " ' 2 

where Xi = x(iT I N) are the sampled values of x(t ). 

(3) 

These discrete Fourier coefficients are spaced at fre­
quencies fk = kiT and cover the spectrum from 0 to W. 
If M of these frequencies are chosen as the signalling 
frequencies, the spacing between them will be W 1M in 
freq uency, or N 12M in terms of the number of spectral 
lines. 

A theorem attributed to Cochran, et al. (Ref. 3) states 
that given a bandlimited waveform g(t ), with continuous 
Fourier transform G(f ), the discrete Fourier transform 
of the samples of g(t ) at frequency kiT is (N IT )G (kiT ). 
This theorem will be used to determine the discrete 
Fourier transform of the received samples, X i . Since the 
noise term in X i is assumed independent of a frequency 
shift in the signal, only the signal term is now considered ; 
the noise term is combined later using the results of the 
time-synchronization study. 

The waveform g(t ) is a T-sec segment of a sinusoidal 
signal at frequency fs = ft + Afe and arbitrary phase, cp . 
The continuous Fourier transform of such a signal is 

G(f) = ~T cos cp exp [ - j (2mfT/2)] 

[ 
T. TJ X sinc 2.". (f - fs) 2 + SIn C 2m (f + fs) 2" 

+ j A2T sin cpexp[ - j (2mfT/2)] 

[ 
T. T J X sinc 2m (f - fs) 2" - SIl1C 2m (f + fs) 2 

(4) 

where sinc x = (sin x)lx and j2 = - 1. 

Since the region of interest in the frequency domain is 
f = t s, the terms involving sinc 2m (f + fs) T 12 are small 
and, for the purpose of simplicity, may be ignored. Under 
this assumption, then 

AT . . T 
G(f) = 2 exp [ - 7 (2mtT 12)] SIl1C 2.". (f - fs) 2 

X [cos cp + j sin cp ] (5) 
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By the application of the theorem for discrete transforms 

N2 1 (k) 12 r~ = a% + b~ = P G T 

(7) 

When fs = liT, l an integer (no frequency error) 

l = k 

which agrees with the results obtained previously (SPS 
37-48, Vol. III) . When 

_ l _ l p 
fs - T + Afe - T + T 

and if i is de£ned as k - l, the number of spectral lines 
between the nominal signalling frequency and the ob­
served frequency, then 

(9) 

Remembering that the value in Eq. (9) is the magni­
tude of the discrete Fourier component when no noise is 
present, the effect of the noise may be included by analogy 
with the results obtained in the time-synchronization 
study. In the case of perfect frequency and time syn­
chronization, the probability density of the spectral com­
ponent Tk is given by (SPS 37-48, Vol. III) 

(10) 

where B = AN 12 and 0-
2 is the variance of the noise in 

either the sine or cosine transforms a k or bk . The value B 
in this expression was the contribution due to the signal, 
which for the case of frequency error, becomes 

B I sinc 7T( i - p) 1 

so that 

(11) 

when frequency error is included. The probability of error 
is thus given by the probability that for k = l (signalling 
frequency liT, 1' / > 1'k for all other K, and is given by the 
expression! 

Pe = 1 -100 

zexp {- +[Z2 + (;0) sinc2 7Tp J} 10 [(;0)'\ 1 SinC7TP IJ 

;~: {I -Q [ (;0 r I ,in, • G~ -P ) I ' zJ } d, 
(12) 

For Afe > W 12M, a frequency error greater than half 
of the spacing between signalling frequencies, the proba­
bility of a correct decision becomes small, and the system 
is useless. Therefore, it is only necessary to calculate the 
probability of error in the region - W 12M < Afe < W 12M 
and to rely on a synchronization scheme to ensure that 
the frequency error will be within either this region or the 
limits - NI4M < p < NI4M. 

