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INTRODUCTION

et f(x) = (fo(x),...,fm(x))T be a vector of linearly independent con-
tinuous functions on [a,b]. We assume that for each x or ''level'' in
[a,b] an experiment can be performed whose outcome is a random variable
Y(x) and that for any x, var Y(x) = 1. Alsc assumed is the existence of
6 = (90,...,9m)T such that E Y(x) = (f(x), ©). The functions  PPRREYE
are called the regression functions and assumed known to the experimenter.
The basic problem is the estimation of functions of the vector ) by
means of a finite number N of uncorrelated observations, {Y(xi)}f=l. Thus,
glven a criterion of what a good estimate of a certain g(g) is, the problem
is one of selecting the xi's at which to experiment.

An experimental design is a probability measure pu that has mass

pl""’pr on the points x X, respectively, where Py N=ni, an in-

10
teger. An experimental design determiner the points at which the experi-
ment takes place, namely the X5 i=l,...,r, and the number of experiments
at each level, namely ny at X, .

Definition 1: Let u be an arbitrary probability measure on [a,b].
M(u), the information matrix of L, is defined as llmij(“)ll?,J=0’ where

m () = [ 500 £(xau(x).

[a,b]
Notice that the information matrix is clearly non-negative definite.
The information matrix plays an imp rtart role in determining the ac-

curacy of estimates to certain g(g). Consider the problem of unbiased




estimation of (5,5), where c is some m+l vector of constants. Let a
design u = {xi’pi}§=l be given, where piN = g The experimenter has N

random variables to work with, Yl(xl)""’Ynl(xl)’°"’Yl(xr)’""an(xr)' 137

is known (see e.g., Karlin and Studden, 1966a) that if there exists a linear
unbiased estimate of (5,5) in terms of these random variables, there exists
one of minimum variance and that this minimum variance is precisely

& sup _ (c, 3)2/(§,M(p)5) where Uu= {d|M(u)d=0}. The crucial quan-

" dsU: 5 E*O

tity in this expression is V(c,u) = sup _ (3,3)2/(53M(p)5). Assume that
deUJ, ake

there is a p' such that M(u')-M(u) is non-negative definite. Then it is
also known that there is p' concentrated on a finite set of points in [a,b]
with this property (see Lemma 1). For this pu', V(c,u') will be at least as
small as V(c,u). This follows because the existence of a linear unbiased es-
timate of (c,8) with respect to p is equivalent to c¢ being in Ut (see
Karlin and Studden, 1966a) and thus in Ut,, Ut being contained in Ut,. If
p' is not an experimental design, i.e., if pu' has irrational weight at

some point, it can still be viewed as an approximate experimental design for
large N. With this outlook we can think of p' as giving a better best
variance than pu for linear unbiased estimates of (3,5).

Definition 2: Let u and u' be probability measures on [a,b]. Ve
say u <u' or M(u) <M(u') if the matrix M(p') -M(u) is non-negative
definite and unequal toc the O matrix.

Definition 3: A probability measure u is said to be admissible if
there is no probability measure u' such that p' >p. Otherwise u is

inadmissible.




Because inadmissible designs give bigger variances than their dominating
designs and because every inadmissible design is dominated by an admissible
design (see Lemma 3), we are interested in determining the class of admissible
designs.

Definition 4: Let u be a probability measure on [a,b] concentrated on
(xl,...,xr] such that p(xi) > 0,i=1,...,r. Then the set {xl,...,xr} is
called the spectrum of u, written S(u).

It is known that admissibility is a property of the spectrum of a meas-
ure (see Lemma 2), that is, if Ky and Mo have the same spectrum they are
either both admissible or both inadmissible. Thus we can speek of admissible
or inadmissible spectra.

When f(x) = (l,x,...,xn)T it is known that a spectrum in [s,b] is ad-
missible if and only if it contains no more than n-1 points in the open in-
terval (a,b) (see Theorem 2). Many other results are known in this case.
For example, if we let C = fc|c = (l,x,...,xn)T for x e [a,b]}, then the
design concentrating equal mass on the zeros of (l-xg) PA(X) (Pn(x) is the

nth Legendre polynomial) is minimax in the sense that it minimizes

sup V(c,u) (see Kiefer, 1959). Hoel and levine (1964) have investigated
ceC

the design which minimizes V(c,u) for c = (l,xo,...,xg) and xok [a,b],
an extrapolation problem. Extensions and modifications of this problem are
considered in Kiefer and Wolfowitz (1964, 1965) and Studden (1968).

The problem attacked in this thesis is that of characterizing admissible

designs when the regression vector F(x) is in the following form

n-k

I
W T

n-k )n \n
h'+

y , . {ByT
(l) (l}xz"':xly (K'Fl)+ ;-")(X"?l 4)"-;(X’r .,(X-E )




where a < El< PO < Sr< b, 0 £k < n-1 and where
. Bl e

0, x<E
(x-€ )T = ’ m=1,2,...
(X‘E)m; x> E

A polynomial in the component functions cof F(x) is called a polynomial
spline function with knots at Fl,...,Eh. A function has this form if and
only if it is & regular polynomial on (a,gl), (El’Eg)""’(Fh’b) and n-k-1
times differentiable at the knots Flreeos€ (see Lemma 4). Spline functions
have received considerable attention from mathematicians working in numerical
analysis, interpolation and approximation theory. (See Schoenberg, 1964 and
Karlin, 1968 for further references).

Chapter I will start off by discussing some of the basic results upon
which this work is dependent. Section 1 has general lemmas about information
matrices, spline polynomials, and admissibility. It also reviews what is
known in the polynomisl ;ase. The rest of Chapter I deals with the problem

of determining the admissible spectra in the case of one knot, i.e., when

- n n- :
£(x) = (1,xy...,x, (X'E)+ K,...,(x-;)?)T Section 2 gives necessary and
sufficient moment conditions for admissibility. Section 3 uses a result

by Karlin and Ziegler to get some properties of spline functions for later
use. Secticn 4 starts by applying whal is known about the polynomial case
to the spline polynomial case to determine a large class of lnadmissible
designs. Then the results of Section 3 are used to classify another large
class of spectra, leaving only a few cases undetermined. In Section 5
these undetermined designs are clussified by theorems that overlap some of

the theorems of Section 4. The final result is that a design is admissible




relative to f(x) = (l,x,...,xn,(x-r)_r:-k +,...,(x-E)2)T if and only if

(1) S(u) has fewer than n points in (a,F) and (£,b) and

(2) s() has fewer than n+ axe points in (a,b).
2

In Chapter II we consider the case of h knots, where the regression

n-k

+ yreey

7 . n n-k n
vector is £(x) = (1,%,...,X ,(x-El)+ P inoy (x-§l)+ —_—— (x-gh)

(x-gh)i)T. The first section generalizes Theorem 3, again giving admissi-
bility in terms of moment conditions. Section 2 contains a generalizaticn
of Theorem 4, using what is known about the problem for fewer than h knots
and applying it to the case of h knots. We see that if pu is inadmissible
with respect to fewer than h knots, then u can't be admissible for h
knots. In Section 3, we see that a design is admissible if it is subadmiss-
ibie (i.e., admissible for fewer than h knots) and has few enough points
in [ﬁ,”l) or (Eh,b:} We also give some examples in Section 3, one of
which classifies all des;gns in the case when k = n-l.In this case, where
the regression function is such that it need only be continuous at the knots,
a design is admissible if and only if it has no more than n-l1l opoints in

each of the intervals (a,€.), (€ ,b) and (€,,E, i=l,...,h=1. 1In
il h S4B

Al
Section 4 we consider the case of a second differentiable regression func-
tion, i.e., where k = n-2, and succeed in characterizing a large class of
designs as inadmissible. We show that designs with n+h(n-1) or more poirts
in (a,b) are inadmissible. We also show that subadmissible designs with
(h+1)(n-1) or fewer points in (a,b) are admissible when none of these
points are at the knots. Section 5 conjectures that the remaining subadmis-

sible designs with (h+l)(n-1) or fewer points in (a,b) are admissible.

It also offers a conjecture for the general solution of the problem, that




(o)}

''a design is admissible if and only if it is subadmissible and has fewer
than n + h(E§5) points in (a,b) - unless it is subadmissible and has

+k -
E—gél or fewer points in (ﬁh,b) or (a,Fl); then it is admissible.'®

Section 6 mentions how Theorems 3 and 10 and Lemmas 5 and 16 can be general-

ized for the case where the regression function is arbitrarily differenti-
n-k
able at the knots, i.e., where f(x) = (l,x,...,xn,(x-gl)+ ,...,(x-El)i P
n-k
h n,\T
(x'gh)+ )"':(X'Eh)_,,)




CHAPTER I
CHARACTERIZATION OF ADMISSIBLE DESIGNS

IN THE CASE OF ONE KNOT

1. Some Background lemmas

In this section we present some fundamental resulis that are relevant
to this thesis, the first lemma describing some basic properties of informa-
tion matrices.

Lemma 1. Let 1(x) = (fo(x),...,fm(x))T and let M(n) be as in Defi-
nition 1. Then

(1) M(u) is non-negative definite;

(2) det M(u) = 0 if all the mass of u 1is concentrated on fewer
than m+l points;

(3) the family of matrices {M(p)}, for u a probability meesure, is
e convex compact set;

(4) for each p there is a probability measure u' concentrated on

r points, r < m+12 m2) 4 1, such that M{(u) = M{u').

Proof: See Karlin and Studden (1966a, p. 787).

