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ABSTRACT

Thomson's classical theory for the calculation of ionization cross sections
in electron-atom encounters is applied for calculating the ionization
cross section for atom-atom collisions. A very simple formula is obtained
permitting a rapid calculation of the total ionization cross sections as

a function of the kinetic energy E, and the mass mg of the ionizing atom,
and of the binding energy E; and tﬁe number £; of equivalent electrons

in the electronic shell to be ionized. The formula is in good agreement
with quantum mechanical calculations and with experimental results. It
can be applied to ionization from grounc ind from excited states. From
this formula one obtains an expression for the rate coefficient for
ionization in the center-of-mass system of the colliding particles. Then,
the method of detailed balancing is applied to calculate the rate coef-
ficient for ion-electron three-body collisional recombination with a
neutral atom acting as the third body. This latter formula is applicable
to recombination into the ground and into excited states.

INTRODUCTION

In plasma physics, only collisions of electrons with heavy particles
(atoms, ions) are examined in calculating ionization and recombination
as a rule. This is a limitation that is actually only permitted so long
as the plasma is located in local thermal equilibrium or in the general
case a high degree of ionization x(x > 1%) is attained so that reactions
with neutral particles play only a subordinate role. 1In the case of
non-thermal plasmas, however, there are many cases in which collisions
of heavy particles with one another are able to influence ionization and
recombination considerably. This is always the case when the reaction
rates ngnya<ov>,_, become comparable or larger than the reaction rates
ngne<ov>g-g. Here ng, ne denote the particle numbers of the heavy par-
ticles and the electrons respectively, <ov> the coefficients of reaction.
The case ngnglovdg_gq > ngneov’,_, occurs when

ng ® ng ng 2 ne
Tq = Te Tq >7T e
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where T denotes the temperature. Practical cases in which these con-
ditions are fulfilled occur, e.g., in plasma experiments with small
degrees of ionization (x < 1%) or in the plasma impurity [inclusion]
in magnetic configurations (7; = T4 > T.).

In order to be able to examine the influence of heavy particle collisions
on the state of the plasma, the corresponding effective cross sections
are necessary in the region from a few electron volts to kiloelectron
volts, i.e., both for the ground state ara for the excited states.

The heavy particle collisions have not been quantitatively examined to
date at all in the calculation of noa-thermal plasmas. The essential
reason for this might be that no reliable effective cross sections are
known. The present experimental and theoretical data are extraordinarily
sparse and partially contradictory. Experiments exist for He-He, He-Ne,
and Ar-Ar atom collisions as well as for N,-N; molecule collisions.

There is already in existence more material for the ion-atom collisions
since the experiments are more easily performable.

Here we shall confine ourselves exclusively to atom-atom collisions.
Quantum mechanical calculations exist only for H and Ar. To date there
is no formula that makes possible a rapid estimation of the corresponding
[appropriate] cross sections. Indeed, Russek and Thomas [ref. #1] have
attempted to develop a purely phenomenological theory for the ionization
process, however, it is to be coordinated so particularly to the atomic
configuration that a general analytical expression is not possible. 1In
this theory the ionization process is conceived as a two-step process.

1. When the two atoms approach one another, their atom shells meet one
another in an electrostatic reaction. One part of the kinetic energy

of the atoms is converted into internal energy of the electrons by
"friction." This energy is statistically distributed among the elec*rons
of the outer shell. 2. Then, the possibility that an electron acquires
more energy E - than corresponds to the ionization energy E; of this
electron in its special shell is calculated on a statistical basis.

When E > E;, ionization occurs.

The ionization mechanism is regarded as an "evaporation of electrons"”
from the atomic bond. This theory based on classic considerations was
further worked out in two other works [ref. #2,3].

With respect to the excitation of electrons in atom-atom collisions,
Firsov [ref. #4] has developed a similar theory in which the impulse
transfer [momentum] from the colliding atom to the electron shell is
calculated.

A classic theory was developed by Gryzinski [ref. #5,6] for the ionization
cross section on collision of an electron with heavy particles; this
theory has led to the expression of the ionization cross section in an
easily plottable formula. Only a classic theory of scattering with
1espect to the laboratory is mentioned for atom-atom collisions [ref.#6].

