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1. INTRODUCTION

This report has been prepared under NASA-Ames Contrac,_t NAS 2-3662,
"An Analysis of Methods for Predicting the Stability Characteristics of an
Eilastic Airplane." The report consists of four volumes — a summary report
and three appendixes. The summary report contains an overview of the com-
plete report with pertinent final equations. It is meant to be complete in itself;
however, the detailed derivations of equations and discussions of results are

left to the appendixes. Appendix A contains a derivation of the equations of

" motion and a discussion of the stability criteria. Methods for evaluating stability

derivatives are examined in app. B.

This volume presents and evaluates methods for calculating the stability
and response characteristics of an elastic airplane and identifies those terms in
the equations of motion which significantly affect these characteristics. The
airplane equations of motion fall into two general categories:

(1) Small perturbation formulation (linear differential equations);

(2) Large perturbation formulation (nonlinear differential equations).

In applying these equations, three airplane mathematical models are
treated. They evolve from the viewpoint of the degree of participation by air-
frame flexibility. When this flexibility participates dynamically in the form of
additional motion variables (structural normal modes), the airplane is called
"completely elastic. ' When the flexibility participates n a quasi-static manner,
i.e., when structural deformations are in phase and .n constant proportion with
the loads, the airplane is called "equivalent elastic.' '"Residual flexibility"
(see app. A, par. 6.3.6) represents a middle ground between completely elastic
and equivalent elastic motion. When elasticity does not participate in the motion

at all, the "rigid airplane” evolves.

Applications of stability criteria were discussed in app. A. These criteria
were separated into two major types, static and dynamic. Static stability
characteristics reflect the time-independent stability characteristics of equilibri-
um (steady-state) flight. Satisfaction of the static criteria can be determined
by observing the signs of the stability derivatives. Typical stable conditions

are Cma <0, C,_ > 0, and CDu > 0. Other parameters that reveal more

g



information, sometimes slanted toward handling qualities, are items such as
stick-speed stability, elevator angle per g, neutral point, and maneuver point.
The variations in these parameters due to differences in derivative calculation
techniques will be discussed in Sec. 4. T

Dynamic stability comparisons and results are given in Sec. 6. Leading to
this discussion, there exists a considerable amount of material concerning rigid
airplane characteristics. Time history solutions are discussed in detail in
ref, 51, Characteristic equations and associated roots, motion charactevistics,
and transfer functions can be found in refs, 4 and 36, For the completely elastic
airplane, similar discussions may be found in refs, 5, 39, 58, and 74 through
76 along with some examples of application of residual flexibility (called residual

stiffness in some of the references).

No such detailed treatments are found for the equivalent elastic airplane,
but the techniques applicable to rigid airplane characteristics apply. Some
special effects have been discussed briefly in refs. 4 and 51,

An almost complete parametric study of the influence of various derivatives
on the roots of the rigid airplane characteristic equations for a particular study
airplane can be found in ref. 36. Items not treated there are the effects of &
and § derivatives on the dynamic stability characteristics; these are investi-
gated in Sec. 7. Some parametric studies for the elastic airplane undertaken
in refs. 39 and 58 are also discussed in Sec, 7,

The airplanes studied were the Boeing 707-320B and a variable-sweep SST
configuration at three sweep conditions. The general arrangements and perti-
nent geometric parameters for each airplane are illustrated in figs. 1 and 2,

The study flight conditions are given in table 1.
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2. SYMBOLS

This list includes the symbols found in the Summary and appgndixes. In different
technologies some of the symbols have different meanings. For exumple', € means downwash
angle to an aerodynamicist, but strain to a structural engineer. In these cases the several
definitions have been listed after the symbol. )

General

R Aspect ratio, nondimensional
[A] Steady acrodynamic influence coefficients matrix, metersz/radian
(6A) Unsteady aerodynamic influence coefficients matrix, meterz-seconds/

radian

(Al IA2], [A3], Aerodynamic matrices, newtons, newton-meters
[Ag], [Ag)

a Root of characteristic equation, sccond'l: lift curve slope, radiun'1
a, Speed of sound, meters/second

a, Vertical tail elastic to rigid lift ratio, nondimensional

a Acceleration, meters/second2

b Wingspan, meters

Cy, Cycles to damp to half amplitude, nondimensional

CZ Cycles to double amplitude, nondimensional

Cp Drag coefficient, D /gS, nondimensional

) Induced drag coefficient, D; /3S. nondimensional

CL Lift coefficient, L /gS. nondimensional

Cy Rolling moment coefficient. M, | GSb. nondimensional
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ref

Pitching moment coefficient, M_ /@S¢, nondimensienal

y
Normal pressure force coefficient, N /S, nondiménsional
Yawing mome‘nt coefficient, M, /3Sb, nondimensional
Pressure coefficient, (P - P,o)/fl'm. nondimensional

Thrust coefficient, T/gS, nondimensional

Side force coefficient, Fy /qS. nondimensional

Flexibility matrix with reference point fixed, meters/newton

Flexibility matrix with reference point fixed and with reference -
point rows and columns removed, meters/newton

Flexibility matrix with reference point free, meters/newton
Residual flexibility matrix, meters/newton

Wing chord, meters -~

Root chord, meters

Mean aerodynamic chord, meters

€ for the 707 and CR tfor the SST, meters

Drag, newtons '

Induced drag, newtons

Transformation mutrix from fluid to stability axis system,
nondimensional

Elastic displacement, meters

Column matrix of elastic displacement components at the ith
element, meters

Matrix of elastic displacement perturbation, meters
Total airplane perturbation energy, newton-meters; Young's modulus,

newtons/meter=: induced drag etficiency factor, nondimensional;
energy. newton-meters




n ‘mmu\.‘

{r}
{ra}
{fr}

Internal energy density, ncwton-mctcrs“/kilogrum

Energy decay parameter, nondimensional .

tJd

Force, newtons; surface stress vector, newtons/meter
Total force matrix, newtons
Acerodynamic force matrix, newtons

Flexibility matrix relating changes in panel centroid deflections to
unit loads, meters/newton

Generalized foices at ith

clenient, arbitrary dimensions
Thrust force matrix, newtons
Flexibility matrix relating panel slopes to unit loads, radians/newton

Aerodynamic influence coefficients (subsonic), iewtons/radian

Perturbation force, newtons; perturbation surface stress vector,
)
newtons/meter-

Perturbation force matrix, newtons
Aerodynamic perturbation force matrix, newtons
Thrust perturbation force matrix, newtons

9
Shear modulus, newtons/meter=
Gross weight, newtons

Structural influence functions in diadic form with reference point
free, meters3/newton

Aerodynamic influence coefticients (supersonic), newtons/radian
. . 3

Acceleration due to gravity, meters/second -

Unit base vector, nondimensional

Altitude, meters: specific enthalpy, newton-meters/Kilogram; center-
of-gravity position, nondimensional

e e 4 aa

b ot WP & Y b
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Kgw)
Kw(B)
[K]

Maneuver point positica, nondimensional .
Neutral point position, nondimensional
Static margin, nondimensional

Velocity of panel normal to the streamwise direction, meters/second
>

e 2
Moments and products of inertia, Kilogram-meters=~

Identity matrix, nondimensional
Horizontal tail deflection, degrees

Unit base vectors, nondimensional

Torsional constant, metcrs4/rad ian

Angular deflection at the exposed horizontal tail due to a unit load
at the tail, radians/newton

Structural stiffness coefficient, newtons/meter
Ratio of aircraft nose lift to aircraft wing lift, nondimensional
Effective change in vertical tail angle of sideslip due to a unit change
in rolling acceleration measured at the exposed vertical tail, degrees/
. 2
radian/second~
Effective change in vertical tail angle of sideslip due to a unit change
in yawing acceleration measured at the exposed vertical tail, degrees/
. 9
radian/second -
Effective change in vertical tail angle of sideslip due to a unit change
in side acceleration measured at the exposed vertical tail, degrees/
9
meter/second
Eftect of lift carryover on the body due to the wing, nondimensional

Effect of lift carryover on the wing due to the body, nondimensional

Stiffness matrix with respect to fixed reference point, newtons/meter

S R i ok o re A e o, e
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b,

(K1,{k]

k4]

(M]

N

ml,mz, m3

34

[m]

Element stiffness matrix, newtons/meter
%
Stiffness matrix with respect to free reference point, newtons/meter

Generalized stiffness matrix with free reference point, newtons/
meter

Thermal conductivity, newton-meters/second-meter-degrees Celsius;
. v, . .
elastic constant, newtons/meter=; Strouhal number, nondimensional

Corrector matrix for infiuence coeflicients, nondimensional
Lift, newtons

Moment arm, meters; characteristic length, meters; pressure difference
3
across surface, newtons/meter=

Wing c /4 to horizontal tail Cref/4, meters
Wing c /4 to vertical tail ¢ ,p/4, meters

Direction cosines, nondimensional

Mach number, nondimensional; mass of the airplane, kilograms
Moment, meter-newtons

Inertial matrix, kilograms, kilog,mm-motcrs2

Generalized mass matri-x, kilograms

Direction cosines, nondimensional

Perturbation moment, meter-newtons

Mass matrix, kilograms

Diagonal mass matrix, kilograms

Yawing moment, meter-newtons

Normal force, newtons

Load factor, nondimensional; number of elastically connected mass
elements used to represent the airplane, nondimensional

s e i Pnt

Py
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nl,nz,n3

el

p.q,T

{n}

£}

>

Direction cosines of the normal surface, nondimensional
Unit vector normal to the surface, nondimensional ‘.
Diagonal matrix of panel unit normal vectors, nondimensioal

Period, scconds

Components of the angulur velocity & in the body axis system, rudisns,
secoml

N
Total pressure, newtons/meter-
Aerodynamic panel pressure forees, newtons
. 7 .
Static pressure, newtons/meter~; roll rate, radians/second

Perturbation components of angular velocity c'Sp in the body axis
system, radians/second

Generalized force, arbitrary dimensions™®

Matrix of generalized aerodynamic and thrust forces, arbitrury
dimensions*

Pitch rate, radians/second; rate of internal heat energy addition, newton-

meters/second
Generalized coordinates, arbitrary dimensions ™
. ) )
Dynamic pressure, newtons/meter-
Pitch rate, qcp.g/2 Vc],nondimcnsionul
Matrix of generalized coordinates, arbitrary dimensions*

Matrix of generalized coordinates of elastic free vibration, arbitrary
dimensions*

Cantilever eignvectors, nondimensional

*The units of a generalized force times the generalized coordinates must be newton-meters.
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Re

=\
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with

{ fop }

Universal gas constant, newton-meters/Kilogram-degrees Kelvin:

[ d
magnitude of position vector, meters; region of XY plane not covered
by the airplanc or wake, nondimensional

Reynolds number, nondimensional

Position vector at an initial instant of time, meters: body force per
unit volume, newtons/meter3

Reference distunce, meters; magnitude of the position vector, meters

Yaw rate component, rb/Z\/cl , nondimensional

P sition vector refative to the body axis system, meters; position
vector relative to the fluid axis system, meters

Position vector of the center of gravity relative to the fluid axis
system, meters

Position vector relative to the stability axis system, meters
Position vector relative to inertial space, meters

Position vector of the center ol gravity relative to the inertial space,
meters

Position vector in the undeformed airplane relative to the body axis
sysiem, meters

Matrix of airplane position and orientation perturbations, meters,
radians

N I . » . - .
Reference arca, meters=: airplune’s projection on the XY plane,
nondimensional

. 3
Diagonal matrix of panel areas, meters=
Complex frequency function, 1/seconds
Kinetic energy, newton-meters; thrust, newtons: time. seconds

Time to dump to 32 amplitude, seconds

Time to double the amplitude. seconds



1T,

-1/Tg

t*

U, v,w

u,v,w

}

<

Rolling convergence mode root, 1/seconds

Spiral mode root, 1/seconds

Time, seconds; airfoil thickness, meters

Nondimensionalizing time factor, seconds

Potential energy, new ton-meters

Componcnts of velocity VC in the body axis system, meters/second

Perturbation components of the velocity in the body axis system,
meters/second

Generalized coordinates, nondimensional .
Forward velocity component, u/Vcl, nondimensional

Generalized enstic displacements, meters

Lyapunov function, nondimensional; volume, metcrs3
Equivalent airspeed, meters/second

Velocity vector of the airplane center of gravity, meters/second

Velocity vector, meters/second

Perturbation velocity vector of the airplane center of gravity
meters/second

Matrix of airplane linear and rotational rate perturbations, meters/
second, radians/second

Matrix of airplane lincar and rotational acceleration perturbations,
hi R b
meters/second =, radians/second~

Weight, newtons: airplane’s wake projection on the XY plane,
nondimensional

Matrix of panel centroid distances to the reference point, meters

Body-fixed-axis system (app. A); fluid axis system (app. B)

13
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Greek Symbols

o

Body-fixed-axis system

Axis system fixed to a material point

Earth-fixed-axis system

Side force, newtons
Matrix of spunwise panel widths, meters

Vertical displacement of structural reference point, meters

Matrix of vertical displacements of each panel from equilibrium,
meters

Square matrix

Column matrix

Row matrix

Diagonal matrix
Transposed matrix
Matrix inverse
Determinant of a matrix
All zero clements

Column matrix of ones

*Jump” in enclosed quantity

Angle of attack, radians
Angular rotation of structural reference point, radians
Angle between X body uxisand V

U radians

Matrix of panel slopes, radians



{e}

{6s}

Angle of sideslip, radians

7 . .
(M- - 1), nondimensional

®

. ' o}
Circulation, meters=/second

Structural influcnce functions with reference point fixed in diadic
form, mcters3/newton

Flight path angle, radians; ratio of specific heats for air,
nondimensional

Finite change in some parameter, nondimensional
Control surface deflection, radians; arbitrarily small number, non-
dimensional; Dirac’s function, nondimensional; thickness ratio,

nondimensional

Matrix of displacements relative to a spuce-fixed inertial system,
meters

Matrix of flexible displacements relative to the structural axis systemn,
meters

Downwash angle, radians; arbitrarily small number, nondimensional;
strain, meters/meter

Change in downwash angle at the stabilizer per unit change in wing
angle of attack, 9¢ /0a, radians/radian
Damping ratio, nondimensional; nondimensionalized coordinate,

nondimensional; dummy variable, nondimensional

Eftficiency factor, nondimensional; coordinate, nondimensional:
dummy variable, nondimensional

Euler angle, radians

Perturbed Euler angle, radians
Streamwise rotation of panel, radians
Node rotations, radians

Rate of change of Euler angle, radians/second

15
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lel

{v}

(¥

&,n¢

(®n]

Rotational rate of paneled airplane about axis of rotation, radians/
second

L
‘.

Rigid-body rotation about center of gravity, radians
Angle mode matrix, radians/meter
Eigenvatue, nondimensional; taper ratio, nondimensional; bulk

I . )
modulus, new tons/meter=; Lame’s constant, newtons/meter=; sweep
angle, degrees

Roots of chuaracteristic equation, 1/seconds

Reduced mass parameter, nondimensional; Lame’s constant, newtons/
“ > A . . «
meter—; extent ot intlucnce region, nondimensional

Cantilever mode shape matrix, nondimensional

Matrix ot all cantilever modes, nondimensional

Poisson’s ratio, nondimensional

Coordinates, nondimensional: dummy variables, nondimensional
Constant, 3.14159. . ., nondimensional

Deansity, kilogrums/mctcr3

. . . . .
Normal stress, newtons/meter=: density ratio, nondimensional; real
root ot characteristic equation, [/seconds
Rotation of structural reference axis system, radians

Rectilinear translation of structural reference axis system, meters

Coclficient ol viscosity, kilograms;meter-sccond; shear stress.,
v ) .
newtons/meter—; time, nondimensional

. : ) .
Total velocity potential, meters—/second: Euler angle, radians

Normalized natural free vibration modes of the airplune, nondimensional



Hunun v

hal

Wn

-—

“p
Subscripts

A

Perturbation velocity potential, meters; perturbed Euler angle radians
Rate of change of Euler angle, radians/sccond .
Free-vibration mode shape matrix, nondimensional
Rigid-body mode shape matrix, nondimensional

Stress diadic, ncwtons/xm‘tcr2

I:‘Jormul mode of generalized coordinate, nondimensional
Velocity potential, nondimensional

Arbitrary positive function of uime, arbitrary dimension
Euler angle, radians

Perturbed Euler angle, radians

Rate of change ot Euier angle, radians/sccond

Inertia diadic

Phase angle, radians

Frequency, radians/sccond; imaginary part of a pair of complex roots,
1/seconds

Undamped natural frequency, radians/second

Perturbed angular velocity, radians/second

Acrodynamic; airplanc: aileron
Acrodynamic
Acrodynamic center

Body reference axis system

17
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Eff
EqEl

exp

sp

Center of gravity

Center of pressure

Dutch roll mode

Equivalent elastic (Formulation H); elevator
Equivalent elastic (Formmulation I)
Effective

Equivalent clastic

Experimental

Flutter

Handbook methods

Horizontal tuil

Inertia reliet

Lower surfuce

Leading cdge

Lifting surface theory method
Phugoid mode

Rigid: rudder

Rolling convergence root mode
Spiral root

Short period

Stability axis system; spiral mode

®




s

v, vert, V.T.

w

WB

WBT

WT

Sea level

Tip; total
Upper surface
Vertical tail
Wing

Wing-body

' Wing-body-tail

~

Wind tunnel
Ata=6p =iy = 0°: initial state
Steady state motion variables; trimmed condition

Undisturbed condition

o®
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3., ASSUMPTIONS

o

.

Assumptions used in developing the equations and methods are listed here for
reference. Where appropriate in the summary report, pertinent assumptions used in
obtaining a result or equation are given. However, discussions of the assumptions as they
come into the developments are given in the appendixes. Further descriptions and

justifications are included in those discussions.




i CROPS

General Assumptions .
v
Airplance mass and mass distribution are constant vith thne
No thermoclastic eftects considered
No clectromagncetic eftects considered
Symmetric airplane
Variation of air density with altitude is negligible
No gust ¢ttects considered
Gravitational forces on the tickd are negligible
Small perturbation theory

Large perturbation theory

Origin of coordinate system is at the center of muss

00O

Arbitrary perturbations
Aerodynamic Assumptions

Potential flow theory
Thin body

Slender body

o

High aspect ratio

Prandtl boundary layer approximation

Perfect gas, thermally noncnbmlucting and chemically nonreacting
Isentropic flow

Steudy flow

EOOOOO®®




-,

Unsteady flow

Invisaid flow

.®

Quusi-steady flow

EE®

——
tJ

Acrodynamic influence cocfficients for nonzero sideslip
Continuum flow
No finite shock waves

Vciocity ficld is irrotational

O®G

Structural Assumptions

Hooke's law applics

Only small strain and displacement gradients are considered
Structural damping is negligible

Structural perturbations can be represented by normal modes
Completely clastic math mode! of elastic airplane

Residual clastic math model of clastic airplane

Equivalent elastic math mode! of clastic airplune

Rigid math model of elastic airplunc

H®OEEOOOO

Airplane displacement vector ticld is such thut the center of gravity
does not displace or rotute

X component of clastic detlection is negligible
Y component of clastic deflection is negligible
The structure can be adequately represented with beams

fnertia ot cach finite mass clement abouit its conter of gravity is

B OO E

negligible



. e,

Dynamic Assumptions

®OEE®E®G®O

<
c

SIOINGIO

Free flight only
No spinning rotors
Steady-state curvilinear flight
Steady-state rotation is small
Zero-lag thrust derivatives
CL:- is negligible

]
Cy: . Cy. . Cproand C o are negligible

YPI Y rl 1 Y [ "Yl

CD is negligible

q
Steady-state rectilinear motion
Stick-fixed-and-unaugmented airpline
Thrust perturbation forees are negligible
Steady state, wings level, and zero sideslip
Level tlight (steady state)
Lincar acrodynamic stability derivatives

Two-degree-ot-treedom longitudinal motion
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4. STATIC STABILITY CHARACTERISTICS

4.1 Introduction

L 4
®

. The static stability characteristics of an airplane are strongly dependent on
the individual stability derivatives and on how the stability derivatives combine.
In this study three methods were used to determine the longitudinal derivatives
that are used in the static stability analysis. They are shown in the following
table together with a statement of applicability to rigid aud equivalent elastic

airplane representations. The calculation of these derivatives is the subject

of app. B.
Rigid Equivalent
airplane elastic airplane
(1) Computer, using lifting surface
7 theory — aerodynamic influence
coefficient method . . . . . . . Yes Yes
(2) Handbook (combined with compuiter
lifting surface theory for elastic
calculation). . . . . . . . . .. Yes Yes
(3) Windtunnel . . . . . . . . .. Yes Yes

The effects of the individual stability derivatives can be judged by compar-
ing their sign with the static stability criteria of app. A and by noting the magni-
tude of the derivative. The sign of the derivative simply indicates whether the
airplane is stable, unstable, or neutrally stable with respect to a certain motion
variable. (Requirements for stable motion are summarized in table 2.) The

magnitude of the derivative indicates the degree of stability or instability.

In addition to comparing certain stability derivatives with static stability
criteria, the following static stability and control characteristics are usually
investigated in an analysis:

(1) Elevator and stabilizer trim angles;

(2) Stick-speed stability;

(3) Elevator and stabilizer angles per g;

(4) Neutral point;

(5) Manecuver point.



TABLE 2. — STATIC STABILITY REQUIREMENTS

Observation

(Appendix A)

«®

CD > 0 C! <0
u p
C < 0 Cn <0
¥g lq
C >0 C <0
La n,
Cn >0 Cm >0
B u
C <0 C! < 0
m, 8
Calculation
Stick-speed stabilit d<sE
* ¥ 1 > 0 (see app. A)
dv
chE
Elevator angle per g 1 < 0 (see app. A)
dn vc:l

Neutral point

Aft of aft cg.limit (p. 78, ref. 4)

Maneuver point

Aft of aft cg.limit (p. 59, ref. 4)




Applying this approach to the rigid airplane, the three methods listed ai)ove
were compared. The stability derivatives used for the comparison are tabulated
in par. 8.2. As is noted, in some cascs a particular derivatiye for one of the
methods was not available. For instance, no pitch rate del'iv:;tives were
available from wind tunnel data; therefore, lifting surface values were used.
Elastic stability characteristics were determined by using equivalent elastic
stability derivatives of the Formulation II type (see app. B). These derivatives

were generated by methods (1) and (2) listed above and are tabulated in par. 8.2.

Some flight test data were available to correlate theoretical predictions of
longitudinal static stability. The data were obtained as part of the certification
requirements for longitudinal 'stability and control for the model 707-320B
airplane. Results for both maneuvering, déE /dn , and stick-speed stability,
d 6g/dV, were obtained from these tests.

General results obtained from the static analysis are presented in table 3.
Table 3 summarizes the accuracies obtained from lifting surface theory and
handbook techniques in predicting the rigid airplane static stability and control
characteristics when compared with wind tunnel predictions. Also shown is
the relative effect of elasticity on the various static characteristics and the
correlation of the limited amount of flight test data available with theoretical
predictions. Although most of the substantiation of methods was for the rigid
airplane, one could expect to obtain accuracies for the equivalent elastic
similar to those for the rigid lifting surface method. The poor accuracy obtained
for some configurations and charanteristics is almost entirely due to poor
prediction of the stability derivative Cma' Appendix B discusses the calculation
of this derivative and the expected improvements to the lifting surface theory

mechanization program to improve the prediction of Cma

The mass distribution of an aircraft can strongly influence the static
characteristics. Studies that ifxvestigated the effects of mass distribution were
accomplished independently of the present study at The Boeing Company. An
SST configuration similar to the study airplane was used. An example of the
results of that study that illustrates the effects of mass distribution and

dynamic pressure on the neutral point is shown in fig. 3.



TABLE 3. — STATIC STABILITY CALCULATIONS — GENERAL RESULTS

Relative accuracy of calculation method® ¢,
Computer
lifting surface Relative
rigid and equivalent USAF effect of |
elastic Handbook elasticity 5
Stability and Sub Super Sub Super| Sub Super
control 707 SST [ SST [ 707 SST | SST
characteristic [Rigid | E. E. | Rigid | Rigid |Rigid |Rigid | Rigid| 707 [ SST | SST
6K, G | e P F P | P ¢l L|L| L
d6g/dv G || |F |P|P | 6| Ms|M
d6g/dn ¢ |l p|la | PP | F|ls|M|wM
hn G c P F P P P LI M M
hm G Y P F P P F L{ M M

a. Reflects almost entirely ability to calculate derivative Cy a and result-
ing effect on characteristic

G (good)— method compares favorably with wind tunnel predictions
(exception allowed)

F (fair)— less favorable correlation with predictions
P (poor)— method does not compare favorably with predictions
b. L (large)— elasticity considered a significant effect

M (moderate)— elasticity considered moderately important; not quite
as significant as differences due to stability calculation methods

S (small)— elasticity considered a minor change to stability |
characteristic; changes due to stability derivative calculation ‘
methods usually muzh more important

c¢. No data available '

d. Correlation with flight test, but based on a very limited amount of data.

27



6 T D e e R Rt S
]
. _ VSRR VRSOSSN S AU I B
- Full payload and fuel 668 00 Ib ;
—_— Full payload, part fue! 571 Q00 ib ! “
o il | Full payload, no fuel 389 000 b R “ [ A A
-l i No payload, no fuel 314 253 Ib !
AU I TR S S LES ]
Llftmg surface theory used
M=27 |
! i
|
i e i i et~ R S Bt e R
, i
i
o 7 R N s A T
AFT
« 002t ——
(&)
e
x b
T
<
£~
o001 f—— — -
w
c
£
I
5C
£ 0
s |
g |1 |
g
E
5 o0 — .
2
i
FWD -0.02'—-- et - L —
! i
<> | |
‘ T ‘ e — - -
& ! !
. | i
I (s St T = T
| ] |
l | I |
0 200 400 600 800 1000 1200 1400

Oynamic pressure, g, psf
FIGURE 3. EFFECT OF MASS DISTRIBUTION ON ELASTIC NEUTRAL POINT SHIFT - 72° 85T



Paragraphs 1. 2 through 4.5 present the derivation of the equations used and
the discussion of results in support of table 3. Section ¢4 presents only those
data used for discussion. The complete set of static stability4lata supporting

the conclusions of this section are shown in par. 8.3,

In several of the graphs that follow, data have been connected with curves.
Strictly speaking, this should not be done for the SST flight conditions because
several variables have changed between points. The connecting curves in these
cases should, therefore, be considered as a visual aid only, and not be used to

interpolate between data points.

4.2 Elevator and Stabilizer Trim Angles

For unaccelerated, straight and level flight the trim lift and pitching

moment coefficient equations are

Comr = O = Cony * Comyy %y *Com,;, Cu, 4.1)
and

=W - ’ -2

C:(, "§sw CLQ - C:L“ &, *CZ,;, Cury #.2)

These equations obviously satisfy the case of an all-movable tail or imply
a configuration choice of tail incidence. For a fixed horizontal stabilizer with

elevators, the trim equations are

Com 0= Copp *Cpp, &, * Coms, %, (4.3)
and
w. _
c‘l =§—s‘; = C‘o -+ C}_* w‘ +CL5£ 55 (4.4)

Solving equations (4.1) and (4. 2) simultaneously for a; and iHl , the

horizontal stabilizer to trim is given by

Cro * Comrg, *Corre, [CA: "QJ
Crra Coyy, — C‘,,‘;v Cio
Similarly, the elevator angle to trim is given by solving equations (4. 3) and
(4.4) as

by, =

(4.5)



oo CuCme *Crmu -G T
€ Cor C2 5 c',,,"é Cha . (4. 6)
Representative 8 g 1 results for the different calculation methods are shown
in fig. 4 for the 707-320B and in fig. 5 for the 30° wing swecp SST. Para-
graph 8.3 presents éEl for all configurations and flight conditions used in
this study. The coefficient Cma has a dominant effect; thus, the curves mainly
reflect the ability to calculate Cyy a 'accurately. Generally speaking, for sub-
sonic transports like the Boeing 707-320B lifting surface theory can predict
6E1 .7ith acceptable accuracy (using wind tunnel results as the standard for

comparison),

Lifting surface theory, rigid and elastic, can be used to provide the
increments in control deflections due to elasticity. The differences between the
two handbook methods should not be used to deduce the increments in control
due to elasticity. This is because these two methods are based on different
techniques and, consequently, the results show differences due to both technique
and elasticity.

The static characteristics based upon derivatives calculated by an elastic
handbook method (combined with lifting surface theory data) can, however, be
compared to the elastic lifting surface theory values. This comparison shows
our ability to calculate individual elastic derivatives and the resulting static
characteristics without the benefit of a computer program that handles complete
wing-body-tail configurations for the elastic airplane. Appendix B should be
consulted for details concerning the calculation of the elastic handbook stability
derivatives. For the trim elevator results under discussion here, we see that
the elastic handbook method compares quite well with the elastic lifting surface

method.

For less conventional configurations it is recommended at the present time
that only wind tunnel predictions of stability derivatives be relied upon for the
rigid airplane and that desired elastic corrections be obtained by using the
computer program. This can be done by ratioing the computed elastic to

rigid values. For example:

' Cm
= Cm , L ElasTIC
Cmg gqu x IW-T- CMy miaro computed
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or, if there are large variations in the individual values, it may be more
accurate to use incremental corrections such as

L3

[ ]

-Cmﬁsg.sz. = Cmg lw.T. + (Cmﬁg = Cmg R)computed

This latter method is substantiated in app. B in conjunction with the discussion
of the elastic SST wind tunnel model results.

4.3 Stick-Speed Stability

The elevator angle to trim, 6 Ep» depends on both dynamic pressure and
Mach number, éEl = GEl (4, M). Therefore,

dBS.) _ 305 35 | 29 aM _ I3, 1 3k ‘
AV wei 73 v om ar % 37 T Bwm (4.7

Substituting equation (4. 6) into (4.7 ) and carrying out the indicated
differentiation, the following is obtained for the equivalent elastic airplane:

d(8e) | { oCmo oCLy
d(de)| _ Cmy S
av e cmﬁcLse—CmasCL,[CL“ 33 Y]

q g 95
a [ ~ aCm . é_c,—Ls aCm
_Sg‘(Cm‘ 35 C ss—a—éz Cn.&_ éa_ CLgy 3% IOVC'
[
4Cm aCL dCm aC,
3 (CLmCua) = Cmg S5a8 + i + Cmg g
oCm 3Cig . OCmy. a‘c,.‘) N
_ge‘( ™ CLS{" Cm, aM‘ CL‘;. IM Cmse_JMJ 3
“.8)

For the rigid airplane all variations with dynamic pressure vanish, i.e.,
9Cmo _ aCL

8§ aq

L.= 0, etc. The following simpler equation is then obtained:
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dsel - i [-AC"\«CL\
dVv |r Cmy CLS CmaECL“ \%
JCm - aCLo _é_cmo
T (Cri-cro) - omy St CLa S5
oCLg _ 5 (dEm. 9 Clge
+ome S5 - s(GRe oo+ ema S
ey 2Sms. _ o ic_t.g.)_'_ s
LYY, Mse oM /] 2 (4.9)

The expressions for d(ig)/dV are the same as equations (4. 8) and (4. 9),
with 6 replaced by iy in all terms.

Appendix A refers to stick-specd stability as a handling-qualities parameter.
A stable gradient of elevator displacement versus speed is defined there as one
for which d(GE) /dvin=1>0. A comparison of values of o)

dv
from lifting surface theory stability derivatives is made with a flight test value

predicted

in fig. 6. The one flight test value agrees well with the theoretical prediction.
As shown in fig. 7 a stable gradient of d(iH)/dV is predicted for the rigid
707-320B with good correlation between lifting surface theory and wind tunnel
predictions. However, for the equivalent elastic airplane an unstable gradient
is shown at the high Mach numbers. Figure 8 illustrates the correlation of
methods for the rigid and elastic airplane stick-speed stability for the

72° sweep SST. For this configuration we see that the USAF Handbook
produces derivatives that give generally better results than lifting surface
theory. The elastic effect can be significant, but depends to a large extent on
the flight conditions.

