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PREFACE

At the earth's surface the geomagnetic field drifts slowly west-

ward with time. This .'rift has been observed for the past three cen-

turies. It suggests that the earth's central core, the seat of the

earth's field, rotates more slowly than the solid c;iantle and crust

above.

The present stud y is one of a series intended to improve predictions

of the strength of the geomagnetic field and predictions of the field

patterns -- both of which dominate the distribution of the earth's

radiation belts. The studies should also assist in the estimates of

magnetic fields of other planets. Other recent RAND studies in this

serif; include FM-5191-NASA, Westward Drift of the Geomagnetic Field and

its Relation to Motions of the Earth's Core; I 1,M-5192-NASA, Nature of

Surface Flow in the Earth's Central Core; and RM-5193-NASA, Comparison

of Estimates of Surface Fluid Motions of the Earth's Core for Various

Epochs.

This work was supported by the National Aeronautics and Space

Administration. The author is a graduate student in the Department of

Meteorology at the University of California, Los Angeles, and a con-

sultant to The RAND Corporation.
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RELATION OF THE WES	 DRIFT OF '."HE GEOMAGNETIC FIELD

TO THE ROTATION OF THE EARTH'S CORE

ADCTDA/`T

The concept of equating the drift of the geomagnetic field with

a similar drifting, motion of the earth's core is examined. The drift

of :he field at the earth's surface and at the core is calculated, and

the two values are shown to be considerably different. Analysis of

the portion of secular change remaining after westward drift effects

have been removed is used to provide an estimate of the error in the

drift which results from equating the drift of the field to that of

the core. On this basis the best estimate of the westward drift of

the core for e?och 1960 is found to be 0.13 degrees per year, with an

estimated error of ± 0.030 /yr. This drift is considerably smaller

than the values usually cited for the core's rotation, such as 0.18 de-

0	
grees per year obtained by Bullard and others, based mainly on charted

differences in sijrface data.
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1. INTRODUCTION

As early as 1692, Halley noted that the positions of isogonic lines

on magnetic charts moved westward at about 0.50 /yr. Bullard et al.

(1950) determined the apparent shift of the field along circles of lati-

tude between the years 1905.5 and 1945, and found a resultant average

westward drift rate of 0.16 0 /yr. Vestine (1952) estimated the

westward motion of the eccentric dipole at 0.29 0 /yr. Yukutake (1962)

performed a detailed study of the latitudinal and longitudinal dependence

of the westward drift and found that most of the secular change could

be accounted for by the drift. Using the Y-component of the magnetic

field, he found a mean westward drift of 0.20 0/yr. Yukutake (1967) has

also recently indicated that an average value of about 0.36 0 /yr. may

apply over the past thousand years or so.

Halley remarked that the earth's core appeared

than its surface. Later workers have inferred that

related to a westward motion of the electrically co

the surface of the earth's core.

A knowledge of the rate of westward motion anJ

c} ;es with time is of special interest because it

physical features of the core as well as the nature

to rotate more slowly

the d r aft is directly

nducting fluid at

of hou this rate

may enable us to infer

of the magnetic coupling

of the core to the mantle, which ,just above the core has an electrical

conductivity estimated to be about 10 -3 that of copper (Currie, 1967).

According to the model of Bullard et al. (1950), the electromagnetic

drag of currents induced in the mantle by differential rotation of the

core and mantle is offset by a driving torque due to interaction of the

main dipole field with toroid.l field diffusing out from beneath the

core surface. The westward drift should be proportional to the strength

of the toroidal field within the core. Changes in the wstward drift,

if they are indicative of c<ianges in the angular momentum of the en-

tire core, will point to an imbalance of the driving and dragging

torques, which may result in a measurable change in the rotation of

the mantle (Vestine, 1952).

Lowes (1967) has shown that the calculated drift of the geomag-

netic field does not accurately represent the rotation of the core.

^1y ,.^. A .	 ',
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There is a significant large-scale component of secular change which

cannot be represented by a simple drift, and this circumstance introduces

an uncerLainty of perhaps ± 0.08 o /yr in relating the drift of the field

to Ohe rotation of the core. Lowes conclude.' that small changes in the

calculated value of the field drift should not be interpreted 3s changes

in the rate of rotation of the core.

