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ABSTRACT

A complete programming and engineering level discussion of the various aspects of
digital filtering is given. Relations between analog and digital signals and systems are dis-
cussed for the instance where data is derived from analog situations. Limitations on simu-
lation of analog systems are presented. Various transform techniques are given and com-
pared. Linear, time irvariant digital filtrrs are defined, conditions for realizability given,
and forms of realization enumerated. A wide variety of synthesis methods for both recur-
sive, and non-recursive digital filters are given with advantages and limitations. Filtering
with the 2 component complex modulation is defined and complex filter synthesis methods
developed. Descriptions of basic statistical concepts are presented. Also discussed are
methods of statistical spectrum analysis and linear statistical function estimation. Num-
erous applications to digital systems are described. The modern fast discrete Fourier
transform is described in detailed and integrated, where applicable, into the text.
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PREFACE

This document, in two volumes, is the final report on the NASA contract NAS8-20308,
""Non-Linear and Linear Digital Filtering Techniques'. Volume I is devolted to the general
theory of digita! filtering and processing. Volume II is primarily a compendium of many
machine programs of techiniques developed in Volume I along with guidelines for proper usage.

A main intent of Volume [ has been the expression of the research under the contract
within a context that will lead to clarity for a relatively wide audience, not just those persons
who already have a basic mastery of the general subject. With this desire, certain conse-
quential constraints are placed on the contents. Mathematical rigor has had to be relaxed to
allow ideas to be grasped more easily; though with the present burgeoning and rearranging
cf knowledge cne might wonder if rigor quite deserves the attention that it often holds. Con-
siderable material that is relatively well-known and available elsewhere; such as transform
theory, elements of the thecry of Fourier series, and statistical concepts has been included
of necessity to make the presentation as self-supporting as possible.

Another basic approach in the development of this volume has been the emphasis on
linear digital filiers (diiference equations) and numerical processing as a subject worthy of
distinct treatmeit, a discipline by itself. With the wide utilization of modern digital com-
puters of high speed in the handling of large quantities of data, the rapid growth of digital
data transmission, and the impact of micro-electronic and integrated circuit technology on
signal and data processing, this is not an unwarranted attitude. Much of the work on digital
filtering may be found scattered in works on sampled-data control systems, numerical
analysis, and statistical estimation theory. Emphasis on digital filter theory and synthesis,
per se, has only appeared prominently in the technical jourrnals of the past decade. It is
hoped that the collection of pieces into one document wili provide a sum greater than that
of the individual pieces.

Central to the text is usage of the continuous Fourier, discrete Fourier, Laplece,
and z transforms to allow algebraic manipulation of various processes and  enable inter-
pretation of sampled-data filtering and processing in terms of frequency content and
spectral staping which often has more direct physical meaning than working in the "timz"
domain. V’hen dealing with sampled centimious processes, the '"bandlimited function
approach is used extensively.

Sorie original work is believed to be incorporated between the covers of this
book: modification of the z transform filter technique to include a usuaily ignored constant,
development of low-pass to band-pass and hand-reject transformations directly in the
digitai domain, development of digital quadrature (or ''complex") filtering relations paral-
lelling those for continuous processes, and synthesis of quadrature, or complex, filters
from analoz prototypes.

The fast discrete Fourier transform algorithm has been integrated into computa -
tional procedures, where applicable, to enhance their utility.

As much of the material has been used by the author in day-to-day practice for
many years it has been quite difficult to assign credit to particular researchers for many
of the techriiques used. A bibliography has been included. citing important techniques,
where the reader may look for further information on particular subjects.

Two topics of interest not included within the covers are recursive statistical filters
and data ard filter coefficient quantization and truncation effects. The tirst was not included
as it was somewhat outside of the scope of the book; the second is a serious omission and has
been caused by lack of time
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L INTRODUCTION

In the past few decades, the electronic digital computer has allowed the use of many
numerical techniques in the areas of analysis, problem solving, and data processing that
would previously have been impossible by dint of the sheer volume of numbers.

A class of problems to which the computer has been applied from its earliest versions
is the solution of linear systems of integro-differential equations which describe many
physical systems. Emphasis previously had been upon analytic solutions to analytic formu-
lations. Among the first uses of the computer was then, the computation of the values of the
analytical solutions to analytically formulated input processes; simply a calculator for well
known methods. Consideration was next givzn to solving a given analog system with the input
an arbitrary function given only by sampled values, usually equally spaced. Simulation of the
continuous system was essentially the aim.

Concurrently, physical system desighers were using digital data transmission and
reconstruction techniques along with analog and sometimes digital control systems.

As digital computers, both general and special purpose, have become more routinely
used by programmers, numerical analysts, and engineers for analysis, simulation, and
real-time control and processing, it has beeh recognized in wider circles that number
sequences, as such, can be processed by linear(and non-linear) operations using frequency
domain and transform techniques as can be done with analog functions. Transform tech-
niques have been used with sequences by theorists in probahility and statistics for quite
some time however (see Grenander and Rosenb’ :t, Statistical Analysis of Stationary Time
Series, 1967, Wiley). The ideas of filtering, bandwidth, snectral content, modulation and
de-modulation, and quadrature processing, etc., that are commonplaces in the analog
arena can be equally well applied to sampled sequences.

Not unexpectedly, the mathematical techniques for analyzing data sequences and
analyzing and synthesizing discrete systems parallel quite closely those for continuous
systems. z transformation with evaluation on the unit circle are the counterparts of the
Laplace and Fourier transformations.

The purpose of this volume is to gather the generally applicable theory and techniques
involved in discrete, or digital, data filtering and processing which can be treated by trans-
form techniques into a single document for consumption by programmers, numerical
analysts and engineers. Most material is specialized to linear, time invariant filters and
processes which do however have a surprising range of applicability.

A general description of the contents by sections will probably impart most easgily the
aims and purposes of this book.

Not illogicaily the following section, the second, discusses the various transforms of
functions found most useful; the Laplace, z, continuous and discrete Fourier transforms and
interrelationships among them. Miscellaneous relations involving prospective transform and
inverse transrform usage are given. Section 3 Is devoted to the various aspects of linear,

time iavariant digital filter definition, properties meaning, usage, and realization. Much
of the material uses the z transform form of the input-output relationship which is central

to most of the entire text.



An apparent digression is made in section 4 to present basic continuous integro-
differential system properties. How these systems act upon a bandlimited function produces
a numerical integration scheme with certain provisions. Fundamental problems in simulat-
ing a continuous system by a digital one are clarified. The need for this digression becomes
more apparent when digital filter synthesis is undertaken in later sections often using analog

system prototypes.

Sections 5, 6, and 7 primarily treat synthesis methods for digital filters. In Section
5 non-recursive filters, those without feedback, are discussed extensively. The general
relationship between digital filters and one-sided Fourier series, with attendent limitations
on synthesis of an arbitrary transfer function, is explored. Two basic transfer synthesis
methods are given, least squares fitting and exact fitting at arbitrarily spaced discrete
points by polynomial methods. Techniques to reduce the number of weights, or equivalently
to hasten the convergence of Fourier series, are given. Actual designs of non-recursive
bandpass and differentiating filters are included.

Section 6 is addressed to basic methods of generating recursive filters. Three
general classes of techniques are given along with limitations; conversion of a general
analog filter to a digital one, conversion of analog bandpass filters to digital bandpass
filters with similar characteristics and fitting to an arbitrary transfer function. Paren-
thetically, general stable low-pass filter to high-pass, band-pass and band-reject filter
transformations are given directly in the digital domain. Methods for overcoming some
limitations of the basic z transformation method of generating recursive digital filters are
given in Section 7. The bandwidth of the approximation region is extended considerably.
Data reconstruction methods are found useful in these endeavors.

""Complex' digital filtering is the subject matter of the 8th, 9th and 10th sections.
Digital filters with complex coefficients are examined in Section 8, and interpreted in terms
of the filtering of "marrow-band'" sequences which are shown to be capable of representation
in terms of a two component complex data sequence. The ninth section is a counternart, to
some extent, of Section 4. Digital filtering and numerical integration of a narrow-band
analog system, or simulation, in terms of the sampled analog signal components in complex
form is developed, along with limitations in the digital synthesis problem. Section 10
develops synthesis procedures for complex filters analogous to the methods of Sections 5,
6, and 7 for "real" filters.

Statistical considerations for noise and signals imbedded in ncise are focussed upon
in Sections 11 through 13.

A brief survey of needed probabilistic concepts i given in Section 11. Spectrum and
correlation definitions and relations for deterministic and statistical functions, and the effect )
of a linear, time invariant filter on 2 random function or sequence in terms of the input and ]
output averages and spectra for stationary processes are presented. Both continuous and
discrete processes are discussed along with relations between the stationary spectra when o
the discrete process is derived via sampling of a continuous one. {

Measurement of the statistical spectrum is discussed in'Section 12 by two basic
methods, the use of '"lagged products’ and the use of digital filters. Methods of gauging the
estimation accuracy in terms of resolution, statistical stability and data quantity are given. .-
Use of the fast discrete Fourier transform algorithm to minimize computation time for the
lagged product method is investigated.
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Section 13 is devoted to relatively standard, but important, non-recursive filters for
estimating a signal or some linear function of the signal, that has been perturbed by noise in
terms of a past, present, or future value. Two bacic representations of {he signal are
assumed. Most attention is given to the representation in which the signal is described by
a linear comkbination of known functions with unknown coefficients. This form of representa-
tion has the power of allowing practical signals to be represented arbitrarily well if a suf-
ficient number of functions are allowed in the basis set. The other form of representation
assumes only that the signal is known statistically in terins of the mean, auto-correlation
function and the cross-correlation with the noise. '"Weiner'" filters are obtained. Filters
derived under either signal representation are optimized with respect to a simple minimum
error variance criteria and no requirement is necessarily made as to stationary statistical
processes.

A relatively new tool, at least on a popular scale, is the fast discrete Fourier trans-
form algorithm described in Section 14. When the number of data points tc be transformed
is highly factorable into other integers a substantial reduction in computing time can be
obtained in comparison to methods used classically. In particular, four versions of the
algorithm are given when the number of data points is a power of 2.

Applications of the work of the preceding sections is contained within Section 15.
Most are counterparts of devices and techniques found in work-a-day analog practice.

Finally, the processes of "pure'" differentiation and integration are discussed in

Section 16. Analyses of a number of common numerical procedures for performing these
functicns from a transfer function point of view are given.

1-3



2, SAMPLED OR "DIGITAL"
DATA REPRESENTATION

Before discussing digital filters there should be an understanding of certain
aspects of ''representing'’ sampled data sequences or functions. Of primary interest
are "transforms' of the data sequences which allow algebraic manipulation of sampled
sequences and the filtering operations. These transforms also allow interpretation in
terms of ''frequency content' of the data and the ''frequency response' of the filters,
and assist in analyzing the errors introduced by sampling.

The transforms to be discussed subsequently are the Fourier, (analog and
discrete) Laplace, and z transforms. Furthermore, the three transforms will be looked
upon as being three versions of the same entity.

Certain- other relations found useful, suci: as the ''convolution,' are pre-
sented. Also various parallels between the continuous and discrete Fourier transforms
are included in tabular form.

A "sampled time function" is a function of time, x(t), whose values are
given only at discrete times tk That is, a series of values x(tk). In genera!,

consider only the case where the times tk are equally spaced; namely tk = kT where

T is the interval between samples. Whenever unequal sampling is considered it will
be explicitly stated. For brevity the time samples x(kT) often will be denoted by

X = X(KT), (2.1-1)

'"Times series' or ''sequence'' ineans a sequence of values X which are

obtained in any manner; not necessarily from sampling a time function. A '"sampled
time function' is a special case of a time series. Time series will be considered at
equally spaced times unless otherwise stated.

To understand sampled data filtering a few basic relations about continuous
functions or functions with a finite number of fiite discontinuities must be summarized.

2.1 FOURIER TRANSFORMATION (ANALOG)

Define the Fourier transform of a real or complex continuous function,

x(t), by

If x(t) possesses a finite number of finite discontinuities and it is magnitude integrable:

[Ix(t)l it <o (2.1-3)
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Now x(t) is given in terms of .its Fourier iransform by

o -
iw't

1 ;
xt) = 35 f Xwnhe dw 2.1-2)
or
w
- B fawt
x(t) = "B 2w1 [ X (Ye dw'
B Sy (2.1.1-3)

as X{w) = o,jw}> wB.

By comparing equation 2.1.1-2 with equation 2.1.1-3 it is found that

B B (2.1.1-4)

if x(t) is continuous at t = n/w B The expansion coefficients are determined by data
samples taken

B (2.1.1-5)

27
seconds apart. But T = @ Where ws is the sampling frequency. Therefore wB

s
must be less than or equal to ws/2. Sampling must be at a rate at ieast twice the
bandlimit of the signal. Hereafter it is assumed that w, = “’8/2, though this is not

necessary as long as w_ is less than ws/2*. Therefore

B

G, = Tx =T) (2.1.1-6)

and )
T 2 x(nT)e e X 0_{'4’]5(.03/2,
X)) = n=-=
0, otherwise. (2.1.1-7)

*A. rapoulis, Error Analysis in jampling Theory, Proc. IEEE, Vol. 54, No. 7
July 1966, pp 947-955
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Using this form foi X(w), x(t) can be found in terms of the data samples
from the Fourier transform

1 o wt
X = 77 f Hw)e (2.1.1-8)
w
@ S
1 2 iw (t-nT)
_ Z x(nT) & f e dw
= . i
n = == s
2
using equation 2.1.1-7.
Performing the integration it is found that
-] ws
sin (_?_ (t-nT))
x(t) = X x(nT) -
n=-° wg
. (t-nT) (2.1.1-9)

which is a result known as Nyquist's, or Shannon's Theorem among other names.

Examination of equation (2.1.1-9)shows that a bandlimited function x(t) can
be reconstructed in its entirety from samples taken T = 2 ﬂ/'ws apart where Gy is at

least twice the bandwidih Wy of the function x(t). Conversely, a bandlimited function

can be constructed from a sequence of samples x(nT) using formula{2.1.1-% this remark
will not be proven as it is an easy exercise.

Note that the reconstruction formula(2.1.1-9)requires an infinite delay to be
applicable. All the data samples, past and future, must be know..

' Unfortunately, most signals encountered in practice are not exactly band-
limited. If they were, then the signals extend to * infinity in time. To reconstruct
signals from samples taken over a finite time span, even thcugh band limited, it.s
usually necessary to sample a signal many times the rate wg = 2n1/T. In some

applications it is necessary to sample hundreds of times that rate. Quite frequently,
because of system complexity, analysis alone is not sufficient to tell when sampling is
too slow, or too fast. Doubling (or halving) the rate and observing the effects is a
practical measure of efficient sampling rates.

When X(w) is not bandlimited between * ws/2 then an effect known as

"aliasing" occurs when sampling at T = 27/uy- Frequencies greater than ws/ 2 appear
as frequencies in the range 0 to ws/2 when sampling x(t). To avoid this effect x(t)

must be 'prefiltered” tc bandlimit it before sampling if possible, or raise the sampling
frequency. If "aliasing" does occur then the original function cannot be reconstructed
exactly. A discussion of 'aliasing' follows in section 2.1.2.

2-4
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In deriving the transform of a bandlimited function!/2.1.1-7), in terms of the
data samples it was assumed that x(t) was continuous at the sampling points. If x(t) is
discontinunrus at say x(nT), then the transform must be mndified as x(t) is obtained from
its transform X{w) in deriving(2.1.1-4). At a discontinuity the inverse transform gives
the value

lim x(to + €) + x(t0 - €)

x(t,) =
o €0 7 , € >o, 2. 1-5)

which, as meriioned previously (Section 2.1), is not necessarily the value of the
function x(lc) prior to transformation.

An important ciscontinuily, is in a function x(t) such that

X(t), o <t<=
x(t) =
o, t<o, (2.1.1-10)

where x(t) is continuous for t > 0. By repeating the derivation which led to 2. 1.1-7)
it is found that the modified transform is given by

7’

{ ®
) -y - 4
(w) T ) x@T)e wnT o xo) Jwl< w /2,
XM n=o 2 -
o, otherwise. (2.1.1-11)

wkere x(t.}) denotes lim  x(t+€), (€ > o).
o

A contradiction may have been noted at this point; a discontinuity produces
a spectrum that is not bandlimited. In praccice, if ws/2 is taken large enough then

X(w will be effectively zero for jwi> ws/2.

The inverse transform of XM(w) is

© ws ) ws
x(t) = Z x(nT) sin 2 (t-nT) o™ sin— ¢
n=o % T S e %
: > (t-aT) N t

(2.1.1-12)
as it should be.
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Equations (2.1.1-11} and (2. 1.1-12) above are the modified (because of the
discontinuity) transform and fun-tion.

2.1.2 "Aliasing" Due to Sampling at a Rate Less Than Twice the '‘Bandlimit"

In the preceding work it was assumed that x(t) was bandlimited below half the
sampling frequency. If the sampiing rate is such that the bandlimit is greater than half
the sampling frequency then a phcnomena known as 'eliasing' occurs: frequencies
higher than half the sampling rate ap})ear as samples of frequencies in the range of

2

frequencies in the range 0 </w|< “ (@, = 2m/T, the sampling frequency.)

For example, consider the frequencies W =W - A and w = ws + A where

0 <A< ws/2. If sine waves are sampled a. the frequencies @ and w, then

sin wl nT = - sindnT, (2.1.2-1a)

and

sindnT, (2.1.2-b)

i ., nT
sin @,

which verifies the remark; frequencies above ws/2 appear as frequencies below ws/2

when sampled.

A relation of great interest is that between the transform defined by

equation{ 2. 1.1-7)when the samples are taken from an arbitrary function (not necessarily
bandlimited) and the transform of the continuous function. It will be found that unless the

function x(t) is bandlimited below half the sampling frequency (wS/Z) then the spectrum
above ws/Z gets "'mixed .a" -with that below ws/2. The function is '"aliased'" and cannot

be reconstructed without prior knowledge!

If a time series, or sequence, is derived by sampling a Fourier transform-
able function x(t) then the samples can be represented as

1 5
x(nT) = 55 f X(we iwnT des

- (2.1.2-1)
By appropriately manipulating this expression a useful relation can he
developed. First, write

@
1 iwnT
x(nT) = —— X(!
( 2 .Io («’) e e (2.1.2-2)

changing the dummy variable of integration to w'.

19
|
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-iwnT

1

Next multiply bLoth sides by e and sum over n, interchanging .ne orders

of summation and integration on the right:

] s @
-1 T .
xmme 4"~ L xw szn @ -wnT]  de
-0 =
n“: - = 0

The bracketed term is the translated periodic expansion of the 'function"

L e B
6 o lim €_s l“'|< - 27
(@) = €Po

. €
t Uv lwl> 2 ’
with a period of w, = 2m/T.

The "function" 8 (w) possesses, more nearly, or is defired by, the useful
property:

j’ flw) 6 (w)dw = f(o), a > o,
a (2.1.2-5)

It is called the Dirac "delta" function. Expanding it formally in a Fourier series of
period w_ -= 27 /T, the representation

fu T . iwnT
601‘ (w) - nL‘: -0 2 "

s (2.1.2-6)

as stated previously, is found. The subscripted notation 6w (w) denotes tne fact
S
that this representation of 8 (w) repeats itself. Using this knowledge of the meaning of
the series and the basic property (equation(2.1.2-5))of §(w) it is found that equation
(2.1.2-3) can be written
@

-]
-iwnT
ET x(nT)e - .%; }j X@ - ka),

n-=--= k = -=

assuming x(t) and X(«) continuous.

F xamination of this expression shows that the left hand side will be exactiv
equal to X(w)/T in the region - w 2 < w< w“ /2 if X(w) is zero outside this region.

o
|
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This result, appearing to be an abstract relation between two quantities, is
in fact quite significant. For example, the transform of a bandlimited function repre-
sented in terms of its samples (equation(2.1.1-7))is given by

™ -inw T .
G(' {‘ (t} _l ™) xaDe , osldsw 2
By = A (2.1.2-8a)
o, otherwise

- XD(U-‘)

In general, the result shows that

@®
g{x(t)} = Z ke (2.1.2-8b)
k = -=

If x(t) is bandlimited bv % ‘b‘s/Z then the reconstruction formula (2.1.1-9) will produce

a correct result. On the other hand, when x(t) is not bandlimiied. the reconstruction
formula will produce the aliased spectrum given by (2.1.2-8b).

Another form of the "'aliased" transform is obtained if one of the sample
points occurs at a discontinuity of x(t), say at t = o. Further, it is assumed that
x(t) = o for t< o. Then equation (2.1.2-3) becomes at t = o:

- _zl" [ X', (2.1.2-9)

where x(o+) is the limit as t approaches zero from positive t. See equation (2.1-5).
Carrying out the rest of the development following equation (2.1.2-2):

-iwnT ‘
2 x(nT) e S () X X(w-ka ).
k = =%

2 T (2.1.2-10)

n=~o

is obtained. A constant x(0+)/2 is added again because of the discontinuity.



2.1.3 Subharmonic Sampling

Usually in discussing sampling, the sampled function is assumed bandlimited
below half the sampling frequency. An important generalization, however, is already
contained within previous developments. Equation (2.1.2-8) asserts that the sampled
spectrum may be derived from a continuous waveform at any frequency.

Furthermore, if the original continuous spectrum is localized such that

. v < . i .
X (@) = X(w), me Slwle m 1/2)«.5,

(or (m+1/2)wy <fw|< (m+1)w) (2.1.3-1)
o, otherwise,

as pictorialized in figure (2.1.3-1a) then the relation

/]8

Xp(@) =

X(w -kws) (2.1.2-8)

l|[\

k

illustrates that

Xpw) = X(w-raw) + X(w+mw,), lw's ws/2, and repeats periodically
outside the region defined by |w|< ws/'2
as depicted in figure (2.1.3-1b).

l
Y R

it

0 m (m+1/2) w

(a) Original Spectrum

m e (m+1/2) @,

(b) Subharmonically Sampled Spectrum

Figure 2.1.3-1 Subharmonic Sampling of a "High Frequency' Spectrum



This sampling process obviously aliases (actually translates) the "high
frequency' spectrum down to the region between zero and half the sampling frequency
where ''demodulation' can be performed at low frequencies digitally. This downward
frequency translation by sampling will be called 'Subharmonic Sampling. "

A constraint that should be considered in practice is the duration of the
sampling '"aperture.' This "aperture' is the time which an analogue signal is observed
when cownverting it to a sampled value. This aperture should be much less than the
highest frequency being sampled. That is, if the highest frequency is 1 megahertz then
the aperture should certainly be less than .1 microseconds.

If the original signal is localized in the region (m+1/2)(‘o.>s <|lw < (m+1)ws

the high frequency spectrum is still translated to the region |wls “g /2; however, a

peculiarity of sampling displays itself (See section 2.1.2). .'requencies of
(m+1/2)w, + A "map" into the frequencies ws/2 -Ain the region |w|< ws/2 with a 180°

phase reversal as may be seen upon careful scrutiny of equation(2.1.2-8). Frequencies
are, therefore, mapped backwards: those extending from (m+1/2)u.>s to (_m*l)u.)S become

frequencies from W, to zero in that order.
>

An interesting application of '"subharmonic sampling' would be the sampling
of an intermediste frequency "IF' signal in a radio receiver with a relatively slow
sampling frequency, 10-20 kilohertz, and then subsequent digital processing to further
demodulate the signal and obtain the information carried.

In everyday life subharmonic sampling is fiund on movie and TV screens
where automobile tires are seen to rotate backwards due to the frame rate.

Finally, it should “e pointed out that it is possible in principle to recon-
struct th_e high frequency signal from the '"subharmonically sampled" sequence as long
as mwg is known. The signal iransform in terms of the samples was given by

equation (2, 1. 2-8).

X @) = T z x(nT)e ~1«nT
. 2.1.2-8)
= Z X(w-kws)
k = -=
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Using X(w) given by equation(2.1.3-1) it is possible to write, after considerable algebra,
using the methods of section 2.1.2:

© © sin w_s(t-nT)
X(t) = z X(nT) cos (mws (t-nT)‘l‘z& (t-nT)) w——é_—— (2. 1. 3_2)
nE —(48 t-nT)

/

2.1.4 Bandlimited Functions and 'Impwse Sampling"

Another form of sampling that is ifcund useful is "impulse sampling.' This
form of sampling is a mathematical idealization of 'pulse sampling" that appears often
in physical electronic systems. As interest here centers primarily upon the handling
of numbers, or data sequences, it might seem that "impulse sampling" is of little
value for the work in this volume. Quite to the contrary, impulse sampling with its
Fourier transform (and the subsequent z transform) is a most valuablz tool for analysis
of sampled data where only numbers, or data seguences, are processed.

"Impulse sampling' is the idealized "modulation'" of a periodic stream of
narrow of pulses by a time function x(t). That is, assume a stream of narrow

pulses given by

p(t) = 2 v (t-nT) (2.1.4-1)

n= -
where

., t < ¢ 0
vit) =4 €’ PR (2.1,4-2)

0, otherwise,

and T is the period of the pulses. Figure 2.1.4-1 illustrates the shape of the pulse
stream.
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Figure 2.1.4-1 Impulse Samp.ing Function
""Modulation' of this pulse stream by x(t) is impulse sampling, namely the function

x(t) p(t}

xg (t)

(2.1.4-3)

x(t) v (t-nT)

T it I

n -0

is the "impulse sampled” function, if the width of the pulses (€) is small compared
to variations of x(t). In the limit v(t), a typical impulse, approaches the delta func-
tion (2.1.2-5) discussed previously. While the impulses approach a width of zero
and a height of infinily as € approaches zero, which is an unrealictic situation, this
approximation is highly useful as impulse sampled functions are invariably integrated
in applications and, as will be seen, simplify analysis. In fact, it will be seen that
no approximation is involved when discussing number sequences.

Taking the Fourier transform of xs(t), assuming v(t) has approached the
"delta function' 6(t),it is found that

-.w T’ |
xs(w) = z‘ x(nT) e en (2.1.4-4) I

n=-*

LA ]

where x(t) has been taken to be continuous at nT, which, is remarkably similar to
the transform of a bandlimited function (section 2.1.1). A significant difference does
exist however! X (w) is never identically zero (except for x(t) identically zero) for

lwl > w /2: in fact X (w) is periodic with period w . However, if x(t) is bandlimited
between * /2, then X (w) will be equal to X(w)/’l‘ over -t /2 <|w|< w, /2 ~nd be its

"periodic extension" out51de this region. This remark is prowed in a manner similar
to techniques used when discussing ''aliasing. "

2-12
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First, p(t) must be converted to another form; expansion in a Fourier series.
Expansion for the limit as € —®0 is of chief interest. While this series is a formal one,
it does not converge in a strict mathematical sense, it can be used if it is considered as
the limiting form of the expansion after the expansion is used in subsequent integration.
That is, assume that limiting and subsequent integration are interchangeable in order.
Usually, this is a safe assumption in practice.

Expansion of p(t) results in

©

p(t) = % [ e _'wskt, ws = 2—.1{’, (2.1.4-5)
n=-%
allowing
xg(t) =1? E x(t) e 14, kt (2.1.4-6)
k = -»

to be written.
Again, taking the Fourier transform prcduces

1
Xs(w) =T Z i(w-kws) (2.1.4-7)

where X(w) is the transform of x(t) which has again been assumed continuous at the
sampling points. Examination of this expression shows us that successive terms of the
right side do not "overlap" if X(w) is bandlimited at * /2. Both equations (2.1.4-4)

and (2.1.4-7) demonstrate the periodicity of Xs(w) with a period ws.

it can be seen, then, that .>th simple sampling -~ 1 function x(t) as in
section 2.1.1 and "impulse sampling' produce the same trarsform within a constant

- ws/2 <w< ws/z. If x(t) is bandlirmted by ws/2 then both sampling methods have
spectrums equal to that of x(t) over -w, /2 <w< W /2, -however the impulse sampling

spectrum contmues pe'flodnca‘ly outside thxs mterval producing higher sampling
harmonics. ' Low- -pass {iltering of an impulse sampled function can reconstruct the
function if the transfer functicn of the filter is approximately

-

1, lw| < w /2.

H(w) = lwl S (2.1.4-8)
0, otherwise.

This filter is unrealizable but can be approximated if sufficient time delay is allowed.
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2.2 LAPLACE TRANSFORMATION

The Fourier transform is often apparently limited by the condition that the
time function x{t) involved is not magnitude integrable leq. 2.1-3). For example, a
simple time function that is zero prior to, say, t = o and constant thereafter is not
magnitude integrable. The counterpart of this function in the physical world is the
"switching-on" of a battery. Obviously, this is a meaningful function that must be
handled if the transform is to have general applicability. Fortunately, the Fourier
transform can be ''patched' to handle this situation.

The function to be transformed is simpled multiplied by e =Tt and only
situations for t > o are considered. If functions that are non-zerc for t < o are to be
considered then that region must be handled by a factor e ¥;t. Obviously, considering
only functions for t > o is simpler so attention here is confined to this case. The
Fourier transform is, then

F(y + iw) = bf X(t) e S e-lwtdw, t> o

(2.2-1)
where ¥ must be such that
flx(t)l e Ttat < = (2. 2-2)
0

and x(t) has been assumed equal to zero for t < o. The modification of the Fourier
transformation is simply the introduction of a convergence factor to dominate x(t) so
that (2.1-3) holds. If a change of variables is introduced

s = Y +tiw
then equation (2.2-1) is called the Laplace transform (''one-sided') of x(t). Ift< o is
of interest the corresponding modified transform is called the '"two-sided' Laplace

transform which is not discussed in this volume.

Equation (2.2-1) may be inverted to find x(t) by toking the inverse Fourier

transform
(-]
-yt 1 - iw
x(t) e "7 = o f Fiy + iwe “ldw (2. 2-3a)
- 0
or
@®
1 , iy + iw)t
x[t) - X f F(y+ iw)e v )dw (2.2-3Db)
= - -)
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Substituting in the integral the change of variable s = ¥ + iw:

y+in

1
X(t) =55 f F(s) e>'ds 2. 2-4)

y Al G
which is the Laplace inversion integral. Further discussion of these relations is not
warranted here. Many excelient texts on the subject are available*,

With this introduction of the Laplace transform as a mecdified Fourier
transform, subsequent discussica in this section will assume the Laplace trczasform

as a separate entity.

As was done with the Fourier transform earlier, the Laplace transform and
its inverse is stated. The Laplace transform F(s) of a function x(t) is defined by

Fis) = f xt)e “S%at, (x(t) = 0, t< o) (2. 2-5)

¢
where s is a complux number. Existence ot the Laplace transform is guaranteed if a
posiiive real constant ¥ exists such that

f' x(t)‘e Vg <a (2.2-6)

0
and x(t) has a finite number of finite disconiinuities. These conditions zare sufficient,
but not necessary. Inverse transformatior is obtained through the complex integrai

Y+
1
xt) =5o f F(s) e'ds (2.2-7)

- ’Q
where ¥ is chosen so t}-at F(s) is analytic to the right-of the iine u = ¥ in the plane
(s = u + iw). Through this expression appears complicated, knowledge of complex
variable theory and the fact that many transforms appear as rational functions of s
considerably ease use of t.ie inverse trancform. In fact, many transform pairs (x(t),
F(s)) can be found in books of tables; e.g. Bateman Manuscript Project, Integral
Trausforms, McGraw-Hill.

* A. Papoulis, The Fourier Integral and Its Applicatior, McGraw-Hill, 1962



At a point of discontinuity, ty of x(t) the inverse transform givec the value

t
X(ty) = lim X(Q

€20 2

t - € oy
i h  ©Fo (2.2-8)

as does the Fourier transform.

The sampled values of x(t) can be written, then, in terms of their I aplace
transform:

y +ie

]
x(nT) =21—“ f FlaNe ™ datyn =0, 1, . « & 2. 2-9)

- j=
As before multiply both sides by e and snm over , and interchange orders of
integration and summation on the right side:

-snT

Ve s
@™
— —fo-c!
z x(nT)e snT :‘),iﬂif F(s") E e ~(5-8'MT 4. (2.2-10)
n=20 n=20
Yy-io=
ytie
1
= z—ﬁfF(S') G(S-S') ds!'
where y-jm
G(s) = (2.2-11
1 - e -ST

Now G(s) has an infirice number of simple poles along the imaginary axis; namely,
where

-5, T
e T _,

(2.2-12)

or

Sy =ikws,kro,:tl,i2,...-,andws=217/T.

G(s) is a meromorphic function 1s it has a finite number of poles within a finite

portion of the complex place allo ving expansion into partial fractions by Mittag-Leffler's

thcorem.

T
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If the complex integral is ccaverted to a contour integral over the
right hand plane, starting at s = ¥ which is allowable as both F(s) and G(s) approach
zero for s #® =, then poles within the contour occur at

s -s' = ikms (2.2-13)
As F(s) will have its poles to the left of u = y, the integration over the right hand
plane will be sum of the residues at the poles Si.- It is found that

[~ «©
z x(nTy) e “S°T % }:‘ F(s-ike,) (2. 2-14)

n:() k:_ﬂ

Also, if x(t) has a discontinuity at t = o the transform relation is
modified as before with Fourier transfcrms:

-snT  x(0) L1 )
z x{nT) e = 3 f T z‘ F(s-lkws).
n=-20 K = (2.2-15)

The relation {2.2-15) can either be viewed as the Fourier series
expansion (with a convergence factor e ~M) of F(s) over -ws/2 Sw< ws/2 or as the

Laplace transform of an impulse sampled function. In one case interest centers on the
bandlimited spectrum and —econstruction of a function, and in the other case on the
spectrum of an impulse sampled function. See sections 2.1.1 .arough 2.1.4 as the
interpretation of the Laplace transform results are identical toc those for Fourier
transforms. Bardlimiting, with Laplace transforms, means that F(s) is essentially zero
outside the sirip in the complex s plane bounded by s = % ws/2 (see section 2.2.1)

2.2.1 Generalization of Bandlimited Funetion Representation to Functions which are not
Fourier Transformable.

In Section 2.1.1 bandlimited functions which are Fourier transforiaable,
namely magnitude integrable, are conside.ed when their Fourier transforms are zero, ur
approximately so, for frequencies greater than ws/2 ((.uq = 2m/T). However, when the

function under consideration is not magnitude integrable then slitht modifications must
be made; the Laplacz transform must be used.

Taking the Laplace transform of x{t), Section 2.2:

@

Fs) = | xitte Stat, s = y +iw (2. 2-5)
(]
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and defining bandlimiting of x(t) by the vanishing of F(s) outside of the strip in the
complex plane bounded by w = % w /2, then F(s) can be expanded in a Fourier series
along the line s = y s

F(s)= J Z' a e -lwkT |w]<ws/2; (2.2.1-1)
e o

o, otherwise.

Now the coefficients are given by

“
T iwkT
% 2w zf F(s)e dw, s = 7 + iw
(2.2.1-2)
-w
s
2
From the inversion integral, equation (2.2-7), the relation;
e 7kT 3, = Tx(kT) (2.2.1-3)
is recognized. Therefore, eguation (2.2.1-1), can be written as;
F(s) le x(kT)e -skT, Jwl< w /2;
=10 s (2.2.1-4)
, otherwise
with s = ¥ + iw.
Taking the inverse transform:
y+i=
1 st
x@t) =50 f F(s)e ds
Y-ie (2.2.1-5)
L@
y+i's
- S
_ T E‘ ' s(t-kT)
=5 a1 : x(kT) ! e ds
= 0 .
y-i%
2
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which results in the generalized formula for reconstruction of a bandlimited function:

x(t) = 2 x(kT)e
k=0

w

Y(t-kT) si (t-kT)}

s
2 t> o.
’

‘ (2.2.1-6)
%% (t-kT)
2

A striking note is heard here. The reconstruction formula apparently
depends on y!!. Itis well known that the Laplace inversion formula is independent of
¥ so long as it is greater than the minimum needed to obtain magnitude integrability.

A simple proof demonstrates that x(t) given by the reconstruction

formula dg_s_n?g depend on Y as long as the Laplace transform vanishes aiso on the
lines s = = iug 2, namely, vanishes at half the sampling frequency.

By taking the partial derivative of x(t), given by formula(2. 2.1-6),
with respect to ¥, the variation of the reconstruction with y can be found:

= 2' xkTye * ¢k o “%5 k)
w {(2.2.1-7)

=N
~2 %4
G

2

]
~
I
o

e o W
e YHIER zx(k'r)e Sy + 1.8 )kt
R 2

w = w -
= -(y --18
o lzs)t 2' x&T)e ~(Y ~—3 KT

k=0 =

The two summations may be seen to be the Laplace transform of
x(t), evaluated at s = ¥ = i“’s. If the Laplace transform is zero on the lines

2
s =+ i(.qs/Z, then both summations will be zero and the variation with ¥ of the recon-

structed x(t) will be zero, as stated. The signal must be bandlimited by, but not
including %/2 for reconstruction.
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The choice of ¥ in a practical situation is dictated by the variation
of x(t) with ¥ as practical spectrums are not actually bandlimited. As equation(2.2.1-7)

can be written

r LW .
d xt) _ 2 L (Y +Hist iw
dy s Jﬂ-} € 2 Fiy/ + ES) { (2.2.1-8)

it may be seen that Y should be kept to its minimum allowed value, to insure ma%nitude
integrability, as F(s) usually falls off inversely with ¥ (or a power of ¥), but e Ylis
exponential in ¥.

2.3 THE z TRANSFORM

The rudiments of arother useful data representation,the z transform,
which is merely the previous Fourier bandlimited sequence iransformation in disguise
iwT. . . . .
(z =e ) is developed. In fact, subsequent developments will show that it is probably

the most important sample data representation.

Given a sequence of real or complex numbers, X, 2 "time series,"
or a sampled time function, x(nT), the "z transform," @(xn) or X(z), of the sequence

is defined as

X(z),

=§xnz-n
n=o

where it is assumed that the series converges except possibly at distinct points called
"poles," and z is a complex number. It is also assumed that X = 0 when n < 0 for

rgxy)

(2.3-1)

convenience. For many familiar sequences the z transform can be expressed in closed
form.

For example, consider the important time function e -at, where 'a"
may be complex, sampled at intervals t=nT: n =0, 1, . . . . . The sequence in
this case is

_ -anT ,
x = e (2.3-2)
and the transform
@
= -n
Ao = L e
n-0 (2.3-3)
@©
i Z‘ (e-aTz—l)n
n-=20

b |

O R e sws  ——



Recognizing this sum as an infinite geometric series

P S
e U g (2.3-4)

which is a closed form.

It will be seen in later sections that the sampled impulse response

of a lumped - constant, linear, continuous network can also be expressed in a closed

form, as it is composed of additive terms of the general form:

tme-at

Same useful and basic theorems on z transforms follow:
a. Linearity.

Xy T by = z (ax, + by,)= - (2. 3-5)

n=2=a9

a(x;) + by

a X(z) + b Y (2)

b. Time Translation
o

@(xn-k) - Z xn_kz_n

T (2.3-6)
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A delay of a sequence by k units corresponds to multiplication of its
transform by z-k. Similarly, the z transform of x s is given by

F*n = 2 X(2) (2.3-7)

if we assume in this case that X, = © for o <n < k. An advance of k units corres-

ponds to multiplication of its transform by zk.

c. Scale Change in the z Domain.

Multiply the time series members X by another, particular, time
series e £ cm’ then the transform of the prcduct time series is

e m"xu) = nz'_ , e a0 (2.3-8)

+
= X'e Q’z)
The argument of the transform of X(z) has been modified tc e iaz.

2.3.1 Initial and Final Value Theorems

Two theorems of much use in the analysis of sampled data systems are
the initial and final theorems. They express the initial and limiting vailues of a time se-
quence in terms of cperations on the z transform of the sequence.

The initial value theorem is quite simple:

= lim X (2) (2.3.1-1)

X
0 Z -

Proof of this remark easiiy follows from the definition of the transform

. .0 -1 -2 E
X(z)—xoz +xlz +x22 T (2.3.1-2)

The final value theorem is a trifle more complicated:

x_= lim 1-2"") X(2) (2.3.1-3)

Z= 1
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Proof of this remark may be seen readily by examination of the obvious

identity.
N N-1
X = z xz " - - xz "
"N n z Z n” 2.3.1-4)
n-=20 n=>0 z=1

This theorem is extensively usec in theoretical analyses of the steady state performance
of sampled data feedback systems.

2.4 THE INVERSE z TRANSFORM

A umber of approaches to determining the time series which genera‘ed
the transform have been developed. Only the simplest methods will be stated. Its relation-
ship to the Laplace transform will not be explored here. (See Section 2. 5).

2.4.1 Direct Inverse Transformation

The z transform was defined (equation 2. 3-1) for a time series

©

3x) = X@) :z x 2 2.3-1)
n=0

where z is a complex variable and the series is assumed to coverage except at distinct
points called poles. This can bhe looked upon as a Taylor-Laurent series. If X (z) is

given then multiply both sides by zm-] and integrate over a contour which surrounds all
poles of X (z) and the origin and .

X = i § X(z) 20 “dz: n-0,1,... (2.4.1-1)

is obtained.



Subsequently it will be found that if X(z) is a z transform transfer
function of a stable linear analog or digital filter, then its poles appear in the
interior of the unit circle or on it. See Section 3.4. Therefore, for a stable linear
filter integration about the unit circle will do. For this case, of all poles of X(z)

within or on the unit circle, upon setting z = e’ , it is found that

io in6

i X )e d® (2.4.1-2)

* " 2nm

AS—=a

: 5 s - i8
which are simply the Fourier coefficients of the expansion of X(el ). The inverse
transform is also a linear operation.

2.4.2 Inversion by Long Division

Another technique for inverting a z transform is by synthetic division.
That (s, given a z transform F(z) in a form frequently found in practice

a a zlia 224, ... +a2z"M
_ 0+ 1 2 M
F(z) = 1 -2 - -N
1+ blz -+ b2 z % o+, ., .+ sz (2.4.2-1)

and F{z) is expressible as a power series in negative powers of z plus a constant
then divide the numerator by the denominator and obtain a term of the form fnz'n

and a remainder. Successive divisions of the remainder by the denominator give
terms for larger n.

a An example best describes the technique. The z transform of the
sequence e is

1
F(z) = P a— (2.4.2-2)
1 -e€ Z

The division is set up as for ordinary numbers and carried out exactly as done with
them:
-aT -1 -2aT -2

Z + e zZ +

-aT _1 1 + e
1 - e z 1
1 - eaI.;. -1
-aT -1
e zZ
-aT -1  -2aT -2 (2.4.2-3)
e z -e z
-2aT -2
e Z
-2aT_ -2 -3aT -3
e A -e z
-3aT -3
e z
etc.

oo
1

o

'S8



Obviously, the original cequence has been obtained as the coefficients by successive
divisions.

More complicated numerators and denominators are handled in the
same manner: but computations can become complicated. Mechanization of the pro-
cedure utilizing a digital computer is recommended. Care must be taken for large n
as successive round-offs can effect sequence values considerably.

2.4.3 Inverse z Transform as an 'Impulse Response"

In Section 3.4 it is found that the inverse z transform of a transfer
function Hz(z) in terms of its series expansion: namely,

(-]

= T A n 2

H,(z) = W (3. 4-2)
n=20

can be found be applying the sequence

1, n=0
ﬁ:

0, otherwise
to the difference equation which is represented by Hz(z) (Section 3. 4).

If the function F(z) is considered as a transfer function then the
inverse transform sequence can be found by using a difference equation. Of course,
F(z) must be a rational function to use this procedure though it need not have poles
only within the unit circle. A{}, example is the best means of describing the procedure.
Again, take the sequence e” 3% whose transform is

1
-al -1
€ z

1 -

The equivalent difference equation is (Section 3. 2).

y, = € y + X (2.4.3-1)

Y. — &

(2.4.3-2)




For complicated functicns the procedure should be mechenized on a
digital computer.

A bit of thought will show tnat this procedure is identicel to the ''Long
Division' method as far as computations are concerned.

2.5 GEOMETRICAL INTERPRETATION OF CONNECTION AVIONG FOURIER, LAPLACE,
AND z TRANSFORMS.

Each transform introduced can be lcoked upon as an entity unto
itself; that is, the individual transforms may be defined independently and conditions
for existence and formulas for inversion investigated. This would be the 'pure'' mathe-
matical approach of history though it is to be doubted if a modern mathematician would
claim or would want to claim lack of knowledge of the interrelationships of thc various
transforms. While the z transform will usuaily be the preferred approach inl,subsequent
analysis, the fact that it can be looked upon as a simple substitution (z = eS ) of
variables in the Laplace (or Fourier) transfiorms of bandlimited functions, generalizes
its utility infinitely beyond the simple transformasation of sequences.

The transforms used to this point have shown that a sampled con-
tinuous function can be represented by its samples if it is ""bandlimited.' Conversely,
a sequence represents a unique ''bandlimited" function (section 2.1.1).

A sequence can, of course, represent an infinity of "aliased' functions
where these functions have frequency content above w = 2 m/T. An aliased function

which gives no unique knowledge is almost useless unless a prior knowledge tells how
the particular function has been, or will be, aliased. For example, knowledge that a
function has a basic frequency of w much higher than the sampling frequency but has

a spectrum (transform) whose width about “ is much less than half the sampling

frequency stil! allows unique reconstruction. (See Section 2.1.3)

When a sequence is considered as reprecentinz a unique bandlimited
function then numerical operations (rather than analog filtering) can be considered as
affecting the frequency content of the bandlimited function and, therefore, the resultant
sequerice obtained. Useful insight into ine computing rrucess and its effect on simpie
number sequences is obtained through the corresronding bandlimited function. For

example, the simple squaring (yk = xl’z) of a number sequence produces a spectrum

of the corresponding squared bandlimiited function up to twice that of the initial function.
Immediately it is seen that simplz squaring requires a sampling rate twice that of the
sequence befere squaring.

The sequence prior to squaring can either be generated with half the
sampiing interval (more frequent sampling) or reconstruction of values between samples
is periormed so that the squared sequence is not 'aliased;' namely, can define irfinitely
many functions.
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While the z transform was defined as 4 somewhat abstract trans-
formation of a time series, it is obviously connected tc the Laplace transform and to
the Fourier transform.

For funciions that are zero for t <~ o the z transfiorm can be lcoked

T
upon as simply a bandlimited Laplace transform where z = es ". The Fourier transform

is related to both by letting s = iw(z = ele) and assuming x(t) = 0 for t < 0 if the

transform exists. Notice that the sampled Laplace transform involves only the variable

eST; not simply s. Therefore. the effect of sampling can he looked uvon as a mapping

from the s domain to another, the z domain. via the transformation z = eST. The line
s = iw and its map in the z plane informs us about the eifect of sampling upon the
various frequencies.

2.5.1 The '"s" To "z'" Plane Mapping Induced by Sampling

The niapping of the s plane into the z plane which is induced by

sampling, is i fundamental importance for proper understanding of analog aud digital
filter relations izlong with the "bilinear’ z transformation to be introduced later).

It wiil be fTund again that simple sequences do not have the same
frequency content over o S Lu e /2 as the signal from which they are derived. in

general.
To understand these remarks consider the mapoing in detaii. The
sampling operation produces Laplace transforms 2nd, as shail be seen, transier

functions which are functions of the complex number z = eST rather than simpiyv s.
The s plane is depicted in Figure 2.5.1-1 with s = ¥ + i« and the z plane with
z = u + iv in Figure 2.5.1-2. When

s =¥+ iw (2.5.1-1)

then

eyTe iwT (2.5.1-2)
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It is immediately seen that for 9T < ¢, the left half of the s plane

maps into the interior of the unit circle as e-'yTé 1 and ¢ T describes a unit circle

as w travels from 0 tc 27/T. The right l}alf of the s plane is mapped outside of the

YT

unit circle as e is greater than unity for ¥ > 0.

Jt is also seen that the mapping z = e sT is not unique, that is,
many pocints ir the s plane are mapped into the same point in the z plane. Consider
the points s = ¥ + i; where w = u + 2mn/T, -%< ) <_1TL, n=0,+1, +2,.

It is found that

g = e)'xe 1wnT

. o T 10, T (2.5.1-3)

All s plane points for fixed ¥ and values of w differing by a multiple of 27 /T are
mapped into the same point in the z plane. In other words strips of width 2m/T
in w in the s plane are mapped into each cther in the z plane. For the particular
lire ¥ = 0, the w axis, it is seen that it is "rolled-up" on the unit circle in the z
plane, modulo 27/T.

This manv-to-one mapping has a destructive effect on the function
that is sampled. Many different functions when sampled produce the same sequence of

samples. For example, the function sin wt, 0_< @ _ﬁ% produces the same sequence

t)
of sampled values as - sin ("?" - Wt. In general!, frequencies contained in a

continucus function higher than 1/2 the sampling frequency (1/T) are mapped into
angular frequencies between 0 and 7/T. Adding a function that is periodic and zero
at the sampling points chviously allows many functions to have the same z transform.
Only the vaiues of the sampling points are of interest.

When the func‘ion that is sampied is bandlimited (occupies oniy the
T m
strip - — < w <T— in the s plane) then the mappirg from the s plane to the z plane

T
may be considered as unique.



2.6 THE DISCRETE FOURIER TRANSFORM

Another transform of considerable utility is the discrete Fourier
transformation. Discrete Fouricr transformation (DFT) is a transformation of a number
sequenc2, Jor time series, which is a close analogue of the continuous Fourier transform.
It has been in use over the last half century, at least. Presently it has become auite
prominent dve to a number of reasons: the increased interest in sampled data and.
spectrum analysis which has been allowed and prompted by modern high speed digital
computers, uud the popularization of an algorithm for computing the transferm with
significantly less operaticns, the so-called "fast Fou.ier transform."

The fast Fourier transform does not aiter the mathematics of the
discrete Fouricr transformation, it is simply a computation method with greater speed
and accuracy than methods used by most people until the recent past. This increased
speed and accuracy brings a host of mathematical operations into the realm of practical
tools for everyday data processing, primarily spectrum analysis, auto-correlation and
cross-correiation calculations, and convolution computations. Historical development *
of the fast Fourier transform z'gorithm is highly interesting as it was present in iis
embryonic form in the works of very prominent mathematicians and no* widely used for
over a half century.

This section will be devoted to the aspects of the basic technique, the
discrete Fourigr transform. Section 14 will be devoted to the fast Fourier transform
mechanization.

It should be emphasized that the discrete Fourier transfer with the
fast Fourier transiorrn algorithm does not provide any panacea to the problems
of digital filteriug. Before it can be used properly and above all, appropriateiy, the
subject of digital filtering must be understood.

* J. Cooley, P.A.W. Lewis, and P.D. Welcl,, Historical Notes on the Fast Fourier
Transform, IEEE Trans. on Audic and Acoustics, Vol. AU-i5, No. 2, June 1967.
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2.6.1 Definition of the Discrete Fourier Trausform

The definition of the discrete Fourier transform poses a number of
problems. It can be defined in numerous ways, each definition having its particular
virtues, though they are mathematically equivalent.

Technical literature of today is dominated by a group primaril-
interested in spectrum estimation in which case the most convenient definition for the
programming and computing of spectra is used: this definition produces some difficulties
in conceptual utility when a spectrum, or transform, is given and the time waveform is
desired. This definition apparently removes the problem encountered with anothzr
definition when an even or odd number of data points is used, however care must still
be taken when using an even or an odd number of points in sampling various frequency
waveforms. Two forms of the transform will be presented.

First Form (DFT1)

The defining relation for this transform version is given by:

DFT
- n e
Xn = Z xjw , W=e N, i =V—1 (2.6.1-1)
J=9

where:
DFT1 = First version of discrete Fourier transform

X; = Sequence of values (real or complex) in the "time" domain

J

j = "Time" index

Xn = Sequence of values (reai or complex) in the "frequency’' domain

n = "Frequency' index

N = Number of data points

This transform is a "mapping" operation where a sequence of time
values is converted to a set of frequency values. As in the case of the continuous
Fourier transform the discrete Fourier transform also possesses an inverse; ziven the

frequency value sequence, Xn, it is possible to recover the time sequence, xj. The
inverse (IDFTI1) is given hy
N-1
_1 x_ wih
IDFTL: s I z 8 (2.6.1-2)
n=o0



As in the case of the continuous transform the discrete Fourier

transform and its inverse are identical except for the sign of the exponent of W. Some
writers use different values for the constant 1/N (wila a corresponding change in the

DFT).

It is a simple matier to show that the linear DFT1 does indeed
have the IDFT1 given by (2.6.1-2)., Insertion of Xn given by (2.6.1-1) intc (2.6.1-2)

g.ves
N-1 -
N1 o
2 1 i(j-k)n —
Xj L z xk X' e N
N e o o (2.6.1-3)

The right hand summation can be summed in closed form when ii is recognized as a
geometric series:

N-1 , .
1) i w1 e ol
= N - i 27 i
N € N 1-e 2 UK 5614
n=20 N

l.j=k+m N, m=o, £1, £ 2, .

0, otherwise

= & N(j-k)y

where 6N (j-k) is the Kronecker delta function, modulo N. This equation is often called

the "orthogonality' relationship for the discrete functions W ij’\ . It follows that

as was to be shown.
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Examination of the discrete Fourier transform will show that it is
periodic in frequency. That is, as the running index n is increased (or decreased)

outside of the range o < n < N-L

it is found that

!I
o

Xn = }S\I+ _— or +n ete. (2.6.1-5)

and zlso

X—n = XN_ s X2N- n ,ete.

Furthermore, even though the original time sequence may be taken from a non-periodic
sequence, once it used to compute the frequency sequence then the inverse transiorm

(IDFT1) produces a sequence such that

7% = xN+3= x2N4j,etc.
(2.6.1-6)

or
X_J. = &N-j = sz_j,etc.

Transformation followed by inverse transformation produces a time
sequence which is periodic outside of the original range of defintion, o < j< N - 1.
In many applications this periodicity is undesirable and must be carefully taken into
account. Computation of correlations and convolutions are processes which must be
adjusted (Section ).

Second Form of the Discrete Fourier Transform {DFT2)

Another form of the discrete Fourier transform commoaly used is
more ciosely analogous to the continuous Fourier transform in that positive and negative
frequencies are used. It is also nearly symmetrical about time, t = o, and frequency,
w = o. Parenthetically, the data sequence is aiso translated in time, but this may be
taken into account by a simple translation of the origin.
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The transform pair is given by

DFT2:
No
X, ° E x, Wit w12 (2.6.1-7)
j=-Ng N
and the inverse transform.
IDFT2:
N
o
x. = L in (2.6.1-8)
Y X, o
n = -N!
where:
DFT2 = Second version of di..res " sriar transform
x]. = Sequence of values (r-al or complex) in the 'time' domain
j = "Time" index
Xn = Sequence of values (real or complex) in the "frequency’ domain
n = "Frequency' index
N = number of data points

N, is defined by: N = 2N0, even number of data points,

2No + 1, odd number of dat: points.

N - 1. Neven,
N, = N N odd

The validity of the ID¥FT2 is proved in a manner identical to that for the first version
of the transform.

Periodicity of Xn and xj are obtained also in an identical fashion.

However, the running indices in this version are such that

t
-N ={j\&N_:
o (;)‘ o

completely symmetrical about zero in the odd N case and almost so for the even N case.
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2.6.2 Interpretation of the "Time' and 'Frequency' Indices "j" and '"n".

As might be expected the seemingly abstract discrete Fourier trans-
form with its "time'" and "frequency' indices actually is related to sampled time and
frequency with which people are normally familiar.

Consider the continuous Fourier transform

X @ = x (t)e "t

dt (2.6.2-1)

where the computat.ionlof X(g:) is w ke pe;-formed with paper and pencil or a computer.
Theu;, the limits of integration must be finite and x(t) and e —*“* must be cvaluated at
discrete time. If a2 simple rectangular approxim .tion is used over

-iwt
o St< (N - 1)T with x(t)e sampled at intervals t = jT, and N sampies are taken,
then an approximation to X(w) is

N-1

XA (w) = T 2 x(jTye etk (2.5.2-2)

i=o

If the particular values of frequency at which XA {w) iz evaluated
are w = nAw, and Aw s chosen as an appropriate fraction of the sampling frequency

so that successive values of n, 0 < n < N- 1, allow evaluztion of XA (w) throughout

the useful range, namely, Aw = w?N = 27/NT, then

N- 1
x*maw) - T Z x(jTye “n&@IT
. (2.6.2-3)
=0
N-1
=T }j x(T)e ‘—ii—” jn
j=o

Comparison with the DFT1 shows that this approximatinn is identical within a constant
factor T when

LA
X, = X' (ndw | (2.6.2-4)

and

are ecquated.
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Therefore the indices of the discrete Fourier transform are easily
interpreted: j corresponds to the multiple of the sampling time T and n corresponds to
a fraction of the sampling frequency: n w.

N

Of interest in practical computing situations is the fact that odd N
will not allow sampling in the frequency domain evenly from o to the point ws, half
2
the samplirgF frequency. The nearest point to half the sampling frequency for odd N,
occurs at No @ , where N = 2N0 + 1. Even N, however, allows sampling at ws/z.
N

p—— S

A more exact description of the relation between the continuous
functicn and the continuous transform, and the discrete sampl.s and the discrete trans-
form are given in Section 2.6.5.

2.6.3 Relationships Between Various Forms of the Discrete Fourier Transform.

As will be seen the various versions of the discicete Fourier irans-
form do not produce identical output sequences. In many applications *his is uniinportant
as long as the same discrete Fourier transform and inverse transform pair are used.
However, it often occurs that a particular version is most easily applicable to a given
problem statement or data processing function. When the opposite version has been
implemented it is useful to be able to convert between versions.

Two methods are available in converting from one form to another.
The fi.st. methcd takes the input sequence and transforms it by the methoc )
available. Phase shifting must be performed on the output sequence to put it in the
fcrm of the other versien. Alsc if the indices are constrained within the original
defining range then the periodicity of the output sequence must be used to reorder it
into the other discrete Fourier transform form. The sccond method requires a re-
ordering of the input sequence, but the phase modification of the output sequence is not
necessary, though reordering is also necessary if the output indices are constrained to
the original defining range.

It should become apparent from subsequent pages that "simple'" inter-
change of the two versions of the transform can only be performed knowledgeably.

Phase Modification to Use Various Forms.

One meihod of using the DFT1 to compute the DFT2 is to carry the
computation through using the DFT1 and then modify the resulting frequercy sequence
by a complex phase factor. If the procedure for computing the DFT1 does not allow
indices outside of the range o $ n < N - 1 then the periodicity relationship must be
used to rearrange the DFT1 output seqgu=nce.

, Identical considerations abtain for the reverse situation. Also, the
IDFTs can be handled in the same manner ic produce identical time seauences from a
given {requency sequence with a reversed sign in the phase factor.



e 1

> hiied  yay TN - e e

3

Ewy o

Given the sequence xj: ji=0,1, .. ., N-1, the DFT1 is given by the

definition
N-1
(1) _ -Jn e N_1
Xn L X.W n==6,1, ... g T, (2.6.1—1)
1=0

ard the DFT2 by (assuming the same sequence is transformed)

N
0 o
(2) _ E -
Xn— ijrNf w ,n:—A(;’ “No'+1""’No'
j= -N! °
o
(2.6.1-7)
Shifting indices on the DFT2
N-1
2 i2m nN! -3
(n):e—N_ o X X W m, (2.6.3-1)
i=o0

and multiplying this equziion by 1 W™ and summing over n fromn = 0, . . .,

N
N-1 (summing over this range is allowable as X(nz) is defined by the given xi' ):

x =+ Y
jNS
n

Comparing this result with the IDFT1it is found that the two frequency tranzforms are
related by

.27
-1~2—nN'
o

X(Z)e N W
n

-1
jn
(2.6.3-2)
=0

<1y _ -i2m uN' () | o r o
n e N o} Xn (2.6.3-32a)
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As both transfcrms are deterimined fromthe given xj the range of n in this rel-tion

A1) (2 -i 27 nN! o . .
is unimportant as )\n , xn , and e N~ 9. are periodic in N. If the DFT1 is used
then
(2) i2m nuN! A1) (2.6.3-3b)
e "= 0 X
*n N n
is used.

When the procedure for computing, sayv. the DFT1 is used with
indices restricted to 0 < n < N-1 then the pericdicity relationship

2 1
can be used to compute X(_‘!:. Similarly, when Xn( ) is to be computec using the
DFT2 when the procedure restricts —N(') < n< NO, then periodicity mayv again be

invoked and

(2.6.1-5)

Conversely, if the two frequency transforms are defined 2s lLeing
identicai then the IDFT1 i:roduces:

N-1
1 1 i
xg) - X 2 X w0, 1. . . ., N-1.
n-0 (2.6.1-2)
and the IDFT2:
N
o) .
(2) 1 X . gn .
X Y D A A B | Y
j N £ o I\b 0 0

(2.6.1-8)

Dv reasoning identical to that for the frequency transforms the time transforms are
related by

D] NIt *)
x(jl) C e _IJL Ny “(jd) (2.6, 3-4)

If procedures ore available for calculating only one IDFT then this relation may be used.

Input-Output Pcearrangemen to Use Various Forms of the Discrete Fourier Transform.
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Obviously, by virtue of equation (2.£.3-4) it is not possible simply
to use the different IDFT's with the same frequency "input' albeit translated, and obtain
the same time sequence with the appropriate index range, without using the phase factor

s N
Wrd\. Howvever, a simple dodge allows use of the IDFT1 whan the IDFT2 would be more
appropriate, if input and output sequence rzarrangement is allowable.

Suppose that the {requency sequence for input to the IDFT1 is de{ined

biiid pumd st S NN O SBE TN am

SMM‘

e

» adiokuiabe ki

anidmnd § ki

in terms of the input and the IDFT2 by

) (2
X = x®in0,0, L N (2.6.3-5)
and
) - @ n=N «1,.... N,
n -N + n: )
where

N = 2N0, even

N - .Z;\'O + 1. odd.

Then, the IDFT1 gives

N
o
-1V 2) in 1
X. = 5 L=
n=20 n =N +1
: o

{2.6.3-6)

N
o .
) w01,

Translating the indices in the second summation by -N, and using the fact that wnN: 1:

N
o
_ 1 (2) jn
Xj =N Xn wooo3=0,1, ..., N-1,
n = -N! {(2.6.3-7)
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which appears to be the same as the INFT2 which was desired. But the index rangc Is
different, which is not bcthersome if the program impiemented for the IDFT1 allows
rcgative indices. If negative indices are not allowed th-i use of the periodicity relation-
ship

Xog_s ji=1,2, ... N

-
<

allows rearranging of the IDFT1 output into the same form a3z wouid be obtained by the
IDFTS.

Corversely, if the IDFT2 is available, and the output cf the IDFT1 is
desired, given the frequency inputr, then the equivalence neeced is

x® - x) oy,

n n ’ NO’
) (2.6.3'8)
A
D L St
n n + is (o]
Taking the IDFT2:
N
o} -1
- 1 (1) n L 1y Gin
X =N 5_‘ X Wl § X on ¥, =N,..,0,.. N
n=290 n = -N!
o]
(2.6.3-9)
Again, adjust indices, and use the fact that W ! = 1:
N
1 Z‘ Q) Wit .
xj—N Xn W,]—-No,...,(),..No.
n =20
(2.6.3-10)

The IDFT2 produces tte IDFT1 result upon juggling the {nput and also
requires that the program for the IDFT2 allow indices outside of its range of original
definition if x for N +1L j< N-1 are desired. Use of the periodicity relationship

here also allows rearranging if the program will not allow this extended index range:

S
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Obviously, if the time waveforms are given and identical frequency
ouvtputs from the two versions of the transform are desired then the previous technique
will work by simply interchanging the roles of the time and frequency sequences.

2.6.4 Effect on the Transform When an Output Sequence is Real.

When chooging among versions of the transform it is often true that
the t{ransform must be real. This places a certain constraint on the input sequence.
A pertinent example is the synthesis of a non-recursive digital filter weighting sequence
(Section ) where the weighting sequenc: is derived by tak'ng the inverse discrete Fourier
transform of the desired (often analog) transfer function that possesses the property
H{-,) = H¥{w). It is most natural to use the IDFT2 as negative frequencies are allowed,
however the TIDFT1 may be used as the results of Section 2.5.3 demonstrate.

1
TFirst, suppose that x(j ) is to be real under the ICFT1, then

1
LD e
j
N-1
(1)*_ 1 2 (1)* _jn .
5 TN X,© W i=0, 1, .. NI
n=20
-1
and also (2.6.4-1)
N -1
1y _ 1 z (1) in
x = = .
i N XL, oW
n=20

where X(tll) is the frequency transform under the DFT1. Using the orthogonality

relationship {2.6.1-4) within the allowed range of indices, it is found that

(1)* (1)
X = X - - -
n New B0 Lo NeL | (2.6.4-2)

1 (1
Therefore, X(o) = "‘N) must be rea! (periodicity), and if Nis even, N = 2No,then
X(-;I) also must be real. (Notice that DFT1/IDFT1 does not eliminate consideration
o

of the evenness or oddness of N.)
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Next, consider the reality of x‘jz) under the IDFT2, then

2y _(2)*
Xj = xj

and

-
[3"]
K3

(WY
~1
><A

[= ]
S

£

n = =-N!
o
N
(o]
@. 1 (@)
4 N L Xn
n=-N
[o]

_jn.

2
where X(n) iz the frequency *ransform under the DFT2, implying

B 2 x@ new, L
n -n; o

using the orthogonality relationship. As was true for the IDFT1, it can be seen that
{
x(;z) must be real and that X-(%I) = )é;) must be real if N = 2No is even (periodicity).

o - (o]
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2.6.5 Relation Between Continuous and Discrete Fourier Transforms

As the discrete Fourier transform is the means by which
computation of continuous transforms is usually performed the relation between the two
should be carefully analyzed. Also, the discrete Fourier transform is quite often used
to process data which was derived from an analog signal which also makes its relation
to the continuous process pertinent. '

It is relatively easy to show, with the machinery developed in the
preceding pages, that the "aliased" time and frequency waveforms are discrete Fourier

transforms of each other,"a DFT pair.' By appropriate use of these relations it is possible
to have separate control of frequency aliasing via the time sampling interval and the

frequency resolution by the data span.

From section 2.1.1 the spectrum of a bandlimited waveform was

given as
¥ () Z’ X(w -k &)
D % (2.1.2-8b)
k= -
cor also as
[-<]
xgb‘) - TZ X (kT)e -iwkT (2.1.2-8a)
K= -=

Examination of this equation will reveal that Xg‘:) is periodic with perioa w = 2n/T.

Bv taking equi-spaced samples in the range o < w < ws and using the IDF¥T! an inter-

esting relation may be found.

Let

¢ = w

on _
N T (2.6.5-1)
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and take the IDFTI1:

N-1 w N-1
i “ nj _ (j-k)
i m%) wV - T x kT) 1 Z' whi-k),
N y R N Z N

n==10 k = - n=20

Tz x (kT) 6 (k=)

k = -® {2.6.5-2)
(<<}
- Tz X (jT - mNT),
M= -o

where éN {j) is the Kronecker delta, modulo N. Defining

s
xpt) = Z X (i-m:1y, (2.6.5-3)
m = =%
T = NT,

then it can be seen that XD(u.‘) and T Xp (t) are a discrete Fourier transform pair. It

may be noted that x,(t), the "aliased" time function is periodic with a period T = NT.

This DFT relation between the aliased frequency and time functions
sheds considerable light on the computation of transforms digit~ily. DBut first, a few
bookkeeping items should be spelled out.

Not only are XD(u.‘) and TxD(t) DFT1 pairs but also, as can be proven

in a manner identical to the one above, they are DFT2 pairs by virtue of their periodicity.

Procedurally, the actual sampling times and frequencies do not appear
explicitly in the various versions of the DFT, only implicitly in the indices jand n. A
time sequence is discreiely transformed and the resultant frequency spectrum is labelled
by the integers 0 through N-1. To now the frequencies with respect to the actual time
scale it is only necessary to replace the integer labelling, n, by nws/N.

Returning to a discussion of the significance of the DFT between the
aliased time and frequency waveforms certain relations are seen immediately.

T

N i



This discussion assumes that the frequency transform iz being computed from the time
samples. A parallel discussion would allow the reverse computation. Suppose that the
sampling interval, T, is chosen so that the aliasing of XD(w) is small. That is

X(wreo for lwi> ws/z. Then, as XD(.v) is periodic with period w,

W

XpWE X(w), | < —; {2.6.5-4)

Unfortunately, tie DFT1 evaluates X.D(w) for the range 0 < W< w
which can be compensated by noticing that

w
8
w -2 w<
XpW @) Xw), - =< wso, (2.6.5-5)
or
w w
Xi)) ¥ Xw-w, 8 <wsw
2 8
i w
Therefore, the region _ 8 < w<_ws, when using the DFTI1,
2

approximates the analog spectrum in the region - ws,/z L wX 0. Ifthe DFT2 is used

the problem does not appear as this version of the transform evaluates fcr the proper
rogion: |wl< w /2.

Figure 2.6.5-1 illustrates the relationships.

Range of DFT2
.‘ Rarnge of DFT1

£,
|

L

Figure 2.6.5-1, Raage of Validity of Various
Discrete Transforms
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Assuming that T has been chosen small, so that the aliasing frequency
harmonics X (& - k&), k# 0, produce a tolerable error, then the remaining parameter

to chcose is N which determines the sampling increment between successive frequencies.
This sampling increment is again

Aw = «
N (2,6.5 -6)
.12
N T

When using the fast Fourier transform it will be seen that N should
he a highly composite integer and, with present binary techniques. preferably a power
of two.

To compute the frequency transform with the desired spacing the
quantity

2]

xD(jT) = Z x (jJT-mNT) (2.6.5-7)
m - =@

must be formed and then the discrete Fourier transform must be taken. Notice that N
need only be chosen to give the frequency resolution desired, the amount of time aliasing
is urdmportant.

If it should happen that x(jT) is zero outside of the range 0 < j< N-1
then xD(jT) is simply given by

}\D(:’T) = X (JT)y 0 E ]iN"]-y {2-6. 5-8)
and the frequency and time sequences are direct discrete transforms of each other.
However, it should be cbserved that frequeacy-time transforms in the continuous domain

(and discrete domain also, see section 3.10)possess the property that localize tiine
waveforms have Fourier transforms that have infinite extent.

Conversely, localized
frequency transforms have time waveforms infinite in extent.

AY

Fortunatelv, most frequencv
spectra found in practice can be assumad to vanish at .a sufficiently high frequency for
finite time waveforms. .

If frequency resolution is desired only to a certain accuracy, and N
is significantly larger than the minimum amount needed, then the time aliasing should
be performed first to save on computations in the taking of the transform.



One assumpgtion made to this point has been that x(t) actually extended
to plus and minus infinitv (though probably small at large distances from the origin).
In pructice x(t) is usually truncated in some finite interval. This implies that the actual
spectrum is ccnvolved with the frequency furction:

'  sin@T'/2)
2m (wT'/2)

(2.6.5-9)

where T'is the truncation interval (Section 11.1.10). This function allows a resoluticn in
frequency of approximatelv Aw'= 27/T' with, however, large leakage ''sidelobes' either
side of the main peak at w = 0. The time weighting furictions of section £.6 can be

used to reduce these 'leakage'' lobes at the expense of ~hout a factor of two in resolution.

2.6.6 Fourier Series and the Discrete Fourier Transformn

Suppose a periodic function x(t) has a Fourier series expansion

[}
xt) - ) m® T T pericd (2.6.6-1)
m =

@

with roeffic.ents given in the least squares sense by

T
_1 . -iem £
°m _—J x(t) e T dt
T (2.6.6-2)

0

If the discrete 1 r transform (DFT1) is taken at equispaced

intervals:
t=0, T, . .., (N-) T: T~ T; (2.6.6-3)

N
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then

N-1
c Z ¢, y witm-n) (2.6.6-4)
n

i

' ¢
N n-rN
r:-..

8

where Cn is the DrT1 transform. Therefore, the discrete Fourier transforr

N-1

c, :E x(GTyw " (2.6.6-5)
j-0

is related to the continuous Fourier series expansion coefficients by

«©
C --NX ¢

n n-rN

r=—=%®°

To effectively compute the c, by use of the DFT{, N should be chosen
so that

C % Nc (2.6.6-7)
n n

with an allowable error. Then T - T/N is used to sample x(t) and the discrete TFourier
transform taken. :

2-48




As with the *rier irteyral transform use of the DFT1 maps the
region below n = o of the c, {5 e 1_gon above N/2 for the Cn' That is, if Nis

chosen sufficiently lazy , then

Cn:C" . n = 9,_ ' ‘. . ey N/2,
ard Do (2.6.6-8)
v I N
CN’DI: C_vu I . . . . . N/2.

2.6.7 Use of the Discrete Fourier Transform for the Evaluation of Fourier Series

As Fourier series occr: juite frequently in practice it is quite useful
to be able to evaluate thein by the use of the discrete Fourier transform as the fast
algerithm (Section 14) may be applied. However the discrete transform only evaluates at
certain distinct frequencies. By a slight manipulation the Fourier series may be evaluated
at any set of ~qui-gpaced time vaiues. .

The form (2.8.1-7 ), the DFT2 will be used here though with trivial
modification the DFT1 ( 2.6.1-1 ) may be used.

By definition a ~ontinuous Fourier series is (truncated)
N

1o

£ty = ) e, 1t (2.6.7-1)

k
k= -N*
o

™

with N_ and N'_ defined by

2N_+1, odd number of terms,
N = °
2 No: even number of terms;

and

NO+N’0+1 = N.

The osther quantities are the given Ck and w the harmonics of the basic frequency @ = 2n/T

with T the expansion interval:

" =k3-?=; “N'< k< N (2.6.7-2)

To evaluate f (t) at N equi-spaced points over the interval o <t < T get
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. T :
t =g "N, <IN, (2.6.7-3)
with j an integer; then
No . 2n Kk
T TR !
i =y - 9 -
f(i N Z Ck e (2.6.7-4)
k=-N"'
o

which is just the discrete Fourier transform of Sectionr 2.6.1 (DFT2). To evaluate at other
ejui-spaced time points between these N points use the following artifice. N points equi-
spaced, but falling between the previously computed N points, may be defined by

N <IN,
- c-"- 0 (2.5.7-5)
|wl<.

ALl

t = G+m

Insertion of these values into (2.6.7-1) gives

N 2 2
T 2 -i K’ﬂ Tk -i —NI ik
£ +7) I_*I):Z ¢\ e e (2. 6. 7-6)
k=-N"
o
which is merely the discrete Fourier transform (DFT2) of the phase shifted sequence ck.

As T varies between plus and minus one a new set of values offset from
the original (1 = 0) are formed. For example, if ZN values equi-spaced from 0 to T are
desired then the original set of N values for T = 0 should be computed and then another set

of N values for T = %

2.7 THE CONVOLUTION THEOREM: CONTINUOUS AND DISCRETE WAVEFORMS

2 relation of considerable practical interest is the 'convolution'' theorem.

This theorem ailows the description of a linear filter in terms of tie "impulse response' and
the input waveform which is quite useful in practice. Both continuous and discrete systems
have a particular version of the relation (See section 3. 4.1 for an application of '
discrete convolution) and, as might be expected, the discrete version can be used can be
used to approximate the continuous one.

The two varsions of the theorem will be derived here.
2.7.1 Continuous Convoiution Theorem

Given the time functions x (t) and w (t), with Fourier transforms X (u')
and H («) respectively, the ‘~verse Fourier transform of the product of the transforms is

given by
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yt = oo S H((;,‘)X(w)e“"!‘t dw (2.7.1-1a)
-3
[ -]
= S x(r)w¢-nds
-0
and also
@
vy = S w(T) x (t-17) dT (2.7.1-1b)
Proof:

The defining relation of the inverse transform is (2.1-4). Inserting the
Jefinitions of H (w" and X (') into this relation:

es & -]
TR sl
vt = 51; g dw S dt" Sdt" wit') xtme! @ 't (2.7.1-2)
-0 -0 -0
Inverting the order of integration, and using the fact that
[- .}
1 it
6t) = >F S e dw (2.7.1-3)
-0
ie the Dirac delta function:
-] ]
y () = S dat' S dt" ww(t') xt') & t-t'-t") (2.7.1-4)
- -

S w (T) x(t-T) dr.

- @

or reversing crders of integration,

y ) = S X (1) w(t-7)dT,

where the dummy integ-ation variables, t' or t'', have been replaced by 7.
2.7.2 Discrete Convoiution Theorem

Given the time sequences xJ. and wj with discrete Fourier transforms
(DFT1) X_1 and Hn’ respectively, the inverse discrete Fourier transform (IDFT1) yj, of the
I

product sequence of the transforms is given by
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N-1
y, 2% z annwjn’jzo, 1, , N-1, (2.7.2-1a)
n=0
N-1
= Xy Wj—k
k=0
and also
N-1
9 = Z W X (2.17.2-1b)
k=0

where the indices of the sequences xj and w, are considered circularly, periodically, or

]

modulo N; (all these terms are equivalent).

