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1. Imtroduction

It ls the purpoge of this paper to consider the following free
boundary value problem in elasbicity: Can we determine uniquely a
plane simply commected region in which the plane linesr theory of
elasticity holds and on the g priori unlmown boundary we are not
given the forces or displacements bub only & non-linesr relaltionshlp
betwesn them? We ghall restrict oursgelves to reglong which, when
unstressed, sre conformel images by polynowial waps of the unit disc.
We ghall also re&trict ourgeives to the case that the boundary shresses
and displacements are expressed pavametrically in terms of the unkrown
boundery.

We ghell show that the question is eguivalent to solving a
non~-linear singular integral equation of the variety considered in { 71,
The solution of the equation will give the unknown
boundary. As a by-product, since the boundary stresses and
displacements are expressed in berws of the unknown boundary, the first
end second fundamental boundery value problems can be solved, once the

boundary is determinad, and thus all elastic information can be cbtained.

L )
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As an application, we shall solve the following free bLoundsry

value problem of electroelagticiiy: OCiven an elastic, electrically
conducting cylinder in a uniform electyic field; which is perpendicular
to the axls of the cylinder, deterwine the deformation of the
cylinder due to the boundary siresses of the electric field. This
problem has been treated in [ 8] for the case when the cylinder is
civcular. We shsll consider the case when the cylinder is the
conformal Ilmage of the unit ecircie by a polynomial map.

To understand the general question more clearly, conglder that
we are given g bounded simply connected region S iun the C(C-plane
with boundary I. vwhich is the image under the one-to-one conformal

wap
£ = m(z)

of the unit circle [z{ <1, where u'(2) £ 0 on |zi <1 and
m’{z} is HBlder continuous on iz% % 1. The Firgt and second
fundamental boundary value problem of the plane theory of elasticlity
can be reduced [ 61 to finding functions oz} end V¥(z) analytic
for lzi <1, with 9o'(2) eand ¥{z) #8lder continuous on |z| =1

and which satisfy respectivelys:

(1.1) o) + =B o7 (6) + y(e) = £(0) + comst, 5 = o

| w’ (%)

(1.2) wp(s) - 2L 7Y L W) = 2ungle), b= e
w’ (t)

wnere



(1.3)

(1.%)

(1.5)

£(8) = Fls(9)]
with

8
Flsl = ij (x,+ iYn)ds »
o
g = are length of L, Xn%-ixn = gtregs vector on L,

g(@) = gl *+ igg

is the displacement vector on L weferred to |t| = 1, snd u end
p¥ are congtants, u > 1. We shall assume that we do not know
£ and g but only the non-linesr parsmetric relationship,

%‘g = 3‘3&[{79391’5@(13“ s

%% = 7&1€Eg}kgwp(t)§ s

where w'(t) is a "paremeter function"” which ig assumed %o he
HS1der continucus on |t] =1 and w{t) wmeps (t| = 1 onto the

a priori unknown free boundary. & and éa are either of the form

AF [t,w{),0]

8

Ei[t,w’(t),k}

L[ eee ]

A a(t) + vle)e’{s) + aSe,w’(£),A] ,

8



or

g [6,u'(6),4] = a(t) + b(s)u’(t) + A Ft,u (6),1]
(1L.6)

EL eeo 1anditw'(8)A],
where a{t) £#0 for [t| =1 emd A is a resl or complex parameter.
By assuming ¥ and & are enalybtic functions of Re w’(t),
Im w'(t) and A with HSlder continuous coefficients (see below),
w{z) is a certain general clsss of polynomislss we ghall show that
for ]k’ sufficiently small there exists a unique set of Ffunctlious
p(z,A), W(z,0), w'(t,A); with o(z,2) end V{(z,i) analytic
in 2 for |z| <1; %ﬁiﬁs Y(tn), w(t,n) H8lder continuous
for |tl = 1 which satisfy (1.1), (1.2}, (1.3) end (1.b4).
Moreover, w'(ﬁ) mist sabisfy & glven wnon-linear ginguler integral
equation, the unigue solution of which {provided 3%% is sufficiently
small) is guaranteed by the vesults of [ 7]. Thus the solution of
the integral equation will glve the g pricri unknown free houndary
provided [A] 1is eufficiently swall.

In the electroelagtic problem, w(t} (jt] = 1) gives the
bounéaﬁy value of the conformal mep of the exterior of the unit
circle [t} = 1 onto the exterior of the deformed and a priori
unknown boundary. In setting up the problem, it iz assumed that the
deformed region is bounded by a Jordan curve with H8lder continuvous
tangent and that Re m (3} £ 0 on el =1 or Imuw'(t) £0 on

[t§ = l. Under these agsumptionsg, the unlque boundary is given by



the unigue golubion of a non-limear singular integral equation.
Thus, within the ciasa of reglons bounded by Jorden curves with
H81der continuous tengents, there is a unigue such region which
solves the free boundary pro'blem

Elastic free poundary values problems have been treated ins
(1) hydroelasticity by the author and Finnila
in [ 313 (2) electrosclesticity by Landau-Lifshitz in [ 41, and by
the author in [ 815 (3) plastoelasticity by Cherepanof in [ 11,
[ 2l |



§ 2. Reduction of the Free Boundary Problem to an Integral Equation

Let us sgsume that the polynomial mapping

- 2 n
(2.1) w(z) = ¢ + 05+ ez + ove 0, nzl, ¢ £ 0, e, 40,
mapse the wnit circle |z} £ 1 conformally and 1-1 onto the
region 8 and ite boundary 5. Thus w'{z) #0 on S UL. Using

the ideas of Muskhelishvili [ 6], note that

w{z) e+ 0B 0 b g
. 6] i 0

mmﬁ+3“’+eee+n@$nmlo
&1 2;5 .n.l

But for |z} = lo]l =1, 5 =2"", thus m(a)/m’ (c) is the boundary

F

value of the rational Tunchtion

n

w{z) Cp * G %k ove B
—F = Y - -
w’ (1/23 ¢, + o~ + ce° + ez

which has no poles in {z] =2 1 except at 2 = o since m'(z) £ 0

for |zl £ 1. Mmdat 2 = » +this funchbion has o pole of order n,

Thusg
&
w{z) -
{2.2) W:bzn+b zﬂl-+“”@-&b124~b+iblzk
m,(ll'z) 0 ol 9] RS
k=1

for |zl =1, ‘%*Jn?ﬁo.,

We shall restrict the regions to be consldered further by

insisting that the conformel map m(z) sabisfy the condition



(2.3) T - 8Bl # ¢
vhere
b, by eoe (nel)b, , b |
(1) s %2 2, oos (n-1)b, 0
—;n (4] Qs 4] C;—

where the bj“s are given in (2.2).

Wy we can state

Theoren 1. Given

(i) +the conditions:

- o(t) + :%&3% o' {t) + ¥(t) = £(8) + coust,

w (%
(1) t= ei?}’
mi e *
wo (8) - 225 (8 - y(6) =2u"e(0)
w' (%)
vhere
n o= (R%U&Bp%)f(kﬁ3+u*) > 1, 2*, u* the Lamé consbants:
af
Pt 3‘1{tgwp(‘b),k} s
(1) b= el

%% = & [6,w'(£),0] ,



vhere £(8) and g(8) are periodic of period 2w, with

& [e,w’ (£),0] = a, (6) + AT [5,9°(e)n] ,
i9

¢t
8
@

(11.1)

gl[ see = ae('i;) X bg(t)w’(t) + AZIe,w ($),0 1,

where bo(t) #0 for [tl =1, A iz e real or complex
aneter , ai(t}y?bg(t:% €H{w), 0<p=<1 (i=1,2) for

o] = 15 F6,0,0] and £6,0,3] are complex~valued functious
ang oD,

defined for || =1, £ €R, A EFD h,o Moregver

t,w'{6),h] and Ht,w (t),A] are in H{w) with respect

%0 © provided w'(t) €H{p) s=nd w'(B)<€r for |e] =1;

(ii) the polynomial conformsl map m{z) of (2.1) satisfies

condition {2.3).

