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ABSTHACT

Previous analyses of the error probabillity for feed-
back decoding of convolutlional codes have focused almost

exclusively upon the gyndrome poriion of the decoder, the

contents of which are statlistically dependent upon the
infinite past due to the feedback of previous deconding
estimates, This viewpoint makes exact error probability
calculations intractable, In this paper, however, the

entire decoder is modeled as an autonomous stochsstic

sequentlial machine and finlte Markov chain theory applied
in order to obtain a precise expression for PWD(u), the
probability of error associated with the feedback decoding

th subblock of information digits, thus circum-

of the u
venting the problems imposed by the dependencies on the
infinite past, The analysis technique developed here aprlies
to any syndrome feedback decoder for a systematic, rate
R = %:convolutional code of memory order m over GF(2), used
for transmission over a binary symmetric channel,

The 1linmit of PFD(u) as u tends to infinity, when
the 1imit exists, is termed PFD' the steady=-state prob-
ability of error of feedback decodinzg, Sufficlent con-
ditions on decoders are ziven in order for PFD to exist,
and two classes of minimum distance decoders exnhibited
which meet these sufficient conditions,

Fpp 1s calculated for a particular simple example

and found to satisfy PFD < PDD' 0<p< i, where Ppop is the
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probability of error associated with definite (i.e., feed-
back free) decoding of *he same code, and p 1s the tran-
sition probability of the binary symmetric channel,

The stochastic sequential machine approach is also
used 1n order to calculate the probabllity of error asso-
clated with semi-definite decoding, a decoding technique
intermedlate to feedbsck and definite decoding, Suffi-
clent conditlons are given for PSDD(k), the probabtility
of error of a k stage semi-definite decoder, to tend to
P?D a5 K tends to infinity. Also, examplezs are exnibited
for which there exists a particular value of k, k, , such

that P (ka) is strictly less than both PFD and P in-

SDD DD’
dicating that semi-definite decoding may be of some prac=
tical value,

PFD(U) 1s found to satisfy PMLGD <P _(u}, u=20,1,2,--,

= "FD
where PMLPD 1s the probability of error associated with =
"maximum likelihood zsenile decoder" for the same code, Also,
for a particular class of codes and feedback decoding rules,

the relatlionship PPD < P i1s eztablished in the limit as

DD
the blnary symmetric channel transition probability p ap-
proaches zero,

Viterbi decoders for convolutional codes associated
wit® non~-finite encoding trees are modeled as finite suto-
nomous stochastic sequential machines for the purpose of

calzulating the probablility of error per information digit,

Steady-state statc occupancy probabilities and tnhus steadv-
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state probabllity of decoding error are found to exist for
such decoders for all convolutional codes, Also, 1:¢ is
demonstrated that even though a maximum likelihood sequence
of Information digits is estimated by a Viterbl decoder,
the probabllity of error per information digit is not
necessarily minimized., Finally, for a restricted range of
code rates, it is proved that there exist convoluticnal
codes such that the Viterbl decoding probability of error
per information diglt decreases exponentially with in-
creasing encoding constraint length, thus demonstrating
that Viterbi decoders need not be periodically resynchronized

in order to obtain "good" decoding performance,
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A UNTFIED MARKOVIAN AINALYSIS
OF DECODERS FCR CONVOLUTTC!'AL CCODES x

by

Thomas N. Morrissey, Jr.

I. Introduction

A diagram of a peneral, binary, systematic, rate R = % convolut:onal
coding and decoding scheme at time u + m 1= shown in Fipure |

The digits i(t), p(t), e(t),g(t), and s(t) represent *he 1infermation,
parity, information error, parity error, and syndrome input difFits respec-
tively at time t, t = 0, 1, 2,.. ,0(t) H (oo(L),al(t)-—-,am_L(t)) 15 the
m dimensional column vector representing the state of the syndrome regis-
ter at time t, and e®(u) = f(o(utm), s(u+m)) is the estimate of e(u) formed
at time u+m, where the decoding function f is designed to provide a ''reascn-
able" estimate of e{u) based upon o(utm) and s(utm).

In the sequel column vectors will be deno*ed by perentheses (., and
row vectors by brackets [].

All digits are elements of GF(2), the finite field of two elements,
and all operations are assumed to be carried out in this field The plus
and minus signs in Fig. 1 represent identical operations in GF(2), and

are distinguished here to emphasize the operation of the decoding process.

¥ This work was supported by the Natlonal Aeronautics and Space Adminis-
tration (NASA Grant NGR 15-004-026) 1in liaison with the Flight Data
Systems Branch of the Goddard Space Flight Center, and forms
a dissertation to be submitted in partial fulfillment of the reguire-
ments for the doctor's depree in electrical enpineering at the Univer-
sity of Notre Dame, Notre Dame, Indiana.
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The noise digits are assumed to be statistically independent, cac:
having probability p of being a "1" and probability 1-p of beinpg a '"0",
This noise source model is equivalent, with respect to the transmission
of the information and parity digits, to a memoryless binary symmetric
channel (BSC) with crossover probability p. Given that a "0" or "1" 1s
transmitted over the BSC, the digit is received incorrectly with probabil-
ity b, the probability that a noise source in Fig. 1 will generate a '"1"
and complement the corresponding transmitted binary digit.

Since the information sequence appears unaltered among the trans-
mitted sequences, the code is said to be in systematic form. The remain-
ing transmitted sequence is called the pariiy sequence.

The syndrome input digits are formed by passing the received in-
formation sequence through a replica of the discrete linear filter used
to form the parity sequence at the encoder, and subtracting from the re-
sult the received parity sequence. Since the system is linear with re-
spect to the formation of the syndrome input digits, this sequence is
equal to the sum of the components at the input of the syndrome register
resulting from the information and noise sources. However, the component
due tc the information source stream is formed by passing the information
sequence through two identical discrete linear filters in parallel and sub-
tracting the output of one from the other. lence this component 1s zero,
and the syndrome state and input are independent of the information stream
and depend only on the noise digits.

Since the code is in systematic fors, e**(u) 1s subtracted from the
output of the encoder replica in the decoder in order to form i*(u) =
= i(u) + (e(u) - e%(u)), the estimate at time ut+m of the information d:z-

it at time u. Thus the associated probability



of error Pr(i%*(u) # i(u)) is equal to Pr(e®(u) z e(u)), and is ince-
pendent of the information seguerce since the syndrome state and input used
to form e®(u) are functions only of the channel errors.

Three modes of decoder operation, depicted by the position of the
switch, are shown in Fig. 1.

The position labeled DD, in which the syndrome repister is not mod-

ified, corresponds to the decoding scheme known as definite decoding [1].

For definite decoding,

Oo(u+m) = s(u) = g, e(u-m) +---+gle(u-11 +poe(u) -&luw)
o, (utm) = s(utl) = g e(u-m+l)4-m--- +g.e(u) + g e(utl) -E(u+l)
Il m 1 o I
| ' i
| |
! |
Oh_l(u+m) = s(utm-1) = gme(u—l) + gm_le(u)+—--+goe(u+m-l) -&(urm-1)
s(utm) = gme(u)+ ————— +goe(u+m) -E(urnm)

and thus a total of 3m+2 statistically independent noise bits affect the
estimate e¥(u).

The definite decoding probability of error is defined to br
PDD(u) 8 Pr(e®(u) # e(u)/DD mode)° For u.-m the probability distribution
for (e(u-m),---,e(u),---,e{u+m), &(u),---t(u+m ,and therefore PDD(u),
is independent of u. Hence the steady-state decoding probability of error

for definite decoding, P D is simply equal to P__(m),

D DD

Since in definite decoding e(u-m),-~-,e(u~1) affect the estimate
e*(u) but have already been estimated by the decoder, presumably with low
probability of an incorrect decision, it would seem reasonab_. to use
e*(u-m),---,e®(u-1) in an attempt to cancel the effect of e(u-m),---,e(u-1)

in (0(utm),s(utm)). It is useful to assume that the true values of e(u:m),---e(u-:



destemizaning
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have been estimated, in which case the svndrome state and input are func-
tions only of 2m#2 statistically independent noise digits, a situation
which intuitively is superior to definite decoding. This is done in the

decoding position labeled GD, or "genie decoding" after Wozencraft and

Jacobs [2], in which use is made of a genie who corrects the estimated
error bits, if necessary,and feeds them back in order to form the modi-

fied syndrome equations

oo(u+m) = goe(u) -g(u)
o'l(u+m) = gle(u) + goe(uﬂ) —t;'(u+l)
|
: | (2)
| |
om_'l(um_) = g, qe(ut-mmmeeee tg e(utm-1) -E(utm-1)
s(utm) = ¢ e(u)t-mmmmmmmem +gle(u+m-l)+poe(u+m) -E(utm),

Since genies are rumored toc be quite scarce, the genie dezoding mecde is
used merely as a handy conceptual tool for calculating an upper bound on
system performance. The probability of error associated with penie de-

coding, P. (u), is defined to be Pr(e®(u) # e(u)/c }. Since this

GD D mode

probability is independent of u for u>0, the steady-state error probabil-

ity for genie decoding, Porns is simple PFD(O)'
2l %1

In the mode of operation labeled F) ror feedback decoding, error

estimates are fed back to modify the syndrome without the services of a

genie. The resulting equations are

co(u+m) = gm(e(u—m)—e*(u-m))+—-—+gl(e(u-l)-e*(u—l))+goe(u) -E(u)
rl(u+m) = gm(e(u—mﬁl)-e*(u-m+1))+-—-+gle(u)+goe(u+l) -£fu+l)
?

' !

i i
qmll(u+m) = gm(e(u~l)~e*(u-l))+pm_le(u)+-—-+g0e(u+m-l} -E(u+r-1)
s(utm) = g e(u)t----- +goe(u+m) -&(utr;,

y
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As long as no decoding mistakes have been made, feedback decoding coincides
with genie decoding; however, decoding errors in feedback decoding affect
the syndrome as would a pattern of channel errors, and could result in fur-
ther decoding mistakes even in the ahwence of additional channel noise [3].

The probability of error associated with feedback decoding, PFD(u)’ is
(u), when

the quantity Pr(e®(u) # e(u) ). The quantity 1i

/FD mode Daee’ FD

D? the steady-state probability of error of

it exists, is denoted as PF

feedback decoding.

[e*(u))FD, [e*(u)]DD. and [e*(u)JGD will be used to denote the esti-
mates made by the feedback, definite, and genie decoding operations res-
pectively when it is necessary to distinguish which decoding method is
being used.

For both definite and genie decoding the syndrome state and input
are functions only of statistically independent channel error digits over
a finite span, and Pr(e®*(u) # e(u)) may be easily calculated in principle
by summing the probabilities of those error patterns for which e®(u) # e(u).

However, for feedback decoding, the estimated digits e®(u-m),---,e®(u-1)
affecting o(utm) are dependent among themselves and upon e(u-m),---,e(u),---
---,e(utm-1), §&(u),---E(utm-1), the channel noise digits affecting the syn-
drome state. Alternatively, the syndrome state and input are dependent on the
entire past history of the error sequences, i.e., upon £(utm), E(utm-1),---
---,8(0), e(utm), e(utm-1),---,e(0). Thus if attention is focused exclusively
upen the syndromc equations for the purpose of calculating the probability
of error, the comélexity of the calculation necessary in order to calculate
PFD(u) exactly grows exponentially with increasing time u.

In this paper the decoder is modeled as an autonomous stochastic se-
quential machine [4,5] and finite Markov chain theory applied in order to
calculate the feedback decoding probability of error exactly. This approach

can best be illustrated by an example.
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II. EXAMPLE OF STOCHASTIC SEQUEWTTAL MACHINE APPROACH

Consider the special case (m=1, g1 gl=l. f(oo(u),s(u))=0°(u)'s(u))
illustrated in Fig. 2 of the general systematic rate R = %3 binary convolu-
tional coding and decoding scheme in Fig. 1.

Since with‘syndrome decoding the probability of error is independent
of the information stream, as was stated in the previous section, the all-
zero information sequence may be assumed without loss of generality. Thus
for the purposé of calculating Pr(i*(u) # i(v)) = Pr(e®(u) # e(u)), the en-
coder portion of Fig. 2 may be ignored and the system modeled as in Fig. 3.

When the switch is in the DD position

Let(w)1 s(utl) o _(utl) = s(utl)-s(u)

(e(u)+e(utl)-€(utl))-(e(u-1)+e(u)-£(u))

e(u)+e(u)le(u-1)-&(u)+e(utl)-£(utl)]

+e(utl)e(u-1)-e(u+l) &(u)-E(utl)e(u-1)+&(us+l) E(u)

and thus PDD - Pr([e*(u)]DD # e(u))

= Prle(u) {e(u-1)-&(u)+e(utl)-E(utl) He(utlde(u-1)--e(ut1)E(u)-E(u+1)e(u-1)
+E(ut+1)E(u)=1].

Since the error digits in this expression are statistically independent,

each having probability p of being a "1", PDD may be easily calculated to be

Py = 80201-p)° + up3(1-p)? + up(1p), (1)

When the switch is in the GD position

[e*(u)]GD =  s(u+l) -0 (ut+l)
o
= (e(u)+e(u+l)-&(u+d)) *(e(u)-£&(u))
= e(u)te(u)fe(utl)-E(ur1)=-E(u)J-e(utl)ECu)+E(utl) «E(u)
and PGD = Pr([e*(u)]GB Z e(u))

Prle(u) {e(u+1)-E(utl)-ECu) }-e(u+rl) ECu)+ECutl) *E(u) = 17.

6
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The error digits here also are statisticaliy independent, and PGU may be

computed to be
Pop = 5p2(2-p)? + 2p°(0-p) + p". (s)

However, for feedback decoding

[e*(u)]FD = s(utl) o (u+l)
o
= (e(u)+e(u+1)-£(u+1))-(e(u-l)-[e*(u-l)JPD+e(u)-€(u))
e e(u)+[e(u-l)-[e*(u-l)FFD][e(u)+e(u+l)«E(u+1)]
+e(u)e(utl))-e(u) £(utl) )-e(u) £(u)-e{u+l) "E(u)+E(u) E(utl),
and PFD(u) = Pr([e*(u)]FD # e(u))

Pr[{e(u-l)-[e*(u-l)]FD}{e(u)+e(u+1)-€(u+l)}+e(u)e(u+l)-e(u)£(u+l)
—e(u) g(u)-e(utl) E(u)+ E(u) g(utl)=1].
But [e*(u-l)]FD depends upon e(u), &(u) and the previous error digits
e(u-1),---,e(0) and &u-1),---£(0). Therefore the procedure for calculat-
ing Pr([e*'-'(u)]FD # e(u)) by means of summing the probabilities of the de-

coding-error-causing error patterns as was done for definite and genie ce-

. coding is extremely unwieldy and, for all practical purposes, impossible

for large u.

However this problem of infinite past history dependence is circum-
vented by the representation of the (feedback) dacoder of Fig. 3 as a four
state sequential machine with two dimensional random input vector (e(utl),&(u+l))
and single output e®(u) at time utl. The four states are denoted as
q°=00, ql=01, q2=10, and q3=1l, where the first digit represents the con-
tent of the buffer and the second the content of the syndrome register.
The decoder then may be modelled as a four-state autonomous stochastic
machine in which the states are the same as the original sequential machine,
and the transition probabilitin=s between pairs of states are the sums of

the prcbabilities of thnse input noise vectors that take the machine from

AL R




the first state to the cecond. The state=behavior of the four-state

autonomous stochastic machine is thus described by the following Markov

transition matrix:

- — 2 2 -
Poo Pol Po2 Pos (1-p)° p(1-p) P p(1-p)
Pro P11 Pip Pya 1-p °, P °,
v =Py Py Poy Poa| = fpQ2-p) 2-p)° p2-p) p
30 Fa1 Pa2 Faa 1-p 0 P ° >

where Pij is the conditional probability that the system will be in state
qj at time u+l given that it is in state q; at time u.