JP L SPACE PROGRAM S SUMMARY 37-52 , VOL. 11/ 

To determine the effect of dropping the terms involving 
f + fs in the expression for Tk [Eq. (9)], a computer 
program was run that calculated the discrete Fourier 
transform of a sinusoidal signal with p = 0.5. In Fig. 1, 

'For a comple te derivation of this expression, see H. ChadWick, 
F1'eqll ency Acquisition in an MFSK Receiver ( JPL internal docu­
ment ) . 
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Fig. 1. Spectrum of signal at p = 0.5 

the results are compared with the results obtained using 
the approximation. 

Figures 2,3, and 4 illustrate the calculated probability 
density function P(1'k) for various values of p and i. 

The probability of error due to frequency error, calcu­
lated for diHerent values of N 12M, is plotted in Figs. 5 
and 6. It can be seen from the curves that even with a 
wide signal spacing (Fig. 6), the probability of error is 
very sensitive to frequency variations of magnitude less 
than the spectral line spacing. 

4. Frequency Acquisition Techniques 

a. Discussion of techniques. It is evident that when 
an MFSK system is first turned on, the initial frequency 
error may be several times greater than the bandwidth W 
of the Fourier spectrum process. It will be assumed here 
that an upper bound is known to this initial error. This 
upper bound will be called KmaxW so that 

- KmaxW < Ate < KmaxW 

In the time-synchronization study, it was assumed that 
frequency synchronization had been obtained, and that 

E/ No = ladS 

i = a 

r-k 

Fig . 2. Probability density function of rk for; = 0 
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Fig . 3. Probability density function of ' k for; = - 1 

t 
Q. 

'k -

E/ N
O 

= 10 dB 

i = + 1 

Fig. 4. Probability density function of ' k for; = + 1 

a synchronizing sequence of two alternating frequencies 
would be transmitted ahead of the data sequence. For 
frequency synchronization, therefore, it is necessary to 
assume that no time synchronization exists, and that the 
same synchronizing sequence may be used. 

Probably the most straightforward frequency synchro­
nization technique would be to step up the bandwidth of 
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the receiver to 2K Illax W, sample at twice this frequency 
for 2T sec, compute the spectrum, and pick out the two 
signal frequency terms. This technique, however, would 
overburden almost any computer due to the number of 
samples that would have to be stored. 

A more practical solution is to step the local oscillator at 
the receiver in frequency from fe - Kmax W to fe + Kmax W, 
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in steps of W, and compute the spectrum in each band 
of width W looking for the two signal peaks over a 2T-sec 
interval. (The 2T -sec interval is required to assure that 
both signal frequencies are present in equal energy.) The 
search may be performed either over the entire range, in 
which case the two largest peaks in the spectrum are 
chosen, or by establishing a threshold and choosing the 
£rst peak to exceed that threshold. The second technique 
was chosen here because it reduces the average time 
necessary to perform acquisition. 

b. Derivation of false-acquisition and no-acquisition 
probabilities. Because of the low expected signal-to-noise 
ratios at the MFSK receiver, it will probably be necessary 
to average the spectrum in each band over several 2T-sec 
intervals. The frequency error, Afe, can be written 

_ k P 
Afe - KW + T + T 

where 

I K I = 0,1,2, "', Kmax 
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N 
k = 012 ' " - - 1 , » , 2 

and with the two signalling frequencies h = ldT and 
fH = lHIT, the spectral lines due to the signals will ap­
pear in the Kth band at frequencies 

and 

The probability density of the magnitude of the Fourier 
component nearest to each of the signalling frequencies , 
at (k + lL)IT and (k + lH)IT, will depend on the value 
of p. The probability density function of this component 
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is 

(13) 

where y2 is the effective signal-to-noise ratio given by 

(14) 

where n is the number of times each spectrum is averaged 
in each band. 