Proof:

The defining relation of the inverse discrete transform is (2.6.1-2). Inserting
the definitions of H_ and Xn into this relation:

N-1 N-1 N-1
vy - % % W w{l-k-mjn (2.7.2-2)

m
n=0 k=0 m=0

Reversing the order of summation, and using the orthogonality of the functions W jn/N,

N-1 N-1
3, =Z Z x, W_ 6 (j-k-m) (2.7.2-3)
k=0 m=0

where 6N (k) is the Kronecker delta, modilo N, Therefore, if X, and v are considered
as repeating periodically outside of the region 0 < k < N-1, which is caused by the inverse
transformation relation, then
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or (2.7.2-4)

It should be noted that circular usage of X and Wi is not generally desirable in

approximating the Fourier integral, or in some cases where the quantity

is desired with neither X Or W circular. This can be circumvented by appropriately

defining the sequences I and Wi with enouvgh zeroes anpended in the range 0 £ k < N-1.



2.8 TABULAR COMPARISON OF VARJOUS CONTINUOUS AND DISCRETE FOURIER

TRANSFORM REI.ATIONS

It is highly informative to write the ''equivaleni’’ continuous and 'discrete"
Fourier transform relations in a comparative, tabular form. Though care must be
exercised in replacing one form of a relationship with another the correspondences are
valid if the appropriate constraints are used. The work of this section is devoted to a
iarge extent, to the connection between the two sets of transforms, though often
knowledgeable use requires an understanding of much of this book.

Some of these relationships, which are relatively obvious, are not proven

elsewhere.

Continrous Transform

Relations

Definition

x

X (@) = f X (t)e-iwtdt
(-]

Linearity o
f Gy® + bx(t)]e"wtdt
v

= aY(w) + bhX(w)

Inverse

x(t) pye

Crthogonality of Basis Functions

-}

*i -t!
1 e THEtDg - g (t-tn
o

X@we “taw

Discrete Transform

Relations
N-1
X = z‘ xjw'j",
ji=0
where
W= e %g—

= a Yn +b Xn
N-1 in
%, = }‘ X W
] N .
n=0
%1 zn (k - k")
_1 w n - -6 R
N L N(k k')
n=0

Where 5N(k-k') is the Kronecker
delta considered modulo N

P, oo g P 1 oy oo Gy



Convolution Theorem Time Domain

1
2n

-

Hiw)X(w)e % aw

- f w(T)X(t-7) dT

or
- [x(‘r)w(t—‘r) dr

X(W) = f xte @lat

Correlation Functions

&

1 \ fwt
7 [ K(w)Y™* (w)e dw

®©

= j X(t+r)y* (T)dr |
i
[

or
= | xmy* (-¢-mHdr

where

N-1
= w_W':‘n
By = )Y
j=0

N-1

=0

*n

and the indices on wj and x, are

i
considered modulo N

N-1 X
1 2 xy win
N n'n

n=0

N-1

¥
= z a0
k=0
or

N-1
- Y ny Sk)
k=0

and the indices on xj and y, are
considered modulo N. )
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where

-t
X(W) = f x(t)e oW

it
YW = j yit)e dw

Convolut'on Theorem (Frequency Domain)

-

[ x(t) y(t)e-iwtdw

-]

1 ) \
=5 | KW Y(w- whda!

-®
or

1 L
= 27 [ F¥w-w) Yw)dw

x

where

[--
Xw) = [ x(tye 1%

Yw) = [ yitre " Wtat

2-56/57

Nt o
- W
X Y x
j=0
N-1
-jn
= W
Yn Z y]
=0
N-1
Z * Yk L
k-0
N-1
1
*N xn' Yn-n'
n'=0
or
N-i
= 4 Zx Y,
N n-n" n
r.'=0
where
N-1
X, = Z x Wl
& j=0
" N-1
Y =z i woin
j=0

and the indices on Xn and Yn are
considered modulo N.
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3. DIGITAL FILTER CONCEPTS

This sectioa introduces the concept of a digital filter and develops . the general
properties of these filters and how they behave in terms of "frequency response’ and
"impulse response'. Methods of implementing these filters are also discussed,

Specialization for a particular, important kind of digital filter, the "rou-
recursive' filter, is introduced. Also mentioned is the relation between "transient"
response and "bandwidth" of a digital filter.

While the work of this section does not preclude digital filters that consist
of complex numbers and operate on complex data the general discussion of ""complex"
filters and their interpretation is deferred until section 8.

Finaily only certain forms of digital filters are found allowable on
stability and physical grounc.,

3.1 DEFINITION OF A LINEAR TIME INVARIANT, SAMPLED DATA OR
"DIGITAL" FILTER

A linear, time-invariant sampled data, or "digital", filter is defin=d by a
simple formula, namely.

N M
N Y
boy. = - by .t a X. 3.1-1)
) n=1 } m=0 )
where:
th L
Xn = n  member of the inpui sequence, real or complex,
N
yn = n" member of the output sequence, real or complex,

and a , and b , are constant coefficients, or '"weights", that are moved across the
seque?ce whennfiltering. A ''recursive" filter means a filter which involves past outputs,
which implies two ol more non-zero b 's, as well 2s past inputs. If all the b_ are
zero hut b the recursive filter reduces to an important special case known as a
"non-recursive' filter. Equations of the form of 3.1-1 are also kncwn as lirear,
constant coefficient difference equations and have properties, solutions, and sclution
techniques analogous to linear, constant coefficient differential equations. Th~ir properties
were studied extensively by George Boole in his '"Calculus of Finite Differences"

during the 19th century. While his treatise was relatively complete, it was the advent
of complex transforms, such as the Fourier-Laplace transform and its offspring, the z
transform , that has simplified the study of difference equations and unified them into a
common basis with differential equations. Transforms also assist in the description of
difference equations as being defined by their frequency response,



In the subsequent presentation a mixture of conventional time domain
analvsis and transform analysis will be used wherever they seem most appropriate,

A pictorial description of how the 'digital" fiiter is applied to sampled data,
independent of its description, synthesis, and properties, which are the main subjects
of this manuscript, aids greatly in understanding future discussion. Two horizontal
lines are drawn, along which is placed the sequence members at their time of occurence.
Positions on the two lines that occur at the same point occur at the same times.

V. y y__ y Filter Output Sequence
n N TR n‘—Z nl 1 ‘n
l‘ R : | v
(-MT  (=NT  (n-2)T (t)T  nT Time
! | |
Loy | ! !
X ‘ K X ' 7/ X ' X ' x'
n-M N-m n-2 n-1 n Filter Input Sequence

Figure 3.1-1.. Input-Output Sequenrce Relation

The output sequence member y is produced by taking the past N output
sequence members back to y  and multipf}ing them by the b 's, summing them and
subtracting them from the silrzr{ﬂarly multipled (by the a 's) and sur.med present input
sequence member x and the past M input sequence members, The a 's and b 's are
multiplied using the"ones with smallest indices on the most recent dath. That is

. e a - ) C. d l -y, b . v etc. The I 1 t f { . 1-
ao X 1 X 1 etc. an % Yn P17 Yoot omplete form {(equation 3,1-1)

will be discussed with the am's and bn's determined by the synthesis techniques of
other sections or the problem at hand,

The linearity of the filter is apparent. If the input sequence is the sum of
a nwnber of sequences then the output is the sum of the responses to the individual
input sequences. This follows directly from the filter definition,

A "time invariant" filter means simply that the coefficients a and b do
not depend upon the time at which filtering is occurring. Mathematically,n}t n
means that they do not depend upon the value } of tne inpul and output sequences.
3.2 DESCRIPTICN OF DIGITAL FILTERS BY THE z TRANSFORM

If the z transform of the digital filter, defined by eguation 3.1-1, is taken

by - 5‘ b y. = — a x (3.2-1)
FARSTR

=1 m =0
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then.
N ® M ©
Vv V‘ -j v X =i, (3.2-2)
L bn L yj—n 2= am < J-m
n=20 j=0 m= 0 j=0

where the linearity property of the z transform (equation 2,3-5) has been used.
Changing indices by the substitutions, j' = j-n and j'' = j-m, gives:

N ® 1 M ©
2 b z-n S‘ y_z‘-J = X a z_m E x,z_J (3.2-3)
n o j m J
n=20 j=0 m=90 j=0

where the primes on the new indices have been removed as they are only dummy
indices of summation, It is also assurmaed that x, and y.  are identically zero for j <0,
Assuming the input and output sequences are zer(; for jJ<O is not a restrictive
assumption as physical systems cannot be observed in the infinite past, and as there
is liberty to define the tim:z origin.

Now
X (z) = Z x,z-J’ (3. 2-4a)
=
and
Y (z) = Z yjz"J, (3.2-4b)
j=0

are the z transforms of the input and output sequences, respectively. The reiationship
between these sequences is seen to be:

M
Y _ /V' a Z—m
Sl =2y m (3. 2-5)
X (2) N
z b z—n
n




Therefore the input-output relation of a digital filter may bhe described by a
7z transiorm transfer function':

"

M

o) - m = (3. 2-6)

=_Y(Z)
X(2)

which is a major result.
3.3 FREQUENCY BEHAVIOR OF T!E z TRANSFER FUNCTION
3.3.1 Complex Frequency Response

To investigate the Lehavior of the difference equation on a sinusoidal input
sequence let

x = ot (2.3.1-1)
n

and assume y is given by
N

eiLz:nT (3.3.1-2)

y =G {w)

Inserting these expressions into equation (3.1-1)gives

i@jT -iemT,
e e
m

(D.‘.
E
!
D
L.
g
3
|
N1 R

or

(3.3.1-3)

-iznT
z- b ool
n
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It is seen that the sinusoidal sequence is modified in amplitude and phase by G(w) which

iw T
is simply Hz(z) above (3.2-6) with z = el : namely,
iwT
Gw) - Hz(e1 ). (3.3.1-4)
. X . ieT .
Heresfter, the notction for the frequency response, setting H (@)= Hz(e ). is abridged
z

in an obvious notational simpiification.

Given this {reguency response interpretation of the transfer f{function it is
remarkably simple to express the input-output sequence relation in terms of freguency
transforms exactly 2s for analog systems.

The input-output z transform relation is written

Y(z) =H {(2) X (2) {32-5)

z

Taking the inverse z transforms feq.2.4,1-1}

Vo= I**!(?_).“i{z)z:-k 4z
n z z

Mow, if ail the poles of Y (z} are inside the unit circie then an integration along tais
circle with

iwT
z=€e
produces 5
e . -
iwT iwT iwnT o
v = 1 Jf H (e ) Xe je dw (3,3.1-6)
n w .
S
P
2

-3

which., with w = 2%/ icoks almost exactly like an inverse analog system Fourier

transform.
3.3.2 Transfer Function Definition Without Recourse te¢ Complex Numbers

It is possible to define the iransfer fupciion of a digitai {or analog) filter
witho.t using complex numbers, through we resulting formulae are much more
cumbersome and make transform methods much more obscure as will be seen,

Tuke as the input the real function

xn - s {wnT - g {3.3.2-1)

where ¢ is an arbitrary phase angle, If ¢ = 7/2+ €. € arbitrary. then a cosinusoidal
sequence would be the input.



Aliowing the filter to operate upon this input sequence. and assuming an
output sequence

¥, = T(w) sin (unT + €+ 6 (w)) (3.3.2-2)
it is found. after considerable algebra that:
N
T(w) ccs 8(w) v bn(sin (wjT+ €) cos wnT-cos{wjT+ €) sin wnT)
n=20

N
+ T(w)sin B{w) X bn (cos (wjT + € } cos wnT~+ sin{wjT+€)sin wnT)
n=20
M
= ‘Z a_(sin(@T+ ¢ cos wmT - cos (+iT+€)sin wmT) (2.3.2-3)
m=0

As time jT is arbitrar, equate cnefficients of sin (wjT+€) and cos
{tciT+ €¢) on both sides of the equat'on and obtai:

N N

T(w)cos Hw) bncos wnT =T (w)sin Hw) E bn sin «nT
n=20 n= 1
M
= Z a cos wmT {3.3.2-42)
m
m =0
and
N N
T(w)cos @ (w) Z bnsin wnT - T(w)sin O (w) z‘ b cos wmT
n=1 n=0
M
_ 2 a sin «wmT. (3.3.2-4h)
- m
m=1

These equations can be solved simuitaneously for T(w) ccs 8 (w) and T (w) sin 8 (w) as
they are linear in these quantities, The result:

T(w) cosB(w)= AC - BD
A2 L gl
T{w) sin 8wy =_HAD - BC |

2 2
Az + B

3-6
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where
N

N
A = E b cos «wnT, B = 2 b sia wnT,
; n n
n:O n-= 1
M M
C= X a cos wmT, D = 2 a sin winT,
m m
=0 m =1

Squaring and adding the equations it is found, after more algebra, that:

o 2 2
T (w) =

>
.‘
jos)

( M 2 M 5
a sin wmT a cos womT

E m E m

T(w) - m m=190

2 N
bnsin wrT + bncos wnT

Z

~/
n=| n= 0

Similarly, division of the two equations gives

.. -1[BCc-4AD
S(w) = tan [ AC+ BDJ

N M N 2
(_ b sinwnT \ " a_cos wmT+\ b _cos wnT a__sin cumTW
n : m / n m

n=1 m=469 n=0 m=1 X

= tan 1 -
b sin wnT a_sin womT + b cos wnT a_cos wmT
E n E m E n E m

3-7



After a moments comparison with the complex form of the transfer function
in the preceding sectiun, it is seen that

i9(w)

Hz(w) = T(w) e (3.3.2-8)

Cbviously, complex numbers are muca easier to work with, though this
exercise shows clearly that the amplitude modification of a sine {cosine) sequence is
T(w) =ﬂlH(w)| and the phase shift ®{w) is giveu by the inverse tangent of the ratio
of the imaginary to real components of Hz(w).

3.3.3 Tr:nsfer Function Time (Or Phase) Reference

A great deal of care must be taken when defining a transfer function and
in interpreting it, While the magnitude of the transfer function is quite easy to
understand, it is the amplitude ratio of the output to input at a particular frequency,
the phase characteristic can lead to a great deal of ambiguity in questions of filter
synthesis and in applications oi the filters,

The filter is defined such that the phase reference is with respect to simul-
taneous inputs and outputs; that is, the phase is defined between members y: of the
output sequence and x] of the input sequence for the same’j. L

This definition of phase will be seen to imply a delay in the output sequence
at a given frequency with respect to the input sequence when the phase is negative;
and an advance of the output sequence at a given frequency when the phase is positive.

Further, a linear phase shiii as a function of frequency O(w) = + kwT, k=0
1, 2....7 will correspond to an advanced (+) or delay (-) of "k" units in th2 output
sequence "in toto", not just at a particular frequency.

First, the remark about the sign cf the phase at a given frequency deter-
mining the delay or advance is proven. From Section 3.3.1 it can be seen that the
output complex sinusoid sequence is given as

Hz () em‘nT’

W

Yn

with

iwnT
X = e
n

the input sequence, Writing

eie(w)

H () = l H (w) (3.3.3-1)

[ { —

ey e

cae



] L ——

S N Ty

where 9(w) is the "phase' of the compicr number }{7(0)) gives

y_ = ”Z<“') el(wnr + O(w) )

or (3.3.3-2)

iw(nT + Q__L_)ww )

y }{Z(w) e

n

As stated, it can be seen that tH (g,, mudifies the amplitude at a given fre-
quency ¢y and there is a time shift of e(cg)/w. If 8{w) is pusiiive there is an "advarce",
and when negative there is a '"delay" in the output sinusvid.

Next, it is seen that the time shift, "1", is
r = %9) = KT (3.3.3-3)

for ®(w) = £kwT, a linear phase shift, As a geieral bandlimited input sequence
can be written as the superposition (sumj of sinusoids (equation (3,3.1-6), then the
entire sequence will have a time shift = =kT,

3.4 DEFINITION OF THE "IMPULSE RESPONSE" { AND FILTER DEFINITION
FROM THE "IMPULSE RESPONSE")

To this point digital filters have been defined by their transfer functions
which were functicns of coefficients a_ and b A property of digital filters,
their "impulse response'' can be defmed whlch in turn can be us:.d to define the

transfer function and, concommitantly, the a 's and bn's. The impuise response,
W is defined by the reaction of a filter to the sequence (the impulse)

I, n=0,

n _ )0, otherwise, (3.4-1)

Obviously, a physically meaningful impulse response can only have values for output
times of 0, T, 2T, ..., etc.

Relation (3.4-1) and the definition of the z transform gives the output
sequence, the impulsce response, in terms of its z transform, W(z):

W(z) = T wz ", (3.4-2)

n=0

= L @X@),

= 1, (2),

3-9
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as X(z) = 1. Taking the inverce transform gives

_ 1 n dz - -
Wn = 5T § HZ(Z) z z n=0,1, 2, ..., (3.4-3)

An obvious physical restriction (causality® that no future inputs are required
before the present output is computed, disallows a "double-sided" z transform for
Hz(z). That is, there cannot occur

o oo

_ -n n
Hz(z) = E wz o ot E W z (3.44)

n=90 =1
where positive powers of z are included, If positive powers of z are allowed then
there could be outputs prior to the impulse. Therefore, it must be true that
w =0, forn <0.

Interestingly, and usefully, the integral (3. 4-3) can be computed for successive

values of n by "impulcing" the digital fﬂtef equivalent to Hz(z). Hz(z) must, of course,

be expressible as a rational function of z °,

Stable filters which are of the form (3.1-1) guarantee that w=20 forn <« 0 as
expression (3.4-3) is zero for n < 0 in this case.

The simplest method for computing the impulse response is applying X above
to the filter and observing the output.

3.4.1 Filter Input-Output Relation in Terms of the Impulse Response {(Convolution)

The output of the digital filter can be expressed directly in terms of the
"impulse response'! W and a general input sequence X

Hz(z) is defined as the ratio of input and output transforms:
Y(z) = H,(2) X2); (3.2-6)

and using the expansions of the various transforms produces

20 O . -
E ykz-k = E wnz-'n E sz-J (3.4.1-1)
n= EX

k=0 = =0

|
v

R

bom

L]




where the index n has been extended below zero, as W= 0. The purpose of this
index extension is to allow a change of variables of summation: namely,. let
k = n + j in the inside summation:

o0 L e
L Z Z w, xz K
yk - k-j ] ’
k=10 i=0 k=0
(3.4.1-2)
[> o] oo k
& w, X, z .
C LT e
k=0 j=0
Comparing terms on both sides (or taking inverse transforms: gives:
0
Y = é wk-jxj’ (3.4.1-3)
i=o0

which is the "convolution" of the input and impulse response sequence, and is a

basic result, In fact, this equation is often taken as the starting point of linear digital
time invariant filter theory and defines these filters, Either the "impulse response™

or the "transfer function' are equally good starting oints. In statistical analysis,

the convolution relation between input and output is frequently used to extract averages.

As the initial time from which transforms are taken is arbitrary (even
though zero was used) the relation {3.4.1-3) holds for all k(wj =0, j <0).

The input-output relation can also be written in another form, Note that
the argument leading to the present format, is symmetric in the variables W and x_,
n and j both being dummy variables of summation, with the assumption that X, = 0,
j < 0. Therefore, it can be immediately stated that ]

00

|

Vi = 2 wjxk-j' (3.4.1-4)
i=0

The statement can also be written for all k as the time origin cn the sequences
Yk and X is arbitrary.,
3.4.2 Filter Definition and Stability from the Impulse Response
If equation (3.4.1-4) is accepted as the definition of a linear time invariant

digital filter, it is of interest to determine the conditions on the w., the impulse
response, and the transfer function H,(2) defined in terms of the

3-11



First, if the filter is ""causal" there can be no future inputs required to compute
the present output which confines the impulse response:

Wj = 0, j<0, (3.4.2-1)
as before,

Stability is the next fundamental requirement usually ‘mposed on filters, A
stable, lirear, digital filter is usually defined by the statement.

A linear, digital filter is '"'stable’’ if the output sequence in response

to a bounded input sequence is bounded.
To see what this definition implies take the magnuude of eq., (3.4.14)

]yk‘ = Z wix | (3.4.2-2)

j=0

which obviously satisfies the inequality

| < 'Zo | ¥i] -] . (3.4.2-3)
j=

By a bounded input sequence the following condition is meant:

ka, < R, for all k, (3.4.2-4)
where R is some finite number. Therefore,
0
' R < 5 w . 3.4,.2-5
|y B < L] i ( )
J =

and if y, , the output sequence, is tc be bounded then a sufficient condition on the
impulse respoanse is

E ’wj! < o (3.4.2-6)

i=3
the sum of the impulse response magnitudes is bounded,
Necessity of this condition can be determined by finding a bounded input

sequence which needs this condition, An input sequence which is bounded and has
signs such that the terms are all positive makes this condition necessary.

Stability is obtained, then, if the filter impulse response satisfies the
necessary and sufficient condition

Vm\‘w £ »

namely, boun

S
4]
[o9)

(%]
[
[S
[Av]




This condition, though mathematically implied by the definition
of stability, is not as directly useful as a condition on the transfer
function

H(z) = Z w (3.4-2)
k=0

To find the conditions on Hz(z), the obvious inequulity
> % > -k
Z Wy 2 < Z lwk ‘ . ‘ z I (3.4.2-7)
k=0 k=0

is noted, For ! z-l <1, or 1z >1, the condition (3.4,.2-7) is certainly satisfied.
Therefore, a condition on Hz(z) for a stable system is that it be an analytic function
for 1z|>1,

A system with a transfer function having one or more singularities outside
of the unit circle satisfies, mathematically,

o
wkz-k e, (3.4.2-8)
k=0

for some z such tha. |4 > 1.

As LA 0 K

Z [wk‘ > Z W2 |z |21,

k - 0 k= 0 y ' . (3.4.2‘9)
then \2_

k=0 , (3.4.2-10)

if a singularity exists outside the unit circle,
Summarizing:

1. A stable linear digital filter transfer function, H (z), has nc
singularities or poles outside of the unit circle, Some sing-ulaf‘ities must exist
within, or on, the unit circle if all the wj are to be non-zero,

2. An unstable linear digital filter transfer function, Hz(z), has
singularities or poles outside the unit circle,

3-13



3.4.3 Filter Stability Via the Difference Equation

The criteria for stability of the output sequence of the difference equation 3.1-1
from the basic definition is developed. If the input is zero the output should remain
bounded is the criterion used,

For zero input the equation is

N

E b¥iy =0 by =1 (3.4.3-1)
n=

Assuming a solution,

yj = BJ ; B, a constant, (3.4.3-2)

it is found that 8 must satisfy a 'characteristic equation"
N

bnﬁ"“= 0; (3.4.3-3)
n=0

namely, a soluticn of a polynomial of the Nth degree. In general, there are N roots

which may or may not be distinct. If they are distinct, then the most general solution
to (3.4.3-1) is

N

- j
v, -Z B, B, (3.4.3-4)

k=1
where the Bk are determined by the initial conditions. Furthermore, if the bn are
real, the -oots Bk when comnplex must occuy in conjugate pairs.

For the yj's to remain bounded, the magnitude of the 8's must be less than
unity. This is the stability criteria. If the roots are not distinct, say, there is

an "'s fold" root, then the part of the solution, yj(s), corresponding to this root is

= it . op L .
Y] z‘ k-1’ 35 : C'y s = constants. (3.4.3-5)
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Again, it is secn that 8 must have a magnitvde less than unity for a bounded solution,
[herefore, in general, stability is determined by the roois of the characteristic
equation:

E bnz-n =0, (3.4.3-6)

n =10

lyiny within the anit circle in the complex z piane, In other words, the poles of the
z transfer function must lie within the unit z-plane circle for statility,

Non-recursive filiers with a finite number of coefficients are automatically
stable as no characteristic equation exists.,

A more general discussion of filter stahility was considered i1 Section 3.4.2
where the "impulse response' of a dizital filier was discussed,

3.5 SOME PROPERTIES OF DIGITAL FILTERS

From the form3.3.1-3)it is seen that Jdigital filters possess certain properties.

The transfer function is periodic in the sémpling frequency;

27
T ) Hz(w + wg)

H (w+
z

H (w), (3.5-1)

If it also true that the filter coefficients a, ) and b, are real numbers then
the filter pro-erties for negative frequencies are Enown from the behavior for positive
frequencies as

HZ(-w) = HX* (w), *=complex conjuzatioun. (3.5-2)

*
Z

For real filters properties (3,5-1) and (3.5-2) ihmply that

H_(0) = H2(0), (3.5-3a)
and
e T
H{- =) = H(-F),
2z T z T (3.5-3b)
= HZ(UJS/2),
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nam ly; digital transfer functions with real coefficients are real {possess only zero
and 180° phases) at w= 0 and w = w_/Z,

Now, property (3.5-2) dozsn’t produce any difficulties in anproximating con-
tinuous data filters as they also possess the same property; but property (3.5-1),
w

the periodicity and consequent reality at w = —— , is not usually found in continuous
filters and produces approximation ditticulties’,

3.6 SERIES IILT'ERS
As with analog filters, the transfer function of successive digital filteving
operations is of considerable interest, [he transform methods used here are equally

applicable to recursive and non-recursive filters,

The situation is as follows, There is an input sequence, X which is operated
upon to produce an output sequence, Y namely

N, Ml
b My - - E b Dy 4 § a Ox o g,
o} j n “jen n j-n’ o
n=1 m=0 (3. 6-1)
Taking z transforms; as before, produces
vz = 1 Dixa
(2) = HZ (zjX(z) (3.6~2)

where V(z) and X(z) are the iransforms of the output and input, respectively;
and M

i V) = , (3.6-3)

as before,

Next, pass the output sequence, y., thrcugh ancther digital filter to produce
an output sequence \.j . This filter is defi}wed as

N M

2 2
(2) o @), (2) o (@)
by vy E by v E 2,y 0, =1
q=1 k=20

(3.6-4)
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The input-output z transform relationship is
V(z) = Hz(z)(z) Y(z) (3.6-5)

with V(z) the output sequence transiorm, and

M,

E ak(‘?)z-k
g @ =0

2 (z) = N (3.6-6)
2

b (2)Z—q
E q

The relation between the input sequence to the first filter, X5 and the sutput

of the second filter Vi is given obviously, in terms of z transforms as

V(z, _ Hz(ﬁ)(z) Hz(l)(Z),

X(z)
= Hz(l)(z) Hz(z)(z), (the filtering is commutative), (3.6-7)
M M
‘—L , M -m 2 @ -«
z a z
L/ m k
_ m =0 k;
- N N
Tl T2
Y—\ b 1 _-n b (Z)Z-k
n Z : E 4
L
n=0 q=20

= H_(2),

with H,(z) being the product filter, Simply multiply the transforms tc find the
composite filter that directly produces the sequence v; from x;. The equivaient
digital {ter relation is given by the coefficients of the multiplication, Note that
E,(z) has the {orm

ey il TIE B e
=
+
=
Y

-m
a_ 2z
] .
3 &
Po— -
2 bz "




whe:e a__ and b_ are the coefficients of the product coefficients of the numerator and
denominator of equation (3.6-7), respeciively, The equivalent differenrce gquation is,
N, + N MO+ M

1 2 1 2
v, = = b _v. + E a_x (3.6-9)
j n j=n m j-m

m =0

3.7 REALIZAT!ON METHODS

When a digital fiiter has been synthesized, as far as determining ihe co-
efficients of the numerator and denominator of the z transfer function, it may be
useful to synthesize the actual numerical filter in other ways. Reasons for desiring
other ‘'realization” methods include the desires for faster computation times, less’
numerical operations, and les- storage in the computer,

Five basic ""realization' methods are:

l. Direct Programming

2, Factorization

3. Partial Fraction

4. Simpie Product

3. Discrete Fourier Transiormation Using the
Fast Fourier Transformaticon Algorithm

3.7.1 Direct Programming

"Direct programming’ means just that, Take Hy(z) and use its equivalent
difference equation as the fiiter realization. Namely, when H,(z) is given in the for::

M
5 a z ™
=4 m
_ m= =1-
Hz(z) = < b0 =1; (3.2¢6)
; bz "
/ n
n=u
use the formula
N M '
- L _!
yj = bnyj—n + S amx]._m (3.1-1)
L
n=1 =0

for filtering. In fact, Hz(z) was considered as derived from this basic filter defini-
tion in the initial investigations of digital filters,
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3.7.2 Factorizatioa

This methd of realization assumes that H,(z) is factored from the form

M
)i
a_z
m
. _ m=90 o
Hz(‘" = N (2.2-6)
bz "
:>. n
—
n=20
. e T -1 -1
into ao(l-alz ) (i-a,z ).....(l-aMz )
H, (z) = I 5 =) (3.7.2-1)
-8z ) (=352 Neren (1-ByZ )

The aj aad By are the roots of the numerator and denomirator polynomials which,
if they are complex, must exist in compiex conjugate pairs when the a,, and by are

all real,

Then, look upon H,(z) as a series of simple filters (See Section 3.5}

1), 2 N
H (z) = Hz(){z) Hz( Y2) ..... HZ( )2), (3.7.2-2)
where
~1
- Clkz )
[ ———, 1<k <M,
(l = Bkz-l)
1 .
Hz(k)(z) =4 TorT T M+ 1l<l<N -1,
a
\_ _o.._:._, k= N,
i —BNz

if it is assumed that M < N ( the numerator of (3.2-6) can always be factored into
two parts such that M < XN for one factor, the other factor becomes a non-recursive

filter).

The implementation of one of the filters, say, Hz(k)(z), is.

k1) _ 5 x. KD (3.7.2-3)

X(k) = (k) + X, Clk J"].

i T PR ;
where

xj(k) = output sequence of kth series filter,
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Each simple series filter operates on the output of the simple filter to its left.

’Hz( 2(2), of course, operates on the actual input sequence x,, and the output of
H,{N)(z) after the operation of all the others is y,, which would have been obtained if
H,(z) had operated directly ~u x,. The order of the usage of the filters Hz(k)(z)

is unimportant, but they must all be used in the total filtering operation.

The primary advantage of this type of realization is the ease of mechan-
ization of the simple formula (3. 7,2~3) which is used N' times while filtering,
merely changing the constants each time,

This method of realization can ve considered an "iterative' method, in
programming terminology, as the same formula is appiiea again and again, N times.

3.7.3 Partial Fraction

The partial fraction method of realization is just what is meant by its
name. Expard H,(z) into its partial fraction form:
N

Ak -T
Hz(z) = g * Brz (3.7.3-1)

k=1 -8z r=0

where A, and B, are the expansion coefficients and By are the denominator roots,
This method is obvicusly not applicable to non-~recursive filters as there is no
denominator in Hg(z) to expand. Assume the B 's distifict for simpli-- ’

city. An obvious modification results if a rcot has a multiplicity greater than unity,

An individual partial ‘-2ction term can be realized as a filter onerating on the
input sequence Xx; and gives a partial output Xj (k), namely the term.

Ax

1- Bkz-

1 3.7.3-2)
has the realization

xj(k) - kaj_l(k) + A (3.7.3-3)

where xfk) is tne partial output sequence due to this term in the partial fraction -
expansion, Tne total output of H,(z) is the sum of the partial outputs

N M
v = (8 B_x (3.7.3-4)

j j j-r
k=1 r=1




This approach has the advantage of possessing the capability of being the
fastest, when implemented with a special purpose machine, as all of the partial
sequences may be computed simultaneously (in parallel), rather than sequentially, as
with the direct and factorization methods., Stcrage is also “educed as c¢nly the immediate
past x_(%)1s, of which th:re are N for distinet roots need be stored, excluding the
non-récursive storage defined by the B,'s

3.7.4 Simple Product
Another realization method that has the simplicity of the ""Direct Programming"

method and the minimized storage of the "Partial Fraction' method is a simple
product factoring of the expression for Hy(z). Namely, write

7 N
E bz ™
n
n=
as
HZ = A(z) B(z) {3.7.4-1)
with M
-m
A(z) = a_z (3.7.4-2)
m=0
and
. 1
B(z) = < (3.7.4-3)
S -n
' bnz
n=9

Oper~te on the input sequence first with B(z) and on this sequence with
A(z) to form th.2 output (see Section 3,6). If Y(z) is the output transform and X.(z)
the input cransform

with

Y(z) = H,(z) X(2)
= A(z) [B(z) X(2)], (3.7.4-4)
= A(z) V(2)

V(z) = B(z) X(z). (3.7.4-5)
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The implementations of (3,7.4-4) and (3.7.4-5) are

N
bovj = - E bn'j-n + xj, (3.7.4-6)
n=
and M )
y; = E 3V -mb (3.7.4-17)
m=20

respediively,
Only the N or M onast Vj's need be stored.
3.7.5 Discrete Fourier Transform Realization

The fast Fourier transform algorithm (section 14), used to compute the
discrete Fourier transform, allows the non-recursive filtering operation

M-1

yj = é _‘am xj_m’ j. =07) 1’ evsey R~i (3- 7-5-1)

m =0

to be perfor.ned "indirectly' with less computation,though with more delay,for large
M (Section 3.7.5.5). Indirect computation means that the above formula, though de-
fining the filtering operation is computated by another method which is completely
equivalent, neglecting round-off, The numbers Yo am, and xm are allowed to be

complex though certain computational improvements will be discussed when they are
real. This method uses the discrete convclution relationship(Section 2. 7. 2) with
appropriate modificaticn to account for the periodic, cyclic, or modulo N nature

of the disrete Fourier transform.

Repeating here the convolution relation in terms of the DFT1:

N -1
_F - ? ; v
| Z m j-m
m =0
2.7.2-1)
N-1 12_—"
__1_2 - = jn - N .
=N An Xn W, W=e
n=20
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i §

b i

where

o
H
<o

and

k=

o

Use of this relation imrplies that the quantities —a',“, X , A, and X_ repeat
periodically outside of the region: 0<m,n < N-I, B?app'}opriatepy appending
zeros to the original sequences, a__ and X sequencing them propcrly, and choosing
N appropriately the discrete convolution cah be constrained so that yj = *
First, note that (2.7.2~l) can be written

j N-1

yj - Z 2 m xj—m - E ame-£~j-m
= { m=j+l

(3.7.5-2)

where the periodicity of x __ has been used. Two equivalent methods are available

for computing the desired lﬂltering operation via(2,7.2-l)with zeroes appended to avoid
the periodicity, Both methods repeatedly compute (2. 7.2-) via the discrete Fourier
transform with a value N=1\'Opt until R data points X have been filtered.

The methods described subsequently follow directly the work of Helms, Sande,
and Stockham as described by Helms*. It should be mentioned that Helms method
of generating the non-recursive digital filter coefficients from recursive filters or
transfer function samples are somewhat naive and should be replaced by the methods
of Section 5.7 which still uses the discrete Fourier transform for generation but also

reduces the number of filter coefficients and uses convergence methods to reduce the
'Gibbs phenomena’™.

* Fast Fourier Method of Computing Difference Equations and Simulating Filiers,
H. D. Helms, IEEE Trans on A & E. Vol]. Au--15, NO. 2, June 1967.
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ferminoivgy alse follows that of Helms,
3.7.5.1 ine 'Select-Saving' Method
The technique is best described by giving the computational procedure:

i) A numbe. N, whose value will be discussed subsequently in section 3.7,5,3,
is chosen such that N 2 M,
2) N-M zeroes are appended to the sequence apy,, producing the desired sequernce

o = Ajwl:
— { am, m—O, 1, esay MN=ij

a -
m Oy m=h1, M"'l, L I N-lc

~

3) The discrete Fourier transform (say, DFTI) of the sequences a_ and xm ,
where x__ is chosen in this step as equal to the first N values o?lxm, is
taken, [Phe resultant frequency sequences are directly multiplied at corres-
ponding frequencies. It should be noted that the discrete Fourier transform
of the filter weighting sequence, a,,, need only be computed once.

4) The inverse discrete Fourier transEO:'m (IDFT1) of the product sequence formed
in (3) is taken,

5) The resultant time sequence 57} is the desired output ¥j for values of j:

j= 1\1-1’ 1\1, eas ey N-l.
Values of yTJ for

i=0, 1, ... M-2
are considered as invalid and are discarded. 'Select-saving' is regarded by
Helms as being defined by this operation.

6) The sequence x, is then redefined for the next filtering operation, Discard
the present values of X,. and replace them by N values of X, Starting with the
N-L+2th member of ihe present set of values,

7) Repeat steps (3) through (6) until E+M-1 values of x, have been used,

8) The values of ¥j obtained by step (5) are placed end to end to form the filtered
sequence,

This procedure works beeca'ise the second term on the right side of 3,7,5-2
vanishes if j is restricted to M-1 < j < N-las m>j and a, = 0form> M in that
term,

3.7.5.2 The "Overlap-Adding" Method

This method is a slight variation of the previcus method,
Steps (1) ahd(2) are identical to that of thé previous method.
3) The discrete Fourier transform (DFT!; of the sequences a__ and Xm is taken,
Xy s defined this time as the first N-M+l vaiues of x,,, with M-l zeros appendec.
The product frequency sequence is formed,
4) The inverse discrete Fourier transform (IDFT1) of the product sequence is taken,
5) The N output values yj’are shifted N~-M+l units towards larger input indices and
added to the previous y;'s, Obviously, the first time addition is not necessary.
This shifting and adding begets the name, "overlap-adding’, for the technique,
Only the first M-l values are actually added to the previous values,
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6) The sequence X,y is redefined uy replacing the previously used N-M+] values
of xp, by the next N-M+l vziues of Xr{x with zeros appended
7) Steps (3) through (6) arc repeated until R+M-1 values of x,,, are filtered,

Veracily of this process is best shown by appeal to equation 3.7,5-2 plus
a few examples of the "end-effect' summing worked out by hand by the reader.

3.7.5,3 Determination of N to Minimize the Number of Computations

While it should, at this point, be quite obvious that this method of realizing
a digital filter is only useful for mecnani~ing a non-recursive filter with an additional
delay determined by N~M, it is also true that this method is the fastest of all methods
for implementing them when M is greater than a "break-even" point.

To compute the value of N = I\‘O)t that minimizes the number of computations
a few simple relations can be used, l

Computation of the discrete Fourier transform using the "fast" algorithm
(Section 14 ) requires 2 N log, N real muitiplications when N is taken as a power
of 2, Real additions and subtractions require 3 N logy N operations.

With these parameters the computation time for the two methods can be
estimated though the methods differ in details. Two transforms, the transform of
xm and the inverse transform of Ay X, , must be taken for each sub-sequence of
N - M +1 points, Therefore, the required number of transform applications is

approximately,

2 R -
3.7.5.3-1
N-M+1 ( )

and the total computing time is

2 2Qa+3)9) RNlogzl\
-M+1

(3.7.5.3-2)

TC = seconds,

where
= total number of datia points filtered

R
a = time per multiplication in seconds,
3 = time per addition/subtraction in seconds,

Helms determined the numoer N = Ngpt that minimized the computing time
TC, Itis found from table 3.7.5.3-1 that thg minimum value is approximately given hv

Nopt =M ILog o M. (3.7.5.3-3)

The minimuwn compuiing time is also found approximateiy from the table to be

~ 3.7.5.3-4
TCypt (6 =+ 98) RlogyM ( )
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2NOptlogzNopt

M Nopt logzNOpt Nopt-MH
<1 32 5 < 13,9
n-17 64 6 14.22-16
18-29 128 7 16-18
30-52 256 & 18-20
53-94 512 9 20-22
95-171 1024 Ic 22-24
172-310 2048 1 24-26
310-575 4096 12 26-28
575-1050 8192 13 28-30
1050-2000 16384 14 30-32
2000-3800 32768 15 32-34
3809-7400 65536 16 34-36

> 7400 131072 17 > 36

Table 3,7.5.,3-1 N ___ as a Function of M (assuming N,

opt a power of 2)

pt

From the table it is also obvious that TCO is not a sensitive function of N,

pt
3. 5.4 Reduction of Operations for Real Filters and Sequences

Wher. the non-recursive filter and the sequence being filtered are real than it
is quite easy to reduce the number of computations by a factor of two by either of the
methods of the previous section,

In both methods the sequence X... is progressively replaced with N~M+l values
of the sequence heing filtered, \I?_ Xm Is real successive sequences can be equated
to the real and imaginary parts of xm anré1 as long as the are real the result of the
convolution will be the two filtered sequences y; as the ‘:‘:g]l and imaginary parts,
Linearity of a complex number under multiplication hy a real constant aliows the
result,

Therefore, both the "selec.-saving' and "overlap-adding'' methods may be

used with two successive filtering cperations of N - M + 1 points perforined witn the
single application of the DFTI1 and the IDFTI,

3.7.5.5Comparison with the Direct Programming Method

It is of considerahle interest to compare the number of computations using the
fast Fourier transform realization with that of the direct programming method of
Section 3.7.1. For the direct method each filtei output requires 4M multipl:cations and
4M addition/subtractions for complex weights and data. Real weights and data require
one fourth as much computatiocn, but as the fast Fourier transform operates on two sets
of data points simultaneously (Section 3. 7. 5. 4) for real quantities a comparison with
complex quantities is valid, identically.
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For R input data points the total computing time, ’I‘CD, for filtering by direct pro-

gramming is anproximately

TCD 4 (a+ Rf) MR (3.7.5.5-1)

with quantities as defined previously., The compnutational efficiency ratio of the fast Fourier
transform algorithm to the lirect programming method is

TC
. D .
E - TC (3.7.5.5-2)
opt
4 s ? h -
‘ _,(Q E)M(‘\Iopt M +771)
2 (20 + 3 N g N
2 (24 + 38) I\opt 10z>2 \opt
from (3.7.5.3 2) tor optimum N. Using the approximation (3, 7. 5. 3-3)
4 M
E ~ (o + B) (3.7.5.5-3)

T 3 (@2x-38)log, M

If the multiplication and addition/subtraction times are assumed approximately equal/
(o = 8), for comparison purposes,

M

- 8 \
E~13 log, M (3.7.5.5-4)

This approximation is useful, however. only when M is large - s examination of

table 3.7.5.3-1 will indicate. Careful examination will show that th- break-even' point N
for using the fast Fourier transform is hetween M = 18 to 29 when o = 8, Thereafter rapid \
gains may he expected. By varying the multiplication time slightly with respect to the
addition/substraction time the break-even time may he varied greatly. M =20 is the
approximate hreak-even point for equality.
3.8 REALIZATION OF SOME NON-RECURSIVE FILTERS AS RECUFSIVE FILTERS

Cddly enough, certain non-recursive filters can be realized as recursive
fiters, For example, the filter:

:\' \
173 = .—-—I—.—— X . (3.8-1)
7k N +1 k=-j’
j =
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which s recogniced as a simple averaging over a span of N -+ 1 points from the most
reeent data point back, has the weighting sequence

1
YiT, SIS,
We T )0, k>N, (3.8-2)

The z transfer function is, therefore:

&

29 =/ NFI
Jj=0
1 1 -(N+1D
- N+1 N+1
t-2"'

_ 1 R
Yk = Ykl ¥ RFT % T OYST %k- (N (3.8-4a)

Note that N + 2 values of past history must be kept in storage as successive yk's
ai'e computed.,

Actually, this result is obvious without recourse to z transforms and associated
paraphenalia. I simply states that the most recent running average can be formed by
taking the last running average (y, _;), subtracting the oldest point divided by the number
of points being averaged, and adding the newest, similarly weighted. Computing the
running averagce by hand, or desk calculator, shows this resuic rather quickly; it would
be simpler o perform, 1 addition; 1 subiraction and two divisions (multiplications),
rather than N + 1 additions and 1 division (multipiication), when N is large. It is
neccssary to make sure that y, = 0; or any non-zero value will be carried as an error
when computing further Ve

Cther non-recursive filters of N + . weights can be realized as recursive filte.»
as long as

is expressibie as the ratio of two polynomiais in .1 Care must be taken with
initial values in recursive realizaticas as initial and/or round-off errors can pro-
pagate aad/cr grow with time. This occurs because the denominator of the re-
cursive realization often has a zevro on the unit circie which can cause instability.
Infinite precision arithmetic and care ininitial values can avoid these problems as
the exact mathematical {ormulation has no poles. As there is seldem infinite pre-
cision arithmetic, evror effects in recursive realizaticus of basically non-recur-
sive tilters {finile number of members in the impulsz response sequence) shculd
always be zaalyzed,
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A technique to assist in minimizing finite precision arithmetic instability is the
moving of "apparent” poles, of non-recursive filter realization by recursive filters,
inside the unit circle. The adjective "apparent ' is used because the recursive realiza-
tion has no poles (or the impulse response sequance would have an infinite number of
members). Denominator terms of tne form: for example, 1-z7% as in(3.8-3), actually
can be divided into the numerator, giving the original non-recursive filter expression.
with a finite number of terms.

The instability is caused by the homogeneocus solution to the difference
equation with which the filter is implemented. For example, the running average
recursive realization can be written

| R S
Ye TV T OTAHT 'k T OAFT Yk-(N+ 1) (3.8-4b)

Regardless of the input sequence, Xx,, a solution for Vi is the solution to
n

yk "yk-1=00

As with differential equations there are "nomogeneous" solutions wh ich, due to the
linearity of the difference equation can be added to the solution for a particular input
sequence x;,. These homogeneous solutions are "transients', For the example
above, z solution Yy = CBK is assumed and it is found that 8 = 1. Therefore, the
homogeneous sclution is

Vi = Cﬂk
- (3.8-5)

If the process (filter) is started with arn erreor C it is retained. Quantization
errors and round-off errors an coatribute to C, as if the filter were being re-started
at some time other than zero, By making S less than 1, the errorwill tend to diminish
with time, Setting

where 27" is s few more bits significant than the precision of the arithmetic used,
will cause the 'ransent error tu decay faster than it iz generated. For example,
if the machine has 32 bits of simificance, then n = 22 te 28 will help keep errors

under control. :

Tne md.dified recursive filter is; then,

. _ (1 _ 9'“\ 1 | (3. 8-6)
Sk “« )

Yol T RF x, N+l

*k - (N + D).

For mudest runnin; averages (N < 5000) this m.dification hardly affects
the frequency response,
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3.4 “"LEGAL" FILTER FORME

From Section 3. 2 the general filter expression was determined. and
Section 3.1 where the impulse response was defined and discussed, it was found
that only certain forms for digital filters are legitimate.

Further discussion is warranted to clarify the restrictions on the filter
expression.

Writing the transfer function in terms of positive powers of z produces
M .
N-
a =
m
H (z) = ’ (3.9-1)

To ensure that only negative (and zero) powers of z are irvolved in the expansion of
H_(z), as physica’ly required (Section 3. 4), b, caunot be equated to zero if a_ is uot
zéro. Havi ing octh a, and b, zero is legitimate as this would be equivzient to having
1 digical filter with a nurner Oator oi the order M - 1 and a denominator of order N - 1.
Therefore assuming b, = 1 is not restrictive. Finally, any of the a /s may be zero,
though there should beat least one non-zero a  so that the filter transfer function

is not trivially zero.

An exampie of s legitimate, or "legal", non-recursive transfer funotion is

Q‘ . a Z-!ﬂ

9-2
H (zy = ; m : (3.9~
z )
m=0
with the correspunding filter
M
v = arnxj_nq' (3. 9—3\'
J Z
m=20
An "illegal' non-recursive {ilier transfer funection is
M
-m
H (z) = z ) 2.2 5 (3.9-4)
z - Y S
it =0
as b0 =0 bi =1, [I'he equivalen: "illezal" filter is

M

- a (2, 9=}
A1 m’jem’ ‘
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While equation (3,9-5) is 2 pcz‘*{ec!l‘; “eomputable’ expression within iself) i implies
a ohe untt time delay as it stands, coentrarvy to the definition of a transter fux.c tion
expressin: the reiation hetween mp\n and output sequences at the same instant (or

indexj.

Recursive fiiters, by the above arcuments, must have the form
N M
v+ by = a.X {3.9-G)

3 0 i=n . m’ j-m
n =l n = 0

where any a v b'1 (b“ = |y can he zero as long as siability is preserved.
3,10 BANDWIDTH AND TRANSIENT RESPONSE TIME, CR
BANDWIDTH GF A SAMPLED PULSE WAVEFORM

A zeneral measure of impulse decay time can be cbtained, Equi-
vauiently, a relation between a digital waveshape pulse width and its specirum
iz obtained. A general measire is needed to handle the somewhat arbitrarily
shaped filters anc pulses whicn occur in practice.

Assume that a low-pass filter, with a bandwidth relatively small compared
1o half the sanpling frequency is impulsed. Equivalently, assuine that a dizital pulse

waveform is z transformed.

In either case, a filier, or spectrain, effective bandwidth, « is defined

_5

2 s 2
[& - 4 H (w duw (3.10-1)
-5 = - (L Loy (3.10=
w2 < ! z' ‘

=
where

H_(«y = the dizital {'lier transter function or

the spectrum «of the sampled pulse waveform,

The filter ¢ spetrum is assumed to be normalized, for convenience, such thai;

“s/c
{)
L [, | Tde =
3 {3.10-2;
TFs 2

This normudizaiion can be vertormed for any f{ilter or spectrum.

S S s e i —————— . —
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Conversely, this ncrmalization is equivalent to the time demain
relaticnship, or normalization;
-]

S wi . (3.10~3)

[ e

k=0
The impulse response, or pulse waveform is such that the sum of tke square of
the sample values is unity, To prove (3.10-3) note that

> o]
_ ~iwkT _ 2
H (w) = g w.e y Wy T 55 (3.10-4)
k=0
for stable filte »s and
w\
z
1 . - 1, k=j
— -iw(k=-j}T _ ! (3.10-5)
“ € dw = {0, otherwise,
-w

[\
]

Next define an effective time waveform width, 5,

2 )
[%1 - L (kT)zwk2 (3.10-6)
k=0

It can be seen that both the effective bandwidth and effective waveform

width are r.m,s. values defined with respect to positive weight functions, - ‘H (w) ’2
and w,  , ccnsecutively, which integrate or sum to unity as do probability Ws 12

density functions,
The relationship to be proven is that,
a8 < 4, (3.10-7)
wide filtar bandwidths or spectra, correspond to short time waveforms, or conversely.

. . 2 . .
First, the expression foir f~ must be converted to one involving Hz(w). As
&

-1 wkT:
Hz (w) =Z wke t

k=0
e el
o H (W)
N ANSER Z _-iwkT (3.10-83)
50 < i (kT) W e
k=0
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and,

* @
H = (w) -
9 - - T
o - i Z (Jx)wje”"J (3.10-8b)
i o0

Therefore, it is found that

s %S
1 272 W ) N e
w, S |—5—T I d w —Z Z l\T]T\\ij -&; \ e dw
-w k =0 j =0 ’ -
_S _S
2 2 .
(3.10-9)
(-]
2 2
=Z kT) wk
k=0
' 2.2
The product o~ 8~ can then be written:
“/2 2
' “=i S ¢ TH, (0] %de % S | 5o | “da
16 S «, w
/2 s
i 2
(3.10-10)
] From Schwarz' inequality
- b b /2 b
- 2 2
‘: S|f | d Slgl d_ 2 2[Re[gfg* de|
' a e} a
(3.10-11)
the relation @,
i 7z
: SHY (W) (w)
o8 > ,1 € ‘ - ]
! o CUR e T 2] e
| s
i (3.10-12)

can be written.
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The integral con the right may be recognized as

w
=
2 a
1 y 2 : -
L f wgm | H (@)% 4, (3.10-13)
s
~-w
S
2
which can be integrated by parts:
s
L o 2
TS f w go—) le(w) l dw = -1 (3.10-14)
_(‘l)~
—
2

from equation (3.10-8) and assuming thai Hz(ws/Z) ~(0, As was to be shown:

The relation can be generalized to include filters, or spectra, that are
peaked about some average frequency, @, and time waveforms that have an average
time, 1, of occurrence where 7v, and t are defined by usua! methods:

w
=
- 1 2 2
& = = j o [H (9] do,- (3.10-15)
<
0
and
o0
. 2
T o= E KT wi (3.10-16)
k=20
Equivalent bandwidths and pulse widths are deﬁned, then, by
72 Ys/2
[%’ T- = f (0-&) 2 |u)fPaw, (3.16-17)
s/2
0
and
5 fao]
(8- L o«
51 = > Yk, (3.10-18)
k=0

3-34




fhe proof that &3 >4 can still be performed, but it is much more
complicated and requires that

@

HO) ~ H (=) , (3.10-19)
~ 0,

This is nut unreasonable as this proof is for filters; or spectra, that have significant
values only at some {requency not equal to zero or Wy 2,

If the effective bandwidth, 3, is converted to Hertz, or cycles per second: =27 R

then
a3 > 4 (3.10-20)

becomes

‘!13

af ;
i

>
A ——
the product of effective pulse widtii and effcctive spectrum width is greater than or equal

to 2/7. A sampled pulse with an envelope of 1/100 of a second mnust have a spectrum
width

2

-~ s

f.l Z

1
=
= 2 %100 Hertz.

To obtain an intuitive idea of the transient decay time evaluate the impulse
respoiise for a perfect rectangular filter(albeit unrealizable):

")' ’*‘}0+—-’I’

H(w) =
0, otherwise; (3.10-21)
with wo + -2i < —2—5- .
The impulse response sequence is given (using equation 3,4-3) by
@ A ) A
0+ 5= Yot
Wy T _1_ f Clu,‘kT du - f elwkldw ,
- -—'3— - A
0 2 0 2 (3.10-22a)
ol N i sin ( AZII\ ) '
Wy = = [ TR cos w, K1 (3.10-22b)
S (——)
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The familiar sin x/x, x = ATk /2, term that the rectangular filters generate
is found along with a cosinusoidal "rmgmg" at the center frequency of the filter,
The amplitude of the impulse sequence is less than one (2A/w_ <1), The sin x/x
term is substantially down to 10 percent of its value at about kaO/2 =7 or where

T = 2w 'r=kOT. (3.10-23)

The product of filter bandwidth, A, and impulse decay time, 7, is equal to a constant
27 which differs only slightly from the general "effective bandwidth-transient decay
time'" (3.10-7). . A narrow bandwidih gives a long decay time. Concurrently, if
the sampling time is short, many sampling intervals, kg, are necessary before the
transient decays., If a digital computer is used, computer time and, therefore, cost
is large for a narrow bandwidth as many computations are necessary before the filter
arrives at its ''steady state'" conditions, if the steady state operation is of interest,

3.11 THE DISCRETE FOURIER TRANSFORM AS A DIGITAL FILTER

The discrete Fourier transform is a linear, complex coefficient, non-
recursive filtering operation. That is, if the discrete Fourier transform is taken
at a particular frequency, then input sequences tnat deviate from this frequency
can contribute to the value of the output at this frequency via a transfer function.
To see this compute the transform at a frequency w =j ws/’N with an input sequence
at an arbitary frequency w,

Let .
v, = ¢ 10kT (3.11-1)

then the discrete transform at frequency wj of vi is

N=-
Vj(w) - § el(o.)-wj)kT , T = sampling interval;
k=0
1-e : (w-wj)NT
1-e i (w-wj)T,
i(w-w,) (N-1)T Ezm[(w wy) 'l"I:J
= e X j 5 . < (3.11-2)

sm[m-w ) ]

which is the transfer finction of the Fourier r-oefﬁclent computed at wj.

Now jw
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Therefore, it can be seen that inputs ut w = w, (k#j) hav~ zero output, At
w = u)j, Vj (w) = N, A typical plot of Vj(u.)) is seen in Figure 3.11-1,

[Vi« |

N l ~

0 w . \
ERl B T

Figure 3,11-1 Response of a 'Discrete Fourier Transform

If the response of another coefficient is computed, for example V.  (w)
then its maximum occurs at the first zero of V_(w) to the left of the maximn of
V(@) ]

It shouid also be noted that V. (w) falls off approximately as 1/ (wT/2)
away from the center with the excepti]on of the sharp zeros at harmonics of

Aw =wS/N.

3.12 A USEFUL SUMMATION RELATION
A quite useful relation involves the sum of a product of a "lagged sequence' with

itseif. ““'hen the "lag' is zero the sum particularizes to the sum of the square of the
sequence. In many applications this relation allows 'simple ' evaluation by residues.

It will ¢ shown that, if X T 0 for k <0, then
1 . . T dz
X* X = 3 X *1z) Lz -
Z M e T T 5 X(2) X*iz)z' = C(3.12-1)
k-0

- ¢ X(w N* (e« gy

with X (@) an obvious abridgement of X (z), the z transform of x
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If the secuence Xy is real thep

X* @ = K(1)

on the unit circle and
. o1 1 dz
Z Xk *k+T T TH § X(z) X(3) =

The proof is relatively simple and involves the orthogonality relations:

1 iz _,
27 Zj~k+]_ T Yk (3.12-2a)

with the contour enclosing the origin or

w = ij (3.12-2b)

Computing the integral using the tiansform of Xy

1 § T dz 1 i
s § X@ x@z Z-)  oxowe Lo§ 82
27 z i Tk zm i-T-K
i, k=0 z i
)
:Z XX B p (3.12-3) .
i, k=0 '

3-38




.- &

as was lo e shown. The frequency representation. integration along the unit cirele.

follows easily.
An example of interest involves the impulse response of a stable digital filter. in

which case Nk W and X (2) Hy (z), and the sum of the squares is of interest, namely.

‘ 2 -_1— ‘ 1 -'_ N ‘.-
Z w75 § H @ ()= (3. 12-4)

n () o (3. 12-5)
1-e¢
and
X
2 1 N 1 ! dz
o w, | . & — -
.k Y Tt [t oz
k 0 (3. 12-6)
U N .
A i -
Imi (z—ea)(z-eaT)

as this is a stable svstem only the nole within the »nit circle contributes to the evaluation
by residues. therefore

12 1 - -
Z ! ‘.\k I - ———:728,7' (3.12-7)
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4. NUMERICAL INTECRATION Ol LINEAR, CONSTANT COEFFICTENT INTEGRO -
DIFFERENTAL FQUATIONS

Digitnl Filters may be conswdered und desgaed as signal or data processing
elements independentiv of analogue filter constdernions.  However, as considerabie knowledge
applicable to constant coetlicient ansiovue lilters is also useable tor constant coelticient digital
filter design it is desirable o know certain connections between the tvo domains, Also as
digital filters arc oiten used for numerical integration, or sanulation, of analogue systems
7 connection is emminently worthwhile understunding,

Certain fundumental limitations in numerical integration, or simulation, are found.
It will be seen that a successful nuraerical integration technique via a linear digital fiiter means
equality of the analegue and digital .ransfer tun ticus over the signal bandwidth of interest to
a maximum frequency mteveal of zero to half the sampling frequency. A basic theorem to be
proven shows that a general cnalogue transter function cannot be synthesized by a digital filter
withcut delay in the output of the digital filter., Therctore, a digital simulation inherently
contains delay,

Pedagogrcally, 1t i vsualiy easiest to fethom digital filter operation and usage
airough knowledge of counterparts in the analogve domain, Familiarity with both btlb_e(}lb
blurs the distinction uatil they, in fact, cross-pollinate eacn other,

4.1 INTRODUC [ON TO ESSENTIALS OF DESCRIPTION O CONSTANT COEFFICIENT
SYSTEMS

Linear,constant coellicient difterential (or integro-difterential) equations describe
a multitude of Hh_\alcal systems either’exactly or approximately. Electrical circuits, dynamical
systems. servo-mechanisms. and so on, often have either partial or complete descmptxons in
terms of these kinds ot equations, To a degree of appro‘\u nation linear equations with "slowly

varying’ ccelficients may also be described within the framework of constant coefficient systems,

tistorically these equations were solved by numerous techniques including the
Fourier and Laplace transforms discussed previously. However, until the advent of the modern
digital computer the priinarv mtm ¢stwas in iinding solutions for "typical" idealized driving
ium tions to ebtain a physical “teeiing’ about the behavior of the system under discussion,
"Closed form' solutions vere cbiained which involved the " Green's Function™ of the mathe-
matician and physicist or the same guantity by another name, the "impulse responsc’’ of the
electrical engireer,

To soiidify notation oy further work pertinent constant coetficient,linear differential
solution techniques are preosented,

«linear constant coelficient ditferential equation is defined by

N N
o ; [} w
\ ay Nl (L 1-1)
VA T L Py i ‘ ’
n-u m 0
where
v Vi, the svstem vesponse;  the “output”
X Ny, the system driving functions the "inpat”
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j
~d—l.“ = the jt‘ derivative of u with respect to time (j = ¢ ineans the function
dt u, itscif),
q). , pj = conswnts determined by the system at hand,

Constant coefficient integro-differential equations can also be reduced to this form.

Assuming that the physical system is initially in the state at t < 0 where

dj--
L = 0 for all j,
ad e <o

then the Laplace (or Fourier) transform applied ¢ both sides of equation (4. 1-1) produces

where

and

T1(8) =  H(s)X(s) (4.1-2)
Y(e) = Y ve St at
0

Laplace transform of the output

§ x(t)e St dt

X(s) =
0
= Laplace transicrm of the input
M
Y p s
ls m
m={
H(s) = M
Y n
o %&°
n=29
The relation
o<} - -]
duit) 1
24 -g = ~
at e tdar = s S utye St dt (4.1-3)
0 0

for zers initial conditions has been used repeatedly in obtzining (4. 1-2), Non-zero initial

— iy

conditions are discussed sthsequcnily 1n section 6, 4,
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applied, then it can be shown that the degree of the numeratcr in H(s) must be less than or
equal to that of the numerator: M < N. Furthermore for stab:lity, bounded solutions, the
poles of the denominator of H(s) must lic in tue left half of the "s" planc, H(s) is frequently
called the "system function” or "transfer function” by engineers, and the “eigcnvalue” of
the differential equation £, 1 1Y b nhoecicists and mathematicians,

From equation (2, 2-7) it may be seen that y({) can be found by the Laplace
inversion integral

y-i=

L { st

2mi o . Y(s) e'®" ds ,
Yy-1=

yiyy =

(4.1-14)
yoi=
L e

TS M) N(s) e Stds

y-i=

where the integrand is assumed analytic to the right of ¥ .

This integral is of fundamental importance in the study of constant coefficient
differential equations and through the use of complex varisbie echniques can oe evaluated
quite simply for many cases of analytical interest and a fev' cases of practical interest, *

If a sine wave (complex) x(t) = Ae'® © had been used for the driving function in
(4. 1-1) then the output would have been found to be

W) = Hiw)Ac®T (4. 1-5)

Complex sine wave. “re simply muitiplied by the complex number H(i w) when operzated upon
by the differentiz! ..g.atior. H(i w) as a function of « is called the "frequency response'" of
the system described by the differential equation,

It the Fourier traastorm of equation (4.1-1) had been taken, then

Y(i w)

H{i w) N (i w) (1.1-6)

and

_F wt

s -

ol

Hiw)X(w)e* dew

g~ 8

where x(l) is corstrained to be Fourier transformable rather ihan Laplace transformable
(see section 2, 1). and zero iaitial conditions have been assumed for t < 0.

* A, Papoulis. The Fourier Integral and I[ts Application, McGraw-Hill




Defining the impulse response w (t) (Green's function) of the differential equation
by the solution for an impulse input (equation 2, 1. 2-3), then this tunciion is given by

iwt

() =31-— Hiiw) e * e (4.1-7)

b8

where W (t) = U fort < 0, as implied by the condition fur ""causality" (no outr:t before an
input).

The solution can then be written, after some manipuiation, as the "convoiution”
of the input with the impulse response {(See Section 2.7.1):

1]

y(t) wW(mnx{t-T)dr
or

Wit-1T)yx(T)d T,

I

¥(v)

:
2
3

W (t) can be calculated analvtically in closed form relatively easily.*

Not atypically this formula is used for aumerical intzgration of the differential
equation when x(t) is not given anaiytically but as an empirical function whose sampled values
are known, This situation would occur when using a digital computer. for example, as the
computer must operate on discrele values rather than on a continuous record, Unfortunateiy,
severe restrictions are found in using this formula for numerical caiculations in the obvious
form

T e I

W x((k-HT , (4.1-9)

y(kT) = T
0

¥
*

where J is some large number, and T is the sampling interva’, Subsequently this problem
will be discussed,

Henceforth, H( w ) wiil be written for H(i w) for notationzl simplificaticn when-
ever confusion will not arise.

4,2 NON-ZERO INITIAL CONDITIONS

Assuming that the initial conditicns are zero is not a restrictive assumption as
tne solution of a linear, constant coefficient equation can be separated into the sum of the
solutions for zero initial conditions and the ""transient” solution depending cn initial conditions,

Care must be taken, however, during numerical sclution so that the "transient"
solution which is computed analytically and sampied, once the initial conditions sre given,
is delayed in time ccrresponding to the solution for zero initial conditions wnich is solved
numerically and therefore usually has a delay involved (See S-~cticn 7).

* IBID.
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In genc:al, the Laplace transform of the n~ derivative oi a function u(t) is given by

-

- U(s), n- 0
n (t) _
g d o e - n (4. 2-1)
g s"usy -, SMTIWT D 0ny) ms o
i
where -
Uis) - (\; u(t) e Stdt
and o

- ad urnnl
U(J)(U ) - llm lﬂ_\.t:l , € >0
€ +o dt) t-¢€

Taking the Laplace transform of (4.1-1) results in this case

." A N n . . -
[T %) Yo - Y oa ) SN0
Va=0 n -1 i=1 (1. 2-2)
M M m
S R I WD ML TR
n =0 ! m-1 k-

where non-zers initial conditions are allowed.

Therefore:
Y(s) = ) X (s)
N n M m
I - — - - s -
. \: q, 2 Moy O F Py }: dm Rk - D (h 2-3)
n-1 j-1 m -1 =1
Q (s)
wherc N
Q (s) ,Z as’
a-0
%
« m
and L Pm*
m -
H{s
%) Q)




The first term H{s) X(s) is the Laplace transform of the solution for zero initial
conditions discussed previously; the second term is the "transient” depending upon initial
conditions att = 0%,

Obviously, due to linearity of the original differential equation, the solution fcr .
zero initial conditiors, the inverse transform of H(s) X(s), can be considered independent!y
for numerical solutions,

The part of the solution corresponding bo

\l

L 4 L (07) pm

Fs) =n-1 j=1 -1 Kk
Q(s)

v—!

> A
\" LERINCERY dm k= T) oY oamy .

1

t~18

can be frund quite simply by taking the inverse transform using fami’iar Laplace transform
tacles, However, the initial conditions are quite oiten not given directly; the devivatives
(x3 (01), yJ (0%)) must be estimated from samples of x(tj and y(t), The Gregory-Ncwton
polynomial interpolation tormula may be used,

Mechanizativun of the initial conditicn '".ransient'” comnuiation is deferred until
section 6.4 after the basic problem of computing y(t) for zero initial conditions i3 dis-
cussed,

4.3 CONVERSION OF A "HIGH PASS" TRANSKFER FUNCTION TO A CONSTANT PLUS
"LOW PASS' TRANSFER FUNCTION

A few words sbout the transfer function H(s) are in order here, Subsequent
analysis will show that transter functions that approach zero as s(or i w) approaches infinity
are of considerable irterest when considering sampled data., The general form for H(s),

M
\ .m
L Pm®
m =0 e oo a7
His) =%———— ; M sN (4.1-2)
i

Lo ‘
n=20 -

indicates that when M < N, H(s) approaches zero for largés. However, for M = N

PN
lim H{s) = — (4. 3-1)
§ +® C{N

which is not zero,
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Fortunately, H(s) may be arranged in the form

P

His) = —X + H. (s) (4. 3-2)
q 1
N
where N -1
Y e - L
pd n qN qn
Hy8) = §
n
) a
n=290

Another, equivalent, useful form of H(s) is the partial fraction expansion of section 6. 2.

In block diagram form the system is arranged in two equivalen: forms (fig. 4.3-1).

x(ty——=| H(s) b—ae v(t)

a) Original System

Amplifier Additicn

x() ——g— ——| = Y =y, (0 + yo(h)

¥o(t)

L H (s)

b) Equivalent System

Figure 4, 3-1 Two Equivalent Forms of a Linear System for M = N

In effect, H(s) for M = N can be considered as a network for M < N (the response
approaches zerc as H( w) bzcomes large) whose output is added to that of a simple amplifier
of gain pN/qN. The input tr. both the network Hl(s) anc the amplifier is the driving function

%x(t) and the sysiem outnhut is the summation of their outputs,



4,4 FILTERINGOF A BANDLIMITED FUNCTION REPRESENTED IN TERMS OF SAMPLED
VALUES

Having discussed the basic properties of linear, constant coefficient (or time
invariant) differential equations, it is of considerable interest to find their effect upon an
arbitrary bandlimited function represented in terme of samples at equi-spaced intervals of
time, Operation upon 2 bandlimited function is of interest because it is not ""damaged" by
sampling and as a sequence of sampled data may be considered equivalent to a bandlimited
function (section 2,1,1), At first assume for simplicity thai the numerator crder of H(s) is
less than that of the denominator. From previous work it was found that the Fourier trans-
form of a bandlimited signal could be written as

o©
Tz x(nT)e_lwnT ‘w\< w /2
’ - s
n-= . .}
X (w) = (2.1.1-7)
0, |w| > w /2

where tie bandlimit of x(t) is assumed, in this section, to extena to half the sampling fre-
quency, :i(t) also has been set to equal for t <0,

The output of the filter H{ w) was given {n equation (. 1-6) as

@

() = 5 S H(w) X(w) et ®tdw (4.1-6)

and the transform Y( w) of v(t) as
Y(w) = H(w) X(w)

It can be seer that if X( w) is bandlimited, then the filter output has the same
bandlimit. The transform can, therefore, be written as

Y(w) = J | (4. 4-1)
e, ‘wi> ws/z

\
where y(nT) are the sanpled values of the output, From expression{4, 1-6 )it is found that

w
S

1)

yy = _’_1‘77_ Z x(nT) H( wyet ¥~ LRV (4,4-2)

n=

8V]

X

S

2
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At a sampling instant t = kT, the nutput is given by

w
S
« 2
y(kT) = 7 x(nT) —:: S Hiwe ““& = WTy (4. 4-3)
n = - - w

S
; ]
The action of the filter at th> sampled output times is completely specified by the

quantities in tne brackets. Defining these quantities, the Fourier expansion coefficients
of H(w) over 0 <jwi< ws/2, as

@
2
WG - o S

iwjT
Hwe ', -
« {17 (4. 4-4)
s w
s
2
then
[~ <]
y(kT) = X x(nT) w'(k - mT) (4. 4-5a)
n=-®
) or suppressing the functional notation
g «
I )
Vi =0 Yk-n *n (4. 4-5h)
n=-
vhich is a fundamental formula for numerical integration.

It is important to note thg_t the w© (jT) defined is not generally the samrled
impulse response w (jT) {4.1-7), as w (i) requircs integratinn over & from -® to + =
rather than from - w /2 to k‘q/z. If the transfer function ic bandlimited tc the interval

- , c . . \ . - . my
- ws,z to wg/?, the w~ (jT) will be seen to be proportional to w (jT). Furthermore, the

wc (jT) are generally nen-zero for j < 0,

If X is applied only at t = 0 (xo = 1}, then Vo © w:ﬁ . The output is

appacently non-zero at the sampling instants even if nc input has been applied. This
apparent contradiction is caused by the assumption of "bandlimiting' on x(t). While
x(t) is zero at t = ~-kT, k -1, 2. . . . ; the function x(t) is vot gencrally zero
between sampling instants as can be seen from equatior 2.1.1-9. Therefore, output
from the continuous fiiter for t < 0 is present ai the sampling instants. Usually these
outputs are quite small.




The relation between the quantilies wc(jT) and the filter impulse
response w (t) (1.1-7) is also of interest. The transfer function is given in terms of
w (t) by

it

-1 -1
B( w) 5 Wo(r)e WY gy (4. 1-6a)

or as W (t) =0, t < 0, for physically realizable transier functions it can also be written:

o0

H( w) = S W) e gy (4. 4-6b)

0
Inserting (4. 4-6)into(4. 4-4 )gives

“s

(-]

S @,
2

~ w
i S .
E S dt' W (t") S"‘l:z__ ¢ "'TJ (4. 4-7)
-® ws
S5 (¢ HT)

If W (t') is "bandlimited" (H(w) =9, le > wS/Z) then it can be expressed as

- T
wOIT) = de W) - S em @ -y
-0 S

® w
N sin_s (t' - nT)
with) = Y w) 2 (. 4-8)
B W
———— L.
5 (t' - aT)
and
o 1, k=0
wo(iT) = Z T T 6 8~ (4. 1-9)
-® ¢, k#0
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s — %

as

@
S\ sin x sin (x + km) dx = ﬂﬁk (4.4-10)
X x + kT
- &
Finally,
c . -
w (T) = Tw{§m (4.4-11)

as expected when H(w) is zero forlw|> wq/Z. Further, w' (jTy = T w (jT) is zero for

j < 0 in this case, as it is assumed H(w) is phvsically realizable. Actually. "physical
realizability' and ''handlimiting’ are contradictory ideas. No real linear network is

actually bandlimited as it will have non-zero response to w - > However, in practice
many transfer functions are essentially zero above some frequency.

¢ It is not necessary that the sampled impulse response w (jT) equal the
w (iT)'s, but if delay between the output sequence Yk and the input seguence xj is to be

minimized then the sampling frequency ws should be large so that w, (iT)= 0 for jless
than zero (see Section 4. 5. 2),
4.4.1 Extension to High Pass Transfer Functions

It would appear that high pass transfer functions are excluded from considera-
tion as they do not approach zero for «w large. The work of Section 4.3 indicates that
a high pass transfer function (M = N) can be written as

P
Hs) = _N les) {4.3-2)

Iy

where Hl(w) approaches zero for w large. Therefore, this form is used to deveiop the

effect of H(s), (H(w)), on a bandlimited function.

As in equation (4.4-5) the resualt of H(w) operating on a bandiimited function
is

yKT) - AXKT) - ) W) (& = mT) xaT) (4.4.1-1)

n .- -%

where
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and
w
S

2
c 1 "
w. (iT) = — Q e WiT,
; 4D = Hl(u)e dw

£

S -

n

This equation may also be writien

o
vkT) = XLA 6kn + wf ((k—n)TJ x(nT) (4.4.1-2a)

n = -«

or with functional notation suppressed
]
‘ c
Vi = z *vn ' “’(1)k-n] X, (4.4.1-2b)
n =« . .}
As shown previously, if H1 (w) is bandlimited by ws/z then

C R .
Wy T I‘wm(JT) (4.4.1-3)

where '\T/(l)(jT) is the sampled impulse response of H (s), (H, (w))

@
) . {WiT
- &
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4.5 DEVINTTION OF SIMUTATION OF A LINEAR CONSTANT CORTPTFICIENT SYSTE 1,

Si mulzltiw s defined here to mean the exact {(or highly approximate) duplira‘ion
of the simultanecesiv sanpled L pu_ end output of 4 continuous svstem by processing on
a digital computer. Co mpatatron time of the compuier is considered as less than the
sampling interval beiween ‘nput samnles. As long as the correct output i1s available before
the next input is appiled then simulation has beer cchieved.

Stmulation can be uscd either as a replacement for vart of an oparating
physical syvstem, where n digitzl computer filters 2 number stream that is taken from
samples of a continwous function. o {t can be uged as an analetic simulation whereby
the interest is in conceptually replacing & continuous svstem. or part of a svstem. by a
program which accepts a sample of the 1upul and generates an output before the next
input is accepted. Obviouslr. if*he simulated svstem is part of an operational system.
then the successive ocutputs must te computed it "real-time:" that is. before the next
input arrives. For anaivtic simulation it
approximately equal to the conifnuous output in ‘simulated time.
simulation is indicated bv Figure 4.a~-1.

i unI\ necessary thar the simulated output be

t

In diagrammatic form

N (0 - B L ———

|
|

Sampler

l
{
Digital ‘ .
ChHhmputer > vk

[ ——d

Figure 4.5-1.  Simulation Digsirated

3

when simulation is senieved cxact vy fien <f V.

i PR ¢t CEOE



4.5.1 Simulation and Rumerical Integration

Mumerical integration is the process of solving a system of differ-
ential equations when the driving function is given by values taken at discrete instants.
These instants are usually taken at equal spacing. When the numerical solution
corresponding in time to the input driving function at that time can be obtainec by the
mathematical procedure uced before the next input sample value then this procedur- js
termed simulation. In other words, numerical integration without time delay is
gimulation. Usually some delay, in terins of the number of sampling intervals, is
necessary ir anv numerical integration scheme though it cau be made small by choosing
the sampling frequency sufficiently large. Simulation is then approximate, thouga in
practice the delay can quite often be made unnoticeable.

Again it should be emphasized that the delay is inherent in the
mathemstics of numerical integration and not in the time to perform the computations.

4.5.2 Exact Simulation is Impossible in Principle Except for Bandlimited Transfer
Functions.

It is a surprising fact that exact simulation of a linear constant
coefficient system by a linear digital system is impossible unless the transfer function
is bandlimited by half the sampling frequency. If delay in the output sequence y(kT)
with respect to the input sequence is tolerable then the sampling time is constrained
orly by the signal bandlimit.

A formal proof will be given demonstrating the general impossibility-
of exact simulation, or 'real-time' sampled data filtering without delay as it points up
pertinent aspects of numerical integration.

THEOREM: A 'reai-time," linear, constant coefficient digital filter (or numerical)
integration procedure) cannot be found which produces an identical sampled output as

the linear continuous system at the same instant, even upon assuming that the computing
time is negligible, if the signal bandlimit extends to half the sampling frequency unless
H(s) is bandlimiied by haif the sampling frequency. Delay by the digital filter is the
fundamental limit.