As is noted in fig. 7 for d(iy)/dV, a large discrepancy is shown between
the handbook and the other two methods at the higher Mach numbers for the
rigid airplane. The opposite trend with Mach number shown by the handbook
method is due to the large dropoff in the value of Cy, o a4 Cp, o after the
force-break Mach number is reached. In other words, the derivatives 3Cy, o /8 M
and acLa/aM are predicted by the handbook to be much larger in the
transonic region than either the wind tunnel or lifting surface theory would
predict. For M < Mg, the term }1 ?_(.l‘ﬂ) of equation (4.7) written for the
stabilizer is insignificant. Therefore, a good approximation for these subsonic

Mach numbers would be
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It is recommended that wind tunnel derivatives be used to-calculate stick-
speed stability for the rigid airplane, and that desired elastic effects be

determined using lifting surface theory computer methods.

Paragraph 8.3 presents the stick-speed stability data for all configurations

and flight conditions of this study.

4.4 Longitudinal Control Per g

Lift and pitching moment coefficients for a steady pullup are given by

= gc
Cm=Cm, + CmexX + Cmg 5 + Cmg 2V,
c
= + X + C +
CL C;_° C. Lg S CLg 2 e,

Now defining ay and GEI , as the straight and level steady-state flight
conditions, then due to the pullup

= 28
ACon = Come A% + oy, 456 * Comg 2, (4.11)
A0 = & Q% * & AS *»C 2
4o ‘;'E € ‘3 YVQ'

(4.12)

However, ACy, = 0 (steady, symmetrical pullup), so that from equation

(4.11),
é
A48 = — Cm‘k i +a)”e P
o (4.13)
Se
From equation (4.12),
Ax = ACL-CL. Afe - CLy 25 )
- La( - L5 } -3 2Ve,
Also,
Al n W-w
AC = —— = = -
L= Fsw 3 Sw (n-1)en,

3y




Therefore,

i
coc= ——I(n-1) CL, - C, Ade -CLg 3=
c [ ! 6 % 2V
La € 2Ve (4.14)
Substituting equation (4. 14) into (4.13) and solving for Aéf yields, after

-— -

reducing, qc gc
_ (h-NCL Cmy = CrgCmypy;, +Cmg CL, 5,

A 85 =]
CLe Cm&:_ Cmy CL5':
For a steady pullup, aq= (n—\}) € . which gives

< c
_ (n- I\)(Cm_‘ CL,~Cm Crg 2\,‘&+ Cmg CL g ’3‘\7?_?

A =

Finally, an expression for elevator angle per g results:

= — Cmds CL; + 'gé—vc‘;ll (CL“ Cmg_ _CW\;CLQ)
VC| CLd Cmés‘_ Cmd CLéE

Abg,
n- |

_ dlse)
Ve, dh

(4.15)

The derivation for trim stabilizer per g is identical to that previously

given for 9-55—5- and would yield
an -
- gc
dli)] - _ CmxCr, +3ve? (CLaCmg -Cmx Cig)
dn lv, CL,Cmy, —Cm, CL;“ 4. 16)

Equations (4. 15) and (4. 16) hold for both rigid and equivalent elastic air-
planes. As with the other static stability characteristics, the derivative Cmu
was found to have the largest influences for the configurations investigated.
Except for the 30° wing sweep SST configuration, all cases have their best
correlation between lifting surface theory and wind tunnel predicticns. The
derivative dd g/dn is a negative quantity for all cases except where the c.g. is
aft of the maneuver point, which is to be ey'cpected. A stable gradient of elevator

displacement versus load factor is defined in app. A as one that satisfies

dse)

dn

< O

ve, (4.17)

It was noted that the terms containing the pitch rate derivatives in equation
(4. 15) were insignificant for the 707-320B, but not for the SST configurations.
A good approximation to equation (4. 13) for large subsonic type transports would
then be
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d(6¢) = = Cm« Cu, = ~_ Cu,(h-h,)

dn ClgCms,-CmeCly,  Cmg ~CLg (h-hn) (4.18)
For a rougher approximation for the 707-320B, the following equation will suffice
dfse) | _ CmaCi,
dn CiCm. (4.19)

Equation (4.19) is acceptable for the 707-320B because Cm, CL‘SE is ten
percent or less than the term CLa Cm SE for all flight conditions. Therefore,
it is scen that elevator angle per g is approximately pcoportional to Cmg for
the 707-320B. Figure 9 shows d§g/dn for this airplare. The handbook method
gave the largest values of the stability derivative Cmu and, consequently d§g/dn
was much larger than that shown by the other two methods.

The effect of elasticity is seen to be small for this stability characteristic.
It has the effect of an increase in the stable gradient of elevator displacement
versus load factor. The effect of elasticity on d§g/dn for the SST configura-
tions is quite small also (see par. 8.3). Figures 54, 55, and 56 show the
results for the rigid airplane for all configurations. The comparison of flight
test results for the 707-320B with the theoretical prediction obtained by using
lifting surface theory stability derivatives is shown in fig. 10. In general, the

correlation of lifting surface theory and flight test data is seen to be quite good.

4.5 Neutral and Maneuver Points

The neutral point, h;,, is defined asthat c.g. position for which 8CmOl /aa = 0.

It was calculated from the expression :
Cmg

hn = h ClLg (4. 20)

where h is the c.g. position.

Equation (4.20) is derived in ref. 4 as equation (2.3.3). This expression

is only valid for small angles of attack in the linear range.

The maneuver p. "at is defined as that c.g. position for which déE/dn =0
If either equation (4. 15) or (4. 16) is rewritten for the maneuver point and if we
let Cma = CLQ (h - hyp), the following is the result:

=
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_mg  2mg : NRTrS e s
Let CL, 155~ oVe 2sw in equation (4. 21) and simplify. This yields an

expression for the mancuver point

C
"lm = h'\ - am Ma X3
Snt ~ Cle (4. 22)

Except for the 30° SST configuration, the best correlation with wind tunnel
data is given by lifting surface theory for the neutral point. The static margin,
hy - h, is shown in figure 11 for both the 707-320B and the 30° sweep SST. As
can be seen, lifting surface theory would be quite acceptable for the 707-320B,
but for the 30° SST wind tunnel data would have to be used. The rather sig-
nificant difference between the rigid wind tunnel data and rigid lifting surface
data for the 30° SST is due to differences in Cmg,- Only 2 minor change in
representing the pressure d‘istribution can affect Cma‘ The small discrepancy
in pressure distribution used in the lifting surface representation (discussed in
detail in app. B) is sufficient to produce the differences shown in the data.
Elasticity is seen to have the effect of a forward shift in neutral point (i.e., a
smaller static margin) for the 707-320B and an aft shift for the 30° sweep SST.

As pointed out in the introduction to Sec. 4, the mass distribution can have
significant effects on the static characteristics of an airplane. A study performed
during tke course of the SST development and independent of the present study
investigated the mass effects. An example of the results of that study is shown
in fig. 3. As can be seen, the shift in the neutral point due to elasticity can be
either stabilizing or destabilizing depending on the mass distribution. Lifting

surface theory methods were used in the analysis.

.

The correlation of the three methods for the maneuver point calculations
is similar to that shown by the neutral point comparisons because of the effect
of Cmy. All the results are shown in par. 8.3. In general, lifting surface
values compare most favorably with wind tunnel data. For the 707-320B there is
a forward shift in maneuver point due to elastic effects; however, for many of
the SST flight conditions analyzed there is a slight aft shift. The effect of the
stability derivative CLq on the maneuver point is negligible for both the

equivalent elastic and rigid airplanes.

Figures 57 through 60 present the complete set of data for the rigid and
equivalent elastic airplanes for all configurations for the neutral point, static

margiu, and the maneuver point.
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5. DYNAMIC STABILITY ANALYSIS METHODS

5.1 Introduction

This section presents methods for determining and illustrating dynamic
stability characteristics. Dynanic stability criteria that separate motions into
the categories of stable, neutrally stable, and unstable are given in app. A.

Four sets of stability criteria are discussed in that volume; they are the criteria
relative to characteristic equation methods, time history methods, energy

decay methods and methods based on the direct method of Lyapunov. Of these,
only characteristic equation methods and time history methods are adequately
mechanized. Further, of the characteristic equation methods, only the method
for the roots of the characteristic equations is mechanized. Thus, two methods,
roots of the characteristic equations and time histories, were used to obtain

and analyze the predicted dynamic stability characteristics of the study airplanes.
Figure 12 indicates how the calculation methods and dynamic stability criteria
relate.

5.2 Roots of Characteristic Equations

Airplane equations of motion can be reduced to a set of linear second-order
differential equations with constant coefficients when dynamic behavior can be
approximated by assuming that motion perturbations relative to the steady state
are small. These equations are called small perturbation equations of motion
and are amenable to generating characteristic equations whose roots can be
examined to determine motion characteristics.

The dynamic stability criteria of all characteristic equation roots
in app. A are:

If the airplane equations of motion are linear and autonomous*, then the
airplane stability behavior is said to be:
e stable, if the real parts of the roots of the characteristic equation are

all negative;

*Autonomous equations do not contain time explicitly.
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e neutrally stabl», if one or more roots of the characteristic equation
has zero real parts and the remaining roots have all-negative real parts;
e unstable, if at least one root of the characteristic equ:qtion has a posi-
tive real part.

These criteria can be satisfied by inspection, i.e., by checking the sign or
absence of the recal parts of the roots. However, these yes-no-type stability
answers relate very little information abhout airplane motion characteristics.
Some of the parameters that can be deduced from the roots and that are more

physically oriented than just the roots themselves are discussed below.

5.2.1 Rigid and equivalent elastic mathematical models. — The rigid

airplane small perturbation longitudinal and lateral-directional equations of
motion for steady, rectilinear flight developed in app. A are repeated in table 4
in a somewhat revised matrix form for discussion purposes. As was discussed
in app. A, it is possible to take the Laplace transformation of the equations of
motion and solve for the roots of the resulting characteristic equations. However,
the program that generated the roots and associated data in this study uses a
different technique. This program will be referred to as the "small perturbation
program.' The equations in table 4 can be put into the form used in the small
perturbation program through a series of assumptions and substitutions combined
with a good deal of algebraic manipulation. The assumptions and substitutions
are listed below,

(1) Straight and level flight gives the following:

M8= W = ésWCLl

@G

Q, =0
6. =0 = ¢ =p 5.1)
& =g

(2) Thrust effects are negligible.

d

CT;(“

ey @)
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1)

sz. ==

CT'“u

¢

CTm‘

o
o
o
3—1 ~ 0 = —C71,, ~2CT«, = O

(3) The following substitutions are made.

M
b= pSwl
c
2 - longitudinal equations
£ = b lateral-directional equations
A
t¥ = ..‘_4.
Vc'
ba = Ixx
psw.ies
(n = vy
B Zpswi
ic = I:2
pSw L3 5.3)
ie = —Lxz
& PpSw.t3
) 73
\ P = rb _ ri
2Vc, Vg,

(4) Rather than the Laplace transformation a differential operator notation
is used. x d
P=t 3t
(5) The conventional elevator (6g), aileron (84), and rudder (6R) control
terms are added.



(6) The effect of pitch rate on drag, CDq’ is negligible.

Usirg items (1) through (6), the equations présented in table 5 are obtained.
These equations are similar to those in ref. 4, with slightiy different derivative

nomenclature. Some modifications to these equations are required to handle
the equivalent elastic airplane model. For example, those accelerations
affecting inertia relief in the lateral-directional modes are 3;1, p, and r.
" Inertia relief due to these accelerations is affected by letting
' R —
M — M =M nyx g Sw
Ixx - I;K =1ux — C“F.’I § Swb

Ioz—+I2z =12z — Cni_g Swb  (5.4)
, n° + "y
Ip,—=Ixe = Irz > Ixz

1 - -
== [( Txx +Cy; gSwh)+ (Ine +Cni. 3 wa)]
In addition, the following effecis were not included:

Cvb, » Cyip » Cry, » Cnygp

These terms could not be accounted for due to limitations in the current
technique. However, this is not a major discrepancy for the study airplanes.
It is shown in app. B that these terms are very small.

Thus, the characteristic equation with the indicated rigid/equivalent
elastic definitions evolves as indicated in table 6a. This equaticn is a result

of the requirement that (for &4 = 6 =0)
[a@)]x} =10}
has nontrivial solutions, i.e., ' '

8
{x} =<2r # {0}

r

(5.5)

Frequency, damping, and related data were obtained from the equation in table

6a. Appropriate rigid and equivalont elastic input data to this equation are
tabulated in par. 8.2.
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“REPRODUCIBILIT

TA.BLE 6. - CHARACTERISTIC EQUATIONS IN DETERMINANT FORM

R a. Lateral—directional

L4
ce

(2er —C'_:,’:)D."C'_:,A “fC_’gFD'*CZ’ (22 -Cqy, )
~(Cy * D) 0D’-C, D -(aD+g,) ||=©
“(Cpy +Cry3 D) ~(t: D*+Cop D) i D ~Cr,

where: B /{s”//asw/,‘ M'—"h//cg s A= b/2

D=t*atlat; =t/

Note: For the equivalent elastic airplane, Cyf’I . Cyi.l .

Cl'};I , C“‘y'I are not accounted for.

Equivalent elastic airplane

c eq s <
Rigid airplane €8 ] S3 & ST

All derivatives are conventional Derivatives include elastic effects

rigid derivatives. due to ae: odynamic loading (Formula-

tion I) and would have E subscrlpts

& = Izy /08 07 4=( Iz ~Ch G Swb)/rc Swb3
te=C lea=Cny: §Sub) [oSwt?

le= Ixs /oS, F3 -
_xzz +5 Cp 3Swb +4 Crg 3506

" = 3 1 =
fé- ]zz //Oswj £ Ps “,5

W = Actual gross weight = W1 W= g(M—Cyﬁﬁ Sw); M =W1/g

Assumptions requlred *.
Gl -

R1_¢1=61=

(9]

[



TABLE 6. - CHARACTERISTIC EQUATIONS IN DETERMINANT FORM (CONCLUDED)

E b. Longitudinal
-Z,«D+CD“+ZCD* Co.. - cl.,. C.'L:.
CurlCiy  BaeCldDullinC) G0 [ = O
:Cm“ "(cn\.'gD Cm.) "BDz'cmsD'

 where: | /A’M./PS ﬂ M W/ = E/Z

= ¢*d/dL, % = 1/Vc1

Note: For the eqmvalent elastic airplane, CLOI and all 0 are not

accounted for.

Rigid airplane S8

Equivalent 2lastic airplane

87

All derivatives are conventional
rigid derivatives.

tg = I)’}'//fsw 13 .

W = Actual airplane weight

Derivatives include elastic effects
due to both aerodynamic and inertial
loading (Formulation II) and would
have E subscripts.

ig=(Tyy-Cu; 3 Sw)/PS, L

W = Actual airplane weight

Assumptions requlred

PEOO O EIOOOE =

By =#1=81=Crp, +Cp. =0




. bl

The longitudinal equations also require consideration of three accelerations.
These are u, w/Vg = @, and q =8. Elastic deformations in the airplane
x-direction are usually small and, hence, those deformations Slue to u are
ignored. The effects of @ do not completely specify the load faétor conditions.
In particular, the perturbation load factor is given by

hP<=-(-\§/—-— Yiz'—gn-ramm)

as is shown in app. B. However, as indicated in equation (5. 1), 0; =0, yielding

hp = - (L Yus
g ]

Adding load factor terms with proper nondimensionalizing scale factors,

(5.6)

the second matrix equation in table 5 may be rewritten to account for inertia
relief due to load factor perturbations. However, since current applications of
lifting surface theory (influence coefficient methods) allow the implicit treatment
of inertia relief, called Formulation II in app. B, it was decided that derivatives
that include inertia relief would be used.

The effects due tv & cannot be treated explicitly. To treat CL’g'I in the
equation form of the second equation in table 5, it is necessary to have a D2 term
in the second row, third column of the [ A(D)] matrix. This is not currently
available. The other major effe-t, Cm'g'I, can be treated by modifying the pitch
inertia term, ig. This effect is discussed in app. B and identified as using

Iyyerr = Iyy,. = Cmys g SwC

o1 (5.7)

where
C"'\EI = 9 C?ﬂ/ 9.9.2

For the longitudinal equations, the characteristic equation in determinant

form with rigid/equivalent elastic definitions is given in table 6b.

The expanded form of the characteristic equations given in table 6 for the
small perturbation equations of motion written in the parameter A is

AX* + BA2 + CA2 + DA+E=0O (5.8)

-



where the coefficients A through E are determined by the case (longitudinal

iy

or lateral-directional). This is obtained by assuming the solutions

[ 4
‘.

-\
Q= q, et~
Longitudinal * -
morle K = &, eat/f (.9)
L J
e = 9,e“’ “
or
At/
Lateral B =8 e ,
ateral- %
directional ¢ = ¢, e A/ (5.10)
mode AT/E
F=%e |
and substituting these into thei equations in the form of (5.5). After carrying
At/t

can be eliminated, leaving

[A(0)]tx} = (o}

out the differentiation, e

(5.11)

where [A())] is identical with {A(D)] for A =D. The solutions A = 1; / t¥,
i=1, 2, 3, 4 of the fourth-order polynomial (5. 8), are the "roots of the
characteristic equation. " Since a rather complete discussion of the coefficients
A through E and the occurrence and significance of various combinations of real
and complex roots may be found in refs. 4 and 36, it is.not repeated here. The

coefficients are, however, presented below. For the characteristic equation:
AX +BX° +CA° »DA+E =0
longitudinal coefficients are as follows.

A= 2/14'5 r2u “Crg/

Bz Zuig [(Cra * Co¢) *(C0u *2C0, )7 *l:; Cep (Coy *2 Cp,)
+ 200 ( Oty Corrgi = Comg Cegi) = Gus 20 Crmic #Lrnrg )



aé*:‘; L1Cou ?2C0, ) Ctp +Cy) - (Con-Coy) Cou T
= 2l Cmig (Cope *Cy) = Lo Cog # (Cong *ComiJllionvitts)]
= Gl¥ Comrge =~ (Cou "L”p,}/fma Cepi =Ceg C’m:;?)
~ 2052 (Cop=Crs) '

D = 2Chf Cogy = 2t LComy (Coy #2C4 )~ Comu B ~Cy}
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Lateral-directional coefficients are as follows.
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The systems analysis analogies used for airplane characteristic equations
lead to the conventional "mode" definitions which follow. First, for longitudinal

equations (for two complex pairs of roots):

(B2 by ¥+ A JENS 025, e X Sy, ) o

- where: p is the phugoid mode
SpP is the short period mode
w"p <o fep
the roots are

)' e

42 T Op % jevp
4 -

);1 = aép'tol COsp

- gp(‘p) Wrnespy = Orcap) is the real part of the
) ) phugoid (short period)
’ root pair

Crpespy V- % ;csr ) = GprspyiS the im:fginary part ?f
: the phugoid (short period)
root pair

gvm) is the phﬁgqid (short period) damping ratio

apisd is the phugoid (short period) undamped natural frequency
Second, for lateral-directional equations (for one complex pair and two real
roots):
(O) a2 8y cony A+ 2 WX =)0 +55) =0

where D is the Dutch roll mode
r is the rolling convergence root

s is the spiral root

4 L, :
7 7& ),lz = % IJ Wy
the rocts are
)’ g—.‘_ __‘_‘__ (v o
Y T s~ 3¢
-£, &5, = Op s the real part of the Dutch

roll root pair

Wnyp .‘./1-4“-’= ¢.p is the imaginary part of
the Dutch roll root pair

gD is the Dutch roll damping ratio
wn,, is the Dutch roll undamped natural frequency

*Sometimes the term (A'+ 1/Tg)is written (A'-1/Tg)




The relationship between the damping factor, I , undamped natural

damping, ¢ , and damped frequency, w, is illustrated

in the diagram below.

N~~~ — - = \
§
‘ <
LN > i
-1
] 5
| /
g

=—_rw,,
$=-cost -

o) = C'J_”(l-!z)é

Assume that there are two complex pairs of roots that result from the
solution of the rigid or equivalent elastic longituuinal characteristic equation.
The 1eal-time seolution for o will then have the form

. et ot
x=e’ Jln(a{,t—l? re* sinfu t-8
) (et -8) (5.12)

where a; and @, are constants determined by initial conditions.

One pair of roots, the highest frequency pair, determines the short period
mode. The "damped frequency” is given by

wgp ~ radians/second

The "period"” is given Ly

P = 20

¥ e, seconds/cycle
"Time to damp to half amplitude” for og p< 0 may be deduced from

o« =(V2)x,




nh

Plans

which requires that
% LI

o®

yielding

|
T}z = ;; tn( %) seconds (5.13)

For gsp > 0, "time to double amplitude™ is given by

T = L Ln(Z) seconds (5.14)
%
"Cycles to damp to half amplitude" is given by
Te W, I
-— -__,’— - ——”——-‘— h X
C,'2 R, >3 Ccycles (5. 15)
and "cycles to double amplitude” by

T, w, T,

C. = _éf = <5 cycles (5.16)

These parameters apply also to the longitudinal phugoid mode, the lateral-
directional Dutch roll mode and, in some cases, a lateral phugoid mode when
the lateral-directional characteristic equation yields two pairs of complex
roots. Graphic presentation techniques for the various parameters and their
relationship to stabiiity are illustrated in the following sketch.

‘e

5.2.2 Completely elastic airplane. — For the completely elastic airplane

a less restricted approach is required thap that used for the rigid and equivalent
elastic cases. This involves a mathematical model that will account for the
étructura‘. dynamic motions of the airplane explicitly or by use of a residual
flexibility formulation in addition to the rigid-body degrees of freedom. This is
accomplished by using a model with the option of including or excluding
structural degrees of freedom, thus giving a system with an arbitrary number of
variables. The airplane has, then, the usual six degrees of freedom plus an

arbitrary number of degrees of freedom that involve the structural dynamics.

Devending on the type of problem to be solved and the degree of accuracy
required, the engineer has a choice as to the number of variables (degrees of
freedom) to include in any one analysis. Note that this is a congiderable
departure from the philosophy of the well-defined, six rigid-body degrees of
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freedom associated with the rigid and equivalent elastic mathematical models
previously discussed.

The equations of motion that represent both rigid body and internal motion
are developed in app. A and are repeated here combined into a single matrix
expression as

| [a]{é} + [B]{‘f’i} + [C]{g} = {O} 6.1

where {q} is the column matrix of rigid-body plus elastic motion variables.
Expressions for the coefficients [a], [B], and [C] are presented in ﬁpp. A Jor

a residual flexibility formulation and for the case where all elastic degrees of
freedom participate dynamically. For the lat‘er case, i.e., the completely
elastic airplane, the coefficient {a] represents the generalized mass, {B] includes
the acredynamic damping, and [C] the generalized stiffness and generalized

displacement-dependent aerodynamic coefficients.

Taking the Laplace transferma*ion of equation (5. 17) yields

[[4]5?' +[B]s + [c]]{ 9(5)} = {0} .18)
Note that from the definition of perturbation variables [q],
{g(t-9} = {g(t-0)} = {0}

——
)

which will have nontrivial solutions {q) only if

[a]5™ + [8]5 +[c]]

The characteristic equation (5. 19) then yields a determinant with elements

=0

(5.19)

ai]-sz + BijS + Cjj. When equation (3.19) is expanded, it yields a polynomial
of degree < 2n, where n is the crder of the determinant. The roots of this
polynomial are the rocts of the charucteristic equation (5.19). These roots are

obtained using an eigenvalue approach. The general solution is as follows:

The matrices [a!, {B}, and [C], square matrices of order n, are input as
the coefficients of powers of S. In the program used at Boeing, the matrix
equation (7. 19) is reauced to an eigenvalue problem such as

S{x; = [D]{x} (5. 20)

n2




.

where )
{‘X‘ = .'y} ; = S
} {3 {4} g}

[D] - [o]f|3 ’
[2]"[8)i[e] [c]
The eigenvalues of [D] are then obtained using the "QR" technique described in
refs. 37 and 38.

The mechanization described ahove is adequate for the current linear
equation formulation of the completely elastic airplane. However, if noulinear
characteristics are to be considered, the current mechanized eigenvalue approach

would not be adequate.

5.2.3 Approximate solutions. — Approximate solutions for rigid airplane

frequency and damping characteristics have long been in existence. It is
assumed that the approximate solutions also apply tc the equivalent elastic
mathematical model because of its similarity to the rigid model.

An extensive discussion of approximate characteristics, transfer functions,
etc., can be found in ref. 36. For a two-degree-of-frecedom (a and 6) longi--
tudinal short period mode approximation, the expressions for frequency and

damping are:

%
Wng, =~ [N‘.g zZ, -V, Mw]

(5.21)
and -
— (Ve, Mg + Zw + M, )
tsp =2 2 Wng, - 5. 22)
where _ 2
_ 945"
Mg = ZVetyy, ©Ms
. 9SS _{_ _ _ &5
Zw = M Ve, ( CLu CD‘) ~ M Ve, Cza
_ 952
Mw N VC.IVYs Cm“
.. _45&" :
Mw = 2Ve ® Iyy, Cmg
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Data in both refs. 4 and 36 show these to be accurate expressions for
certain rigid airplanes when compared with the cxact quartic solution of equation

(5.8) for longitudinal equations. These expressions have been, considered in
the light of the study airplanes and the data are discussed in par. 6. 2.

The longitudinal phugoid mode can also be approximated by two degrees of

freedom, u and 8. Approximate frequency and damping expressions for the
phugoid are: .

Wnp = [- Zug/Vc,]i

5. 23)
and X
LV §
A4 — —
tp »2 anp
i 5.24)
. where
S35 (o -za,) 22
zZu = gy, (e L] T Mve, “Eu
_ a5 [ _ _ 95
{ Xu = M Ve, ( Coy ° Z’C’Dl) T MVe Cxuw

The accuracy of these phugoid expressions is also discussed in par. 6.2.

A set of approximate expressions for the lateral-directional modes is given
in ref. 36.

The Dutch roll, rolling convergence, and spiral modes are given as

Wn, Xz (NB),é (5. 25)
Y, - Lo =N, -5 - =
to A — P Ts T 5. 26)
2 (Ng)*%
i
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(or a less complicated expression
- - Ni“

{, =~ Py B R
2 (Ngl*% 5. 27)
which, together with equation (5. 23) gives good results in some cases)

YoLpN, + LN, *%LLB

}'T ~ - % (5. 28)
| & (NgLe - LNy
T YvaNr+LPNB+3‘c‘Lﬁ (5. 29)
where
Nﬂ Iézs;_l? CnB
Yv = M_VL::,l Cyg
¢ L = e Ot
2s b _

Lr = ZVGl IX)‘. g..lr

_ @sb
LB VC; Ixx| ClB

The reduced expression for Dutch roll damping (5. 27) follows from a one-degree-
of-freedom approximation. Generally, the accuracy of equation (5.27) is con-
figuration dependent and, therefore, unreliable. The merits of using equations
(5.25) and (5.27) are illustrated in par. 6.3. The complexity of equations

(5.28) and (5.29) make their use almost ineffectual when compared with the

use of the small perturbation program. These expressions for 1 /Tr and l/Ts

were not used in this study.
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Similarity between the rigid and equivalent elastic r.:athematical models
implies that the approximate expressions could also be used for equivalent

elastic cases with some minor redefinitions of terms involved,
L]

Some studies have been made for the completely elastic airplane from the
viewpoint of approximate transfer functions. In "Analytical Study of Approximate
Longitudinal Transfer Functions for a Flexible Airframe' (ref.39) some
approximate frequency and damping expressions were obtained for rigid-body
modes with one and two elastic modes for three dissimilar configurations. It
is apparent from the study that the form and accuracy of approximate expres-
sions are sensitive to configuration, number of elastic modes being considered,
and dynamic pressure. The treatment of special problems for known significant
isolated elastic effects appears to be in the approximation category. The avail-
ability, speed, and versatility of digital computer techniques tends to preclude
the use of approximate expressions for solving general problems in elastic

airplane dynamics.

5.3 Time Histories

The stability criteria for time history methods are those given in app. A as

follows.

If the motions of an airplane following a disturbance from steady-state flight
are determined by a time history (integration), then the stability behavior is
said to be:

e stable, if the motions remain in proximity to the steady state;

e neutrally stable, if the motions are undamped and oscillatory about

some steady state;

e unstable, if the motions diverge from the steady state either linearly,

exponentially, oscillatorily, or in any combination.
If the disturbance is temporary, then the reference steady state is the initial
steady state. If it is permanent — for example, a step elevator change —— then
the reference steady state is a differen: one determined by the new equilibrium
flight conditions. These criteria are utilized in Sec. 6 where analysis results

are discussed and illustrated.
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5.3.1 Rigid and equivalent elastic time history solutions. — The time

history technique for rigid and equivalent elastic models is essentizlly that
written for the rigid airplane. This mechanized solution will ‘s.ubsequently be
rgferred to as the "rigid-body, six-degree-of-freedom program' even though it
is also used for equivalent elastic solutions. The equations of motion solved by
the rigid-body, six-degree-of-freedom program, as described in app. A, are

the "equations of arbitrary motion."

These equations* are shown in table 7. The program used in generating
the time histories for rigid and equivalent elastic airplanes numerically inte~
grates these six equations. The Euler angles in these equations, 8 and #, are
developed from the direction cosines that relate the earth-fixed axes and body
axes. If the body axes are described by the unit vectors (f{g, j_é, E-B) and the
earth-fixed axes by (i, j; » k;). the relation between the two sets is given in
terms of the Euler angles by

-
by

ig = ((cos Pcos8)+ J,(sing cos 8) ~ K, sin b

Tn =7,(cosxpsin9 sin$ — sinPcos ) +I(sin@sinesinq‘>
+ cos Y cos 95) + .i:. (cos 6 sind) (5.30)
-':B = -:, (cos¢sin9cos¢ + sinPsind) + j, (sin ¢ sinbcos ¢

— ¢o5 @ sin é) + _):, (cos § cos §)

or rewritten in terms of direction cosines
- - -
tg = (,1, +Jl'll + k,423

imy T Jim, + Kom,y (5.31)

<
@
I

-~ - -

kB= L,n‘ + J.‘nz + K.ns

*Used here in the body axis system,
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TABLE 7. — EQUATIONS OF ARBITRARY MOTION (STABILITY AXES)
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Differentiation of each of the direction cosines yields:

1.,=m,R-n,Q .ﬁ.,fm,_R*n,_Q ~€:3=m3R—n3Q
m, =n, P-4 R m,= N,P-4,R g = ny P-4, R
(5.32)

R=LQ-mP A,=2,Q-m,P ng=4,Q0~-myP

By calculating the direction cosine rates at the midpoint of the time interval,
angular displacements are estimated in a linear fashion for the new time inter-

vals.

The Euler angles are calculated from the following:

~-Z
e = S(h-l (‘..éa) = ftan -! (ﬁ&%)
.- Ma
g = =in”’ (&’s—é (5.53)
.- £
'llr = Sin ,(Cosae

For this technique, the equations intable 7 can be nonautonomous. Thrust
forces and moments may be input as explicit functions of time. Also, aero-

dynamic forces and moments due to controls may be explicit.functions of time.

The forces and moments expressed as functions of force coefficients and

dynamic pressure are:

FAxs = [C,x-r sz.q.. . ] é S
Max, = [Cix+ Copt -] 3 Sb

May, =[Ci,+Cp v+ ] §5¢

(5.34)

The coefficients may be functions of several arguments, e.g.,
C1X= C1x(a, B, M). Therefore, the coefficients may be represented ir: a linear or
nonlinear fashion as desired. The aerodynamic forces and moments are then

of the form:




N

“du}u 4
[

@

%5%5— == CD = Clx (d,f-",M\l+ Cax (C&'}A, SA)
+ Cs, (a, M, SE) + Cq, (X, M, SR) (5.35)
. oz
+[C5x(o<,M,g)] 5V,
May

;Ss =C, = G, (.8,M) + Tz, (K, M, Sa)

+ E3g(d;M»SR)+[C4-x (O(;MIP)] EF:—E:_‘ (5. 36)
s [Eselo, M, V]2 42, (o, M, )] 2—’%‘

In equation (5.36), C; ( a,8,M) corresponds to the Cy 3 derivative
and may be represented in a completely nonlinear manner as a function of
a, 8, and Mach number. The coefficient E4x is the usual roll-damping
derivative C’-p and, if desired, may be represented in the three-dimensional
tables as a function of &, Mach number, and roll rate, p. All the usually
irportant aerodynamic forces and moments may be represented in the six
force and moment equations, two of which are shown in eguations (5.35) and
(5.36). Negligible derivatives such as Cxa, and Cy ba have been neglected.
Nonlinear aercdynamic cross-coupling may be represented if desired, e.g-,
CDL’J" Cmﬂ, and CLB.