The lowest value of y2 occurs for p = 0.5, or for the 
signalling frequency exactly midway between spectral 
lines. At this value, 

y2 = ~ (~) sinc2.!!.... = ~ (~) 2 No 2 71" 2 No 

The other spectral lines are largely due to noise. As Fig. 1 
illush'ates, the signal component at the second closest 
spectral line is 10 dB below that of the closest spectral 
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line for p = 0.5. This component is lower for other values 
of p. To simplify the computations, it has been assumed 
that all spectral lines more than one away from the signal 
are due to noise only, with the probability density function 

1" [ 1.
2 

] P(1'i ) = -2. exp - - "-
(12 2(12 

(15) 

In the threshold system for frequency acquisition, a 
threshold is established based on the values of the spectral 
components due to noise only. This threshold, 1'0, is set 
so that the probability of any noise component exceeding 
1'0 is less than a predetermined value, a. The probability a 
is, therefore, the probability of false acquisition. Similarly, 
once the threshold is established, the probability fJ of the 
signal component not exceeding the threshold, or no 
acquisition, can be computed from the probability density 
function of the signal component. Since there are actually 
two signal components, it is assumed that in the search 
upward through the frequencies, the lower one will be 
recognized first. The possibility that the lower frequency 
will be below the threshold and the upper frequency 
above the threshold is included in the probability of no 
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acquisition, since only the lower frequency is used to 
determine this probability. 

Since there are at most 2Km.x(N /2) spectral lines to 
be searched, and the noise component is statistically 
independent in each one, the total probability a is approxi­
mately 

(16) 

where 

f
oo 

l' 1'0 1' 0 

= 2 exp [ - ~J dr = exp [ - .~J 
0' ~O' 20'2 

r . 

(17) 

Therefore 

r2 = - 20'2 In ( a ) 
o NKmax 

(18) 

If the variance, (7\ is not known, it may be estimated 
by the maximum likelihood estimator 

/\ 2 1 ~ ., 
(7 = - L...J 1': 

2N ;=1 ' 
(19) 

With the threshold determined, the probability f3 may be 
determined by the relation 

f r o 1'k [ 1 ( r~ )] ( yvk) 
o --;;; exp - ""2 ~ + y2 10 -(7- dr,. = 

1 - Q (Y' 1~) (20) 

where Q ( ) is Marcum's Q Function (Ref. 4). This equa­
tion can, in turn, be used to determine the requisite n for 
a given probability f3. 

c. Average time to acquisition. With no prior knowl­
edge of the distribution of the initial frequency error, the 
"worst case" assumption is that of a uniform probability 
distribution from - Krnax W to + K m • x W. For this assump­
tion, the average time to acquire would be one half of 
the time to examine the entire spectrum, or 

1 
Taeq = ""2 (2T) (n ) (2Kmax) = 2nTKmax (21) 
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since each band is searched for 2nT sec and there are 
2Kmax bands to search. 

A more reasonable assumption would probably be that 
the initial frequency error is centered at the frequency te 
with a smaller variance than that of the uniform distri­
bution. For this case, the optimum search procedure would 
be to search the most probable bands (those close to te) 
first and then proceed to the less probable bands, thus 
lowering the average acquisition time. An example of 
this type of procedure is given in Subsection 4-d. 

d. Computation of acquisition time for typical example. 
In the following computation, values have been chosen 
for a typical MFSK receiver which seem reasonable in 
the present state of knowledge. These values are2 

Amax = 10-6 

W = 102.4 Hz 

T = 10 s; ~ = 0.1 Hz = spectral line spacing 

N = 2048 

M = 32 

N 12M = 32; W 1M = 3.2 Hz = signal frequency spacing 

Kmax = 20 

a = f3 = 0.01 

p,: = 0.01 

Using these values in the above equations, the required 
effective signal-to-noise ratio, y2, is 

y2 = 60.0 = 17.8 dB 

From Eq. (15) 

at the worst case value of p = 0.5 or 

10 log n = 24.7 - (;0) dB 

'These values are based on those used by F erguson ( Ref. 3) and by 
Boyd, D., Some Practical Aspects of the Design of MFSK Telem­
etry Systems, F eb . 2, 1967 (JPL internal document ). 
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For an E/No of 16 dB, which would yield a p~ of about 
0.01 in a synchronized system, n is approximately 7. 
Therefore, each band spectrum must be averaged 7 times 
to achieve a good probability of correct acquisition. 

