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PREFACE

The general purpose computer routines described in this document were
developed to implement digital filtering techniques for the Computation Laboratory,
George C. Marshall Space Flight Center under Contract No.NAS8-20308,

The routines included both coefficient generation and applications programs.
The purpose of this Volume (II) is to instruct in the correct use of these

routines without giving a detailed explanation of the underlying mathematics in spite
of the fact that many of the routines implement fairly sophisticated mathematical.

I

operations. It is, therefore, frequently necessary to refer to Volume I of the final
report on Digital Filtering and Prcocedsing By Transform Techiiques to fullyuinderstand
the opeération of theiroutines,
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1. GUIDE TO DIGITAL FILTER ROUTINES: A GENERAL INTRODUCTION

The following is intended as an introduction for a proapective user df.the
digital filter generation routines discussed in this document. The routines are
designed to run on a computer with a Fortran IV Compiler.

There are two basic types of routines presented here: (1) Synthesis or
filter coefficient generation routines, and (2) application or filtering routines.

The synthesis routines aid in design of the digital filters while the applications
routines use the filter weights computed by the synthesis routines to perform data
filtering. The synthesis routines are treated in some detail due to their complexity
while the applications routines are relatively simple subroutines. Some fundamental
applications routines have been developed which will be useful in many problems.
Statistical filtering routines have not been included.

Synthesis routines generally fall into one of two categories depending upon
the application. They are: (1) Fitting of an analogue transfer function over a
frequency region of interest, and (2) processing data in some general way, e.g.
smoothing. Selection of particular synthesis routines depends upon which of these
two problems is being solved. In both cases the expression implementing the filter
is the same, only the coefficients are changed. Input to the filter is a sequence of
numbers which may, for convenience, be thought of as representing samples of a
continuous function of time. The digital filter operates on this input number sequence
to produce an output number sequence.

When the problem is numerical integration or simulation of an analogue
transfer function then the digital filter output number sequence would preferably
be the same as the output samples of the aralogue transfer function whose input was
a continuous function. This i3 illustrated in Figurel-l

Exact simulation is achieved when output sequence II is the same as output
sequence I. Namely the numerical (digital) solution and the analogue system output
samples are identical. Generally this is impossible; a delay is usually necessary.
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Figure 1-1 Digital Filtering on a General Purpose Computer
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On the other hand, if the problem is to process somec number sequence in a
general way, then strict corresponden~e to an equivalent analogue transfer function
is not required. An important example of this type of processing is the emphasis
or removal of a particular band of frequercies in a wide signal spectrum., The
routines which develop this kind of filte:' are much less complicated, are easier to
use, and occupy much less storage thun do the more general synthesi; routines.
These are the bilinear z transformation routines.

The transfer function of a practical linear, constant coefficient digital filter

may be written as,

i,::

Hz(z) =
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where:
Y(z) is the output sequence z transform
X(z) is the input sequence z transform

'The '"time domain' input-output relation corresponding to the transfer function above is

M N
Yk ° -l%'(-)' [ Z m*k-m Z bnyk-n] 1-2)
m =0 n=1
where:
X, = nth member of the input sequence
Y, = nth member of the output sequence

This is the form of the digital filter used by the applications routines. That
is to say (1-2) is the calculation performed to produce the kih output of a digital filter.
The simulation problem requires further discussion at this point because
there are two distinct techniques available for simulation synthesis. Use of these
routines result in either a recursive or a non-renursive filter. The decision whether
to select a recursive or non-recursive digital filter synthesis of an analogue
transfer function depends upon the spectrum bandwidth being simulated and the

nature of ..e transfer funct: n itself. The user will always select the method which
1-3




rcalizes the analogue transfei function with sufficient accuracy over the frequency
range of interest, A commonly used criteria for determining simulation accur «cy
are the amplitude and phase vers:.:: frequency responses of the digital filter. By
comparing the digital filter responses with the responses of the analogue transfer
function one can evaluate the success of a particular technique when applied tn a
specific transfer function. If both the recursive and the non-recursive techniques
produce a digital filter which adequately realizes the transfer function over the
frequency range of interest then the realization having the fewest number of filter
coefficients sbould be selected in the interest of faster computation time.

The correct choice cannot always be made aprior ; only after both
recursive and non-recursive realizations of a particular transfer function have
been developed can the decision be confidently made. However, guidance in this
selection can be based on past experience, It has been found that for approximately
1% to 5% error in the digital filter frequency response it is usually best to use the
recursive {ilter realization if:

(1) The approximation band is less than 1/3 the sampling frequency
or (2) The transfer funct’ibn itself is '"bandlimited' to 1/2 the sampling

frequency.

On the other hand, if the transfer function extends beyond 1/3 the sampling
frequency (it is not sufficiently bandlimited to half the sampling frequency) and it
is desired to realize the transfer function-to the maximum iimit of 1/2 the sampling
frequency then it is usually necessary to use non-recursive realizations.

While certain theoretical considerations lead to initial information as to the
expected approximation accuracy, the calculations necessary to finally judge the
"aliasing''are generally as much labor as trying the various techniques. Of course,
if the analogue transfer function is "obviously' bandlimited below half the sampling
frequency, thien recursive filtering by the direct z transform is preferable.

There is one further consideration in making the choice between recursive
and non-recursive filter realizations. That consideration is the additional time
ueiay introduced by digital filtering. The recursive filter often introduces less
time delay than the non-recursive filter if a smaller approximation region is
allowable.

Figure 1-2 illustrates the steps which must be taken to develop digital filters

for transfer function simulation.
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H(s) TRANSFER
FUNCTION SPECIFICATION

]

IS DATA OR TRANSFER FUNCTION
BANDLIMITED TO /3

SAMPLING FREQUENCY?
NO | YES
USE NON-RECURSIVE FILTER USE RECURSIVE FILTER
WRITE EXECUTION PROGRAM ‘ IS
o — USING TRANWG, TRANSFER FUNCTION
SMOOTH | BANDLIMITED?
T T :
YES NO DON'T
KNOW
EVALUATE DIGITAL |
FILTER RESPONSE ;
UNACCEPTABLE ACCEPTABLE DO YOU KNOW
BEST WAY TO BANDLIMIT
TRANSFER FUNCTION?
K 2
CHANGE |
DESIGN PARAMETERS
 E—— OR _—H BLAST
RECONSIDER
RECURSIVE FILTER

EVALUATE RESULTS OF
RECONSTRUCTION TESTS.
PICK BEST OR COMBINATION

OF RECONSTRUCTION TECHNIQUES

|4 1

‘ Figure 1-2 Determination of Digital 'WRITE EXECUTIVE PROGRAM
. 'Filter Synthesis Method USING SEQUN1 OR SEQUN2
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2, RECURSIVE z TRANSFORMATION/DATA RECQONSTRUCTION ROUTINES:FOR TRANSFER

FUNCTION APPROXIMATION
Introduction

It is assumed that the transfer function to be simulated is dvailable as the rat::
of two polynomials in the Leplace transform variable '"s''. The denominator polynomial
must be factored into its roots which may he either real or complex and may have
any multiplicity, That is, the transfer function is of the form,

2 n
(8) PatDP8+p,8 + + p&8
H(s) = P(:) = . lm 2 m - m
(s + Rl) 1 (s + RZ) 2 (s + R3) 3 @-1)
where the

p's are the numerator polynomial coefficients (real coefficients)
R's are the denominator roots (complex roots)
m's ace the denominator roct multiplicities

The convention for polynomials used ir all the following routines is that
the lowest order coefficient is stored in the first location of its real or complex
array. Assume a polynomial of the form ' |

P = Py + P+ pzx'2 + o+ pnxn (2~-2)

The coefficients are stored in the linear array P as

Pl) =p,
P@2) = Y]
P@3) =p,

with pj rea. or complex.




A second convéntion used in the following routines is that the length of a
polynomial is described by its degree rather than by the number of coefficients.
The polynomial above is of degree N and has N+l coefficients, but N (its degree)
is used to indicate its length,

The steps required for preparation of the transfer function for use by the
z transformation routines are

(1) define the numerator polynomial of H(s) in a real linear array

(2) define the roots in a complex linear array

(3) define the multiplicities in an integer array

(4) set some integer variable equal to the numerator degree

e«

(5) set another integer variable equal to the number of distinct roots.
Note that if a root is real it is necessary to specify the imaginary part zero.
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2,1 z TRANSFORM PROGRAM SEQUENCING

A list of steps required to z transform a transfer function follows .
The method is fundamentally the same regardless of the reconstruction procedure:

(1) Modify original transfer function H(s) with desired reconstruction
function R(s). The result is a new function H(s) R(s). Program used:
RECONS

(2) Perform the partial fraction expansion on the reconstruction modified
transfer function, H(s) R(s). Program used: PARTLF

(3) z transform the resulting partial fraction expansion. Program used:
CLEANZ

(4) * Adjust the amplitude response at zero frequency of the resulting filter
to be the same as the response of the original transfer function. This

$

g .

is particularly useful for those transfer functions which are zero at zero

A g

frequencies, e.g. differentiators. Program used: LEVEL

5 N ; o ? . ; %
' 3

* (5)* Evaluate the amplitude and phase vs. frequency response of the z
éj transformed function and compare its response with the original transfer
& function. Program name: RESP

Since this procedure does not vary with the reconstruction met hod there
are only two sequencing programs needed, Their names are appropriately SEQUN1
and SEQUN2. They are identical except the SEQUN2 has no print-out and does
gﬁ not evaluate the frequency responses of the original function and the transformed
]

function. Its sole purpose is to find the z transform filter coefficients and return

them to the main program.

2. To use SEQUNI or SEQUN2 specify the following;
g (1) The transfer function specifications
2; a. Root values - complex
b. Number of roots -~ integer
§ ) c. Multiplicity of each root-integer
. d. Numerator polynomial - real coefficients
e. Degree of numerator polynomial - integer

()
.

Sampling period in seconds - real

* QOptional




(2) Reconstruction Function Specification
a. Is any reconstruction needed? If the original function is bandlimited
to half the sampling frequency no reconstruction filter need be added.
In this case set IREC=0, otherwise set IREC=l. However, if a
reconstruction function is required to bandlimit the transfer function
it is necessary to further specify.
b. Type of reconstruction function to be used. If Butterworth reconstruc-
tion is used then specify:
1. Approximation bandwidth w,
2. Aliasing level or out-of-band attenuation, @

3. Whether minimum pole or minimum time delay

Butterworth function is desired -
Always consult the document describing SEQUNI before attempting to use the .
routine since it has many variables in its CALL statement whose function should Ny

be fully understood.

Another program can be used which sequentially tries some of the reconstruc~
tion methods. For each reconstruction function applied to the input transfer function
this program follows the sequence outlined above. The user can look at the resulting
response tabulations and select the method which best fills the requirements of the
simuiation task. .

The name of this program is BLAST. BLAST has no output to the main - -
program, Its only output is printed paper and its only input is the transfer function. A
Use of this program should give the user an intuitive understanding of the relative ..
merits of the various reconstruction methods. Once the best method is found to
solve a given problem SEQUN] or SEQUN2 should be used to generate the actual

filter coefficients.

A flow chart of the various program and their subroutines follows in figure 2.1-1,
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2.1.1 BLAST, A Routine Which Tries Various Reconstruction Techniques With z

Transformation

This routine is a sequencing routine which tries all the commonly used
reconstruction techniques used in z transforming transfer functions. For a given
transfer function there are some reconstruction techniques which work better than
others. It may not be obvious to the user which reconstruction filter to use un a given

transfer function. The obvious solution is to try all of them and pick the technique

which gives best results. For a discussion of the various reconstruction filters used

here refer to Sectien 7, Vol I,Digital Filtering and Processing By Transform Techniques.

This routine (1) aads a reconstruction function R(s) to the input transfer function
H(s), (2) performs the partial fraction expansion and z transformation on the resulting
reconstructed function H(s) x R(s), (3) evaluates the frequency response of functions
[H(s) x R(s)] and the original function H(s), (4) sets the zero frequency level of the z
transfer function equal to the original function H(s) and then (5) re-evaluates the
frequency response. BLAST goes through the above sequence for each of the following
reconstruction front ends

() No recounstruction, that is R(s) =1

(2) First order delayed sample and hold reconstruction

(3) Zero order sample and hold reconstruction

(4) First order extrapolation sample and hold reconstruction

(3) Butterworth reconstruction with a = .1, w, = 1/4'mS

(6) Butterworth reconstruction with o = .01, w = 1/4 W
where « is the attenuation of the aliasing tail in the approxir_nat‘ion band w,

wg is the sampling frequency in radians/sec.

This routine requires the entire z transformation package of subroutines,

BLAST calls the following routines directly:

2-6
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(1) RECONS, the reconstruction filter generator

(2) PARTLF, which finds the partial fraction expansion or H(s) . R(s)

(3) CLEANZ, which generates the modified impulse invariant z transform of
H(s) . R(s)

(4) REFORM, which forms the denominator polynomial from its input roots.

(5) RESP, which evaluates and prints out the frequency response of
[H(s) . R(8)] and the frequency response of H(s) side by side.

(6) LEVEL, which sets the amplitude response of [H(s) . R(s)] egual to the
amplitude response of H(s) at zero frequency.

CALL STATEMENT:

CALL BLAST (A, M, 2, N, MULT, T)

All of these call variables are inputs, The only output from this routine is
printing.

1. A is a real array containing the numerator coefficients of the input transfer function
H(s).
AQl) = a,
A@2) = g

A(m+]) = a,
2. M is the integer degree of A.
3. B is a complex linear array of the Ndenominator roots. B may also be a real array
with: B(l) = real part of root #1
B(2) = imaginary part of root #1
B(3) = real part of root #2
Bi4) = imaginazy part of root #2

B(2N-1) = real pari of the Nth root
B{2N) = imaginary part of the Nth root

2-T
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4, N, the number of denominator roots - integer
5. MULT, an integer array containing the multiplicities of the N denominator roots. .
6. T the sampling period, a real variable.
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SUBROUTINE BLAST(B,MsAyNsMULT,T)

FOR INFORMAT ION ON THESE ROUTINES CONTACT E.He. GERMAN

BENDIX COMMUN ICATIONS DIV BALTO, MD 301-VA 3 2200 EX 715
IMPLICIT REAL*8(A-H,0-2)

OIMENSION AL L)eBLLI MULTIL)
OIMENSION P(50),Q(50),COEF(50),TRA(50) yB0OUT(50)

APPROXIMAT ION BAND ARBITRARILY SET TO 1/4 OF THE SAMPLING FREQUENCY

12
13

14

15
18

30

22
23

WA= 1.570796/7

D0 20 J=1,6

NSAV=N

GO TO (12913913913414915}),y4
IREC=0

NSH=10

GO TO 18

NSH=J-3

IREC=1

GO TO 18

NSH=10

ALP A= .1

MINPOL=1

GO TQO 18

ALPHA= .01

CONT INUE

CALL RECONSINSHyAsMULT,N, ToMINPOL ¢ WA, ALPHA ByM,TAU,WC,BOUT,
1MOUT, MUSAV,y IREC)

CALL PARTLF(BOUT MOUToAMULTyNoCOEF CONST)
WRITE(695) MyN

NR=0

00 30 I=1,yN

NR=NR+MUL.T( 1)

NR= 2¢NR

ND2=2%N
WRITEL694)(A(I)yI=1yND2)
WRITE(6921) CONST
WRITE(696)ICOEF(1)sI=1yNR)
CALL CLEANZUCOEF oA NyMULTyTyMOUTyCONST P yNP yQ9sNQsNSH)
IFINSHeLESL) MULT(N)=MUSAV
N=NSAvV

CALL REFOURM{AyNyMULT,iRA9SNTRA)
NR1=NTRA+1
WRITE(G6yT)(TRA(I)yI=1yNRL
WRITE(G60 1)

LAST = NP + 1
WRITE(692)(P(i)yI=1yLAST)
WRITE( 6y 3)

LAST = NQ + 1
WRITE(692)(d(1)eI=1oLAST)

CALL RESP(PyNP+QsNQ ;TRAYNTRABsM, T, TAU)
WRITE(G6y11) TAU

WRITE(6,8) '

WRITE(6,31)

GO TO (220239241259269217)4J
WRITE(6432)

GO TO 28

WRITE (69 33)

GO TO 28




24 WRITE(6y34)
GO TO 28
25 WRITE(6,35)
GO TO 28
26 WRITE(6436) WA
GO 10 28
27 MRITE(6,37) WA
28 CONT INUE
SLEV=8{1)/TRA(])
CALL LEVEL(SLEV,PoNP,Q/NQ)
WRITE(6,10)
WRITE(6,1)
LAST = NP + 1
WRITE(6,2)(P(I)yI=1,LAST)
WRITE(6,3)
LAST = NQ ¢+ | =
WRITE(6,2)(Q(I),1=1,LAST) &
CALL RESPI(PyNP,QyNQsTRAJNTRA,B My T,TAU) i
WRITE(6:9)
CONT INUE
RETURN N4
FORMAT (/4 3X,1in OUTPUT PZ )
FORMAT (/+2X,EL548)
FORMAT {/43Xy L1H OUTPUT Q2 )
FORMAT(/y3Xy8H ROOT= 4EL15.893X9EL15.8 )
FORMAT {LH14X3H M=[4,5X3H N=13) -
FORMAT(/,3X,24H PARTIAL FRACTION COEF=  4E15¢8¢3X¢EL5.8) £
FORMAT (/ 43Xy 2TH REFORMED DENOMINATOR POLY= ,E15.8) =
FORMAT(//434H RESPONSE BEFORE LEVEL CORRECTING ) .
FGRMAT(//,36H RESPONSE AFTER CORRECTION BY LEVEL ) :
FORMAT ( 1H1) &
FORMAT (/,3X,504 ADDITIONAL TIME DELAY DUE TO RECONSTRUCTION TAU=
1 'E15.8 ) -y
21 FORMAT(/,10H CONSTANT= ,E15.8} %
31 FORMAT(/,2Xs29H TO OBTAIN ABOVE RESULTS SET )
32 FORMAT(9X,48H IREC=0, THE OTHER VARIABLE VALUES DO NOT MATTER ) -
33 FURMAT(9X,56H IREC=1, NSH=-1, THE OTHER VARIABLE VALUES DO NOT MAT &
1TER ) '
34 FORMAT (9X,56H IREC=1, NSH=0, THE OTHER VARIABLE VALUES DO NOT MATT
1ER )

35 FORMAT(9X,56H (REC=1, NSH=1, THE OTHER VARIABLE VALUES DO NOT MATT
LER )

36 FORMAT(9X,32H IREC=1, NSHeGE<2, MINPOL=1l, WA= ,EL15.8,/+20X,9H ALPH
lAzol ’

37 FORMAT(9X,32H IREC=1y NSH.GE<2, MINPOL=1, WA= ,EL15.84/ 920X s 10HALPH
1&3001 ,
END
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2.1.2 SEQUNI and SEQUN2, Routines To Develop The z Transform Of A
Transfer Function H(s)

bl b

&

Byt d

This routine is designed to call the various subprograms used when developing
the z transform. SEQUNI writes out various variables as they are developed or medified.
While SEQUN2 performs the same computations as SEQUN 1, it does not print anything,
The inputs to both routines are the transf-r function H(s) expressed as a
numerator polynomial and denominator expressed by its roots and their multiplicities.
Sampling period T is an input as are various other variables which serve as instructions to
the routine as to which reconstruction techniques to use before attempting to z transform
th . input transfer function. The originel transfer function H(s) is returned to the main
program unmodified along with the transfer function

Bkt Gt

R i o

P

-1 -
P_(z) p0+plz +p2z2+...+psz

H_(z) = Q[H(s) X R(8)] = =% =
z 91 Q,(z) q, + qlz'l + qzz'2 +... 4+ quN

where:

; [ ] means "the z transform of},R(s) is the reconstruction function.
The operations performed consist of
1. Modify H(s) with the desired reconstruction function, R(s). At this point we have
H(s) = H(s) x R(s)
Develoup the partial fraction expansion of H(s)
Perform the raodified impulse invariant z transformaiion on H(s)
Form the denominator polynomial of H(s) from its roots.

Set the response level of Hz(z) equal to the response level of H(s) if requested.