.As an example of how the Pij's were calculated for this decoder,
assume that the system is in state q1=51 at time u. Now if e(u)=0 and
£(u)=0, or e(u)=0 and &(u)=1, the state at time u+l will be q°=00;,and'if
e(u)=1 and &(u)=0, or e(u)=1l and &(u)=1, the state at time utl will be q,=10.
=0, P

Therefore, C,

1170 P1a®
P10=Pr[e(u)=0,£Ku)=0]+Pr[e(u)=0,E(u)=1]=(l-p)2*p(l-p)=l-p,

P12=Pr[e(u)=l,E(u)=0]+Pr[e(u)=l,E(u)=l]=p(l—p)+p?=p.

The fact that e{u) and §(u) are statistically independent of one another
and of the assumed state at time u makes the calculation of the Pij's
straightforward The actual state at time u accounts for all the past
history of the error sequences that is relevant to future operation of the
decoder.

The probabilistic transition diagram for this decoder is shown in

Let W(u) g [Wo(u),wl(u),¥2(u),wa(u)] be the state probability vec-
tor at time uj i.e., wi(u) is the probability that the system is in state
q at time u.

Now W(u) = E{O)!u, with W(0) 4 {1000] since a feedback decoder is

by definiticn in the all-zero state at the beginning of the decoding process.
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If steady-state probabilities exist for the Markov chain, then
A.
&im W(u) =W = [W_, W ,--,W_ .1, where W, is the steady-state prob-
- - - o’ 1 r-1 j
ability that the system is in state q, For this case.
I‘-l (_-)
Pep = lim Po(u) = I wale (17)

¥D \p - & j=0 3

the steady-state probability of error of ¥feedback decoding.
Note that for large memory m and/or block length No this approach

for calculating P__ is impractical because the number of states which

FD
must be considered grows exponentially with mNo. The Markov chains,
however, are 'loosely connected" since, there being only 2N° possible\
input vectors, each state can make a transition' into at most 2”0 other
states.

The condition for existence of steady-state probabilities for a

Markov chain is given by the following theorem [7].

Theorem 1. Let ™ be an r by r transition matrix associated with a fin-

ite Markov chain. Then steady-state probabilities exist if and only
if there exists an integer N,1 <N < r=1 , such that n has a posi-
tive column, that is, a column all of whose elements are > 0.

The above condition is equivalent to the existence of a state
93 and a positive integer N such that starting from any initial state,
qy can be reached (with nonzero probability) is exactly N step.. This
condition when applied to feedback decoders results immediately in the
following corollary.

Ko

Corollary 1.1 For a syndrome feedback deccder for an R = —- systematic

o

convolutional code with memory order m, a sufficient condition for steady-
state state occupancy probabilities to exist is that there exists some

rositive inteper I such that the all-zero state G is reachable from
1o :

'

any initial state q, €Q o in exactly ﬁq\ steps,

K
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Now assume p = 0 and that the decoder is in the all-zero state

q, at time utm. Now p =Q=>S(utm) = g_and E(utm) = 03 W(utm) = (10---0)=>0(utm)=0;

and if correct estimates are made by a decoder for this nciseless case
(all decoders in this paper are assumed to have this property), gﬁl(u) =

= f(g(utm) : S(utm)) = £(0) = 0, and thus a transition from the all-zero

state into itself results from the all-zerd noise input vector. Thus if

Nq is the maximum number of transitions, over all qj € QPO » required in
(o) N\

order to reach Q0 and if state q, can be driven to a, in N! < ”q steps,
o~ o

then q, can be driven to q, in exactly Nqo steps by first taking q, to

Qe in K' steps and then driving q into itself N - N'_ times. Hence
: 9o o do 0
the following corollary is obtained.
Corollary 1.2 For a syndrome feedback decoder for a rate R = gﬂ syste-
o

matic convolutional code with memory order m, which decodes correctly in

the absence of channel errors, a sufficient condition for steady-state state
occupancy probabilities to exist is that the all-zero state q, be reach-
able from any initial state qj € Qpqp-

Since the binary symmetric channel is assumed for this develop-
ment, the random input vector e(u) assumes each of its 2N° possible values
with nonzero probability at each time unit u. Thus if a sequence of in-
puts is found to drive the decoder from qj to g , that sequence of inputs
has nonzero prcbability.

By inspection, the K, buffer registers which form the encoder re-
plica may be driven to the all-zero state from any other buffer state
by the shifting of m suecessive zeroes into each. And the inputs to the
No=Kgo syndrome registers may be controlled, independently of the states
and inputs of the buffer registers, by proper choice of the N,-K, parity

error sequences. The following theorem may thus be stated:

15



Theorem 2. For a syndrome feedback decoder for an P = g% systematic con-
volutional code with memory order m, which decodes correctly in the absence
of channel errors, steady-state state occupancy probabilities exist if
the nonlinear feedback shift register composed of the NO-K° syndrome reg-
isters can be driven from any syndrome state 9 reachable from po ok 0 back
to the g state by means of a suitable choice of syndrome inputs.

A shift register is said to be "driven stable" [8] if any state
reachable from 2 0 can be driven autonomously back into the g state.

With this definition the following corollary to Theorem 2 is immediate:

Corollary 2.1 If the syndrome register portion of a syndrome feedback

decoder for an R = ;% » Systematic convolutional code with memory order m,
which decodes correctly in the absence of channel errors, is "driven stable",
then steady-state state occupancy probabilities exist for the decoder.

The converse to this corollary is no* necessarily true.

It might be noted that if a transition from any state to any other
state is possible due to a malfunction in circuitry, no matter how small
the probability of such a malfunction, then steady-state probabilities ex-
ist for the decoder.

The sufficient condition that the syndrome portion of the decoder be
capable of being driven from any reachable state back to g. = 0 is not nec-

essary in order for W and PFD to exist, as is shown by the following example.

Consider the R = %-systematic convolutional decoder shown in Fig. 7,

with f(06(u+l),_S(u+l)) S(utl). oo(u+l). With q, = co, q = 10, q, = 0l,

qy = 1L, Qpp® {qoqlqzqs} ,_EPe associated Markov matrix is

(l-p)2 p2 p(1-p) p(1-p)
p(1-p)  p(1-p)  (1-p)? p?
nE 0 0 1-p p
L 0 0 1-p P -_J )

16



Since column 3 of n is nonzero, steady-state state occupancy prob-
abilities exist from Theorem 1 with N = 1, and W and Ppp may be easily
calculated to be W = [0 0 1-p p] and Ppp = p? + (1-p)2. However, states

q, and q3 , reachable from q° » cannot be driven back to g = 0, and

¢ (<}
thus the sufficient condition given in Theorem 2 for W and thus Ppp to
exist does not hold.

The state a is here a "transient state" in that it has zero
steady-state probability (Wo = 0). In general, if steady-state prob-
abilities exist for the decoder states and yet q, 4 0 is not reachable
from q € QRO’ it follows that q, has zero steady-state probability and
hence %ig Prp 2 % since at least one decoding error must be made each
m time units or else the syndrome register would clear itself.

As an example of a decoder for which neither steady-state state
occupancy probabilities nor Ppp exists, consider the R = % systematic
decoder with f(g(u+2), S(u+2))= S(u+2)'ol(u+2) v §T3:57300(u+2), where
"y" denotes "inclusive or", shown in Fig. 8.

The state diagram of the syndrome register portion of the decoder
is shown in Fig. 9, with the first digit of the 2-tuple state represen-
tation representing °i( ) and the second oo( ). S refers to the syndrome
input which causes the syndrome state transition.

For tiis example there exists no syndrome state g. for which there
exists an N sugh that every syndrome state reachable from O, = 9_(inc1ud—

ing gi) can be driven to 9 in exactly N steps. (It is assumed that
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p # 0, in which case go’ 11 and 22 are all reachable from go). Clearly,

therefore, there exists no decoder state quQRO to which every state

CQRO can be driven in exactly N steps, and thus no power of the associated
Markov matrix ™ has a nonzero column. Thus from Theorem 1 the conclusion
is made that steady-state state occupancy probabilities do not exist for
this decoder.

The existence of PFD for this example must still be investigated,
since the existei e of W is merely a sufficient condition for the existence
of PFD'

The cyclic operation of the syndrome register is begun at time u®,
where u® is the time instant such that S(i) = 0, i = 0,1,...,u®1, and
S(u%) = 1,

Now the quantity Pr(u*>a) is conservatively bounded as Pr(u*:p):ﬂl—p)“
@ = 0,1,2,---,0¢p<3, which implies that lig Pr(u*>a) = 0, and u* may be
assumed to be finite.

A
For u>u¥* + 3 and o(u+2) = 0. = (10), e*(u) = S(ut2) = e(u) + e(ut2) +

-1

+&(u+2) and P (u) = 2p(1-p). However, if o(ut2) = o,

then e®(u) = S(utl) = l+e(u) + e(u+2) + £(u+2), and PFD(U) = p2+(l-p)2°

¢ (o1) for u>u®+3,

Therefore for u>u+3, PFD(u) = Pr(u* is even) 2p(1-p) + Pr(u® is odd)
[p2+(l-p)2], u even and PFD(u) = Pr(u® is even) [p2+(1-p)2] + Pr(u® is odd)*

2p(1-p), u odd. Thus liE*EFD(u) = P if and only if Pr(u® is even) =

FD
Pr{u®* is odd), which intuitively does not seem true for all p.
More specifically, for p = 0.4, Pr(u®=0) = 2p(l-p) = .48 and
it 6 3 4 5 2, 7 B 3
Pr(u®=2) = 2p(1-p)” + 3p (l-p) + 2p (1-p)“ 4+ p = .0712. Thus Pr(u* ic even)
> Pr(u*=0) + Pr(u*=2) = .5512, Pr(u® is ever) # Pr(u* is odd), and PFD does
not exist for this example for p = 0.4.

However, in the limit as p*0, terms of order p2 may be neglected
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and thus Pr(u®=q) = 2p(l-2p)°. Therefore Pr(u*is even) = L 2p(1-2p)21 =
{=0
2__ . 2 -2 oL o pp(ue :
(12992 ° Tivapwp? = B "2 ° Pr(u®is odd), and

1
Prp = 7 [2000p)1 + 2 [p° + (1-p?1 = 2,

exists even though lim W(u) does
FD u:-
L]

= [100---0] and PFD = 0 since the

Thus in the limit as p *+ 0, P

not.(For p = C, however, lim W(u) =
u-..

decoder never leaves the all-zero state).
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IV, EXISTENCE OF STEADY-STATE STATE OCCUPANCY

PROBABILITIES FOR CERTAIN CLASSES OF DECODERS

Definition 1. A "Quasi-Maximum Likelihood Decoder" (QMLD) is a feedbac"
decoder for a binary, rate R = :—:%, systematic convolutional zode with
memory order m which operates in the following manner:

Conceptually, the QMLD first determines (one of) the most likely
error pattern é(mm) consistent with the syndrome state and input at
time u+m, assuming past decisions have been correctly made, and estimates
S*I(u) as the first K_ components of the first subblock of é’uﬂn). Ties
among the most probable error patterns are resolved on the banis of the
fewest number of errors in the leading positions of é(u’*»m).

More precisely, let Y(u+m) L (o(utm) : S(utm)) be the (NO—KO)(m+1)
dimensional column vector representing the syndrome state and input at
time utm. Also define E[Y] as the set of error vectors consistent with
Y; i.e., E[Y(utm)] is the set of error patterns ?_i(u+m) which give
Y(utm) é"\(_g(u#m) : S(utm)) given that g"-'I(j) = EI(j)' j = u-1l, u-2,---,

u-m. In other words ’F_i(“"'“‘) € E[Y(utm) Je=Y(utm) = H§i(u+m), where

— —_—

G' ngn [ To LI lo L1
c

¢! @', '

1 = ] N 0\ I

1! SN | (18)

G! NN |
m-1 N ngn
¢! &' e e
m m=-1—=""1 0_

the G';'s are defined as in the previous section, "O" is the(No-Ko)INo

. A :
all zero matrix, and Ei(“*"‘) s (gi(u) : E-i(u”') R gi(u+m)), with

gi(]) g(egl)(j). e§2)(j))"'s e %

error vector.

(No)
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Since H is an (m+l)(N°-K°) X (m+l)No matrix with rank equal to
(m+l)(N°-K°), it has a null space of dimension Ko(m+1), and hence

(mt1)K) gor every Y(utm). Note though that E(utm), the

#E(Y(utm)] = 2
actual noise vector at time utm, may not be an element of E[Y(utm)] if
the previous m error estimates gfI(u-l),---,gﬁI(u-m) have not all been
made correctly.)
Now let E(utm) & (& . (u) : (utl):---:e (u+m)) with & (i) @
- —u+m —u+m —u+t —utm
(Eii;(i), Gif;(i),---,e(N )(1)) be the minimum weight error pattern
which is an element of E[Y(utm)]. In the event more than one such mini-
mum weight error patterns exist,éﬂu+m) is determined as follows. Given
E (u+m) and E (u+m), _ﬂ(u+m) #E (u+m), as two minimum weight error pat-
terns consistent with Y(utm), let j be the smallest integer for which
u+j) fe (u+j), je{0,1,---,m},and q the smallest integer for which
e (q)(u+j) e (q)(u+j), q €{1,2,---,Ng}. Describe the case eA(q)(u+j) =1,
and e (qy(u+j) =0 by (utm) > (u+m), and the case eA(q2u+j) = 0 and
e (q)(u+j) = 1by Eg (u+m)> E, (utm). Thus if B.(u+m), i=1,2 ---.p are
all minimum weight error patterns consistent with Y(u+m), E(u+m) Ei(u+m),
where §£(u+m) > Ej(u+m), j = 1,2,---,p, § # 2.
Therefore, given Y(utm), éju+m) as defined above is determined by
the decoder, and the desired estimate 2fI(u) chosen as gﬁl(u) e (;ii;(u),
‘\2)(u),---,e(K°)(u)). This completes the description of the QMLD.
A QMLD correctly decodes in the absence of channel errors, since
fi(u-tm) = 0 for Y(utm) = 0

As an example of a QMLD, consider the decoder of Fig. 3. Here
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and Y(u+l)

a1 1011 afj;m

aiﬂ(m)

_._U"’l(u.'.']i .

oo(u+1i_, _ 1 1 0 0 é‘(lﬂ(u)

(o0), E[(00)] = ((0000), (1110), (1101), (0Oll1)} ,

For Y(u+l)

E(ur1) = (0000), and e®(u) = 3\ 1(w) = 03

for ¥Y(ut+l) = (01), E[(01)] = {(oo0l10), (0OO1), (1100), (1011)} ,

E(utl) = (0010), and e®(u) = é(l)(u) = 0

= ut+l

(Note here that two consistent error patterns are of minimum weight,

namely (0010) and (0001). However (0010) > (0001) by the ordering re-

lation ">" defined above, and thus éﬂu+l) = (0010).)
for Y(utm) = (10), E[(10)] = ({(1010), (1001), (0100), (0111)} ,
E(utl) = (0100), and et(w) = &10(uw) = 0; and for Y(uw1) = (11,

E[(11)] = {(1000), (1011), (0110), (0101)} ,
E(uwtl) = (1000), and et(w) = &'y = 1.
= utl
Contrasted to the QMLD, a "Maximum Likelihood Decoder" (MLD) is
a feedback decoder which operates as fqllows. Given Y(utm), let
e?j (Y(utm)] be defined as the subset Jf E[Y(u+m)] for which the vectors
B.
have E{J(“) as the first K, components, j = 1,2,---,t :.QKO. Now

Pr(e?j[1ﬁu+m)]). the probability of the subset e?j[zﬂu+m)]. is defined

as
“Pr(e}i[¥(utm)) = I Pr(E,(utm) (19)
B
E.(utm)e e d [Y(utm)]
where I is over all = ne LLimes and
where Pr(E, (utm)) = pw(Eiku+m))(l_p)N°(m+l) - W(Ej(utm)) (20)

is the apriori probability of receiving E; (utm), W(Ei(u+m)) is the
(Hamming) weight of Ed(u+m), and p is the transition probability of

the binary symmetric channel. Now gﬁI(u), the estimate corresponding
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to Y(utm), is chosen to be an ggi(u) for which

Prlepily(usm)]) > Pr(edl¥(uwm]), 4 =1, 2, ---, ¢
e (1, 2, cems t},

Thus an MLD chooses ef(u) as (one of) the most likely g?j(u)('s)
corresponding to Y(utm), while a QMLD determines (one of) the most
likely error vector(s) consistent with Y(utm), i.e., éju+m), and
chooses g‘I‘(u) as the first K, components of é(u-rm).