In terms of time, again using the same typical values, 
the average time to acquisition for an uniformly distrib­
uted frequency error, given by Eq. (21), is 

T acQ = 2nTKmax = 2800 s = 47 min 

Using a gaussian distribution for the initial frequency 
error, with 3a = K maX) and an optimized search strategy, 
it was found that the average number of bands searched 
was reduced from 20 to 11. This provides a reduction in 
the average acquisition time to 1540 s, or 26 min. 

5. Conclusions 

Obviously, the time required to obtain acquisition in 
the example illustrated in Subsection 4-d is excessive if 
only a short-duration data transmission is anticipated. 
This time, however, depends directly on the value of KmRx 

(the number of bands that must be searched) which, in 
turn, depends on the expected relative stability of the 
transmitter and receiver oscillators. Any improvement in 
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this stability will provide a linearly proportional improve­
ment in the average synchronization time. 

It is also apparent that a frequency tracking scheme is 
essential in addition to the initial acquisition scheme. 
The probability of error in the receiver is greatly affected 
by the stability of the signal frequency even if an averag­
ing scheme, such as that suggested by Ferguson (Ref. 2), 
is used. In this article, no consideration has been given 
to various averaging techniques as these more properly 
belong to the area of frequency tracking, not initial 
acquisition. 
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XXII. Spacecraft Radio 
TELECOMMUNICA TlONS 

A. Low Data Rate Telemetry RF System 
Development, R. Postal 

1. Introduction 

A solid-state m-ary noncoherent frequency-shift keyed 
(MFSK) 2295 MHz transmitter has been developed as a 
subassembly for a telecommunication system capable of 
surviving a high impact on a planetary surface. A pre­
vious article (SPS 37-48, Vol. III, pp. 284-285) contained 
a block diagram of the transmitter. A circuit description 
was given in SPS 37-40, Vol. IV, pp. 198-201. An overall 
description of the transmitter and recent test results are 
given in this article. 

2. Transmitter Description 

Figure 1 is a photograph of the S-band, high-impact, 
solid-state transmitter. The transmitter circuitry and 
packaging for modules 0, 1 and 2 were developed at JPL. 
Module 3, a stripline X-4 frequency multiplier, was de­
veloped by the Motorola Corporation. A semiconductor 
complement of 8 transistors, 8 varactor diodes, and 2 
regulating diodes is used in twelve RF stages to provide 
a 2295-MHz transmitter output level of 5 W. For high 
impact survival, all components are bonded to the circuit 
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boards and chassis with solethane. The coil forms, shown 
in Fig. 1 (module 2), are an integral part of the circuit 
board and rigidly confine the inductors during shock 
environment. 

3. Test Results 

The transmitter develops a 2295-MHz level of 5 W at 
25 ° C with a 13.5 % dc-to-RF conversion efficiency. 
Figure 2 shows output level and conversion efficiency as a 
function of temperature. Coherent sidebands are greater 
than 40 dB below the output carrier; spurious sidebands 
are greater than 60 dB below the carrier. Performance 
of the transmitter has been observed over a wide range 
of load variations. No breakup in spectrum was noted 
until the load voltage standing-wave ratio (VSWR) was 
increased to 5:1. At.this VSWR, 15 MHz sidebands were 
observed (only under a cri tical setting of load phase, 
however). Sensitivity of the MFSK modulator is 28 Hz/V 
(measured at the transmitter output). The transfer curve 
deviates less than 2% from a linear characteristic over a 
maximum carrier excursion of -+- 170 Hz. Figure 3 shows 
a plot of transmitter frequency drift during a 20-min 
operating interval at ambient temperature. As shown, a 
majority of the drift occurred during the first 2 min after 
transmitter turn-on. Phase jitter at 2295 MHz is 5 deg 
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Fig . 2. Transmitter output level and efficiency 
as a function of temperature 

80 

peak as measured on a phase-locked loop receiver with a 
12 Hz noise bandwidth. 