The far reaching part of this lemma is part (4) which permits us to
restrict attention to measures concentrated on a finite set of points when
dealing with information matrices. Since our criterion of admissibility is
given in terms of information matrices, we henceforth restrict consideration

to measures on a finite set of points.
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Lemma 2. Iet u be an admissible measure concentrated on {xl,...,xr}

with weight Py >0 &t x Then if p' is a measure concentrated on

i.
{xl,...,xr} with wveight q, 20 at x,, u' is admissible.

Proof: See Karlin and Studden (1966a, p. 809).

This lemms tells us that any measure concentrated on a subset of the
spectrum of an admissible spectrum is admissible, or that a subspectrum of
an admissible spectrun is admissible. It also tells us that if u is in-
admissible, a measure whose spectrum is & superspectrum of S(u) 1is inad-
missible, or that a superspectrum of an inadmissible spectrum is inadmissible.
Thus we can talk of admissible and inadmissible spectra from now on.

The next lemma is the one that guarantezes that we get best linear un-

biased estimation results by staying in the admissible class of designs.

lemma 3. Let p be an inadmissible measure. Then there is an admis-

sible u' such that u' >u.

Proof: Ve start by noting that any M(p') >M(p) has its main diagonal
elements greater than or equal to the corresponding diagonal terms of M(u)
and that at least one must be strictly bigger (see lemma 7). Let
a, = sup (mll(p')). By compactness of {M(u)} (Lemma 1) there is a

H' 2
M(ui) such that mn(“i) =a, and M(u]'_) > M(p). If uj 1is admissible we

are done. If not we let a2

sup (m,.(1')) and notice there is a
' 22
R 2k

M(ué) > M(ui) with m @, If u) is admissitle we are done. Pro-

t -
2olky) = %
ceeding in this way we either arrive at an admissible M(“i)’ for i < m+l,

or we arrive at an M(“i+l) with the properties that aba mjj(“é+l>’

3=1,...,m+l and M(%ﬂ) EM(%) > ... ZM(“i) > M(u). By the preliminary




remark, if there is a (i > TR mkk(ﬁ) > mkk(“$+l) for scme k contredict-
ing the meaning of @ . Thus M(“$+l) must be admissible.
The next lemms is & formal characterization of th: type of regression

function we are interested in.

Lemma 4. A tunction P(x) on [a,b] can be expressed in the form

n ) h k
(2) P() = ) b X+ ) ) ‘E‘ij<x'ei)]:-J
1-0 i=1 j=0

if and only if

(1) P(x) is a regular polynomial in each of the intervals
[a,el),(s ,92), .. .,(Eh_J ,sh),(sh,b] and

(2) P(x) is of continuity class n-k-1 at each g, i.e., it bas

n-k-1 continuous derivatives at gi.

Proof: See Karlin and Ziegler (1966, p. 518).

Sometimes in the en.uing analysis it will be easiest to work with a

linear transformstior of the regression vector (1).

lemma 5. let g(x) = Af(x) where A is non-singular and where f(x)
is given in (1). Then a design p is admissible with respect to g(x) if

and only if it is admissible with respect to f(x).

Proof: Notice that for any v,

M (v) = j AT (x) Eikx) alay = AMF(“)AT.

g [a,b]

%

let p be admissible with respect to f(x). Then if u is not admissible

with respect to g(x) there exists a v such that v >pu with respect to




g(x) or AM (v) AT z‘AM_Ku)AT. Since A is non-singular, this implies
£ b3

M_(v) >M (u). So p must be admissible with respect to g(x). The ''only
f f

if'' part follows Trom the same argument upon noting f(x) = A‘IEKx).

Remark. If we are only considering the case of one knot €, where
F(x) = (1,x,...,x", (x-g)i-k+.,,,.(x-s)2)T, we can define (x-g)?é(x~5)m-(x—6)f,
m=1,2,... and let g(x) = (l,x,...,xn,(x-g)?-k,...,(x-g)f)T. It can be ob-
served that g(x) is a non-singular linear transformation of f(x) and thus
that a measure is admissible with respect to one vector if and only if it is
admissible with respect to the other.

We now state a result due to Kiefer (1959, p. 291) that is instrumental
in characterizing the admissible spectra in the ordinary polynomial case,
when f(x) = (l,x,...,xn)T. We will use a generalization of his theorem to
attack the spline polynomial case.

Theorem 1. Let T(x) = (L,x,...,x")7 and let g(x) = (1L,x,...,x" )"

Then u' >p if and only if

(1) j g(x) a(u'-p) = 0 and

2n
@ [ e >
{a,b]
Proof: See Karlin and Studden (1966 b, p. 352).
Following closely after Kiefevr's '‘'‘momentous'' result is the theorem

that characterizes the admissible spectra.

Theorem 2. Let F(x) be as above. A probability measure p on [a,b]
is admissible if and only if its spectrum has fewer than n points in the

open interval (a,b).




11

Proof: See Karlin and Studden (1966b, p. 353).
x2n

[a,b]

is maximal subject to the prior moments being fixed if and only if u is a

The proof essentially depends upon recognizing the fact that I du

measure with fewer than n mass points in (a,b). The method of approach
used in the spline polynomial case is similar, only the analysis wmore delicate
and complicated. The result is similar, that a design is admissible if and
only if its spectrum has fewer than a certain number of points in certain in-

tervals.

2. A Necessary and Sufficient Condition for Admissibility

We now develop a generalization of Kiefer's theorem, again showing ad-

missibility related to certain moment conditions.

lemma 6. If
M = <:a g) ,
. P b
M>0 if and only if O 4 a >b >0.
Proof: This can be observed after noting

(o) ME) = 2(a-) by

Lemma 7. Suppose M is symmetric and M > 0. If a diagona’ element
m, 4= 0, then mij= 0 for all J.

Proof: Let v be the vector with 1 in the ith place, B in the jth

place, and O's elsewhere. Then for all B,
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=T . . = 2

v v = ) . > 0.
M EBmiJ+ﬁ ij >

Thus for all B > 0,

2m, . + Pm > 0.
(myy + puyy) 2
letting B { O we have 2mij > 0. Also for ail B <0,

(2mij + BmJ.J) <o.

Letting Bt O we get 2m, ., < 0. Thus m, .= O.

i ij

Theorem 3. Let f(x) = (1,x,...,xn,(x-E)i'k,...,(x-g)r_:)T. Let
g(x) = (l,x,...,xzn-l,(x-ﬁ)?_-k,...,(x-g)in-l)T. Then with respect to the re-
gression vector f(x), M(p')-M(u) >0 if and only if

(1) jE(X) d(u'-u) =0 and

(2) o+¢ j‘x2n au'-u) > f(x-g)in d(u'-p) > 0.

Proof: IlLet mij be the (i,,j) element of the symmetric metrix

M= M(p")-M(p). Assume M > 0. We will show (1) holds by repeated applica-

tion of Lemma 7. Since
I ldp = J 1 dp!

or mlf 0, the first row and column of M are O. That is,
(a) j xi d(p'-p) =0, 1=0,...4n and
(v) J (x-g)i d(u'-u) = 0, j = n-k,...,n.

Statement (a) tells us Myp = J‘xe d(u'-p) = 0, so that the second row

and column are 0, or




! x* d(p'-p) =0, i =1,...,n+l

and

I x(x-g)i d(p'-u) =0, J =n-K,...,n.

Continuing this way we finally arrive at
i '
(e) x d(u'-p) =0, 1i=0,.s.,2n-1 and

i j X
(a) J b'q (x-g)i d(pu'-p) =0, i =0,...,n-1, j = n-K,...,n.

Since for i =0,...,n-1 and Jj = n-K,...,n
i
i j ' k, j
[0} x-)f aur-e) = ) o [0 au-n) = o,
k=0

by (d), we get

Ji-0 s = 1 5= s

Thus M >0 implies (1).
We notice that when (1) holds M has its first n and then its

n+2,..., n+k+l st rows and columms O. That is, (1) implies the elements

. [y2n _ 2n
of M other than By, ne” Jx a(p'-u), mn+k+2,n+k+2"j (x-g)+ a(ut-u),

n n
and Tl ntct2 k42, ntl J& (x-§)+ d(u'-u) are 0. We notice that (1)
also implies
n n
J xn(x'§)+ d(p'-p) = f(x-ﬁ)f a(u'-p)
since

n-1 n-l
Fx-8)f = (k-0 (-0 ) & (x-8) (x-0)=(x-)7 ) & (x-0)T 7
k=0 k=0

13




Lk

Thus m Finally, by lemma 6, assuming

n+k+2,n+k+2= mn+1,n‘+k+2= mn+k+2,n+l'
(1), M >0 if and only if (2) holds. This completes the proof.
Corollary. If p 1s admissible when k = m, u is admissible when

k >m’ m = l,...,n-?, m<k.$n'lo

Proof: One need only cbserve that if u' dominates u for k >m, u'
dominates u for k = m.
We now state Theorem 3 in an equivalent but slightly more general and

usable way.

Theorem 3'. Let y(x) = (1,%,.., %", (x-6)", .., (x-0)2*™)T ama

2n-1

let gQ(X) = (1,%X,000,% :(x‘g)n-k

Bk (x-e)2 T

. Then with respect to
the regression vector fl(x) ='(l,x,...,xn,(x-E)ﬁ'k,...,(x-g)i)T or

fé(x) = (l,x,...,xn,(x-s)?-k,...,(x-i)?)T (see lemma 5 and Remark)

M(u') > M(p) if and only if

J
o

(1)’ 'El(X) a(u'-p) = or

J

0 and

i

Jaotx) atur-w)

(2) (x-&’)in a(u'-p) >0 and

‘r(x-§)?n d(u'-u) >0
and one of the inequalities is strict.

