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ABSTRACT

ii

An analysis of the coherent demodulation in SSB/FM and DSB/FM

telemetry systems, having demodulation carriers synthesized from a

common pilot, is performed. The analysis concerns demodulation when

the entire base band, including the pilot, is perturbed by tape

recorder wow and flutter. The errors present in the demodulated

waveform are analyzed, which results in approximate expressions for

the error magnitudes. Also, the effect of additive gaussian noise

on the pilot is analyzed. The nature of the resultant errors is

discussed, and the magnitudes of the errors are expressed as a

function of the signal-to-noise ratio. A set of Appendices is in-

cluded which outlines related work.
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I. INTRODUCTION

In SSB/FM and DSB/FM telemetry systems using suppressed carrier

modulation, coherent demodulation is required; therefore, demodulation

carriers must be synthesized. Several problems associated with the

synthesis of demodulation carriers from a pilot signal are explored in

this report.

An idealized SSB baseband spectrum and the basic scheme for

demodulating SSB and DSB baseband signals are shown in Figures 1-1 and

1-2, respectively. The channel filters select the spectra of the channels

to be demodulated and pass these signals to the product demodulators. If

a data spectrum was translated to its baseband position by multiplication

by a carrier, cos wn t, proper demodulation requires that this carrier be
present, with the proper phase relationship, at the demodulation carrier

input to the product demodulator. This process requires careful attention,

and if the baseband spectrum is perturbed in some manner, complications

arise which lead to demodulation error.

In this report two such perturbations are studied. The first results

from the baseband being recorded on an analog tape recorder. Upon playback

the baseband spectrum is found to be perturbed by the wow and flutter

inherent in the recorder. The effect of this perturbation and a method for

its minimization is investigated. The second perturbation is caused by

the pilot being subjected to additive baseba°id noise. This results in phase

i t ter of the pilot, which leads to demodulation error. The magnitude of

the phase jitter is determined as a funct.on of the pilot signal-to-noise

ratio.

The appendices may be helpful to the reader in following certain of

the developments.
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II. SYSTEM MODEL

The analysis of the effect of tape recorder perturbations on

demodulation carrier synthesis requires that a suitable model of the

AM portion of the system be developed. By including the modulation

process as well as the demodulation process in the model, a clear

understanding of the system is obta f ned . The model is used to deter-
mine the effect of tape recorder wow and flutter on an SSB system in

Chapter III and a DSB system in Chapter IV.

A. Representation of Wow and Flutter
Wow and flutter, hereafter called flutter, arise from variations

in the instantaneous speed of the tape across the record and playback

heads in an instrumentation recorder. The major effect of these speed

variations is to introduce a time-base error (TBE) in the signals which

the recorder processes . 1 In other words, if a signal e s ( t) is recorded,

the recorder output, upon playback, may be approximated as

e o (t) = e s rt + h(t),
	

(2.1)

where h(t) represents the composite TBE due to both record and playback
flutter. It is shown in Appendix A that if the peak value of flutter

is small, (2.1) may be used to describe both pre-detection and post-

detection recording.
In order to formulate a more useful representation for a signal

which has been perturbed by the recording process, a signal expressible

by a sum of sinusoids will be considered. If the signal

n
e (t) _	 sin w t	 (2.2)
s	

3=1

1
Superscripts refer to numbered references.

... .M,3 , ., ^.,.:... :. ..'	 ...	 :..:. . t'	 ry ,..:	 -. `C (S§	 'k^'^i#:Y. M?'fi^'^z t	 „'Y,	
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5

is recorded, the recorder output can be represented as

n
e o(t) - F sin wj rt + h(t)1	 (2.3)

j=l	 l	 JJ

By defining

^j(t) = w j h(t),	 (2.4)

s
we may write

n

x	
e (t)_	 E sin 

l
w.t + 6 j (t)]	 (2. 5)o	 lJ 

l

Thus, the effect of the recorder is to impart a phase perturbation to

each of the components in the recorded spectrum. Each of these pertur-

bations is in phase and has a magnitude directly proportional to the

recorded frequency.

B. Development of the Model without the Recorder

The first step in developing a model for the system will be to

formulate a representation for the airborne carrier :synthesis portion

of the system. There are many ways that the original carriers can be

synthesized, and one possible method is described in Appendix B. The

results of this appendix indicate that if the carriers are to be harmon-

ically related, they may be synthesized from a master oscillator running

at a properly selected frequency w o . The Channel N carrier is synthesized

by divid'-ng w
0	 o n

by w /w ,	
n

yielding the frequency w . The pilot frequency,

wp , results from dividing the master oscillator frequency by w o/w .
P

After the carriers are synthesized, they are modulated by the infor-

mation carrying signals. if

e n (t) = cos wn t	 (2.6)

and

em(t) = 2 cos wmt	 (2.7)

„ _ >,,.	 _'	 n x` ^^' s	 5.d4	7x^x ss.•- +y sn^`
	 i&:sa7r s

..	 ._ ,.. ..	 ., ,..	 .:.	 ..	 - ,-,.^.9^ru+^..3 ,^T^.'.:..r.-.sE..'fG.i*;^..	 ws,..ws`rYsd^35^'^"^^... dr^r:'^.-



represent the Channel N carrier and the modulating signal, respectively,

the modulator output is

eDSB(t) = cos (can +
W 

M 
)t  + cos (Wn

 -
W 

m 
)t 	 (2.8)

for DSB modulation and

eSSB(t) = cos (Wn + WM )t	 (2.9)

for SSB modulation. The decision to wo^ l.k with the upper sideband is

arbitrary.

After the individual carriers have been modulated by the informa-

tion carrying signals, they are added with the pilot to form the base-

band. The resulting signal is then transmitted through an rf channel to

the ground station. The assumption is made that no error is introduced

by the rf portion of the system.

The first elements in the AM portion of the ground station are the

channel filters which select., the channels to be demodulated. As shown in

Figure 2-1, the outputs of the channel filters are passed directly to the

product devices which perform coherent demodulation. The other inputs to

the product demodulators are the demodulation carriers which are synthe-

sized f rom the pilot . This synthesis process is much like the process

shown in Appendix B except that the pilot having a frequency of W  replaces

the master oscillator. Thus, the demmodulation carrier for Channel N may

be synthesized by dividing the pilot frequency by wp/wn . A low-pass filter

to remove the 2w  term completes the system.

The model for the AM portion of the system is shown in Figure 2-1

for the case where the tape recorder is not used. For simplicity only a

general Channel N is shown. The problem now is to incorporate into the

model the effect of a baseband recorder.

C. The Model with the Recorder

The pilot, after being recorded, will assume the form

pe = cos [ W p t. + b(t ),	 (2.10)

.;	 3"iS...7Y	 ay JF	 ♦•, Y i br ,t.,M, x Sa-ti m .a•	".. '^: r^.	 ..'';,a	 ..,..qa	 „mx^. i-^
•^ • : . W	 ...... ,.My.v	 .^	 K.,z'P„=.'	 f ,.. _. _.
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where tilt) represents the phase perturbation of the pilot due to

recorder flutter. For convenience all flutter perturbations are

referenced to the pilot. Since the perturbation imparted to a signal

by the recording process is proportional to recorded frequency, the

phase perturbation imparted to the frequency (wn +wm ) will be

w +w
_"_m n(t).
W 

1herefore, after the SSB signal given in ( 2.9) is recorded and ployed

back, the expression describing it will be

W +w

eSSB (t) = cos f (wn +wm ) t +	 to m 0(t)^	 (2.11)
P

For the DSB case, the recorder output will be given by

w w
er(t) = cos I(wn +wm) t + n--	 -m 6(t)]DSB

P

(2.12)

w+ cos [(Wn - w 
m ) 

t + —n--m 0(t)^
wp

a

i

Equations (2.11) and(2.12) indicate that an appropriate model for the

tape recorder is a phase modulator, having a modulation input proportional

to the recorded frequency. Replacing the tape recorder by a phase modula-

tor yields the model illustrated in Figure 2-2, which is specialized for

SSB. In order to analyze a DSB system, the model for the SSB system will

be applied first for upper sideband and then for lower sideband. The results

of these analyses can be combined to yield the DSB result.