The circuits and components of modules 0, 1 and 2 
have survived shock levels of up to 10,000 g's . The com­
plete transmitter was installed in the Capsule System 
Advanced D evelopment (CSAD ) Lander Feasibility 
Model for environmental testing at system level. The 
system was subjected to two shock tests, each preceded 
by a sterilization heat cycle of 125°C for sixteen hours 
in a 98% GNz atmosphere. The £rst shock level was cal­
culated to be 1500 g's and the second shock was 2500 g's. 
Maximum frequency shift due to shock was 1 part/lOr. . 
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Fig . 3 . Transmitter frequency drift vs ti me 

No other change in transmitter performance was noted 
at the conclusion of these tests. 

B. RF Power Amplifier Life Test Summary, 
R. Hughes 

1. Introduction 

This is the £rst of a series of articles dealing with the 
life-test performance of RF power amplifiers . These 
amplifiers are being life tested to advance the general 
knowledge of each device and to determine their applica­
bility to future long-life spacecraft requirements. This 
article updates a previous life test report' and, specifi­
cally, describes performance data for a Hughes Aircraft 
Company traveling-wave tube (TWT), Model 216H, 
Raytheon amplitrons, Models QKS 1300, and Watkins 
Johnson TWTs, Models WJ 274-1 and WJ 274-6. 

JPL SPACE PROGRAMS SUMMARY 37-52, VOL. III 



- - ~~~~.' ~ .. ---

2. Hughes Aircraft Company Model 216H TWT 

A 10-W Hughes Aircraft TWT was one of the RF 
power amplifiers used in the Mariner Mars 1964 and 
Mariner Venus 67 missions. A tube of this type, SI N 30, 
and a flight-type power supply (Engineered Magnetics 
Model EMPS 121A, SI 16056) were placed on life test 
in the atmosphere, at room temperature, on January 22, 
1965 (see Footnote 1). This TWT and power supply have 
now accumulated 29,100 h of operation. After 17,692 h, 
the RF output was only 0.4 dB below its initial value of 
41.0 dBmW (see Footnote 1). The data in Fig. 4 show 
the performance from 17,692 h to the present time (the 
plots were derived from data points typically taken at 
12-h intervals). It is evident from the data that only small 
changes in performance have occurred; the RF output 
at the 29,100-h mark is 40.4 dBm W, which is only 0.6 dB 
below its initial value of 41.0 dBm W. The base for the 
oxide cathode in the model 216H TWT is Cathalloy A33 
ultrapure nickel with 0.1 % zirconium and 2% tungsten . 
The cathode operates at a current density of 380 mA/ cm2

• 

3. Raytheon Model QKS 1300 Amplitrons 

Three Raytheon amplitrons were purchased expressly 
for the purpose of determining their life expectancy. This 
cross-field amplifier is designed to operate at around 
2.3 GHz with an RF output of 25 Wand an overall effi­
ciency of greater than 50% . Special life-test power sup­
plies were purchased with the amplitrons. The supplies 
were designed to maintain the constant anode current 
and heater power necessary to maintain lock in the amp li­
tron and obtain useful RF output power at the input 
frequency. In an out-of-Iock condition, the amplitron is 
a noisy, free-running oscillator and, thus, the RF output 
is not coherent with the input. 

'Hughes, R. S. , Life Test Rep01't, Aug. 1, 1967 (JPL internal docu­
ment ) . 
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The life test on the amplitrons was performed in the 
atmosphere and at room temperature. However, the heat 
sink on which the amplitrons were mounted was found 
to be typically 90°F. The RF input to the amplitrons 
was maintained at 27.8 dBmW and 2.295 GHz. The data 
obtained from the amplitron life tests, plotted in Figs. 5, 
6, and 7, show that the three amplitrons had a life ex­
pectancy ranging from 2,350-3,275 h, and that the end 
of life occurred rather abruptly. At the end of life, the 
amplitrons could not sustain normal cathode current and 
ceased to exhibit gain. 