Then a necessary and sufficlent condition that there exigt three

functions ¢{t), W(t) and w'(%) for which o(z) end ¥(z) are
apelytic in [z] <1, ¢'(£), ¥(s) and w/(t}) are in HHE) on

6] =1, w'(t) cr for |e] =1, and thet eatisfy (I) and (II)

on |t| =1 is that w'(t) be in H(») end be & solution oft

n .
(1) w(8) = R(6) + Ay, (6o (6) Iy [3{0,w (6),03] + ADLE,w (8),0)
3=1

do

{(n+ L)% j Fo,w' (o),A]
.a,. F B T S A

l&ﬁiuﬁbz\it} [
lol=1

i
where for o = e,



(1I1.1)

where

in wh

R(s) = {R,(¢) + ZL (e, @17} / any)
J=1

s(url) [V eq{o)
m 2 0 o=t

RO(?’::) = neu*ag("c) + (f]éf-)(n-»l)al(t) + do ,

L, [g(m

43
j Zg}; c k@(c’)@% - & o) :ﬁij} )
sl

plt,w’(t),n] = {( Y1) Fle,w (£),0] - 2p%80t,w (£),111/26" (%)

p; g =the kJ entry in the mebrix ¢'s’,
2 . .. mTRT.T
Py = the kj entry in the matrix CBDB ,

ich B 1is given in {2.4) and C = (1-887"%. Moreover if wi(s)

is a solubion of (ITI) then o(t) and ¥{t) on %] = 1 are given

unigquely in terms of w'(t) provided w'(t) <@ For |t} = 1.

Proofr: We shall Tirst ghow that the condibtion 1s necessgary.

Suppo
o(z)

se we are given thvee functions e{t), ¥(t) and w(t),

and ¥(z) amelytic on Jz| <1, ©'{z) and ¥(z) € H{p) on

lzl €1 ena w'(t) €H{u) for |tl =1, end which satisfy

(1) and (II) on [t| ='1 vhere & and & ere given by (IL.1).

s

In vhat is to follow, we shall use wany of the idess of

Muskhelishvili [ 6 1. Assume

{2.5)

{' L2 2 s n
wlz) 2,57 az” + vt v oo,

i

a, +2&z+wo+nazn“1+ow,
4 n

i

o' (z)



for |zl <1, == re%\, r < 1. Then the function
") - w o fel .
o' (z) = 8y + 2&22 4 eoo0 4 mnz e

converges for |z| <1 end

o = e Ly e 1
o'(1/z2) = a, + 2a, =+ + na, ) 4 oso

converges for |zl » 1, whereas on |t] = 1, we have

- Wmm

B (1/) = 9 (8) = o' () .

Thus for |z| > 1,

(2.6) ::?—gflw ;7(1/’3} =Ky o+ Kz o+ .,., +ovee 4 K 2"+ 0{1/z) ,
w (1/z

where with the aid of (2.2),

#

&f} + 28D, + o900 + {n-l)a

0 2™ ne1ne2 ¥ 58Py 4 s

K‘L = albl + 28, + 0o+ (nwl)anmlbnwl + mnbn 5
(é?e ?) KQ = albg ks Qagbj 4 sve (n»«l}anwlbﬂ 2

n " E‘lbn ¢

But w.;;i?g.f.“;,., ¢'{1/2) has for its boundary values 2] o7

mmw

w (1/2) w' (t)

® (’ﬁ

10

= rh,
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r<i, t= ¢*®.  Now we apply the integral operator

§%"§_‘" j G%GZ ) ‘Zl <l, O= ei&xv

fol=1

to the first of equabtions (I) and get:

LA = ” 2 0 -4 mmzfma j fw—ggal
{2.8) olz) a»ii?o-a-iﬂlw» B4 P o 48 = g e W
taizl
whers
a = y{(0)
Note thet

g ;

1 i‘m) v el 1 J“ rfm“')f(af)dﬂ‘
(2.9) Eﬂi‘,I G- 2 dg = AO Alz"} -%-éiz *z 2ni G B £

jol=1 fol=1

where

{2.10) a, = “é’%?’f [ swo ~(1)

lol=1

k= O;lg?goa@gﬁ»

Combining {2.5), (2.8) and (2.9), we see that the K's muet

e determined by solving

8 <4 KO = AO

a1+alb1+2a2b 4+ ose 4 (nl)a 1Ppq EAD = A

(2;«11} 82 + &1?)2 5 25.2}35 d OB & (mml}anml‘hn = Ae
B+ albn = An
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for the a}i”s and using the ak‘”sa to determine the K's from
(2.7).

In mabriz notetion; we get the last n equations of (2.11)

becowe
(2.12) Ie¥ + Ba¥ = A
where
1 0 0 eve 0 by @by eee (-], mb,
0 1 0 s2s 0 ?22 2&33 (nml)bn 0
{2.13) I=|e ol 5 B= o sl
‘@ 3 O ses q i}n 0 e o o 0—
with
% T " @ P
(2@15.1) 8 = (&1$a2,@.e,an) 2 a = (algaggﬁowgan} ?
T
(ga15a2) A = (Alpﬂ23°&¢§Aa§ ®
Teking the conjugate (2.12) gives
Lo oo I L
(2.14) T8 + Ba = 4.

Thus (2.12) and (2.14) can be written

I Bl Ta*] Ta
(2.15) [ﬁ 3;3 L?K'Jﬁ;: j.;g

>
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%
where {a.%:! and {f} are vectors of length 21, I, B and B
A

8
T o
R
B I-B

aye n ¥ n matrices. Nobe ’che.t

sl

Thus

(2.16)

{2.17) K = B8
where
K = (z%-yxgwwxn}ﬂ
Thus
K 5 ol f'a%'g
(2318) = i ” é @
K o B | & ]

Since |T-BB] £0 by assumption (ii), then by (2.16), ? BJ hes
B I

an inverse and thus we can cowbine (2.15) and {2.18) to gives

€1 A
(2.19) J = M{ 2
X A

T This simplification was kindly suggested to me by M. Marcus.




where
B ol [x BTl
(2.20) M= . .
o Bl B il
Next we lebt
2 BT
@(ﬁ) = (OQOguangG'gzgz sesoyd } ©
Then

K;lz + KQZQ 4 eoe anm = (E%]g &;)

(3.5

#

where the complex lnner product is used. Thus from (2.8) we get

(2.21) o(z) = - A(£) - (M[ gg; » 8(z) )*ﬁ”é%;g f ;f%%?% 4o
| jol =1

where we have written AO(:E) and A(Ff) to emphasize that A is a
- functional of £, A and % are given in (2.10) smd (2.13.2).
We next note that ©’(z)/m’(z) is analytic for |z| <1 since
w'(z) £ 0 for |z} = 1. Thus we cen write for |z]| <1,
n

£ 4 o~ 2 (-] L0
o’(z)/m’(z) = Oyt OyE ko +oaz & .

1h



Almo observe that il

@ P & w 2 hnd e
n(z) = €y + €% ¥ €2 4 20 4 G,
then
w(s) w{1/%) 16
v (5} & e 7 () t=e
m&'(t) q’( ) Zﬂ;('&ﬁ) { }’ 2 2
ig the boundsyry wvalue of the funchbion
B(1/z)
{2.22) e 9 {5},
n'(z)
But (2.22) is the same as {2.6) if we veplace 2z by 1ifz &nd
replace the coefficlents in the expansions by thear conjugates. Thus

a{lliﬁ) wn " 1 ax 1 m l
2:22@1 e Sl 4 = .y Db o { nE GO0 P .
( ) ~7s o (=) Koqﬁlz%hg 234‘ «%‘Kn pol H(z) ,

vhere H{z) is holomorphic for [%{ € 1 and where K, is the

J

complex conjugate of Kéa

Mow note that

L 59
2al e
lol =1

df?""‘zoy

if J=21, Ezi < 1. Thus if we a;z_)ply the integral operatow

1 da
21 Geog ’ =i %:1?