Proof: Notice that conditions (1)' and (1) are equivalent and that
given (1)', condition (2)' is equivalent to condition (2).

Lemma 5 and Theorem 3' show some of the symmetry that is inherent in the
situation. later we shall prove certain things by showing one case and claim-

ing another case is true by symmetry.
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3. Some Characteristics of Spline Functions

In this section we present two lemmas dealing with spline polynomials
that will permit us to ''weave'' polynomials through gquestionable spectra.
First we paraphrase a result of Karlin and Ziegler (1966, pp.519-22).

Let mm(t,x) =(t-x)T, m=1,2,... and let ti, xj, i, = 1,2,..4,1,

satisfy conditions (1), (2), and (3):

(1) c<t

IA

L S-St 4,

c<x

15...<x < 4;

-r—

a+ s+2 (s whenever Q o x.'s, Q, coincide,
(2) B < (s >1) whe f the x.'s, 1< incid

J

say equal to g, c<g<d, and B of the t,'s, 1 <PB, agree with the same

i
point g.

(3) No more than s+l consecutive t's (or x's) coincide.

let M(s,t,x) be defined as follows: If X< %< .o <x . end

o r
£<t< e <, M(s,t,x) is the matrix HCPS(ti,xj)Hi,j:l. If

:xcJ -l< x‘j = xJ +1

(o] o o}

= eee =X we replace the J°+1 th column

<x
3 *h-1" %3 +n

(1)
: r d r
vector, 1 <i <h-l, of Hcps(ti,xj)l li,j=l by [dxi ‘Ps(tv,x) T-1

X=X

J

o
A similar adjustment is used on the rows of the resultant matrix when t
values coincide, any sth derivative being taken from the right. M(s E ;c' is
the remaining matrix. We let D(s,t,x) be defined as det M(s,t,Xx). The re-
sult of Karlin and Ziegler is that under conditions (l'), (2), and (3)

< x <t

i-(s+1) 1’
i=1,2,sss,r, where for i< s+l only the right hand inequality is relevant.

D(s,t,x) >0 always and D(s,t,x) >0 if and only if ¢t

Definition 5. Let f(x) be a vector of functions (1’l(x),...,fh(x))T

where t.<t < ...<t

T T
and let t be a vector of constants (ty,...,t,) 1SS .Sty
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Then for t.< t.< ... <t,_ we let M(f,t) be a matrix M = (E(tl),...,'f(th)).

1 "2 h
Otherwise, if t values coincide, say ti -l< ti = ti +l=...=ti +J-l< t1 +y?
0 o o o) o

we let M(f,t) be the matrix obtained b{ replacing the i +k th column,
k) _

k=1.00,3-1, of Mb by the vector [d ” f(t)l ], where all derivatives
dt t=t

i

o
are from the right.

We now apply the Karlin-Ziegler result with r=s+4+2, 0< 4< s-1, c=a-¢,

d=b, x = X €. We notice D(s,t,x) £0

1= s+1
if and only if t

= a~€, and Xgyp=e = xs+£+2=

1< € end to >E.

Lemma 8. Let T(x) = (Lx,e.0,x”, (x-8)574, 0, (x-8)2)T. Let

agt;< .St <b where no more than (s-4+l) t values are € and where

g+g+e—
no more than (s+1) t values coincide. Then M(f,t) is non-singular if and

only if there are no more than (s+l) t values in both [a,b] and [£,b].

Proof: We need only note

(3) W (ED) = us, T [ 1

where M, is an (s+l1)x(s+l) non-singular lower right triangular matrix of

1
constants and where M, is an (2+41)x(£+1) non-singular non-principle diago-

nal matrix of constants. Then det M(f,t) £ O if and only if D(s,t,x) $ O

or if and only if t£+l< € and ts+2 > E.
Lemma 9. Iet 2 <s and a< tls vee< ts+z+1§ b, where ts+l > E and

tz+1< €. Then there is a non-trivial polynomiel unique up to a multiplica-

tive constant in the components of f(x) = (l,x,...,xs,(x-g)i'z,...,(x-g)i)T

vith 0's at the t, 's. (If n t,'s agree with some point, we mean the O at
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this point will have multiplicity h.) Furthermore this polynomial has nc

other 0's in (-=,=).

- m
Proof: Let t = b+l and let t = (tl,...,t “*. PRy

s+4+2” s+z+l’ts+£+2)

Iemma 8, M(f,t) is non-singular and there is & unique Q@ such that

ﬁT(f,E)a = (O,O,...,O,l)T. Thus there is a unique polynomial P(x)=(¥(x),a)

with O's at t,,...,t such that P(t ) = 1. Notice that the condi-

1’ s+4+1

tion that tz+1< € and ts+l

and that we need not worry about an extended definition of ''‘multiplicity'’

s+g+2

> € implies at most (s-g-1) t's fall on E

(see Definition 8). We now show that P(x) has no other 0's on (-®»,»). As-
sume there is some other 0, say t . Let t be the vector with components

to’tl"';’ts+z+l in monotone non-decreasing order. Then no matter where to

is, M(f,t) is still non-singular by Lemma 8. Since M:(f,t)a =0 has a uni-
que solution Q@ = U, we note that the only polynomial with O's at to”"’ts+z+l

is the trivial one.

k. Weak Bounds on the Spectrum

We start this section by applying what we know about the regular poly-
nomial case (Theorem 2) to the spline polynomial case. Then we prove itwo
theorems giving bounds on the numbe:* of points in admissible and inadmissible
spectra. These theorems are later superceeded ty other theorems which give
better bounds from independent arguments; but the theorems of this section
are interesting because they help one see why p is inadmissible if S(u)
is too big and admissible 1f S(u) is small enough. .u7.

Theorem 4. Iet f(x) = (l,x,...,xn,(x-g)i-k,...,(x-g)i)T. It S(u)
has more than n-l points in either (a,€) or (€,b), then u is inadmis-

sible with respect to f(x).
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. Proof: First consider the case when 5(u) hes more than n-1 points
in (a,€). let i = ETE-ET on [a,€). By Theorem 2, i is inadmissible on
2
[a,€] relative to the regression vector &(x) = (l,x,...,xn)T. Thus there

isa ' on [e,€] such that M(a') > M(i) (relative to g(x)). Let

4[!1,?];3' on [e,§]

TR
Lt on (g,b] .

We notice
M) = [ F TR0 e [ T F TG0 a
[8., E] (gabj
and
Mu) = [ F TR aws [ T T ) e
(a,€] (g;b]
Since

[ Foffwar 2] T T e,
[a,8] (a,E)

M(u') >M(u) and p is inadmissible.

In the case where S(u) has more than n-1 points in (E,b) the re-
sult follows from a symmetric argument.

The next definition is motivated by Theorem k4.

Definition 6. Let I(u) = +» if S(u) has more than n-1 points in
either (a,£) or (&,b). Otherwise let I(:) be the number of interior

points of [a,b] in S(u) plus one-half the number of end points of [a,b]
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in S(u), if any. I(u) will be called the index of u.
As suggested above u will be inadmissible 1f I(u) 1s too big and .
will be admissible if I(p) 4s small enough.
- -l
2n-1 En -L)T end

lemma 10. Let g(t) = (1,t,...,t , (t-g)f'k,...,(t-g)

assume I(p) < ®, Then if J.E(t) d(p'-u) = Q0 and S(p') c S(u), o= .

Proof: Consider the elements of S(n) as being ordered from a to b and
suppose S(u') ©S(u). Then let © be the vector of weights of 4, the ith
component of © being the p weight of the ith element of S(u). Let 8
be the vector whose ith component is the u' weight of the ith element of
S(u). Let M be the matrix whose ith column is E(ti) where t, is the
ith element of S(u). Then jg(t) a(u'-u) = 0 implies M(8 - 8') = O.

Since, by Lemma 8, the columns of M are independent, 6-08"=0 and ul=p.
Theorem 5. If I(p) < iﬁigll’ then p 1is admissible.

Proof: Case 1, I(u, = 351535 and there are fewer than n points of
S(u) in (a,g€] and [€,b). Then with s = 2n-1 and £ = n+k-1, Lemma 9

t2lls us there is a non-trivial polynomial P(x) in l,x,...,xen'l,

(x-g)i'k,...,(x-g)fn-l with a single O at each end point of [a,b] in
S(u), a double O at each interior point of [a,b] ir S(u), and no other
0's, so that P(x) has constant cign on [a,b]. If there were a u' >y,
Theorem 3, part 1l,tells us JP(x) dp' = Jf(x)dp = 0 and thus that S(u')cs(u).
Lemma 10 shows us this is not possible. So u 1is admissible.

Case 2, I(u) = datk-l g S(u) bhas n pointe in (a,€]). It can be

2
observed without too much trouble that there is a non-trivial polynomial P(x)
in (x-g)i'k,...,(x-g)in'l with double O's at each point of S(u) in (g,b),

with a single O at b if beS(u), and with no other 0's in (g,=). If u' >y,
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fP(x) du' = I?(x)du = 0, by Theorem 3. If S (u) and S (u') are respec-
tively the points of S(n) and S{u') that are greater than £, we must
have S+(u') c S+(p). Let 5; and EL be respectively the . and the u'

vectors of weights for the points of S+(p) considered as ordered from €

Qn-l )T

to b. Let g(x) = ((x-E)i-k,...,(x-€)+

and let M_ Dbe the matrix
with columns E(ti), where U, is the ith element of S+(u). The columns

of M, are independent and thus the relationship necessary for u' >u, that

M, 6, =M 8], impliess & = 8! or that u

"

u' on (€b]. Thus the only

way u' can dominate u is if J f(x) T(x) au' > J (x) T T(x) du.
(a,€] fa,€]

But this can't happen because by Theorem 2, since I(n) < =, i is admissible

al)

relative to l,x,...,xn on [&,€]. So pu 1is admissible.