In full generality, the ionization in atom-ato i1 collisions can only be
treated within the framework of quantum mecharics. Bates [ref. #7],
however, expressly points out that in the pra:tical performance of cal-
culatiors so many approximations and omissiors must be introduced that
the accuracy of the calculations is considerably affected. In particular,

P <
&«3 pﬂ'/ /7 ;Jrans/&h’o’u - 19711 GALWAY AVENUE - GARDENA, CALIFORNIA 90247 — Telephone: (213) 321-0881

2

it




S A e e e i i e

one encounters difficulties that are hardly overcome in the region of
small kinetic energies. These difficulties increase all the more for
heavier atoms.

Considering this situation, therefore, it was attempted to cbtain an
analytical expression which on a simple basis makes it possible to
calculate according to size the ionization cross sections for atom-

atom collisions, can be used for all atoms, and leads particularly to

an expression of recombination into the excited states in dense neutral
gases. Since the velocity distribution in the center-of-mass system

is to be used for the calculation of the rate coefficient for ionization
ov>4-4, it is practical to relate the ionization cross sections to

the center-of-mass system.

ATOM-ATOM COLLISIONS

We consider two atoms A° of mass my which can be in the ground state
and when colliding lead to an ionization of one atom corresponding to
the reaction:

A + 4° > 4% + 4% + ¢ (1)

With respect to this process, quantum mechanical considerations [ref.
#7, 8] lead to the following three general expressions:

(i) At very high kinetic energies Eg; of the colliding particles, the
effective cross section decreases in proportion to 1/E4.

(ii) For kinetic energies that lie at or below a certain threshold,
the effective cross section is equal to zero.

(iii) The maximum of the effective cross section lies at an energy Eg4
which is larger than the energy E.,, where the maximum of the corresponding
effective cross section of the electron-atom collision is located, by a
factor from maA/2mg to myg/meg, relative to the center-of-mass system.

These three expressions immediately suggest transfering the method of
calculation from the ion cross section for electron-atom collisions
mentioned by Thomson [ref. #9] to atom-atom collisions. If Thomson's
result has already been used, then it is enough to transform his
equation and the threshold energy into the center-of-mass system of
heavy particle collisions.

If the kinetic energy of the electrons Ep is introduced in [into] units
of the ionization energy E;, where U; = E,/E;, then Thomson's formula
with Elwert [ref. #10] can be written as follows:

Hy\ 2
a,_,=4nag_(%) ég-gb‘rl—, (2)
where Ef = ionization energy of a hydrogen atom (13.58 eV) and £; = the
number of equivalent electrons in the shell to be ionized with the ioni-
zation energy E;. For excited states, £; is to be set at 1. The ion=
ization threshold is at E, = E;. The energy dependence of 0,_, is

shown in Figure 1. The maximum is at E = 2E;.

In the transformation from electron to atom collisions, first to be
examined is the fact that the threshold is not at E, = E; as in ele >tron
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ccllisions, but at £, = (M + M)E;/M = 2E;, since in collisions the
energy Elabor m/(M + M) is first transfered to the quiet atom and only
the remaining amount that is then still above 2F; is available for ioni-
zation. Below, the kinetic energy of the atoms with respect to the
center-of-mass system is understood as E;. If the new variable (£, - E;)
is introduced, then the threshold of the ionization cross section as a
function of (E,; - E;) is at E;. With introduction of dimensionless
energy variables W; = (E; - E;)/E{, the threshold is put towards [along]
Wi = 1. The variable W; thus plays the same role as U; in electron

collisions.
For the energy transfer to the electron bound in the atom, there Is only

available the excess quantity AEg/E; lying above the threshold W; =1, so

as in electron collisions for the ionization, only the energy excess
AEg/E4 that lies above the ti.reshold U; = 1 can be used for the ionization.
Hence, U; and W; can be written as follows:

U; = (E; + MEg)/E; and W; = (2E; — E{ + AEG)/E;.