Note that for the case of only one minimum weight error pattern
consistent with Y(utm), gg(u) is the same for both an MLD and a QMLD
for sufficiently small p.

It is also interesting to note that the decoder of Fig. 3 is an
MLD as well as a QMLD for all p < %u

It should be pointed out that the decoding algorithm of an MLD
is a true maximum likelihood decoding algorithm for a genie decoder since
the algorithm is predicated upon perfect removal of e(u-1),---,e(u-m)
from g(utm).

That an MLD may not always put out the true maximum likelihood
estimate in the feedback decoding mode because of past decoding errors
is demonstrated by the decoder of Fig. 3. For this decoder let p*
be defined as the value of the BSC transition probability such that

Ppp <P »  O<pep®
‘Ppp=P » PPV (21)
Pp 2P s PR,
(p", the real root of 1-5p+5p2-2p3 = 0, satisfies .25<p*<.3.) Now for
p<p* it can be shown that the maximum likelihood error estimate condi-
tioned on the syndrome state and input Y(utl) is always put out by the

MLD of Fig. 3 in steady-state. However for p¥«< <£, again in steady~
y P<3
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state operation and with f£( oo(u+l), S(utl)) = oo(u+l)vS(u+l) as before,

the most likely estimate is e®(u) = 0 for any Y(ut+l). However, since

£(11) = 1 the MLD estimates e®*(u) = 1 whenever Y(u+l) = (11), so that
this decoder does not always make the true maximum likelihood decision
for this range of p.

To see this more precisely, let Y(utl) = (oo(u+l),S(u+I)) =( 1)),

and assume that the system is in steady-state. Now

Pr{e(u) = 1/ oo(utl) = 1, S(u+l) = 1)

Pr(e(u)=1, oo(utl) = 0/0 (utl) = 1, S(utl) = 1) +

+

Pr(e(u) = 1, oo(u-fl) = 1/05(utl)= 1, S(u+l) = 1)

0 + Pr(e(u) =1, o (utl) = 1/¢ J(utl) = 1, S(u+l) = 1)

Pr(0o5(ut+l)=1,S(utl)=1/e(u)=1,00(u+l’=1) Pr(elu)=1,0,(ut+l) =1)
Pr(oo(u+l) =1, S(u+l) = 1)

p? # (2-p)%3 Pa, [p2+(1-p)2)[p-3p2+5p°-2p™t1
Prﬁoru‘rl) = 1,S(utl) =1) = Pr(cro(u+l) =1,S(u+l) .=1)[1+3p<-2p¥] , k22)

’ 3 u
And similarly, Pr(e(u) = 0/00(\.1+l)=l,S(u-0-l)=l)=‘;"p‘'.l'--p)[p":‘]p +2p ]

Pr(oo(u+l)=l,S(u+1)=l)[li3p2-2p3], (23
It can be readily shown that
Pr(e(u) = l/co(u+l)=l,S(u+l)=l)’-*Pr(e(u)=0/o°(u+l)=l,S(u+l)=l),p<p*
Pr(e(u)=l/o°(u+l)=l,s(u+l)=1)=Pr-(e(u)=0/oo(u+l)=l,S(u+l)=l), p=pH*

Pr(e(u)=1/0,_(ut1)=1,5(u+1)=1) @r(e(u)=0/g_(ut1)=1,5(u+1)=1), p>D¥*

The following definition is prompted by this discussion.

Definition 2: A "True Maximum Likelihood Decoder'" (TMLD) for a sys-

tematic, R = -;-;;2 convolutional code of memory order m is a decoder of
o

the general form of Fig. 6 for which the decoding function £(g(u):S(u))

is such that P}‘D (exists and) is a minimum.
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It can be shown (by exhaustion) that for a decoder of the form

of Fig. 3, f(oo(u).S(u)) rfor a TMLD is given by

£(o (w),S(u)) = o_(w).S(uw), 0<p<p®

£(o (u),S(u)) = g_(u).S(w) oro0, p =p*

f(co(u),S(u)) = 0, pﬁ<p:%

2 3 4 5
7p~-12p +10p -4
in which case Pep = P 1+3§7l?p%’ 5 » 0<popt
1 (2u)

Frp = P> PrPs7.

For definite decoding or genie decoding, the probability distri-
bution of g(u) does not depend on the decoding function f, and thus the
determination of the f for which Pr(gg(u) # g{(u)) is a minimum is re-
latively straightforward.

However, for feedback decoding the probability distribution of
o(u) is a function of f, and thus the determination of f for a TMLD is
more involved, Moreover, even if the maximum likelihood estimate gf(u)
for each Y(utm) is always put out in 'steady-state for a feedback decoder
with a specified f, this is not sufficient to insure that the decoder
is a TMLD, as the following example shows.

For the decoder of the form of Fig. 3 but with e®{u) = f(°°(u+l),S(u+l))=0,
it can be shown that in steady-state the state distribution is such that
e®(u) = 0 is the most likely error estimate for any syndrome state and
input for ﬁ&pS%. P, the real root of l-6p+8p2-up3 = 0, satisfies p < p*.

However, as stated earlier, a feedback decoder of the form of Fig.2
with f(oo(u),S(u)) = oo(u).S(u) is a TMLD for p < p%, which implies that
the above feedback decoder with f(oo(u),S(u)) = 0 for f<p<® is not a
TMLD, even though the maximum likelihood error estimate is put out for

any Y(u+l) in steady-state.

25



Intuitively, decoders such as the one above for which the maximum
likelihood estimate is a function of p are more difficult to analyze
than maximum likelihood decoders for block codes, for which the maxi-
mum likelihcod decoding function is not a function of p for 0<p‘%.
Lemma 1. For a syndrons feedback decoder for an R = %:-, binary,
systematic convolutional code of memory order m, N>m, where N is the
smallest power of the Markov transition matrix n associated with the
decoder for which there exists a non-zero column.

Proof: Assume Ne¢m. Then there exists a decoder state qj € QRO which

is reachable from every state q € QRo in exactly N<m steps. Let

(1) & (1) (1 (1)
By = Loy =m0y 20841

the first buffer register when the decoder is in state q,. DBut any

] be the row vector denoting the contents of

rox uld) & o (1) (L, (O )
state q . Qpg with E = [ek.m"'-’ek,l ] = [ej,l’ IRT ---,ej,l].
where e;l; is the binary complement of egl;, cannot be driven to qj
9™ ’

in fewer than m steps, contradicting the assumption N<m. Hence N>m and
the lemma is proved.

Theorem 3. A QMLD for a systematic, rate R = ;%a binary convolutional
code has steady-state state occupancy probabilities. Moreover N=m, where
N is the smallest integer for which ? has a positive column and 7 is
the Markov transition matrix associated with the decoder.

Proof: From Lemma 1, N>m., Thus from Theorem 2 of the previous section,
since a QMLD correctly decodes in the absence of channel errors, it

is sufficient t6 demonstrate that any state of the syndrome register

can be driven to the L 0 state in a number of steps Yqo <m. (The
buffer registers can be cleared in at most m steps simultaneously.)

For é!u+m) g (£u+m(“) : £u+m(u+1) tem=t m(u.+m))

s
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associated with Y(utm), let

Og.(um) Q (ﬁmm(ml) : (u+2):---:!u+m(u+m) : g), (25)

é
—u+m
where 0 is the N, dimeisional all-Zero column vector. Also let
-~ é -
YE(u+m) (g.‘"

(u) : Qum(u): r“(m].) PR £-u+m(“+m'1))’ (26)

m-1 §-u+
where !u-tm-l(u) is the first block of é(uﬂn-l). the estimated error pattern
corresponding to Y(utm-1) at time utm-1l. Note that

evE(urm) & o(yE(utm)) = (8, (wi---:§ . (un-1) : 0). (27)

Starting with O9(u+m) at time utm, let the syndrome input vector
S(utm) be chosen such that Y(utm) = H(eé(u*m—l)). i.e., S(utm) = G'eé(u+m—1),
and assume that é(uﬂn) 7 O_é(uf'm-l).

From the equations of operation of the syndrome (10), it can be shown
that Yﬁ(uﬁ-m)c E[Y(utm-1)]; i.e., Y(utm-1) = H(Yg(uﬂn)). Now W(é(m—m-l) =
w( yé_(mm) since E(utm-1) was the error estimate at time utm-l. And since

E(utm-1) and yE(utm) have identical first blocks (by definition of the

operator Y),

W(BE(utm-1)) <W(8Y E(utm)) < W(E(utm)) < W(pE(u+m-1)) (28)
=>W(6E(utm-1)) = W(8Y E(utm)) = W(E(usm)). (29)

But
W(8y E(utm)) = W(E(utm)) => eE(utm) = E(u+m), (30)

and

W(OE(utm-1)) = W(y E(utm)) -> W(E(usm-1)) = W(Y E(utm)). (31)
Now W(E(utm-1)) = W(¥E(utm)) => the ordering relation ">" is defined be-
tween the two vectors, and _é_(u+m-l)>Y g(u-rm) since g(u+m-l) was the estimate
at time u+m-1. (Note that _!;(uﬂn-l) =Y§(u+m) would contradict the assump-
tion that g_(ui-m) 7 e_ﬁ_(uﬂ»m-l), since oY g(u-rm) = }i(u+m).) But _}i(mm-l)
>y ECutm) = 85(um-17>¢7 E(utm) = E(usm). (32)

However, this is ir:-ssible since é(uﬂn) is by definition the estimated

error pattern at time urm. Thus the only possible conclusion is that
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g(ui-m) = @L(utm-1).

By continuing to choose new syndrome input vectors which are con-
sistent with the 6shift of the previously estimated error pattern
(i.e., S(utmti) = G'( 6i+l§(u+m-l), i=1, 2,---,m), a ¥Y(u+2m) canmlli
cbtained such that Y(ut2m) = H(gn+l§(u+m—l)), whereemlé(u*rm-l) gm }E_(mm-l).
But dﬂ“’]'g(wl-m-l) = 0= Y(u+2m) = 0 =20 (u+2m) = 0. (33)

Thus the syndrome state can be driven to 9, = 0 in Ilqo £ m steps and the
theorem is proved.
KO

Definition 3. For a syndrome feedback decoder for a rate R = T Svs-
o

tematic convolutional code with syndrome state and input at time ut+m

. A
given by Y(utm), the error pattern Ea(um) = (_e_a(u) : gu(ml) :-—-:_e_u(u+m))
is said to be a "fuliy correctable" error pattern if

i) _e_’I‘(u) = g_QI\u), and

ii) when the subsequent syndrome inputs are chosen as

S(urmei) = G'(OE (urm)),
then g‘I‘-(u+i) = g_q[(mi), i=1, 2, ---, m.

Note that whether Ea( utm) is fully correctable or not depends
on both the code and the decoding rule. Also note that E (utm) need
not be E(u+m), the actual error pattern at time utm. However, if
E(u+m) is "fully correctable", then choosing S(utmt+i) = G'( eig(u+m)),
i=1, 2,---,m, is equivalent to choosing e(u+m+j) = 0, j = 1, 2,--=, m,
at the decoder input.

For l!-(u-rm)- consistent with a correctable error pattern E (utm),
the syndrome may be driven to o(u+2mtl) = 0 by the choice of S(utmti) =
= GY( eig_.a(um)), i=1, 2,---,m1  since for this case Y(ut2mtl) =
H( Flga(mm)) = 0. For the QMLD, every Y(utm) is consistent with a

A
"fully correctable'" error pattern, namely E(utm), and for this reason
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(.

the syndrome portion of the decoder is capable of being driven to
9(ut2mtl) = 0.
With the above as motiva“icn, the following theorem is stated.

K
Theorem 4. For a syndrome feedback decoder for an R = ﬁ_o. systematic
o

convolutional code, which correctly decodes in the absence of channel
errors, steady-state state occupancy probabilities exist if every syn-
drome state gi(u-rm) reachable from g(0) s 0 can be driven to a state
gj(u+m+6i) for which there exists vectors _S_(u+m+<si) and Ej(u+m5i) such
that _Eij(uﬂn-féi) is a "fully correctable" error pattern relative to
Y(utmts,).

Proof: Given the arbitrary syndrome state Qi(uﬂ")’ let o_i(u+m) be
driven to g_].(u+m+6i) by means of a suitable choice of inputs. Then let

g(u+m+ai+k) = H(ekgj(mm-rdi)), k=1, 2, ---, ml, (3s)

be chosen as syndrome inputs in order to obtain g(u+2m+1+65_) = 0.

K
Corollary 4.1 A syndrome feedback decoder for a systematic, R = ﬁﬁ
o

convelucional code which correctly decodes any pattern of B or fewer
errors over a (m+l)N° bit constraint length, and which puts out S'f(u) =0
as an estimate whenever Y(u+m) is consistent with no Ei(u+m) with
W(Ei(u-rm)) < B, has steady-state state occupancy probabilities with

m <N < 2m+l.

Proof: From Lemma 1, m < N. Now~ given g (utm), let S(utm+j) = 0,

j =0, 1, ---, i, be chosen as syndrome inputs until a Y(utmti),

ie {0, 1, ---, m} , is obtained for which there exists an _E_u(u+m+i)

such that Eéuﬂmi) € E[Y(u+m+i)] and w(ga(u+m+i)) < B, or until m+l

such zero syndrome inputs have been fed in. If such a Y(utmti) exists,
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then from Theorem 4 the syndrome registers may be driven to

olut2mtl+i) = 0 since Eu(u+m+i) is a "fully correctable'" error pattern.
However, if no such Y(utmti) exists, theng (u+2m) = 0 since the syndrome
registers will have been driven autonomously for m consecutive time

units while feeding back thz all-zero vector as an estimate.

drpmin-
For B = LFDgun ﬂ » where dFDmin is the feedback decoding mini-
mum distance andl_ .Jdenotes the "greatest integer less than or equal
to'", the above corollary gives a class of minimum distance feedhack de-

coders for which steady-state state occupancy probabilities exist.
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V, APPLICATION OF STOCHASTIC SEQUENTTAL MACHINE THEORY

TO _SEME-DEFINITE DECODING

The concept of semi-definite decoding (SDD) was introduced by
Massey and investigated experimentally by Frasco [9] as a decoding
technique intermediate to feedback and definite decoding.

A diagram of a general semi-definite decoder of order k for a
binary R = %- systematic convolutional code with memory order m is
shown at time utm in Fig. 10. The first intermediate decision rele-
vant to the estimatior. of e(u), e®l(u-k+1), is made on the basis of the
unmodified syndrome bits S(u-k+m+l),---,S(u-k+1l) and is thus equiva-
lent to a definite decoding decision. e®l(u-k+1) is then used ("fed
back") in order to modify the syndrome bits S(u-k+m+2),---,S(u-k+2)
and the second intermediate decision e®2(u-k+2) formed on the basis of
these modified syndrome digits by means of the same decoding function f.
In general, the i*" intermediate decision etl(u-k+i), ie {1,2,---,k} ,
is made on the basis of S(u-k+m+i), ---, S(u-k+i) (with the same f)
after appropriate modification by etl-l(y-k4¢i-1),---,eti-M(y-k+i-m) if
i>m, or by e*i'l(u-k+i-l),-—-e*l(u-k+l) if i<m. The desired estimate
of e(u) is then chosen as [e*(u)]SDD & etk(y). Hence [e®(u)] sop 1S the
kth intermediate estimate formed at time ut+m, and is seen to be a func-
tion of only a finite number of syndrome bits, namely S(utm), C(u+m-1),
---,S(u-k+1). At the next instant of time, utmtl, k new internmediate
estimates e®l(utl-k+1), e®*2(u+l-k+2),---,e®*k(u+l) are forred and the

A

estimate [e*(u+l)]SDD = etk(u+l) of e(u+l) thus made from S(u+m+l),---

--,S(u-k+2) at time utm+l in exactly the same manner as was [e*(u)]SDD
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from S(utm),---,S(u-k+1) at time u+m.