For the time histories generated here, the aerodynamic coefficients were
of a linear nature as tabulated in paf. 8.2, for both the rigid and equivalent
elastic airplanes. Some equivalent elastic characteristics were accounted ror
by using Formulation II derivatives for the longitudinal equatiors and
Formulation I derivatives for the iaterai-directional equations. Mass and inertial
properties are modified by ¥, P, and r in the laterzl-directional equations
and Iy is modified by . The exuct techniques were given by equations (5.4)
and (5.7). A detailed discussion of representing inertia relief implicitly
(Formulation I) can be found in app. B. The thrust forces and moments, FTis
and MTiQ’ were assumed to be constant for the time histories of Sec. 6. The

thrust was egual to that needed for steady, unaccelerated fiight.



g

vl

The particular disturbances applied to the airplane are noted with the
respective time history plots in Sec. 6.

The equations in table 7 can be described as six siinultanepus, first-order
differential eguations with variable coefficients. an explicit solution of these
equations is not possible. The approximate solution devised will not be discussed.
The mcthod involves a linear approximation with one iteration (quasi-linearization).
The method can best be discussed in detail followirg a brief outline of the approach.
The solution of the equations for the first time increment is as follows.

(1) Equate velocities and displacements at t-1 to velocities and displace-

ments at t

ut-l=ut ) xt-l=xt

(2) Calculate forces and moments at t-1

Fxt‘ = F (Mt"l 2 x’t—g)

i

(3) Calculate linear and angular accelerations at t-1

- Fx
U = —_— -
-1 { | — QW + RV) L_‘

(4) Estimate linear and angular velocities at t, assuming the accelerations

at t-1 are constant across the time interval At
Ug = Upy + ey At

(5) Estimate linear and angular displacements at t based on linear

variation of velocities

Xg = Xeoy + 7 (Up + Uey)ot

(6) Calculate forces and moments frcm velocities and displacements at t
Fxt = F(ut'l Xt)

(7) Calculate linear and angular accelerations at t from estimates of

forces and velocities at t

ay =( & —QW"”RV”t |
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i (8) Calculate linear and angular velocities at t from linear variation of

accelerations ac+oss the interval At
e = Uy + £ (e + Gey) A%

(9) Calculate linear and angular displacement at t from. linear variation

of velocities across interval At

Xe = Xt_| + é(ut +U.t_,)At

-

(10) Advance time by the increment At and return to the first step and
repeat the cycle.

t =t + AT

The integration technique described above is applied to each of the six
degrees of freedom. Following the method, values are computed for U, V, and
W by using the equation in table 7 for U, V, and W. From these velocities the
following additional parameters are calculated.

l Ve = fu"’ + VvV +w? (5.37)

« = tan” ()

/3 = sin ! (i)

Similarly, using this same techn-ique the body oxis angular rates {P, Q, R)
are developed by using the equations in table 7 for P, Q, and R. The body
axis angular rates are used in the computatibn of the direction cosine-rates,
equation (5.32), as well as being given as program output. A sufficient body
of information is given for each time increment as computer output to generate

complete time histories of the motion.

The rigid-body, six-degree-of-freedom program has the capability to
analyze handling-qualities problems. Part of the basic program output is the
velocity (Up, Vp, Wp) and acceleration (I.Ip, ‘.Ip, \'Vp) at the pilot's station.
Also, because engine thrust may be input separately for each engine as an

explicit function of time, the program has the capability to analyze engine-out-

-y

type time history solutions.

-1

it~
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5.3.2 Completely elastic time history solutions. — The time history solu-

tions for the completely elastic airplane equations of motion (see Sec 9) for
this study were obtained using a special programming language called MI -IC.
This special technique is documented in ref. 40. The time histories are merely
the time-dependent analog of the frequency-dependent equaticn (5.18), with
initial conditions (equilibrium conditions) to which the perturbations are added
along with a disturbance to excite the system. The scheme is simple. From
the equilibrium conditions and the disturbance, the accelerations are calculated,

o G =d.({§F, {3} {93)

2, (5.38)

i =
These are integrated by making the statements

é_i_ = INT(‘Q-,L , é.:’. (O)) (5.39)

=qg; (o)+j£_i dt i=1,2,--,n
and further by
. =INT (gq¢ : (0
gi (gi.g: () 6.0
2 Q::(O)*féi_ dt L=1,2,--,n

Included as a subroutine in the MIMIC program is a Runge-Kutta numerical
integration technique which accomplishes the integrations (5.39) and (5.40).
This approach is easy for the engineer siuce the programs are then physically
oriented. However, as one might expect, the easier the program is to write, for

a given problem, the more time is required to execute it.

As was mentioned already, this solution is an analog of the frequency-
dependent equation (5.18). Indeed, aside from errors inherent in the numerical
integration technique, there should be no difference between the MIMIC

solutions and those obtained from the explicit expression

) {3} = OG’[@] s* +[R]s + [C]._V—' {go})
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} where

indicates the inverse Laplace transformatioit.



6. DISCUSSION OF DYNAMIC STABILITY ANALYSIS RESULTS

6.1 Introduction -

The preceding section consisted of a discussion of the techniques used to
calculate the dynamics. This section presents the results of applying these
techniques. The primary analysis tool was the characteristic equation method.
Time history solutions were generated to obtain a graphic presentation of the
motion variables. No attempt was made to investigate nonlinear aerodynamic
or dynamic effects with the time history methods. The approximate expressions
for frequency and damping discussed in the last section were evaluated for the
study airplanes by comparing the results obtained with the exact quartic solution

roots.

General results obtained from the dynamic analyses are presented in

" table 8. Table 8 summarizes the accuracies obtained from lifting surface theory

and handbook techniques in predicting the rigid airplane dynamic characteristics
when compared with wind funnel stability derivative predictions. The relative
effect of elasticity on the various dynamic characteristics is noted, as well as
the approximate number of elastic modes needed for an accurate analysis. In
addition, the usefulness of approximate formulas for predicting frequency and
damping is summarized. Paragraph 8.2 should be consulted for details of the

derivatives used in an individual method.

Paragraphs 6.2 and 6.3 present only those figures used to support the
discussion there. A great deal of sui)plementary dyna* 1bility data
generated for the rigid and equivalent elastic study airp....es may be found in
pars. 8.4 and 8.5.

6.2 Longitudinal Dynamic Stability Characteristics

6.2.1 Roots of the longitudinal characteristic equations. — Characteristic

equation methods were applied to the study airplanes at the study flight condi-
tions given in table 1. The rigid and equivalent elastic airplanes were analyzed
for all conditions given in table 1. The completely elastic airplane was analyzed
at only selected flight conditions from this table. The rigid and equivalent

elastic derivatives, coefficients, and inertial properties used in each case are

.
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tabulated in par. 8.2, The frequency, damping, period, and time to damp to
half or double amplitude were determined from the quartic equation (5.8) for
the rigid and equivalent elastic airplanes. The dynamic stability comparison of
the latter two mathematical models for various sets of stabilit;'r derivatives for
the short period and phugoid modes are all presented in par. 8.4. These data
tend to reflect the good and bad correlation evident in the derivative comparisons
of app. B. A summary of the resuits is given in table 8. The following section
illustrates and discusses primarily that rigid and equivalent elastic data for
those conditions at which the corresponding completely elastic airplane was

analy_zed .

The short period characteristics of the 707-320B and SST at 72° leading
edge sweep were also calculated using the approximate expressions for frequency
and damping given in the previous section. The approximate expressions were
applied to the derivatives obtained from rigid airplane lifting surface theory, and
the results are plotted in figures 13 an6714 where they are compared with the
fquartic solution, short period data. The data show that the differences between
the approximate solutions and quartic solutions for one set Jf derivatives are
small when compared with the differences in the data due to variations in the
derivative calculation techniques. These data illustrate the significant effect of
the accuracy of the derivatives on the short périod characteristics as opposed to
the relative insensitivity to solution approximations. Thus, it is observed that
derivative accuracy will be of primary importance in determining the short

period characteristics.

The approximate expressions for the phugoid frequency and damping 2xe
not very accurate as compared with the short period cases. This is mainly due
to their small values and sensitivity to small changes in the derivatives.

The derivative Cpy, , is often credited with too much significance in
determining the short period characteristics. In many cases it dominates the
expressions determining the short period frequency and damping (equations
(5.21) and (5.22), but only when it is quite large. Also, a small, positive value
of Cma for some of the subsonic SST cases (using lifting surface methods) did not
yield an unstable short period mode. This again raises the question of the

requirement of static stability that Cma z 0.
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It is again pointed out that the data in figs. 13 and 14 are designed to
illustrate the rigid airplane short period characteristic sensitivity to derivatives
and insensitivity to calculation techniques. This trend carries somewhat into
the elastic models. This is illustrated in the data presented in fig. 15. These
data show the variations in short period frequency for four distinct but similar
mathematical ﬁodels. The similarity lies in the use of aerodynamic influence
coefficients (lifting surface methods) and structural influence coefficients. The
differences are more detailed. Three rigid-body degrees of freedom, a, 0,
and u, are used for the rigid and equivalent elastic data (labeled "lifting
surface'), with the derivatives Cy, & and Cm5 included. Two rigid-body degrees
of freedom, a and 8, were used for the completely elastic airplane without
the derivatives Cy & and Cm§ . The latter has been labeled as a "truncated"
model because of the way it is handled. The rigid-body modes are representative
of a two-degree-of-freedom rigid airplane. The elastic modes are included as
additional degx:ees of freedom up to some desired cutoff point where all of the
remaming elastic modes are ignored completely. This has been called
"truncated, completely elastic' data. The 2 x 2 is a rigid model and the 22 x 22

is two rigid-body modes with the first 20 lowest frequency elastic modes.

The effect of Cmb- for the equivalent elastic airplane was handled as dis-
cussed in app. B, i.e., it was used to medify the pitch inertia and, hence,
implies an effective frequency change (equation (5.21)) in the fashion

F 4

,Iy’ . %’ - CMé} §Sw5

All of these subtle differences did not appear to have pronounced effects

on the data credibility, as fig. 15 illustrates. However, it can be observed
that the addition of dynamically participating elastic modes has much less
effect on the short period frequency (2 x 2 versus 22 x 22 modes) than does the
static-elastic type of correction (3 x 3, rigid versus equivalent elastic). The
effect of dynamic pressure is also illustrated in figure 15 at Mach 2.7. It
appears that an increase in q at that condition has an overall stiffening effect

as observed by comparing the elastic increments between the comparabhle models.

The worst correlation in fig. 15 is as good as the best variable derivative
in comparison in fig. 14. This again emphasizes the need for an accurate set

of basic aerodynamic data fcr the rigid-body modes.
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The damping associated with the short period frequency just discussed is
presented in fig. 16. The largest discrepancies are mostly attributable to using

Cm,, derivatives for the 3 x 3 rigid and equivalent elastic cases and not using

these derivatives for the truncated, completely elastic formulation. Increments

in damping due to elasticity between rigid versus equivalent elastic and also
2 x 2 versus 22 x 22 are small compared with the differences due to Cm(.1 . (Both

Cm_. and Cy. are treated in the paran:etric studies in par. 7.1.)
a La

A particularly disturbing quality of the data in figs. 15 and 16 is the lack of
consistency in the effects of elasticity. For example, the truncated, completely
elastic data show increases, decreases, and no changes in both frequency and
damping. Also, the change between rigid and equivalent elastic shows increases
in frequency for 30° and 42° leading edge sweep and decreases at 72° sweep.
This precludes making any general statements as to the overall effects of
elasticity. This inconsistency is even more evident in figs. 17 and 18, where
the undamped natural frequency is pr=sented for the SST at various sweep and
flight conditions. Iz each case shcwn, the effect of 2dding elastic degrees of
freedom (generalized coordinates) is illustrated.

Ia general, the frequency increased when the two lowest frequency elastic
modes were added, and then decreased when the next sets of two were added
out to eight total modes. From there on adding modes hiad rather unpredictable
effects, except that in all cases the frequency tends to approach a constant
value as more modes are added beyond 12. The apparent inconsistency is that

the constant value is not always less than or more than the rigid 2 x 2.

The damping factors for the same SST cases are presented in figs. 19 and
20. The data show the same consistency of trend up tc eight total moces, as
did the frequency data. However, the damping factor in all cases settles to a

constant value less than the rigid 2 x 2 as more modes are added.

It is observad that elastic effects on the dynamics, as found here, are not
very significan. but were more significant in the static trim considerations

discussed in Sec. 4 and illustrated in detail in par. 8.3.

It would be couvenient to assigr. names to the free-free structural vibration
modes used in the SST analysis. The engineer could then call out iz modes by

name and determine exactly what type of motion was being included in the
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analysis. Unfortunutely, it is not very meaningful to assign names to the
natural modes of motion of the SST, since the wing, tail, and body all partici-
pate in each mode. Because the free-free modes are all coupled motion and
cannot be accurately described by words, it is necessary to represent each mode
in some type of graphical form to determine the type of motion involved in each
mode shape. Figures 21 and 22 are typical examples of visual displays used to
study the types of motion participating in each structural mode.

The initial trends for less than 12 modes, shown for the SST configurations,
also appear in the 707-320B data. This can be seen in figs. 23 and 24 where

similar data are shown. Note that dominant effects are listed in the figures.

The technique of coupling cantilever modes (as was done for the 707-320B)
to obtain free-free modes lends itself to quick determination of the type of
structural deformation that dominates each free-free mode. The determination
is based on identifying the largest element of the cantilever vector from which
the free-free modes are computed. Figures 23 and 24 show the variations in
the short period roots due to adding free-free modes to the equations of motion.
Each root has associated with it an identificatidn‘of the largest element of the
cantilever vector that was used in computing the free-free mode just added.
Note that when the first mode is added there is an increase in short period
frequency and a decrease in damping. The first free-free mode is dominant
by the lowest frequency, wing-bending mode. As additional modes are included,
the effect on the short-period roots can be ohserved. The essential considera-
tion here is that the important deforr;lations be reflected in the modes that are

included in the analysis.

Large differences can exist between a preliminary-design-type study and a
relatively well-defined, completely elastic airplane analysis. This is illustrated
in fig. 25 where rigid and equivalent elastic data using lifting surface derivatives
(supplemented by handbook data) are compared with the completely elastic
formulation. The aerodynamic influence coefficients for the completely elastic
airplane were obtained from a lifting line mechanization using experimental
pressure distributions. Note that increments in damping due to elasticity are
much less than differences due to the approaches used. The culprit here is

again Cry 4 -
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The frequency data show ball-park-type correlation for the rigid or elastic
airplane, and the changes due to elasticity for consistent approaches are also

roughly the same. -

The longitudinal stahility derivatives used in the completely elastic 707-320B
analvsis are listed in table 9. The rigid derivatives are shown, together with
elastic corrections from all modes treated as static elastic. The formulation
of static elastic equations is presented in par. 9.2. The rigid and equivalent
elastic derivatives for the 707-320B used in the comparisons of fig. 25 are

given in table 21 of par. 8.2.

The primary effect of lift growth (Wagner effect) is to alter the transient
response of the system. This can be vei'ified by an examin;ltion of the roots of
the rizid-body modes, those calculated with lift growtil versus those calculated
without 1ift growth (figs. 24). The inclusion of lift growth tends to reduce the
real part of the roots (a reduction in damping) leaving the imaginary part
essentially unaltered. The lift growth functions are sensitive to planform details
and Mach number, and the number of available functions is so limited that cal-
culation of precise effects is precluded in the absence of a complete unsteady
aerodynamic formulation. Solutions with the available_ lift growth Afunctions can,
at best, be interpreted as sensitivity indicators. Section 9 discusses the lift
growth functions that were used and the manner in which they were incorporated

into the equations of motion.

6.2.2 Longitudinal time histories. — Examples of the use cf the six-degree-

of-freedom program and MIMIC for longitudinal time histories are presented in

this section.

Longitudinal time histories are shown for the following conditions:
(1) SST, M =2.70, 49 000 ft
(2) 707-320B, M = 0.548, 10 000 ft

Figure 26 shows the results for an SST 72° wing sweep configuration at
M =2.70. As can be seen, the equivalent elastic airplane mathematical model
utilizing aerodynamic lifting surface theory produces slightly larger pitch
amplitudes than the other models. Specific reasons for this are not apparent,

because all stabhility derivatives varied between the rigid and equivalent elastic



TABLE 9. — LONGITUDINAL DERIVATIVES USE D IN COMPLETELY ELASTIC 707-7203 ANALYSIS

N

Values for M = 0.55 M=0.85
14 modes as -
Derivatives* Rigid static elastic Rigid
C 5.36 4.86 6.8
Cm, -1.44 -1.44 -1.66
CLG 13.9 12. 35 14.9
Cm’q\ -17.18 -14.73 -19.52

*All derivatives are nondimensional and are for angles measured in

radians
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models except the @ derivatives; also, the equivalent elastic pitch inertia,
IYqu el» Was approximately 27 percent larger than that used for the rigid
mathematica! model. There is not a great deal of difference hetween the rigid
model and the completely elastic mathematical model with eig‘r;t dynamic modes.
'I;he frequencies and amplitudes are very necarly equal. For all mathematical
models the time history of the pitch perturbation shows a stable motion. For
this particular configuration and flight condition the rigid mathematical model
would probably be satisfactory to describe the short period longitudinal dynamics
for stability and control purposes. '

The response of the 707-320B to an elevator pulse is shown in fig. 27 for three
mathematical models. The rigid model corresponds to the truncated, completely
elastic model resulting in the use of a2 2 x 2 matrix. The inclusion of 14 dynamic
modes in a static elastic manner results in the greatest pitch amplitudes. If
four mcdes are allowed to participate dynamically, the result is an effective

increase in the damping as reflected in the decrease of amplitude.

The same control derivatives were used to perturb the rigid ind equivalent
elastic lifting surface theory mathematical models. The resulting time histories
are shown in fig. 28 along with the rigid response from the truncated, completely
elastic analysis. As can be seen, there is a large difference in the damping
between the two rigid models. This is apparenily due to the differences in
treating the stability derivatives, Cmq and Cp 5. For the curve labeled "liftiny
surface theory" in fig. 28, Cmq and Crn, were obtained from aerodynamic lift-
ing surface theory and the USAF Stability and Control Handbook, respectively.
The rigid curve produced from the completely elastic analysis used a Cppy q
derivative obtained from a generalized forces approach, while no a derivatives
were psed . The same results are shown in fig. 25 where the frequency and

damping obtained from the roots of the characteristic equation are presented.

The maximum pitch amplitudes in figs. 26 through 28 are found for those
mathematical models for which the forces are considered quasi-static; that is,
the forces and deflections are in phase. The equivalent elastic and static elastic

models are both of the preceding type.

Figures 27 and 28 iliustrate the response to an elevator pulse with the
control derivatives the same for all mathematical models. Therefore, these
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100

time histories show differences due to stability derivatives. If the effects of
elasticity arc included in the elevator control derivatives, the resulting response
reﬂecté this input. Figure 29 presents the 707-320B longitudinal response to an
elevator pulse using rigid and equivalent elastic lifting surface theory for the
control os well as the stability derivatives. The most notable difference between

“

the motion shown in fig . 29 and that in fig. 28 is that the equivalent elastic

- pitch response is now smaller than the rigid response. The opposite result

occurs if the same control inputs are applied to the rigid and elastic airplanes.
The true resyonse of the airplane is shown only when the control derivatives
are altered to reflect the elasticity of the structure.

6.3 Lateral-Directional Dynamic Stability Characteristics

6.3.1 Roots of the lateral-directional characteristic equations. — Lateral-

-directional stability characteristics were determined for the rigid and equivalent

elastic study aivplanes at the flight conditions given in table 1 using the
characteristic equation method (small perturbation program). The rigid and
equivalent elastic derivatives, coefficients, and inertial properties used in
obtaining the data are tabulated in par. 8.2 and the detail results are illustrated
in par. 8.5. The frequency, damping, period, time to damp to half or double
amplitude, and cycles to damp to half or double amplitude were determined from
the quartic equation (5.8) and are all presented in par. 8.5. These results
generally reflect the good and bad correlation evident in the derivative compari-
sons in app. B. The rigid and equivalent elastic data presented and discussed

in this section are primarily those used to compare with the results of the

completely elastic airplane analysis. A lateral-directional analysis of the

latter type was performed for the 707-320B airplane only.

The Dutch roll characteristics for the 707-320B and SST at 72° leading edge
sweep were alsu calculated using the approximate expressions for frequency and
damgping given in Sec. 5. The approximate expressions were applied to the
wind tunnel derivatives for the rigid airplane. The results are plotted in figs.
30 through 32, where they are compared with the various quartic solutions.

The data show that the accuracy of the approximate formulas depends greatly
on the type of configuration. The 707-320B data show, except for one flight
condition, that the differences between the approximate solutions and quartic
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solutions for one sct of derivatives are small or of the same order ac the
differences in the data due to variations in the derivative calculation techniques.
These data illustrate that for the 707-320B the effect of accuracy of the derivatives
on the Dutch roll characteristics is usually a more important consideration than
the approximate formula. On the other hand, the SST data show that the approxi-
mate expressions (equations (5.25) and (5.27))give results that generally differ
considerably from the quartic solution. This is true especially for the damping.

It must be noted that the equations used were for a one-degree-of-freedomn
approximation. The three-degree-of-freedom approximation may have given
better results, but the complexity of the expression for the damping reduces its
usefulness. Therefore, because of the unreliable nature of the simple approximate
equations for the lateral-directional modes and the availability and speed of
computer programs for solving the roots of the quartic equation, the engineer

should make use of these programs.

Comparisons of the 707-320B Dutch roll characteristics calculated by use
of the rigid wind tunnel and equivalent elastic handbook derivatives are made
with flight test data and the results of the completely elastic airplane analysis
in figs. 33 through 35. Appendix B contains a detailed discussion of the equivalent
elastic handbook stability derivative calculation. As pointed out in app. B,
a value for the afthody bending parameter, K 3 = 56.1x 10-8 rad/lb, was used
in the initial calculations. A wvalue of l—{g =21.0 x 1078 would be more realistic.
Appendix B illustrates the difference in the elastic lateral-directional derivatives
due to this parameter. As shown there, the differences in the derivatives due
to aftbody bending are small compared to the effect of vertical tail flexibility.
The dynamic stability characteristics illustrated here in app. C were calculated
with I_(B =56.1x 10-8, and only very small differences would be noted if
EB =21.0 x 10~8 had been used. The poor correlation shown in figs. 33 through
35 between the equivalent elastic handbook method and the flight test data is
primarily due to the following (which are discussed in app. B):

(1) Thec vertical tail flexibility was calculated to be somewhat high;

{2) The handhook technique developed for the equivalent elastic analysis

has deficiencies and needs more development.

The data of figs. 33 through 35 show that for stability and control purposes a

static elastic analysis would probably be sufficient to estimate the Dutch roll
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characteristics. The Dutch roll period and damping are relatively insensitive

to the number of elastic modes included.

The variation of the frequency and damping for t’.e lateral-directional modes

for the two flight conditions which were analyzed in detuil is shown in figs. 36

and 37.

The analysis predicts a lateral-phugoid mode (in addition to the usual

Dutch roll mode) at a Mach nuraber = 0.85 which disappears when no elastic

modes are included and when more than 10 elastic modes are included. The-

equivalent elastic analysis predicts a rolling convergence and spiral mode in
addition to the Dutch roll for ali cases (par. 8.5). A detailed discussion of this
unstable lateral-phugoid mede and its variation with the number of elastic modes

included would be useful mainly for academic purposes. The period of this mode

and the time te double amplitude are so long (206 to 300 sec) as to make this

motion of relatively minor importance. The completely elastic analysis was

based on the rigid wind tunnel derivatives except that the 8 derivatives were

not used. These rigid derivatives, along with the values calculated for use with
the static elastic mathematical model, are listed in table 10 for M = 0.85. The
inertia values used in the completely elastic analysis are preseated also in
tahle 10. These values are slightly different than those used for the rigid and
eq:ivalent elastic models. This difference appears in the plots of frequency and

damping for the Dutch roll. The three rigid wind tunnel modes would give results

identical to those of the three truncated, completely elastic modes if the inertia

were the same, except for the effect of the g derivatives not appearing in the

latter mathematical model. The parametric study of Sec. 7 discusses the

sigunificance of the 3 derivatives. Only C, K has any effect, and that is on the

damping only. Therefore, the plot of Dutch roll frequency illustrates the
difference due to the different values of Izz used in the two mathematical models.

The most important results illustrated in figs. 36 and 37 are as follows.

(1)

(2)

The Dutch roll freguency is relatively insensitive to elastic effects.
For stability and control purposes an elastic modal analysis is not
necessary to predict the frequency for this type of configuration. At
most, all that would be needed is a good static-elastic analysis.

The damping of the Dutch roll mode Gecreases with the addition of the
first two elastic modes, but then remains relatively insensitive to any

additional number of modes.
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TABLE 10. - LATERAL-DIRECTIONAL DERIVATIVES USED IN ANAL YSES
GF COMPLETELY ELASTIC 707-3208

* Static elastic
Derivative Rigid value ' value
CYB -0.547 -0.54
Clﬂ -0.215 -0.22¢
CnB 0.165 0.162
Cys -0.1118 -0.114
Cay -0. 688 -0.54
Cnﬁ -0. 0187 -0.0176
Cyp 0. 354 0.34
C!Q 0.21 0.22
Cnf -0.2032 -0.198

Inertial characteristics

Ixx
Izz
Ixz

4.8 © Slug-ft2 x 10-6,
11.0 Stability axes
-0.12

*All derivatives are for angles measured in radians.

values are based on normal modes.

Static elastic

M = 0.85, 35 000 ft (10 675 m)
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There was no lateral-directional analysis of the completely elastic SST. The

detailed results of the rigid and equivalent elastic analysis appear ia par. 8.5.
The important conclusions of that study are as follows. . '

(1) There is no significant difference in Dutch roll period between rigid
and equivalent elastic airplanes. Elasticity generally decreases the
damping of this mode.

(2) The rolling convergence mode is highly damped for both rigid and
equivalent elastic mathematical models. Only a very negligible
difference exists between the time to damp to half amplitude for the
two models.

(3) Elasticity generally has a destabilizing effect on the spiral mode for
the subsonic cases. However, for the supersonic flight conditions a
smali stabilizing effect dus to elasticity is generally noted for this

mode.

Figures 38 and 39 are examples of the results of the rigid and equivalent

elastic lateral-directional SST analysis supporting the conclusions stated above.

Lift growth (Wagner effect) has the same effect on the lateral modes as for

the longitudinal short period discussed in the last section. The period of the

- Dutch roll mode remains unchanged, but the damping decreases with the addi-

tion of lift growth. Table 11 lists the value of the roots with lift growth calcu-
lated for two different values of aspect ratio and for a basic case without the 1ift
growth function. For a particular Mach aumber the lift growth functions are
sensitive to only planform details. Therefore, ‘'the sensitivity of the Dutch roll

characteristics to aspect ratio is shown in the latter table.

6.3.2 Lateral-directional time histories. — This section presents some
typical Dutch roll time histories for the Boeing 707-320B. Figures 40 and 41

show time histories of the Dutch roll motion for the 767-320B for the rigid and

equivalent elastic airplane at M = 0.85 following a rudder pulse. A stable motion

is shown for the rigid airplane; however, an unstable Dutch roll is predicted for
the equivalent elastic airplane with the period increasing from 6 seconds for the
rigid ixirplane to 8 seconds for the equivalent elastic airplane. Paragraph 8.2
lists the input data used to produce these motions. The unstable motion pre-

dicted in figs. 33, 40, and 41 does not reflect the true characteristics of the
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TABLFE 11. — DUTCH ROLL CHARACTERISTICS WITH LIFT GROWTH FOR TRUNCATED,
COMPLETELY ELASTIC AIRPLANE, 17 MODES (14 ELASTIC MODES) - 707-320B

Basic case Aspect ratio
without
lift growth 3 6
op -0. 0355 -0.031 -0. 0281
wp rad/sec 1.26 1.26 1. 264
{p 0. 028 0.025 0.022
Wnp rad/sec 0.201 0.201 0.201

M = 0.85, 35 000 ft (10 675 m)
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Boeing 707-320B, as can be seen by referring to par. 6.3.1. An analysis of
flight test data as presented in fig. 33 shows the 707-320B to have a damping
ratio of 2.0 percent of critical damping at M = 0.85 and at 35 Q00 ft (10 675m)
(versus approximately 15 percent unstable damping predicted). The reasons
for the poor correlation of the equivalent elastic airplane Duteh roll motion with
flight test results were given in par. 6.3.1. Appendix B also discusses the
method of calculating the equivalent elastic stability derivatives that were used.

Time histories of ¥ and & are shown in fig. 42 for the completely elastic
analysis of the 707-320B. The results are not directly comparable to those of
figs. 40 and 41 because wind tunnel values were used for the basic rigid stability
derivatives in fig. 42 instead of the USAF Handbook values used in figs. 40 and
41. Figure 42 does, however, serve to illustrate the differences between three
different mathematical models, one of which includes some elastic mode partici-
pation. All three cases predict a stable motion even though the equivalent elastic
analysis, as illustrated by figs. 40 and 41, shows an unstable motion. The
structural dynamic analysis then predicts essentially the same motion for the
elastic airplane as for the rigid -- approximately the same frequencies and only
slightly larger amplitudes. It appears as if a static elastic analysis would be
sufficient for stability and control purposes for this case because the elastic
mode participation in the Dutch roll motion is negligible. Figures 36 and 37
present the change of frequency and damping factor with the number of elastic

modes included in the analysis.
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7. PARAMETRIC STUDIES

7.1 Relative Importance of Rigid and Equivalent Elastic.Derivatives

It is reasonable to observe the equivalent elastic mathematical model as a
set of rigid airplane equations of motion with some rather SOphisti;:ated
"derivatives" that account for static aeroelasticity. Similarity between the
rigid and equivalent elastic equations of motion, therefore, allows the discussion
of their significant terms to be considered together. In the discussion to follow
the airplane may be considered to be either case with inertial elastic effects

implicit in the derivatives for the equivalent elastic airplane.

It is necessary to vary derivatives and coefficients one at a time in the
equations of motion to assess their influence on the resulting characteristics.
However, it is obvious that this presents an isolated case in which all but one
derivative (or coefficient) is fixed and the results are relative only to a given
airplanc and flight condition. The end results thus obtained are, therefore,
configuration and mission oriented. However, it is possible to gain some
insight into the significance of the derivatives in this manner. Some work has

been done along those lines.

Etkin (ref. 4) has covered some of these aspects in his texthook. For
example, he has shown stability boundaries based on relative values of C,
and Cma longitudinally, as well as Cy g and Cy ; in the lateral-directional case.

Some other isolated special cases are also treated.

A much more extensive treatment has been presented in ref. 36. In
addition to the discussion of the approximate transfer functions and root expres-
sions already mentioned in par. 5.2, ref. 36 contains a study showing the changes
in longitudinal and lateral-directional characteristics due to variations in the
derivatives. The derivatives considered are:

Longitudinal derivatives and coefficient:

Cou, Clu s Corrge, Con , Cioc, Cora , Ctg ,Comg , C2g , Ci4
Lateral-directional derivatives:

C);‘, c/,d: c”d; c’/’ ) C—’P» c”/’ » Crr s C/p 2 Cax,
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Variations in frequency and damping for complex roots and root values for
real roots are presented in detail. Also, there are discussions concerning the
affecting phenomena and the physical significance of the derivatives in relation
t? airplane motions. Derivatives missing from the lists are C.Dq’ CD(.1 , CL&’
Cmd’ Cyé , Cgé, and Cné . All of these except Cpy and CD(.1 are treated
parametrically as part of this study. Basic sets of data for the study airplanes
were modified to reflect zero, basic, and double the individual derivative
values. This was not done for CDq because there is no provision for it in the
current small perturbation program. The six-degree-of-freedom rigid airplane
time history program could have been used, but it would have proven costly in
computer and engineering time considering the level of confidence in the values.