1 I,.,.., -—._I_.__-, -~ —— .[—.-.-«.‘—I—.._—-—
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Fig. 2. Reduced effective cross
sections for atom-atom collisions,

equation (5)

Fig. 1. Energy dependence of
Thomson's effective cross section
after equation (2)
Due to the unfavorable mass ratios mgp/(my + meg), Ui and W; are identical
with respect to the energy transfer to the bound electron when
AEgmg/(mg + mg) = AEgmeg/(mgy + mg). This leads to the following relation-
ship between U; and Wq:
2m,

U=t o Fm, D) 6}
Insertion into equation (2) and reduction of the effective cross section
to mass my of the hydrogen atom yields the following formula for the
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total ionization cross section for atom-atom collisions:
— e -

o, =4 al ([',’)2 A o Wi—1

RO Ty S g em, [ N T 4)
" akmg [“__ 2m, "(W.-—l)] (
gf-m,
The function
W,-1
h, ., =—---- é ,l___-__.. ey

me 5
mg €l = o]
[l . my-+m, W 1)] (3)

can be designated as the reduced effective cross section. The curve

of this equation (3) is reproduced in Figure 2. It satisfies the three
quantum mechanical expressions above. This is of course just an accident,
it may be mentioned, however, that the original Thomson formula equation
(2) is in contradiction to the quantum mechanical calculations inasmuch
as it deals with electron-atom collisions. However, it proves to be

true for atom-atom collisions (forbidden dipole transition).

According to its derivation, equation (4) should be utilizable for all
atoms. We now compare th= numerical values with the currently known
« ffective cross sections.

Figure 3 shows this comparison with the values calculated from by Bates
and Griffin [ref. #11] for hydrogen. Curve 3 refers to the case in which

excitation of the neutral atoms still occurs in addition to the ionization.

Curve 2 shows the effective cross section for ionization without change
of the configuration of the neutral atom on *he right side of reaction
(1) . The maximum deviation of the curves from one another amounts to

approximately 40 per cent.

Figure 4 shows the comparison with experimental data for He. Curve 2—
the measurements by Hayden and Utterback [ref. #12], curve 3—the values
of Solov'ev et al. [ref. #13], see also [ref. #12]. The agreement of
equation (4) with the experiment is surprisingly good. The maximum
deviation of the curves amounts to approximately 30 per cent, generally
it is less.

Figure 5 shows the effective cross section for the collision of two

argon atoms. Curve 2—the quantum mechanical results by Rosen [ref. #14];
curve 3—the measurements by Rostagni [ref. #15] (see also [ref. #12]);
curve 4—the experimental results by Hayden and Amme [ref. #16]. The
measurements by Afrosimov et al. [ref. #17] are shown in curve 5. The
experimental values show considerable discrepancies which are especially
pointed out by Hayden and Amme. The numerical values of equation (4)
(curve 1) are not in contradiction with the experiment, however, they

do lie partially above and partially below the measured values.

Of course, measurements for N, do exist. In this case the following
should be inserted into equation (4):

E{ = 15.6 eV; E; = 23 = 6; my = 28-my.
The values calculated from equation (4) are reproduced in curve 1 of

Figure 6. Curves 2 and 3 are measured values of Amme and Hayden [ref.#18].
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Fig.3. Effective cross section for
hydrogen in ground state, curve I
after eq. (4) with £; = 13.58 eV,

£€; =1, mg = my. Curves 2 and 3
after [ref. #11].
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Fig. 5. Effective cross section for

argon in the ground state. Curve I
after eq. (4) with £; = 15.77 eV,
E; = 6, mygy = 40my . Curves 2-6

after [ref.# 12-17].
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Fig. 4. Effective cross section for
helium in the ground state. Curve !/
after eq. (4) with E; = 24.48 eV,

€1 = 2, my = 4mg. Curves 2 and 3
experimentally after [ref.#12] and
[ref. #13] respectively.

Below 15.6 eV ionization may no longer
occur. The authors explain that the
measurements points of curve 3 are
probably caused by rapid metastable

ﬁt molecules which originate in the
production of neutral particles in
the charge-exchange chamber corre=-
sponding to the reaction

NE + N, » N¥ + N?

Ny + N3
Curve path 3 is then to be considered
as a partial ionization cross section

for the excited metastable ﬁ? molecules
and tends toward a threshold line at
lower energy values. According to
these authors [ref. #18] only curve
branch 2 comes into question for the
ground state of the N, molecules.