1
.:^,.	 cx	 hS	 ^ =r.r1 ^x '`•'sr"F	+<Y,	 t^xa'ry^r—"+f 7., ,̀.^	 "'^	 ,u'°"^g^m'.r	 r" sfi 'c.	 *'w^"3.y*^	 ^^	 ,,...	 ...... ... ... ....*u...^. ,:.. °. .,	 s-x ^..a.^.,,d,. 	 ,,	 _	 ^.. ,..



9C

ti as ^

w

w

r
O ^ C

V w

1 ^^ ^+ a
dd

3 1^
^

^'
^ b tom.+ ^ .^. b

AC1 U n O

a41 d d
o

33

O ^'' ^, H

a c v0 O .0
+ 3 co 04 w

j a ,-4
t r.

.. 41 0

u

1
^ o ^

^ moo,%
a ^+

H u°

m c

,d0
%_o N

3
A

Na
a^o :1̂̂ 1,

u
-O 

v N

^
N Q ^

^ bo
n v wa
v

y 
y

0 ^ ^

,° .c 3°1 3a
4J

01303

Pw
W C, .^.

0

4J ̂ 03
w r-4

u 0
0

r_ y

^'	 '	 m	 .".	 .r	 .,	 '.....^'^':...'..: ^^.. ^.. ^.r.^t^'?^:. ^.L....__r rte, ^..N:c.^"+AL'^" a1.:.:.wut.:an
_
w.......

f	 1

' ..	 ,bHACe^rt1JY*.?^.. ^^.. C 	 i	 •^	 ^.y^^f^+.	 .P.^.. ^^+^..' i 	 ^,y^S:,r
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10

I	 EFFECT 0III.	 ECT F FLUTTER ON AN SSB SYSTEM

The mode l illustrated in Figure 2-2 will now be utilized to determine
the effect of recorder flutter on an SSB system. Sinusoidal modulation

will be assumed. First, the analysis will be performev neglecting the data

and pilot filters, and then the more general problem including filter effects

will be investigated.

A. Analysis Neglecting the Data and Pilot Filters

For sinusoidal, single-tone modulation an expression for the SSB

signal is
i

e SSB ( t) = cos (wn +wm) t ,	 (3,1)

r

whe re

(	 W  = Channel N carrier frequency, and

w  = modulating frequency.

After recording, this signal becomes

w +w
e 	

(t) =cos
 

[(wn+wm)t+ n	 6(t)	 (3.2)
p

whe re

6(t) = phase perturbation of the pilot due to flwl;ter, and

W  = pilot frequency.

The expression for the synthesized carrier may be derived with the aid

of Figure 2-2. The pilot, e p (t), is

e p (t) = cos wp t,	 (3.3)

r,.
rr	 r:i-.

,

_ .i . {>^- .7	 -.^ .x	 3 t JA	 ...n.	 rfi?	 „r^' x	 ^";;^.Ye4he^o-^..+r.	
,.	

«-. ...^.u7}^Y"	 P r..
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which becomes

	

eP(t) = cos Iw 
t p	 J	 (3.4

after recording. Since the effect of the

	

the synthesized demodulation 
carrier, a	

Pilot filter is being neglected,
' sc (t), becomes

w
esc (t ) = cos e— W t + 8(t).l

	

p (̀ , P	 (3.5)

or
s

esc(t) = cos lWn t + = 8(t) .
l 	 WP	 (3.6)

The demodulated output is then 
obtained b 

and (3. 5) and fil tering out the 2w term to multiplying 
together (3.2)`'

n	 yield

c^
edn (t) = 2 cos `W

m t+ = A(t)
^ P 	 (3.7)

From (3. 7) it is observed that the effec
duce a	 t of the recorder is to intro-phase error 

proportional to the modulating 
frequencno interaction 

between the modulation 
process and the	

Y• There is

(3.7) would be 
unchanged if the 

modulating signal	

recorder, since

and played back. Thus, this error results when th
e

	directly recorded

tlon carrier perfectly	
Position 

syn thesized dem	 _

	

p fectly tracks the carrier 	
odl.

R

educing or compensating for the TBE of the
	

on in the data channel.

recording 
system is the onlymethod of eliminating this distortion.

Be Analysis with the Filters
A more complete analysis of the system 

requires that the effect ofthe bandpass 
channel and pilot f ilters be considered, which 

involvesdetermining the 
r

esponse of a linear network to a phase _modulated signal.A first order 
approx

imation of the filter 
outpututi lizing  	 may be obtainedthe	 ine d steady-state	 b

	

dy-state transfer function	
Y

of the filter 
eva luated at

a3^.^.,."^	 .sxter::^:.s'ea,a. Y .	 Y.,rti 4,F€rr '^..a3." ,	 ^eu^ie:..ti.	 w:,.r ` '	 ,r:.^..	 ^,.^ . t ^€'^ ".	 ` ..^..^..^,..,,,..



the instantaneous input frequency, w i . This technique is known as the

quasi-steady-state approximation  and is developed in Appendix C.

The steady - state transfer function of the channel filter may be

written in the form

	

1i (w) = Hn (w) 
e (w)	

(3.8)

where 
I 

H 
n
M and ^(w) represent the amplitude and phase response,

respectively. Since the analysis is primarily concerned with the effects

of phase, the assumption will be made that the filter has unit ampli-

tude response in the region of interest. The phase response will be

assumed linear as in Figure 3-1, so that

	

^(w) = S n (w -W n ) + 0 n ,	 (3.9)

where

S n = slope of the channel filter phase characteristic, and

1	
0n = phase shift of the filter at a frequency wn.

Thus, the channel filter transfer function is given by

	

H  (w) = exp 
I 

S 
n 

(W - wn)+0 n]  .	 (3.10)

If the network is excited by a sinusoid of variable frequency such as

e
in	 C n	 I

(t) = cos w t +µ(t) ,	 (3.11)

Iwhich can be written as

e in (t) = Re exp j rwn t +µ(t) 1 ,	 (3.11)

	

1̀.	 J

12

the quasi-steady-state approximation of the output is

eout ( t) = Re H (w i ) exp j Lwn t + µ (t)^	 (3.13)

...	 .,	 x.,i" ^ t-^:;ŷ,s a .,, ^.•,r ^.va^ '"K
..

^EJ	 ^°	 ^^'^t	 ^;̂ C^- ^ `,`s#:1&'Lf^iri w
s

a.'^ i '^	 $aa_`.''-wi.	 ..^^."w"Sra.7^.... ..^ . ^ . ... .. . 	.. ....,;+i !^ a.	 ,.	 ..,s..,;:,`,.^..	 _ <..	 _ ...



w

13

Figure 3-1 Channel-Filter Phase Characteristics Used in SSB Model
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whe re

wi = wn +µ `t)	 (3.14)

Substitution of (3.14) into (3.10) yields

	

Hn (w i ) = H  rwn +µ(t)1 = exp j [Snµ(t) +8 n J	
(3.15)

l	 .J	 1,	 J

and (3.13) becomes

eout(t) = Re exp j
Cw

n t +µ(t) +S	 4(t)  +An (3.16)n	 J

r
or

e	 (t) = cos Iwnt+µ(t)+SnWo+An 
Jout (3.17)

Note that µ(t) is the instantaneous phase deviation of the input from

the	 instantaneous channel carrier phase w n t,	 and µ(t),	 the time derivative

of µ(t),	 is the	 instantaneous frequency deviation of the	 input from the

channel carrier frequency, wn.