More rigorously, in a semi-definite decoder of order k for a bi-
nary R = K—o systematic convolutional code with memory order m, the
estimate [_e_*I(u)]SDD of e;(u) is made at time utm on the basis of S(utm),
§(u+m-l),---._S_Eu-k+l) in the following manner. Given the decoding func-

. : . . . |
* *(yu-
tion f, the first intermediate decision e 1 (u-k+1) s made: as

g*IRu-)«»l) £ (g (utm-k+1) : S(utm-kt1)), (36)
where

(S(u-k+1) : S(u-k+2) :---: S(u-k+m)). (37)

ne>

o <
I, (utm-k+1)

The next k-1 intermediate decisions are then made as

et (u-kei) = £(g (usm-kei) : S(uem-k+i)), (38)
where

= 3 = i f' -
gi(u-fm k+i) Ag. (u+m k+i-1) + BS(utm-k+i-1) + GFBS I (u k+i-1),

i=2, 3,---,k, and where A, B, and G__ are defined in equations

FB
(11), (12), and (13) in section III. The desired estimate [g‘i‘(u)JSDD
is then chosen as
[ef(wi & etk (u). (40)
This decoding method is similar to feedback decoding in that it
utilizes some previous decoding decisions in arriving at an estimate.
However, infinite error propagation is avoided as in definite decoding

since each estimate is a function of only a finite mumber of syndrome

bits, and hence a finite number of channel noise bits.

Let
k
SDD(u k) Pr‘([e"(u)]k atage SDD#EI(u)):Pr(g‘I* (u)#gI(u)) (41)
and
Pepp(*) & Poo (k) /uskem-1., (42)
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For u > k+m-1, the probability distribution of (e(u-m-k+1) :---: e(utm):
:S(u-k+1):=-=:S(utm)), and thus PSDD(u,k). is independent of u and the
second definition is therefore meaningful as the steady-state error prob-

ability for a k-stage semi-definite decoder; i.e.

PSDD(k) = 1lim P._..(u,k). (43)

yoeo SDD

Note that although this latter limit always exists, lim 1lim PSDD(u,k)

ko gy

may not exist.

For k = 1, the semi-definite decoder reduces to a definite decoder

since

e"‘1

" =
Cef(W])gtage sop = &T

= £(S(u) 1---: S(utm)) = [ed(w] . (4w

Writing the equations of semi-definite decoding operation in re-

cursion relation form yields

gi(u+m-k+i) = Ai'l gi(u+m-k+1)
. i-2 3
N oSt i . i1} i o1
ko A (BS(utm-k+i-1-3) + GFngl_l_J(um k+i-1-3) : S(utm-k+i-1-3))]
1= 2,3,--=,k. (45)
These equations may also be written as
sy _  si-a
gi(u+m-k+1) = A gq(u+m—k+u)
i-1x 3
z = u- - =, 2 _1-_4 =t = S T
vy A’[BS(utm-k+i-1-3) + Grnfﬂgd_l_j(u+m k+i-1-3):S(utm-k+i-1-3))]
i=zoat+tl, a+ 2,---,k, a €(1,2,---,k-1). (u6)

(For a = 1, equations (46) reduce to equations (45).)

For the purpose of analyzing P___(u,k) it is appropriate to in-

SDD
troduce the following definition.
K
Definition 4: For a semi-definite decoder for an R = ﬁg- systematic
o

convolutional code with memory order m, the "equivalent feedback decoder"

(EFD) is a syndrome feedback decoder for the same code with the
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same decoding function f as the semi-definite decoder.
With this definition, comparing the set of recursion equations
(u6) for a semi-definite decoder +ith a similar set for its cqrrespond-

ing "equivalent feedback decoder'", namely

i"'a i"'l"aj
A1) = A7 70(e) + I A'[BS(i-1-9) + G £(0(i-1-§) : S(i-1-3)]
180
i= a+l, o4 2,---, (u7)

it can be seen that if

outm-k+a) = ga(u+m-k+0)
(where 0(i) refers to a state of the LFD and gi(u+m-k+i) an interrediate
"state" of the semi-definite decoder), and if the seme syndrome input
vectors S(utm-k+a), S(utm-k+atl),---,S(utm) are input to both the semi-

definite decoder and its "equivalent feedback decoder'", then

o(utm-k+oi) = 0 (u+m-k+o#i) (u8)
e —0t1
and
ati
2y~ i = et
[ef(uktordloey = oF  (u-ksaei) (49)
i=0,1, ---, k—u,
A
i i i 3 = etk = ¥
which implies that [E-I(u)]EFD et (u) [EI(U)]SDD' (s0)
If a= k-u-m with k>u+m for a semi-definite decoder, then
o (utm-k+a) = g (0) = Aa-lo (utm-k+1)
- - - -1
a-2 3 =
I o $_1.2 _ 1-1-4): X4i-1-d 5
+j=o A°[BS(utm-k+i-1-3) + GFBE(g*i-l-j(mm k+i-1-3):S(utm-k+i-1-3))]1 (51)
where
g, (utm-k+1) 2 (S(u-k+1):==-:S(u-k+m)). (52)

Obviously _o_q(o) = 0, since £(2)=é and S(B)=0 for B<0. Thus from the
discuusion in the previous paragraph, if the same syndrome vectors
’

s(0), S(1),---,S(u+m) are input both to the semi-definite decoder and
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its "equivalent feedback decoder", and with g(0) = 0 for the EFD,
*
= ] " sa s
Ce;(Wlgpp (e#(w)] ) for ksutm, and for all such u the probability
of error associated with a semi-definite decoder is equal to that of
its "equivalent feedback decoder' under normal feedback decoding con-

ditons (i.e., 0{0) = 0). This may be stated mathematically as

3 {n_ =
i1m PSDD'“’k) PFD(u). (53)
-0
Jote that lim 1lim P___(u,k) = 1lim P__(u)
e e sDD o FD

exists if and only if P__ exists for the EFD.

FD

Thus semi-definite decoding is seen to provide a spectrum of de-
coding techniques intermediate to definite deocding (k=1) and feedback
decoding (k+= and u< =),

It is of more practical interest, however, to calculate the

quantity P.. (k) 8 P n(uk)/wktm-1 = lim P (u,k) which is deter-

SDD SDD
u >

mined from the probability distribution of the vector (e(u-m-k+1):---

SDD

se(utm):S(u-k+1):---:S(utm)), uk+m-1. The following lemma gives an
expression for PSDD(k).

Lemma 2. PSDD(k), the "steady-state" probabilit; of error associated
with a semi-definite decoder of order k for a rate R = ;ﬁa binary,
systematic convolutional code of memory order m, is given,by PSDD(k) =

= Pr([ef(u) ] o # e¥(u)), uwk+m-1, where [gg(uikrn is the estimate form-
ed by an "equivalent feedback decoder'" at time u+m wﬁose syndrome state
is g(u-k+m+l) g_(§ﬁu—k+l):---:§ﬁu-k+m)) at time u-k+m+l, and which is
fed the syndrome inputs S(u-k+mtl),S(u-k+m+2),---;S(utm) at timesu-k+ml,---
--,utm respectively.

Proof: From the previous discussion in which the operation of a semi-
definite decoder was compared to that of its "equivalent feedback de-

= [ef(w)]

coder" (Eqs. (48), (49), and (50), it is clear that [gg(u)]

EFD sDD’
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and thus

Pepplk) & Prfef(u)] #e; (u)=Pr([ef(u) ] Fe ().

k stage SDD EFD =I

spp(K)=Pr([ed(W) ] #e#(u)), where [ef(u)lp . is

the estimate at time utm of an '"equivalent feedback decoder" which is

Equivalently, P

in the decoder state given by (gI(u-K+l):---:gJ(u-k+m):§!u-k+l):---:§ﬂu-k+m))

at time u-k+mtl, and which is fed the error input vectors e(u-k+mtl),---

--,e(utm) at times u-k+m+l,---,ut+m respectively.

It should be noted that each of the 2™ 0© possible values of (gl(u-k+l):—-
-—:E{(u-k+m):§ﬁu—k+l):—--:§ﬂu-k+m)) occurs with non-zero probability,
since each syndrome digit which is a part of the initial state is an
additive function of a unique parity error digit. Thus all possible
"initial" states must be considered for the "equivalent feedback decoder"
in the calculation, even though all may not be reachable in normal feed-
back decoding operation (i.e., .d0) = 0).

The following formulation is helpful in calculating PSDD(k); Let
Q be the set of the 2mN° possible states associated with the "equiva-
lent feedback decoder" of a semi-definite decoder for a binary, R = %E
systematic convolutional code with memory order m, and let Q be written
as the union of its disconnected submachines. That is, Q = Qo UQl U---
-0, where Qj = ﬂ;jl, qj2,--—,qu } and the qij's represent the
states of the decoder, i = 1,2,---,rj, j =0, 1,---,n-1. That Qi and Qj
are disconnected, i # j, implies that Ay cannot be driven into qu,
k=1, 2 —= r,, £ 1, 2, -, r., i, =0, 1, ===, n-1, 1 # 5.

i 3

Denote Wo’ M === M _1» as the Merkov transition matrices assoc-

l)

iated with Qo’ Ql,---,Q respectively. Also denote

n-1
E?j(u) 4 [ngj(u), onj(u),---.ng(u)] as the state probability
vector at time u, conditioned on the event that the "equivalent feed-

back decoder" began operation at time zero in a state qucQj, and
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Po(Qj) as the probability of this conditioning event, f= 1, 2,-—-,rj,
j = 0, l' Shemory n-l.

With this formulation, P.. (k) may be written as

SDD
" w1 (54)
Parnn(k) = P (Q,) W;I(k-1) P, 4
€DD jEO o j %Ll 2 q4i
where
i8k-1 = w0y n i, (55)
P is the probability of error associated with state q,,,
G344 ji
po(Qj) = Pr((gl(u-k+l):--—:EI(u-k+"):§ﬂu-k+l):--—:§ﬁu-k+m))c Qj)’ (56)
and
Qoy= ¢ i Sl s -
W (O)-Pr((gi(u-k+l). :S(u k+m))'qji/(g{(u-k+l):---:§ﬁu-k+m))c Qj) (57)

wk+m-1, i = 1, 2y~==yr , j = 0, 1,-=--,n-1.
Note that if steady-state probabilities exist for Ts Me="=s W o s

then lim P (k) = 1lim 1lim P

 +w SDD s o SDD

i.e., one can speak of the error probability of "long'" semi-definite

(u,k) exists and will be denoted PSDD(“) H

decoders.

fs an example of a calculation of P._ (k) concider the semi-definite

SDD
decoding scheme for the R = = systematic binary convoluticnal code with

2
m=1, %Qii =1, glgi; = 1, for which the decoding function is the

1
"ex-

clusive or' gate; i.e., f(oo(u), S(u)) = oo(u) ® S(u). The "equivalent
feedback decoder" is shown in Fig. 11, where the switch in the feedback
loop is closed at time u-k+2 after S(u-k+1l) enters the syndrome registery
and for which PSDD(k) = PFD(U)'

For this example, Q=Q0UQL’QO= h01,q02} ,Ql=( Q1295 } n=2,rl=?,r2= 2
q01=00,q02=10,q11=01,q12=11, where the first digit represents the con-

tent of the buffer register and the second the content of the syndrome

register. The error probabilities associated with the states are readily
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rcalculated to be

Pay, = 2p(1-p)
Po,, = 2p(1-p)
2 (58)
qul = p2+(l-p)
2
qu2 = p2+(l-p) "
Po(Qy) = Pr(SCu-kel) = 0) = (1-p)° + 3p’(1-p), (59)
Po(Q)) = Pr(S(u-k+l) = 1) =  3pQ1-p)? +p°, (60)
¥ % 2 (61)
m = m =
0 |
l-p p , * -p p
#(k-1) = ¥%(0) 1*71 = [1-p,ply e2,3,hyeem,
(e2)
k-1 -
W (x-1) = ¥¥%(0) L] = [1-p,ply k=2,3,lyeem, (63)

PSDD(k) = [(l-p)3+3p2(l-p)][(l-p)2p(l-p)+p 2p(1-p)]
+ [3pC1-p)2 + p330(2-p) {p? + (1-p)2) + p{p2+(1-p)?} ]

= 5p-20p2 4 40 p> - 4O P+ 16 pOy km2y3pligmmmy  (64)
and Pgp(1) = Py = lp - 12p% + 16p° - Opl‘.

On the other hand, when PFD(u) is calculated for this coding scheme
for normal feedback decoding operation (i.e., the switch is closed for
ail time and g(0) = 0), only 1 is considered since the decoder is
initially in the all-zero state. (For this example, Qd the set of states

connected with the all-zero state, is equal to QRO’ the set of states

reactable from the all-zero state, although this is not true in general)
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The feedback decoding probability of error is then
PFD(U) = (1-p)2p(1-p) + p2p(1-p) = 2p(1-p). (63)

Here no transient terms are present, and for all “’PFD(u) = PFD’
the steady-state probability of error for feedback decoding.
Thus for this example, both lim 1lim PSDD(u,k) and lim lin PSDD(u.k)

o e ure ke
exist, and

1

1lim 1im P.__(u,k)> lim 1im P__ _(u,k) = P__,<0<p<. (66)
2

ke e SDD e ke SDD FD \

The question arises as to the conditions under which lim PSDD(k) =
k-’.
A
= lim lim P__ _(u,k) = 1im 1im P__ (u,k) = lim P__(u) = P
koo ypoe SDD ge b SDD e FD FD

for a semi-definite decoder, where PFD(u) refers to the probability of
error of its "equivalent feedback decoder" under normal feedback decoding
conditions (i.e., a(0) = 0). Sufficient conditions for this occurance
are given by the following theorem.

Theorem 5. For a semi-definite decoder and its "equivalent feedback de-
coder" for an R =;§ binary systematic convolutional code with memory
order m, if steady.state probabilities exist for m, the Markov matrix
associated with Q, then

A A .
= i i = 11 s = P
lim PSDD(R) lim 1lim PSDD(u,k) lim lim PSDD(u,k) 1im P__(u)

ke k4o Yo ure k4o ue

FD FD (67)

Proof: Since steady-state probabilities exist for m, Q=Q, and PSDD(k) =
mNo

2o
(I, W, O(k-1) P with
i%s 4 oi
wlo(k-1) ¢ wd0(k-1), Wo(k-1),---,W% (k-1)1. Now
- 1 2 ™o
1im W%(k-1) = 1im w0(0) 7. K1 = 4 2 [y R0, ___; wlo 3 (68)
= ik o — 1 mNo
ke 2
independently of the chnice of §9°(0). since steady-state probabilities
mNo
exist for m_ = m, and thus 1lim P__ (k) = 2! W.Qop . But since
o SDD v i ‘
ko i=1 oi

lim !90(0) nok-l B E?O independently of the choice of the initial prob-

ke
ability distribution H9°(0), if any state Qi ha: a non-zero steady-state
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probability (i.e., wiQO # 0), that state is reachable from every state

oj € Qo' In particular, every state with non-zero steady-state prob-

ability is reachable from the all-zero state; or, conversely,

q

00 .
qoid QRO > Wi = 05 (69)
Thus
2mNo . - QPO
lim P__ (k) = z W.©9Pq .= W, P b A s -
e SDD jop 4 oif =, i qroi- PFD- ii:PFD(u). (70)

and the theorem is proved.

A code which meets the conditions of Theorem 5 is that of the ex-
ample in Section II, with the decoding function f given by f(Oo(u),S(u)) =
= oo(u)-S(u) for both the feedback and semi-definite decoding schemes.

The example in this section with f(oo(u),S(u)) = oo(u) ® S(u) does not
meet the condition of the iheorem since Q # Qd.and for this case
iiﬂ PSDD(k) 7 PFD'

Ap important point which might be raised is that of the shape of
the PSDD(k) vs. k curve. That is, is there an intermediate value of
k, say ka’ for which PSDD(ka) <PFD and PSDD(ka) < PDD; i.e., is semi-
definite decoding ever strictly superior to definite decoding and feed-
back decoding?