Case 3, I(u) = 32552& and u has n peints in [g,b). We use

reasoning parallel to that ol case 2, showing any dominating measure must
agree with u on [a,f) and noting that . is admissible with respect to

the regular polynomial regression vector ca [E,b].

The proof is completed by noting that if I(u) 1is smaller than 3P+g-1,

S(k) is a subspectrum of some admissible spectrum S(uo), where I(po)=3p:§:£.

Thus by lemma 2, p is admissible.
Theorem 6. If I(u) > 3555i§ then u is inadmissible.

Proof: By Theorem 4 we need only prove this in the case when I{(u) is
finite or when S(u) has ro more than n-l1 points in (a,£) or (€,b). Ve

shov u is inadmissible if I(u) = 35§5i§ . It will follow from Lemma 2 that

u is inadmissible if I{u) > 35i§i§ )

- . 2n
Let 773n+k+2 be the moment space of the functions l1,%x,...,Xx ,

(x-g)z‘:'k ,...,(x-g)in. That is, is the set of all (3n+k+2) vectors

”§n+k+2
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Cc where ¢ = fE{x) dv for g(x) = (l,x,...,xgn,(x-g)ﬁ'k,...,(x-g)in)T

and for v & finite measure on [a,b]. Then 7. is a convex cone in

3n+k+2
3In+k+2 i —
E . It can be seen from Theorem 3 that if p is admissible, |g(x)du

is & boundary point of This means there is a non-trivial a

T3n+ke”
such that (d, J.E(x)dp.) =0 end (3, Ig(x)dv) <0 forall y4$p. This im-
plies that P(x) = (@, g(x)) 1is a non-trivial polynomial with O's on S{u)
and that P(x) <0 off S(u).

Case 1, that S(p) does not have n+l points in {a,€] or (g0b].
Then with s = 2n and g = n+k, lemms 9 tells us there is no non-trivial
polynomial with double O's at the points of S(u) interior to [a,b] and
with single O's at a or b if they are in S(p). Ths p is inadmis-
sible.

Case 2, that S(u) has n+l rtoints in. [a,£]. Then it is immediate
that the first 2n+l coefficients of @ must be O or that P(x) is a
polynomial in (x-g)ﬁ-k,...,(x-g)fn. But for this polynomial to have the
described property of being O on S(u) and non-pcsitive off - S(u), it
must have (n+k+l) O's in (g,b]. The only way this can happen is if
P(x) is also the trivial polynomial in (x-g)g‘k,...,(x—g)in. So agein
is ipadmissible.

Case 3, that S(u) has n+l points in ([g,b]. This is covered by

arguments parallel to those of case 2.

5. Characterization of Admissible Designs, One Knot

From Theorems 5 and 6 we see that the only designs not yet classified
are those whose index is 3£%£ or 3Ei%i£ « These will be handled in this

section, by independent arguments.
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Definition 7. Let o = ffl(x),...,fr(x)} where each fi(x) is a
)T

2

continuous function on f[a,b]. Let a < ty < ... <t LY, t = (tl""’t:
and let f(x) = (f (x),...,f (x)) Then o 1is called a Tchebycheff system
or T-system if for all such t, det M(?,.t-) has a constant strictly positive
or strictly negative sign. o/ is called a Weak Tchebycheff system or WT-

system if the functions of 4 are linearly independent and if for all such

E', det M(-f",f) is either always non-negative or always non-positive.

Iemma 1l1. The system of functions {l,x,...,xs,(x-g)i",...,(x-g)i},

0<¢<s, is a WI-system on [a,b].
Proof: From relation (3) of Lemma 8 we observe
det M(F,T) = D(s,E,X) det M, det M,

and thus that det M(T,t) has a constant sign, since D(s,t,x) > O.
The next lemma gives the existence of a measure u' which we will later

show dominates u in the cases considered.

Lemma 12.

(1) Let n+k be even and I(n) = n;k . Then if S{u) < (a,b), there
1s a u' with S(u') €5(u) such that if & (x)=(1,%, ..., X" 2 (x-0)K, L
(x- §)2!1 l)T and Ez(x) = (l,x,...,:cen"l,(x-g)r_1 yoo ,(:\(-g)2n l) , then

jsi(:c) a(u'-p) = 0, i=1,2.

(2) ILet n+k be odd and I(u) = 32 | Tnen ir s(u) < (a,b),

2
there is a p' with S(u') ¢ S(u) such that if El(x)=(1,x,...,x2“'l,
n-k-1 2n-1.T - 2n-1 k-1
(x- §) geees(x §) ) and Sg(x)"(l,x:"';x " :(x'g)? yooes(x- §)

then [g,(x) d(u'-u) = 0, 1=1,2.

2n- 1)'1'
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Proof: We proceed along the lines of the proof in Karlin and Studden

(1966b, pp. 138-9). Let n+k be even, I(u) = Eishas , and S{u) < (a,b).

2
Let u,{x),...,u (x) be respectively l,x,...,x2n.l x—E)n-k,...,(x-E)En-l.
1 3n+k + e X
By Lemma ll,{ui(x)] is a Wr-system on [a,b]. Let vi(t,6)=fb Gb(x,t)ui(x)dx,

X-£.\2 a-e
expf- 1/2(—3-) J. Then for fixed & >0

i=1l,...,3n+k, where G.(x,t) =
)
2né

it is known that {vi(t,é)] is a T-system and that vi(t,é) - ui(t) uri-
formly on [a,b] as & | 0. Let cy= jui(x)dp(x) and ci(é) = [vi(t,é)du(t),

i=l,...,3n+k. Then ci(s) - c Since {vi(t,é)} is a T-system, Theorem

.
2.1 and Corollary 3.l of Karlin and Studden (1966b, Chap. 2) tell us there
is a measure ;5 with positive mass precisely at a,b and i&:%:g points
of (a,b) such that ci(5)=fvi(t,5)dia(t), i=l,...,3n+k. Let u' be a
weak limit of [;6} with mass on precisely < 32%5:3 points of (a,b). Then
w' £ since p has mass on 32%5 points of (a,b). Also
ey = jui(x)dp = jﬁi(x)dp'. By Lemma 10, S(u') ¢ S(u). It is easy to see that
fzi(X)d(u'-u) = 0 implies fzé(X)d(u'-u) = 0.
The proof for the second part of the lemma is essentially the same and
omitted.
Because polynomial spline functions are not infinitely differentiable
it is necessary to make a special definition for the multiplicity of 3 O.
Definition 8. Iet P(x) be a polynomial in the functions l,x,...,xr,
(x-g):_x,...,(x-g)i+l, where r >1 and O <t < r. Assume P(x) 1is not
identically O on any interval and that
(O (e) (P (g )21 (g )= 2V (g )-pl0 (g )20 ana ¥ (g yap(B (e ).
(1) 1f P(k+l)(x) is bounded away from O in some neighborhood of

€ and doesn't change sign at €, we say P(x) has a 0 of order k+l at E.
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(2) 1f P(k+l)(x) changes sign at E, we say P(x) has a O of order
k+2 at E.

(3) 1If P(k+l)(g+)=o or P (e )0 ana 15 PE*)(x) aces not
change sign at £, we say P(x) has a 0 of order k+3 at €. Multipli-

city of a O at points other than £ is defined as usual.

Iemma 13. Let P(x) be a polynomial in the functions l,x,...,xr,
(x-E)i-z,...,(x-§)£+l, r>1 and 0 < g <r, which is not identically 0
in any interval. Then

(1) P(x) can have at most (r+g+2) O's.

(2) 1f P(x) has an even order O at a point, then P{(x) does not

change sign at that point.

Proof: We start the proof of part (1) by showing the result true for
all r and £ = r-1. P(x) restricted to [E,») is a regular polynomial
P+(x) and P(x) restricted to (-=,€] is the regular polynomial P_(x).

If there are no O's at §, the result is evident because P_(x) can have at
most (r) O's and P+(x) at most r+l for a total of 2r+l = r+(r-1)+2. If
there is & O of order h >1 at £, one can observe that the polynomials
P.(x) and P_(x) can not have more than a total of (r+(r-1)+2-h) 0's in
(g,») and (-»,€), for a total maximum possible number of r+(r-1)+2. Ilet
us assume the first part of the lemma true for all r and ¢=r-1,...,r-j+l,
1< J <r. We show it true for g=r-j. Assume P(x) bas more than (2r-j+2)
0's. Then by Rolles Theorem P'(x) has more than (2r-j+1) O's. This follows
since Definition 8 tells us P(x) has a O of order i at € if and only if
P'(x) has a O of order i-1 at £. But that P'(x) has more than (2r-j+l)

0's contradicts the induction hypothesis since P'(x) is a polynomial in
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)(r-l%(r-j)
+ e

l,x,...,xr-l, (x~€ ..,(x-g+)r and can have at most
(r-1)+(r-j)+2 = (2r-j+1) 0's.

For part (2) we observe from Definition 8 that if P(x) has an even
order O at E and h is the first integer such that P(h+l)(§_) and
P(h+l)(§+) are not both 0, then h is even if and only if P(h+l)(x)

changes sign at &. Noting that the Taylor Formule expression for P(x) is
h+l h+l
P (x ) (x-5)
(n+1)!

P(x) = , where x. is between £ and X, we see that

1
P(x) does not change sign at £ if the order of the 0 at € is even.
If P(x) has an even order 0O at a point other than £ it is well known
that P{x) does not change sign at the point.