15
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to the complex conjugate of the firet equation of (L) end resrrange

terms, we get:

1 J" e} -
! o ..., -
(2.23) v(*z;) = g 5oy do = 8(z) + K, + const
fo] =1
1 £(e) w{1/z) |, 1
T Zni f o= w (2 (2) + K 2+
el =1
LR ke p cee w B A
4 KQ B o & Kn e 4+ const
vhere we have slso uged
2l J o= 2 dr = 9(0) = 0 .
lo} = 1

Bince by essumption, the two equations of (I) hold simultaneously

for ¢ and V¥, thus we get upon adding thats

{2.24) (1+a)o(s) = £(8) +2g(0) + const t=e

Upon differentisting with respect to 8, we get

{2.25} it(i+n) 9'(5) = £740) + 2u%{0) .

But upon differemtiating (2.21) with respect to 2, ve get

iy SAR)Y TN ] £}
(226) o'z = - ([55] o'+ ﬁﬁ?%fa s @
=1

where we have used the pericdicity of £ and integrated the second



EN

term by parts. Letting 2 -t = o0 end using the Plemelj formula,

{2.26) becomes

(2.21) o) = - (8], o'C) )+ g (0
Gi=1

vhere the improper integral lg taben ag the Cavchy principal valuve,

Combining (2.285) and (2.27) yields:

25&%&&(0) = Hue1)2(8) « it{n+ 1) (M[%%gg] P m>

[
#tl £ (a)
EN j Prou—— G =2
Zni : slo=1)
E@‘g =1

Combining thie with (II) and (II.1) yields

i‘t{aﬁﬁ,}(\m{ ‘%] , 8 (%)

7 o 1 oo ¢ k t Y
(2.28) w'(t) = Bg(iz} : 1330{%,% (t):0] 2@’%2(1-,)
t(%—z«i) Flow’(o),r]
S W I
L mﬁb " G b
5(3'% A
where
(2.28.1)
L Lo % i Gl g, ﬁii( '
By(6) = [ 2% (6) + Rud)e, (v) + 2L j 25 o] [y

= L
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(2.28.2)

Dy les1,w (8)1 = {(ENw-1)31t,u"(t),0] = 2678{6,w (£),A13/2 v (8).

Wext we note that for Ak of (2.10) we have, upon integrating

by parts and using the periodicity of £{«), that

1 ={%&+1
(2.29) ‘Ak,z "~ 5rk j‘ (e} ( )dﬂ‘ s k=0,1,0.0,0

lol =1

Now we note that

where

Thus by (2.20):

C 8¢ -Bac
-BBE BC
This yields
A } 8
M - = N R
A | )
where



Combining this with the definition of ®(z) yields

(2.30) m[2]. 9= ) = (5. &l(=) )

where

. 2 n
@O(Z) = (?&92 Joeugz ) ®

Thus {2.30) becomes

W[ 2], 8G) ) = (ech, o)(2) ) - (eB0a, @(2) )
= (B, 9.(2) ) + (&, 0y(z) )

where

0,() = (8{(2), )z}, . 0)(2)) , ]

n

pi(z) = }Jpggzﬁml ;

=1

yi(z) is the k*® component of the vector
C*B?@g(z) s
and pi(z) is the k" cowmponent of the vector
¢'8'r'e (2) ,
l.e.y

i 7.7 2 i=imy T
{2.30.1) Pig * {(¢'B 7kz s pkz(c BB }kz .

]

1,2,

19



Thus
I 1) n
A \ \
(2.51) @[2],0'@.) = YEaka) + Y a0
k=1 k=l
n 43 n
= 1 41 2 g1
= 2 { ;kazz +%kazz }
k=1 A=l L=
n
f=
where
a
- 2
Eolw’n] = Z{%ﬁ;@ + A,
Je3,
n
o1 ; 1 (k1) 1 "
""'enj {f("’) ZKG Z’m}dﬁ"
lol=1 k=1
n
1 ~{k+1) 2
# {f“"(cv} Z o ( )Plgﬁ} as .
k=1
Thus with the aid of (II) end (IT.1),
(2.32) g,0w’ 0] = Lila (6] + AL [3{o,u’ (0),1]]
where
it .
. o 1 2" ¢y .k 2 k° 1
(2.53) Lylelol] = 577 jo der Z"g {o "glolp, = o glo) sz} .

Y=l

Upon combining (2.28), {2.31), (2.32) and (2.33) we get that a necessary



20=4

condition that there exist three functions o{t), ¥{t) and w(t)
that sstisfy (I), (II) and (I1.1) on |t| = 1 where o(z) and V¥(z)
are analytic in lz] €1, o'(x), ¥(t) and w’'(%) arve in H() on
it] =1 is that w'(t) be a solution of (IIL) and w'(t) is in
Hs).

Next we must show that if w'(%) ¢ H{p), w'{t) cr for |&] =1,
and w (%) is a solution of (ITI), then there will exist two functions
o{z) end ¥(z) om lz| £1 for which ¢'(t) and Y(t) are in
ar) on |u) =1, o{z) and ¥(z) are smalytic in lz| <1 and

cowbined with w'(t) satisfy (L) and (II). To see this we define



9
(2.34) £(0) = | {a () + A36,0,5'(5)) 00 + const,  © = &0,

8
(2.35) g(8) = f {a(t) + ba(t)wg(t) + xé{t,kgw'(t)}} @6 + const.

With the aid of (2.34) we define A, by mesns of (2.10). MNote that
the Ak are uniguely defined independent of what the constent iz in
{(2.3%)., From the A 's, we define o{z) Trom {2.21), the b's are
known from wmz). It ig clear that o{z), so defined, is amglytic
for |zl € 1. Moreover, by differentivtion of (2.21) with respect

to 2, noting that

r o) i "j £ (o)

&écr[ = 1(3’”3}2 lol =1 oz

since f{¢) is periodic, vemembering that w'(t) in H(») iwmplies
¥ is in H(u) as a function of +

and that al(t) € H{y) by (II.1), and letting z =t on (0] =1,
we get © (t) € H{w) for |z| £ 1. From the A 's, we define the
Kk's by {2.19), k= 1,2,...,n. Knowing the K's, we define

Wz} by (2.23). It is cleer from this definition (using 2.22.1)
that V(z) 4is enalybicon |z| <1 end in H{pE) on (=] = 1.

Moreover ¥{z} is uniquely defined up to a constant.

By Harneck's Theorem, a necessary and sufficient condition for

the first equation of {I} to hold, i.e.,

©
B(t) = ot} + .:E_..) o' (t) + V(%) - £{8) - const = 0, &

m ()

i

is thet for all Jz| <1,
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” 1 R{c)
(2.36) st | gz w0
ol =1
and
. 1 &(o)
(2.37) Ty J P dg = Q .
lol =1

But (2.36) is equivalent to the definition of @{z) given sbove
and (2.37) is eguivalent to the definition of ¥{z) given above.
Thus ¢ end ¢ satisfy the first of the boundary conditions (1)
Next we must show thet © and ¢ defined in terws of w'
also satisfy the second equation of {I). To this end note that
since w'{¥) is a solution of (III), or equivalently a solution of
(2.28) where #£(8) and g(0) are given in {2.34) and {2.35), we
have, upon rearrvenging the terms of {2.28) and using (2.34), (2.35),

and the definition of o(z) that

(2.38) £(0) + 2u¥e"(8) = diu(1an) 9'{x) .

Upon integrating with regpect to €, we get

£(8) + 20*g(8) = (1+n) p(t) + const.