An example which illustrates this eventuality is that of section II,

with f(co(u),S(u)) = oo(u)-S(u) and p = 0.4.

For this case
.24 .16 .24

r = e 0 4 0
o - .36 .24 .15 (71)
0 i 0
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and 408 .192 .26 .1n | 0 .4 0 -.4

408 .192 .26 .14 0 4 0 -.b
L k1o .

408 .192 .26 .1b 0 -6 0 .6

.08 .192 .26 .14 0 -.6 0 .6

416 -.416 -.387 .387 | .176 -.176
-.0187 .0187 .0176 -.0176 -39 .39 -

k-1 - 409’

+(.0967) -.627 +.627 .587 -.s87 |- 218 -.218

-.0187 .Q@87 .0176 -.0176 -.39 .39 -
pon—

where
6(x-1)
wo(k-1)
wl(o) =
and
PSDD(k) =
= Pgpplk) =
Note that
i PSDD(k)
PSDD(l) =
and
min PSDD(k)
¥ k

1l k

1
k#1

. n

= EQO(O) “ok-l

[.312 .288 .192 .208]

-“8W2Q°(k—l) + w3°°(k-1) + e, 20(k-1)

L1419 +  ,0107 (-.uga)k'l -.00076 (.0957)k'l.
= 419 = P,

429 = PDD =

- - <PFD

= Pgpp(2) = .ulu P

For normal feedback dec»ding operation, W(0) = [1000] and

PFD(u) = .48 wg(u+1) + Wa(u+l) + .uewu(u+1)
= 419 + (L0967)Y (-.801) + (-.u95)"*Y (-.018).
liote that
&ig PFD(u) = 419 = PFD,
PFD(-l) = 0,
and
PFD(O) = ,389 = PGD.
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§(k-1) +

.128
.278
.153

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(su)

(72



PSDD(k) for the same code and decoder but with p = .015 was also

calculated and found to be

Pooplk) = 1.54 x 1073 4 8.95 x 1074 1120)K Y Z6.02 x 107(-.127)%" L, (ep)

For this case
{ 5 <¥p
min. PSDD(k) PSDD(S) ‘%m 5 (87)

although the difference (PFD - PSDD(S)) is negligible for all practical
purposes.

The fact that it is possible for PSDDU& ) to be less than both P,
and PFD indicate that semi-definite decoding might be used to prac-

tical advantage. Moreover, semi-definite decoding has the further psy-

chological advantage that infinite error propagation is impossible.
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VI. BOUNDS ON Ppp FOX SPECIAL CASES

For the example of Chapter II it was shown that
Pop < Prp < Ppp for 0 < p < 3. This relationship between
Pgpo PFD' and Pp) does not hold in general, however, as
the following two hypothetical examples 1llustrate,

Example 13 For the decoder of the form of Fig. 3
but with f(%(u),S(u)) = g(v,;®#5(u), Ppp = 2p and Pgp = 4p
for p small, indlicating that for thls case Pgp > Ppp. In
this case, the decoding function 1s so "bad" that accurate
feedback decisions are deleterious,

Example 2: For the decoder of the form of Fig. 3
but with f(g(u),sS(u)) = q(u), Pgp = 3 and Ppp = 2p(1-p).
indicating that Ppp > Ppp for p < i,

Obviously, therefore, relationships of the form
PGD < PFD and PFD < PDD do not hold in general and can be
verified only for certain classes of decoders. In order
to prove one such "special case" relationship use 1s made
of the Theorem of Irrelevance @@ of Wozencraft and Jacobs,

Theorem of Irrelevance: For the communication system depicted

in Fig, 12, where |S;| 1s a finite signal set, S ¢ {Si},
ry and r, are vector outputs from the channel, and 3 is the
estimate of S made by the recelver, the optimum receiver

9

may iznore r, in forming é if and only if p£2/r1.s = p£~/r1

tn optimum recelver, of course, 1s one for which

()

Pr(S = S) is a maximum,
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p—

In relating the signaling scheme of Fig. 12 to our
decoding problem, let us assume that for the above scheme
A
the signal S = QI(U), and r; and r, are the (u+m+1)(N%-Ks)

dimensional column vectors given by

f_q; "W — — —_ —_ — — non—"a ]
N | F=
G G' N\ 0
W | |
[ |
A LY N
n £ 63 NNl (88)
n n \ \
? N \.\\ . \‘| e(u)
\\ . N now g(u+1)

n(l)u "O"\G. \G'\ Gl l

- - |
% m 1 o__| g(u+m) ,
—Go' "O\”\ ______ "O;._-E(O)
G'\Go' \\ | e(1)
| ™
[ al

N
r, 2 6t N : e(u-1)| (89

nan N NN\ 0
B N NON N

\ \ \ \ non
| N \\\ N |
g fidie—== == Ly GI;I = G{ G' ||

(o] 0 ,

where "0" and the G{'s are as defined in Chapter III and
0 is the Nj-dimensional all-zero column vector.

Now in forming the optimum estimate of gl(u), 1¢04,
g;(u)OPT, the vector r, may be ignored on the basis of the

Theorem of Trrelevance since prz/r . = « And thus
a2 R

prﬁ/
g*f(u)oPT 1s that vector of maximum likelihood conditior:d
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only upon reception of Iy

Definition 5: A Maximum Likelihc»d Genlie Decoder (MLGD)
for a binary, rate R = %3 systematic convolutional code of
memory order m 1s a decoder for which the decoding function
f 1s the same as that of the MLD for the same code (The ML
was defined in Chapter IV as a "feedback" decoder,) but
which operates in the "genie-decoding" mode.

With this definition and with the observation that
the first u(No-Kb) components of I, above are always zero
and that the last (m+1)(Né-Ko) components correspond to the
Y(u+m) which would be obtained at time u+m for genie de-
coding, it 1s clear that

Pr(ef(u) g pp # er(0)) = By o0y (90)
where PMLGD 1s the probability of error associated with

an MLGD for the binary, rate R = 50, systematic convolutionsl
[¢]
code specified by the Gi's, i=0,1,~~~,m, Therefore it 1is

impossible for any receiver, on the basis of L, and Iy

estimate gI(u) with a probability of error less than P

to
MLGD®

In particular, any receiver ( or decoder ) which adds
I, and r, in order to obtain r, @ L, = (S(0):S(1) s===3sS{u+m;),
as shown 1in Fig, 13, has an assoclated probahility of error,
with respec; to the estimation of gI(u), greater than or
equal to PMLGD' We state this result as a theorem,
Theorem 6, For a binary, rate R = %% systematic convolutinonal

“o

code of memory order m, any method of prccessing the entire

syndrome vector (S(0):S(1):===S(u+m)) in crder to estimate
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gI(u) has an associated probability of error satisfying

Pr(g*I'(u) X gI(u)) 2 Py ope

of error of a maximum likelihood genle decoder for the same

where PMLGD 1s the probability

sode, In particular, for any feedback, definite, or semi=-

definite decoding scheme,

Pop(w)
PMI'GD S PDD(u) ’ u = 0.1,2.-"- L] (91)
VPSDD(u'k) k =1,2,~==

’
&

With respect to Fig. 12, if S QI(u) as before, but

o} 2 (S{u)sS(u+l):===:S(u+m)) and T, £ (S(0)18(1) t===1u-1)),

then , and the vector r, is not irrelevant
p£2/£1 'S g p£2/£1 1 o

to the optimum receiver. This is not surprising in view of
the fact that if I, were indeed irrelevant, the probability
of error associated with seml-definite decoding, for f a
maximum likelihood definite decoding function, would be
minimum for ¥ = 1, a fact known to be false from Chapter V,

We next prove a2 relationship involving PFD and Ppp
for a particular class of codes and range of channel tran-
sition probabilitles, 3Several definitions and a lemma are
first needed.,

In feedback decoding, i(u) is decoded on the basis of
the receive& vectors from time u to u+m under the assumption
that the effects of i(u-m),=---,i(u-1) have been removed
from these vectors by means of correct feedback., 1i(u) e
& B(l)(u),n--.i(Ko)(uj , Where 1(3)(u) is the jth infor=-

mation digit entering the encoder at time u, j = 1.2,---N°.
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uw=20,1,2,~--, Hence the followlng definition,
Definition 61 The feedback decoding minimum distance [11] ,

dgps for a binary, rate R = %3 systematic convolutional
code of memory order m is defined as the minimum number of
positions in which two encoded sequences with differing
values of i(u) differ from time u to u+m, assuming that
the effect of previous information digits has been removed.
Since the encoding process is linear, it follows that
d_. = min, W(T(u)) - (92)

3Ly Midem—ad(n=l j=)

where T(u) 8 [;(u-m):--;;(u):--:l(u+mﬂ —6; "0::— —no |
N < |

e, & | (93

"0" is the KOXNo all=-zero matrix,
g 2 :GI] 1 =0

& B o

A [o'.o’fj y 4= 1,2,===m,

IKO is the KOXKO identity matrix, 0' is the KOXK0 all=-zero

o>
np

matrix, and’Gf is the transpose of Gi’ which 1s defined in
Chapter III.

The feedback decoding minimum distance is well known
to be equivalent to the minimum number of columns of the

matrix H associated with the code (defined in Chapter 1V),
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including at least one of the flrst K0 columns, which sum
to the all-zero column Eﬂ .

This definition is meaningful for feedback decoding
-1

A dFD
in the sense that, with CE = y» Where denotes the
"largest integer less than or equal to" the enclosed quan=-

tity, two vectors E, (u+m) and Ej(u+m) consistent with Y(u+m)

i
and differing in their first KO positions must satisty

w(gi(u+m) 8 E,(u+m)) > 2C_+1, since gi(u+m) (13 gj(u+m) is

h) E
nonzero in at least one of its first K, positions and is

in the null space of H, Thus if W(E(u+m)) £ C_ and gI(u-m),

E
—-——-, gI(u-l) have all been estimated correctly, any other error
vector consistent with Y(u+m) and differing from E(u+m) in the
first Ko positions will have weight of at least CE+1, and
therefore gI(u) will be estimated correctly by a deconder which
chooses gf(u) as the first K  components of one of the minimum
welght error vectors gi(u+m) satisfying Y(u+m) = Hgi(u+m).

In definite decoding, i(u) 1s decoded on the basis of
the received digits from time u to u+m plus the received
digits corresponding to information vectors i(u-m),=-=-,i(u-1)

which affect these digits. Hence (m+1)No +mKo digits, a num=-

ber referred to as the definite decoding constraint length,

affect the decoding of i(u), and ve have the following definition,

Definition 2. Tor a binary, rate R=§9 systematic cenvolutionsal
(o}

code of memory order m, the definite decoding minimum distance

i3 . dpps 1s defined as the minimum number of positions in
which two encoded sequences with differing values of i(u)
differ over a definite decoding constraint length,

Thus for J=finite decnding,

na



d__ = min W(i(u=m)s==31(u=1):T(u)) (94)
DD 3 (u)#0

The definite decoding minimum distance 1s well knownliq
to be equivalent to the minimum number of columns of the
matrix H associated with the code, including at least one
of columns mN_ +1 through mN +K , which sum to the all-zero

column, where

thn_ i G]l. Go. "Oll_ _lloll
N e |
_ " \ ’ ' G ] \ '
FE & |\ oo N ! (95)
\ \ " LU
I \ \ ] \ 1] \ 1
naAn__ ___nan —_—
_0 0 Gm Gy Go_ ,
and "0" and the Gi's are defined as in Chapter III,
This definition is analagous to that for dFD in the

sense that for Cg = and with W(gI(u-m):--lgI(u-l)s

2
e(u)g==1e(u+m)) < Csg, gI(u) can always be correctly esti=-

mated by a definite decoder which decodes QI(u) as the sub-
block of digits of the error pattern with fewest "ones"
consistent with the syndrome, (gI(u-i), 1i=1,2,--,m, were
used above in order to emphasize the fact that, since the
code is in systematic form, the parity components of e(u=i),
{ =1,2,--,m, are not checked by H at time u+m,)

By the nature of the definition of d and dDD' it

FD

2 > = e
is readily seen that dFD > dDD and thus CE > CE for a given

code.

Definiticn 8, For a feecdback decoder for a binary, rate

R = %0. systematic convolutional code of memory order m,
2 o)

associated with state Qy e QRO' let L1 be the smallest
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integer such that inputs of e(u) = 0, e(u+l) = 0,===-~,
g(u+L1-1) = 0 result in q(u+L1) = q,, the all-zero decoder
state, when q(u) = qye (If no such L, exists then Ly gcn.)
Then L, the propagation length of the feedback decoder,

i1s defined as L 4 max Li'
93¢ Qpo

This definition of propagation length 1s similar in
form to those of Sullivan ﬁi] and Robinson ﬁ@ .

As was mentioned in Chapter I, with feedback decoding
it 1s possible for decoding errors to trigger further de-
coding errors, even in the absence of additional channel
noise. In fact, for certaln codes and decoders it is pos-
sible for a finite number of channel errors to cause an in-
finite number of decoding errors, a phenomenon referred to
as catastrophic error gropggatlon.ﬁﬂ « The significance of
finite error propagation length L is that with L<®, catastrophic
error propagatlon 1s impossible because L successive all=zero
error inputs always return the decoder to the all-zero state.
Lemma 3. Let X and Y be discrete random variables taking
on nonnegative integer values and let Pr(X<u)< Pr(Y<u),

u=0,1,2,~--, Then X2>Y, where X and Y denote the expected

values of X and Y respectively.
- - @ ®
Proofs X = Y = X uPr(X=u) = 3 uPr(Y=u) (96)
u=0 u=0
@ w
= 2 u[Pr(x<u)-Pr(XxLu-1)] -z u[Pr(¥Y<u)-pr(¥<u-1)] (97)
u=0 u=0
@® @
= 2 u[Pr(XSu)=Pr(¥<u) - > u[Pr(x<u-1)-Pr(¥<Su-1) (98)
u=0 u=0
@ ® .
= T u[Pr(xSu)=-Pr(Y<u)] - I (u+l){Pr(X<u)-Pr(¥<u) (99)
u=9_ u=0



@ @

=Y (Pr(X<u)=Fr(Y<u)) = ¥ (Pr(¥<u)=Pr(Xsu)). (100)
u=0 u=0 - -

Therefore if Pr(¥uv)2 Pr(¥<u), u = 0,1,2,=--, then X-Y 20,

or equivalently, X2Y, and the lemma is proved.

Theorem ?, For a binary, rate R = g? systematic convolutional

E 2
provided that L<oo, Ppp< Ppp in the 1imlt as the channel

dgp =1 dpp-1
code of memory order m, if C - l -l> CE 2 l Dg then

transition probablility p approaches zero, where PFD is the
probability of error of a feedback decoding scheme which

corrects up to the guaranteed error correcting limit of the
code (1.e., which correctly estimates gI(u) at time u+m if

W(E(u+m)) <C_ and if g%(u-i) = gI(u-i), i=1,2,~-~-,m,),

E
and PDD 1s the probability of error associated with any
definite decoding scheme for the code.
Proof:s We first obtain an upper bound on Pepe

For the code in question, let E(u) = (e{u=m) g===g(u))
as in Chapter II, A(u) he defined as the event that

W(E(u))>C_, and Fr(A) = Pr(A(u)/ ), since for u2m,

E
Pr(A(u)) is independent of u, Since e(-m) = e(-m#l) = === 2

e(-1) £ 0, 1t 1s readily seen that Pr(A(u))< Pr(A),

=

= 0,1,===,m-1,

With Er(u) defined as the event that g;(u)‘# er(u)
for the glven [{'‘eedback decoder, assuming of course that
the decoder is in the all-zero state at time zero, appli-
cation of the urion bound yields
Pr(Er(0 JUEr(1)U---UEr(u=1)) < Pr(A(0)UA(1)U===UA(u=1)) <
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-'.»;;hn}(yxuv

'F.‘.{uw;\ sptntidf
Ve

L g (Lr{e}UEmi§8~'-*=Er(u**1)3«-- “>t1/Pr(A}J

figﬁdist“ibut*evizﬁﬁcticv given by

; ﬁli(i}}quII‘aji)(z! ~ 1 an Vf}’lf‘{’lk .1!
\“, /Pr(ﬁ); ’ } ( )!’