A OV s W N

In SEQUNI the frequency response of Hz (z). and H(s) are calculated and printed
‘« side by side for comparison. The routines called by

SEQUNI SFQUN2

1. RECONS 1. RECONS

2. PARTLF 2. PARTLE

3. CLEANZ 3. CLEANZ

4. REFORM 4. REFORM
{ 5. LEVEL 5. LEVEL

6. RESP

2-11




These routines in turn require various subroutines. A maximum of 29

subroutines are required when using SEQUNI

CALL STATEMENTS:

CALL SEQUNI (A, M, B, N, MULT, T, NSH, WA, ALPHA, MINPOL, LEV, P,
NP, Q, NQ,)
or
CALL SEQUN2 (Same Variables)

where
1. A is a real linear array containing the coefficients of the numerator polynomial
of H(s). AQ)=a, A@)=a), .., A(M+)=a
2, M is the integer degree of polynomial A
3. B is the real linear array containing the complex roots of the denominator of H(s).
B (1) = real part of root No, 1
B (2) = imaginary part of root No, 1
B (3) = real part of root No. 2
B (4) = imaginary part of root No. 2
If a root is real be sure to set its imag,part = 0,
. N is the number of roots of the transfer function.
MULT is an integer array containing the multiplicity of each of the N input roois.
. T is the sampling period in seconds, a real variable,

-3 O U

3

¥

NSH is an integer flag used to indicate which type of reconstruction filter is to be i
developed.

NSH = -1 will cause first order delayed reconstruction filter to

be added to the original transfer function

NSH = 0 will cause a zero order sample and hold to be added

to the original transfer function

NSH =1 will cause a first order extrapolation sample and hold to be

added

NSH greater than 1 will cause a Butterworth reconstruction filter to

be added to the original transfer function.
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13.

14.
15.
16.

The variables numbered 8-10 need be specified only if Butterworth reconstruction
is required. For sample and hold the variables 8-10 need nct have any particular
values.
WA is a real variable which specifies the approximation bandwidth in radians
per second. WA must have a xéange 81; values

0<WA <(1T —2-)
where w s is the sampling frequency in rad. /sec.
ALPHA is a real variable which specifies the minimmum attenuation of frequencies
in the range [(w s-wa)<w < ws] . This determines the amount of aliasing
distortion in the approximation band, 0 to w a rad. /second. For example if
ALPHA = ,0l{nen the amplitude of H(s) . R(8) in the frequency range [ws-wa to ws]
will be 1% of the amplitude of H(s) alone in that region. Use of a sufficiently small
value of ALPHA assures that H(s) . R(s) is a bandlimited function. This is
necessary for correct response of the transformed function Hz(z)
MINPOL is an integer flag which indicates whether a minimum time delay or
minimum number of pole Butterworth reconstruction filter is to be developed.
If MINPOL is set to an integer greater than or equal to 1 a minimum pole reconstruc-
tion filter is developed. If MINPOL is set to a value less than or equal to zero,
time delay of the reconstruction filter is minimized.
LEV is an integer flag which if less than or equal to zero causes the level setting
operation performed by subroutine LEVEL to be bypassed.
IREC is an integer flag which if less than or equal to zero causes reconstruction
filter development to be bypassed entirely. This procedure is generally acceptable
when the sampling frequency is significantly higher than the transfer function
bandwidth.
P is the output numerator polynomial oi the z transform function. P is a real
linear array.
NP is the degree of polynomial P.
Q is the real linear array of the z transforn: denominator polynomial coefficients.

NQ is the degree of polynomial Q.
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The transform function returned is:
-NP

- -2
P_(2) po-l-plz l-0' PyZ + ... +pNPz
= NG

1

z q, + qlz- + qzz”2 + ...+ qNQz

P 1) =p, QM) =q,
P@=p Q@) =q
P (3) = p, Q@) =q,

SR aqao ¢

+

Py,

¥ L3
Pty

4
&
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SUBROUTINE SEQUNLIB yMyA yNoyMUL T, TyNSHyNAyALPHA MINPCLyLEVsIREC,
LPyNPyQINQ)

FUR INFORMATION ON THESE ROUTINES CONTACT E.He GERMAN

1

i

8

0

2

~NO VS WN -

BENODIX COMMUNICATIONS DIV BALTUO, MU 301-vA 3 2200 EX 715
IMPLICIT REAL*8 (A-H,0-2)
OIMENSION AC1)4BC1) MULT(L)P(L1)yQ(1)
ODIMENSION CUEF(50),TRA(S0),80UT(50)
ONE=1.EO
NSAV=N
IFI(IRECeLE«O) dANUI(NSHJLE.L1)) NSH=10
CALL RECONSINSHyAyMULT Ny TyMINPOL yWA,)ALPHA,ByM,TAU,WC,B0UT,

LMOUT,MUS AV, IREC)

CALL PARTLF(B8OUT MOUT A MULT,N,COEF ,ONST)
WRITE(695) MyN

NR=0

00 10 I=14N

NR=NR+MULTI(])

NR= 2%NR

ND2=2%N

WRITE(G6y4)(A(L)yI=14ND2)

WRITE(6921) CUNST
WRITE(G6y6)(COEF(I)yI=1yNR)

CALL CLEANZUCOEF AN MULT yTyMOUTyCONST 9P yNP oL s NQ9yNSH)
IFINSheLE«l) MULT(N)=MUSAV

N=NSAvV

CALL REFURM(AyN,MULTTRA,NTRA)

NR1=NTRA+1

WRITE(G6y T)ITRA(I)yI=19yNR1)

IF(LEV.LE.O) GO TO 12

SLEV=B(1)/TRA(1)

CALL LEVEL(SLEVsP NP ydyNQ)

CONTINUE

WRITE(6,1)

LAST = NP + ]

WRITE(692)(P(1)yI=1,LAST)

WRITE(6y3)

LAST = N@ + 1

WRITE(6+2)(Q(I)eI=1,LAST)

CALL RESP(PyNP+yQINQyTRANTRAyB89yM,T,TAU)
WRITE(6,8) TAU

RETURN

FORMAT (/9 3Xy 11H OUTPUT PZ )
FORMAT(/¢2XyEL15.8)

FORMAT (/9 3Xe 111 QUTPUT Q1 )
FORMAT(/+3Xe8H ROOT= 'EL15.893X9EL15.8 )
FORMAT(LH14X3h M=]14,5X3H N=[3)
FORMAT (/9 3Xy24H PARTJAL FRACTIUN COEF= 9E15.893X49E15.8)
FORMATI(/ 93X 27H REFORMED DENOMINATOR POLY= 4EL15.8)

FORMAT(/+3X,50H AUDDITVIONAL TIME DELAY DUE TU RECONSTRUCTION TAu=

vE15.8 )

21 FORMAT (/,10H CONSTANT= ,E15.8)

END
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SUBRUUTINE SEQUN2(B yMyAyNoMULT Ty NSHy WA ALPHAMINPOL,LEVyIREC,
1PyNP,yQyNQ)

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION ACL1)4B(L) MULTIL1),4P(L1),Q(1)

DIMENSION COEF(50),TRA(S50),80UT(50)
IF((IREC.LE«O)«ANDe(NSHoLE«L1)) NSH=10

ONE=1.EOQ

NSAV=N

CALL RECONSINSHyAyMULT yN, T«MINPOL 9 WA ¢ ALPHA 4B My TAU y WC ,B0OUT,
IMOUT ,MUSAV, IREC)

CALL PARTLF(BOUT MOUT A MULT,NyCOEF CONST)

CALL CLEANZ(COEFosAyNyMULTyToMOUToCONST 9P sNP od 9 NQ9NSH)
IFINSHeLE<1) MULT{(N)=MUSAYV

‘N=NSAV

CALL REFORM{AN,MULT,TRA,NTRA)

IF(LEV.LE.O) GO TO 12

SLEVY=8B(1)/TRA(1])

CALL LEVEL(SLEVyPsNPsQyNQ)

CONT INUE

RETURN

END
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2.2 BANDLIMITING THE TRANSFER FUNCTION

The transfer function must be bandlimited in order to achieve accurate
simulation via the z transformation technique. A bandlimited transfer function can
be described as one which has essentially a zero amplitude response above 1/2 the
sampling frequency. Shown in Fig. 2.2 is the amplitude response (or spectrum)
of a bandlimited transfer function. The transfer function in Figure 2.2-2 is not
bandlimited.

Unfortunately, bandlimited functions are not usually found in practice.

It is necessary to bandlimit the transfer function before attempting transformation

: because the frequency response of a transformed non-bandlimited transfer function
will not resembie the frequency response of the original transfer function because of
"aliasing'' distortion. The method used by these routines to bandlimit the function is
multiplication of the original transfer function by another transfer function which is
! approximately bandlimited. This second bandlimited transfer function is called

_ the reconstruction filter, R(s). This technique is graphically illustrated in Figure 2, 2-3
§ The transfer function in Fig: 2. 2-3aH"(s)= H(s) R(s) is bandlimited to

approximately 1/4 of the sampling frequency and has an amplitude response which

[ closely resembles the original transfer function H(s) in the approximation band
' (from zero to 1/4 the sampling frequency). This new transfer function can be
successfully transformed. Over the range from zero to 1/4th the sampling
frequency the transformed function will simulate the response of the original transfer
function accurately except for the addition of an approximately constant time delay
associated with the reconstruction filter.
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Transfer Function
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2.2.1 Selection of Reconstruction Technique

T'here are two basic reconstruction methods available in the following routines
to bandlimit a transfer function. The first method involves the use of various
polynomial "sample and hold" systems adapted to digital filters. The second method
develops reconstruction functions which are implemented here as Butterworth
low-pass filters. The Butterworth filter reconstruction function is preferable to
the rample and held methods when the transfer function has a large amplitude at
frequencies greater than half the sampling frequency, thmigh more filter weights
are necessary. An example of a transfer function wnich usually has large amplitude
at high frequencies is the derivative of a servo control function.

An advantage of the various sample and hold techniques is that they can be
employed with only a slight increase in the number of filter coefficients. If it is
found that they do an adequate job of reconstruction they should be used. The types
of sample and hold systems which have been converted to digital filters within the
programs are:

(1) zero order sample and hold

(2) first order extrapolation sample and hold

(3) first order delayed sample and hold
Of the three methods presented for transfer function approximation the zero order,
and the first order delayed sample and hold reconstruction are preferable. Their
amplitude versus frequency responses are plotted in Figure 2.2.1-1,

If the sample and hold reconstruction techniques can not bandlimit the original
transfer funciion sufficiently to reduce aliasing then use of the Butterworth reconstruc-
tion filter is recommended. With this technique it is necessary to specify the approi-
mation band desired, W, s and the approximate aliasing level, @ , within this approi-
mation band. Notice that with sample and hold reconstruction these parameters may
not be varied. With the Butterworth reconstruction filter, the reconstruction function
can be developed according to simulation requirements at the cost of additional
filter weights. Aws the reconstruction band and aliasing level approach the ideal

S

(a =0, W, T 3 ) the number of weights increase to the point where non-

recursive filters should be considered.
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.2.2.2 RECONS A Routine to Develop Sample and Hold and Butterworth
Reconstruction Front Ends.

This routine executes development of all reconstruction front ends used to
assure correct z transformation of a transfer function H(s). Upon execution of
this routine the root array and multiplicity array contain additinnal information.
Effectively the input transfer function H(g) is modified to have a new transfer function.

H'(s) = H(s) R(s)
where R(s) is the reconstruction transfer function

There are four basic types of reconstruction filters which RECONS is abie
to develop. Control over which type is developed is predetermined by an input flag
NSH. The user may want to t: s all four techniques on a given problem and evaluate
the resulting 2 transformed function [H(s).R(s)] to determine which is most suitable
for his needs.
The four types of reconstruction filters available from the routine are
1. Zero order sample and hold. If this type is desired set NSH=0. i
The z transform of the input transfer function H(s) with a zero order
sample and hold is
(He)I = Hy@) = -27) [ %EJ

[
where “ ( ) means the z transform of the impulse response
of the bracketed quantities.

2. First order extrapolation sample -and hold. Set NSH:l to get this &
type. The z transform of the input function H(s) with first order
sample and hold is r
! 1
-1,2 . s+ T
H,(z) = -z ; H(s) —g—s
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First order delayed sample and hold. Set NSH=-l.
The z transform of the input H(s) is

‘Hz<z>=<l-z") 2 43 [%@-]

8
Butterworth reconstruction filter. To gt Butterworth reconstruction

set NSH to a value 2 or greater. This is'a low pass filter with a
maximally flat amplitude response. The routine picks the optimum
order Butterworth filter to assure that aliasing is within specified
tolerance (ALPHA) over the approximation band specified (WA),

See the amplified discussion of this technique in the documents
describing the following routines used by RECQO NS for development of
the Butterworth filters,

a. FINDB - which finds the optimum Butterworth filter parameters
(order and corner frequency).

b. GAM - a function routine called by FINDB®

¢. BRECO - which generates and loads the Butterworth roots
into the root array (A).

CALL STATEMENT:

2,

CALL RECONS (NSH, B, MULT, N, T, MINPOL, WA, ALPHA, A, M, TAU,
WC, BS, MS, MULSAV, IREC) where the specification inputs are:
1. NSH an integer which indicates which type of reconstruction filter is

desired as discussed above.

MINPOL is an integer flag which indicates whether a minimum pole
Butterwoxth reconstruction or a minimum time delay Butterworth
reconstruction filter is desired. If minimum pole type is desired then
set MINPOL to an integer greater than or equal to one. If Butte:worth
reconstruction is not to be used MINPOL may have any value.
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3. WA is used for Butterworth reconstruction. It is the approximation
bandwidth desired in radians per second. Amplitude response of the
transformed transfer function wi:. he attenuated at fr-qucncies greater
than WA. The amplitude response will be approximately correct at
frequencies from zero to WA radians/second, WA is a real variable and
need not be specified to any particular value when Butterworth reconstruction
is not being used. ,

4. ALPHA is used to roughly specify the accuracy to which the transformed

transfer function matches the original analog transfer function when

Butterworth reconstruction is used. It is a real variable. See discussion

of ALPHA in document discribing the routine FINDB.

IREC is an integer flag which indicales whether any form of reconstruc-

(%]

tion is to be performed. If IREC is less than or equal to zerc no recon-
struction modification of the transfer function is performed. In this case
BOUT is set equal to B, TAU = O,and control is returned to the calling
program.

6. T is the sampling period - a real variable.

7. A is the input real array of the numerator polynomial coefficients. It is ,
not modified by execution of the routine.

8. M is the integer degree of polynomial A

The inllowing are generated or modified by execution of the routine

9. B is the real root array. The reconstruction transfer function's roots
are added to the array.

10. MULT is the integer array of the multiplicities of the roots. The
reconstruction root multiplicities are added to the array.

11. N is the number of roots of the \:ansfer function. N is increased since -

reconstruction roots are added. It is an integer.
12. TAU is a real varable whose value is the additional time delay introduced

i

by the addition of the reconstruction filter, TAU is a normalized time
delay. That is,

b

b g

S
TAU - T

where 7 is time delay in seconds.

ES 1
s
Ll

T is the sampling period in seconds
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13.

14.

15.
160

WC is a real variable whose value is the corner frequency found by the

Butterworth reconstruction when this option is used., WC is the radian
frequency at which the amplitude response of R(s) is . 707 or "3 db down"
from its zero frequency value.

BS is the real array of the output numerator. BS is different from the
input numerator B when first order sample and hold and Butterworth
reconstruction are used,

MS is the degree of the output numerator polynomial BS.° MS is integer.

MULSAYV is an integer variable whose value is the multiplicity of the
sample and hold root prior to its modification by the routine. The use
intended for this variable is .0 save the original transfer function's
multiplicity when that original transfer function contains a denominator
root whose value is zero (i.e. when original transfer function contains
an ideal integrator).
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SUBROUTINE RECONS(NSHoA ¢yMULToyNoToMIPyWA9ALPHyByMyTAU)WC9BSyMS,
LMUL SAV,y IREC)
FOR INFORMATIUN ON THESE ROUTINES CONTACT E.He GERMAN
BENDIX COMMUNICATIONS DIV BALTOy MO 301-vA 3 2200 EX 715
SAMPLE AND HOLO I-0 VARIABLES
A I5 THE ROOT ARRAY, RECONSTRUCTION ROOTS ADDED TO END OF TRANSFER
FUNCT ION ROOTS
NSH IS FOR SAMPLE AND HOLD RECONSTRUCTION, IF

NSH = 0 IT A ZERO ORDER SAMPLE AND HOLD
NSH = 1 IT IS A FIRST ORCER SAMPLE AND HOLD
NSH = ~-1 IT IS A MODIFIED FIRST ORDER S AND H A LA ANDRUS

NSH GREATER THAN 1 A BUTTERWORTH RECONSTRUCTION TYPE IS DEVELOPED
MULT IS THE MULTIPLICITY ARRAY - INTEGER
N IS THE NUMBER OF DISTINCT DENOMINATOR ROOTS
BUTTERWORTH RECONSTRUCTION FRONT END I-0 VARIABLES
MULT IS THE MULTIPLICITY ARRAYy ALL NEW ROOTS IN THIS SECTION HAVE
A MULTIPLICITY OF 1
T IS THE SAMPLING PERIOD IN SECONDS-REAL
A IS THE ROOT ARRAY - REAL
MIP IS A FLAG TO INDICATE WHETHER A MINIMUM TIME DELAY OR MINIMUM
NUMBER OF POLES IS DESIRED-INT. IF HIP.GEsl A MINJ.POLE FRONT END
IS DEVELOPED. OTHERWISE MINIMUM TIME DELAY IS ASSUMED.
WA IS THE SANDWIDTH IN RADIANS PER SECOUND OVER WHICH ACCURATE
TRANSFORMAT ION OF THE TRANSFER FUNCTION IS DESIRED - REAL
ALPHA IS THE DESIRED AMPLITUDE RESPONSE ERROR LEVEL IN PASS BAND WA
TAU IS THE TIME DELAY INTRODUCED BY RECONSTRUCTION WORMALIZED-REAL
WC IS THE CORNER FREQUENCY FOR BUTTERWORTH TYPES IN RAD/SEC - REAL

IMPLICIT REAL*8(A-Hy0-2)
DIMENSION A(1),MULT(L1),B(1)4BS(1),B82(2)
PI=3.1415927
ONE=1.EO
ZERO=0.EOQ
MS=M
Ml=M+1
IF(IREC.LE.O) GO TO 33
IFINSH)T 5,6

33 TAU=ZER:
J=0
DO 32 I=1.M1

32 B8S(tI)=8B(1I)
RETURN

SAMPLE AND HOLD DESIRED

5 TAU=.5

00 30 I=1yM1

30 BS{I)=8B(1I)
GO Y0 1

6 IFINSH.GE.Z2) GO TO 100
TAU=.361
82{1)=0ONE/T
B2(2)=0ONE
CALL RPOLYM(ByM,B2y1+BSeMS)
GO T0 1

7 TAU=0ONE

D0 31 I=1,M1

31 8St)=8L(1) 9-96

bl
i
¥

i,




1 CONT INUE
C CHECK FOR ZERO ROOTS
00 2 I=1,N
IF(A(2%]-1)) 2432
3 J=1
IFCA(2%1) .EQ.ZERO) GO TO 4
WRITE(5¢20)
2 CONTINUE
J=N+1
MULSAV=MULT(J)
MULT(J)=NSH#1
IFINSH.LE.~1) MULT(J)=2
A(2#J-1)=ZERD
A(2%J )=ZERO
N=J
RETURN
4 IF(J.NE.N) GO TO 42
MUL SAV=MULT (J)
IFINSH) 40y 41,40
40 MULT(J)=MULT(J)+2
RETURN
41 MULT(J)=MULT(J)+1
RETURN
42 NSH=10
WA= T*PI/T
ALPH= .01
WRITE(6,21)
GO TO 100
100 CONT INUE
J=0
C DEVELOP OPTIMUM ORDER RECONSTRUCTION FILTER
U=WAXT/PI
IF(U.GE..9) GO TO 101
102 CONTINUE
CALL FINDB(UyMIP,ALPHsNBUTWC ,TAU)
WC=WC/T
MS=M
Ml=M+1
FACTLO=WC##NBUT
DO 60 I=1yM1
60 BS(1)=B(I)*FACTLO
CALL BRECO(WCyNBUT jA,N,MULT)
RETURN
101 U=.8EO
WRITE(6y22)
GO TO 102 |
20 FORMAT{///+51H PURE IMAGINARY ROOT DETECTED,IS THIS WHAT YOU WANT)
21 FORMAT(/,4X;63H ZERQO ROOT DETECTED WHICH WAS NOT LOADED IN LAST RO
10T LOCATION, +/ 95Xy 64H THEREFORE SAMPLE AND HOLD RECCNSTRUCTIO
2N WILL NOT BE ATTEMPED  +/410Xy48H BUTTERWORTH RECONSTRUCTION WiL
3L BE SUBSTITUTED ) !
22 FORMAT(//,60H APPROXIMATION BAND TOO WIDE, IT HAS BEEN REDUCED TO
1.4 FS )
END 2-27 .