Conbining this with the fact that ¢ and V¥ sabisfy the first

equation of (I), we get

(%)

w {%

np(t) - o'(8) - y(t) = g(8) ,




wnich is the gecond eguation of (). (¥We can sdjust the congtant

of the first eguation so that the congtant of the second equabion ig
zero.) Thus @ end V satisfy (I), (II), and (II.1) simultancously
if w' is a solution of {IIL), i.e., the condition is not only

necesgary but sufficient and the theorem ig proved.
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§ 3. Debermination of the Parameter Function w'(%t,A)

We shall next conslder the free boundaery problem expressed in
Theorem 1 end ghow that by restricting F and & to be "analytic
in Rew' and \" (see below for definition), we shall be able to
use the results of [ 7] to show that there emists one and only one
set of functions o(t), ¥(t), w'(%,A) for which: o(z) and y(z)
ave defined on |z] =13 w/(t,A) iz defined on || =1, [Ar]
pufficiently ewall; o(z) and ¥(z) are spalytic on |z < 13
w'(t,%) 4is enalytic in A for Al sufficiently small, jt] = 13
' (), v(t) end w(s,A) ave in H{p) for It} = 1.

Before we proceed; we shall recall sowe definitions from [ 7 1.
Let I' be a simple closed contour. Let H{p), 0 <p <1, bde the
set of all complexevalued HOlder continucus functions defined on T

with exponent p. Por o{t) in H{) et

!ifp{t)lim =M+ -’%(M?

where

Mc = mex |(t)] P

P ger
lo(s) = olz)]
k@(;@} = BUp 7 .
5,5 €T lon]

Let q){tlﬁte) be in H(p,l,u.z), i.e., in H(@l) with respect to %,

and in H(ug} with respect to p,, and let

liw(tlste)g = M‘P * kﬂp(il*l&‘l’g} 2

(pb-;_ si&ﬁ



wvhere

Moo= max lo(t, 56,0
® 4 ,teer L 27

M)(Z s22) = CP;{*?; »ﬁa)i

k (M, ,00,) = sup
LMD {131 Uz
P t19b35% 5B €T !zln’tl I+ |za=tgl

Wote that | | is a norm for H{u) and | J is & norm
7 (ETERNTPS)
for H(ul,ug) and that H{y) and H(ul;ua) equipped with these
regpective norms are Bonach spaces.
Let ‘&w and ,é?'l be open connected subsets of the complexn

W= u+iv and A-planes regpechtively and let
%(W = {{u,v})  wlx,y)+iviz,y) € H{y) and w(z}c:ﬁw provided z €T} .

Definition 1. Let A € B

A and  v{x,y,A) be a complex~valued

function

v(z,y,A): T ﬁa - = cowplex plane,

we shall say "v(x,v,A) is an amalytic function at A, with

H{M%Ao] coefficients” and mean that there exist a 6(%0) >0 and
®,. .

an A (k@} > 0 independent of (x,y) =such that Y can be

repregeanted uvniguely as

‘\’(X‘eY:R) = ZE%’ cj(Epyy?\Q)(}&”}&o)j P
5=0

provided !K«»koﬁ < 8(1 ) vhere c; ave complex-valued functions



in ®{M) for which
*
ch(my;ho})lu £4(n) .
Definition 2, Let A € .8% and

Alz,u,v, 0]t (zyu,v,A) BT X B, % "&R - O,

and let (glggg,?uo} £ ﬁw(p) % B« We ghall say "alz,u,v,Al i en
analytic function at (ql,qa,?zo) with HEM,Aﬁ,a,h,e] goefficients”
and mesn that there exist positive constants ﬁ‘i(ko)y 62(310),

. _

A (gyam0y)s elapapiy)s Blagsapigds oldyaph,) independont

of =z such that A can be represented by

(-]

(3.1) AlzuvA) = ) e (e)uegy Piveg lDeag)”
328, 4=0
with
agm(z) € H{is)
and
ooyl = 4*Caaapuigle(oe ) (eeede(nc)
provided

luegy | < 8,005 fomayl < 85(15) and =gl < 85(R,) -



Definiclion 3. Let .,i?w and ,&?\ be open arc-wige connected

sets in the w-plane and A~plane regpectively, then for
Afz,u,v,A]ls T x B, % ﬁx - ¢ = complex plane,

we shall say “4lz,u,v,A] is an analybic function on ﬁw(u) x By
%
with H[ugﬁs,a,h,e,q_l,gﬂ,hoi coefficienta” and mean that A is
= s ¥ ¥*
analytic at each point (qlgqg,,xo) € ﬂw(u) % ‘E’h with H{u,A ,a,b,c]

coefficlents.

Definition 3A. Tt i1s clear what is meant by "w(x,y,%) is

en analytic function on £ with Hiuw,al eoefficientsl.

Definition 4: We shall say "Alz,u,v,A} is a uniformly anslytilc
<%
function on ﬁw(u} X ﬁ‘}\ with H[i4,8 ,8,b,e] coefficients” and mean

3%
there exist positive consbanits &19 ) 539 A, 8 b e

29
independent of ’DA‘O s G and 4y guch that for svery point of

,&w(n} % B, A cen be represented by a series of the form (3.1} in

which
ajm(z) € H{u}
and
lla J5 Euu = A%ajbkc.e ,
provided

%u‘“q}‘] < 619 ‘V“QQi « 82.? !:}\”}*O‘ < &5“
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Definition 44. It is clear what is meant by "v(x,y,\) is a

uwniformly anelytic function on 33\ with H[U] coefficients”.
We are now in a position to state the results of [ T1.

Theorem 2. Gilven the non-linear singular intepral equation with

real or comwplex parameter Al

nk
(®  w(z) = R(z) + -B‘j;(z)za{r%@u(m%v(mhm
J=1

§

* F{Zgu(xyy)ff(xszy)y)\] o+ 53—_;_1 J'r ‘N{ngﬁquénz,z(g/q)g?\} -

vhere z=x+iy €7, o0=E8+iN &, w=u+iv, and by the lntegral,

we mean the Cauvchy principal value.

begumes

%
(H.1) 2B(z) and B.(s) are single-valued Ffuncticns of 2 which
!

ave tn H(), 0<n<1, for z on I, [By(=)] =%
u

(H.2) L is & cowplex~-valued linesr bounded functiounsl {with

il wninminee iy e

continuvous on '3

(85.3) w.(2) = u (x,y) + 0 (x,y) € Blw);

(H.4) Flz,u,v,A]1 and Pleee] are defined end single-valued

on I’xﬁwxﬁi ond N[eeo] g.g;aeﬁnedgg'?xi"‘xﬁwxﬁx where

3*
& is a neighborhood of {wo(z) : 2 €'} and .3'} is & neighborhood

9f A, and they are analybic funckions ou & (M) X By with




H[y,pa,ap,bp,cp,quqeﬁxo} coeificients for Pj, H[u,i‘ggaf,bf,cfg

q;l,qgﬂo} coefficientg for F, and E{g,}ul,aﬂ,bn,cn,ql,qe,ho}

for ¥, 0O<n<iy <1;

(8.5) wi(2) is a solution of (E) for A = A

Coneclusion:

(C.1) There exists a unigue golution w(z ) of (E) with

*
w(z,h ) = v (2) ¥hich is gn enalybic function of X on B with
<

H{u,A] coefficients where & is the circle with center at
ey ) ——

'hgwec and radius V e? e where

e = [(2a" )% o o172

with
-1
a = [2(asn)]t
= 3 roa 3 {son R
& ma}g{ap(u’odvo?ko)} a:tw }9 eﬂ\ }} &
b o= mm:\{b@( sv e} hf{wa)y @n{@w}} 5
Qmm&_:«;{cp( » & o }f} Qf(@aw}s Qm’(a@w)} s
and

% * 3% w} *
U =c¢fln bopa + £+ (2r7) Iy (u)no} 5

=3

%
vhere X (1) is & positive constent = W depending only on

-%.
end U, I is such thet



|6l2(o)1] £ & max |£(o)]
geT

for all f contiauous on T.