R

From (3.2) the	 input to the channel filter is given by

w +w	
1

c Sl;	
roq	 ((A)	 + u; )	 + n r m 8(t) 

J
. (3.18)

Il	 Rl	 (^

P

m Inspection of this equation yields

w +w
µ(t) = wm t + n— nw	mm 8(t) (3.19)

p

and

w +w
µ(t) = wm +	 n--W--- 6(t) (3.20)

^. p

a

i
^,;^	 ^zl	 rs.	

cnv^.a
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ul^at Hut ion of these values into (3.17) yields

W +w
edf (t) = cos rwn t+wm t + n._ W M o(t)

`l	 P
(3.21)

w ,+ w	

1+Swm +S n -- n̂  ^ 0(t) +

	

n	 ^nJ
P

as the channel filter output for the SSB system.

The pilot filter output may be found in exactly the same manner.,

or it may be determined from (3.21) by setting w  and g n equal to zero

and setting w  equal to w p . The term w  is zero since there is no data

modulation on the pilot, and 8 n is zero because the pilot is assumed

centered 'in the pilot filter, i.e., the phase shift is assumed zero at the

frequency wp . Therefore, the output of the pilot filter is given by

e pf (t) = cos `wp t +8 (t) + Sp 6(t)1 ► 	 (3.22)

where S p represents the slope of the phase characteristic of the pilot

filter. The output of the divide by w p/wn network is the synthesized

demodulation carrier, which is

	

e sc (t) = cos rwn t + wn B (t) + 5 ^n 8(t)	 (3.23)

	

L	 P	 JP	 P

The Channel N demodulated output, e dn (t), may now be found by
multiplying (3.21) and (3.23) together and filtering out the 2w  component.

The result is

w
e dn ( t ) = 

2 c
os
 

I
wmt + wm 9(t) + Snwm

 P

(3.24)

+ (Sn - S ) wn 9(t)+S 
cm e(t)+e

P	 n
P	 P	

nJ



which becomes
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(A)	 (B) (C)	 (D)	 (E)

W	 w
edn (t) = 2 cos	 mt + a n + S nwm 

+ wa 9(t) + W S n A(t),

P	 P
(3.25)

if the phase slopes of the linear-phase filters are equal. This condition

essentially requires that the time -delay through the data channel and the

pilot channel be equal. Term (A) is the desired term since the modulating

sign al was cos wmt. Terms ( B) and (C) do not cause distortion, since (B)
a	

can be eliminated by passing the pilot through a constant-phase-shift network

and(C)is a phase shift proportional to frequency, i.e., a constant timeodelay.

Term (D) represents the distortion term which results from flutter without

consideration of the filters, i.e., the distortion  term in ( 3.7) , and
finally, term (E) represents distortion caused by the interaction of the

flutter perturbation with the data filter. Therefore, the effect of flutter
on an SSB system can be reduced to the two distortion terms (D) and (E) if

the proper linear-phase  filters are used and if a constant phase-shift
network is used to compensate for the carrier frequency not being centered

in the data filter passband.

Data taken from several older recorders allow the relative magnitudes

of the distortion terms in (3.25) to be approximated. A typical system

would have a maximum modulating frequency of 3 kHz and a pilot frequency

of 76 kHz. The slope of the phase characteristics of typical filters would

be approximately 10 -4s. The recorder data taken indicated that instan-

taneous phase deviation of a 76 kHz signal can be as large as three radians,

and instantaneous frequency deviations can be as large as 150 Hz. These

values yield

W
Max	

m 
g (t)	 = 0.12 rad

w
P

.>::.;-"-`w.,=,?,':;s``̂:^,r^a^.^« k^
'',̂y"'.".;t*' •w.s. _.^.	 u.^_^.	 _	 _^ .	 ^.._u _	 ..	 -.^,^.u..m	 ___z



and

w
Max S  w= ;(t)	 = 0. 0037 rad.

P

From these expressions, it is clear that Term (D) is usually of more

importance and that it may introduce significant error.

17
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IV. EFFECT OF FLUTTER ON A DSB SYSTEM

The model in Figure 2-2 can be used to analyze a DSB system by applying

the principle of superposition to the output of an upper and a lower SSB

system. From (2.12) the input to the channel filter may be written as

eDSB (t) = cos (wn + cam) t + n-- W --m a (t)^
p

(4.1)

wn 
w

-w
+ cos C (can - wm) t +	 m 

@(t) I
P

where the first term represents the upper sideband and the second term

represents the lower sideband. The assumed characteristic for the DSB

channel filter is illustrated in Figure 4-1 and can be expressed as

^(w) = S n (w - wn ) ,
	

(4.2)

which is (3.9) with 0 n equal to zero since the DSB channel carrier is

assumed centered in the filter passband. Thus the channel filter output

is given by

e out (t) = cos r wn t +µ(t) + Snµ(t),	 (4.3)

which is (3.17) with 0n equal to zero. This output was derived for an

input given by

ein(t) = cos 
I 

W 
n 
t + µ (t) I . 	 (4.4)

For the upper sideband the instantaneous phase deviation is given

by

W +w
µ(t) = wmt +

n- 
m H(t)	 (4.5)

P

....	 ^	 ,.. ,..	 ^	 ,.. ^.rir'v'^}	 4^i ^i^a^^^.;^,Ai^3^;^:u..^:^ili^'RC:x:4.-	 .>i^..'̂•wws^"s«,." 	 '^.w`".•`:a x^a^^^.'.^:^`i;.,.,	 k.>c. ,.. «. .r . +r .,	 ... ........... ..... ...	 .,..,.,_,	 „.
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Figure 4-1 Channel-Filter Phase Characteristics Used in DSB Model
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and thus, the frequency deviation is given by

w +w

µ(t) = w n— =m+ 	 y(t)

P

(4.6)

From (4.1) the upper sideband output, eU (t), is given by

W +w
e L(t) = cos r n	 m(w + w) t + n m 6(t) + Snwm

l
P

(4.7)

w + w
+ S  n--w—m 8(t)^

P

which is (3.21) with 
8n equal to zero. For the lower sideband the instan-

taneous phase deviation is given by

W -w
µ(t) _ -wm t +n.- 6(t),	 (4.8)

P

and the frequency deviation is given by

W -w
µ(t) _ -wm + n-- m̂ g(t).	 (4.9)

P

The lower sideband output, e L (t), may now be found using (4.1). The

result is

e  (t) = cos ( (wn - wm ) t +	 W m	 wg (t) - S nwm + Sn n	 A (t)(4.10)
P	 A

The total channel filter output for the DSB case is then found by

IT

.	 H #^	 ^ r Y'	 a	 ^^	 t	 ^i 7^..^,^"* .s4 :iTal u ,,.,Ez^^.e« +}*..^. 	 ^^= xr
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summing (4.7) and (4.10) to yield

	

W +w	 w +w

	

edf (t) = cos 
I 

(wn +W M )  t + nW 9 (t) + S 
n 

w 
m + S  n- W	 a (t)I

P	 P
(4.11)

+ cos ( (W -Wt + wn-= e(t) - S nwm + S n wn--w-- g (t), .
l P	 P

The synthesized demodulation carrier is the same for DSB as for SSB

and is given by (3.23). Multiplication of (4.11) and (3.23) and filtering

out the 2w  terms yield

W	 w	 w

	

e dn (t) = 2 cos rw m t +-	 n m	 n	 pm 0(t) + Sw + ( S - S) 
^n 

0(t) + Sn 
wm 

0(t)^
l`	 P	 P	 P

(4.12)

w	 w	 w
+ 2 cos r -wm t - Wm 8 (t) - S nwm + ( S n - S p ) n̂ P (t) - Sn = a (t)1

l	 P	 P	 P	 J

for the demodulated output. If S  =S P ,  the sidebands add coherently in

the demodulation process and (4.10) becomes

	

w	 w
e dn (t) = cos I W 

m 
t + S nwm + wm 0(t) + Sn wm O(t)^	 (4.13)
 P	 P

which is identical with the result obtained for SSB except for the 0 n term

does not appear. Thus, assuming that the synthesized demodulation carrier

perfectly tracks the channel carrier position, the distortion in e dn (t) is

the same for both SSB and DSB modulation. It is important to note that if

S  does not equal S p , coherent addition of the sidebands does not occur,

and additional distortion results.

t

i

kj.