PROOF: First, assume that the numerator is of lower order than the denomirator in the
transfer function H(s), without loss of generality (Section 4.3), so that high pass systems
need not be considered here. _

In Section 4.4 it was found that the sampled output of a continuous
fiiter with a bandlimited input is

(]
Yk = Z “k-n *n (4. 4-5)

n=-x
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with
@

NI(’D

wi = [ Hwe “MTaw (4.4-4)

o£ |~

{
3]
ut

It can be seen that for a given time t = kT that all future inputs are required as ch
is not generally zero for j < 0 unless H(w) is bandlimited by ws/2. In this cacse
(See equation 4.4-11)

w;’ = T W&4T) (4.4-11)

where W(t) is the "impulse r:sponse!' of H(w).

Now for a stable system the w. '8 will be practically zero for some

)
j< -M (eq. 4.4-7). Therefore, the output can be written as

C
Yk T L Yk-n  *n
P - -]
x
= Z" woe X o (4.5.2-1)
—
(-]
wC
-Y *m %em
m=-M

A delay of MT seconds exists between the output and input sequences. Now equation
(4.5.2-1) is an "illegal" expression for a digital filter 2s it expresses an output which

depends on future inputs. See Section 5,1,
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By defining y'k+M = Y and adjusting indices in c¢guaiion(4.5.2-1)

-~

Yk = YoM k-n (4.5.2-2)

—

-0
a realistic, in the sense that time relation is ~onsidered, computing expression has been
obtained. The output Yk depends only on the present and past inputs. Obviously, the

delay of MT seconds is still present by virtue of the redefinition of the output sequence.
MT may be made as small as we like by taking T small. However, in principle
simuiation is impossible.

Though it has been shown that equation 4.4-5, when used for numerical
integration or for simulation, of the differential equation described by H(w) inherently
contains defay, it has not been shown that some one of all possible linear digital filters
cannot perform the ''real-time' integration or simulation. This situation will now be

reraedied.

In terms of the filter impulse response the digital filter input-output
relation can be written as

v, - Vow X (3.4.1-3)

n=-®

As the function (sequence) being filtered fs arbitrary it must be true
that the "impulse response' of the digital filter is related to the numerical integration

formula by

C
wj = wj -M : (4.5.2-3)

If identical outputs are desired. Therefore, there is only one linear digital filter

c
(Wj = wj-M) of all possible linear digital filters for numerical integration and it possesses
MT seconds of delay.

The theorem is proved!

An analog transfer function bandlimited by ws/2 is the only mears of
obtaining accurate simulation over the entire region 0 <|w|< ws/2 cf “he bandlimited input.

In Section 7, it will be shown that conditions on the digital
filter can be relaxed considerably if the input data bandlimit is less than bhalf the sampling
frequency. It will then not be necessary that the transfer function H(w) be bandlimited by
ws/z, though usuaily artificiel meesns will be used to effectively bandlimit the given transfer

function.
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4.6 RELATION BETWEEN ANALOG AND DIGITAL TRANSFER FUNCTIONS FOR FOURIER
COEFFICIENT INTEGRATICN FORMULA

A question of interest is the relation bhetween the analog transfer
function via the Fourier coefficient numerical integration formula (4.4.1-2) and the
corresponding digital transfer function. The case for H(w) with M < N will be considered

for simplicity.

By definition, the digital transfer function is (with z = ein)

-iwjT
H, (@) = “Z Wi . (3.4-2)

)=0

For this particular integration formula the wj's are given hy

M vgj—M (4.5.2-3)
w
-8
2
i 1Yio
=W S H(uw"e lw(; M Ty (4.4-4)
S
-w
_8
2
and i¢ follows that
w, )
.|
) 1 S -l 'MT W4T | -iwjT.
Héw) = z w, H(w')e e e (4.6-1)
j=0
-w
8
. 2 j

Now M was chesen such that it was large enough to make w;:_M ~ 0; j< 0. There-
fore, equation (4.6-1) can be recognized as the Fourier series expansion of H(w)e_lw MT;

that is

-fwMT

H_(w)¥H(w)e y 0<|ul<w /2 (4.6-2)
' 8
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The digital filter has precisely the same characteristics as the

analog filter except for the additional phase term e-“‘J MT which corresponds to the

aforementioned delay of MT seconds.

In practice, the upper limit of the summation must be finite; enough
terms in the Fourier series are kent to maintain an ‘'adequate’ approximation.
L Section 5.6 discusses methods for reducing the number of terms (Improving convergence)
and the delay M. Tbis technique is usuelly used only when the data bandwidth approaches
half the sampling frequenc;’. Recursive methods are preferable when higher sampling -
frequencies are allowable or the data bandwidth is ''small." The more closely that the
analog transfer function approaches bandlimiting, the smaller the delay MT becomes
and less w''s are needed. for j<o.

j
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5. NON-RECURSIVE FILTERS AND FILTER LIMITATIONS

Non-recursive filters, as mentioned previously, have no dependence on past outputs.
The transfer function takes the form of a truncated one-sided Fourier series with only
negative exponenis. Svnthesis of digital filters of this form will be seen to be closely akin to
determining coefficients of Fourler series. In fact, subsequent discussion of Fourisr series
and conditions for convergence will show that arbitrary transfer functions cannot be synthe--
sized without considerable delay, in general, irrespective of the form of the filter, recursive
or non-recursive,

Independent cf any general theoretical considerations non-recursive filters have a
certain practical advantage besides being found naturally in some physical problems. These
fiiters allow synthesis of arbitrary transfer functions satisfying mild regularity conditions
arbitrarily well’over the entire bandeidth from zero to half'the sampling frequency albeit
with delay generally determined by the accuracy of approximation.

It will be seen that non-recursive filter synthesis becomes a matter of curve fitting
and that techniques used historically can be made available. Least squares curve fitting will
be discussed along with exact fitting at arbitrarily spaced points using polynomial techniques.
Convergence methods used upon Fourier series can reduce the number of coefficients in the
filters and will be discussed.

Twe major disadvantages of non-recursive filters are (1) the large number of coef-
ficients, or weights, that are often needed entailing long computation time and/or complex
hardware when impiementing them, and (2) the lack of ability to draw upon the voluminous
work on analog filter synthesis that recursive filters will be seen to allow.
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5.1 REDUCTION OF THE GENERAL LINEAR DIGITAL FILTER FORM TO NON-RECURSIVE
FORM.

Development here, reduces the general, linear digital filter transfer
function form to a general ''delayed" non-recursive form, The general filter form is

-m
amz
0 b1 (3.2-6)

1 =2

H,(2) =

b z ®
n
0

n-=

)

Setting all the bn to zero (bo = 1) produces (by definition) the general

non-recursive filter input-output relation

M
-m
H,(z) = Az (5.1-1)
m-=20
whose realization is
M
y; = z ®m *j-m (5.1-2)
m= 0

Obviously, the transfer function of the non-recursive filter when

evaluated at z = ein, is the frequency respcnse function

M —
_ Za g t¥m (5.1-3)
m

where the notation is abridged as before, setting Hz(e 1wT) = Hz(w).

5-2
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it should also he noted that Hy(w) is a partial Fourier series: that is,

it contains a finite number of terms with negative exponents. The most general linear

filter has an infinite number of terms, though only with negative exponents. As shall

be seen, the fact that there are no positive terms in the Fourier series will not allow

synthesis of an arbitrary transfer function without delay, which is true of linear. digital

(and analog) filters in general. The finite number of terms in the Fourier series for

non-recursive filters causes ripple in the appr: simations not generally found in recursive
filters unless specifically desired.

Alternatively, the impulse response form of the transfer function
-]

-n
w_Z

Hy(z) =2 n (3.4-2)
n=290

-

can be truncated to M + 1 terms to define the non-recursive filter.

Rearrangement of the transfer function into another form allows
discussion of representation of a given arbitrary transfer function as a digital filter.
This form also is used in transfer function fitting techniques for non-recursive filters.

! Multiplication of the original transfer function by unity, 1 = 2T zT.
with T an integer produces
I ’
T T -m

H (2} = Z
. Z( ) z z amz
[ m= 0

(5. 1-4)
{ M-T1
i -T -m
1 = VA 2 am+TZ
m= -T

with a change of indices.

Defining the bracketed term

as M
T T -m
: Hz (z)= z 5: amz
m= 0
(5.1-5)
M-T
a z’ M
m+T
m T e
then in another form
‘ . -7 T),. - )
HZ.Z) z H(Z (z) (5.1-6)

2]
[
W




Corresponding to the 'transfer function" HZ(T)(Z) a time relationship

can be written:

M
Yj_‘r - Z ﬂmxj-m (5.1—73)
m=20
or equivalently:
M
yj = z‘ am Xj+‘r—m' (5. 1-7b)
m=0

This obviously (Section 3.4) is an unrealizable filtering operation as
future data is required to produce the present (jt ) output. While the idea of time rela-
tionship between input and output is somewhat misplaced, the unrealizable transfer
function is quite useful in approximations.

T
If H(z )(z) is used as an approximation to an arbiirary transfer function,

H(w), then a delay of T will be involved in the actual filter as can be seen from eq.(5.1-6).

The desirability of H(ZT)

transfer function follows from (5.1-5), whcre it can be seen that T positive exponents are

allowed. This produces a truncated Fourier series which can approximate an arkitrary
transfer function under quite general conditions. These matters, and the choice of T,

will be discussed in Section 5.2 et al.

(z) ns the approximation for a given arbitrary

Hereafter the 'transfer function" H;T)(z) will be called the 'delayed"

(by 7) transfer function for ohvious reasons.

5-4
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Certain properties of the "delayed' transfer function should t»
mentioned:

(2} Periodicity with period wsz

(M (1)

H, (W) = Hz

, (W w) (5.1-8)

and

(b) Specification of real coefficient filters bv positive frequencies:

(VN R ¢ W ey
[HZ (wﬂ , l—{(z (-w) (5, 1-5)

As a non-recursive filter is already in the impulse response form
of the tr:nsfer function hereafter set W = A and have (again)

w o M
H, () “’2 Tw® (5.1-10)

and

(5.1-11)

\al

NS )



Finally, when the 'celayed" transfer function is used for approxima-
tions with T = N, where the number of coefficients or "weights' is odd: M = 2N, it
is called a 'central filter." This particular name takes on significance when expression
(5.1-11) is examined. The summation is seen to by symmetrically, or 'centrally,"
located vithin the limits = N.

s 5.1.1 "Cosine™ and "Sine'" Central Filtcr Simplifications

The particul>r case 7 = N, the 'cenmtral filter," has a pair of -
simplified forms which allow easier computation, both from the point of view of weight
computatior: and in speed of data processing. Central filters often have, however, more
weights than necessary when approximating an arbitrary transfer function.

The first form is for ''delayed' real transfer functions, ''cosine" -
filters: As the real part of Hi‘r) (w) is an even function it is easy to show that ‘

k=6¢6,1,. , N; (5.1.1-1) -

YNk T YN

the weights are symmetrical about the center one. Therefore, only N+1 weights must
be computed. The filter speed can be increased by noting that the realization is

] . -~
v; = X "N-n “n+-N (5.1.1-2)

N
:w.x,,+" W n (X . 4 + X .
o N-n Yp+j-N -n + j-N
n=1

The number of muitiplications is reduced by N. The f{filter, of course, delays automa- P

tically with no other phase shift to the center of the filtered data span. Lt
- T . 5 . . .

Similarly. for Hi )(w) pure imaginary the filter is called a '"sine” b

filter. The phase shift is automatically 90 degrees plus the delay to the midpoint. x

Also, the transier f.nction must oe odd. It can ezsily be shown then, that

\VN =
(5.1.1-3)

Wk = -“'N‘Fk k =12, ... N,

which simplifies the weight calculations to N rather than 2N+1.




e

The realizable filter reduces to

N

- Wy o (X i X (6.1.1-4)
yj —Z N-n “‘m+j-N

n=1

-n + j-N)

with only N multiplications needed.

Developments in Section 5.8 illustrate usage of ''cosine"
and ''sine" filters for implementing various bandpass filters.

5.2 FOURIER SERIES FUNDAMENTALS

Understanding of the basic elements of Fourier series is essential to
an understanding of the limitations upon synthesis of a digital filter with ar arbitrary
transfer function., It will bc seen that allowance of positive exponents in the '‘delayed"
transfer function by the delay of % sarapling units is critical to synthesis.

Quite generally it will be proven in this section that an arbitrary
transfer function with modest mathematical constraints can be synthesized arbitrarily
well _if sufficient delay is allowed. If the transfer function undergoing synthesis is
analog and bandlimited by half the sampling frequency then no Jelay is necessary
(T = 0) (Section 4.4).

The ''delayed’ non-recursive filter form (5.1-11) can be put in a
slightly more gereral form

-iwnT
GwT) = E h® . (5.2-1)

where N2 and N1 can be related to M and T. The general filter transfer function
(5.1-10 is simpliy N1 = 0 above. Therefore, discussior of this form and its properties
is pertinent to our synthesis problem.

After discussing the properties of (5.2-1) its coefficients h will he

related to the W of the non-recursive filters (Section 5.3.2).
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The filter form has the variable «wT as an argument where
-1 £ ol S 7. To simplify matters let « be normalized so that

C=uT, -T<W<T:

and have
N
2
_ -ikn
Cw) = 2 Cre . (5.2-2)
n = -N

1

The bar on  is superfluous and is dropped in further discourse. Effectively, the
frequency axis has been scaled so that the sampling interval is unity and angular
frequency ranges between minus and plus .

"he basic theorem on Fourier series states that if both the real and
imaginary parts ¢ G(w) satisfy the conditions (the Lirichlet conditions):

a. G(w) is defined at every point of the interval - T < w < m:

b. G(w)is everywhere single-valued, finite, and sectionally —-
continuous; G(&) can have a finite number of discontinuities :
only, and two consecutive discontinuities must be separated -
by a finite interval;

c. G(w)is of '"bounded variation,' that is, it has a finite
number of maxima and minima;

theri, G(w) can be expanded into a convergent infinite series which converges uniforml
except at a point of discontinuity.

N
2 _ -
e—w.‘n

G(w) = lim }: ‘n (5. 2-3) .

Nl-nn - _N

1
-+ -
N2 ® :

where i
"
_ 1 Glw iwn

Cn on (w)e dw —E
- -

5-8




el

Pr—— Prav—— m,
. Al

S 4.4

or equivalently;

Gw) = a, + lim cos wn - ibn sin @&n)

0 O =

(a
Naw 1n (5.2-4)
with
i
_ 1 .
% T of G(w) dw,
-m
. {
a = —j Gw)cos nw dw; n=1, 2, . . . ,
n m
-7
T
- 1 m s sin .
bn—n Gw)sin wndw; n=1, 2, , . . ,
-7

At a point of discoatinuity w = w the series converges to the

arithmetic mean of the two limiting ordinates:

Gie)) = ;— [G (w;) + G(“‘;)J (5.2-5)

The coefficients a, and bn can be obtained through the well known

"least squares' method (Section 5.2.1). Alternatively it can be assumed that the series
(5.2-3) exist with coefficients Cn’ an, and bn as given, and investigate ccnvergence

and sufficient conditions upon Gi{w) to ensure this converg3nce, (the Dirichlet conditions).

The coefficients of the two representations (5.2-3) and (5.2-4) are
related by

= ¢
3, o’

= ¢ + ¢ ;n>0 ,
2 n -n ! (5.2-6a)
h. = ¢ =~ ¢ n =~ 0
n n -n



and

Co = a09

= (a_ + b /2, >0,
e, = (@, +b)/2i n (5. 2-6b)
c_, = (an - bn)/Z; n>0,

If, for a moment, the truncated Fourier series is written in exponential
form with both indices equal:

N
where the superscript N on G (w) indicates the truncation at n = N znd also (as before):

m
1 iw'n
°n T om S Gwhe g (5. 2-8)

-n

J
the ¢, can be inserted back into the expression for Gr\(w). Interchanging the orders of

integration and summation:

r [~

N i{w - @)
G W = 5o SG(“"" 2 i (5. 2-9)
- n = -N
or
7 [ .
N sin [(N +5) (W - @)
G W) = S G(w') 2 dw! (5.2-10)
- om [sin (w - w")/2] :
5-10
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' It can be shown that the so-called "keranel"” (the ''Dirichlet kernel')
. 1 .
sin (N+2 ) (W - wY)
Ky - ') = 5.2-11
7 N 21 sin (W - w')/2 ( )

has the property that

] ;

lim GN(U-‘) = lim f G(w'") KN {w - w') dw!' (5.2-12)
1 N+ N+
-m
= G(w);

e

if the Dirichlet conditions are satisfied.

i Unfortunately, when KN (w- w!') is plotted the function
becomes sharply peaked as N becomes large and the first peaks on either zide
of the main one are significant and approach a constant fraction of the main peak.

If an approximation of a function with a discontinuity is tried, say,

1, lw|€ @

H(w) = ©
0, fw|> w

(o]

then these peaks, even for large N, cause the "Gibbs phenomena' severe oscillations
about the point w = w, (Figure 5.2-1). As more general functions with discontinuities

can be represented as the suin of a step function plus a continuous function, the '"Gibbs
phenomena' is still present for these functions (Section §.6 ).
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It can be shown that the first overshoot approaches a limit # 1 for
increasing N and similarly for the first undershoot. In many practical circumstances
these ''riprles' cause unwanted non-negligible effects in the filtering process. The limits
are . 08949 for the overshoot and -.08949 for the undershoot.

A peoint of view that may be taken towards the '"Gibbs phenomena' is
that the kernel KN(w -wh = KN(-(w - w')) does not have sufficient 'focusing power. "

It does not fail-off sufficiently fast away from w = w'. Its rather large oscillations
outside of the i‘nmedfate region of w = w' cause the large oscillations in the truncated

Fourler series G (w) at a point of discontinuity.
The fact that the truncated Fourier series approaches G(w) uniformly

except at points of discontinuity is of exceptional interest as this allows approximations
within a given error over the entire range 0 < w < 7 for some N.

Methods of suppressing the '"Gibbs phenomena’™ will be discussed later.
5.2.1 Orthoncrmal Expansions and their Relation to Fourier Series
An expansion of a function G(w) over a region a < w< b in terms of an

"orthonormal'' function set is often possible. An "orthonormal' set is a set of linearly
independent functions wj(w) which have the properties

b

f l‘p* (@) ? qw =1 (5.2. 1-ia)

a

and

<oj (w)wn *w)dw=0; j# n (5.2.1-1b)

a

An "orthogonal" set is one which has not been normalized so that
(5.2.1-1a) is true. It, of course, can be so normalized.

An expansion of G(w) in the form

N
G(w) = lim z Ao (w). (5.2.1-2)
N )]

1=0
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is often desired. Usually it is also desired that this e:pansion converge over the region
a <w <b for a very general class of functions G(w). That is, restrict G(w) by as few

conditions as possible. The Dirichlet conditions of Section (5.2) are as general as needed

in most practical problems.

Assuming the expansion holds both sides may be multiplied by (an*(w)
and integrated from a to b. Using the orthonormality conditions it is found that

An = G(w)con *(w) de. (5.2.1-3)
a
Letting
. i
(Do(w) =
2m
' 1
qoZH(w)= —— cosS nW:n=1, 2, . . .; (5.2.1-4)
Al
and
1 _
o, W_. 1 snnw,n=1,2,...;
2 9 b
e

over the region -7 < w < T, then the Fourier series (equation 5.2-3) with slightly
different normalization would be obtained.

If the general orthonormal expansion had been truncated at N+1
terms

- N
GN(w) = Z Ajwj(w), (5.2.1-5)
ji=0

5-14
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then the coefficients of Aj could be determined so that they minimize the square error:

N
2
¢’ f’G((w)- f Aj(oi(w), dw (5.2.1-6)
a

=0

Minimization is obtained by taking the partial derivatives with respect
to the coefficients and setting them equal to zero. They are

b
Aj =fG(w) coj *w) de. (5.2.1-7)

a

Amazingly, the coefficients are the same as obtained before when
deriving equation (5.2.1-3). .

It should be kept in mind that least squares fitting only minimizes
the integrated square error. The error at a given {)oint can be quite large. Fortunately,
when sines and cosines are used starting with the Oh harmonic and adding in the next
sine and cosine harmonic, as N is increased by one, the set tpj(w) has been ordered in

such a way that the series uniformly converges and the absolute error also decreases.

The exponential form of the trigonometric series which is also
composed of orthogonal functions is not ordered as simply, so that the expansion does
not converge if the limiting is not performed properly. For example, the general
expansion

Ny
-1n
Gw) = lim 2 e . oom<w<m: (5.2.1-8)
N R A
Nz—oac

will not converge, in general, to G(w) if say, N2 -+ % only is allowed. Of course, if

G(w) does not contain the members of e“'"m for n <-Nl. then convergence is possible.

This exceptional case happens to be the case of interest for realizable digital filters.
Also, it should he noted that the orthonormal trigonometrical

exponential set can be arranged in the manner of the ¢ (&)'s so that, as each term
(or pair) is added, convergence to G(w) is uniform.

5-15
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Writing

0. ( e-inw

w —

an®@) - 5 . n>0 (5.2.1-9)
o S

2n®@ = — n>0

and the form equivalent to (5.2.1-2) becomes

N
G(w) =__lim z A 0. (w) (5.2.1-10)
- o )}
j=0
A N e-liw oMW
_ =2 i A, == =
= @ lIm Z‘zuw Ay i1 Em)

Examination of this form, using the identities

ehjw = cos jw = {sin jw

will disclose the fact that, as N increases, successive harmonics of both sines and
cosines are being added allowing the approximation error to decrease uniformly. If the

Azn terms should be ignored and approximation by a series of the form

Nw) =
j

-iw
e

A ——
2j +1 pm
0

(5.2.1-11)

I le

failure is imminent in general, except for the special case where G(W) does not contain
the positive exponential terms.
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5.2.2 Completeness of an Orthonormal Set

The last few pages have beea a specialization of a particular fact
about '"completeness' of orthonormal sets. If the orthonormal set (in this case the set

+ike .
consists of the functions e ik ) is not ''complete,' then a function cannot he fitted
satisfying the Dirichlet conditions in a converging manner.

Mathematically, completeness means that the set tpj(w) possesses the

propertty:
®
Kiw, @) = }:wj(w)wj *(w') (5.2.2-1)
j= 0
6 (w- wh

where 6 (w - «')is the "Dirac delta function.” K (&, «w') is a 'kernel" with the
property:

b
Gw) = fG(w') dw - wndewa<w<h (5.2.2-2)

a

The ''completeness'’™ property is obtaired by inserting the coefficients
b

A - f Glhe, *(w dw’ (5.2.1-3)

a

back into the expansion that was assumed to existed:

After interchanging the orders of integration and summation, it is
found (Dj(w) must have the property (5.2.2-1).



io
The preceding discussion about the functions ‘/z%—r‘f."‘e 1w simply

reiterates the fact that a general transfer function can be synthesized (approximated)
in a converging manner only if the exponentials for all n = ¢, 1, £2, ., . . are
present as % increases. A ''complete' set must be used!

A fact of importance that should be remembered in later work, occurs
when filters are synthesized to fit exactly at M+l given points of the desirved transfer
function. While the fit is exact at the M+1 points in ooth a:1plitude and phase, inter-
polation points between the fitted points can deviate wildly from the desired function.
This can happen as the furction for which a fit is desired can contain members not in
the approximating set.

5.3 RELATION BETWEEN FOURLCR SERIES EXPANSIONS AND LINEAR DIGITAL FILTER
TRANSFER FUNCTIONS (INCLUDING RECURSIVE FILTERS)

The general non-recursive, linear fiiter frequency response was
expressed as

M
‘ -iwmT
H@ = ) w e (5.1-2)

m =0

It is immediately seen from Section 5.2.2 that legitimate transfer functions belong to
those functions which can be expressed with negative (and zero) trigonometric exponentials. -

Extending M to infinity includes all linear, time invariant digital filters :
which may be recursive. I

When the transfer function of a non-recursive filter was written as

_ T ) | o

H,(z) = z HZ {z), (5.1-86)
{T) w P = - -
H, (z) = Z m+T (3.1-9) :
m= —T o

it was simply on algebraic manipuiation which still had only negative and zero powers

of z{or ewT). Equation (5.1-5) above was called the 'delayed" non-recursive filter
form. At this point it shaulé be more clear why the non-recursive transfer function was
written in this manner. For example, when T = Nin (5.1-3) above, with M = 2N for
axpogitory purposes:

. » -imT
Hz(w) = e"“"NT YNim € (5.3-1)

e~z

]
'z,




iwT
when = = e which gives the frequency response. It can be seen that if a delay T of

N units is allowed (NT seconds) corresponding to the factor e_“‘"NT then the serond

factor contains both positive and negative exponents in equal quantities. Therefore,
with T = N an arbitrary transfer function H(w) can be approximated satistying the
Dirichlet conditions (Section 5.2) by (5.1-5), by allowing N to be sufficiently large.
However this means the delay also gets larger.

A pertinent example of the relation between delay and phase is the
approximation of an ideal bandpass filter by a non-recursive digital filter.

For example, if a low-pass filter whose amplitude is cefined by

He) = l,iU:'S'“% < “2/2,
() o=

0, « <}w|5 w /2,

is desired, then the closcr the approximation the more delay reguired. In Section 5.7.4

it will be found that tha 'fall-ofi'' interval (the interval where the approximation falls
from 1 to ¢, arproximately) is given oy

1
Vo e e Y /S
Aa. N+ 1 S/a,

for Fourier approximations without modification for the Gibbs phenomena. If rapid
"fzll-offs' are desired (Aw small) then N must be concommitantly large and, therefore,
the delay must be large, (NT).

5.3.1 The Transfer Function Approximation Problem and the Determination of T.

The approximation problem for an arbitrary transfer function, with
possibly delay, is now clear.
(r
Definition of H;')(z) was obviously made so that it possessed terms with

positive and negative exponentials; the quantity of each-controlled by the integer variable
T. Assuming T has been selected, at first, near the center of the range 0 to M, so
tha* the approximating exponentials are present in relatively equal quantities, the
approximzation problem follows.

Given a transfer function H(w) for which an approximation is desired,
with H(w) given either in numerical or functional form, determine the numbers w, so

that the error
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M

CW) = Hw) - H (w)
(5.3.1-1)
M-7 W e lwmT
= H(w) - ) m+T
fan
m= -7

is minimized in some sense,

Using the least-squares method of approximation (or any other)
along with convergence factors for removal of the Gibbs phenomena to be discussed in
Section 5.7 the method of approximation is relatively straight forward.

1. Determine by some manner (trial-and-error, convergence
rate of Fourier coefficients (Section 5.4 ), analytic
properiies of H(w), etc.)the initial number of weights
M+i,

w

Set T to (M+1)/2

3. Compute the weights Wi

4, Examine the fitting to H(w) hy ng)(w)

5. I the result of 4) is adequate examine the weights wn.

Quite often in practical problems the weights will
diminish rapidly to insignificance for n near zero.

If they are small near zero,T may be decreased by

an amount equal to the number of insignificant weighta
with an attendent decrezse in the number (M + 1) of
weights. Step 4) should he repeated as a check on
removal of the "Insignificant’ weights.

5.3.2 Fourfer Least-Squares or ''Dirichlet' Weights

Using the least-squares methods of Section 5,2 the "Dirichlet”
weights are easily found. Comparison of equation (5.2-1) with (5.1-5) (z - e Ty
gives the relationship hetween the ''Dirichlet" or least-squares coefficients and the
filter weights.

5-20
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c. = W -T < n < M-T, (5.3.2-1)

n n+7’
or
= <n<
Wp cD_T , 0<n M
with -
2
= L u (5.3.2-2)
w (u.)e w
w
2—

and H(w) is the transfer function undergoing approximation.

Generally, H(w) may be the transfer function of a complex fllter
(see Section 8) producing complex weights. If H (~«)=H* (w), as is often .
the case, then the weights are real numbers.

If H{w) is given in amplitude and phase form and has a real impulse
response (H(-w) = H*(w)) then

10w
Hiw) = Aw-‘)el («) \ (5.3.2-3)

where
A(w) = amplitude, an even function
and
© (w) = phase (in radiars), an odd function

th=n the 'least squares'' weights car be written as

n

_1 [ W, w, -
w, o= A(F) €75 (O(F) + w@-T)dw.  (5.3.2-4)

+
%W

-7

Many limitations present were mentioned previously, but will be
reiterated for completeness; others are included.
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H(—:;—) must be known analytically between its discontinuities,

if any.

Numerical integration is required in most cases for the W

where at leas* N + 1 complex sample values of the desired
transfer function are needed. The coefficients will become
periodic with period 2Q + 1, where 2Q + 1 is the number of
real and imaginary (amplitude and phase) transfer function
samples available, with most uumerical integration techniques.
This means that 2Q + 1 is the maximum number of coefficients
that can be obtained using typical numerical integration schemes.
Fortunately, the integrations can be simplified by a discrete
transform technique. (Section 5.5).

The total square errcr is minimized and not the maximum error.
This effect is seldom pronounced when the "Gitbbs phenomena" is
properly handled.

For delays small, T ~ o, the convergence of the approximation
is usuallv poor. This is due to lack of convergence to -
tiwk
"complete' set of functions e w.k' Details are given in Section 5. 2.

advantages of the technique are pronounced:

For T ~ (M+1)/2 there will be convergence to a 'complete'
set for increasing M; convergence is as fast as the coefficients -
WN_n decrease with n(as fast as n-1, even with discontinuities

at w =0 and T in the imaginary part of the transfer function).
If the imaginary part of H(w) = 0 at @ = 0 and 7 then conver-

gence is at least as fast as n-z. (See Section 5.4).

The '"'Gibbs phenomena' can be removed simply (Section 5.6)
with a small price to pay in accuracy. Usuzlly better accuracy
for a given class of filters with a smaller N is possible; for
example, 'bandpass' {ilters.

wis that contribute relatively little can be recognizad by
examining the ratio:

%)
\Hz(w)|

If this ratio be less than the tolerable error for important &

ik
this term can be dropped as the el are ''equi-ripple'" func-
tions with a maximum ripple of 1.

el
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5.4 CONVERGENCE RATES OF THE REAL AND IMAGINARY PARTS OF THE TRANSFER
FUNCTION, OR MAGNITUDE OF FOURIER COEFFICIENTS IN GENERAL.

()

z {w) possessed the property

In Section 5.1 it was found that H

T
H(Z -w) - Hg)(w)* (5.1-9)

for real filters, or weights which, if H(zk) (w) is written in terms of its real and

imaginary parts:

II(ZT) (w) = f(w) + ig(w), (5.4-1)

implies that f(w) is even:

f(-w) = f(w) (5. 4-2a)
and g(w) is odd:

g-w) = -g(&) (5. 4-2b)

Farthermore, the correspondence develgped in Section 5. 3.2 relates
the transfer function weights to the Fourier expansion coefficients. How the expansion
coefficients behave for large indices, therefore, becomes important because it informs
about relative error magnitudes in transfer function synthesis.

Because of the evenness of f(&) and oddness of g{) it is found that
the coefficients a, and bn are given by:

T
-]
a, = T f(w) cos wn dw, n > 0;
0 (5. 4-3)
2 [
bn = ? g(w) sin n dé.

J

The order of magnitude of the coefficients a and bn can be estimated.
Cornsider, first the coeificients ap; for f(w) continuous and n small it is difficult to

estimate their behavior in general. With large n the factor f(&) changes relatively
slowly. Integration by parts may be performed:



4
fw) sin wn| 1 f £w) sin nw du:
n n
0

0

T
1 .
= -—;f f'(w) sin nw dw
0

Integration again by parts results in

(5. 4-4)

T oa -1 fw) cos nw
2 2

" 1_2 f'* (W) cos nw dw.
n

0 (5. 4-5)

It is now possible to say that for large n the coefficients a fail off at a rate of at
2
least 1/n°  for continuous functions.

Similarly, the behavior of the coefficients bn can be investigated for
continuous functions g(w). Integrating by parts:

m
M b, - . _g(wcos wn L1 g'(w) cos wn dw
2 n : n
0
0 (5. 4-6)

m
= - ((-1)" gm) - gO) +r11— f g'(W) cor wn dw
0 .

Unless, g(7) = g(0) = 0, the bn descend only at the rate of n_l,

If g(m = g(0) = 0,
then further integrations by parts demonstrate that the bn's, the sine series, con-

-3
verges at the rate n .
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Analogous considerations, using integration by parts. for general
discontinuities (assuming a finite number within 0 £ w < ¢ ;. u>monstrate that both sine
and cosine coefticients, then cniy rfail-off as 1/n for large n

Scme other properties of expansions in Fourier series aid in con-
vergence, but remove discussion from the interval -7 < w < 7, and will not be considered
here.

ir summary 1t can be seen that sine expansions are preferred if the
constant 90 degree phase shift can be tcierated and the desired transfer function is
zero at gy and g(0) and is odd, as the convergence rate for large n is n~3. If g(m
and g/0) are not zero then the convergence is only as n-l. A method of assisting in
making g(m and g(0) ejuivaient to zero :is discussed in Section 5.6 though the dis-
continuities are stiif tefi to be expanded.

Real transfer functions, cosine transfer functions, converge as n-2
if discontinuities are not present.

if a restriction to sine or cosine expansions is made, then varying
phase shifts cannot be synthesized.
5.5 FOURIER LEAST SQUARES APPROXIMATION USING DISCRETE FOURIER

- d

TRANSFORMS INCLUDING EXACT FITTING AT N + 1 EQUI-SPACED POINTS

A major uamifation discussed :n a previous section, in "least-
squares'' fitting using an analytical expression for H(w) was the difficulty in performiug
the integrations necessary for computing the weights either by analytical or numerical
integration techniques. Fortuaately, a simple method is available in the numerical case
which converges to the exact least squares weights for a sufficient number of complex
sample values of the transfer function. The methods needed to remove the '"Gibbs
phenomena' are aiso applicable here.

Generaily. compiex coefficient non-recursive filters can be computed
by the method to be described. When the input transfer function is restricted to having
the property H(-w) = H*(&) real weights rcvsu’t. The IDFT2 of Section 2.6.1 will be
useful in subsequent paragraphs.

Trigonometric functicr possess integrai orthonormality over the
normalized region -7 < WS T when wis a continuous variable as discussed previously.
Amazingly, they aiso poscsess this relativeiy unique property over equally spaced
discrete samples. As complex exponentiai forms are easier to manipulate only these
forms will be discussed. Equivalent results can be deduced from these forms for

sines and cosines.

As in the continuous case with 'least-squares' fitting the magnitude
& & . . .
of the errcr over the range - s < W< s is squared to avoid cancellation and

2 2
summed. The weights w, are chosen to minimized the summed squared error, hence

the name 'least-squares."
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The tc}!;ral square error between the desired transfer function H(w)
and the approximation H'é 2«:} at the frequency sampling points wq is

Q, |
2 _ 4 2 i
¢ _ z Hw) - H, @) | (5. 5-1)
qQ=-Q
where
- 2n
2Q. » Qeven,
Q = °
2Qu41 Q odd,
1
Q, = Q-Q -1
Qo -1, Qeven
Qo, Q odd

Inserting the form (5.1-5) for H(zr)(w) and taking the partial derivative

with respect to w . (or its conjugate):

ae?

*
O W+ r

0 (5.5-2)

Q, ) T
w m
= = H(w +
X ('q)e q me+‘r;
qQ=-Q
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where the discrete orthogonality of Section 2.6.1 has been used. Therefore,
Wi ir is given by

, .1 e “q ™T 5.5-3
Wt T Q ‘ q q ( )

q=-Q

QO
L

with wq = qws/Q and can be computed directly using complex arithmetic procedures.

When H(w) is the transfer function of a real filter (H(-&) = H*(w))the weights are real.
It may k()e noticed that the weights are given by the(IISF”llzof S(ec)t)ion 2.6.g1.

If the transfer function is that of a real filter and given in amplitude
and phase form

1w
Hw) = Awe &)
then the weights can be written:

Q = ZQO (even)

1 1, % . w
“mar =T A0 cos ©(0) + QA(S) cos( 2 QT e ()
K4 2 2
Q(;l
2 [} 1 e [AY!
+ «Q— y A(a.q) cos (u.q mT <p(uq» (5. 5-4a)
q=1
Q = on + 1 (cdd)
Qo"l
1 2 ‘ o
Wmer T Q A(0) cos ©(0) + Q y A(aq) cos (a.q mT + ¢ (a,q))
a1
(5. 5-4bh)

For real filters it should also he noted that ©(0) and O(w, /2)

arc restricted to multiples of 7.



The choice of T for the weights computed by discrete sampling of the
transfer function is performed in a manner identical to that for continuous least squares
fitting (Section 5.3.1).

When the number of transfer function samples, Q, is equal to the
number of filter weights, M+1, then the fitting will be exact at the points wq as(5.5.3)

may be reccgnized as the IDFT2 of Section 2.6.1. However as T approaches zero the
fit between points often goes completely awry. This occurs because of the 'incomplete
set'" again.

Determination of Q so that the discrete coefficients approach the

continuous ones is most clearly understood by consulting Section 2.6.6. As work there .
in the time domain the relation is converted here to the frequency domain.

If H(w) is expanded in a Fourier series as in Section 5.3.2.

-iwmT
H(w) = z c_e (5.5-5)
m= -%®
with
w
S
2
1 iwmT o
c = - H(w)e s o= Ll
-w
_S
2

then the discrete coefficients, Cm’ are given in terms of the ¢ by

[=-]
=X c 5 (5.5-6)

The method of Section 2.6.6 is used identically to derive (5. 5-6).

Q should be chosen so that the ''aliasing'' indicated is minimized to
allow

Chze., (5.5-7)




In either case the digital filter coefficients are related by

= C ., I = 0,1, . . .,M,
Ym m-T7°
or
L o, 1, . . . M

(5. 5-8)
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t 5 % SUPPRESSION GF THE "GIEBS PHENOMENA"

The "Gibbs Phenomena', as mentioned previously (Section §.2), is due to the so=-
function G(w) is represented as

called Dirichlet "Kernel", that is, if the 2pproximation to the

N

N iwn
G {w) = ce™

with the usual Fourier coefficients

i iw'n
¢, = 37 f G(whe duw!,
7

. . . N
and these are inserted back into the expression for G (w),

e
1i

1
. sinf{(N + &) (@ - w")]
G‘\(w) = [ G(wh 2 dw'

2T sin[ (w - w")/2]

-
i

results. Integration and summation have been reversed in obtaining this equation.

Also, as mentioned in Section 5.2, if the Dirichlet conditions are satisfied, then

[

6

.2-7)

.2-8)

.2-10)

sin [ (N + 17—) (w - Y

do!

lim ° {w) = limfG(w')
N-= Noee 2 sinf(w - w")/2]

-
o

at all points whare G(w) is continuous and is equal to

Y \+ ‘/\»
V2[5 (@) + Gle )]

. - o + - . . . .
at a point o discontinuity w , where w_ and w_ indicate limits from either side of the

I

discontinuity. If the functioh G(w) is c8ntinuoud in the interval

1< ;:Sb,

-

.2-12)

N . . . .
the convergence of G* (w) to G(w) is uniform in the open interval

a<w b

-

R SE
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if the points a and b are points of discontinuity, As a poinl of discontinuity is
approached; the ieries convergzas to the value G { w, ) + . 08949

(G(w_ ') - G(w,_) ), as wgpis approached from the left. An overshoot, regardless
of how large N gecomes, of approximately 9 percent exists! Similarly, at the right
of the discontinuity an vndershoot of 9 percent exists. The phenomena s illustrated in

Figure 5,2-1.
-+ - +

-+ .0354S (G(wo ) - G(wo ) )
G(w)

Figure £,6-1. THe "'Gitbs Phenomena”
5.6.1 Separation of Discontinuities from Arbitrary Functions

A function other than a simple rectangle, as those in Figure 5.6.1-1

1

u(w)

— =

v(w)

2
|
I
L

i W

o —
Q e ey

(@) {h

Figure 5.6.1-1 Simple Rectangles

which has u discontinuity at w = wg as in Figure 5.6-1 can be decomposed into a
continuous function plus a simple ''square wave' or rectangle.

Tor example, removal of the discontinuity in the function G{w) of Figure 5.6-1
can be accompished by adding the rectangle v(w) (Figure 5.6.1-la) weighted by

(G{w ") - G(= *) ). That is, the function with the discontinuity removed, GR(w), can be

written

GR(w) = G{w) + (G(wo_) - G(wo+) )y v{w) _ (5.6.1-1)

It can be seen that GR(w) is continuous at w = wy and can be expanded in a rapidy con-

verging Fourier series (see Section 5.4). Of course, the expansion of

R - oo
G{w)y = G (w) - (u(wo) - G(w0+) )} v (w) (5.6.1-2)

is actually desired. Assumi.ag the expansion o GR(w) has been obtained cnly v(w) need be

expanded. A function which has a discontinuity that jumps positively as w passes the
point w = @ would involve u(w) (Figure 5.6,1-1b),
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If convenient methods can be found for expanding u{w) (Figure 5.6.1-1b) and
v(w) with high accuracy and a relatively small number of terms, then G(w) can be
expanded much more accurately. Furthermore, as appropriate analyticai forms can
be found for the expansions of u(w' and v(w), the numericai accuracy of the expansion
is also improved as only the expansion cozfficients of GR(w) must be computed
numerically.

Subsequently, expansions of u{») and v(w) will be discussed with attention to the
""Gibbs phenomena' (Section 5.3)

One other type of discontinuity exisis which should be removed before calculation
of coefficients is aitempted numerically. The even part of the function GN(w) is con-
tinuous at w = #m by virtue of i‘s evenness. However, the odd part (the imaginary
part) is automatically discontinuous at w= £ v unless G(w) is zerc there.

The asymptotic behaviour (N== ) of GN (w) has been assumed.

This odd function, say g(w), has the value -g(w) at w =-r . Graphically, the
function can be presented as in Figure 5.6.1-2:

g(w) g(m)
- V/!{
+ |
|
i

To

-g(m}

Figure 5.6.1-2. An Odd Function

Assume, of course, that all other discontinuities have been removed hy the previous
procedure, Removal of the discontinuity at + 7 can be 8erformed by decomposing g(w)
in a part that does not have the discontinuity at ¥, gRO(w), plus a linea:: function;
that is, the representation

g 0w = g - 82 4 (5.6.1-3

can be written, or

g(w) = gRo(w) + __E;(ﬂ_ w (5.6.1-4)

It can be seen that gRO (w) has no discontinuities and may be expanded in a rapidly
converging sine series (Section 5.4 ).

The preceding discourse has indicated that three fundamental functional torms
must be considered with respect to the "Gibbs phenomena'": Consideration, of course,
must be given to whether these fundameantal functions are needed in the real (even)
part of the transfer function or in the imaginary (odd) part. The third of the functions
(w) is only of use in the imaginary part as it is an odd function, The first two functions
v{w) and u(w) can also be considered as ideal bandpass functions; v(w) is a high-pass
filter and u(w) is a low-pass filter. Linear combinations of v(w) for different values

-

(o

!
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of W, give bandpass filters. iw, by itself is a "differentiator.
Note that v(w) and u(w) are related by the simple equation
u(w) =1 -v(w),

or (5.6.1-5)

viw) =1 -u(w),

so that only one of them need be synthesized. Unfortunately, if the discontinuity being
removed from a transfer function is in the imaginarv part (the sine expansion part), then
there will be difficulties if v(w) is needed. A discontinuity exists at <> =+ T |, as v(w)
will be odd in this case,

To (1) remove the discontinuities in the real cr imaginary parts of a transfer
function or (2) desigr: low, high, or bandpass filters discussion of various sine and
cosine expansions of v{w), u(w), and w will be presented.

5.6.2 Basic Approaches to Removal of the "Gibbs Phenomena"

Two fundamental techniques have been used to reduce the oscillations induced
by the "Gibbs Phenomena''.

1. Replacing of the discontinuous function by a continuous approximation
alad. Ormsby.*

For example, Ormsby replaced u(w), the ideal low-pass filter, by

0, lwl>w
jl, lojg o)
- C
Yo) =

- N p - ¢ -
( (cu+w,r)/(w,r-wc) ), ~wn € wi-w

T = c
L( (w-w,r)/(w,r-wc) )P, w, < wgwy (5.6.2-1)

which looks approximately like Figure 5.6. 2-1.

/!
| /|

-w - -
T “'c 0 OJC wT m

L —

Figure 5.6.2-1. Ormsby Replacement of Low-Pass Filters

*Ormsby, J. F. Design of Numerical Filters with Applications to Missile Data
Processing: JACM; Vol. 8, 1261 pp. 440-466.




The integer "p'" is the degree of the roil ofi, Obviously, this is a '""cosine'" or zero
phase shift filter. (It is an even function.)

Other writers have used other roll-off functions.

This generai technique of replacement suffers difficulties in the determination
of the Fourier coefficients analytically. The integrations are often quite complicated
and tedious, and error evaluation as a function of the number of coefficients is difficult
to determine. As the 'replacement" function is arbitrary an unnecessarily strict
requirement is made. Better filters are obtained by a method to be described.

2. Use a filtering technique on the ideal transfer function to ramove its
undesirable features; namely, the discontinuities.

Many writers have performed this maneuver though they have not given it a
common basis., Various names used are:

a. Use of the Fourier convolution theorem to improve approximations
b. Use of "apodizing' functions

c. Weighted Fourier Coefficients

d. Lanczos factors

e. Fejer summation (and Cesaro summation in general)

While the first approach to removal of the "Gibbs phenomena' received only
a short discussion, as actual designs depend on the method of ideal filter replacement
and has received a good deal of attention elsewhere, the filtering technique will be
developed fully here.

Definition of "Fall-off" for the Filtering Technique

Wken rectangular filters are designed it will be found thet they have an
approximately linear "fall-off" for the useful ones. The middle of the filter "fall-off"
usuaily occurs near w= w_, where W, is the step in the ideal rectangular filter
normalized tc unu gain in he passband By computing the slope, m_, of the approxi-
mating filter, (w), at w= w_ "fall-off" can be found accurately, and as a function
of 2N +1, the nuf;‘lber of .velghf%

HA(w) r\—,——\_—‘ﬁi\;’;/ Ideal low-pass filter

1
IR\
N

@ s
0o

Figure 5,6.2-2, Ilustration of "Fall-Off"
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The "full-off' for the riltering technique (and it can also be used for the
"replacemeit” filters) {5 defined as

XF I

where

m o= 4 @)
dw w

t
E

The sampling {requency has been assumed normalized tc 27 in radians or unity in Hertz,

The 'fall-off” A _ is the distance in w between points where a line of slepe
m _ intcisects the ordinatesland 9, divided by the sampling frequency. In "non-
notmalized" frequencies

where (5.6.2-3)

. d (H,{H)
mq—aj A

w =W

[/
o

is considered with HA(u:) as the transfer function prior te transformation to the interval
- Tto 7 :

5.6.3 "Filtering” The Transfer Function

If the transfer function is looked upon as simply a periodic function, it could be
filtered as, say, a time function. To "filter the filter" is another way of putting it,
The reasoning behind this method lies in the normal dealings with square waves in the
time domain. Filtering a square wave with various forms of low-pass filters rounds
sharp commers, and prodices f{inite rise times,

As the frequency domain and the time domain are connected through Fourier
series and transforms, an. operations in one domain can equally well be performed
in the other, operating upon the exact, ideal sampled data filter with time filtering is
considercd. That is, operate on




H(w) = E , cke-u"‘k
k==
g - .
where (5.6.3-1)
_ 1 R (7). S
C, T 37 S H(w'") e dw
-7

with a linear operation, &, inw (linear combinations of derivatives, summations, and
integrations with real coefficients). As with linear time domain operators:

H(w) = Z clgfe'i“’k (5.6.3-3)
k= ~

wt

. R R -iwt,
The effect of a linear operator in w on a function e is well known:

L - oyl (5.6.3-3)

where (i) is the "transfer function' associated with the operatorz. As can be seen,
the rolzs of w and t have simply been reversed from that which is customary.

The problem, ultimately, will be the determination of the proper transfer
function in the time domain. (Section 5.7)

Having defined a time domain transfer function, the effect of £can be written

[ o]

AH(w) = Z e, o1k (5.6.3-4)

= =00

also as

where

oy = Ok (5.6.2-5)

has been defined to simplify notation.

5-36

s H
ortrrg

-




I

ot

Now set N
z ) -iwk
£HA(w) = L C"ke (5.6.3-6a)
k= -N
or
N
— I S 15
HA(Q.) = 2 re (5.6.3-6b)
= =N
with
'« % ok (5.6.3-7)
and where HA(w) is the truncated approximate transfer function
N
H (w) = ok 5.6.3-8
A®) = ¢y (5.6.3-8)

= -N

and H, (w) is the filtered version. Equation (5.6.3-6) is a version of equation
(5.6. iy -4) with the time transfer function adjusted so that

k;k =0, ], £2, ..., £N

[« = o
(k) 0; k > N; k, an integer, (9.6.3~9)

In general, many © (t)'s can be found for a given set of 0! s, Note that
filtering H(w) is the same as weighting the Fourier coefficients by weights Kk*

Hereafter, o (t) will be superscripted with N; namely @ N(t), so that it will be
recognized that the filter depends on the order of approximation of H{w) that is
desired.

To cobtain another method of formulating the problem let

o

” \g 3
O = 2= { GN (w) e do (5.6.3-10)

-0

where GN(u)) is the Fourier transform of ¢ (t) and can be cons1de ﬁd its "Nmpulse

response' in the frequency domain, In terms of H(w) and N (w), k Ck can
be written (from equations (5.86. 3- l) and (5.6.3-10)) as
T 0
et ?
ri:I - —1—2 S Hew') /'K dw S N wm ' (5.6.3-11)
(2m)
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Defining a truncating function U(w) as

U(w) ={1’ ] < 7

0, otherwise; (5.6.3-12)
ives:
g . | -
1 11 h j 1 3]
rE = 12 g H(w') U') el “Fot S N " Kao',
(2m)
- 00
(5. 6.3-13)

.
Namely, rI\ can be looked upon as the sampled values of a tunction rN(t), which is the

product of two time functions; the inverse transforms of U(w) H(w) and G(w).
That is it can be written

N
rt) = e ) o (5.6.3-14)
where ¢ (t) is the inverse transform of the truncated transfer function (to the interval
w | % 7). At this point, if desired, H(w) can be considered as an arbitrary transfer

function extending to + * as U(w) suitably restricts it,

By the convolution theorem (Section 2. 7.1) the transform of rN(t) can now be
written as

@
RN (w) = SrN(t)e'Wtdt (5. 6.3-152)
- 0 ]
= é—ﬁ S dw' U(w') H{w") GN(w - w')
- 00
and also o

= '217 S do' Uw - ") H (w - @) GN(w)  (5.6.3-15b)

- 00

or as U(w - w') is the truncating function:
X

RN(w) = 12'17 SH(w') aN (w - w') dw' (5.6.3-16)

-0

P U




bl

If U (w") is a low pass filter (Figure 5.6.1-1)

1 I.ul Sw - -
. —_ ’ -
H(wT) “O, otherwis®; (5.6.3-10)

= u(w)

then, for this special case

0
RNw) = %7 S G (w - w') dw' (5.6.3-18)
-
C
(JJ+(.L)O
- 1 N ] ]
= 5 S G (w") dw'.
Wo-w
(o]

The coefficients of the expansion of the general filtered truncated approximation TfA (W)
are given by:

FN - IT S ') e 1w kdw' (5. 6. 3‘19)

- By insertion of the general relationship (5.86.3-15) for RN {w) into this equation
for ri, and then placing this into the expression for H, (w) (equation (5.6.3-6b))it is
. : N A .
found that (after changes of orders of integration and stimmation):
m

T N
_ d(w" —w)k T
H%(w) = S H(w") [%— S GN(w" -w') ) LT dw" | dw!'
) ’ o J

k=-N
(3.6.3-20)

Now for large N, it is known that the bracket approaches G(w - w") if G‘\'(w)
satisfies the Dirichlet conditions, See Section 5,2. Then,

r
S H(w") G (w - w") do' (5.6.3-2])

;ul*-‘

—H—A(u)}
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as before. For H, (w) to approach H(w) for large N, then GN (w)/27 must also
approach the Dirac delta function for large N. Namely, GN(w)/2 ™ must become
sharply peaked and have an area of unity for N large,

This also means that the time domain fiiter response
o

i,
eV = %7;— S cNwy et (5.6.3-22)

-

approaches a constant =1 which would be expecied on physical grounds; as N becomaes
large it also seems that the lower order coefficients r, = ¢, ¥, Nmust approach ¢, to

: Ke ko k k
adequately approximate the low frequency components of H{w).

Finally, fiom equaticns (5.6.3-6) and (5. 6. 3-1) write:

N
T{‘A(w) = S a}\ck‘“ e ‘9N (5.6.3-23)
Fa
= -
N
T
— 1 i t
= de’ H(w") 5 E UkNe-l (w - whk
-7 k=-N
@
= S dw' H(w") KNO(w - w') dw'
- 00
where N
c 1 5 N ~iwk -
KN((J)) = P ke (0.6.3-24)
g

k= -N

In effect, it can be seeu that the Dirichlet kernel of Section 5.2 has been
replaced by another, In order tpat H,(w) converge to H(w) for large N, it must be
true that Nl_ix}} . By(o- w') = 8 (w < w) where 6 (w) is the Dirac delta functicn.

Recapitulating, this discussion has served to show that various equivalent
relations can be dcveloped which are equivalent to filtering the transfer function:
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Weighted Fourier Cocificients (ecuation 5.6, 3-6): the coefficients of the
filtered transfer functions are given by

N N ) e =
o= cko o k =0, 1,2, ... % XN; (5.6.3-7)
where
lid
_ 1 iwk |
C = 3~ H{w) e dw
-
and
N
= O
o k)

with O’N(t) the time transfer function of the "filter-filter" and is the
function to be determined at the times t = k.

Use of apodizing functions: this is completely equivalent to (a);
determining the coefficients ri? from the relation

J
"ij - N (5.6.3-13)
with
= t =ct) O ‘\(t) (5.6.3-14)
where:

I

c(t) is the time transfer function of the ideal transfer function over f;u I
{or the impulse response with respect to the truncated H(w) ) and 0 N(t)
is the "filter fijter" transfer function or the apodizing function subject to
the condition® * = o, Lk > ~.

Use of the Fourier convolution theorem: the coefficients of the filtered
transfer function are given by

m
N 1 N iwk =
I'k = T S R" (wie dw (5.6.3-19)
-T

wh
|

e - At i om) Comaen by



where

RN(w) = 21—1_- J H{w") Ci\(w - whdw! (5.6.3~16)
and
GHw) = O gt e W (5.6.3-25)

-

-

with g‘\(t) subject to the conditions o k o, k N: Gz\(w) is also

subject to the condition that

: N V- oorm .
N I_i_{‘.n e G (w) =2 § (w)
with § (w) equal to the Dirac delta function or, equivalently, that

NG =% = L

d. Use of other summation techniques: equation (5.6.3-23) demonstrates
that the filtered approximate transfer function can be represented in terms
of an integrating kernel

-
[

¢

v do' H(W") Ky {@- o) (5.6.3-23)

H,(w) =




i
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It wil. be shown (Section 5.7) that this is equivalent to other methods of
summing a Fourier series, 2,g. Fejer summation.

(W3]

.6.4 "Filtering" of Non-Central Transfer Functions

If the ""delayed' non-central transfer function:

2 DU -iwk -
H '(w) = ; Wi or © (5.1-11)

is considered as the approximation to H{w) by least~squares techniques it can be
operated on with the operator (filter) of Section 5,6.3. From equation(5.6.3-4) it
is found that:

T = {(ry, .
i, ) & 1)

k47
K= «=
M-
—_ -3 = LR
= i Weer Oe iwk (5.6.4-1)
ya k
k= -7
. . L . . -lwk
Uhviously, the coefficients for a given exponential e are
r % = Wk +r 1y K
where
cks "7.<_k S:\I T
g, = - -
k {5.6.5-2)

0o, otherwise,




These factors are alsc useful 1n reducing the appreximation oscillations induced

{ by the functions e ¥ being "pushed away' from being a complete set (Section 5. 3) as -
r becomes small (less delay. Section 5.3). Errors due to the "lop-sided' set will

still remair, but at ieast the severe rippling will be removed,

When the various methods are used to generate 'he ¢ quite often they
i adjust the & to zero at the highest frequency plus ore. This highest {requency
should be takéh to be M - 7.

3.7 FARTICULAR {"FILTER FILTER") METHODS

At this point in time it does not seem that the choice of a filter-filter' has
received zn analytically rational basis. Future developments should receive attention
using the unified formalism of the preceding sections.

Antenna design, where the weights correspond to the illumination, has supplied
a numper of techniques that work well from an empirical viewpoint and may be justified
by the preceding methods. Three choices of the filter 0:¢) that give useful results are
discussed in subsequent pages., Other forms have been investigated by many writers
but the three presented here seem to produce the best compromise between reducing
the "Gibbs phenomena' error and allowiny fast fall-offs for discontinuities. "Optimal
trade-offs", which is often a mearingless term in practice, must be determined in -
future research.

The three methods that show the most promise at present are:
1. Fejer weighting -

2. Lanczos weighting

-~

3. ''cosine-squared' weighting.

All of thesz metl.ods have a commaon property: the time transfer function (the
weights) possess the property,
C(-t) = Oy, (5.7-1)

implying that the transfer function is real. General design should include time
transfer functions that are complex., Rec=nt work on antenna design has suggested o
the usefulness of this possibility. Also, the fact that the linear frequency filter operator
possesses a linear combination of differentiations, summations, and integrations, with :
real coefficients (Section 6.8, 3) only restricts ¢ (t) such that it possesses the property - -
o (-t) =0Xt), as is true for frequency transfer functions, which suggests use of more
general filters, However, as the weights of the iilters must be real numbers, O{~t)= o

O (t) for the filters developed thus far, '

53.7.1 Fejer or Linear Weighting -
Fejer's theorem on Fourier series* states that a function which satisfies the -

Dirichlet conditions and is magnitude integrable cun be summesd in the following menner.
Defining the partial sum

= T. J. Bromwich: An Introduction to the Theory of Infinite Series; MacMillan and Co. .
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i n i
i S che Wk ho0, 1,2 ... (5.7.1-1)
- k = -n
i
i
o where as before
i1

: 1 ¢ iwk

C T g Hw)e dw (5.7.1-2)

-
then
N
2 5

_ Hw) = lim 1.0 (5.7.1-3)
% N+ N

Suppose the sum is truncated at N terms, then

N

T N+1 - k|) -iwk

R - ) M-l o o
2 L) = 7, NI c,e (5.7.1-4)

k = -N

{ Namely, summation by this method produces weights:
{
a; N+1-lx] . Ikl N,
; N N+1 ’

o, = (5.7.1-5)

0 . |k|> N,
v with
. 1i

{ Nas 9N =1

as expected.
The equivalent "kernel” of Section 5.6.3 for the Fejer weights is given
by

2
- =i N‘;/z (5.7.1-6)
27 N sin” (W/2)

KNO )




For non-central filtors T # N, the Fejer weights are found to be

:(M-T+1-|kl’, -T<_k<M‘T-
O M-T+1) S

5.7.2 Lanczos Weighting

If the filterdl> (Section 5.6.3) in the w domain is defined to be a
combination of truncation, or ideal bandpass, at the Nth harmonic and a second operator
Z_1 such that it performs 'local averaging,' then the resultant time filter is known as
Lanczos weighting*. The 'local averaging'' averages over an interval of length
2m/(N+1) in w, approximately the length of the period in the highest harmonic of the
truncated Fourier expansion of the ideal H(o.)(averagmg over 27/N is not chosen as it
would remove the Nth harmonic ), The averaging operation is

LHw) = £ H, ()

T
N+1
N+1
SR S Hy @+ ) de (5.7.2-1)
-
N+1
where
N
H w) _ Z -iwk
A( ) = cke
k = -N
and
_ 1 S w
Cx T Zm Hwe'*
-

* Cornelius Lanczos, Applied Analysis, Prentice Hall




are the usual Fourier coefficients of the expansion of H(w) over |wl < T,

It is found that P-lA(o.‘) is given by

n
N N+1
- v\r + 1 = _lwk C -i“-“k .
e A
A 27
k=-N
__m
N+1
(5.7.2-2)
N N e—iwk
- Ckok
k =-N
and oilj is given by
sin mk )
0:’ ) N+l 1<iki< N (5.7.2-3)
< ( mk )
N+1
1, k=0

The filtered transfer function has a truncated form of 2N + 1 terms and the

original Fourier coefficients, C, > are weighted by the Lanczos OE factors.

For non-central filters T # N, the weights are found to be

in (— Tk )
STM-o T+ 1
O = v -TSksSM-T
( Tk
M-r1+1

5.7.3 Cosine Squared Weighting

Results from Fejer weighting and Lanczos weighting suggest that a possible
compromise between them would be a function that weights the low frequencies more
than the Fejer method and the high frequencies less than the Lanczos method. Such

a function is

0052 (k)




2 .
The first zero of cos (&k) is chosen so that it occurs after the last Fourier
coefficient. For central fitting:

3

a(N+1) = (5.7.3-1)

[S-]

or

n

“= 3N+

and the weights are given by:
2 Tk
= 0 kIS N 5.7.3-2
o, cos (——)Z(N TR S Ikl ( )
& can also be adjusted to make some 0, = 0 for k < N, Fitting, in general,

k
deterio. ates.

For non-central filters T # N, the cosinz - squared weights are found to be

k
M-+

0, = cos -rgkf_M-‘r.

5.7.4 Error Analysis cf "Filtered'" Filters

For the types of weights used (Fejer, Lanczos, and '‘cosine-squared’),
various parameters of low-pass, handpass, and high-pass filters are of interes’.

Primarily, the concern is with the rate of ''fall-off'” of the filters (equation
(5.6.2-3)) and the errors in the regions outside of the fall-off for a fixed number of

weights.

For simplicity only '"low-pass'' cosine filters are considered. Considerations
such as those in Section 5.9 plus Figures 5.10-1 through 5.10-6 indicate that analysis .
of this special case is sufficient to enable determination of the errors in bandpass
filters, which are combinations of low-pass filters (Secticn 5,9.3) and 'sine" filters,

Analysis of ripple errors bas had to be performed numerically as the ripple
determination by analysis is quite difficult in general. Numerical ripple computation
to N = 1000 has been computed. N larger than 1000 is usually an impractical situation,

Fall-Off Rates
The approximate fall-offs of the various techniques are found and compared
with the Fourier method.

The Fourier filter approximation coefficients of the low-pass filter: ]
b < )
Ljwle,
Hw) = (5.7.4-3) ]
0, w <Qwlk n
5-48 i
e P e P PTP T sy o Y T T e— ——




!
|
|
|
|
|
1
,‘i
]

are given hy

A iwk . -
a on e dw (5. 7. 4-4)

@ N
= in Wk cos wk
Moy - —2 . 2 Vo St %% 5.7.4-5
A ) ” m = k k ( ))
k =1
Its slope at « @,
Qi (w | )
A 2 2 . .
d w T - —‘” Y O'k sSin %l\ (5. 1.4‘())
W= ow k=1
0

L

N
1 + 1 g 2 wk
= - Eok Tf?kcosua'o
k=1 k -1
From this relation the slopes are computed using the various O’l__'s (Fourier,
Lanczos, Fejer, and cosine-squared).

For this purpose various trigonometric identities are derived in Appendix B.

Development of the Lanczos slope will be performed in detail as itis the most

complicated. The other slope computations are similar and the results will merelv be

stated.

10

(93]
f




Lanczos Slope

n N gin Tk
2 L1y T
9w ~ oo 1k
(5.7.4-7)
L N sin Tk
T Z _N+1  os 2w k,
k =1 1k °
N+1
Use of a trigonometric identity allows this equation to be written as
9 W) N ok
A N+ Z‘ PN
2 _— N+ 1
W |- W T k= 1 k
(5.7.4-8)
N
N+1 : _m
+ 2"2 2 sin (2(:.:0 + N+ )
k=1
From Appendix B these sums can be written in closed form:
4
” 2w +
o N+1
dH W) N+1 1
A Nt Ee9dens S E(6") a6
W= W r
0 T
2wo N+1
(5.7.4-9)
where
. 1
sin (N+ — )8
6) - 2
Eq©)
2 sin (6/2)
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4 , . ) . .
For wo > N+’ and N large, the secend integral is essentially integration

of a sine wave over a cycle, which is rela:ively small compared to the first integral.

The first integral can be computed numerically, relatively simply for large N (greater
than 10) and is found to approach

onm
N+1

EN(9') d6' ~1.18 x—g—. (5.7.4-10)

Therefore, for Lanczos smoothing of a low-pass filter, the slope of the
"fall-off' is given at & = “w approximately by

i (w
P A(Uv)

- 1.18 (N+1) @ > N> 10.
dw ’ -

- o] 3
w = w 2m N+1 (5.7.4-11a)

For the other smoothing factors, the ''fall-off" is found in a similar manner:
Fourier (0 = 1)

o ; ~ - N+l | w > n . N > 10; {5.7.4-11h)
\ | ’

N+1
d H (w)
A l Voo N s T N> (5.7.4-110)
aw lw: w - 2n Y N+1
)
o .2 Tk
Cosine-squared (ok = CO0S N1 )
dH (w)
A N T N> 10. (5.7.4-11d)
I w !w:w__ ar ' % N+ 7 I
0

NOTE: The number of filter weights is M - 2N + 1

i.
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It should be noted that the restrictions on the approximations so that they are
valid, are also necessary for reasonable filter approximations as the terms that
were neglected through use of these conditions vary wildly, Namely, rectangular
filter design (and ditferentiators) should satisfy at least

m . L -
(w_ = - which is not really a restrictica, see Section 5.9)

)

and
N > 10.

Smaller numbers of terms can be used in practice but the approximation
musi be numerically evaluated and examired carefully as to its utility,

From the slopes found above "fall-off", defined in Section 6.8.2, can be

computed

y . Af _ 1
Fourier: T = SN+

NOTE:

Feier- Af 1 The number of filter weights

jer: T~ ° N+ 1 is M = 2N+1

S (5.7.4~12)

s Af _ 1
Lanczos. fs T 118 S

Cosine-Squared:

It can be seen that the Fourier series provide the fastest "fall-off" with
the "Lanczos' filter being the next best, but "falling-off" only about 1/2 as fast
for a given N. Subsequently, it will be seen that the "ripple'" error of the "Lanczos"
and ''cosine-squared' series (or filter) is remarkably small compared to the Fourier
and Fejer series. Apparently, a factor of about two has to be paid in the number of
weights to reduce the error significantly by the "ilter-smoothing" technique for a
fixed "fall-off".

5.7.5 Ripple Errors of "Filtered" Filters

Earlier it was found that the expansion of an ideal "cosine' low-pass filter with
2N + 1 weights was given by

N
—_ w iw sin w k
I'd —3 o ' _2_ --——————-o 5 -
H, W) — 7 L Iy " cos wk (5.7.4-5)
k=1

e i - Y o A
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where @, is the ent-off frequency.

Numerical search techniques have been utilized to find the first two ''ripple"
errcrs either side of the discontinuity, negleciing the finite "fall-off", are approximately
equal for each method. In fact, they approach equality as N becomes large for each
method. Vz:rious cut-off frequencies were used and the errors again approached the
same linit, assuming N was large enough to obtain decent approximations (N w >1T).
Finally, to ensure that errors did not increase as w approached T, the error for the
nearest rippie to T was calculated and found to be significantly smaller than the 7irst
two ripple errors, Tue limiting errors ior the various methods are tabulated. Ripple
errors for different N and w _ are substantially equal to those for large N and do not
vary more than 10 to 20 perc%nt (at small N) of the limitirg forms for N =1000, Values
of w_used were « =T A2, /4 and 7 /2 with half the sampling frequency considered
as © M Frow relations in Section5.9 it will be seen that ripple errors also are
identically valid for W = 11m/12 and 3 m/4,

Ripple errors normalized to percentages for the various weighting methods
follow in Table 5.7.3-1.

2
Fourier Feier Lanczos Cos”

“o Ist 2nd Ist 2nd Ist 2nd 1st 2nd
m/12 8.9% 4.9% 4.9% 2.5% 1.2%  .48% .64% .19%
/4 8.9 4.9 4,9 2.5 1.2 .48 .64 .19
n/2 8.9 4.9 4.9 2.5 1.2 .48 .64 .19

3 /4 3.9 4.9 4.9 2.5 1.2 .48 .64 .19

1 /12 8.9 4.9 4,9 2.5 1.2 .48 .64 .19

TABLE 5.7,5-1 LOW-PASS FILTER RIPPLE ERRORS

2]

It is obvious from table 5.7.54 that the "Lanczos" and "Cos ™" methods produce
usable errors (40 to 60 dB rejection out of the passband at the first two error ripples).
The "Lanczos'' method gives a slightly better fali-off though the "Cos2' method has
better ripple deduction by about a factor of 2(6dB)., It should be remarked that the
first two error ripples in the passband have the same values as those out of the passband
for each technique. Figures 5.10-1 thrcugh 5.10-6 demonstrate the efficacy of the
various techniques graphically and show clearly the advantages of the '""Lanczos' and
Cos2 techniques,

5.8 EXPANSION COEFFICIENTS AND WEIGHTS FOR THE DISCONTINUITY REMOVAL
FUNCTIONS (OR 'CENTRAL" BANDPASS AND DIFFERENTIATION FILTEKS)

In this section the Fourier expansiors of the important functions u(w), v(w),
and, w which can be used to remove discontinuities from transfer functions or oy
themselves as bandpass filters or differentiators will be given. The weighting
methods of the previcus section should be used to remove the Gibbs phenomena,

Furthermore, they will be given as central filiers (T =N), which automatically
produces a delay of NT. Both "Sine'" and '""Cosine' versions of the functions, or
filters, will be stated except for the differentiator (H{w)=iw) which is given only in

Dd



"sine’ form.
5.8.1 "Cosine” Low-Pass Filter (u(w), Figurc 5.6.1-1b)
The ideal filter is given by
Hw) = u«),
1, 0 <{w|< w,
o

_Lo, @ <l w /2.
o S

The Fourier apprcoximation is

o) ~-iwnT
Hiw) = \L ¢ € ,

n=-N\N

with u:s

The corresponding non-recursive filter weights are given by

w__ =¢c ,n=-N, -(N-1). .. .0, ... .N

(5.8.1-1)

(5.8.1-2)

(5.8.1-3

(5.8.1-4)
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When applying ¢ factors ihe weights are

C_n':Cn
w = 9o 4. ’ (5.8,1-5)

"N+n n'n 0 =0
-n L.
5.8.2 "Cosine' High Pass Filter (v(«), Figure 5.6.!-l2\
The ideal filter is given by
H(w) = v(w)

: (5.8.2-1)
0,0 < ;c-“f W,
-1 0

1, woﬂ u%wa/Z.

As v(w) is simply l-u(w) its expansion can immediately be written using
coefficients and weights from the preceding section

r-wT sin w nT
o 0

4 wonT ' n=40
e = (5.8.2-2)
A
u)oT
I- , n=20
T
The fi'er weights are
Vasn = S BT -N, =(¥-1}, ...0,..., N; (5.8.2-4)

5.8.3 "'Sine’ Low Pass Filter (u(w), Figure 5.6,1-lb)
Again the ideal filter is

H{w) = iu(w)

{ L,9<wX Wor
=4 -, ~w T w<o, (5.8.3-1)

o, otherwise,




The corresponding Fourier coefficienis are

on cos wonT
e wont B 70
c. = °
n (5.8.3-2)
0 . n = 0,
The filter weights are
Watn = Cpr B S -N, ~(N-]), ...,0,...N (5.8.3-3)
and with weighting factors:
=
- = c .
Wa4n nn s _ o (5.8.3-4)
-n n’

5.8.4 "Sine" High Pass Filter {v(w), Figure 5.6.1-~1a)

Here the ideal filter is

H{w) =iv (w)
r i,wo £ w £ wg
2
:{ -Q)S
- = iws w (5.8.4-1)

\ 0, otherwise,

The Fourier coefficients are

w, T I-cos w,nT
L4 wOnT » n#O,
“a T (5.8.4-2)
O ] n = 0-
The filter weights are given by
Waew = Cpp BT -N, -(N-D)y0evy 0,004, N, (5.8.4-3j
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and with weightirg factors

w = 0. ¢ (5.8.4-4)

5.8.5 ’'Sine" Differentiating Filters (iw)

The differentiator is defined only to some frequency w_{ w_/2 as
differentiators to w_/2 have Gibbs phenomena ripples of twice their Gsual amplitude
due to the discontinility of twice the differentiatyr value at w_/2, Of course,
differentiators can be designed to w_/2, if need be, though tRe ervor increase must
be tolerable. In practice, this errotr increace can be made less significant when
Lanczos or cosine-squared ¢ factors are used,

Differentiiaiors are defined as
iw, 0 S“w ]g_ W,
H{w} = {5.8.5-1)

0, ctherwise.

The Fourier approximation coefficients are

2w 2 cos w nT sin w nT
— o - | nro
W w aT '
c - s o (wonT)
n _l (5.8.5-2)
¢, n=0,
Filter weighis are given by
“N+n - S BT - (N-1),...,0,...,N, (5.8.5-3)
With weighting factors the filter weights are
( C_n = "'Cn,
= c; 4 (5.8.5-4)

wN+n

N
QI




5.9 CERTAIN NON-RECURSIVE FILTER GENERALITIES

Before presenting the graphical results (Section 5,10) of ceriain rectangular
filter designs, it is advantagecus to understand a few general relations among non-
recursive filter types. These relations allow considaration of the designs of a few
cases and geueralization to many other cases. This reduces error analysis of filters
3 substantially to the knowledge of the behavior of typical cases, Also, if need be,
the design of "related" filters can be obtained directly.

5.9.1 Cosine Filters {Low and High Pass)

Low-and high-pass fiiters considered as even 'delayed' non-1ecursive
transfer functions {( T= N) in the frequency domain involve only the real part of the
transfer function. A typical, even ideal tow-pass filter is depected in Figure including
the periodic extension to w =3

T-l | —> wo
1 ok
| o
—t— i* S, + + -+ — + ~—
-m - -wo 0w n  f 3n 2n ﬂ 3r
2 2 2 2

Figure 5.9,1-1, An "Even'" Ideal Low-Pass Filter

From analysis of the Figure 5.9.1-1 and recognition that the transier function
is periodic and real, it can te seen that ‘ranslation of the Fourier expansion (either
truncated ov filtered as in Section (5.6 ) of the low-pass filter by 7 gives a high-pass
filter whose cut-off frequency is at =« —W,.

That is, if a cosine approximation to H(w) exists, namely ITA(w) (or HA(w) )
of the form

N
Tl - § -iwk - R
HA(“" lLp= r e (5.9.1-1)
k =-N
N
= ro + 2 E rk cos wk

+

p o
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for a low-pass filter whose cut-off is at w; then,

N
— . -iwk +imk
HA(w-n) *LP_ E . e
k = =N (5.9.1-2)
N
- z (‘Uk re iwk
>4
k = =N
or
N
. 1
T [ 5 e < -
HA (w)mp- r0+2 ' (-1) Iy cos ko (5.9.1-3)
k=1

is the approximation to the high-pass filter whose cut-off is at = ~w, .

Error anaiysis in the pass-band of the low -pass filter gives identical results
with the error analysis in the pass-band_of the high pass, In fact the two filters are
simply reflections about the line w Stop-band analyses are also identical
.nd reflected.

2

From the analytical point of view, analysis and synthesis of high-pass filters
ia equivalent to that of iow-pass filters,

Similﬁ,rly, it can be shown that analysis of the low-pass filter in the region

0¢ wgs_ 5 {w = cut-off frequency in radians) is sufficient to determine the
behavifr of a“filter {low-pass) whose cut-off lies in =— ¢ W, {* . From Figure
5.9.1-2 it can be that the low-pass filter whose cut-of -
T ..(ﬁ[:. A R
1 ! i :
4& : 3 A‘{‘-—J J ;LJ } 1 i i
LAl L4 L v i 4 n o \J
-7 -m_ 0 %, T ow, w3 2n biLg 3
2 2 * 2 2

Figure 5.9.1-2, A~ '"Image' Low-Pass Filter
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- A can be related to the low-pass filter whose cut-off is at
w,= 5+ A. The relation is relatively simple:

1. Translate the approximation for the low pass to 7 giving a

high-pass filter (as was d(we in preceding paragraphs) whcse
cutoffisat 7 - w_ = - * A, namely, the cutoff is at

Q

7
@ o= oz *A

2. Subtract this high pass from an "all -pass" filter (H(w) =1 for all

w).
. - . - m . .
The result is uie low-pass fllle% witih a cut-off at w, = 5 * A, Trherefore, analysis
o%low-pass filters for w & - is sufficient to déterniine the behavior of filters for

TS w < . Abitof thotight will show ihat ripples in the pass-band of the low
pass for wy = -127-— - A become the ripples in the stop-band for the low-pass filter
with cut~-off at wy = -5—+ A behave similarly. In other w?rds the w filter is a
reflection about w = “-—y— plus a reflection about H(w) = 5

Mathematically, if H (w) is the transfer function for the low pass whose
cut-off is at wy = -g— - A, the transfer function of the low pass at w =—5— +Als

2

HA(w) o =1 - HA (w) 'w
N

= (l-r) + 2 Z‘ (-I}k+lrk cos kw (5.9.1-4)

where
_ N
= 7 . e 5 1.