2.2.3 FINDB A Routine Which Finds The Optimum Order Butterworch i
Reconstruction Filter for a Specified Amplitude Response

Accuracy

f

This routine finds the order of Butterworth reconstruction filter to assure H
that an arbitrary transfer function H(s) can be z transformed to give a correct
amplitude response vver a specified approximation bandwidth from 0 to wA rad, /sec, .
This is accomplished by specifying the maximum level of "aliasing'" in the passband

(wy). The level of aliasing distortion is set by the parameter o, Consider the follow=-

"

ing figure which is the amplitude response of some arbitrary transfer function i
H(s) vs FREQUENCY o
-

_— T |

W @ —— o

“ MM s _

5 wg =21 oy

Desired Approximation T g

Band w_ Frequency in Radians/Sec -

Figure 2,2.3-1 Amplitude verses Frequency Response oy

¢
where: R

w, is the upper limit of the desired approximation band in radians/sec

wy is the sampling frequency in radians/sec {f

T is the sampling period in seconds | B
—
FINDB generates two parameters which completely specify the appropriate L
Butterworth (maximumly flat amplitude response) reconstruction transfer function, b4
These two parameters are the order (number of poles) of the reconstruction function j%»

N and the cut-off or corner frequency, w, Such that w, = W . An additional output

of FINDB is the normalized time delay
TAU = /T

where
T is the time delay in seconds

T is the sampling period in seconds,
2-28
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Two types of reconstruction transfer functions can be developed in FINDB.

The types are (1) minimum time delay ard (2) minimum number of poles. When

the input parameter MINPOL is greater than or equal to one a minimum number of
pole reconstruction transfer function is developed, With MINPOL set to zero a
minimum time delay reconstruction transfer function is developed. In general, for
minimum time delay reconstruction a wider bandwidth w, and more poles in the
reconstruction function will be found. When a minimum number of poles is desired
it is true that W, W, . The reconstruction transfer function R(s) is cascaded with
the desired input transfer function H(s) in the routine BRECO.

H'(s) = R(s) x H(s)
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For a complete discussion of this technique refer to section 7 . Digital

Filtering and Processing By Transform Techniques, Vol, I

CALL STATEMENT:

CALL FINDB (U, MINPOL, ALPHA, N, WC, TAU)

where

l.

4‘

U is the ratio of the approximation bandwidth desired to half the sampling
frequency. That is

U= —~—— . is a real variable.

MINPOL indicates whether a minimum pole or minimum time delay reconstruc-
tion front end filter is desired. It can be thought of as an integer flag. If MINPOL
is greater than zero a minimum pole front end is found. If MINPOL less than
equal or to zero the front end is optimized to give minimum time delay.
ALPHA is an accuracy specification on the amplitude response of the z trans-
formed transfer function. It is a real variable. For example, if it is desired
that the amplitude response of the transformed H(s) match the amplitude respcnse
of H(s) within 1% over the approximation band, then ALPHA = .0l. ALPHA sets
the maximum level of the reconstruction transfer function out of the approximation
region. Therefore, the accuracy may be better than the specified accuracy ALPHA,
Elimination of aliasing distortion is dependent upen the out-of-band amplitude
response of the product function,

H{s) = H() R(s)

Some transfer functions may have an amplitude response which falls off so
quickly out of band that no reconstruction technique need be used.

N the order (or number of poles) of the reconstruction transfer function R(s).

N is an integer.
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5. WC is the corner frequency in radians per second of the reconstruction function.

WC is a real variable. Note that WC == WA. It should also be pointed out that
the Butterworth reconstruction filter has an amplitude response of unity at w=0
and an amplitude response of .707 at w = W, .
6. TAU is the normalized time delay of the reccnstruction front end found. It is
a real variable. The actual delay introduced by the reconstruction filter is
T = TAU x T. Where T is the sampling period.
FINDB requires the function routine GAM’ The routine GAM calculates the
maximum normalized corner frequency of a given order Butterworth function.
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SUBRUUTINE FINDBIUMIPOLE JALPHyNyWC,TAU)

IMPLICIT REAL*8 (A-H,0-2)
Pl=3.1415927
FOUR=4.EO

N=1

BETA=1.EQ/ALPH
X=GAM(UyBETAyN)
TAU=FLOAT(N)/(FOUR*X)
IF(X.GE.U) GO TO 4
M=N+¢1

0 TO 3
IF(IMIPOLE.GE.L1)GO TO 1
X=GAM{UyBETA+N)

NP1l=N+l

IF(TONPl.GE.TAU) GO TO 1
N=NP1

GO TO 5

WC=X*P |
TAU=TAU*B.EQ/(PI*P )
RETURN

END
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DOUBLE PRECISION FUNCTIUN GAM{UDBETA,N)
FUNCT ION GAM(UD.BETAyN)

C IMPLICIT REAL*8 (A-H,y0-2)

I=BETA®BETA-].

A=l 1.E0/7(2.E0% FLOAT(N)))*ALOG(Z)

OENOM= EXP(A)

¥

; GAM=(2.E0-UD )/DENCM
7 RETURN
END
i
H
i

gy, Ty

o

‘;% 2-33




2.2.4 BRECO, A Routine To Gencrate The Denominator Roots of
A Butterworth Reconstruction Filter

This routine generates Butterworth denominator roots when the number of
roots, NB,and the corner frequency, WC, are specified. The formula for
Butterworth roots in rectangular coordinates is,

NB+2i -1 L NB + 2f -1 T
NB 5 ) + jWC sin ( NB 3 )

bi = WC cos (

]

i =1,°NB; j= -l

Since this rcutine is used to generate Butterworth roots which are to be used as
a reconstruction filter, R(s) the roots generated are stored after the last root of
the transfer function, H(s). If H(s) originally contained N roots it will contain
N + NB roots upon execution of this routine.
For a scmewhat fuller discussion of the Butterworth reconstruction
technique refer to the discussion of routine FINDB. However, a complete discussion
of the technique can be found in secticn 7 , Digital Filteriny and Processing By
Transform Techniques, Volum2 I,

CALL STATEMENT:
CALL BRECO {(WC, NBUT, B, N, MULT}

where Input

1. WC is the corner frequency of the Butterworth reconstruction filter - a real
variable.

2. NBUT is the order of the reconstruction filter - integer.

the following variables are modifed after execution of BRECO

3. B is the root array, a real linear array. Upon entry B contains only the transfer
function roots. After execution B contains the transfer function roots plus the
reconstruction function roots located after the transfer fur:ction roots.

4. N is the number of roots in B. After execution there are N + NBUT roots

‘or N=N + NBUT.
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5. MULT is an integer array which contains the multiplicity of each root. After
execution MULT contains the multiplicities of the reconstruction roots.
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SUBROUTINE BRECO{WO)NBUTyA:NyMULT)

BUTTERWORTH ROOT GENERATOR
INPUTS

WO THE BUTTERWORTH CORNER FREQ IN RADIANS PER SECOND - REAL
NBUT THE ORDER OF THE BUTTERWORTH RECONST FILTER-INTEGER

A THE RGOT ARRAY CONTAING TRANSFER FUNCTICN ROOQTS-REAL

N THE NUMBER OF ROOTS CONTAINED IN A-INTEGER

MULT THE MULTIPILICITY ARRAY-INTEGER

QUTPUTS
A THE ROOT ARRAY WITH BUTTERWORTH ROOTS ADOED TO TRANSFER ROOTS

MULT THE MOODIFIED MULTIPLICITY ARRAY
IMPLICIT REAL*8(A-H,0-2)
OIMENSION A(1),MULT(])

Pl=3.1415927

EPS=1.5-3
TWO=2.EO

L IM=N+NBUT

N1=N+1

DO 3 I=NL,LIM

MULT(I)=1

TI=FLOAT(NBUT) /THO+EPS

LIM= INT(TI)

INDEX=2¢% (N+1)

N=N +NBUT

IF(LIM.GQ.0) GU TO 2

00 1 I=1,LIM

X= FLOAT(NBUT¢2%I-1)/ FLOATINBUT)*PI/TWC
A(INDEX)=WO* SIN(X)
A({INDEX-1)=WO* COS(X)
ALINDEX+1)=A(INDEX-1)
ACINDEX+2)=-A( INDEX)

INDEX= INDEX+4
IF(MOD(NBUT, 2) .£EQ.0) RETURN
CONT INUE

INDEX= 2*N

AUINDEX-1'=-w0

A( INDEX)=0.EQ

RETURN

END
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2.3 PARTLF, General Partial Fraction Expansion Subroutine.

Description:

This subroutine expands the ratio of two polynomials into a partial fraction

expansioi. of the form:

P@) fl(?hl) . ﬁf_l_-_l ) .. AIQ)
W (s een)l bkl
+ A2.(m2,) + f},,(:‘f:l). + + ka.l) — 4 .. etec
(s+b2)m2 e+b2)m2-l T +Dy)
where

P(S) = numerator of input polynomial ratio

Q(S) = denominator of input polynomial ratio

jth root of Q(S)

o
i

m, = multiplicity of jth root

output expansion coefficient

>
]

r
CONST = ontput expansion constant

The routine will operate with an input numerator having real coefficients,

and a denominator with complex roots. Arbitrary multiplicities are allowed.
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Use of the routine is limited only by accuracy (round - off) and machine

size (Dimension Statements),

Input Data

a) Numerator of polynomial ratio::

b) Denominator of polynomial in factored form, i.e. roots with
multiplicities

¢} Numbker of roots

d) Degree of numerator

Qutput Data

a) Coefficients of partial fraction expansion

b) Constant factor when degree of nominator is equal to degreed
denominator.

Call Statement

CALL T'ARTLF (A, M, B, MULT, N, COEF, CONST)

where:

A = a real array of numerutor coefficients such that:

AQ) = 4 real coefficient

A@2) = a, real coefficient
etc.
M = degree of numerator
B = array of roots of denominator with format:
B() = root 1, real part
B(2) = root 1, imag. part
B(3) = root 2, real part
B(4) = root 2, imag. part
etc.
MULT = an integer array of multiplicities of cdenominator roots with
format:
MULT((1) = multiplicity of root 1
MULT(2)= - :!tiolicity of root 2

ST
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N = number of roots, an integer

COEF = a real array of output expansion coefficients with format:

COEF(1) = Al(ml); real

COER?2) = Al(m*l); imag.

COEF(3) =A™ Dreal

COEF(@4) = Ai"“l'.“imag.

COEF@*MULT()-) = A Y; rea
COEF@*MULT() )= AY; imag.

COEF (2*MULT{1)+) =A ) real

COEF (*MULT(2)42)=A,™2) imag.
etc; .

CONST results from dividing input numerator by input denominator when the degree
of the denominator is equal to the degree of the numerator. When the denominator
degree B greater, CONST = O is returned. CONST is a real variable.
The routine uses the following subroutines.

(1) BASIC

(2) COEFM

(3) HJS

(4) RPLYDF

(5) PLYADD

(6) PLYMLT

(7) PLYDIF
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Since the proper location of the input and output variables is important when

using this routine a table is shown for specific transfer function.

15

16

P'(s)

+
(s + bl)(s + bz)

4 (s + bs) z(s + b4)
(2) 2)
Ag A

+ + +
(s + bz‘} (s + b2)3 (s + b2)2

HE) = Qe = CH g =C
A L@
=C+ —_l—— + —1
S + bl
3) (3)
A Ay

The .ocations of the input and output variables in their arrays are:

P()

+ +

(s+b§2 s+b

Q)
~bl real purt
-b1 imag. part

-bz real part

-b2 imag. part

-b 3 real part

-b3 imag. part
~b 4 real part

-b4 imag. part

+
3

MULT(I)
1

A(l)
Al('l) real

AI'(i) imag,

Al(z) real

Al(z) imag.

(2) real
Ag

@)
A2 imag.

A (2) real

3

A3(2) imag.

A1(4) real

A1(4) imag.

s+b2
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SUBROUTINE PARTLF(ByMSAVeAyMULToNyCOEF yCONST)
IMPLICIT REAL*8(A-H,0-2)

OIMENSION B(1l)sA(L)MULT(L1),COEF(L1)

M = MSAV

CONST=0.0

NUM=0

00 1 I=1lyN

CHECK FOR IMPROPER MULTIPLICI™Y SPECIFICATION

1

2
5

LSLI0 S < P S

MUL=MULT(I])
IF{MUL.LE.O) GO TO 64
NUM=NUM+MULT(1)
IFINUM-M) 2, 344
WRITE(695)MyNUM

> FORMAT(110H ERROR-PHYSICALLY UNREALIZABLE TRANSFER FUNCTIONM

OEGR

LEE OF NUMERATOR IS GREATER THAN DEGREE UF OENOMINATOR 2[242H /7,

212)

GO TO 6

CUNST=8(M+]1)

CALL BASIC(B M,A,MULT,N,COEF)

RETURN

WRITE(6,65)

FORMAT(3SHIMULTIPLICITIES CAN NOT BE LE ZERO )
RETURN

END
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235

SUBROUTINE BASICI(ByMeAsMULT yN,COEF)
IMPLICIT REAL*8 (A-H,0-¢)

ODIMENSION B(Ll),AL1)yMULT(L1),COEF(1!,Q(100)
IFIX=2%N

D0 956 IQ=1,IFIX

A(IQ)=-A(1Q)

NUMBER=0

D0 998 11=1,100

Qlli)=0.

00 1 J=1,N

M3=M+]

0O 16 LUB=1,M3

LL=2%LUB-1

‘NN=LL +1

QiLL)}=8B(LUB)

QINN)=0.

CALL COEFMIQ+M9yAyMULT»J COEF yNUMBER yN)
CONT INUE

00 235 IQ=1l,I1FIX

PULLED

AlIg)=-A(1Q)

RETURN

END
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998

31
32

33
343

34
344

346

SUBROUTINE COEFM(QyMSAVsA MUL T JoCOEF ¢NUMyN)
IMPLICIT REAL*8 (A-H,0-2)
REAL NORM

INTEGER D,07
ODIMENSION Q1) LALL),MULT(L)eP(100),QL(LO00),PLI10C) COEFIL])
M=MSAYV
DO 998 1I=1,100
PITL)=0,
QL(I1)=0.
Pl(I1)=0C.
NORM= 1,
DO 32 MX=1,N
AMAG= SQRTIA(2*MX-1)%%2¢A(2%MX) *%2)
IF(AMAG)31,31,32
AMAG=1.
NORM=NORM®AMAG**MULT(MX)
CALL HJIS(AyMULTyNyP4DyJ)
LIMIT1=2%D+2
IFILIMIT1.LT.1l) GO TO 343
DO 33 MQ=1l,LIMIT1
P(MQI=P{MQ)/NORM
LIMIT2=2%M+¢2
IF(LIMIT2.LT.1) GJ TO 344
00 34 MQ=1,LIMITZ2
Qi{MQI=Q(MJ ) /NORM
INDEX=2%J~1
SR=—A( INDEX)
SI=-A( INDEX+1)
FCITRL=1.
LIM=MULT(J)
IF(LIM LTel) GO TO 345
DO 10 KALLY=]1,LIM
IFIKALLY~-1)9,8,9
CALL RPLYDF(WsPsQLl9sPLl9yM4D9yMT7,D7)
M=M7
D=D7
FCTRL=FCTRL/DFLOAT(KALLY-1)
MV=2¢M+2
IF(MV LTel) GO TO 346
00 1 Ku=1l,MV
QIKU)=Ql{KU)
MV1=2%D+2
IF(MV] oL,Tel) GO TO 8
D0 2 KU=1ysMV1
PIKU)=PLl(KU)
CONTINUE
PSUMR=PI(1])
PSUMI=P(2)
SNR1=1.
SNI1=0.
JD=0

- IF(J0 eLT.1l) GO TO 347

DO 3 JS=1,J0
SNR=SNR1*SR~-SI*SNI1 .
SNI=SR*SNI1+SI*SNR L 9-43
SNRi=SNR | ,




347

SNI 1=SNI

JR=2%JS5+1

JI=JR+¢]
PSUMR=PSUMR+SNR*P(JR)-SNI*P(JI)
PSUMI=PSUMI ¢SNR*FP(JI)+SNI*P( JR)
SNR1=1.

SNI1=0.

QSUMR=Q( 1)

QSUMI=Q(2)

IF(M oLTel) GO TO 348

CO 4 JQ=1.M

SNR=SNR1%=SR-SI*SNI]1
SNI=SR®SN[]1+S[*SNR1

'SNR 1=SNR

348

10
345

SNI1=5NI

JAR=2%JQ +1

JQAl=JQR+1

QSUMR=QSUMR +SNR*Q(JQR )-SNI*Q( Jul)
QSUMI=QSUMI ¢ SNR*¥Q(JQI) +SNI*Q( JUR)
JX=NUM+2%«KALLY-1

SNU=P SUMR*P SUMR +P SUM [ *P SUM]

COEF(JUX)I=((QSUMR#*P SUMR+QSUMI*PSUMI ) /SNU) *FC TRL
COEF(JX+L)=((QSUMI *P SUMR-QSUMR#*PSUMI) /SNU) *FCTRL
NUM=J X+l

RETURN

END
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349

350

351

9
8

SUBROUTINE HJSIAMULT NP D)
IMPLICIT REAL*8 (A-H,0-2)
INTEGER DA»CS,DLeOXyD
OIMENSION ACL1)MULT! L) eP( L) yAOL4) ySCRTCH{100) ySCRCHL(100)
00 998 11=1,100
SCRTCH(I11)=0.
SCRCH1(11)=0.

L0C=0
IF(N LTel) GO TO 349
DO 4 [=1,N

LOC=MULT(I)+LOC
LOC=LOC*LOC+2

Ir{LOC LTel) GO TO 350
00 5 I=1,L0C

P(1)=0.

P(li=1.

0=0

00 8 K=]1yN

IF{K-J)698,6

JX=2%K~-1

AO(L 1)=A(J4X)

AO(2)=A(JX+]1)

A0(3)=1.

AO(«)=0.

SCRYCH(li=1.

SCRTCH(Z2)=0.

SCRTCH(3)=0.

SCRTCH{4)=0.

QA= 1.

0S=0.

MULTL1=MULT(K)

IF(IMULT] ..T.1) GO TO 351
00 2 NW=LyMULTL

CALL PLYMLT(AOySCRTCHySCRCH1,DA,0S,0L)
MV=2%DL+2

IFiMyY LT .1l) GO TO 2
00 3 L=1,MV

SCRTCH{L )=SCRCH1(L)

OS=0L

CALL PLYMLT{SCRTCHP¢SCRCH]1yDS»DOX)
MV2=2%DX+2

D=0X

IF(MV2 oLTel) GO TO 8
00 9 L=1,MV2
PIL}=SCRCH1(L)

CONT INUE

RETURN

END

2-45




998

SUBROUTINE RPLYDF(QoePsQlePloMyNyL ¢K)
IMPLICIT REAL®*8 (A-Hy0-2)

INTEGER Ry S
DIMENSION QU 1)oP(L)sQLL))sPLLL)ACCUM(100),2(100)
00 998 1I=1,100
ACCuM(Il)=0.

2(11)=0.
CALL PLYDIF(PysPLyNyN1)
CALL PLYMLT(Q¢PLlsQLlsMyNIL1,R)
CALL PLYDIF(WQePLoMyM1)
CALL PLYMLTLPL P sACCUM,ML 4N, S)
FLAG=-1.
CALL PLYZDUIACCUM,QLl,Q19SeRoL oFLAG)
JX=N
JY=28JX+2
00 1 MU=1l,JY
LIMU)I=PIMU)
CALL PLYMLTI(PeZosPlyNyNK)
RETURN
END
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SUBROUTINE PLYADDLA B+ ;MyNyP FLAG)
IMPLICIT REAL®*8 (A-Hy0-2.

INTEGER P
DIMENSION A(1l),B8(2).C(1)
CALL POLYAD(Ay)MyBeN+CoP4"LAG)
RETURN
END
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SUEROUTINE PLYMLT(A ¢BeCoNoM,yJ)
IMPLICIT REAL*8 (A-Hy0-Z)
OIMENSION A(1),8(1),CL1)

CALL POLYM(AINyBoMyCyJ)

RETURN

END
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SUBROUTINE PLYOIF(A,ByNyN1)
IMPLICIT REAL*8 (A-Hy0-1)
DIMENSION A(1)e8(1)
Nl=N-1

IFIN) 24302

8(1)=0.

8(2)=0.

N1=0

GO 10 4

CUONTINUE

IF(N o, Teld GO TO 4
DO 1 J=1¢N

JU=2¢)

JV=2%(J+l)

JX=2%J~-]
JY=2%J+1
B(JX)=A{JY)*FLOAT(J)
B(JUI=A(JVI*FLOAT(J)
CONTINVUE

RETURN

END
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2.4-1 CLEANZ, A Routine to Develop the Modified Impulse
Invariant z Transformation of a Transfer Function
Expressed as a Partial Fraction Expansion.