V. EFFECT OF PILOT NOISE

In the previous chapters the performance of the system is analyzed

for the case where the baseband spectrum is perturbed by tape recorder

f lutter. The assumption was made that the recorder flutter was the only

deteriorating effect in the system. The following analysis will assume

that flutter is zero and that the pilot is subjected to additive noise,

which, ty virture of the pilot filter, is narrow-band. The effect of

this noise will be to impart a phase perturbation to the pilot, which

will lead to a dynamic phase error in the synthesized demodulation

carrier. The magnitude of this phase perturbation will be determined

as a function of the pilot signal-to-noise ratio.

The analysis which follows will be general and the results special-
3	 4	 5

ized to a meaningful form. The work of Rice , Hancock , and Panter

will be closely followed.

In Appendix D, the represention of narrow-band noise about a fre-

quency w 
C 

is given as

n(t) = X(t) cos w t+ Y(t) sin w t,	 (5.1)

where X(t) and Y(t) are statistically independent gaussian processes

with zero means and equal variances. The signal which this noise acts

upon will have an assumed frequency, w 
p , 

the center frequency of the

pilot filter, and may be written as

s(t) = E 
p 

cos 
I W p 

t - 
^ PI	

(5.2)

or

s(t) = a cos w 
p 
t+ b sin w 

p 
t '	(5.3)

whe re

E p = ^ a 
2 
+b 

2	
(5.4)

22
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and

Qp = tan -1 b	 (5.5)

Thus, the output of the pilot filter is the sum of the signal and narrow-

band noise and may be written (for we = w p ) as

e(t) = s(t) + n(t) = 
I 
a + X(t)1 cos w p t + I b + Y(t)1 sin w p t ,	 (5.6)

or

e(t) = R(t) cos I wp t + ¢ (t) I ,	 (5.7)
The envelope, R(t), is given by

R(t) _	 `a + X(t) ) 2 + rb + Y(t) ) 2	 (5.8)

and the phase is

1
(t) = tan-1 b+ Y(t)	 (5.9)a + X Mt

In order to determine the effect of the noise upon the pilot phase,

a density function is needed for ^(t). To obtain this function the joint

density function q(r,^) will be determined, and from this density function,

q(^) will be determined by integration over all r. The joint density

function may be found by defining the random variables X 1 (t) and Y1(t)

as

X1(t) = a+ X(t),	 (5.10)

and

Y1(t) = b+ Y(t).	 (5.11)

23
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Since X(t) and Y(t) are gaussian random variables with zero means, X1(t)

and Y 1 ( t) will be gaussian random varibles with means a and b, respect-

ively. Thus, the density functions, p(x 1 ) and p(„ may be written as

1	
- ( y l - b)2/2o2

p(x l ) _ --- a	 (5.12)
2n a

and

1	 - ( y l - b)2/2Q2
p(y l ) _ --- a	 (5.13)

2n a

Since X(t) and Y(t) are statistically independent, X 1 (t) and Y 1 (t) are

also statist ically independent. The joint function, p(x l ,y l ), is there-

fore given by

p(xl,yl) = p(x 1 ) p(y 1 )	 (5.14)

or

1	 - C ( x l - a) 2 + ( y l - b)2 ) /2 v2

	

p(x l ,y i ) _ ----2— a	 (5.15)
2no

This density function may be transformed into the desired density function,

q(r,c ), by making a change of variables. Let

	

2	 2r=x1 +yl

x l = r cos	 and	 (5.16)

Y 1 = r sin fi.

Equating probabilities yields

p(x l ,y l ) dx ldy l = q(r,d)) dr d^	 (5.17)

hik ^mT z .^`"^^ ^ ^ ^T r `^ "t	 3xy^s""	 3^	 -' ^	 ,^ ^vYa o ^^	 m ;n^ x 4	 "^ '"w»*rr	
a.... __ _ _........5'c)^`q	

v,



2 P)

1

1

1'111 , riiI Id'Ieitt ial aIea, dx I dy l , tiansfi)rins into

q(r,#) = r p(x l ,y,) .	 (`?.1R)

Making the substitutions given by (5.16) into (5,15) yields

c1(r,^,) =	 r	 e - 1(r cos	 - a) 2 + (r sin	 - b) 2 ] /202	 (`i, 19)
2no2

01'

q(r,4) = --	 a ^r2 +a 2  +b 2 - tar cos t- 2br sin fi) /2 02 , (5.20)
2n02

11sing ( 5,20), the density functions q(r) and q (m) can be determined.

Fhe variations in the envelope of the pilot: will be neglected since they

can be re ,noved by a limiting process; therefore , q(r) is of no interest.

The density function q(^) must be examined since it gives the amount of

phase perturbation of the pilot due to the noise, and a pilot phase pertur-

bation leads directly to an error in demodulation.

The density function, q(t), may be obtained by integrating the joint.

density function q(r,d)), over all valves of r. The integration is tedious

but straightforward, so it will not be presented here, However, if the

substitution

2

Z = -	 = a^—=- b--	 (5.21)
2c 2 
	 2 c`2

is made, the result for zero reference phase is 

^ = n l
	 nz	 (1 + 4	 (cos r^)	 2z cos ^) e z costq( 	 (5.22),

where T(x) is the normalized probability integral defined by

x	 2

	

Too r 1	 e-t /2 dt.	 (5.23)
2n f

_OD
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Equation (5.21) shows that z is the signal-to-noise power ratio.
!	 2

This follows since E  /2 is the signal power and the variance, T , is

the noise power.

Equation ( 5.22) is plotted in Figure ( 5-1) for several values of

z. For z equal to zero the density function, qM, is uniform, and as

Z is increased the density function begins to look gaussian with zero

mean. As z continues to increase, the phase perturbations decrease and

a
the density function, q(^), approaches , true gaussian function. This
can be seen by noting that

-x2/2

T(x) z 1	
e
	 x > 3	 (5.24)

2 tr x

Thus, under these conditions

-z cost
Y^(	 2z cos ^)	 1 - e 	 ( 5.25)

2 Irz cos

and

_	 -z	 2	 - -z cos t fi

q(^)	
2n	

1 + 2 ^ nz cos ^ e
z cos ^ ►̂  (l	 e	 )	 , (5.26)

2^ cos ^

which becomes

	

q(^)	 e	
L 

2V7 cos cp a z cos t	 (5.27)
2n

Equation (5.30) may be written as

Q( )	
a-z	

n cos ^ e
z(1 - sin  0 9	 (5.28)

I
..	 t4R t	 ^.•si-	 y •'.^	 ,^:-' w, -Y, ^,.. %' ^ kr. t x.	 +'^ .r.	 r-^`.c....uwy F _Sn r5,	 ,ref	 -s	 x	

^a .. ..	 ^,..	 , .. __
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or

2
q(^) z, n cos	 a -z sin	 (5.29)

Equation (5.24) shows that (5.29) is valid where
f

2z cos ^ > 3 .

For large z most of the density function will lie in the region

of ^ equal to zero. Thus, for sufficiently large z, (5.29) can be
written as

v7z e

-z^ 2
(5 30q(^) 	 )

which is a normal distribution with zero mean and variance

2

2zz (5.31)

This expression is useful because the standard deviation,

_	

\I1	 (5.32)
2z%

is the rms phase error.