HA (w) ¢ rg 2 Z‘ Ik cos kw, (5.9.1-5)

k =1

5.9.2 Sine Filters (Low and High) Pass

Low-and high-pass filters considered as odd functions in the frequency demain
involve only the imaginary part of the standard transfer function. A typical odd ideai
low-pass filter is depicted in Figure 5.9, 2-1 including the periodic extensionto w= 1
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-
g

) ' 2n 3

1
1
)

Figure 5.3.2-1. An "Odd" Low-Pass Filter

As the low-pass filter is odd, it cannot pass DC; namely H(0) = 0. Also,
a discontinuity of 2 units exists at w = 0, which means that a straight truncated Fourier
expansion would have approximately an 13 percent overshoot at w = 0+ where o+ is the
first maximum. (See Section 5.2,)

As was done for cosine filters in the previous section high-pass filters can be
generated from low-pass fiitzrs, That i5 using the notation of the previous section,
it can be seen by examinir.; Tig. ~n 5,9.2-] that a high-pass filter of cut-off at 7 ~w
can be generated from the I + 2 2’ wg by translating the low pass to 7 and re- °
flecting about H(w) = 0. 1i -

H,(w) yp = ~Aw@=-M LP, (5.9.2-6)

where the notation is obvious.

As before, if a useful approximate expansion exists for the odd lcw-pass filter
with a cut-off at wg :

— N i
H, (w), p = z re ik (5.9.2-T)

N
= -2 X l‘ksinwk;
k

(=1

then, the transfer function of the equivalent high pass at w= 1 —w, is

ry sin wk (5.9.2-8)

e
D
-
~
+
—

HA(w)!Hp =-2j
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Ripple behavior analysis in the pass bands of both the low-pass and equivalent high pass
are identical, as are those in the stop bands It can he seen, with a bit of thought, that
the two filters are reallv reflections of each other about the line w -_T

5.9.3 Bandpass Filters (Sine and Cosine)

Both sine and cosine bandpass and band stop filters can be generated by simply
taking high-pass filters and subtracting their expansions (or weights). That is, from a
useful high pass filter ai frequency (angular; w, and another at W a useful bandpass filter

whose pass band extends from w 1o u‘l can be abtdined.

Of course, two sine high pass hlters must be used if an odd band-pass filter
is wanted and two cosine high pass filters if an even bandpass filter is desired. Ii is not
necessary that there be the same number of terms in each fiiter. but error ripples are
usually reduced if both high pass filters have the same number of terms, which is that of
the filter with the highest number of weignts.

The error analysis of the band-pass fiiter 1s related to that of the two high-
pass filters. The error ripples interfere ana can at worst be the sum of the errors of
the two high pass filters at a given frequencv.

As the errors usuaily drep-oif rapidly away from the points of discontinuity
the errors of the bandpass fiiters are usually uot significantly worse than that of the high-
pass filters from which they are generated. The errors sre only affected by 10 to 20

percent. The exceptionat case cccurs when w 18 approximately equal to u.‘l, a narrow-

band filter, then the maximum errors add Examination of the figures of the next section
above will convince the reader of these racts more easiiv than anyv laborious mathematics,

The foregoing means that wide band-pass filter errors are equivalent to the

errors of the high pass used with the worst errors. Narrow band filter errors are
approximateiy twice those of the two high pass filters used to synthesize it, and occur

in the passband.

5.10 GRAPHICAL PRESENTATION OF NON-RECURSIVE FILTER DESIGNS

In this Section the results of designs using the verious smoothing techniques
are presented.

Figures 5.10-1 through 5 10-8 :liustrate - arious central cosine and sine
filters designed using the weights of Section 3 8 and the smoothing ('filter-filter') factors
of Section 5.7 The number of fiiter weights of these filters is 25 (cosine) or 24 (sine)
as N =12 or M= 25 was chosen for i1ilustrarive purpulcs

The ''cosine" and 'sine" filters demonstrate a number of pertinent points
made in the previous sections These points a.e

1. The number ot fiiter weights must he such that .. decent
approximation can be mide (see 10w-pass approximations
for « - m12),

o

Significant tmprovement in error reduciion c¢an be made at
the price of haiving slopes by the various 'filter -fiiter”
methods.

3

3. Sine filters that extend to w w, 2 have a large error

there (about twice) due 1o the "double” disconuinuity caused
by the "oddness of sine tiliers.
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511 RELATIONSHIP OF AMPLITUDE AND PHASE ACCURACIES TO REAT, AND IMAGINARY
PART ACCURACIES

Assuming that the 'delayed' non-recursive transfer functior approximaiion 1s
given in the form

Hiw,  Hiwpe 9@

it can bhe set equal to (5.11-1)
f(w) + igiw).

Investigation of the necessary accuracy of the two expansions for f(w) and g(w) should be
made where

fiw) = H@w) cos 6(w)
and (5.11-2)
g(w) = H(w) sin 8 (¢

If approximatiens are determined , fA(w) and gA(u;), such that errors

€lw) - H© - f ()

(5.11-3)
wy - 5y -
€,1%) glw) YA(Q,\),
are made, then the approximatica is given by:
HA(OJ) = fA((,c) + igA(w)
(5.11-4)
= H{w) - oL} Y
(W) (€(w) 1sg(a.))
or in terms of magnitudes
Hﬂw):}ﬂw);wwt Blw)e ® © (5.11-5)



o

wnare

Bl{w) = G2 €2 @ 5.11-
(w) \/f @+ 5 @ (3.11-6)
and
¢ (W)
tan 4 (x) -g-—s @) {3.11-7)

The magnitude of Ha(w) is given by

2 2 " ©
Hy(w) = -\/ H(w) + BY(w) -2 H(w) B(w) cos (8(w) ~ 6 (v))
It can be seen that H_\(w) must lie between two bounds
H{w) - B{w) = H, (@) < H(w) + B(w) &
Therefore, if ff(w) and fg(;c) are determined such that
2 2
Bw) = ‘g =\/‘f @ + €@ 5

.1i-8)

.11-9)

.11-10)

throughout 0 < « = 7, then the error in approximating the magnitude of H(w)

is knovr to be less than, or equal to B(xw) = €

H
The phase of HA(;"") is given by
: G
ian © = Hiw) sinS) -B(w) sin g (w)
’ A H(w) cos 6(w) -B(w) cos 8 (w)
or alternatively
B(w) sin $(w
tan ) - ) c?:s‘&i?)
tan 9_\(;‘:) = 4 6]
) 1 - B) cos é (w)
H(x)} cos 6 (w)
Let
B(w)
Y & = S—- -
) = {75 cos 6 (w] ©
-76
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and have

_ tan O(w) - ¥ (w) sin g (w) _
tan 0, (w) = PPl Y (A SEL (5.11-14)

where v (w) is usually a rapidly varying function oi w,
Obviously the size of y(w) determines the validity of the phase approximation.

For 9 (w) not approximately equal to the tolerable error, 69; but less than

45 degrees it is found that the maximum error in B(w) is of the order of

B(w) - -
€ - (W) . € << < = -
o HD) o e 45°, . (5.11-15)

When © approaches 90 degrees informat’on can be found about the error by first
assuming B(w) / H{w) < <1 (which must b true for "reasonable' approximations) in the

numerator of equation (5.11-11). Then

' tan 6
tan 9, = (5.11-16)
A 1- B(w) cos ¢
H(w) cos ©

which implies that the fractional error in tan 9, € o’ is

¢ f tan © - tan ©
e tan ©

A (5.11-17)

1 R
1 -ycosg I-4cos g

=1-

Use of the trigonometrical identity

tan © - tan GA
(5.11-17)

tan (G -6,) = T+ @ne, an o

and a bit of manipulation and it can be shown that the error in angle, Ge,
up to about 90 degrees, also is of the order of

I

i

!

! = T e 51119
i

|

1

5] H(w)
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and as (B(w)/ H(w) )< <1 for '"reasonable" approximations

~B(w) -
o 2w (5.11-20)

5.12 SYNTHESIS OF NON-RECURSIVE FILTERS BY POLYNOMIAL TECHNIQUES

To this point in the discussicn Fourier techniques have been used, both
continuous and discrete, to approximate the transfer function in the form ( 5.1-5)
The practical utility of these techniques depends on a number of factors (Sections
5 to 5.10).

Polynomial methods have been used historically and the literature is quite
extensive. Polynomial methods allow only a few advantages that would comprzl the
use of these techniques rather thar remain content with Fourier techniques:

a. The transfer function is given in sampled form: where tke
samples were not taken equidistantly.

b. The transfer functicn is given in terms of powers of cos wT and/
or sin wT,.

As will be shown, Fourier series are equivalent to expansions in Tchebychev
polynomials in cos wT which, as is well-known, minimize the maximum error bound
versus other polynomial expansions. *

Subsequently, the relation between Tchebychev polynomials and general
polynomials will be found. If the designer is given a trarsfer function in polynomial
form in x = cos wT, then the zonversion to the Fourier form inay be made using
the relation between a general polynomial and Tchebychev polynomials,

In Section 5.12.5, a technique for fitting a transfer function exactly at points
whose values are given unequally spaced in frequency is developed using the
Tchebychev expansion relations along with polynomial interpolation techniques.
Only rezl coeffi~ient filters are considered (H(-w) = H*(w)).

5.12,1 Conversion of the Non-Recursive Filier Transfer Function To a
Polynomial Form

Examination of subsequent developments shows that the transformation
x = cos wT transforms the transfer function into a linear combination of Tchebychev
polynomials (with the exception of a factor\/l - x2_ in the imaginary part). Further,
the transfer function in terms of Tchebychev polynomials can be rearranged into
powers of x.

* Hamming. R.:. Numerical Methods For Scientists and Engineers
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For a large class of functions it can be shown* that an approximation to a
function f(x). sav fA(x) in the two forms

N
(1) _ T, (x)
t;x (x) - X a.k k B
k=20

and (5.12.1-1)

N
() k
f Xy = a x
A 5_‘ k
k=20

kth

where Tk(x) is the Tchebychev polynomial, can be obtained fcr two quite different

values of N for the same accuracy over a region -1 < x < 1. The expansion in the Tk(x)

is often orders of magnitude shorter than the power series. Ii should be recognized that

t:,sfl) (%) is nothing more than a Fourier cosine series in disguise (x = cos & T).

To convert the transfer function to polynomial form it must be expressed in
an appropriate sine-cosine form. In future exposition only the forms for an odd number
of weights will be used. The ''delayed'" non-recursive filter form can be written, upon
changing indices

N -
. -iwnT (¢ = N-T
(T -iwTT w e L
H, )(w) = e X N+n . (5.12.1-2)
n = -N M = 2N +1
Defining, for convenience
—— ( s ‘;
T = H;)(w)ew’ T (5.12.1-3)
S -1iwnT
- Z W,
n=-N
and expressing the summation on the right in sines and costines:
N N
Aw) = z 8, cos wkT -i Z b, &in wkT, (5.12.1-4)
k=0 k=1
*IBID
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where

3 = WX
3 = Waik U Wali k=1,2,... N (5.12.1-5a)
bk = Wik wN-k: k=1.2. ... .N

or
wy T A
wN+l=< (17/2) (a.k+bk) k=172, . . . N, (5.12.1-5b)
we 172 @by k=12 .. . N

Recognizing that the ak‘s and bk's total 2N + 1 variables and are related.
through a non-singular linear transformation, to the 2N ~ 1 wk's: then they may be con-
sidered as independent variables. That is. if the ak's can be determined such that
equation (5.12.1-4) is a sufficient approximation. then the w, 's computed from (5.12.1-5)

k
give the sume approximation.

To obtain a polynomial form for the ''delayed’ transfer function use the
Tchebychev polynomials. *

Tne Tchebycaev polynomial of the "first kind" of the kth degree is defined by

T () = cos (k cos } x): (5.12.1-6a)
letting x = cos 6: then
Tk(x) = cos kB (5.12. 1-6b)

From trigonometric identities a recursion relation tnat exists among the Tk(x) can be

found: namely

Tk+l(X) = 2x Tk(X) -Tk_l(X) (5.12.1-7)
with

To(x) = ¢cos {(0) =1
and

Tl(x) = cos 8 = x

*Korn and Korn: Mathematical Handbook for Scientists and Engineers McGraw-Hill:
pp. 723-724.
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Use of this recursion relation gives

2
T2<X) = 2x -1
(5.12.1-8)
T.(X) = 4x -3x
3
etc:

which are, indeed, polynomials in x. Therefore cos kB can be expressed as a polynomial

in cos 6

Similarily. define a Tchebychev polynomial of the ''second kind"' of the k-lSt
degree by

J1- 2 U (x) = sin (k cos”'x) (5.12.1-9a)
or letting x = cos 6 then

vi1-x Uk(x) = sin k6. (5.12.1-9b)

From trigonometric identities it can be seen that a recursion relation exists
among the Uk(x), also, namely

Uy ® = 2x U - U (®) (5.12.1-10)

-1

identical to the recursion relation for the Tk(X). This time the first two values of the

recursion relation are defined by
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Uy =1

U2(x) = 2X,

Using the recursion relation: (5.12.1-11)

4.2

Us(x) =4x" -1

3

U 4(x) =8x -4x

etc;
which are polynomials.

Orthogonrality relations can be found among the polynomials T, (x) and U, (x)
similar to those for sines and cosines since they are really sines ark(d cosines’in
disguise. Both integral orthogonality and orthogonality of discrete sets of points
exist, as for sines cosines, As this developnient is not needed at present it will

not be performed here.

In terms of the Tchebychev polynomials of the {irst and second kinds the
transfer function (5.12.1-4) becomes:

N N -
fw) = Zaka(x) +iyl-x2 Zkak(x) (5.12.1-12)
k=0 k=1 -
where x = cos wT.
Now :I-T(w) is a given function (5.12,1-3) determined by an H(w) to be

approximated and a phase shift that is a known function of w (a linear phase shift).
mw) also possesses the property

(~w) = Fi(w) (5.12.1-13) o

il

which means it can be written as:
H(w) = £(w) + ig(w) (5.12.1-14)

where f(w) and g(w) are real functions and f(-w) = f(w) , an even function; and g(-w)
= -g(w), an odd function.

Therefore, there are two approximation problems for an arbitrary transfer
function H(w):

N - .
f(w) = E aka(x); x=cos wT (5.12.1-15a)

k=10 -

and
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- N
g(w) = Ji1 -2 Z b U X): 0 SwT<m (5.12.1-15b)
k =1

The approximation procedure by poiynomials can be clearly outlined.
Polynor.ia: approximctions are found, e g. Lagrange interpolations, in the variable x:

-1
fwy = f¢ % cos ~ x): X = cos wT
N &
=) X (5.12.1-16a)
k=0
N = 1 -1
glw) = g ( T ©°8 xj,

I

| N-1 X
\/1 _ 2 E’ B X" (5.12.1-16b)
k = A

where as u ranges over 0 < WT £ 7, x ranges over 1 > x > -1.

The coefficients ak and 51{ are determined by the method of approximation to
be used. nce the 04k and /3k are determined, then the forms (5.12.1-16) must be con-
verted back to the forms (5.12 1-15) using Tchebychev polynomials of the first and second

kinds. From the ay and hk the wk are then computed and the approximation problem

solved.

As the Tk(x) are linearly independent among themselves (as are the Uk(x)).
it is possible to express powers of X in terms of them (or the Uk(x)). The Uk(x) are not
linearly independent of the Tk(x) and can be expressed in terms of them f{or the Tk(x) in

terms of the Uk(x)).

5.12.2 Reconversion From Polynomial Form to Fourier Form by Determination of the
Transforming Matrix Elements

Using the work of the previous section: set

N

k
}_’ o X =\jJ 2, T, (x) (5.12.2-1)
=

k k=0

Using the properties of Tchebychev polvnomials the ak's in terms of the ak's
in an exact form can be found. As the calculation is tedious and complicated it is relegated
to Appendix A.

In Appendix A it is found that

N +1
3 (5.12. 2-2)
1

a :5‘ ;k C(2k, k)°‘2k‘
° k"= o



_ 2
m ° Z ;k— C(2k, (m +2k) /2) ) oy
k= l;‘—

"

2 < - g
;—2-E—_—1 C(@k -1, (m + 2k -1) /2) op -1
1

where

e

is the truncated integer; for example

(-

and
{4 +1)
T = 2.
Also,
C _ k!
(& m) = TTRemy
The bk's can also be found from the imaginary part expansior:
N-1 N
k )
E Bx = § b, U, (¥) (5.12.2-3)
-
k=0 k=1
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assuming thai the polynomial expansion has been found:

? pxt xR G.12.2-4)
.. —
k=0 - X

Appendix A pives the derivation and it is found that:

VO r
m even: N + l}

2
B " 2m C@k -1, 2(k-1) + m) /2) . -
P 7 S 2k + m) o 2k-1 Pok-1 (6.12.2-5)
A——" »
-
m odd;
N
B
b= 2m C(2k, Ck+ m -1) /2) 8
m 2k +m+1 2k 2k
’ 2
o m-l
k= =

where {5} is the truncated integer part of x, and
k!
ot =
C (k. m) m! (k-m)!

5.12.3 Reeonversion From Polynomial Form to Fourier Form in an Easily
Machine Progriummable Manner '

If a digital computer is available it is often useful to huve 2 method that
allows simpler programming, Such a method follows.

To find the a 's in the relation

k
N k -
} G x = E a.ka(x) (5.12 .21
-
k=0

)

[#2}

N



or as X = c0S w (use ces w rather than coswT for simplicity)
N

N
§ o (cos w)k = § a, cos kw (5.12,3-1)
k=0

k=0

use wis time, Newton's method of evaluating a polynomial plus an identity

2xT) (x) =T, (x) +T (5.12.3-2a)

ket )
or cos w cos kw = (cos (k-1) w+ cos (k+1) w) /2, (5.12. 3-2b)

Newton's method of writing a polynomial is:

N
S k _ - ;
L a0+ (al + o eee (04N_2+ (aLN_l + 011 cos W) cos W)...)cosw (5,12,3-3)

k=0

Starting with the innermost bracket:

@ o (ozN_l + ay oS w) cos w

cos w+ a,, COS W CosS W

=agatang N

which upon using the identity becomes:

oy a
angt 5 — + @y COS w+ ——cos 2w.
Calculating the next bracket gives:
o oy
%N-3 + (aN-Z -+ Gy (€08 @ + 5~ €0S w) cos w
“N 1 co3 2 w
= e ———— tme—— =5
QN3 + (aN_2 + ) ) cos w+ N ( 5 + 5 ) (5.12.3-5)
N ,cos w . cos 3w
—(
ta T
o «w o a
_ N-1 N N . N-l ,
= ay gt + (g, t 5 t-—F)cos w+ -5 cos 2w
w
+ cos 3w,

4
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Continuing this process until the « _term has been added, gives the form on the
right side of equation (5.12.3-1), particular value of w is not used when progiam-
ming the precedure for 2 machine: simply form the coefficients of the Tehebychey
expansion at cach stage, At the end of the procedure tho ak's bave been produced.

For the similar expression

N-1 N
.k .
§ TR Z by UL (X);
k=0 k=
or
N-1 N
. \ ' )k b sin k
sin w 7, (Cos w = sin kw
N k
[ )
k=20 k=1

use the preceeding procedure on the sum

N -1
TN .
: | &
y oy (Cos W)
[k
—7
k o
and arrive at, say,
}
N -1

———
N

; d, cous kw
V. Kk

Sy muitiplying this intermediate expressinn by sin w:
N N -1

ie
sin w 2 (cos w)' - N d. sin @ cos kw
LN k 2 K
——

K=0

Y“‘l d

) -—2‘--- sin {sin (k +1) w - sip (k ~ ljw]

A

K= 0

—

" D R D e e
>
il

aentaen

—~
(3]
—
o
.
NV}

i

(5.12.3-)



e A

This hecomes, after adjusting mdices,

N -
sin w E ,6’k {cos w)k
k=20

N N-2

v ke de"
= ——— sin kw - ‘)ﬂ s kw (5.12. 3~10)

2 -~
k=1 = -f

K=

where

(E.12.3-11

=
I
-
wE
g
L
s
+
onnd
et
\\.
e
M
$o
[ 4]
",
1
(™)

= —‘I’"
bi da 4.,

This procedure is only slightly more combolex than that for the nos kw
expansion.

5.12.4 Exsct Transfer Function Fitting by Lagrange Interpolation

Interpolation formulae preliferate varving in complexity cf ccmputation nr
speed of computation. As weight compwiation is not usually periormed except ic
generate a filter, whicp is then usec many times, only the Lagrange method is
discussed which does not necessarily compute the weights in the fastest or most
accurate manner. Once the weights are obtained, by any interpolation method, the
spead by which they are computed, as long as it is not ridictlously siow, is usually
unimportant. The weights are unigue, excepting round-off, regardiess of the method
used.

The interpclation problem is restated in a standard form. Ihe desired
transfer function was given in the form

1

.2

—~
1]
nd

.1-14)

[ R

2wty

ey

sy



e e e % Y g =

g(_w) = -g(w), (Odd)-'

An exact fit at N + 1 points is desired by polynomials:
N

j : k
fA(w) = )X (5.12.1-16a)

and

g4 (@)
§inéﬁ=§ ,kak (5.12.1-16b)

k=0
~ E)

sin nT

wiiere cos & T= X.

Reconversion lo the transfer functios form ﬁ(w), finding the filter weights,
is performed in Sections 5.12,1, 5.12.2, and 5 12.3,

Only the region 0 < wT < 7, erl > x> -1 is considered as the fact that
x = cosi «T guarantees proper bzhavior for -7 < wT <0 for "real" filters.

Because {, (w) involves N + 1 coefficients @, there must be N + 1 values of
f(w) 1o determm‘é them. Similarly, N vaiues of gliw) are needed to determine the
8, of g, (w). The sampling of the real and imaginary parts can be independent;
that is, a different st of values of w mzy he used for sampling them. The fit
will be exact for each part separately at their szmpling points. Normally, the
sampling coincides.

A difficuity arises if the peint T = 7 is included and an attempt is made to
fit with 2N + 1 weights, This occurs becsuse the term b,, sin NwT=0at wT=17
which makes it impossible to determine the cozfficient b‘l,. In terms of the filter
weights (5.12,1-5) the w_'s are underdetermined, which can be resolved most easily
by setting Won = 0 implving W, = Ay

Another problem also arises if N + I tracsfer function samples are taken and
a sample st w = 0 is not taken and both the real and imaginary samples are used
to determine the oy and . It will be found that there are 2N + 2 real and
imaginary part samples and only 2N + ] coeificients. There is one superfluous
imaginary part sample,
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The difficulty can be resolved in two ways. The easiest, of course, is to
ignore one of the imaginary part samples, in which case an exact fit will not be
obtained at this point in the imaginary part. Altematively, it can be assumed that
a fiiter is being design with 2N+3 weights, which would mean that N+2 aj and N+l
Bx must be determined. The N+l imaginary samples can now be used to determine
*“e By.. Setting Uyl equal to zero resolves the problem of having too many ak!s
axd in turn sets a 1 to zero. Again there are too many weights, 2N+3, and only
2N+2 o and Bk (olN?ik and by). This problem is resolved by setting w 4o o zero
which results in W, = bN.,.l- in the end, a filter with 2N+2 weights willzge obtained.

With these qualifications in mind, the real part the samples are:

f(wy)s H(@y),s - .. fwy),
and the imaginary part samples:

g (') g (w'y) g (w'y)
sin w'lT ' gmol.T' Smao' T °
2 N

where the sampling frequencies for the real and imaginary parts are not necessarily

the same (denoted by the prime).
The "fitting" problem for both real and imaginary parts is identical.
Fit a function h(x) by a polynomial

z(x) = z(w) (5.12.4-1)
M k
- Z 1E
k=0

exactly at the poiuts
X, = CO8 wkT,
given the values h(xk) at
W = Woo Wy eees Wy

where the w, are arbitrarily placed in the interval 0 < wT <7, It can be seen that
xi varies from 1 to -1 as w, T various from 0 to 7.

At this point lagrange interpolate the fumction z(x).
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The Lagrange interpclation formula is given by*

M T (X} h(xk)

lex) = L —(x_"‘k)_"'(xk) (5.12.4-2)
where 7(x) = (x'xn) (x-xl) .o (x-xM).
-1 <x<1
and
. an(x)|
e U o P

It fits exactly at the points X = cos O'kT

th
It can be shown*® that any other method of producing a polynomial of M

order that fits exactly at the M - 1 points X, will have exactly the same coefficients as

zL(x) . excepting round-off.

Convergzence at the points hetween samples and the magnitude of the errors
are other matters.

The error. €(x). of polynomial interpolation that fits exactly at the M = 1 -
points is given bv ~

i L (AT~ 1) _
G(x) = h(x) - z(x) = (_\T—?—(IL)' n ( )(X) (5.12.4-3)

where

M
M - Dz d™M Dy |

h

and x is some value in the interval
-1 <x<1.

As X.is usuaily unknown and extremely difficult to find analvtically. an error bound of

M

an Mth order approximation car. be found if the maximum vaiue of h' 1(x) is known

in the interval. Seldom is h (x) of an experimental curve known with an. accuracv.
as finding a high order derivative numerically with accuracy is quite difficult.

In general. it may be seen that the maximum error is not only a function of

M1

the value of h’ {x) but of the polynomial.

‘n(x) = (X - XO} (X - xl) L. (X - XI\I) (5124—4)

*Hamming. R. : Numerical Methods For Scientists and Engineers




As the point X is a function of the sampling points X it is difficult to choose the points

X SO that error is minimum throughout the region -1 < x < 1.

While the error is not known exactly. as X is not known, the error can he

bounded by considering the maximum value of hM “1 (x). Namely D= hM * 1(x) max:

-1 <x<1.
Then the maximum error is certainly

- T x)D -
SV rawy (5.12. 4-5)
Assuming effects of the x,_on hM i 1(x) are rot known, the next best way of controlling

€ nax is to minimize the maximum value of 7 (x).

The solution to this problem is found by using the Tchebychev pclynomials
appropriately. To quote the needed proverty*: "Of all polynomials PM . 1(x) with a
M .
leading coefficient (xl 1) equal to 1, the polynomial

ZM

has the sma.lest least upper hound for its absolute value in the interval -1 < x < 1",
Since Ty, {(x) has 2 maximum value of 1 in the interval then this upper

M
bound is 1/2° . In Zact, all maximums of T . 1(J-:) are equal to one.

M

Control of the factor 7 (x) in emax’ the maximum interpolation error, can
be ohtained by letting
(x)

T )
mx) = —%ﬁl— (5.12. 4-6)

as 7 (X) has a leading coefficient of 1. This, in turn, implies t:a. the sampling points
¥, are the zeros of the Tchebychev polynomial T, 1(x) which are given by

M
X = cos (2k + L) ; -
M-k 2 (M + 1)' (H.12.4-7)
k=090,1, . . . . , M
The maximum error, then, becomes
¢ -~ L (5.12. 4-8)
DAX 2 M + 1)
hM - l(x)
- max
ZM(M + 1) !

T R W O wl  wee



Recapitulating, the minimum maximum possible error is obtained by

sampling at the zeros of the M + 1st Tchehychev polynomial if x is known. In actuality,
this is equi-spaced sampling in the @ domain of the transfer function. Namely, equi-
spaced sampling in the original transfer function variable & is more desirable than

any other to minimize the maximum possible error. This suggests, in a very strong
way, that transfer function approximation using poiynomial methods, unless unavoidable
for compelling reasons, shouid be avoided. Fourier methods are generalily inore
efficient and more accurate.
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5.12.5 Convergence of Polynomial Interpolation

While it is customary to think that finer and finer interpolation gives smaller
errors, as for example in numerical integration or in the very definition of an
integral it is not true, in general, that exact fitting of a polynomial of M + 1st
order at M + 1 points give a smaller error with increasing M.

Excellent discussions of the reasons for this unfortunate state of affairs
are given in "App}led Analysis', by C. Lanczos. Basically the reason is that the
derivatives hM (x)grow too rapidly for 'non-analytic' functions. '"Non-analytic"
functions are those that have singularities somewhere in the finite complex plane.
For thes~ functions, which comprise a large fraction of those found in practice a
finite radius of convergence, R, exists in their Taylor series expansions. This
implies for an infinite number of values of M, that

1R—|;£)£ |hM(x42 1, C> 0

or (5.12.5-1)

lh (x)l M' .

(R‘*'b)

The upper bound on the Mth derivative grows as M. Therefore, the upper bound
on the error grows with M,

Where the sample values are taken also has a profound effect on the con-
vergence. Equi-spaced sampling in x suffers all the difficulties mentioned above,
Sampling at the zercs of Tchebychev polynomials allows convergence. A discussion
of these phenomena are outside the scope of this work but can be found in a refer-
ence "Applied Analysis" by Corneiius Lanczos,

As an example of a "bad" function in the intervai -1 £ x <1, the function

1
I+x2

is a well known example. In fact, as M grows, the approximatxon diverges between
equi-spaced sampling points as M increases,

Polynomial interpolation curve fitting is a dangerous game!!

Important examples of ''non-analytic' transfer functions can be ordinary
networks which have ''poles''.
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6. RECURSIVE FILTERING TECHNIQUES

Recursive filters, those that use past output sequence values to develop the present
output sequence member, appear frequently in the analysis of linear systems. It is the
intended purpose of this section to present basic methods of gereratirg recursive filters of
various kinds along with limitations imposed. Section 7 will incorporate techniques to
alleviate some of the limitations,

Recursive filters posses certain distinct advantages over non-recursive filters and
should be used whenever possible. In many applications they have significantly fewer co-
efficients allowing shorter computing time and less data storage. Aprroximation ripples
in and out of pass-bands are usually not present with recursive filter; while great care must
be taken with non-recursive filters to avoid the phenomena. Finally, they are often more
tractable analytically allowing pertinent characteristics to be discovered more easily and
quickly.

Three general classes of techniques will be discussed.

A given analog transfer function is converted via a slightly modified z transform to
a digital transfer function which idealiy would be equal for all frequencies up to half the
sampling frequency. As this requires bandlimiting of the analog transfer function the
techniques of Section 7 are needed to extend the useful approximation region toward half the
sampling frequency. A numerical integration form of the bi-linear z transform is also dis-
cussed but allows approximation to quite limited frequencies.

Another form of the bi-linear z transform is given which allovs synthesis of an
important class of band-pass and band -reject filters from an analog prototype. As much
work has been done in development of analog filters of this type the te« hnique makes avail-
able the considerable literature on analog band-pass and band-reject filters to generate
comparable digital filters.

A third technigue for exact fitting a recursive transfer function to a fixed number
of points of a given transfer function is presented.Unfortunately the resuitant filter may be
unstable. A technique for quaranteeing stability at the price of phase modification is
developed.

Miscellaneous topics in this section include the use of the delayed z transform to
compute transient responses of analog systems among other things and a sei of transforma-
tions for converting a digital low-pass filter to band-pass and band- reject filters.directly
in the digital domain.
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6.1 DIGITAL FILTERS THROUGH APPROPRIATE Z TRANSFORMATION OF ANALOG
FILTERS

In Section 4. 4 the formula

y(kT) = Ax(kT) +Z Wf (k-n)T) x(nT) (4.4.1-1)
n

was found for numerical integration where A = pN/qN. For high sampling frequencies
it was found that for a constant coefficient, linear system

w‘j’ (GT) = TW(T) 4.4.1-3)

where W;(JT) is the impulse response of the low pass portion of H(s): namely
H1 (s) (Segtion 4.3). If H(s) is low pass M< N, then A = 0 and Ell(s) = H(s).

Assume now that w1c (jT) is equal to Wl (jT) in equation

Subsequently, it will be found that this relation can then be replaced by a realizable
recursive digital filter, under a certain condition the filter will produce approximately
the same results as the analog filter H(s) and various techniques (Section 7) can be

used to modify the analog transfer function sc that both the analog and digital filter w{ll

have the same responses, within a delay for 'low' frequencies.

Replacing w; (iT) by T®, (jT) in

ykT) = AxKkT) + TZ %, ((k-n)T) x(nT) (6.1-1)
n=-%
and taking the z transform:
® ©
Y(z) = A X(z) + TZ 2 Wl((k-n);l‘) x(nT)z-k (6.1-2)
n=0n=20
where
-k
X(Z) - Z X{kT)z ,
k=0
6-2
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and

;i

. -k
Yiz)y - & YkDz
K =0
with v(kT) and x(kT) assumed to be equal to zero for k < 0

Adjusting indices in the summation by letting k-j = m (k - j+ m)

Yz) ={A-T Y ‘—”—1 mT)z_m X (z}. (. 1-3)

m= 0

The digital transfer function is then

FaN
H,(2) - z)

X(z)'
(6. 1-4)
A+ T[ Wl(mT)z-m
For constant coefficient. linear systems the function
«
1,(z) - y wl(mT)z_m. (6. 1-5)
m= 0

which is commonlv called the z transform of the svstem. can he summed in closed
form as the ratio of two polynomials in z-1 (Section 6.2) and realized as a recursive
digital filter (Section 3.1).

However the frequencv response of H (z). found by setting z = ew"T
is not. in general. equal to that of I!l(w). From sectxon 2. 1.2 equation (2.1.7-10)
a relation can immediately be written between H (el “T), or H (w) for
convenience. and ”1'/{":)‘ This relation is
(<]
w (() ) 2m . .
”7(“') - 2 i z H (‘L- kU.) U.S = ——f (6. 1-6)
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where Wl(0+) is the limit of wl(t) as t approaches zero from positive values. The

summation on the right consists of terms which are simply translations of the transfer
function H, (W) by positive and negative multiples of the sampling frequency. The term

W11’;+)/2 is produced by the discontinuity in Wl(t) at t = o if one exists (See Ss:tion
2.1.2).

From the initial value theorem of Laplace transforms:
W, (0") = lim s H, (s , 6.1-7
1©) = tim [sH,@)] (6.1-7)

it can be seen that Wl( 0*) is only non-zero for ltmped pararmeter filters whose
denominator order, N, i8 equal or 1 greater than the order of the numerator. M:

M= N
or
M = N-1
As H, (8) has a numerator order less than that of the denominator only M = N-1 can

produce the constant Wl( 0") not equal to zero.

To remove the effect of this constant consider the quantity

A w, o)
N\ _ - _1_— s
Hy(z) = H@ - -1
(6.1-8)
[- -}
1 .
L X H, (k).
ke

If the transier function Hl(w) is such that it is essentially zero for lw |> ws /2, namely,
"bandlimited' by half the sampling frequency, then '

=)

z(w)g% H @), |u|< w /2. (6.1-9)

A

A
If the transfer function is not bandlimited, then Hz(w) is "aligsed'" and not equai, in
general, to H, (W) over the entire range o < Jw|< W /2. The amount of interference of

the terms for k # o allow error estimation prior to synthesis.
However, if H1 (w) is such that it is approximately zero for

lw| > W - Waw, < ws/z. then
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Ho(wy~ = 1 (a wi< w Co1-
Z((4.) T 1(@) for ‘wi< "’a (. 1-10)

This occurs because the 'tails' of higher order terms of the summation (8. 1-5%)
(k =1, £2. . . . )do not overlap in this region. Use of this fact will allow
approximations to Hl(w) by a recursive digital filter up to a frequencv w in a subse-

quent section, alheit with a time delav (Section 7).

In sumimary, this discussion has served to indicate that the function

7N
N
TH W = THw-T wig')
2
o N _}l . 1-11)
I & w.mmz ™ W 0"
~ gT \ 1 - 1 T
| m - 0 2 z=¢
] J

can approximate an analog filter Hl(w) under certain definable conditions.

Therefore the digital transfer function in equation (6.1-4) should he slightly
modified to read

Yz) = H,(2)
X(z) . Y _ (. 1-12)
—, 3 _ . ]
= . A - _TE‘O_)_ <7 Y‘ wl(mT)z m !

- ) m=0
As }";Z(z) can he summed in closed form. as the ratic of two polivnomials

-1 _ . . . . .
in z for linear constant coefficient differential equations (Section 6.2}, it
represents a recursive digital filter of Section 3.1.

It should '» noted that the digital impilse response (Section 3.4)
of Hz(z) is the actual sampled impuise response of Hfg), the continuous network. whizh

is somewhat obvious from the manner in which Hz(z) was defined.



6.2 DIRECT Z TRANSFORMATION

) The z transform of the impulse regsoonse of a linerr  constant coerficient
svstem 2gn be found relatively easily from the approvrisate exvinsion of the transfer

- function H(s). - If the output is desired delayed by an amount of 7 seconds then ih: “‘delayed”
1 z iransform should be used (Section 6.3) Usually the transfer function is given as the
ratio of two volynomials {See Section 4.1). :

. - P(s) -
H(s) Qs)

M
v pksk (4.2-3)

{s) can be expanded in "partial fractions' namely s

%"” R A
) j 6.2-1)

1 k=1 TETB}“

with the sum of the “‘multipiicities.' v (i} of the roots given by

His) = A+
j

TR St o

L -
\ "

¥1j) = N (6.2-2)
& -
i=1 B
and {-8.) are the L distinct roots of the denominator Q(s). The constant A is given by -
i :
0. M# N
A - (6. 2-3) -
pAv/an ‘i:' N —T
¥
H
é
%
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sy

end the subscrioted constanig A;’_ by

(4]

-4)

(v(j}-m m ;
AV d nsy(s + gy Y0 ] .
m dsm ‘ ] . ﬁ

1

with m =0. 1, 2 R ASITE

As the inverse Laplace transform and z transformation are linear operators
tne impuise response of each term of ( 6.2-1 ) can be computed and the z transform taken.

The resultent transforms are summed to give lotal z transform.

To coniwie the impulse response of a typicai term:

S K 2-5)

take its inverse Laplace transform bv contour integration. It also may be found in anv
text on continuous svstems.

r -
i (¥) -B.t
i_ A ) Al [l-l-le j. t>0
(s LS_)"‘ -1y (6.2.6)
! 0. t<0
. -1y Bt ‘
Finding the z transform of t e J is simplified if it is recognize that
NG IR B T weny Byt (6 2-7)
og (1) e -t
j

This relation allows the comoutatiém of the z transform of multipoles by

simple differentiation of the z trans..rm of e~ jt. The z !ransform of e"l”‘jt ig

Bt > -BnT

-.nT _ -8}

e 1y - E’e A 1 (6 2-8)
n=20

Ca
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As varametric differentiation and z transformation are linear, commutative
operations, the z transform:

-Bt
3,«““ Ve ) (6.2-9)
is equal to
-1 9 (u-1) z -10)
(-1) 7560 e (6.2-10)
j .

Combining the previous results it ig found that Hz(z). the z transform -

transfer function which is the z transform of the Laplace transfer function H(s)
impulse response, is given by

L 0 =P 5o 7

&
e =)y @O . 5 5®D BT A
j=1 B=1 i z-e

(6.2-11)
where A is simply added.

All of the operations necessary to compute H z(z) from H(s) can be ver-

formed by a computer program. It is not necessary to do the differentiations and
summations analytically. When H_(z; is computed as above all the individual terins

are combined into the ratio of two polynomials in z. In general, the final form of
Hz(z) wiil be

_k=0
H (z) = ' (6.2-12)
N
-k
N
k=0

where the 8 and bk are determined by converting equation (6.2-11) to a least common

denominator and normalizing such that b = 1. N is the degree of the originsl denominator.

Again this computation can be performed by machine rather than by hand when N is large.
Subsequently, a recursive technique will be developed for computing the z transform of a

high order pole.
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For computational simplicity some useful relations should be used.

1. For K(s) with real coefficients, roots occur in complex conjugate
pairs. Partial fraction expansion coefficients for one complex
root are conjugates of these for the conjugate root. Therefore,
only coefficients for half of the complex peles must be computed.

2. It was seen that the impulse response term w(0+) is needed when
M + N-1. By examination of the impulse response as the term
by term inverse Laplace transform of the partial fraction
expansion of H(s) it can be seen that

e e

_—
¥ (0+) = Real part Z A‘;‘ ] (6.2-13) i j

Alternatively, as -

W (0+) = lim [ sH(s)]

S e

then (6. 2-14) -

Either relation may be used according to the manner in which H(s) is given
6.2.1 NMechanization of the Computation of the z Transform for mth Order Poles

The z transform for partial fraction terms corresponding to a jth multipole
of order v (j):

A
i ﬁ (6.2.1-1)
(s + )

is given by (See equation 6. 2-10)).
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My L b-1 )
! - -
u=1 = aj(ul) z- e Bi

Computation of this expression for a high order pole is difficult to perform accu-
rately by hand. However, machme computatwn is simple ii‘ certain relations are recognized.

The procedure to be developed obtains results in powers of z rather than z 1. Conversion
to inverse powers is best performed after all poles have been combined to form the transfer
function. Then only the ordering of coefficients need be changed.

Computing the terms of equation (6. 2. 1-2) starting with the lowest order is obviously
the preferable procedure.

The partial derivatives can be expressed as

el z (6.2.1-3)
TR P

]

z (-T) a’v(“_l) Y v = —SJ.T

Defining the derivatives as

- A
D o m e i 6.2.1-4)
m 3 ,m =&Y

1
D0= Z - vV ’
eV
D = ’
1 (z - o )2
(6.2.1-5)
2v
!
Dn = 2 e v + 1' eV
- (= - e) (z -e)”
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3 (z-ev)4 @ - ev)3 @ - ev)3
v
4 e
(z-e%)?

With this simplification the z transform of the multipole expansion (6.2. 1-2) above
can be written as

Z0)) (W) -

ZU e D e D m-1) 6.2.1-6)
W -1)!

p=1

Placing the first few Dm's over common denominators:

1

D =

0 e ev

oY

D - 2 1-

1 @ - l:‘v)z 6.2.1-7)

e2v + evz
D2 = 3 .
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It can be seen that the general form of Dm appears to be

ot v mm-ly o ...+ AR v,m-1
- o 1 m-1
D — 6.2.1-8)
z-e) ™

where the aljn are the coefficients which are presently unknown. The superscript m on

the aljn is not an exponent but serves to indicate the set of m coefficients for the mth Dm‘
The subscripts indicate the appropriate power of z,

By using relation (6. 2. 1-4)

LS (6.2.1-9)

where Dm is rsed in the form (6. 2. 1-8) and equating it, after placing it in least common
denominator form, to the general form for D

m+1
am+1 e(m+1)v 4 a1ln+1 emvz ria .+am+1 ev zm
m+1 @ _ev)m+2

(6.2.1-10)

a recursive relation is found expressing the coefficients for Dm o in terms of those for Dm;

namely

a'j‘“l= ¢+1) @5 + m-G-1) aY; . (6.2.1-11)

with end conditions

°BH
8
|
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Obviously the relation is only needed for m = 3 and higher as m = 0, and 1 are
special cases. For m = 2 the coefficients

2
81 = L 4
(6.2.1-12)
2
ao =1

are known and used as the starting point for the recursive formula (eq (6.2.1-11) ) to com-
puter higher order derivative coefficients.

As an example the coefficients for D3 and D 4 are calculated using the recursive

g O5L s SN

relation.

Now ag = ag =il from the end conditions. 6.2. l-léa)

Only a:l3 must be computed:

a:l3 - 2af + (2-(1-1))a(2)
= 2+2 (6.2.1-13b)
= 4,asaf = ai = 1
Therefore
D, - e’ +(492vv): + & 2 (6.2.1-14)
Z - e

as was obtained by direct calculaticn ( eq 6.2.1-7).

Similarly, for D4, a: = ag = ol a‘; and ag must be computed from the

coefficients for D3:

6-13
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4 3 — xS
a, = Zal + @3 (11))80.
(6.2.1-15)
= 11;
and
4
3 - 3ag + @-(2-1))as,
1
— 3+2x4,
= 11.
Dy is then given by
4v 3v 2v 2 v 3
e + 11 e A e B +
Dy e e_ &= A (6.2.1-16)
(z-¢)

as calculated previously (eq 6.2.1-7).

The computation for the coefficients of successive derivatives is easily orgznized
into a computer program along with the power of e’ to give the coefficients of the polynominal
in z which is the numerator of Dm‘ Computation of the denominator of Dm" (z-ev) M+1 , is
most easily performed using the binomial theorem

n

z-e") = Z j'—h' (-e")P "1 (6.2.1-17)
=0

A recursive relation can also be found, if desired, among successive coefficients of the
denominators for a fixed n, though this is rot as necessary as the recursive relation for
the numerator.
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6.2.2 An Example of Digital Filter Design by the z Transform

Synthesis of a bandpass filter of a Q of 20 (center frequency divided by bandwidth )
follows as an example. The response before and after correction for the impulse response

term at t = 0 (¥(0")/2) is plotted in Figure 6.2.2-1.

The Laplace transfer functionof a bandpass network (a single stage L-R-C network)

is given by
2°¢ 0 As
H(s) = 5 3 6.2.2-1)
S +2 4 (DOS + wo
where
Wo—= center frequency in radians,
g = 1 / 2 Q’
Q - ="a /B,
B = bandwidth in radians,
A = gain at w,.

Actually the above rel2ticuship between ¢ and Q is an approximation which holds
for large Q. Tygpically of interest is large Q, so this approximation will be used. Q's
grzaier than 5 are usually sufficizntly accurate.

The denominator of H(s)is factored into two roots:

2 2 | . 2 . 2.
8 +2 ¢ wosﬂho = (s+ ¢ wo“wo 1-¢ %) (s+ §wo—lwo 1-¢ %), (6.2.2-2)
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which allows

2§woAs

H(s) =
(s+ §wo+iwo /1-!12;_(3+ W -in Jl-gu) (6.2.2-3)

to be written. The roots of the denominator are complex conjugates.

Next the partial fraction expansion of H(s) is determined:

2¢w As A A
o Ay e (6.2.2-4)
* s+a *
(s+a) (s+a ) s+a
where
_ ; 2
a =t¢ w, +iw, 1-¢

and a* is the complex conjugate of 2. To determine Al,. multiply both sides of
(6.2.2-4) by (s+a), and set s = -2. This gives

A1 = H(s) (s+a)
8 =<a,
6.2.2-5)
) 2§woAsl
= —
s+a | _
s =-a,
2¢tw Aa
— o —
*
a-a
or
s 2
A, =Aw 8¢ -j ——
1 / 2
= £
6-17
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In general it can be showr that the partial fraction expansion coefficients for l
complex conjugate roots are complex conjugates. Therefore, A2 = Al*. though A2 coula o

be computed as was Al , if desired. The resultant exapnsion is

i . L ¢ \ o

1 -i 14§ ——— 1

2 2 L

T L LR e T warn

Furtherimore, the impnlse response at t = 0+, the sum of the real parts of the |
partial fraction expansion coefficients of single pole terms is 8

w0) = 24 e 6.2.2-n . 1l

The corresponding z transform of H(s) above is

Moo g

g e =

= S P {

H (z) = Aw £ 1_;2 T _'i 6.2.2-8 =
z [} -aT -1 -g* T -1 /° (6.2.2-8) 3
1-e z 1-e z / :

Combining as the ratio of two polynomials:

-fowT £
2 Aw 5(1-e % ( cos (w T Ji~b2 )+ sin (@ TV 1- ¢ )\ i
\ /1- ¢ )

Hz(z) — i T _2—§on 6.2.2-9)

1-2e % cos @,T 1-t%)z7l:e 272 3

Next, correct for the discontinuity in the impulse response, and the scaling factor T:
©
e =T(0 @ - 251

-gon 1

—— sin@, T 1-§2)z- -e z .

Aw, ET 1-2e

(6.2.2-10)
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This is the form necessary for the digital filter.

a = Aw T,
o
a;, = @,
'g (DOT g -
a, = -2ae sin @, TV 1-¢%),
4TS
2%fe T |
a, = -ae = (&.2.2-11) |
/ =

bo o lv
A:‘ -tw T ;
i b1 = 2e cos (moT 1-57),

2fe T
l b2 = e -
then
4 :
z S
m
\ = m=0
l H (z) = (6.2.2-12)
z 2
-n
SR Y
: L
n-9

[ The corresponding difference equation that implements the filter is

Vo = By Ynop Po¥p-2 * 26%n * 81%5 1 * qa%p2 (6.2.2-13)
[ where. ¥, is the output sequence, and X the inpui sequence.
[ 6-19




The figure plotted of Hz(z) {Figure 6. 2. 2-]1) before compensation, and ﬁz(z) after -3
compensation clearly shews the validity of the technique. An w = 2 wfo of 1/4 the sampl- 8
ing frequency was used as center frequency and a Q of 20 was chosen. Hz(z) before com- =
pensation was scaled by 1/T so that plots could be compared. i ]

Examination of the corrected digital filter indicates that a better "fall-off" is :
ortained for w > 7 /2 than the continuous fiiter. This occurs because of the image tail of g
the first aliasing harmonic (cquation (6.1-6)) happens to cancei the "'fall-oif" as it is shifted a4
by 180 degrees in pnase. At frequencies less than the center frequency the image tail from
the aliasing harmonic is in phase.

6.3 THE DELAYED z TRANSFORMATION

!

If the output sequence of a reconstruction procedure, (Section 7.1) a numerical L 3
integration procedure or a digital filter is desired at a time not equal to an integral

multipie of the sampling time (t = nT), but at a time t = nT -mT-T where T is not an 1)

integer, then the "delayed" z transform should be used | |

The rationale is quickly seen if the derivations of numerical integration procedures
are examined (Sections 4.4 and 6.1 ). The outputs are evaluated at 2n input sampl- : |
ing instant. Had t = nT - T been used slightly different formuia for the z transform of the —}
analog filter impulse response would have been found:

<« -

H, (z) = z waT-pz " (6.3-1) :
n=0 2

T may be any number but it is convenient and not restrictive to consider it as less than T. 2

If 7 is, for example, equal to 7' + mT ('r' < T).then mT is simply a deiay of m units of - 1
the sampling time T 5

Another application of the delaved z trans’orm is in computation of trans:ent
solutions (Section 6.4) where the transient must Le delayed as the numerical integration
1 procedure for the homogeneous solution usually has delay (Section7). Again the delayed
z transform of the transient solution has the form (6.2-1) with the inverse transform
given, this time, by samples of the continuous system transient sclution.

In all cases discussed to this poini, if a funciicn £(iT - 7) is the sampled inverse
Laplace transform of the transfe - function (impulse 1esponte) or the transient solution
of 2 constant ccefficient svstem, the ""delayed" z transforiz may ¢ found in clesed form

e |

as the ratio of two polynomizals in z.l similar to Cre plzin 2z transform.

If the transfer function or traysient solution{s given as the razie of two polynomials E |
it may be expanded in partial frzciions as in Section 6 =, g3 |
L v(j) =
Z 5- A (Y :
= o ) 2
F (S) A + 2 6. 3-2)

j=1 m-=1 (s*Bj)LL : =




st P . = el e e e - -
1
() fu)
A A,
ol X [ -—-j——] e e, - ot SBE o (6. 3-3)
¢s+aj)“ © -1)
0.t<0
=" )

The delayed z transform to be computed is

FzD(z) = A+ Z f(aT-7) e g<hs T

n=o0
with (6.3-4)
L Vi)

fm=): Z f‘; ®)
i=! m-1

AsT1> 0, and f (t) = Ofor t < 0. it may be noted that the term for n - 0is not
included in the delaved z transform

To compute the z transformation for the "delayed’ terms consider the time function

-

=
' j(l‘l')

common in form to all terms. The general terms are given by

-1) @ -1) -B(t-7
(-n®H 7B [3’5j(t-‘r)]= t-7) B e Bt R 3-8

As discussed previously the z transform and differentiation by Bj are cummutative operations.

Therefore. the z transform of the individual terms is given by
a

a8,
]

PR il s (6.3-6)

Tacs O b o Lt

" e - (-n®»-D

BN T O TED O W e e
T N8




Adjusting the indices on the summation:

[ Y——y

: - -B.kT ~-T1) - & 3 i al - - :
T e )zk=z ¢ Pt o5k SRofteTy Sl (6.3-7) -
‘L k=1 k=0 -.i'
;1 o8, (T-7) |
-B.T -1 J

I'=e )2

The z transform of the general '"'delayed term" is

A.(p) Sas b 1) A (-1) -1 _-B.(t-7) :
3’( w7 ©-1) o aj’) = ¥ D0 [z 6.5 ]

=131
(B-1)! asj(u-l) l_e-Bsz-l

(6.3-8) -

It can be seen that the z transform of delayed terms are ratios of polynomials in z'1
as in the case of integer delay. The terms for the whole transform can be combined into

the ratio of two polynomials in z_1 which in turn produces a difference equation as before.

Recursive relations can be developed, as for the nlain z transform, to mechanize the
computation of the transform for higher order poles.

6.4 MECHANIZATION OF INITIAL CONDITION OR "TRANSIENT" COMPUTATIONS

The transient solution f (t), which is the inverse Laplace transform of F (s) (4. 2-4)
can be readily computed by expanding F (s) in partial fractions (see Section 6. 2) and obtain- ‘
ing the inverse transform term by lerm |

This function { (t) can then be evaluated at t = kT K *

f =f &T) -

and added to the solution for zero initial conditions. A3 will be seen in section 7 numerical
solutions for zero initial conditicns usually have a time deiay of a <nown amount. Before

f (t) is used it should be delayed by the amount of time (or simulated time) found in the
numerical integration procedure.

A simple procedure for computing the "transient", via the impulse response of a ’

digital filter can be found. At first assume that the delay is an integral multiole of T plus
an amount T (0 <7 < T) in which case the delay is a simple deferment of calculation for the
requisite number of sampling periods plus a delay by . By taking a delayed z transform !
of f/t) it is found that the resultant transform is the ratio of two polynomials in z as the -
transform of the individual terms of the time function, found by partial fraction expansion

of F(s), are ratios of polynomials in z (Section 6. 3). :
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In fact F (s) may be looked upon as a transfer function as far as the z trausform
calculation is concerned. The method of Section 6.3 is directly applicable to ¥ (s) nsing
the delayed z transform. The time function f (t) may be considered as the imr’ .e response

of F (s).

Writing the delayed z transform of f (t), which can be computed via F (s) from the

method of Section 6.3 as a ratio of two polynomials in z i .

M
e g
m
D _ _m=0
I-‘z (z) = N = (6.4-1)
z d: % &
n=0

where the coefficients have been normalized so that dO =1, an equivalent difference

equation or digital filter can be written;

N M
b= ot ), g 6.4-2)
n=1 n=0

See Section 3.2,

Now the response of this difference equation to an impulsive input in the digital
domain:

1, 3.=0,

5 =10, j 70;

is the impulse response of FB (z) in the digital domain or the sampled time function:
hj = £ (JT-7).

In summary, application of 6j to the recursive relation produces the "transient’’

. time function at the sampling time:




LA — - . S— —_— ——

6.4.1 Example of Delayed z Transform Utilization to Compute Transient Responses

This example is a simple case of a more general discussion of initial condition
computation given in Section 4.2. Consider the simple linear, constant coefficient

differential equation.

dy o dX
a T ag

Taking the Laplace transform
sY (s)-r(0+)+a Y (s) = as X (s) - ax (0+)
or

: r (0+) - : (0
Y - 2o x () o L -2X0Y

where

Y (s) - Laplace transform of v (t).
X (s) = Laplace transform of x (t),
and v (0+) and x (0+) are initial conditions.

The transfer function H (s) is obviously given by

HES) = 5+a

and the transient transform by (See Section 4. 2)

- Y {0+) - ax (°4)
F(8) = (s +a)

(6.4.1-1)

(6.4.1-2)

(6.4.1-3)

(6.4.1-4)

The inhomogeneous solution is determined by the methods of Sections 6.1 and 7
applied to H(s). The transient, or homogeneous solution, can be found by taking the inverse

Laplace transform of F(s) directly:

f(t) - [.v (0+) - ax «m} e
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Delayed by T (0 « T < T) and evaluated at t = kT, if necessary, to compensate for delay in
the inhomegeneous solution.

f (kT‘T) £ [) (0+) - ax (0+)] e—a (kT'T) 6. 4. 1-6)
By using the delayed z transform at the point where F(s) was determined (eq (4. 1-4)).

[FE) - ¥, @)

(6.4.1-7)
-a (T-1) _-1
=g Ay
which has the corresponding difference equation (Section 6. 4).
T 1 lemt -a(T-1)
h- =e h . + C !
j = e 8j-1 (6.4 1-8)
where
C = y (0+) - ax (0+)
Applying an impulse
1320
g =
) 0.] 0
and letting
h . =05 ~j= =1 25.%.2
-3 ]
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the impulse response is found to be
hy = O,

5 e-a(T—'r),

T e-a(ZT-T;’

2
etc
or
by = f(kT-7
as expected.

While in this example, it was a simple matter to determine the transient response
directly rather than via z transform the recursion formula allows computation by simple
multiplication and additicn rather than using an exponentiation computation. For more
comphcated problems, the z transform techmquc is usually easier to use as the number
of ‘exponentials and sines any cosines increases with the complexity of F. (s) producing
increased.computation time. .

6.5 DIGITAL INPUT - OUTPUT RELATION FOR LINEAR, CONSTANT COEFFICIENT
SYSTEMS WITH "IMPULSE SIMPLIED " INPUTS

For "impulse sampled" (Section 2.1. 4) inputs a simple relation between the input
sample values and the output sample values of a constant coefficient, linear system at the
same, or displaced, sampling instants may be found. Subsequent z transformation of this
relation produces a recursion relation, or digital filter, relating input and output samples
in a manner quite similar to that of the previous section.

The impulse sampled input function is given by

X1 = %@ Y. sa-m.




x(t) = the analog input prior to impulse sampling, assumed
to be zero for t <0,
6(t) = Dirac "delta" function.

Equation (4.1-8) allows the output, v(t), of an analog filter H(s), for zero initial
conditions, to be written in terms of the impulse response Wit):

yi(t) :f w (t-7) XS(T) dr
"| 0
=f W (t-T) X(T) Z § (1=jT) dt 6.5.1)
i=0
0
| = Z ¥ -jT) x (T)
> j=0

if H(s) is such that the numerator is of lower order than the denominator. If the numerator
order of H(s) is equal to the denominator order, M = N, then the impulse sampled input will
also appear in the output modified by the factor pN/qN of Section 6. 1.

The value at a sampling instant, t = kT, is given by

v

HH“i-_-

y kT) - z W ((k-1)T) x (jT) 6.5.2)
=0

or

- ,v-l' [y—
-t
=
Il
(.\'18
=|
=
i
__‘><

t
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upon suppressing functional notation. -

Taking the z transform of this equation

Y(z) = Z ykz-k |
k=0 h
6.5-3) = i
| |
L ) ) p—-—
, u 3 ;
, = X,z
Z‘ 2 e ! B
=0 J:O !
Letting i §
m = k-j
«© @®
Y(z) = Z Soow xJz-m z) 6.5-4) ~*
i=0 m=j 'i
- H X ( 1
= H,(2) (z) il
where i }
@ _m |
H,@ =) wmDe |
m=0 3.
e &
as

-

w.=0forj=1, 2..., and |




Fortunately, for linear, constant coefficient systemns Hz(z) can be expressed in

"closed form'' as the ratio of two polynomirls in z.1 (See Section 6.2). As such it can be
implemented as a recursive digital filter relating the input and output sample sequences:

l .Vj x = Z bn yj-n +Z am xj-m (6. 5-5)

All the considerations relating the frequency responses of the given transfer '
function H(s) and the digita! transfer function Hz(z) in sectior. 6.1 apply as the dfinitions

of H7(z) are identical in both sections.

It should be noticed that Hz(z) is diffecent froin H(w) by a factor of 1/T for band-
limited transfer functions over 0 < |w|< w,/2. In the sample and hold reconstruction

methods of Section 7. this is unimportant as the various holds have a factor of T to
spare in their transfer functions. In fact the utility of the impulse sampling model is found

primarily in sample anc hold systems.

‘ When the output is desired delayed then the transform method of Section 6. 4 should
be used with t = kT~r in (6.5 2).

6.6 BILINEAR z TRANSFORMATION (DATA PROCESSING I"ORM)

Previously considered was the application of the z transform tc a linear continuous
network impulse response to obtain approximately the same frequency response with a
digital filter. The output sampled sequence was given in terms of the inverse z transform of
the product of Hz(z) X(z). The frequency response to a sampled sinusoidal input sequence

of frequency w =27f was found tc be ﬁz(z) with z = em’T' Obtaining the proper frequency

response required sophisticated, but simple, modification. Difference equations were
analyzed and found to be describable by a z transform transfer function providing a con-
venient method for mechanizing the continuous network by means of a digital coniputer Y

1

b §

On a more abstract basis any rational function (a ratio of two polynomials) of z~

- . . . -~ . in -
can be considered as 2 candidate for a z transfer function. Setting z =e T gives the fre-
4 quency response as a function of (.. Merely equate coefficients of the numerator and de- 3

nominator of this rational function of z'1 tc those in equation 3.1-! which is its implementa-
tion as a linear difference equation. a recursive linear f{ilter.

With these thoughts in mind a search may be made for transformations of s in the

{ transfer tunction of a continuous system, H(s), such that the imaginary axis of s, namely

s = iw is mapned onto the unit circle of another complex variable, say z, and the new function

of z remains rational. Furthermore, this transformation would preferably be cne-to-one.

The z transform used previously was not one-to-one, many points of the iw axis mapped into
the unit cirzle; in fact all points modulo 27/T = W, in w, become the same point in z.
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A transformation which is one-to-one in frequency (and in fact everywhere} and
maps 0 < w <=, onto the unit circle in z, 0 <QT < m, and - = <w <0 onto the lower haif of
the unit circle -#<QT <0, is .

———

z-1
8 = z+1 e
(6.6-1) i ’
_1- =

14271 i
8

or ' ‘
_1+s Y
T (6.6-2) ;‘
This is culled the "bilinear” z transform. “*;
It is seen that when s = iw 3
i

i

1+iw

lz| = i-te - 1 (6.6-5) T3
{

as stated. A diagram of the mapping follows (Figure 6.6-1) -
:

Ww =4 L -] - i
1)

e ]

Figure 6.6-1. Mapping of "s" Plane to ""z'' Plane

The correspondence between w and QT is found by letting s =iwand z = emT. . l
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bt s el

—

iar
e -1
- T
(6.6-4)
T 0T
2 2
" TIT KT
2 &k
e e
and finally,
=% -l:T ~
@ =tan -, 0 < lat| < (6.6-5)

16

|~ w'_-mnn_'r

Figure 6.6-2. Frequency Reiation Between w and O

The transform is one-to-one in frequency as stated. It aiso is one-to-one elsewhere.

Consider the orizinal continious network transfer function H(s) which is the fre-
quency response when s = iw.  As the variable OT traces out ¢ to . the frequency response
takes on all its values though there is 1 non-linear warping of frequency axes given hy(6.6-5)
zee Figure 6.6-2). The shape of H(iw) will be distorted in the { variable though amplitudes

J

and phascs fer values of .1 and w connceiea by relation(6. 6-5)will be identicat. -

;|

- , 2

; This means that certain analog filters such as Tchehyvchev, Rutterwortn and elliptical 3

2 filters mav be svnthesized in the variable (.. The frequencies of cut-off or stop-hand must hy 1

specified in the variable { (of course T must be such that |Q|5 7/T). By means of the trans-

l- formation $. 6-5)the corresponding values of w in the s plane are found. Construct H(s) by i

- normal s plene techniques; replace s by ( z-l)/(l +z'1), and perform the algebra necessary :
= to obtain this transfer function in z“1 as a ration of twc polynomials in z'. A recursive

] fil..r is obtained when H (s)is rational. 1

l, 6-31 :
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A simple example best illustrates the method. Assume a low-pass RC filter which
has a transfer function

H(s) = . . (6.6-6)

The magnitude of this function when s = iw is

|Hiw)| = = (6.6-7)

wz+w2 'v w 2
0 B T

It has unity gain at w = 0, and is 3 dB down {i/2 power) at w = @,

For a low pass digital filter Q is equated to some cut-off frequency Qo. Compute
the equivalent frequency in s by

T
w, = tan O (6.6-8)
2
Then replace s:
-1
1-2z
H (g =" {~—=)
z T
@
2 (¢}
- -1
1-2 - 3
1+2 e (6.6-9)

'o " mo z-l
1+wo 1+w°
) 1-w
0o -1
1—(1+0 )z
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The difference equation to implement the filter is

l-w w w

Oy . =
1 +w° n-1

( X , (€.6-10)

and the design is complete. For designing complicated filters, the technique can be mechznized
on a digital computer. A plot of the frequency response of a 2 KHz filter with a 10 KHz sampl-
ing rate is shown in Figure 6.6-3. The plot has been normalized so that 1 Hz is equivalent to

10 KHz. On the figure is shown the response of a 2 KHz continuous filter given by equation
(6.6-6) for comparison.

6.6.1 General Low-Pass to Band-Pass, Band-Stop, and High-Pacs Transformations
of an Analog Filter Via the Bilinear z Transform

An analogue low pass filter, H(s), with its 3 dB point at w = 1 is called a "normalized"
low pass filter. It may be any kind of filter such as a Tchebychev, Butterworth, elliptical,
etc., 2s long as it realizable as the ratio of two polynomials in s.

It is well known that certain transformations of the variable s produce, from a
"normalized" low-pass filter, low-pass, high-pass, band-pass, and band-stop analog filters
with similar roll--off and ripple characteristics.

The appropriate transformations to go from our normalized low pass designs are:

s é ;Tl : low-pass to low-pass,
e+ o
s é . g : low-pass to band-pass, (6.6.1-1)
3w -wy)
u £ }
S (w -w,)
s é 2—"——&— : low-pass to band-stop,
sTtw 2
w §
8 é < : low-pass to high-pass,

replace s by y in H(s),

®

AN
@
1

upper cut-off frequency in radians,

&
]

lower cut-off irequency in radians.

]
=
i
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i
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|
(= ] [y [t |

|
) g
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Under these transformations stable filters remeain stable as the real pait of the new s vari-
able roots remain in the left hand plane.

All the previous remarks are well known to students of circuit synthesis as well as
the experts.

To go to the z transform of a sampled data filter that has the same cut-off frequencies
and identical ripple m pass and stop bands as the continuous filter, merely replace the vari-

able s in the appropriate kind of filter hy (1 -2 )/ a+2z ) a® mentioned before. Further-

more, the frequencies @, and w . above (equation 6.6.1~1) are computed from

@ = tan 2 6.6.1-2)

and

where nu and Q ) are the desired cut-off upper and lower frecuencies of the sampled data
filter (See Section 6. 6).

Rather than perform this two step procedure on a normalized low pass filter both
operations can instead be done in a single step. Replace s in the equations by the bilinear
z form (1 -z~ )/ 1+z ) which ziven a direct transform to the appropriate digital filter
(after simpliﬁcation to the ratio oi two polynomia.ls in z~ ) Of course, o, and @ o are still
computed by the relation(6. 6. 1-2)above.

The direct z forms to convert a normalized low-pass filter to the other forms below:

-1

é s i : low-pass to low-pass,
.u 1+2z

-1 -2
(1+w¢ -2(l-w wy) z + lowp) 2
s é ul” uw"g : low-pass to band-pass, (6.6.1-3)

-2
(Ou-wx)(l-z )

@, -wp) (1 -2

8 é : low-pass toc band-stop,

(0@ ) - 2 (100 5) als (1+e0 o 2

8 é @, 3 : low-pass to high-pass,




where, as before, the symbol é " means, replace s in the normalized low=pass design by
the symbois to the right of " ¢ ",

The wulity of these direct conversions depend on the mathod of implementing the
r=niaceirent. Parer and pencil methods probably are easicr with the direci conversion pro-
vedure. Mauchine niethods probabiy are easiest with a tws stev process as two subroutines
can be written; cach v» handle a part of the process

The method is iliust~ated by implementing a an'- pasg third order Butterworth.

A third order Butter:worth normalized to uait cut-ofi {requency in radians has a
magnitude response Ziven by

PH oV = == - {5.6.1-4)

with n = 3. In terme of ite paies in the stable left hand plane, ihe Laplace transier function.
can he waitten as:

1
HE) = gva &+ an &+ D) Hie o
where
a = o+ i89
1 3
x—- = —
g Tt e
and
b = +1.
To convert to a band-pass filter the transformation used is
l=ww,)-2(l-o 02) 1. (1+w w")z-z
s - u ¢ o u (6.6.1-3)

=2
(@, wg) 1 -27)
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Defining:
. l+ow0
c =‘—_u‘(,w=tan %r (6.6.1-6)
TR
l-ow
d = 4
w-o
gives
-1 -2
P bl s (6.6.1-T7)
1-2
Replacing s gives the z foi. : b

H, (z) =H (s(2)) (6.6.1-8)

H (z) = 1 .

: c-2dz7! +c272 it c-2dz" +cz? s c-2dv! res® oL
— 2 -2 =
1=2 o 1-2

Simplifying to a polynomial ratio, gives the z transfer function ‘for the band-paes filter with

upper and lower cut-offs, Q and Q respectively. Upon simpliftcation. it is found that the b %

term cobtained is not in the standard form

B e (6.6.2-9)

where b, equals one. Therefore, the numerator and denominator must be divided by bo‘

to obtain the standard form. The above mentioned ''simplifications' are quite laborious to

perform by hand. A computer program can be written to perform these operations.
Amplitude and phase plots of the digital filter obtained by this method are given in Figure
6.6.1-1. The sampling frequency was assumed normalized to 1 Hz and the upper and lower

cut-offs at tu =,3, and f‘(, = .2 He,
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6.6.2 General Transformations of Normalized Low-Pass Digital Filter
Designs to Low/High-Pass, Band-Pass and Band-Stop Filters in the

Digital Filter Domain

The "bili..ear z transform'' has been used to convert well known continuous transfer
function designs to digital filter designs.

Continuous, low-pass, normalized filters such as Butterworth, Tchebychef, and
eliiptical, could, after conversion by well known transformations of the "'s" plane, (Section
6.6.1), be converted to low-pass, high-pass, band-pass, and band-stop filters with their
significant properties intact. The bilinear z transform was then applied. after "pre-warping"
significant frequencies in the "'s" plane design, to convert to digital filters having the same
significant properties as the original analog filter. Stability in the s plane redulted in
stability in the z plane.

Furthermore, the bilinear z transform is a one-to-one mapping. One¢ point in the
s plane corresponds to one point in the z plane, and vice versa.

This one-to-one correspondence of the bilinear z transform can be exploited, in
reverse'', to develop transformation rules in the "z'" plane so that digital low-pass designs,
designs possibly made independently of any ''s' plane considerations, can be converted to
low-pass, high-pass. bamd-pass, and band-stop, filters with similar properties.

Utilization of the transformation, "in reverse' is a simple matter. The bilinear z
transform is

5 = 2=1 | (6.6.2-1)

or2 in terms of s as

b
+
1]

Therefore, if a stable, constant coefficient, digital filter H7(z) is given, a stable continucus

filter can be developed,

Hz(} j:) (6.6.2-2)

where the frequencies in the two domains are related (Section 6. 6) by

®w = tan (6.6.2-3)

ar
5
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Assuming a digita! low pass filter, Hz(z). with its "cut-off'' frequency normalized at:

’4}_‘ - 7’1'. , (6.6.2-4)
or
L4
Qc - 2T °
w
T
4 ’
o radian sampling frequercy;
then the corresponding continuous low pass filter,
H, (—"i t:) ) (6.6.2-2)

would have its cut-off at w = 1. Namely, a normalized, stable, low-pass analog filter design
has been produced. Now there is liberty to use s plane transformations (Section 6.6.1) to
the other band-pass and band-stop designs, and then use the bilinear z transform to reconvert
to the equivalent z transform digital filters.

Diagrammatically, the route in Figure 6.6.2-1 is taken.

| -
' Low-Pass "s' transform ‘LOW-Pass .
Normalized - { Normalized!
Digital g -8+1 ' Analogue |
iFilter s -1 Filter i
| bilinear Conversion ]
Appropriate’ z transform to I
Digital BaA— """~ Appropriate

Filter i g- 2= 1 Analog

! ! z+1 Form

Figure 6.6.2-1. Low-Pass Digital Filter to Other
Digital Filter Transformation Route

Actually, it is not necessary to go through this procedure, iormally, each time the
transform from one digital design to the next is desired. Transformation can be developed
directly in the "z" variable from the known "s" plane transformations (equation 6.6.1-3).
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The procedure for going from a normalized low-pass design to a high-p.ss at cut-off
w is demonstrated.

First, the normalized analog filter is derived from the digital vne under the

transformation.
_1+s
I T
namely;
- l+s
Hz(z) = Hz ( = ) (6.6.2-2)

Next, transform the analog filter to high pass via the transformation (equation 6.6.1-3)

w
s é —;e , W j = low frequency cut-off

where " é '"" means replace the left hand side by the right side in transfer functions.
Therefore, the high pass analog transfer function is

(6.6.2-5)

Finally, reconvert the high pass analog design to a digital design, after adjusting w £5° that
the digital filter will have the proper cut-off Q 0 That is, replace the s in the high-pass
analog design

s & 2

RS

using (6.6.2-6)
l I b
_ !
' wp = tan >
6-41
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and obtain the digital design

1 op(3)
1 = z+1 (6.6.2-7)
p(z -1

The net result, is that a high-pass digital filter with a cut-off at wp= tan (Q QT 2)
can be obtained from a normalized low pass (Qc “w ’/4), by simply replacing z in the digital

low pass:
QT
ﬂ(l_'_) = A=)
‘!-.Kz+1 ] .p “m( 2 ) ’ (6.6.2‘8)
z-1
or simplified

z¢ -(¢£—1)+(o‘+l/ z

w,+1\ +rewp-1 2z

a5

Hereafter, the s plane need not be discussed; the transformation in z is sufficient.

Using tne same method to derive them, the four transformations in the z domain
equivalent to the analog transformations (equation 6.6.1-3) are listed.

SRR

- é( ® + 1) +('u - 1) z < Low;pass to Low-pnass;
(OR = 1) (014» 1) z
é ( g T : Low-pass to High-pass; (6.6.2-9)
P

2
z é (1-0if) +2 (B-1) 2 + (1+a+f) z : Low-pass to Band-pass
(1+a+f) + 2 (B-1) z + (1-a+B) 22

é(l ~248) +2 (B-1) z + (1+0+B) 2°

3 : Low-pass to Band-stop
(1+a+f) + 2 (B-1) z + (1-a+B) z
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with
QuT
w, = tan (%~
Q,T
wp = tan(éL)
o '—’Wu-ﬂ?’e
and
IRENY:

Another convenient form of the same transformations is:

(w-1) + (@ +1) 271

&

(w,*1) + @, -1) 2"

-1 (g -1) + (g +1) 271

(wl +1) + “’1 -1) 271

sl - Qoa®2(p-1) 2l v (1+a+p)2?
(1+048) +2 (8-1)2 1 + (1-q+p) 272

;L4 (L-a+)+2(8-1)2" (lvarp)z >
(L+a+B) +2 (B-1) 2 ! + (1-a+p) z 2

with

[* %'va

™
I}

muw/e ’

: Low-pass to Low-pass

: Low-pass to High-pass

: Low-pass to Band-pass

: Low-pass to Band-stop

(6.6.2-10)
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and

9]
w! = tan(-zL—),

as before.

Figure 6. 6. 2-2 illustrates the usage of thse transformations on a ''normalized"
digital lowpass which was designed from an analog 3 pole Butterworth prototype by the
methods of Section 6.6.1. Depicted are the direct transformations via equations (8. 6. 2-10)
to a low pass filter at a cut-off of .3 Hz (a), a high pass filter at . 2 Hz (b), and a band-stop
filter with cut-offs at .2 and .3 Hz (c). The sampling frequency was assumed equal to
unity. The band-pass design was not reproduced Lere as it is identical to that in Figure
6.6.1-1 which also illustrates the validity of the method.

Thcse transformations may be performed on Hz(z) in any realization, namely
those of Section 3. 7.
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6.7 BILINEAR z TRANSFORM (SPECIAL FORM FOR NUMERICAL INTEGRATION)

Another method of creating a digital filter or numerical integration procedure for
linear, constant coefficient, integro-differential equations is quite similar to the preceding
method and is simple to implement though it requires a machine program to do the arithmetic
for complicated transfer functions. It has the basic !imitation of alicwing cperation to only
about 1/16 to 1/8 of the sampling frequency, depending on tke accuracy involved, and cannot
be extended above these limits even with delay. Certain transfer functions, such as bandpass
filters whose parameters: cut-off frequencies and band-widths, can be pre-adjusted (or 'pre-
warped'') so that the "data processing' bi-linear transform of the previous section gives
desirabie results. Those are of special interest and will not be discussed here. See section 6. 6.

The bilinear z transform used in this section is the replacement of s in H(s) by a
relation quite similar to that of the previous section:

]
[y

s - e% 5'7‘1 (6.7-1)
where
T = data sampling interval
B = a constant which will be found most advantageous if set equal to 1.
The new sampled data transfer function HZ‘(z) is given by
H, (z) = H(s}
- H(B% g_:_%) (6. 7-2)

As H(s) is assumed to be given as the ratio of two poiynomials in s; the substitution gives a
transfer function Hz(z) that is a rational function of z (a ratio of two polynomials in z) and

therefore describes a difference equation or recursive digital filter. The relationship between
the frequency responses of the continuous filter H(z) and the digital filter is of interest and
follows developments of the preceding section,

It should be mentioned that this form of the bilinear z transform is one-to-one and
produces stable digital filters. The transform is one-to-one as a given point in the s plane
corresponds to a unique point in the z plane and conversely. Stability is guaranteed under
the transform as the left half of the s piane maps into the interior of the unit circle of the z
plane.