The next lemma exhibits the existence of certain polynomials instrumen-

tal in showing which designs are inadmissible.

Lemma 14.

(1) Let n+k be even, I{u) = 3%;E and S(u) € (a,b). Then there is

a P+(x) in l,x,...,x2n-l,(x-§)i_k,...,(x-ﬁ)in such that the coefficient
of (x-g)in >0, P+(x) =0 on S{u), P+(x) >0 on [a,b], and P+(x) >0

on the points of [g£,b] not in S(u). There is a P (x) in l,x,...,xzn'l,

(x-g)?'k,...,(x-g)gn such that the coefficient of (x-g)?n >0, P_(x)=0
on S(u), P (x) 20 on [a,b], and P_(x) >0 on the points of [a,E] not
in S(u).
(2) Let n+k be odd, I(u) = 391§ii and S(u) < (a,b). Then there
2n-1

is a P+(X) in 1,%,...,x :(x‘g)i-k-l

cient of (x-§)" >0, P,(x) =0 on S{u), P,(x) 20 on [a,b], and

,...,(x-g)in such that the coeffi-

P+(x) >0 on the points of [£,b] not in S(u). There is & P_(x) in

2n-1 -k-1

1,X,.00,X ,(x-g)? ,...,(x-g)gn such that the coefficient of
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2

(x-g)"" >0, P.(x) =0 on S(u), P.(x) >0 on [a,b], and P_(x) >0 on .

the points of [a,E] not in 5(p).

Proof: We merely establish the existence of P+(x) for the first part.
The existence of the other polynomials follows from similar arguments.

Case 1, that there are n points of S(u) in (a,€]. Let

2n-1 2n-l)T
o+

T(x) = (1,X,000,% ,(x-g)i‘k,...,(x-g) and let ry,...,r; . be the

otk
2

points of S(u) ordered from left to right. Let tl=t2=rl""’t3n+k-l =

t3n+k= r3n+k . By Lemma 8, M(f,t) 1is non-singular. Thus there is an «
2

such that

MUEE) & = (0500050, -(ry g =) -B0(yy g -8 (g 0

2 2 2

b

2n-1.T
'2n(1‘.3n+k'§) ) .

2
Let Mg(f;{) be the matrix consisting of the last n+k columns of ﬁT(E;F).
It can be seen that the first 2n rows of Mg(F,f) are O and that the
lower right (n+k)x(n+k) submatrix is non-singular. Thus Q has its first

2n components O. Then P (x) = (C—!,F(X))*'(x'g)in

is a non-trivial polynomial
in (x-g)i-k,...,(x-g)in with (n+k) O's in (g,b). Since P (x) can't have
any other 0's in (€,), since p+(x) t® as x -, and since P (x) =0
for x < g, it is clear that P+(x) satisfies the conditions of the

lemma,

Case 2, that there are fewer than n points of S(u) in (a,E]). Again

M(f,t) is non-singular. If a is the solution to
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MT(F’F)E' = ('(rl'g)in,'2n(rl'§)§n-l,...,-(r3n+k-§)in,-2n(r3n+k-g)in-l)T,
2 2

P+(x) = (f(x),a) + (x-g)in is the polynomial we seek. We note that if
P,(x) were identically O m [a,§], it would be a polynamiel in (x-E)i-k yeees
(x-g)in having more than (n+k) O's on (&,b) and thus trivial there too.
So P+(x) is non-trivial on ([a,€] and on [£,b]. From Lemma 13; with
r=2n-1 and ¢ = n+k-1, we get P (x) can have at most (3n+k) O's. But
P+(x) is detined so that it has a double O at each of the 3215 points
of S(u). Since P+(x) -~ ® as x — o and since, also by Lemma 13, P+(x)
can't change sign, P+(x) >0 for all x and satisfies the conditions of

the lemma.

+
The next theorem classifies some of the spectra of indices 3EE£ and
3E€§i£ as inadmissible.

Theorem 7.
(1) If n+k is even, & measure p of index 3%;5 is inadmissible if

S{u) doesn't include a and b.

(2) If n#k is odd, & measure p of index 353§1i is inadmissible
if S(u) doesn't include a and b.

(Note that the indices in parts (1) and (2) are integers, so that either

both or none of a and b are in S(u).)

Proof':
(1) Consider the u' from Lemma 12, part (1). Consider the P+(x)

and P_(x) from Lemma 14, part (1) and write

P,(x) = (x-5)2" + F,(x)

(x-£)2% + B _(x)

P_(x)
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= 2n-1

where P+(x) is a polynomial in the functions 1,X,...,x ,(x-g)i-k,...,

(x-g)in'l. The measure p' satisfies I 5;(x)du' = If+(x)du. We notice

jé+(x)du=o, IP+(x)dp' >0 and jb+(x)dp' >0 if S(u') bhas a point in
[g:£] not in S{(u), and that fP_(x)dp' >0 and IP_(x)dp' >0 if 5(u')
has a point in [a,§] not in S(u). Thus J(x-§)ind(p'-u) >0, J(x-g)?nd(u'-p)gp
and at least one inequality is strict. By Theorem 3', u' 2 u.
(2) Here we use the p' of Lemma 12, part (2) to dominate p. We show
w' >y as we did in part (1), using P+(x) and P_(x) from Lemma 1k, part

(2).

Corollary. If n+k 1is even, a measure of index 2> iﬁigil is inadmis-
sible.

Proof: This follows because the spectrum of such a measure is the super-

spectrum of a measure of index dntk whose spectrum is contained in (a,b).

2
The only remaining unclassified designs are those of indices 3255

and iﬁigil that are not covered in the above theorem or corcllary. The

next theorem shows them admissible.

Theorem 8.

(1) If n+k is even, a measure u of index 3&%& is admissible if
S(p) contains a and b.

(2) If n+k 1is odd, a measure u of index 351§ii is admissible if
S(p) contains a and b.

Proof':

(1) Case 1, that there are not n points of 35(u) in either (a,£]
or [€,b). Assme u is inadmissible. By Lemma 3, there is an admissible

p' > u. By Theorem T, S(u') can have at most 3255 - 1 points in (a,b).
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Thus there must be two consecutive points of S(u), say r, and PRy wvith

no points of S(u') between them. By Lemma 9, wherever r, and T,y DAY
be, there is a non-trivial polynomial P(x) in l,x,...,xzn‘l,(x-g):-k,...,

(x-g)in'l with single O's at r, and T double 0's at the other points

of S(u) in (a,b), singl: O's at a and b, and no other 0's in (a,b]. We

can take P(x) to be negative between r, and r and non-negative else-

£ £+1
where on [a,b]. By Lemma 10, S{u') ¢ S(u). Thus all points of S(u') will
lie in regions where P(x) >0 and some will lie where P(x) > 0. This con-
tradicts the condition necessary, by Theorem 3, for u' 2 p, that
fP(x) a(u'-n) = 0 since fP(x) dy = 0 and IP(x) du' >0. So pu is ad-
missible.

Case 2, that there are n points of S(u) in (&,€]. Then the points

n+k-2
2

p' 2p. First we show that p' must agree with i on (E,b]. Notice that

of S(u) to the right of £ are b and points of (€,b). Assume
there is a polynomial P(x) 4in the functions (x-g)ﬁ-k,...,(x-g)in-l with
a single 0 at b, a double O at each point of S(u) in (€,b) and no
other 0's in (&,b]. Since jf(x) d(u'-u) = O there is no point p in
(g,b] that is in S(u') and not in S(u). Arguing as we did in the proof
of Theorem 5,we get p' =p on (€,b] and also, since p is admissible
with respect to the regular polynomial regression vecior on [a,£], that
p' = on [a,§). Thus there is no u' > u.

Case 3, that there are n points of S(u) in [g,b) follows from
symmetric arguments.

(2) Case 1, that S(u) does not have n points in (a,E] or in
(§,b). Assume an admissible u' dominates u. Then u' can have at most

be the points of S{u) in

3ntk-1
points in (a,b). Let Tyree s Tanyea]
2

2
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(a,b). We now show that S(u') must have a point in each of the open inter-

), 1= l,...,3215;1 . For assume not; assume that there is nc

vals (r >

127141
point of 5{(u') in (ri,r Then by Lemma 9 there is & polynomial P(x)

+

1+1)'

in the components of g(x) = (l,x,...,xen-l,(x-g)ﬂ'k,...,(x-g) with

single 0's at a,b,r,,r,,,, double O's at the other points of S(u) in (e,b),

i+
and no other O's. Then as in the first case of part 1, ff(x) d(u'=u) $ 0

1
and u' }u. We can thus assume that either (a,rl) or (r3n+k-l ,b) does
2
not contain a point of S(u'). Without loss of generality we assume there

is no point of S(u') in (a,rl). let t = (tl,...,t where t,= a,

)T
3n+k
ty= Tpp tym ty= Tyeensty s be Lot B(E) = ((4-8)3% (6,603, (65-002,

2n-1 2n a2n-1

2n(t)~8)" Treens (ba e p8) s 20ty 1 =80 7 (g, -8

)fn)T. By Lemma

8, M(g,t) 1is non-singular. Let & be the solution of MT(E,E)&-E(E).

let P(x) = (x-g)in+(g(x),a). Then P(x) has a O at each of the t, and

can't have any other O's, by Lemma 13. Also P(x) <0 for all points of
S(u'), P(x) <0 for some points of S{u'), and P(x) =0 on S(u). Thus
we get j(x-g)in d(u'-p) < 0. So p is admissible, because this last in-

equality contradicts u' > u, by Theorem 3.

n+k-1
2

points of S(u) in (g,b). Assume u' > u. Theorem 1.1 of Karlin and
211'1 ~\T
£, )

Case 2, that S(u) has n points in (a,E] and thus b and

Studden (1966b, Chap. 3) tells us that if g(x) = ((x-8)%,...,(x- ,
then subject to fg(x) d(v-u) = 0, J(x-v)in dv 1s uniquely maximized for v
on (E,b] by v =p and thus, by Theorem 3, that p' =u on (&Db). We

proceed as before from this point, case 3 following from symmetric arguments.