(c.2) If % is real, then the solubion is valid for

Yo" e et m*i@e; )
(c.3) latz2) = v (@) s a -y & -ulla=a,D
where
&%) = U [a+b]™" “{Zif‘%{" = 200" }%»éiw .

We shall also need the following, vhich was proved in [ 71

sty

then

1. @(tlztg) wj(ﬁj) € E(lewg)s =12,
and

2. flo(t,,5,) wé(ﬁé)ﬁ(v o s !3@(@191‘5256{
Ls

Iyt )l -

LN Vg

By combining the results of Theorems 1 and 2 and the Lempa,

we cen prove
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Theorer 3. Glvens

(#.1) the polynomisl map m{z) of (2.1) with n replasced by n"

for which (2.3) holdss

(#.2) & function @ﬁé"(t} = u“;‘(x,y} + iv’;*(xﬁy), t = x+ iy,

defined, single-valued and in H(W) for [tl =1, 0o<u<1;

(8.3}
ﬁlttgm”(ﬂg‘u = ali'a;) + A3 [t,u,vsn ], t=e

‘gg},{ e oo 1= aa(%;) + "%32{'23)%‘7(‘%} + hBlt,u,v,A] ,

vhere w'(%) = u{x,y) + iv{x,y)s © = x+vys u, v resl; bz(tﬁ? £0

for ¢l = 1; A is a real paremeter; aj(t) € H{k), bylt) € Hlw,),

0<u<p1«<}.ﬁ 4= 1,2, for it] = 13 AF and A& are gingle-

valued cowplex functions defined on {t s 6] = 1} % B, % By uhere

B is & neighborhood of {wi"(t) : jo] = 1) and B isa

neighborhood of X 3 ¥ and # are analybic funcbions on

ki .
ﬁw(u) X By with H{p.gfmafybf,cwagq?,?\o} coefficients for & aund

%
H[uggﬁgaggbgycggqﬁﬁq{zy?&O} coefficients for &

(H.4) cpo{z)ﬁ ¥ (z) ave defined on la] £ 1, enalybic in |z] <1,
o (t) end ¥ () arein H{M) on |ti=1 endfor rA=1,, ¢=q,

¢ e ; o
Vo=V, end W' =W satlsfys

(H.%.1) ot) + 7.29:&(;.’92 @' (8) + (&) = £(8) + const, e
@ {t

and
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#
(.4.2) no(e) - M G - YCe) = 20t
wm (t
where
M= (‘?1%-5'5;.1%}/(7\%»&4‘@%) > 1, 7\%3 u% iemé congbanta,
(H.4.3) %- = %[t (8),0]
(H.4.4) %% = & [0 (8),00

£(6) and g(6) sare pericdic functions of 9 of period 2m.

Concluslons

(C.1) There exists one and only one set of functions o(t,4},

U(6,1), w'(t,n) for which ofz,h), W¥(z,.} sare defined for

]zi €1, % €1 =open interval containing ?xog w {%,n) is defined

for {6l =1, A €Iy oft,h) and V(t,A) are smalytic for |t <1,

oSemcTa

A €T3 wi(t,d) is an analybic functionof A on T with H[u,A]

coefficients; %m\ég (t,2) ena ¥(t,A\) € H{u) for sach A € I

o(t,h), V(&,n), w'{t,\} setisfy (.h.1), (M.k.2), (H.4.3) and
(H.h.h).

(c.2) Foxr lt] =1,

2 Y
W (tsz-o} = Vg’ (¢} ,
96,2} = 9 (t)
‘*‘f{tJe%O) = \E'O(t) .



(c.3)
= J, N 32
dhere
Bt B mg A eh g Y,
To= {& £ w'(t,n) b for [t]=1},
d = [2(a+0) ]t
as= af(uoyvo,ao} + a.g(uogv;_}g?s.o)
b = bf(mea} + hg(aen}
e = gf{@o@) 3 eg(oaa}
7 s e[L%n%prQ A {err)“l‘z‘{*(}fs)mo]

_ bl e
vhere L = oyE s W= degree of m,
— 1A o

2 = (14 nlf‘iih”l'{ﬁ}n ,
3?0 = WA “Z’ ‘9 ‘Pg ;J 3

Lsr,m<n®

-

2 f o s . Tp¥
'o;"w and Ppp 2e the wr entries in the matrices C'B and

G'B'®  respectively where B is given in (2.4) snd € = [T.88]°%

£, = oy ()] mex{ {52 7, &3,
8= 5 @+ @O

xi (d,} - pesitive constant, depending o » o and =71,
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(C.k)

CHERVEE HOTRENE T SN

for A € I, where

ne

5(3) = U [atb] ™t —tin |,

11

(€.5} w'(t,)) is the solubion of the integral eguation (IIT)

with n replaced by n*.



Proof:s According to Theorem 1, for fixed 1A, & necessary and
sufficient condition that there exist a set of three functions
o(t,2), w(B,A), w'(t,1) of the type described in (C.1) is that
w/(tsi) be a solution of an equation of the form (III). In order

to apply Theorew 2; we check the hypotheges in Theorem 2

(#.1) R(%t) end tﬁ/bg(t)m are single-valued complex functions

given in (IITL.1},
ey 1, = I IR s s 321 i)
Bl Ty R o @ u
Thus we can take
- o . c-;«g.,)l““@ e “
(3.2) b = [1+ 0277 ] ﬂbg (uN&f

%
(H.2) In order to find I note that Iaj of {I1I.1) can be

expressed,

1%[3{0,%'(0),?\} = :a;,{?j{c',u( Ny, v(g,M), 211, 1< 3<€n”,
where

2
L{P’j[gﬁ o«»oaj} »--*mm-;; (%*}* l_} I CZ,Q{P'E[O" tibe} 2

O
for o=e% 1=3<n’; end
'}5'
(3.3) PJ{G;M» = - \2 {c k&{a,w (o), ?x}pm - oF " Hlo,w (o),A ] P}zj}
. k=1

1< 35 <n%, Thus we can take



(3.4) L =

(H.3) and (H.5) Sipce by assumption w;("t) =u +iv € H{1),

and by assumption (H.4}, Do Vs *wé sobiasfy (H.4.1) and (H.h.2)

for A = f&g, then by Theorem 1,

n-b!-
J
wi(e) =Re) + ) | b,;&) 1{5 [0, (8,1) v, (8,M),, 1}
=1

Ed
{u+1)% r 325;“]@(%)9?‘0}
s P AR S
+ A Dlw_(8),3 1 + A Finle) o p—
1

(H.4)

Plt,u,v,A] = AD{t,w (8),])

i

! AGLe,w (8),21  a&,w (6),n]
B h-p,% be(t} he(t’)

2

and for o = § + 17,

we 1l AFow (a),n]

E\f{ﬁ:tsu(gaﬂ}:v(gﬁn}s?\} = ')LL% be(t)

)

According to the hypotheses, for all ql+ 5@2 & ,ﬁw(u) we have

w0
i =
VBle,w (80,0 = ) £ (8) Tumg Plveg, T iaen,
3ok, 4=0

]ﬁ

4

with

Frea(t) € G

55

&



and

provided ﬂumqlf, iv»qei and Mm?\,G? are sufficiently small,

3%
where £ 8 b

QF T
Similariy

PYRL depend on % 9 and }\O but not on b

o o _ ¥4 on Wroos Erae 18
A&t w'(8),0\] = Zgjm(n)[u SN PR PR VY
3k, 4=0

With 9 kK s @
Thus we have for q,+1g, € ﬁw(u) and A, € &,

[+3]
. : k. 2
Flt,u,vA] = ) 50 (8 lumgg Plvmg, P ian 1%
35k, 5=0

where

s (8) = 5 (8) ?;.& RO REMOIF

and thus

(3.5) 13164821, h’mz(t)“u [ Iy P f%ﬁ ? F+ & & g g gz

" 3 i . % \k ) )?l
< i‘O(af-a ag) {bp by (Qf%’ cg}

where

A nel *‘}
(3.6) To = Moy (6} mex § 537 T4 &g -

36



For N we get

[:2] .
; k £
(3«7) Nioytxu(gyn)nv(gﬂn)ykl = Z njwigy%)[u"“q]_]j[‘f“qﬂl {7%"‘7%0]
35k, &=0
where
3
4 Eop{e)
+ 1 T3kd
(3.8) ngl0,6) = B t
Jki 2‘;': 'bzi'i‘;)
and thus by the lewma
wei Loy B =1 :
T s 3 OV B OOV R T
Y (wons) 2w o Wi M
iee,
| Jx 4
(3.9) i;njkgic,t)ﬁ e £ noazbLCa
( PRt W
where
.10} = R T D] I
(5 7 3 2”‘% ( }* ) (l’}”ul
For P° we have ; since A is resl,
[£3]
Xe r X )/ 3
{3.11) P losu,v,A} = Z pjm(s){qul}‘jﬁv»%} !:’Amhgfi 5 igrsdt,
3%, 2=0
waere
ot
r e N1 emow 2 o mFEY L w ot
Pék.ﬁ(a) z m {o fjkﬁ(c)pm o fjk]!,(ﬂ pmr} ? o=e i