The relationship between the frequency responses of H(s) and Hz(z) is simply the
connection between s on the imaginary axis, s = iw, and z on the unit circle, z = emT,
@ is the frequency in the analog (s) domain and ) is the frequency in the digital (z) domain.
Given a value of {i in the digital or sampled data domain, the corresponding analog frequency,
i T)

w can be calculated. At these corresponding values Hz(e and H (iw) are identical.

6-46

e 4

e MO -4

.y

-

T e

W ——



Avnparently it is only the relationship of the freauencey scales that determines the behavior
ot the digital tilter with respect to the analog filter. By setting

and

inT
z ¢

in the bilinear transform (e¢q. 6.7-1) it is found that
2 g
© B tan (5 T
w 8 5 tan (=) (6.7-3)

Exa:nination of this equation shows that the iy axis is mapped into the unit circle in
the z plaie. Plus infinity in @ is mapped on to GST =T, or ns/z = T/T (half the sampling
frequency). Furthermore, at low frequencies (T <7 /4)

tan (=l ~ =t (6. 7-4)

which gives w ~ 8 {i. Therefore 8 should he set equal to unity as stated previously. to have
a decent transformation. Finally, it can be seen that this transformation is restricted to
frequencies in the digital domain such that

(6. 7-1

)
-

or

for the linear approximation to remain valid, When more accurate approximations are
desired the frequency range of O, is further restricted.

The bilinear z transtform is ohviously yuite easy to use and gives approximations

good to about 1/8 the data sampling frequency, ‘A“s' If the transfer function being approximated

varies rapidly th- non-linearity of the mapping between @ and {1 can cause distortion of the
approximation even helow I‘.S /3, 1t may be found that QS /16 or lower is the upper bound for

the approximation region.
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6.8 EXACT FITTING OF A TRANSFER FUNCTION BY A RECURSIVE
FILTER AT Q + 1 POINTS

An arbitrary transfer function can be fitted exactly at Q + 1 points by a recursive
filter transfer function. While the fit is exact at the points where the fit is specified. it is
difficult to assess the error between sample points. Furthermore, as the number of sample
points increases the order of the numerator and denomirator of the recursive filter increases
causing long computaticn times when using the filter. Finaily, filter stability is not guaran-
teed though the filter may be altered to be stable at the expense of changing the phase charac-
teristic: the miagnitude will remain unchanged. ‘

The exact fit problem in terms of a non-recursive transfer function means finding a
function

|

|
o

i
-

HA(w) = (6.8-1)

over the interval 0 < @< ws/z, w, = 2 7/T, so that HA(w) equals H (@) at Q + 1 points,

It may be noticed that N + M + 1 parameters have to be determined:

ay, 35+« + Ay
and

bl’ b2, e e, bN; (bO =1).
If there are samples of the transfer function H(g) over the interval 0 <@ < ws/z

and 0 and ;os/;z are included as sample points then there will be an even number of

independent values of the real and imaginary parts (or amplitude and phase). If w /2 or

zero, but not both were included then there will be an odd number of independent values.
If both ‘”3/2 and zero were excluded there will again be an even number of independent

values. This occurs because HA(w) must be real at w = 0 and wS/Z due to its form. Trans-

fer functions of continuous systems satisfy the reality condition at @ = ¢, but are arbitrary
at other w's. The implication is that the imaginary part of H (w) cannot fit at ws/2 unless

its phase is + 7 (or + 180 degrees). Other points will be fitted exactly.
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Including the points w - 0 and w - wq/?. sampling can be as in Figure 6, 3-1.

Amplitude
m Phase
‘\\
|
H(w) ' y
— w /2
n/*/ |’,‘/// 8
0 1 i‘,)q. Q, — W

Pigure 6.8-1. Transfer Function Samr:.pling

It can be seen that there are real values at w = 0 and ws/Z which are two independent numbers

and Q-1 pairs of amplitude and phase values giving 2Q total independent numbers when
sampled at Q@ + 1 points. It is therefore expected that the number of coefficients a, and hk -

N + M + 1, must be equal to 2Q.
The case where the sample point wg does not lie at ws/2 (or zero) gives 2Q +1 valucs

of phase and amplitude and, therefore, in this instance, 2Q+1 = N+ M+1,

To find the coeff” :ients set the desired transfer function H (w) equal to the approxima-
tion at the points wq’ which are not necessarily equi-spaced. This gives

M a e—ime
L fme
;V

’ _ m: 0 B ., _ o
H(mq) - — b, =1 (6.8-2)
bne-qunT
n=1>0
or

N M

-iw nT -iw mT

) - : &-:
Z hn H(wq) e q 2 am ¢ q H(wq). 6.5-3)

n 1 m =0

6-49



-iw nT i q
. ! - f + i
H(wq)c 4 = [(wq) 1g(wq)le

(6.8-4)

if H(w) is written in terms of its real and imaginary parts, f(w( and g(w), respectivel;.
Carrying out the multiplication.

H(wq) e_lquT = l[if(wq) cos quT + g(wq) sin quT] (6.8-5)
+if; ye T-f sin @ nT
1[_g(wq, cos qu (wq) i wq __]
Writing (6.8-5) in terms of its real and imaginary parts gives
o 3 y
xeq—S . Z bn(f(wq) cos quT + g(wq) sin quT) - 3 a ., cos wtmT = f(wq) (6.8-6)
n=1 m=0
N M
n . . .
ye —s 2 b (gw )cos wnT - f(w ) sin w nT +2 a sine mT=-gw ).
g % L Ppewy cosunT - fw sinun®) + ) e sinog B,

There are four sets of values for x and y, the number of equations, depending on the
inclusion of the endpoint samples, zero and w /2. A table of the values for x and y, and

their total versus sampling at the endpoints follows. In each case Q + 1 samples of H(w) are
assumed.
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H (0) Hiw_/?)

Present Present b y V=X+Yy
Yes Yes Q+1 Q-1 2Q
Yes No Q+1 Q 2Q +1

No Yes Q+1 Q Q+1
No No Q1 Q+1 2Q+2
TABLE 6.8-1

Number of Simultaneous Equations for Various End Point Conditions

The equations (6. §-6) are linear in the variables an and bn and may be solved by

standard linear equation methods using library routines from any computer installation, or
paper and pencil methods if the total number of equations i# small (about 4 or iess).
Obviously, v = N+ M +1; the total number of equations must he equal to the mmber of un-
known am's and bn's (bo excluded),

When the number of samples of H(w) 18 '"large", the solution of the simultaneous
equations (6, 8-6)becomes diffici:lt due to machine round-off errors. ''Large', is about 7 or
8 2amples which produces 14 or 16 simultaneous equations if endpoint samples are included.
A reduction in the number of equations that must be solved is possible in the special, but
important, case of equi~spaced sampling of Hw). This reduction is to about half that for
unequal sampling, aamely, N equations.

6.8.1 Exact fit at Equi-Spaced Points

When the data is giver at equi-gpaced points the problem can be simplified, as far
as the order of the system of simultaneous equations that must k< solved. As usual, certain y
complications arise when the number of coefficients a_ and bn to be determined, N+M=+1,

is even or odd.

In the even case the transfer function samples are taken at

w
-8 g -
w = 3 (6.8.1-1)

Ko
[ 3]

|
=i

’ qf-O,l,...,Q;

where Q + 1 1s the number of transfer function samples and 2Q = N+ 73 +1. 1f may be notlced that |
the endpoint samples, w = w2/2, are included.



Lo A

For odd N+M+1 = 2Q+1, the samples are taken at

w

w = _S #2 - ;
q 2 2Q +1 -
(6.8.1-2)
— 4—2” — -
_(2Q"1)T ,Q"091,--~,Q,
with Q + 1 samples 2s before.
The endpoint sample
2Q ms .
®Q T3 Q+1 - 2T (6.8.1-3)

does not allow inclusion of a sample at ws/2.

Sampling at different places when N+M+1 is odd or even is necessacy to ailow use
of the orthogonality relations, which give the subsequent simplification in solution of the
simuitanecus equations. The relations of interest are

Q T
7o) z e‘“’q"‘m = *N (-k), the Kronecker delta (6.8.1-4a)
q=-@Q-1)

when N+M+1 = 2Q (even) with

-8 9
mq - 2 Q ’
and
Q
2Q1+1 z B IKT _ 8, G-Kk) (6. 8.1-4b)
qQ=-Q

when N+ M+1 = 2Q +1 (odd) with
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Obviousiy tne discrete Fourier trunsiorm, DFT2, of Section 2. 6.1 is being used.

In the rest of the work it will be assumed that N + M +1 = 2Q (even). The odd case
is carried out in an identicil manner. From equation 6. 8-3 the relati n

N M
1w nT _ iw mT . _
z o Hig) e =7 anea™ b =i (6.8.1-5)
m=9
can immediately be written Assuming @ q/lQ q-=20,1, . Q, multinly both sides of
this equation by e /2Q and sum over q as in (6.8.1-4). Then

N Q M Q
1 iw k-n)T_ 1 iw (k-n)T _
Z bn 50 Z H(wq) e'q = z ., X e q (6.8.1-6)

= G=-Q-1) m=0 q=-(Q-1)

Letting k take on the values 0 to M, and using relation (6. 8.1-4) it is found that

N
ak = Z_' “’rk_n bn; k=0,1,...,M (6.8.1-7)
n=0
where
Q
-1 iw iT
Wi = 36 z Hw,) oYy’ (6.8.1-8)
q=-(Q-1)

has been defined. The a];s in terms of the bn’s have been found. Note, before passing, that

if H(w} is written in ter..s of amplitude and phase:

Hi - A el? @ (6.8.1-5)

that

1 , 1 ..
w, = 2Q A cos ¢ (V) - 3Q A ) cos g {an;

] Q
(6.5.1-10)
Q-1
1 - o ;o
T = Aw Yceos iT ,
Q L “"q Lo Q(wq}j + 9 (wq))
q-=1
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as H(-0) = H* (@). The wj's are real.
To determine the bn's let k take on the values M+1, M+2, . . . M+N, and arrive at

N
z Yk n bn = W k = M+1, M+2, . . . , M+\; (6.8.1-11)

un=1
where it has been remembered that bo =1.

As the wj's are known, it is seen that (6.8.1-11) is a system of N simultar.cous linear
equations in N unknowns, the bn's, n=1, 2, ..., N, The number of simultaneous equations
that must be solved has been reduced from N+M+1 to N.

Recapituiating, the unknown bn's are determined from (6.8.1-11) and then inserted
in (6. 8.1-7) to produce *he am's.

A useful piece of information when computing the wj's is that they are periodic in j
with a period 2Q = N+M+1, that is

Wj izQ = wj- (6. 8. 1"12)

This means that only 2Q = N+M+1 of them are needed and the rest are obtained from
(6.8.1-12). For example, if w_j is desired ther w2Q-j can be used if it 7ad been computed

previously. This fact is of importance when computing the coefficients in (6.8.1-7) and
(6.8.1-11).

Figure (6.8.1-1) snows the result of an exact fit using this method iur N=8, M =7,

and Q =8, and for N=4, M =3, and Q = 4. It will be noticed that the fit for N=8,M =7 is
astonishingly good.

6.8.2 Stability of Exact Fit Method

If it is found that the approximate transfer function obtained

M
a z ™
m
_ m=0 ) _ -
HA(‘D) - N -n » bO - 1 (6. 8.2 1)
Z b z
n
n=0

is unstable; namely by computing the roots of the denominator of H A(t.n), then corrective

action may be taken. This corrective action will preserve the magnitude characteristic but
will obviously alter the phase approximation,
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Suppose the denominator is factored into the form

- -1 -1 -1
z b2 n_ (1-B,27) (1-Byz ) oo 1Bz} (6.8.2-2)

where certain Bk‘s have a magnitude greater than one. Then the fiiter is unstable
(Section 3, 4.2).

To correct thls instabllity the factor corresponding to the root outside the unit
circle may be modiﬂed. This modification consists of replacing the term (1- sz ) where
B j is a root whose magnitude is greater than one by

-1

Bj" Qa- %,.- z ), * = complex conjugation. 6.8.2-3)

j

The magnitude of this term is the same as the replaced term when z = ei'”T. As the magni-
tude of the product of terms is the product of the magnitudes of the individual terms the
magnitude of (6. 8.2-1) has not been affected. Obvicusly, the new root, 1 /B *, lies within

the unit circle.
6.9 ZERO FREQUENCY CORRECTION

In many applications .of the preceding techniques, and those to be mentioned in
Section 7, it will be found that the value of the digital transfer function at zero frequency is
not exactly the value desired due to aliasing when z transforming. In particular, differenti-
ating techniques ususlly vequire a zero value at zero frequency.

A quick and useful remedy for slight errors is simply adding (subfractlng) the
neceasary zero frequency correction from the entire digital transfer function H (z) That

is, if the desired value at zoro frequency is HD(O), and the digital transfer function has
the actual value H (0) 2t zero frequency, then the corrected digital transfer function is

H} (2) = H,(2) + Hp(0) - Hy 0)

which can be rearranged into its original form of realization (direct, partial fraction, etc.)
Without this correction many filtering applications will be found to have gross errors

in the low frequency components even though the transfer function error at zero frequency
is relatively smali.
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7. SYNTHESIZING OF RECURSIVE NUMERICAL INTEGRATION DIGITAL FILTERS
WITH 30 ALL DELAY AND DATA RECONSTRUCTION

Preceding work has demonstrated the impossibility of producing linear numerical
integration procedures that do not have delay unless the transfer function of the continuous
linear system is bandlimited by half the sampling frequency. Of course, the high pass con-
tinuois system is also considered as handlimited if the constant level is approximately
reached bv half the sampling frequency (Section 4. 3) . The delay incurred using
numerical integration procedures, which limits '"black box' simulation, is caused basically
hy the requirement of using samples of a bandlimited process. It has heen mentioned that
infinite delay is required te reconstruct, or filter, a bandlimited function from the sampled
values. Of course. approximate reconstruction with a finite delay with arbitrarv accu-acy
can be obtained (Section 5). It should not be expected that any integration scheme would
work in general without large delay over wide bandwidths using slow sampling.

Two basic numerical integration schemes will be discussed having various merits
but achieving results by narrowing the approximation bandwidth:

1. Reconstruct the input using polynomial techniques. Recursive digital
filters are obtained.

2. Low-pass filter preceding the original system function to achieve either
of two equivalent goals: bandlimit the transfer function or reconstruct
the input. Recursive digital filters are obtained.

These techniques have the distinct advantages of having relatively smai! delayv and
allowing recursive digital filter implementation. These advantages are accrued at the
expense of only allowing approximation of the analog filter operation to about 1/8 to 1/4
of the sampling frequency for reasonable approximations. More accurate approximations
lower the frequency to which the transfer function can be approximated for a given delay and
allow usage of only the bandpass reconstruction method.

To discuss these methods a slight detour must be taken into the matter of data re-
construction

7.1 DATA RECONSTRUCTION TECHNIQUES

A subject of much practical interest is the reconversion of sampled data to a continu-
ous analog waveforia. Not only is this a useful enterprise in itself, but certain techniques
found applicable are also quite fruitful in numerical integration and synthesis problems.

Methods to be described fall in a general category of linear, time independent
methods. An example of a time dependent method is one that uses the convergence factors
of Section 5. 7 on the Fourier transform (2.1.1-7), or reconstruction formula (2.1.1-9),
for bandlimited functions to eliminate ripples caused by a finite sampling time. These time
dependent methods are usually not useful for long data spans or for "simple " data procecs-
ing. ("Adaptive' methods that use data characteristics are not included in this comment. )

All methods to be described have the property of limiting the output signal bandwidth
to a greater or lesser extert. The more the bandwidth is limited to the 'ideal' the greater
the delay. However, certain methods are easier to implement and when used in conjunction
with a subsequent digital filtering operaticn, result in less weights in the filter.
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7.1.1 Time Invariant Reconstruction
A well known technique, '"'sample and hold reconstruction', plus a method not so

familiar, use of a bandpass filter with a pulsed input, fall within a general category.
Namely, a general linear form for reconstruction is used: :

xR(t) = Z xkcp (t-kT) (7.1.1-1)
k=0

where the xi are the data sumples,p (t) is a "'reconstruction’ function and T the sampling
interval. For bandlimited functions the "ideal' reconstruction function is

w
: S .
sin [ 2 (t-kT) | (2.1.1-9)

o) =
w
[5 ¢-kT) ]

as given in Section 2.1.1. However, it may be noted that (pl(t) is not '"causal' in the sense
that it has values ior all time making xR(t) depend on all samples extending both in the past
and future. An approximation may be made however by noting that cpI(t) tends to zero for
large t. If tt'\is delay is allowable in the system under consideration then a truncated <pI(t)
may be used, namely (pI(t—j T) u(t) where jT is large and u(t) is unity for t greater than
zero and zero for t less than zero.

A property of the reconstruction function that must be met in any physical system is

that it vanish for negative time; namely,

o) = 0, t<0 (7.1.1-2)

a ''causal' function.

It should be noted that the impulse response of a realizable analog filter rust
satisfy this requirement.

Upon taking the Laplace transform (or Fourier Transform) of the linear reconstruc-
tion (7.1.1-1), it is found that the transform of XR (t), XR (s) is given by:

Xp = § Z 4 e ~skT (7.1.1-3)
k=0
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where

§ (s)

-]
[ otetat (7.1.1-3)
o

the Laplace transform of ¢ (t},

and the well known transform relation

[ et-nestat = 7 § (s) (7.1.1-4)
o

has been used.

Now the summation

X (8) = Z:'cke"?’kT (7.1.1-5)
k-0

can be recognized as the impulse sampled spectrum of x{t) whose samples are X = %(kT)

of Section 2.1.4. It was shown that the impulse sampled spectrum was identical (within a
factor of T) to that of x(t) up to half the sampling frequency, if x(t) is bandlimited by half
the sampling frequency wg = 2n/T. The impulse spectrum is periodic outside of the region.

The ratio

X rl8)

e = & (7.1.1-6)

then, is the reconstruction transfer function. Q (8) should ideally be zero above half the
sampling frequency and unity below. However, the time function corresponding to this
Q (3) is th(t) of equation(2. 1. 1-9)which is unrealizable without significant delav.

7.2 SAMPLE AND HOLD RECONSTRUCTION

A popular method of data reconstruction, polynomizal curve fitting, is also commonly
known as a "'sample and hold". The degree of the poiynomial fitted is assigned to the
gample and hoid, e.g., "first order sample and hold".

A convenient polynomial reccenstruction formula that fits exactly at the sampled
values s the backward difference Gregory-Newton interpolation formula.

Yol D0 ng
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_ u(u+1) 2
Xpt) =xytu B xpe )+ 8% x
(7.2-1)
s U+1)@+2) A3x + s u@m+1).... (u+n-1) Al
3 k-3 0 0 ¢ ¢ 2 n ﬁ-n
where
_t-kT

u = T ’

A‘j =X, X

n = order of "fitted' polynomial
and

T =

sampling interval.

This formula*is used for kT <t < (k + 1)T for "extrapolation" holds and with t re-

placed by t - T for ''delayed' holds with the n + 1 sampled vaiues Xer Keogr oo Xe-n'
7.2.1 Zero Order Sample and Hold
The extrapolation case for n = 0
| &R‘t“"k kTt <k+1)T, (7.2.1-1)

is often called a '"box car" as it simply holds the value of the most recent sample until the

next arrives. The ''delayed' hold simply delays the reconstruction by a sampling period T.

Figure 7. 2.1-1 illustrates its operation

* C. Lanczos, Applied Analysis, Prentice-Hall, 1964
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Hold
x(t) Output

_ i
| J |

i Y

Figure 7.2.1-1 Zero Order Hold Output

/!

To determine the transfer function (7. 1.1-6) take the Laplace transform

X

s)

o -8t
R {XRMe dt

(k+1)T

«©
Z Xy _[' e Stat
k=0

kT

1 - 78T Z x. o-6KkT
T8 N ¢
k=0

Now

«©
B -8k
X8 = Z XK®
k=0

is the transform of an impulse sampled function x{t).

(7.2.1-2)
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Therefore the ratio:
X o)

X, ®

i

R, (8)

1 - e-sT
=TS (7.2.1-3)

Q (s)

is the Laplace transfer function of the reconstruction function with respect to an impulse
sampled input.

The reconstruction function obviously is

1,0<t<T,

e = 0, otherwise (7.2.1-4)

by taking the inverse Laplace transform of (7.2.1-3) and is depicted in Figure 7.2.1-2.

o)

0 T ‘ t-+

Figure 7,2,1~2 Zero Order Sampie and Hold
Reconstruction Function

Letting s = iw the transfer function as a function of angular frequency is

-iwT . wT
. 2 Sin75™
RO (iw) = Te T - (7.2.1-5)
2

| |
[ ]

[ ]
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The phase obviously is given by

o (w) = -%I; (7.2.1-6)

a delay of T/2 is introduced as the phase shift is linear in .

The impulse sampled sequence is mocified in amplitude by

8in wT
2

T
2

| R, (@) | =|T (7.2.1-T)

Figure 7.2.1-3 is a plot of | R (iw) |/T as a function of wT/2 = w/w_

4 1800
i
+ - + - | R
1 -1 1 “)S
+
IR |
9
T -180°
W
0 1 2 3 ws
(2) .(b)

Figure 7.2.1-3 Amplitude (2) and Phase (b) of Zero Order Hold

The important features of Ro (iw) are that significant sampling harmonic leakage can occur
atw = we unless the signal bandwidth is small or a subsequent system transfer function is
small about wg and furthermore, significant error is caused by the lack of flatness of

| R, (iw) | for w close to zero.

In analog systems a zero order hold is quite useful as approximate performance is
all that is usually desired and, further, a low pass filter can be used to remove sampling
harmonic ripple or error. Sampling prior to this removal, as in a digital system, results
in aliasting. of the '‘ripple’.
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Typical values of the response of the sample and hold are tabulated:

, .
S:S Phase : -'}T | Ro (iw) |
0 0° i 1
1/4 - a5° . 901
1/2 - 90° - 636
3/4 -135° . 309
1 -180° 0

Table 7.2.1-1 Zero Crder Hold Values
It is quite evident from the table that the transfer function is not "flat"" near zero
frequency. 10% error is incurred at 1/4 the sampling frequency.
7.2.2 First Order Sample and Hold (Delayed)

The "'delayed" first order sample and hold is implemented by the linear formula

X _ t -
X ® = %+ o8 DT (x - xp ) (7.2.2-1)
with
kT<t<(k+1)T
Taking the Laplace transform the transfer function is found tc be
d ©) XR(S)
‘; 8 = - S
1 X, ()
_(1- e 57,2 (1.2.2-2)
T82
= } (8)
7-8
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assuming Xy = 0 fork<0.

This sample and hold method fits straight line segments to the between data points
delayed by one sample time as in figure 7.2.2-1.

P Reconstruction

Figure 7.2.2-1 First Order Sampled and Hold
Recoustruction (Delayed)

By taking the inverse transform of (7. 2. 2-2) the reconstruction function is found to
be a simple triangie:

%, 0<t<T,

o 1-1, Teteer, (7.2.2-3)

i

0, ctherwise

It is depicted in Figure 7.2, 2-2.

L — -

o)

H e — ——o

2T

Figure 7. 2.2-2 First Order Sample and Hold (Delayed)
Reconstruction Function

7-9



With's = iw the transfer function becomes

. sin2 (ﬂ‘)
R'lj (w) = Te WT —_ 2 (7.2.2-4)

2
(4

The delay is seen to be T seconds, twice that of the zero order hold, and the amplitude of
@ (iw)/T is identical to the square of that for the zero order hold. Besides the delay it has

one deficiency over the zero order hold and one advantage. The deficiency is that the trans-
fer function falls off faster with frequency in the useful range, zero to half the sampling
frequency. Its advantage is the additional attenuation of higher sampling harmonics by the
inverse square fall-off with frequency which assists to some extent in removing aliasing
when sampling the cutput of a filter whose input is the reconstructed waveform.

Typical values of the transfer functicn are tabulated in Table 7. 2. 2-1.

W 1 ,d,
o, Phase T R (o)
0 0 1
1/4 - 90° .812
1/2 -180° ; . 404
i
3/4 -270° g .09
%
1 | -360° | 0
E i

Table 7.2.2-1 First Order Hold (Delayed) Values

7.2.3 First Order Sample and Hold (Extrapolation)

The pclynomial fitting formula is (eq (7.2-1) n = 1)

) - t - kT -
"R(t) = xk+ T (xk xk-l) s

with {7.2.3-1)

kKT<t<(k+1)T
7-10
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In pictorial form the effect of this form of extrapolation can be seen in Figure 7. 2.3-1.

Reconstruction

Figure 7.2.3-1 First Order Sample and Hold
(Extrapolated) Output

By taking the Laplace transform of (7.2, 3-1) the transfer function is found to be

-sT 2
e 1 + Ts, 1-e
(7. 2. 3-2)
g8
X ;(s)

after considerable algebra. Letting 8 = i@ the frequency and phase responses are found to
be : '
_ ¢T 2
e w2q1/2 (8in75)
lRl (w) = T [1+ (eT)] ‘——-"T—g
( .“_’2_) (7.2.3-3)

$,0@ = tan | @T)-oT

The ampiitude 2nd phase responses when plotted appear in figure 7.2.3-2.
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(a)

180

o£|E

f—
N
E[E

-180°

(b)

Figure 7.2.3-2 Amplitude (a) and Phase (b) Characteristics

of a First Order Hold (Extrapolation)

Typical values of the first order hold transfer function phase and amplitude are

tabulated below:

gs Phase 3 IR, o) |
0 0° 1.0

1/4 - 32.5° 1.51

1/2 -107.7° 1.35

3/4 -182.0° .424

1 -279. 0° 0

Table 7.2.3-1 Amplitude and Phase Characteristics
of a First Order Hold
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Taking the inverse Laplace transform the reconstruction function is

1+-,%- , 0<t<T,

o) = 4 - (5D, Tet<er, (7.2.3-4)

0, otherwise

and is illustrated in Figure 7.2.3-3.

Z-———-—
%
1 4 '

Figure 7.2.3-3" First Order Sample and Hold
(Extrapolation) Reconstruction Function

The first order hold (extrapclated) suffers from difficulties. Its phase shift is non-
linear and the transfer function peaks markedly above unity gain at «y wg = 25. Further the

phase shift is more than 1.5 times that of the zero order hold at a given frequency. Finally,
the normalized (by 1/T) amplitude response only falls off as fast as 1/ wfor large wdoes the
zeroth order hold. However in many feedback systems these difficu'ties are unimportant as
the delay is less than that for the delayed first order sample and hold.

7.3 NUMERICAL INTEGRATION BY INPUT RECONSTRUCTION WITH POLYNOMIALS

This method of numerical integration has been used extensively and successfully by

electronics engineers for many years.* In many applications a time function is sampled,
converted to digital form, transmitted to some point, and then reconstructed for analog
system processing. Analysis of this sampling, reconstruction, and subsequent processing
by a linear system leads to a difference equation if input and output at the input sampling
instants is of interest. This difference equation can be mechanized on a digital computer
and, therefore, a numerical integration scheme is obtained. General reconstruction and
the transfer function of polynomial fitting for low orders was discussed thoroughly in Section
7.2.

* Julius T. Tou, Digital and Sampled - Data Control Systems, McGraw-Hill 1959
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A major drawback of these systems is the introduction of an error in the reconstructed
signal which also appears in the output. This error is due to the sampling harmonic leakage,

especially at the sampling frequency. Polynomial reconstruction does not allow as much re-

jection of sampling harmonics as the lowpass filter method (Section 7. 4) but requires no extra

filter cuefficients in the digital filter.

Sometimes it is stated in the literature that polynomial reconstruction allows exact
solutions at the sampling instants. This statement is misleading. While it is true that a
numerical integration procedure can be developed to describe the input-output relation bet-
ween the reconstructed signal input and the linear system output with no delay, the desired
relationship is a numerical integration scheme between the continuous input and the linear
system output. Sampled signal reconstruction is, however, a fundamentai part of the
numerical integration. Polynomial reconstruction does not allow exact numerical integration
of the total continucus input/linear system problem and, in fact, produces significant output
error for low order polynomial reconstruction at higher frequencies though time delay is
small. As the order of reconstruction, the degree of the polynomial, increases the time
delay must increase.

Intuitively it is almost obvious that delay must increase as reconstruction order
increases. More data points are needed to define a polynomial as the order increases:

n + 1 data points are needed for an nth order polynomial.

7.3.1 Conversion of Hold Systems to Digital Recursive Filters

The Laplace transfer function of the data hold was defined as the ratio of the continu-
ous reconstructed output transform to the impulse sampled input transform and was given as
(See Section 7. 2)

-sT

_1l-e
Ro (s) = — (7.2.1-3)

for the zero order hold,

1
s + = 2
R‘le s} = —21 (1-e"5T) (7.2.3-2)

for the first order (extrapolated) hold , and

2
1 - e—s_’—l‘)
2

Rf (s) =
TS

(7.2.2-2)

for the first order (delayed) hold.
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Combined with a low-pass transfer function H(s), the overall transfer functign is:

R (s) H (8)

where R (8) corresponds to the hold involved.

To compute the time response the Laplace transform, Y (s), the output of H (s)
is used:

Y(@) = H(S)R (s) XS(S) (7.3.1-1)

By the convolution theorem, (Section 2.7.1 ), y (t), the inverse of Y (s), is given by:

y) = [ wit-1 x( E &(r-jT) d" (7.3.1-2)
(o]
i=0

where

x(f).; 8(r - jT)
. =9

is the inverse transform of Xs(a) (See Section 2.1.4)

and

- w (1) is the "impulse response’ of H (8) R (s).

Carrying out the integration:

y®) =) W=7 x (D) (7.3.1-3)
j=0

At the sampling instants t = nT

©

y @T) =) W (@) T) x (T) (7.3.1-4)
j=0
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Takiﬁg the z transform and adjusting indices it is found that

Y (z) = H,(z) X (2),
where
Y (2) =Z AT
k=0
© (7.3.1-5)
X (z) =Z xk z”k ,
k=0
and

H_(2) =Z w kT)z
k=0

If Hz(z) can be represented as the ratio of two polynomials in z'l, then (7.3.1-5) is
equivalent to a difference equation. Fortunately, if H (s) is derived from a linear constant
coefficient differential equation then Hz(z) 18 the ratio of two polynomials in z-l. The
method of converting Hz (z) to a ratio of two polynomials in z_1 is common to this method
of input reconstruction and that of the low-pass filter reconstruction method. It was
described separately in Secticn ¢, 5,

It should be noted that the particular forms of the zero and first order holds aliow
simplification of the z trausform procedure upon the impulse response of the transfer

functions: As e°ST in the Laplace transform domain corresponds io a unit, T, of time
delay it can be seen that the z transform. of the impulse responses of the reconstruction
systems are:

1) Zero Order Hold

Hy2) = (-2 4 (L5 (1.3.1-6)

where: ?( H_s(g) ) means the z transform of the impulse response of the transfer
function H (8)/s.
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2) First Order Hold (extrapolated)

1
_ (8 +=)
H () = (1-2 1)29(——2—1 H (s)) (7.3.1-7)

S

1
8+5)
where 44 —35— H (8) is interpreted identically as for the zero order hold.
8

3) First Order Hold (delayed)

H(z) = (1~ Z_'l)zgr( Hs—z@) (7.3.1-8)

It should be noted that care must be taken with these formulae. When, for example,
the z transform is taken of the impulse response of H (s)/s,

7 (1),

a term (1- i'l) is introduced in the denominator of the sampled data transfer function
H, (2) due to the factor 1/s, (See Section 6. 2). For efficient digital fiiters witha"

small number of coefficients and for stability (a pole on the unit z circle) this term
(1 - z-l) in the denominator should be cancelled by the (1 - z"l) introduced in the numerator
by (7.3.1-6).

For the first order hold systems a similar kind of term (1 - 2_1)2 appears due to
the Al/(s2 term. This should be taken care of in the same manner as for a zero order hold.

7.4 BANDPASS FILTER RECONSTRUCTION FUNCTIONS

From previous discussions it should be somewhat apparent that bandpass analog
filters possess desired properties. They are, for filters of the Butterworth, Tchebychev .
elliptic, etc. type; a '"relatively" flat amplitude characteristic, controllable attenuation
for frequencies outside the "pass-band’, and an approximately linear phase shift in the
"pass-band". Therefore, these kinds of filters should be considered as reconstruction
networks as they can be used to remove sampling harmonics.

An apparent difficulty, in analog reconstruction, might seem to be the need for

impulse modulated inputs. However, instead of impulses, triangles or pulses of a width
narrow with respect to the sampling period may be used.
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The reconstruction function is then the impulse response of the reconstruction filter
transfer function(though the filter transfer function is of more practical importance):

1 oo dut .
o) = ¥ _£ R (iwe = dw (7. 4-1)

As the design of recursive filters from an analog prototype can be considered from
the point at view of an impulse sampled input a pertinent low-pass reconstruction filter will
be considered.

7.4.1 Design of a Reconstruction Low-Pass Filter

A particular, well known, low-pass filter which is realizable and has desirable
characteristics is the Butterworth filter.* It is also known as a "maximally flat' filter
because of its extreme flatness at ¢'< 0 which is related to the number of derivatives which
are zero at w = 0.

The Butterworth filter was chosen for use here for a number of reasons:

a) Approximately linear phase through the ""pase-band', giving a constant delay to
a signal localized to the "pass-band'.

b) Approximately constant amplitude through the "pass-band'" produces lit*le amplitude

modification of the systemtransfer function of interest.

c) Synthesis for numerical integration purposes is virtually trivial.

d) Only a filter with a few poles (2 to 6) is usually needed.

The low-pass Butterworth filter is specified by the magnitude function

1
IR dw | = /14w 2n (_w_y2n (7.4.1-1)
[0
0
where n is the number of filter "'poles'' in the "s'" plane, and w, is the cut-off frequency
(the filter response is down 3 decibels or a factor of 1 /2 from that at w = (). As the

magnitude is compietely specified so must the phase. Fortunately, it is found that the phase
is approximately linear through most of the "pass-band", zero to w, ,of the Butterworth

filter producing delay without distortion.
The stable iransfer function corresponding to the magnitude function above is:

n

%
(s+sl) (s + sz) tieiiaezene (8 +8))

R (s) = (7.4.1-3)

* M.E. Van Valkenburg,Introduction to Mcdern Network Synthesis,Wiley

7-18

o

’



ol ownk g W BB e e

where the negative roots sj are given hy

i - n
s, = w.e U—“—*z—k—ﬂa L, K=1,2,...,n (7.4.1-3)

Each of the poles is a first order pole and exists, as it must, along with its com-
plex conjugate pole for n even. When n is odd the poles are also first order and exist in
conjugate pairs with the exception of a single real pole at s = Wy

The phase shift per pole of the filter is —450, or ~%/4 radians to the cut-off fre-
quency. However the approximately linear poriion does not extend to @, but the extent

approaches w, asn increases. The linear portion of the phase is approximately given by

(7.4.1-4)

SN
o

@
(W) = —
n wo

where

wy = cut-off frequency in radians per second,

- number of poles or the "order" of the filter.

=
I

The Butterworth filter has two parameters which may be adjusted for data recon-
struction, the cut-off frequency, Wy and the ""order', n. It will be seen that these para-

meters need not be adjusted independently, but in 2 manner that minimizes the time delay
for a given attenuation of the sampling harmonics (or of a transfer function that is being
bandlimited).

To determine the filter parameters consider figure 7.4.1-1.

.1-1 Reconstruction Filter
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where:

W, = (a) bandlimited of samgled ana!og input or (b) desired region of approximation
of analog transfer function (radians/sec)

wg = sampling frequency (radians/sec)

wy = Butterworth filter cut-off frequency (radians/sec)

o = (a) least attenuation of first impulse sampling harmonic with respect to

unity (@ = .01 is a reduction of the harmonic by a factor of 160) or
(b) the least reduction of the first image harmonic of the desired transfer
function in the region 0 < | w | < w, (Section 2.1.2).

Wy T Wy T @,

Setting the Butterworth filter attenuation at the edge, w 9’ of the band of the first

sampling harmonic to a2 desired value,

1 =
1+(ﬁ).‘ln
)
or
Wo 1 2 _ 1 7.4.1-5
T e

Replacing @ q by @, - w, and lettirg w, be represented as a fraction of half the sampling

frequency,
w
w, =k 3 , 0<k<l, (7.4.1-6)

then (7.4.1-5) can be written as

Y0 = (__:1 ‘.%_;1 (7.4.1-7)
ﬂ'a (' - 1) 1/(211)
= v/2

¢

(2]

]

¢

vty




Y is the cut-off frequency normalized to half of the sampling frequency. Now the cut-off
frequency w, must be greater than w, if distortion of the input signal (or the transfer func-

tion being approximated) is to be minimized. Therefore, \
Y = ws 7o
(7.4.1-8)

>m 0<Y <2~y

On the other hand the time delay of the Butterworth filter is approximately given

by
) b, W)
Td W
(7.4.1-9)
_ 2n
LN
in the iilter pass band fron equation {7.4.1-4). Also 7, can be written as
1/(2n
d _n (32-1) /(2n) (7.4.1-10)
T o o

9
< _B
T o(1 2)

from eJjuation (7.4.1-7) and as w = 27/T where T is the ti'me between input data samples.

Examination of this equation shows that it expresses the time delay, normalized to the
sampling interval, in terms of the Butterworth filter order, n, the desired normalized
approximation freguency, u, and the desired approximation accuracy, @ = 1/8. For a fixed
4 and B it can be shown that d/'T has a2 minimum as a functicn of filter order n. n can be

adjusted to minimize the time delay.

This adjustment of filter order is subject to the constraint (7.4. 1-8) above. Carrving
out these computations it is found tha! —eeting the constraint, Y >u, often requires a filter
order that is greater than that which minimizes (7. 4. 1-10) independently (a2 minimum pole

filter®.
Recapitulating, the procedure for determining the Butterworth filter parameters )
and n is the following

a) Specify the attenuation of the first sampling harmenic (the appreximation accuracy)

a = 1/8 as a fraction of unity.
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b) Spvecify the fraction, , of half the sampling frequency to which the
approximation is desived.

c) Compute the normaiized Butterworth cut-oif frequency such that !

2 (1 -'2*)
Y= T E U120 -
(8 1)

is greater than |, by increasing » from 1 to some value n. is the first )

value of n that satisfies the inequality

Y 2p. -

d) Ingsertn = n, into the formula

r (82 _lll/(2n)n _
T ~ "2(1_%)

and see if this value of (-rd/T) i 8 less than that obtained by using n, + 1. If not
continue increasing n until the minimum value of 7 d/T ig found. This is the E
minimum time delay. If the delay increased by using n1 + 1 then the value n. -t

is the minimum that satisfies all the criteria. -

e) Using the value of n obtained from (d) compute the final value of W'

i

b

e
W
!

wo = . Y

v

1

[ oY ]

[ 4

1 -8
1
s g2 ) 1/2n)

§
L ]

The Butterwortih low-pass is completely defined from steps (d) and (e} above plus
7 4.1-2 for the transfer function ir terms of n and Wy-

b

t
Yoty

Table 7. 4.1-1 below has been computed using the procedure above tor various
useful approximation accuracies, and approximation regions, M, of the analog
transfer function.

+
[ 7

As the minimum number of poles to satisfy the accuracy requirement { ¢ ) is also _
of interest, for numerical accuracy and for the least number of coefficients in the recursive -
digital filter ultimately obtained, it has been included as a separate item in the table.




For convenience the various parameters used in table 7.4.1-1 are summarized.

o

approximation accuracy as:

(a) minimum attenuation 2s a fraction of unity of the first impulse sampling
harmonic or

({b) minimum reduction factor of the first image-ter
of the desired analogue transfer function,

b = w,/{w,/2), the normalized transfer function approximation region,

W, = un-normalized transfer function approximation region (0 < w Swyiw, < ws/ 2)
in radians per second,

w. = 21 /T, data sampling frequency in radians per second.

T = data sampling interval in seconds,

y = wo/ ( ws/ 2), the normalized Butterworth filter cut-off frequency,
wy = un-normalized cut-off frequency in radians per second
= Butterworth filter time delay,

n = Butterworth filter order.

TABLE 7.4.1-1 Minimum Delay and Minimurn Pole Reconstruction -
Tatterworth Filter Design Parameters

] - T o !
19 l n Y Td/T :
1/16 { 2 .614 .814
1/8 ; 2 . 594 .841

t

: %
1/4 2 .555 . 901

' !
1/2 : 3 5 .697 1.075
3/4 | 5 : .789 1.583

a=.1

Minimum Delay
(a)
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IR R
1/16 .195 | 1.284
1/8 .188 1.327
1/4 . 555 .901
1/2 .697 1.075
3/4 . 789 1.583

= .1
Minimum Number of Poles

" Y rd/ T
1/;;_ .77 1.621
1/8 . 746 1.675
1/4 .697 1.794
1/2 . 597 2.093
3/4 . 189 3.170

R R T TR e e

. Minimum’ Delz v

[m—

t [ '
® reimrman g

@ mng

i

|
e

b ‘




l
I
i
I
|
i
 {
{
{
|

B n Y T4/ T
1/16 2 .194 2.581
1/8 2 .188 2.667
1/4 3 .377 1.989
1/2 5 . 597 2. 093
/4 10 . 789 3.170
@ =,01
Minimum Number of Poles
(d)
n n Y Td/T
1/16 7 . 722 2.423
1/8 7 .699 2. 504
1/4 7 .652 2.683
1/2 7 ~ .559 3.130
3/4 14 . 763 4.586
@ =.001 N
Minimum D-lay
(e)
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13 n Y . Td/T ‘1
1/16 3 .194 3.871
|
1/8 3 .188 4, 000
1/4 | 4 .311 3.213

s
|
1/2 } 7 .559 | 3.130
]
3/4 ‘ 14 . 763 , 4.586
a=.001
Minimum Number of Poles
®

7.4.2 Using an Analog Low-Pass Filter for Recursive Digital Filter Synthesis

This method of approximating the analog transfer function is quite simple in
principle. In Section 4. 6, it was seen that dn analog transfer function bandlimited =
at half the sampling frequency had the same frequency response as the digital integra-

tion formula. Obviously, it is. possible to approximately bandlimit any transfer
function by preceding it with a low~-pass filter which is essentially zero above one-half

the sampling frequency: 2 price of additional delay must be paid.

Once the transfer function is bandlimited, then the common z transform method
may be used to obtain a recursive digital filter. In practice, it is found that the number
of poles of the low-pass filter needed to reduce the original analogue transfer function to
a bandlimited one is quite large if the low-pass filter is "flat" or constant up to approxi-
mately half the sampling frequency. ‘

These extra poles tend to produce three undesirzble effects.
1. Additional terms (and poles) in the resultant digital filter

2. Numerical accuracy necessary in the z transform conversion to a digital
filter becomes greater

3. More time delay, as mentioned before.

However, thezse difficulties can be circumvented to a large extent in a practical
situation if certain basic facts about sampied data (or sampled impulse responses) are

recalled, (Section 2. 1),

This method can be made to work up to about 1/4 of the sampling frequency for
reasonable accuracies for most transfer functions. If the i1put function x (t) is considered
as being impulse sampled, as in Sec(2.1.4 ), then the specirum of the modulated impulse
train is the periodic extension in @ of the spectrum of x (t) with a period of the sampling
frequency w_, assuming x (t) is bandlimited below half the sampling frequency. Figure
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7.4.2-1 illustrates this situation. Impulse sampling produces a spectrum

Impulse Sampling

Low'- Pass Harmonics
j Filter
Spectrum iy a
of l
x(t)/T I
I
0 ws 2 ws

Figure 7. 4.2-1 Impulse Sampling Spectrum

with harmonics at multiples of the sampling frequency and amplitude scaled by a factor of
1/T.

Although the number sequence, x (kT), in a computer is not obtained by impulse
sampling, the resultant numerical integration formula that will be obtained is not dependent
on impulse sampling actually being performed. Impulse sampling is performed in concept

only.

To reconstruct x ‘t) from the impulse samples, it is "only'" necessary to low-pass
filter the impulse samples with a filter that removes the higher harmonics.

From Figure 7.4.2-1 it can be seen that if the spectrum of the continuous input
extends to w, which is less than half the sampling frequency then the first impulse sampl-

inz harmonic becomes appreciable at w g - Ys "Wy A low-pass filter acting upon the

a
impulse samples, which has sufficient attenuation above w q’ will serve to reconstruct

x (t) from the samples. Ideally, the low-pass filter would have perfect transmission
(except for a scale factor of T) for | w | < w, and infinite attenuation when | w | >w q°F

1, |w|5wa

R (@) = 0,|w|2wd=ws—w (7.4.2-1)

a
i Ww<|lwl<w
Arbitrary, ” | w ws
If the input signal, x (t), has a spectrum such that its upper limit w, extends to half the
sempling frequency then R (w) would be unity in magnitude up to ws/2 and zero ahove.

Unfortunately a filter of this type is impossible to realize without infinite delay. However,
as the signal bandwidth, ma, is reduced below ws/2 then it becomes easier to realize a

filter that approximates the characteristics of (7.4.2-1}.

7-21




Another way of looking at the problem of obtaining the appropriate numerical
integration formula is that it is not necessary that the transfer function H(s) (or Hl(s)),

be bandlimited at ws/z if an approximation only to w, < ws/z is desired. The low pass
filter mentioned previously can be combined (multipiied) with the desired system trancfer
function H(s), such that the product transfer function

Rw) H ()

is approximately zero for d»> Wy T wg W, In this ase, the first image tail of the digital
integration transfer function {(eq 6.1-10 ) will be insignificant at 0 < | w | <w,. Cf course ,
the digital transfer function will not be the same at frequencies higher than w, So that the
data must also be constrained to contain frequencies less than w, . Obviously , a time

delay will be introduced by the filter R (w) used to attenuate the image tail of H (g).

In previous work, discussion of the use of a particular filter for the use of data
reconstruction, or equivalently, the nullifying of the transfer function image tail in terms
of necessary filter poles, delay, ard attenuation specification was made. A '"Butterworth"
filter was used. Other filters such as Tchebychef and elliptical designs may be used but
little is gained at the expense of significant complexity.

In Section 6. 1 the digital input-output relation was derived through appropriate
z transformation for a network or transfer function whose input was a sampled function.

It is only necessary with this method to u2sign the reconstruction filter, R (s) of
Section 7.4.1 to meet specifications and take the appropriate z transform of the product,

R (s) H(s)

to form the digital integration procedure FIZ(z).of Section 6. 1.

A warring is in order. The z transform of the product filter must be taken, not
the z transform of the individual filters.

7.4.3 Example of Digital Filter Design Using a Butterworth Reconstruction Filter

Assume that a numerical integration formula or simulation of an analogue transfer
function, H(s), is desired from 0 to 10 Hz with a sampling frequency of 40 Hz. A delay
of one sampling interval is considered tolerable (1/40 of a second). Further, an attenuation
of 100 (o« = . 01) is also desired for the transfer function image tail or the first impulse
sampling harmonic.

From Tahe 7.4.1-1c ( @ =.01) it can be seen that a delay of 1.621 sampling
intervals only allows an approximation to 1/32 x 40 Hz. To obtain an approximation to
10 Hz it is necessary to use p = @0 Hz/20 Hz)= 1/2 which implies

a) a delay,

Tq = 1. 794 sampling intervals

1.794 x 1/40 seconds
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b) a Butterworth filter order,
n=5

c) a Butterworth filter cut-off,

Wo
=y
w872
=.697

wy = 2 nx%o X .697 ,
= 2 T x 13. 94 radians/sec,

also

fO = 13.94 Hertz

The Butterworth transfer function is, then,

wos

R (s) = © Ys) 5+ 81*) 5+ 55) (5 + 5,7 (s Yy ’ (7.4.3-1)

with
. wy = 2Mx13.94

_ €T isin(& T
s; = wy (eos (5 3)+isin(z 3)) ,

5 7 . ... 85 m
Sl*: Wy (COS(%E)-ISIH(E E)) ,

s, . . 81
sz*= W, (cos (g 3)-isin(z 3))

The desired transfer function for numerical integration is R (s) H (s).

l
f
[ 5y = wp (005 (3 Dy riam (2 D))
{
I
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To obtain the numerical integration formula (or digital filter) the appropriate z transform
Section 6. 1 of R (s) H (s) must be taken.

Of course, the desired delay of 1 sampling unit (1/40 sec) cannot be achieved if the
attenuation of 100 ( o =.91) must be attzined in the transfer function image tail. If this
requirement can be relaxed to a factor of 10 ( o =,1) then Tabhle 7.4.1-1 indicates that
a delay of 1. 075, which closely approximates 1, can be obtained. Other "trade-offs"
among parameters can be easily found from examination of Table 7. 4. 1.

7.5 ILLUSTRATIONS OF DESIGN TECHNIQUES

Many techniques have been described in the preceding pages. It is quite interesting
to see the effects of the various techniques in actual designs. Ten applications of various
techniques are illustrated with compariscn to the original analog transfer function.

Figures 7. 5-1 and 7. 5-2 demonstrate that an essentially bandlimited transfer
function may be successfully z transformed by the method of Section 6.1 with zero fre-
quency level correction for the slight aliasing that does occur (Section 6. 9).

Practically the entire repertoire of techniques of Sections 6 and 7 were used on a
servo-control transfer function

2
(1+b, s8+b, 8 +h s3)
H(s) = Go1217a (s +1a Y (s +2a T (s +3a X (7.5-1)
: 1 2 3 4

where

b, = 10.0644

by = .648635

by = 058991
and

a, = 04718

a, = 11.13939

a, = 20.05429

a, = 52.00895

This transfer function is of the low pass type with a numerator and denominator of degrees
3 and 4, respectively. It therefore requires the impulse modification of Section 6.1. The
data sampling rate (10 Hertz) used is such that the transfer function is quite significant
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above half the sampling frequency.

Figure 7. 5-3 exemplifies the heavy aliasing that can be obtained when direct z trans-
formation is used blindly. The procedure is virtually uscless.

The situation is dr:ramatically improved using the delaved first order sample and
hold, Figure 7.5-4. Ensuing digital phase plots have been adjusted to remove the linear
phase gradient caused by the reconstruction techniques to allow phase comparison with the
analog original. Section 7.2, 2 discusses the first order sample and hold reconstruc-
ticn method. As might be expected errors increase after 2.5 cveles though not as large as
might be expected as the combination of aliasing and high frequency rejection by the hold
actually help in this particular case.

The zero order sample and hold (Section 7. 2. 1) docs not offer the improvement of
the first order delayed hold as the zliasing due to high frequencies is not removed as well
by the slow high frequency roll-off of this reconstruction method.

Figure 7. 5-6 illustrates the distortion caused by the high peaking in the extrapolation
sample and hold reconstruction transfer function above 1,/4 of the sampling frequency.

Butterworth filter reconstruction techniques with various aliasing levels (Section
7. 4) are illustrated in Figures 7.5-7 and 7. 5-8. Both figures illustrate a reconstruction
techniquée designed with an wa of 1/4 of the saumpling frequency. As mayv be seen this de-

sign parameter should usually be slightly higher than the limiting design frequency actually
desired due to the slight roll-off of the filter within the pass-band. Namely, if reconstruc-
tion to 1/4 the sampling frequency is desired an w, of 5/8 would not be inappropriate. The

effect of varying the aliasing level from .1 to .01 is plainly evident in the figures. The
greater degree of attenuation above 1/4 of the sampling frequency (2.5 Hertz) for an alias-
ing level of & = .01 is caused by the faster roll-off of the reconstruction filter in this cace.

In all the Figures 7.5-3 through 7. 5-8, it should be clear that operating above 1/4
the sampling freguency is difficult with a recursive filter when the original transfer functicn
is not bandlimited. The Butterworth reconstructior method may be extended to slightly
higher frequencies at the expense of more poles and filter weights.

Another interesting example is illustrated in Figures 7.5-9 and 7.5-10. The pre-
vious conirol function (7. 5-1) was multiplied by s to create a digital iiiter whose output
would be the time derivative of the output of H (s): namely

F(s) = sH{(s)

As s = iwincreases rapidly with frequency. F (s) is more liable to aliasing than H (s).

A combined technique was used in Figure 7.5-9: first a Butterworth filter with an
o = .01 was used to reduce the high frequency content by a significant amount and then a
first order delaved sample { nd hold was used on the composite. The combination of
techniques sometimes allows the final product digital filter to have less poles and therefore
less weights. If the Butterworth filter had not also heen used the first order sample and
hold would not have reduced the aliasing sufficientlv. An adequate differentiating control
filter is obtained to about 1.5 Hertz.

Figure 7. 5-10 illustrates the disastrous effect of using only a simple zero order
sample and hold on F (s).
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8. "COMPLEX" FILTERING

l Discussion to this point has centered on filters with real valued impulse
responses that operate upon real valued data and produce real valued outputs, Subsequent
developments will demonstrate that certain, particular, important types of waveforms

and filtering operations are conveniently represented in complex, or two component,
form. :

Digital equivalents of well-known analog formula will show that narrow-band
spectrums and narrow-hand filters, those that vanish outside of some frequency hand
which is above zero frequency. are capable of representation by two component, complex
low frequency signals or impulse responses. A narrow band, often high frequency
waveform can he filtered after decomposition into components by '"low" frequency filters
in a manner equivalent to filtering at the original frequency band.

Formula developed for narrow-band digital waveforms are identical to those
for analog waveforms within a factor of T as the inverse z transform and Fourier
transform are identical under the assumptions involved within a factor of T. However.
it should be remembered that digital waveforms are not the same as analog waveforms
unless certain special conditions are met (Section 2). One particular application
discussed in some detail, with the ideas involved, is the digital filtering, or numerical
integration of a bandlimited, narrow-band, high frequency wavefor—.

8.1 CERTAIN COMPLEX FILTER RELATIONS

: Previously, a digital fi'ter transfer function and impulse response were
! defined along with the interconnecting relationships (Section 3). However. emphasis was
=3 placed primarily on real impulse response fiiters. Certain other aspects of digital

i filters. when complex impulse responses are allowed, will be clarified presently.

. It should be noted that the property H(-&) = H*(w) for real impulse response
. filters does not hold for complex impulse response filters. This means that the entire
range - u,'s72 < a.‘_<_w8 /2 is needed to describe a complex filter. However if the filter

is decomposed into real and imaginary part impulse re3iponses then each of the con-
stituents possesses the property.

In this section the z transform will be applied to the complex filter form.
The filter will be seen to he describable by a z transfer function exactly as in the real
number case: stability conditions will also he derived. Anore general filter form will be
constructed from the simpler form. Itis sufficient to Jiscuss only the more simple

’ form at first.
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A digital filter is defined by the relations (Section 3. I 3
~ i
u“=zwn-kvk I ]
k=-® =
or (8.1-1) 3 E 1
) 1
u, = ) % Yook 3 |
k=0 =2 o~
J { !
where | §
: 1
= the output sequence, -7[ 5
= f *igp;f,. g, real: 5
< :
vn = the input sequence - 3
X lyn: LEE real; L{
' = wh 4wl W, wl real and w, = 0, k <0 i
W % Wi W . W real and w, =0, ;
Taking the single sided transform exactly as in Section 3.2 I
Uz) = H,(2) V(z) (8.1-2) ’
8-2




——

—-—"' —

where the various transforms are obvious:

and

o
Uz) = u nz'n, the output transform
n=20
® -]
-n - -n
- Z 8= +-i ) BZ
n = n=20

-]
- \ -k
= }: X2z o+ IZJ Vi
k = 0 k = 0
Q 3
Hz(z) = Z wjz-J, the transfer function
=0

As befgre the ratio

is onlv dependent on the weights, or filter impulse response,

Uz) = H(z)
V(z) z

(8.1-3)

(8.1-4)

(8.1-5)

8-3




By defining the two ''real' transfer functions

«©

R e .

H, @) = 2 gy = (8. 1-6a)
j=0

and

@©

H,(z) = Z i (8. 1-Gb)
i=0

the total transfer function may be written
H(z) = HN(z) + iH(z) (8. 1-6¢
z z z 8. 1=6¢)
Similarly, by separating the input and output transforms into ''real' and '"imaginary"
parts

Fi(z) + iG(z) (8.1-7a)

U{a)
and

V(z) X(z) + iY(z) (8.1-7h)

can be written where F, G, X and Y are *the transforms of fn' gn, X and Vit

respectively.

Upon using these forins in equation (8.1-2) for Hz(z), U(z), and V(z), and

equating coefficients of unity and i = / -1

1
F(z) H}: (z) X(z) - Hz(z) Y(2)

and (8.1-8)

G(z) H; (z) X(z) + HzR(z) Y(2)

8-4
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Obviously, these equations exress in transform form the physical filtering that is
actually pertormed. They are the transforms of equation (8.1-1) which expressed the
impulse response form of filte ‘ing which is implemented. :

Examination of the proof of Section 3.4. 2 indicates that the stsbiiity
criteria is identical; namely >

(-]
z lw;|< = (3.4.2-6)
ji=¢0

if bounded outputs are {o be obtainec' for bounded inputs. As wj is composed of twc

"'peal" filters

2 R 2 I
|wj| =)+ )2 (8.1-9)

which implies that

z|“’jn|<°
ji=0

and (8.1-10)

=
I
Z ij ' <w
] =0
That is, both of the constituent filters that are actually implemented must satisfy the
stability criteria individually which seems intuitively obvious.
In turn, the stability criteria implies not only a constraint on the impulse

response but, as for totally real impulse responses, also that the singularities or poles
of }{z(z) must lie inside the vnit circle in the z plane.

As is the case for '"rezl" digital filters the output sequence is given by the
inverse z transform (Section 3. 2),

~

v n dz_
S RORTEE-S

= n dz
omi ¢ Hz(z) V(z) 2z =

(8.1-11)
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Assuming that all poles are within the unit circle and that the integrand is analytic
elsewhere, evaluation of the contour about the unit circie gives

iwT iw -
H (e T, e 16Ty, nT A.14%

[
<
n
Elﬂ
[
N’f, (/WNIJ-:

where «, = 21 /T, T= the sampling interval. If the poles do not lie within the unit
circle then (8.1-11) must be used.

By abbre“lting notation, H (w) for H (e T) as has been done many times
previously, and Vz(u.) for v(e l"’T) then the mverae transform can be written
“s

1 .
G Hyw) V we " Tdw (8.1-13)
8

- o=

wf A~

Interpretation of this form of the inverse z transform car often be made. in many
cases of analytical and practical interest, in a manner ideatical to the Fcurier trans-
form (Section 2.1) with t considered only at multiples of a sampling time T.

Complex filters possess a 'frequency response' exactly as '"real” filters.

Assume a complex sinusoid input

= —ORT
Yy - . T = sampling interval (8.1-14)

and zn output of the same form modified by a constant (complex), G(u\:

ug = e e (8.1-15)

Ther, from relation (8.1-1) it is found that

-ty
Gw) = z we L (8.1-16)
k=0

exactly as for real filters.
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Comparing this result with (3.1-5) it can be seen that

wT

Gw) = &',

(8.1-17)

H (2)
z

iwT
z=e .

A simple generalization of a "complex" filter can also be made to "two-
dimensional" vector filters. Tha fact that the input consists of two components. X

and Yk allows a more general linear operation expressed by four independent filtering

operations, namely

(12)

) :
£ =z Yakk * Yop¥
k=-" =

and (8.1-18)

= [_ 2
- I e+ vein
k=-®

where all wj(mn) = 0 for j<O.

This generalization allows, among other things, more freedom in the design of optimal
filters for noise rejection which will not be discussed here.

Alternatively, the more general filier can be implemented with two of the
simpler filters (equation 8.1-1) in terms of complex arithmetic which is often more
useful. Given two complex im‘pulse responses wl and wz such that

J i

el il
=79 s
and (8.1-19)
2 _ 2R o
¥j j j

8-7
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then the general filtering operation may be expressed by

Un = fn + ign (8.1-20)
- .
= Z Yk Y * 2“’:214( L
n=-® k=-®
where
T e :

The wiu of the complex representation are related to the general

representation hy

e W1R. 5 w2R
J E i J
12 11 21
w = IR g
i j j :
(8.1-21)
21 11 21
Wy =W %
i i i
w22 ; AR AR
iR j

As the transformation of the representation is linear, and the determinant non-zero. the
twc complex impulse responses are also independent filters.

8.2 FUNCTIONAL FORM OF "HIGH FREQUENCY." NARRO\V-BAVD SEQUENCES AND
IMPULSE RESPONSES

If a spectrum or filter of a real sequence or impulse response has
significant value only in 2 certain region, say

w - w < < W + @& w <w<uw/2
0 1°|w"0 l'“’l 0 8

then the sequence. or impulse response, can be written in a certain form. This form

is that of a '"modulated carrier,' namely

S(kT) = x(kT) cos (WkT) - v(kT) sin (WkT) (8.2-1)

8-8




where:

s(kT) = signal or impulse response
x(kT) = '"low" frequency cosine moduiation
y(kT) = '"low" frequency sine moduiation.

The spectrums of x(kT) and y (kT) 'xtend from -u.'l to u.‘l and, therefore, deserve the
connotation of 'low' frequency modulations.
The proof of these remarks is relatively simple if the aporopriate definitions

are used. Trg{;aforms will be abridged, for obvious simplicity. so that, e.g. . F(w) will
replace Fz(e

Let S(w), the signal spectrum or filter transfer function, be non-zero (which
can only be approximately true in physical systems) only in the region
- a. <|wl< w + “'1 then the time signal or impulse response can be obtained by

the mverse z transform

1
s(kT) = omi ¢ S(z)z _Q:_ (8.2-2)
where S (z) is the sequence spectrum z transform (Section 8.1). In terms of frequency
let z = ele. as usual!, ard have
w
]
T 2 T
ekT) = —— S S(u.)e""" W, (8.2-3)
-w

2 3
with W = 2m/T, the sampling frequency, and S(eiu'T) has been abridged to S (w) for

simplicity. As § () has been assumed zero outside of a narrow-band region

W oW -W o+ w

0 1 0 1
w s(kT) =S S (w)e' Tdu. + S S(w)ew’kT (8. 2-4)
w - w . - - w
0 1 “0 1
where the negative frequencies have been included ( S(-w) = £*(w)). Narrow-band

spectrums or filters are also assumed to be zero at zero frequency.

Changing variables in the integrands produces

4 “
. L e N (1% U
enu.ok'r g s a‘o)e'“'dew ‘e nu.okT S S(w u.o)e dw

-@ -
1 b | (8. 2-5)

Gy s(kT) =

8-9



Define the two linearly independent quantities

X(W) S(w + wo) + S - wo). ’w|< U-‘I: (8. 2-6)

and

Y(w)

]

-i [S(w + wo) - S(w - “"s’]' |w|< ""1‘.

Both X(w) and Y(w) are transforms of real sequences as

i

X(-w) X (w).

and (8.2-7)

"

Y(-w) Y*(w).

Furthermore, both X{(w) and Y(w) have spzctrums that extend from zero to
iwi , namely low frequency spectrums.

In terms of X(w) and Y(w), the original spectrum can be written as

Siw + wo) = 1/2 [X(w) + i Y(w)J .
(8. 2-8)
S(w - wo) = 1/2 [X(o.') -i Y(w):' .

Therefore, using the inverse z transforms of X(«&) and Y(w), x(kT) and v(kT), respectively,
equation (8.2-5) can be written as,

i wkT i
s(kT) = 172 [x(kT) & i.\'(kT)] e Y0t 172 l:x(k’l‘) - i_V(kT):le kT
= Re{[x(kT) + i_v(kT)] elwokT} (8. 2-9)

x(kT) cos wo kT-v(kT) sin -kaT

-10
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§.2.1 "Complex Modulation" of a Narrow Band. High Frequency Sequence.

A narrow bard. hLigh frequency sequence or waveform can be repre-
sented as a compl2x number, hereafter called the ''complex moduiation.' if the center
frequency or carrier is knocwn. This fact makes the algebra and understanding of linear
filtering considerably sirnpler. and it has the physical interpretation of removing the
carrier freguency from consideration as long as it is known (along with the carrier phase).

The narrowband signal can be written as (Section 8. 2).

s(kT) = x(kT) cos wo kT - v(kT) sin kaT

= Re{[x(kT) B iy(ije inkT}

It can be seen that i“"b is known, then s(kT) is completely defined. via equation (8.2-9)

(8.2-9)

by the quantity

vkT) = xkT) + iy(kT) (8.2.1-1)
which wilt be called the ''complex modulation. "

Often the pair of quantities x(kT) and y(kT) are called '"observables"
in coherent radar and communications systems. ''Coherent' systems are simply ones in

which the carrier frequency (and phase) are known.

Similarlyv. it can be seen from equation (8, 2-6) that the transform of a
narrow band signal, s (kT), can be expressed in terms of the z transform of the complex low
frequency modulation:

g(v(kT)) = X(w) + i Y(w) (8.2.1-2)
as long as the carrier frequency is known and X(w) and Y(w) are known independently.

Subsequent endeavors will show that filtering operations performed at a
precisely known carrier frequency and phase 2an he expressed in terms of the complex
modulation input, such as v(kT) and an output u(kT) = f(kT) + i g(kT) at the same carrier
frequency.



8.5 DIGITAL FILTERING OF A NARROW-BAND, HIGH FREQUENCY SIGNAL USING THE
COMPLEX MODULATION

If the frequency of the band center, wo, is known then linear processing

: of the narrow-band signal may be performed equivalently on the low frequency complex
modulatior components x(kT) and y(kT) as is the situation for analog signals.

From equation (8.2-8), S(w)the z transform of the narrow-band signal
3 s(kT) can be written as

N =

S(w) = = [X (w—wo) + i Y(U-‘-U»’O)}
(8.3-1)

s +%[:X(w+w0) - iY(u.‘+wD)]

As S(w) vanishes outside the reygion wO - u.:l <w< “'0 + wl fo1 positive
w, and the region -ty —wl <wc< wo + wlfor negative (, the c¢ffect of a linear filter
Hz(w) is to produce another narrow-band high frequency signal that vanishes in the same

regions. This obviously occurs because
R(w) = H (&) S(w) (8.3-2)

is the z transform of the output signal.

It is of considerable interest to find R(&) in the form

R(w) = EI_ [F(w-wo) + 1 G(w -a.b)]

(8.3-3)
+ ;— [F(w +w0) - i G(w+ wo):' ;

where F(w) and G(w) possess low frequency spectrums in terms of H(w), X(w), and Y(w).

To this effect the computation of r(kT), the output of the filter in the
time domain, is a fruitful avenue. Taking the inverse z transform of R(w) and using the

form w
s

iwkT

2
r(kT)= LS Rlwye —° dw,

S [Hz(w) X((-L‘—U.‘O) + i Hz(w) Yiw _wo)} eiw dew

ol

“W 9

-%+wl

1 . . ‘ . iwkT
e S [Hz(a:) X(w+ w)-i H (@) Y(w+ “'0)] e duw

+
N [

]

£

-w -
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Upon changing variables is the integrals and using the relations (8.2-7), plus
B* (&) = H (w) for the filter, the reiation
z z
w
1
r(kT) =—1— o S [H (W+w) (X(w) + iY(w))] elwdew elwokT
2 ws z G
- wl -
«w (8.3-5)
{ [H; @+ @) (Xt - | vy e KT o GET

is obtzined.

Recognizing the second integra! as the conjugate of the first, then the expression may be
written as w

1 . "
r(kT) =Re o E{ (W+ W) (X(w) + iY(w‘,]e lwdea.‘ e'kaT
s z 0
- (8. 3-6)
If the integral is defined as
ukT) = f(kT) + igkT)
w
! (8.3-7)
1 . . iwkT
- S l:nz(u @) (X(w) b Y(w)ﬂe dw
= wl
then
r(kT) = f(kT) cos (kaT) - g(kT) sin(wokT)

which is the time representation expected (see Section 8.2). To find f(kT) and g(k'T}
and their transforms, as desired, the simple relations

r
f(kT) = % Lu(k’l‘) + u*(kT)

and (8. 3-8)

gT) = 5= l:uam - u‘(kT)j'



can be used effectively. Now u*(kT) is given by

“
1 iwkT )
*kT) = - - N-i Y ' 3-9
u*(kT) w, S [HZ(G- a-o) (X(a.) i \(u.)):]e dw (8 )
- wl

upon changing variables w¢s -« in equation (8.3-7)

()
1

F{Z(w sw) o H (W)

1 7100
fkT)y =< S X(w)
w L 2
- a;l (8.3-10a)
w+w - -k iwkT
Ly @) - H (@) Y(uﬂe .
2
and "‘1
. H (@ w) - H_(w-t) '
g(kT) = w0 g =1 > X(w)
s L ®
- w
i (8.3-10h)

Hiw+w,) + Hiw-w) )
, 0 § «, Y(wﬂe“‘”dw.

Obviously, the transforms for which a search has been made are ncw available: the
transforms of f(kT) and g(kT) are

H(w+e) + H (wW-w) H (wrw )-H ru.'-wn)
Flw) = — g . Z O xw)+i £ E 5 z Yiw),
and (f.3-11)
H(w+e) - H (w-w)) H(w+w) + H (w-u;() o
Glw) = -i Z 0 - z u‘) X(w) * z Oﬁ’ z _i__ Yiw).

respectivelv. A check for the requisite property: F*(-&) - Fw). G*(-w) = Glw).
demonstrates that f(kT) and g(kT) ars indeed. vreal and that F(w) and G(&) ave. indeed .

the required transfcrms

_h e e
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These expressions are of considerable interest. Thev indicate that the
digital filtering of a parrow-band high frequency signai can be performed on the low
frequency complex modui=tion components x(kT) and y(kT). if they are available. rather
than at the carrier frequency. Of course. if the tctal output at the high frequency is
desired: then either filtering st the high frequency u.o is necessary, or low freguency

filtering can be performed with remodulation back to the frequency mo. Arother. some-

what obvious. utility of the preceding discussion is in digital filtering of the sampled
complex modulation derived from 2 high irequency unalog signal.

The two filters that produce the complex modulation output components
from the quadrature input components, x(kT) and y(kT), can be defined as

Hw = @) + H (- w)

(1) ' - Z 1< ‘.
H, (@) 3 lu-‘ 0-1

and (8.3-12)

H(w+ «)-H (w-&)
),.a . 2 z 0 z b
i - T < g

Ls Hz;‘u.“; is. a "causal" or realizable filter, the impulse respcnse

). 2y
i {&} and Hz (w) are

causal filters. Furthermore, the impulse responses of both H(zl)(w) and H(zz)(w) are

real. as i{z(—w) = H;(w) implies that they both possess this same property.

¢ esn't occur befere the impulse, it can be shown that both H

In terms of H(zl)(w) and H{f)(w)

Fiw} - Hm(w) X (@) - H‘z)(w) Y (W)
T e z A (8.3-13)

and

(2 4 (1
G = HOM) X @) - H W) ¥ (@),



Another interesting form of these relations can be written:

F(w) + i G(w) = kﬂ(zl)(w) + 1 H(z?)(w)) \X(ﬁ-‘) + 1 Y(«’)) (8.3-14)

Equating powers of unity and i =/=1" produces the preceding relations.

The ''complex' digital filter of Section (8.1) is obviously

. D, .
H iz) = HU (@ + i HP)g) (8.3-15)

In Figure 8.3-1 a block diagram form of the filtering operation can
be seen

M)
H " (@)
\
X (kT) —sd Z f (kT)
y (KT) H‘f)(w)
) T
- -2 () |
X —==g (kT)
.
H (w) —

Figure 8. 3-1. . Implementation of a High Frecuency Filter
Using Only Low Frequency Digital Narrow-band Fillers
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An obvious generalization of the simple narrow-band high frequency
filter, when the modulating components are given, occurs when it is realized that a linear
process can have four independent filters that are different rather than the particular case
above. Namely, the most general linear operation is

F) = M) X @ + 102w ¥ w)

(8.3-16)
(22)

G(w) = H(zl)(w)X(w) - Hz

. (@) Y (@)

The 'simple'" narrow-band filter implementation occurs when the filter

matrix
A1) 112 \
-
(8.3-17)
(21),,, %%
h; dw) H, (w),
is such that
(11) _ ,(22)
Hz (W) = Hz (w)
_ wil)
= H, (@)
and (8.3-18)

(12) _ _gl21),.
H, (@ =-H @)

L
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8.3.1 Impulse Response .'orm of Digital Complex Mecdulation Filtering

Another useful form of the complex modulation digital filtering formulae
expresses the filtering of the modulation inputs directly in the time domain in terms of

(1)(0.‘) and H(z)

the impulse responses of the filters Hz 2

(w).

By cefinition, the z transform of the transfer functions H(zl)(z) and

2 .
H(z )(z) are the impulse responses wj(l) and “;jZ) . respectively. Taking the inverse z

transform of (8.3-13) and using the convolution ferm of the input-outpui relation for a
digital filter:

- -] - -]
_ T LM VU @
G =LY %y T L™ Vi
i=0 i=0
and (8.3.1-1)
v T
L R ¢ (1)
B = w, LW Y
k ool ki o) Tk

where functional notation has been replaced by subscripted notation (e.g. 5% = x(kT)

for obvious convenience.

Using complex notation the two equations (8.3.1-1) can be written in

as
-]
-V ow 3. 1-
wo= ) " ) (8.3.1-2)
i=0
where
w. = w.m + i w(z)
] ] J
w = &t ig
and

as in Section 8.1.
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From Section 8.2 it can also be seen that the impulse response of the
I original narrow-band filter Hz(w) can be written as

(2)

(1) co8 (wo iT) - wj

, hj = wj sin (u.‘o,jT) (8.3.1-3)

1
; as Wj( ) and w;Z)

This form is Juite useful in finding recursive implementations Hz(l

are obviously the low frequency modulaticns of the impulse response.

)(z) and Hz(z)(z) of the

‘ complex low frequency equivalents of Hz(w) if it is also recursive.

8.3.2 Symmetrical Filter Simplifications

! A particularly useful simplification, which is approximately the situation
in many applications is that of the symmetrical bandpass filter. As one would expect, a

| symmetrical filter is defined as being approximately a mirror image in magnitude about
) the center frequency w: an even function about wo. and the phase is an odd function
{ about wo-

Mathematically, a symmetrical bandpass filter is defined by

* " »
- . - \ -
Hz(w + wo) Hz (u.o ), @ “’1 wo (8.3.2-1a)
) or as

*
H (-w) = H ()

the equivalent definition

H @+ w) = H (@-u) (8.3.2-1b)

is available.

[ ——— | ——

This immediately implies that the two low frequency complex filters

o ———
i

H (W+ @) + H (@ - )

H(zl) W) = == 0 — 9., (8. 3. 2-2a)
i
(
' = Hz(w+ wo);
( and

H@) . _ w4 - Hw- &) (8.3.2-26)
[ ) ()i 5
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Obviously, the complex modulation filtering operations are simplified as only two

identical filters are necessary in this case:

Fw) = H‘z”(w) X(w)

and

gD

Gw) = ¥

(W) Y(w).

Also it can be seen that the impulse response of Hz(w) is (equation 8.3.1-3)

(1)

h, = w,

T e iy
§ i cos (a.o JT);

simply an amplitude modulated (casual) carrier.
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9, DIGITAL FILTERING OF THE "COMPLED MODULATION'" OF ANALOG SIGNALS

In Section 4 a linear, constant coefficient analog system was represented in terms
of a transfer function and then used along with a bardlimited signal to express the input-
output relationship in terms of samples of the input and output waveforms. The avenues
for numerical integration and simulation by digital techniques were thereby opened. In this
gection the developments are exterded to narrow-band analog systems in terms of the
modulating components so that numerical integration and simulation may be performed at
the modulation component bandwidth rather than at the usually high frequency carrier.

9-1



9.1 SAMPLED REPRESENTATION OF ANALOG BANDLIMITED HIGH-FREQUENCY
SIGNALS

In a manner parailel to a previous section (8.2) a real, analog, narrow -
band, high frequency signal cen be represented by

s{t) = x(t) cos wot - y(t) sin wot (9.1-1)

To represent s(t) in terms of samples, take its Fourier transform:

SWw) = s (x(t) cos gyt -y(t) sin wot) e-iwtdt 9.1-2)

%
- ®

with quantities defined identically as in Section 8.2 except Fourier transforms are used.
Using the relations,

iwot -m.bt
wt == R
cos 0 2
and ' 9.1-3)
iw.t i
ewo i elwot
sin o‘bt = 21

« MNped
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S(w) can be written

S(w) = % l:X(w- wo) + X(w + woﬂ

i (9.1-4)
+ E Y(w-wo) - Y(w+ wo)-'

where X(w) and Y(w) are the Fourier transforms, this time, of x(t) and y(t), respectively.

Now x(t) and y(t) are the ''modulating' signals and are 'low"
frequency waveferms. This foliows from the restriction that S(&)is a high frequency
narrow-band spectrum. Assuming that the bandlimits of S(w) are, for positive w,

w - ws/z and wo + ws /2 then the signal bandwidth is ws. As x(t) and y(t) are real

numbers the transforms X(w) and Y(.2), respectively, are completely defined by their
values for positive w as

X{-w)

"

X*{w)

and (9.1-5)
Y (-w) YH(w).

Both x(t) and y(t) are bandlimited by ws /2.