In the present paper, it will be shown that we may considerably

reduce the uncertainty in determining the rotation of the core by making

more effective use of the higher-order harmonics of the geomagnetic field

in the calculation of drift. This drift is calculated aL the earth's

surface and at the core by the usual method of minimizing the residual

secular variation, and is also calculated by a method which treats the

field harmonics in a statistical sense and tends to minimize the

difference between the calculated field drift and the rotation of the

core. 't will be seen that the drift of the field at the surface of

the earth is likely to be only roughly representative of the rotation

of the core.

In order to discuss these mattes mo p e fully, we first consider

the westward drift of magnetic fields at the surface of the core in

relation to motions of the core fluid.
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II. CORE "LOTIONS AND FIELD DRIFT

Within the core, the time rate of change of the magnetic field is

determined by the equation (Elsasser, 1946)

^B	 1	 2

at	 V x (v x B) + 470 V B	 (1)

a

where o is the electrical conductivity of the fluid. In the present

paper it is first assumed that a is large enough so that the diffusion

term 1/4ra 7 2 B can be neglected. Secondly, the velocity at the core

surface is assumed to be composed of a simple rotation about the earth's

geograptic axis, plus additional iandom motions. Tile shortcomings of

these assumptions will be discussed in Section V. It might be noted

here, however, that these assumptions cannot account for the facts

that the dipole part of the geomagnetic field tends to align itself

with the earth's axis of rotation and fails to drift as rapidly as the

nondipole field.

The following considerations may thus be best applicable to the non-

dipole field. Using spherical coordinates (r,e,a), we can write the

horizontal components of the velocity as

v X = wb sine + v^

(2)

v  = vg	 J

where v' is the random component of the velocity, b is the radius of the

core, and w is the rate of rotation of the surface of thr core with

respect to the solid earth. The radial component of Eq. (1) at the

surface of the core (where v  = 0) becomes

aBr 	 aBr	 Br	 a(sineve)	 avI	 v,) aBr	v,	 aBr

at + w as = - b sine ae	 + as - b ae - b sine as

(3)

L ^Y	 t	 ^r:.•L.k r	 _.a.^
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Multiplying by aBr/aa and integrating over the surface of the core

yields

aB 3 	 /' a 	 2

at r aar da +
	 /	 ai r da

s	 Js

(	 Br	 a(sin @vg)	 ay..	 ve 
3B 
	 v^	 aBr aBr

1 h Sin@	 38	 + ax/	 b ae	 b sinO aA	 ax da.
s I

(4)

The "randomness" of v', which has not yet been defi-ed, will be inter-

preted to mean that v' and Br are independent in a statistical sense,

and that the mean values of v' and vQ at all points are zero. Because

w may change significantly from epoch to epoch, "mean" cannot be taken

as a time average, but rather must be taken as the average over a statistical

ensemble of earth cores, all of which have the same w(t). Under the as-

sumption of independence, the mean value of the product of a functior. of Br

and a fun%tion of v' will be equal to the produce of the mean values of

the functions. If we take the mean value of Eq. (4), we see that the

right-hand side become3 zero, and thus

aB aB

	

r	
r da

s at a):
W = -	 -	

(5)

aB 
2

1( ax
r da

S 	 )

where the bar over a quantity denotes a 7:can value.

An exact calculation of w from Eq. S is impossible, as we do not

have a full ensemble of earth cores to measure. However, in Section III

an estimate of w is obtained by not taking mean values	 An

estimate of the error incurred is made in Section Iv.

t
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III. CALCULATIONS OF THE WESTWARD DRIFT

Lowes (1967) has shown that the usual methods of determining the west-

ward drift are equivalent to a least-squares fitting of 3H/3t to w aH /aa

over the earth's surface, where the nondipole parts of the magnetic

potential, V, and of the three components of B have variously been used

in place of H. This method can be outlined as follows.