=l
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and. thus
= r r ik £
(3.12) logea(edll, = moazocy
where
n%
-y 12
(3.13) = ) g U™ Ionl + 1" top, 13
m=1
n&
1 LI 2 <l 1
N R (el I P I e el W Pl
m=1,
nee-
R S IR (R I S
w1,
S po
where
_ 2 1
(3.14) B, = lgm%{fpmb loth e

Since the hypotheses of Theorem 2 are gatisfied we can conclude
there exists a unique solution wf(z}h) of the integrsl equation of
the form (IIX) provided A € I, with w'(z,le) = wg(z) which is an

analytic function on I, with H[p,A] coefficients. The of{z,1)

1
and V¥{z,\) ave determined uniguely in terms of w'(%t,A), according
to Theorem 1, provided w'(z,1) B, i.e. for \ € I,. Thus the

conclugions hold by Theorems 1 and 2.
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S, Reduction of the Physicel Free Boundsyy Velue Probiem 30 &

Problen

1. Elastic probiems
Iet us agsume that we ave given & bounded simply comnected
region S with smooth boundary Lo in the C(-plane which containg
the origin., Within 8, we agsume the plsne linear theory of elagbiclty
0 hold, i.e., we esgume the stresses and gbrains within 5 eve
governed b};" the bihsrumenle eguation Aau = Do HAcecovrding bo
Mugkhelisaviidi [6 ], the general soluticn is of the form

e = Re{C2(C) + x(O)} 4

where @(¢) end Y{() are functioms regular in 8. If we assume
3(¢) end y'(C) ere conbinucus on the closed region S UL s bhen

the stress snd displecement boumndery conditions ere:

(%.3.) 3(6) +68(%) + ¥{%) = F{&) + const, % €L,
(heo2) n@(t) «52'() - ¥(3) =2pG6{s), t €L,
where
é,,ﬁ
{43} #(s) = F, +1F, wij@ {xn na»mnbags

8 = awr length ofLy = O,

with Xn + :%.'f{n the extemal stress acting on LQ 5

wom (A% 3}/ (A% +p#) > 1, vhere A* end ¥ are the Lamé constants



Lo

and z(3) is the complex dlsplacemsnt of the boundary end Y% (C) = ¥{{).
Ist 1’2, be the wilkoown boundery of the deformed vegion and zssume

I’l containg the origin.

Ue ssgume L, hes & Holder contimuous teagent

Iet w,(z) wep the exterior of the unit circie |z| >1 one to
one and conformally oubo the exterior of E;ig i=0,1, so thet points
gt infinity correspond and the direction of the pogitive resl axis at
2 = infinity corrvesponds to the direchbion of the positive real axis

a5 (= inPinity. Since L, {(is0,1) have Holder contimuous tengenbs,

i
then w,(z) (1=0,1) will bo Holder cembinuous on || =1 by
Warshswski's theowem [ 5J.

We ghall sgeume the displacement st (= w () o be

' ﬁ—a(}
E gs'ag > ¥ R + m & i 2
{ﬁo’%} ﬁ(t’, 3 %l(c(\)? WO(GOEB i1 &

Thug the displocenent, veferrved 40 §0 on Ks@ ig
(4.5 6{C,) = w, l, e = ¢

Let us assume mexb thet [z| 51 is mepped one to one end
conformuily onbo the interior of L by the wnigue mappiog wniz)
assune
given in (2.1). As sbove,/ m’(t) 4is Holder contimucus on [&] = 1,

Then (h.1) and (4.2) trensforn intos

(.6) ols) + BEL Y « YWY = £(6) + const, —_

m' (%)



by

(5.7) ngl(s) - 2L 075) - YW5) = 2uea(e),
m'(t)

where we have geb

£(8) = Fla(e)), o) = 2lml{e)], ¥z) = ¥lm(s)l,

and

(4.8) &0) = 6ln(e)] = w, o, ()] - mle), 6= et

2. Electrogbetlic problen:

Buberdor to ng the electric field Is governed by the
hermonic eougtion. More specificeliy, for the oleciric field E we

haves

B o= Eg + iE'ﬂ = oV = Wiéﬂ[fa%g @G{/@'ﬁ}

where o is the field potentisl and
A = O,
£ p(5,M) is the complex sonjugeite of -0 ..,

2B/3N = -3/3E
28/38 = 3a/01 ,

shen the compler pobential,

(5.9) BLL) = o0 = 1B,



ig an enalytic funetion of € =& + iT oubside of 121 and thus

(k.20) “E = B + 1B = do/DE ~ 1 B3N = d0/BE - 1 JBSIE = ahfal-

L

In order bo find the field B, wiform in the direction of the
Ewsaxis 6t =, exterior to the conducbor with boundery Ll” it is
sufficlent to find:

{1} an enalybic fumetion A{(), analytie ouiside Iy

(31} with Re &{{) = vesl constent for ( on Iys

2

Garman

Ga .
A o TR wuf) ) & o «}-11 oy 03%
(14%) aC " B %8 ¢ = E+if

o0

Such & functlion is glven by:

A(C) = B wy(=)[A(C) - 3/a{C)] +ib, b zesd
where

. =l
g = Q{C} b W:%' {éj)*
This Pollows since

{1} clearly A(C) is apalytic ocubside Iy 5

(4,12)  (33) Re A(() =0 on L, since jQ(E =2 for € on Ly s

RS0

(112) B(O) = - L= m wi(=) Q7(0) T2 + 3/05(0)3

‘M()

wi(

23 ““E 3

a8 L =& +iT ~ o, giuce then z = X+iy — »,

L2



b3

Thus the fleld is given by (111) above.
Wexk we note thet the tension on the conduchor et Ql on, Ll
due to the electric £leid ia [ 4]

(8m)~* §E(§l”2 D Ceg.8. units.

Conslebent with the linesr theory of slesticidy we assgume the tension
is epplied to the wndeformed conduchbor; i.e., ayplied vo the point

Qa on L@ wherse

(::1 & Wl(i;o}ﬁ ":.:0 = ?;X&:?(%{}'}Q C@ = m(t) ®

See Flgure 1.

Then the Porce/sre length ab o 18 given Dby:






X, +iY = {877)”3‘!}3{%@3‘[@51’&0)]3Sg[ma(ns%ﬁ} + 3 ecm(m'fb}]

" =}, - 2 4Cp
= - 1(8m) ™ [Elw, [y () 1% =2
gince
{mﬁ@) = (@a(‘h}s Qﬂan(l} = (’&91’?;@3 LI
end thus

ms(ng%) + 4 em{m’%} © @@3{%53}{}} s 4 cag(‘?wio)

énﬁ 2 dg@ dga
il it P Pl

Thue from (.3}, we meb

8
Plad = (8 [ |l I (o) 111% 0 as

Thus for
£(8) = #le(8)],

18

we have, since t = ¢, (;’0 n{t),

3 . s =1 =Le o, 2 86, ds
38 £{e) = £°(8) = (8m) iEﬁwli;wQ Em(é;)j]]g rri T
But

aCp 8 d4Cy |
T 55 = mp - vm’(8).