Therefore, both x(t) and y(t) may be represented in terms of their
samples taken at intervals, T = 21r/ws as in Section 2.1.1.

sinfw  (t-kT)
x(t) = FX(R?) <—;— )

k=-o (“ia_ (t-kT;)
2

" sin(w (t-kT))
£
yit) = Zy“‘ﬂ 2 : (9. 1-6b)
k=-

“% kT
2
Their spectrums are given by:

(o iwk T “
- | L
TZ‘ x(kT)e ; |u.'5_ >
k=-o
X(w) = ¢ (9.1-7a)

(9.1-6a)

and

0, otherwise;
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T
!

and
- -{wkT .
'I‘z v(kT)e ol <=
’ k = -®
) =
%) { (9.1-7b)
0, otherwise.

In terms of the sampled modulating signals the high frequency
narrow-band waveform (9.1-1) is

0

2 (9.1-8)

w_s (t -kT)
2

It should be noted that the signal bandwidth for high frequency,
narrow-band waveforms can be as high as the sampling frequency, ws = 2m/T; which

®
s(t) = E X(kT) cos wt - y(kT) sin wotJ(s"‘ iy, 1K)
k =

is apparently different than that for low frequency signals which cannot have a band-
width greater than one-half the sampling frequency. However, high frequency, narrow-
band waveforms required two values at a given sampling instant: x(kT) and y(kT), the
"ecomplex modulation'' components of the signal each restricted to a bandwidth of half
the sampling frequency.

The spectrum of the signal S(w) can be written in terms of
the sampled complex modulation as:

© ) w
. -1(w—w)kT. _ < 8
k=-@
(9.1-9)
- i(wW+ w)kT »
- i - e | & v | < 8B
Z' (xk l_vk)e .0 .|u.+ a.ol >3

k = -o
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9.2 NUMERICAL INTEGRATION WITH NARROW-BAND INPUT SPECTRA BY "COMPLEX"
DIGITAL FILTERS

Numerical integration and simulation were discussed extensivelyv in a
previous section (Section 4) where "low' freaquency spectrums were apparently of primarv
interest. However, in practice. analog signals are found that have "high' frequencyv svectra
which often produce difficult filtering problems. If these signals are narrow-band and
decomposed into complex demodulates then thev can be “filtered either in an analog or
digital manner at much lower frequencies and sampling rates. Numerical integration
and’/or simulation is equivalently performed using the complex modulation.

Developments here follow those of Section 4 which should be con-
sulted if necessary.

Linear filtering of s(t) tu produce an output r(t) is expressed in
terms of Fourier transforms bv the equation

where
S(w) = transform of the input, s(t).

R{¢!)

transform of the output, r(t),

H(w)

filter transfer or systcm function

Upon using the bandlimited representation of S(w) in terms of samples:

@ . , w
. N :I‘— 7‘ ( " i‘, )e lekT }I w e-IQkT. “la < _s__
R@) = 2 ) (kg iy (w) : u.a.ol_z
k=-w
(9. 2-2)
@© ; w
v - 5 ‘lw kT . 'wkT. ‘4 . < S
Yo - ivpe T i we .lu. “'nl 5=
k =-o
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and taking the irverse Fourier transform. the relation w e @

s
- KT P
IU T 1 (t-
T \Z (% + i e D L S‘ Hiwe '@ -k 4,
2 L e e
0 e
(9. 2-3)
G 2
L1 -w kT T iw(t-
+1 }' (xk-l\k)e 0T I g Hiwe €t-KT) g,
_a-'o--s_
2

is obtained. The two integrals can be put into another form by a substitution of
variables:

w
w S
wo*% 2
@ (t-kT iw (t- TRTE .
B S Hwe' T Daw - e 141D 1 S Hw we “KDaw o = 2L,
Wy w w 0 s T
w-'s s -w
i) =t s
2 35—
and . (9. 2-4)
s w
-@w + 8
0 3 2
1 S Hiwe @K, _ -6 t-kT) S’ e e KT,
w —
w “ w
-8 .8
0 5 2
Letting t = nT, a sampling instant, and defining
w
—B
2
c 1 g
4 e ‘b
¥y w, S H(w e : Jwa (9.2-5)

s
2
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the samplced output can be written as

r(nT) f(nT) cos u;‘)nT -2(nT) sin a.bnT

{n cos mon’f" -gn sin a.‘bnT

i -
. (9. 2-6)
1 g o 4 B iwnT
L A
k=-2
]
l -iv ,c -i : nT
t g ) i) W, e
e
Writing the output r(nT) in complex form
r(nT) = f cos &nT -g sia wnT
8 8 " # 9.2-7)
iwnT (1 . . - nT
= g0 rigde C +oif-ig e 0
it can be seen that
-
c .
18y = ) Vo 05t 3.2-8)
k=-2

which allows low frequency numerical integration or simulation as long as the carrier
frequency and phase are kuown. In general the w?'s are compliex numbers

w. = W + 1w, {8.2-9)

so that a filtering cperation involves both X and Yi to produce fn {or gn). To see this

the multiplication in equation (3.2-8) must be carried through and the real and imaginary

paris equated resulting in

x
R 1
£ = S Fre % 7 Thek Vi

and (9.2-10)
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Two perfectly ''real' cemputing expressions are obtained for the
“complex'' digital filtering of a bandlimited high frequency signal in terms of the sampled
components X, and Yi in a manner similar to Section 4.5. However. this expression is

not realizable as future inputs are required. The w? are generallvy not zero for j< 0

as was the case ior low frequency digital filters (Section 4). With delay the filtering
operation may be approximated.

By emploving the methods of Section 4.5.2 a realizable complex
linear digital filtering operation can be obtained Assuming ch is practically zero for

some j < - M: which is true for stable, constant coefficient. analog filters: ana redefining
the time sequence

f + ip = f 4+ g
neM T i€p n n
M (9.2-11)
- un+M
then
-]
5 \'4
u = }j "k-M  Yn-k (9.2-12)
k=0
with

Kk = %t

as usual. A realizable digital filtering expression has been obtained! Delay of MT
seconds is obviously still present by the virtue of the redefinition the output sequence.
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10. SYNTHESIS OF "COMPLEX'" DIGITAL FILTERS FROM NARROW-BAND ANALOG
FILTERS

Machinery has been developed to this point where narrow-band 'high"
frequency signals can theoretically be filtered in terms of their low frequency complex
demodulates. This section is devoted to the synthesis of the low frequency ''complex"
digital filter from a given narrow-band filter in one of two forms:

1. An arbitrary transfer function given in numerical form

2. A constant coefficient analog system as the ratin of two
polynomials in "s"'.

Most of the develcpment is a simple application of synthesis techniques for ''real"
filters.

The first form will be used to develop non-recursive ''complex' filters and
be described in barest essentials. It will be recognized that 2all the theory and techniques
of Section 5 are immediately applicable and a brief sketch snould be adequate.

Recursive digital "complex' filters can be developed through the use of z
transform techniques if a constant coefficient narrow-band analog system is given. Once
the necessary formis for the '"complex' filters are obtained in Section 10.2,Sections 6
and 7 should be consulted for proper conversion to digital filters.

It should also be pointed out that the method to be discussed in Section
10. 2, with obvious modifications, is applicable in producing digita! complex filters from
narrow-band digital filters.

Synthesis limitations are fundamentally the same as those for ''real" digital
filters. Non-recursive filters generally require more delay but almost any transfer
function can be synthesized to half thc sampling frequency. Recursive filters usually
require an analog prototype and often are difficult to realize at more than one-third the
sampling frequency unless suvfficiently bandlimited. Delay with recursive filters is often
less than that for non-recursive ones.

10.1 SYNTHESIS OF NON-RECURSIVE "COMPLEX" FILTERS

Compution of the non-recursive complex filter weights is relatively simple
and the following is, to some extent, a recapitulation of the work in Section 9.2. Using
equation 9.2-5 for the 'complex" filter in terms of the narrow-band filter transfer
function, H(w), allows calculation of the real and imaginary components of the wj's.

With these two functions all the methods of Section 5 are immediately applicable along
with convergence techniques to minimize the number of wj's.
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Equation 9.2-5 for the narrow-band filter can be written in terms
of the constituent rea! filters as

Hiw+ w) = H (W) iHy(w). |w|< u.'s/2:

0
where X
3 Hw+ w) + Hw-w) |
W -_ ‘ ( . /' .
H (@) = = lwl< w 72 (10.1-1)
and
Hws @) - Hw-w)
Hy(w) = -i Nel< @ 2.
- 2 ) s

in analogy with equation (8.3-12).

The real and imaginary parts of the non-recursive filter weights
w; are given by

‘2
w(j-T
=% S (u)e' 0T

S

2

and (10.1-2)
w

= g e 0T g
S

S

2

: R I - : . :
With both wj and wj real numbers, and T the delay. in sampling units necessary tc realize

the approximation. Numerical techniques of Section 5 should. of course. be used for
evaluation of the integrals. Only enough coefficients should be retained for the desired
approximation accuracy of the analog transfer functions. The delay. T T. should be
determined bv the methods of Section 5.3.1._ Machine programs used for iow /‘requency
filters can be used for computation of the wj and ij

[ B T



The filtering operations are obviousiy

M R I
- y
fh = z % *nk ¥k “n-k).
k=20

and (10.1-3)

where convergence factors may be incorporated in the ij as in Section 5.7.

10.2 SYNTHESIS OF RECURSIVE COMPLEX DIGITAL FILTERS FROM AN ANALOG
BANDPASS PROTOTYPE IN RATIONAL FORM

Given an analog prototype bandpass filter, H(s), as the ratio of two
polvnomials in s that is realizable it is possible to apply ali the methods of Section 7 for
low pass digital filters to obtain recursive complex digital filters which are also low pass
filters. Understanding of that section is necessary for comprehensive design: however
as the bandpass filters are usually approximately bandlimited by nature of their utility.
straightforward z transformation hy the method to be described is usually adequate.
Sample and hold and low pass reconstruction methods are also applicable if necessary
(SCection 7).

Expansion of H(s) in partial functions as in Section 6.2 gives

G ,

(10.2-1)
with

- !
m:  gs s=-].

(-m 1 g™ '
A;' o iﬁ I:H(s) (s+ﬁj)‘l’m] 5 (10.2-2)

No constant term is present in the expansion as H(s) is a bandpass function.

The partial impulse response corresponding to a particular term,
found bv taking the inverse transform, is

P Aj(“) w1 _-BF -
b~ [__1_ “} At & 1.t°6 (10.2-3)
(S+Bj) 0, t<0.

10-3



Now for bandpass filters the roots of the transfer function gererally occur in complex
conjugate pairs, ‘n which case it is also true that the expansion coefficfems for the con-
jugate poles are conjugates. That is. corresponding tc a root 8. a coniugate. i.' must

exist if ﬁj is complex. Expansion coefficients of ﬁj“. Aﬁj ,“ are given by

AL - A (10. 2-4)

Therefore, consider the partial impulse response of a pair of con-
jugate poles:

- T ARt I
K s ] -1 [A“ e 5j + A‘.‘ e Bj‘tjl_t >0:
er YRy
L (8" (s+B)) 0. t<0: (10. 2-5)
M

hﬁ (t), the partial impulse response.
i

Writing the expansion coefficient and the root in complex form

_ K M
AJ = aj + ‘bj‘
(10. 2-6)
= o -1ib
BJ i ]
then
-1 -at
2t Kl J 'a?cos%t-bj“ sinéj'. L > 0:
~1)! -
h“.(t) = L (10.2-7)
Bi
Lo. t< 0.
10-4
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Now the ''center' frequency 0:0. of the bandpass filter is somewhat ill-defined. but any

frequency somewhere in the "middle" of the passband will do as long as this frequency is

also usec when demodulating the bandpass signal that is to be filtered by the digital

filter. Defining the difference between the center frequency and the root imaginary part

as
y. = 6 -w (10. 2-8)

then the partial impulse response may be written after some manipulation as

hﬂ t) = 2t"‘“le-m't (a‘.l cos Y.t - b‘.‘ sin ¥.t) cos wot
_(ak . " . 3 5
( j sin 'yjt + bj cos 'yjt) sin “’Dt . £ 0,
(10. 2-9)
This equation is of the form
h“lt) = x“(t) cos wt - V“(t) sin @t (10. 2-10)
B. j (S 0 ‘

i

which is true for all complex roots with obvious definitions for x? (t) and _vju (t). This

partial impulse response is in the narrow-band form of Section 8.2 even though it is in
analog form. Therefore, that the total impulse response is

-1
hit) = &£ H(s)
wl(t) cos Wt -w2(t) sin wt, t> 0:

0 0

0, t< 0 (10.2-11)
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where
L V(i)
ot 10.2-12
wl(t)= z‘ 2‘ j() (10.2-12a)
j=1 =1
and
t v {j)
wt) =) ) 3 (). (10. 2-12b)
j=1 =1
At this point the narrow-band analog impulse response has been
obtained.

If wl(t) and w2(t) are bandlimited by half the sampling frequency

then direct z transformation (Section 6.2) will produce the digital filter equivalents within
a factor of T. When wl(t) and wz(t) are not bandlimited by half the sampling frequency

then the techniques of Section 7 must be used if recursive filters are desired.

To simplify computation of the z transform, the impulse responses
can be manipulated into an appropriate form which, coincidently, produces the analog
complex filters. This form is identical to that for low frequency filters which means .
that the same techniques, or machine programs, that are used for low frequency filters
can be immediately applied to complex filters.

The quantities x“ (t) and y“ (t) can be recast, using the original partial
fraction expansion coefficients, into the form

-1 = =
x.“(t) = & -I:A‘.‘ e'ﬁjt + A;‘* e_ﬁj*t:l. t> 0 (10.2-13)

and

<

A
|

I

..1 “ -‘ -‘
tu ':-iAj e 'Bjt + iA‘;"r e B’j’ t:l. t> 0:

where
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It can be seen that the Laplace transform of Wy (t). Hl(s) is given by

Loyp) b
H,(s) = Z —i (10. 2-14)
{21 u=1 (8

that is. Hl(s) is obtained by simply subtracting u.'o from the absolute value of the imaginary
part of the roots of H(s). The resultant imaginary part .may be positive or negative.

Similarly, tke transform of w2(t). Hz(s) is given by

L Yy T ¥
o (8) = 2‘ Z‘ j (10.2-15)
2 _ (8+§.)# '
j=14=1 i
where
o I . o
Aj = -i Aj for a root ﬁj with a negative imaginary part:
and
-U . L H . e .
Aj = i Aj for a root Bj with a positive imaginary part.

These forms for Hl(s) and Hz(s) are obviously identical (not equal)

and are those requisite for z transformation, with the modifications of Section 7 to produce
the digital filter:

Hy(2) = HO@) + i B @)

1k
HY (2) = g0, (o)),

and

H2)(2)

AlHy(s))

for complex digital filtering via Sections 8 and 9.
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’ Procedurally, the steps for producing the two component filters are i
quite simpie: |

1
To produce Hi )(Z)f

1. Reduce the imaginary part of the roots of the partial

3 fraction expansion of the bandpass transfer function :
H(s) by e the 'center' frequency used when complex {
demodulating. ' :

2. z transform the result of step 1 via Section 6.4,

Hil)(z) is the result of the z transformation.
To produce H(zz)(z) 13

1. Reduce the imaginary part of the roots of the partial :
fraction expansion of the bandpass transfer function e
H(s) by wo, the 'center" frequency used when

complex demodulating.

2., Multiply the partial fraction expansion coefficients
(for each multiplicity) by

(a) -i for roots with negative imaginavy parts
(b) i for roots with positive imaginary parts

3. z transform tl%e result of steps 1 and 2 via -
Section -6.4, H; )(z) is the result of the z

transformation.
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11. STATISTICAL CONCEPTS

Various statistical aspects enter into the filtering of data. Not only is re-
jection of clear-cut disturbance in the data (60~ hum) desired, or emphasis of a cer-
tain feature wanted but quite often filtering "in" or "out" a "random" signal is desired.
It is usually desired to "filter out" noise and "filter in" speech. Hopefully, in Some
meaningful manner, '"random'' signals can be characterized. Receiver noise is
usually a '""random" process in that it is not a deterministic process whose values
can be predicted. Similarly speech waveforms may be considered ""random' ewen
though they cazry information. Speech, unless repeated, appears upon visual or
mathematical examination of a record to have very little '"correlation' from instant
to instant. Statistical analysis often points up the regularity of speech in a
'statistical'' sense.

A mixture of probability theory, statistics, and communication theory has
been found to be exceedingly useful in the description of "random'' processes found
in everyday life. 1In fact, the combination of these subjects encompasses much more
ground than either of them by themselves.

Covered in the-ensuring section are the basic formulae of engineering utility and
their development with an apology for brevity and lack of explanation. The material
is widely known and covered thoroughly and well in many excellent texts. They are
presented for the purposes of utility in further sections and to make the notation used
clear and more coherent. Continuous processes are discussed Ilirst as they are
more easily understood.

11.1 BASIC DESCRIPT.ON OF "RANDOM" PROCESSES

11.1.1 Probability Densities

Suppose a function x(k)(t) is given which is a member, the kth, of an en-
sembleof functions; forexample, the output noise of an ensemble of identical receivers.
Assume that we have N of these member functions(k =1, 2, ... , N). At a given time

"t"find the number of functions, say m (N), that lie between the limits x,(t) and X(t)
and define the probability of x(t) lying between these limits as

P(x; (1) <X (8) < X,(t) ); lim ml(qﬁi (L 1. 1-1)
$TO

#yrther define the probability density p (x, t) of x(t) at time t by the integral

x(t)
P-o<x () <x(t)) = f p(x,t) dx (i1.1.1-2)
Obviously, -
P(-2<x< )= J p (x,t) dx = 1. (11. 1. 1-3)

The probability that the process has some value is unity. It is immediately, seen that
P (x (t) <X(t) <x(t+4)) = P(==< x(f) <x (t) +4) - P(- < x(t) < x(t) )
X (t)+A
= J p (X, 1) dx (11 1. 1-4)
x (t)
11-1




For small A it is seen that, approximately,
P(- @ < x(t) < x (t) + 8) -P(-= = x(t) < x (t) )~ p(x,t) & (11.1.1-5)

| Taking the limit as A approaches zero it is seen that

oP _ 111 1-6)
5 % p(x,t) (
3 It is up to the analyst or experimentalist to discover, or approximate,

the probability or probability density for a given process. Intuitively, the pro-
bability of a function taking on a value between limits defined in this manner is
natural. If physical reality is repeatable, in an ''average' sense, then a
"random'' phenomena can be expected to have a certain definite probability of
/ occurring, which is taken as the ratio of the occurrences of the event to the
total number of trials as the number of trials approaches infinity. The proba-
bility density p(x,t) is a natural gemeralization to include the idea of the
distribution of the values of a variable x(t) (t fixed) which can take on values
continuously. To reiterate Ja((t)) is not being spoken of as a function of t but as
a member of an ensemble x™/ (ty (k = 1, 2, . . . N) of functions of fixed t.
The notation p(x,t) is d&gig‘ned to include the fact that the distribution of mem-
bere of the ensemble x'™/ (t) depends upon the time t at which the probability is
evaluated.

Higher order probability densities can be defined. The most useful of these
is the probability of x(t) lying between Xy and X, at time tl and between X, and X, at
time t,:

-T2

Xg Xp'
P(x; < X(t)) < X5 X, ' < X(t) <X,') = J [ Pty =)ty dx dx!
1
1% (11.1.1-7

The original probability density may be obtained from this second order
density.

The probability that x(t) lies between two limits: xl(t) < X(t) < xz(t), must
be equal to the probability that

0

2

P(xl SX(f) < x93 -% < x(tz) <™

X
9 I i(x, T x', t2) dx dx'
%17 (11.1.1-8)

P(x, < X() < X,)

Mamely, the probability of x(t) iying between the limita x. and x, at time

t anc taking on any value at time t, is just P(x, <x(t) < X,). Thege statements
imply the relation among density functions:
(o]
p(x,t) = J p(x, t; x', t) dx". (11.1.1-~9)
- 0

Similarly, highor order density functions may be defined, but for present
purposes the two de’ined will suffice. '




ik, |

It is also possible to define joint probabilities and densities of two (or more)
random ensembles x(k)(t) and y(K)(t) at the same, or different, times. The joint
probability function is

Xo(t)) Yolty) (11.1.1-10)
Pxp(OX(E))S Xp(t))5 ¥ (E)< Y(ty) <Y, (tn) ) = f [ pexityi v ptpaxdy,
X,(t) ¥,(t)
the joint density is given by
2
a°P _ “
aﬁy_ = p(x‘tl_—\,‘lz) (11.11-11)
11.1.2 Statistical Independence
If two processes are statistically independent it is meant that

P(X, t1i Y, L) = fix, t)) g(¥.ty) (11.1.2-1)

11.1.3 Averages

The average over the ensemble x(k)(t) at a fixed time t of some function
of x(k)(t), f(x(k)(t) is defined in an expected manner. Take the number of times a
given value f(x(K)(t) is found out of N trials, say, m, (m1 tm,...+m_ = N) and
form

m, f(x® ) ) a1.1.3-1)

Add 2all possible values found, divide by the total number of trials, and define the
"ensemble" average (denoted by < - > )

<Ry =1 o "k M) 11.1.3-2
() = li = .1.3-
L) N i Z N ( )
g=1

which in the licut of continuous x{t), fixed t, becomes

0

C®e>= [ fmm) e b ax. V.1 3-3)

-0

For the simple case

R = x® g (11.1.3-4)

the enscinble average or "mean' of the random process 1), tself. at time tis
obtained

o0

xRy = J xX(t p (x, t) dx (11.1.3-5)

-0




Second order ensemble averages can be defined in 9 similar way. The

~ average of F(x(K)(t), x(k)(tzg ) is given by

© w (11.1.3-6)
<P, M= [ [ Faep, xe) e et K, 1) dxax

Two special cases are the autocorrelation function

© 11.1.3-7)
< x(k)(tl) x“‘)(tz)> = f J X(t)) %'(ty) P (X, )5 X', t,) dx dx'

which measures the degree of correlation between the function x(k) (t) at the times

t, and t,; and the mean-square of a function x(K)(t)

or

«®

< (x(k)(t) )2>= J J- x(t)2 p {x, t; x', t) dx dx'
® , (11.1. 5~
= J x(l:)2 p(x, t) dx

-

(2]

)

2 The mean square is usually called the instantaneous average power. If
<{x (t)> is not a function of the time of evaluation t then it is called the average
power:

Besides the mean, one of the most important averages of a single ensem-
ble is the variance o5 defined as

o? =a®m - B> )?> (11.1.3-10)

= B2 - a®e GMapr By 2D
or

o2 = ¢ x¥p?y - (P> 2 (11.1.3-11)

where these iacts are used:  the average of {x(t)> x(t) is simply <x(t)> . ,
and the average of a constant is that coastant, which produces Q(t>>2 = <x(t) <

11-4
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The sijmificance of the variance lies in its property of measuring the "spread"
of a random process about its mean. It takes the values of the difference of the random
variable from the mean (squared to avoid cancellation from positive and negative
differences), weights them by the probability of occurrence, and averages them. For-
tunately, many processes have peaked distributions so that the degree of ''randomness”
of a variable is characterized by the square root of the variance, ¢, commonly called
the "root-mean-square' error (r.m. s error). In fact as ¢ approaches zero, the
process becomes less and less '"rardora' and takes on only its rean value (with the
exception of values that have probability zero).

Averages of functions of two (or more) ensembles of random processes may
be defined. Given the function 1'{x(K)( ). y(k)(tz) ) of the random processes x(k)(tl)
and y(k)(tz) form the ensemble average:

) ® (11.1.3-12

Fal®¥e), y9e) = [ [ Peep, vt ) pixtys vty dxdy
An important example is
F(x(t,), ¥(ty) ) = X(t)) + y(ty) (11.1.3-13)
with
O+ v M > = [ ey +vitp) ) pix, 13y, tp) dxdy
- - (11.1.8-14)
= [ xtp ity ax+ [ vtpo .t dy
or finally
ey + y W) > =<x®e) > + <My > - ar1315)
It is found, as expected, that the average of a sum is the sum of the
averages.

The cross-correlation of two random ensembles is defined as the average
of the product

- (11.1. 3-16)
By Ry > = [ [ xe) st pix, tiy, ) dxdy

If the two processes are statistically independeat then, simply,

< x(k)(tl) y(k)(tz) 2 =K X(k)(t,_") < y(k)(tz) > a1.1.3-17)
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the cross-correlation is the product of the means. I either mearn is zero,
for statistically independent processes, then the cross ccrrelation is zero.

It has been shown that the ensemble average of a sum of two random pro-
cesses is the sum of the averages of the processes. By use of higher order density
functions it is sumple to show that the ensemble average of the sum of n processes
{3 the sum 0Of ensemble averages for the processes:

< z xl\r)> E‘ < x(t) > (11.1.3-18)

i i=1

Another average of interest is the average of the square of a sum of
random processes

n
((z xit) ) > <z x(t, z Zx(t)x(t)>

i=1 i=1

e s
o
—

(11.1.3-19)

N
™M
0
U
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IYE
™M=
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o
o

If the cross-correlation between the various processes vanishes; then,

n
<( x.(t) )2>= > <xi(ti)2> (11.1.3-20)
i=1

i=1
Therefore, when the cross-correlation among the various processes vanishes, the

average of the square of a sum is the sum of the averages of the squarszs.

Also defined is a central correlation, the "covariance' between two
random process (which car be the same process at the same or different tiraes):

Cx(ty) - Cx(td ) (¥lty) - {5t > D

or (11.1.3-21)
Cx(t)) $ltg) > - < XMt > D

i

n

Normalization of 4 of produces what is known as the correlation coefficient of two

random processes:
< X(tl, }(tz) > ( x(t > < )(tz) > (11.1.3-22

p‘:
7%y /\x(t>—~ > it - <y )2>
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o= Kx(ty) < y(t2)> that « = p = 0. The correlation coefficient

It is seen, for statistically independent processes where  {x(t,) v(t,))
P}as th% property that

-1< o<1 (11.1.8-283)

If y(t.) = x(t,) then the covariance and correlation coefficient express the
degree of corfelation between the ensemble x(K)(t) at time t 1 and itself at time ty-

It should be mentioned that a value of zero for the covariance doeg not imply
statistical independence even though statistical independence does imply a zero

covariance.
11.1.4 Stationar and Ergodic Processes

Comyp-tation of the various averages are complicated by the fact that they
depend on the time at which the ensemble is averaged. Most physical processes
require these complications. The statistics of receivers as they warm up certainly
depend on the time from turn-on.

Fortunately, & large class of processes that are encountered possess,
either exactly or approximately, the property of being ''stationary'. That is, thkeir
statistics do not depend on translations in time, or the time origin. Mathematically,
this is expressed by the statement that

(F(x(tl) 1> =X }:‘(x(t1 +7))> forallr, 11.1.4-1)
and

< F(x(tl), X(t,) ) > =< F(x(t1 +7)h Xty + 7)) > forall T,

(11.1.4-2)

and 8¢ on for higher order averages; for arbitrary functions F.

In particular these equations imp.y

(F(x(tl) ) D> = {Tx0))> (11.1.4-8)
and

CFx(t), x(ty))) > = < F(x(0), X(to-ty) ) D - (11.1.4-4)

The mesan at an arbitrary time is the same as that for ¢ = 0, and second means
depend only on time differences.

It will be seen that stationary procezses afford a considerable computa-
tional savings.

A further restriction on stationary ranaom process known as "'ergodicity”
reduces the problems farther. E:godocity entails:
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1. Each record of an ensemble is statisticallv equivalent (identical
means, variances, etc.) to all others.

2. Ensemtb'e averages over records may be equated to time averages
over a single record.
11.1.5 Definition c: the Fourier Transform And the Energy Spectrum for a Single
Record
The Fourier transform that has been used throughout this document is

o

Fxt) ) = Flw) = j X(t) e 1wly (11.1.5-1a)

- 00

where x(t) is a record considered to be magnitude integrable so that F(w) will exist.
To recover x\i) from its transform use the relation

o0
1 1w
x(t) = 57 f F{w) e! tdu (11.1. 5-1b)

As an extension from Fourier series for periodic functions the quantity

S(w) = {Fm 2 (11.1.5-2)

is called the energyv spectrum of the function x(t). A justification for this nomen-
clature for a non-periodic function follows from Parseval's theorem, * namely

oG oG 2 - ¢]
\ 1 .
J x(t) i 2dt = j lf—%_ll—— dw = oy J S(w) dw (11.1.5-8)
-3 -0 - a0

That is; the total signal energy is equal to the integrated ''energy spectrum'. If the
signal is passed through a narrow bandpass filter at = w then only [F(w)| 2/
will contribute to the output energy (a realizable filter also has a peak at ~w_con-
tributing energy at - « Therefore, the signal can be thought of as composoed of
energy distributed over the frequency domain by its energy spectrum.

A heuristic proof, of a specialization of Parseval's* theorem, will be given
in a general fashion for use in subsequent work. The integral
K

C(r) = J x*(t) x(t + 7) dt (11.1.5-4)

- G
x o0

P

*Generally Parseval's Theorem states { Xx(t) v*(t) dt = -,-,l: ( Ax(w) Av" (w) dw
2 )

-~

where A\:(.v) and AY(;L') are the Fourier transforms of x(t) and v(i), respectively.

f




in terms of its Fourier transform, using the defining relation11.1. 5-2:

o0 L] «® o

. , . . - (w - w'it
I X(t) x(t+7) dt = f dt J' du J' du’ ﬂﬂz—f—(ﬂl— ol & —
- 00 -0 -0 - Q0
(t11.1.5-5)
as
wr
Fx(t+ 7)) = € Fx(t)) (11.1.5-6)
= ewTF(w).
Interchanging orders of integration and using the relation
[ ]
—51;— J e MW = W g 2 5w - @), 11.1.5-7)

| .

where §(w - w') is the "Dirac delta function' or the "impulse function' with the

i nroperty
€
| | 8@ g dw = go)
-€
l and g(w) continuous, equations(ll,1,5-4) and (11.1, 5-5) become
*
' C(r) = I x(t) x (t+ 7) dt
— 00
' © , (1.1.5-8
= [ [F@l® et
J 5 e dw
-0
' which is a specialization of Parseval's Theorem. A result above (equation
(1L1. 5-3))is a further specialization to 7 = 0.
l Equation {11. 1. 5-8) is, in terms of the energy spectrum,
' C(r) = 2—17; J S(w) e'“Tdu (11.1.5-9)
' 11-9




and it can be seen that C(7) and S(w) are Fourier transform pairs (equation (11,1, 5-1)).

Therefore,
S(w) = f c(r)e “Tar {11.1.5-10)
- ’

A further note of interest is that
*
S(-w) = S(w) (11.1.5-11)
from equation(11.1. 5-2)which implies the relations:

(a) L] o0
j b x(t) | 24t = %J S(w) dw (11.1.5-12)
-0 0

The energy from both negative and positive frequencies is the same as twice that
from only the positive frequencies;

(b) and as C(-7) = C*(7) = C(7) for real

x(t) )
S{w) = 2 J C{7) cos wTtdrT {11.1,5-133)
0
and
x>
C(r) = %_; J S(w) cos wrdw (11.1.5-18b}
0

which means that S(w) and C(7) are cosine transforms of each other for real functions x(t).

11.1.6 Definition of the Power Spectrum and Auto-Correlation Function for a -
Single Record

While the energy spectrum S(w) and, its transform C(7) discussed in the
previous section are cften useful in discussions of signal processing, when a short
term signal is present, their utility is limited in the discussions of long term
random processes. This fact occurs due to the lack of existence of the Fourier
integrals calculated there. For a transform to exist it must be true, in general,
that a function be magnitude irtegrable; that is,

Jlx(t)idt < @ (11.1.6-1)




This limit does not exist for most random processes and, in fact, does not exist
for familiar sines and cosipres.

To avoid these difficulties the "power spectrum' is used rather than the
"energy spectrum'. The method of getting around the difficulties involves the
"average power' of a process which is a familiar idea. It is defined by the
relation

P = Average Power

T
. 1 2
= lim 5T J x(t)| dt (11.1.6-2)
T=o 2T o

The statement that a direct current voltage ofV P across a one ohm re-
sistor wouid have an average power of P is a typical way of giving physical m:aning
to the idea of the "'average power'.

The concept of power spectrum is obtained through the artifice of defin-
ing a truncated version xT(t) of the random process x(t); namely

x(t), I1tl< T
Xp(t) = {11.1.6-3)
. 0, otherwise
x(t)/(”-ﬂ—/

|
|

1 i t -

! [

| Xp(t)

|

-T T t -

Figure 11.1.6-4. Truncation to a Finite Time Process

Taking the Fourier transform of x,r(t) which exists as xT(t) is certainly
square integrable;

T
j x(t) e "t
T (11.1.6-4)

o0

= J xp(t) e Wyt

-0

Fop(w)

11-11




b where FT(cc) has been subscriptedwith T to indicate its exp'icit dependence

onT.
Now compute the quantity
T T * ® F.(w) Fofw) _He-wht
= { ixm]|Zdt= dt d do' —1 T e ‘
or ) x(Uf s J J w * ar T o
-T -T % -
as (11.1.6-5)
o0
1 iwt
XT(t) =5 J FT(UJ) e dw
- Q0
Assuming orders of integration can be changed:
T © © T
5 F. («) F.*(w") . ,
1 2., ‘ L T T ’ 1 (w-w')t
= J ()] 2dt = Jf de J duw i L J dt e
-T - T T 41.1.6-+6)
Takirg the limit at T - « and assuming the limit
2
Foo(w)
P(w) = lim -Lg—T—J (11.1.6-7)
T s
exists, plus recognizing the time integral as the Dirac delta function, gives
o« o0
P = lim — xo(t)] Zat= = P(w) dw {11.1.6-8)
2T | %1 2n -1
T —» e %

As in the case of the energy spectrum, P(w) is considered as the distri-
bution of "power'" over the frequencies. Because P(w) = P(-w),an even function,
the average power may be looked upon as being distributed over any positive fre-

quencies as

@ o0
= 1 1
P = J P(w)dw = — J P(w) dw (11.1.6-9)
- 0

In the preceding section Parseval's Theorem for energy spectrums was
derived. An equivalent relation for power spectrums can also be developed. Simply
generalize the above by considering the time average:
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T

R(7) = lim -2LT J' X*(t) x(t + 7) dt (11.1.6-16)
-T

T o

which is called the auto-correlation function for a single record. Note that

R{o) = P , the average power, A1.1.6-11)
and that

A(-7) = R*(7), (11.1.6-12a)
which for real x(t) is

R(-7) = R(7) (11.1.6-12b)
Namely; R(7) is an even function for real x(t). It also can easily be shown that

R(0) > |R(7) | (11.1.6-18)

Inserting the expression in equatioan (11.1.6-10) for x(t) in terms of its
transtform it also can be found that

T
R(r) = lim -2%, [ X*(t) x(t + 7)dt
T p
-T
®© (11.1 6-14)
. . iwT
=5 J Plw) e dw

and as before, for en=rgy spectra, the power spectrum and the auto-correlation func-
tion for a single record are Fourier transform pairs; that is

ol
_ i JwT
R(1) = 35— P(w) e dw (11.1.6-152)
-
and
o0
P(w) = J R(7) e ¥ dw (11.1,6-15")
- Q0

11.1.7 Power Spectrum and Auto-Correlation Functions of Random Processes
In the preceding sections a single record was considered. Discussed here

is the spectrum and auto-correlation function of ar ensemble of records of a
random process (Sectionl1l.l. 3).
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Form the ensemble average of the power spectrums of the member functions
[ and explicity denote the time and ensemble member dependence of a truncated single

record spectrum by P (u x(K)); the ensemble averaged power spectrum is (if the
limit exists)

P(w) = lim <P,r(w, x('{)) >
T+ .
IF (w, x(k)’z N (11.1.7-1)
= lim T 5T )
T4 N 1

Similarly, define the ensemble averaged auto-correlation function as

G aft tr ) =(xBy 1 (ar) > (1.1.7-2)
Consider the quantity
T
2%r J XT(k)(t)\; "T(k) (t+7)dt (11.1.7-9)
_’I‘ :

upon which the ensemble and time averages will eventuaily be taken. From pre-
vious work

T - K K
[, 0, 0 r 1 Pplwnx™) Fpren®)
2T *r (t) xV (et T)dt——- J dt J‘dy JCu. o7
.,.T T
{11.1.7-4)

il ot ®© x w \ (k) /0 0 (k) T

. E....lf:—_w_)t__ LlWT Ird . (d'-" Fple X ) Fp e ™) glwr L j e—i(w-u;')tdt
27 i B TRl B 4 T T 2r
) — w0 -T

Obviously, things have been arranged in equati_n(1l,1.7-4) so that ensem-
ble averaging and limiting will give previoysly defined quantities.

Performing the ensembie average:

T (w, M e 1)

r W, .
= < Dre Ky de | dw'(E veleT
2T J T i (1-7)7dt = l 47 T

A
T (11.1.7-5)
e
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Taking the limit as T —= « and identifying the various quantities as previously
defined:

T [
lim -lf j&xT(k)(t)' (k)(u»*)\dt = lim -% J@H(t, t+7)dt
T-wwx T—eew ~
-T w©
] «© , ki
' < Fple, x ) Fpile, x! ) >] wT )
= J du J dw l'Tlir.n A T le G {uw-u')
Y IFT(“" X 3 j! wT 4
= im € w
or
T [~
. 1 1 { fwr .
Tllmw 2T J ¢xx (¢, t+7)dt = Er Jx P(w) e aw 1.1 7-7)
- -T e

In words, the time averaged ensemble auto-correlation function {s the
Fourier transform of the ensemble specirum. As the quantities are Fourier trans-
form pairs the relation

© T ]
Py} = J' lim Eli J Cbxx (t, t+7) d'.J 7 4r 11.1.7-8
-0 | Twax -T

ig aleo cbtained.

Now, equation{lL1l.7-8)is reasonably complicated to use for caiculations;
but in the special casc of stationary processes (Section1l.l.4):

@xx Eot+7)= @xx 9, 7} = 9, (7) (11.1.7-9)
giv.ng
T
. i f s - )
fim - 5E ’\i’,o‘ tbesrydi=¢ (1) 11.1.7-10}
Teoa & T

which produces

. =i
() o_ (e dr (11.1.7-17%;

8 8
£
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and, also

]
1 R ¥
o T) = TF f Piwi e'“7 da. (11.1.7-12)
0

These are fundamental results. Knowledge of the spectrum of a stationary
random process allows computation of the auto-correiation function through Fourier
transformation, and corversely. In particular, if the process is Gaussian with mean
zero, then c,bxx(f). normalized to cpxx(O), is the correlation coefficient p(7) = ¢xx(‘r)/

¢ (0)-
The formulae can be specialized a bit farther. If the random process is

not only stationary but ergodic. such that time averages can be equated over a
single record (k) to ensemble averages; then

B & trri= o (T)=R _(7)

T (11.1.7-18)
r R
= lim -2-1-—- | »((L‘)(t,\“e x(k) (t+ 7y dt
T !
T = -
-T
and
| Fople, x(k")iz
P(w) = lim 5T (11.1.7-14)
T~ =

For ergodic processes only a single record need be studied to gather in-
formation about the random process. Of course, the finiteness of the vecord
develops errors in calenlation of the process statistics. Sectionli.l. i¢ digscusses
the effects of finite time records upon spectra and autc-correlation functicns.

Often when discussing a single process the subscripts wili be removed
from cpxx(r} (q;:xy{r} = ¢{r) } when confusion will not arise.

11.1.8 Cross-Power Spectra and Cross-Correiation Functions for Random
Processes

A development, almost identical to that for a single random process,
produces relations between two random processes that are quite gimilar to the
single process case.

As before, define the truncated Fourier transforms of twe random process
members x{k)(t) and y(K)(n

{K}

Sy e T at f1.17.8-1)

t

it
Ky 8 ey 3

XT{R){L} e"i;;‘i dt




and

k) -iwt

- J v et de (11.1.3-2)

-0

B,:_(w. x(

Per record pair the tiuncated crcss-power spectral density is defined by

(k) . (k)
Ar*lw, x ) B (w. ¥y
(k) Ry - T (11.1.8-3)

where the motivation for this definition comes from Parseval's Theorem (modified).

PT(w, X

Next form the ensemble average of the truncated cross-power spectral
dengity and take its limit as T —» =:

© . (k) (k)
) . A.r {w,x"") B (w,Y
};nl o 2T Jr <XT(k) t*y (k)(t))dt = J' T"_’:‘w arT = >d“’
T - (11.1.8-4)

where the proof of this remark is analogous to that for single random processes.

The cross-power spectrum is defined to be the limii:
Ple, x. vy = lim <P(u. x(k) ( )_)‘,-

T—ow
A B, y®
= lim {—= 57 > {11.1.8-5)

-
T"’“

in a manner parcllel to the preceding section, a relation betweern the
cross-power specicum and the cross-correiation function can aiso be found.

k The truncated cross-power spectrum for a pair of records x( )(t).
‘(1) of length T is found to be
- T (1t.1.8-6)
R (. TS RN N D (k) (k) fwr
PT(Q" XV, yvt Yy = | ‘LZT 4( X t* Yo (t+7) dt{ e dr
-0 -T

b T
Plw, x, ¥} lim ; f.z_;:. i b (t. t‘?r;dt]e’in dr
Ta® —"t) L £ ;J{‘ Xy 3
(11.1.8-7)
= dim <P (e, <0, 5
T o ®© 1
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where @ xy (t t+7) is the cross-correlacion function.

As before, P(w, x,y) and

T
1
— . .1 .8-8
lim 2% I <]>xy (t, t=7)dt (1.1 8-8)
T—»® -T

are Fourier transform pairs, and therefore;

T @
- = L " iwr
Tl—i:nmz,r J ¢xy (t, t+7)dt = 57 I P{w, x, y) e dw
-T - (11.1.8-9)
For stationary processes, as before,
<I>xy (t +7) = 0, (T) (11.1.8-10)
and
) T
. 9T 4 - m L
27 ) Pw, x, y) e dw -Thm 3T J @xy(t, t+7)dt
—p 00
- 'E
B (11.1.8-11)
= ¢xy(T)
For ergodic processes
’
— e M __l. i -
Oxy ()= Ryy(r) = lim 55 Jr X*(t) y(t+7) dt (11.1.8-12)

11.1.9 Exampies of Auto-Correlation Functions and Their Spectrums (and
vice versa).

“a|Tj

) ® ek (T)= ae cos T (11.1.9-1)

Its corresponding spectrum is

P(w) = oo’ + < ] (11.1.9-2)
I.az"(u-"ﬁ)z 02+(¢.,~+B)2
which has peaks at w = g

2 27, Wik w
Plw) = 0, otherwise (11.1.9-3)
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The corresponding auto-correlation function is (assuming a stationary process)

sin wof (11.1.9-4)
} fbxx(‘r) = Zu;o T 1.
o
which is a typical sin (x)/x function that falls off rapidly as X = w_7 increases.
The function decreases markedly when w,T is of the order of 7 Or when

! "
0

o =
T= 31 ¢ T T3 (11.1.9-5)

0
‘ The correlation time is of the order of the reciprocal of fo = 2%

11.1.10 Relationship of Finite Interval Spectrum to Infinite Interval Spectrum

When defining the various spectra: energy, single record power, and
random process power. the record(s) was assumed to be of infinite length. In
i reality, a record can be made only for a finite time T'. Suppose this to be a
portion of the infinite record which is assumed to exist,

l Calculating the effect of a finite record upon the energy spectrum shows
that it affects the resolution with which the "true'" (infinite record) spectrum can
be measured. Identical results hold for the single record and random process
spectrum. Statistical variations also limit spectrum measurement accuracy.
Their discussion is deferred to Section 12,

the spectrum at two frequencies (hertz, not radians per second) can be obtained no

I F The resolution in the spectrum is approximately given by 1/T'. That is.
- closer than at frequencies Af = 1/T' apart.

This remark is proven by writing

‘ Xpr/2(®) = u X(t) (11.1.10-1)
where '
{x(t). t < 21

r X o(t) = (11.1.10-2)
{ T'/2 0: otherwise

x(t) = the infinite (in time) record ,

y =L t=< T'/2
u(t) 0, otherwise.

Taking the Fourier transform of X1 /9(t)

)

Jr u(L) xit) e "t de (11.1.10-3)

F(xT./.vz(t) )

- o

"

Fpo/2 (@)




Now Parseval's Theorem states (Section 11.1. 5)

J x(t) y(t)*dt= zl" J F(w") (‘:(w') dw' 11.1.10-4)
where
Fuyt)) = Glv) (11.1 10-3)

» -iwt ¥
If y(t) is replaced by e y(t):

J x(t) y(t)"le”iwt dt = -2% Jf F(w') G(‘w+ w') do' (11.1.10-6)

That is, the Fourier transform of a product of time functions is the
""convolution' of the Fourier transforms of the individual functions. Now the
Fourier transform of u(t) is

T'/2

U(w) o g (11.1.10-7)

-T'/2
sin ( "’;r

wT'
(—i—)

= T¢

Therefore, the transform of X1:/9 (t) is given by

T o _8i -w') T'/3 ;
Frijglw) = 57— j F(w') %)'W/g_)_ dw (11.1.10-8)
-0

As the energy spectrum is simply the magnitude, squared, of F,, ,,(w)
almost any statement about FT' /2(“’) can be interpreted as a statement agod? the
spectrum.

The function

_T' _sin ((w-w") T'/2) i
2r (w-w") T'/2 (11.1.190-9)

Samp (w-w') =

is sharply peaked at w = w' for T'large. The width of the peak is of the order of
2r/T'. The ripples of its tails iway from w = w' tend to cancel the contributions
w

to the integral from w - w' > =% . In the limit as T' - infinity, this function
tends toward the Dirac Delta function and (as T' —» )

F (w) = J F(w") 6(w - w') dw

(11.1.10-10)

or
F_(w) = F(w)
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as expected. For finite T' the effect of the function Samn  (w - w') (as a bit of
thought will show) is to sample the "true' spectrum F(w) at the point w = w' while
"smearing" in other values of F(w') in a region of approximately +r/T' about @
Therefore, the spectrum can be resolved only at points approximately 27 /T' cistant
from each other in w, or in terms of frequency f = w/2r, at points spaced approxi-
mately Af = 1/T' from each other if there are only a record T seconds in length.

As mentioned, statistical spectrums have other problems when they are
measured which are discussed in Secticn 12,

11.1.11 The Eifect of a Linear Time Invariant System on the Input Power
Spectrum

The output of 2 linear time invariant filter in terms of the Fourler trans-
form of the output say, y(t) is given by

Br(w) = H(w) Ap(w) = J ypt o ik g (11.1.11-1)
- 90

where H(w) is the transfer function of the filter and A (w) is the Fourier trans-
form of the truncated input x(t), namely; x.r(t) (see 8eItion 1. 1.6). The output
average power is

T © 2
1 2. 1 2 | Apt)”|
'I!"*n“ 3T J lyT(t)l dt = . J | H(w) | Tl_l‘mﬁ T dw,
-T -®
11.1.11-2)
from Parseval's Theorem, and comparisor with equation@L 1. 6-8),the output spec-
trum is

P (@ = [Hw)|* P () (11.1.11-3)

While this result was derived for a single record, an identical develop-
ment using ensemble averaging for random processes as in Section 11.1.7 produces
the same result for statistical spectrums.

If the input to a time invariant, infinite operating time network is
stationary then the output is stationary. This tollows immediately as the output
from the network for an input translated in time is simply the translated output.
All statistical quantities calculated upon the output will be independent of the
translation if it i8 true of the input.

In terms of frequencies alone the output power of the filtered input may
be written

iwt= ijt(w) dw=2J P (@) do, (11.1.11-4)
- 0
- J' |Hw) |® Plw) dw = 2 J' |H(w)| 2 P(w) do.
-0 0
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11.2 SAMPLED DATA SPECTRUMS AND AUTO-CORRELATION FUNCTIONS

The concept of a power spectrum and an auto-correlation function for sainpled data
or discrete sequences is quite similar to that for continuous functions of tir.e. Most develop-
ments for continuous functions of time can be extended immediately to sequences. Relations
also can be developed relating the sampled sequence spectrum to the continuous spectrum
if the sampled sequence is derived from a continuous function. It is not, however, necessary
that the sequence be derived from a continuous waveform to use the various ideas applicable
to continuous functions of time.

Subsequent developments in this section require the use of the two-sided z transform
tkat is, both positive and negative powers of z are required. The necessity for this two-
sided transform are its use in the description of statistical processes and the relative
simplicity of power spectrum/auto-correlation function relations. The two-sided z trans-

form is defined by

X (z) -—Z xkz'k (11.2-1)

k-«

Splitting the sum into one for positive and one for negative k it can be seen from the consid-
erations of Section 3.4.2 that bounded sequences for positive time (k) have poles within
the unit circle and those for negative time have poles outside the unit circle. Therefore if
this relation is to be inverted, with X, given in terms of X (z), thien the unit circle can be

considered as the path of integration if bounded sequences are desired. Deformatic :s of
the contour that do not disturb the pole content within or without the unit circle are certainly
allowed.

Equation (11.2-1) is a Taylor-Laurent series* and may be inverted, within the forc-
going considerations, by the same procedure as for single sided transforins:

o1 k az )
X = 3Wi § X (z)z = (11. 2-2)

As the unit circle is the path of integration the relation

u\§
2
! iwkT
Xk = I‘s— g X (w)e dw (11. 2-3)
-
S

* Introduction to Complex V'ariable Theory and Applications, R. V. Churchill, McGraw-Hill
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, rav e written where

l 0 e Hl“\"l LW
and notation has been understandably abridged: X (w!

Often the complex conjugate sequence xk" and a certain form of its transform wili

! ne needed in subsequent sections. The quantity of interest is

X (2) -.—Z X, * 2¥

k=-=

-]
[Z X, {z,)k] * (11.2-4)

f X is real then, obviously

X@z) - X(%) (11.2-5)

Tvaluation along the unit circle is of interest: in this case

X(z) = X(w,
[ in abridged notatior and
{ *
| X(w)= X (0). (11.2-6)

, When the sequence x is not real, and the z notation is desired, the conjugation (11.2-4)

must be used. If the unit circle is acceptable then ( 11.2-6) may be used. Real sequence:
allow simplification of formula appearance by (11.2-5).

Most relations will be written in hoth the frequency, w, notation and the more
general z notation. However, it will be seen that physical understanding will be most
easily be obtained in terms of power distribution versus frequency via the spectrum.
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Actual computations will be most easily computed using the residue method of evaluating
contour integrals* as X (z) will usually be a rational function of z (a ratio of two poly-
nomials) in practice,

11.2-1 Definition of the Sequence Energy Spectrum and Correlation Function

The energy spectrum for sequences is defined by manipulating the sequence energy

E Z |xk ‘2 (11.2.1-1)

k = -

if the limit exists.

It is eés_v to show that
(-]
_ i 2
E -Z i xk |
k = -0 w
(11.2.1-2a)

| X(w “dew,

1
g
(7}
m‘aﬁ t/)wlm

with notation abridged so that X (w) = X (2) and also that

_ 1 ’ Kol dz
E = 7‘"—1 § X (z) X (Z"‘) 2 (11.2.1-2b)

where the contour is the unit circle. The pertinent relations for developing this result
are the "'orthogonality'' properties

w
_S
2
S HURT 4 (11.2.1-3)

1
w
s

ik

-
S
2
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or

1 dz =
2Wi zj-k+1 I |
with the contour enclosing the origin. Inserting (11.2-3) into (11.2.1-2b)

_1_ ;o1 dz
2 mi § X(z) X =% -

unit
circle
@ ©
- ‘—- X K —1_ N dz—
Z L i ¥k 2mi Q LI K+1 (11.2.1-4)
j=- k=-o unit

circie

The frequency form ( 11.2.1-2a) of the relation is found in a similar manner.

As in the analog situation the quuntity

2
Sw) = | X(w)| (11.2.1-5)

is called the energy spectrum. It can be related relatively easily to the energy correlation

sequency. The energy spectrum will be found to be the z transform (two-sided) of the
energy correlation sequence.
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Define the correlation sequence by

c_ = Z X' X, . (11.2.1-6)

with 7 an integer and assuming that the summation converges. Using the orthogonality
relations above it may be shown in developments similar to those in (11. 1-4) that

@®
CT:Z xk* xk+1_

k =-=
is (11.2.1-7)
2
-1 S S (w)e lWr
w, W) sw
2

and also

L

gL dz
= 3T § X ¥ () 2" 3

with the vnit circle as the contour. Therefore as the z transform of a sequence is unigue
it can also be seen that S (w) is the z transform of

(- -]
S (w) =Z CTe"“"T (11.2.1-82)

T= -»

or aborting notation.

oo

=2
.
S (z) :Z C_ z (11.2.1-8h)

Obviously the total energy, E, is related to the energy correlation sequence by

oo

E=C (11.2.1-9)

o
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11.2.2 Definition of the Sequence Power Spectrum and Auto-correlation Function

Often in theoretical and practical situations the sequence is infinitely, or nearly so,
long with the sequence members large enough relatively so that the energy spectrum does
not tend to converge. In this case the sequence power spectrum is defined along with the
power auto-correlation function.

The sequence power i3 defined by
: 92
| x, 12

k= -N
2N +1 (11.2,2-1)

P = lim
Noa=

Using the artifice of a trurcated transform

E () = {7
)‘N""" XN(Z)

i

(11.2.2-2)
N z
2
= X Z
J
j=-N
then
N
P = lim z | X, !2
N-e
k = -N
_(:.‘—S (11.2.2-3)
2
1 S =
e P /) dw
wy s
"%
2
where
2
_ T X |
Fo (@ = Jm  —N+1

N-+ =




if the limit exists (with '"bent'' notation as usual) or in the alternative form

F o L 5 dz .
P~ o § P (2) 5 (11. 2. 2-4)

with integration aboui the unit eircle and

1
(z} X*¥ . .=,
ps (z) = lim [:iN___r___zL]

N -+ 2N +1

P (w) can be interpreted as the frequency distribution of the sequence power as in the
analog case.

A sequence power auto-correlation function may be defined as for the energy spectrum
and a trausform relation found. The power auto-correlation function is defined as

N
3
Z 2k *x+r
k =-N
= i -
RT N‘T“ N + 1 {11.2, 2-5)

Using the truncated transform - - < it may be seen upon taking the limit at

s
3
R = (§ P (w)eTT 44 (11.2.2-6)
T (L‘s
"%
2
or
I — T d=z
RT C 2 § ps (z) z z
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Obviously, the power distribution is the z transform of the power auto-correlation function:

2] (z)=z R, z (11.2.2-7)

11.2.3 Scquence Power Spectrum and Aulo-correlation Function For Randcm Processes

In the preceding section a single sequence was considered. The ensemble averages
are of interest (Section 11.1.3).

Ac for continuous processes the ensemble averaged auto-correlation function is
defined.

§xx(kr, k+MT) = <xp X, 5 (11.2.3-1)

and if the sequence is staticnary
§xx(k'l’. (k+7)T)=9  (TT); (11.2.3-2)

namely, the statistical auto-correlation function is independent of the origin.

The ensembie averaged sequence power spectrum is defined also in 2 manner
similar io continuous processes

Y\ (i‘%
P, (w) = lim < - (11.2.3-3)

No9=

if the limit exists, where )&h (w) was defined in the nrevious section.

To find the relatiun between the statistical ensemble averaged sequence auto-correlation
function and the averaged power spectruin the relation

w
_s
2
1 TP & ; :
= = ( Xy (@) Xy (@) JeTTh, a1,2.3-9
s ~ ZN + 1
- @
Nl
2

11-29




may be written. Taking the ensemble average and identifying the various quantities:

2
> 1 i
lim Z T AN v 1 = — g I"S w) e wrT da  (11.2.3-5)

|
1w
f

N ,
lim §“ $T. ken D (11.2.°-6)
kK--N

In iraneform notation (abridged: PS (w) = PS () )

= N

P (2) - Z {lim Z §n 4T, k +r)T‘,] 2T (11.2.3-7)

N-= .
= K=-N

Expreseed in words, the transfarm of the tirme avaraged ensemble auto-correlation function
is the ensemble averaged power spectrum,

When the process is staticnarv, relations simplify considerably (11. 2, 3-2):

N
N“T@ l §n, kT, k-7T) = ¢, (TT) (11.2,3-8)
k=-N
ond
@
o ) -{wrT SR
P () - X 9 (TTe (11.2.3-9a)
r:-c\
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or

P, (2) = Z 9 (TT) i (11 2.3-9b)

T=-=

Inverting these relations for the stationary case

o (TT) = 355 § P @)z 1:- (11.2.3-10a)
or
s
2
B -iwrT g
Vo (TT = w, S P8 (w)e dw (11.2.3-10b)
“s
2
If the process is not only stationary but ergodic then
O (TT) = Ry (11.2.3-11)
where R ¥ was defined previously (Section 11,2, 2) as the sequence time average
N
X* x
R. = lim Z —k_ki¥ (11.2.2-5)
¥ No 2N +1
® k=-N

11.2.4 Relation Between Analog and Sampled Spectra and Auto~Correlation Functions

Of quite a bit of interest is the relation between sampled and continuous spectra and
auto-correlsation functions when the sampled sequence is derived from z continuous process.
The subsequent derivation . s applicable to energy and power spectra, deterministic and
statistical. Stationarity is necessary for these relations to hold in the statistical case.

Examination of (11.1,7-2) and (11. 2. 3-1) indicate that the autc-correlation functions

for both tie analeg and sampled situation are identical when the precess is stationary.
Therefore, as the auto-correlation is related to the analog spectrum, P (w') by
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@
_ 1 .C aale?rT . .
(pxx(‘rT) T ) P(w)e duw (11.1.7=12)
-
and the sampled spectrum by
u\
_S8
2
. _ 1 ' 6 alwTT . 5
P (7T oy \ P (uw)e duw (11. 2. 3-10b)
s
2

then insertion of (11.1.7-12) into (11. 2. 3-9a) relates the two spectra using the Dirac deita
function representation (2. 1. 2-6).

@ L) .
1 = l V! _’r_ i(a‘-w')f'r Wt
P =% § P [2” Y e | der,
- ® = - & -
(11. 2. 4-1)

P(w- kwb)

e
Hing

As was the case for the "simple' transform of a sequence, the function was "aliased'", the
energy, deterministic power, and stationary statistical power spectrums are also aliased.
If the aralog spectrums are bandlimited within half the sampling frequency then the sampled
spectrum and analog spectrums are equal within a factor of 1/T over the range

lw] € w/2.

It can be seen that spectrums that are 'white', flat or constant, over a large
region have auto-correlations that peak sharply. Section 3.10 discusses sequence (auto-
correlation) widths and their related transform (spectrum) widths in general. A sharp
correlation function produces a flat spectrum and, conversely, a sharp spectrum (narrow-
band) produces a long correlzation time or sequence,

11.2,5 Sequence Cross Spectrums and 7 coss-Correlation Functions I

Cross-spectra and cross-correlation functions are often used in statistical studies
and vibraticn analyses. Their definitions and relations follow closely those for single pro-
sesses and will be simply itemized heve. The cross functions require two process

sequences, X, and Y
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I Cross Energy

{ Correlation
| "
Xy _ * o
Co Z X Vi ur (11.2.5-1)
1
I Power Spectrum
'
e @
' S(w x,y) = Z c*y o WrE (11.2.5-2)
= -0
IT1 Cross Power (Deterministic)
l Correluation
N
l X * x
R - lim Z A 43 (11.2.5-3)
T N4w 2N +1
[ k = =N
[ Power Spectrum
I . [X‘N“‘” Yy (@) ]
(w, x,y) = lim (11. 2. 5-4)
[ Noe 2N +1
! and
| .
P orwky =y  RY e1eTT (11.2.5-6)
3 7 = -8
Il Cross Power (Statistical)
Correlation
fxy kT, k+7)T) =<xk,yk+f> (11.2.5-7)
11-33




and if the processes are stationary
Oy KT, kK+MT) =g, (T) (11.2.5-8)

Power Spectrum

Xy (W) Yo (w)

P, (wx,y) = lim e >
N =+
(11. 2. 5-9)
@ r N
Yoy By ET&DT) | e -
L LN . 2N +1
T=-® k=-n
and if the processes are stationary
~ @
B -iwTT 9 &
Py(wxy) =) @, (T)e (11.2.5-10)

All the various cross-spectra are related to their continuous counterparts if X1
and y are derived from stationary continuous process x(t) and y (t) by the "aliasing"

relaticn:

1
P (@,X,y) = 7 Z P(w-mu,,X,y) (11.2.5-11)
m- -@

where P can mean energy cor power spectrums.

11.2,6 Medification of a Stationary Sampled Sequence Power Spectrum by a Digital Filter
H, («), and the Effect upon '"White' Noise as an Example

The operation upon a finite sequence with a digital filter in terms of the f{ilter fre-
quency response and the signal spectral content is certainly of interest. Only the statistical
case will be presented as the other spectra are modified in an identical manner which can be
shown by & similar method.
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If the truncated sequence of Section 11. 2, 2 is filtered then the output sequence
transform would be

YN(u.') = Hz(w) XN(w) (11.2.6-1)

where Hz (w) is the digital filter transfer function in abridged notation and transient response

has been neglected. The output spectrum Psv (w) is then

Y - Yy (w) 2 )
P oy G} = b}i_r:uw | 351 "D (11.2.6-2)
|1, (@) % Py (w)

with psx (w) the input spectrum.

The output sequence power is given, for stationary sequences, by

_ foy |2 ‘
o IHY = 2o |H_{w) |® P (@) dw (11.2.6-3)

wt |
N’mel/)w £

If the input spectrum psx {x) is flat ( "white'); namely,

Pgx (w) = L (11.2. 6-4)

then, the input average sequence power is:

(11. 2, 6-5)
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The variance of the input noise is the average input sequence power:

o =¢__(0) {11, 2.6-6)
XX

as the average is zero. Therefore the r. m.s. noise voltage, N ——

N =0 = 1, (11.2.6-7)
Also, the auto-correlation sequence is found to be

1, k=0,

- kT) = 0.k # 0 (11.2.6-8)

a flat spectrum means that successive samples are uncorrelated. An auto-correction
sequence of the form (11.6-8) also implies a flat spectrum.

Finally, the digita! filter output power is found to be (equation 11.2.6-3)

05,y (0) =

w
_s
2
. 2
1 S | 1 (w) |® dw (11.2.6-9)
w Z
-]
w
S

N/I

11.2.7 Modification of the Sampled Sequence Average by a Digital Filter H ) (z)

. e

From Section 3. 4.1 the impulse response sequence of a time invariant digital filter
was found to be related to the transfer function, HZ (z), by

where Wi is the impulse response sequence. At w= 0

iuT _
=10 (11. 2. 7-1)
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['herefore:

H, (1) = z W (11. 2. 7-2)
k=0

the zero fraoguency response (DC) is equal to the summed impulse response. The notation
is abridged, as before, by writing Hz (0) rather than Hz (1) to denote the DC response.

This 12sult is used to determine the relation between input and output seuuence
averazes. As before. assume ihe input is stationary and that transient effects have decayed
so that the output will be stationarv. The resuit will be that the output average, <y >, is
simply the irput average, < x >, multiplied by the DC response HZ {0):

<y> = Hz M <x> (11, 2.7-3)

From Section 3. 4.1, the relation between input and output seauences can be written
as

Yn

™
-5« ox.

n-j
i=0

Taking ensemble averages and assuming the sequences Yn and xj are stationary:

<y>=<y.,> mn=0,+1,%2,...,
and (11.2. 7-4)
<x>:<xj>, = 0y &1 &2 s
then
-]
<y > = 4 < > G
.‘ Z \‘“-j X (11--: i 5)
j=0
As wy = 0, for k <0 the result, using equation (11.2.7-2) is:
<y> = Hz (0) < x>, (11. 2, 7-6)
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Intuitively, the result is expected. The average input behaves as the DC com-
ponert and is ti2ated as such by the filter

11.2.8 Use of the Discrete Fourier Transform to Evaluate the Sampled Spectrum For
Deterministic Waveforms

In practical situations the energy and power spectrums of duwerministic signals
often must be calculated. Statistical spectra computations are more complicated due to the
spectral estimates depending on statistical data and hence being statistical quantities them-
gelves, Considerations for statistical data spectrum analysis are discussed in Section 12

Computation of deterministic spectra are most easily performed using the discrete
Fourier transform of Section 2.6. That is, the truncated transform

N
X (@) = Z Xy e‘lwkT
k = -(N-1)

is computed at the discrete frequencies

)S‘ = X (@) (11.2.8-1)

then

o
=3
s

w i
oo
2,
=4
g |

N
X, = Z X kn (11.2.8-2)

j=-{N-1)

which is the discrete transform DFT2 of Section 2,6.1. The DFT1 of that Section may be
used equally as well, though the different range of n should be carefuliv observed.
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The fact that a finite time record ie being used to compute the spectra mean; that
a ~esolution in the spectra less than

At = 3% (11.2.8-3)

may not be obtained. Section 11. 1. 10 should be consulted where it may be seen that

the effect of a truncated record is to convolve a sin x/x waveform with the "true" spectrum
limiting the resolution. If the high leakage side lobes ci the gin x/x function are of concern
in spectrum computation the weighting methods of Section 5 7 ,.ay pe used with a concom-
mitant loss in resolution by a factor =f shuut 2.

That is the spectrum computed by the discrete Fouricr transform would be
N - 2%
o _ - " 2N+1 _
X (%) —Z xkoke (11. 2. 8-4)
= -(N-1)
where the g, are the Lanczos, cosine - aquared, or Fejer weights of Section 5. 7.

Of course, the discrete Fourier transform should be computed via the fast Fourier
transform algorithm of Section 14 if at all possible to eccnomize on computation time.
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12. | DIGITAL SPECTRUM ESTIMATION

A major problem confronting engineers and researchers is the computation of spectra
and cross-spectra that arise from various noise-like sources. Usually certain basic
assumptions are used such as stationarity of the time sequence(s) and that sampling rate of an
analog recerd(s), if the sequence(s) is derived by this means, is high enough to avoid alias-
ing. However, in many applications the stationarity of the process(es) is ir question which
Jimits the length of time over which meaningful records may be taken and hence the frequency
resolution and statistical stability of estimates. Also, certain "signal-like" waveforms are
often contained within a ncise spectra and it is the purpose of the spectrum analysis to detect
this “siguna:" and ascertain its characteristics; length of the data record and resoiution band-
width are then ofen determined by what the experimeter believes is signal duration. Finslly,
in somc me=i=rn applications such as speech processing and the study of time varying com-
munications links certain other functions of the Fourier transforms and spectrums have taken
on meaning.

Irrespective of all the conflicting aims, meanings, and applications of Fourier trans-
forms and spectrums an understanding of spectrum estimation for noise-like signals is of
basic interest and has quite general application.

Subsequent discussion will encompass basic approaches and fermulse for spectrum
resolution, statistical stability in terms of relative variation of the estimation procedure,
and the necessary data record length to achieve these ends. The fast aiscrete Fourier
transform algorithm (Section 14) will be used where necessary for reduction in t~e compu-

tational volume.

It should be pointed out that a simple "periodogram", a conversion of the datz direct-
ly tc the Fourier transform is not a good metiod of spectrum estimation as estimates are
usualiv cxceedingly unstable statistically. Section 12.4 discusses this matter at length.

Estimation of cross-spectra differs only in minor deiails which will b pointed out
where pertinent.

If a more rigorous and detailed discussion of spectrum estimation is desired, the
reader is referred to an excelient treatment by Grenander and Rosenblatt, Statistical Analysis
of Time Series, Wiley, 1957. Howcver, the treatment here is probably a prerequisite.

12,1 ESTIMATION THROUGH THE USE OF "LAGGED" PRODUCTS

A popular method of implementing estimztes of the eampled data spectrum and
cross-spectra is through the use of "lagged" products. It is basically an "indirect' method
of computing the estimates as the data is not directly Fourier transformed even assuming
possible linear weighting of the data before transformaticn. Estimates of the correlation
function, the "lags", &re first formed, the amount necessary determined by the desired
frequency resoiution and stability, then weighted and the transfcrm taken.

Procedurally, it will be found that the fast transform should be used to cumpute the
correlatior 'Magged" products as was done for discrete convolutions (Section 3. 7. 5) when a
significant number of '"lagged" products are needed.

As the lagged products are linearly combined to form spectrum estimates it should
not be unexpected thut the weights form a "filter" or "window' through which spectrum

~stimates are made.
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Equation (11. 2, 2-5) svggests taking the lagged products defined by

o~

F -

N-1-|k!

~ 1

B * T z N SRR RS (12.1-1)
r=20

-

as an sstimate of the auto-correlation functicn. N, of course, is the number of data points.
If cross spectra between two processes X and Y are of interest, then the only modification -

L

here and in future developments is the replucement

FamIm—y

AR

(12.1-2) )

§ e g

N-1-|k|

- Z $
N - [k] r 7+ |kl
r=20

Whenr actual computations are made, possibly using the fast Fourier transform aigorithm,
then the calculation of fa\k‘y may involve individual transforms of both sequences (Section !
12.1.1) which is not as much additional labor as it might seem.

The ensemble average of 31( is equal to the sampled auto-correlation furction assum- f
ing a stationary process:

<q(> = @(T) (12.1-3) I

An estimate whose average is equal to the actual value is an "unbiased' estimate. If the two-
sided transform of ﬁ( is taken and considered to be an approximation to the spectrum, which ' ‘

seems quite rational from the various definitions of spectra and correlation functions in
Section 11. 2, then a spectrum estimate might be taken to be

a) _ -iwkT '
Ps(w) = Z Py © (12.1-4) '

-
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where M is some integer less than N-1, The ensemble average of this spectrum estimate
does, in fact, appioach the actual spectrum when the number of data points and M becom.es

large. This uniform weighting has undesirable "leakage' from other frequencies.

A modified estimation procedure which produces a great deal of information about the
various aspects of spectrum measurement is a simple linear weighting:

M

o\ -1
£ (w) = Z a, B e twkT (12. 1-5)
k=-M

where the weights dk possess & useful property d_k = dk It should be noticed that the pre-
ceding estimation formula (12.1-4) is contained within this new procedure when ali the dk
are considered equal. In z transform notation the estimate may be written as

M
3, (z) = Z d ’q\(z'k (12.1-6)
k=-M

where notation has r 7ain been abridged: Ps () = Ps (z) for notational convenience.

Ensemble averaging the estimate produces

M
a -iwkT
AT =Z 4 O KT) e wk (12.1-7)
=-M
which becomes
w
8
P (W) = A : P (@)D (w-w)dw 12.1-8
(& > = ) S 4 )dw (i2.1-8)
-«
_8
2
where relation (11. 2.3-10) has been used and the definition
M
D(w) = Z d,ke"“’"T (12.1-9)
k=-M
12-3
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made. In this form the averaged estimate is capable of some interpretation. The function
D (w) is in the form of a central non-recursive digital filter and may be looked upon as a
frequency "window' or aperture through which the actual spectrum contributes to the
estimate. All the metheds of seotion 5 may be considered for synthesis of D (w), if neces-
sary. Future arguments show that D (w) must apparently be a sharply peaked functio. if
the spectrum estimate average(12 1-8)is to be composed mainly of frequencies about the
frequency of estimation. In fact; ideally it would approach the Dirac delta function.

D(w) & « d(w) (12.1-10)

in the limit of large M if an "asymptotically unbiased" estimate

(B, 1w)) ~ py(w) (12.1-11)

is desired. However, statistical stability consideraticns indicate that the width of D (w)
measured by some practical criteria (e.g. Section 3. 10) should be finite, and increases
as statistical stability increeses. Another measure of ¢ffective width for D (w) mcre
pertinent to spectrum estimation will be introduced subsequently.

An apparent defect of this estimation procedure may be the possibility of negative
estimates due to D (W) being possibly negative. However, when actuai forms for D (w) are
considered negative estimates can be used to indicate large leakage from side-lobes of
D(w} as in Figure 12.1-1.

Negative

Leakage
Side-lobe

-C'\V . Lo w

Figure 12.1-1. Typical Frequency Window (D (w)) Shape

Simple arguments  demonstrate, in the limit of large M, what properties D (w) must
possess. One of these is

s
2
‘lu S D(w)de =1 (12.1-12)
- -

_B

2

To show that this is & desirable property consider first P8 (w) as being relatively smooth
over the interva’ of peakeduess of D (w'); then
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)
(P w)) - P (w) 13‘ S D(w)dw (12.1-13)
w
2

w
if D(w') is considered to approach zero as ' approaches + 39 . Obviously, if the averaged

estimate is to be equal to the actual spectrura then the property (12.1-12) must hold for
large M.

If the actual spectrum is considered next as a single tone, or frequency of W and
an amplitude of A then P'( @) may be represented by

A2
P ) = jﬁ [G(w— w)+ 8 (w+ wo)] (12.1-14)

where this theoretical power spectrum is computed formally from the definition (11. 2. 3-3).
The total averagze power ig found to be

“s
B = S P (w")dw' (12.1-15)
w
s
2
_ A
=3

as expected. If zero frequency {DC) is considered P (w) is found to approach a delta
furction of amplitude A wg and the average nower is Az, also as expected.

From (12. 1-8) the ensemble averaged spectrum estimate with the single tone at w,
not equul to zero, is

2
(ps (w)) = AT [D(w- w) + D(w+wo)] (12.1-16)

Therefore a good spectrum estimator for a single tone should have the property, pre-
viously mentioned that

D(w) ~ & b(w) (12.1-17)
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in the limit of large M. Fortunately, the two properties (12.1-12) and (12.1-16) are quite
consistent mathematically. However, it will be seen that extreme peakedness of D(w)
will produce statistically unstable estimates. The wider D (w) becomes the better the
statistical stability with a concommitant loss in resolution. Good resolution conversely
requires a loss in statistical stability. The two attributes must be balanced against one
another in practice. Subsequent relations .will be seen to quantitatively express this
balance in terms of the resolution bandwidth, the statistical accuracy, and the data
quantity.

To usc the discrete Fourier transform and hence the fast transform algorithm
(12.1-5) is written as

,l; ‘ ~M i’\ -lu.‘nkT
s (wp) _z d P e (12.1-18)
k=-(M-1)
with
na
. 8
“n 2M
- 27 n - o (M-1). ¢+ - “F
- 2M T y 1 = (M 1)° s 0’ M-

The bottom index on (12.1-5) has been removed in writing (12.1-18) as use of the
discrete transform causes embarassment in defining equally spaced frequencies from zero
to half the sampling frequency (3ection 2.6) with an odd number of terms. In some older
books, it was not an unpopular practice to introduce a weighting of 1/2 on the end terms
(+ M) to maintain the symmetry of an odd number of terms about zero. However, this is
quite artificial And mathematically inappropriate as these two end terms are not "linearly
independent'’; one of them is redundant.

Simplifying:
M 2m
-i -=— nk
o _ ”~ 2M _
Ps(an) = E dk Py © (12.1-19)
k=-(M-1)

which is a 2M point discrete transform, DFT2 of Section 2.6.1. As the number of lags is
usually relatively small compared to the number of data points this part of the spectrum
computation is not as desparately in need of the fast transform algorithm as is the computa-
tion of lags.

It will be seen that the proper choice of the weights d‘k' or the frequency aperture

D (w), will make immediately adjacent estimates slightly correlated statistically, but
estimates spaced by two discrete frequencies will be independe..t, at least to moments of
the second order. ’

Before recasting the estimation formula into another form where frequency weighting,
rather than time or lag weighting, is used mention should be made of certain useful compen-
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sations that can be made to the lags. Often a zero frequency or "D. C. offset is contained
within the data due to inherent data properties, or the method of taking data. A linear
trend also may be pregent due to possible measurement equipment drifting or experimental
trends. If these affects are not removed prior to the lag weight and transformation they
will quite often obscure the actual data spectrum. For example, a large zero frequency
component may completely obscure the other spectral components about zero frequency
through side-lobe leakage of D (w). Therefore it is quite often useful to remove these
effects beforehand.

An excellent estimator for the mean to compensate for D. C. or zero frequency off-
get is (Section 13.1. 8).

ikt N-1 ,
<"> =N Z X, (12.1-20)
=0

By using this estimator the lags may be reduced to those of a spectrum with zero actual
mean. Some slight residual zero frequency component may remain from statistical effects
in actual estimation. Using this mean est)\mator is quite simple; it can be subtracted from
the data "k , or more simply new lags 0 K are defined by

P =p - (’x‘)z (12.1-21)

N
Then P'k is used in the previous estimator formulas instead of 6‘( to produce the spectrum
estimates /ﬁs(w).

Validity of this simple procedure ;ay be seen by taking ensemble averages and
examining the definitions of Section 11.1. 3.

When crosg-spectrums are being computed, the modification for constart D. C. off-
set is simply

O A AN /A
AT =R - <"><Y> (12.1-22)
where notation is obvious.

For a linear trend compensation directly on the data is probably easiest with pre-
sent day computing equipment and techniques. Using the methodology of Sections 13. 1.2
and 13.1.7 it is easy to generate a useful correction scheme. The raw data sequence is
modified to

_ - 2 "
x'k = X (ao + A kT) (12.1-23)
where X has been assumed to contain a linear trend. By using the assumption that the

data is uncorrelated from sample to sample (wkich is usually untrue) a conservative
estimation of the coefficients a o and a, can be made in an ''unbiased'' manner (Sections

13:1:1 and 13.1. 2).. " These are sometimes called '"least-square'' estimates and are
given by
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N-1
By = — ): [C-BrT] x,

(12.1-24)

2
AC-B =0
and
N-1
al = —-1—2 Z [-B+ArT] X
AC-B 5
r=0
where
A =N
B = N‘N'l! T

c - M-LNENY 2

Both the constant anc linear trend corrections have some effect on the frequency
windows which will not be examined here.