A quantity U(A,a,t) defined on the surface of a sphere will have

a time variation U which can be divided into drift and nondrift com-

ponents. Letting W  be the eastward angular drift rate,

	

_ _ 	 au
Udrift	 WU as	 (6)

U	 = 3U + W
 au	

(7)

	

nondrift	 at	 U ox

W  can be defined so as to make the integral of 
[U nondrift ] 2 over the

surface of the sphere a minimum. Then

2

dW I I a t 
+ W U 

aU 
^ da = 0

U s

which gives

(	 aU ;U_
da

	

^S	 at a,\	 (s)
WU	

sU 
2 d

	

fs	
(aa)

If we place U rz B r at the core, then comparison with Eq. (5) shows

WB(r = b) to be an estimate of w. It will also be of interest to

investigate the significance of W when B
r 

at the surface of the earth

is used, and when the magnetic potential V is used instead of Br.

i
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The spherical harmonic e>,,pansion for V is

n	 n+1
V(r,4,a,t) = a y	 y	 (r)	 gn(t) cos mX + limn (t) sin mA Pn(cos e)

n- 1 m=0
(9)

where a is the radius of the earth and I'm is Schmidt normalized. If
n

the conductivity of the earth's mantle is small enough, the geomagnetic

field can be represented by this potential function down to the surface

of the core. Using (8), with U replaced by the series expansion of V

in (9), we obtain
M

on	
ncc	 1	 a 2n	 m	 m m '11

F=1 m=1 2n + 1 (r) 	
m(;nhn

 - ^ngn/
WV

c	 _ 1	 2n m

2( 
gm2 + hm2

G	 2n+1 C
a
r)	 n	 n)

n=1 m=1

The series expansion for B r is

CO
cc
	 n

c
	n+2

B r 	 Dr	 G	 L	 (n + 1) r )	 (gn cos mX + h  sin ma 1 Pn
n=1 m=0 	 `	 /

and its drift rate is

mm .mm
n. gnhn - hngn /

m? m2 + hm2
(gn	 n )

It is seen that the expressions (10) and (12) for WV and W  are simi-

lar in form, but that (12) places more emphasis on higher-degree terms,

owing to the factor (n + 1) 2 . It is also seen that the calculated drifts

WV and W  depend on r. In order to demonstrate the nature of this r-de-

pendence, we shall examine the drifts of different components of the field.

^^.,	 y	 .fit r,R ^ ^ 1 ^ . ^► .
t

--.'.^i _^:.ew^"	 x}^`i,t~t^~'''',•^^	 s^i:R .,..:^s:3^:di^i^.r:..:-_n.._.•,,..
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Tile mean drift ni all harmonics of an individual degree n can be

found by setting all g m 's, hm 's, gm 's and fim 's equal to zero except those
n	 n	 n	 n

of the degree under consideration. This drift, w(n), is the sa ge wh,-ther

(10) or (12) is used, and is independent of r:

n	 1m lgmhm - Fimgm /
n n	 n n

w(n) _ _ n
=1	 (13)

C m2 (gm2 + hm2)
m=1

n	 n

In order to obtain quantitative relations showing w)-:ich degrees of V

or B r are most important in determining the drift of the total field at

different values of r, we can define weighting factors i U (n) so that

WU =	 iU(n)w(n)
n

where

Y i U (n) = 1.
n

It is seen from (10) and (13) that

1	 a 2n c m2 m2 + hm2
2n + 1 (r)	 m=1
	

(
g n 	 n

iV (n)	 2k k

E
1 a	 2 m2 m2

2k + 1 ( r )	 ^=1 
m (gk + hk )

k

and from (12) and (13) that

(n + 1) 2 	 2n 
n m

7_ gm2 + hm21
2n + 1 (

a-)
r 	 m=1	 ( n	 n /

i (n) _
B	 (k + 1) 2	 2k k

cc m2 gm2 + hm
2k+1 (`ra)	 C	 (k	 k

k	 m=1

(14)

(15)

(16)

(17)
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These weighting factors are not dependent on the secular change co-

efficients. The calculations below show that the series

a)

YiV(n) and Y	 iB(n)
n=1	 n=1

do not converge rapidly at the core, where in fact the values of both

i V (n) and i B (n) increase with n up to at least n = 6. Extension of the

calculations of tEe drift to higher values of n, however, would involve

increased error, cue to er rors In the measurements of the secular change

coefficients, and to a breakdown of the assumption that V and V can be

extrapolated to the core. Both of these effects become increasingly

important with higher n. The assumption is made here that the drift

behavior of field components up to n = 6 is representative of the

entire field.