During the tests, it was necessary to adjust the operat­
ing point of each amplitron. (These adjustments are 
represented by abrupt changes in the anode current 
shown in Figs. 5, 6, and 7.) The adjustments were neces­
sary to compensate for changes in the volt-ampere char­
acteristics of the amplitrons and bring the amplitrons 
back into a locked condition. Since the amplitrons have 
a relatively short life, and exhibit changes in their volt­
ampere characteristics during their life, it is recom­
mended that amplitron Model QKS 1300 not be used on 
any space programs requiring unattended operation. 

4. Watkins Johnson WJ 274 TWTs 

Three Watkins Johnson TWTs were purchased for 
evaluation and life testing. Two of the tubes were Model 
WJ 274-1 and the other was a high-efficiency Model 
WJ 274-6. These tubes are designed for a 50,000-h life 
expectancy and use an oxide cathode on 220 nickel. The 
cathode operates at a current density of 200 mA/cm2 • 

When operated at 2295 MHz, the Model WJ 274-1 TWTs 
typically exhibit 24 W of RF output at saturation, 24.5 dB 
gain, and an overall efficiency of 34%.2 At the same 
frequency, the Model WJ 274-6 TWT produced 25 W of 

'Hughes, R. S., WI 274-1 Evaluation Report, Oct . 1967 (JPL in­
ternal document ). 
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Fig. 4. TWT 216H SI N 30 life-test data 
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Fig. 5 . Amplitron SIN 218 life-test data 
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Fig . 6 . Amplitron SIN 229 life-test data 

RF output at saturation, 27.9 dB gain, and an overall 
efficiency of 41.6% . 

The Model W] 274-1 TWTs successfully passed the 
electrical and environmental tests (Footnote 2). The elec­
trical tests were designed to thoroughly evaluate the 
TWTs performance under a variety of input-voltage, 
input-drive, and output-load conditions. The environ­
mental tests consisted of the type approval static accel­
era tion , vibra hon , and shock tes ts sp ecifi ed in th e 
Mariner Mars 1969 Environmental Test Specification 
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Fig . 7. Amplitron SIN 250 life-test data 

TS 500437. In addition, the TWTs were subjected to a 
temperature test over a - 10 to + 75°C range. The results 
indicate that the Model WI 274-1 TWT appears suitable 
for spacecraft applications. 

The Model W] 274-6 TWT successfully passed the 
battery of electrical tests listed in Footnote 2, and was 
found to have the same general characteristics as the 
Model W] 274-1 TWT. The only environmental tests 
performed on the Model WI 274-6 TWT were the type 
approval vibration tes t, specified in TS 500437, and a 
thermal-vacuum test over a - 10 to + 75°C range. The 
tube passed these tes ts without any changes in per­
formance. 

The Model WJ 274-1 TWTs were placed on life test in 
the atmosphere on November 9, 1967. The Model WI 
274-6 TWT is being life tested in a vacuum (its life test 
began on May 20, 1968). The temperature of all three 
TWTs is running at about 100°F near the collector. The 
two Model WI 274-1 TWTs (SIN 29 and SIN 31) have 
each accumulated 5,050 h of operation; during this time, 
the RF output from each tube has changed less than 
0.1 dB. In addition, there have not been any significant 
changes in the other parameters. The initial RF output 
of SIN 29 and SI 31 was 44.1 and 44.0 dBmW, 
respectively. The initial RF output of the tvlodel WJ 274-6 
TWT (SI 3) was 44.1 dBmW. This tube has been on 
life test for 900 h and no significant changes have 
occurred in its performance. 
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XXIII. Future Projects 
ADVANCED STUDIES 