While weighting of the lagged products (compensated) is not a very onerous chore,
another completely equivalent method of mcdifying the raw spectral estimates ia available
which sometimes reduces computation a bit.

Define the un-weighted, or "'raw', spectral estimates by

-iw T
i’\(a)=z i\je m W

which is simply(12.1-18 ) with all d

at the discrete frequencies w

M

D(w) =Z d e
k=- (M-1)

k

=1.

-iw kT
n

I LU (12.1-25)

Next write the frequency weighting function D(w)

(12.1-26)

Therefore, from the table of Section 2.8, the discrete frequency convolution relation
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ps"‘“n) 'Z dk ’p\ke
k = ~(M-1)
($2.1-27)
M
1 Al ‘.
M z D(w, = «wp) Ot“m)
=—=(M-1)

may be written.

Fortunately, D (¢/) may be chosen in a simple form for computation and also have
desirable properties for estimation. Namely let

D (0) = 2Ma0
D{w,) = 2Ma, (17 1-28)
D(-wl) = 2Ma1
and
D(wn) =0,n=2,3,:+ . , wm.
Then, the estimates may be written as

(12.1-29)

P (@ v Viw)+a, V(a
‘“’n) a0 (wn-1)+a1 ( n) aO (a'n+l)

for1< n < M-1. The frequencies w =0and &, = n/T = w_/2 must be treated specially

aa careful examination of (12.1-27) shows that overlap from positive and negative frequencies
can occur. A simple remedy is to use the estimators

1 A

20 =%%V0 + LV (w) (12.1-30)
8 T2 ¥ 2 1’ v
and
A M - l_ = \ l <
Pg(Wy) = 5 Vwpy ) +3 VWY

which is simple arithmetic averaging.
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A well known set of values for the a, is

a, = 1/2
(12.1-31)
a, = 1/4

and are often called "hanning'' weights after a German meteorologist, Julius Von Hahn. *
These weights allow both good statistical stability and low sidelobes and are probably as
good as any other unless special properties are demanded of the estimator frequency
window.

By taking the inverse discrete Fourier transform (IDFT2) of (12.1-26) the weights
dk can be found in terms of the frequency window sampled values

1 = iwnkT
dk =M Z D(wn)e (12.1-31)
k=-(M-1)

and for the weights of (12.1-28)

o
I

a_ +2a_ cos wlkT

k o 1
v (12.1-32)
=a +231 cos(ﬁk)
For "hanning' weights
1 T
dy = 3 (1 +cos (ﬁk))
(12.1-33)

cos2 ( 2ﬁ'k)

which produces another name for the weighting scheme, cosine-squared weighting. This
weighting should be familiar from Section 5.7 where it was used for smoothing of trarsfer
functicns and to supply an integrating kerne! that behaved as a delta function. Here it be-
haves as 2 nice low pass filter with locw side-lobes.

Design of D (w) in general is closely akin to phased array antenna pattern design.
In fact the mathematical statements of the problems are identical. With a finite number of
terms (2M) it is impossible to have arbitrary control of bandwidth (beamwidth) and side-
lobes. It is desirable tc make the "width* of D (&) as narrow as possible ccncurrent with
low leakage side-lobes. The matter is discussed more fully when statistically stability
aspects are presented in Section 12. 3.

* R. B. Blackman & J. W. Tukey, The Measurement of Power Spectra, Dover, 1559
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It is obvious that this finite estimation procedure cannot produce infinite delta
functions for a constant frequency input. However, if a tone

e = A cos w k' (12.1-34)

is used it can be shown that value of the estimate at the frequency wy is approximately

A2

a0 _a
Ps(u.n) e =g M (12.1-35)

which does increase with the number of lags used. It has been assumed that the weights d

are all equal to unity. Other weighting usually reduces this value slightly. By evaluating
D(w) at zero frequency it may be seen that the d“k satisfy

k

M

'S _

2. dk = D(Q) (12.1-36)
k=-(M-1)

D (0) must grow with M if D (@) is to approach a delta function.

Mention should 21so be made that these estimates are for positive frequencies.
Negative frequencies have been assumed in the basir spectrum definition. Therefore, if
only positive frequency spectra are desired the estimated values should be doubled.
Secondly, a factor of T, the data sampling interval, should be multiplied with the estimates
if an ana'og spectrum is being computed through the use of sampled data (Section 11. 2. 4).

Recapitulating, the lagged estimation procedure consists of:

(1) Forming the lagged products, most probably by fast Fourier transformation
(Section 12, 1.1).

(2) Compensate the lags for D.C., or zero frequency constant offset and/or linear
trends.

For a constant offset the compensation takes the form of using new lagged products.

N-1 5

A 1 .

B =B - {N Z xr.l (12.1-37)
r=o

For a linear trend the data should be adjust via (12.1-23).

(3) a. Weight the lags via time weights dk and discrete transform them to obtain
the spectrum estimates

M _i _2.."_ nk
D (e - A 2M __2n g
Ps(“-n) = Z dk pke . W =Sy D (12.1-38)
k=-(M-1)
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or rather

b. From the raw estimates

M LN
2
Vie) = Z ’t}k e M (12.1-39)
k=-(M-1)

and frequency weight them by the simple formulae

/ﬁ w Olw T V(e
s( n) a, v{ n—1)+aov(“n)+a1 V(u.nﬂ) (12.1-40)

for1< n < M-1, and
(12.1-41)

Caiculations may be made which indicate how finely the statistical spectrum can
be resolved, namely the number of lags needed, and what kind of statistical stability
can be expected for a given data record length. As might be expected both quantities
can not be simultaneously be improved. One must be sacrificed for improvement in
the other. Increasing the data record length, of course, allows improvement in both
stability and resolution. Also, a calculatioa will be made of the correlation of adjacent
estimates in frequency. Both the lagged product estimation and digital filter methods
have similar developments in formulae.
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Towards these ends the variarce of the spectrum estimate about the mean at a given
frequency is calculated and also the covariance of es!imates at different frequencies as it
produces information on how closely spaced estimates must be made. Of course, the vari-
ance is simply the covariance at identical frequencies so that computation of the covariance
saiisfies vuiii uccds. Unfortunately, the covariance computation is quite difficult to per-
form in general so that the assumption of a stationary, Gaussian process is used. In any
case the caiculation is quite tedious, but worthwhile. It will be given in some detail as other
spectrum schemes that may be thought of usually involve sim:’ar calculations.

The covariance at a pair of estimates at frequencies wl and “’2 is given by the en-

semble average
ooy [ﬁs(wl) ’ ﬁ:‘“’z)] =<$s(w1) 6:“""2)> - @s(wl)) <ﬁs‘ (w2)>

-iwkT  {w,jT
~ e
M (12.1-42)

M
_ e
=L
k=-M
N-1-|k| N-1-}j]

y— [<xrxr+|k| *s xs+|j|>- xrxr+|k|>

| &
r=0 8=0

{ 1 1
*\ ®-T«l N-T3

o % D]}

Now if o process Xp; p =1, 2, 3, 4 is assumed stationary and Gaussian it can be
shown from the distribution function and its Fourier transform, the characteristic function,

that
XXX D = mpy my, +myg my, +omy, my, fieed =S)
where

mpq:(XpX)
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which is the correlation of )% and X .

q Equating X to the sequence X, for various valuas of

r it may be seen that
m = ‘p - T 12. '44
pq ((p-q) T) (12.1-44)

with @ (rT) the autocorrelation function of the sequence. Therefore

CENNEE TN EECE WD T E )

(12. 1-45)
=0@r-s)TP ((r-s+|k| - [ih Ty +@ ((r-s-|ih DO (r-s+|k)) T)
Writing @ (rT) in terms of the samplad spectrum, using the prcperty
@ (-rT) = ©(rT), and defining
N-1-|k| N-1-]j|
. 1 1 i(W-w"(=-8) T
G, (w, @' = == Z e (12.1-46)
N - N-
N - Ik m r=0 s=0
then the power estimate covariance may be written
~ ok
Cov [ps‘wl) . ﬁs (wz)]
w w
_S _8
2 2
r
- L, ) e (aw [PS(U-") P_(w!) Gy (u', @) (12.1-47)
w -
s -@ -
_£ 3
2 2
M M
-iw kT iw iT . .
xe ¥ e z Z (e-nw"<|k|-|j|>T+e-n<w" lki +e' 5] T)]

While this seems to be an almost completely unmanageable exprension a relatively simple
approximation eases matters considerably. Examination of G (o.' , @'y shows that, for

|k| |j| much less than N, it will approach a sharply peaked sampling function. If the rest
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of the integrand of (12.1-4%is "smooth" over the ''peak" of Gy( @', @') then one of the
integrations may te performed with w'" simply equated to w!', GN(w' , @'y acts like a

Dirac delta function. It must be true,in fact, that the sequence spectrum be relatively
"'smooth''. with respect to the width of GN(W' , @' if decent spectrum estimates are to be

made. The requisite property of GN(‘U' , ') follows from the closed form of the summation

N-1
1 oiwrT _ 1 1-¢t¢NT
N - N 1 -iwT
r=o -e
(12.1-48)
N-1
dw(=1) T  WNT
=5 2 aitu——2 b
Nsin(w?T)

Examination of this expression shows that it is a sharply peaked function for large N with a
vidth of the order of w_/N. In the limit as N becomes large

2| &

GN (@', W) ~ ) (w'=-w'), wp: 2y (12.1-49)

T -
Then (12. 1-48) may be written

r *
cov [ B, (@), B, (]

IH
(/')N'me

9 —iwlkT iwij
e N ) dw' P8 (w') e e (12, 1-502)
8 -0 .
.8
2
M M
X Z Z d, dj_(e““’"'k| -hh T, e (k] + |3|)T)]
k=-M j=-M
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-1wW kT iwiT
dw' [Psz(w') © . E -

1]
el,_.
-
Ime Nlme

M M
x2 Z z d, o:lj o 1 Ikl T cos (@' jT)]
k=-M )=-M

A few more manipulations are necessary before interpretation may be made. By changing
the variable of integration @' & - @' and using the evenness of the power spectrum

cov [B, (@), B, (wy]

w
_8
. : 5 -iWkT  i%,)T
= — S dwr P (w') e e (12. 1-50b)
w N 8
8 _w
-5
2
M M
x 2 Z Z dk d.1 eiw' |k| T cos (w'j'l‘)]
k=-M j=-M
By adding these two versions ((12. 1-50a) and (12. 1-50b))of the covariance
*
Cov [QB (wl) ’68 (wz)]
- w
iwkT {W,JT (12.1-51)

dw' [Psz (W) e e

I
e!,_.
2
lee “ Nlme

M M
x 2 }_ Z dk dj cos (w' jT) coe (W' kT)]
k=-M j=-M
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Using the identity

2 cos (W' jT) cos (W' kT)

(ln-. 1 52)
i % [eiw'0+k)T e WU T | 1w (=R T e-lw'o-k)T]
and the definition (12.1-9) the covariance may be written, finally, as
r *
cov [P, (), B, (w,)]
w (12. 1-53)
_8
2
- &N S P2 (W) [D(@-w) D (w -w)+D(W-w)Dw+w)] dw
wsN s 2 1 2 1
-
8
2

*
where the identity D (&) = D (-%) and a change of variables have also been used.

Now D (w) is a sharply peaked function if the mean of the estimate is to approximate
the actual spectrum (12.1-12). . . Then the second term in (12.1-53) is essentially zero
except in the vicinity of W, ~ @, ~ 0 and @, ~ W, ~ /2, zero and half the sampling

frequency, respectively. As actual functions D (&) are not zero outside the main peak at
&= 0, some leakage occurs at other frequencies depending on the size of Ps (w). The

first term in (12.1-53) measures the interaction between estimates at different frequencies.
When the separation between wl and wz increases the only interaction is due to leakage

through the side-lobes. If P8 (wz). the power spectrum, is large outside of a given esti-
wnation frequency wl then the covariance will also be large and the estimates at the two fre-
quencies quite intertwined. However, when Ps (@) is relatively smooth estimates at fre-
quencies @ and W_ are relatively independent when they are separated by more than the

1 2
"effective width' of the frequency window D (w). See (12.1-78).

From the previous discussion (12.1-53) may be reduced approximately, when the
estimates about zero and half the sampling frequency are excluded for a moment, to

w

_8
2
*
cgv[ﬁa(wl) ) ?8*((.,2)] = o S psz(wv) D(w' - w,) D (&' - &) du'
8

-@
8

32 (12,1-54)
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The specirum estimate variance at an arbitrary frequency w is given, of course, by

o?

1}

Cov [P, (), ps*(w)]

1>82 (w) | D(w-w)|? da

|
€|~
Z
], € “YE

' or by a change of variables, also
w

8
2
2 __1 2 2
0 = Zix S P (w+w) | D(w|” dor
8
-w
S
2

and

€

8
72
o? =ﬁ- g Psz(w'-w) | D (w) |? dw
8 _w
8

2

At zero and half the sampling frequency examination of (12. 1-53) irndicates that O

approximately twice as large.

The relative variation of the spectrum estimate may be defined

g
N = ———
AT

(12. 1-55)

(12.

(12.

2

is

(12.

1-56a)

1-56b)

1-57)

and is simply the ratio of the square root of the spectrum variance, the root-mean-square
spectrum error , to the mean. If the r. m.s. error is small with respect to the mean

spectrum value the relative variation is also small. Graphically it can be seen from
figure 12. 1-1 illustrating the distribution of estimates that as the r. m. 8. error decreases

the mean of the estimates is more clearly defined assuming a localized unimodal distribu-
tion function for the spectrum estimate. Section 12.5 discusses the actual distribution of

the spectrum estimate with a more detailed interpretation of the relative variation 1.
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Figure 12.1-2. Relative Variation of Spectrum Estimates

From (12.1-8) and (12.1-55) the relative variation (squared) may be written as

w
_8
3
S P (W) | D(w-wy|? qw
—ws

w —

I B ' (12.1-58)

’ -

P_(w)D (w- w)dw

“ﬂmet”‘ ~

This seemingiy complex expression under appropriate approximation gives further infor-
mation about D (Ww') which in turn implies certain constraints on the number of lags M with
respect to the number of data points N. It will be found that as less lags are used the re-
lative variation becomes smaller and hence the statistical stability becomes greater; the
spectrum estimate is more stable for less lags. However, as usual, 2 price must be paid
for this stability. Res)lution between adjacent spectrum estimates decreases with less
lags as the function D (W) broadens allowing contributions to an estimate from spectral
components at larger spacings from each other.

Assume that P (W) is reasonably constant in the vicinity of Wwhere an estimate is

to be made, then as D (Ww') becomes small outside of a region about W= 0, whose width will
be discussed subsequently, thken '
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-w
_8
2
w

2 ws
n =5 (12.1-59)
il
2
S‘ D (w') du
et
2
from the periodicity of D ( 'w'). Apparzently the ratio
P —
w
_8
2
S D (w)dw
-w
_B
w = L2 (12.1-60)
o w
.
2 2
S | D(w) | dar
-w
_8
2
has a lot to do with the efficacy of the estimation procedure. In terms of We
w
e
n °XN W,
(12: 1-61)
. "
T NTW

Consider a perfectly rectangular, and unreslizable, shape for D (w) for 2 moment:

¢, lwl< 4
D(w) = | {(12.1-62)

v, otherwise
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where A is the "ideal" bandwidth in radians per second of D (w), then

2 ,2
A" A
Y - (12.1-63)
e A2 A

Therefore, the nomenclature '":quivalent width'' for We is not undeserved. In this case

2 _ 2n
n" - NTA
(12, 1-€4)
_ 1
" NTf A
where f A is the ideal D (w) bandwiath in hertz. It can be seen that the product
2 1
fan =xwT
(12:1-65)
= IT— ; T = total time length of record in seconds
L L

is determined by the total record time. Also statistical stability only increases with the
aquare root of the recorad length. To increase stakility by a factor of 2, the record must
be 4 times as long. Faster sampling to obtain more samples does not buy better resolu-
tiun or statistical stability as might be naively thought at first as the total record lergth in
time is the basic determinant of stability and resolution. f A is essentially the frequency

resolution. As TL becomes large the relative accuracy and resolution both can become
smaller and, hence, better. Of course, resolution may be traded for statistical stability.
Relation (12. 1-65) may be thought of as a ''conservation' law. Resolution and

atatistical stability are inextricably bound together. For a given record length increased
resolution can be obtained at the expense of a loss in statistical stability and conversely.

It is quite useful to be able to express the equivalent width for a general D (W) in
terms of the lag weights dk’ This provides a means for expressing the equivalent width

in terms of the number of lags for some particular D (w)'s.

sing D (w) in terms of the dk's (12.1-9) the equivalent width may be expressed as
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— (12.1-67)

k=~(M-1)

expresses the portion of the total possible region, ws/z, over which the spectrum may be
measured.

When the uniformly weighted estimate is used sll the dk =1 and

1 )
W 2,1-6
e M 2 (12,1-68)

the equivalent width is 1/M of the total irLjuency interval, For this case the relative
stability and data quaniity is related by

- {12.1-69)

which indicates that less iags producs better statistical stability as expected.
"Hanning" has weights give ; by {12.1-33),

a =1 bd _ ,
k 2 (1+cos () (12. 1-70)

which produce an equivaleat wisth

B

- 7’ {12.1-71)

W ~
e —

which is more {han twice as wide as for uniform weighting. However, the lsrge negative
side-lobes either side of the main peak of the uniform weighting window tend to artificially
reduce the effective width. Even though th: resciution {s aiminished the "hanning'" does
produce eignificantly lower side-lobea than the uniform weighting, Side-lobe leakage with
uniform weighting is guite severe. Furthermore the rate of side-lobe fall-off with "hanning”
is proportional to the inverse cube of frequency whereas uniform weighting only falis off
inverssiy with {requency. Finally, as will be seen subsequently, the correlation between
sdjacent estimsates g also insignificant with “"hanning™.

Thersfore, even though "hanming'' does effect the balance between data quantity and
stability somewha! adversely it is preferable as leakage from other frequencies ie mini-
mized allewing a more correct estimate of the actual spectrum. In fact stakility is only
affected by a factor of J8/3 = 1.54
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For "hanning' the reiative stability is related io data quantity by

(12.1-72)

-

]
L]
z|=

As the previous discussion may indicate, the choice of windows is somewhat arbitrary.
The literature of the present and past discusses window choices by many criteria however
"hanning' seems to be a good compromise and extremely easy to use. A first choice of the
antenna designer might be Tchebychev and/or Taylor weights but for a given resolutioi. ihey
have a relatively large average side-lobe leakage and are also more complex to use.

Another point of interest is the statistical dependence of adjacent estimates which
affects the computational volume of sstimates needed. Independence of adjacent estimates,
especially when they are approximately Gaussianly distributed is best estimated by’ the
correlation coefficient (Section 11. 1. 3):

Cov {f*\s (@), ﬁ: (@, ]

p = — - (12.1-73)
A Pas, A\ x4
\/Cov B, (@), P, (wl)] Cov [PS (@, /158 (‘"2)]

Assuming, as usual, Ps (@) "smoacth'" over a region of frequency encompassing adjacent

estimates then from u_(12. 1-54)

_8
2
3 S D(w'-w)D*(w'—w)dw'
w 2 1

8 w
_S
o - e (12.1-74)
w -
3
2
1 2
o |D(w)| da
8 w
_8
2
neglecting estimates at zero and half the sampling frequency. Using (12.1-9)
- 2 —i(wl-wz)kT
Z d e
k
p . k=-(M-1) (12.1-75)
M
2
Y %
k =~ (M-1)
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If uniform weighting is used and estimates at frequencies (12.1-18)

wl = wm
(12.1-76)
- m 2%
- 2M T
and
“’2 = wn
_ o 2"
T 2M T
are desired then
I, n=m
p = 6. ném (12,1-77

as expected. Estimates are uncorrelated at adjacent frequencies with uniform weighting,
at least to the order of second moments.

For "hanning" weights

1

6 (on, m+2 6n, m-2 (12.1-78)

p=2=8 +l(6 + 8 ) +

n, m+1 n,m-1

where 6m X is the Kronecker delta. With thece weights it can be seen that the correlation
coefficient is virtually insignificant at adjacent estimates, P = 1/3, and insignificant at
estimates displaced by 2 frequencies (P = 1/6).

Correlation, then, can essentially be omitted from consideration for atimates
displaced &4 w = % ?? apart. Closer estimates become highly correlated making

evaluation of the spectrum more frequently a redundant, and computationally wasteful
process. The discrete Fourier transform is, then, certainly adequate

12.1.1 Use of the Fast Fourier Transform Aigorithm to Reduce Computation Time

By use of the fast transform algorithm (Section 14) auto-correlatior (iags) and cross-
correlation estimates may be computed in a faster manner for a significant number of points
- (yr) than by direct formation of the products. The procedure for gaining this increased

computational efficiency is quite similar to that for computing convolutions (Secticn 3. 7. 5)
as the convolution and cross-correlation relations are quite similar (Section 2.8). Auto-
correlation is simply a special case of cross-correlation whereby both sequences are
identical. ‘

The discrete cross-correlation relation (Section 2. 8) is

i |
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L-1 i2_ﬂ’
-— — nk
=%2- X Y ’ W =e L
n n
n=0

and in and ?n are the L point transforms of the ;r and ;r’ respectively. Unifortunately,
the indices in (12.1.1-1) are interpreted cyclically or modulo L which means that Zy is

not, in general, equai iv i aesircu cross-ccrrelation (12. 1-2) where indices are not
interpreted modulo N. Surmounting of this problem is accomplished by appending zeroes
to the N point (N < L) sequences X and . to form the L point sequences X and Y.

Once the sequences x - and §r are formed their discrete transforms (DFT1) are
taken and multiplied at corresponding irequencies (n), and the inverse transform (IDFT1)
taken. Depending upon L a number of lags are fcund.

To determine the appropriate value of L so that the desired M + 1 lags for use in
the spectrum estimation formula (12.1-5) may be computed write (12.1.1-1) in the form

- K - - % _
=Z Yr Frk * [ Yr Xpik - (12.1.1-2)
r=0 r=N-k

If k = 0 and the first lag (within a factor of 1/N) is desired then L may be set equal to N
and no zeroes appended. Only the first lag k = 0 is valid in this case as the cyclic term,
the second in (12.1.1-2), produces incorrect rczults. For lags of k =0, and k =1, it can
be seen that L should be set equal to N + 1 and cne zero should be appended yN = xN =0

to remove the second term.

In general, then ;r and ;r are set exactly equal to the sequences X, and A for the

first values (r=0,1,- - - , N-1). If M +1 lags are desired then M zeroes should be
appendad.

Cnly the first M + 1 products should bT epted as correct. Of course, they must
be modified by the normalizing factor 1/(N r) after they are obtained.

The procedure for optaimng the iags is now clear. An L =M + N point discrete
Fourier tranaform must be taken of each of the real N point sequences ¥ and Y appended

with M zeroes, Thesz two transforms are then multiplied frequency by frequency, after
taking the conjugsate of one (Yn)’ This new sequence is then inversely discrete transformed.

The first M + 1 members of this transform  are the desired correlation products.
Recognition of certain relations for real sequence transforms allcws only one
application of the fast Fourier transform algorithm to compute the transforms of both
x_andy_.
= r
From Section 2. 6.4 it is seen that
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X =X (12.1.1-3)
and

¥ =¥ _ (12.1.1-3)

for real sequences §r and ;r'
Thercfore, if the transform of the complex sequence is taken:
L-1

U - Z (ir -1§r) w N (12.1.1-4)

r=0

Use of (12.1.1-3) produces

* _ I s
Ut ™ 2L ¥t Y15
(12.1.1-5)
=X -iY
n n
which results in
= _ 1 U U*
Xp T 2 [ a L-n]
(12.1.1-6)

- *

Y T o [Un - UL-n]
It is quite easy to coimnpute the two transforms from the one complex transform.

A compariscn of minimum computing times for the direct method versus the trans-
form method assuming special purpose hardware, ic certainly of interest. General purpose
compute: programs are generally quite variable in computing times depending upon the

machine instruction repertoire and the individual programmer.

For the direct method the computation time, TCD, is approximately

TCp = (ZN'M)Z(M+D (o +B) (12.1.1-7)
where

@ = time per real addition in seconds.

B = time per real multiplication in seconds.
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The base 2 fast transform method requires 2 L log2 L real multiplications and
3 L log, L real additions with a total transiorm time of (3 o +28) L 1 L seconds.
2 %2

Application of the transform twice is necessary plus about 2L more additions are required
when computing two transforms simultaneously for cross-correlations. The total time by
the transform method, TC’I” is approximately, then

i

TC [2(3a+23)!og2L+2a]L

T
(12.1.1-8)
- [2 Ba+2B8) log, (M+N) + 2 a] M +N)
The efficiency ratio is
. TCD
- TCT
(12.1.1-9)
- @N-M) (M+1) (a+B)
" 2[2@a+2fh)log, (M+N) +2Q](M+N)
When the addition and multiplication times are equal, the ratio becomes
_ _(2N-M) (M+1) o
E = To Tog, (M+) 727 L7 (12.1.1-10)
For 2 smail lag to data point ratio (M/N) <<1):
M+1 (12.1.1-11)

E =~ 5 log, (M+XN) + 1

Examination of this formula quickly produces the observation, that when lazge
quantities of data are available,the transform method should be used. For exaruple,
assume that 924 data points are available and 100 lags are desired, then E is approximately
2. It would take twice as long by the direct method. Maintaining a similar lag to data
ratio but increasing the number of data points shows the real power of the transform method.
Assuming 800 lags and 7392 data points then E is approximately 12; the transform method
is faster by a factor of about 12,

12.2 ESTIMATION THROUGH THE USE OF DIGITAL FILTERS

Analog filters that possess narrow pass-bands have been used for many years to
estimate the spectrum of stationary continuous processes with a resolution approximately
equal to the bandwid:h of the filter. The scheme is quite simple in concept though certain
fundamental questions arise, as in any method, as to accuracy and statistical stability of
the estimates.
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The basic procedure used frequently by electrical engineers, utilizing band-pass
filters for spectrum measuremernt, is pictorialized below in Figure 12. 2-1.

Power ]
Meter

e ~———— 7'

l%'s v 2t

Figure 12.2-1. Spectrur. Measurement by Analog Filtering

The time function x (t) i rassed through a sharply tuned bandpass filter, H (&),
whose center frequency, & _. is the frequency at which the spectrum value is desired. The

bandwidth of the filter i< the approximate resolution with which the spectrum can be
determined. This cna be seen from (11.1.11-4) where the output power Py of che filter

output y (t) is related to the input power spectrum Px(w; by

P = S |H(w)|? P (w)de (11.1.11-4)

If H(w) is localized:

. .“'-é<|w|<w + £
H(m)={"2z S T e e (12.2-1)

\ 0, otherwise,

where A is the filter b?dwidth in radians per second, then

@ 4=
o 2

1 % A iaf .
P= 3 S P_(w)dw (12. 2-2)

where an infinite integration time in the power meter hacs been assumed. Formula
(12. 2-2) demonstrates that the filter output is an average about @y of Px(w) which is the

actual power spectrum. If Px(a.‘) is "smooth' and doesn't vary much over the region

A . <. A . oy .
we Sy w < o.o 3 then Py is a good approximation to Px(ao).
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The switch in the pictorialization was included, as the filter output should not be
measured until the initial filter transient has decayed.

Ensuring integration of the squared output for a long enough period of time T', is
of importance as in practice a finite integrating time is actually used. Section 11.1.10

requires that T' > %" where R in radians per second is the ""smearing' of the transfer

function. R should obviously be made smaller than the filter bandwidth A. Integration
time should also be long enough to reduce statistical flvctuations in the estimate of Px( o.'o).

Digital bandpass filters, of course, can also be used to estimate stationary sampled
data spectrum. Obviously estimation of a continuous spectrum through 2 sampled data
spectrum can be obtained only if the sampling frequency is high enough to avoid "aliasing".

The matiers of frequency windows and statistical stability of spectrum estimates by
digitul filters follow quite closely those for the lagged product estimation method. Certain
computalional aspects, however, should always be taken intc consideration when using
digital fiiters. Recursive and non-recursive filters while usually supplving an easy method
for implementation of spectrum analyses often require a good deal more arithmetic
operations to obtain the same accuracy of estimation as by the lagged method with the fast
Fourier transform. Recursive filters, at first glance, might seem to be faster as they
have relatively few weights for the two or four pole filters needed. Unfortunately, this
computation must be performed for every data point. Non-recursive filters, on the other
hand, do not ase pasi outputs and as the bandwidth is usually small for spectrum estimation
the output may be decimated in time by ¢ fraction of the reciprocal of the bandwidth without
causing significant aliasing. As variations in procedures are quite different depending on
applications no comparison of these filter methods will be made with the lagged product

method as far as computation time is concerned.

Consider, now, as the spectrum estimate the squared output of a digital filter
Hz(w) = Hz(z) in abbreviated notation;

N-1
P (W) = L )_ y2 (12. 2-3)
s N £ r *
r=o0

where Yk is the ontput of the digital filter and N is the number of input samples used. The
filtered output is not used until the initial transient has decayed sufficiently {Section 3. 10).

By taking certain averages, the ensemble average of Ps(w) and its variance, the
desirable properties of the filter Hz(w) may be inferred. The filter characteristic will

be seen to have much in common with the lagged product window D ().

Ensemble averaging

SACHIE <Y1-2> (12. 2-4)
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aasuniing the sequence ¥ to be stationary. If the sequence is also ergodic to at least second
moments then < yr2> can be equated to the average over all Y, squared and the average
sequence power obtained (Section 11. 2.86)

P (w)) = T § H () H(%) P_ () de (12. 2-5)
unit
circle

in z transform notatior, or

w
=2
2
<Ps(‘l-‘)> = i—s S | H(w) 12 P_(w)dw! (12. 2-6)

-w
S

2
in frequency notation.

As in the case of 'lagged product'' estimation consider the case where Ps(w') varies
slowly about the frequency of estimation, &, and the filter Hz(w’) to be bandpass filter whose
center is w. Then

w
S

2
1 2
<Ps(“’)> = P_(@) « S | H (e |* de (12. 2-7)

-w
B
2

which is remarkably similar to the expression (12. 1-3) except that Hz(o.") must be peaked at
both plus and minus w and HZ(-w) =H *Z(w). Obviously, then the digital filter transfer
function must possess the property

a‘
_S
2
1 n |2 V-
“ S |Hz(w)| dw =1 (12. 2-8)
s
_s
2

In the limit of long data records where statistical stability is easy to ccme by a
desirable attribute is seen to be

| Hy(w" ? = ‘% [5(w -w') + S(w+ m')] (12. 2-9)
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Ag Ps (w) is an even function the delta function at - w causes no problems. It should be
noted, however, that the gain of | Hz(w') |2 is only half that of the lagged product window
D (w) at the peak.

If a single tone at frequency wo and amplitude A (12. 1-14) is applied then

A? 2
Fyw) =5 TH ()] (12. 2-10)

For this case too (12.2-°) must hold in the limit of narrow bandwidths.

As an example adjust H z(w’) so that it has a narrow bandwidth and approximates

1 5 W %’ < | w! |< W + %}
3 A = -
H (@) = E,;— (12.2-11)
o, otkerwise.
Then,
wr 8
Eywy =3 [ piwnaw (12.2-12)
w- A
2

as expected. Again, if Ps(w) is "smooth' around W then, the ensemble average of the
estimate wiil effectively be the actual spectrum of Ps(w)' As may be seen the filter ampli-

tude develops a larger peak as the bandwidth narrows. A reasonable value for the actual
filter bandwidth is the 3 decibel value and the peak filter gain may be get to that given in

(12. 2-11).

As with the analog method, allowance must be made for the transient to decay before
averaging the square of the filter output. Further, enough samples must be allowed:
NT > %’ , with T the sampling interval, such that R. the frequency spectrum ''‘emearing"
in radians per second due to a finite number of samples is significantly less than the filter
bandwidth.

To perform spectrum analyses all of the techniques discussed previously for synthe-
sizing bandpass filters are available.
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For the digital filter spectrum estimation method the development of the
covariance and relative stability are somewhat simpler than that of the iagged product
method but results and interpretations are quite similar,

The covariance of a pair of estimates at frequencies w, and w, is given by

1

Cov [@B(wl) ,’ﬁ:(wz)] -< ’P\S(wl) 'ﬁ:(wz)> - <’ﬁs(w1)> <i>\:(w2)>

(12.2-13)

) rlq_z rNZ: jz;lo [<3’1,r2 Yz,sz e <y1.r2 ><y2.82>]

where the front subscripts on the y's indicate the two filter outputs.

Using (12.1-43 ) the brackets may be written, assuming stationary Ganssian processes

2 2 2 2
e Yays >'<y1,r ><y2,sz> =2(¥y,r Ya,5p (12.2-14)

Using the convolution form of the digital filter input-output relation ( Section 3. 4)

Chie Yo )™ 2 Z Wk(l) Wj(z) ¢>" X3 (12. 2-15)
k=0 j=o

1) (@)

where Wi and w:I are the impulse responses of the two estimating filters Hz(l) (w'j

and Hz(z) (w), respectively. Assuming x, stationary

k

e((r-s - k+)T) = {x xs_j> , (12.2-16)

the auto-correlation function. Writing the auto-correlation function in terms of the
spectrum

- v ax (1) (2) iw' (r-8)T
de' P(w)H ©(w) H)Y (W e

[ Nlme

<y1,r y2,s> - IUB

!
€

(12.2-17)

o}
1]
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where the definition (Section 3. 4) of the transfer function has been used. Therefore

o By B

w w (12.2-18)
8 =8
2 2
i;“z.l\_x S dw' S dw'l Pq(w') Pﬂ(("\") H'(l)(wl) H(l)(w”)* H(z)(wl) H(z)(w") G(w"w")
s_
- -
8 _8
2 2
with
N-1 2
an 1 i(w-whr -
G (w' ’ “r") == Nw Z e (12.2 19)
- r=9

which approaches a delta function for large N
G(w, @) S 8w -wm

With this approximation

w, (12. 2-20)
2 2 2
2N a 2 2 1 .
Cov [P, (w), B, (wy] - Sy § awr P2 1Dy | 18 @) |
"%
2

which is remarkably similar to the lagged product formula (12. 1-54).

The variance at a given frequency & is then

lu

4
dw' PB2 (@) | B (w) | (12. 2-21)

Q
(3]
1l
Z
E oo
S8 C| e

where the superscript on Hz( &') has been removed as a single frequency is being considered.
The relative variation squared is then
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P (W) |H (o) aw

£ L/)m'ag

(12.2-22)

~
oF
o

L

L—-)NLDE ”

2
! ‘4
P_(w) | H, () | dw

&

0o

=

Again 2s for the lagged product method assume that Ps(w') is relatively amooth with
respect to the peakedness of Hz(w') at w, then approximately

2 ws
S N (12.2-23)

with We’ the effective width for the digital filter method

w 2
_s
Z 2
S {Hz(w')l dar
-
_.8
: 32
Wel . = e (12, 2-24)
8
5
= 4
S ba_(wn | de
-
_s
2

This definition of We' allows the relative varia:ion of the digita! filter method to be written
in a form identical to that for the lagged product method. The factor of 1/2 may appear dis-

turbing but the fact that Hz( w') has peaks at both plus and minus ', the estimation frequency,

compensates for if.

For example, consider Hz( W'} as an ideal filter of bandwid*h A in radians per
second and gain A
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A, a*--%§|w'|fw+%

Hz (@) = (12. 2-25)
U, otherwise

then

_ 1 A 2 A
We' =35 ;4— ‘Lﬂ)— (12. 2-26)

The effective width W e' is actually equal to the ideal filter bandwidth. The relative varia-
tion, can be interpreted in a manner identical to that for the lagged product method as in
Section 12.5, .

Obvionsiy, narrow effective bandwidths produce less stable estimates than wide
ones. Instead of considering lags tc produce a desired resolution bandwidth, the digital
filter and its effective bardwidth may be considered directly. As with the frequency win-
dow D (W), a digital filter is desired with a fall off out-side of the effective width that will
not allow leakage of other frequencies into the estimate. Fortunately, the rate of fall-off

5
of | Hz (w") l" outside of the center frequency ' is the concern rather than the fall-off

of I Hz (& i This allows filters, recursive and non-recursive, with fewer coefficients.
Recursive filters with at most 2 to 4 poles in their transfer functions will be found to be
guite adequate.

Due to the fourth power of | Hz(a.") | involved in (12.2-24) the expression of We'

in terms of the impulse response is not as us=ful as the expression in terms of z transforms

J: 1 dz] 2 Y-
w H(z) H () —
2W ! = § £ % (%) % (12. 2-27) {

2 2,1 dz
H (2 H,(3)

where the contour integal is taken to be the unit circle. For recursive filters the use of
residue theory o, ~omplex variable thecry is helpful. However, even for the simplest
filters (12.2-27) is quite difficult to evaluate. A useful and adequate procedure is to use
two, and preferably four, pole bandpass filters of, say, the Butterworth type generated by
the bilinear z transform (Section 6. 6 ) with the 3 decibel bandwidth set equal to We'.’ 2.

It may be noted that the estimation at different frequencies involves different filters which
will not have identicai shapes, though the effective widths can be made identical. A
means of by -passing this protlem, though it is hardly a severe one, is the use of complex
demodulation (Sections 8.2 and 15) which is useful, in itself, as it Fequires only one filter
design. The next section is devoted tc this method.




12.3 COMPLEX DEMODULATE SPECTRUM ESTIMATION

Sections 8.2 and 15. 1 discuss decomposition of a sequence into compiex demodulates
and practical means of obtaining them. From the developments of these sections it would
appear that "mixing' with a frequency w and low pass filtering might give a spectrum
estimate if the magnitude squared of the complex output is used appropriately. Therefore.
take as a spectrum estimate

N-1
ﬁs (@) = -1&.. L iv?] (12.3-1)

T=0

where Ve is the complex output of a pair of identical filters operating on the "mixad"

signale in figure 12.3-1 ., Of course the output V. is not accepted until the initial transient
decays.

H_ () g

g = f +ig
-sinwkT vr T T
xk > cos ¢ kT

H (w)

—+r

Figure 12.3-1 Complex Demodulation Spectrum Estimation
In terms of the impulse response of the '"real" low pass filter Hz(w), w

N-1 = )
- % Z Z e 10T (12.3-2)

r-o j=o

W X

j r-k *

r-j

e

By a methodology almost identical to that for the bandpass filter estimation technique the
ensemble averaged spectrum is
w
8

-
(P (M)-—S 5 (a!)lH (w- w’)l dw' (12, 3-3)
-w

2

if the process X, is assumed stationary. The low pass filterirg after the mixing provides
2 "window'" at the frequency w through which estimates are made. The properties of
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2
i | Hz (w") | apparenily shoula be identical to those of D (w) of lagged produce estimation.

It should be noted that both positive and negative frequencies are not involved as with
simple bandpass filtering.

The variance is also of interest for this technique. It is

l “s (12.3-4)
2

' 1 2 4 2

l T g P_(u) [l Hy(e-wh |7+ | H(w- @) H(«+a) | ] da'

’ 2

( for Gaussian processes and N large. gt is also virtually identical to the lagged product
method with D (&) equal to H (w) With a narrow bandwidth for Hz (w') the second

term in the brackets /12.3-4) contrlbutes a negligible amount of frequencies other than
around zero and half the sampling frequency and therefore approximately:

w
=8
2
l g - 1 SP"ZIH : '|4d"
T Ve g (&) , (@ - ) - (12.3-5)
-w
_S
2
The relative variation is
.
s
2 By
\ s [ \!
S P(w) |H (& w) ! de
-ws
[ 772 = s _Z (12.3-6)
‘ N e 2 :

S
2

2
\ S = \! \
S P (W) IHz(a wy | de
w

=8
2

{ -

f or assuming P_ (w') "smooth' as done previously

ws
n = Nw '
[ -

(8]
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with the effective width of Hz (w) for the complex demodulate method given by

[ o 1 2
%
LRI
s
wr =2 - (12.3-8)

w

-2

2

S | H (@) 1* dw
-w

=

2

Certain practical aspects on the complex demodulate filtering method may be noted.

The fast discrete Fourier transform realization of the filter H_ (%) may be used if Hz (w)

is non-recursive (Section 3.7.5). Secondly, the sines and ccsines that are mixed with the
input sequence X, may be computed recursively with but 2 few operations (Section 15.2)

though occasionally for long sequences the amplitude of the wave should be renormalized
to unity. due to round-off.

As the transfer function of the digital filter is involved in the ensemble averaged
spectrum quadratically a simply one pole low pass filter will probably be adequate in many
applications. Tte bi-linear z transform of a simple low pass Butterworth filter given i.-
Section 6.6 , is a reascnable recursive digital filter to use. If longer computation times

are not objectionable a two pole filter may be used. Fcr the Butterworth filter of Section 6.6

1

Hz () = EJL:—)' 12-.3-9)
1-Bz
with
wo
a =
1+w
1 -wo
B = 1+w
and
(n T)
w = tan 8
0 2
12-38

e e T e

vsm VEEO WM MM wae e




P e e B B MW BN B B GBI e e e

ey

o |

|

00 is the digital cut-off decibel frequency.

Now using resicues
_8
2
§ Iy *aw -« o
-
i
and
w
_8
2
4 a .2
Af Ly [ \ S -
§ 18, @) der-w & 8 G-p)
w
2

Then the effective width becomes

Al \ 2 \
de (1+e )" w

()
(S]]

@+w) (1-w )
and from (12.3-9)

T
9o

\
‘LS

uo e~

radians/second,

(12.3-10a)

(12.3-10b)

(12.3-11)

(12.3-12)

for small digital bandwidth to sampling frequency ratios, which is usually the practical

gituation..

Therefore We" can be approximated by

wW" ~2rQ
« = o

(12.3-13)

Now ﬂo is the low frequency filter 3 decibel (db. ) bandwidth in radians per second from zero
irequency. When "translated" by the mixing operation (See Section 15. 2) the new 3 db band-

width, 4 o» 18 twice the low frequency bandwidth
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Ae = 200 radians/second. (12.3-14)

In these terms the effective bandwidth is given by

Wen - Ae (12.3-15)

The effective bandwidth is a factor of & larger than the 3 db bandwidth of the translated low
frequency filter. Of course, the reason for this increase is the finite ratio of fall off of the
filter, the 3 decibel width is an arbiirary measure of bandwidth. It may be noticed that ¥
is not significantly different than the 8/3 factor of "hanning' (12.1-34).

In terms of this particular lo-pass filter effective width the relative stability is
given by

2 2
n = I‘T_TT‘: (12.3-16a)

or in terms of the low frequency bandwidth

2 I}
n = WI;- (12.3-16b)

When Ae is set equal to ws/(ZM), namely the same number of spectrum estimates are made.
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12.4 LIMITATIONS OF A PERIODOGRAM ESTIMATE

As mentioned previously, the periodogram would be a highly unstable method of
estimation. It is quite easy to find the relative stability of a periodogram with the methods
used previous to this point. .

The periodogram estimate using all the data points is

2
(12.4-1)

N | N-1

-1 -iwkT
| P (@) = 5 ,X e
‘ k=0

The ensemble average is

N-1 N-1

\’f?\s(w)) = 1%1' Z Z { X, xk> e 1W&k-)T (12.4-2)

k=0 j=0

Assuming Xy stationary then

€

N-1 2
X (W -@IKT | 34 (12.4-3)

k=0 |

1
dw Ps(w') N

E(/)N

2 1
<Ps(w) > - Us

_9
2
which for large N becomes

(B, (@) = P_(w). (12. 4-4)

With a large number of data samples, N, the estimate mean approaches the actual spectrum.

However, when the estimate variance is computed along with the relative stability
disaster will set in.

The variance of the periodogram is

2 2
o° = <| 38 (w) | > - <’1§8(w)> (12. 4-5)

i Niz Z Z [(xk * *r xs> B <xk x1> (xr x'>]

S8 -iwk-j-r+s8) T




Assuming, X also Gaussian then relation (12.1-43) may be used to express the bracketed

terms in term of covariances, which can be expressed, in turn, in terms of the actual
spectrum as performed frequently in the preceding pages:

w w
_8 -8
2 2
g = 1 x dw € dw" P (W) P_(wM) (12. 4-6)
2, 2 o J 8 8
N°w
s -w -w

2 2

X Z Z E: Z [ei(w'-w)(k-r)T LW - @) (-8) T

sl (W -WKT _-i(w+wsT -i{w" - ) ei(w"+w)j'r]|

The second term in the brackets approaches zero except near zero and half the sampling
frequency where it will contribute as much as the first term. From (12.1-49) the first
terms may be seen to be equal to

GN (W, w" GN (w, w) (12. 4-7)
which for large N approaches

N2 wsz 6 (w-w) 8 (w-wr (12, 4-8)

Then the variance becomes approximately
g° = P °(w) (12. 4-9)

and the relative variation is approximately

Pg(w)

- B ) (12.4-19)

3
I

=1

which may be seen to produce a totally inaccurate estimate. Periodograms as statistical
spectrum estimators shculd be avoided!
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12,6. INTERPRETATION OF THE RELATIVE STABILITY

The relative stability was defined as the ratio

I
<P, (w))

This ratio is an effective measure of the stability of an estimate; an of .1 or . 05 would
seem to imply a highly peaked distribution of Ps (W) (figure 12.3-1) with "most" values

lying within £ 10 or % 5 percent of the average vi.lue of Ps (w) . However, itis
customary in statistical analyses to be a bit more precise, and usefully so.

An assumption (hypothesis) is made that an actual value of nis a parameter of the
distribution of P_ (w); then under this assumption the question is raised as to what will be

the fractional deviation about the true mean for a given probability of finding the estimate
between the limits of deviation.

The given probability is usually called the ''confidence level''; the confidence that the
experimenter has that the estimate ''in hand" is within the prescribed limits. Judgement
must still be exercised in the choice of ''corfidence level' that is acceptable, but this is
another level above simple subjectivity and beyond mere acceptance of 9 , the relative
stability, as the sole indicator of spectrum estimate reliability. Confidence levels of 60%,
70%, 80%, and 90% are not uncommon to use though the application usually determines
the most desirable value.

For spectrum estimation a confidence level of 80% is not unreasonable as this would
mean that approximately 4 out of 5 estirnates at differing frequencies would, on the average,
lie between prescribed limits. The approximation comes about because of the lack of com-
plete statistical independence of adjacent estimates.

To make the previous ideas more mathematically precise, some remarks concern-
ing the actual distribution functions of the lagged product and digital filter estimation
methods should be made. As the data values are random variables the spectrum estimate
will also be a random variable with a distribution function depending upon the data distribu-
tion. It would be a fortunate circumstance if the distribution of the spectrum estimate
asymptoticaily approached some well known distribution for a large number of data points,
regardless of the data distribution function or with mild restrictions on the data distribution
In mind, of course is the wish that the asymptotic distribution would be Gaussian so that the
asymptotic mean and variance of the estimates would characterize the spectrum estimate
distribution completely. Motivation for this desire comes from the ''central limit' theorem
for independent random variables. However, for stationary data that is not independently
distributed (independent data samples imply a flat ("'white'") spectrum) and not Gaussian it
is not true, in general, that the asymptotic spectrum estimate distribution is Gaussian.
Grenander and Rosenblatt (Chapter 6) discuss the matter at some length and come to the
conclusion that the assumption that the distribution of the spectrum stimate being Gaussian
is not unwarranted. This assumption will be made subsequently.
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Only a Gaussian distribution will be discussed as it leads to simple results and allows
use of tables found in almost any handbook. *

The essence of the preceding paragraphs is contained with the following definition

of fractional deviation. Assume that the individual estimate is desired to be bounded
within the limits:

CB, ) -e< B s (Bwd +e (12. 5-1)

where € is the absolute (symmetrical) deviation limit. Suppose now that the "fracticnal
deviation', A is defined by

¢ = A B (w)) (12.5-2) -

then (12. 5-1) may be written

P (w)

1-2< 22— <14+ (12.5-3) -

_<98 (Iw;>

Obviously A controls the desired limits of the ratio of an individual estimate to the mean.
From (12.5-2)  the fractional deviation may be written

A (12. 5-4)

R

and if ¢ is considered as some muitiple, ¥ , of the r. m.s. spectrum error, @, then

Bn

(12.5-5)

from (12.3-16). M is also the same multiple of the relative stability.

Now a uni-variate Gaussian distribution is defined by

* Handbook of Chemistry and Physics
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S x-m)
Q(x) = \72_'§ e 2° (12. 5-6)

where
m = mean
¢ e variance '

With the inequality {12. 5-3) written as

p (w)
-l € 1 < & (12. 5-7)

<?<w>>

then it can easily be shown that

Qs(w) ,
X = <W -1 (i2. 5-8)

is 2 Gaussianly distributed variable. if P (@) is assumed Gaussianly distributed, that has
a mean zero and variance n Hence

2
X

~ o2
w(x)=J%n e 27 (12.5-9)

The remaining problem is to find the values g that produce various probabilities, the
"confidence levels",of x lying within the limits £ ).. Now this prc' ability is given by

un X
et S e 21° d 12.5-10)
p mn -“n X (u. d
2
§ _ X
1 2
— e dJ\.
2w
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Useful values of the probability (confidence level) p (i percentage) and the multiple at
the relative stability are given in Table 12. 5-1.

B (%) u

60 .84
65 . 935

70 1.04

3% 1.28

90 1.64
95 1.56

100 -

Table 12.5-1 Confidence Levels versus Normalized Relative Stability

After the proliferation of formulae and monologue an example is emminently
worthwhile.

Suppose an estimate of a spectrum value is desired within £10% (X =.1)ats
confidence level of 90%. Then examination of Table 12. 5-1 indicates that

g = 1.64

.1 (12. 5-11)

"

. 061

In turn this accuracy requirement places a constraint on the resolution and/or
record length needed by the estimation methods.
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g
" =16
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When ""hanning" is used with the lagged product method

2
n =

’12; 5-12/

T
z|=

Therefore for an accuracy of * 10% with a confidence Icvel per estimate of 50%
(9 out of 10 estimates will be within = 10% of the correct value)

= 5.1x103 (12. 5-13)

z)=

which means that N = 1009 data peints will allow only M + 1 = 6 frequency estimates over
the interval zero to half the sampling frequency.

if the confidence level is relaxed to 80% for the same accuracy ( £ 10%) then

.1
n =128
(12.5-14)
= .078
and for "hanning"
M_ g25x108 (12.5-15)

N

The spectrum can be resolved to approximately 9 frequencies; an improvement of about
50% over that for the 90% confidence level. A small change in confidence level produces
a much larger number of frequencies { M + 1 ) into which the spectrum may be resolved.
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13. LINEAR STATISTICAL FILTERS

Quite cften the probiem of estimating the value of a sarnipled function ("'signal ")
that has been corrupted with noise or some function of it, presents itself. Examples are
target tracking with a radar and reconstruction of telemetered data. Usually, the value
of the unperturbed function is desired at some particular but fixed time with respect to
the sampling times. This time may, or may not, be at one of the sampling times of the
data 2nd within, or without, the sampling span.

According to whether the time of estimation is within the sampling span, in the
future, or the past; the estimation problem is called smoothing, prediction, or extra-
polation into the past; respectively.

Work in this section will be devoted to the exposition of two metheds:

1. Reconstruction or estimation of the uncorrupted sampled
function, or some function of it that can be created by a
linear operator, such as differentiation, assuming that
the uncorrupted sampled function can be represented as
a known linear combination of linearly independent
functions of time.

Estimation of a function which is known only statistically
through the sampled auto-correlation function and the
sampled cross-correlation function of the function with
the '"noise".

e R .

Neither of these estimation methods require that the signai or noise be
stationary (Section 11.1.4). Therefore, the linear filter weights may be time varving.

This linear estimation and reconstruction will be optimized (produce "best"
estimates) in the sense that the mean-square error (the variance) of the estimate will
be minimized. The minimization of the first method will be made subject to the con-
dition that the estimate will be unbiased; that is, the mean value of the estimate is the
value of the unpeirturbed function. This can be done with this method as the form of
the "'signal" is assumed known.

It should be pointed out that the fact that optimum linear estimation is being <
used does not mean that the variance error is a minimum with respect tc all possible
methods of estimation. Linear estimation is optimum with respect to minimum mean-
square error for data samples whose noise error is Gaussianly distributed and a few
other classes of noise distributions. Ontimization is only for the class of ail possible
linear estii.ators.

e I e P T

The great utility of linear estimators lies in three main areas:

[ —

1. Simplicity of implementation
; 2. Ease of analysis

3. Gaussian processes are frequently found in nature, at
least approximately.

]




A discussion of non-linear estimation with its complexities would con-
vince the reader tha. optirmnum linear estimation is a valuable procedure.

Before embarking upon the mathematical details of developing these
filters a few words about terminology is in order.

An "estimate' is exactly that. Noisy data is combined by means of a
mathematical expression which, when evaluated, results in an approximation to a
desired quantity. In the absence of '"noise' it is not unusual to demand of this ex-
pression, which is called an "estimator, " that it not be just an estimate, but ex-
actly the value of the quantity desired. In statistical terminology an estimator of
this kind is called an "unbiased" estimator. The first method meets this require-
ment and is discussed in Section 13. 1. Section 13.1 discusses "Weiner" filters
which do not have this constraint imposed and, as such, often perform better for
small "signal-to-noise" ratios.

A "representation'' of a function can either be an exact expression for,
or an approximation to, the function. Depending on the physical situatior math-
swmetinel anmnlavitn  and the intended purpose of the estimati~~ [, ;ecrent represen-
tations for the same function can be used. Hopeiuisy these representations would
be equal for all values of the independent variable, or, at least equivalent in,say,
a least squares approximation, equality at sampling points, or some other use-
ful manner.

An example of distinctions beiween ''equivalent" representations might
be the use of trigomometric functions versus polynomials to approximate a func-
tion over a range. The trigonometric functions would be periodic and repeat
the function outside the range of approximation. A predictor using these func-
tions for signal representation would most likely be useless unless the signal pro-
cess is also periodic with the same period, On the other hand, polynomials tend to
have values which continue the actual function outside of the range of approximation.

Fiiters uiovusscd in thia section will all be non-rclussive; further z
transform notation will not be used, and realizability conditions will nct be im-
posed (though the filters are all realizakble). Notation will be quite similar to
previous sections, but putting the f ’ters in a "standard” form tends to abscure
the fact t"at they predict, interpolate, and extrapolate into the past. Also, th~
frequency response is not the point of interest but the operation in the minimum
r.m.s. error sense is the criteria by which the filters are judged. Finally, if
the noise (or signal) statistics are not stationary then a frequency response is
difficult to define as the weights of the filter vary with time.

13.1 ESTIMATION OF A FUNCTION OF KNOWN FORM OR REPRESENTATION

Define the signal representation, in the absence of ncise, to be:
M

s(t) = }: a, ¢r<n (13.1-1)
r-20

where the ¢ (t) are some set of linearly independent functions. If s(t) were a
polynomial, ‘for example, then




-

¢ ) =t ,r=0,1,....M {13.1-2)

and

a, =, ® initial pesition,

al ok " initial velocity,

a, = a°/2 = initial acceleration,
etc.

Estimation then ir.volves determination cf the parameters o which com-
pletely specify the function s(t). Two methods are available.

1. Explicit estimation of s(t) with implicit evaluation of the
coefficients a.

2. Explicit estimation of the parameters «_ and then
evaluating the function s(i) at a particul:fr time "t".

The first method involves direct minimization of the root-mean-square
error at the time of evaluation (which is arbitrary).

Alternatively, the second method determines the coefficients a_ in a
minimum r.m. s. error manner, but begs the question of the explicit op{imi—
zation of the value of s(t) at time "t". This method will be discussed in Section
13.1.2. It will be seen in subsequent work that the two methods are completely

equivalent (Section 13.1, 3).

While the derivations in this section optimize, in a statistical sense,
the estimation of the function s(t); it is also possible to arrive at an identical set
of results using conventional least squares curve fitting for the particular case
of uncorrelated sampling.

13.1.1 Estimation of the Function Directly

The procedure in the following endeavors will be definition of the esti-
mator; equating of the ensemble averaged estimate to the value of the unper-
turbed function s(t) which developes constraints on the estimator coefficients
or "weights"; and utilization of these constraints to compute the optimum weights
from the expression for the r.m. serror in the function s(t).

Define a linear estimator 8 (t) for the function s(t) as:

N N
I 3 '
s(t) = “R-n (t')xn+k = L-' wyx(t)xN-n+k (13.1.1-])
n=0 n=9

sy

where the (N + 1) wn(t) are constants (or weights) which must be determined to

I minimize the root- mean-square noise error at some evaluation time "t'". The
quantities x, ars assumed to be given by the N + 1 sampled values of the un-
corrupted signal s(t) plus noise n(t),

i X, = 8(t) +n(t). (13.1. 1-2)
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The sampling times t, are arbitrary (obviously, can not be equal to ¥
tj unless k = j). The free index k in(13.1. 1-1)serves to indi¢ate that weights are
moved along the sequence X, as time progresses.

Taking the ensemble average (Section 7) of equation (13.1.1-1) for setting

it equal to the actual function s(t), for an "unbiased" estimate, gives -4
M N g
A . N : _ : &4
< 8(t) > = E o ¢r(t) e Z wn(t) < XRonek’ (13.1.1-3)
r=0 n=10

using the uncorrupted signal representation 11.1.1.

For convenience take the initial sample atto(k=0) and let w,, = wp(t), the -
dependence of the estimator on the time of estimation being understood.

Inserting(13.1. 1-2)into(13.1. 1-3)it is found that:

M N M
E a ¢ = E W z a ¢ (tg_m) 3
r=0 n=0 r=0

(13.1.1-4)

4

N
+ E wo <n(tﬁ_n)>
n=0

L}

E—

Assuming, without loss of generality, that the noise has zero mean:

<n (tN_n) > =0 (13.1.1-5) T

[l |

as these values if different from zero can be included in{(3.1-1); then equation
(131. 1-4)implies, as it must hold for an arbitra.y function (arbitrary a, ) within
the representation 13.1-1, that

N

—

¢r(t) - E wn¢r(tN_n); r=0,1,2,... M. (13.1.1-6)
n=0
Mathematically, equation(3.1 1-6)produces M + 1 constraints on the
M + 1 unknowns W

Next, calcuiate the variance or root-mean-square error of the estimate |
s(t). The square error is defined as the ensemble average (Section 11, 1-3). :

vi = < 8y - < 3> 2> (13.1 1-7)

st Ve
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[

P(8(t) )| oy 104

8(t) 8t .
Figure13.1.1-1. Peaked Distribution
For probability distributions p(g(t) ) of Q(t) which are peaked (Figure
1..1.1-1) as is usually the case in practice, + 0 g measures the "spread' or "average
r.m.s. error" of the random variable §(t) about the mean which is s(t) for mean

zero noise. Non-zero mean noise can be accounted for by including this mean as
part of the unperturbed function s(t) as mentioned previously.

Upon insertion of equations(13.1. 1-2)and (13.1. 1-3)into the definition 13.1.1-7
it is found that

N
25 <E (W, 0 (R )2> (13.1.1-8)
n=0

Q
"

or

N N
o2 =y WoW < n(tg ) n (tg_) >
n=0 j=0
Defining the quantity
= cjn = <n(tn_n) n (tN_j)> _ (13.1.1-9)

e,
nj

as the auto-correlation function of the ncise function n(t) (Section 11)

Z E w“ch“j . (13.1. 1-1Ca)
n=C j=0

is obtained.

The problem of determining the optimum '"filter" has been reduced to one
of formal mathematics; namely, minimize the quadratic function of N + 1 variables

w
02 (w Wi W, e E > c {13.1. 1-10b)
8 N n j'nj '

n
subject to the M + 1 constraints
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N
¢r(t) = Z wn¢r(tﬁn)' r=0,1,2,...,M. (13.1. 1-6) -y |
n=0

‘ A well known mathematical technique, that of Lagrange multipliers, is
available to assist in solving this problem. Form the function

M N
. Wi s - I xr(z w9, (t5 ) '4’r(‘))? -
r=0 n=0 i

njn
R0 (13.1.1-11)

where the A . are constants to be determined. Finally, minimize the function ©
as if it were an unconstrained function of N + 1 independent variables Wgr by taking
partial derivatives with respect to the weights, wg:

N M N

58 _
T 0= 2 Chj M0 js ¥ ¥ns 1™ Z)‘r E%(tN") % ns

n, j=0 r=0  n=0 13, 4.12)
where e
aw_ 1, n=s8
aws = 6ns - .
C, n#s.
As c = 06 .
_ns sn
N M
ZZ B W = Z }‘r‘pr(tN-s); 8 =0,15...N. (13.1.1-13)
n—=0 r=0

Equations (13.1.1-8) and (13.1,1-13) express that fact that these are M + 2 + N _
linear equations in M + 2 « N unknowns wp, and A . To simplify the solution of a3

these equations write them in matrix form.

Replace equation{l3.1. 1-6) by the matrix equation

dw = ot (13.1.1-14) .
where ‘!
[B0), = 9. 5
[ @ ben = ?p(tR-n)
and

(W) = w ,r=01,...M
n=90,1...N.

n




Similarly, equation(3,1. 1-13)becomes

C1FN ‘ i
cw = — QN (13.1.1-15)
where
[ ]r = /\r, r = .0 1. ... M
[C]ns = ¢ Mms = 0,1, N;

and 5 is the transpose of (:

(@lyq - Dgp

Therefore, the matrix equations to be solved are

ol e e W Y S e

Qw = et (13.1.1-14)
and
l -~
CW = T@A (13.1.1-15)
EliminateA by premultiplying(13.1. 1-15)by @C-l and produce, using
13.1.1-14)

Ldc P

) (15. 1. 1-16)

e

dw

peas

~s
Using the fact that § ¢! Q is a square M + 1 by M + 1 matrix the Lagrange
multipliers are:

!- A= 2l et 5 17! e (13.1. 1-17)
- Combining equations(3.1. 1-17and@31. 1-15)gives the result:
W = C'161Q0'1¢]‘1 & (t). (13.1.1-18)

| el
] i

Another result of interest is the expression of the r.m.s. error (squared)
in terms of W as given by(13.1. 1-18). In matrix terms equaticn(13,1. 1-10) for the
T.m.8. error is

2 ~
o g = wWCWw, (13.1.1-19)

and using the previous result{3.1. 1-18)it is found

~r = s
crzs =30 1@ Pt e (13.1.1-20)
where the relations
C!'=c! ascis symmetric,
and
R o
for an arbitrary square matrix A that possesses an inverse have bcen used.
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Recapitulating, an explicit expression for the linear estimator which
produces the minimum unbiased root-mean-square error at the point of estima-
tion of the unknown function within the representation s(t) has been 1ound. An .
explicit expression for the r.m. s error has also been developed.

A question as to the existence of the inverse of the correlation matrix must
be considered before calculations can be performed freely. For stationary pro-
cesses the inverse does indeed exist. Consider the origin of the correlation matrix
as zero for convenience; namely,

Cu = P-WT ;rk = 0,1,...,N; (13.1. 1-21)

where p (7) is the sampled auto-correlation function normalized such that p (0)

"
—

Write out the matrix C to inspect it:

p(0) p(-1)p(-2)...p (-N)

p(i) p (O p (-(N-1)) !
p (2)p (1)

Cr o ' | (13.1.1-22)
p (M) p(N-1) p (0) 3

For the inverse to exist, the determinant of C, | C |, cannot be zero. Alternatively
this means that the rows (or columns) of C must be linearly independent. That is, L3
a set of constants vy gyt 5 0,1,...N; cannot exist such that

N -
Y v Cy =0 (13.1.1-23)
or
0
Y vpe(@-kT) =0

r=20

This is a well studied equation, a linear difference equation (See Section ®)
3). Letting

r-k

p((r-k)T) = B (13.1.1-24) ‘
B must satisfy
N
Loyl =o
P ' (13.1.1-25)
r=0
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a polynomial of the N th order which has N roots .. Therefore, for N distinct

roots Ej’ the solution to (13. 1.1-25) has the ferm
I
pkm) = T A8 (13.1.1-26)
=1

where the A, are constants.

j
Now p (7) has the properties (Section 11 1,6)

p(0) =1,
p(=T) = p (Th (13.1.1-27)
lp(T)] < p ().

These properties cannot be satisfied by equation(3.1. 1-26), except for
rare periodic functions. Therefore, distinct roots will not do. Similarly, it can
be found that multiple roots will not produce solutions with the necessary proper-
ties.

Therefore, any correlation function with the requisite properties cannot
produce a non-zero determinant as the form of all functions that d> produce zero
determinants have been found and they do not have the properties(131.1-27).

In further calculations, therefore, the existence of inverses for stationary
processes is of no concern.

13.1.2 Estimation of the Coefficients of the Function Representation

In a manner 1dentical to the previous pages a linear estimator for the
coefficients of s(t) (131-1) can be defined:

N

A

ar - Z wran-n T & daen e M (13.1.2~1)
n=20

where the weights w__ are determined to produce an unbiased minimum variance
estimate of the actuﬁlnar's. The front subscript on the wy, refers to the par-
ticular coefficient being estimated.

As the calculation is identical in almost every detail to that for 5(t) only
the results are given:

w - c 13§ clort (13.1.2-2)
r Y r ’
and -
ol =T (P, (13.1.2-3)
ar
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where hotn Wr and Ir are column matrices:

W ] = w_;
r'n rn’ |
1, r=n,
[Ir]n - 6x'n -
LO, otherwise,
and o
oA . .
ar = r.m.s. error in estimate of ar.

13. 1.3 Equivalence of Function and Coefficient Estimation

To demonstrate the equivalence of function estimation at a point and
coefficient estimation, write the estimator for s(t) in matrix form also

A b ~ . —
s(t) = XW; [X]; = Xg.p, (13.1.3-1)

or :
A ~ -1 -1 % -1 y
0 = X' rdc Pt ew
Using the estimates for the coefficients in matrix form
A . % -l X -1% -1
& =%w_=%c P (dc P (13.1.3-2)

and M )
Al
st = ). a_ o, (13.1.3-3) A

r=0

Where the prime >n 8'(t) indicates function estimation using estimated coefficients

or
M
- 5\
% - L. Xc1Q e, 0.0 (13.1.3-4) 11
r=0
Using the associativity of matrix multiplicatio.a -
M .
S =X P dc §r! z 1.6 (t) (13.1. 3-5)
r=0

which becomes upon comparing(13.1. 3-1) and(13.1. 3-5)

st = S =X ' Fdc Pt ow (13.1. 3-6)
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and it is seen that the two methods are eguivalent.

13.1.4 Generalization to Estimators of the Effect of an Arbitrary Linear
Operator

Often interest centers upon pe-forming some li. car operation, L, on the
data such as differentiation. Assuming noisy data sa:.:;: es, as before, the problem
is to find 2 linear estimator of this operator (filter) so .hat its output has the least
r.m.s. noise error and is exact in the absence of noise.

Derivation of this filter is identical to the previous sections. The opera-
tor is defined by its effect upon the signal representation. By the postulated
linearity of the operator L, tne effect upon the unperturbed function s(t) is given by

M

v(t) = Ls(t)y= E a Lo (1) (13.1.4-1)
r=0
If for example L is the differentiation opcrator and the ¢, (t) are trigono-

metric exponentials ei«rt, then
1=2P

»

d .
Ls(t) = 5 s@ = a iwp e P-r (15.1. 4-2)

where L ¢_(t) = iwre

Again, the derivation in this section paraliels that for the estimator of
the function s(t) {L = 1), Secticn13,1.1. This time the constraint becomes,

mathematically,

N R
< C(t} > = < Z wIl; xﬁ-k >=Z ’-Il; s(tﬁ'-k) (i3.1.4-3)
_k= ; k=0
N 'VI

Z Z K Qr &ty

and as the relation must hoid for arbitrary @ .1 is found using the equation for
an unbiased estimator:

vt = < ¥(b)> 3. 1. 4-4)

that
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N M M

L S gy
Y ¥ wp a bt ) = T a Lo (13.1. 4--5)
k=0 r=0 r=0

or
N
A ~ .

3 wy ity ) = Loy (13.1.4-6)
k=0

Using these constraints alongwith Lagrange multipliers in a manner
identica! to \hat for the s(t) estimator (Section12.1. 1) it is found that the weights
are given by

-1% -1
w = ¢l 5[ ®c Q1 4Ly (13.1.4-7)

where C is the covariance matrix (equation13 1. 1-9), é the sampling matrix
(ecuation 13.1. 1-14) ard

Yo 7

L
w

=

W o= : (13.1. 4-8)

[L ot
Lo, (1)

st(t) =

Lén(t) 1

The variance of the estimate is given as

(13.1.4-9)
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13.1.5 Derivative Estimators

Results of the preceding cection allow the expressions for derivative
estimators to be written. They are

Gt 5 o) ¢ ?131 ) (13.1.5-1

where W(Q) is the column matrix of the estimator weights for the gth derivative
of s(t) at time "t'" and

- g
[6 @] , -

at%

(@) (13.1.5-2)
The variance of the estimate is given as
ol = Puw 1P o%. (13.1.5-3)

13.1.6 Explicit Expression of Certain Estimators and Their Square Errors

As an aid to computation of the estimator weights and the performance
measures {the rcot-mean-square errors) the matrix equations are presented in
indicial form. (A graphical presentation of the performance of various estimators
using these equations is given in Section 13.1.11).

The weights for the estimator {including the derivatives of s(t) )

(Q) _
{t) Z ¥ "N-n (13.1.6-1)

are, from matrix equation(3.1. 5-1)

" (13.1. 6-2)

wl¥ = Z Z. Z C cI)mn ms¢(q)(t).r=01 LK.

n=0 m=0 s8=0

where the definition

N ~ -16 -1 o
U T U = idc 1jk (13.1.6-3)

a N
42 E ijn C-nm CI) km N i.k=0,1,... M.

ik
is made,
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Similarly, the nquare error from eguation(13.1. 5-8)can be expressed as

M M
a =0, L & 4 uy

sq (13.1. 8-4) i
i=0 r=0
3
The coefficients a have est.mator coefficients: -
N M M (18. 1.6-5)
n=0,1,...,N ad
_ _1 ’ ] 1]
Yar Z‘ Z‘ Crt mt “mn;
t=0 m=0 s=0 r=0,1,....M,

and mean square errors: .

4 =u

% i 1l

g

The matrix u,, can be intirpreted (and is) as the cross-correlation
J&fflcients a

X

n.atrix of the 2stimated
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13. 1.7 Specialization of the Estimators to an Important Case

An important special case met often in practice, at least approximately,
is that of measurements of the cerrupted function s(t) which are statistically
independent, mean zero, and of equal square error. That is, the correlation
between successive measurements is zero ( <n(tk) n(t) > = 0, jnot equal to k)
and the noise square error of each measurement has ajcommon viiue <n2(tk))= o
(the noige process is stationary).

Under these assumptions the matrix C is given by

C= 021 i (1), = 65 the identity matrix. (13.1.7-1)

ij J

The estimator weight and error formulas simplify to

“r(Q) = Q [Q Q]-l ¢(Q)(t) (13.1.7-2)
or
M M
w37 19w o0 N
m=0 s=0
and
op = w9 w(®, 2 (13.1.7-3)
q
or
0? 2 M M
W (q) @y u
2 2. X o @we Yy,
j=0 r=20
N
-1
Uk = [ Z ‘bjn q)kn] : j,k=0,1,... M.
n=20 ik
Similarly, for the coefficients of the representation, o
M
n=0,1, ... M
= ' » ’ 13. . ~4
“nr Z: @mrumn' r=0 1 N ( L.7-4)
s L
and 9
8
— = u'nn. (13.1.7-5)
g
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13.1.8 Estimator Examples

Illustrative useful examples that can be carried out relatively easily with
pencil and paper, rather than computer computation, are the polynomial represen-
tations with equally spaced samples. These calculations are carried out here for
M = 0 and 1; which are constant and linear estimation, respectively. Also assume
vhe special noise case of independent equal variance sampiles.

a. M= 0: constant estimation
The matrix Q becomes

¢-Lll- 1l ¢, (t) =1 forallt. (13.1.8-1)
N+1
Therefore:
0] @ = N+1, (a 1 x 1 matrix, a scalar) (13. 1.8-2)
and
1
z.-1 . 1\
W = @ (081 o) = U {13.1.8-3)
./
or
w = —1—
k N+1

The square error is given by

78 1

= —_—

c? N+1

(13.1.8-4)

As expected, the best linear estimator of a constant using N + 1
samples is:

N
8= L %u'Nom
m=0

or (13. 1.8-5)

g ES

s=[ xm.!/('ﬁ+1)

m=0

ty: wel. known ""average' that is met firat by most people.
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b. M= 1: linear estimation (a more complicated procedure)

P =1, ¢,{H)=t (13.1.8-6)
‘ and the matrix ) becomes
1 1 1 1 1
l ®=|%r.... 2170 (13.1.8-7)
where T is the time between samples.
' Also obtained is
1 NT T
l 111...11 A 3
o 6= N e o rows (13 1.8-8)
l - N+1__ ;2T
Columns T
l or
N
= -
| o1 [
- 4 r=1
Q (b = _ - (13.1.8-9)
l N N
o & E r T2 E r2 :
I l.. r=1 r=1
a 2 X 2 matrix
!’ Defining:
A=N+1
{ N _
B=T ) r-= —1—1’”’;” T (13. 1. 8-10)

r=1

i (31.8-9)can be written

*_[A B
@@’[B c] (13.1.8-11)
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Its inverse is

C -B
-1 1
! [_ ] (13.1.8-12)
¢ = ——= |5 a
The estimator of the function s(t) = b_+ b.t is given by using the column
[ 1
vector
)|
o) = (13.1.8-13)
t
and thereiore
M N1
y v, 1 -
¢ i . — [ S 2] [tl (13. 1.8-14)
Pt 2T AC-B
i TR
Ll 0

-~

=+ " C-Bt+N T (-B+At)
C-Bt+(N-1)T (-B+ At

W= ————— . (13.1.8-15)
AC-B

C-Bt+T (-B+ A
| c-Bt

In terms of individual members of W:

w, = —— (C-Bt+{N-K(-B+Ay))k=0,1,... N
AC - B

(13.1.8-16)

For the case of only two da‘a points (‘ﬁ = 1) and prediction one sample
period into the future (t = 2T) it is found that

w =2
. (13.1.8-17)
w, = -1
and the estimator is
~
= 2x, - .8-
8(2T) X, "X, (13.1.8-18)
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To demonstrate its efficacy, use it on samples of the function with

s(t) =b_+b,t,
X = bo + blt’ (13. 1.8-19)
X, = bo + 'ul(t + T),

and expect

£= by + by (t+2T) (13. 1.8-20)

Inserting in the estimator expression with the weights of 13.1.1-1 7)
Ao . —
S 2bo + 2b1(t +T) bo blt

or (13. 1. 8-21)
£= b, + by (t+2T),

which checks, as it must.

Computed next is the square error for the linear predictors

og = 1—'—-)— =B rl] (13.1.8-22)
AC
or 2 2 — — ——
e 12(+ )" - 12 R (t?) + 2N (2N+1)
o2 N (N+1)(N+2)

A point of interest is the functicnal dependence ot ¢ 4 on the evaluation

(prediction) time t and the number of data samples N + 1. It'is seen that o, varies
linearly with time t and inversaly as the A/N + 1. The iimiting forms becdme

a,s\ 2“‘? L%

2y ——F— for || Wy (13. 1.8-23)
N (N+ D(N +2)
and
o
- o 2_. -, for N + 1 large. (13.1.8-24)
o r—
N+1

For the case of unequal sampling times and estimation of a !'inear function,
it is interesting to compute the normalized noise error. Computation of the weight-
ing coefficients, while certainily usefulwhen smoothing, is of no particular theoret-
ical interest.
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S
As in the equal samp'e interval case the matrix @ @ is given by

ol 2]

where in this case

Cl

]
MED
e
no

Similarly the inverse is

C'-B

[©¢]-1=A'_C'll-—-ﬂ_'§— [_BlA!

and
2 ™ _R!
%% _ .y C B] [-1
_R! A!
o ac-p? LB AL L
(L i c'-rvf]
= ~R! 4+ A}
ac -B¢  [TB' AR
or
¢ 2 2
s _ _C'-2B't+A't
2 . .2
o A'C'-B

]

J

(15. 1. 8-25)

(13. 1.8-26)

(13. 1.8-27)

(13.1.8-28)

(13.1.8-29)

To put this resuit in a more interesting form define the mean of the

measurement times

N
ST
e ]
_ j=0 B B’
By = N+ 1 Y
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and the spread (squared) of the measurement times

N
s - -
£ (tj ny 2
- A " '
gt‘ = .._%.;_1___ = £— - (%) (13.1.8-31)
and find that
! '
ng tz -2 -%, t + %
5 = 5 {13.1.8-32)
o A,(_C_:_'_ By
AI (AV ’ )
Completing the square in the numerator
' 1 | 2 1 2
- = 5 (13.1.8-33)
o a'o
t
or finally
2 2
%s 1 )
F— = == (1+ s ) (13. 1.8-34)
o N+1 I

t

Obviously, ¢ _ is a minimum when the prediction time is equal to the
mean of the measurement times. For equal sampling times this means that the
smoothing is best ("optimum'') when the prediction, or smoothing times, is used in
the middle of the data span t = T (also a "delay" of -NL_  in time). This resuli
does not hold fcr an arbitrary ordex predictor in general.