‘];:Thﬁ X gs ,efiﬁea aﬂ “the. “andom variable reprasenfing

bh# nnmt@r of “G geu& estimates ﬁado by the feedback de- -

: _wodeﬂ na*ere %1@ fi s nyerrect e«timate, given thaf the

uecoéér 19 i tla y g be all~zere»state, then

Pr(}{«nx; W = 0,1,===, {1,/131.(3)_{- 1, ]
N F”““i . (102)
’: o >l_:“-§‘:i;}.;.-_r,:i; ;j u >t /Pr(!_)j -

how if‘f is i$§§né; f7-the sample space of ‘the non-

ng atiV§ int egers as *ho ranﬂom.vsriable with probabiiity

théﬁfY, = i{}{pr(gﬁ = !}/préAljml o (1o)

;iTherefbre sinee—Pr(Xgui <SPr(Y<u); u =,O,1,2,~4~, Y<X
fooﬁ LegmaVB, and hence the‘eXpectedunumber'df consecutive
éerébﬁfestiﬁates made by the feedback decoder is lower
vounded By '

Ll/'PréA)_}Ql < T<T, o (105)

For the feedback decoder , we next define random
variable Z; as the smallest positive integer such that
q(u+zi = q the all-zero state, given that glu) = Q4 € Qpqe

We also define random variable W as the smallest integer
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greater than or equal to the propagation length L for which

gluti-L) = g(u+-L4+l) = ==~ = g(utW-1) ='g¢ Thus q{u+¥) = q

by definition of L, and hence Pr(zi <k) > Pr(Wsk), k = 1,2,3,~~,

- which implies from Lemma 3 that W >~Zi,vA1, Therefore,

given an arbitrary state of the feedback decoder, the expected

number of additional time units_until the all-zero decoder

‘state is reached 1s less than or équalAto the expected

number qf time units vntlil the all=-zero - -state is reached

by means of L successive zero inputs, which is equal to L

in the 1imit as p—+0.

Hence, in the limit as p—*O, an upper bound on PFD

nay be obtained bv assumirg nqat the expected number of

consecutive correct decisitns made by the feedback decoder;

. initially in the all-zero state q,, is equal to ¥; and that

'fthe expaoted nnmber of additional time units needed to re-

turn to q, after a decoding error is equal to N L. Tbere~ :
fore associating decoding errors with the L time units follow-

ing the initial error, the bound

. . 1
Fp < wo < 2(L+1)Pr(a) = 2(L+1) mNb+N3 pCE+L

(106)
1s obtained,

Nei% a simple lower bound'on Ppp 1s obtained. A
definiterdecoder cannot correct every error pattern of
welght Cz + 1, which implies that for any definite deceding
scheme | ) » |

CF + 1

Ppp2 P . (107)
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in the limit as p—>0,
‘Thus, since C, > CF by assumption, in bhe limit as

p->0, .
mNe+M) Cp 1 COg +1-
P < P

<v2(L+1) (CE*l < Ppps (108)

FD

and the theorpm is proved.

An example which neets the bonditions hf the +heorem

is ‘the binary, R = %, systemabic convolutional code of memoT;

D) 2 2
order m"‘S, With %(1) 1, glglg = 09 ga(%; ¢, gj(l,; =1, glélg -

. Sé%:: 1, and which is feedback decoded by means of "majority

threshold decoding” {ié} . Here dgy = 5, Cp =2, dpp = U,
P:E——i,and:c, <13. o
~ The. results of th‘s report thus far, although glven

for codes over GF(2), can easily be generalized to codes

over‘GF(q) if the binary symmetric'channel is‘replaced by

a memoryless, time in%ariant, additive GF(q) noise source.,

Generalizations can also be made to non-sysbematic codes

and noﬁ-syndrome—typé;decoding, but the details shall not

he carried out here,

54



I e
o . B .

o .

[EEET

[P

rixed span varieby, that is, decoders which form 1#(u) at

VII, APPLICATION OF STOCHASTIC SEQUENTIAL ﬁACHINE

THEORY TO VITERBI DECODING

Thus far we have considered only decoders of the

time u+m on the basis of the recelved vectors r(0),~~.xz(v);

aay, 8

~=,r(usm), where z(1) A (1), ===, 2% )1y,

énd r(j}fi) is the‘digit received at time-i‘from t@e jth
channel, J=1,2 ~~,N ’ 1 = 0,1,2,==~, The poinb ts. that

w2

a fized qpan deooder rever 1ooks more than a definlte dis-

tance 1nto the future.

Contrasted to the fixed span decoders are the varizble
Span dgco@ers, for which uheApartloular received veclors
utilized 1n:forﬁin§ﬂthé estimate 1*(u) are not specifiéd
apriori. :Iﬁ faét, s variable span‘decoder ﬁay 1ook aﬁ
indeftnite distance into the future hefore deoiding upon
an estim&te of. i(u;=

For conceptual simplicity, the discussion in_ this-
section will be restricted to binary, rate R = ﬁ, SJstematlo
con«olutional codes of memory order m. aeneralizations
can easily be made, nowever, to arbltrary rates R = %0.

The input=-output characteristics of a convolutiZnal
er.coder may be conveniently'represeﬁted by means of a code
tree(}ﬂ , & concept 1lmportant Both'to the operation and
analysis of variable span decoders. An example is shown

in Fig., 14 of a code tree for the encoder for the rate

55



R = %, systematic convolutional code of memory m=2 with
(2) _ (31 _ (2) _ (3) _ (2) _
(1) = 1r 8o(1) = b &r(1) = 1 Bd) = b By(y) = O

and gzgf; =1,

 With the encoder initially filled with zeroes, the
information diglts 1(0), 1(1), ===, i(L-1) uniquely specify
the transmitted blocks 5(0), t(1),~~-, t(L+m-1) at the
décoder output, glven that the L informationAdigits are
followed by a sequence of m zeroes. &(1i) a (t(l)(i),m-n

t(g3kif), where t(j)(i) is the binary digit trahsmitted,

across the jth channel at time i, J = 1,2,-=,N, 1 = 0,1,=-,
The correspondence of the encoder to the code tree

representation is as follows. The sequence of ‘Information

digits 1(0), 1(1),-==, %1(L=1) input to the encoder also

uniquely specifies a path thr~ugh the code tree, with the

upper branch stemming from g node at depth u into the tree
being takeh if 1{(u) = 1 and the lower branch ifri(u) = 0,

0 £ u<l=l. There is no more branching of the tree past

depth L-1 but merely a sequence of L branches appended to

each of the nodes at this depth, corresponding to the m

successive zeroes fed into the encoder,

Now with each branch emanating from a node at depth
v ‘nto the éree 1s associated an N ~-tuple of digits; these
are the transmitted digits which would appear at the encoder
output at time u 1if the information digits 1(0), 1i(1),~-,

i(u) specifying the path up to and including the particular
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branch were input to the encoder, given. of course that the
encoder is initially fllled with zeroes,
Thus there exlsta a one to one correspoﬁdence between

sequences of informution digits input to the encoder and

~paths through the code tree. And for each sequence of

information digits 1(0)s £(1)4=~~, 1{L=-1), the trensmitted

_blocks at the encoder output £(0), t(1),-~-, t(L+m=1) are

exactly those blccks of N,-tuples encountered along the

path through the tree specified by 1(0), i(l),==~, i(L~1),

Since the class of decoders which will shortly be
described utilizes a replica of the code tree in order to
decode the received sequence, it is necessary for the sake
of clarify to reserve the notation i(0), i(1), 1(2),=--
for the actual sequence of info*mation digits, and to de—
note various paths through the code tree in another manner,
Hence we' introduce the following notation.

Let the vector (a2(0), 2(1),~~=, a(u-1)), a, € GF(2),
represent the u-branch segment of the code tree which would
be sgpecified in the enceding process by the segquence of
information digits 1(0)=a(0), i(1l)=a(l),=-~, i(u-1l)=a(u-1i).

Forney[?@ has ohserved that for a node of the tree
specified by (a(0), a(l),--, a(u~1)), since the digits
associated ﬁith any branch emanating from that node are
functions only of a{u-m), a(u-m+l),=--, alu~L), a{u), the
tree may be condensed into the form of a "trellis" by super-

imposing the nodes at depth u specified by identical values
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of a{u=m),«~=,a{u=1)s - The "trelliis" or "condensed tree"

. for the code tree of Fig. 14 1e& shown in Fig. 15, No loss

is incurred in this representation, sincé there 1s a one to
one correspondence between paths through the tfee and paths
through the trellis,‘and since the séme gequence of trans-
mitted digits 1s encountered along paths through each
which result from the same sequence of information digits,
Note that a tréllis has 2% nodes at depth u, Og@gm,

2™ nodes for mgugl, and,zL*"m“u

‘nodes at depth u for ILLugL+m,

th node at depth u into the

Let nh(u) refer to the n
trellis, We use the convention that the m binary digit
representation ofrh specifies the path lesding to nh(ﬁ).
For example, for m=3, since (6)10 = (110)2, né(uf is tﬁe
node of the trellis at depth u uniquely specified by the
branches a(u-3) = 1, a(u=2) = 1, and afu-1) = 0.

- We now focus attention uponla particular (variable
span)’decodingrmethod introduced by Yitérbi[?ﬂ , who demon-
strated that the ensemble of convolﬁtional codes when de-
coded by this technigue cbeys the random coding bound with
an exponent E(R) superior to that of block codes.

Fizst we let ay(u) S (ay 1(0), ay ,(1),~==, 2 ,{u-1))
be defined as The maximum likelihood path from the origin
of the trellis to node nh(u)P conditioned upon reception
of B(u) 4 (x(0)tx(1) tm==:x(u=-1)), with ties belng decided
in some arbitrary but consistent manner, But since the

binary symmetric channel is assumed here, the maximum like-
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1ihood path gi(u) to each node ni(u) is merely that path
for which Di(u) is a maximum, where Di(u) 4 W(gi(u)@g(u)),
and W refers to the Hamming weight of its vector argument.

A Viterbi decoder performs an L-step operation in
decoding sn L branch trellis. At the 15% gtep, therdeooder 7
considers R(m+l) and determines thermaximum likelihood path
froin the origin to each of the 2 nodes at depth m+l into
the trellis, i.e., gi(m+1), 1= 0,1,*~~;2m~1, and discards

the remainling zm possible paths. For example, for m=3 and

" for node ng(4), the decoder determines which of the two

paths specified by (a(0), a(l), a(2), a(3)) = (0110) and
(a(0), a(l), a(2), a(3)) = (1110) is closest in Hamming
distance to R(4), and eliminates the other path from fur-
ther consideratlon. Thus in the first stép a Viterbl de-
coder makes " comparisons involving 2 paths each and keeps
the Zm winning or "surviving" paths along with thelr respective
Di(m+1)'s. |
At step 2, the Viterbi decoder determines the 2"

maxitum likelihood paths from the origin to the nodes at

depth m+2, conditioned upon R(m+2)., Note, however, that

- node nj(m+2)9 where (j)10 = (fmnl,-mm,fl,g))z, e {O,lf,

can be reached only from nodes nk(m+1) and ns(m+1) wilith

a(m+l) = £, where (k)10 = (O,fmm1,~~~,f1)2 and (s)10 =
= (1,7 go==yfy )re Thus a,(m+2) must pass through either
m=1 1 2 J

nk(m+1) and coincide witn gk(m+1) from nk(m+1) to the

origin or it must pass througn n, (m+l) and coincide with

.
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gs(m+1) from ns(m+i) to the origin, since gj(m+l) and
gs(m+1) are by definition the minimum weight pathg from
thelr respective nodes to the origin of the trellis.

Hence all that 1s needed in determining g, (m+2) is know-

ledge of Dk(m+i) and Ds(m+1) {determined grom the previous
step), along with the number of disagreements with r(m+l)
of the branch from nk(m+1) to nj(m+2) and of the branch
from ns(m+1) to nj(m+2).

In short, the Viterbl decoder at step 2 considers

m-+1

the 2 paths given by (ay 4 (0),==~yay y,q(m),0),

m ,
i1 =0,1,~~~,2"~1, and (aj’m+1(0)v“““vaj’m.,.l(m.\yl)a J =
0,1,~=-,2"-1, and from kmowledge of Dy (m#l), i = 0,1,==,2"1

and r(m+l), determines the o™ surviving paths a,(m+2)

, J
and their respective distances Dj(m+2), J = O,l,~~~,2m~1.

th

In general, at the k step, 2L k< L-m, the decoder

constructs the 20+

paths (ai’m+k_1(0),-ww,ai,m+k_1(m%k~2),0),
L= 0,1,-,2"1, and (a3 pyg-1(0)e===18 5 pyp-g (WHe=2),1),
3= 0,1,--=,2"1, from the 2* survivors st the (k=1)5°
step, namely aj(m+k-1), J = 0,1,~==,2"=1, It then, utilizing
r{m+k-1) and Dy (mk=1), 1 = 0,1,===,2"~1, determines by
means of Zm comparisons involving 2 paths each, the Zm
survivors at the kth step, gj(m+k), along with thelir respective
distances Dj(m+k), j = O,l,ww-,2m~1.

At each step k, 2<£k<£L-m, the number of competitive

paths i1s increased by a factor of 2 by consideration of the

2™ surviving paths at the previous step both with a "0" branch
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‘result is one surviving path at depth L+m, namely g, (L+m)

and with a "1" branch appended; this number is theh decreased
by é factor of 2 as the appropriate comparisons aremmade,_
resulting in 2™ survivors at the end of the kUl sbep.

However for step k, L-mn< k<L, since branching ceasger

at depth L, only "0" branches are appended to the surviving

 paths end thus the net number of survivors is decreased

by a factor of 2 by the comparisons at each step. The endzk

>

S (ao,L+m(O)’ ao,L+m(1)f T ao,L+m(L+m”l))' Whioh‘is the
desired (estimated) math through the trellis (or tree),
The sequence of estimated information digits ls then given
as 1#{0) = ao,L+m(O)’ 1%(1) = ao,L+m(1)' m———y 1¥(L=l) =
= ao,L+m(L'“1)'
Now QO(L+m) is the maximur likellihood path through
the trellls conditioned upeon the recelved sequence B(L+4m),
gince gi(u) is by definition the maximum likelihood path
from the »rigin to node ni(u), for all appropriate values
of u and 1.
It is interesting Lo note that any two péths which
are compared in the procesgs agree in the last m pesitions,
for otherwise they would not correspond to the same node.
For the trellis of Fig, 15 and for the received vector
R(6) = (101 100 101 110 101 010), it cen easily be shown
that 24(3) = (111), Da(3) = 1
2,(3) = (110}, D5(3)
21(3) = (001),  Dy(3)

ly
b

i

1
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a {3) = (100}, .(3) = 5

Cag(l) = (1111), Dy(#) =3
,»f'ge(z;) = (1110), Dy(k) = 2

8y (B) = (1101), . D;(¥) = X : (109}
4 (#) = (1100), D (&) =7 - ) o

-0 g |

a,(5) = (11110), D,(5) = 6

‘,‘3{,(5} = '_(';;1100), D5 = 3

a (6} = (11100@), D (6) = B, -

‘Thus a, (6) (11;00&} is the maximum Tikelihood path throuvh

the code tree conditioned upon :eception of g(é), and the

' corresponding sequhnce of irformation;estimatesyis i¥(0) = 1,

' i*(l) 1, 1¥(2) = 1 and i*(Bi = 0.

wa let us consider the app3ication of the Yiterbi

, decoding technique to a “semi-infini Le ure111~“ that isv
_'a rellis which is not terminated bj a sequence of n su009331ve

zZeroes but cne Whicn corresponds to the encoding oP -an in-

definite number of information digitsa ’ ’ o .z

Definition 9r Wor a semi-infinite trel‘is, a hard deoiclon

1%(n) of i(u) is said to be made by time (or depth) f, f >u,
if and only if éi’f(u) = i%(u), 1 = 0,1, ---,ém-;l. |

In the above example-with R(6) (101 100 101 110 101 010)
foi the ﬁfellis of Fig, 15, hard deo1sions 1*(0) - 1 and-

“Were determingd.~ i%(ﬁ);#,1 wae made since 8o, p(0) = al’@(o)

kv = 22;§(Q3 :-55’4€0~ = 3, and l*(l) 1 resulted since

2
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éo,@(l) ='&1‘4(1) = a5 p(1) = ag (1) =

4 Note that ha‘d decislons are irrevocable by the nature
of the decoding process° That is, 1if ai f\(u) i*(u),
i = 0,17=--=,2 ~1 then 2y, f.(u) = i*(u), 1i=0 1,—v~,~ -1,
for fi>7 (It will later be showm that a hard decision
on i{u} is made with probabilicy 1 as tne deptn of oper-
ation of the-Viterbi dequer into the trellis approacnes
infinity.) | \

:Nowreveh'thaugh-a Viterbil decoder which eperates'on

a.semi-infihité trellis chéoses the path through the trellis
of smallest distance from the received vector for 0'<;><

*he probability that this decoded patn is the actual trans-

mitted ‘path apnroaohes zero as the distance into the- trelils

)

approaches infinity, sinve it is inevitable that some de-

coding error will eventually be made, The?efore we choose

as our eriterica of goodness:Pr(i*(uX£i(u)) for arbitrary

1, and not ‘the probability that the entire path hypothesized

by the Viterbi decoder is actually the correct (or trans-

_mitted) path.