There is no known technique for generating Cp a

The detailed data for changes in the stability characteristics due to
variations in the ¢ and § derivatives are presented in par. 8.6, The general
results are tabulated qualitatively in tables 12 and 13. -

The 707-320B study airplane appears to be quite sensitive in the short
period mode to C,- o 38 illustrated in fig., 43. It is observed that the values of

Cmd as tabulated in par. 8.2 are much higher than what would seem realistic.

However, this does not negate the sensitivity of the configuration to the derivative.

The phugoid mode was not significantly affected. For the SST, only the damping
of the 72° wing sweep configuration was affected. This is illustrated in figs. 44

and 45, where the damping for the three sweep conditions is shown.

Special cases for comparison with the completely elastic airplane were
generated at other than 0.25¢ and 0.64 CR moment reference points for the
707-320B and SST. These can be utilized to illustrate the effects of c. g.
location on the stability characteristics. The detailed data are presented in
par. 8.6. Changes in frequency and damping due to moment reference point
c.g. variation for the 707-320B study airplane are shown in fig, 46, The
damping shows no change, but the frequency changes considerably. This is
due to the long coupled tail (damping), the small c. g. shift, and the significance
of the wing in contributing to Cma’ thus changing the frequency. The SST
(figs. 47 and 48) has a short coupled tail and large c. g. shift, and the 30° and
42° sweep data reflect this in the large change in damping and not-so-large
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(in percentage) change in frequency. For the 72° sweep data none of the
changes are so pronounced. Note in figs. 46, 47, and 48 that the incremental
changes due to elastic considerations are felatively insensitivé to changes in
c.g. location for these cases._

It should be evident that the data presented here point toward uniqueness
affected by configuration with regard to the influence of various paramefers on
stability characteristics. In this respect, general statements regarding similar
configurations may be made. Extrapolating or interpolating to treat new con-

figurations could genérate misleading results.

7.2 Importance of Various Elastic Effects for Completely Elastic
Airplane Mathematical Models

~

Some of the effects of adding elastic degrees of freedom have been illus-
trated in the data presented in Sec. 6. The changes in longitudinal frequency
and damping due to adding elastic degrees of freedom were shown in figs. 17
through 20, 23, and 24. As was mentioned in Sec. 6, for the type of analysis
used on the 707-320B it i much easier to attach phyvsical significance to the
elastic effects that change the stability characteristics. This is not true for
the analysis done on the SST. Differences in these techniques are discussed in
detail in Sec. 9.

A detailed analysis of approximate transfer functions and characteristics of
completely elastic airplane longitudinal mathematical models has been accom-
plished in the literature. The readex.'m is directed to ref. 39 for a detailed dis-
cussion of approximate transfer functions for elastic airplanes. However, the
reader is also cautioned against using similar simplifications for too few elastic
modes. It should be recalled that in par. 6.2 the trend for both the 707-320B
and SST at all three sweeps was toward pronounced changes when the first few
low-frequency elastic modes were added and then an apparent convergence on
come value as more and more elastic modes were included. These "few mode"
trends could be misleading in approximate techniques. Considerations of the
influence of the number of elastic modes with and without residual flexibility
were also discussed in ref. 5. Some of the conclusions drawn in the study are

quoted below:
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"2.

An accurate approximation for the aeroelastic behavior of a structure
may be made in terms of its normal coordinates by including some of
its modes explicitly and the 'reswdual flexibility' approximation to all
higher modes. The modes explicitly included should be all those in
the frequency range from zero to the maximum frequency of mterest
plus the next higher mode.

The inclusion of the residual flexibility in the representation suggested
in "2" is m important. Although the magnitude of the 'residual
flexibility' decreases as the number of modes explicitly included in
the representation increases, it is inadvisable to attempt to supplant
the 'residual flexibility' by additional modes. In the examples con-
sidered here better accuracy was obtained at frequencies below the
first elastic mode by including one mode explicitly plus residual flexi-
bility than was obtained by including five modes explicitly and no
residual flexibility.

4. An except to the rule of '"2" occurs in the case of 'mode interaction',

which may be defined as a condition of potential or incipient aeroelastic
instability involving one elastic mode and one rigid body mode. This
condition, as observed in the example of configuration 4 of this report,
will require further investigation before conclusive statements can he
made concerning adequate structural representation.

All configurations studied showed that aeroelasticity can have very
large effects on the response of a system even at frequencics well
below the first elastic mode."

Also in ref. 5 is a treatment of variations in levels of flexibility. Varia-

tions are shown for the transfer function response levels for values of 0.7, 0.5,
0.3, 0.2, 0.1, and 0 (rigid airplane) times the basic flexibility. For the delta

wing configuration treated therein, the effects were significant. The difference

between rigid and rigid-with-many-elastic-modes for the airplanes in this study

(shown in the previous section) indicates the elastic effects are not so 1. ~ge.

The studies contained in refs. 5 and 39 should be viewed as guides 1 how

to approach analyses. Most airplanes will present unique problems and answers

with regard to the effects of elasticity, i.e., the completely elastic airplane

mathematical model does not lend itself to generalized statements regarding

individual effects or handbook-type methods.

Similar studies have not been accomplished for lateral-directioral cases.



8.0 SUPPORTING DATA AND RELATED MATERIAL

8.1 Introduction | 2

This section presents detailed input and output data and other supporting
material. Some of the static and dynamic characteristics presented and dis-
cussed in the other sections are included here also. All the data for the rigid
and equivalent elastic airplanes appear in this section, although there is no
discussion of the results.

8.2 Rigid and Equivalent Elastic Stability Derivatives,
Coefficients, and Inertial Properties

8.2.1 General considerations. — Paragraph 8. 2 presents tables of the

data (derivatives, coefficients, etc.) used to calculate the static and dynamic
stability charactéristics presented in Secs. 4 and 6. These data are separated
into two groups. Paragraph 8.2.2 presents the data used in the general com-
parisons of rigid and equivalent elastic airplane characteristics. They repre-
sent an accumulation of the data presented in app. B. Paragraph 8.2.3 presents
those data used in the special comparisons which included the completely elastic
airplane mathematical model.

All the input data of pars. 8.2.2 and 8.2.3 are tabulated in the English
system (lb feet sec). The conversion factors for the data into the metric
system are:

1 foot = 0.305 meters

11b = 4.448 newtons

1 psf = 47.880.newtons/meter
1 slug ft2 = 1,357 kg meter2
1 slug = 14.594 kg

2

8.2.2 Data tabulations - rigid and equivalent elastic derivatives and

coefficients - general comparison data. — The data presented in this section

have been extracted from those used to generate the derivative comparisons in
app. B. They are presented as a set of tables (16 through 19), preceded by a
list (table 14) of the various conditions and the number of the table in which they
are located. Table 15 is an example data table.
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TABLE 14, — LIST OF TABLES OF DERIVATIVES AND COEFFICIENTS USED
IN GENERAL COMPARISONS

a. Longitudinal data

_707-320B .
Dynamic : Wing
Altitude, pressure, Mach Weight, Table |leading edge
ft a, psf number Ib number; sweep
10 000 66.7 0.255 268 000 16a
136.0 0. 365 16b
306.0 0.548 16c
35 000 223.0 0. 800 16d
251.0 0.850 16e
283.0 0.900 ' 16f
SST
8 500 98 0. 300 370 000 17a 30°
9500 260 0.500 17b
11 000 470 0.700 Y 17c
32 500 98 0.500 675 000 17d 42°
26 000 260 0.700 17e l
23 500 470 0.900 ! 17f
47 500 98 0.700 668 000 17g 72°
37 000 260 0.900 17h
33 000 470 1.100 17i
30 000 750 1.300 520 000 17j
24 000 1300 1.500 17k
60 500 500 2.200 171
49 000 1300 2.700 17m Y
b. Lateral directional data
707-320B
10 000 66.7 0.255 268 000 18a
136.0 0. 365 18b
l 306.0 0.548 18c
35 000 223.0 0.800 18d
l 251.0 0.850 18e
283.0 0.900 Y 18f




TABLE 14. — LIST OF TABLES OF DERIVATIVES AND COEFFICIENTS USED

IN GENERAL COMPARISONS (CONCLUDED)

b. Lateral directional data (Contirued)

SST ,
. Dynamic Wing
Altitude, pressure, Mach Weight, Table {leading edge
ft ‘ q, psf number 1b number| sweep
8 500 98 0.300 370 000 19a 30°
9 500 260 0.500 19b
11 000 470 0.700 19¢
32 500 98 0.500 675 000 19d 42°
26 000 260 0.700 19¢
23 500 470 0. 900 19f |
47 500 98 0.700 668 000 19g 72°
37 000 260 0.900 19h
33 000 470 1,100 19i
30 000 750 1. 300 520 000 19j
24 000 1300 1,500 1¢k
60 500 500 2.200 191
49 000 1300 2,700 19m
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TABLE 15. - EXAMPLE DATA TABLE

Altitude, h, ft ... ... . 00 000 Velocity, Vcl, ft/sec ... 000,00
; Gross weight, W, b ...... 000 000 Drag, CD1 .................. 0. 0000

Mach number, M ............ 0.0 Lift, CLl ........... FERTRY 0.0000

Dynamic pressure, ¢, psi 000 Iyy, rigid, slug-ft™..... 2 00. 0x000

Density ratio..0.00000 C. G. 0.00CR Iyy, equiv elas, slug-ft= 00.000x000
Method s

Rigid Equivalent elastic @
Derivatives Lifting Handbook [wind Lifting Handhook
surface O] methods tunnel © |surfuce A methods
(TA-6TA) 0 data (TA-674) v
CL /l Not
0 0, 00000 0. 00000] Availahble
C
m, 0. 0000 -_/ 0. 0000
¢ deg™! /
.o » deg 0. 0000 0. 0000 0. 0000 0.0000
Cm de“-1 /
a » deg -0. 00000 / -0.0000 | -0.0000 | -0.00000]
C -
Dy , deg 0. 0000 0. 0000 0. 00000
c, . -1
14 » Tad ~0. 00 o -
Cmg » rad”! U‘-o. 00 o o
. C s I‘ad_l \ ‘\*/
-1
, rad 0. oo\ 0. 000 © 0. 000

ol= c
ey .Qr R-

Ke)

1
, rad -0. 00 A -0. 000 o \
rad~! \ -

Not available

(el

=
-
]
j=5

al O o o o

=

=
v

3

A

Indicates Cy » and Cy, 4
not calculafed using ﬂfting
surface method; data from
handbook methods used, i.e.

CLy (lifting surface) CLd(ha.nclbook).




TABLE 16a. — 707-320B LONGITUDINAL DERIVATIVES AND COEFFICIENTS
USED IN GENERAL COMPARISONS

Altitude, h, ft
Gross weight, W, 1b
Mach number, M,

Dynamic pressure, q, psf 66.7

Density ratio....0.73859 c.g.@ 0,25¢

______ 10 000 Veloeity, \'cl, ft/scc ...274.74

...... 268 000 Drag, CD1 e 0,111

...... 0.255 Lift, CL1 ...........‘.)........1,3395
Iyy, rigid, slug-ft™...... 5,025x106

9

Ivy, equiv elas, slug-f1"4,887x10

Methods
Rigid Equivalent clastic @
Derivatives Lifting Handbook | wWind Lifting Handhook
surface O mothodsc tunnel © |surface A] miethods
(TA 37A) o data (TA 67A) v
C
Ly 0.2085 0 o 0.1914 8
fa

m, -0.083 °© © -0, 0116
C -1

Lo » deg 0.089 0.088 0.0865 0.0861 0.084
c ~ -

mg , deg -0.0208 | -0.0312 | -0.0188 -0.0189 | -0.0188
C -

Dy , deg 0.0475 | 0.01175°] © 0.0425 a
Cld , rad~! 0 4.15 u} o a
Cm& s rad-1 ] -10.95 0 0 (=}
CD& , rad™!

C -1

Lq , rad 9.85 8.53 o 9.10 - 4,89
C 71 o

Mg , Tac -16.5 -16.2 -15.66 -12.2
pg , raa” 0.135 0 o 0 o
C -

L, , rad 0.058 | 0.094 o 0.04781 A
C )

m, , rad -0.071 o O -0.01530 A
C -1

D, » rad 0.00169] © © 0 o
Cq. 2 -1 a

Lél , (rad/sec”) -0.0369

h) -
Cm-e-I, (rad/scc™) ! 0.0316 s
)
CLgy » deg 0.0070 | 0.0065 o 0.0065 A
C ()'-1 A

Mgy, ey -0.0195 | -0.0191 ° -0.0181
Cy. ,teg o 0 v

Liy > "% 0.0133 0,00836 _
Cpy. , deg” o v

Miy ac o -0.0388 -0.0242

a9, Formulation IT bh. Reference 4 ¢. Reference 6
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TABLE 16b. — 707-320B LONGITUDINAL DERIVATIVES AND COEFFICIENTS
USED IN GENEPAL COMPARISONS (CONTINUED)

Altitude, h, ft ... ............. 10 000 Velocity, Vcl, ft/sec ... 393.25
Gross weicht, W, Ib ...... 268 000 Drag, CD1 .................. 0.0352
Mach number, M ............ 0.365 Lift, Cp "o % 0.6815
Dynamic pressure, ¢, psf, 136 Iyy, rigid, slug-ft™..... : 5.025x10°
Density ratio....., 0.73859¢c.g.@ 0.25 ¢ Ivy, equiv elas, slug-ft 4.762x108
Methods
Rigid Equivalent elastic@
Derivatives Lifting Handbook | Wind Lifting Handbook
surface O mcthodsc tunnel © |surface Al mecthods
(TA 674) o data (TA 67A) v
C
Lo 0.2118 o O 0.1767 a
C
m, -0.085 O O -0.0092 &
¢ deg™?!
a2 OC 0.090 0.094 0,087 0.0832 0.0825
C -1
mgy . deg -0.0212 | -0.0313 | -0.0191 | -0.0174 | -0.0179
= - .
Dqg , deg 0.0211 | 0.0058 0 0.0165 A
‘14 . rad”! o 3.99 o o o
-1
u)
mg , rad O 1-11.49 - -
CDa , rad™’
C 1 .
,_Lq , rad 9.7 7.2 © 8,61 4.51
: )
mq , rad -16.8 -16.45 -15,10 -11.50
CDq . rad 1 0.137 o] (o) (o] (o]
C -1
Ly , rad 0.068 0,1053P o 0.04836 a
5 )
- P A
m,, » rad -0,055 o o -0.01658
C -1
D, » rad 0.00065 o o o o
Cy .. 2. -1
L, » (rad/scc) -0.0338 a
9 o
Cm'e'I , (rad,/sec”) 1 0.0295 A
. P
+ -1
C , deg A
Loy 0.0071 | 0.0065 ° 0.00623
Cm doe? ' A
6p» fCs -0.0199 | -0.0191 o -0.0172
Cy. ,des” o o v
LlH a 0135 0,00823 |
-1
C,,. , deg . n) v
My 0 008 o -0.0393 -0.0239
a. Formulation II h. Reterence 4 ¢. Reference 6




TABLE 16c. - 707-320B LONGITUDINAL DERIVATIVES AND COEFFICIENTS
USED IN GENERAL COMPARISONS (CONTINUED)

Altitude, h, ft
Gross weight, W,
Mach number, M

Dynamic pressure, q, psf 306
0.73859¢c.g.@ 0,25¢ Ivy, equiv elas, slug-ft™ 4.497x10

Density ratio......

Velocity, Vcl, ft/scc ... 590.42
Drag, Cp, ......ovveienen, 0.0145
Lift, CLl ................ 2. 0.3028
lyy, rigid, slug-h2 ...... 5.025.‘-:1()6

l)

Methods
Rigid Fquivalent clastic @
Derivatives Lifting Handbook |Wind Lifting Handbook
surface O methodsc tunnel © |surface A} methods
(TA 674) 8] data (TA 674) v
C
Lo 0.2275 ° 0.1548 a
C
m, -0.091 o o -0.0029 a
C -1
Lg » deg 0.096 0.098 0.0875 | 0.08063 | 0.0806
C a
mgy , deg -0.02325| -0.0325 | -0.0205 | -0.0145 -0.0163
C. -1
O , deg 0.005 0.0049% 0.0035 | 0.0042 A
Cla , rad™! o 2.99 a o o
Cng , rad™ O  l.13.24 - o o
CD& , rad ™!
C -1
Lq , rad 11.1 7.9 o 7.64 4.35
C -1
mq , rad -17.7 -16.95 O li4.05 -10.4
vy, rad” 0.144 o ° °© °©
C -1
L, , rad 0.109_ | -0.130° | 0,100 | 0.04658 4
C — 1
m, » rad -0.071 o -0.061 | -0.01644 a
C 1
D, - rad 0.000379 © 0.00025] © o
CLél , (rad/secz)-1 ~0. 0281 s
) -
C"'él’ (rad/scc”) 1 0.0263 A
)
C d A
Lop» oc8 . 0.00745| 0.0068 © 0.0055
: 4
C , A
Mgy, deg -0.02125| -0.01998 © -0.0151
-1
., deg o s ] v
Can € 0.0140 _0.00789
1
S . deg o] v
L’“lu °e - -0. 0407, -0.0223.

a. FormulationII

b. Heference 4

¢. Reference 6
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"REPRODUCIBILITY OF THE ORIGINHL A ‘I‘S POOR. "~

TABLE 16d. — 707 3208 LONGITUDINAL DERIVATIVES AND COEFFICIENTS

N USED IN GENERAL COMPARISONS (CONTINUED)

4 [altitude, h, £ 35 000 Velocity, Ve, ft/scc ... 778.51
Gross weight, W, b ...... 268 000 Drag, Cp, ..coooeviiint, 0.0210
Mach number, M ............ 0.8 Lifi, Cp o % 0.4164
Dynamic pressure, ¢, psf 223 Iyy, rigid, slug-ft™..... 5 5.025x106
Density ratio...... 0.31058 ¢.g.@ 0,25¢ Ivy, equiv elas, slug-ft” 4 549x10

Methods
/ Rigid Equivalent elastic @
' Derivatives Lifting Handbook |Wind Lifting Handbook
surface O methods, | tunnel & |surface A] methods
(TA 67A) 0 data |(TA 674) v
C
Lo 0.2677 ° © 0.1884 4
C
m -0.100 o o -0.0222 A
C d 0"1
Lo » deg 0.110 0.1065 0.105 0.093271 0.0933
C )
mg , deg -0.0291 | -0.0361 | -0.0243 | -0.01967 | -0.0203
C -1 b
Dy , deg 0.009 0.00425] 0.00975] 0.0065 A
Cld , rad”! () -1.35 (&} o o
o [Cma s rad™ O  |-21.00 ° - °
i CDCY , rad ™}
‘L -1 o
q » rad 13.9 10.3 . 9.96 5.12
C -1
Mg , T2 -20.1 -17.8 -16.52 -12.25
py , rad”! 0.162 o o o ©
C, -1 o N
u » rac 0.239 0.241 0.208
C ]
m, , rad -0.196 o -0.208 | -0.0780 A
C ]
D, » rad 0.0020 © 0.0026 © ©
2 -1
CLéI , (rad/sec”) ~0.0340 a
Corr - » 2 -1
meI , (rad/sec”) 0.0326 a
C deg o A
Loy 9¢8 0.00844 | 0.00698 0.00645
Cm teg™! 0 A
Op» €8 -0.0251 | -0.0204 -0.0186
-1
Cr.. , deg (] o v
Liy ° 0.0144 0.00907
Doty 9o O -0.0419 v {-0.0263
a, Formulation II b. Reference 4 c¢. Reference 6
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TABLE 16¢, — 707-3208 LONGITUDINAL DERIVATIVES AND COEFFICIENTS
USED IN GENERAL COMPARISONS (CONTINUED)

Altitude, h, ft

Gross weight, W,
Mach number, M

268 000
0.85

Dynamic pressure, q, psf 251

Velocity, Vcl, ft/sec ... 827.17
D?'ag, Cp, coveiiiis 0.02305
Lift, CLl ................ % 0.3691
Iyy, rigid, slug-ft™...... 5_025‘\:106

o

Density ratio...... 0.31058c.g. @ 0.25¢ Ivy, equiv elas, slug-ft” 4.483x10°
Methods '
Rigid Equivalent clastic?
Derivatives Lifting Handbook | wind Lifting Handbook
surface O methodsc tunnel © |surface Al methods
(TA 674) 8] data (TA 67A) v
C
Lo 0. 2825 O o 0.1885 A
C
m, -0.104 o o -0.0257 A
C d 0_1 _
Ly » deg 0.115 0.111 0.1095 | 0.09505| 0.0950
C 1
mgy , deg -0.0309 | -0.0376 | -0.026751 -0.01992| -0.0212
C -1 ‘
Dy , deg 0.0074 0.0070°| 0.0085 | 0.0045 a
C, . -1
Ly » rad 8 -3.86 o o ]
“mg , rad”! O |-24.20 o d
CD& , rad~!
C RS o
Lq , rad 14.9 11.45 8.92 5.85
C a
mg , rad -20.95 | -18.1 0 -16.69 _ |-12.3
CDq , rad~! 0.166 o] o) (o] o
C 3
Ly , rad 0.2705 % 0.280 | 0.2295 a
C -1
m, , rad -0.238 % -0.204 | -0.08712 &
C a1 . _
D, » rad 0.00191 © 0.00356] © <
C 2.-1
Lé[ , (rad/sec”) -0.0334
Cm'e'I , (rad/secz).1 0.0327 a
4
CL de(»‘ O A
Sp’ 77° 0.00872] 0.073 0.00630 B
C | A
mgp , deg -0.0265 | -0.0213 © -0.0185 |
Cr. ,deg o o v
Lip » %% 0.0146 0.00913
C log L v
RIS o -0.0425 O -0.0267
a. Formuluation I b. Reterence 4 ¢. Reference 6




"REPRODUCIBILIT’Y OF T

ORIINAL PAGVW

TABLE 16f. — 707-320B LONGITUDINAL DERIVATIVES AND COEFFICIENTS
USED IN GENERAL COMPARISONS (CONCLUDED)

Altitude, h, ft ... 35 000 Velocity, Veys ft/sec ... 875.83
Gross weight, W, b ...... 268 000 Drag, Cp .............. 0.0378
Mach number, M ............ 0.9 Lift, Cp "ns. 0.3274
- 2
Dynamic pressure, q, psf 283 Iyy, rigid, slug-ft™..... b 5.025x106
Density ratio...... 0.31058¢c.g.@ 0,25¢ Ivy, equiv elas, slug-ft~ 4,414x10
Methods
Rigid Fquivalent elastic @
Derivatives Lifting Handbook | wind Lifting Handbook
surface O methodsc tunnel © |[surface aA] methods
(TA 674A) 0 data (TA GTA) v
C
Lo 0.3011 o ° 0.1891 4
C
m, -0.113 © O -0.0421 A
CI d v
-a » 9¢8 0.121 0.0755 0.095 0.09733 0.0973
C d o1 i
my , deg -0.034 -0.020 -0.0267 {-0.02089 | -0.0221
C -1 b
Dq » deg 0.0050 0.00975 0.0090 0.0037 a
C. . w1
Ly » rad ®  lisu - c o
Cmg » rad™! 0 |-27.10 o 0 o
CD& , rad™}
C -1
Ly , rad 16.1 8.55 © 8.73 5.62
C -1
mg , rad -22.2 -18.0 O lLi7.00  J-12.5
C -1 '
Dq , rad 0.173 (o] (o] O
C -1
Ly , rad 0.315 © 0.307_ | 0.26325 A
C -1
m, , rad -0.305 o -0.198 {-0.10125 s
C -1 :
D, » rad 0.00185 © 0.00306 © ©
2 -1
CLéI , (rad/sec”) ~0.0325 A
2 -1
Cm'e'I , (rad/sec”) 0.0329 A
-1
C , deg (o} A
Log» 78 0.00919 | 0.0070 0.00618
C e O A
meg» deg -0.0287 | -0.0204 -0.0184
- -1
Cry, » des o 0.0145 o v 0.00939
-1
¢ o 0 v
Fmjy deg c -0.0422 -0.0273
a. Formulation II b. Reforence 4 c. Reference 6




-

“féEPROUC

BILITY OF THE ORIGINAL ;’WAGE iS POOR.

TABLE 17a. — SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS
Leading edge sweep = 30°

Altitude, h, ft
Gross weight, W, 1b

Mach number, M ......
Dynamic pressure, q, psf 98 5
Density ratio...... 0.77408 cg @ 0.64CpR Iyy, equiv elas, slug-ft 39.88x10%

8 500

0.3

370 000

Velocity, Vcl’ ft/sec ... 325.01
Drag, CDl .................. 0.098
Lift, Cp, L oot 0.4198
lyy, rigid, slug-ft>...... 40.2x10°

Methods
Rigid Equivalent elastic 2
Derivatives Lifting Handbook [Wind Lifting Handbook
surface Of methods® | tunnel ¢ |surface A| methods
(TA 574) o data (TA 37A) v
C
Lo 0.15761 0 © 0.21240 4
C
m 0.0105 0 © 0.0088 A
CI deg! - - -
o » d€g 0.0564 0.0638 0.0532| 0.0559 0.0526
C -
mg , deg 0.00238] -0.00135] 0.0003| 0.00192| 0.00129
C )
Dg , deg 0.0098 4 0.0058 | 0.01107 s
C. . 1
Ly » rad - 0 0.203 0 o (m]
Cma , rad ! o -0.0898 0 u] 0
CDQ , rad-1
C -1
Lq , rad 1.275 0.748 o 1.218 0.988
C 01
mg , rad -0.280 -0.167 O -0.276 -0.195
C‘Dq , rad-1
C =
Ly, rad 0.0288 | .0.0426°| 0.038 0.0193
C 1 )
m , rad 0.00166 s -0.001 | 0.0009 A
C — 1
| "D, » rad 0.0033 ° 0.0033 © ©
C 2 -1
LéI , (rad/sec”) -0.0657 s
6) -
Cm'e'I, (rad/sec’) "} 0.0023 a
C , deg” o] (o] o o
Lop» 0 0.00705
1
Cm deo (o) o] (o] (o]
Op» ©°8 -0.00148
-1
Cr. dey 0 ] v
Ligg > ™™ 0.02205 0.0159
|
. o
Cmyy, » des o -0.0191 o -0.00492

a. Formulation 1

b. Reference 4

¢. Reference 6
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”REPRODUC!BILITY OF 1: ;X

TABLE 17b. — SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
. GENERAL COMPARISONS (CONTINUED)
< ‘ Leading edge sweep = 30°

144

4 [Altitude, b, £ . 9 500 Velocity, Ve, ft/scc ... 539.69
Gross weight, W, b ...... 370 000 Drag, Cp., ...oooeieiinnnns 0.032
Mach number, M ............ 0.5 Lift, CLl ........... ‘.)....:,. 0.1581
Dynamic pressure, q, psf 260 Iyy, rigid, slug-ft™..... 5 40.2){106
Density ratio...... 0.75032 cg @ 0.84Cp Ivv, equiv elas, slug-ft™ 39.201x10
g R
Methods
Rigid Equivalent elastic @
Derivatives Lifting Handhook | Wind Lifting Handbook
surface O| methods® | tunnel © |surface A| methods
(TA 674A) @ data (TA 674) v
C
Lo 0.16888 o ° 0.20396 &
C
m g 0.0120 o © 0.0074 a
C d 0."1
Lo » deg 0.0587 0.0646 0.0582 0.0570 0.0526
C -1
my deg 0.00206 | -0.00145 | -0.00165; 0.00133 0.00057
C -1 '
Dy , deg 0.0102 < 0.00645 | 0.00204 A
C, . -1
Lg , rad o 0.150 o o o
“mg , rad”? O | -0.160 o o o
: C[)a , rad”!
CL d-l :
q > Ta 1.340 0.805 1.151 0.949
C -1
mg , rad -0.290 | -0.169 -0.287 | -0.209
C[)q . rad 1
C -1
L, , rad 0.0315 | 0.054° | 0.049 | 0.0233 a
C -1 A
m, , rad 0.0001 © -0.0047 |-0.00285
C -1
D, » rad 0.0047 o 0.00715 o O
-1 _
CLéI . (rad/secz) -0. 0592 A
.
Cm'e'l, (rad/sec”) ™! 0.0017 a
“Log - deg 0.0073 o © © ©
-1
Cm deg ) (o) (o)
6p» 9% -0.00161 ©
-1
. deg u] (w v
CLiy » 98 0.0228 0.01635
1
. deg (u] 0 v
1 Mig > ™° -0.01978 -0.00583
a., Formulationl h. Reference 4 c. Reference 6




g

"REPRODUCIBILITY OF THE ORIGINAL - IS OR."

TABLE 17¢c, ~ SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
. GENERAL COMPARISONS (CONTINUED)

Leading edge sweep = 30°

Altitude, h, ft
Gross weight, W, b
Mach number, M

................

370 000
0.7

Dynamic pressure, q, psf 470 .
Density ratio...... 0.71568 cg @ 0.64CR Iyy, equiv elas, slug-ft™ 39,331x10

Velocity, Vcl, ft/sec ... 751.39

Drag, CD1

Lift, CLl ................ ..
2

lyy, rigid, slug-ft™.....,

..................

6

40.2x10

Methods
Rigid Equivalent elastic 2
Derivatives Lifting Handbook | Wind Lifting Handbook
surface O} methods€ | tunnel © |surface A| methods
(TA 6747) o data (TA 6T74A) v
C
Lo 0.18239 °© °© 0.19414 4
C
m 0.0135 o S 0.0039 A
C 1
1o » deg 0.0632 0.0652 0.0632 | 0.0587 0.0536
C - '
my , deg 0.00158 |-0.00198 |-0.00375 | 0.00040 |-0.00039
C -1 A
Dy , deg 0.0110 © 0.00715 |-0,00028
CL& , rad™l ] -0.214 0 o o
Cmg » rad”! 0 -0.262 o o o
CD& . rad-1
C -1 '
Ly , rad 1.440 0.897 o 1.062 0.912
Cm rad'1 o
q -0.31 -0.172 -0.306 -0.224
CDq . rad !
C I
L, , rad 0.0392 0.0856° | 0.063 0.0246 .
C 1
m , rad -0.0037 ©  1-0.0098 |-0.00399 a
C 1
" o
D, » T 0.0118 ° 0.0118 ©
CL.. \2 —1 A
6 » (rad/sec) -0.0523
.
Cm'e'I , (rad/scc”) ) 0.0013 a
1
Loy > des 0.0078 © © © o
_1 :
Cmg ., deg —0.00185 ) o) o) o)
Cr. ,deg 0 (s} v
iy 0.0237 0.01704
Ci. deg o O v
iy * " -0.020535 -0, 00687

a. Formulation |

b, Reference 4

c. Reference 6

145



“"REPRODUCIBILITY OF THE ORIGIAL PAGEVI POOR."