This phase error, which is plotted in Figure 5--2, is divided for

channel carrier frequencies less than the pilot frequency and multiplied

for higher carrier frequencies. Thus, phase error in the synthesized

demodulation carrier may be more or less than pilot phase error. The

effect of these phase errors in investigated in Appendix E for the case

of sinusoidal modulation. i

Yam;_
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VI. FACTORS AFFECTING PILOT POSITION

There are basically two factors which must be considered before the

pilot position in the baseband can be fixed. The first factor results

from the triangular noise spectrum which exists on the baseband due to

noise in the receiver rf. Consideration of this factor of course

indicates that the pilot location should be low in the baseband if the

receiver rf noise level is high. This effect is well understood and if

the pilot bandwidth and the receiver rf signal-to-noise ratio are known,

the maximum pilot frequency can be determined.

Another problem which must be considered is the effect of the pilot

position when the baseband is perturbed by tape recorder flutter. When

the pilot frequency is low, it must be multiplied in order to synthesize

higher frequency demodulation carriers. The resulting situation is

illustrated in Figure 6-1, where the synthesized demodulation carrier

frequency is four times the pilot frequency. Time t o is assumed to be

the real-time position, i.e., t = 0. All preceeding pilot zero

crossings and their corresponding times are known accurately. 'Thus,

the length of the interval

1  = t o - t-1 ,	 (6.1)

is known. Since this interval is one half the pilot period it is given

by

30

\I

I	 =	 I , =	 1	 ,o
2f 	 C1 +g(t)Ifp

°here

(6.2)

f = actual pilot frequency
g(t) = instantaneous flutter, and

f  = nominal pilot frequency.

a r



4

0 1.F4
a

u
C
a^
N
v'

w

0
a

0 1
sa
w
w

J

N

/+
cn

L^+

ib0 f

.0

cu ,

ra

O
M

31

X



32

The next pilot zero crossing falls at time t l , but before the occurrence

of this zero crossing, several cycles of the synthesized demodulation

carrier occur. Essentially the zero crossings between t o and t  are

positioned by assuming that the interval I 1 = t l	to is equal in length

to the interval To . The difficulty with this assumption is that TBE,

h(t), is a dynamic process and hence changes from interval to interval.

Thus, the interval lengths change, and the fact that the zero crossings

between to and t l are placed using "old" information leads to phase

errors if a high-frequency carrier is synthesized from a low-frequency
pilot. To determine the maximum phase error in the synthesized demodula-

tion carrier, the maximum change in the interval length must be determined.

This change, AIm , is given by

DIm = Max C dt h(t) 1 I
	

(6.3)

where Max 
[dt 

h(t)] represents the maximum time rate of change in TBE

and I is the nominal interval length, w 	 Since flutter, g(t), is given

by	 p

g(t) = dt h(t),	 (6.4)

(6.3) may be written as

Alm = W gmax .	 (6.5)

p

where 
gmax 

is the maximum value of g(t), which is commonly given in recorder

specifications.

Equation (6.5) actually gives the maximum time error in predicting

the location of the next pilot zero crossing. This time error is trans-

formed into a phase error in the synthesized demodulation carrier by

multiplying by the demodulation carrier frequency, w n . The resultant

t
M•MOC..:...=- 	 .^..	 :^ ! .^:YSC's.`.rr.^;'^i,._..„—^a=.'fi`.3 

..:..-;'^..._.^.. :.., 	
.....	 ;tic ^ .	 ,

ga r

s ` 
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W

e pn	 g
max ( W n ) (180) degrees.

P

(6.7)

phase error on Channel N, e pn , is given by

33

e pn - ( 
n
L gmax ) w

n rad ians
P

(6.6)

Equation (6.7) illustrates that the peak phase error occurs on

the highest frequency channel. It is therefore useful to define a pilot

position parameter, X, as

c.>

X = ^,
	

(6.8)

P

where w  is the highest frequency channel in the composite baseband.

Figure 6-2 shows e px , where

e px	
gmax X (180) degrees, 	 (6.9)

plotted as a function of X. Several typical values of 
gmax 

are used as

parameters.

Another point to be considered in the implementation of the system

is the synchronization of the various carriers. For example, if the

Channel 1 demodulation carrier is to be synchronized from a pilot on

Channel N, a phase ambiguity will exist unless it is known which zero

crossing of the Channel N pilot corresponds to the positive going zero

'	 crossing of the Channel 1 carrier. Complete baseband synchronization

exists when all demodulation carriers are passing through zero with

positive slope when the Channel 1 carrier is passing through zero with

positive slope. Accomplishment of this synchronization requires an

additional bit of information wr.ich may be acquired by several techniques.

If the pilot is located below all of the carriers, the ambiguity does not

exist.

;
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VII. SUMMARY

The results of the analysis show that if the synthesized demodulation

carrier perfectly tracks the carrier position in the channel, an error

due to recorder flutter occurs in both SSB and DSB systetne. The errorx^

is identical in both systems. The error can be decreased either by

using recorders having less flutter or by employing a scheme for TBE

compensation. Also, the effect of noise on the pilot has been analyzed,

and the resulting errors in the demodulated output determined for both

SSB and DSB systems. In Appendix E it is -hown that these errors are

more severe in SSB than in DSB.

In the SSB :system a phase correction is needed to compensate for the

phase, e n , imparted to the channel carrier. For the DSB case the channel

carrier is assumed centered in the data channel filter resulting in no

phase shift of the carrier. Therefore, the only difference in the

ground station implementation of the two systems is a phase compensation

network.

In order to eliminate  the distortion  terms involving

( S n - Sp),

S  must equal S p . This is equivalent to stating that the time delay of

the data and pilot channels must be matched. It should be noted that

this does not say that the channel and pilot filters should be identical,

but only that the phase characteristics be matched.

t	 -.....	 ^ .^i.. 1M. f• ' ue: ^. .	 rsi :.tJe.u^.. ':^ _:..i.^..... id Y^.18.it
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APPENDIX A

FLUTTER AND TIME-BASE ERROR IN TAPE RECORDING

In this appendix the effect of flutter is determined for both

direct and FM recording, and the conditions under which the effect of

flutter is a simple TBE arQ investigated.7

A. Flutter in Direct Recording

In the recording process the instantaneous flutter, g r (t), is

defined as

v (t) - V

	

g r (t) =	 r V	 r
	

(A. 1)
r

where v r (t) is the instantaneous tape velocity and V  is the mean tape

velocity. From (A.1)

vr (t) = V 	 [ 1 + g r (t)] .	 (A.2)

Distance along the tape, s( ti ), can be obtained by integrating (A.2) to

g ive

^I

ti

	

s(ti ) = V  [ T +	 gr(t) dtl	 (A.3)
o	 J

If time-base error (TBE) is defined as

T

	

h r ('r =	 gr(t) dt	 (A.4)
0

(A.3) can be written as

S (ti ) = V  I 'r + hr(r) I .	 (A. 5)
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Solving (A.5) for T gives

a(T)	 (A.6)
r

Since the peak value of TBE is typically on the order of a millisecond

or less, the second term in (A.6) is usually negligible compares' to

the first term. Thus T may be approx{.mated by s/V r , where s is under-

stood to be a function of s.. Thus,

T = s - kt ( 9 )..	 (A.7)V	 r V
r	 r

The record circuit will he assumed to result in a tape flux, ^(T),

?roportional to the recorded signal, or

t(T ) = K re r (T),	 (A.8)

where K
r	

g	 p	 uis a recorder constant having units of Webers per volt	 Sub-

stituting (A.7) into (A.8) yields

	

¢(s) = Krer V - h r (d ) J	
(A. 9)

r	 r J

an expression for flux along the tape as a function of distance.