Corollary. If n+k 1is odd, a measure of index < 32%E is admissible.
Proof: We merely note that the spectrum of such a measure is the sub-

spectrum of an admissible spectrum of index 39:§:£.
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From Treorems 7 and 8 we get that if n+k 1is even, then designs of in-
dex < 3255 are admissible, that designs of index 3E§£ are admissible if
and only if they contain a and b, and that designs of index > 3255 are
inadmissible. We get that if n+k 1is odd, then designs of index < 321%1&
are admissible, that designs of index 351"2—"5 are admissible if and only if
they contain a& &and b, and that designs of index >»3EI§Il are inadmissible.

We put these facts together in the final theorem of the chapter.

Theorem 3. Relative to f{x) = (l,x,...,xn,(xog)i-k,...,(x-g)i)T
(or f(x) = (l,x,...,xn,(x-g)?'k,...,(x-g)?)T) u 1is admissible if and only
if

(1) S(u) has no more than n-1 points in either (a,£) or (E,b) and

(2) s(u) has fewer than n + E%E points in (a,b).
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CHAPTER II

THE CASE OF MORE THAN ONE KNCT

1. Necessary and Sufficient Moment Conditicns

Now we are concerned with the case of h knots, 1.e., the case where

the regression vector f(x) = (1,%,...,x", (x'gl):-k

n
,...,(x-§1)+,...,

n-k n,\T ‘
(x-gh)+ ,...,(x-gh)+) , 021, 0<k <n-l, h > .. Ve start by giving a
generalization of Theorem 3, giving necessary and sufficient conditions for
admissibility. The following lemme is & generalization of Lemmas 7, which

was used in the proof of Theorem 3.

Lemma 15. Let M be a square matrix of the form

L £ )
Then M 20 if and only if O f A, 2 ... 24, 20.
Proof: We need only notice that
)
(x x,) M (x x, ) = Z(A-A )(x+.+x)2
l).lo’ z l,clo’ £ i i+l l . . 1
1=1

2
where A, ., = 0. Then for x,= Xg=er =X = O,(Al-A2)xl >0 for all
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e e - 2 - 2
X, < A; 2 A, For X3= X)=ee=X = 0, (Al A2)xl +(A2 A3)(xl+x2) >0 for all
Xy and X5 = Al > A2 z A3. Proceeding in this way we arrive at
-~ Jr a— - _
xMx" >0 for all xaAlegz...ZAL;Azﬂ- 0. Noting that M

non-negative definite and Al = 0% M= 0, we are done.

= n n-k n
Theorem 10. Let f£(x) = (1,X,.040,%x , (x-§1)+ ,...,(x-El)+,...,

(x-gh)i-k,...,(x-gh)i)T, where a <§; <...<g <b and 0 <k <n-l.

- 2n-1 n-k 2n-1 n~k
Iet g(x) = (l,x,...,x ,(x-gl) ’-'.,(X'gl) ,...,(X-gh)+ Jerwey
x-€ )2n-l)T. Then p' >u with respect to f(x) if and only if
h+ nZ

’ l‘-—
(1) jelx) a(u'-u) =0 and

(2) 0 4 J'x2n ap'-u) > f(x-gl)fn d(u'-u) > ... 2 Jr(X'éh)in d(u'-u) > 0.

Proof: The proof is essentially like that of Theorem 3 and so we only
sketch it. Lerma 7 is used to show (1) holds if M = M(u')-M(p) > 0. ILerma

15 shows that given (1), M > 0 if and only if (2) holds.

2. Subadmissibility

In Section 4 of Chcpter I we showed that if p is inadmissible on
either [a,§] or [g,b] with respect to the regular polynomial regression
vector f(x) = (l,x,...,xn)T then p is inadmissible with respect to the
spline regression vector f(x) = (l,x,...,xn,(x-g)f_k,...,(x—g)i)T. In ef-
fect we shei=d that a design inadmissible with respect to O knots was in-
admissible with rospect to 1 knot. Now we will show that a design inad-

£sible with respoct to £ knots is inadmissible with respect to A£+1

knots. First we give some definitions.

Definition 9. ILet §O= a and §h+l = b. By an interval of length g,

0 < £ < h, we mcan one of the intervals [gi’§i+£+l]°
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Note that an interval of length £ is characterized by the fact that it

has £ knots in its interior.

Definition 10. Let §°= a and §h+l= b. A measure p that is admis-

s5ible on all intervals of length £ < h, say {[gi relative to

2 gi +l,+l]},
o} (o]

)n-k

the regression vectors f(x) = (1,x,...,x", (x-gi 41 ,...,(x-gi +l)n,...,
o o

(x-gi +£)n'k,...,(x-§i +z)n)T respectively, is said to be subadmissible (h).
o o

Theorem 1l. Iet u be admissible for h knots. Then u is subad-

missible (h).

Proof: Assume that . is not subadmissible. Then for some 10 and
some £ <h, p 1is inadmissible cn fgio’gio+z+13 relative to f(x) = N

n n-k n n-k n,7
(l)x:'",x ’(x-gio'*l)'* ,--':<x‘§io+l)+;°--;(x'gio+£)+ ""’(x-gio+£)+) .

Thus there is a {I on [gi such that {1 >p on [Ei

»§; ] )€ ]
O el O i L

or such that

W [ Bo(x) A(i-u) =0 and
[&; +8 +pnd

(2) o+ f[ ]x2“ a(in) > | : (x-g, )5 ai-u)
§io’gio+z+1 gio’gic+z+l] °

> 2 (x-g, ,)3" (i) 2 0,
£§io)§io+£+1]

2n-1 )n-k 2n-1

n-k
’(x_gio+l + "",(x-€10+l)+ ""’(x-gio+£)

where E;(x) = (L,Xy000,X

2n-1,T
,c:u,(x'§10+£)+ )

R ' 4 a
. Iet u' be defined as u on [Eio,gio+£+l] and u
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[a,b]- [E g +z+1] Then if g(x) is as in Theorem 10, conditions (1) and
(2) just above imply

(3) f[ . g(x) a{u'-p) = 0  and
&,

&) 0 2D Q(utep) > ve. > £ )22 4(u' ),
( t J[a,b] X dlut-u __j[a’b] (x-g,)% au'-n)

which, by Theorem 10, implies u' > p.

3. Some Particular Results

Without too much new theory we are able to classify some subadmissible
designs as admissible. Roughly speaking, if a subadmissible design doesn't

have too many points in (§h,b] or [e,€; ) it will be admissible. Let

n -k n\T
)

yooes(x- §1)+,...,(x Eh)n “k yeees(x-€,),)" and

F(x) = (1,%y000,%x, (x- 51
let u be subadmissible (h), which means, in particular, that . is admiss-

ible on [a,€ ). Let S(u) have r points in (Eh,b) and s points at

b (s =0o0r1). Let V(u) =2r+s and let g (x) =((x-gh)i yeees (x-6p)5
Notice that by Theorem 10, if ' >y then jg (x) d{u'-p) = 0. Assume
e’ >u. Now if V(n) < n+k it follows from Theorem 2.1 of Karlin and
Studden (1966b, p. 42) that u' agrees with . on (gh,b]. This theorem
says that if V(u) 1is smaller than the number of functions in a Tchebycheff
system whose integrals are to be fixed, then there is no other measure u'
that fixes the integrals at the same values. If V(u) = n+k and ntk is

odd (i.e., b € S(u)), then by Theorem 1.1 of Karlin and Studden (1966b, p. 80)
if IE;(X) a(u'-u) = 0, f(X-Eh)En d(u'-p) <O unless u'=p on (§,b]
Since the negativity of the last integral contradicts u' >u (by Theorem 10)

we get u' = on (§h,b]. Thus in the two cases: V(u) < ntk and V(u) = n+k
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when n+k is odd, we get p = u' on (gh,b]. But since u is admissible
on [a,Eh] we must also have u = u' on [a,gh]. Thus p' >u is impossible.
We state these results as a theorem, including als¢ the similar case when S(u)

has & small enough number of points in [a,gl).

Theorem 12. Let u be subadmissible (h). Let S(u) have r_ points
in (g,b) and s, points at b (s,= 0 or 1); let S5(u) have r_ points
in (a,gl) and 3_ points at a (s_=0 or 1). Let V+(p) =r+s, and

let V_ (u) =1 +s_. Let V(u) = min(V+(u),V_(u)). Then if V{u) < n+k

or if n+k is odd and V(u) = n+k, p is admissible.

Exarple 1. Let k be as large as we permit, i.e., k = n-1. We let
go =8 and §h+l= b and show that a design is admissible if and only if it
has fewer than n points in each of the intervals (gi,§i+l), i=0,...,h
We observe from Chapter I that this result is true in both the case of 0
knots and the case of one knot. So we assume it is true for h-l1 knots
and show it true for h knots. Iet u be a design with fewer than n
points in each open interval. Then by the induction hypothesis it is sub-
admissible (h). By the theorem it is admissible since n+k is odd. If
u has n or more points in an interval it is clearly not subadmissible
(h) and thus not admissible. So we are done.