TABLE 17d. - SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep = 42°

. [Altitde, b, &t

................ 32 500 Velocity, Ve, ft/sec ... 492.02
Gross weight, W, 1b ...... 675 000 Drag, Cp, ....ooooivinnen. 0.057
Mach number, M ............ 0.5 Lift, Cp "% 0.7659
- 9
Dynamic pressure, q, psf 98 Iyy, rigid, slug-ft™..... . 4'7.2.\:106
Density ratio...... 0.35455 ¢g @ 0.64CR Ivy, equiv elas, slug-ft~ 4'7.43'7x106
Methods
Rigid Equivalent elastic @
Derivatives Lifting Handbook | Wind Lifting Handbook
surface O] mecthods €| tunnel © |surface A] methods
(TA 67A) u] data (TA 674) v
C N
o] A
Lo 0.11181 ° 0.12110
C
m, 0.0109 0 0.0100 A
C d O,_l
Lo » deg 0.0511 0.056 0.0500 0.0498 0.0470
C -1
my , deg 0.00082 | -0.00258 | -0.00005| 0.00071 0.00036
C -1
Dy deg 0.0089 0.0191 0.00859 1 0.0237 A
C. . -1
lg » rad o 0.155 - o o
o | Smg s rad” a -0.1084 o O c
o |pg ., raa”!
CL al 0
q » Ta 1.37 0.932 1.267 1.021
mg , rad -0.32 -0.236 -0.309 -0.204
CDq , rad !
C -1 b o A
Lu , rad 0.0748 0.254 0.03525 | 0.0738
C . -1 A
My rud -0.0015 © -0.00215 |-0.002
C -1
D, , rad 0.011 < 0.005 % <
CL"' 1/ C‘Z -1 A
8 » (rad/sec) -0.0433
D) -1
Cnyee ‘ad/sec” A
meI, (rad,secc) -0.0017
~1
CL deg < ¢
o 0.0072 9,0064
Crn d (r_l
D -0.00165 © -0.00180 ©
-1
Cy. , deg (] v
Liy» ™° c 0.0218 001647
T Ic teg ™" = v
¢ |Cmig e 9o O | -0.01845 -0.00491
a. Formulationl h. Refercnce 4 c. Reference 6
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“"REPRODUCIBILITY OF THE ORIGINAL PAGE ) ’POR."

TABLE 17e. — SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep =.42°

Altitude, h, £t ... 26 000 Velocity, \'cl, ft/scc ... 708.32
Gross weight, W, b ...... 675 000 Drag, CD1 .................. 0.0186
Mach number, M ............ 0.7 Lift, CLl ................ .. 0.2884
Dynamic pressure, 4, psf 260 Iyy, rigid, slug-ft2 ..... ;)47.2x106
Density ratio..... 0.433_(20 cg @ 0.64CR Ivy, equiv elas, slug-ft™ 47.792x10
Methods
Rigid Equivalent elastic @
Derivatives Lifting Handbook | wind Lifting Handbook
surface O] methods€ | tunncl © |surface A] methods
(TA 674) @) data (TA 674) v
C

Lo 0.12010 0 o 0.11833 A
C

m, 0.0124 O O 0.0101 A
C deu !

Lo » Ceg 0.0541 0.0572 0.0527 0.0501 0.0475
C -1

my , deg 0.00033 1-0.00340 | -0.00022 | 0.00014 |-0.00013
C -1 :

Dy deg 0.0094 0.0035 0.0146 0.00719 a
Clgy , rad”! u] 0.0 a] u] o
Cn]d ’ I‘ad-l D _0‘200 O U D
CD& , rad~!

C -1 .

Lq , rad 1.46 1,040 © 1,187 1,001
C -1

mg , rad -0.35 -0.245 O  l-o.331  |-0.230
CDq . rad 1
C -1

Ly , rad 0.0904 0.274° 0.083 0.0557 a
C ! )

m, » Tad -0.0091 © -0.0087 |-0.0082 4
C 1=1

ad
Dy » ra 0.0111 © 0.0071 © ©
Cr (rad/sccz)_l a
ST ' -0.0392
5 M
Cm rad,’sec” -1 A
6 €c) -0.0016
-1
C , deg <
Lep» @5 0.0077 ¢ 0.00685 ©
Cmg. , deg } o] o o
O » €c8 -0.00190 -0.00204
-1
Cy. , deg 0 v

Lln o 0.02245 _ 0.01736
Cppp. , deg” 0 o v -

i -0.0190 -0.00573 ]
a. Formulationl h. Reterence 4 c. Reference 6
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"REPRODUCIBILITY OF THE ORIINAL PAGE IS

TABLE 17f. — SST LONGITUDINAL DERIVATIVES AND COLFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)

Leading edge sweep = 42°

Altitude, h, ft ... ... ... 23 500 Velocity, \'cl, ft/sce ... 920.15
Gross weight, W, b ... .. 675 000 Drag, Cp., ..., 0.014
Mach number, M ............ 0.9 Llft, CLl ----------------- % 0.1596
: - 9
Dynamic pressure, q, psf 470 Iyy, rigid, slug-ft™....., 47.2:{106
Density ratio...... 0.47285 cg @ 0.64Cp Ivv, equiv elas, slug-ft™ 48.136.\'106
Methods '
Rigid Equivalent clastic @
Derivatives Lifting Handbook |'wWind Lifting Handbook
surface O] methods €| tunnel © |surface Al methods
(TA 674) a datu (TA 674) v
C
Lo 0.13745 © © 0.11635 4
C
m, 0.0139 © 0.0097 A
C d '_"1
Ly » deg 0.0602 0.0581 0.0579 0.05006 0.0495
C 1
mg , deg -0.0005_[-0.00435 [-0.00098 |-0.00093 | -0.00096
C
Dy deg 0.0105 0.0065 0.0147 0.00276 a
CLd , rad ™t o 0771 o a] 0
Cmg , rad” O lo.480 - ° c
CD(:_, , rad~!
C
Ly , rad 1.61 1.174 o 1.074 1.002
Al d-l o
Mg , Ta -0.42 -0.253 -0.366 -0.250
CDq , rad !
C -1
L, , rad 0.1187 | 0.669° | 0.148 0.0538 4
C ) A
m, , rad -0.0178 ©  lo.0167  |-0.0162
C -1
D, » rad 0.0117 o 0.0117 © o
CLy , (rad /secz)-1 A
e ! -0.0351
-) -1
Cmyg , (rad/sec” A
I ) -0.0014
-1
CL . deg¢ o
bp’ T 0.00875 0.0068
) -1
Cm deg e}
Op» €8 -0.00251 -0.00222
Cy. ,deg o v
Liy o 0.0203 0.01868
1
Chy, o+ deg a - o v
iy o F0.0195 _ -0. 00679
a. Formulation I b. Reterence 4 ¢. Reference 6




“"REPRODUCIBILITY OF THE ORIGIN '*‘ d R.”

TABLE 17g. — SSTLONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)
1 Leading edge sweep = 72°

Altitude, h, ft ... 47 500 Velocity, Ve, ftisec ... 677.66
Gross weight, W, 1b ...... 668 000 Drag, Cpy, oo, 0.11
Mach number, M ............ 0.7 Lift, CLI ---------------- %. 0.7580
- 2
Dynaniic pressure, ¢, ps{ 98 lyy, rigid, slug-ft™..... ;,48.3:(106
Density ratio...... 0.17261 cg @ 0.64CRr Ivy, cquiv elas, slug-ft™ 48, 398x10
Methods
Rigid Equivalent elasticd
Derivatives Lifting Handbook | wWind Lifting Handbook
surface O} methods© |tunnel © |surface A] methods
(TA G7A) 0 data (TA 674) v/
C Not
Lo 0.01542 °© ° 002108 | Available
C o o
m, 0.0082 0.0081
¢ deg™?
o ) 0.0306 0.0278 0.0303 0.0306
C -1
mg , deg -0.00018 |-0.0014 |-0.00025 | 0.00011
C -1
Dy deg 0.0053 0.0031 0.00975 0.0262
Crg » rad™? 0 |.o.32 o o
Cnig , rad” O |-0.262 o O
’ CDQ , rad”}
CLq , rad™ 1.17 0.410 o 1.122
Cm rad ! o
q -0.33 -0.150 -0,327
CDq , rad !
C -1
Ly, rad 0.089 0.731° 0.107 0.0934
C -1
m , rad 0.0182 © 0.0129 | -0.0248
[ -1
Du , rad 0.0011 o] (o] o
2 -1
CLéI , (rad/sec”) -0.0319
') -1
Cmy , (rad/scc”
6y (rad/scc) -0.0007
C deg”
Loy » 9¢8 0.0076 © 0.00725 ©
C )()-
me g, deg -0.0021 -0.00258 ¢
- -1
L’Li“ , deg '
. it Not
;’ Cingy, » deg Available
a, Formulationl b. Reference 4 ¢. Reference 6
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"REPRODUCIBILITY OF THE ORIGINAL PAGE IS P

TABLE 17h. -- SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep = 72°

Altitude, h, ft ... 37 000 Velocity, Vcl, ft/scc ... 871,27
Gross weight, W, 1b ... 668 000 Drag, CD1 .................. 0.0404
Mach number, M ............ 0.9 Lift, CL1 ................. s 0.2854
- 9
Dynamic pressure, q, psf 260 lyy, rigid, slug-ft™..... .2423.3x106
Density ratio......0.28525 cg @ 0.64CR Ivy, equiv elas, slug-ft248.418x10°
Mecethods
Rigid Equivalent clastic @
Derivatives Lifting Handbook {Wind Lifting Handhook
surface O] methods €] tunnel © |surfuce A] methods
(TA 674) 0 data (TA 574) v
C Not
Lo 0.01335 o © 0.02242_ | Availabie
(“m o] o]
0 0.0090 0.0086
¢ , deg"1
a » 9€3 0.0324 | 0.0298 0.0322 0.,0320
C a1
mgy , deg -0.00035 }0.0019 -0.0014 |{-0.00044
C s
Dgy , deg 0.0055 | 0.0033 0.0100 0.00959
C, . a1
L4 » rad O to.2s o o
C_. -1
mg , rad 9  loas o -
CD& , rad™1
C -1
Ly , rad 1.37 0.570 © 1.150
C a! o
mg , ra -0.44 -0, 340 -0.362
CDq , rad !
C -1
Ly , rad 0.120 1.21° 0.128 0.0731
C 1
m, , rad 0.0136 o 0.01152 |-0.0254 ]
C 1
D, » Tad 0.0204 o 0.0217 © B
CL.. d 2 -1
6y » (rad/sec’) -0.0321 ]
2 -1
Coye- "d/ .
mel, (rad/sec ) -0.0004
C . de )'-
Lop» Cee 0.0092 o 0.0080 ©
C -1
Moy, deg -0.00261 O lo.0031 ©
-1
. -1 Not
Wiy’ deg Avzailable

a. Formulationl b. Reference 4 c. Referen:e 6




"REPRODUCIBIVITY ORiGIl\IA

TABLE 17i, ~ SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep = 72°

iy

PAGE IS POOR.”

Altitude, h, ft ... . 33 000 Velocity, Ve,, ft/sec ... 1080.07
Gross weight, W, Ib ... 668 000 Drag, CD1 .................. 0.0232
Mach number, M . ... 1.1 Lift, Cp ", % 0.1579
Dynamic pressure, q, ps{ 470 Iyy, rigid, slug-ft~..... 5 48.3:{106

Density ratio...... 0.33513 cg @ 0.64Cp Iyyv, equiv elas, slug-ft~ 47.832x106

Methods
Rigid Equivalent elastic@
Derivatives Lifting Handbook | Wind Lifting Handboouk
surface O] methods € | tunncl © |surface A] methods
(TA 674) o] data (TA G74) v
C Not
(,LO 0.011786 0 0 0.02966 I _Available
> 1
m 0.0110 o o 0.0110
C -1
Loy » deg 0.0345 | 0.0325 0.0345 0.0323
C -1
mg , deg -0.00136 | -0.00226 | -0.0016 | -0.00122
C -1
Dy » deg 0.0061 0.0032 0.0097 0.00503
Cig s rad™! 0 -0.17 0 o
Cma , rad”! o -0.11 a -
CDQ . rad-:l
C -1
Lq , rad 1.43 0.756 0.979
C )
mg , rad -0.48 -0.310 -0.383
CDq , rad !
C -1
Ly , rad 0.0364 -o.s;ozb 0.037 0.0311
C -1
m, » rad 0.0071 O 0.0077 | -0.0102
C S
D, » rad 0.0088 % 0.0165 %
) -
CLéI , (rad/sec”) 1 0295
) I
Cm'e’I , (rad/sec”) 1 0.0007
-1
C dev
Lep» 8 0.0094 0.0053 ©
C 51 B
mey » deg -0.00323 © -0.00222 ©
-1
Liy, » des |
C leg” Not
my . » 465 Available
a. Formulationl b. Reference 4 ¢. Reference 6
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TABLE 17j. — SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)

Leading edge sweep = 72°

Altitude, h, ft ... 30 000 Velocity, Ve,, ft/sce ... 1293.31
Gross weight, W, b ...... 520 000 Drag, Cp, oot 0.0133
Mach number, M ........... 1.3 Lift, Cp "o 2. 0.0770
Dynamic pressure, q, psf 750 Iyy, rigid, slug-fr2 ..... ; 47,6x106
Density ratio ... .. 0.37473 cg @ 0.64 CRIvy, equiv elas, slug-ft” 49.627)(106
Methods -
Rigid Fquivalent elastic @
Derivatives Lifting Handbook |ind Lifting Handbook
surface Of methods©|tunnel © |surface Af methods
(TA 674) ] data (TA 674) v
CL O‘ o) Not
o) 0.02429 0.041921 Available
C ]
m, 0.0097 o © 0.0066
C d 0‘-1
Lo » deg 0.0336 0.0344 0.0323 0.0317
C deg™!
My » S -0.00151 | -0.00232 | -0.0019 -0.00160
®De , deg” 5
o » deg 0.0059 0.0021 0.0092 0.00215
C]_a . rad'l 8] -0.16 0 O
“mg, , rad”! 0 1-0.04 ° o
CDQ , rad ™}
C '1 o )
Ly , rad 1.21 0.800 0.746
C -1 . :
mg , rad -0.43 -0.205 o -0.358
CDq . rad "1
C -1
Ly , rad -0.0013 |-0.10:® | o. 0.0182
C -1
m, » rad -0.0013 °© -0,00217 | -0.0111
C -1
D, » rad 0.0039 O |-0.0015 o
Cyp.. 2,-1
LeI , (rad/sec”) -0.0215
|) -1
Copyee e
mg, s (rad/sec”™) -0.0019
-1
C , deg
Log» %8 0.0053 © 0.0037 ©
-1 '
C o
mey, deg -0.0020 © -0.00161 ©
-1
z , deg
Lig >
¢ dc“'_1 Not
Mj, > = Available

a. Formulationl. b. Reference 4 ¢. Reference 6




TABLE 17k, — SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep = 72°

Altitude, h, ft ... ... 24 000 Velocity, Veys ft/sec ... 1530.45
Gross weight, W, 1b . ev vlu Drag, Cp, ... 0.0092
Mach number, M ............ 1.5 Lift, CLl ................ 4. 0.0441
- 9
Dynamic pressure, q, psf 1300 Iyy, rigid, slug-ft™..... 5 47,6x106
Density ratio......0.46462 cg @ 0.61CR Iyv, equiv elas, slug-ft” 56.295x10°
Methods
Rigid Equivalent elastic @
Derivatives Lifting Handbook | wind Lifting Handboolk
surface Of methods €| tunnel © |surface A} methods
(TA 67A) 0 data (TA 674) v
C . ' Not
Lo 0.03166 o o 0.04792 | Available
C
My 0.0089 o o 0.0041
C deo~]
Lo » deg 0.0325 0.0329 0.0313 0.0296
c d o
my , de -0.00158 |-0.00221 | -0.00145 | -0.00173
C -1 _
D¢ » deg 0.0056 0.0010 0.0087 0.0010
C. . -1
Lg » rad °  l-0.114 o °
“mg » raa”! O 0.024 O 0
CD& , rad”!
C -1
Lq , rad 1.04 0.595 | © 0.502
C -1
mg , rad -0.385  |-0.230 o -0.341
CDq , rad !
C 1 -
Ly , rad -0.0048 —o.oﬁ»b -0.0101 0.0019
C -1
m, , rad -0.0039 O -0.003 -0,0067
C -1
D, » rad 0.0007 ©  1-0.001 o
Cy .. 2 -1
Lel , (rad/sec”) -0.0164
Cny - . J; ,2 -1
g, (rad/scc”) -0.0047
1
C , deg
Lop» 9¢8 0.0041 © 0.003 ©
Cm deo ™1
Op» 4€8 -0.00158 © -0.00126
CLiy > s $
Chi: s deg.1 Not
1H Available
a. Formulationl b. Reference 4 ¢. Reference 6
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"REPRODUCIBLI'TY OF THE ORIGINAL PAGE iS POOj'

TABLE 17l — SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep = 72°

X Altitude, h, £ . 60 500 Velocity, Ve, ft/scc ... 2129.78
Gross weight, W, b ...... 520 000 Drag, CD1 .................. 0.0098
Mach number, M ............ 2.2 Lift, Cp ", - 0.0770
Dynamic pressure, a, psf 500 Iyy, rigid, slug—ft2 ..... 5 47,6:4106
Density ratio...... 0.092704 cg @ 0.64CRIyy, equiv elas, slug-ft” 52,082x10°

Methods
Rigid Fquivalent elastic 2
Derivatives Lifting Handbook |wWind Lifting Handbook
surface O] methods® | tunnel © |surface Al methods
| (TA G7A) o data (TA 674) v
; CL o o Not
. 0 0.03618 0.04230 | Available |
|
m 0.0079 0 © 0.0056 ‘
CI deg!
o » 9€g 0.0283 0.0289 0.0271 | 0.0265
C -1
mgy , deg -0.00143 | -0.00183 | -0.00107 | -0.00144
Cp deg~1
a » deg 0.0048 0.0010 0.0065 | 0.00206 a
CLg » rad™! o -0.104 o _°
Cma , rad”} o 0.06 o o

¥ Ic 1 .

N D4 » rad
C -1

Ly , rad 0.575 0.310 o 0.331
C -1
mg , rad -0.300 | -0.225 O  ]-0.203
CDq . rad !
C -1 _
Ly , rad —0.0198 | -0.002° | -0.m7 |-0.0400
C -1
m, , rad -0.00154 o ~0.0003 |-0.0028
[& -1
D, » rad -0.0012 N -0.0006 ©
CL; (rad/secz)_1
o’ -0.0193
Cmy rad/"ec?' -1
gy (rad/sec) -0.0042
-1
Cy ., deg © o
6p’ ° 0.0024 0.0020
Cm deg ™! o
O €5 ~0.060093 © -0.00069
-1
Cy.. , deg ‘
Liy :
: -1 T " | Not

' Chs leg 0

3 My, daey _ __lAvailable

a. Formulationl b. Reference 4 ¢. Reference 6
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”REPRODUCIBIVITY OF THiE ORlNALA

S POOR."

TABLE 17m, — SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED IN
GENERAL COMPARISONS (CONCLUDED)
Leading edge sweep = 72°

i Altitude, h, ft . ... 49 000 Velocity, Ve,, ft/sec ... 2613.82
Gross weight, W, b ...... 520 000 Drag, Cp, «ooooviiii 0.007
Mach number, M ............ 2.7 Lift, CLI ----------------- % 0.0444
Dynamic pressure, 4, psf 1300 Iyy, rigid, slug—ft2 ..... b 47_6xlo6
Density ratio...... 0.16061 cg @ 0.64CR Ivy, equiv elas, slug-ft” 60,180x10

Methods
Rigid Equivalent elastic @
Derivatives Lifting Handbook | wind Lifting Handbook
surface O| methods®© | tunnel © |surface A| methods
(TA 674) Q data (TA 67A) v
C Not
Lo 0.03141 o o 0.03723 | Available
C
My 0.0077 © o 0.0041 *
CI de(r—l
-Q & 0.0255 0.0257 0.0238 0.0229
C a -1
mg , deg -0.00118 | -0.09142 | -0.00095 |~0.00133
C -1
Dy » deg 0.0045 0.0013 0.0050 0.00106
C -1
Ly » rad o -0.101 o o
Cma , rad~! o 0.077 o o
t CDa , rad~1
C -1
Ly . rad 0.370 0.205 O 0.089
C -1
mg , rad -0.273 | -0.161 © loom
CDq , rad™}
C -1
Ly, rad ~0.0375 | -0.0516° | -0.0193 |-0.070
C -1
m, » rad -0.00162 © -0.00068 | 0.0072
C a1
D, 1 | -0.0014 © -0.001 ©
2. =1
CLéI , (rad/sec”) -0.0293
~ 2 -l
Cmyg rad/sec”
gy » (rad/sec’) -0.0068
-1 '
C , deg
Loy 78 0.0020 © 0.0016 °
Cm . de(r-l O
Op» 9% -0.00079 © -0.00038
-1
CLiy deg |
& . -1 Not
D ( o
: ‘n‘iH ’ dC‘.C, Available
a., Formulationl b. Reference 4 ¢. Reference 6
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TABLE 18a. — 707-3208 LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS

Altitude, h, ft...................... 10 000 | Ixx, , rigid, slug—ft2 ............ 4,925x108
Gross weight, W, Ib............. 268 000 | 1zz_, rigid, slug-fty............ 9.900x108
Mach number, M. ................ 0. 255 Ixz, rigid, slug-ft™% ... ..... 0.2103‘;106
Dynamic pressure, q, psf. ... 66.7 Mass,M, rigid, slugs, . .. ... 8335
Density ratio........................ 0.73859 | I\, equiv elas slug-ft? ...... 4.922x108
Velocity, Vg, ft/sec............ 274,74 zzh equiv elas slug-ft, ......9~876X102
Lift, Cy ... e 1.3895 xzbh s €quiv elas slug-ft=...... 0.202x%0
c.g.@0.25 ¢ Mass, M,equiv elas slug...... 8316
Methods
P Rigid Equivalent ,
Derivatives Handbook methods o) Handﬁf)aosl-tlc
TR109s (rel.72)OlUSAF (ref. 6)0f Wind tunnel method
-1
clB , deg -0. 00‘303b -0. 00425 -0. 00275 -0. 00706
-1
Cng . deg o 0. 00268 0. 00198 0. 00243
C -1
yg » deg < -0. 00808 -0. 0088 -0. 00750
. -1
€15 , rad O 0. 00044° o o
C . -1
ng » rad o -0. 0098° o -
Cy5, raa”! o +0. 0229° o o
C 1 =0. 455d
1, rad -0. 440 -0. 384 -0.522° 20.379
C -1
o , rad -0.1495 -0. 2230 o -0. 1499
¥, , rad™! 0.1066 0.301 o 0.1077
C -1
1, , rad 0.2817 0.535 o 0. 281
C -1
n. , rad -0. 2015 o O -0.192
Cy. , raa™ 0.318 o o 0. 294
Inertial derivatives | Handbook method | Inertial derivatives | Handbook method
2 - C ;
le)l’ sec”/rad 7.4 x10 6 YI'-I’ secz/rad -0.00234
C 2 - Ci.. -
ng , sec /rad | -1.63x 107 L5., sec?/tt 8.94x 107"
I
2 - C -
Cyl-) , sec”/rad 3.82x 10 4 WI’ secz/ft -1.98 x 10 5
I
C 2, -5 Cy.. 2 -5
1. , sec”/rad -4,52 x 10 Y, sec”/ft 4.63 x 10
I
()
“n, , sec/rad 9.99 x 107
1
‘|a. Formulation I b. (vef. 73) c. V.T. Only d. TA 67A
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TABLE 18b, - 707-3208 LATERAL-DIRECTIONAL DERIVATIVES USED v
GENERAI, COMPARISONS (CONTINUED)

Altitude, h, ft ... 10 000 | Inx , rigid, slug-ft>........... 4.925x108
Gross weight, W, Ib............. 268 000 | Izz_, rigid, slug-ft>............ 9,900x106
Mach number, M. ................ 0. 365 Ixz”, rigid, slug-ft=. . . . 0.210x108
Dynamic pressure, §, psf ... 136 Mass,M, rigid, slugs... .. ... 8335
Density ratio........................ 0.73859 [ I . . equiv elas slug-ft? ,,,,,, 4.923x108
Vgalocity, Vcl’ ft/sec............ 393.25 zzh» €quiv elus slug-ft, ......9.851x106
Lift, CL1 ........................... 0.6815 xzbh » equiv elas slug-ft”™....... 0.199x106
c.g.@0.25¢ Mass, M,equiv elas slug...... 8308
Methods
. Rigid Equivalent ,
Derlvatives Handbook metiods e} Handle;gz)sl'“c
TR1098 (rel. TG USAF (ref. 6)al wWind tunnel method
Cig, deg™ -0. 00418 ~0.00300 ~0.00264 | -0.00515P
-1
Cng, deg o 0.00154 0. 00203 0. 00108
C -1
yg » deg © -0. 00805 -0. 00892 -0. 00698
C14 , rad™! 0 9. 00165 o o
Cpj , rad”! o ~0. 0097° . -
C -1 .
3 » rad o 0. 0228° o o
C 1 -o.4y
Ip , rad -0.414 -0.389 -0.533 -0. 320
C -
B, rad™t -0. 0531 -0. 0938 o -0. 0568
Cyp , rad~1 -0. 0122 0. 0308 o ~0. 0037
C -1
1., rad 0.2183 0.280 o 0.215
C -1
n. , rad -0.1513 o o -0.130
Cy, , rad” 0. 318 o O 0. 268
Inertial derivatives | Handbook method | Inertial derivatives | Handhook method
le) , sec’/rad . 7.3 x10°° CYfI, sec2/rad -0.00213
L
C _
Cn[-) , sec2/rad -4.31x107° 1-};1 sec2/ft 3.05 x 1078
I ]
2 - C
Cyl-) , sec®/rad 1.01 x 1074 ng, | secZ/ft 1.80 x 105
I
1., sec”/rad -1.545 x 10 Vi sec®/ft 4.21x 10
I
‘) -
Cnl-, , sec”/rad 9.09 x 10~4
I
a. Formulation I b. (vef. 73) c. V.T. Only d. TA 67A
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TABLE 18c, — 707-320B LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)

Altitude, b, ft....oooo 10 000 | Ixx, rigid, slug-ftS ......... 4.923x108
Gross weight, W, Ib ... ... .. 268 000 | 1227, rigid, slug-ft]........... 9.900x108
Mach number, M. 0.548 Ixz, rigid, slug-ft7. ... 0. 210x10°
Dynamic pressure, §, psf, . 306 Mass, M, rigid, slugs . ... ... 8335
Density ratio................ 0.73859 | I .\, equh'elasslug—ﬂ% ..... 4.873x10°
}/ffltomcty, Ve ft/sec.......... 590. 42 zzb» €quiv elas slug—ft; ..... 9.800x10°8
Aft, Cpg 0.3028 | Lz, equiv elas slug-ft ... 0.195x108
C.2.@ 0.25 ¢ Muass, M,equiv elas =lug..... 8292
Methods
s Rigid Equivalent |,
Derivativ =3 R PPN
ertvatives Handbook methods o) T ”ela:.tlc
TR1093(rel.72)olUSAF (ret. 6)o] Wind tunnel ‘mcn‘;%cfﬁod
-1
Clg s deg ~0. 00329 -0. 00258 -0. 00268 -0. 00410
-1
Cng , deg o 0.00136 0. 00219 0. 00044
CYB , deg™! o -0. 00829 -0. 00919 -0. 00613
15, rad”! 0 0. 00254° o o
. -1
Cnj , rad o -0.0100° o c
Cy5 . raa™ o 0. 0235¢ D o
C -1 -0. 3390
1, , rad -0. 412 -0.408 -0.5624 Azd‘s
Cn -1
, rad 0. 0015 -0.0131 o -0.0091
Cy -1 o
p » rad -0.1431 -0.1235 -0.1183
C -1

1., rad 0. 1947 0.148 o 0.184
C -1

n., rad -0. 1465 O O -0.105
C -1 '

y, » rad 0. 329 O O 0.231
Inertial derivatives | Handbook method | Inertial derivatives | Handbook method
C 2 C

1{,1, sec”/rad 5.4 x 1078 Yi, sec?/rad -0.00187

2 -5 C -
ni)l’ sec” /rad 2,13x10 1'y'I, sec2/ft 3.98 x 107°
C 2 - C

g0 see /rad 5.0 x 1075 ng | sec?/ft -1.57 x 107°
C 2 - C,..