This routine produces the modified impulse invariant z transformation of a
transfer function. For the case in which the degree of the numerator of the transier
funiction is one less than the degree of the denominator, the modification of the z
transformation coefficients is,

' P_(z) +
=2z _ WO
Hz (z) Qz(z)» 2

where W(O*) is the height of the impulse response discontinuity at t = O,

For the case in which the degree of the numerator is equal to the degree of the
denominator (N), the z transformation must be performed on a new function of s,

Pe) _Pe) , N _ P)
1) T B T ~7 )

where Py is the coefficient of the highest order numerator term and Ay is the

H(s) =

coefficient of the highest order denominator term of H(s).

This routine assumes that the partial fraction expansion of a transfer function
H(s) genevates the constant amplitude factor C when the degree of the numerator
is equal to the degree of the denominator. It is desirable to use the routine PARTLF
since it was designed to work in conjunction with CLEANZ. C can be evaluated as
the quotient of the highest order numerator term over theé highest order denominator
term.

PN

Ca._
N
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When the degree of the numerator is less than the degree of the denominator of H(s),

C = 0, and must be specified as zero in the callir.g program.,
This routine requires the subroutine ZTRAI' and its various subroutines.

CALL STATEMENT

CALL CLEANZ (CA, CROOT, ND, MULT, T, NN, A, P, NP, Q, NQ, NSH)
where:

INPUTS

1. CA is a complex linear array of the partial fraction expansion coefficients. The
coefficients for a given multiple root are s‘ored with the highest order partial
fraction expansion factor's coefficient in the first location, the next highest order
factor's coefficient in the second location, e:c. See the input loading table given
in the description of ZTRAN.

2. CROOT is a complex linear array of the ND distinct roots of the denominator
polynomial of H(s).

3. ND is an integer whose value is the number of distinct denominator roots of
H(s).

4. MULT is an integer array whose values correspond to the multiplicities of each
of the ND distinct roots. A multiplicity of one means that a particular denominator
root is not repeated; multiplicity two means that the root is repeated once, etc.

5. T is the sampling period - a real variable.

NN is the degree of the numerator polynomial in 8, an integer variable.
7. NSH is the order of the sample and hold reconstruction filter (if used), an integer.

OUTPUTS '

8. P is the real linear array of the z transfer function numerator.

9. NP is the degree of P, an integer.

10. Q is the real linear array of the z transfey function desominator, -
11. NQ is the degree of @, an integer. ‘
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All of the actual transformation is performed in routine ZTRAN. For a more
complete discussion refer to the description of ZTItAN. The restrictions on
CLEANZ are the same as those on ZTRAN with one additional restriction. If the
numerater degree is greater than 49 then the DIMENSION statement for AR must be

increased beyond 50. The only function performed by CLEANZ is to modify the ZTRAN

output function Hz(z) = —Qg% as discussed above.

Whenever it is desired to z transform a function whose numerator degree
is equal to its denominator degree the user must specify a Butterworth reconstruction
front end., Zero and first order sample and hold can be used on transfer functions
whose numerator degree is one or more less than its denominator degree. Only the
delayed first order S & H can be used on all transfer functions.
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SUBROUTINE CLEANZICA,CROOT ¢NDoMULTyToNNyAcP NP yQyNQyNSH)
FOR INFORMATION ON THESE ROUTINES CONTACT E.He GERMAN
BENDIX COMMUNICATIONS DIV BALTOy MD 301-VA 3 2200 EX 715
IMPLICIY COMPLEX*16 (C)y REAL*8 (A,B,D-H,0-2)
COMPL EX CA,CROOT
DIMENSION MULT(1)9CA(1),CROOT(L)oPLL)»Q(L)AR(50)
THIS ROUTINE GENERATES THE MODIFIED IMPULSE INVARIANT FILTER COEF
FROM THE ZTRANSFORM OUTPUT COEFFICIENTS
Z TRAN COEF ARE RESCALED TO GIVE URKITY AMPL RESP
INPUTS
CAy THE PARTIAL FRACTION EXPANS*UN COEFFICIENTS-COMPLEX
CROOTy AN ARRAY CONTAINING THE NO OISTINCT DENOM ROOTS-COMPLEX
NOy THE NUMBER OF DISTINCT DENOMINATOR ROOTS-INTEGER
MULT, AN ARRAY CONTAINING YHE ND MULTIPLICITIES OF EACH ROOT-INT
NNy THE DEGREE OF THE NUMERATCR POLYNOMIAL IN S-INTEGER
A, CONSTANT RESULT OF POLYNOMIAL DIVISION P{S)/Q(S) WHEN DEGREE OF
P(S) = DEGREE OF Q(S)y OTHERWISE A=0. - REAL
QUTPUTS
Py THE NUMERATOR POLYNOMIAL IN Z@#*(~1) - REAL
NP, THE DEGREE OF P - INTEGER
Qe THE DENOMINATOR POLYNOMIAL IN Z®»{-1) - REAL
NQs THE DEGREE UF Q -~ IWTEGER
IF SAMPLE AND HOLD RECUONSTRUCTION IS USED AND THERE IS AN I[DEAL
INTEGRATOR IN THE INPUT FUNCTIUN THEN [T MUST BE THE LAST ROOT
NSH IS THE ORDER 0OF THE SAMPLE AND HOLD - INT
EGy NSH EQUAL TO ZERO IS A ZERO ORDER SAMPLE AND HOLD
CALL ZTRAN(CA/CRUOTyNODoyMULT oToPyNPoQyNQyNSH)
IFINSHJLE.L) IHETURN

ZERO = 0.EOQ
TWO = 2.EOQ
NR=0

DO 1 I=1yND

] NR=NReMULT(I)
LF(A) 243,42
3 lF‘NN“NR’ 5.‘016
4 WRITE(6450)
RETURN
6 WRITE(6951)
RETURN
2 IF(NN-NR)7,10,9
7 WRITE(6452)
RETURN
9 WRITE(6953)
RETURN
S FIXIMP=LERQO
A=0, NR>NN
IF(NN-NR+1320,10,20
10 WO=ZERO
CALL FIX{CAyNR,AR)
LOC=0 :
DO 8 I=1sND
LUC=LAC+MULTI(I])
8 WO=WO+AR(LOC)
. FIXIMP=A-T*K0Q/TWO
20 NPL=NP+]
CO 15 I[=1¢NP1 . 953




15 PLIN=QUI)*FIXIMP+P(L)*T
LFINP-NQ) 16417417
16 NP 2=NP+2
NP = NJ
NQl=NQ+1l
DO &5 !=NP24sNO1
25 PLIN=QUI)*FIXIMP
17 CONTINUE . ;

50 ﬁglgi¥(//,E}H INPUT ERROR jA=0.- NUMERATOR UEGREE=DENOMINATOR DEGRE
SIL§ORMAT;//. 554 INPUT ERROR, NUMERATOR DEGREE GT DENOMINATOR ODEGREE
SZlFORMATlII,LOH INPUT ERROR, A SPECIFIED BUT DENOMIN DEGREE GY NUM O
53l§§§:§T(/.53H ;NPUT ERRORy NUMERATOR DEGREE GT ODENOMIN DEGREE )
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2,42 ZTRAN, A Routine to Take the z Transformation of a
o
g Transfer Function H(s) Expressed as a Partial Fraction

Expansion.

This routine produces the impulee invariant z transformation of the partial

i fraction expansion of a transfer function.
ND N
- ‘J .A.(j) P_(z) p+pz-l+...+p Z-N
: _4| ) i '__ z _PoTh N
: F (HBE)) =y 4 41 T " Q@ | ™M
-J i= (s+vj) - z 9 + q,z +... + A2

with gy = 1

where ND is the number of distinct roots

Nj is the multiplicity of the jth root

Aim is the partial fraction expansion coefficient of the jth root, ith term.

vj is the jth root

The following subroutines are used by this routine,
,{ h 1. JPOLE which evaluates the hnumerator term of a multipole.
2. COMB.N which finds the numerator of the sum of the ratios of two
!  polynomials
b . FIX which removes thc real parts of a complex array.
DENOM  which forms the denominator of a given root term.
DZPOLE a subroutine of JPOLE
POLYAD a subroutine of JPOLE
POLYM a subroutine of COMBINE

=N O O W
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CALL STATEMENT

CALL ZTRAN (A, ROOT, ND, MULT, T, P, NP, Q, NQ, NSH)

where:

l. A is a complex linear array of the partial fraction expansion coefficieits. The
coefficients for a given multiple rcot must be stored with the highest order partiul
fraction expansion term coefficient in the first location, the next highest order term
coefficient in the second location, etc. See the input loa:ling table which folluws.
Use of subroutine PARTLF to develop the partial fraction expansion assures
correct loading of this array.

2. ROOT is a complex linear array of the ND distinct roots of the denominator
pclynomial of H(s).

3. ND is an integer whose value is the number of distinct denominsator roots of
H(s). _

4., MULT is an integer array whose values correspond to the multiplicities of each

distinct root. A muitiplicity of one means that a particular denominator
root is not repeated; multiplicity two means that the root is repeated once in
the original transfer function; e.g. (s + v)z.
T is the sampling period, a real variable.
NSH is an integer flag which indicates what order reconstruction function was
used. ’ .
7. P is the real linear array of the z transfer function numerator. ,.

P=p,+ plzz'l + pzz'2 +o..0F prz'NP

Pl)=p, , PR)=p, .+, P(NPH)=pyp
NP is the degree of P, an integer

Q is the real linear array of the z transfer function denominator.

_ - -2 -NQ
Q"’qo"'qlz +qzz + s09¢ + qNQZ

Q(l)=qo vQ(Z):’ql y** e, Q(NQ+1)=qNQ
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10. NQ is the degree of Q, an integer
The output transfer function raturned is

- -1 -2 -NP
H (@) = iz(‘,.) ) Po + P2 + pzz + + prz
2z Qz(z) z-] -2 -NQ

q‘o + ql + qzz + + qNQz

Since the proper location of the various input variables is necessary for the
routine .o function a table is provided below to show the proper loading of
ZTRAN input variables.

Assume a function H/s) has been expressed as a partial fraction expansion

series.
H(s) = P@i -— -
(8+b) (8+b,)" (8+by)” (s+hy)
0y ) () (2) )
A1 . A +A2 . A3 4 A4
s+bl (s+b2)4 (s-!-bz)3 (s+b2) s+b2
A @ AB 4@
+ 1 y *+ 2 + 1
(s - ba) (s + b3) s + b4

The correct loading of the input va:iables for this example is shown in .he
table below.

I ‘iq% ROOT {I) ND=4  MULT (I)
— (1 -0

1 A 1 1
(2)

2 A -b, 4
(2)

3 A, -b, 2
(2)

4 Ag -b, 1
(2)

5 Ay
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1 AQ ROOT (I) ND =4 MULT (1)
6 Al“"’
(3)
7 A
)
RESTRICTIONS:

ZTRAN requires internal storage and is limited to an output numerator or
denominator polynomial in z'l of degree 49. That is to say, a maximum of a 49th
degree denominator in H(s) can be handled. If more roots are supplied it is necessary

to change the following statements:

1. The DIMENSION statement at the beginning of ZTRAN.

2. The limit on the DO4 I=1, 50 statement which clears CP, CQ storage.
3. The DIMENSION RESULI (50) statement in COMBIN,

4, The DIMENSION CSTORE (50) STATEMENT IN POLYM

Fortran IV with complex arithmetric capability is required,

One final restriction on ZTRAN applies when a pure integrator is present
in the input transfer function (a zero value root). If sample and hold reconstruction
is used the zero root must be the last (Nth) root of the root array ROOT.

Woa e

b 3
e

e
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SUBROUTINE ZTRAN(AJROOTyNDsMULT T ,PyNP,QsNQyNSH)
FOR INFORMAT ION ON THESE ROUTINES CONTACT E.H. GERMAN
BENDIX COMMUNICATIONS DIV BALTO, MD 301-vA 3 2200 EX 715
THIS TAKES THE ZTRANSFORMATIUN OF A F(S) WHICH IS SPECIFIED BY
INPUTS
Ay THE PARTIAL FRACTION EXPANSION CUEFFICIENTS-COMPLEX
Ty THE SAMPL ING PERIOD - REAL
ROUTy, AN ARRAY CONTAINING THE ND DISTINCT DENOM ROOTS-COMPLEX
NDy THE NUMBER OF DISTINCT OENOMINATOR ROOTS- INTEGER
MULT, AN ARRAY CONTAINING THE ND MULTIPLICITIES OF EACH ROOT-INT
JSH IS THE LOCATION OF THE ROOT OF THE SAMPLE AND HOLD - INT
JSH MUST BE SET TO ZERO WHEN SAMPLE AND HOLD IS NUT USED
NSH IS THE ORDER OF THE SAMPLE AND HOLD - INT
EGs NSH EQUAL TO ZERD IS A ZERO ORDER SAMPLE AND HOLD
OUTPUT POLYNOMIALS ARE FUNCTIONS OF Z%%(-1)
CPOy THE COEFFICIENTS OF THE NUMERATOR POLYNUMIAL - COMPLEX
NCPy THE DEGREE OF CPO POLY - INTEGER
CQ0y, THE COEFFICIENTS OF THE DENOMINATOR OR POLYNOMIAL - COMPLEX
NCQys THE DEGREE OF CQO POLY - INTEGER
PyTHE REAL PART OF CPO COEF - REAL
Qs THE REAL PART OF CQO COEF - REAL

OO0

IMPLICIT COMPLEX%16 (C)y REAL*8 (AyByD~-H,0-2)
COMPLEX CEBTCPJCQ JsCPCQyCPC,HCQO
COMPL EX A(l),8JT,R00T(1])
DIMENSION PL1),Q(1) yMULT(])
ODIMENSION CPJI(50)+CGul50)4+CPIS0)CQR(50),CPO(50) A0(50)
ONE=1.EO
JSH=0
IF(INSH.LE.Ll) JSH=ND
CLEAR EACH TI1ME
00 4 1=1,50
CP(I1)=(0.90.)
4@ CQ(I)=(ley0.)
CQ‘I)z‘lﬂ'O.,

NCP=0
NCQ=0
C
KK=0
C OUTSIDE LOOP OVER THE ND DISTINCT ROOTS
CO 1 J=1¢ND

BJT = ROOT(J)I=*T
CEBT = CEXP{(BJT)
K=MULT(J)
KK=KK +K
C GENEPATE NUMERATOR POLYNOMIAL
CALL JPOLE(A K KK,CEBT s ToCPJyNCPJ)
GENERATE OENOMINATOR POLYNOMIAL
CALL DENOM(CQJsNCQJUK,CEBT)

C COMBINE THE JTH NUMERATOR TERM WITH PRECEEDING NUMERATYOR TERMS
CALL COMBIN(CPyNCPsCQsNCQCPUYNCPJIsCuJyNCQJ»CPyNCP)
IF{J.NE.JSH) GO TO %

C THIS SECTION UF CODE HANDLES SAMPLE AND HULD RECONSTRUCTION
K=K-NSH-1 :

A IFINSHeEQ-1} K=K-2 2-59

3 CALL OENOM(CQUyNCQJyKyCEBT)

o




END UF RECONSTRUCTIGON >ECTION
FCRM NEW COMMON DENOMINATOR
5 CALL POLYMILQINCQsCQUINCQUICQINCQ) .
1 CONTINUE :
REVERSE ORDER OF COEFFICIENTS AND SCALE -t
LASTP = NCP+1
TSCAL=0ONE
IFINSHeEWJe~1) TSCAL=ONE/T
DO 11 I=1,LASTP
INDX=LASTP~-]+1
11 CPOCI)=CPLINUX)*TSCAL
LASTQ = NCu+l
GO 12 I=1,LASTQ
INDX=LASTQ-1¢1
12 CQO(1)=CQLINCX)
CALL FIX{CPO,NCP,P?}
CALL FIX(CQO¢NCWu Q)

NP = NCP
NQ = NCQ

RETURN ‘ .
END :

Pyt

—y
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2.4.3 JPOLE, A Routine to Generate the z Transformation
Numerator Corresponding to a Root of a Transfer Function, H(s).

P,

Aaing?

This routine generates the z trans{ccrm numerator polynomial corresponding
to a transfer function root of any multiplicity. This transformation is performed
on the partial fraction expansion representation of a particular (multiple) denominator

root of H(s).

K

3 A ()
F(s) = LT -—“——“ (2.4,3-1)
: P= (s +Bi)

where
i A's are the partial fraction expansion coefficients
B j is the denominator root
Kj is the multiplicity of the denominator root

4 ity

The z transformation of the multipole F(s) above is,

{
I !,—'J\ ,—A (j) “-l --
v (-2 4,3-2
RO Ee T e
p=1 )
where
{
T is the sampling period B8 TK
l ) Putting these terms cver a common denominator of (z - e ) ) J we have the
expression,
K, A _ ; u-l _ ,
' AN K 2 o BT K
Fl (2) = Z S TR VY Laﬁ n=1 (_ﬁ)l \z=€) ) ) (2.4.3-3)
u‘?l B z=-€ j - ]
JPOLE develops the numerator ofvm—(m2.4.3-3)‘ " . Another routine, DZPOLE,

develops the numerator of partial deviative terms in (2.4.3-3).
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CALL STATEMENT

CALL JPOLE (A, K, KK, CEBT, T, QTEMP, NQT)

where;
1. A is a complex linear array of the partial fraction expansion coefficients.
The coefficients of a given multipole with multiplicity K must be store in A

from highest order term first to zero order term last in location KK. That is,

CORRESPONDING
STCRAGE COEF. STORED P. F. Exp?jnsion Term
)
| Ak
A (KK-K) AK -
s +B)"]
J
A 0)
. Kj-l
A (KK-K + 1) A -
- K.-1
* 6 +8)"s
‘ A,
A (KK) A, ——
(s +8.)
J
2. K is an integer whose value is the multiplicity of the jth root being transformed
by JPOLE.
3. KK is an irteger whose value is the location of the zero order partial function

coefficient in array A. 8.T
CEBT is a complex variable whose value is e ]

T is a real variable whose value is the sampling period. |

QTEMP is a complex linear array containing the numerator polynomial output.

NQT is an integer whose value is the degree of QTEMP,

N O O W

Subroutines called by JPOLE:
1. DZPOLE, a routine which generates the partial terms in (2.4.3=3).

2. POLYM, a polynomial multiplication routine for complex arguments. =
3. POLYAD, a polynomial addition routine for complex arguments. _ -

i e T

[ |
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RESTRICTIONS:

1. The output polynomia! of JPOLE can have an order of 25 or less. That means
that the JPOLE is restricted to handling 24 repeated roots. If more than 24
repeated roots are to be handled the dimension of Q must be increased.

2. JPOLE must be run on Fortran IV with complex addition, subtraction and

t5ctmeng

multiplication.

e

et et iy
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SUBRUOUT INE JPOLE(A9K KK CEBT,T,QTEMP,NQT)
JPOLE GENERATES THE NUMERATOR OF A DISTINCT POLE OF ANY MULTIPLICITY
INPUTS
Ay THE ARRAY OF PARTIAL FRACTION COEFFICINTS - COMPLEX
Ky THE MULTIPLICITY OF THE ROOT BEING TRANSFORMED - INTEGER
KKy THE LOCATION OF THE ZERO ORDER PARTIAL FRACTIUN COEF =~ INTEGER
CEBT, = CEXP(ROOTIJ)=T)
ouTPUTS
QTEMP, THE COEFF OF THE NUMERATOR POLYN - COMPLEX
NQTy, THE DEGREE OF WQTEMP - INTEGER
IMPLICIT COMPLEX®]16 (C)y REAL*8 (AyB8,4yD-H,0-2) A
COMPLEX®*16 QrAQTEMP,PAA
COMPLEX JdoAyQTEMP,P,AA,CEBT -
DIMENS ION Q(50),P(2)
ODIMENSION A(1) QTEMP( 1)

P

£ 4
o,y

2N eNaNelasNaRaNaN o g

ab = 1. g
lERD=0.EO -
NZERO=0
CALL CZPOLE(CEBT »ToNZERQQTEMPNQT) E
MU=K-1 3
LOC = KK
AA=A(LOC) -
TEMP(1)=QTEMP(]1)%AA *g
QTEMP (2)=QTEMP(2)%*AA '
IF(MU.EQ.O) GO TO 2
Pll1)=—-CEBT ME
Pl2)=(1.EQ0,0.EV) ol
NP= ]
FACT = 1l.EO ‘v
DO 1 J=lsMU &
CALL OZPOLE(CEBT yT4JsQeNQ)
LOC=L0OC-1
FACT = FACT* FLOAT(J)
AA=A(LOC)/FACT
CALL POLYM{Q/)NQvAA,NZEROyQsNQ)
CALL POLYM(P NP QTEMP 4NQT»QTEMP,NQT)
CALL POLYAD(IWNTEMP sNQT+QsNQyQTEMP,NQT,AD)
1 CONTINUE
2 CONTINUE

.. RETURN
- END
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2.4.4 DZPOLE, A Routine to Generate (he Numerator of the Pariial
Derivatives of the z Transformation Corresponding to a
Root of a Transfer Function, H(s).