Notice that when k = n-l a polynomial in the components of the ré-
gression vector is a regular nth degree polynomial on each [51’51+1] and
needs only be continuous at the kno.s.

In the case when n=1, the above result tells us that p is admissible

if and only if S{u) {a,gl,...,gh,b}.

i
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Example 2. lLet n =3, k = 0, h = 2. Then a design is subadmissible
(2) if and only if it has fewer than 3 points in (a,gl), (gl,ge), (§2,b)
and fewer than 5 points in (a,gz) and (gl,b). It follows from the theorem
that a design that is subadmissible (2) and has & single point in (§2,b)
(in (a,gl)) and a single point at b (at a) is admissible. The only de-
signs still undetermined in this case are among those that are subadmissible

(2) and have two points in both (a,gl) and (ge,b).

Example 3. n =4, k = 0, h = 2. Here the subadmissible (2) designs
are those with fewer than L points in (a,gl), (§l:§2)’ (§2,b) and fewer
than 6 points in (a,ge) and (gl,b). Notice that any subadmissible (2)
design with only one point in (a,gl) or (gz,b) is admissible. The de-
signs undetermined are among those subadmissible (2) designs with more than

1 point in both (é,el) and  (€,,b).

L. The Case of a Second Differentiable Regression Function

In this section we assume that k = n-2 (n > 2) and classify many de-
signs for h knots. In other words, we work under the assumption that the
regression polynomial has at least a continuous first derivative at the knots.
The techniques of this section will be generalizations of techniques used
mainly in Section 5 of Chapter I. First we generalize lLemma 8 which was a

handy tool throughout most of Chapter I.

Lemma 16. Let a <t, <... <t <b where there are no more

1 s+hi+h+l~
than (s+l-g) t's at a point § and where no more than (s+1) t's coincide

ry 8 8- -
anyVhere. Then if f(x) = (l,x,...,x ,(x‘§1)+ z,.-',(x-gl)i’ooo,(x-gh)i z,o.c,

(x-gh)i)T, 0<¢<s-1, M(£,t) is non-singular if and only if
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(1) tr(£+l) <E. and

(2) B < Ygupe(r-1)(g#1)? T " l,..0,h,

Proof: This result follows from the Karlin and Ziegler result mentioned
before Lemma 8 in essentially the same way Lemma 8 followed.

We now define a concept which, after an induction later on, will be
shown related to subadmissibility (h). We define this concept of ''permis-
sibility'' for the case when n+k is even, but in this section use it only

when k = n-2.

Definition 12. lLet n+k be even. A design p 1is said to be permis-

sivle (h) if S(u) has at most (n+ % (n+k)-1) points in the interior of
each interval of length ¢, for 0 £ 2 <h. Otherwise u is said to be non-
permissible (h).

Next comes & lemma that generalizes Lemma 14 and leads to the determina-

tion of a large class of inadmissible designs.

lemma 17. let n >2 and k = n-2. Let p be a permissible (h) de-
sign with precisely n+ 2 (n+k) points in S(p), all in (a,b). Then there

exists a set of polynomials {Pi(x)}?=o where Pi(x) is a polynomial in

- - -k -
the components of g(x) = (l,x,...,x2n l,(x-gl)i ,...,(x-gl)in l,...,
n-k 2n-1,T
(x-gh)+ ,...,(x-gh)+n )" and fi(x), where
2n 2
fo(x) =X - (x'gl)+n)
2n 2n
fi(x) = (x—gi)+ - (x-§i+l)+ , 1=1,...,h-1, and
] -~ (w.p (2D
fh(X) = (X E‘h)+ >
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(1) The coefficient of fi(x) =1 and
(2) Pi(x) =0 on S(u), Pi(x) >0  everywhere,

and Pi(x) >0 on the points of [F ;) not in s{u).

17514
Proof: It will be observed that a permissible (h) design p with S(u)
having precisely n+ % (n+k) points, all in (u,b), must have (n-1) points
in (a,gl) and (gz,b), one point at each of the h knots, and (n-2) points
in each (gi,giﬂ), for i = 1,...,h-1.
For 1 =0 or h the result follows immediately as in the proof of
Lemma 1k, case 1. P, (x) willbe O on (a,€,] and P (x) willbe 0 on

[gl,b]. For 1 =1,...,h-1, the technique is essentially the same. Ve show

there is a non-negative, non-trivial polynomial in (x-gi)i,...,(x-gi)in-l,
2n-1

2
(x-§i+l) ,...,(x-§i+l) , and fi(x) with double O's at the points of

S(u) 1in [gi’§i+l3 that is O on the complement Qf[gi,g Using Lemma 8

i+l]'
as was done in Lemma 1k, it is not too hard to see that there is a polynomial

2n-1

P(x) in 1,X,...,X ,(x-gﬁi)i,...,(x-g )2n

2n-l . 2n
1415 B0 X ~(x-€,,,), that has

double O's at the points of &(u) in [gi,§i+l] and is identically O to
the right of € .. P(x) has no other O's on (€,,8;,,] and P(x) >0

)21’1

. 2n
there if the coefficient of X -(x--§:L+l :

is 1. If we let

P(x), x>E§

0, x < §i

then Pi(x) satisfies the conditions of the lemma.

Next we generalize Lemmas 10 and 12.
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- 2n-1 =k 2n-1
Lemma 18. Let g(x) = (1,X,e.s,x " ,(x-gl)i ,...,(x-gl)+n sreny
(x-gh)g-k,...,(x—gh)in-l)T, let n+k be even, and let p be permissidle (h).

If JEKx) a{p'-p) =0 and S(u') ©5(u), then u' = p.
Proof: The proof of this follows from Lemma 16 in the same way the
proof of Lemma 10 followed from Lemma 8.

lemma 19. ILet n+k be even and let S(u) bave precisely n+ 2 (n+k)

2n-1

points, all in (a,b). Then if g(x) = (1,X,0..,X ,(x-gl)i-k,...,

(x-gl)in-l,...,(x-gh)i'k,...,(x~gh)in'l)T, there is a p' such that
J‘E(x) d(p'-p) =0 and S(u') ¢ 5(u).

Proof: The proof of this is essentially the same as the proof of Lemma
12, using the fact that the component functions of g(x) constitute a WT-
system and using Lemma 18 where Lemma 12 used Lemma 10.

We are now in a position to give a generalization of Theorem 7, showing

certain designs besides those not subadmissible (h) are inadmissible.

Theorem 13. ILet n >2 and k = n-2. Then a design u such that
S(u) has precisely n + g (n+k) = n+h(n-1) points, all in (a,b), is inad-

missible.

Proof: We show this result by induction. First note that it is true in
the polynomial case (0 knots) and also in the case of 1 knot. So assume it
is true for 1,...,h-1 knots. If this be the case, a non-permissible (h)
design is not subadmissible (h) and so we need only consider permissible (h)
designs. Let g(x) = (l,x,...,xan-l,(x-gl)i'k,...,(x-gl
(x-g,)2" )"

of Lemma 17. Then fbi(x) au'-p) = jfi(x) a(u'-u) >0, and Ifi(x) a(u'-u) >0

2n-1 n-k
)+ ,on.,(x-gh)+ yreey

. Consider the ' of Lemma 19 and the polynomials (Pi(x)]?=o

for some 1. Also Ig(x) d(u'-u) = 0. The conditions for Theorem 10 are




L1

satisfied and thus ' > .

Corollary 1. If u is non-permissible (h), then u 1s not subadmis-

sible (h).

Corollary 2. If S(u) has n+h(n-1) or more points in (a,b), then u

is inadmissible.

Using Theorem 12 we see that the admissible designs must lie in the
class of designs that are permissible (h). In addition we can say that an
admissible design can have at most (£+1)(n-l1) points in any interval of
length £, for £ < h. We are able to classify many designs with these pro-

perties as admissible.

Theorem 1lk. Ilet n >2, k = n-2, and u be a permissible (h) design
with peints of S(u) at a, b and at precisely (h+l)(n-1) points of (a,b),

none of which is a knot gi, i=1,...,h. Then p 1is admissible.

Proof: Note that the condition of permissibility (h) and the fact that
S(x) misses the knots imply that S(n) has precisely n-l1 points in each
open interval, (gi’§1+l)’ i=0,...,h. Assume p' >p, where p' is permis-
sible (h). Also assume the result is true for fewer than h knots. Thus
without loss of generality we can assume u' + hL o on (gh,b], for then u'
would have to dominate p on [a,gh], which by the induction hypothesis is
impossible. let E;(x) = ((x-gh)i,...,(x-gh)in'l)T. It follows from Theorem
1.1 of Karlin and Studden {1966b, £.80) that pu' can't have all of its mess
points in (gh,b] concentrated in the subinterval [Bl,b], where Bl is
the first mass point of pu in (gh,b], because of all measures v on
[Bl,b] such that fg;(x) d(v-p) = 0, p urniquely maximizes j(x-gh)in dv.