]i'I , sec”/rad 2,025 x 1074 ny, sec2/ft 3.68 x 1070
C 2, d 4

T v 56C /ra 7.98 x 10~

a. Formulation I

b, (ref. 73)

c. V. T, Only

d. TA 67A




TABLE 18d. ~ 707-320B LATERAL-DIRECTIONAL DERIVATIVES USED IN

; GENERAL COMPARISONS (CONTINUED)
Altitude, h, ft....o..o . 35 000 | Ixx,, rigid, slug-ft>......... 4,925x108
Gross weight, W, b ... 268 000 | Izz’, rigid, slug-ft= . ... ... 9.900x108
Mach number, M. 0.8 Ixz?, rigid, slug-ft°s 0. 210x10°
Dynamic pressure, q, psf . .. 223 Mass,M, rigid, slugs... ... 8335
Density Tatio,.........co............ 0.31058 | I .\ = equiv elas slug-ft° ....4. 924x108
T - ‘ , ‘ a6
Velocity, Vg, ft/sec............ 778.51 | 1,4, equiv elas slug-ft; ....9.826+10
Lilt, CLl ............................ 0.4164 xzb» equiv elas slug-ft™ ... 0.199x10
c.g.@0.25 ¢ Mass, M,equiv elas slug....8300
Methods
C e Rigid Equivalent ,
Derivatives Handbﬁgok methods o) H"mdg)acj'tm
TR109s (reli2)ojusar (rel, 6)of Wind tunnel hmethod ¥
Cig» deg ™! 0. 00407 -0. 00305 -0.00350 | -0.00438P
Cng deg ™! o 0.00162 0. 00260 0. 00076
Cyg , deg™! o -0. 00876 0. 00965 | -0.00677
C15, raa™ D 0. 00244° o 0
) -1
Cnjp , vad o -0.0107° 0 o
Cyj, rad™? o 0.0250¢ 0 O
3 |C - -0.411d
1 1, , rad”? -0.412 -0.437 -0. 6589 Z0. 243
¢ Z
By, rad”! ~0.0123 -0. 0290 o -0. 0211
¥, , raa! -0.1150 ~0. 0850 o -0.0943
C -1
1., rad 0. 2446 0.222 o 0.231
C |
n., rad -0.1995 . © © -0.119
C I
Y, » rad 0. 349 o O 0. 259
Inertial derivatives | Handbook method | Inertial derivatives | Handbook method
: _ C
Cll-) , secz/rad 4.5 x 1079 yi'I, sec2/rad -0. 00192
I
2 - C,.. -
Cnb , sec” /rad 1.96x 107° lyI, sec?/ft 3.76 x 1078
I
> N C -
Cyl-) , sec”/rad 4,6 x107° "j;l, sec2/ft -1.64 x 10 5
I
2
le , sec”/rad -1.876 x 1074 CY'yI, sec /it 3.85 x 1072
I
2
Cnl-. , sec”/rad 8.20 x 10~%
!
; 4. Formulation I h. (ref, 79) c. V,T. Only d. TA G67A
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TABLE 18¢. — 707-320B LATERAL-DIRFCTIONAL DERIVATIVES USED IN -
GENERAL COMPARISONS (CONTINUED)

Altitude, h, £t 35 000 | Ixx, rigid, slug-ft> ... 4.925x108
Gross weight, W, 1b........ ... .. 268 000 | Izz , rigid, slug-ft].......... 9,900x108
Mach number, M., ... ............. 0.85 Ixz; ", rigid, slug-ft=s .. 0.210:{106
Dynamic pressure, q, psf.. ... 251 Mass, M, rigid, slugs, .. ... 8335
DensiFy ratio.,. ... ... . 0.31038 Ix.\b: equiv elas slug-fti 4.925.\{106
Velocity, Ve, ft/sec............ 827.17 2zl €quiv elas slug-ft> ... 9.819:{103
Lift, Cyy o, .. 0.369.1 xzb» equiv elas slug-ft™, ..., 0.199x10
c.g.@ 0.25¢c Mass, M,equiv elas slug.... 8298
Methods
L Rigid Equivalent |
rivativ (=) PR
Derivatives Handhook mecthods o) T d]e]asi-tlc
TR1095 (vel.i2)OjUSAT (ret. 6)a) Wind tunnel ! 11)1%%};0(1
Cig ., deg™ ~0. 00405" -0.00314 -0. 00375 -0.00436P
Cng , deg™ o 0.00162 0. 00288 0. 00068
1
Cyg , deg \ -0. 00883 -0. 00955 -0. 00663
14, rad™t o 0.00260° o o
RS |
Cng , rad O -0.0108¢ 0 o
Cys, raa™ o 0.0254C o o
C Z . d
1, rad! ~0.413 -0.451 ~0.6889  |70-40257 545
c -1
% , rad -0. 0050 -0.0187 o -0. 0155
C Z
Yy , rad™! -0.1321 -0.1118 o ~0.1078
‘1, rad 0. 2554 0.210 o 0. 245
Cn_, rad™ -0.2032 o o -0.118
C -
y, » rad ! 0. 354 o o 0.253

Inertial derivatives

Handbook method

Inertial derivatives

Handhook method

C

I

1!.)1, sec?/rad ~7.7x 1078 CYfI, sec2/rad -0. 00185
Cnf)I , sec®/rad 3.20 x 10™° Cl'yl, sec2/1t 3.80 x 1078
CyI-)I, sec®/rad -7.5x 107 Cnyl, sec2/ft -1.58 x 107
le , sec”/rad -1.894 x 10™4 CY'y'I, sec2/ft 3.71 x 107

-

C 2
a , sec /rad

L

7.90 x 1074

a. Formulation I

b. (vef. 73

c. V.T, Only

d. TA 67A




TABLE 18f, — 707-320B LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENE. <AL COMPARISONS (CONCLUDED)

. Attitude, by £t 35 000 | Ixx, rigid, slug=ft>......... 4,925x108
Gross weight, W, Ih.......... .. 268 000 | lzz), rigid, slug-ft> ... 9.900x10%
Mach number, M. 0.9 Ixz., rigid, slug-fu™, 0.210x108
Dynamic pressure, q, psf .. .. 283 Mass, M, rigid, slugs ... 8335
Density ratio 0.31058 |1 - e e 106

ty ratio........o xxh, cquiv elas slug~ft, ... 4,926x10
Velocity, Ve ft/sec............ 875. 83 zzb» €quiv elas slug-ft; ..., 9.834x10
Lift, CL1 .......................... ..0.3274 xzh» equiv elas slug-ft™ ... 0. 203x10%
c.g.@0.25¢C Mass, M,equiv elas slug.... 8302
Methods ‘ "
. Rigid Fquivalent |
Jjvatives S ca
Derivatives Handbook methods _ O T ”e]asl.tm
TRI005 (0L ) O] SA L (el 0) 0] Wind tunnel | MO0 4
Cip, deg ™} -0. 00394P -0. 00308 -0. 00213 -0. 00472
Cng , deg™ o 0.00128 0. 00360 0. 00036
Cyg , deg™ o -0. 00508 -0. 0099 -0.00593
C14 , rad? = 0.00275° o o
» -l
CnB , rad 0 -0.0111¢ o 0
Cy5, raa™ o 0. 0229° o a

4 C d

! -1 -0.392

v | o, rad -0.415 -0. 459 -0. 7228 0 %230
Cn -1

p , rad -0. 0028 -0. 0141 o -0.0131
Cy -
Yp , rad”! -0. 1383 -0.1167 o -0.1141
-1
1., rad 0. 1600 0.176 o 0.150
C -1
n, , rad -0. 1542 o o -0.114
C -1
Yy » rad 0.318 o o 0.222
Inertial derivatives | Handbook method | Inertial derivatives | Handbook method
C
le) , secz/rad -1.56 x 107> yi'I, sec2/rad -0. 00134
I
n[-) . sec2/rad 6.28 x 10’5 Cl'y'I, secz/ft 2.94 x 10'6
1
D] - .. -
Cyb , sec”/rad -1.47x 10 4 cnyI, secz/ﬁ -1.19x 10 5
1
C 3 ; T
lfl , sec”/rad -1.419 x 10 4 ny’ secl/ft 2.78 x 10~9
C 2
nl-.l s Se¢ /I’le 5.72 x 10-4
, a, Formulation I b, (ref. 79) c. V. T, Only d. TA 67A

161




TABLE 194,~SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS
Leading edge sweep = 30°

' Altitude, hy, ft...................... 8 500 | Ixx , rigid, slug-i‘tf2 .......... 4.2x106
Gross weight, W, Ib..... 370 000 | I22”, rigid, slug-ft>.......... 46.11xlog
Mach number, M................. 0.3 Ixz;, rigid, slug-ft™, ... 0.242x10
Dynamic pressure, g, psf,, ... 98 Mass,M, rigid, slugs, . .. ... 11 491
Density ratio...................... 0.73859 | I .\, equiv elas slug-fti ... 4.200x106
Velecity, Ve, ft/secc............ 274.74 'L\, equiv elas slug-ft;, .... 46. 062x105
Lift, CL1 ............................ 0.4198 | ixzh, equiv elas slug-ft“ . ... 0.252x10

c.g. @0.64 CR Mass, M,equiv elas slug.... 11 475
Methods
o Rigid Equivalent .
Derivatives Handbhook methods ) Lo} o lflasl’tzc
TR100S (1cL: 2)OJUSAT (rel. 6) 0| Wind tunnel “method ¥
-1
C1p , deg c -0.00214 o -0. 00213
C -1
ng » deg - 0.00208 o 0. 00208
Cyg , deg™! o -0. 00332 -0. 00363 -0. 00382
C . "1 -
14 , rad © 0.00242¢ o -
Cpj , rad™t o -0.0138° o o
Cys , rad o 0.0232¢ o =

e [ C -1 -0.512¢

3, ra o -0. 68 -0.543¢ 0. 6836

&

C -
"o , rad ! -0. 0574 o o -0. 0615
C -
Yp , rad™t 0. 228 0.183 o o
-1
Clr » rad 0.1113 0.1090 © 0. 1090
C -1
n. , rad -0. 1495 © o -0.1338
C -1
Y, » rad 0.226 O o 0. 2136
Inertial derivatives | Handbook method | Inertial derivatives | Handhook method
2 C,.
Clb , sec”/rad -61.67 x 1078 Ve, sec?/rad -761.6 x 1078
I
C 2, Cl.. 9
nl-)l, sec” /rad 382.1 x 10~° yp sec®/ft 1.241 x 10-6
) C,.. -
Cyi-) , sec®/rad 638.9 x 106 By, sec?/ft -11.12 x 1078
i
2 - Cy.. -
le , scc”/rad -44.07 x 1075 ny, sec?/ft 17.93 x 10 6
I
b -
Cnf » sce”/rad 479.6 x 10 6
) 1 _
a. Formulation T b, (ref. 73) c. V., T, Only d. TA 677
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TABLE 19b,~SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)

Leading edge sweep = 30°

Altitude, h, fL..................... 9 500
Gross weight, W, Ib..... ... ... 370 000
Mach number, M 0.5

Ixx, , rigid, slug-ft2 .......... 4,2x1(,;6 6
Izz_, rigid, slug-fto.......... 46.11x10

Ixz , rigid, slug-ft"s .. ... 0. 242x108

Dynamic pressure, @, psf. ... 260 Mass, M, rigid, slugs... .. .. 11 491
I)Cnsity ratio......... .., 0.75032 IXX]J’ CQUi\r' elas Slug-ftz e 4, 229X106
Velocity, Vg, ft/se~......... 539.69 |1, equiv elas slug-ft, ..., 45.988x1
Lift, Cy 0.1581 | I .1, equiv elas slug-ft°..... 0.276x106
C.g. ¢ 0.64 Cp Mass, M,equiv elas slug.... 11 450
Methods
o Rigid Equivalent ,
Derivatives Handhook methods o) Handle:)::j-nc
TR1008(ref.72)O[USAT (ref, 6)of Wind tunnel method ¥
Ci5 s deg™! o -0. 00132 o -0. 00131
-1
Chg , deg o 0. 00209 o 0. 00203
C -1
yg » deg o -0. 00387 -0, 0033 -0. 00373
€15, rad”! o 0.00382°¢ = o
Cpj, rad”! o ~0.0133° o o
Cys , rad™ o 0. 0233° o o
C N -0.491d
1p , rad™! o -0.713 -0.5719 A 6196
C -1
p , rad 0.0013 o O -0. 0034
C -1
Yp , rad 0. 0631 0. 042 o 0. 052
-1
Clr , rad 0. 0668 0. 0650 o 0. 0611
C -1
n, , rad -0. 1453 O © -0. 1214
C -1
Y, » rad 0. 229 o ° 2.2063
Inertial derivatives | Handbook method | Inertial derivatives | Handhook methaod
2 - C,.
Clr-, , sec”/rad -103.23 x 1078 -Vrl, sec2/rad -760.1 x 108
I
9
Cnb , sec”/rad 418.2 x 1078 Cl'yl, sec2/ft 2.112 x 1076
I
2 c -6
cy~ , sec”/rad 699.5 x 10~6 Dy, sec2/ft -10.98 x 10
Py I
2 -
Cli , sec” /rad -82.42 x 1076 CY'y'I, sec2/ft 17.68 x 1078
I
Cnf , sec?/rad 478.6 x 10°8
I
a, Formulation 1 b. (ref. 73) c. V, T, Only ~d. TA 67A
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TABLE 19c.- SST LATERAL-DIRECTIONAL DERIVATIVES USED N

GENERAL COMPARISONS (CONTINUED)
Leading edge sweep = 30°

Altitude, h, ft............ 11 000 | Ixx,, rigid, slug=ftS ......... 4. 2x108
Gross weight, W, b.......... .. 370 000 | Izz, rigid, slug-ft5 .. ... .. 46. llxlo6
Mach number, M. ... ... ... .. 0.7 Inz, rigid, slug~ft”, .. 0,242;(106
Dynamic pressure, g, psf . .. 470 Mass, D, rigid, slugs__,_o___,_ 11 491
Density ratio................. 0.71568 | I . equiv elas slug-ft] ... 4.251x108
Veloci.y, Veys ft/sce........... 751. 39 zzh» equiv elas slug-ft> ... 45.892x1 6
Lift, CL1 ............................ 0.0875 | lizp, equiv elas slug-ft° ... 0.311x10
€.g.@ 0.64 CR Mass, M,equiv elas slug... 11 416
Methods
. Rigid Equivalent
~ativ =] . a
Derivatives Handhbook methods o Hand}el*ésl-m
TR1093 (rel.72yo|USAF(rel. 6)nf Wind tunnel n)lbe?!;od
-1
Cig . deg a -0. 00110 o ~0. 00106
Cog » deg™ o 0.00213 o 0. 00197
Cyg , deg™ 0 -0. 00390 -0. 0031 -0. 00364
15, rad™ 0 0. 00394° = o
Cpj, rad™ o -0.0140° o o
Cyé , rad”! o 0.0236¢ o o
C - - d
1, , rad™! o -0. 820 -0. 6254 0‘4‘%5571
c -1
"o , rad 0.0173 ° o 0.0121
C, -
¥p , rad™! 0.0166 -0. 013 0 0. 0067
-1 ;
Clr , rad 0. 05200 0.514 o 0. 0475
C -1
n, , rad -0.1411 o 0 -0.1251
-1
Cyr , rad 0.231 o o 0. 2031
Inertial derivatives | Handbook method | Inertial derivatives | Handbook method

le) , secz/rad

I

C

-6
-111.0 x 10 yi'I, sec>/rad

-770.4 x 10”8

C 2 - Cy..
n o see /rad 416.8 x 1078 |71y}, sec2/tt 1.685 x 1078
2 C
Cy‘-} , sec”/rad 696.9 x 10~6 “yI, sec2/ft -10.94 x 1076
I
11:1 , sec”/rad - 93.13x 1078 y‘y‘I, sec?/ft 17.63 x 10°8
‘) V
Cnl-. , sec”/rad 484.6 x 1076
I
a. Formulation I b. (vef. 73) 2. V. T, Only d., TA 67A
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TABLE 19d.—-5S8T LAT*RAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL 7OMPARISONS (CONTINUED)

Leading edge swecp = 42°

Altitude, h, £t 32 500 | Ixx , rigid, slug-ft‘2 .......... 9.6x108
Gross weight, W, Ib ... . 675 000 | 12z, rigid, slug-ft> ... ... .. 67.3x10°8
Mach number, M. ... ... .. ... 2.5 Ixz, rigid, slug-ft=e ... . 0.763.\:106
Dyramic pressure, §, psf.. ... 98 Mass, M, rigid, slugs. . ... .. 20 963
Density ratio........................ 0.35455 | I equiv clas slug-ft> ....9.598x10°
Velocity, Vo, ft/sec............ 492. 02 I;zb’ equiv elas slug—ft_z) ....67.182x106
Lift, Cp .. 0.7659 «zbs cquiv elas slug-ft~ .. 0,743x108
c.g.@0.64 Cr Mass, M,equiv elas slug....20 928

Methods
Derlvatives Hundl‘gcjol.: nlethoclsRl_blCT ) o3 Zzz;}%ﬁgc
TR1098 (ret.72)OJUSAF (ref. 6)0] Wind tunnel me.hod

Cig . deg™" o -0.00134 -0. 00324 -0. 00126
Cng . deg™ o 0. 00212 0. 00205 0. 00210
Cyg , deg™ o ~0. 00387 -0. 00543 -0. 00364
C15, raa™? o 0. 00004¢ o o
Cpg , rad™t D -0.0148°¢ s 0
Cyj, rad”! o 0. 0249 o o ]
€1 raa’l o -0.575 -0.4259 '0%294
Cry | rad™ ~0.1706 o o ~0.1763
Y, , raa’l 0. 699 0.866 o 0. 698
€1, rad™ 0.1806 0.1686 o 0. 1748
n_, rad” -0. 1595 0 o -0.1422
€y, raa™! 0. 0288 o o 0. 2143

Inertial derivatives

Handbook method

Inertial derivatives

Handhook method

Cl- R secz/rad

-2.406 x 10~6

sec2/rad

-2087.8 x 10-6

C 2 - -
nl-) , sec”/rad 259.0 x 1078 ly , sec2/ft 4.3x10°8
1
2 C
Cy. , sec’/rad 43.9x 10 | "0y sec?/nt ~24.73 x 1076
Py
C 2 - Cy..
11; , sec”/rad 36.54 x 10 6 ny, secz/ft 40.25 x 1076
I
2 -6
n. , sec /rad 1288.3 x 10
I

a, Formuiationl

b, (ref. 73)

c. V.T. Only

d. TA 67A
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TABLE 19¢.-SST LATERAL-DIRECTIONAL DERIVATIVES USEDIN -
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep =-12°

Altitude, h, St 26 000 | Ixx , rigid, slug-ft2 ... 9. 6x10°
Gross weight, W, 1b......._ 675 000 | Izz, rigid, slug-ft;.......... 67.3x108
Mach number, M. ... 0.7 Ixz , rigid, slug-ft™% . 0.763x100
Dynamic pressure, g, psf... .. 260 Mass,M, rigid, slugs, . ... 20 963
D,ensx‘ty ratio............. 0.43300 | I 4 equiv elas slug—ft.2 o 9 617x106é
\eflocxﬂty, Ve ft/scc............ 708.32 zzb» €Guiv elas slug-ft> ... 66.980x10
Lt, Oy s 0.2884 xzhs equiv elas slug-ft™ . .. 0.751x106
c-8~@ 0.64 CR Mass, il,equiv elas slug.... 20 869
Methods
s Rigid Equivalent
Derivativ > ;o
erivatives Handbook methods ) T lfla?_t“
TRI09S (rel. i 2)O[USAF (ref. 6)o| Wind tunnel | FoMP0%8 1 ¥
Ci5, deg™t o -0.00114 | ~ -0.00198 -0. 00106
Cng > deg™! 1% 0. 00213 0. 00203 0. 00206
-1
Cyg . deg % -0, 00393 ° -0. 00558 -0.00378
14, rad™ = 0. 00274¢ o o
. -1
Cnﬁ » rad o -0.0150¢ u] n]
Cy5, raa”! o 0. 0252¢ o a]
C - -
1, , raa’l o -0. €00 ~0.4564  [70-3€02F 4719
C -
By, rad ™t -0. 0417 o o -0. 0467
C -1
Yp , rad 0. 234 0.298 O 0. 230
C -1
1., rad 0. 0869 0. 0819 o 0. 0852
C -1
n. , rad -0. 1485 o o -0.1290
“y. ., rad” 0.231 o o 0.2123
Inertial derivatives | Handhook method | Incrtial derivatives | Handhook method
C 2 -6 .
151 , sec /rad 63.541 x 10 yrI, sec2/rad -2082.1 x 106
C 2 - Cy.. -
ni’l, sez"/rad 378.1 x 1079 lyI’ sec? /it 3.91 x 1070
Cyé , sec/rad 632.3 x 1076 Cny'I, sec2/ft 24,58 x 1078
I .
C 2 )
b v osee /rad | _160.72 x 107° nyp sec?/tt 40.0 x 1076
C 2
R /rad 11951 8x107°
a, Formulation I b, (vef. 73) ‘e. V. T, Only d. TA 67A




TABLE 19f.—SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)
- Leading edge sweep = 42°

+~ | Altitude, b, £t 23 500 | Ixx , rigid, slug-ft>......... 9.6x106
Gross weight, W, b .. .. .. ... 675 000 | 122°, rigid, slug—ft2 ,,,,,,,,,, 67.33(106
| Mach nunmiber, M. 0.9 Ixz, rigid, slug-ft. 0.763x109
Dynamic pressure, 4, psf. .. 470 Mass,M, rigid, slugs. 20 963
D‘CﬂSi.t)’ ratio........................ 0.47285 L <, equiv elas slug-—ft,2 .... 9.642x10 6
Vefloc1ty, Vepr ft/sec... 920;15 I b, equiv elas slug-ft ..., 66. 736-‘*18
Luft, CLl ............................ 0.1596 xzb s equiv elas slug-ft° ... 0.760x10
c.g.@0.64 Cp Mass, M,equiv elas slug.... 20 798
Methods -
c Rigid Equivalent |
Derivatives & :
erivatives Handbook methods ) T nela?‘txc
TRI09S (Tel: 2)O[USAT (tel. 6) 0] Wind tunnel | 73000008 + @
Cig, deg™ o -0. 00104 -0.00139 -0. 00101
Cny , deg™ © 0. 00219 0. 00201 0. 00202
Cyg , deg™ o ~0. 00396 ~0. 00575 ~0. 00370
14, raa”t 0 0. 00350¢ o o
. -1 .
Cng , rad o -0. 0150¢ o 0
Cy5 . rad™ o 0. 0255¢ o o
: C - - d
1 1p , rad 1 1% -0. 675 -0.518d 0.337245. 4227
C -1
"p , rad -0. 0147 o o -0. 0131
Cy -
Yp , rad”! 0.112 0.123 a] 0. 106
-1
Clr , Tad 0. 0636 0. 0602 + O 0. 0604
C -1
n. , rad -0. 1425 . © . © -0.1278
C -1 :
Yy » Tad 0. 233 0 - O 0.2071
Inertial derivatives | Handbook method | Inertial derivatives | Handbook method
» - Cy. -
le) ’ Secz/rad -86.921 x 10 6 Yrp, sec2/rad -2030. 8 x 10~6
i
ns , sec”/rad 401.4 x 10~ yp sec?/ft 4.232 x 10”
1
C 2, C,... 2 -6
ybl » sec /rad 671.2 x 10"6 nyI, sec /ft -24.0x 10
2 _ -
le , sec”/rad -213.8 x 1070 CYyI, sec2/ft 39.01 x 107°
I
C 2 _
M 0 S /rad 1254.3 x 1070
’ a., Formulation [ b, (vef. 739) c. V. T, Onlyv d. TA G7A
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TABLE 195.—SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTIVUED)
Leading edge sweep =72°

Altitude, h, St 47 500 | Dxx , rigid, slug=ft] ......... 6.27x105
Gross weight, W, Ib...... ... ... 668 000 | Izz, rigid, slug-ft; . ......... 54. 68x10
Mach number, M.............. ... 0.7 Ixz, rigid, slug-ft™& . . .. ... 0. 684:‘:106
Dynamic pressure, q, psf .. 98 Mass, M, rigid, slugs, . .. .. 20 745
Density ratio........................ 0.17261 | L .\, equiv elas slug-ft; .... 6. 261x105
Velocity, Vo, ft/sec............ 677. 66 zzb» €quiv elas slug-ft_ ... 54.569x1
Lift, CLl ,,,,,,,,,,,,,,,,,,,,,,,,,,,, 0.17580 xzb» equiv clas slug-ft°..... 0.650x10
c.g.@0.61 Cp Mass, M,equiv elas slug.... 20 710
Methods
N Rigid Equivalent
Derivatives Handbook methods o) Handiﬁj'tm
TR1093 (refi2)OUSATF (ref, 6)D| Wind tunnel method ¥
Cig, deg™ o -0. 00172 -0. 00225 ~0. 00116
Chg , deg™ o 0.00312 0. 00225 o
Cyg , deg™! o ~0. 00605 -0. 0066 -0. 00388
Clé . rad "}
Cné . rad >
¢ B rad-1
C -
1, rad? o -0.150 -0. 1644 -0.1621
C -
n, , rad”! -0. 401 o o ~0.4488
C -1
Yp , rad 1.59 o o 1.36
C -1
1., rad 0.1810 0.1713 O 0.1502
~1 .
Cnr , rad -0.1392 o o -0.1155
C -1
y, » rad 0.225 % O. 0.2169
Inertial derivatives | Handbook method | Inertial derivatives | Handhook method
C 2 C,.
1; » sec”/rad 24.502x 1076 | Vi, sec?/rad -2040.9 x 1075
|
C 2 - Cy..
ns » sec”/rad 128.3 x 1078 Y, sec?/tt -5.218 x 1076
I
2 -
CYL') , sec”/rad 212.5 x 1076 Cny-I, sec2/ft -24.7x 10 6
I
2 - -
1., sec’/rad | 327.96 x 107 CYyI, sec?/ft 40.19 x 1078
1
2 -
Cnf , sec”/rad 1260.0 x 10 6
!
. Formulation I b, (ref. 73) c. V. T, Only d. TA 677




. TABLE 191, SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)

Leading edge sweep = 72°

Altitude, h, ft...................... 37 000 Ixx , rigid, slug—ftz ............ 6.27x106
Gross weight, W, 1b ... . 668 000 | Izz., rigid, slug-ft5........... 54. 68x109
Mach number, M................ 0.9 Ixz”, rigid, slug-ft™, . ... .. 0. 684x109
Dynamic pressure, ¢, psf .. .. 260 Mass, M, rigid, slugs,.. ... .. 20 745
DensiFy ration ..o 0.28525 | I 4, equiv elas slug~ft2 ...... 6. 28x106
Velocity, Vg, ft’sec............ 871.27 zzh, €quiv elas slug-ft> ... .. 54.38x106
Lift, CL1 ............................ 0. 2354 xzh equiv elas slug-£t™ ... 0. 645x106
c.2.@ 0.64CRl| Mass, M, equiv elas slug...... 20 653
Methods
e Rigid Equivalent ,
Derivatives Handbook methods o) Handﬁgc:)?’tw
TR1093(ref.v2)O|USAF (ret. v) 0] Wind tunnel metﬁod
Cig, deg™ o -0. 00228 -0.00265 | -0.00119
cnﬁ , deg™? o 0. 00362 0. 00245 <
CYB , deg™} o -0. 00712 -0. 0075 -0. 00382
Clé , rad”}
Cné , rad”!
Cyé , rad~!
Clp , rad”] o -0.161 -0.1754 -0.1578
C - - - s
R, rad”l 0. 1466 o o 0.1515
%, , raa” 0.492 0.500 o 0. 488
€1, , raa™ 0. 0840 0. 0690 ) 0. 0637
“n_, raa™ -0.1442 -0 o -0.1281
v, raa™! 0.233 o o 0.2129

Inertial derivatives

Handbook method

Inertial derivatives

Handbook method

C

2
1‘.’1’ sec” /rad -24.64 x 106 CYi'I, sec?/rad -1993. x 106
C 2/ ad -6 Cl o
ng » sec /ra 318.7 x 10 ¥1, sec2/ft 1.029 x 10-6
I
yl-)l, sec”/rad 532.3 x 10 ny., sec2/ft -24.19 x 10-6
9
le , sec”/rad -44.82 x 1076 CYyI, sec2/t 39.34 x 106
i
Cnf s SCCZ/I‘ad 1231.5 x 10_6
I
a. Formulation T b, (vef, 73) c. V. T. Only d. TA 67A
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TABLE 19i.—SST LATERAL-DIRICTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edze sweep = 72°

Altitude, h, ft...................... 33 000 Ixx, , rigid, slug-ftt‘j ............ 6.27x106
Gross weight, W, b ... ... ... 668 000 | Izz, rigid, slug~ft . ........... 54, 68x106
Mach number, M. ... 1.1 Ixz -, rigid, slug-ft"s . .. .. 0. 634x106
Dynamic pressure, @, psf.... .. 470 Mass, M, rigid, sltlgS....o ....... 20 745
Density ratio........................ 0.33513 Ixxbs equiv elas slug-{t_ ...... 6.298x106
V'el*ocity, Vepo ft/scc............ 1080.07 I .., equiv elas slug-ft> ... .. 53, 788x106
Lift, Cp o 0.1579 |11, equiv elas slug~ft“...... 0.640x106
c.g. @0.64 CR Muss, A, equiv elus sluy...... 20 496
Methods
c Rigid Equivalent .
Derlvatives Handbook methods o) I{arcﬂe)::j:uc
TR109s(rel.72)OUSALF (iel. 6yof Wind tunnel “mothod
Cia deg™! -0. 00280 -0. 00304 -0. 00158
Cng ., deg™! 0. 00420 0. 00275 <
C -1
yg » deg -0. 00739 -0.008 -0. 0071
Clé , rad™ !
Cné , rad™!
Cyé . rad ™!
1, , raa’! -0.181 -0.1814 -0.1475
Cn  rag™! -0. 0045 o ~0. 0750
Cyp , rad™! 0.145 o 0
Clr , rad " 0. 0400 o 0. 0360
Cnr , rad ! -0.240° 0 ) o -0.168
Cy. , rad” 0. 306° 0 o 0. 320

Inertial derivatives

Handbool: method | Inertial derivatives

Handbook method

le) , sec2/rad

I

-55.37 x 1076 Cyry, sec?/rad

-3072 x 10-6

)
Ch. , sec”/rad
Pr

435.9 x 1076 Cly;, sec2/tt

2.275 x 10~6

2
Cy . , sec” /rad
P

714.7 x 10~6 Cny;, sec?/it

-37.68 x 10-6

C

Cll-_ , secz/rad -102.2 x 1078 Y¥y secz/ft 58.75 x 1076
I
2
Cnlg , sec”/rad 1984 x 10~6
[
a. Formulation 1 h. (vef., 79) c. V. T, Only a, TA 6747




TABLE 19.~SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)
Leading edge sweep = 72°

Altitude, by ft. 30 000 | Ixx, rigid, slug-ft........... 3.92x10°
Gross weight, W, Ih,......... .. 520 000 Izz), rigid, slug-ft .. ... ...... 49, 84x106
Mach number, M., 1.3 I.\'zb, rigid, slug-ft” o ... 0.564x106
Dynamie pressure, @, psf... ... 750 Mass, M, rigid, slugs,.. . ... 16 149
Density ratio............oooelll 0.37473 | I .4, equiv elas slug-ft,2 ...... 4.087x106
Velocity, Vo, ft/sec............ 1293.31 | 1,4, equiv elas slug-ft, ...... 48.751x100
Lift, Cp 0. 0770 xzh s equiv elas slug-ft°. ... .. 0.814x106
1 c.g. @ 0.64CR| Muss, M,equiv elas slug...... 15 799
Methods
ioid Equivalent
Derivatives - - Rigic i elastic?
Handbool methods anabook
TR109s(reli2)ofusar(rel. 6ol wind tunnel method
Crp . deg! -0. 00178 ~0. 00239 ~0. 00139
Chg» deg” 0.00496 0. 00302 0. 00399
Cyz , deg™ ~0. 00839 -0. 00905 ~0.00651
Clé , rad™?
CnB. N rad-l .
¢ ‘B rad™1
€1, , rag™ -0.182 -0. 1744 -0.123
C _
By, rad” ~0. 011 o -0. 273
Cv N .
Yp , rad™! 0. 0165 D 0. 0152
; -1
C1r , Tad 0.0317 o 0.0139
“n_, rad™! -0.232¢ o o ~0.1925
Cyr , rad™! 0.341¢ o o 0.2923

Inertial derivatives

Handbook method

Inertial derivatives | Handbook method

Cll-) s sec2/rad

1

-168.3 x 1076

CYi'I, sec2/rad -2202 x 10-6

C

nf)I, secz/rad 1068 x 10~ ClyI’ sec2/ft 2.569 x 10-6
Cybl s secz/rad 1721 x 10-6 Cny'I, sec2/ft -34.24 x 1078
le , sec>/rad -99.91 x 1076 C&’yl, sec2/ft 51.90 x 10~6

1

n. , sec”/rad 1460 x 1076

e I"I()l:‘.itl!flt'm!l I b. (ref. 75) c. V. T, Only d. TA 67A
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TABLE 19k.—SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)

Leading edge sweep = 72°
Altitude, hy £t 24 000 | Ixx , rigid, slug-ft>.......... 3.92x106
Gross weight, W, Ib............ 520 000 | Izz_, rigid, slug-fto . ... ... 49, 84x106
Mach number, M., 1. Ixz, rigid, slug-ft"% . .. ... 0.564x106
Dynamic pressure, q, psf, .. ... 1300 Mass, M, rigid, slugs,. . ... 16 149
Density ratio..................... 0.46462 [ I 4 equiv elus slug‘--ft2 ...... 4.165x106
Velocity, Vo, ft/scc............ 1530.45 1 I 1), equiv elas slug-ft, ...... 48, 063x100
Lift, Cy o 0. 0444 xzh» equiv elas slug-ft™. . ... 0.989x106
) c.g. @0.64 CR Mass, M, equiv elas slug...... 15 581
Methods
i Rigid Equivalent
Derlvatives Handbook mcthods O Hun(ﬂeéﬁ'“c
TR109s (ref.i2)OfUSAF (rel, v)o| Wind tunnel method
Cig, deg™ -0. 00130 ~0. 00219 -0. 00078
Cng» deg™ 0. 00502 0. 00263 0.00362
C -1 - - -
yg » deg -0. 00851 -0.00845 -0.00594
Clé ’ rad_1
Cné , rad™!
Cyé , rad”}
C -
1, rad”! -0.182 -0. 1654 ~0.1095
Cn. raa’l -0.0070 o -0. 0081
5, , raa’t 0. 0029 = 0. 0003
€1, raa” 0. 0374 o 0. 0150
“n_, raa™ -0.225° o o -0.1712
€y, raa™! 0.331¢ ) o 0. 2585

Inertial derivatives

Handbook method

Incrtial derivatives | Handbook method

C

2
L, » sec/rad -167.2x 1078 | C¥i| sec?/rad -2121 x 106
‘) -
Cné , sec”/rad 950.1 x 10~6 Cly‘I, sec?/ft 3.577 x 1078
I
Cyf) , secz/rad 1523 x 10~6 Cny'I, sec2/ft -32.09 x 1076

I

€1; ., sec”/rad -131.1x10°6 | Cyyy, sec?/te 48.54 x 10-6
I

Cﬂi. s Secz/z'ad 1405 x 1078
1

a. Formulation T b, (rvef. 73) c. V.T. Only d. TA 67A
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TABLE 191.—-SST LATERAL-DIRECTIONAL DERIVATIVES USED IN
GENERAL COMPARISONS (CONTINUED)