Thus

b5



(4.32) £70) = 16(8m)™ | Blw, [y Tm(s) 1135’ (6)

' - 2
= At l'ﬂ“twﬂl[‘m{‘ﬁ)]ja 2’ (%)

T wy (s mle) 1]

with

(4.13) &, = 1(8m)8 Blul (=) 7

where we hove made use of (B.31) and the fach that

since |t.] = 1.

ol
The physical problem i thus reduced Yo the following mathenablicsd
problems £ind three fuactions ofz), ¥{z) s=nd ‘%(z}g wlz), Yiz)
defined on |z] =1, euslytic in [z} <3, with o'{(z) ena iz}
Holder contimsous (expoment p} on izl =33 i’~?}“{z} defined on

jz] 21, enslybicin |2 >1 with w (=) ==, ""‘;";s;’;(“} > 0, W:;{z)

, Holder contimuous (exponsnt u) on |z] 23 and sadisfying

(.20 o(6) +BEL GTTE) + YT = £(6) + commt , & = &P,
n'{t)

(h.15) ng(s) ~BEL 57w - YE) = 2urele),
m’ (%)

vhere m{t) is given by (2.1) aud



b7

1+ st () )P 2 10
(4.16) 9f - tm'(d) Sl , 3 =
26 = "o tn w) T * [m{%) 1 °
fr o
(4.17) %%m i |l @1 0’ (%) t = etd
: ; wo lm{%) ] ?

where we have used (4.12) and (k.8) with &  given by (4.13) and whers

%?Q{z) is the conformsl mepping of |z| > 1 onbo the exterior of

26)9

mie 0 =8 <2 with the points at infinity corresponding and

wé{w) >0 eand therefove %(z) i3 theoretically mmown.



§95. Solubion of the Mathemetical Problem

It
(5.2)

then

t = x+iy,

In the nobtetion of Theorem 3 we have from {(4.16) and {(b.17),

(5.2}

(e} w 4 ne) ]

w(t) = wl[wgl[m{"é:ﬂ? »

n'{t) = ulay) +iv{xy),

v, la(t) 1

B, v reéld.

L G )P m(e) | 2
w {6} wa lm{t)] |

F [tw (%)) =5u'(5)

?}i{%ﬁ?”{t}yk] =k F[5,w'(t)]
&l’{j&;sw"{‘t}] - ibm’{t) + 13w’(2)
F s 0

&l 2 Qgg &2(%) = “"i’tmoéﬁ}g Ibzit} =id

AQ&G

&
v 2 R(&) (of (IIL.1) Theorem 1)

s
= m’(’%) @



k9

). 24 (8) oy 3 Lo T°
Jok=0

m' (5301 + [ [m(6) 117 |2

Ho,w'(8)] =om (%)
w, ({6} ]

where

m o=@, tim
2

and vhere £ 3K

L+ 24 3% ess % {JHe-1) %—&g-@»;mgﬁ

gye given &s the algebraoic solution of the system of
%) (%=1 )
2

+ kE + 1 egosbions.

aﬁ@fm = 1
®10%00 T 200510 =0

» & L)

£ £ £

o0 *85-1,%%10 T8y x-10n * 052,620 T By, ke f A

11 7%y, x-2%02

in which

¥ s 2 oz P
8o ™ 2m (31, By ™ B, B = Ay, By w1y, By, =0
%2 = Qg &jk &0 for J+ke3,.

F

The system {5.3) can be sclved esaily and explicitly for the ¢ " i
berms of the 8's since the coeffliclient watrix is trisngular.
The integral equation in this case is

n¥
(5.4) () = m’(s) + A Z«sﬁ“’& L 0w () 1}
=i

U, ta el Flo,w’{o)] .
g SOl B e
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where
{nt1 )1 de
= o
un”’% o ]
-y 2 Ce——— 3
Plow'(@)] = ) § ™50, (0) b, - o 3w (o] Byl oee
Yl
where

pi; 3 = k3 element of the matrix C? BY N

105 3 = k3 element of the matrix ﬁvﬁvﬁn

where B is given in (2.4) and

C = Ez”ﬁﬁ}ml 8

end &F is given by (5.2).



In an effort to apply Theorsw 3, our next gesl iz to obbain
i3

estimates for ﬂ_fjk(*t}!%m We shell resbricht ourselves %o the case

m (t) =Re m’(t) #0 for [u]s=1
(5.4.1) or

my(t) = Imw’(t) #0  for Jt]=1.

Without loss of generslity essume = (3) £ 0 for [¢] =1 ana

Purther, without loes of generality essumg w {3) >0 for [t] =1,

Lot
0 <o smt) =g o [6f=1
| ENE -
o, swy(t) £8, on fi]=1
and
(5.5) I = jwou+ive (-0, <u, 0 <8 <1}

Then P leow’] emd 6,w’] ave defined, singie-velued end ansiviic

on T ¥ da;g with H{W) coefficients. Iet

=il =8ty S8 B, W, =0)

I, = {G, = §,+1T, s q, S §) 5 By, Ny = O}

51



end et p be so small that the cirecle of radius p centered ab

(O’l’o) does not intersect the lines §; =% T,. Then let

R (0} = I + 5(0,p) ,

vhere by the gum of two sets A, B we means

A+B=1{cz:e=a+b, a€h, b€B, a,b vectors from origin
to points of sets A and B respectively] ,

and B(0,r) is the closed disc with center at the origin and of

radius r,({see Pig. 2).

For §1 + i’ﬂl in Rl we have

2 e .
8 - Ty = (8- (g )

= (o ~p=p){ey = p)

>0

provided

< .
ap rxl

Let v = real mumber 2 3, and let

(596) A{Q1$§2] &=

3 g e
G+ Ca
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Then fox

(6ys6p) € porverisaer &, (3) x 8,()

A{Cl,g 2] is an analytic function of the two complex variables
Ql = gl 4 iT}l and ( 5 = £ ot 1'1)2 since on this polycylinder
2 2 2 2
1 F o =
(5.6.1) Re{C," + Lo} = 5,7 =My~ + 55 = Ty
2 (8, =N )& +1,) = 1.2
Y R R § 2
2
Lam ) (L m) ()
>(oe}. v ) (Q‘l v (v
- 2"( .?.) .,.13.:,”) 1
= {l-2 (1. = -3 )
o \2
= (3) >0,

since v = 3, A[l;.} ,I;Q] ig the enalytic continuation of Aflu,v]

on I, X I, dinto Rl(&i/\)) X Re(ozl/v), and by {5.2):

w’ (£)[1 + {3 [n(4)17°1 |2
) Alu,v] ,
wolm(t) ]

(5.7) FHo,w'] = tm’(6)

w' = u+ iv. By Ceuchy's formula, we see for w€Ll,, V€I, that:



5h

QG 4CaALC, 58]
(G0 (Cmv)

(5.8) Aln,v] = (2m)™ f }
R, s

20

= z a«jk(mlsmg)(ummi)j {wm?)k
4,50

where R = Rl{al/v], R, = BQI%/‘VL

N ‘é“[gﬁ ﬁgﬁj éC1 dgﬂ
eni)® [ ] (e om T E+L
3R, dFe k@l"'ml (Qg‘”’ma)

8 (o) =

since
m, = Re n' () & I, ftor el = 1
m, = In n'{%) «I, for |t} =1.
Thus
1 K+l
-2 2 f B Ny }
e v PeRa— et
(5.9} ;ajkg < y(zm) ‘@’,‘3_22& ( w7 3‘\{21
where
¥ = arbitrery nuwber 2 1 ,
£, = length of ¥, = 2{8, ~a *+ W (6 /V)} ,
(5.10) 1&2 = length of 332 = 2{{32 =0y F T (ml,/v)} P