It follows from Theorem 2.1 of Karlin and Studden (1966b, p.42) that u°




must have at least n-1 points in (§h,b) and, since u' is permissible,
it follows that u' must have precisely n-1 points in (gh,b). lemma 3.1
of Karlin and Studden (1966b, p.47) tells us that the mass points of u and
u' are interwoven, or in particular that there is no mass point of u' be-
tween the last point of S(u) in (gh,b) and b. Define the vector

= (tl,...,t as follows: let t.=t.=a, t_ = tk= the first

)T
2n+2h(n-1) 1% %2 3
point of S(u) in (a,b),..., (2 t,'s for each point of S(u) in (a,b) up

to and including the next to last one), the last point of SQ;)

Con+on(n-1)-1"

topp <8 € < toney
Y €2 < Yan+1+(2n-2)’
* and :
tan(n-1) < S h < *an+14(n-1)(2n-2) .
2n-1 n-k

y(x-€)0 7, o (x8 )20

. Then by Lemma 16, M(E;f) is non-singulsr. Let @ be the so-

IBt g(x) = (l,x’ouo,x

2n-1.T
(x'gh)+ )

,ooo,(X‘Eh)+ yreey

lution to  MY(g,%) @ = (0,1,0,...,0)° and let P(x) = (8 (x),3). Then
P(x) has a single O at a, b, and the last point of S(u) in (a,b) and
P'(a) = 1. We now show P(x) is not O anywhere else on [a,b]. Assume
P(x) has another O point at t_. Let f be the vector with components
to, te’t3""’t2nv2h(n-l) arranged in monotone non-decreasing order. Then
wherever t_ is, M(g,f) 1is still non-singular. Since the solution to
MT(E,E) @=0 18 G = 0, we 3see that only the trivial polynomial can have &

0 at all the components of . so P(x) has the property that it is 0 on
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S(n), positive off S(u) in the interval [a,B where B _, is the last

n-l]’
mass point of u in (gh,b), and negative on (Bn_l,b). Thus all points of
S(u') 1lie where P(x) >0 and some lie where P(x) > 0. But if u' >y

it is necessary that jP(x) d(u'-p) = 0. Since JP(x) du' >0 and fP(x) du= 0,
we have our contradiction and pu 1is admissible.

We now know +hat designs with more than (h+l)(n-1) points in (a,v) as
well as non-permissible (h) designs are inadmissible. We k .ow that designs
that are permissible {h) and have (h+l)(n-1) or fewer points in (a,b) and
miss the knots are admissible. If we could show that any permissible (h) de-
sign with (h+1)(n-1) or fewer points in (a,b) is admissible, we wouid
have the following theorem- ''Let n > 2, k = n-2. Then a design u 18 ad-
missible if and only if pu is permissible (h) (or equivalently subadmissible
(h)) and S(u) has (h+l)(n-1) or fewer points in (a,b).'' Unfortunately,
even though we suspect it is true, we cannot prove it. Instead we sum up the

results of this section so far with

Theorem 15. Let n > 2, k = n-2.

(1) Then if a design u has (h+l)(n-1)+1 or more points of 5(u)
in (a,b) it ie inedmissible. Consistent with this, if p is not permis-
sible (h), u is not subadmissible (h).

(2) If u is permissible (h) and has (h+l)(n-1) or fewer points of
5(u) in (a,b), none of them at a knot, then u is admissible.

Notice that the class of admissible designs is conmtained in the class of

permissible (h) designs with (h-1)(n-1) or fewer points in (a,b).

Example 4. ILet n=2, k=0, h=2. Then we find all admissible de-
signs by showing that any permissible (2) design p with a,b and 3 points

of (a,b) in S(u) is admissible. If u is such a design with no points




Lk

in (a,gl) or (ge,b), Theorem 12 tells us u 1s admissible. So we can re-
strict consideration to those u with a point in both (a,gl) and (ga,b).
If the third point of S{p) in (a,b) is in (gl,gz), Theorem 15 tells us

i 1is admissible. S0 we need only consider the case when the third interior
point of s{u) 1is at one of the knots, say gl to be specific. Assume

u' >u. Let a be the mass point of u 4in (a,gl) and B be the mass
point of u in (gk,b). By lemma 9, there is a polynomial P(x) in
(x-gl)i,(x-gl)z,(x-ge)i,(x-ge)i that is O on [a,gl] and at the points of
S(u) in [glb] and >0 off 5(u) in [&,,0] (see proof of lemma 17).

If u' >u, S(u') wouid have to have a point in (gg,b) to the left of B
(see proof of Theorem 14). Thus jf(x) du' >0 and jP(x) du = 0. This
contradicts u' >u. The case where €, e S(u) is similar. Thus when

n=2, k=0, h=2 we car say ''A design u 1is admissible if and only if

it is permissible (2) and has fewer than 4 points in (a,b)."’

Example 5. n =2, k = 0, h = 3. Here arguments similar to these in
Example 4 give us that if u 4s permissible (3) and has 4 points in (a,t),
then p is edmissible-except in the case where the points of S{u) 1lie in
(a,gl) and (§3,b) and at €, and €5 In this latter cese we don't know

if u is admissible or inadmisaible.

5. Discussion and Conjecture

In this cection we review some of the results we have, consider where
generalizations breakdown, and offer a conjecture for the general solution
to the problem.

First we reconsider the case where n > 2, k = n-2. It was mentioned

that a permissible (h) design with (h+1)(n-1) points ir (a,b) is admiseible
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if none of these points lie on knots. Notice that any permissible (h) de-
sign with (h+1)(n-1) points in (a,b) and some points at knots is the weak
limit of a sequence of these admissible designs. It seems heuristically true
that if one has a sequence of ''unbeatsble’' designs, then the limit should
be ''unbeatable.'' Unfortunate.y the analysis is not evident. In all the
examples we have done no weak limits of admissible designs were known to be

inadémissibie. So we offer

Conjecture 1. Iet n >2 and k = n-2. Then a design is admissible
if and only if it is permissible (h) and has fewer than (h+l)(n-1)+1 points
in (a,b).

In the case where n >2 and k = n-2 we were able to shcw, for each
permissible (h) design u with precisely n+ LE:ELE points in S(u), all

in (a,b), the existence of a set of polynomials {Pi(x)}?=0 in 1,Xy...,

x2n-l’ (x"gl)i-k: vesy (x"gl)in-l) veey (x‘gh):l_-k: seey (x-§h)in-l and fi(x)
where
2n 2n
Io(x) =X '(x'§1)+ )
R 2n 2n _
fi(}*) - (x‘gi)+ = (x—§i+l)+ 2 i-= l)"'lh-li
and
_ 2n
fh(X) = (x-gh)'f

with the properties

(1) Pi(x) =0 on S{(u) and Pi(x) $ 0 on the points of [gi,§i+l]

not in S(u),




(2) the coefficient of fi(x) is 1,
(3) Pi(x) >0 or Pi(x) <0, and

(&) Pi(x) >0. (see lLemma 17)

In the case when n+k is even we are able to use Lemma 16 (as Lerma 8 was
used to prove Lemma 14) and a generalization of Lemma 13 to get the existence
of a set of polynomials for which we can presently verify all but property
(4). 1If property (4) is true, analysis similar to that in Theorem 13 could

be used to show

4]
Conjectures2. let n+k be even. Then a design with n+h LEEEL points

in (a,b) is inedmissible.

If Conjecture 1 and 2 are true, I suspect that the next conjecture is

also true.

Conjectures3. Let n+k be even. Then a design is admissible if and
only if it is permissible (h) and has fewer than n+h (EEE) points in (a,b).

Notice that Conjecture 3 includes Conjectures 1 and 2

We are now left with the problem of saying something about the case when
ntk 1is odd, having little but Theorems G and 12 and Example 1 to drgw from.
We notice in Theorem 12 that it is slightly '‘'easier'' for a design to be ad-
missible when n+k is odd than when n+k is even, because the spectrum can
have relatively more points in the end subintervals. Keeping this in mind,

we make our final conjecture, which includes all the ~-ilers.

Conjecture 4., A design is admissible if and only if it is subadmissible
(h) and has fewer than n+ Eiﬂ%&l points in (a,b), unless it is subadmis-
+Kw
2 g L or fever points in either (a,gl) or (gh,b). In

this case it is admissible.

sible (h) and has
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Note that for this latter case to apply n+k must be odd and h > 2.
Recall Example 2, wvhere n =3, k = 0, h = 2, and where a design with 6
points in (a,b) could be admissible. We suspect that some permissible (2)
designs with 6 points in (a,b) are inadmissible, in particular those that

have O mass at all the knots.

6. A Related Problem

In this section we discuss & generalization of the problem we've been

considering. We have been trying to classify designs when the regression

. -y n n-k n n-k
vector is f{x) = (1,x,...,x ,(x-gl)+ ,...,(x-sl)+,...,(x-§h)+ yeney

(x-gh)g)T. Two of the basic results we've used readily generalize for the

n—kl n-kh

-— n n

case where f(x) = (1,x,...,x, (x—El)+ ,...,(x-El)+,...,(x-gh)+ yeeey
(x-Eh)g)T, i.e., the case vhere the regression function is n-k;-1 times dif-
ferentiable at the knot §i- We state the results now.

Theorem 16. Let f(x) be as above. Let g(x) = (1,x,,,,,x2n'1,

n-k on-1 n-k 2n0-1.T

(X'§1)+ l)"‘)(x'§1)+ )"'J(x'gh)+ h,"'}(x-gh)* j°» Then u! ZH

with respect to f(x) if and only if
(1) IE(X) d(p*-p) = 0 and

(2) 04 J‘ x2n alp'-u) zj(x-gl)iﬂ du'-p) > ... > j(x-gh)in a(u'-u) >0.

s
= s
Lemma 20. Let f(x) = (1,Xye..,X ,(x~§l)+ ,...,(x-gl)i yevey

sty 84T n
(=80, Treeep(x-E)0) . Let 2= T 2. Let t-= (taseeonty iean

T
; )
i=1 -

g

where no more than (s-£i+l) t wvalues are E,» where no more than {s+l) ¢

values cofucide. Then M(f,t) 1s non-singular if and only if




and

t(s+2) > &

“(s42)+(2,+1)” F2?

t h-1

(s+2)+ = (2,+1)
i=1 1

> €.

48
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