Leading edge sweep =72°

Altitude, h, ft..................... 60 500 Ixx, , rigid, slug-ft?)‘ ............ 3.92x106
Gross weight, W, Ib ... ..... .. 520 000 Izz;, rigid, slug-fty............ 49.84x106
Mach number, M. ........... 2.2 I,\'zb, rigid, slug-ft"% 0.564x106
Dynaniic pressure, ¢, psl. ... 500 Mass, M, rigid, slugs.. . ... 16 149
Density ratio....................... 0.092704 | I .}, equiv elas slug-ft? e 4,077x106
Velocity, Vepr ft/sec......... 2129.78 L 21 equiv elas slug-ft, ... 48.802x106
Lift, CL1 .......................... 0 077% xzhs equiv elas slug=ft™...... 0.788x106
c.g. @ 0.64%R | Mass, M,ecquiv clas slug...... 15 817
Methods
igi Equivalent
Derivatives - Rigid : elastic?
Handbook methods andhook
TR109S(ref.v2)QjUSAL (ret. 6)a} Wind tunnel “Thethod
Cig ., deg™ -0. 00092 ~0.00175 -0. 00074
Crg , deg™! 0.00383 0.00177 0.00312
C -1 -
yg » deg -0. 00705 -0. 00632 -0. 00617
Clﬁ ’ rac‘a-1
Cné , rad™!
Cyé , rad™!
C -
1, rad”! -0.150 -0. 1404 -0. 1170
Cn, | raa”! -0. 0082 o -0. 0246
C -
Yp , rad™! -0. 0040 o 0. 0011
)
1., rad 0. 9350 o 0.0188
-1
“n, , rad” -0.20° o o -0.1722
(’yr , rad ™! 0.296° o © 0. 2656

Incrtial derivatives | Handbook method

Inertinl devivatives | Hundbook method

Clﬁ , sccz/rad -167.2 x 10-6 Cyi‘I, sec2/rad -2162 x 10~6
I
0
C"ﬁ sec/rad 991.5 x 10 Cly;, sec2/st 3.115 x 10-6
I
Cy. |, sec?/rad 1611 x 106 “ny, sec?/ft -31.84 x 10-8

9
1. , sce”/rad -135.3 x 10”6

¥y, sec?/tt 49.15 x 1076

2
ne sec” /rad 1402 x 10-6

a4, Formulation T b, (ref. 79)

¢c. V. T, Only d. TA 67A
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TuiBLE 19m.—SST LATERAL-DIRECTIONAL DERIVATIVES USED IV
GENERAL COMPARISONS (CONCLUDED)
Leading edge sweep = 72°

Altitude, h, £t 49 000 | Ixx, rigid, slug-ft>........... 3.92x106
Gross weight, W, b, ... 520 000 | 1zz_, rigid, slug-ft> ... ... 49. 84x106
Mach number, M, ... ... 2.7 Ixz, rigid, slug-ft=« 0.564x100
Dynamic pressure, g, psf. ... 1300 Mass, M, rigid, slugs, ... 16 149
Dcnsi-ty ratioL......o. 0.16001 I.\'xl'u equiv elas slug—ft_2 ...... 4.179x106
Velocity, Ve, ft/sec............ 2613.82 | I . equiv elas slug~ft .....48. 180x106
Lift, 1S5 30 UERPUUUURRRURRRRRRRR 0. 044 Iz s cquiv clas slug-ft” ... 0.891x106
c.g. @ 0.64°R | Nuss, 3, equiv clas slu;....@.. 15 623 |
Methods
i Rigid . Equivulent a
Derivatives Handbhool: methods o) }an(,fl)uf,tlc
TR1093 (rel.i2)OUSAL (ref. 6) 0] Wind tunnel ‘ ‘n)ltc-%i;od
)
Cig . deg -0. 00084 -0. 00115 -0. 00071
-1
Co 5 » deg 0. 00359 0.00140 0. 00506
Cys ) deg™ ~0. 00573 -0.00479 | -0.00568
Clé , rad
Cnjs , rad™!
Cyé , rad”!
C Z
1, , raa™! -0.136 -0. 1244 -0. 0966
C Z
Ny, rad”! 0. 0125 0 -0. 0060
C Z
Yy , rad™! -0. 0004 o -0. 0009
€1, raa”t 0. 0342 ) 0.0194
n_, raa™ -0.181° o) ) -0.1520
C 1
y, » rad 0.270° o o 0.2353

Inertial derivatives

Handbook method

Inertial derivatives

Handbhook method

le)I , secz/rad -168.2 x 10~6 Cyi'l, sec2/rad -2021 x 10-6
Cn}-)l, sec>/rad 891.1 x 10~ ClyI, sec2/ft | 3.584 x 10-6
C'Vbl , sec>/rad 1450 x 1076 Cny,, sec?/it -28.95 x 10-6
Cll-_l , sec-/rad -162.4 x 108 Cy§;, sec?/tt 44.95 x 10-6
Cnlgl ) sccz/rud 1301 x 10°6
T— Formulation | b, (rel. 73) Only d, TA 67A




‘G

8.2.3 Data tahulation - rigid and equivalent elastic derivatives and coeffi-

cients - special comparisons. — The data prescnted in this section are those

used for the special comparisons with the completely elastic airplane mathe-
matical model. The stability derivatives differed because the c.g. positions
were something other than 0.25¢ for the Boeing 707-320B and 0.64 CR for the
SST configurations. Table 20 lists the flight conditions used to investigate the
longitudinal motions and the corresponding location of the data. The lateral-
directicnal data were not adjusted for the c.g. changes; instead, the data pre-

sented in par. 8.2.2 for the general comparisons were uscd.



TABLE 20. — LIST OF TABLES OF DERIVATIVES AND COEFFICIENTS USED IN
SPECIAL COMPARISONS

Wing
Dynamic leading
Altitude, nressure, Mach Weight, Table edge
ft d, psf number b number sweep
707-320B |
10 000 306 0.548 268 000 21a
35 000 251 0.850 21b
SST.
8 500 98 0.3 370 000 22a 30°
9500 260 0.5 ‘ 22b *
32 500 98 0.5 675 000 22¢ 42°
23 500 470 0.9 ‘ 22d ‘
47 560 98 0.7 668 000 22e 72°
33 000 470 1.1 | 221
49 000 1300 2.7 520 000 22¢g
65 000 600 { + 22h




TABLE 21a.-707-3208 LONGITUDINAL DERIVATIVES AND COEFFICIENTS
USED IN SPECIAL COMPARISONS

Altitude, h, ft...........

Gross weight, W, lb....
Mach number, M........

Dynamic pressure, q, psf...306

Density ratio..................... 0.73859
Velocity, Veys ft/sec..

cg @ 0.23¢C

Drag, C

Lift, CL

L 2
Iyy, rigid, slug-ft~.....

Iyy, equiv elas slug-ft

2

......

.........

............................ 0.3028
..5.025x106

Derivatives Rigid Equivalent elastic®
Method Method
‘L, 0.2275 TA 67A 0.1548 TA 67A
m_ -0.091 -0.0029
€L, » deg ™} 0.096 0. 08063
[8
a1
Cm, » deg -0.0252 ~0.0161
Cp,,, deg™t 0.005 ' 0.0042 1
C -1 . Ref. 6
Ly » rad 2.99 Ref. 6 2.99 e
Cmg » rad™1 ~13.27 + -13.27 ‘
CD& , raxd-1
CLy: rad™! 11.1 TA 67A 7.64 TA 57A
Cmq , rad” -17.7 -14.05 TA 67A
C 1 ' TA 67A
Dy _ rad 0.144 0.144 (Rigid)
‘L, rad”! 0.109 0.04658 TA 67A
“m_, raa’ ~0. 071 -0.01644 | TA 67A
°p, , raa’! 0. 000375 y 0.00025 |Wind Tunnel
C -
Lg (rad/secyt| b e -0. 0281 TA 67A
C ~ j
mél, rad/sec?)”H b E— 0.0263
C - |
Loy deg”! 0.00745 TA 67A 0.0055
c -1.
mg , deg”! -0. 0214 l -0. 0152 !
E

a, Formulation II

b. Not Applicable
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TABLE 21b.-707-320B LONGITUDINAL DERIVATIVES AND COEFFICIENTS
USED IN SPECIAL COMPARISONS (CONCLUDED)

Altitude, h, ££ o) 35 000 DTag, Cp oo 0.02305
Gross weight, W, lb........... 268 000 1 -
Mach number, M............... 0.85 Lift, CLi --------------------------- 0.5691
Dynamic pressure, g, psf...25 o i g2 % 5= <106
Density ratio........ ............ 0.31058 ¥ rigid, shug-ftio > 025x10
. ; . 2 6
Velocity, Vg, ft/sec...éé..ng.Yéé% Iyy, equiv elas slug-ft7. ... .. 4.488x10
Derivatives Rigid Equivalent elastic®
‘L, 0. 2825 TA 674 0.1885 TA 67A
“m_ -0.104 -0.0257
I
CLQ , deg 0.115 0.09505
Cimg » deg™t -0. 0342 -0.0218
-1 -
CDQ , deg 0.0074 ' 0.0045 '
C -1 _ Ref. 6
Lg » rad 3.86 Ref. 6 -3.86 (Risid)
Cm& s I‘ad-1 -24.20 + -24.20 +
CD& , rad~!
€Ly rad”! 14.9 TA 67A 8.92 TA 67A
Cmq , rad ™} -20.95 -16. 69
T 1 TA 674
Dq ’ rad 0.166 0.166 (Rigid)
L, , rad”! 0.2705 0.2295 TA 67A
“m_, raa’! ~0.238 -0. 08712 {
CDu , rad! 0.00191 1 0.00356 | Wind Tunnel
C -
L'e-I , (rad/secz) 1 b -0.0334 TA 67A
C -
mél, (rad/secz) o 0.0327
C -
Lo, . deg 1 0. 00872 TA 67A 0. 00630
C -
m,  deg! -0.0267 ~0.0186
°g !

a, Formulation I

b. Not Applicahle




TABLE 22a.-SST LONGI TL"D[;VAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMPARISONS

Leading edge sweep = 30°

Altitude, h, ft................... 8 500 DIag, Cpy.vovoerommorernens 0. 098
Gross weight, W, 1b........... 370 000 ) 1
Mach number, M............... 0.3 Lift, CLi --------------------------- 0.4198
Dynamic pressure, g, psf...98 . o2 % 0v1n6
Density ratio..................... 0.77408 lyy, rigid, slug-ft 2 """" 40. 2x10
Velocity, V.., ft/sec......... 325. 01 Iyy, cquiv elas slug-ft%........ 39. 88x106
¢l ¢8 '@ 0.574 CR
Derivatives Rigid Equivalent elastic?
Method Method
CLO 0.15761 TA 67A 0.21240 | TA 67A
C
m 0.0105 0.0088
a1
Cp,» deg 0. 0564 0. 0559
C d -1
m,, » deg -0. 00135 -0.00177
C -1 e
D, » deg 0.0098 ' 0. 01107 *
Cry » radL 0.462 Ref. 6 0.462 ﬁfi;(%
Cm& , rad”! -0.1725 + -0.1725 *
CD& , rad.1
€L, rad”! 2.06 TA 67A 1.96 TA 67A
“m, | rad”} -0.412 * -0. 406 *
C -
Dq s rad 1
L, , raa™ 0.0288 TA 67A 0.0193 | TA 67A
®m | rad™ 0. 00166 l 0.0009 1
u ’
°p, , raa? 0.0033 ‘ 0.0033 |Wind Tunnel
C -
LéI , (rad/secz) ! b -0. 0657 TA 67A
C -
- (rad/sec®)™| b 0. 0023 l
C
L -1 TA 67A
6, »deg 0. 00705 TA 67A 0.00705 | pioi)
C -1 -
m , deg -0.00195 -0.00195
5

a. Formulation T

b. Not Applicable
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" TABLE 22b.—-SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMPARISONS (CONTINUED)

Leading edee sweep = 30°

Altitude, h, ft . ...l 9 500 Drag, CD .......................... 0. 032
Gross weight, W, 1b........... 370 000 . 1
Mach number, M............... 0.5 Lift, CLi .................. RN 0.1581
Dynamic pressure, q, psf...260 o wic o2 o 6
Density ratio.................... 0.75032 W, rigid, slug-ft -----2---------40'2"10
velocity, Vg, ft/sec..é.g...@5g?-sgicR Iyy, equiv elas slug-ft7........ 39.201x106
Derivatives Rigid Equivalent elastica
Method Method
‘L, - 0.16888 TA 67A 0.20396 | TA 67A
“m, 0. 0120 ’ 0. 0074
€L, » deg! 0. 0587 0. 0570
Cmg » deg™! ~0. 00181 -0. 00243
Cp , deg !’ | o0.0102 0. 00204
D, » deg f !
P 1 . Ref. 6
L » rad 0.329 Ref. 6 0.329 Bigid)
1
Cmyg » Tad ~0.237 | -0.237 {
CD& ’ rad-1
Cpge rad™! 2.08 TA 67A 1.79 | TA 67A
Cmq s rad ™t -0.420 ‘ -0.416 *
C -
Dy , rad”
L, , raa”! 0.0315 TA 67A 0.0233 | TA 674
Cmll . rad! 0. 0001 I -0. 00285 *
CDu , rad~! 0. 0047 ‘ 0.00715 |Wind Tunnel
CL.. 2-1
6 (rad/sec”) b -0. 0592 TA 67A
C - _

"‘él, (rad/secH™Y b 0.0017 ‘
L “dea 0.0073 TA 67A 0.0u73 | TA 674
6 »dcE ' ' Rigid)

C -1.
m de ~0. 00209 -0. 00209
6E » aeg A

a, Formulation IT b. Not Applicable




TABLE 22¢,~SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMPARISONS (CONTINUED)

Leading edge sweep = 42°
Altitude, B, £t 32 500 Drag, Cp oo 0.057
Gross weight, W, 1b........... 675 000 ) 1 .
Mach number, M............... 0.5 Lift, CLi ................... R 0. 7659
Dynamic pressure, q, psf...98 ) . e " 6
Density Tation.................. 0.35455  Ly¥, rigid, slug-ft g 47.2x10
velocity, Va., ft/sec......... 492, 02 Iyy, equiv elas slug~fto........ 47.437x106
e og @o.613CR i
Derivatives Rigid Equivalent elastic?
, Method Method
L, : 0.11181 | TA 67A 0.12110 | TA 674
Cm, 0. 0109 0.0100
Cy,» deg” 0. 0511 0.0498
Cong » deg™! -0. 00056 -0. 000635
b, » deg™!” -0. 0089 # 0. 0237 f
C -1 ] Ref. 6
Ly rad 0. 364 Ref. 6 0.364 (Rigid)
Cm& , radl -0.193 } -0.193
CD& . rad-l
L, rad ™! 1.62 TA 67A 1.49 TA 67A
Cmq , rad ™} -0.389 } -0.376 §
Dy , rad 1
L, ,rad” 0.0748 | TA 67A 0.0738 | TA 67A
m_, rad” ~0. 0015 I -0. 002 1
°p, | raa? 0. 011 ‘ 0.005  |Wind Tunnel
c | -
Lél , (rad/sec?) ) b -0.0433 TA 67A
c ~ -

- (rad/secH™ b -0. 0017 l
‘L “deg™ 0.0072 | TA e7A 0.0072 | TA 674
b »9c8 ‘ ' Rigid)

Cm -1.
by v deg -0. 00184 -0.00184

a. Formulation II

b. Not Applicable
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TABLE 22d.-SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMPARISONS (CONTINUED)

Leading edge sweep =42°

Altitude, h, ft.................. 23 500 Drag, Cp ..o, 0.014
Gross weight, W, lb.......... 675 000 )
Mach number, M............. 0.9 Lift, CLi """"""""" PR 0.1596
Dynamic pressure, 4, psf..470 , . e 6
Density ratio................... 0.47285 Iyy, rigid, slug-ft RPN 47. 2x10 ]
Velocity, V. ft/sec....... 920. 15 Iyy, equiv elas slug-ft"........ 48, 136x10
¥s Voo e @ 0-613CR Yy, equlv 5 g
berivatives Rigid Equivalent elastic®
Method Method
L, : 0.13745 | TA 67A 0.11635 TA 67A
Cm, 0. 0139 0. .37
1.
CLQ , deg 0. 0602 0. 0506
Cmg » deg™ -0. 002125 ~0. 00229
C -1* . 0105 .
D, » deg * 0.010 1 0. 00276 1
) _ _ Ref, 6
Cp,, » rad . 0.544 Ref. 6 0.554 Risid)
Cmg » rad™! -G, 428 ‘ -0.428 *
CD& R rad-l’
CLq. rad”} 1.785 TA 67A 1.19 TA 67A
Cmq , rad”! -0.492 * -0.428 ‘
T -
Dy , rad 1
L, , rad”! 0.1187 | TA 67A 0. 0538 TA 67A
Cmu — 0. 0178 | -0. 0162 1
C -1 Wind Tunnel
Du ’ rad 0.0117 ‘ 0.0117 (Rigid)
CLél ' (rad/secz)-l b ~-0. 0351 TA 67A
C ' 2 -1
mél. (rad/sec”) b -0. 0014 1
C ,
L -1 . TA 67A
5y o+ deg 0.00875 | TA 67A 0. 00875 (Rigid)
Cm, , deg™t -0. 00275 -0. 00275
E Y

a. Formulation I1

b. Not Applicable




TABLE 22¢.—SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMPARISONS (CONTINUED)

Leading edge sweep = 72°

Altitude, By Tborrr, 47500 Drag, Cp oo 3. 11
Gross weight, W, lb........... 668 000 ) 1
Mach number, M............... 0.70 Lift, CLi -------------------------- 0.7580
Dynamic pressure, q, psf... 98 , - 2 6
Density Tatio............c........ 0.17261 1Y rigid, slug-it e 48. 3x10
velocity, V. ., ft/sec....... _677.66 Iyy, equiv elas slug=ft%........ 48, 398x108
Y ci? cg@0-618 CR Yy, eq
Derivatives Rigid Equivalent elastica
Methcd Method
L, : 0.01542 | TA 67A 0.02108 | TA 67A
Cmo 0.0082 0.0081
€L, » deg™! 0. 0306 0. 0306
Cng » deg™? -0. 000853 ~0. 000563
Cp,, , deg™ 0.0053 f 0. 0262
C -1 - 2 Ref. 6
L rad 0.32 Ref. 6 0.32 (Rigid)
Cng, » rad”l -0.262 + -0.262
CD& » rad-l
Ly rad”! 1.20 TA 67A 1.15 TA 67A
Cmq , rad”} -0.352 * -0.348
T -
Dy , rad 1
€L, , rad™ 0.089 | TA 67A 0.093¢ | TA 67A
Cmu , rad’l 0.0182 | © 0. 0248 ‘

- TA 67A
°p, , raa’? 0.0011 ‘ 0.0011 | (migid)
c -

L-él , (rad/sec?) b -0.0319 | TA 67A
C - _
mél, (rad/secz) 1 b =-0. 0007 l
C - TA 67A
L -1
6., deg 0.0076 | TA 67A 0.0076 | by
E
Cm deg™l -0.00227 ‘ -0. 00227 ‘
6 ’ eg . & .

a. Formulation IT

b. Not Applicable
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TABLE 22f,—SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMFPARISONS (CONTINUED)
Leading edge sweep = 72°

Altitude, h, ft ...l 33 000 Drag, CD ,,,,,,,,,,,,,,,,,,,,,,,,, 0.0232
Gross weight, W, lh........... 668 000 1
Mach n_umber, Mo 1.1 Lift, CLl" ........ 0.1579
ggngg;crgfxissumqu3733513 Iy, Tighd, slug-ft"......... 48. 3x10°
Velocity, Vg, ft/sec cglé)%oe% Cr Iyy, equiv elas slug-ftz. ........ 47.832x108
Derivatives Rigid Equivalent elastic®
Method Method
‘L, 0.01176 | TA 67A 0.02966 | TA 67A
Cm, 0.0110 0.0110
CLye deg™ - 0. 0345 0. 0323
Cma , deg™! -0. 00212 -0.00193 )
Cpy s deg™1’ 0. 0061 { 0.00503 |
Cp, , radl -0.17 Ref. 6 ~0.17 | f‘lfigkf)
Crng, » rad™! -0.11 & ~0.11 )
CD& , rad "t
€Ly rad~! 1.46 TA 67A 1.00 TA 67A
Cmq . rad”} -0.511 * -0.408 *
th , rad™!
L, , raa™ 0. 0364 TA 67A 0.0311 | TA 67A
®m_, raa’! 0.0071 -0.0102 {
°p, , raa’? 0. 0088 f 0.0165 |Wind Tunnel
CL'e-I , (rad/sec’y | b -0.0295 | TA 67A
C“‘él, .(rad/secz)—l b 0. 0007 l
CLoE deg™} 0. 0094 TA 67A 0. 0094 ;Il‘figfg)’“‘
Cm°E , deg™1" ~0. 00344 l ~0. 00344 ‘

a, Formulation I

b. Not Applicablc




TABLE 22g.—-SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMPARISONS (CONTINUED)

Leading edge sweep = 72°
’ Altitude, b, £t 49 000 DTag, Cp oo, 0. 007
Gross weight, W, Ib........... 520 000 1
Mach number, M............... 2.7 Lift, CL- ......... 0. 0444 4
b Dynamic pressure, §, psf...1300 - 2 6 4
Density ratio........ ’ ....’ ......... 0.16061 Iyy, rigid, slug-ft 2 """" 47. 6x10 =
c ity 2 4 iv - 6
Velocity, Vg, ft/sec.....6§2@610§.6%-CR Iyy, equiv elas slug-ftT........ 60.180x10
Derivatives Rigid - Equivalent elastica
- Method Method
L, - 0.03141 TA 67A 0.03723 | TA 67A
C"‘o 0. 0077 . 0.0041
CLa , deg™!" 0. 0255 0.0229
C d -1
mg + dog -0. 00144 -0.00156
Cp,, » deg™’ 0. 0045 i 0.00106 i
Cpg + rad™ ~0.101 Ref. 6 ~0.101 | Ref. &
Cng rad”! 0.057 * | o.057 }
' CD& R '(‘ad-1
CLq, rad” 0.421 TA 67A 0.101 TA 67A
Cmq , rad”! -0.319 ‘ -0.317 } 4
T, -
L, , raa™ -0.0375 | TA 67A -1.615 TA 67A
m, , rad’? -0. 00162 0.0072 ‘
°p, , rad’ -0.0014 f -0.001 | Wind Tunnel
o -
L'e-l , (rad/sec?) o 0. 0223 TA 67A
c - -
méx' (rad/secz) 1 b -0. 0068 1
C - . TA 67A
L 1 i . ‘
6y o+ deg 0. 0020 TA 67A 0.0020 (Rigid)
Cm deg~1" -0. 00081 -0. 00081
OE » Geg - VO .
’ a. Formulation 1I b. Not Applicable

185



156

TABLE 22h,—SST LONGITUDINAL DERIVATIVES AND COEFFICIENTS USED
IN SPECIAL COMPARISONS (CONCLUDED)

Leading edge sweep = 72°

’MHWI;,“

Altitude, by, T80 65 000 Drag, Cp .ovoivennnnniiiennns 0. 007
Gross weight, W, lb........... 520 000 1
Ivlach number’ M .............. 2' 7 Lift. CLi --------------------------- o- 0964
Dynamic pressure, 4, psf... 600 ; 2 6
Density ratio..................... 0.0741 lyy, rigid, slug-ft 2 """" 47'6"106
velocity, V, ., ft/sec......... 2613. Iyy, equiv elas slug-ft......... 53.4x10
P er ¢g" '@ 0,63 ’
Derivatives Rigid Equivalent elastic®
Method Method
C .
L, 0.03141 | TA 67A 0.03517 | TA 67A
C
m, 0. 0077 0. 0041
-1
CL gy de8 0. 0255 0. 0242
-1
Cm o 98 -0. 00144 -0. 00132 X
Cp, ,deg™!’ 0. 0045 f 0. 00106 '
Cpy o rad! -0.101 | Ref. 6 -0.201 | @S
Cm & rad™! 0.057 ‘ 0.057
Cp &° rad™}
€L rad™1 0.421 TA 67A 0.178 TA 67A
Cmg , rad”! -0.319 ! -0.317 y
T, -
Dq ’ rad 1
L, , rad™ -0.0375 | TA 67A -1.615 TA 67A
“m , rada™ ~0. 00162 0. 0072 i\
Cp -1
u » rad -0.0014 ! -0. 001 Wind Tunnel
C -1
Lé[ . (rad/secz) b -0, 0223 TA 67A
C ¢ -
mél. (rad/secz) 1 b -0. 0068 ‘
€L, “deg 0.0020 | TA 67A 0.0020 | TA 674
E '°¢ , : (Rigid)
C -1.
m b deg -0. 00081 -0. 00081

a. Formulation 11

b. Nnt Applicuble




8.3 Static Stability Data

This section presents all the substantiating data (figs. 49 through 60) for
the static stahility data discussed in Section 4. The stability dprivatives and

coefficients used to calculate the data of this section have been tabulated in
par. 8.2.
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8.4 Rigid and Equivalent Elastic Longitudinal Dynamic Stability Data

This section presents the figures that illustrate the results of applying the
stability criteria associated with the roots of the longitudinal characteristic
equation. This is done for the rigid and equivalent elastic airplane mathematical
models. The data presented here supplement those shown and discussed in
Sec. 6. The details of the determination of the roots and associated parameters

* have been discussed in Sec. 5.

The data in figs. 61 through 78 are for the study conditions of table 1 and
follow the general order of frequency and damping, period, time to damp to
half or double amplitude, and cycles to damp to half or double amplitude for
the short period mode; this is followed by data in the same sequence for the
phugoid mode. These data illustrate the variations in disturbed motion char--
acteristics as predicted by various rigid and equivaleht elastic derivatives. A’
comparison of rigid and equivalent elastic characteristics ‘using the lifting sur-
face method illustrates the effect of static elasticity. The data of this section

and par. 6.2 are used in arriving at the conclusions of Sec. 10.
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8.5 Rigid and Equivalent Elastic Lateral-Directional Dynamic Stability Data

This section presents the dynamic stahility characteristics obtained in
applying dynamic stability criteria to the lateral-directional chracteristic
equations. The details concerning the methods for obtaining these characteris-
tics were discussed in par. 5.2. Some of the data presented in this section has
been discussed in par. 6.3. All the discussion concerning the lateral-direc-
tional data is in Sec. 6. The conclusions reached, however, reflect the data
of pars. 8.5 and 6.3.

The data in this section (figs 79 through 91) are presented in the general
order: (1) Dutch roll frequency and damping, period, time to damp to half or !
double amplitude, and cycles to damp to half or double amplitude; (2) spiral
mode, root, and time to damp to half or double amplitude; and (3) rolling

.~ convergence, root, and time to damp to half or double amplitude. These data
are shown for the 707-320B and SST at the study flight conditions listed in
table 1.
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8.6 Parametric Study Data

This section prescnts the complete set of data caleulated for the parametric
studies. Section 7 contains selected material from and all diséussion of the
parametric studies. The data in this section show the changes in short period
and phugeid frequency and damping due to variations in CL& and Cm('x for the
study airplane at the study tlignt conditions. Changes in Dutch roll frequency and
damping and the spiral and rolling convergence roots due to variations in Cyé_.
Cy é’- and C,, g are also shown for the subsonic study flight conditions (except

for the SST at 72° leading edge sweep). Figures 92 through 108 and tables 23
through 25 give the parametric study data.
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Short period frequency, Wepy rad/sec
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Short period damping, asp' 1/sec
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Dutch roll damping, o, 1/sec
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9. COMPLETELY ELASTIC AIRPLANE ANALYSIS

9.1 Introduction .

This section presents some of the details of the different approaches used
in the completely elastic analysis of the Boeing 707-320B and the SST study air-
planes. Two approaches were used to calculate the free-frec vibration modes.
Both analyses used quasi-steady aerodynamics; however, a subsonic lifting line
theory was used for the 707-320B analysis, whereas a subsonic-supersonic
lifting surface theory was used for the SST. Several cases were analyzed using
lift growth functions with the 707-320B airplane, but in general the analysis
used quasi-steady aerodynamic theory. In addition, both analyses used beam
theory to compute the structural influence coefficients,

«

9.2 707-320B Analysis

9.2.1 General considerations.—The 707-320B is a subsonic jet transport

with a high aspect ratio wing. The choice was made to base the equations of
motion on lifting line theory for the aerodynamic representation and on simple
beam theory for the structural representation. The reference axes for rigid-
body motion are stability axes, which are defined as rectangular cartesian axes
with origin at the center of mass of the airplane. The stability axes are fixed

to the center of mass and the translations and rotations of the axes represent

the translations and rotations of the center of mass. The z-axis is positive

down and the y-axis is positive toward the right wingtip. The x-axis is positive
forward and is oriented so that, in the reference condition of steady, symmetrical

flight, the x-axis is parallel to the undisturbed freestream vector.

Generalized coordinates, defined as any set of quantities that completely
describe the configuration of a system,are used to describe the perturbed motion
of the airplane. The choice of generalized coordinates is arbitrary, with the
stipulation that the product of a generalized coordinate with ité appropriate
generalized force must have units of work. The equations of motion are based
on small perturbation assumptions; therefore, the generalized coordinates that
describe rigid-body rotation (rotation of the stability axes) are the Euler angles

and Euler rates as described in app. A. The analysis considers the casc of zero



climb angle; therefore, the relations between the Euler rates and angular

velocity components are simply:

¢ =
Y =
The two-degree-of-freedom, rigid-bedy approximation for the short period
motion was made in the present analysis, i.e., velocity perturbations in the
x-stability direction were ignored. The equations that relate the velocity per-
turbations in the stability axes to the velocities in the earth-fixed inertial system

6 = g
P (9. 1)

5

(ref. 4) are:
hx = uo

hy = ¥+ U ¥ (9. 2)

hg

w —~u,8

The generalized coordinates associated with the flexible degrees of freedom
are measures of the displacements in the structural modes. The term ''struc- @
tural modes, " as used here, refers to the normalized mode shape of the free

airplane in free vibration (free-free modes).

9.2.2 — Structural representation.— The airplane structure was idealized as

a set of slender beams with each beam cantilevered at a selected reference sta-
tion, as shown in fig. 109. The cantilever stations chosen for the wing and @
stabilizer were the side of the body; for the forebody, the front wing spar; and for
the aftbody, the rear wing spar. The influence coefficients were computed for
structural displacements relative to the cantilever stations. These coefficients

were used to calculate cantilevered modes, which were then coupled to produce

the free-free modes.

Equation (9. 3) can be used to write the deflections of selected points on the

cantilevered structural members. @
{65} = [C]{F} (9. 3)

where [C] is the flexibility influence coefficient matrix. The calculation of [C]
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Cantilever station

for forebody Cantilever station
\ for wing

Cantilever station
for aftbody

Cantilever station
for stabilizer

FIGURE 109. TYPICAL CANTILEVER STATIONS FOR AIRPLANE COMPONENTS



T

from beam theory was described in app. B. The displacements {5} are
rotations or translations, or both, depending on what is of interest.

The mass distribution of the airplanc was approximated by lumping the sys-
tem into a finite number of discrete masses. Each discrete mass is located at
the center of mass of a grid panel. The displacements of concern, then, are

the displacements of the mass centers of each grid. This system can be

® ®

visualized as a set of springs equivalent to the elastic structure.

Free vibration stipulates that no external forces are acting on the system;
therefore, the only forces acting to deform the structure are the inertia reactions
acting at the mass centers of the lumped masses. These inertia forces are
given by the expression

{F_?: enertia Forces & -[,”J!’éz

@E®®

The equations of free vibration are then
{55} =[C] {F} = - [C.] EVT\]{&s} (9.4)

where [m] = mass matrix

The equations of motion, in this form, are an eigenvalue problem. That

is, the equations are satisfied only for particular values of a quantity called A.
Physically, A is the natural frequency of undamped vibration. Thus, for simple
harmonic vibration with all displacements in phase with each other in a manner
such that all points reach maximum deflection at the same time and pass through
zero at the same time '

{bg) = (M} {§s} = Xule™ @5

By substitution into equation (9.4)

%{”}eazt =[C|[MJ(”}3LM (9. 6)
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A = natural frequency of undamped vibration for a cantilevered component
{u} = cantilever mode shape - characteristic shape or eigenvector

Note that any scalar multiplication of {#} would divide from both sides of equa-
tion (9.6). Therefore, the mode shape gives information only'about the relative
:limplitudes of the displacements of the masses as they vibrate together, and the
mode shape is independent of the amplitude of vibration. The actual motions at
any time, t, are the real parts of equucion (9.5). Equation (9.6) has a number
of solutions, n, equal to the total number of cartesian degrees of freedom of

all the masses (equal to the number of rows in {¥}.)