2
A* o mex [A(C,C & e
{1 €ER;4 i gla EN o

3

Tan oxder to compute



g3 oy (5 ) oma (0 ) T = &, [y (5, ). 5, )]

{5.11) sup : .
Wl 5"""‘%% 33"'3" 3’4’3@} w By Eu
we nobe that
. z (q e ) %3 i
a5 p4 waf] " D ?
(Goege)¥™  (Gogy ™ A (R R GRS L
thus

= - ? by - 51 =]
Ags’g}; 3 aék[mlitg)gmg(*’cgﬂ oyl m(vl}dmzi‘éz?m

. - ag, agza0¢, 40 ] i
= [, (6, Yem (%, ) Hom) 2 2 2 -
,m;i_< 2) ml( l}j( TT') BJ; ,8;{ tcﬁ“’m‘?{‘&“ 33-?*'2 Z‘ lgz mﬁ( ?}'3‘%{%,{51%% ﬁtg)'jé’%",&,mg
v';' 2
Thug
- 2 3 L v \§¥2
Ga2) gl s vimy ) -m ) e 2 ay g8 (20 (o) (-2)

and similsrily for

= £ O N fa.
Al&Sk e &JEL%(%E.BSE;Q{JE'}} aaﬁ}ﬂ[mlxé;l)gm?{%l}} 4
we have
1884 | = vimy(e,) ~m, (6, 3] (2m)™ £, 2, 47 (22 ) ia*) (‘”“"&”{) .
Thus

i [ml(t )9&2{1' )]”& [m <‘€3119m9("§3 :ljg i 33?. L\}&ak

. PRY wi ¥
s Jog=ty | v () (2m)™ £, 4,87

21 12

( f)ﬁkﬁ(goz-me) ,



where
§ i
B (ta) -m (b, )
sUp b w k()
[oy [=|tal=1 g =%,
Thas we geb
Sl 2
5,3 Lo gHr2 [ v
(5.23) ila 5}f#ﬁj.1 < g% Za ( ogi> ;
whera
% w2 o o ai
&> = YQZW} :@3“;@3 A
{(5.1%)

. =3 +k “(m;"%w 34k 2) .
ry =1 Y Py (3 )

Prom (5.7) and (5.8) we ses that if

56

(5.15) #lew’] = g ij{%;}{:u.w%}j E;'ﬁ‘f»mz}k ’
s B=0
+then
{ 1 (,”‘z :
(5.36) ()wtm’{’&}aé’+{1yaim{}jij N B R
| w1 |

Thnugs
(5.17) e (oM = Follergs Iy omy Hé )

where
(5.18) ¥, a (142" fin’ g‘t}ﬁ ém{w [a(2) 1% I’ () %% Hw"fm(t}l}l e .

- M

By combining (5.13) with this, we get



(5.19)

where

(5.20)

5T

e ()l = g% or, / o) tom fo )

* o % 2
o F,& (vrB/al) .

We are now in & position to verify the mr@m:h@aea of Theorem 3.

{H.1)
(45.2)
(H.3)

{r.h)

By hypothesgas.

vt (6) = m’(s).

T By, & .&1& 8y b, mit, & =0 gilven in (5.2),

oy(t)] =1 ?éﬁ gor f6] =1, e =0 sna a,(t) = -1 tn' () €xlu, )
0<p<py <1 for 18] = 1. % is single-valued complex

functicn defined on (% : 8| = 1} x B, where by (5.5)

«%a{wmm%ivzﬁ«:cg‘(lwé)sm 0<0 =<1} A,.=03 & is

G
an anelytic function on B (n) with Hlu, £5% 85 Doy 205 9y5 050
coefficients given in {(5.15), (5.16); f«;e is given vy (5.20),
{5»18)9 (51,13;}3 (5,1{}39 &f = varB/o%lg 'é‘}f = er;falg @f = Oy
£ra (ﬂ o é % g °
q =m =Rem {6}, 9 =u, =Inmn (63, Ag = U8
#

%w&gmbgm@gﬁae

In ovder to £ind @y and \!fag we nove that equation ITI of

Theorem 1 becomes by (5.4} Ffor A = Ag = 0
WI(%) = m’('g}a

Bab the fact thet w'(t) satisfles IIT for L = 0, %.2.,
w'(s) =m'($), is sufficient 4o insure the existence of two

fonchbions ¢ and ¢ of the proper type, end these can be
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given explicitly by consultivgthe proof of Theorvsm 1.

8ince all the hypotheses of Theorem 3 @re satisfied, we have
that there exist & wnigue triplet of funcsions ©(z.0)s  Y{z.h,w (B,A)3
defined for [z =1, 8]l =1, 2 e

J=3, Nd,

Jy = fhsed /(0% -ac) <) <a/ (¥ vae) ,

J, = % : Por the solution w’'(%,A), Be w'(t,A) > (:5.@6}&19

0<o<l, (8] =23},

with o given in (5.5), 4, ¢ =ad U¥ giver in Theovem 33 (note
thet J is an cpen imterval since Re w (£,0) = Be m’(3) 2 ce:i) whers
w'(4,1) ie an spalybic function of A on J with H[uA] coefficients,
2 (5,)) and ¥(b,A) € H(u) for ecach A €J; and which cotisfy
(Bo2k), (B.15), (2.36) ana (4,17) (w(t) glven by (5.1)). Horveover
w'(t,A) is the unigue solution of the integral equation (5.4).
Thus, within the clagse of reglonsg boundsd by Jorden curves with
H(p ) tengents,
[theve is @ unigue such region whose boundexy wi{t,A) for Jt| =1 has
w'(t,n) emelybtic dm A with H{U) coefficients
and which sclves the
electroelestic free boundsry problem where it is agsumed thet nfz)
is of the form (2.1), setisfies (2.3) and Rem’(t) #0 for [t| =1
or Imum'{t) #0 for [t] = 1. Moreover w'(t,\) satisfies the

non-linear singular integral equation (5.4).



§6. Example
In this section we sghall illustrate that the conditions (2.3)

and {5.4.1) are satisfied for the epitrochoids (mee Fig. 3)3

m(z) = oz + ¢ 2"), >0, O<ne <1, n>1l.

o)
In this casze
el )

8 aam
n'(z) = cg(l + ne %

and (2.2) becomes

ny =l
m(z) (2+c27)2 n 2 2 %
= = e =c3z + (1ncn)z - ncn(l»ncﬂ} ——
m'(1/z) =z “+ne Z 4 ne
n n
Thus
by = G Py T Ppp = cce =By =0,

and



59-A

€ '9l4

e/1>2/L="
¢=u




i

"~ 2
1«ncn 0
) 0O
3 = -3 [}
Q 0
"] 2c
& o]
. n
N 2.2 2
(lwnem) e 0
2
! A
O 2 1)cn
(0] 4]
O
cn(lmncn) o

Ld

0

(nrl}cn

ine

0
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Thus
PN 2.
(1wncn)ncn 0 0 s o o 0 ncnilwncn)
2

o 1-2(n-1)e_ o o

o] 0 le(nwz)qﬁ o

g X”@B l = @

9] $]

e {i~nc_) 0 0 s o o 0 lwmeg
. n n B

o2 2 5 e C 2? wn hid 2 »Ym i 2 @20 L Gl 2
= n enfl cn}{l ncné{l 2 u 1}@ﬂ]io 3{n a)en} [1={n 1)2@n} .
mt Q < ﬂﬂn < 15 thu% f(}f i o= 13235‘7% R ‘@m“":i.Q

1 e m{nm»(mvl)}ei >0,

Thus

[z« B8] > 0

and condition {2.2) is satisfied for all epitrochoids of the form

conaidered.



62

To check (5.4.1) we simply note that

RBe m'(2) = qD{l + ne, cos[(nwl)ejj >0

gince Cq =20 and 0O < ne, 2 1.

1.

2.
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