Table 1 lists the values of i(n), w(n), and W calculated from the

data of Cain et al. (1967) for epoch 1960. The drifts are expressed

in degrees/year westward rather than radians/year eastward as in Eqs.

110),(12), and (13). Columns 1, 3, 5, and 7 are for the drift of the

total field, and columns 2, 4, 6, and 8 are calculated for the nondipole

field by leaving out from all summations the terms in n = 1. The

explanations of Aw and of column 9 are given in Section IV; the results

contained in Table 1 are discussed in Section V.
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IV. ESTIMATED ERROR

It was mentioned that the drift of the geomagnetic field at a given

epoch, as expressed in Eq. (8), is only an estimate of the drift of

fluid in the core, as expressed in Eq. (5). Lower (1967) pointed out

that because the features of the geomagnetic field at the earth's surface

are large-scale, the drift of the field may differ by a considerable

amount from the drift of the core. In this section, this reasoning is

extended so as to be applicable to the field at the core.

Consider again the function U, which may represent either V or Br.

Assume that Unondrift is random and statistically independent of U. We can write

(AWU ) 2 = ( W U - wl2 =
c iU(n) (w(n) - w) 2

n
(18)

where (AWU ) 2 is the mean square deviation of W  fron w. Writing Eq. (18)

in terms of spherical harmonic coefficients gives

	

n	 12

Z m 

I

Qm + inwhm )h	 - mwg

	

M - (fim	
m)gm

n	 n n	 n	 n n
(AWU)2 =	 iU(n) - m=1
	 n	

(19)
n	 Y m 2 gm2 + hm2

m=1	 ( n	 n )

But ( gm + mwhm) and (Em - mwgm ) are proportional to the spherical har-
p	 n	 n	 n

monic coefficients of 
Unondrift' 

Because of the randomness of Unondrift'

(
gm + mwhm 1(AM ,

, + m'whm ,^ 0 unless n = n', m = m'
n	 n //  n	 n

(fin - mwgn i (fin, - m' wgn,)= 0 unless n = n', m = m'
	

(20)

(
gm + mwhm ) (fim , -m'wgm ,)= 0 for all n, n', m, m' •

n	 n n	 n

r



m + mwhm^
A
m
 n

_	 1	 nc
2n + 1 L-0

2
+ hm - mwgm 	where hn 0.=

.n	

n)

n
^gn + mwhn^

m=0

+
 (

6 - mwgm 1
n	 n

-11-

Remembering also that Unondrift is independent of U, we can rewrite Eq. (19)

as

to

n

(AWU
)2 - 21 E I n

n m=1 	^'-1

2

U (n)mhn 	2
+ mwhm^

.j2 (g,2 + hj2	 n	
n

n	 n ^
(21)

2
iU(n)mgn

.^ n	 2	

2 +j2
L =1 i (gjn

	h  /j

	

/ m	 2
f Fi - mwg 

m 
1

	

n	 n

It is a consequence of the assumed isotropic randomness of U
nondrift

and of the Schmidt normalization of P m that
n

g02 =
l + wh1 2n	 (

A
n	 n)

	

= fi l 	w 1 2 = ... =

	

( n	 gn )

2

(A
n + nwhn
n	 n)

2
(h

n - nwgn1 n	 n^

(22)

Thus Eq. (21) becomes

2 _	 1 U (n)	 1
(nW )	 2n + 1U	 n	 C m 2 gm2 + hm2

m=1	
(n	

n 

d 

(23)