Note that the vector D'(w) £ (D!(uw), DJ(w), ==, Dim_, (),

where D!{u) 4 Di(u) - minD(u); i= O,l,=~,2m-l, and

i

{
u
2 ninp (u) -5 , provides an adequate descfiption'

_20’ L -

minD(u)

of the "state" of a Viterbi decoder at depth u into %the
trellis, with respect to the formatlon of i*(u-1), the

"hard decision” of i(u~1).= For D'(u), in conjunction with
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;futare;ﬁeeeiveé vectors z(u), z(u+tl), r(u+2),~~-, is suffi-~

cient to determine the subset of nodes of the trellis at

depth u through which pass g,(f), 1 = 0,1,=-==,2"=1, Vf>u,
And if for some f#*>u, all a; (f*) pass through a subset of
fn (u), n2(u),¢j§,,n2m_1(u)}, then 1*(u-1)7=- ; and if all

gi(f*) pass through a subset of {n (u), n (u), =y Ty _ 1(u)}

"~ then i*(u-1) = 1, Therefore, with respect to the 0&LCU°

lation of the probabilitj of error per infermation dig;t,

D'(u) will be taken as the approoriate state (or state

vector) at tine u, and Will henceforth be called tne relative )

distance vector.

Lemma 4, For a Viterbi decoder for a binary, rate R = %4,
systematic convolutional code of memory order m, the number
of distinct reliative distance vectors at any time u, #D° (u),'

is bounded by
' 2™ -1

”D’(u) < P (1+4 max) (110)
where dgmax £ max W(T (u)) , (111)
*(u-m),--- i(u+m~1) :
(u) E(u“m)s"”y:—(u)y“',i(u*}‘m-l] &m 9_-\—- — _‘_g-—-
AN
N
~
& NN
! SO ()
go\gl: - “%ﬂ
, N
%\\;f‘\ \‘\ |
N
‘ \\ \\ _8_1
]
9= - ”':lQ \&o

o
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Vand &1 é@igi;’--"'giglf?)] » Hvi = 0,1,=~=,m, (113)

In other words, we want to show that the paths re-
tained by the Viterbi decoder are never too greatly different,

i,e.,_that-the distance of none from the-recelved vector

. exceeds that of the closest by more_than dsmax.

»Proéf: Let ni(u), 1e {0,1,—--,2m-1§, be a'node at depth

u into the trellls for which D, (u) = min, {D,(u},===,Dp0 4 (u}f -
and hence for which Dﬁhﬁao, ‘We now ask what is the maximum -
stsibie value of Ds(u) for an arbitrary node nj(u) atr

depth ue It is readily seen that there exists a path from

node n,(u) at most m steps back through the trellis which

intersects éi(u); the minimumvweight~path from the origin

to node n, (u). ‘Now the distance between the path segments

to nodes—ni(u) and nj(u) from the péint of intersection of

a,(u) and the path back from node nj(u) can be at most

dsmax, which implies that there exists a path from the origin

to node nj(u)‘which differs from the received sequence in

at most Di(u) + d_max positions. Hence D!(u) < D{(u)+dsmai =

S 3 -
= dsmax, and thus Ds(u) can assume at most ‘o max + 1‘distinct_
values, l.e., O,l,2,~~~,dsmax. Hence the boundr

m

-t

m 1 ¢
tn) < 27(1+d max) follows, with tne factor 2 corres-

ponding to the specification of a node nj(u}’for widoh

Di(u} = 9, and the factor (1+dqmax) cerresponding toe the
o m

maximum nunber of values each of the remaining 2 -1 nodes

may assume, This completes the proof of the lemma,
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Note that the bound cnh the number of relative distance-
vectors grows greater than exronentially, i.e., approxi-
mately asAexp(eXp(m)), with encoder memory m, |

Thus a Viterbi decoder, for the purpose ofﬁanaleing‘
the probébility of error per information dlgit, may be
represented as a finite ﬁarkov chain,rwith the states of
the chain being deﬁoted as_Qé, Qi,~<—, Q&Q'-l’ #D' <

s}

m - 2 - ) -
£ 2 (14+dgmax) s The all zero transmitted sequence is

assumed, and thus the transition probability Pij from state

Q' to state 25 is given as the probability of those error

1
patterns e(u) that take the decoder from state D' = D (u)

- to D' = D*(u+l). Thus given the set of states with the

J

assoclated transition probabilitles, and a suitable initial
condition, Pr(D*(u) = D!) for all u and 1 can (at least in
principie) be determined. _

Associated’with each state Q{,is a probability of
error, Pn., which ls the probability that g(u), ef{u+l), -
e(u+2),===~ ig such that for some f>u, gj(f), j = 0,1,~-;
~~,2m~1, all pass through a subéet of the nodes

{nl(u), nB(u),~~~, nzmni(u){ at depth u into the trellls,

given that D°*(u) = Di.

A ] , _
= PrO¥(wzt (W /o, oot Decoding! =

= 3 Pr(D'(u+l)=D! )Py, |
© o 1=0 . 175

Thus .Pv(u)

1s the probability of error associated with a Viterbil de-
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coder as a function of u, and

P

v & 1imP, (u) ' ; (115)

u-— 00 -
is the steady-state Viterbi decoding probability of error.

(Tt will be shown shortly that lim Pr(D'(u)=D}) end hence
U0 . :

1ix Py(u) always exists for a Viterbi decoder,)

As an example of a calculation of Pyr let us consider

(2)

the R=%, Systematic convolutional code with go(l) = 1 and

glgig = 1, the semi-infinite trellls of which is shown in
Fig. 16, f

For this éode, et D! = (dg), D = <01),'g5‘a (00),
Qé = (10), and Q&‘= (20). Thus the associated Markov

transition matrix may be caléulated to be

RS 2p{1-p) 0 %
(1-p;> 0 2p(i-p) 0 p”
= 0 1-p 0 p 0 - (116)
p(1-p) 0 1-2p+2p2 o0 p(1l-p)
p(1l-p) 0 1m2p+2p2 0 p{l-p)

and from [ the steadywstate $tate distribution found as

Pr(Df=D') = 1-lprpr7pPi2p"
° 1+3p2~2p3
; 4
Pr(D'=D!) = —2D=5p°45p7=2p
14+3p°~2p°
2
Pr(R°=Ds) = ~2p=3p g293r
1+3p°~2p” (117)
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b
Pr{D'=D? ) - ZPZ"BPB"’ZD
Rt 1+3p<-2p’
2 Iy
Pr(D'=D}) = —EB +po~2p
’ 1+3p2~?p3 .

Before determining the probability of error‘associated
with.each state, it is necessary to consider a'partioular
tie-breaking rule utilized in the calculatiéns. ,Asris>shown
iﬁ Fig. 1?,-assum¢:g'(u) :7(01) and r(u) = e(u) = (00).

Now élthoﬁgh the hypothesized path segment %o no(&+1)'at
time u+l can come onlyrfrom,no(u~, thevpathrsegment to
nl(u+i) from né(u) as well as ni(u) results in the same
value of Di(u}l), a2d hence each ;s equally likely. In
thlézexample fhe convention was used that in case of such

a tie, the path which is more,favorablé to a "hérd decision®
is choseﬁ,.thus.résulting here in the cho1ce of the branch
from ho(u) to nl(u+1). - -

Note that although tié-breaking rules affect thezé
branch configurations which are related to thé making of
hard decisions, And hence the probability of error asso-
ciated with each state, they do not affect the state of
the system at any time, since the state at time u depends
merely upon the relativernumber of agreements with the

received vector of the paths leading to the 2% nodes at

depth u, and not upon the particular configiration of the
surviving paths prior to time u.
Thus with the tie-breaking mechanism suitably defined.

for this example, the probability of error assoclated with
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each state may be easlly calculated to be

P-D-é = O
Py = 0
Py = 2p(1-p) ] | (118)
Pre =1
< | |
Pop =1, ' o
D ~ o |
~ and hence y 7 , b g
2 . -
P, = 2 P2(D’ =D')PD. = TR CL2p 0P oip (119)

-

~ A comparison of equations (8) and (119) reveals that
Py = Pgpps wheré Prp is,the'steady;state probability of error
QSSociated_with feedback'decoding of the code in the above
example. The fact that PJ = Ppp for this case appears tcr
be merely a property of the partinular code employed, and -
is not believed to hold in general,

(In fact, it can be demonstrated for this example that

the Viterbi decoder results in the same sequence of infor-

_matlon estimates as does the feedback decoder, given that

both decoiers operate on the same received Sequence.)
Another interesting property of the Py of equation
(119) is that PV> p for p*«<p<3, where p# is defined as

3 = 0 (see Chapter IV, p.23},

the real root of 1?5p+5p2-2p
This'indicates that fof p*< P< 5, even though the>pathr
chosen by the Vitérbi aecoder is more (or at least as
qually)‘likely than (as) any other path through the trellis,
the Viterbi algorlthm does not minimize the probhability of
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’;»sible paths threugh the trellis 1is, viewed as a set of mes~v’”

'Vmatiou digits which may be associated with the set ‘of mes-

’ Sages 'y

—"error;bervinformation digit’for thisdexample and particularf

_range of p. For glven r(n) & (r(l)(u) r(?)(u)), the d3°0d1n8 :

algorithm for this code with 1% (u) = r(l)(u) = i(u; * e(u)

eqhas Pr(i*(u) ¢ 1(u)) = Pr(e(u) =f,)'— b < P,." f; R

This result is not as surprising if the set of pos—' -

sages to be transmitted as.a. block code.. For eVen a maximumf

"”liikeilhood block decoding’ alsorithm doe° not neCessarily

e:minimi7e the probability of error with respect to. the infor~ff:_rti

L
Z

"f;Theorem 8 For a binary, rate R —;k systematic convolutional

O

' *ilcode of" memory order m. steady-state state occupancy prob-
ﬂiiabiliiies associated with a Viterbi decoder always exist

’1wi+h‘N‘<2C, where N is the smallest powei of.the;Markov_

transition matrix n assoeiated with tbefdecoderffor-which:

*fthere exists 8 fionzero column,w.'

d 2dn - o
3 '— Umax + dDmax +. ”dDD} . o (120)
| dDD,'V | R
den is the defin‘te decoding minimum distance of the code,
; A C |
dpmax = max W(Tn) oo S (121) .
o Hum) 2h i ee) |
IR TN — . 7]
where .T_D-z E(u-m)_,---'i(u-lj Em 9‘,.:;...__ -0
- i - , ’ \ l .
SR .
oo N (122)
5.2 N ) :
31 &2 _‘ "“sm ’

S AR STy




5 o e - 9 s .
B A - . _ : ) B ‘”» 7
dUmax 2 max W(TU) . .. {123)
. 1(u),---,1(u+m~1) o
where TU E(“)'““‘ (u+m~1ﬂ —Eo B ’f“gm-IiA -
: ) RN O
JINON e e
g B v DB : o
| S U R N

, _ 'Qf‘*ﬁ'EC"f. b

R O [ B e (PR T e S e SR S R . [URP anC ,O ,4.,,,51’,.’;_,1_,.': ; — 'V_"»”

the g,'s, 1 =_0,1 -—,m, ere defined ﬂn equation (113) e i

and [A ] denotes the "smallest lnteger greater ‘than orf - . ,{A:?J,W vé,é
.equal to" tne enclo ed number. ‘1' - f iff f‘; f17i;” -iﬁc> - j;

ofProof: From Theorem 1 of Chapter III, it suffices to show fj

the existence of a: state Dg'suoh that every state -of _tne %

15 . 7”5decoder can be driven to Di in" exactly ZC steps.~ :‘fo.,g" S E
f« o ‘ ig*f‘; First of a11, assume that Lhe decoder is. in an arbi-' - i
S -trary state DY at time u, 1.o., D'(u) = /D:l, and let r(u)
§ R r(u+1) L---- = r(u+°C—1) = : f ' :
2. éva» S ' Now assume that for some je {0 1 ———— 2 ~1}, there;: ;
‘ exists a path a (u+20) such that a (u+20) does not pass ) P ;
;«,f . f;;_ through node no(u+C). I 1s not possible then for\uhis,, b: :
) pathigf(u+20)'tofpass throughvboth>nodes no(u+k) and n, (u+f) {

0£k<¢C, C <=»f_,';s 2'C; since the optimum path from ho(u+k) to

(u+f)'passes through n, (u+k+i). 1= 0 1,—~~,f-k. -Thus L é
a, (u+ZC) does not pass Lhrough a zero order node (i.€., a b g

node reaohable by means of n oonsegutiye "zero" branch K\ é

: deoisions) for at leaSu C consecutive tlme units. However» é

| over this span at least one branch corresponding to an f

: {f : , , 1nformation diqit of a "one" must be talen every m con» ; %

4
-
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' secut1Ve'time“units,'or‘else a zero order node Would be‘

,,fg%e dDD e dDD

d rformed by taking ZC-m consecutive "zero" branohes to node

", n (u+20»m){ and +hen by proceedlng to node n (u+20) along

'1j This path picks up a distance of at moat dDmax from depth

~

reached. Thus over this span, path _3(u+20) picks up a

distancc of at 1east dDD every 3m tim units, by nature,
ofif'e<def1nition of dDD' and hence over this partrcular ‘4 -

units gains a, distance of au least

"2“4%(d Az +dguax+2dps) dD Ny o

HoweVer there ex1°ts a- path through tne tre111° from T

the node which aj(u+20) passes through at depth ‘u to n (u+20),

g

. TP . i g e A TR e
SRR o SRR .3 {2 et - .

the m branches specified by tne bina y representation of "j"

S to u+m, a dlstance of O from u+m to u+20-m, and a dis-‘
tance of at most dumaV'from depth u+20-m to u+ZC, resultlng c

in at most a total distance gain of dDmax + dvmat. But

since this path intersects a (u+20) at’ depth u 7and gains e .ﬂ 3
a smaller distance than aj(u+20) over the. next ZC time units, .:“~:f:»\§
Sa (u+20) is not the:"maximum likelihood" pa“q to node | ?