Upon playback, the voltage at the output of the re c d head, a (t),P	 p

is given by

ep(t) = Kp 
dt 

^(s),	 (A.10)

where K  is a recorder constant having units of volt - seconds per Weber.

Substituting (A.9) into (A.10) yields

de (T)

	

e p (t) = K - d--	 (A.ii)

r	 ^°



(A.15)
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where K is the overall recorder constant, K r K p 
and i is related to s

oy (A.7). Application of the chain rule yields

de (T)
ep(t) = K d—	 ds dt '	

(A.12)

which, with the use of (A.7) may be evaluated as

	

ep (t) = V	 dt C 1 - hr ( V )^ e' r C V - hr ( V 	 (A.13)

	

r.	 r	 r	 r

Irt analogy to (A.5) the expression relating time and distance along

the tape during playback is

s(t) = V  I 
t + hp(t), ,	 (A.14)

where hp(t) is the playback TBE and V  is the mean tape velocity during

playback. Jubstituting (A.14) into (A.13) and letting V  equal V 

yields

ep(t) = K [ 1+ hp (t),	 1 - hr C t + hp(t),

0

X e 	 t + hp (t) - hr I t + hp(t),

or

e (t) = K	 1 + h f (t) - hr t + h (t) - h^ (t) hr t + h (t)P	 P	 C	 P	 J	 P	 C
	 hp (t)

(A.16)

X e - hr t+ hp(t),t + hp (t)

If an overall TBE is defined as

h(t) = hp (t)	 - hr tt+ hp (t)] (A.17),

^.	 .:,... ♦_ 	 .	 t	 "u'.^ C C.1'L'^T^4^'i^'^.ru ^.^.^iTsnii..aYa^.B.i^1 	 A	 i.1:L^,'.._'I .... ^ -i^...IB. #IMY'._..•lu.YeG^d,ji^. 	 u_^_`L!£ __.]1^4d511`:.a...,.4	 • '^ _
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it follows that the overall flutter, g(t), is given by

g(t) = d h(t) = hp (t) - h r It + h p (t), - hp (t) h r 
I
t + h p (t)^ . (A.18)

Substitut.ng (A.17) and (A.18) into	 yields

e p (t) = K 
l 

1 + g(t) 1 e r [t + h(t)
I
	 , (A. 19)

which indicates that flutter results in both a perturbed time base and

amplitude. However, if the peak flutter is small, (A.19) may be ap-

proximated as

ep(t) = K e ' [t+  h(t),
	

(A.20)

The derivative indicates that the playback signal must be integrated to

yield the output signal

e o (t) = K er I t + h(t) 1 ,	 (A.21)

which is the recorded signal perturbed by TBE.

B. Flutter. in FM Recording

If a (t) is assumed to have the formr

aw	 t

e r (t) = E  sin Iwc t + E o e m (t) dt	 (A.22)
 m fo

the playback signal can be obtained using (A.19) to yield

^w e m I t + hl.t)

e p (t) = K Ecwc ['+  g(t)]	 1 + w	 Ec	 m
(A.23)

l	 6w	 t + h(t)

	

X cos we (t + h(t), + E c	 em (t) dt

M fo
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Demodulation of the playback signal yields the output signal, eo(t),

corresponding to the input signal, e m (t). Thus, determining the instan-

taneous frequency of the argument of the cosine term in (A.23) yields

K LW
e o (t) = E	 em (t + h(t), + g(t) [E M + e m [t+ h(t),	 (A.24)

M

where K  is a discriminator constant having units of volts per Hertz. If

g(t) is small (A.24 f may be approximated as

K ^w
e o (t) = E c em ft  + h(t)1	 (A.25)

M

As for direct recording the effect of flutter in FM recording is

a time-base perturbation, provided the flutter is sufficiently small to

allow the additive noise term in (A.24) to be ignored.

b
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APPENDIX B

CARRIER SYNTHESIS BY FREQUENCY DIVISION

In Chapter II it was stated that if all channel carriers are

harmonically related, they may be synthesized from a master oscillator

by dividing the proper master oscillator frequency by an appropriate

number. There are many ways by which this may be accomplished. The

purpose of this appendix is to illustrate one of these methods in order

to make the system model clearer.

For purposes of illustration, assume that the baseband is a 16

channel format with the pilot at Channel 16. The frequency of the

Channel 1 carrier is wl , and

w  = Nwl ,	 (B.1)

where w  is the Channel N carrier frequency. The pilot frequency, wp,

is given by (B.1) with N equal to 16.

A synthesis scheme is shown in Figure B.1 which allows the Channel

16,15,12,10,8,6,5,4, and 3 carriers to be synthesized directly from a

master oscillator running at a frequency of 480 w l . The remaining channel

carriers may be synthesized by the multiplication technique illustrated

where the multipliers are followed by bandpass filters having appropriate

center frequencies. The frequency division process is illustrated in

Figure B.2 where

sin (wt + 2 )

is divided by two and by four.

I
Wu	 ..,	 .,: ,. ^^ ,...:	 .^^..;»	 ^r ^	 ^	 : ,..u,,.^..r.^s•°.,.^., z. ^,:S^,t^sF::kri^i+w.i ^,,,..^`:«^",^^^w:4'rnia,?.v+F ^.^u^s *'naX*^	 ,`T^zR ^^ cr;	 ru^a..^zrxaa".r̀i	 ,':^7^:,^^c^x,.F ...^.^.:.^..̂ r^.-::^-^w^ap^w

..	 a
..	 ^'» yr^^.•'1F^ 'u.. ,W.^'^:. ^ ^	 ^.w..Y..t.:ti ,c r'^ _^Y'x	 ^ . a:' _ x+l ^,:+"ue'^^t^++^5a^.^._ _.e,:^e,. - a3^aG^te^ ^._....^ 	 -
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APPENDIX C

RESPONSE OF A LINEAR NETWORK TO A VARIABLE FREQUENCY INPUT

In analyzing the response of a network to a variable frequency or

FM input, there are two approaches which may be used. The first method

of analysis requires that the input to the network be expanded into its

sinusoidal components. This expansion yields the spectrum of the input

w	 and takes the form of a Fourier-Bessel series. The network then selects

`s
components in the spectrum and imparts to each component an amplitude

}	 scaling and a phase shift. The result of this operation is the spectrum

h	 t	 This method has a d isadvantage in that the comp u tations
rt

of the ou tput..	 m	 d

are often long, and the result is a series which usually cannot be written

in closed form. Tk is, the true form of the response is often obscured by

the complexity of the answer. This approach is often called the spectral

approache8

The second approach is to consider the network as a dynamic system.

°	 There is a limit on the speed at which the response of a frequency selec-

tive network can build up or decay. This results from the fact that all

frequency selective networks contain energy storage elements. Thus, these

networks exhibit an inertia or sluggishness of response, and the network

is analyzed on this basis.

The dynamic approach was first investigated by Carson and Fry in

their classic paper published in 1937. 9 They show that the response of a
i

network to an FM input can be broken down into two components, the quasi-

steady-state component and the distortion component. The quasi-steady-

state component represents that part of the response which can be obtained

from sinusoidal steady-state network analysis by substituting the variable

instantaneous frequency for the assumed constant frequency in the transfer

function given by sinusoidal steady-state network theory. If the response

of the network can build up or decay very quickly, the quasi-steady-state

component approximates closely the total solution. Often however, the
S `

system is too sluggish to meet this condition and a correction or distortion

: ;ir+	 "^' e^.f YY• i.. *tz: `.v	 o	 ,tMlV^ni.i.a.^^.. au i;:<i_ _. I sru°....a.
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term is needed in addition to the quasi-steady-state term. This correc-

tion term usually takes the form of an infinite series.