In analogy to the statistical theory of determining variance, it can be

shown that we may replace w by w(n) in Eq. (23) if we also replace the

factor (2n + 1) -1 by (2n) -1 , giving



+ mw(n)hm
n	 n

2	 iU(n)	
1 n

(AWU)	
n2 m2	 m2l 2n

m (gn + h	
m=0

n !
in =1

2
+(tin - mw(n)gn)

(24)

-12-

An estimate of (AW U ) 2 can be obtained by not taking mean values. If

we look first at the mean square deviation of w(n) from w, which is

obtained by setting one of the i(n)'s equal to one and all of the rest

equal to zero, it is seen that

n	 2	 2

L (.n +mw(n)hn)+ (tin- rlw(n)gm)

Aw (n) ] 2Zn mU 	n

	
(25)

m2 (gm2 + hm2
m=1	 n	 n

We can then write

[AWU ] 2	 iU(n)[Aw(n)]2.	 (26)

n

Equations (25) and (26) were used to calculate the values of Aw(n)

and AWU listed in Table 1. It is of interest to find a set of i(n)'s

which will make AW a minimum. According to statistical theory, these

i(n)'s, which will be written i o (n), are given by

io (n) _ (Awn)]- 2
[Aw(k) 1- 2

k

The val.ues of i. o (n), Wo , and AWo are listed in column 9 of Table 1.

_	 ..^.^ , s.F,c^;ai- , .. ^l^i1.^.. ^ i.^r.sx- •	 '^ ,r.,i • ter,, ^^ ^ ,^

(27)
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V. DISCUSSION AND CONCLUSIONS

Tile drift values of Table 1 show an encouraging degree of con-
	

w

aistency, in light of the simplicity

value obtained here for the drift of

surface, 0.1800 /yr, agrees well with

other workers, and the error in this

the estimate of 0.08 0 /yr obtained by

of the assumptions made. The

the nondipole V-field at the earth's

the drift calculated similarly by

case, 0.092 0 /yr, is similar to

Lowes. In Sections II and III

it was shown that the drift of the B r-field at the core appears to give

an estimate of the drift of the fluid at the surface of the core.

Accordingly, we would expect all multipole components of the geomagnetic

field to have the same mean westward drift. Combining the drifts of

the multipoles in such a way as to minimize error (column 9) is

believed to provide the best estimate of w (0.132 ± 0.027 degrees/yi).

This value agrees surprisingly well with the drift of the whole Br-field

at the core (0.127 ± 0.031 0 /yr), an agreement we would expect if the

simplified theory used were valid. The drifts w(n) of the individual

components of the field show a considerable spread, indicating that

nondrift motions in the core are im • 	 i.ant. However, all of the component

drifts except w(5) lie within Aw(n) of the value 0.130/yr.

Inspection of the weighting factors shows that the lower-order

multipole fields dominate the drift of the total field at the surface

of the earth, whereas the higher-order multipole fields dominate at the

core. Becaase w(2) is considerably larger than any other component

drift, and is weighted heavily in determining the drifts of

the nondipole V- and B r-fields at the surface of the earth, the drifts

of the nondipole surface fields are likely to provide too large an

estimate of w. The fact that the valueL of AW for these drifts are

large gives further reason for the exercise of caution in regarding these

drifts as accurate representations of the rotation of the core.

An attempt was also made to determine the time variation of the rota-

tion of the core by calculating 140 and W  (r = b) at different epochs.

The results were inconclusive, as the values obtained from the data of

different authors for the same epoch sometimes differed by an amount

comparable to AW. It is believed that these discrepancies arise

J
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because the errors in the higher-order secular change coefficients art

not random (see item. 5 below). For example, when the coefficients are

obtained from hand-drawn charts, which are subject to a certain amount

of smoothing, higher-order coefficients are likely to be biased towards

having small absolute values. Although this may tend to minimize the

magnitude of the error between true and given W ies of the coefficients,

the error is not random, and the calculated values of W are likely to

be too small. However, two features were noted in the drifts calculated

from the data of Vestine et al. (1947) for epochs 1912.5, 1922.5,

1932.5, and 1942.5. Firstly, the component drift w(2) was considerably

larger than all other component drifts at all epochs. Because 1.1(2)

dominates the nondipole field drift at the earth's surface, the non-

dipole surface field has probably drifted faster than the core through-

out this cen,.ury. Secondly, AW
n	 J

and l^W i,(r-b) are comparable to time

ci^^nges of Wo and lJ B (r=b), so that little can be safely said about

changes in the rotation of the core on the basis of these drifts.