The solutions of eigenvalue problems have the property of being orthogonal
to each other. Orthogonality relations that can be shown between the i™ and jth

mode shapes are
P fayg=0 , ¢ #Ey
P lellmdirti=0, ¥y (0.7)

g fmdir =0 0%

The n solutions of equation (9.6) may be written separately

[cIEmY{rY, = 3= 1r),
[cIEm)i#), = 52 Y

I

C10md AL, = 2= (4],

Or, the total number of solutions of equation (9. 6) written in matrix form is
l
1M [#] = [#1[3d (9.8)
where [#] = matrix whose columns are the eigenvectors {¥ }1
through {n}in .
The frequencies of the cantilever modes that were used in computing the free-

free modes for the 707-320B are listed in table 286.

The previous paragraphs have discussed the calculation of mode shapes

with the cantilever stations fixed in space. When the constraints are removed
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so that the cantilever stations can translate and rotate, the situation is defined
as the free airplane in free vibration (that is, if there are no externally applied
forces). .

Two axis systems were used to describe the free-free vibration state. The
X-Y-Z axis set shown in fig. 110 is the master reference system and its origin
remains always at the cg of the airplane. A second axis system, XS-YS—ZS,
coincides with X-Y-Z when the structure is quiescent in the reference condition.
If the structure near the cg translates or rotates, the motion is represented by
a translation and rotation of the Xs'Ys'Zs axes and then a displacement relative
to the Xs-YS—Zs axes. This sequence is depicted in the three sketches of
fig. 110 which are drawn for plane motion. The derivation that follows is for
motion in the X-Y plane in order to keep the mathematical expressions less
cumbersome. The assumption was made that the grid for lumping the masses
is fine enough that the inertia of each mass about its own c.g. is negligible. Also,
elongations of the structure in the direction of the X-axis were not considered;
therefore, each lumped mass moves only in the Y-direction. These Y dis-
placements can be written in matrix form for all the lumped masses as

{6} ={t1} oy +{x}or + {55} (9.9)
where:

{6} =rectilinear displacements relative to the X-Y axes

o1 = rectilinear displacement of the origin of the XS-Y g axes

oR rotation of the origin of the Xg_Yg axes

{GS}

rectilinear displacements of the structure relative to the XS-Y s : K
axes = elastic displacements

{X} =X coordinates of the reference points along X
The deformations, {65} , are the structural displacements relative to the canti-

lever stations, as discussed previously.

The free-free vibration problem can now be formally constructed. The
free vibration state required that there be no external loads acting on the system;
therefore, the center of mass and the X-Y axes do not translate or rotate.

These two conditions can be expressed in equation form

2‘;'""32 =ty [mlist =0 (9. 10)



Y.Ys

X, Xg
a. Reference condition

Op *x0g

ST '

b. Rigid transiation and
rigid rotation
(small angle approximations apply)

—»_?4—

c. Elastic displacement relative to XS-Ys

FIGURE 110. STRUCTURAL-INERTIAL AXIS SYSTEM RELATIONSHIPS
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and

Zm;x;b’; =X Jfm]{s} =0 (9.11)
: |

Equations (9.10) and (9.11) state that the summations of inertia forces in the
Y-direction and inertia moments about the c.g. are zero. The third relationship,
which states the connection between inertia forces acting at the lumped mass

c.g.'s and elastic displacements relative to the'Xs--YS axes is
{8s} = [C] {(F} = - [c] Em]{'s'} (9.12)

where [C] = matrix of flexibility influence coefficients for elastic deflection

relative to the cantilever stations

In order to establish the eigenvalue problem, simple harmonic motion is

assumed. This results in the following relations
{6} = {®} et s {6} = - {0} eiwt (9.13)

- i - - jwt
oy = ettt | o =idyefvt , {6} =1{5})e*”

where:

w = frequency of oscillation
The foregoing relations are substituted into equation (9.9), and e twt
is divided from both sides to obtain |

{e} = {1} 77 + {x}or +{&s} (9.14)

The procedure used in the 707-320B analysis to calculate the free-free
modes, equation (9.14), was to apply Lagrange's equations using the cantilever
modes as degrees of freedom. Lagrange's equation was used so that the calcu-
lations could be systematized to use the same procedures and digital programs
to formulate the unforced (free vibration) and forced motion equations. Lagrange's

equation for an elastic conservative system is

d (o7 UV _ 9.15)
dt (ag,i) + aém O (

’l;ki!iz :



s

T = kinetic energy
U = strain energy .
q. = generalized coordinates

The relative displacements in the cantilever modes, ¢, and the translations
and rotations of the Xg-Yg axes, UT and O ps Were chosen as generalized
coordinates. This includes the assumption that displacements relative to the
structural axes are represented by a superposition of deflections in the canti-
lever modes. The deflections relative to the X-Y axes are described by equa-

tion (9.9) and repeated here.
{S} = {‘} Oy + {x} g ¥ {SS} (9.9)

If equation (9.9) is rewritten in terms of cantilever modes

{s} ={1}or + {x} o% +[A1{q} e

equation (9.16) can be written in matrix form

IBHOHS) § ’{g,ﬂ
Tol! l {‘12}

(51 = | [OTLileTiq1pisxt | < gt ¢ =[s]{i
(9.17)

L H ' H ) Og
- o

PN

————— i . - -

allowing for three cantilever components in the system. The 707-320B
actually had four cantilever components, but three are used in the following
discussion. The shorthand notation (to the right of the second equal sign) will

be used for equation (9.17) throughout the remainder of this discussion,

it .
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The kinetic energy and its contributing term to equation (9.15) is written

*oreg sl =g b Ldal T e {3
oT T i
2w {3
. (9.18)
{2 6o mm{i)
The strain energy is V
U A0 hiybs,bs,m 5[] i8s = £ 300] TR [u]45)
¢ (9.19)
where:

ot
[&]= [C] = cantilever stiffness influence coefficients

{g.}
{§} = <¢{g.}
{33}

From equation (9.8) it is seen that
Cmd (] = (=] [#][ ) (©.20)

For three cantilever stations equatioh (9.20) has the form

GdiLo3i o] | [0 fe) [
[0]:rslile] | [[0] [ [e]
[oJifeim)] | (0] ] P4

05 01007 [ [e1003] [TiaC 0] o]
0] (k] [0] | |11 [e] | | [0 ] (] o]
(6101 0) | |1 0104 |[o100105)




[A) = ["]T [md [a}iix)] (9.26)

4] = [‘L':ﬂ [m] [#] .. (9.27)
[r]= [55]Emd (11 x] ©:29
(6 = () TmI (] ¥ = () A = () [ [4] 029

Equation (9.24) can be put in eigenvalue form by first removing ¢,.. and &

T R

by multiplying the partitions of equation (9.24), with the result

[A 4T} + [A) {3:;} +[eJigr=0 (9.30)
[]igh + [A4]{Z:} =0 (9.31)

Equation (9.31) can then be solved for Zfr,r and Og
o\ _ -1 SO
(&)= -] alig (0.32)
which can be substituted into equation (9. 30) to obtain

I[[A‘] - [Aa] [A*»].‘[Aa]]] {g} +[8]{g} =0 .33

When the assumption of simple harmonic motion is made in which all of the

cantilever components of the free airplane are simultaneously in free vibration,

equation (9. 33) becomes

w? fBJ"l[[A,] - [Ad] [A,]'I [as ]] g} = {§) (9.34)
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~ Equation (9.20) can be Wriften as 7
] T d 4] 03 = [ D) = D7) 14 o

which is a diagonal matrix, as can be seen from equation (9.7). Equation (9.21),
substituted into equation (9.19), gives

U = 3 qa A7) (<1000

= eremirita e

-

(9.22)

When equations (9.22) and (9.18) are substituted into equation (9.15), the follow- |
ing results

[G]TE"‘J (6] {3} + [”]TE"‘J [W)EXJigr =0 (9.23)»

Equation (9.23) can be written in partitioned form as
(i) (@)) | [Cegilo] ti’%i} - o
SN 4! I IS HOINR 0.24

From equation (9.17) it is seen that

[»] = ["]T [md [#] (.25)

1




i

Ay,

where: {E’;} = {a} etwt
{g} = _"“"{3} eiwt .

w = vibration frequency

The eigenvectors, { q‘} , and eigenvalues, w , are calculated from equa-
tion (9.34), and 6,1. and ER are determined from equation (9.32) as

{2} =7 [A‘;] B [As] {é}

The free-free mode shape is found by applying equation (9.14) and the following
relation between the elastic amplitudes and the eigenvectors

(&) - [ (5}

to obtain

{o}=[M]{g} + (1} & +{x}& (9.36)

The matrix involving all of the free-free mode shapes can be written as
[¢1= (1) (&) + [xI (] + [#] (4] (9.3

where [1] is a square matrix of all unitary elements.

The symmetrical and antisymmetrical free-free mode frequencies and
associated cantilever vectors, { é} , are listed in tahles 27 and 28, respectively.

9.2.2.1 Aerodynamic representation: The external aerodynamic forces were
represcnted by a modified quasi-steady lifting line theory. The modifications
were corrections for Mach number and three-dimensional effects. The Mach
numbcr corrections were from wind tunnel data and the three-dimensional correc-
tions were derived from Weissinger's lifting line theory, as described in ref. §8.
The derivation of the strip theory is discussed in chapter 5 of ref. 26. Downwash
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effccts were included by applying an average value of (1 - €, ) to the rigidbody

component of the wing angle of attack. The equation format for the angle of

®

attack of the stabilizer lifting panels is

{ag} = l_t(i“‘ ) EI;U {as"} (9.38)

where:
ag R ~ rigid-body angle of attack
@gp = angle of attack from structural deformation

. as§ = total angle of attack of stabilizer panels

The equations for the panel lifts and moments take the following forms (ref.26):

[}

{L Jeme

20 u[2g)(8]"[a] [["l—o{ﬁp} +{oe} + = E—Ci;l{és}]l

n

L hae

E‘—W] [ [’hr’} vz [c] {6} + u, {es}] (9.39)
Ml =‘%’1 oy [el [5 {Rp}+ .787[cJ 6} + uo{és}]

where:
AY = spanwise panel width
[Sl]= matrix of aerodynamic influence (ref. 68)
C =local chord
a = local lift curve slope
Og = streamwise rotation of panel
Hp= velocity of panel normal to streamwise direction
The subscripts "cire' and "nc'' indicate circulatory and noncirculatory compo-
nents. Lift growth was included for several cases by multiplying the circulatory
lift by the Wagner function. The details of how the lift growth functions were
handled will be described later,
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The velocity of the panels normal to the streamwise direction, {hp} , can be
written by applying equation (9.16)

] | _é‘f-
{np} = {6} = [{t};{x}a[p]]] }S 3

‘%

(9.40)

9.2.2.2 The equations of motion: The equations of motion are the relations
between the accelerations, velocities, and displacements. The normal mode
shapes for the airplane were used to reduce the number of degrees of freedom
required for an adequate approximate representation of the airplane's elastic
motion. These normal modes are introduced into the problem by starting the
deveiopment from the viewpoint of Lagrange's equations of motion and utilizing
the concept of generalized coordinates. The use of Lagrange's equation leads

to the equations of motion as:

BRI 513} +IMs]{3} +[#:] {43 +[tJ/ATL 27
+[M] (a2 +[ AT [ me]{9R +[A][Ms]{$3 =0 (9.41)

This matrix equation constitutes the complete equations of motion for the elastic
airplane. In equation (9.41) IM] = [&] % [M] [&] which is called the

generalized mass, where:

[8]=[7¢7i (3] [4]]

l o 0O
o £ O
[&]= |0 o«
o 10
o o
[¢‘l7 o 'E'l" -’éa""

[ ¢'£7 = |/t ?ﬂ] where: [Bec]= |=~Fecg © Feix

. rey - I’c,'z o
[ éﬂn_? o
and

[ g ] are the 3n-6 elastic mode shapes (if three translational degrees of free-~

dom are considered for each lumped mass)

The matrix rwf,] contains zeros for the first six diagonal elements

corresponding to the airplane mass center degrees of freedom. The three
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matrices, [M1], [My], and{Mg], contain the generalized aerodynamic stiff-
ness, aerodynamic damping, and apparent mass aerodynamics, respectively.

For the 707-320B analysis [Mg] was set equal to zero. The r;.emaining terms

o | © (g stne,sing) (-gcoso, cosdy) | © -
[Me]= |o____lo_(gsine,cosd) (g cose, stvnds) | @ - -
o _ |
. o
. i o = o
- ]
© ] ! a
~ 1 i ]
o © 0,0 M/‘ Y41 o © -+ +0
‘ © o ol-up o U : © O .+ .0
0o © &,V U o©o,0 O0:-+.0
n § e e s S— — |——!—-.—._— _—L' ———————
[Ms] = |5~5 o |
e 4o
o o o] ! ]

where

z ("4 37-0 eneralized
{97}={:} ’ {3‘} ={:} ’ {9;}: coordiﬁiz‘es for the

elastic degrees of
Freedonr,

The equations of metion (9.41) may be separated into a longitudin. ' and a

lateral-directional set. For longitudinal motion

9, = v =0 B :‘,
¢ = p = o Therefore, {3} = 4
2%=2r =0 ¢
and the {QE} correspond to only the symmetric mode shapes. Also,
Mo

M =
[A] = W o

o [T M [#5]

° :

— | ————— —— aea — ——

3
!
K'
)
™
£
&
P
Ny
.\:'1
X
N
N
"’“‘l
N
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and the [¢ES: ] denotes symmetric mode shapes. The remaining matrices of

equation (9.41) for longitudinal motion are given by:

ra o ;A 2, ;/Jg' %c -« Fez,g Lot oo e
o o fa 7] e o o PAz g,
[m] = e By, e .
£ o O m‘yld ”l:, "'l . . . ”h" "‘. . o .
[~} [« .l“ A{‘ g‘-‘
e o :
o o ¥ $oser o o o foiges o o e J
24 £ ]
-————z z,x 4 . - L
2 U % &z‘g &z:.in
24z ftza .
[ A 2.7 - S U .70— ‘}’la‘ e ;43‘ Peq - * .
97”A wﬂg, « ~

977y .
Zu e Has  PHuge, - - -
24

- ° -

As stated earlier, [M3] was set equal to zero for both the longitudinal and
lateral-directional analyses. Similar expressions for [M;] and [Ma] could be

shown for the lateral-directional case.

The equations of motion were analyzed in several ways, as listed below.

(1) The roots of the characteristic equation were computed with varying
numbers of elastic modes included in the equations.

(2) Roots and time histories were computed with the modes treated in
a static elastic manner, as described later in this discussion.

(3) Roots were computed with Wagner lift growth functions applied to the
circulator aerodynamic forces.

(4) Terms in rigid-body positions of the matrices were multiplied by the
appropriate dimensional constants to reduce them to s'ﬁability derivatives.
The rigid-body derivatives were compared to the comparable terms from
the static elastic formulation in order to observe the effects of elasticity

on the rigid-body derivatives.

The results of the elastic analysis of the 707-320B were shown and discussed

in Sec. 6.
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9.2.2.3 The static elastic equations: The static elastic formulation assumes

IS POOR." =

that the designated flexible modes displace in a static manner; therefore, the

velocity and acceleration coefficients are set equal to zero. The first step in

forming the static elastic equations is to sum the terms of equation (9. 41)

[4722 +[B]{¢} +[C]{%4i = {3
where

(4] = Ll J[AT +[47 + [T [#4]
[B]= [M:] +[AJ[#Ms]
[e]=[A] +[#s] ; [2]=/0]

Equation (9.42) is written in partitioned form,

Agg : Az | (92 By 1 o] [4 Cu : o| {4,
_._.I._.._.. + |—-— —f—— . + — =T e = o
Azq l/’:z 2, By | 0 1, Cz11 O (9,
where

{q; } = generalized coordinates to be retained as dynamic

{aa} = generalized coordinates to be treated as static elastic
The partitions of equation (9.43) are multiplied out

[4107£9,3 + [A27 6927 +[Bu {33 +[CeeJL 523 = {OF

[A21 789} (A2 5903 # [ B21]L %63 +[Cor]1 3} =53

Equation (9.45) is solved for {q,}

F93 = [A22] 7 [4247F 27+ [BuT 03 +/Cae TL523)

(9.42)

(9.43)

(9.44)

(9.45)

(9. 46)
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Equation (9.46) is substituted into equation (9.44) to obtain the final form of the
static elastic equations,

¢ ﬂr] =LA [ A02] LA T)E91F # (L Bes]- LA T Are] " TEu]) £33

- 9.47
t((Ces 7~ LA 7/ A22] ’[ Crr]) L .40

Rigid derivatives and elastic corrections from all modes being treated as

static elastic were compared in tables 9 and 10,

9.2.2.4 Lift growth functions: Two lift growth (Wagner) functions were
selected from ref. 42 and incorporated into the flexible equations for two cascs
to study their effect. The Wagner functions are indicial (step) response func-
tions for lift growth on an airfoil that has experienced a step input in angle of
attack. The exponential functions that are listed in ref. 42 are approximations of
the exact solutions. The exact solutions are for incompressible flow for an
infinite wing, an aspect ratio 6 wing with elliptical lift distribution and an aspect
ratio 3 wing with elliptical lift distribution. The aspect ratio 3 and 6 functions

were selected for study and are listed below.

AR =3 approxinaliorn

Kez) = £ -.283 €57 = -zé‘—’-’t
(9.48)

AR =6 approxisnaliorr
KeZ) = £-.3¢1 ¢ 3817

The lift growth functions were incorporated into the equations of motion by
applying the convolution (Dukumel's) integral. The equations of motion were

written in the form

LAJER3 + [4,]590 + [A]037 +[]523 ¥ K +fa57{3] % K = foF (9.49)
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where
[AJ= LRt TLAT + AT AT
[A/] = generalized structural stiffness and gravity perturbation
[A:7 = noncirculatory aerodynamic velocity coefficiehts (ref. 26)

- MAs]=/#7] = generalized inertia coefficients
[A][* ] = circulatory aerodynamic displacement coefficients (ref. 26)

[As/ = circulatory aerodynamic velocity coefficients

L[4 ] (4] = [#12 ]+ [ 4]/ #15]
and the symbol, *, denotes the convolution integral as
. ¢
g*K = fKt-2)302)4T

The Laplace transformed equations of motion appear as
L L] +f4:]s +[4:] 5% + [A] B (s) + (4TS B () T {03 = £23  (9.50)

The Laplace transformation of the first time derivative of the Wagner func-

tion is
. - o S (I-af)S#-/
aC,[K_7=SO[;[K.7=K=1—s+ﬁ =575 (9.51)
where X =.283 or .364
A= .51 or 38155

Substituting equation (9.51) into (9. 50) and clearing the fraction gives

L5+8)[ 047 +L2:7S +[457 ST (s sacS wa)lavy+ [, 75T 5053 {3
(9.52)

Equation (9.52) was solved with the aspect ratio 6 function for a longitudinal
case and with the aspect ratio 3 and aspect ratio 6 functions for a lateral-
directional case. The rigid-body roots with and without lift growth were listed
and discussed in Sec. 6. Caution is in order when interpreting characteristic
roots when lift growth functions ore included in equations. The clearing of frac-

tions to obtain equation (9.52) is an operation that introduces extraneous roots.
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9.3 SST Analysis

For the elastic dynamic analysis of the SST, the airplane yas idealized by
panels the same as for the calculation of elastic derivatives de.scribed in app. B,
-The completely elastic SST analysis was accomplished only for the longitudinal
mode. The longitudinal motion was approximated by two rigid-body degrees of
freedom. This approximation does, of course, delete the phugoid motion, The
equation of motion for the completely elastic airplane was written in the form @

EM]&}’* [B]{i} + [K]{Z} + [KA] o} = {0} (9.53)

where
Z;j =vertical displacement of each panel about equilibrium position
@; = panel angle of attack consistent with the displacement Zj @

fM] = mass matrix )

[B] = matrix of aerodynamic velocity coefficients

[K] = structural stiffness matrix
[Kal = q [A], where [A] is the matrix of aerodynamic influence coefficients

as discussed in apps. A and B

Equation (9.53) is changed to generalized coordinates by substituting
{Z} = | ¢
CILEY (9.54)
e} = [6]{g}

The angle mode matrix [0 ] is defined such that the structural deformations,
Zi, are consistent with the twist deformations, @j. The procedure used to find

[8] will be described later,
When equation (9. 53) is premultiplied by [¢#]T , the following form of the

equation of motion results

[ﬁ‘]{é} +[€)4a} + [R]{g} = © (9. 55)

-3
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Equation (9.55) was rooted by a standard complex eigenvalue routine. Time
histories were also determined from equation (9. 55) using a standard numerical
integration routine. Section 5 presents a discussion of the characteristic equa-
tion and time history methods used for the completely elastic airplanes. The
discussion of results for the elastic analysis is contained in Sec. 6.

The three coefficient matrices of equation (9.35) are formed as follows:

@] = ["’JT [m] [#] (9. 56)
[€]= -2 [o]" [A] e] .57

where
{A] = aerodynamic influence matrix described in app. B

q = dynamic pressure
V = flight veiocity

[K] =[] [K][#] + 3 [e]" [A] [¥] (9. 58)

where

[K) = structural stiffness matrix

Equation (9. 56) needs no explanation, except to say that it is diagonal and
that [MJ is merely the mass lumped at each panel point.

Equation (9.57) was formed by first considering the relation between panel
airloads and the aerodynamic matrix [A] .

{P} = g [A]{x} (9. 59)

where
{P} = panel airloads

{a} = panel incidence

IS POOR.”



The relation between velocities normal to the frecstream, {7} , and the
change in incidence is

{x} = %—} (9. 60)

using small perturbation approximations. Therefore, equation (9.59) becomes
Pl = Al — 9.61
{ } g9 [ ] V] ( )

Equation (9. 61) is equivalent to the second term of equation (9.53), which
gives the forces due to panel velocity normal to the freestream. Equating this
term and equation (9.61), we get

a
Bj=——]A 9. 62
[8]= < [A] (0. 62)
Therefore, the expression for equation (9.57) follows

[€]= -2 (1" Rl[e]

The term [#] T [K] [#]is identical to [M][w?], which has been shown in
par. 9.2, equation (9.21). The matrix [w2] is a diagonal matrix of frequencies
associated with the individual mode shapes. The generalized stiffness was
computed by the (M) [w2) formulation since it is so simple and the frequencies
have already been calculated.

The components of equations (9.56) and (9.57) were determined by techniques
previously described in apps. A and B. The calculation of the term {6] has not
been described previously and is described in detail in the following paragraphs.

Since the aerodynamic forces are a function of the angle of attack of each
panel, it is necessary to convert each structural mode shape to a set of angles
of attack corresponding to the mode shape. The problem thus becomes one of
defining an angle matrix, [0}, such that

{x} = [9] {q} (9. 63)



b
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where {a} is the column of angles of attack resulting from a defined deflection
shape in terms of the generalized coordinates {q} . The procedure for finding
[ 9] is to require the structural deformaiions, Zj, to be consiitent with the twist

deformations, aj, where

{z} = [o]{g} (9. 64)

The total structural influence matrix is generated such that when it is

5_2_5_} - [.C_'.'_:.‘E'}.
loe ) ~ |Caii C

— -

Since the moments on each panel are zero as generated by the current aero-

partitioned it appears as

F
M (9.65)
dynamic theory, equation (9.65) can be rewritten as

{ze} = [C,){F) (9- 66)
and
{ocs} = [Ca] {F} (9. €7)
In equations (9. 66) and (9. 67), {ZE} and {aE} are displacements and
rotations resulting from elastic deformaticns. To find the total displacement
for any particular position of the reference point, one must include the rigid-

body motion associated with the reference point displacement. The vertical

displacement then becomes
{z} = [c.JiF} + 2. {1} + o, {X} 9. 62)
and the angle-of-attack displacement becomes |
{«} = [Call{F} + e {1} (9. 69)

Solving equation (9. 68) for {F} and substituting into equation (9. 69) yields

)= (] e -2 i+ ot g



Substituting equations (9. 63) and (9. 64) into equation (9.70) for the ith mode
shape yields

(0ha: = BT 10h i~ e [T 1 o) 5.
-] [e] ix (o) g + 113(0r,) g

(9.71)

where
fr; = element of { #] corresponding to structural reference point, r,
and ith structural mode
6r; = same definition as above for element from angle mode matrix, [o]
(dri)qi = displacement at the structural reference point, r, due to mode i
(Ori)qi = rotation of the point r due to mode i

Since gj is a nonzero constant it can be divided out of equation (9.71),
yielding { 8} for the ith mode shape. Equation (9.71) can be written for many
mode shapes by an expansion resulting in

[6] = [c.) [c‘,]-' [[¢>] - {1} Lo - {x} LOJ.] +{1} Lo (9.72)

th row corresponding to the

The tf1, and 101 matrices are from ther
structural reference mass point and have m elements, where m is the number
of modes considered. The matrices [ #] and (8] are of order n x m, where n
is the number of mass points and m _the number of structural modes. Equation

(9.72) was used for determining the angle mode shapes during the current study. d

The sequencing of computer programs used for the SST completely elastic

dynamic analysis is shown schematically in fig. 111.
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Calculate structural influence

coefficients for airplane components -

from El and GJ

Matrix manipulation (merge, sort
and delete 3 (55 x 55)-21 (80 x 80}
structural influence coefficients

Calculate free-free modes and
generalized mass and stiffness

!

Matrix manipulation
determine angle modes

Aerodynamic influence
coerficients

Matrix manipulation {(generalized
equations of motion)

!

Time history

)

Roots

FIGURE 111, SCHEMATIC OF PROGRAM SEQUENCING FOR SST DYNAMIC ANALYSIS




10. CONCLUSIONS AND RECOMMENDATIONS

10.1 Conclusions

~ The airplanes used in the method comparisons are subsonic and supersonic
jet transport types. Most of the conclusions could be applied to similar airplane
types that fly within the study flight envelope. However, nearly all the conclu-
sions regarding static elastic and dynamic elastic effects are highly configuration
dependent and care should be followed. A general conclusion is that the effects
of aeroelasticity appear to be more significant for the static than the dynamic

stability characteristics.

Results of the static stability investigation (Sec. 4) show the following.

(1) The lifting surface theory (aerodynamic influence coefficient method)
gives better predictions than handbook methods for some cases (using
rigid wind tunnel data as the basis for comparison). Changes in the
lifting surface theory mechanization program are expected to improve
the predictions, as discussed in app. B.

(2) The lifting surface theory (aerodynamic influence coefficient method)
gives direct, acceptable results for some stability characteristics for
equivalent elastic and rigid airplanes. However, if wind tunnel data
are available, a more accurate way of predicting elastic effects would
be to compute an elastic-to-rigid ratio or increment that is referenced

to the wind tunnel value (app. B). For example,

Cmﬂ’ elastic

Cmaeq el - Cmarigid

. C . .
Is Ma rigid

wT

The results of the longitudinal dynamié stability investigation are listed
below in their approximate order of importance.

(1) Dynamic stability characteristics are more sensitive to aerodynamic
derivative accuracy than to elastic effects.

(2) Elastic effects on the dynamic stability characteristics are relatively
small.

(3) Quasi-static treatment of aeroelastic effects can predict more signifi-
cant changes in stability characteristics than does the inclusion of many

dynamically participating elastic degrees of freedom.
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()

(6)

M

8

9

Considering only a few (less than about 10) elastic degrees of freedom
can produce results that are misleading as to the trends and significance
of the effects of aeroelasticity. .

Adding many elastic degrees of freedom consistently decreased the
damping for the study airplanes.

No consistent trends appear in the variation of frequency due to adding
many elastic degrees of freedom.

No consistent trends appear as to the adequacy of either lifting surface
derivatives or handbook derivatives in predicting the dynamics. A
method that is satisfactory for one configuration may not be for another.
Approximate formulas for frequency and damping for longitudinal dynamics
are very satisfactory for some configurations where Cmg is dominant.
Approximate expressions would be useful mainly for preliminary design.
Time history methods find their use mainly when nonlinear aerodynamic
data are available or when the response to arbitrary control inputs is
desired. Also, time history programs can show the response to
extreme conditions — engine-out conditions, for instance. Characteris-
tic equation methods can be used to analyze the stability of an airplane
only if linear equations are used.

The adequacy of a particular mathematical model (structural or
aerodynamic) for the longitudinal dynamics would be an important
consideration of a handling-qualities study.

The results of the lateral-directional dynamic stability investigation are

listed below in their approximate order of importance.

1)

@)

For many cases the variations in dynamic characteristics for the rigid
airplane from using different methods of calculating the stability deriva-
tives are as large as any elastic effects. This points to the fact that a
sophisticated, completely elastic airplane mathematical model is only

as good as the basic rigid stability derivatives.

The elastic effects on the Dutch roll period are quite small. A good
equivalent elastic analysis will predict the period of this mode accurately
enough for stability and control purposes. The structural modes have

a very small effect on the period.



@)

4

®)

(6)

)

For the Boeing 707-320 the damping of the Dutch roll mode decreases
with the addition of the first few elastic modes, but then increases very
slightly as more elastic degrees of freedom are added. A static elastic
analysis would appear to predict the damping with sufficient accuracy.
The truncated, completely elastic airplane model gave good correlation
with flight test data for the Dutch roll mode. The static elastic repre-
sentation tends to overpredict the amount of damping present, but the
difference is considered unimportant.

The equivalent elastic handbook as developed in app. B for the lateral-
directional modes is incapable of accurately predicting the dynamics.
Lifting surface aerodynamic methods are not mechanized at the

present time for predicting the lateral-directional stability derivatives.
Handbook techniques and wind tunnel data were used almost exclusively
to generate the rigid stability derivatives.

Approximate expressions for frequency and damping are accurate
enough for some configurations for the Dutch roll mode; however, since
these formulas tend to be unreliable, characteristic equation methods

are recommended.

10.2 Recommendations

10.2.1 Longitudinal dynamic analyses. — For longitudinal dynamic stability

analyses within the scope of the various stages of airplane development, the

following procedures and improvements are recommended.

@

(@)

Preliminary Design: Use small perturbation-type programs or approxi-
mate techniques utilizing wind tunnel or lifting surface derivative data
as available and supplement with handbook data. A mechanized,
analytical approach to generating rate derivatives (C}m&, Cm @ CLq,
etc.) in conjunction with the current lifting surface methods would be

an invaluable tool. A rigid or equivalent elastic analysis of this type
should be adequate.

Product Development: Use wind tunnel data supplemented by handbook
data plus elastic increments/ratios determined by using lifting surface
methods. Here again, a more detailed mechanization of lifting surface

derivative methods is desirable. An analysis using dynamically

28:
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{ participating elastic modes should be accomplished in order to ascertain
' what is an "adequate'' mathematical model. Addition of the effects of
elastic modes to the time history (nonlinear aerodynamic data) capa-
bility would generate another invaluable tool. N
(3) End Product or Flight Test: Use the same analysis as in (2) above.
Here, however, it would be very desirable to incorporate the "corrector
matrix" technique* of app. B into the additions already mentioned in
(2) (that is, mechanization of more sophisticated derivative and

coefficient techniques and the capability of accounting for dynamic modes).

10.2.2 Lateral-directional dynamic analyses. — For modern, transport-

type airplanes, the proximity of lateral-directional dynamic stability boundaries
and characteristics and their sensitivity to both aerodynamic and structural
representations demand more sophisticated analytical techniques. It appears
that nothing short of the capabilities available or recommended for longitudinal

analyses (lateral-directional lifting surface methods) will suffice.

*The corrector matrix technique utilizes experimental data to modify aerodynamic
influence ceefficients generated using lifting surface methods to account for
nonlinear aerodynamic effects.

» ‘.um..;‘\
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