13.7..9 Representation Error

Another facet of these estimators is the error made when using an inade-
quate representation in their design. Thé&t is. M is chosen, when designing the
estimator, smaller than the actual number of functions ¢ (t) that are present, say,
M' in the signal representation. This will cause a "repr‘esentation error' even
without noise.

An example would be the use of an estimator, designed for errorless
prediction of a straight line, upon a quadratic input. After development of error
formulas for the general function representation s(t) in equation(131-)), the error
will be evaluated in this special case.

Define the representation ecrcr as the difference between the noiseless
function s(t) and the estimated output 8(t)

M _ -
Eyr = B(t) - s(t) (13.1.9-1)




whore the subscript M and superscript M' indicate the explicity dependence
of the error on the predictor design, M aud the signal M'. Obviously, if M = M’
no error will be present (other thar noise).

M N il
th:' - 2 ar¢r(t) - Z W Z ar¢r(tﬁ--m)' (13.1.9-2)
0

r=0 m=0 r=

Ava

Use the equations of constraint (131.1-6) for the unbiased estimation of the signal
when M of the functions ¢ _(t) are present. These constraints were used in calcu-
lating the wm's. They ar

N
6.~ D W o (b )=0 (13. 1. 1-6)

m=0

Upon splitting the second sum in equation 13.1. 9-2 into two parts over the
index r; namely, from 0< r<Mand M + 1<r < M' it is found, upon using the
constraints, that

M' N
M= 2 e m- > ow b (g )] (18193
r=M+1 m =0

Obviously, if the predictor were designed for a representation of M’
order, the term in brackets would be zero, as it is the equation of constraint for
that representaticn. The error would then be zero as it should be .

The special cases of M = 1, M'= 2 are evaluated for the polynomial signal
1epresentation. Phrased another way, find the quadratic error for a lin2ar pre-
dictor.

The weights were given, for the linear input sampled at equaily epaced
times, in equation13.1.8-16 as:

w = —2— (C-Bi+(N-m)(-B+Ay) (13.1.8-1€)

M AC-B
Assuming the quadratic irput
2
_ 2
8(t) = Z ad () = a + xt+ agt
r=0

the representation errors are found
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N

(2) _ 2_ . = _ 2 2

E(l) = az{t ZO wm(l\ m) Ts-i
m

or (13.1.8-17)

(@)
“y =

¢2-B%+aB®- CB)t-]
9
AC - B~ .4

o
f -r )
[\~
¢
N

il i eme oW oI

13.1.10 Orthogonal Representations

4 i

If the function representation is assumed to be orthogonal over ihe sampling
span.then certain simplifications result. By "orthogonal over the sampling span"
the following is meant.

[ |
.

Let, as before,
M

S(t) = z a ¢ (b (13.1-1

rr

b Maswbee. 4
B

r=90
then the functions ¢r(t) possess the property

N 1, r=j

Z ot ¢j*(tk) = ¢ ri =10, r#j (13. 1. 10-1)
k=0

{where the asterisk indicates complex conjugation) for the set of points tk

» e iy

For the speciai case discussed previously with C = 021, the matrix

g 7 can be evaluated (the previous derivaticn modified slightly to allow complex functions
‘ 6.(1) _ N
~ N N
‘ = S * - x A 13‘ _2
k=0 n=90

and immediately

thed ~
: (P =1dPn -1 (13. 1. 10-3)

Namely, [ *] is the identity matrix, which is its own inverse. The
- corresponding weight vector {or the estimator is given as
H ~
@ = (D ¢(Q)(t) * (13. 1. 10-4)
w
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and the sguare errvor is

o, 2= 5y ot
q

R

(o~ (12.1. 10-5)

12.1. ' Graphical Presentaticn of Polynomial Representation Estimator
Properties With Stationary, Uncorrelated, Noise

As an indication of the efficiency of estimators of functions of a known
linear form, vorious graphs are presented demonstrating performance of poly-
nomial predicators using equi-spaced data. These predi~tors were discussed
in Seciion 13.1.x,

The polynomial predicatcrs here are specialized to stationary notse that
s uncorrelated between samples, this is not atypical of the aircrafi tracking
problem using radar. Pulses are usually spaced many times the correiation time
of the receiver (the reciprocal ¢f the bandwidth).

Examination of th: ¢stimator weights W, for the polvnomial predictor of
a given ~rder in terms of the matrices ¢ and ¢, shows that they are functions of

the ratic
t
L i - . [ _
a —8————‘ T . the normalized prediction time 13.1.11-1
and of N,
where
t = prediction time measured from the beginning of the
P data span in seconds
R+l = the number of data points used in the predictor
T = the time between equi-spaced data samples
NT = the total span of time covered b+ the data in seconds.

For various ranges of « three ciasses of predictors may be defined:

1.  a<9, extrapolation intc the past:
2. 0O<agl, smoothing:
3.

a>1i. prediction into the future.

Similarly. as the noise has been chosen to be stationary and uncorrelated,
the correlation matrix is given by

C = ¢ I, 1= identity matrix
with ¢ equal to the r.m.s error of an individual data sample.
These facts allow plotting of the "normalized rms error'

g
£ (13.1.11-2
g

as a function of a = tp,«"?-‘:'T.

15-24




|
|

feied  wesd  gaad GEE N S SN SN GM I G WA  wne

Of course, graphs for fixed a, the normalized prediction time with the
numbc: of data points N+1 varied are alsv of interest for various predictor orders
and are included.

Graphs follow with interpretations where needed.

Figure13.1. 11~1 is a plot of the normalized r. m. s estimation errcr versus
the normalized estimation time. It can be seen from Figure13.1.11i-1, and proven
mathematically, that the predictor errors are symmetrical about o = .5, the
center of the data span. Actually, only errors for a > .5 need be presented, but
values for a > 0 are included for clarity.

The errors are obviously least for smoothing. 0 < a < 1. and increase
rapidly for extrapolation and prediction times outside the data span., a<0, a > 1;
further prediction, « > 1. is best for lower order predictors.

Finally, error minimums depend on the order of the predictor z2ud are
found at prediction times within the data span. For odd order (M predictors the
error minimums occur in the center of the data span. Even order predictors have
minimum eriors at points other than the data spar center. except for M = 0 which
is a constant estimator and has a contant error regacdless of the prediction time
(See Section 13. 1. 8).

Figure13.i.11-2 depicts the error (normalized) for fixed a's with the
number of data points varying. Figures15.1.1i-2a, b, and ¢ are for predictor
orders M = 1,2, and 3, resj 2ctivelv. It can be seen that increasing the number
of data samples nas the desired effect of reducing the estimation error.

In Figure 13.1. 11-3 the effect of increasing the predictor order can be
observed. Two particular normalized prediction times have been chosen; smoothing
in the middle of the interval, a = .5, and prediction one sampling interval ahead
of the data span (radar tracking), tp = (N+1) Tor a= (N+1)/N. In Figure
13.1.11-3a , midpoint smoothing the errors are seen to increase with order (M)
though successive even-odd order pairs have the same value; hence the rough
curves, which are obviously not valid at points of the abscissa other than the in-
tegers. Figureld.l. i1-3b illustrates the same phencmena of increasing error
with order. Obviously, the curve being estimated should be fitted with the least
possible order. Statistical accuracy is lost as the order of fitting is increased.

Frequency response_magnitudes, for the two cases a = .5 (midpoint
smoothing) and. a = (N + 1)/N (pred.ction one interval in the future) are given in
Figure 12.1. 11-4, . The sampling frequenc: has been normalized to 1 sample per
second. Fi ureld.l.11-4a (M=1) and b (M=2) for midpoint smoothing behave
somewhat like low pass filters, but it can be seen from Figures13i. 11-4c
(M=1) and 13.1. 1i-4b (M=2) that predictor behavior changes violently when « in-
creases to 1 unit of prediction, a = (EH)/N. Frequency response is a tenuous idea
at best when describing "optimum' estimators.
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13.2 WEINER FILTERS

Another estimator, or filter, of considerable interest is the sampled data
version of the "Weiner® filter. Many signals to be estimated in the presence of
noise are themselves random, or at least appear to be so. Sometimes the lack of
knowledge of the details of the signal structure, other than certain "average" pro-
perties to be discussed, force the use of the hypothesis of randomness.

Define the filter as before (Section13.1) to be a weighting sequence w__ such
the output of the filter s(t) is given by m

N
8(t) = Z woXS (13.2-1)
m=90

where x, is a data sample at time t, . This is the typical non-recursive linear
filter fo¥m seen in previous sectiond. What will distinguish the filter of this
gection will be the assumptions under which the weights W, are determined.

The assumptions under which the filter is designed are:

1. The data samples are given by a linear combination of the noiseless
signal s(t) plus noise n(t) of zero mean. Non-zero mean noise can be
compensated by subtracting the mean frointhe output. Mathematically,

xX(t) = s(t) + n(t) (13.2-2)

2. The output of the filter, 8(t) is the estimate of the uncorrupted function
s(t) at some arbitrary, but fixed time t with respect to the data span.

3. Both noise and signal are described by their auto-correlation func-
tions, their cross-correlation function, and their means. It is not
necessary to assume that either noise or signal are stationary random
processes at this point, which allows time varying filters.

4. Performance of the filter is judged by the ensemble averaged square
error between s(t) and s(t)(or its square root, the r.in. s error):

2
€

average square error

(s(t) - 8(t) )2\ (13.2-3)
st - 800"

Petermination of the filter (the wm's) shall be such that the square error is
minimized.
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Proceeding with the derivation along these lines the square error is
evalvated using equations of Section 11.1.

N
<(s(t)-2w S(t5_ ) -Z_‘_an(t—m?)>(1324\

|
i - G-z Z Wy 50 5l
| -2 Z m U0 10, N
' ;0 N
R SR T
| oY
I £ S S w ké(tﬁ_m)s(qg_k)>

m=0 k 0
N

_p3 Zw " ClRom) MR-
s m=0 k=0
‘ Minimize 62 with respect to all the w_'s by taking the partial derivatives

and setting them equal to zero. Using the relation
- Aw_w.) I

m k' _ lm=r _
3w = Ym0kt Ykl mr O © ]?m#r (13.2-5)

it is found that:

o (G s + (g )>) 0226

r

-2 > wp (Bl ) Mty r’/

m=

Z|

b))

S(tﬁ—r) S(t_ﬁ—m) > ¥ @tﬁ‘-r) n(tﬁ"m)> )i
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where the fact that

.
_ ST, — o T 9~
<‘°’(tr;-r’ Nem! <’(t"—m’ ‘S(L.\‘—r> (.21

has been used.

To solve these eguations convert them to matrix form. Define the
matrices:

1. The signal sample correlation matrix

lq)sslmr - [cbss}rm B <S(t§—x" b.(t_&’_—m’> Prem =000 Ny

The noise sample correlation matrix

3%}

N

[(‘Pnn}mr - ‘l\'t)nn]rm - (tj\j-r) n“—i—m) > M= 00 b N

3. The signal-roise cross-correiction matrix

(Ogp ! 1y = <s(t-‘,;:_m) n(t-‘;\:—r)> ‘r,m=0,1, ... N

4. The prediction time signal-sample time signal correlation matrix
(a column vector)

t < .
[(I)S I = <s,(t) s(tE_I)>I. r=0,1..., N, (13, 2-11)

5. The prediction time signal-sample time noise cross-correlation
matrix (a column vector)

t . =~ ~ ¢ ‘
1(1) 2l E <s(t) n(t?\:_r)> r=0,1, ... N; (15.2-12)

. The weight vector

[W]r = wr; r=0,1, ...~ (13.2-113)

Equation (13.2-6) for the weight vector may now be rewritten as

t

I(Dss'@nn"’bsp"bsn]\‘v':@i ROM (15, 2-14)

where ;§ is the transpose of (D :

sn sh

v
; f‘ i G211
e e [¢ snd mr (1. 0= 15
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A formal solution to equation (13. 2-14) caa be written; namely,

~ 1 xt t
Wl0u* O Pen D snl Do+ O (13. 2-16)

where A—1 = the inverse of A.

The words "formal soiution" are used because it depends on the existence
of the inverse matrix. An inverse of a matrix exists if iis determinant is not zero.
That is,the sclution 13.2-16 hoids if

|®ss ¥ an_ ¢sn ‘(bsnl # 0. (13. 2-7)

In Section 13.1. 1 (equations 3.1. 1-21 etc.) the problem of the existence of
the inverse the matrix C is discussed. The elements of C were the auto-correlation
function of a stationary noise function n(t). {(i3.2-7) which appears quite com-
plicated as it is the sum of four matrices, is actually the auto-correlation function
of the difference betweer. signal and noise. If it is assumed that these processes
are stztionary, then, by Sectiou13.1. 1, the matrix of equation (13.2-16) also
possesses an inverse. Therefore, at least for stationary processes the "optimum"
filter can be found.

13.2.1 Specialization of the Solution to an Important Case

Assume here that the signal and noise are uncorrelated as, for example,
a transmitted speech waveform corrupted by receiver noise. Mathematically
phrased this means

- 13.2.1-1
@ sn 0 ( a)
and

Q=0 (13. 2. 1-1b)

Therefore, in this instance,
- . -1zt )
W=i0g P ml Do (13.2.1-2)
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14. THE FAST FCURIER TRANSFORM AND VARIOUS MECHANIZATIONS

The fast Fourier transform is a significantly more rapid method of computing the
discrete Fourier transform (Sectlon 2. 6) than has been used conventionally. By taking

advantage of the pemochc properties cf the quantity WJ 2mij/N and certain symmetries

when N is highly composite, namely composed of many factors, the amount of computation
may be reduced considerably from that using the definition directly.

Recall the definition of the discrete Fourier transform (DFT1)

N-1 ;2f
N

X_ =Z x, wit w-e 2.6.1- )
=

with the inverse transform given by (IDFT1)

N -1

x; = %Z X wh (2.6.1- )

This particular form of the transform is not the only form that may be used, but it has be-
come conventional in the literature and will be discussed subsequently. Another convenient
version of the transform and its relation to the one used in this section is also discussed in
Section 2.6.1. it mayv be noted that the discrete Fourier transform and its inverse have
essentially the same form as far as numerical calculations are concerned; only the propor-
tionality factor and the sign of the cxponent of W differ.

The fundamental version of the algorithm to be described here is that of Cooley and
Tukey which essentially resolves an N point transform to many smaller transforms. A
slight modification, decimation in frequency, is also dlscussed The algorithm will be

specia.h"ed in detail to the case where N is a power of two; N=2T

Subsequent discussion shows that there are two distinet modes 6f mechanizing the
fast transform, serial and parallel, as for the conventional method of discrete transforma-
tion. By serial mechanization the successive performance of each basic mathematical
operation of a-ddition, multiplication, or storing is meant. Parallel mechanization, on the
other hand, allows a number of simultaneous multiplication, addition, and storing opera-
tions. More hardware, of course, is required for the pa.allel mechanization. The con-
ventional method of computing the transform is also capable of being computed in either
mode. Examination of (2. €. 1-1) indicates that, in its most simple form, the transform
for each Xn may be computed 1irst for n = 0, thenn = 1, ete., with N successive multi-

plications and a.dditions (complex) for each n requiring N2 total operations sequentially.
If the hardware is available the N different Xn may be computed individually at the same

time by N multipliers and adders using only N operatiuns. When speed is mandatory it
may be necessary to mechanize the parallel version.
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The fast Fourier transform aigorithm, when mechanized has an advantage in speed
over the conventional transform by a factor proportional tc N/log,N when parallel versions

are compared and when serial versions are compared. In both modes of transformation the
parallel method is N times faster than the serial method.

Storage necessary for the fast algocithm can be that for the N data points. In each
phase of the algorithm, the various computations can be done "in place", that is as new
quantities are formed they are stored in the places occupied by their constituents. The
discrete transform, atthe end of the algorithm, resides in the original data locations.
Unfortunately, the transform is in "'bit reversed' order, to be discussed subsequently if
the data was in original time order. By "bit reversing'' the data the transform can be
obtained in normal order if necessary. Therefore, when the procedure is mechanized by
a general purpose computer, 'bit reversing' routines are useful and require only a few
registers as additional storage.

Accuracy of the fast algorithm is also approximately better than the direct method
by a factor of N/logzN as that many less operations a.2 necessary.

14.1 BASIS OF THE FAST TRANSFORM ALGORITHM

In subsequent discussion a paper by J. Cooley presented at the SHARE XXIX,
August 16-18, 1967, the contents of the IEEE Transactions on Audio and Acoustics, June
1967, and the paper of J. W. Cooley and J. W:" Tukey *An Algorithm for the' Machine Cal-
culatior of Complex Fourier Series', Mathematics of Computation, April, 1965, have been
heavily relied upon in deecribing basic versions of the N log, N class of algorithms. A more

complete set of references is given in the Bibliography.

The discrete transform is repeated:

N-1

X% =)

x. win (14.1-1)
j=0

j

_2qi
with W = e N used to be more compatible with the 1vailable literature. Various

definitions used are by no means uniform. Definition of the sign of the transform exponent
has been maintained at minus for the transform from the time to frequency domain through-

out this document consistent with popular scientific and engineering usage in the last gharter
century with continuous functions.

Assume at first that N is composed of two urbitrary integer factors N =r s and de-
fine a one-to-one mapring between the integers used in (14.1-1) and a new sei of variables

n=mnr+n (14.1-2)

with
0<n<N, 0< no<r, L<n < s

|
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and
| =0 s+ (14.1-3)
with
b :
0< j<N, 05j0<s, 05j1<r.

Effectively, this allows considering Xn and xj as a pair of two dimensional arrays

enabling transformation in two steps through formation of an intermediate transform.

Thus

X(nl, no) e X

N -1 ,
= X, win (14.1-4)
i=0
s -1 r-1 —n013+j0)
=) ) G W
g~ h=
with the definition
x(y0 Iy = xj- (14.1-5)
As
_hjis _njs
w1 o-§ 01 (14.1-6)

since W‘kN =1, X (nl, nO) may be written

= _(n0r+h0) jU .
X (nl, no) =Z x1 (no, jo) w (14.1-7)

Jo - 0
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with

- nojls
X (no, JO) = Z X (nl, nO) A

Now the basis for the speed of the fast transform algorithm lies in these last equa-
tions. There are N clements in the array x]t each requiring r operations or a total of Nr
1

operations (complex multiplications and additions). Computing all the Xn from the xl's

requires, similarly Ns operations. Therefore, by merely breaking the discrete transform
into two steps via (14.1-7 ) the total number of operations is

N (r +s)

2
which is substantiallv less than N°. For example with r =9 and s = 10 a factor of about
4.7 is saved in the amount of computation.

Notice next that both sections of {(14.1-7 ) are capable of further decomposition in an
identical manner as long as r and/or s are themselves composite numbers. Therefore, by
successive application of (14.1-7 ) an m-step algorithm foer m factors of N would require

N(r +r2+'-" rrn)

1

operations where

M(_)re factors provide the greatest gains. If ail the factors 1'i are assumed equal to r then
m = Iogr N (14.1-8)
and the number of operations is
T (r)=erong (14.1-9)

In o_der to find approximately the most efficient base factor compute the ratio of T (r) to
that for a base of two for comparison:
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[rrre——"

rN logr N

T() _ _ "r
T (2) 2N Iog‘2 N
(14.1-10)
__r
2 log2 r

Following Cooley and Tukey the ratio for various r follows:

2
2 1.¢€0
3 .94
4 1.00
5 1.08
6 1.16
7 1.25
8 1.34
9 1.41
10 1.51

While a base factor of 3 is most efficient mathematically, the use of 2 and 4, which
have significant practical advantages, differs but by a few percent (6%). In fact sensitivity
to small changes in the base is small,

14.2 THE BASE FACTOR 2 ALGORITHM

Many variants of the base factor 2 algorithm are possible. Only the methods which
do not require additional storage beyond that 1equired for the data will be discussed. The
methods differ in two basic factors, how the powers of W are applied, and in the initial and
final storage positions of the data and its transform. This second property of data anc
transform position is denoted by ''bit reversal' in contradistinction to natural time order.
The term refers to storage in a position whose index is the number obtained by reversing the
order of the binary digits in the natural sequence position in binary representaiion.

The first method to be discussed has been called "time decimation’ and will be
given in two forms, bit reversal of the transform and bit reversal of the data. The nomen-
clature of time decimation comes about because of the p.rticular method of factoring the
powers of W in terms of the successive (binary) digits of "'j'’, the time index (see Sectior
2.6.2). When the factoring of W is in terms of successive digits of ''n'!, the frequency
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index, the implementation of the fast transform is often denoted as 'freque:icy decimation''.
These methods will be discussed finally.

In all, four methods will be discussed.

14.2.1 Time Decimation With a Bit Reversed Transform

In this algorithm form the indices are specified by

e S R IS (14.2.1-1)

1

with m = log2 NN-= 2m) and jk and n, are equal to either 0 or 1. Obviously, jand n
are simply integers expressed in binary form with the most significant digits jm-l and
no_y respectively. Development of this form and subsequent forms will use a particularly

indicative notation. Arrays will be denoted by their subscripts in binary form with the m
digits written from left to right in order or descending significance. New arrays defined in
each development use the same convention. For example, the array

v(0,0,1,0,1) =y (5 (14.2.1-2a)
in decimal notation. In bit reversed form y (0, 0, 1, 0, 1) becomes

y{,0,1,0,0 =y(24). (14.2.1-2b)
Then

X, FXM 4. M) (14.2.1-3)

nj zm-l

. . o m-l
=Z Z : z X(popr - - 2 g0 W
j0 j1 'im—l

+.. +nj0

14-6

NIRRT R SN BT st el



with the sum over jk =0, 1. As WkN =1 (k an integer) then

nj Zm-lnj m-2 nj
Wﬂj = W m-1 W m-2 I o
(14.2.1-4)
m-1 . o _
- Wnojm-l2 Wml “ +n& jm-zm 2 e W njo

may be written. The utility of this particular factoring lies in the separation of the various
summa&tion indices (jk) into separate terms allowing 'mesting'' of successive summations into

a recursive algorithm: the fast Fourier transform.

Sum over the innermost index j  _, and obtuin

2+n)j_2 .._njo
(14.2.1-5)
with x, given by

n 2m--l

. _nj
X By Ip-2r 'io>=z X( g0t alg W O™ (14.2.1-6)
jm-l

Forming X, is the first basic step of the algorithm and it should be noted that, as n, jm—2'

etc. are allowed to vary, N sums are formed. The next summation, of course, is over
-2 where N quantities X, will be computed.

Namely,
. om-2
___(nl 2 +no) jm-z'

Xy BgrByodpage 7 el =z X @i o0 L)W (14.2.1-7)
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Continuing, the general term is

xg Bt o)
(14.2.1-8)
=i xq_l(no,' . . e, nq_z, jm_q’ ‘o ')jo)
=0
m-q
.99-1 .. m-q
' W(nq_l 2 +. + no) jm_qz ]

withgq=1,2, -+ m-= log2 N. Writing the two term summation in open form:

Xq @or * 7 N-1 Imeqe1 © 7 7o)
T Xge1 Ogr Mg Ottt ) (14. .. 1-9)
(n 20l ..y y2™
n .« . n 1, - j)° W q-1 0
+xq_1 ( o’ ’ q_2’ ’ o

h

it may be observed that only those two x with 0 and 1 in the qt bit position are involved

q-1
in the computation for a particular xq. This may be seen more clearly if the quantities

. oy
KR noz + +nq_2
(14.2.1-10)
2m-q—l ..

Jd = jm-q—l t ot

o

and

I = J+Kg- oM-q+1

are defined. Notice that the significant place oMm-q has not been represented.
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Then ( 14. 2. 1-9) may be written in a more cogent form
m-q
_ m-q) —K-2
Xg (1 =X D+ %, (I+2 w (14.2.1-11)

and

(m). (ms)
I+2 = -
Xq J*cq_1 (I) Xq—l 1+2 w

where K is the natural form of the bit reversed K

RZ
_ Q-2 ..
K =ng 2"+ +n (14.2.1-12)
and the identity
n__j M-l n_.j
% a1 'm-q - (- 1) q-1 ‘m-q (14.2.1-13)

has been used.

It can be seen upon examining (14.2.1-9), or the more useful form (14.2.1-11) for
programming, exactly what is required for implementing the algorithm. These statements
have been summarized previously but may now be stated in detail.

Only two values cumputed in a preceding iteration (the q-lst) are needed to compute
two values at the next stage. Furthermore, these values are not needed in the computation
of any other xq and, therefore, the new values may he stored in place of the old ones. No

new storage is needed for the transform.

The number of serial mathematical operations can also be clearly stated at this
point. At each of the q stages of the algorithm (q=1, 2, - - -, m = log2 N) N/2 of the two

point transforms given by (14.2.1-11) must be formed. Examination of these equations
indicate one complex multiplication and two complex additions per two point transform.
Therefore, there are a total of (N/2) log2 N complex multiplications and N 1og,2 N complex

additions for a complete discrete transform using the base two algorithm. Translated into
real operations, 2N log2 N multiplications 2nd 3N 1og2 N additions are required. Also, as

no other values are needed, the computation for N/2 pairs may Ve performed simultaneously

or in parallel. Only m = log2 N parallel operations are necessary.

Finally, examination of the final step of the algorithm (@ = m = log2 N) shows that

the output transform is stored in bit reversed iocations
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(14.2.1-14)

Xn . s e - ¢ o . n
n_, ,n) X (@, »np)

The transform must be ""shuffled" if natural order is desired. Powers of w used are in
natural order as may be seen from (14.2.1-11).

An illustrative program, in a bastardization ¢f the FORTRAN language, may be

written.

DIMENSION X (- - -)
CCMPLEX X
INTEGER Q
Dol Q =1, M

- Q-1 _
Do 1 KR = 0, 2 1

*kT] = (W ok (K* ZM‘Q)

()
Dol J = o, 2M™Q 4

M-Q+1

I:J+KR*2

T - X(I+2M'Q)*U

Fev—

X(1+2M'Q) = X(I)-T

X{(I) = X(I)+T
1 CONTINUE

** K is used though it is the bit reversed KR that was defined. As the sines and/or cosines

must be stored in a table or generated by a special purpose machine they can be stored or
generated in bit reversed form and K used as the input: KR need not be reversed in the

loop of the procedure above.

warranted, betreated as individual cases. W can also be extracted from a table of sines for
one quadrant. For the inverse transform it is only the sign of W that is changed, otherwise
the algorithm remains the same within a constant factor,

A flow graph is often useful in assisting in understanding the processing involved in
both seria! and parallel implementation.

As certain multiplications are simply by + 1 and + i they may, if the complexity is '
14-10 i
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With Naturally Ordered Input Sequence

X

14-11




This graph is simply (14. 2. 1-11) illustrated. Nodes on a particular vertical line indicate

operations at the qth iteration. Iterations progress from left to rizht. Arrows indicate
which nodes from a previous iteration contrilute to 2 new computation. The results of com-
putation may be considered tc be stored {in complex form) at a node at a given stage.
Quantities contributing to a node via an arrow .re assumed to be summed at a node. If an
arrow has @ symhol adjacent to it the quantity passing over that patn is weighted (multiplied)
by the value of the symbol.

Figure 14.2.1-1 assists in making more apparent the assertion that "in place”
computation may be used as it may be seen that any two nodes used at a given stage are the
only contributors to nodes on the same horizontal lines directlv to the right

14.2.2 Time Decimation With a Bit Reversed Input Sequence

Another form of the algorithm is immediately suggested by the previaus one. In this
case the input sequence is scrambled first by a bit reversal operation ailowing the transform
to appear in natural order. Another slight advantage might be the appearance of powers of
W in natural order. This form of the algorithm does not differ from the preceding version
in =0 far as amount of computation, computation without additional storage, and allowing
parallel computation are conceraed.

The derivation of the basic formulae will be shortened a bit from that of the previous
metkod as both have essentially the same structure.

Indices n and j are defined in binary notation as before. In this form however the
bit reversed array

SRR () PR = i L T L2.2-
XO (JO ’ Jm_l) X (Jm_l ’ JG’ (14 2 1)

is defined and is used in the first stage of the algorithm. Equation (14.1-1) may be written
this time

Xn = X(nm—l’ .« .-, no) {14.2.2-2)
M2
- C G e e w m-1 6
- Z Z Z Xg Gge »dp? W
]0 ]1 Jm-l
Sum over the innermost index and define
. m-~1
n.j 2

; : . — 0’m-1
X sy T 0, = < i . e 7
2 o Jm-2» Tp) Z Xo (o o) W (14.2.2-3)

Jm—l

14-12

T WRE R NN S0 SR s G ewi  eeet  paed e eed GERKA St



where (14. 2. 1-4) has been used. Similarly successive sums may be defined

. i n.-2 +n)j 2
X y * = H . N 17 1 0 "'2
2 (]0 ’ ]m_3v n19 no) Z xl (Joy * ] Jm_zy no) w m
Jm—2
(14.2.2-4)
and generally
*q Ggr - - - Jm-q-1" "g-1’ "q-2 © " Rg)
1
Z 3 - (14. 2. 2-5)
= Xq-l ‘]0, ...y, ]m_q, nq_z, ey, no)
i o0
m-q -
q-1 . m-q
~ (o) 27 4. .. ny) ]m_q2 l
- W
withq=1, 2, - - m-= log,N. At the last stage:
Xn— n mm-l’ )
In open form
X i y v e ' R
q Y% * Im-g-1" "g-1 » )
) — 14.2.2-6
Xq_l (JO, ’ 0, nq_z s , no) (34 )
q-1 m-q
| B (nq-I 2 + + nG) 2
+xq—1 (JO' e o 1, nq_z’ e no) W




As before quantities may be defined to clarify these equations

K = Ng-2 + MY
(14.2.2-7)
J =i, om-a-1 + jm-q-l,
and
1 = x+3-2%

With these indices the fast algorithm with shuifled input and naturally order transform may
be written

m-q

— nq_l K- 2
xg () = x (D +x_, (1e28h) & (14.2.2-8)

and

m_q
qQ-1, _ od-1, =K - 2
xq(I+2 ) = Xg-1 (1) Xg-1 (I+277)

where (14.2.1-13) has been used. It may be seen that K is used in naturai bit order
throughout.

An illustrative program for this case follows.
DIMENSION X (- - - )
COMPLEX X

INTEGER Q
Do1Q =1, M

Do1K = 0, 2971

G =W g * 2MQ

SM-Q_

Dol1dJ = 0, 1

14-14
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Figure 14.2.2-1 Flow Graph of Time Decimation Method
With Bii{ Reversed Input Sequence
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1= K+J. 29
T = X(I+ zQ'l)*U

xa+29Y - x()-T
X(I) = X(I)+ T
1 CONTINUE

A flow chart of this form of the algorithm follows (Figure 14. 2. 2-1)

14. 2.3 Frequency Decimation With a Bit Reversed Transform

Examination of the previous two methods indicates that the fundamental difference
between the two methods is the "addressing' of the successive arrays developed at each
stage of the algorithms. A certain factoring of W was assumed (14.2.1-4). Due to
symmetry in the indices n and j an equivalent factoring may be used.

: m-1 . m-2 . 1
i _wotmt glme? T iy
(14.2.3-1)

As further developments are quite similar to that of the previous methods only results will
be stated. Define as usual, by bit position,

X = x(nm_lvn » I

m-2’ " 0)

(14.2.3-2)
. sy Tin
:Z DY Ky i) W
o h Jm-1
Summing over the inner sums first, successive sums may be obtained using (14. 2. 3-1)
. . -
X Mg dp o 0 =) XGp L W

Sn1 (14.2.3-3)

1
I
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and generally

xq (noy M , nq_29 nq_19 Jm_q_ly y Jo)
1
Z q-1 ®y * M2 Jm-q’ Jm-q-1° Jp)
]m-q_ m-q q-1
o N <
| _ 8 -q° + JO) nq_lz ]
- W

In open form

xq (noy L ,nQ'l’ Jm‘Q"l, T JO)

n

q-1
’ = {Xq_l (noa"' ,Oﬂ.]m_q_l""~ !J0)+('1) xq-l(nO’“. 1

H R m_q_l
! Omg?
W

. -1
G+ e o o + ]0) nq-qu

where the fact that

has been used.

Defining
B m-q-1
J = Jm-q-l 2 + + o
- Q-2
hR = nO 2 + + nq_z

(14.2.3-4)

(14. 2. 3-5)

4]

IJm_q'_17' s

(14.2.3-6)

(14.2.3-7)
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and

om-q + 1

I:J+I(R.

the simplified forms may be written:

xg (I = X (D +x ) (T+ 29 (14.2. 3-8)

and

q-1
m-q, . oIN-q \_?VJ - 2
xq(1+2 )—[xq_l(l)-xq_1(1+2 )]

As in the other forms of the algorithm, the same number of operations are necessary for
computation "in place'' calculation may be performed, and parallel calculation may be used.
Also, the exponent of W is in its natural order.

Bit reversal of the transform is obtained as

(14. 2.3-9)

An illustrative FORTRAN program in abortive notation follows.

DIMENSION X (- - )
COMPLEX X
INTEGER Q

Do 1 Q=1, M

Do 1 J=0, oM-Q -1
U = W (g 297
Do 1 Kp =0, Q-1 )

M-Q

T=X(I-X(I+2 ))y*u
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Figure 14.2.3-1 Flow Graph of Frequency Decimation Method
With Natura:ly Ordered Input Sequence
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To( s
X (1) = X(I)+X(1+2M"

X(I+2M'Q) =T
1 CONTINUE

A flow chart of this form of the algorithm follows (Figure 14. 2, 3-1).

14.2.4 Frequency Decimation With a Bit Reversed Innut Sequence

A fourth version of the fast transform combines beth bit reversal of the input
sequence and frequency decimation. It is also the last of the basic in place methods.
Combinations of the various methods can be used in any given problem, though the use of
mixed methods in most situations is not necessary or desirable.

As this method follows immediately from the preceding ones it is also summarized.

Define the bit reversed input sequence
xo (jov C oty Jm—l) = x(jm-l’ L Jo) (1424-1)

then

Xy = X g, 0 -, ng)
(14.2.4-2)

- .. C i in
_Z Z Z XO (]0, 1]m_1) w
Jo i Ima

with binary index conventions as before. Using the representation (14.2.3-1) for win
successive sums may be obtained

. . . -—jnO
Xl (j09 L 1Jm_21n0) :z XO (309' .. :Jm_l) v
Jm-l
(14. 2, 4-3)
xz (jot s sjm_3’nlvn0) :Z xl (]Os e ’jm_zano)
Ln-2
. om-2 :
Oy p? *lghny 2
c W
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and generally

(14.2.4-4)

In open form

xq (]0! T, nq_19 nq_Z’ T, no)

(14.2.4-5)

At the last stage of the algorithm

X(n ,no)zx (n

m-1"" m "m-1"

which is a naturally ordered transform.

For the simplified forms define

K:n 2q-2+..-+n
(14.2.4-6)

m-q-1
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and

1 - K+J._ .2

then

. Ly q-1
4 Ryop (D) 5% (14277

and

54-1
3 q-1 = 4 nq_]- o3 de2
xg (142079 [xq—l (1) = xg g (1+2 )J W

with J the bit reversed, natural, form of JR.

This version of the fast transform has the same amount of computations , maintains
"in place'' computation, and allows parallel computation as do the other methods. It does
require bit reversal of the exponent of W,

An abortive FORTRAN procedure follows.
DIMENSION X (. - - )
COMPLEX X

INTEGER Q
Doi@=1, M

M-Q

DOIJR:O,Z -1

* % U:W**(J*2Q—])

=1
DolK:O,ZQ "1

T-X(1)-X1+2%9)y*y

X (I) = X(I) + X (1+ 2971

Q-1

X(I+2°)y=T

1 CONTINUE

*x Ag for the time decimation, bit reversed transform method the sines and/or cosines
may be stored or generated in bit reversed order allowing J rather than JR to be written.

A flow chart of this form of the algorithm follows (Figure 14. 2. 4-3}).
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Tigure 14.2.4-1 Flow Graph of Frequency Decimation Method
With a Bit Reversed Input Sequence




14,3 Miltidimensional Discrete Fourier Transformation

Manyv physical problems require discrete Fourier transformation in more than cne
dimension. Two and three dimensional discrete Fourier transformations are defined
similarly 1o one dimensional ones. By using a few simple formulae they can be reduced to
one dimensional transforms. hence computation by the fast Fourier transformation is

allowed.

The two dimensional transform is (in a form similar to the DFT1)

N,-1 N,-1
1 2 dn -im
X =ZZ x, . w, 1lyg "22
1,72 pds 1 2
3,56 1,0
with
Y
N
w, o =e 1
and
,2m
Ny
W2 = e

Inverse transformation is given by

- N o
N -1 Ny-1 " .
L .
x. . = L— ) X w11l w22 (14.3-2)
Je o0 J N.N i n ,n 1 2
10 J2 Ve & & 1’
nl—(} n270

To break the two dimensionul transformation into one dimensional ones

N, -1
- i

AM,.j,) = X, . w (14.3-3)
1°12 .j 1

e 1732

I

is defined, which takes Nl one dimensional transiorms, and then

Sy
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Mol s

misnaton, |
3]

=)
. _ E . 272 _
X A (n1 ,32) W2 (14. 3-4)

jp=0

PR

may be calculated with N2 more one dimensional transforms. In all N1 + N2 one dimen-

sional transforms are needed to compute a two dimensional one.

- —

The three dimensional transform is

-1
g Vi Y It ey “igns
Y Z A\ w - W,
an,nz, L z 31,12 ]3 1 2 3
i 1’:O n =0 n3=0
(14. 3-95)
i with an inverse
i
Nl-l N2-1 N3-1 i in i
X, < . = X N 2 A
111]2’33 1 : nl,n2,1.3 &
32'0 ia =0
(14. 3-6)
4
To compute the transform define the two dimensional transform
N -1 N -1
-j,n ~jon
' 11 22 .
A 1) Z Z X, . . W w (14.3-7
. My Ny d3 Jjdgedy 1 2 ’
i of which there are N , each requiring N 2 one dimensional transforms. The entire
transform is given by
t N;-1
-j n
373
. nung z A (n),ny.j5) W, (14.3-8)
H requiring N, N, one dimensional transforms. A total of N N2 + N, Nj + N; Ng one
: dimensional transforms are necessary.
7
i
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15. APPLICATIONS OF DIGITAL FILTERS

Most of the text has been devoted to general properties and aspects of digital sequences
and filtering. Applications of some of the material to a few standard problems and devices
1s useful both from a pedagogical viewpoint and for presentation of actual data processing
techniques. Many of the techniques to be discussed are commonly used in analog systems but
until recently have not been considered widely in ike domain of digital processing.




15.1 TRANSLATION OF A SIGNAL SPECTRUM TO ANOTHER FREQUENCY:
"MIXING " OR " MCDULATION "

A problem of frequent interest is the translation of a given frequency spectrum to
another center frequency. The result is emminently useful, as exemplified by broadcast
systems, commercial spectrum analyzers, IF processing rather than RF processing, phase
and frequency tracking, etc.

The basic method is rather simple. The original signal is simply multiplied with a
sine wave at another frequency, say w. The resultant spcetrum will appear at the sum and

difference of the original spectrum center frequencies (plus possible spurious frequencies
due to the round-off in digital systems, and non-linearities in analog systems). This can be
seen by taking the transform of the given signal x (t) (t may be continuous or discrete,

t = kT, and Fourier or z transforms taken accordingly) multivlied by a sine wave which is
the "mixer' (multiplier) output y (t).

Now

y ) = x(t)sinwt
(15.1-1)
iwt -iwt

x (t) &2 2—1e (")

and its Fourier transform is

Y = g (X@-w)-X(wra)]

where X («) is the transform is x (¢). If X (w) is localized ard has its center frequency at
W as in figure 15.1-1a then Y («w) will have two localized components of center frequencies

W + (% and wl - % as in figure 15.1-1b with half amplitude.

X (w) | i/
¥ w

0 |
() Spectrum Prior to Mixing

e

1 wd

bowd  redef  paney

Jo—y
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0 @ - @ [’y v 4
“o T U

(b) Spectrum After Mixing
Figure 15.1-1

A particular case of interest occurs when X (w) is centered at w'= 0, or D.C., then
one term appears at u.\o and the other at - wo. If wo is greater than the total bandwidin o

X (), including negative frequencies, then the spectrum of X (w) has been translated to
w, with no other terms present (barring round-off and non-linearities) for positive (physical)

«, Figure 15.1-2, This process is commonly known as ""amplituce modulation’ of a carrier
of frequency, w, by a modulating signal x (t).

If ) is not greater than the total bandwidth, then the two terms overlap in the

neighborhood of zero frequency.

(;;g'i:nal
e
A B
[\ | T,
LN 0 . “’0

Figure 15.1-2., Translation of D. C. Spectrum to ay

While the previous paragraphs worked with transforms and spectrums to illustrate
the mixing process for general signal spectrums, x (t), a simple example demonstrates the

process in the time domain. Consider the particular waveform x (t) = sin u:]t, which

produces

v (t) = sin u.‘lt sin ocot
(15.1-3)

(M

cos ( w

1 u_b)t—cos (u‘l*u.‘o)t




As expected two terms, ''sidebands'. appear above and below the carrier frequency, w,, one
at the sum frequency, the other at the difference.

Symbolically, mixing (or multiplying) is denoted by a special symbol for used in
block diagrams and fiow graphs. Figure 15.1-3 illustrates the matter.

in&
X (t) sin 0t

x (t) al ; >

sinwot
Figure 15.1-3. Mixing Block Diagram
15.1.1 Extraction of ""Complex Modulation" by ""Mixing"
The emminence of mixing techniques lies not only in "modulation' as discussed pre-
viously, but in "demodulation". Curiously, the same technique used to impose modulation on

a carrier can be used to demodulate, or extract, the original information.

A modulated carrier is given by (Section 8. 2)
s(t) = x(t) cos @t - y(t) sin&t ' (15.1.1-1)

Obviouslyv. the simple system of Figure 15.1.1-1 will allow demodulation.

Low Pass > -Llyt
» >< »  Filter 2 Y

s (t)
sinw _t
cosa t
o

: +
i Low Pass 1
» >< *  Filter > 39X (t)

Figure 15 1.1-1 Demodulation by Mixing

The mathematics of the situation involves use of the simple identities

f
[SI

cos2& t
o

0o -

sin2 a.“t =
and (15.1.1-2)

+

cos2w't
0

ST R
DO —

2
cos &t =
o
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The two mixer outputs are, then,

|-

. . 1 1 \
8 (t) sin a.;)t = 7 X (t) sin2 a%t -3y (t) + 5y (t) cos2 u.ot .

[NV]

and (15.1.1-3)

s (1) cos wt = %x(t) +%x t) cos2 wt -% yit) sin2 «t .

If the spectra of x (i) and y (t) are such that they are approximately zero above 1/2 w then
low-pass filtering at(1/ 2)(,‘:o will result in removal of the 2nd harmonic (2 wo) terms, alteit

with delay depending on the sharpness of the filter cut-off needed. Neglecting the delay
induced by the low-pass filtering the mixer outputs are, therefore,

s (t) sin %t = —% y (t)
and (15.1.1-4)

1
s (t) cos wot =5X t)

which are proportional to the complex modulation components. Assumed of course, in tne
previous analysis was the knowledge of the frequency w, (and the phase) of the carrier.

In some applications the carrier frequency is not known, only the tact that it is fixed
at some value., Assuming this value to be W, = ow A, then the mixer irput is

s {t) = x (t) cos J;ot - y (@) sin wgts
{15.1.1-5)

= vt - i t
X (t) cos u.ot y (t) sin wo

where

x (t) = cos At x(t) - sin At y (t)
and

y (t) = sin At x (t) + cos At vy (t)

O%viously, the effect of having an input to the mixers which differs from their reference
frequency, w, by A is to have modulations x (tj and y (t) which cre a linear combination of

the original modulations. In fact x (t) and y (t) are simply complex modulated signals at a
carrier of &
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The linear transformation is an orthogonal one, preserving lengths, and having a
rotation angle of At., Lengths are preserved in the sense that the modulation amplitude is
unchanged, namely

A(t) = 'Jx (t)2 + X (1) 2.

Vit - y ©°

(15.1.1-6)

If x (t) and/or vy (t) is constant, then x (t) and y (t) are simply sine waves, with some

phase angle, oscillating at a frequency A:. x (t) and y (f) are 90° or g radians different in

phase.
15.2 DESIGN OF A "MOVING WINDOW" FILTER

In some applications a filter which moves its bandpass characteristic with time in a
controllable manner is of use. That is, the center frequency of the filter is a known,
specified function of time.

One approach, of course, is the building of a bank of stationary filters and switching
their outputs as a function of time. Another approach is the adjusting of parameters of a
single filter with time. Both of these methods can lead to extremely complex systems or
systems with long computing times.

An alternate approach, commonly used in continuous systems, '"'mixes' the original
signal with a carrier which is adjustable, then remodulates the carrier after a filtering
operation. By appropriately utilizing "mixing" techniques a stationary filter can effectively
be moved. Figure 15.2-1 illustrates the basic problem of a moving filter.

Signal
Movable .
Filter Spectrum

|

]
0 w,(t)
Figure 15.2-1 A "Moving'" Filter

As the filter is moved with time the overall systera is not really describable by a
simple transfer function, but as long as the filter is moved slowly with respect to its band-
width, then the system can be treated as such. Moving the filter "slowly' means that the
distance the filter center frequency is moved, A «, in time, &t, must be such that

%% - (5.2-2)

15-6




YA fid e e

bt §

b vbaimiich

™| s |
. ' ) .

T

] o P wiioniad

where

BW = filter bandwidth in radians,
and

T = filter impulse response time in seconds.

Now

BW - T 24,
or

1

7 S BW /4

Therefore A wmust be such that
Ay << (BW)2 At /4 (15. 2-3)

How much Awmust be smaller than the right side of the inequality is dependent upon the
application at hand.

A block diagram of the "moving' filter using "mixiag" (Section 15. 1) follows. Con-
tinuous or sampled signals may be used. Sampled signals have one slight pec:liar limitation.
This matter will be discussed after the basics of the 'moving' filter.

y,(t) t y..(t)
—'@—1—' Hw) m

A
s(t) 2 sinw t
2cosw t
1 o

: [ ]
N H (w) T‘H
é ; X (t) X, ()

Figure 15.2-2 Moving Filter Implementation

5, ()

Computation of the output 5, (t) for a fixed mixing frequency, w, can be computed in either

the time domain, as in the previous section, or through transforra analysis. Transform
analysis will be used for diversity.

Using the complex exponential representation of sin wot and cos u.;)t the various

system outputs in transform form, using capital letters to indicate the individual transforms,
may be written as (where the subscripts and superscripts refer to Figure 15. 2-1).
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Y (@) = -§ S(w-w) + 5 S(wra),
X, (@) = Lsw-w)+lswra)
1 2 (o] 2 0"’

Yh(w) = - 52— H (w) S(w-wo) +—2i— H (w) S(w+wo),

Xh(u-‘) = —l-H(w) S((.u-u.s)+l H(w) S(w+w)
2 o 2 o'’ (15. 2-4)
1

Y (&) = -7 H(w-w) S(w-2w) + % H(w-w) S(w

1 \ \ l . N ] )
= -3 H(w+r@) S(w) - 7 H(w+w) S (wr2w),

§

[} v [ [} l [N \
X (@) = 7 H(w-@) S(uw-2w) + 7 H(w-w) S(w

1

\ \ [y ] (IR \
H(u+¢o) S(w) + H (w+ w) S (w+20.0),

N
el

and finally,

S, (W) = Y_ (@) + X_ (),

[H(w-wo) + H(w+%)] S (w)

DO =t

It can be seen that the equivalent filter, for a fixed o.;), is

Heq (%) = %[H(w— w) + H(w+wo)] (15. 2-5)

The impulse response of Heq (s) is real as

Heq*(-w) = Heq(w) (15.2-6)

In words, the sequence >f operations is
1. Mix the input with the frequency w, to obtain the translated spectrum.

2. Filter the desired output at (or about) zero frequency with a fixed parameter linear
filter, H (w).
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3. Remodulate to the original frequency, w.

4. Combine the sine and cosine components via summation. The high frequency component
is thereby cancelled.

The desired overall filter characteristic is completely determined by H (&) translated

to .. If H (&) is a low-pass filter whose upper cut-off frequency is wp 2, then "eq (w)is
a bandpass filter of bandwidth Wy
15. 2. 1 Digital Considerations

Analogue and digital considerations are identical with one exception. Mixing and
sampling cause aliasing, even if the system is completely digital, as mixing and sampling
are commutative operations. Therefore as the mixing frequency approaches half the sampl-
ing frequency, the second harmonic is approaching zero frequency due to ahasing, allowing
the second harmonic to appear within the bandpass of H (&) producing distortion. If the
bandwidth of H (') is considcred to be o.‘B/".Z then the mixing frequency should not be allowed

to approach half the sampling frequency by at least the amount ( (wq/z) - wB/Z), ws./z is

equal to one-half the sampling frequency in radians per second. Actually the mixer frequency
should not approach quite that close as practical filters do not fall-off to zero immediately
outside of their bandwidth.

15.3 A DIGITAL CSCILLATOR

In a digital system it is often necessary to generate sampled sine and cosine waves
of fixed or varying frequency. A pair of simple methods are available which may be
implemented as linear recursive filters. Feedback techniques may be used with bandpass
filters but analvsis is quite complex. Only the sine and/or cosine of the basic increment bet-
ween samples must be known. They can either be computed or stored. By changing these
numbers the frequency of the oscillator(s) may be changed to any desired frequency without
modifying the oscillator amplitude except for round-off errors

By using the trigonometric identities

sin{A+ B) - sinA cos B * cos A siu B
and (15.3-1)
cos (A+B) = cos A cos B - sinA sinB
it can be easily shown that
8 in 8 C
Sk cos Sk--l + sin Lk—l

and (15.3-2)

Ckf—sine Sk~1 + cos® C

k-1
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where

Sk = gink @

= 8
Ck cosk

The relations are obviously recursive and can be rewritten in the form

S - cos® § ; =sinb C
and

(15.3-3)
Ck - cos 6 Ck~1 = -gin 8 Sk—l

Defining the transforms of Sk and Ck as S (z) and C (z), respectively; the z transform of
(15. 3-3) produces

S(2) _ _sin® 271

—_ (15. 3-4a)
C (2) l-cosbz *
= HS(Z)
and
C(y -=Sin 82!

S(z) ~ 1-cos8z ]

(15. 3-4b)

Hc (z).

Hs(z) and H c(z) can be implemented separately to compute Sk and Ck as only previous output
values are needed.

In using these equations as oscillators the sampled values of
sinwt

or
coswt

are desired at successive timest = kT, where T is the sampling time and & - 2nf, the
oscillator frequency is radians per second. Therefore, let

6 -wT (15.3-6)
15-10
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in the equaticrns.

It can be seen that cos wT and sin @T must be computed before the cscillator is
initiated.

Equation (15. 3-3) needs the pair of initial conditions

S = Asin®
) o

(15.3-7)
C = Acos®
0 o

Where 60 is any number and A is the amplitude desired. A simple choice is 30 = Oor

(15. 3-8)

To demorstrate that the sine/cosine oscillator is stable in amplitude, neglecting
round-off, as the freguency is changed (15.3-3) is written in matrix form

Sy Sk-1
U (w) (15. 3-9)

C k-1 /

where

cos 8 sin @
U(w) = € = «T

b i
-sin 8 cos 9/

Now the determinant of U (&}, [ U (w) f, is equal to 1 and U (&%) is also an orthogonal
matrix. Such a matrix represents a pure rotation by the angle 8 without changing length.

Therefore, as Sk—l and Cic -1 are suck that

——————————.
A .,.\/31_12 + Ck-12 (15.3-102)

then it is also true that

2 4 c
ARfs’ +
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Amplitude is preserved!

The matrix U (&) can be changed at any time t = mT to a new frequency ard the oscillator will
then oscillate at this frequency and at the same amplitude. Only round-off in the development
of sine © and cos @ affects the amplitude.

By taking a second difference of equation {15.3-2) two other computational procedures
are available:

S =2cos 8§, -§,

and
{15.3-11)

1

2 g - C
G =2cs® Gy ~GQop
These equations only depend on their own past values and not on each other as the original

ones do. However, these equations are much more dependent on round-off arvror.

The individual sine/cosine generators, equation (15.3-11), each need a pair of
initial conditions

S = Asin®
o
S, = Asin (€ +6 )
o

and (15. 3-12)
C = Acos®

= 8 +8
C Acos ( 0)

Formulae(15, 3-11) for an oscillator are amplitude sensitive to frequency changes.
Along with round-off noise, this indicates that they sheuld be avoided unless zbsolutely
necessary. Amplitude sensitivity can be avoided if an extra initial value is used based on
the previous value plus the new frequency.

15.4 DIGITAL COMPLEX DEMODULATE FM DETECTOR

As frequency modulation detectors working at the carrier frequency may be at a
much too high a frequency for digital processing directly it is useful to be able to extract
the frequency modulation from the complex modulation by "coherent” processing.

Given the frequency modulated signai in terms of its carrier with phase modulation

s {t} = A sin (u.‘ot + @) i (15. 4~1)
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the frequency modulation is defined by

(15.4-2)

[=]="

£(t) = 21—,,

To find a processor expand s ()

s (t) = A sin wot cos P (t) + Acos wot sin @ (t)

Now by mixing and low pass filtering the two modulation components may be extracted
(Section 15.1.1).

Namely

v = A cos 9 (t)

(15. 4-4a,
= p [s (t) sin «t ]
o
and
u = g sin @ (t)
(15. 4-4b)
fin [s (t) cos wt]
o}
where ip indicates low-pass filtering of the mixing product.
To computs the frequency modulation ¢ (t) consider
u _ i e
g = tan @ () (15. 4-5)

and take the time dariva‘ive of the ratio:

w (3 - & [eneo]

vu - uv 2

2 = sec” (2(t) @)

\4
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and finally

s {t)

f®

L
"

[3™)

_2_
a2

i
sina' t
0

? (t)

(\n;- u\")

Low Pass
Filter

While this expression may seem abstract it is ca
linear digital filters and multiplication as illustrated by

_.g\,_. Low Pass
Filter

BT
u Diff u
Filter
v Diff v
Filter $(\_

\’I

Figure 15.5-1 Ccmplex Demodulate FM Detector

pable of simple implementation by
figure (15.5-1)
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16. "PURE'" DIFFERENTIATION AND INTEGRATION
16.1 DIFFERENTIATION

Discussion to this point has centered on integration of constant coefficient, integro-
differential equations that describe ""causal” physical systems, that is, no output can occur
befcre an input is applied. This implies, as mentioned previously in Section 4.1, that the

numerator of the transfer function H (s) must have a degree less than or equal to that of the
denominator.

This remark leads to difficulties in the realization of ''simple" differentiation, v (t) =
dy/dt, by a physical system of either the analogue or digital kinds without delay. A "pure"
or "ideal" differentiator is not realizable due to the transfer function, Hpy(s) = s, of

numerator degree higher than that of the denominator. Higher orders of differentiation are
correspondingly more difficult.

If, however, the quantity being differentiated is generated by a physical system having
a transfer function H (s) such that its denominator order is less than that of the numerator
then the differentiation is realizable as the over-all transfer function s H(s) describes a

realizable system. Similarly, higher order differentiation, say nth order, is realizable if
the numerator of H(s) is of such degree that s'H (s) is realizable.

16.1.1 Elementary Differentiation Considerations

The operation of analytic differentiation is expressed by the symbol

vit) = gtx-@ (16.1.1-1)

Taking the Laplace transform of v (t), V(s), and integrating by parts it is found that

V (s) sY(s) - y(0+) (16.1.1-2)

where

N

Y (s) the Laplace transform of y (),

and
y (0+) = the initial value of y (t).

Now the operator s is not realizable by a physical syvstem without delay: some future
data must be known before v (t) can be found. However a useful approximation consists in
replacing (16.1.1-2) by the physically realizable equation

1 dvit)

w_ dt
0

v(t) = g—}m (16.1.1-3)

-+




Letting w, become large makes this equation approach the desired differentiation operation.
Taking the Laplace transform of this modified equation:

V(s) = 8Y/s)

1+2
)
u'O

+

01_) v(o4) _ y(04) (16.1.1-4)

8 S
o(l+5) 1+
“O wO

Notice that this equation also approaches the Laplace transform of the unmodified equation
for large w .v (0+) is the initial value of the derivative which for «, large contd butes little

to V (s).

The modified transfer function is seen to be

8

M
Hp(s) = (16.1.1-5j

8
1+—‘
(o]

The term

-‘L&ﬂ (16.1.1-6)

has an inverse transform

- \
-y (04) w e wst (16.1.1-7)

which cancels the sharp output "spike' which occurs if the term is not present. For inputs
which are "turned-on' at t = ¢ in a discontinuous manner y (0+) is equal to zero and a sharp
peak occurs in the output. If the input is assumed tc have existed prior tot = 0 and is not
equal to zero then the ""spike'' cancelling term is necessary.

Ar. example will clarify these remarks. Assume the following two inputs.

a) A simple linear function of time that has existed prior tot = 0+:
y, ) = at + B (16.1.1-8)

b) The same function of time, except that it is "turned-on' 2t t = 0:

at + B, t >0,
0 L1 <0

Vo (t) = ¢

AN

(16.1.1-9)
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The Laplace transform, of course, produces solutions only for t > 0, but the initial

conditions appearing take account of conditions hefore t = 0.

Case a:

Taking the transform of A (t) it is found to be

Y,6) - S (at+B8)eStat
o
o 8
= -E + -s-
s

(16.1.1-10)

Using the modified equation for differentiation (assuming o large so that v (0+)/'a.‘0 approxi-

mates zero) and the initial condition y (0+) = 8

w )
V. (s) 0® (% . é)_ “’oﬁ
1 B S+~wo 2 s s‘ra%

Taking the inverse transform

—wt
v,(t) = a(l-e ), t>0:

which for large & o gives

_ dyt)
it = o
= a ,
as expected.
Case b:

The transform of Yo (t) is also

(16.1.1-11)

(16.1.1-12)

(16.1.1-13)

(16.1.1-14)
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but the initial condition is zerc (n this case. This input corresponds ‘o that depicted in
Figure 16.1.1-1.

Figure 16.1.1-1. Linear Function "Turned-On"

The output transform of the modified equation is

w w B
_ o o o _
V2(s) pararmali + — wo (16.1.1-15)
with the inverse transform, the time function, given by
-wot -wot
Volt) = a(l-e ) + wOBe (16.1.1-16)

While the first term is identical to that in case (a) for wo large, the second term is a
starp "spike' that has a height of woﬁ and decays rapidly. This corresponds to approximately
differentiating the fast rise of height Batt = 0. As a.‘o approaches infinity the '' spike'' term
approaches a Dirac delta function which is the derivative of the discontinuity at t = 0. Choice
of W, is dictated by the range of frequencics over which the approximation is desired.

16.1.2 Numerical Considerations for Differentiation

The ideal differentiator has a frequency response given by

Hp (iw) = iw (16.1.1-17)

If a non-recursive digital filter is necessary, due to the bandwidth of t..e sampled data
approaching half the sampling frequency, then the method: of Section 5 must be used. A
Fourier series expansion of HD(iw) is necessary, with convergence factors, and delay to

the middle of the non-recursive filter data span by a 'central' non-recursive filter. If
2N + 1 weights are needed a time delay of NT seconds occurs. With larger N the approxima-
tion improves also. Of course, this method is not applicable to "real-time' filtering.

To take care of non-zero initial conditions if the discontinuity is undesirable the simple
alternative is to subtract the initial conditions, from each input sample. That is, if the input
sample is

y, = ¥(T) (16.1.1-18)




the input to the differentiating filter should be

\
Yy =¥ty (0+) (16.1.1-19)
which simply shifts the constant level, no ionger allowing a discontinuity at t = 0.
It recursive numerical filters are allowable, the data has frequency content that does
not extend to half the sampling frequency, then the data reconstruction methods of Section 7
can be used with less delay. Again the initial value of v (0+) is best taken care of by sub-

tracting it from each member of the input sequence as above

With both methods of Section 7 it is sufficient to use the unrealizable differentiator
{ransfer function

HD(S) = 8 (16.1.1-20)

as both methods, filter and polynomial input reconstruction, produce effectivz iransier
functions that ar< realizabie.

Use of the modified transfer function (16.1.1-5)

Hp(s) = ~—25 (16.1.1-5)

ie effectively performed in the filter reconstruction method of obtaining sampled data filters
where the factor wo/ {s 4 wo) is part of the reconstruction filter.

In the case where y (t) is generated by a physical system H (s), the methods of Seciion
7 may be applied for differentiation most accurately by considering the composite transfer
function sH(s) as in Figure 16.1.2-1.

: Digital y kT)
——  Version - ) ) >
i H(s) :
l '
|
xm(kT)—' Initial I Transient
' Conditions | Solutions
7 dy
Digital M dt | t =kT
Version > ‘L—_ >
s H(s)

Figure 16,1.2-1. Differentiation ¢f a Func:ion

Generated by a Filter H(s) by a Parallel Method
16-5




It should be remembered that y (kT) and g‘%— | t = k7T have delays specified by the

digital filter synthesis method used. These delays are discussed in Sections 5 and 7 where
synthesis methods are discussed. The "transient’ solutions must also be delayed by this
amount (see Section 6. 4).

If simplicity of numerical processing, or a 'black box' approach, is desired then an
alternate procedure follows in Figure 16.1.2-2.

&y |
d 't=kT

Digital o
X_G(I.).. Version _ Dlglta.l E
H (s} Differentiator

Initial Transient
Conditions Solution

Initial Transient
Conditions Solution

Figure 16.1.2-1. Differentiation by the '"Black Box' Approach

16.2 INTEGRATION

The subject of integrating a constant coefficient linear differential equation has been
discuss=d extensively. Here the subject is specialized to simple "definite' integration de-

fined by
t

yit) = 3 X(T) dT (18. 2-1)
0

Upon taking the Laplace transfer

}%% = 2 (16.2-2)

Higher ordei integrations merely increase the inverse power of s by the number of integrations.

If X (s) is generated by a physical system H (s), the composite transfer function H (s)/s
is realizable and the techniques of Sections 5, 6, and 7 may be used directly with no further
discussion.

However, if integration is desirable as a data processing function then certain other
considerations are necessary. The operator 1/s is not bandlimited by any frequency and falls

16-6
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off as slowly as possible with increasing frequency.

If the modified z transform of Section 6.1 is taken a digital transfer function corres-
ponding to 1/s is

) T T
HZ(Z) = 1 - a5
1-2z ‘
(16.2-3)
_T 142
2 1- z--l

Strangely, the z transform, modified, produces the same result as the bi-linear z transform
of 3ection 6. 7. The difference equation corresponding to (16. 2-3) is

- T N
e T Y1 Tz 0t ) (16.2-4)

Examination of Figure 16.2-1 will show that this procedure is equivalent to approximation of
the area under x(t) by trapezoids, the well known "trapezoidal' rule.

X (t)

/|
T

0  &-1)T kT

Figure 16.2-1. Trapezoidal Rule Integration

In terms of frequency

1
Hz(w) 1

“’,,—r (16. 2-5)

ol -3

cot

which for low frequencies is approximately

H (w) ~

m (16. 2-5)
as it should be.
The mcst simple numerical integration scheme is rectangular approximation
e © Ykar U TXeo (16.2-1)
16-7
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which has a z transform transfer functiun

T

1-2

H (2) = ] (18, 2-8)

and a frequency response

T
l e—
%) T T LT (16. 2-9)

li,Sln‘é—

It also approximates the ideal integrator for low frequencies

. 1
H, (%)~ = . (16.2-10)

Another well known elementary integration procedure, Simpson's rule, uses exact
fitting of a quadratic to the three most recent data points %o X1 and Xe_o» with analytical

integration of the expression from (k-2) T <t < kT, resulting in the recursive scheme

- T
Yk T Yg-2 t 3 (Xp tAXp Xy o) (16.2-11)

The z transfer function is

- )
T vazt 073
H(z) = 3 _
. 5 (16. 2-12)

1 -2z

with a frequency response

T
3 (2 + coswT)
Hz(u.) C T em&@T 16.2-13)
which also behaves as an ideal integrator for low frequencies
(w' ~ .-1_ v
H (@) = @ (16.2-14)

By extending the curve ii'iing to @ cubic and integrating over three intervals in the
past Simpsen's 3/8 rule 1s obtained:

16-8
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1 e WA —-—— w—

T
4 = —_— DY RH
Yo T V3 T (K Py P3Xp s txg) (6. 215
The resultant z transfer furction is
_3; {1 +3z-1 + 32-2 + 2—3)
s _ il P
H,{(z) = 3 (16.2-16)
1 -2
with the frequency response
57 cos,(s—;"z}+3cos(“—;l:)
Yy = == —_ a_
% =& 34T (16.2-17)
sin ( 5 )

whizh also behaves as an ideal integrator for lcw frequencies

H (&} ~ f&

In order to compare the efiicacy of the different schemes take the magnitude ratio,
R{w}, of various frequency responses to the ideal 2s a measure of the error:

Rectangular Rule: R(&) = 2——"@"*@7 {16, 2-18a)
2 gin &1
T 2

Trapezoida! Rule: R(&) = -2'—1" ot&,}‘l (16. 2-18b)

«T 2 +cos&®7T

k. 1 . w - - " -
Simpson's Rule: R(w) = sin T (16.2-18c)
9@ 005(3;‘T)+3cos(—2!‘-)
Simponson's 3/8 Rule: R(w) = —— - (16.2-18d)
& ., 3wT
sin ( 5 )

For the various schemes the ratio D (&) is plotted in decibels in Figure 16.2-2 for
clarity. Furthermore the frequency scale has been normalize to unit sampling frequ-ncy:
«* = &T. Negative decibels indicate attenuation of the various methods with respect to the
fdcal. Ohvicusly, Simpson's 1/3 rule and the trapezoidal rule are preferable, however
Simpsoa’s i,. rule amplifies errors at high frequencies while the trapezoid ruie attenuates
them. If a nominal error can be tclerated through low frequencies, then the reciangular rule
has the least average eiror in the entire frequency range.
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~ As details of the error ratios are sometimes useful at low frequency some values are
given in Table 16, 2-1.

c;u Rectangular | Trapezoidal | Simpson's 1/3 { Simpson's 3/8
; 0 0 0 0 0
‘ .05 . 0089 -.0179 . 0000 . 0000
.10 . 0357 -.0719 . 0005 . 0011
A .15 . 0805 -.1629 . 0024 . 0057
i .20 - 1433 -.2925 . 0079 . 0186
.25 . 2244 -.4633 . 0198 . 0482
.30 . 3239 -.6785 . 0424 .1077
{ .35 . 4420 -.9426 . 0818 . 2189
. 40 .5792 -1.2616 . 1462 .4194
j .45 . 7358 -1.6433 . 2471 . 7765
; .50 .9121 -2, 0982 . 4006 1. 4236

| Tzble 1€.2-1. Comparison Ratio, D(w),
: for Various Integration Schemes

i To this point it should be obvious that ail these techniques are examples of the utility of
polynomial extrapolation of Section 7.2. Only the rectangular method hzs a phase shift
different from the ideal integrator and this phase shift is an advance in time by half a sampl-
ing time. Also all these procedures are unstabie using the definition of stability given in
Section 3.4.2. However, analog integration is also unstable in the same sense. Integration
by its very nature acci:mulates the inputs so this should not be 2n excessive concern.

If phase shifts along with delay are allowable, the bandpass filter data reconstruction

method of Section 7. 4 may e used to obtain integration procedures over a wider bandwidth.
Of course, the transfer function used along with this technique is H(s) = 1/s.
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APPENDIX A CONVERSION OF A POLYNOMIAL TO AN EXPANSION IN
TCHEBYCHEF POLYNOMIALS OF THE FIRST AND SECOND KINDS

Given the expressjon

N N
— , k
2o 4 T = Z a x (A~1)
k=0 k=0

The computation of the ak's of in terms of the known ak's is desired. To

solve, multiply both sides by Tm(x).

Therefore, equation (A-1) becomes

N N
k
S e x T_(x) - a, T, (0 T (x) (A-2)
k=0 k=0
For future benefit expand
xK T, ) (A-3)

in Tchebychev polynomials so that apprepriate orthogonality relations may be used.

Using the identity

2x Tm(x) = Tm+1(x) + Tm_1 (x) (A-4)
it is found that
22 x2 Tm(x) = Tm+2 (x) +2 Tm (x) + ’I‘m_2(x) (A-5)
and
2353 (x)=T (X) +3T_ (X)) +3 T (x) + T .(n) (A-6)
m m+3 m+l m-1 m-3

A general relatiﬂnship can be recognized; namely

k k
2°x T (%) = z C (k,p) ka_zp (A-17)

p=0

where C(k, p) is the binomial coefficient:

k!
k,p) =——— A-8
This result can be checked by inductior. The relation holds for fixed
m and k =1,2, and 3 {from equations A-4, 5, and 6. Assume it holds for k and try
to deduce it for k+1. Then, by induction, the result holds for all k.




Multiplying (A-7) by x and using the identify (A-4) gives

k
k+1 k+1 -
2 T (%) 2_10 P Triker-zp @ * Trugegozp @ 1A-9)

p=0

Changing indices in the secen.d term; namely
p=8-lors =pt+l {A-10)

and have:
k k+1

D ck,p) Trk-1-2p X = >, Ctk,s-1) T
p:O s= 1

m+k+1-28 ) (A-11)

As s i8 a dummy index insert this result in (A-9) and find that

k
2k+1 K+l T () = Z [Ck, p) + C(k,p-1)] Tm+k+1_2p (x) (A-12)
p=1
+ Clk, 0) Tm+k+1 (x)
+CUK) T e
Now:
Ctk,0) = C(k, k) = C(k+1,0) = C (k+1, k+1) =1 (A-13)

It can be shown, with a bit of algebra, that

C(k,p) + C(k, (p-1)) = C(k*1,p) (A-14)
forp=1,2,---k.

Therefore, the result: equation A-9 can be wriiten as

k+1

T, (x) = Z COCLP) T gp O (A-15)
p=0

2k+1 xk+1

which is identical v th A-7 where k is simply replaced by k+1. Therefore the
formula is the correct expansion in Tchebychev polynomials of x&T (x) for all k.

The problem then becomes a marter of using the orthogonality relation*

* Korn and Korn, Mathematical Handbook for Scientists and Engineers
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m
= =n 4
p» M=n 0.

dx = 7, m=n =0,

-1 V1i- x2 0, otherwise A1/

properly.
Defining
1
xk Tm(x)
d ., = — dx (A-17)
mk f 5
-1 1- x‘)'
then
N
- ok -
% ~ E T % (A-18)
k=0
and
N
2d
k
a_= > —mk a,, m>0 (A-19)
k=0

Using the expansion (A-7) and the orthogonality relations:

d 0, m>k
mk _ _1 0, m+k odd )
q ok ) 1, m=k (A-20)
C(k, (m+k)/2), otherwise.
Inserting this result in the expression for the am's gives
{w_l‘
2 J .
a = Z ZZ-E Ck,K) a,,, (A-21)
k=0
m even:
{ M}
RN / 22
a_ = ~=— @2k, (m+2k)/2) a (A-22)
m=>, S O 2k




m odd:

{ N+l \
2 )
WY ;2—2];-1 C (2k-1, (m+2k-1)/2) a

m+1
2

2k-1 (A-23)

k=

¢
By JKN—;I} the truncated integer is meant.

As an example the 4th order Tchebychev pulynomial is used. Namely; set

4
Z akxk=1-8x2+8x4 (A-24)
k=0
=T, (%)
4
= 2 Ty
k=0
See that
a, =a, = 0 (A-25)
a, =1, a, = -8, and @, =8.
Using the preceding procedures the expected result should be 8,78, =8, =8, = c, a, = 1. -

By direct computation: find

1 1 .
3y = C(o,O)ao+—2-2 ci2, 1) @t C4,2a, (A-26)
=1 4 —% x(-8)+—2 X 8
2 2
=0

All odd coefficients are automatically zero as equation (A-23) involves only odd a
which are zero.

A-4




Similarly

-2 2
a, = 22 C(2,2) az+;; C(4,3) o, (A-27)
= —3 x (-8) +-% X4x8
2 2
or a, =-4+4
a2=0

Finally, compute

2 ]

a, = -2—1 C(4,4) x: (A-28)
or

a4 =],
and have

2 4

1-8x" +8x = T4(x) (A~29)
as expected.

Trying the relations for an odd case, namely

5x - 20 x° +16 x° = T (x) (A-30)
produces

ao=a2=r_44=0 (A-31)

al =5, cr:3 =-20, and as =186,

The expected result is iindinga, =a, =a_, =a, =u, =0 and a.=1. Of course,
0 i 2 3 4 5

from equation A-22 the even am's are zero.




Compute:

.2 2 . 2 -
a, =3 C(L, ) a,+ 3 C3.2) ay+ = C(5,3) o (A-32)
2x3 2
=, +— a, +— x10 o
1 23 3 25 5
= 5-% x20+——2- X 10 x 16
5
2
or
al =0;
and
a, == C@3,3)a, + -2 C(54)a (A-33)
3 3 ! 3 5 ! 5
2 2
2 7
=3 x(-20)+—5- X 5 X (16)
2 2
or a3 =0;
and
= -2 C(5,5) a A-34
as - 25 ( s ) 5 ( )
=2>i156 -1
2
Therefore
5% =20 X° + 16 x° =T, (x) (A-35)
as expected.

The other important computation is finding, for the imaginary part, the
bk‘s in terms of the Bk‘s from the relation

N-1 N
S8, K = S b U () (A-36)
k=0 k=1




As before (equation A-2) multiply both sides by | 1- x Um(x) and express kam(x)
in terms of the U (x). The U n(X) satisfy the same recursion relation as did the
Tp(x), therefore, the relauonshxp

k
2 U 00 = 3 Cp) Uy pp 9 (A-37)
p=0

can automatically be written as the derivation is identical to that for equation (A-7).

Next, using the orthogonality relation for the Un(x) *. namely,

0. otherwise;

1 T
12 v ) U de = 2 mon (A-38)
m" n i :
“1

in, n=1,2------;
and obtain:
N-1 k 1
30 = o By Z C (k, p) jm Ukem-zp () 4% (A-39)
k=0 p=0 1
m=1,2---, N,

Defining the quantities

fe=o o 2 ¢k p) r 1-x2 Urmeozp 0 9% (A-40)

p=0 2 |

they can be evaluated using the orthogonaiity relation {A-38):

0,k<m-1

2 _ 1 0, k+m even _

m fmk —zk 1, k =m-1 (A-41)
2m

et C(k, (k+m+1j/2), m+ 1 < k< N-1

* IBID




Therefore, the bm's are given by

N-1
- 2 |
by =D 7 fk Pk (A-42)
k=0
For even m:
N+l
2
= —2m C(2k-1, {2(k-1) + m)/2)
®m Z (2k+m) o2k-1 Pok-1 {A-13)
k=T
2
For odd m:
N
2
= 2m Ci2k, (2k+m-1)/2)
P = 2 2k+m+1 52K Bok: (A-44)
m-1
k="
A-8

iy
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APPENDIX B. USEFUL TRIGONOMETRIC IDENTITIES

Trigonometric identities of use are derived in this appendix. Thke results
that are found follow in summary:

.
N sin (N+ 1)-?— cos N?—
> coske = = : (B-1)
k=0 sin 3
N sin (N+ 1) -%)- sin N —?—
Z sin kO = 5 (B-2)
k=1 sin g
Ii sinN—e,-z- cos {N+ 1)%—
> coske= s —— (B-3a)
k=1 sin =~
. 1
sin (N+E) o
= 5 ; (B-3b)
2 sin—4—
2
and
N 9 N
_.__Smkke - jr { > eos kG'] de’ (B-4a)
k=1 o k=1 J
® sin (N+—;-)O'
= f —_—— o (B-1b)
. O
2 sin —+
G 2

Proving B-1: represeut cos kO ki its exponential form and sum the
resultant geometric series:

N N




or

N sin (N+1) 22 cos N——ze-
Z cos k& = S (B-9)
k=0 sin 3

The calculation of the sum of sine harmonics is performed in an identical manner.

The summation

N

Z cos kO (B-7)
k=1

is obviously given from the above by

N sin (N+1) ?icos N—g
D coske = 5 -1 (B-8)
k=1 sin =~

which can be converted to another form by trigonometric identities:

sin (N + 1)—9— cos NE sin (N+1) o cos NO _ sin 9
2 2 1= 2 2 2
si 2 ) sin s
) ) (B-9)
. o =) NO . © 2 NO . 6
. smN-? cos 5 cos 5— + sin 5 cos 5= - sin )
sin —2-
in —
. N© NO o .6 _. NO
_ sin o) (cosT cos 5 - sin 5 sin B )
sin O ’
in —
or
N sin% cos (N+ 1)-%
D coske = 5 (B-10)
k=1 sinTy
Also, as
sin (N+1) -95 cos N_29 = —é (sin (N+% ) © + s8in 9),
N sin (N+%) 9
D coske= 5 : (B-12)
k=1 2 sin >
is obtained.
B-2

(B-11)
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