The following possible sources of error in the determination, of w

from the drifting magnetic field might be noted:

1. Diffusion of the magnetic field within the core is probably

not entirely negligible, even though the electric conductivity is high.

In fact, it is a consequence of the high conductivity of the fluid that

velocity shears may produce strong distortions of the magnetic field.

These distortions may build up until diffusion tends to dissipate them,

in which case diffusion would not be negligible. If the mean rotation

of the core varies with depth, the drift cf larger-scale features of B

at the core surface, such as the drift of the dipole field, may tend

to reflect the average rotation over a certain depth, rather than the

rotation of the core surface alone.

2. The velocities in the core may be poorly represented by a

simple rotation with a superimposed random comperient. Because the B

configuration at a particular epoch has been determined by convection

(and diffusion) of field lines due to v', it is not unlikely that B

and v' show a certain degree of correlation. Furthermore, the Lorentz force

on the fluid, J x B, may tend to produce a velocity pattern which is re-

lated to the magnetic field. Both of these effects would be present if

A;V
t,
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hydromagnetic oscillations such as those suggested by Hide (1966) 'Ire

important in the earth's core. As with diffusion, this source of error

may affect larger-scale features more strongly.

3. Finite electrical conductivity of the mantle prevents the

magnetic field from having a force-free configuration, so that the use

of Fqs. (9) and (11) for V and B r within the mantle is not strictly

valid. The effect of a conducting mantle is to pa ► tly mask the more

rapidly changing (e.g., more rapidly drifting) components of the field,

resulting in a field at the surface of the earth which tends to drift

more slowly than the core.

4. Permanent magnetization of portions of the earth's crust will

produce a nondrifting component of the observed field in the higher-

order terms, also resulting in a calculated net field which tends to

drift .lore slowly than the core.

5. Errors in the given coefficients for the main field and, more

importantly, for the secular change field, will give rise to error in

the drift calculations. However, it can be seen that the effect of

random, error in the secular change coefficients will be included in the

determination of AW and will not produce a mean increase or decrease of

the calculated drift. Any errors in the data of Cain et al. (1967) appear to

be small eno-1-h to make only a minor contribution to AW. 	 a

6. Neglect of data for n % 6 gives rise to error in the calculation

of the drift of the total magnetic field, but any resulting loss of accuracy

is probably more than offset by the error which would arise from effects

3, 4, and 5 mentioned above. However, the former error may be important in

calculating the field drift at the core. For example, a termination

of the series at n = 5 gives W B (r = b) = 0.0990 /yr, as opposed to the

value 0.127 0 /yr calculated with terms of n = 6 included, and a similar

discrepancy could occur between the value 0.127 0 /yr and that for the drift

of the entire field.

The influence of the above-named sources of error, except 3 and 4,

is probably best minimized by calculating the drift in the method used

for W0 (column 9 of Table 1). The weighting factors for 14 0 are not

dependent on the choice of r, but rather are chosen to give most weight

to those degrees of n whose multipole drifts show greatest internal

consistency, i.e., whose mean-square errors are small, as is the case for
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w(4) and w(6) in the present calculations. Tlie value obtained for

A140 is probably somewhat underestimated, as it does not fully take into

account all sources of error listed above.

In most dvnamo theories of the geomagnetic field (for example, Bullard,

1949; Bullard and Gellman, 1954; Elsasser, 1956; Braginskiy, 1964;

Malkus, 1968), the westward drift is an important experimental parameter.

In the present paper it has been shown that the drift of the nondipole

field at the earth's surface may require reinterpretation in terms of

the likely drift patterns at the core. It is suggested that the value

used for the mean westward rotation of the fluid at the surface of the

core should he r . ;newhat less (about 0.13 0 /yr) than the usual value
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