Several others since Carson and Fry have published papers which bear

on this problem. The most notable of these papers are the ones by

Van der Pol, 10 Stumpers, 11 and Baghdady.l2

The response of a network to an FM signal will now be developed.

The two terms in the response will be indicated and the condition which

must hold for the distortion term to be negligible will be derived. The

work presented here follows closely a paper by G. A. Morley. 13

Consider a network where

e i (t) = input to the network,

e (t) = output of the networko	 P	 '

h(t) = unit impulse response, and

Y(s) = the La-.lace transform of h(t).

Let the input to the network be written as

je(t)s
e (t) = e	 (C.1)i 

j	 or
t

e.(t) = e 	
wi(t) dt	

(C.2)

where wi (t) represents the instantaneous frequency of the input. The

transfer function of the network, Y(s), may be written as

A

d	
°<

where the s 
d 
's are the poles of the function Y(s). Consistent with (C.3),

E

1

.	 :-„ y,^ ^..._ ^ wz;„ - ,	 -,ate_	 r ._ ^?r>k..a?^-:..^.,'^ _...» -.a.^:.,	 x,<,?.->-x.,;^.t^sa^^c¢;^; .;zc,..ra*r:w^'.;^,a`+.ra. ^x. ;?-s^« 	 ,•^: ^' "'"^ aF.c-'-§.-hv.w 's^^ ;e n^,} ,::.: _... rr:. "^'.r-.	 o.^rxrwx ;	 ;?x'*xxrrn,^.a.^:.-.":^	 -__ _ .^ _ ar:_..-:.. 	 =.^$^+
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the unit impulse response may be written as

r	 s t	 _

I	 Ae'^	 t >0
h(t) _ .c	 (C.4)

0	 t < 0

The output of the network may be obtained by using the convolution inte-

gral, or

t

e o (t) =	 h(t- T) e i (i) dT.	 (C.5)

0

Using (C.4), this may be written as

f
t	 s (t-^)

e o (t) _	
E A

we '^	 ei(-r) dr	 (C.6)

fo .14

or

s t	 t -s 2

e o (t) _	 Awe '^	 e 
W< 

e i (r) dr	 (C.7)

d	 fo

From the above expression, it is clear that e o (t) may be written as

s

e (t) =	 e (t)	 (C.8)

where

s^ t	 t -S
e (t) = A e	 e(ti) dr	 (C.9)

i.c	 .c 
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Using (C.2) e04 (t) may be written in terms of the instantaneous
input frequency as

s t	 t -8 T

,e  = A
0< e 	e	 exp 	 dT 1 d T	 (C. 10)

o	 J

or

s t	 t

e^ = AIV e 0<
	

exp C-s-('r 
+ j w i (T) dT l d 	 (C. 11)

fo

In order to perform the integration indicated in (C.11), it is

convenient to introduce a function µ(T ), defined as

µ(T) = -s^T+ J ca i (T ) dT	 (C. 12)

Equation (C.11) then 'becomes

e (t) 
AesAt 

ft
 eµ(T) dT	 (C. 13)

0

which may be integrated by parts by considering

t	 t µ(T) dy^(T)
ep' (T) dT	 a dµ (T )dT	 dT	 (C. 14 )

}	 ^^r
O fo	 dT

and by defining

v = eµ (T)

dv _ µk Cc) d_^ (T

T	
)

A _ e	 AT

t



r	 r.	
e
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dv eµ(T)^di

1
µ = — r , and	 (C. 15)

dT

-d24(-r)

d^L -	 dti
2

dT	 (dLA (

dT

Thus,

tti
eµ (r) dT = eµ

°	 d — o

+ ft d'4  (T) eµ̂  dT	 (C. 16 )

o dT (dam)
dT

S ince

dA(T) -s^ + jw i (T) (C.17)

and

dw(T)I= j —^---- (C	 ) .18d ,
dT

the first term of	 (C.16) becomes

E



eµ( T) t
dui
dti 1 o

t

exp [-s ,,t + j	 w (T) d r)

a	
-s V( + jwi (T)	 — —so<+ jw1(o)

49

and the second term of (C.16) becomes

ti

f

t 2	 µ (ti)	 t dw ( T)	 p[ •t
	
fojt	 ,	d 2=Z d^' =	 jd r	 (C. 20)

o	 di	 dµ(i)	 fo	 [ -s0<+ jwi(ti),

Thetefore,

B

t

S t eXp 
[ -S At + j	 wi(T) di]

.c	 o	 -	 1

	

e .c - AA	 -s + jw.(t)	 -s + jw.(o)

(C.21)

T

t dwi ( T) exp 1-8 
A T+ j 

fo 
wi(T) dti,

+ J o	
d 	 - ue	 i

	

s+ jw(T)12	
dti

l	 J

or

t

exp [ j	 wi(T) di]	 s t
o	 .c	 1

e.c a A,t 	-s + jw (t).	 - A^	 -s + jw (o)
i	 i

(C.22)T 

S t	 t dw (,r)	
exp [-sue+ 

j 
o 

(Al. (T) 
d-

+ A e -< i	
i	 -	 f	 I	 I d,C

o	 dT	 -s^+ jwi (T), 2

Y
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t
exp j	 W  (T) dT

o_37
AA 	 -sA+ jwi(t)

eo(t)
I
	 (C. 25)
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The steady .-state response to a sinusoidal input can now be found.
The second term in (C.22) is the transient term which tends to zero as

t gets large, provided that the real part of s^ is negative for all .c.

Poe a stable network, this is true since all poles are located in the
left-half-plr'ne. The third term is negligible if

d^i(T)

---- d r	 (C. 23)

for all ,c and r. If this is true, we are left with the quasi-steady-

state solution

t

exp [ j	 W  ( T) dT

A	 A	 -s.4+ jWi(t)
	

(C. 24)

Sine. , .	 r."Ic. olr( . of all ^ Ct) tcr. ..,

which may be written as

a	 t	 A

e©(t) = exp 
L 

j	 wi(T) dT. s +-- A	 (C. 26)

	

o	
,c j i

Referring to (C.3), (C.26) may be written as

t

	

eo (t) =exp j	 wi(ti) dT Y(wi ) s	 (C. 27)

0



where it is understood that w 1 s a function of t.

If Y(w i ) is represented as

51

j^ (ca i )
Y(W i ) = I Y(W i ) I e

then

eo(0 = I Y(W i ) I exp tj
o w

i (i) di +^(w i )
J .`` 

The term

f

t
W i (ti) dT

is the instantaneous input phase, which may be represented as

cv i (i) di = wct+6(t) ,
0

(C.28)

(C.29)

(C.30)

where wc is the nominal carrier frequency and U(t) is the phase pertur-

bation on that carrier. Using this substitution, (C.29) becomes

j 
l

c^ c t +H (t) +	 i),

e o (t) = I Y(W i )I e `	 (C.31)

If the network is such that

I Y(W 
i )I =1
	

(C,32)

for all w i , then.
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J PC + v (t) + ^ (WO)
e o (t) a a	 (C.33)

for

e	 (C.34)

The assumption that this is true forms the basis for the analysis carried

out in Chapters III and IV.
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APPENDIX D

REPRESENTATION OF NARROW-BAND NOISE

In order to determine the effect of noise on a pilot signal, a

representation of narrow-band noise is necessary. The commonly used

representation developeI in this appendix was first documented by

S. 0. Rice 14

The noise power dinity spectrum will be assumed to have the constant

value No Watts per Hertz in the frequency band of interest. The noise

voltage, n(t), will be approximated by a sum of sinusoids in the form

M
n(t) _ 2: An cos (wn t +d n )	 (D.1)

n=1

where y n is a random variable with a uniform distribution between zero

and 2n.