A. The Objectives for Roving Vehicles in a 
Lunar Exploration Program, R. G. Brereton 

The very nature of the lunar exploration task suggests 
that a surface mobility system will be required to acquire 
the needed data. Manned exploration on the lunar sur­
face can be expected to cover only a small fraction of the 
moon and most of this in easily accessible spots where 
landings can be made safely. For short stay-time manned 
missions, a lunar flying vehicle seems to offer the most 
practical technique for allowing the geologist- astronaut 
to visit the most outcrops, or interesting lunar features, 
within the time constraints of a life support system; 
however, even with this technique each lunar mission 
will explore only a very small percentage of the moon. 
Obviously, unmanned surface roving vehicles must be 
relied upon to £Il in the required detail of lunar geology 
and geophysics between the sparingly placed manned 
sites. A rover concept as a part of the lunar exploration 
program is required if the resources for investigating the 
moon are to be utilized thoroughly and economically. 

The contribution of the rover on a long traverse mis­
sion to the objectives for geological exploration of the 
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moon are shown in Table 1. In this table the essential 
and guiding objectives for geological exploration of the 
moon, as specified by the Geology Working Group of 
the 1967 Summer Study of Lunar Science and Explora­
tion (Ref. 1), are shown in relation to the results for each 
objective that can be expected from properly instrumented 
traverse rOvers. Generally, the contributions of the long 
traverse mission to geological objectives for lunar ex­
plora tion are: 

(1) Provide surface viewing along a traverse or of an 
interesting area away from the manned landing 
site. 

(2) Provide geochemical data along a traverse or of 
an interesting area away from the manned landing 
site. 

(3) Provide geophysical data along a traverse or of an 
interesting area away from the manned landing 
site. 

The objectives for geological exploration of the moon 
(Table 1) are quite comprehensive and a variety of rover 

253 



missions and science tasks are required to provide mean­
ingful data. Table 2 lists five possible roving vehicle 
missions and the appropriate scientmc instruments that 
would form their payloads. A common rover design 
would serve as a bus for each mission; however, instru­
mentation and operating mode would vary as a function 
of the scientific task to be accomplished. Each of these 
tasks has its place in the overall lunar exploration pro­
gram and so any plan that defines the most feasible and 
economical lunar exploration program must consider a 
mix of these roving vehicle tasks with other lunar mis­
sions, both manned and unmanned. These science tasks 

and the appropriate scientific instrumentation and oper­
ating modes for each have been discussed previously in 
SPS 37-51, Vol. III. 

Table 3 has been prepared as a conclusion to show the 
consequences on the lunar exploration program of auto­
mated roving vehicles. 

Reference 

1. 1967 Summer Study of Lunar Science and Explorations, NASA 
SP-1S7. National Aeronautics and Space Administration, Wash­
ington, 1967. 

Table 1. Contribution of a roving vehicle to the objectives for geological 
exploration of the moon 

Essential objectives Expected results from a roving vehicle 

To determine at appropriate scales the type, form , structure, distribu- An imaging system on a rover will make an order of magnitude contribu -

tion, and relative -age relations of the various masses of material tion to this geomorphic and stratigraphic objective at a scale and 

which constitute the accessible port ions of the moon. from a viewing position unattainable from orbiters and over on area 

far into the environs of each post-Apollo site . 

To determine the physical , chemical, min eralogical, and petrogenetic The information needed for this objective requires direct Junor surface 

nature of lunar materials, both surficial and deep-seated. sample points from a variety of features and geographic positions. A 

properly instrumented rover could provide these data for the areas 

between post-Apollo landing sites thus providing a more compre-

hensive picture of lunar geochemistry. 

To chara cterize from direct observat ions the operative processes (and The detail of tactile visual and other information that would be available 

their p roducts) that are actively modifying the superficial features of from a roving vehicle traverse of areas of the moon that may never be 

the lunar surface; includes bath endagenetic (volcanism , tectonism) visited by man will add much new data to this objective. 

and exogenetic (meteorite impact , solar wind) processes. 