This routine generates the numerator of the partial derivatives required
to z transform a partial fraction expansion term of transfer function H(s) = Tp((és'))"'
A single partial fraction expansion term of a multipole is of the following type,
()
D 2.4.4-])
o et
(s + ﬁj)
where Bj is the multipole root, Au(j) is the uth partial fraction
expansion coefficient of the jt root.

The transform of this typical term is given by,

0) 4)) -
4 [‘fu J - ': 2 l-1 =7 T):l (2.4.4-2)
, (s +,3j)“ u-1) ! 83).“ z -ePj

DZPOLE generates the numerator polynomial of the partial term
in (2040,4-2.).9

all"l z
S (1 ) (2.4.4-3)

B. ‘
P z e)

CALL STATEMENT:

CALL DZPCLE (CEBT, T, K, CZNUM, NCZ)
where:

+
1. CEBT is a complex variable whose value is e~ iv

where (~ + jw) is the
dencminator root of the term being transformed. That is ‘Bj =+ iw  Li=v-l
2. T is the sampling period, a real variable.

3. K is an integer which indicates which term of the multipole is being transformed.
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4. CZNUM is th+ numerator polynomial in z returned a complex linear array.
5. NCZ is the degree of the polynomial CZNUM, an integer

RESTRICTIONS:

1. The output polynomial CZNUM, has a maximum degree of 24.. This means that

DZPOLE is restricted to 25 repeated roots. If more than 25 repeated roots cre
tc be handled the dimension of A and CP must be increased.

2. The order of calling DZPOLE must be from zero or first order term (K=0O or K=l)

to the highest order term. Calling DZPOLE from the highest order to the lowest
order will result in incorrect values of CZNUM generated.

3. FORTRAN 1V with complex arithmetic capability is required.
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SUBROUTINE UZPOLE(CEBTyT9JdyCZNUMyNDG)

l TRANSFORMATIUNS
INPUTS
CEBT= CEXP(RUOT(J)®*T) - COMPLEX

To IS THE SAMPLINL PERIOD - REAL
OuUTPUTS

CINUMy IS THE NUMERATOR POLYNOMIAL IN ¢
NOGy [I> THE OEGREt OF CZINUM

N ol aNaNaNaNaN oW aNal ol N o

IMPLICIT COMPLEX®%16 (C)y REAL®*3 (AyB4yU-H,0-2)
COMPLEX C=BTCEBTPsCBCZINUM,CP
OIMENS [ON CZNUM(1),A(5C)4CPI(50)
LERU=0.EQ
ONE=1.E0
CINUM(1)=2ERO
Jd=J+l
IF(JJU=-3)6,6,1
7 JJ=3
6 GO TO (192030)9JdJ
1 IS FOR FIKST URDER POLES
2 IS FOR SECONU ORDER POLES
3 IS FOR HIGHER URUDER POLES
I CINUMA(2)=UNE
NDG=1
RETURN
2 CUNTINUE
CINUMI(2)=T&CEBT
NDG = 1
RETURN
3 CONTINUE
A(l)=uUNE
A(J)=0NE
JJd=Jd=~2
LF({JJJ)ay4,y5
4 CONTINUE
GO TO 18
5 CONTINUE
C COMPUTE THE A'S
00 8 I=1,4J4J
JMI=u-1
A(JMI)= FLOAT(UMI)*A(JM]I)+A(IUM]I-1)
8 CONTINUE
18 CONTINUE
NDG=-1
CEBTP=0ONE
KFACT = 1
C GENERATE DERIVATIVE TERMS
LO 10 K=1,J
KFACT=KFACT#*K
CEBTP=CEBT=CEBTP
C=A(K)¥YCEBTP*FLOAT(KFACT)
IFINUG)12911y11

N el o

Je I> AHICH ODERIVITIVE IS BEINL TAKEN J=MULT-I INTEGER

NOT HIUHER

OZPCLE GENERATES NUMERATOR VERIVITIVE TERMS NeCeSSARY FOR MULTIPOLE

URDER OF EXECUTION PRUCEEDS FRUM LOWE ST ORuUER UVDERIV TO HIGHEST

J MAY START wlTH EITHER A VALUc OF O OR 1 B8ur THAN |
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12

11

16
15
10

20

cPtl)=C8

NDOG=0

GU TO 10
CPIK)=CP(K-1)
IF(K.EQ.2) GU TO 15
LIM = K-2

D0 16 I=1,L1IM

KMI=K-[
CPIKMI)=CP(YMI-]1)-CEBT*CP(KMI)
CPLL1)==-CtaT*CP(1)+CB
CONTINUE

NDG=J

TPOW=Tesy

00 20 =144
CINUMIT¢L)=CP(1)*TPOW
RETURN

END
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§~ 2.4.5 DENOM, A Routine to Generate the z Transformation
i " Denominator Corresponding to a Root of a Transfer
Function, H(s)

g,

This routine generates the denominator polynomial of a given multiple
denominator root. The z transformation is performed on the partial fruction expansion
representation of a transfer function H(s). A particular (jth) multiple denominator
root of H(s) is reprenented in general as

K
. F(s) = / u
| (s +Bj)

where the A's are partial fraction expansion coefficients,
b j the jth denominator root of H(s)
Kj is the multiplicity of this root

‘v It can be shown that the z transformation of the above is (see document on
: JPOLE)
! K () =
_l A 9 u-l] 2 - T K.-u
F (z) = "_l , v O s (z-e”yT)
* z (u ) 9 g u z-eﬁj J
2 u=l j

where T is the sampling pericd.
From this we see that the common denominator fac.or is
'r K
(z -ij )

This is <he polynomial generated in DENOM.

1 2-69




CALL STATEMENT:

CALL DENOM (QJ, NQJ, K, CEBT)
where
1. QJ is the output denominator polynomial with complex coefficients. It must be
sufficiently dimensioned in the calling program.
NQJ is the degree of polynomial QJ, an integer.
K is an integer whose value is the mulciplicity of the rooc being transformed.
CEBT is a complex variable calculated in the calling program as CEBT = B j I‘.
This roucine is restricted to use on machines with FORTRAN IV which has
complex arithmetic capability.
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SUBRCUTINE DENOH(CQJoNCQJoK'CEBT)
COMPLEX CQJyCEBT

C IMPLICIT COMPLEX*16 (C)y REAL*8 (A48,4D-H,0-2)
DIMENSION CQJl1l)
ONE=1.E0

IF(K.GT.0) GO TO 1

CQJ (1)=0NE

NCQJ=0

RETURN
Q 1 CQJ(1)=-CEBY
g CQJ (2)=0NE

IF(K.LE.1l) GO TO 3
KM1=K-1
D0 2 IT=19KM1
LIM=1T+1
CQJ(LIM+1)=(0.EQ0,40.E0)
00 7 JJy=1.LINM
LOC=L IM=-JJ +2
CQI(LOCI=CQJ(LOC-1)-CEBT*CQJ(LUC)

T CONTINUE
‘ CQI(L)=-CcBT*CQJ(1)
. 2 CONTINUE
* 3 NCQJ=K
RETURN
END
”,f;.’h
&
i
7
I
;LY 2-T

e S TR
)
£




2.4.6 LEVEL, A Routine To Adjust The Response Of A Transfer

Function in z to a Specified Level at Zero Frequency

This routine adjusts a transfer function in z to give a specified response

at zero frequency. It is designed to make small correction“ in response and should

not be used for gross level setting. Gross level setting must be done before z trans-

forming the transfer function H(s). Hence this routine should be called after the
modified impulse invariant polynomials have been developed (see routine CLEANZ).

A transfer function in z is represented as a ratio of two polynomials in z,

-1 -2 -N
Pz(z) B p0+plz +p22 + + pNz

H (z) = =
z Q,(2) L1 -2

z q, +qz +qyz "+ + qp2

The response of Hz(z) at some frequency w can be evaluated by making the

substitution

where:
w is the radian freguency at which the transfer function is to be evaluated

T is the sampling period in seconds.

Now at w =0, z =1 hence the response at w = 0 of a transfer function in

z is simply the sum of the numerator coefficients over the sum of the denominator

coefficients, -\-l‘]-
P.
| T
i=1
Hz(zz)l = = ZLEV
\ ) Q@
‘0
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The desired response is the response of the original transfer function at zero
frequency.

b+bs+b82+ +bsN b

|H(s)' - 0 1 ""2 N 0

§=0 2 M 3
ao + als + bzs + + sz

= SLEV

The z transformed filter response error is the difference
DIFFER = SLEV - ZLEV

Small corrections in the transfer function zero frequency response can be
made by adding DIFFER to the original transfer function.

P,(z)
H' (2) = _Q—z_(ﬂ + DIFFER
_ P,(2) , DIFFEReQ,(2)
Q, (2)
P'_(2)
H'z(z) = -—Q—-Z—(—Z—) which is the new transfer function returned to

the calling program.,

No other subroutines are used by this routine. This routine has only two

dimensioned arrays, P and Q. These variablc derive their dimension from the
calling program.

CALL STATEMENT

CALL LEVEL (SLEV, P, NP, Q, NQ)

where:

1.

SLEYV is the response of the transfer function H(s) at zero frequency, a real
variable. This is the zero frequency response which Hz(z) will have after
execution of this routine.

P is a real linear array containing the numerator coefficients of the z transfer

function. It serves as an input and an output. The corrected coefficients are
returned to the input variable.
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3. NP is the degree ‘of polynomial P. It serves as both an input and output. Note .
that when the degree of the input numerator is less than the degree of the -
denominator the resulting numerator polynominal will have a degree equal to
the denominator degree. This variable is an integer, 5

4. Qs a real linear array containing the denominator polynomial coefficients
of the z transfer function. It serves as an input but is always returned unchanged.

5. NQ is the degree of the denominator polynomial. This variable is an integer.
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SUBROUTINE LEVEL(SLEVsP NP,QoNQ)
C IMPLICIT REAL*8 (A-H,0-1)
UIMENSION P(1),Q(1)
C F = 0 LEVEL SET ROUTINE

LERO=0.E0
EPS=1.E-5
NPLl=NP<+]
NQl=NQ+1
SUMP=Z2ERO
SUMQ=ZERO
00 1 I=1yNP1

1 SUMP=SUMP+P( 1)
D0 2 I=1yNQ1l

2 SUMQ=SUMQ#Q(I)
ZLEV=SUMP/SUMQ
DIFFER=SLEV-ZLEYV
IF( ABS(DIFFER) .LTL.EPS) RETURN
NP2=NP+2 '
IFINP .GT.NQ) NPL1=NQ1l
D0 3 I=1¢NP1

3 PUL)=P(1)«Q(I)*DIFFER
IF(NP .GE<NQ) RETURN
D0 4 [=NP2yNQl

4 P(I)=Q(I)*DIFFER
NP=NQ
RETURN
END

Wil (e OB TR B Ee GBS e e e
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2.5.1 COMBIN, A Routine For Adding Two Ratios Of Two Polynomials

This routine finds the numerator resulting from the addition of two ratios
of two polynomials. All polynomials are represented by complex linear arrays.
The function performed is:

P, Py PQp + PQ

Q  qQ, qq, » P3 = PQ * P Q

The routine requires two other routines for execution (1) POLYM, a complex
polynomial multiplying routine, and (2) POLYAD a complex polynomial adding
routine.

The listing shown is for complex polynomials. The routine can be modified
to handle other types of variables by changing the type stat ements in COMBIN and
by changing POLYM and POLYAD to handle the desired type of variables.

CALL STATEMENT

CALL COMBIN (Pl, NP1, Ql, NQI, P2, NP2, Q2, NQ2, P3, NP3)

where:

1. Pl is the numerator polynomial of the first ratio of polynomials, a complex
linear array,

2. NP1 is the degree of Pl, an integer,

3. Ql is the denominator polynomial of the first ratio of polynomials, a complex
linear array.
NQIl is the degree of Ql, an integer

5. P2 is the numerator polynomial of the second ratio of two polynomials, a complex
linear array.
NP2 is the degree of P2, integer.
Q2 is the denominator of the second ratio of two polynomials, complex linear
array. ,
NQ2 is the degree of Q2, integer.
P3 is the numerator of the returned ratio of two polynomials, a linear array.
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10. NP3 is the degree of P3, integer.

Note that one input ratio of two polynomials may be used as the output ratio of two
polynomials. For example Call COMBIN (Pl1, NP1, Ql, NQl, P2, NP2, Q2, NQ2,
Pl, NPl) is legal. The resulting output numerator is returned to the first input
numerator location in the calling program.

RESTRICTIONS:
1. Combine is restricted to polynomials whose inputs(NP + NQ2)<49.

If this condition is to be exceed the dimension of RESUL] must be increased
beyond the dimension of 50 given.

2. Combine is further restricted in thate\lQl + NP2)S,49. This restriction can
be removed by increasing the dimension of the array CSTORE in the subroutine
POLYM.
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SUBROUTINE COMBIN(P NP ¢ QeNQIPTEMP NPT ,QTEMP oNQT oPUUT yNPO)
NPy NQyNPT oETC ARE THE ODEGREES OF THIR RESPECTIVE POLYNOMIALS
COMBIN FORMS THE NUMERATOR POLYNOMIAL OF THE SUM (QF THE RATIO
OF TWO POLYNOMIALS,y THAT IS
POUT = (P) X (QTEMP) + {PTEMP) X (Q)
NUMERATOR IS FORMED IN POUT POLYNOMIAL
IMPLICIT COMPLEX®L16 (C)y REAL®*8 (A4ByD-H,0-2)
COMPLEX QUL)JQTEMPL L) P L) PTEMPLL) ,POUTI(])
COMPLEX RESUL1
OIMENSION RESULL1(50)
CALL POLYM(P ¢NP,QTEMP ¢yNQTyRESULL ¢yNRES)
CALL POLYN(QsNQyPTEMP NPT, ,POUT,NPO)
AD = 1.
CALL POLYAD(POUT yNPOJRESULL +NRES,POUT ,NPOyAL)
RETURN
END
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2.5.2 FIX, A Routine For Obtaining the Real Part Of A
Complex Array.

This routine obtains the real parts of a complex linear array which represents
a complex polynomial and returns them to a real polyncinial. The main program
supplies the dimensions of the two variables. There is a severe restriction on the
routine that the compiler must store the real and imaginary parts of a complex
variable in sequential address locations.

CALL STATEMENT

CALL FIX (CPLX, NDG, OREAL)

where:

l. CPLX is a complex linear array

2. NDG is the degree of the polynomial CPLX hence it is also the degree of the
output polynomial OREAL. The dimension of both arrays is then NDG + |

3. OREAL is the output real linear array containing the real parts of the complex
input.

or more graphically,

Input Output
I CPLX (I) OREAL () NDG = 3
1 @) 18, @
2 oy, By ay
3 %g j[33 Qg
4 @y 3By @y
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SUBROUT IHE F IX(CPLXoNC,OREAL )
C INPLICIT REAL$8(A-H,0-1)

DIMENSIOM CPLX(1),OREAL(L)

LAST = NCel

00 1 I=l,LAST

L OREALII) = CPLX(2¢]-1)

RETURN ;
END :
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2.5.3 POLYAD and RPOLYA, Routines For Adding Or Subtacting Two
Polynomials.

This routine adds polynomial A to polynomial B and returns the result in
polynomial C. When subtraction is required the second polynomial in the call
statement is subtracted from the first polynomial in the call statement. Subtraction
is performed when a flag is less than or equal to zero. All polynomials are stcred
in a linear array, from lowest to highest order coefficients. If polynomial A =
a ta, x+a x2 +ooo4an xn, then it must be stored as a linear array.

2
All) = ao
A@2) = a
A(S) = 32
ANN+D = a

The listing shown is for complex polynomials. The routine can be modified to
handle other types of variables by changing the explicit type statement, and by changing
the definition statement for the variable CONST, the first operating statement of the

routine,

CALL STATEMENT

CALL POLYAD (A, NA, B, NB, C, NC, FLAG)

where

l. A is the complex linear array used as one input.

NA is the degree of A, an integer variable.

B is the complex linear array used as the second input.

NB is the degree of B, an integer variable.
. C is the output linear array also a compliex array.

D Oy N
L ] *

. NC is the degree of C, an integer variable,
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7. FLAG is a real variable which if greater than zero causes addition to occur

and 1f less than or equal to zero causes subtraction to occur [C(I) = A(I) - B(I) ].

Noie that in the call statement one of the input variables can be the output variable.
For example we can say. CALL POLYAD (X NX, Y, NY, X, NX, FLAG)
The resulting summed polynomial and its degree replace X and NX in the calling

program in this case,
Another version of this routine works the same but has all real arguments.
Its CALL statement is
CALL RPOLYA (A, NA, B, NB, C, NC, FLAQG)
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SUBRUUT INE POLYAD(AsNA,ByNBoC ¢sNCFLAG)
SUBROUT INE POLYAD ADDS POLYNOMIAL A TO POLY Be THE RESULT IS C
NA AND NB ARE THE DEGREE OF POLY A ANC B RESPECTIVELY. NC IS
THE OEGREE OF POLY Co. FLAG INDICATES WHETHER ADDITION CR SuBT
IS TO BE PERFORMED.IF FLAG>O0.ADDITION IS PERFORMED.
LOADING UF POLYNOMIALS MUST BE FROM LOWEST TO HIGHEST ORDER TERM
EITHER A OR B MAY BE THE SAME VARIABLE AS C IN THE CALL STMT, EG
CALL POLYAC(Xo NXoYsNYoVYoNY) IS LEGAL

IMPLICIT COMPLEX®L6 (C)y REAL®E (A¢B¢D-H0~2)

COMPLEX A(l)eB(1),C(1)

CONST=1.0

IF(FL.AGeLE-O.EOQ) CONST=-1.EO

IF{’A=NB) 19202

B IS THE LARGER POLYNOMIAL

NC=NB

NCP1=NC+1

LIM=NA+2

CO 5 I=LIMyNCP1

C{I)=CONST*B(I)

GG TO 3

A IS THE LARGER POLYNOMIAL

NC=NA

NCP1=NC+¢l

LIM=NB¢2

IF(LIM.GT.NCP1) GO TO 3

00 6 I=LIMyNCP]

Cll)=A¢Ll)

CONT INUE

LIM=L IN-]

CO 4 I=1,LIM

CUL)=A(1)+CONST=BL]) .

RETURN

END




o

SUBRUUTINE RPULYA(AyNAyByNB ¢C ¢NCoFLAG)
CIMENSION all)eB(1)4C(1)
CUNST=1.0

IF(FLAG-LE<O.EQ) CONST==1.E0
IFI(NA=NB) 1y 2,2

B IS THE LARGER PULYNOMIAL
NC=NB

NCP I=NC+1

LIM=NA#2

CU 5 I=sLIM,NCPI
COL)=CONST*B (1)

¢G 1O 3

A IS THe LAKGER POL YNOMIAL
NC=NA

NCP 1=NC+1

LIM=NB+2

IF(LIMGTONCPL) GU TO 3

CO 6 I=LIMyNCPI

Ciri=Atl)

CUNT INUE

LIM=L [M-1

CU 4 I=]1yL1IM
CUI)=ACL)¢CUNST=*B(])
RETURN

ENC
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2.5.4 POLYMand RPOLYM, Polynomial Multiplication Routines

This routine multiplies polynomial A by polynomial B and stores the
result in polynomial C. All polynomials are stored in linear arrays. The listing
shown is for complex polynomials (POLYM). The routine can be modified to handle
other types of variables by changing the explicit type statement and the defining
statement for the variable zero. RPOLYM is the version which multiplies two real

polynomials.

CALL STATEMENT

CALL POLYM (A, NA, B, NB, C, NC)

1. A is a complex linear array used as one input.

2. NA is the degree of polynomial A, integer,

3. B is a complex linear array used as the second input.
4. NB is the degree of pclynomial B, integer.

(7]

C is the complex linear array product polynomial returned.

(=2

NC is the degree of polynomial C, integer.

Note that one of the input variables can be used as an output variable. For example
we can say, Call POLYM (A, NA, B, NB, B, NB). The resulting output polynomial
and its degree replace the input array and its degree in the calling program.