The value of the A 's Faust be determined such that the mean- square

value of (D.1), n 2 (t), is equal to the total noise power, N, which is

N B, where E is the noise bandwidth. The bandwidth, B, is assumed to be
0

divided into M slots, each slot being Of Hz wide. As illustrated in

Figure D-1, each slot is replaced by a sinusoidal component having power

equal to the noise power N 0 (Lf). Thus
a

A 2

n = N W)	 (D.2)
2	 0

or

A =	 2N Uf )	 (D. 3)n	 o

Thus, (D.1) becomes

M
n(t) = 2: 2No (	 cos (wnt +8 n )	 (D.4)

n=1

-	 -___s.._ _
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The above expression may be re-written in the form

M
n(t) = 1:2N0 (	 cc$ ^(w - w* ) t + 8 r + wc t,	 (D.5)

nal

Applying the trigonometric identity

cos (x+y) = cos x cos y- sin x sin y	 (D.6)

(D. 5) becomes

M _
PM	 V2No ( Lf ) cos I(wn - wc ) t + fi n ] cos wct

n=,

(D. 7)

-sin I (w	
n

n - w ) t +8 1 sin w t ,
c	 c

or

	

M	 l

	

n(t) = cos w c t E	 2N0 Of) cos r(wn -W t + Hn)

n=1

(D. 8)

M

-sin w c t	 2No(Af)	 sin ^(wn - wc ) +
n=1

By defining

M

xc (t) _	 2No(	 sin [(wn - w	 (D. 9)c ) + y n , ,
n=1

and

M

xs (t) _	 2No(^f)	 sin [(wn-wc) + 6 n	(D. 10)
n=1	 J

A



a

56

(D.8) becomes

n(t) = x c (t) cos wc t- x s (t) sin wc t .	 (D.11)

If n(t) is assumed narrow-band, the frequencies w  - w e are small
when compared to wc . Equations (D.9) and (D.10) show that, under this

condition, xc (t) and x s ( t) are random processes which are slowly varl•ing
when compared to cos wc t. They are also independent since they are defined

as a sum of sinusoids having random initial phase. (D.11) shows that the

mean-square value of n(t) is

n2 (t) = 2 xc 2 (t) + 2 x)
	

(D. 12 )

s ince x  ( t) and x  (t) are independent and since the mean-square value of
a sinusoid is 1/2. From (D.9) and (D.10) it can be seen that the mean-

square values of xc (t) and xs (t) are equal. Thus

n2 (t) = xc2 (t)	 xs2(t) = Q2,
	 (D. 13 )	

^I

where cr is the variance, or average noise power. Half of the noise power

is in the in-phase component and half of the noise power is in the quad-

rature component.

Sometimes it is convenient to write ( D.11) in the form

n(t) = X` :t) cos we t+Xs (t) sin wc t	 (D.14)

where Xc ( t) = xc (t) and X s ( t) _ -xs ( t). This eliminates the minus sign

in (D.11). It is apparent that the statistics of Xc (t) are identical with

the statistics of x (t) and x (t).c	 s

I
'"
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APPENDIX E

EFFECT OF DEMODULATION ERRORS

r	 ,
Noise and other perturbations result in dyt,a.nic phase errors in the

synthesized demodulation carrier. The effect of these errors is investigated

for sinusoidal modulation in bath DSB and SSB systems. 15

A. Phase Errors in a DSB System

Assume that the data is of the form

e m (t) = cos wm t,	 (E.1)

'	 which, after DSB modulation becomes

1
	

eDSB(t)	 cos (wn + wm ) t + cos (wn - wm ) t,	 (E.2)

where wn represents the carrier frequency. The carrier is assumed
sinusoidal with a peak amplitude of two to eliminate amplitude scaling.

If e 
DSB 

(t) is demodulated using a synthesized carrier of the form

e sc (t) = cos rwn t+4(t)^	 (E.3)
I

the result, after filtering out the 2w  terms, is

e d (t) = 2 cos 1wm t - 0(t)^

(E.4)

+	 cosL-wmt - ^(t)^
L

or

ed(t) = cos ^(t) cos wmt	 (E.5)

M
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In the above expression f (t) is a dynamic

an amplitude modulation in the desired si

now is to determine the rms error between

when the rms value of ^(t) is kncwn.

'rhe first step in this process is to

phase error which introduces

.4nal, cos wm t. The prob'en

the actual and desired signals

define an error signal, e(t),

as

e(t) = cos wm (I - cc,s f(01	 (E.6)

and determine the mean- square value of e(t), For small values cif' 1`(t),

the approximation

1-Cos	
2 ^

2 (t)	 (E.7)

can be made. This yields

e (t) = a 0 2 (t) cos wm t,	 (E.8)

from which the mean-square value of e(t), e 2 (t), can be obtained. Assume

^(t) to be a Gaussian random variable with zero mean and variance rT^ 
2

Under these conditions, the probability density function, p(0), describing

j P(t), can be written as

P (^ ) =	

l	 Q^

	

772iT

e	 (E. 9)
cr

The mean square value of 02 (t) can be found by introducing a second

random variable,, defined as

	

= ^ 2 (t),	 (E. 10)

The density function 16 for r is
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-FI/2c¢2
P(E ) `	 1	 e	 (E.11)

Cr¢	 2,	 .

The mean-square value of F is

^^	
1	 3/2 _ /2Q 2

!t) _	 F	 e	 d^	 (E. 12)
cT 2 n f0go

which, using (E.10) becomes,

ao	 -X2/20' 2
2 (t) = ---I _	 03 e	 0 2 4 d ^ 	(E. 13)

QV 2 n o

The integral in (E.13) may now be evaluated to yield

F; Z ( t ) = 3Q, 4 .	 (E.14)

Equation (E.8) may be written as

e(t) = a 'r(t) cos wmt

Therefore, the mean-square value of e(t) is

e 2 (t) = 8 ^ 2 (t)	 (E. 16)

-...	 ,b# 	
,y.^'^.?e,L.t^.a	 •s,.A	 ®*°.da°^.^^d4is .,.	 ^;^ .;n_`	

as. ..	 ^.^_._x_...._
r	 'l ALL	

Y =
	

'^	
.::	 ..
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since the mean-square value of a sinusoid is 1/2. Substitution of (E.15)

into (E.16) yields

e (t) = 8 C^ .	 (E.17)

The rms error in the demodulated waveform is then given by

C	 (t)= 
AfF

2 (t) = 0.612 1 2	 (E.18)
rms	 $

B. Phase Errors in an SSB System

Assuming sinusoidal upper-sideband mo.;ulation, the SSB signal is

given by

	

eSS! (t) = cos (wn +W m )  t ,	 (E.19)

which when multiplied by the carrier given by (E.3) yields

e  = cos 
I 

W 
M 

t - ^(t) I .	 (E.20)

Re-writing this expression yields

e d (t) = cos wmt cos 0(t)+ sin w or t sin 40(t)	 (E,21)

The error signal is then given by

e (t) = cos wmt - cos CO cos wm t - sin wor t sin t(t) ,	 (E.22)

which, for small 0(t), may be approximated as

e(t) = -O(t) sin w t	 (E.23)m

q: - _,	 a^,f	 C^ i 6	 x^ &^"r. ` , ate	 ^^	 '^ "k	 r	 '- -^'u. âGw_^	 _ i ..,•ii,,F,..	 .e
r,

	

sx .r• , kX	 S..	
.mod ^'^`^,_.	 .sa atrl^y	^.. ... ._^^e•^rii.aa^	 ^ ^... _... s. _. '"-



Thus, for the SSB case, the mean square error is

e 2 (t) = 2 Q 	 (E.24)

and the rms error is

erms(t)
	 e2 (t) = 0.707 a	 (E.25)

Equations (E.18) and (E.25) are plotted in Figure E-1. It is

clear that phase errors in the demodulation carrier are much more

serious in an SSB system than in a DSB system.

61
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