The numerical values of equation (4)
agree with it.

According to the present state of our
knowledge, equation (4) can be con-
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sidered a useful formula for estimating the effective cross section.
It is quite simple to use. If the atom to be ionized is located in a
hydrogen-like state of primary quantum number n and the colliding atom
in the ground state—ocr conversely—, then the effective cross section
assumes the even simpler form

g,.,=8magn ki
g8 9 my I 2m (6)

where m, compared with my was omitted in the denominator.
15 Equations (4) and (6) might correctly

L e e [

P reproduce especially the energy de-

® pendence at small energies, thus

there wheve the quantum mechanical

e calculatiuns and the experiments have

the power to make only inaccurate

data. This is, however, just the

energy region important for plasma

e physics. One may expect no details

such as, e.g., discontinuities in

the effective cross section from

J e equatica (4) or (6). This is also

L e T i by no means required for plasma
physics and particularly for plasma

spectroscopy since it must be inte-

20) grated over the velocity distribution

I | in order to arrive at the actually

important value, i.e., the reaction

coefficient as a function of the

20 | : temperature. In this integration,

b N M % R all units of the effective cross

15.6 &V section are again lost.
(Fa-l:,l CENTER -OF - MASS SYSTEM — =

I
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Fig. 6. Effective cross section for
nitrogen molecule N, in the ground

state. Curve 1 after eq. (4) with

E; = 15.60 eV, &€; = 6, my = 28 my.

Curves 2 and 3 after [ref. #18].

RATE COEFFICIENT FOR IONIZATION

In plasma physics, the rate coefficient for ionization ‘ov>4.4 is needed.

It is attained through integration of the effective cross section over
the velocity distribution f(v)dv. In the center-of-mass system it holds
true for like particles of mass mpin the case of a Maxwell distribution

that

t 2
Nl ) o1 _myv (7)
J()dv 47!(2"“.) v cxp( 4’(-7—,-) dv,
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and for the reaction coefficient it follows that

{O0), o= j'o G.-af(V)dv,

v=2u

where v = 2v; is to be taken as the lower boundary. This integration
was performed on the IBM 360/50. The rate coefficient for ionization

can then be written as follows:

Ef\? { kT \} m,-m
\ kY 2('_‘1‘) (_“ __) e e Ay 1, 8
(0070 i E nig ) my(m,rm,) Fa (). (8)
The dimensionless function ¥my(w;) is shown in the table as a function
of the dimensionless variables w; = E;/kT for three different masses of
my. It can be approximated by the following expression in the region

0 € w; S o

/) & (D. .
]!I'J((')I) "l‘._(‘ o 2‘)"—[;‘ " z‘pr("U)i). (9)
] (/nr‘,~|-;n,,j‘m|.')
Since eq. (4) should also be valid for excited levels, this of course
occurs for the function Y. For highly excited levels, E; becomes very

small. and E;/kT can fully reach the order of magnitude from 10°° to 10°°.

= VRT Wy ()

ny gy my =y, my0my

1.0,--6 1.68, 0 273, | 2.08, 3

1.0, -5 1.68, 1 273, 2 2.36, 4

1.0, -4 1.67, 2 240, 3 1.86, 4 Table. The function ¥pm, (w;)

1.0,—3 9.15, 2 1.86, 3 199, 3 .

10, --2 196, 2 198, 2 1.98, 2 for different masses of my.
1.0,—1 189, 1 190, 1 1.90, 1

10, 0 1.10, © 1.10, 0 110, 0

20, 0 2.70, -1 2.70,—1 , 2.70,—1

40, 0 2.74, -2 2.74,—2 2.74, -2

6.0, 0 3.30, ~3 3.30, -3 3.30,—-3

80, 0 4.19,—4 4.19, — 4 4.19, —4

10, 1 5.44, -5 5.44, ~5 5.44,~5.