To evaluate in the light of observational data post and current pro- The d etai l of tactile visual and other information that would be available 

cesses that may have contributed to the origins and evolution of from a roving vehicle traverse of areas of the moon that may never be 

the present major structural and lithological features of the moon , visited by man will odd much new data to this objective. 

including accretion and impact of extralunar bodies, volcanism, gas 

emanation, deep-seated magmatism, tectonism , and other processes 

reflect i ng important mechanisms of energy transfer in the moon . 

To interpret the most probable extension with depth of major crustal The solution of many of the problems posed by this object ive can be 

f eatures from the nature and geometry of their surface exposures solved by combining the powerful depth probing techniques of tra -

a nd w i th the aid of geophysical methods . verse geophysics and the mobility of a roving vehicle. 

To develop a comprehensive geolog i cal history of the moon integrot - Th e reconnaissance type data that can be provided by a roving vehicle 

ing th e resulls o f both direct and remote geologica l investigations for the large areas between each post-Apollo site would contribute to 

with geochem ica l and geophysica l stud ies to establish the t imes of the solution of this objective . 

in i tiat ion , duration , and product formation for the major episodes in 

lunar history. 

To provide a physical understanding and histar:cal perspective for the The reconnaissance and search capability of a properly instrumented 

ecological setting and protoarganic material base in which the rover for locating protoorgonic material (same precursor or foss i l of 

presence or absence of lunar life is established . l i fe) could be very important here. 
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Table 2. Roving vehicle missions for geological exploration of the moon 

Mission Instrumentation Remarks 

Geochem istry Photo-imaging system, particulate sampler, Rover would collect rock samples in the environs out from Q past-Apollo site 

(sample return) hard rack drill, sample container (total or more probably on an extended traverse between post-Apollo sites . This 

weight, including samples : 150 Ib) type of mission will relate the geology of the great tracts of land between 

the post-Apollo sites to the sites themselves . 

Geochemistry Imaging system, X-ray spectrometer, X-ray This type of mission will provide geological reconnaissance of great surface 

(in situ analysis) diffractometer, petrographic microscope, areas of the moon that cannot be investigated by man either because of 

particulate sampler, hard rock drill (total time or location. Vehicle would operate for months and over traverses of 

weight : 100 Ib) hundreds of kilometers. 

Traverse geophysics Imaging system, magnetometer, gravimeter, This mission will provide unique data toward the solution of problems that 

active seismic, laser and radio ranging can be solved only by geophysical techniques . This is a powerful tool 

experiment (total weight, including 100 for providing data an the subsurface of the moon. 

quarter-pound charges: 125 Ib) 

Deep seismic Auger and seismic charges (total weight: The rover equipped with an auger for shot-hale preparation and a number of 

2501b) charges would seismic-profile out from a fixed seismic station as could be 

provided by the Apollo lunar surface experiments package or the emplaced 

science station . 

Instrument deployment Variable There ore areas on the moon that are too rough , or inaccessible for landing 

vehicles because of one reason or another, and where it may be desirable 

to place scientific instrumentation . The rover could deliver instrument pack-

ages over hundreds of kilometers. 

Table 3. The need for rovers in lunar exploration 

Scientific discipline or mission Consequences of the use of a rover 

Troverse geophysics Without a surface roving capability, this task will literally not be accomplished . This means the very 

powerful techniques for subsurface probing offered by active seismic gravity and magnetic 

surveys will find little application. 

Lunar chemistry (including mineralogy, Without a surface roving capability this task will be accomplished for a very limited area around a 

petrology , and elemental analysis) few landing sites. Geochemical data from interesting features between the landing sites and from 

the significant hard -to-reach areas will not be available. 

Reconnaissance geology Simple instrumentation on a rover can provide a wealth of information on the structure, stratigraphy, 

geomorphology, and physical properties of the lunar surface in the environs of each post-Apollo 

site and on extended traverses between them . 

Instrument deployment Con place science instrument pockages in areas that cannot be reached by other methods. 

Search Provides a means for investigating the nooks and crannies of the lunar surface in the search for 

evidence of lunar life or ather phenomena. 
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