RESTRICTION:

POLYM is restricted to multiplying two polynomials, the sum of whose
degrees is less than 49. That is(NA + NB)<49. If higher order results are required
it is necessary to increase the dimension of the variahle CSTORE.
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SUBROUTINE POLYM{AJNAByNBsCosNC)
THIS SUBROUTINE MULTIPLIES PULYNOMIALS A AND d AND STORES
THE RESULT IN C.NAJNBNC ARE THE DEGREES OF THEIR POLYNOMIALS
EITHER A OKR © MAY BE THE SAME VARIABLE AS C IN THE CALL STMT, EG
CALL POLYM(IX NXyYgNYoYeNY) [S LEGAL

IMPLICIT COMPLEX®*]16 (C)y REAL*8 (A4yByD-H,0-2)

COMPLEX CSTORE(S50),a(1)eB( L) CHL1)

NSTO=NA+NB

NCP L=NSTO +1

LERO = 0.EO

CO 1 I=1yNCP1

CSTORE(I)=ZERO

LIM1=NA+]

LIM2=NB+1

DO 2 I=1yLIM]

00 2 J=1l,LIMZ

[JM1l=]+J-1]

CSTORE(IJmL)=CSTORE( IJMLI+A([)%B(J)

00 3 [=1yNCPI

C(I)=CSTOREI(I)

NC= NSTO

RETURN

END
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SUBROUT INE RPOLYM(A,NA,ByNB,CyNC?
IMPLICIT REAL®*8 (A-H,0-2)
THIS SUBROUTINE MULTIPLIES PULYNOMIALS A AND B AND STORES
THE RESULT IN C.NA,NB,NC ARE THE DEGREES OF THEIR POLYNOMIALS
OIMENSION CSVORE(50),A(1)¢8B(1),CL1?
NSTO=NA+NB
NCP L=NSYQ +¢1
00 1 I=1yNCP1
1 CSTORE(I)= O«
LIM1=NA+]
LIM2=NB+1
00 2 I=1l,LIM]
CO 2 J=1yLIM2
[UMl=[+J-1
2 CSTORE(IJML)=CSTORE(IJML)¢A(])*B(J)
DO 3 I=1yNCP1]
3 CLI)=CSTGRE( N
NC= NSTO
RETURN
END

aNeN g
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2.5.5 ADJNUM: A Routine Toc Scale A Polynomial

This routline scales a polynomial P

P=p0+plx+p2x2+... -iﬂpnxn

by a scale factor A such that the polynomial becomes

PrinEL .

P P P P
_ 0 1 2 n _n
P——A +——A x+-——A -0-...+-—-A X

Tortann g

where N is the degree of the polynomial

CALL STATEMENT: i

X g

CALL ADJNUM (P, N, A)

#

where:

Lemipareg

B

1. P is a real linear array containing the coefficients of the
polynomial to be scaled.
2. N is the integer .iegree of polynomial P.
3 3. A is the real variable whose value is the scale factor,
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SUBROUTINE ADJNUM(BsM,HODC)
IMPLICIT REAL®*8 (A-H,0-2)
OIMENSION 8(1)

MPLl=M+]

DO 7 I=1.MP1

8(1)=8(1)7HODC

REVURN

END




2,6.1 REFORM, A Routine to Form a Polynomial from the Roots of
the Polynomial '

This routine (re) forms a polynomial from its roots which can be of any
multiplicity. In general, the roots are complex roots. It is always true that complex
roots appear in conjugate pairs. A pair of complex conjugate roots form a quadratic
polynomial,

/

, 2 2 2
Pj(s) = (s+ aj + wj) (s + ozj - “33) = 8 +2o%s +(°’j’ +Bj)

where a is the real part of the complex root pair
B is the imaginary part of the complex root pair
Note that « is always negative in value for physically
reliable transfer functions.

For real roots a first order polynomial results,
P.(s) = s+ «a,
J( ) )

The polynomial of the jth root of multiplicity Mj is

M
[Pye)]
The polynomial found by REFORM is then the product of the polynomials
of each root, N M
gl j
P(s) = [P,(s)]
j=1""/

where N is the number of distinct roots of the polynomial.
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CALL STATEMENT

B il

CALL REFORM (ROOT, N, MULT, POLY, NPOLY)

where

1. ROOT is a real array containing each of the N roots
of the polynomial to be found.
ROOT (1) = real part of root #1
ROOT (2) = imaginary part of root #2

ROOT {2N-1}) = real part of the Nth root
ROOT (2N) = imaginary part of the Nth root

If a root is complex its conjugate must immediately follow it in ‘the array.
If a root is real; its imaginary part must be exactly zero. REFORM has no

{ other way of knowing whether a root is real or imaginary,
(2) N is an integer whose value is the number of roots in array ROOT.
(3) MULT is an integer array containing the multiplicities of each root. If
the jth root is repeated once then MULT (J) = 2 and so on.

- (4) POLY is a real array which contains the (re) formed polynomial.

POLY (1) = P,
- POLY (2) = 9% .
POLY (3) = pz's‘

(5)‘ NPOLY is the degree of the polynomial returned. There are (NPOLY + 1)
coefficients returned.

ottt




SUBROUTINE REFORMIROOT ,NDyMUL T, TRA,NTRA)
c IMPLICIT REAL®S (A-H,0-2)
CIMENSION ROOT(1),MULT(L) yTRACL) »TEM(3)
TRA(L1)=1.EO
NTRA=0
1=0
2 I=1+1
,R“"Z‘ l-l
11=2%1 s
ROII=KROOT(IT)
IFIROII .EQ.0.F0) GO TO 4
TEM(1)=ROOT(I11)*ROOT(I[)+ROCT([R)SROOT(IR) .
TEM(2)=2.EQ* (-ROOQT{ IR))
TEM(3)=1.EO
NTEM=2
I=lel
GO TO 5
4 TEM(1)==-RIOT(IR)
TEM(2)=1.E0
NTEM=1
: 5 K=MULT{I)
' 00 6 J=1,K
| CALL RPOLYM(TRAyNTRA,TEM,NTEM,TRA,NTRA)
6 CONTINUE
IF((I-ND).GE.O) GO TO 1
GU TO 2
1 CONTINUE
RETURN
ENC

ag Jort B hng
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2.6.2 RESP, A Routine to Evaluate the Frequency Response of Two
Transfer Functions

This routine evaluates the frequency response of two transfer functions at
101 equally spaced frequencies from zero to half the sampling frequency. The purpose
of this routine is to print out the response of the z transform function beside the
response of the original transfer function. The z transform function is of the form

P (z) p+pz-l+pz-2+ -!-pz-M
H (z) = Z - _0 1 2 M
z Q,(2) q, * qlz"l + qzz'2 + + qu'N
Its response is evaluated by substituting
iwT
z = e
where:
g
w is the variable frequency [0 <w < T ] -in rad./sec.

The original transfer function H(s) must be inputed to the routine in the form,

2 . M
Hee) = PGs) _ po + pls + pzs- + + 8
Q(s) 2 N
q0+qls+qzs + ...+ 8

This transfer function is evaluated by makingthe substitution
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This routine requires th~ following subroutines

1. RECRSP which evaluates the transform transfer function response.
2. TRANS which evaluates the original transfer function response.
Additional storage is required inside the routine, hence more equally

spaced points can be evaluated by changing the variable NPTS and the Dimension -

statemerts for FREQ, AMPLl, AMPL2, PHAZ], PHAZ2, For exampie, if it h

were desired {o evaluate the two transfer functions at 201 equally spaced points .

between zero and half the sampling frequency then change the definition to NPTS = i
201 and increase the above dimensioned variables to 201.

y

CALL STATEMENT ’

CALL RESP (P, NP, Q, NQ, DENOM, NDD, NUM, NDN, T, TAU) -

where: - ,,.

1. P is the z transform numerator - real array .

Pl) =p,

P2) =p, ]

etc.

2. NP is the degree of polynomial P - integer.

3. Q is the z transform denominator - real array i

Q) =q,

Q@) =q, i

etc. _ -

4, NQ is the degree of polynomial Q - integer. :

5. DENOM is the denominator polynomial of H(s) - real array i

DENOM (1) = q, -

DENOM (2) =gq i

etc, .

NDD is the degree of polynomial DENOM - integer %‘i

6
7. NUM is the numerator polynomial of H(s) - real array
8. NDN is the degree of polynomial NUM - integer

9

. T is the sampling period in seconds - real
10. TAU is the additional time delay introduced by the reconstruction function if
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used. If the user makes the z transformation directly without calling one of the
reconstruction routines he should specify TAU=0 before calling RESP. Note
that TAU is a normalized time delay

T
TAU = T
where T is the time delay in seconds

T 1is the sampling period in seconds.
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SUBROUTINE RESPI(P NP yQsNQ+sTRANTRA, TRANU,NTRANU,T ,TAU)
C IMPLICIT REAL®*8 {A-H,0-2)
DIMENSION P(1),Q(1),TRA(L1),TRANU(])
OIMENSION TIXL(12)oTEVYLE(L2),TIY2(12),TIVY3(12),TIY4(12) -
DATA TIX1/T2HFREQUENCY IN CYCLES
| /
CATA TIY1/72HANALOGUE FILTER GAIN :
1 / :
CATA TIY2/T2HOIGITAL FILTER GAIN :
1 N .
DATA TIY3/72HANALOGUE FILTER PHASE ;
| / !
OATA TIY4/T72hOIGITAL FILTER PHASE
1 / .
DIMENSION FREQ(101),AMPL1{101),AMPL2(101) ,PHAZ1(101),PHAZ2(101)
PI=3.1415927
OMEGA=0.
NPTS=101
DEL FR=P I/FLOAT(NPTS~1)
WRITE(6y11)
WRITE(6,12)
DO 1 I=1,NPTS
CALL RECRSP(PyNP Q¢ NQyOMEGAAMPL,PHIL o, TAU)
FREQ( I)=OMEGA/(T*2.%P])
OMEG2 = FREQ(I)*2.*P|
CALL TRANS(OMEG2,TRANU,NTRANU,TRA ¢yNTRA yAMP2 ,PHI12)
FRE=FREQ(I)
WRITE(6y10) FRE ,AMPl,PHI1,AMF2,PHI2
AMPL1(1)=AMP 1
AMPL2(1)=AMP 2
PHAZL(1)=PHI1 e
PHAZ2(I)=PHI2 .
. LMEGA=OMEGA+DELFR

foEre

e

g

P

“n"‘:KK = ‘NPTS tw
AMPLL(NPTS)=0, i
AMPL2(NPTS)=0. Y

XMIN=FREQ(1)
XMAX=FREQ(NPTS)
CALL PLOT(FREQ+AMPL1y1+101,TIX1)
CALL QUIK3V(-2+TIX1yTIY2¢KKKK,,FREQ)AMPL])
CALL QUIK3VI2yTIX1yTIY]1 KKKKyFREQyAMPL2)
CALL QUIK3L(-29XMINy XMAXy-180,9180. 944 9TIXLsTIY4 yKKKK9FREGYPHALZL)
CALL QUIK3L( 2+XMINyXMAXy=180e2518009449TIXL»TIY3 yKKKK9FREQesPHAZ2)
10 FORMAT(1X ¢sFT7.293X9EL15e894XsFTe2¢TX9ELS5c¢893XyFT.2)
11 FORMAT(1HL,16Xy37H FREQUENCY RE SPONSE OF Z-TRAN FILTER }
12 FORMAT( 2X,4HFREQ 94Xy 15SHAMPLITUDE ZTRAN ¢2Xo11HPIHASE ZTRAN 45X,
L13HREF AMPL ITUDE +4Xy9HREF PHASE )
RETURN
END

gy

1

bowsy

OO0
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2.6.3 RECRSP A Routine To Evaluate The Frequency Response
Of A z Transfer Function.

This routine evaluates the amplitude and phase response of a transfer function

in z at a single frequency.

P_(z) p. +p 7] +p 272 4 p 2 % +p 2z ™
_ Z _ 0 1 2 3 m
", Q@ rqzl+qz2+qz2 %+ +qz™
Qo™ 42 -+ 3 9y
This is accomplished by setting
m iwmT
z = e
P (z) p +pe-«1wT + p e iweT
HZ(Z) = Qz(z) = 0 l_i T _.2°on =A /0’
z q.+qe Y+ g etV + ..
0 1 2
where:
i= T
w is the radian frequency at which the transfer function
is to be evaluated.
A is the amplitude response
0, is the phase response
T is the sampling period

This routine calls another routine, PHASE which evaluates the phase response of

the transfer function

CALL STATEMENT

CALL RECRSP (P, M, Q, N, OMEGA, AMP, PHI, TAU)
where:
INPU1S
1, P is a real linear array of the z transfer function numerator coefficients.
2. M is the degree of numerator P, an integer.

3. Q is a real linear array of the z transfer function denominator coefficients.
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4. N is the degree of denominator Q an integer, ;
5. OMEGA is the normalizel radian frequency at which the transfer function is to :
be evaluated. That is OMEGA = 27 f ——= wT, where fis the
frequency in Hz at which the transfer fun@tion is to be evaluated. OMEGA can
have a range of values [0 < OMEGAK 7]
6. TAU is a real variable which is the time delay of the digital filter output with
respect to the corresponding analogue filier output, It is the time delay which
it is desired to have removed from the digital filter response. See explanation
which follows.

OUTPUTS -
7. AMP is a real variable which is the ampiitude response of the transfer function ﬁ
at wT, :

8. PHI is a real variable which is the phase response of the transfer function at wT.

An Explanation of the Time Delay Factor TAU. TAU is the time delay
produced when synthezing a digital filter, via various techniques, from an analogue
prototype. When comparing the analogue transfer function with the digital transfer
function it is often useful to remove the additional phase shift. Specification of TAU :
will cause the additional phase shift to be removed. Setting TAU to zero gives the ‘
exact digital transfer function.

For non-recursive filters TAU should be set equal to KT, where KT is the
time delay from end point filtering, when removing the phase shift. K is, then, .
the number of sampling intervals of delay from the most recent data point being R
filtered and T is the sampling interval in seconds.

s g
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SUBROUTINE RECRSP(44M¢B yNoeOMEGA yAMP,PHI 4 TAU)

IMPLICIT REAL*8(A-H,0-1)

OIMENSION A(1)9B(1)ySING(50),COSG(50)

Co=1.

$0=0.
DL=TAU*OMEGA
Cl= COS(OMEGA)
S1= SIN(OMEGA)
C2=2.%Cl
IF(M-N)4y 445

L IM=N

GO TO 6

LIM=M

D0 1 K=1,L1IM

COSGiK)=C1

SING(K3=S1

CC0=CO

$50=S0

C0=Cl

S0=S§1

Cl=€2%C1-CCO

S1=C2%51-S5S50

CONT INUE

RNUM=A(1)

XNUM=0.

D0 2 K=14M

AA=A(K+1)
RNUM=RNUM+AA*COSG(K)
XNUM=XNUM+AA*S ING(K)
RDENOM=8(1)

XDENOM=0.

00 3 K=14N

BB=B(K+1)
RDENOM=RDENOM+BB*COSG(K)
XDENOM=XDENOM+BB*SING(K)
COEF=RDENOM*RDENOM +XDENOM*XDE NUM
REAL=RNUM*RDENOM +XNUM*XDENOM
XMAG=XDENOM*RNUM-XNUM*R DENOM

REALL=REAL* COS(DL)-XMAG* SINI(DL) .

XMAGLl=REAL* SIN(ODL)+XMAG* COS(OL)
REAL=REAI. 1/CQOEF

XMAG=XMAG1/COEF

AMP= SQRTY(REAL*REAL +X4AG*XMAG)
PHI=PHASE(REAL y XMAG)-360.

IF (PHIGE«~260.0.ANDePHI.LT.-180.0)PHI=PHI+360.0

K ETURN
END
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2,6.4 TRANS, FORTRAN-IV Subroutine For The Calculation Of The
Transfer Function Of Physically Realizable Passive Networks.

The transfer function of a network composed of lumped-parameter R, L, and

C components is given by the ratio of two polynomials in S:

M

m
5_—__ A1m-+-l 5
m=0

H(w) = N

n
: B'n-l-l §
n=0

where Am and Bn are real coefficients and S = jw. The result is, in general

complex such that:

H(w) = R(w) + jX(w)

. Transfer functions are usually specified in terms of amplitude and phase:

| Hw)| =R () + X° (@) ;0 (@) = tan™! ")li(g)

These values will be calculated for a given argument w by using the statement:

'~ CALL TRANS (OMEGA, A, M, B, N, AMPL, PHI)
where:
OMEGA = w, the radian frequency .
A = the array of Am'. s, the coefficients in the numerator polynomial
M = the order of the numerator polynomial
B = .the array of Bn' s, the coefficients in the denominator polynomial
N the order of the denominator polynomial '
AMPL = H(w)
PHI = @ (w)
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It is important to note that this subroutine also calls upon two other
subroutines:

SUBROUTINE EVPOLY (OMEGA, A, N, POLYR, POLYI)

and;

N
e

FUNCTION PHASE (FREAL, FIMAG)

pessisea
3

B

f‘tﬁ‘
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SUBROQUTINE TRANS(OMEGA yAsMeB9sNoAMPL yPHI)

IMPLICIT REAL®*8(A-H,0-2)
OIMENSION A(l).8(1)
CALL EVPOLY(OMEGA,AsM,PR,PPI)
CALL EVPOLY(OMEGA,BoNeQR,QI)
REAL=PR*QR+Q [*PP |
FIMAG=PP I*QR-PR*QI
FNURM=QR®QR ¢y I*G I
REAL=REAL/FNORM
FIMAG=FIMAG/FNORM
AMPL=REAL®REAL +F IMAG*F IMAG
AMPL= SQRT(AMPL)
PHI=PHASEIREAL, FIMAG) -360.0

"IF (PHIeGEe=360e0,ANDPHl L Te~-180.0)PHI=PHI*360.0

RETURN
END
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2.6.5 PHASE FORTRAN IV Subroutine For The Evaluation Of Phase.

b Y

The phase of the vector representation of a complex number, R + jX, is

given by:

¢ = tan”! (-—’-é—)

If the arctangent of the entire quotient is taken, ambiguity with respect to the proper
s quadrant will result,

‘ This ambiguity may be resolved by using the following FORTRAN IV function:

. FUNCTION PHASE (FREAL: FIMAG)

e gy

where:
FREAL = R, the real part of the complex number

FIMAG = X, the imaginary part of the complex number

it Ssneriy

; The single-valued output will be the phase in degrees, 0° < @ < 360°,
i where the positive phase corresponds to counter-clockwise rotation of the vector,

{ This function is written in single-precision FORTRAN IV,

2-103




FUNCTION PHASE(FREA! . IMAG) L :

IMPLICIT REAL®*8 (A-H,0-2) E
SMALL=]1.E~-12
Pl=3.1415927 ‘ -
CONV=P 17180, ) :
IF(FIMAG) 19292 o
2 CONTINUE .
IFCFIMAG.LE «SMALL .AND.FREAL .LE.SMALL) GO TO 3 :
PHASE= ATANZ2(FIMAGFREAL)/CONYV A
RETURN
1l PHASE=360.+ATAN2(FIMAG,FREAL) /CONV T
RETURN

3 WRITE(6e4)
WRITE(645)
PHASE=0.

4 FORMAT(/,978H #BOTH REAL AND IMAGINARY PARTS OF TRANSFER FUNCTION w
LERE LESS THAN 1l.E-12% )

S FORMAT(20Xy43H ®«*s#DPHASE WAS ASSIGNED A VALUE OF ZERQO**#*% ) {
RETURN .
END
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2.6.6 EVPOLY, FORTRAN IV Subroutine For The Evaluation Of A
Polynomial In S = jw With Real Coefficients.

The evaluation of a polynomial in 8 = jw with real coefficients is most
economically carried out by performing the series of multiplications.

N

n
2 An+ls =S (...8(S (SAn+l+An) + A o). ~»A2)+Al
n=

0

The resuit of this calculation will, in general, be complex.

The polynomial will be evaluated for a given argument by using the statement:

CALL EVPOLY (OMEGA, A, N, POLYR, POLYI)

where:

OMEGA = w, the radian frequency
A = the array of an' s, the real coefficients of the polynomial.

N = the order of the polynomial
PCLYR = the real part of the result
POLYI = the imaginary part of the result

2-105
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SUBROUTINE EVPULY(OMEGA yAsNyPOLYR,POLYI)

IMPLICIT REAL*8(A-H,0-2)
DIMENSION Al )

IF(N) 2412

M=N+1

POLYR=A(M)

POLYI=0.

00 3 J=1yN

X=POL YR

K=M-J

POLYR=A{K) -POLYI*UMEGA
POLYI=X®*0OMEGA

CONT INUE

GO TO &

POL YR=A(1)

POLYI=0.