12, 1 7.16,—6 7.16, —6 7.16,—6

14, 1 9.50, 7 9.50, —7 9.50, 7

16, 1 1.26, -7 1.26,—17 1.26, -7

18, 1 1.69, -8 1.69, -8 1.69, — 8

20, 1 226, -9 2.26, —9 2.26,—9

25, 1 1.49, — 11 1.49, — 11 149, 11

30, 1 998, -14 998, —- 14 .98, — 14

15, 1 6.66,-16  6.05,—16 6.6, —16

40, 1 446,--18 446, —18  4.46,—18

50, | 200,—22  200,—22  200,—22

60, 1 9.04,-27  9.04,--27 9,04, =27

70, 1 4.08, - 31 4.08, 31 4.08, —31 -

80, 1 1.84, =35 184,—35  1.84, —35 Read: 2.74, -2 = 2.74:107%, etc.;

9.0, 1 837,-10  837,--40 837, -4 g

10, 2 319, —44 379,44 3.7-),—42 my is the mass of the H atom.

12, 2 .79, —53 1.19,—53  7.19,—-53

14, 2 1.60, — 61 1.60, — 61 1.60, — €1

15, 2 7.27,-- 66 127,—66  7.27,—66

16, 2 329,-70  329,—70  3.29,—70

1.7, 2 1.49, — 74 149, =74 149, —74
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RATE COEFFICIENT FOR RECOMBINATION

The rate coefficient for ionization equation (8) now permits the cal-
culation of the reaction rate nyngn,*Q,_, for the three-body collisional
recombination in dense neutral gases

s
A* + 4% 4+ ¢ » A% 4+ 2* (10)

where A* can denote an atom in the ground state or in an excited state.
For the reaction A*+e+¢ » A*+e analogous to reaction (10), the reaction
coefficient Q4-4 has long been known.

This is not yet the case for reaction (10). If the method of detailed
balancing is applied to the two processes (1) and (10), then the following
formula is obtained for the recombination of an electron into a level

with ionization energy F; and statistical weight g;:

n?

o my-l-m, i ol 0o
Qu«a ( A ) "("Z—;z"k_,i:)T<av>a—acxp(hl/kl)t (11)

28, \ mym,

where g* is the statistical weight of the ground state of ion A%.
[weight = specific density] i

In equation (11) the exponential factor is made prominant owing to
Cov>g-q ~ exp (-E;/kT). The term <ov>4.4 is the expression given by
equation (8). It is seen that in the case ng » ng the three-body col-
lisional recombination following reaction (10) can be more important
for excited levels than the normal three-kody collisional recombination
in which an electron acts as a third particle. The population numbers
of the highly excited levels then align themselves along the neutral
particles and not along the electrons.

VALIDITY BOUNDARIES; POSSIBILITY OF MULTIPLE COLLISIONS é

In a weakly ionized gas (n, = n4+ < ng), the mean disgance po of two
neutral atoms A° in the ground state is given by 4mpong/3 = 1. The
two-bcdy collisional ionization (reaction (1)) of an excited atom in
the n-th Bohr orbit through collision with an atom in the ground state
is thus only prevalent so long as—in the classic Bohr pattern—the E
corresponding sphere with radius aqon? is still less than p,. The same
thing is true then for the three-body collisional recombination fol-
lowing reaction (10). Thus, it further follows that with respect to
ionization and recombination, equations (6) and (1ll) are prevalent only
for such levels n for which the following inequality is true:

¢
n.2<~!—(~~3—) , (12)
ag \4nn,
If aon? becomes very much greater than p,, then multiple collisions of
higher order, e.g., following the reaction
A + A% (n) + A° 2 A% + AY + e + A (13)
or more generally cooperative effects must gain in significance. The

probability for these reactions at a given density n, is a function
of the quantum number n. These collisional probabilities have not yet

< ,
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been investigated to date.

In this connection it may be mentioned that Fiichtbauer et al. (for a

summary, see e.g., Drawin [ref. #19] determined the scattering cross

section for electron-atom collisions at very low energies by the fact
that the widening and displacement of spectral lines was investigated
for which the following condition was true:

2. ml,_ 3 \¢}
> (m:) (14)

It would have to be passible to comprehend the =ffect of the reaction
probability or recombination in multiple collisions in a modified
experiment through measurement of the absolute intensity of a high
number of terms as a function of the particle n,, when a weak, but
measurable ionization is maintained simultaneously in the gas.

I thank Miss Lombard for the programming of the function Y.
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