CONT INUE

RETURN

END

|
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3, BIZTRN, A Routine to Co.ivert a Normalized Low-Pass Analogue
Filter to Four Varieties of Digital Filters

Purpose of Routine

This routine converts an analogue prototype low-pass fiiter to a digital filter

which is one of four types:
1) low pass
2) high pass
3) band pass |
4) band reject k
The analogue low pass prototype must be normalized such that its out-off
frequency is at w, =1 radian per second or fc=wc/2"=1/2" Hertz as in the
following figure A SRR I
SO < RS
- \W\ - 4‘
Analogue P;‘o%otype
Digital filters produced by this routine take on the same basic characteristics

as the analogue filters that can be produced by well known frequency transformations

from a normalized analogue low pass.

Sharp cut-off and narrow - band digital filters require an analogue pritotype

with similar characteristics.

Mathematics of the Procedure |
A stable digital band pass filter cun be created from a stable analogue

prototype H(s) via the bilinear z transformation

s=(-z7) / g+z”) | (3=1)
where the analogue filter frequency, w, is related to the digital filter fruquency,

{), by the relation

w = tan §11/2) (3-2)




where T is the data sampling period in seconds. L4

The transformations that produce other analogue designs from a normalized
low pass filter are

low-pass to low -pass

3y

low-pass to band-pass (3-3)

s

i

W W
s & s(u- 1) low-pass to band-reject

¥ 3
+
=
Pt
o g

8§ & ——— low-pass to high-pass

d

It

i
¥

Upon replacing s in the transformations by the bi-linear z transformation

3
the direct analogue low-pass to digital filter transformation g
-] ‘
1 1-2 . =
8¢ — ——3 low-pass to low-pass :
u l1+2z i
W (.. W W —L w w,. =2 o
I+ u’1l)y=-2 1-"u z+ (I+ u 1)z &
s& riet— =5 ; low-pass to band-pass -k
(“u-“1) @27 | -
N (3-4) g
Cu-®y -2 |
s& p o low-pass to band-reject
A +2u%1) -2 (1-“u®l) 2+ “u®l)z 2 f
w 1271
s< 1 —a low-pass to high-pass ¥
1-z E
are obtained, where )
(3-5) ﬁ
w, = tan (wu £
W, =tan ( .. "8 !
3-2 i
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and
% = upper digital cut-off frequency in radians per second,
0 lower aigital out-off frequency in radians per second,

1

Upon replacing s by the apprcpriate z transformation in H(s) a digital filter

H,(z) = H@) - (3-6)
NA B
) Z am m f--/

m=0

is obtained. Normalization of Hz(z) is usually desired sc that b0=1, which can be
obtained by dividing the numerator and denominator of Hz(z) by bO.

Programming Procedure

All four analogue-to-digital transformations are of the form

e +cz v,z 2
X =~ 2 |
r+ 2l ap 572 @-7
0 1 2
= L)
R(z)

Insertion of s=X(z), for the desired design, into a normalized analogue low-pass
filter

NP NQ
H(s) = > pjsJ > qksk, NP< NQ, O (@a-8)
=0 k=0

3-3




produces
NP ) NQ
i) = L P [_%%)LJ R (3-9)
§=0 k=0
Clearing Fractions: NP / NQ
H,(2) = L ij(z>jR<z)NQ'j/ Z q,C(z) Rz) K
=0 i=0 (3-10)

The programming procedure is now evident,

1. A subroutine TYPEF is used to generate C(z) and R(z) depending on the digital
band-pass filter desired specified by the integer variable ITYPE:

ITYPE =1 = low-pass
ITYPE =2 high-pass
INYPE =3 = band-pass
ITYPE = 4 = band-reject

2. A subroutine CNORD is used, utilizing polynomial manipulation, to compute
the numerator or denominator of H, (z) from (3--]0) _° above. The same sub-
routine is used for both numerator and denominator of the digital transfer function,
but the nmnefator (pk), or denominator (qk), of H(s) is used as input, respectively.

3. The numerator and denominator obtained by step 2 are divided by b;.’ of step 2

to obtain appropriate normalization of the digital filter.

CALL STATEMENT

To utilize the routine BIZTRN the following call statement is used:

wind

’

Bopaae

i
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CALL BIZTRN (P, NP, Q, NQ, OMEGAL, OMEGAU, T, ITYPE, A, NA, B,
! NB) where the input variables are:
P = a one dimensicnal real array of the numerator coefficients of H(s),

P(s) = pjsj
=0
P@) =p,
Q P@2) =p,
} )
etlz.

NP = the degree of P(s), an integer variable

Q = a one dimensional, real array of the denominator coefficients of H(s)

N
: QE) = \i q, 8"

k=0

L - Q =q,
Q(2) =q

NQ = the degree of Q(s), an integer variable (NQ NP)

s o,

OMEGAL = the desired lower cut~off frequency in radians per second of the

P Ly

digital filter, *a real variable

OMEGAU = the desired upper cut-off frequency in radians per second of the
digital filter, *a real variable .
* If the filter is only low-pass (OMEGAU) or high-pass (OMEGAL), the other

frequency should be sct to zero.




T = the data sampling interval in seconds
ITYPE = type of filter desired, an integer variable,

1 = low-pass .
2 = high-pass .
3 = band-pass
= band-reject
and the output variables are:
NB
_ -m z -n
with Hz(z) = a a bnz
m=0 n=0 T
A = a one dimensionel, real array of the numerator coefficients of Hz(z) T
AQ) = a, :
A@2) =g ”
etc;. =
NA = the degree of A, an integer variable T
B = a one dimensional, real array of the denominztor coefficients of Hz(z), s
B() =b, =1 L
0
i

.NB = the degree of B, an integer variable e
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Subroutines called by BIZTRN

Subroutines called directly by BIZTRN are:

TYFPEF P

CNORD

Subroutines called indirectly by BIZTRN through CNORD are more general purpose
real polynomial multiplication and addition routines:

RPOLYM

RPOLYA

All four subroutines must be used along with BIZTRN,

Limitations of Program

Other than arithmetic precision, the only limitation upon BIZTRN occurs in the
dimensioning of auxiliary storage in.

CNORD: SA (50)

RPOLYM: CSTORE (50)

If desired SA and CSTORE may have their dimensioning changec.
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SUBROUTINE BIZTRN(P NP ¢QyNQyOMEGAL yOMEGAUTHITYPE Ao NLyB,yNB)
IMPLICIT REAL*8 (A-H,0-2)
OIMENSION P(1)4Q(1)4AlL1)0B8(1)
DIMENSION C(2)4R(3)
THIS ROUTINE TAKES A LOW PASS ANALOGUE
FILTERe NORMAL IZED SUCH THAT ITS CUT-OFF
FREQUENCY OCCURS AT OMEGA=2%Pl®FREQ =
1 RADIAN, AND GENERATES FOUR KiNDS OF
OIGITAL FILTERS FROM THE ANALOGUE PROTOTYPE
5% INPUT DATA #5:5x

IT¢PE=1 = LOW PASS
ITYPE=2 = HIGH PASS
ITYPE=3 = BAND PASS
ITYPE=4 = BAND REJECTY

OMEGAL IS THE DESIRED LOWER CUT-OFF FREQUENCY OF
ITYPE=293y OKR 4 IN RADIANS/SEC .
OMEGAU IS THE DESIRED UPPER CUT-OFF FREQUENCY OF
ITYPE=193¢ OR 4 IN RADIANS/SEC
T IS THE DATA SAMPL ING INTERVAL IN SECONDS
P IS THE NUMERATOR COEFFICIENT ARRAY OF
THE ANALOGUE FILTER H(S)
NP IS ITS DEGREE
Q IS THE DENUMINATOR COEFFICIENT ARRAY OF
THE ANALOGUE FILTER H(S)
NQ IS ITS DEGREE
*¢%x%  QUTPUT DATA *%x%x
A IS THE DIGITAL FILTER NUMERATOR ARRAY
NA IS ITS DEGREE
B IS THE OIGITAL FILTER OENOMINATOR ARRAY
NB IS ITS DEGREE

**x%  BEGIN ROUTINE **&=

GENERATE OIGITAL FILTER PARAMETERS PER ITYPE
CALL TYPEF(OMEGAL)OMEGAUTyCyRNC IR yNRyITYPE)

COMPUTE DIGITAL FILTER NUMERATOR (A)

CALL CNORD{P yNP,ReNRyCyNC ¢NQeA¢NA)

COMPUTE DIGITAL FILTER DENOMINATORI(B)

CALL CNORD(Q¢NQesR9yNRyCoNC»yNQyByNB)

NORMAL IZE DIGITAL FILTER SUCH THAT

B0=8(1)=1

BNORM=8(1)

LASTA=NA+]

00 1 J=1,LASTA —
A(J)=ALJ)/BNORM -
00 2 K=1yNB

KK=K+1]1 ,
BIKK)=B(KK )/ BNORM i
Bll)=1.
RETURN

ENO

§ it é - Lo
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SUBROUTINE TYPEF(OMEGAL yOMEGAUT32C ¢yNC yRgNRyITYPE)
IMPLICIYT REAL®*8 (A-H,0-2)

OIMENSION C{ 3)4R{3)

OU = TANMN(OMEGAU®*T/2.)

OL = TAN(OMEGAL*T/2.)

ITYPE=1 GENERATES PARAMETERS FUR LONW PASS
ITYPE=2 GENEKRATES PARAMETERS FUR HIGH PASS
ITYPE=3 GENERATES PARAMETERS FOR BAND PASS
ITYPE=4 GENERATES PARAMETERS FOR BAND REJECT
IF(ITYPE.EQ.1) GO TO 1

IFLITYPE.EQ.2) GO TO 2

HANOLE CASES 3 AND 4

A=0U-0L

8=1.-0U%0L

(C=1.+0U*0L

IFCITYPE.EX.4) GO TO 4

BAND PASS PARAMETERS (ITYPE=3)

C(l) = CC/A

C(2) -2.%8/A

C(3) CC/A

NC=2
R(1)
R(2)
R(3)
NR=2
RETURN

CONTINUE

BAND-REJECT CASE
Clli=1.

C(2)-0.

C(3)=-1.

NC=2

R(1)=CC/A
R(2)=-2.%8/A
R(3)=CC/A

NR=2

R ETURN

CUNTINUE

LOW PASS PARAMETERS
C{li=1./0UV
C(2)=-1./0V

NC=1

R(l)=1.0

R(2)=1.0

NR=1

RETURN

CONT INUE

HIGH PASS PARAMETERS
C(1)=0L

C(2)=0L

NC=1

R(li=1.

R(2)=-1.

NR=1

RETURN

END

l.
0.
- 1 o
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SUBROUT INE CNORDIP NP yRyNRoC o NCoNsAyNA)

IMPLICIT REAL®*8 (A-H,0-1)

OIMENSION SA(50)+P(L)eRELDC(1),A(1)

N IS THE DEGREE OF THE DENOM OF H(S)

MN IS THE DEGREE OF NUMEKATOR OR DENJIMINATOR
OF H(S)oACCORDING TO WHICH IS BEING CALCULATED

FLAG=1l.

FIRST TERM COMPUTATION

SA{l)=1.

NSA=0

M) 1 J=1yN

CALL RPOLYM(SAJNSA,RyNR »SA,NSA)
CONT INUE

ODIMENSION SS(1)

$S(1)=pPl1])

NS$SS=0

CALL RPOLYM(SAyNSA,SSyNSS»A¢NA)
IFINP .EQ.Q) GO TO 6

00 5 L=1yNP

SA(1)=1.0

NSA=0

POWEKS OF C PER TERM

00 2 K=]1,L

CALL RPOLYM(SAJNSA,CsNCSA,NSA)
CONT INUE

POWERS OF R PER TERM

IF (L.EQ.N) GO TO 3

LIM=N-L

00 4 KL=1yLIM

CALL RPOLYM({SAyNSAyRyNRSAyNSA)
CONT INUE

CONTINUE

35(1)=P(L+]1)

MULTIPLICATION B8Y TRANSFER FUNCTION COEF
CALL RPOLYM(SANSA,SSyNSSy»SAyNSA)

ACCUMULAT ION OF TERMS

CALL RPOLYA(SAYNSA A ¢NA A ¢NAYFLAG)

CONT INUE
CONT INUE
R ETURN
END
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4. NON-RECURSIVE DIGITAL FILTER GENERATION ROUTINES

As mentioned in € :ction 1, filter coefficient generation for transfer function
simulation can be done with the recursive z transformation plus reconstruction routines of
Section 2 or with the non-recursive routines presented here. A guideline given in Section 1
states that if the input data spectrum extends beyond 1/3 the sampling frequency, and it is
desirad to accurately simulate the transfer function to half the samplin, frequency, then
probably the best method of filtering is non-recursive. The advantage of non-resursive
filtering is, simply, accurate simulation to half the sampling frequency.

The cost of accurately simulating a transfer function to the maximum limit (half
the sampling frequency) by non-recursive filtering is often high. The disadvantages of
non-recursive filtering are:

1. More filter coefficients or "weights'' are often fequired, resulting
in longer computation times to perform f{iltering of data.

2. Unsuitability of the equi-spaced phase and amplitude response
sampling technique used by these routines when applied to transfer
functions wi‘h numerator or denominator roots at very low frequencies.

3. Greater time delay of the output often results from non-recursive
filtering.

If these disadvantages pose a significant difficulty it would be advisable to re-
consider the need to simulate the transfer function to the maximum limit; that is, reconsider
the z transformation methods plus reconstruction.

Non-recursive filter weights are generated from phase and amplitude character-
istics of a transfer function rather than by an analytical transformation of a transfer func-
tion. From phase and amplitude samples a least sguares approxiiuation is computed.

A routine is available which can compute the samples from an analytical form but
the transfer function must be the ratio of two.polynomials.

2 n
q0+qls+ q,8 + e +qns

If the transfer function is available orly in its factored form (as was required for the z
transformation method) it is necessary to form the denominator polynomia! from denominator
roots and multiplicities. The routine for this purpose is described in Section 2.6.1.

The routine, TRANWG, evaluates a transfer function at a specified ramber of
points and then computes the filter weights. The weights are computed in routine, WGTCPT,
which may be called directly if the phase and amplitude samples are available.




It is always neceéssary to speoify the followlng!
1, The number of weéights desired (ZN+1),

2, The niiniber of phase and amiplitude samples to be taken of tlie transfer
funotion (@41),

3. The deélay facior (ITAU) which ranges from 0 to N,

Determining thewe parameters;as in determining the correct reconstyiiction funetion
for recursive synthesis, is often & trisl end error process. A go\od sét of riles to foliow le:

1; Plok Q large eiicigh to {nolude all the detall ¢f the transfor funotion,
2, Plok N & Q/2 or Q/s,— In any case QPN.
3. Iniifally set ITAU « N. It may be posilble to deorease ITAU to a

miinimum value of zexo. ITAUw 0 is often oalled "'end potnt filtering'i
and ITAU = N {s often oalled /" gentral mmmg 1

-~va @
-

2hese considerations are discucsed in Vol. I, Section 5« | ,

. Bince.it {8 noocessary to evaluate the frequancy ﬂuponu of the transfer funiotion Q+l
poliits, some thought must be given to establishirg this parameter, If tho spectrum is :
sampled at wide intervais (fow sainples) it is possible to miss some of the detafl and tho !
resulting digital filter will not simulste the original transfer function acourately, Consider
the transfer ﬁmotkm whose amplitude rmpomc {s shown {n Figure 4-1 on & semi-log nlot,

R T R I do’ “
o ol Frequency in Hz -g
Figure 4-1 Transfer Funotxon Amplitude vs Froquonay o

By sampling this spectrum at 80 equally spaced points from zerc to half the sampl~
ing frequericy much of the low frequency behavior would be obscured. Acciirete simulation
of tiiis transfer function could be achisved by sampling in .0l Hz steps; that is 800 samples,
This response is not atypioal of control system trinsfer tuncttonl. The 2 tranzform
routirie should be used on this iransfer funcstion. if posuibloo
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The last routine of thls section 18 deélgned to remoye the veciilations lii-the digital

filter response which ocoui when the spécification transfer funciion has fust roll-off or
tlse characleristics. This i¢ a resiit of convergence difficuily of the methed (irie 'Uibbs
pheiomena'). These osolllaiions dre most apparent between the transfer function sample
polnta; therefore; It is always beat to exdinine the digital filter freguency responiieé at more
points than the Q+l saniples of the anaiogue iransfer fusiction. If these oscllintions sre
present they can be smoothed out by the routine SMOOTH: As one milght expect; there Is
a price to pay i uslng BMOOTH; that I8 scmé loss of ateepness of roll-off which caised the
osciilations in the firwt place: Theso {deus dre discussed h Vol, f, Seotioni 5. :
‘T'he rouilne BMOOTH ¢an be adjusted (o apply oneé of three methiods

1; Lanoxos welghts

2, Cosfne~squared welghts

3, Lineéar ot Fejer welghts

4, No sinoothing

1

Ustally Lahczos or ovsine-squared weights wiil operate most efféctively to remove "rippios '




4.1 TRANWGQG, 4 Routine to Qenerate Non~Reoursive Filter Welghts
from a Transfeir Funotion

This routine computes non-recursive filter coefficients or "weights' from a
transfer function expresseu as a ratio of two polynomials,

o - -

2 m
ao‘.'ﬂ‘ﬂ +ﬂzl 4-...4“& ]

m
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b0+blm+bzs +...+bns
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The transfer function s evaluated at Q@+l equally spaced ponte from zero to half the sampling
frequency. The welghts are computed from those samples in routine WOTCPT.

In addition to the Input transfer function it is necessary to specify the number of saumples
of the transfer funciion to be taken (JQ+l), the number of weights desired (2NL+1), the
normalized time delay of the resultuig digital fliter (ITAU), and the sampling period, T,

The time delay factor, ITAU, can have a range of values from 0 to NL,. The meaning of
ITAUn0 is a minimum delay fiiter produsing an "end point fiiter." ITAU=N produces what
iz called a "'central fliter', 8ee Vol. 1, Saction § for details,

CALL STATEMENT

CALL TRANWC (A, M, B, N, T, JQ, W, ITAU, NL, HMAG, HPHASE)
where
1. A is a real linear array containing the numerator coefficients of the transfer function,
2. M is the integer degree of the numeratcr polynomial,
3. Bis a real linear array containing the denominator coefficients of transfer function,
4. N is the integer degree of the denominator polynomiial,
5. T is a real variable whose value e the sampling period.
6. JQ is an integer with (JQ+1) equal to the number of samples to be taken of the transfsr
function,
7. W is real linear array which wiil contein the ZN+1 weights,
8. ITAU is an integer whoge vaiue is the sormalized time delay of the regulting non-
recursive filter, It can have values from zero to NL.

44
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9, NL s gn Integer value and 18 related to the number of welghts desired. 'T'he numb..
of welghts computed im 2NLA41,
10, HMAQ i» a real linear array containing the magnitudo samples of the transfer function,
11. HPHASE is a reul linear array containing the phase samples of the tranafar funotion,
All arrays are dimensioned outside the subroutine in the caliing program, It is
necessary that the dimervion for A be greater than N; B greatsr than M; W be groester than
2N, HMAG, HPHASE musl be dimoensioned greater than Ja,
TRANWG requires the following routines:

i) WGTCPT
@) TRANS
(3) EVPOLY
) PHABE

WGTCPT is the only routing of this group which has internal storage, which may havo
to have ite DIMENSION statement chunged. The arrays CP and 8P are dimensioned at 501,
If JQ is greater than 600, this dimension statement would have to be incressed,



SUBROUTINE TRANNHGEA )KoD oMo ToJQoky B TAY g NL sHHRAG ¢ HPHASE )
DIRENSION AL ADoBL )y MAGELD o HPHASESE) o)

CATA Pi/2.04615926%/

OMZGA=G .08 00

CEBLEROPEI(T® FLOATEJIOS

CORVmP 1/ 800K

NMARS JQ4 )

00 1 =i, NNAX

CALL TRANSEOMEGA A9 MoB o Ny ANPL ;P18 D p
HMAGO I ho ANPL

HPHASEL S )P HIPCONY

OMEGASOMEGCASCELFR

CAML WOTCPTAML oJQo ITAL o HMAG oHPHASE o W)

ﬂﬁ%“ﬂ”

EN
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4,2 WCICP'I, A Routine to Compute the Waelghtys of 4 Non~Reoursive Vilter

‘I'his routine uwses samples of the amplitudo and phase rosponso of a transfor function
us Inputs Lo genorate non~recurzive filtor wolghts, ‘T'here must be (Q41' equally spaced
rosponse sumples covering the rango from zero to 1/2 the sumpling {requency to produce
(2N41) welghts, It I8 necosnary thut Q2 N for the routine to function, In fuct, i ls desirable
that Q 2 3N for u compromise betwoen theoretical accurac, and actual numerical acoursny
protlems, Ul Q is vory lurge the routine looses numerioal accuracy. The cwoulation
performed is o least squares ourve fitting to the complex samples (oxpressed ws emplitude
und phuse), A glven welght is culculated by the formula;

Q-1

A(O ] | Ty !

Wr = ‘5-%’ cosl®) (0) 4+ T /“’l A(wq) oos ,‘wq {(ITAU~) 1 (J(wq)‘!
ql

A(w
. 4 7553’ coy f wQ (TAU-0) T - (wQ)|

whore A ( ) represents the amplitude samples
& ( ) represents the phuse samples

- X 4 s kol I
" -3%- is the normalized frequency; O~ WS 7

ITAU i» a time delay fucior, O ITAU N

T is the campling period in second,

T'he development and interpretation of this formula s presonted in Voi, |,
Bection 5,

CALL STATEMENT

CALL WCTCPT (N, JQ, ITAU, HMAG, HPHASE, W)
where
(1) N indicates the number of welghts to be generated, There are ZN+1 welghls generated

(integery,
(2) JQ corresponds o @ in the explanation above, JQ¢ 15 the number of amplitude and

phase samplen presented (Integer).




(%)

(4)

(5)

(6)

I'TAU I8 the timo dainy factor, TIAU»20O implies that the resulting fiiter has no
udditional output delay, This s often cglled "end point filtering, " ITAUsN produces

u filler with N'T seconds of additional delay. ‘T'hia condition Is culled "oentral filtoring, '
I'fAU may have any int« gor value from O to N,

HMAQG 18 u roal lincar array containing the JQ+1 magnitude samples,

It corresponds to A( ) function above., The first value of HMAQ srray, HMAG (1),
contains the magnitude of the trangfer funciion st zero frequency and so on,

HMAG (1) =

H@ Iaﬁ-O

HMAG \2) = l H(w)
’

w
L;y% P Wy sampiing {requency

HMAGQ (JQH) = | H(w) w

/)

w= 5=

HPHASE is a rogl linesr array containing the phuse san . It corresponds to & ( )
in the expression ahove, HPHASE is ordored the same AMAC,

W s a rec! linoar srray which containg the 2N+l v ~igh. snerated in the routine,
The arrays uppearing in the CALL atatement ob their dimension from the oslliny

program. Two othor arrays are dimensioned in th Stine;

1))

CP, (2) BP. They are dimensioned at 507 whic 19 sufficient for JQEH00, 1t 18 not

recommended thut J@Q=600, however, {f this 18 attempted CP and 8P should be dimensioned
to & value greutor than or equul to J@+1,

This routine does not reguire any other routine to function,
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SUBRIUTINE WOTCP TEMNoJY o ETAL IHMAG o HPHA SE g 1)
DIMENSION HMAGEL ) o HPMHASES L) oWl L)
DEMENSION CPLSCL)Y 57 (501)

CATA P8/3.041%9265/

KeN-STAY

AMPOCoMMAGIL)® COUSIHPHASE( L)

CO 3 Husioedd

L TR IVED S

PP hPHASELHAUY)

CPEMU)Ie COSEPP)

SPIMY)s SENEPP)

xXg= JQ

CONS=P 1/ %XQ

LIMN2 20N )

LiING= 40~

€O 2 éolol IMN

Jisy=1

JJ'tﬁM*Jl IS FOR HUNTSVILLE REVERSED WEIGHTS
dd»

Ve (N={K¢Ji))

ANG=CONSO Y

Ks COSEANG)

X2m X8 2,

CMlsX

CMO= 1,

SHis~ SINIANG)

SM0=0,

W= 0o

G0 § LQolyi §MQ

CSX20(M0=-CM )

98 5 20 540~ SM §

LLGe Q¢}

Widss i) SMHAGELLQ IS ECP ILQICC #5PLLYISS)
CHLsCMO

SHLi=SHO

CKOnC

Sno=$

CoR2®LA0=-CHY

§e%265M0~-54 )

WELI)oWH/ NQeEARPDCOHMAGERMUIBLICPL MUY 3Co 5P1 HUDI#S) D/ (2.%KQ)
CONT IMUE

§FSJQ~M) 49504

Wllisuily/ 2,

WAL EMIwnt L I D/ 2.

CONY INUE

RETURN

END
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4,53, BMOOTH, A Routine Lo Kemnove Kipples in the Response of Non-Recursive
Filters

I'hin routine smooths tipples in the amplitude and phase response of non=recursive

IHters,  Fhe ripples, described as the Gibbs phenomena, are ihe result of comvergence
difficulies characteristic of Vourier series representation of tranafer junctions having a
rapld change in amplitude and phase, Sharp cutoff smoothing filters are one example of the
cluss of transfer functions which produce these ripples, The purpose of these routine is
to eliminats these ripples or reduce them 1o a tolerable level,

Three methods of moditying the welghts to climinate ripples are avallable:

I, Lanczos Welghting

2, Cosine 3guare 'Nilghting

3. Linear or Fe)er Welghting

In cach case the original welghts are muitiplied hy a constant factor, The value of the
constant is a function of the type of smoothing, the welght being smoothed, and the time delay
of the (ilter, Generally the Lancros and cosine squared modifiesd filters are the most
destrable,  Lanczos welghting s usually recommended as it does not attenuate the high
frequency components as radically as the Cosine Squared method and also docs not reduce
the low frequency componenis as much as Fejer Welghting, 1t gives a happy compromise
between the rise time of a band~pass filter and its riople, These smoothing techniques are

discussed in Vol, 1, Secdon 5,

CALL STATEMENT

CALL SMOOTI'H (8, ITAU, ITYPE, W)

where

(Y M is an integer used Lo indicate that there are 2N+ welghts .

(2y ITAU is the siditional normalized time delay of the filter (integer)

(2y ITYPE is an Integer flag wsed to indicate which smoothing technigue the routine is Lo
use., | is for Lanczos, 2 is for cosine squared, 3 is for Fejer, and 0 indicates that
the smoothing procedure is Lo be bypassed, That is, it ITYPE = 0 the routine returns
to the calling program,
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My Wowa real inzar array cortamning 2 N4l worghts, W contatns modified weights upor
returr 4o the calling prograrm, the oid values are replaced by new valics,

This routine does not cail any other routine and contatns only one array, W which
obtairy ity dimension {rom the calling program.
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26

23
24

2l
25

SUBROUTINE SMOOTH(N, ITAUITYPE o)
DIMENSION wW(1l)
IF{ITYPEDN 26025926
f= Re E-OZ

KsN-iTAY

RKaK

Xs ABS(RK)

YaN

YayeX

LiMs28Ne )
PI=3,1415927

D0 21 J=lyLEIN

Vds J=-}

ARG= ABS(7-YJ4)
IFLARG=E)2Le21c23
GO TO (1920300 ITYPE
CONT INUE

Ji=L [Me]=-J
WldJd=mWiQJ )%2
CTERT T TEIE 74

COMT INUE

CONT ENUE

RETURN

LANCZ20S BEIGHY ING
CONT INUVE

Wi (P ISARGI/Z7(Y+1)
= SEINIWW) /WM

G0 TO 24

COS INE SQUARED WEIGHTING
CONT INUE

W= P ISARG )/ (28 Y6 1))

= COS(WK)o®m g

GO TO 24

LINEAR DR FEJER WE IGHTING
CONT INUE
Is(Yel-ARG)IiYeL)

GO0 TO 24

END

IS FOR HUNTSVILLE REVERSED WEIGHTS
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5. APPLICATIONS OF DIGITAL FILTERS

The preceding sections of this roport covered various methods of synthesizing
digital filter coefficients. This section covers their application to actual digital fiitering and
processing.

It is assumed here that the digital filter coefficients have been found and have been
verified by steady-state amplitude and phase response versus frequency testing, The
programs which use the digital filter coefficients or ""weights'' to '"process' sampled data
are outlired,

Having established that linear, constant coefficient, digital filters are of one of
two types; recursive digital filters and non-recursive digital filters it is possible to use
the same numerical integration programs for both types. The non-recursive filter
realization formula for both types relates the present filter output, Yie to the past inputs
and outputs,

M N
_ 1 NN i E
Yk b [ {_ 2m*k-m ByYk-n ]
o
m=0 n=1
where a . is the mth filter numerator coefficient

bn is the nth filter denominator coefficient

M and N are the degrees of the numerator and denominator polynomials,
respectively , of the z traneform transfer function

The distinction between recursive and non-recursive filters ie that the non-recursive filter
does not uge past cutputs while the recursive filter uses both past outputs and past inputs.
Hence the correct form for implementing non-recursive filters with the programs which
follow is tosetb_ = 1.0 and set the degree of the denominator polynomial, N, equal to
zero, The weigh?s are the a__'s above and the degree of the weight polynomial, M, is the
number of weights minus ond™” (M = 2NL) '

This fundamental computation is made by the filter routines RECF and RECF2.
RECF 1s useful for implementing single filters while RECFZ is designed to handie a large
number of filters whose coefficients are stored in two large arrays; one for the numerator
coefficients and the other for the denominator coefficients. A use for RECF2 might be
implementing a bank of bandpass fiiters for spectrum analysis. Rather than storing each
filter numerator and denominator polynomial in a separate array (with its own distinct
name) it is easier to use two arrays, referring to a specitic set of filter coefficients by an
index,

A special type of filter covered here is the moving fiiter. It performs the same
function as a bandpass filter whose center frequency can be moved as a function of time.
It can be moved incrementally, in discrete steps in time or it can remain stationary. A
polynomial is used to control the movement of the center frequency. The program name
for the moving filter is SRECF. Applications for the routine might include sweeping
through a signa! wpectrum periodically as a crude spectrum anslyzer and tracking a single
sinusoidal "tone' whose frequency 2z & function of time is knowa.
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PRECEDING PAGE BLANK NOT FILME- .

5.1 RECF AND RECF2 Functica Routines to Perform Digital Filtering

These two routines are the fundamental digital filtering routines, Th.y perform
the computations required to produce a filter output when given; 1. an input, 2. necessary
past input and output history and, 3. the filter coefficients. Since this information is
presented to the routine via cail varigbles from the main program all filters used in a
program car. share a single routine.

Tie computation performed to find the present filter cutput is

n m
o -t + x
590 |/ W T PmYyem
n=1 m=90
where X m' 8T€ filter inputs

y’_ n'g 2T€ filtev outputs
CALL STATEMENT
FILOUT = RECF (P, NP, @, NQ, X, Y, 2)

(1) P is a real linear array conteining the filter numerator coefficients.

(2) NP is the degree of the numerator polynomial, integer.

(3) Q is a real linear arr v conteining the filter dencminator coefficients.

(4) NQ is the degree of the denominator polynomial, integer.

(5) X is a real array containing the NP+lpast filter inputs.

(6) Y ie a real array conteining the NQ+! past filter outputs. Both X and Y arrays should
either be initialized io zers at the start of & record or if initial conditions are known
they shouid be assigned in X and Y.

(7) Z is the present input.

For function RECF2 all of the above varishies are the same except thet the arrays
contain the coefficients and past histories of many filters. Reference (o a specific fliter
is made by an index, i. The call statement is

FILOUT = RECF2 (P, NP1, Q, NQI, X, Y, Z, 1, J)
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(6) 11s the filter coefficieit reference index, an integer variable which has values
1=, 2, 3, ... NF. NF is the number of filters,

(9) J is the filter storage reference index, an integer which has values 1, 2, 3, ..., NF,
Since [ and J are reference numbers rather than storage location indices,

the linear arrays P, Q, X, Y are composed of NF equal sizé subgroups. That is, each

filter in these arrays occupies the same length of storage regardlese of the actusl

degree of a particular filter in the group. Therefore, the length of storage in P, Q, X,

Y for each filter is the length required for the largest filter in the group. Consider

three filters whose transfer functions are

Par + Pye2-1

01 1
(z) P -

H, Q¥ 92 |

AL -2 -3
) = _9._""12z +Dyg% 4 Pygl O 4 Pggs

= =]
g2 * 9o . Upg? ¥ dgy?
-1
Poz * P12
Hy@) = - 03, *13 -1 —
Qyz + Gz *+ 4,42
The second filter transfer function has a fourth degree numerator which is the

larguest of the six polynomisls.
The numeraior coefficienis are stored in arrey P av

PQ) = py, P2) = py;, P(3)=0. P4) = 0. P(5) =0.,
P(S) =Pyg P(N = Py PB) = pyye P(B) = Py, PUO) =D,y
ete. '
The denominator coefficients are stored in array Q as
Q) = gy, B = q, A = 0, Q) =0.,
QG) = gy, Q) = gy, AU = G4py, QE) = g,y

ete.

The degree of the largest numerator polynomial is 4. Heace NP=4, The
degree of the largest denominator polynomial is, 3, hence ¥Q=3. Also it is
absolutely essential that unused coefficient locations such as Q¢4) and Q(5Y in this
example be gpecified as zero, otherwise inaccurate filtering will result,
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26
27

FUNCT ION RECF(AsMeR oMo XoVsl)
DINENSION Al1)eBE1)oxX82),YEL)
dis Al 1)l

$axX(1)

IFCH.LE.O) GO TO 25
NP isMe}

0O 264 K=s2,MP}

UsxX (K )

Il=slleA(K )85

XiK) = §

Ssy

CONT IMUE

cONT INUE

Tsy(i}

IF{N.LE.O) GO TO 27
NPL=No)

00 26 J=2,0P1
VsY(J)

LisZLi-844987

YiJisT

isy

CONT INUE

CONT ENUVE

X(iis2

Yild=i}

RECFs 11

RETURN

END
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FUNCTION RECF2(P NP sQoMQo XD 9 Y09 %ol ¢d)
TWO ODIMNENSIOMAL ARRAY 15 USED HOWEVER INDEXES ARE COMPUTED
OIMENSION PG 1)eQSL) e XOILD,Y0I L)
FAONT INDEX OF ARRAYS CORRESPONDS TO PART OF MDIVIOUAL
FILTERING OPERATSON
IF ASINGLE LINEAR ARRAY [N THE BCALLZIT CORRESOONDS TO
THE FRONMT INDEX PIKI=PIK,1)
SsFILTER INDEX {BACK M. EX)
J=0ATA STORAGE INODEX:BACK [NDE X}
NP 1aMP 4]
KQL=aNGQel
SOXFsNPlell~-1)+])
IDXSsNP ie(JS~L1)¢]
Li=PLIDXF)I®X
SisX0( IDXS)
IFINPLLELY GO TO 2
CO 1 K=1,MP
IXsKeJDXS
UsXBe 1%X)
I1s1)+P(KOJDXRF)I®S]
XO¢Ix)=31
$isy
L OTE DI SYED S
JOXFsiQLeli-1be])
[0OXSsMQie(J-L)e}
TTsv0(10%S5)
[FINQLAELLD G2 TO ¢
0O 3 KsieNG
[XsK e §DXS

g e Rl Reo 0

Y=y BAJY
Ll=11-QiK o IDNF I8 FT
YOS IX)=TT

N =

3 11=v
4 YOULECKSI=L1

RECF2sI1
RETURN
END
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5.2 S8RECF, A Function Routine which Produces a Moving Bandpass Filter

This function routine produces a bandpass filter whose center freguency can be
moved as a function of time. Cenier irequency movement is specified polynomial function,

2
BPFUN =w_4 wil # wyt” 4 ...4 wnt"

2

where w, is the initial or starting center frequency in radians/second

Wy .W o are coefficients for higher order frequency
increment terms in radians/second
t is time in seconds
N is the degree of the specification polynomial
The characteristic response shape of the bandpass filier is that of an =3
Butterworth bandpass function. It has a fairly flac bandpass characteristic and geod
attenuation of out-of~-band frequencics. The bandwidth of the fiiter is set by a specification
parameter when the function routine is firet called and can not be modified in furture "Calis”.
It may be incorporated in the routine with some minor modifications including the addition
of another flag variable in the call statement.
The cenier frequency function specification polynomial, however, can be changed

at any time. K the function is changed it is necessary to set a flag (ICGE) to 1 to indicate
that a change was made in the frequency specification function. This flag is reset to zero
by the routine after thz changes have been made. A second flag, (CLER) clears out all past
filter inpuis and outputs when set to ], This aciion is tantamount to £1Ziting the
bandpass filter al time zero, hence sufficient time should be 2llowed for the filter output to
build up again after clearing. Afier the clearing operation this flag is also reset Lo zero.
Clearing of the filter should be done whenever the center frequency is moved 2 great distance
in on.e step or when a new input record is presented to the moving filter, The time reguired
for the fiiter output to bufld up to 80% of its final value afier clearing is

6
BW

r

. seconds

where:
BW is the filter bandwidih in radians/second




A discussion of the theoretical bastls for the moving bandpass iiiter can be found
in Vol, i, Section 15,

CALL STATEME™>T

Y = S8RECF (8PFUN, NFUN, ICGE, FILBW, XIN, ICLER, T)

where

(13 SPFUN is a real linear array of the specification polynomial,

(2) NFUN is the degree of the specification polynomial, an integer,

(3) ICGE is an integ 'r flag, usually set to zero but which when set to | or more indicates
that the specification function has been changed.

4y FILBW is the bundwidth of the moving bandpass filter in radians /second, a real
variable,

(7) XIN is the input data point being filtered, a real variable,

(6) ICLER is an integer flag used to clear the bandpass filter. Clearing occurs if the flag
s et to one or more, otherwise clearing i8 not performed.

(7Y 7T is the sampling period in scconds, a real variable.

BIZTRN and its subroutines are required to periorm the design of the moving bandpass filicr.

Ihe filler design is perfiormed the first vime the routine is called, hence ihe andpass filicr
can not Be changed therealler. The N=2 Bullerworih design used can be changed by puiiing
different coelficients in the DATA statement for array Q8 which is the denominator of the
normalized transfer funciion, Other Buite ~worth denominators can be found in Introduction
tc Modern Network Synthesis by M, E. Valkenburg, John Wiley &Sons, Inc., Publisher.
Suppose it is desired to lincarly move the center frequency of the bandpass filter

from 3 radian /second Lo 5 radians per second in 100 seconds. Since the center frequency
is moved linearly with time the polynomial is first order.
Then,

N7YUN =1
The initial frequency is 3 radians /second, hence

SPYUN{Y = 3.0

The rate of change of frequency with time is

e _ 223 | 02
At 106 - (secﬂ

or

L SNCh Y

[ LAY

+ 1Y
waiten 4

-
W E T T Y
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Th.te are not to .o 21y chaages in the function during the 166 second run hence,

ICGE - 0

ICLER - 0
Note that there is a maximum rate at which the filter can be moved, I this rale Is exceeded
the Niter output wili be mainly transients and will not represent the spectral composition
the input signal. “The maximum rate is,

Aw BW
AL << 3F
where
BW = moving filter bandwidth in radians/second
7 = filier responge time In seconds for example see "Transient Responses of

conventional Filters,' Henderson and Kaviz pp 334-337, IRE Transactions
on Circutt Theory, Voi. CT-5, Dec.'58
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FUBCTION SRECFISPFUNNFUN o SCOE oFELBN, XINSICLER,T)
DINENSION SPrUMi L) oP(10)eQ0100,%013102 o¥014105 ¢X026120) 4¥Y02610)
OINEMSION C5€10),75410)

DATA SFIRSV/3/:95/036000200026091000:.074%Q8/3/

DATA PS/16009%0.0/sRFP5504 ¢1ERDV/0c0/9P82/6.203185/083YPE/L/
IFCIFIAST VLo 152

IFERST=0

ICLER= L

icGes 1

OKU=P L26F IL.BW/ 2.0

CALL BIATUMAPS P59 C05¢NUIeZERD sOMUeT ol TYPE 9P o NP o Qo NG)
BFESCLERD 3934

20 5 sty 10

%0148 )=22ER0D

Y0161 )sZERD

XO285 )= 2ERO

Y026 5 )=1ERD

§CL ER=0

IFCICGE) 696,07

ICGE=O

TINEs 2E4Q

OnT=SPFUNEL)

IFINFUNM.LELDO) GO TO 9

KFLsHFUNS L

Tin=¥ INE

£0 8 Is2,MF1

ORTsOMNT eSPFUNE I Ve 1IN

Tin=T INEST IN

CHT=s0MEST INE
TIRE=T INEST

OPERATIONAL PORT ICN OF MOVING BANDPASS FILIER

Sik= 5 INIONT)

Co= COSIONT )

XNl = XENsSK

A2 = XENSCH
XLASRECFIP NP oQo MGy XOLo Y01, 501)
M.25RECF(P NP oUe MO o XO2, Y020 X2 )
SRECFsSKeXL L ¢ CKOXL2

RETUAN

END
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