(u+2c) and a contradiction is obtained. “Thus the con- ?
clusion is reached that ai(u+ZC), i= 0,1(~~-,2m51,‘all

pass through node n, (u+c)

Hence the state at time us2C, D' (u+2c), is merely 7::‘ 45 E
_that vector obtainea by considering the minimum weight é
path from node no(u+é) to each of the nodes ho(u+20), E

ny (u+2C) ===, nzm_l(u+23), and hence is independent of the

particular state at time u, We define this state as the

-



A"réere tat and denote it heneeforth as D

.5:trensitions, and the theorem 1s proved. 53: A,

o proof of the above theorem that for r(u) r(u+1)

/Thus the state at time ﬂ+2C+1 will be” determined by the

Theorem 9. For a Viterbi decoder for a binary, rate R = % ,

~

Th> every state Gan- be driven to D' 1n eXactly 20

~It might be noted that Viterbi

(u+zc) = o, paths a (u+20+1) j = o 1 =-—,2 »L, a11

pass through node n (ukC+1) (a> Well as through node n (U+C))

minimum welght paths from node n_( +c+1) to nodes ng (u+2C+1), e L

n1(u+2g+1);m-~,-n2 1(u+zc+1), and hence D'(uk20+1) ,_o

the "éefo state," Powever D'(u+20) D' a]sop and thus
since r(u+zC) = O D' is seen to make & transition~inéo’ - - ;
1tse1f upon app*ioation of the 1nput O. - l

. Next let us consider the making of "hard declslons" '
byva Viterbi deeoder which operates upon a seml-infinite

brellis. ' - \ ' o B : . = ‘

o ]
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-;operatlng.

#33uned o be Lransmiitied,

systematic convolutional code of memory order m,

< exp(-N, (f-u) [T, (~ DD

d
f‘or p < DD

Pr{hard decision 1*(&-1) is not made by -time f) SA
- ad

1..1’{( DD])O‘
Mo

N and f—u sufficlently large, whnre

T (x) 2 ~x1n{§¥ - <1-x)1n(i-p);

H(x) '-xln(x)

(1-x)1n(1 }

' qu isrthé deAinico decoding minimu

stan"e of

az6)

(127)
(128)

u- isfsny aroitr ry oat fired d stanre into the trellis,'

‘and £ 1s the’ 4epth at which tpe dpcoder is presenoiJ

£

Pfoof;i:Qe?{Cu

FR )

-
s -4

o B
SRR
Wyt

cu’;, of course, is equal’
* - - ) . N

tern frow Eime uw'tg §, since &

Now assume that 2|

fe€ay th €y 4o not pass through

Thereforerdv (g,(f‘ 2.(f))

denstes the Yemming dishka nce between the segments

orecver,‘for-aL

be vhe rand

Lvrary{y.

iim Pr(hgrﬁ desision 1%(u-1) is made

vAri -Ie defined as’

U(I‘(u‘ '—*j'z(f

to the ©

h

=y

e

Kl

f(130}

wsight f’the error pau-

-1—ze*o seqaence

;

the c:b'd.é,"'t

by time £) = 1. (129)

{f} and a,(£). ;5 3, f‘ >u, are
1 to d:pth £ of the trellis;
h a cormon hode over this span,
> 1I=%a | where 4, of |
5| “oD* u,f )
of.the

two enclosed wesbors from depua u to deppn f of the trellis,

We also nnote that 4 ia

>4, fiij(f)sﬁi(f)} from the trisngle inequ aTjty.
, ,

7h

-
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Now dy o(aj(£),B(£)) & 4y play (£),B(£)) + 2dgmax,

sin&e from the proof of Lemma 4, d(gj(f),g(f)) < dSmax +

o+ aay (£),B(F)) and dg (24 (£),B(£)) < dy y(24(F),R(F)) +

+d§M.Tmmmmduﬂjw)MN)+%f@ﬁﬂBHH
< 2d, p(2y(f),B(£)) + 2dmax. |
We aiso note that du ela; (£), H(f) < Vdu,]-[-(zf_-l(u.f).B(f'))T

by definition of gy (f), where Ty{u,f) is the path from the

~ node of the treliis which gi(f} intersects ut depth u, -

formed by taking f-ﬁnm successive "zero" branches to n_'f-m)
and then proceeding to node ni(f}. Also,,du’f(gi(u,f),g(f))

Thus in éummary;

| :!g;‘?iinﬁ < du,f(_.g__j(f).ai(f)) < dﬁ'tf(a_j(f),_ﬂ(f)) + dy pla; (0),B(F)

< 2dy ¢(a1(£),B(F)) + 2dgmax < 2dy, ¢(T3(u,f),R(F)) + 2dgmax

<26y, p + by, + 2dguex, “ ' (131)

* and therefore

] lmN | (132)

T - cC 't : :
" . u, f DD 7m -
Thus if actually No(fmu}'< 2 T, - 2(f'u) y & con=

tradiction is obtained to the assumption that two arbi-
trary paths gj(f) and g, (f) are ‘distinct back through depth
U, And hence a hard decision (l.e., i#(u~1)) 1is assured

lat tine f,



Lo B 4

' a
Therefore from the Chernoff bound[?i , for p < 3%%5,

Pr(hard decision i*(u=1) is not made by time f) <

c d q q
S Prigiitmy 2 maw) < exp(=Ng(r-u) [ (zpR=)=H(zp=1] )y (13)

for f-u sufficiently'large such that is insignificant

Z(f-u
compared to K““"

Now since there exlst sequences of efror Veétors which
result in "hard decision" i*(u-1) (as well as 1*(0),---,
1#¥(u=2)) being made by some future time f, even for arbi-
trary p the probability is "one" that one of these sequences
will sventually occur, and thus |
1im P;(hard decision 1*(u-1) is made by time f) =
>
completing the proof of the theorem,

It would be fortunate if arhard dec1sion wefe in
general "guarénteed" after a given number of additional
time units, but the following counterexample demonstrates
that such is not the case.

Consider the trellis for the binary, rate R = %,

systematic convolutiona1 code of memory order m = 2n-1,

with 521; (gogig,“"°,gm§§§) 2 (R:R), (or equivalgntly,

2% (go(lg. sngfg)) (fg =1, and W(R) 2 2, for the
semi~infinite recéived vectors 3(1) 4 (r(l)(o), r(l)(l),--)

=0 and 22 2 (2(2)(0), £(2)(1), ==) = (ReBiBi-=) + (100-=0-),

Now at depth tn into the trellis, t an even 1nteggf,
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a (tn) is such that ay yi(1) = 1, 1 = 0,2n,4n,===,(t=2)n,

and a, 4,(1) = 0 for i not a muitiple of 2n, Such a path
1 R

disagrees with the received vector only once every m+l time

units with the exception of 2 differences over the first

- m+l time units., But at depth tn, for t an odd integer,

2o tn(l) = 1, 1 = n,30,50,-~=,(t~2)n, and ag,tn(i) = 0

ohherwise.[ This path disagrees with fhe received vector

cnly once every m+l time units after depth n, althougﬁ »

before n it_has/a namber of disagreements equal to W(g)-l.
' \ (2)

(The (100--0-==) portion of r ' forces the first n time

units to adsorb the parity disagreements rather than any
, R _ =

other such n time units, since g°E15 § 1,) o
2hﬁs ao,tn(o) =1 for t even.aﬁd,ao,tn(O) = 0 forA

t odd, indicating ﬁhat a hard decision is never made on

1(0) for this code and received pattern even as the depth

into the trellis approaches infinity, and we :mave the de-

sired counterezample. | |

Lemma 5. Tor ; biﬁary, rate B = %6, systematic convoliu-

tional code of memory order m, & "hard decision" on the

'y

information digit at time u, i{u), cannot be made at least
until the Viterbil decoder is operating at depth u+mti ingc
the tl‘f;‘lliS‘t

Prool: A hard decision on i(u) implies that for some I>u,

* m 1 n Fe ] 3 o
aj f(u), j=0;1,=---,2 ~1L, 211 pass throush nodes 20 dept
, ,

u+l corresponding to the same decision on i{u), i.e.,

Shroush a subseb of either{ng(u+1),n?(u+1},~»,n?m,1(u+l)}or



S
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et
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{ni(u+1),n3(u+1);“*“;ﬁgm_l(u+1)}- But paths restricted to
passing through only one such subset cannof reach all 2m
nodes at a greater depth into the treliis for at léast m
rnere branches, Hence f 2 m+u+l and the lemma is proved.
Even though the numbef of stateées nevessary and suf-

ficient for the calculation of Py is finite, the number of

‘states required in an aétual”implementation of a2 Viterbi

decéder 1s_finite if and only if the code is such that a

- hard decision is always made on i(u) at least by the time

the decoder is operating at depth j+u into the trellis,

for some j, m+l < J <. Forra Viterbl decoder, in order

to decode 1(u), must keep track of the surviving :paths'in
the future until such a time that all of the paths ememating

from the nodes of the trellis at depth u "agree" on the

. same estimate of i(u).

~ We next show that, for a restricted range of rates,
there exist convolutional codes such thaf the associated

steady-state error probability of Viterbl decoding, PV,

~decreases exponentially with encoding constraint length.

First, however, a definition and two preliminary lemmas
are needed.

Definition 10: The received vectors r{i), r(i+l),-=--,

r{j-1) are sald to be low weight received vectors if and

: dpp-1
only if W(x(q):r(q+l)s~~~:r(q+m)) < L,QE__J, g =1, i+l,~=-,
j=1-m, where dp is the definite decoding minimum distance

of the associated code.
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Lemmza 6, If the recelved vectors r(i), r(i+l),==--, r(j-1)
are low weight, then the path through the tfellis from node
no(k) to no(f) with the smallest number of disagreements
with the received sequence 1s the all-zero path between
nodes n, (k) and no(f), I<k<f<)e

Proof: The lemma 1s trivially true for f-k<m, since'for
this case the only path from n, (k) to no(f) is‘thé all=-zero
path segmeht. | | '

For f-k>m+l, it suffices to verify that d (no(k),no(f))

1

,>-do(no(k),no(f)), where dl(no(k),nd(f)) is defined as the-

mninimunm number of disagreements with a low weight receifed
vector of any path from no(k) fo no(f) of the form a(k)=1,
a(f-n-1)=1, a(f-m)=a(f-m+l)===-=a(r-1)=0, and dj(n_(k),n_(f))
is defined as the meximum number of possible diéagreements
of a low weight recelved vector with the'all~2ero path
segment between no(k) and no(f)o |

Now a path from n (k) to n_(f) with a(k)=1, a(f-m-1)=,

and a(f-m)==~-=a(f-1)=0 has a weight of at least d__. >d

FD= "DD

over the first m+l branches, a weight of atfleast dDD over

the last 2m+l branches, and a weight of at least dDD over

e1ch consecutive string of 3m branches. And a low weight

f-k" dpp-1

recelved vector has a weight of at most f——u over

m+1
=k consecutive branches., Thus it can be easily verified

that dl(no(k),no(f‘)) > - = m+i £ £=k £ 3m+1

A+ - (134)
> A Dg , 3(A=1)m+2 < =k £ 3Am+1,

A= 2,3,4,--=
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And since

—Z— (135)
it cén be shown that ‘

4, (ng (K)o (£)) > 4o (0, () ng(£)), =k = mel, ms2, ==s (136)
Hence the optimum path between twé zero order nodeg, con=
ditioned upon reception of a low weight received vector,

1s the all-zerd péth between the two nodes. This completes
the proof of the lemma, | |

Lemma 7. If the received vectors r(u~F), r(u-F+l), ---,
r(u), ===, r(u+F-1) are low weight, where F 2 3m(dnmax +

+ dymax + 1), then g, (u+F), i = 0,1,~--,2"-1, all pass
through no(u) and ﬁence i#{u-1) = 6.

Proof: Assume r(u-F),-~-,r(u-F+l) are low weight and that
gj(u+F) does not passAthrough no(u) for some j€{0,1,-=,2 =1},

Now a,(u+F) cannot pass through both nodes n (k) and no(f),

u-FglJ<< u< f‘gu+f’. because from Lemma 6 “he optimum path
from no(k) to go(f) passes'through no(u). Hence gj(u+F)
does not pass through a zefo order node for at least F con=
secutive branches through the trellis (i.e., from depth
u=F to u or from u to u+F, or both).

Without loss of generality, assuming that these F
consecutive- branches are from depth u to u+F, gj(u+F) picks
up a distance with respect to the received vector over this
span of at least

P _ [ »7 |dpp-1 P _r 9pp-1
[‘3"5J 90D {m} [‘T"J 2 37%D " w6 =

80
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(dUmax + dpmax + 1)dDD -%gdumax + dDmgx + 3)(dDD—1)

%dDD(quax + dpmax + 1) + %(dUmax + dpymax) + 3 (137)

"But the path to,nj(u+F) from the node which gj(u+F) inter-

sects at depth u; tormed by taking F-m successive "zero"
branches and then proceeding from no(u+F~ﬁ) to nj(u+F),

plcks up a distance with respect to the received path of

at most
‘ S Inn-1 Arp-1
: - T | (DD , . F %Dp
dDmax + dUmax + {%:3] [-77-tl 5 iDmaL +,dUmax + ol e

— : 4 __1_' .
= dymax + dymax + %dDD(dUmax + dpmax + 1) 2(dDmax+dUmgx+1)

%dDD(dUmax + dpmax + 1) + %(dDmax + dUﬁax) - %, (138)
This distance is-thus less than that associated With
gj(u+F) over the é;ﬁe span and a contradiction\ié obtained.
Hence gi(u+F), 1= 0,1,-f-,2m-1, all pass through no(u),
i*(u-1) = 0, and the leuma is proved.

Therefore, 1f the all-zero transmitted séquence is

assumed,'the probability of error per informatlion digit,

Pr{i#(u-1) # i(u-1)), may'be upper bounded as
A1
Pr(1*(u-1) # 1(u-1)) < Pr(W(elq)se(q+l) t===:e(q+n}) >[-D%—-J
for some q € {u~F, u=~PF+l,-==,u+F-m-1}, (139)

And once again utilizing the Chernoff Bound, the

expression [dbD'{J

pr(ileladrmieloml] > —;gmf‘) < ¢ Vmpfx | (140)
FD : “FD

for ' ldDD“lj

Pp< -~-—---.-----..-5 is obtained, where
N 4 ) R
FD |
A tggglﬁl léDD‘fJ
E, 2 T (L ) - H(L_& ), 7 (140)
P Nmp ~ Nop
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Tp(x) and H(x) are defined in equations (127) and (128),
and Ngp 2 (m+1)N6 is the feedback decoding constraint
length (or the encoding constraint lengbh),

Therefore, from equatioﬁs (139), (140), the union
bound, and the definition of F, the result

- 4 7 -N E .
P, < (2F-mje FD'X < 12n°N,e PP X, | (142)

o
for p < ———2. , 1is obtained,
Npp

DD
is the definite decoding constraint length, Massey @g

For N_.. sufficiently large, where Npp = NFD(1+R)

X
has shown that there exist binary, systematic, rate R = NZ

convolutional codes of memory order m such that

dpp | ~1/n 11=R
—== >H “(0,12==), In the above paper it was conjectured
NDD = i+R

that tighter bounding arguments could do away with the

factor of 0.1 and the result dpp >,H"1<1-R) obfained, which
NDD = 1+B

is identical to the bound proved for periodic convolutional
codesi?j « Assuming the truth of tThils oonjectufe and

utilizing equation (142),'the followlng theorem is obtained,

O
T m 10, For p < Z(R) = LtBp-1,1-8 a :
heore or p (R) “Z=H " (§75), and for Ny = (m+l)N,
sufficiently large, there exlst binary, rate R = %, sys-
(o]

tematic ccnvolutional codes of memory order m such that
the assbciated steady~state Viterbl decoding probability

of error PV is upper bounded by
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Py < 12mN e VEDEV(R) (143)

a

where EV(R) Tp(Z(R)) «~ H(Z(R)) (144)

For p = 015, the rate R must satisfy R < % in order
for p { Z(R) ﬁo hold; this range of rates 1s substantially
less than channel capacity C, which here is equal to

.887 bits/channel symbol. Also, EV(O) = ,0703, which

“compares unfavorably to R, = «683, where R, is the zero-

rate random coding expohent for both convolutionsal and
block codes{?@ for the ﬁartiouiar'channelo

" The value of Theorem 10, in spite of the above men=
tloned limitations on EV(R); lies in the demonstration that
varis»le span decoders for convoluﬁional codes can be
operated without resynchronization and a steady-state error
probability obtained which decreases exponentially with
encoding constraint length.

It should be noted that a definite decoder which

corracts every pattern of lggg:iJ or fewer errors over s
definlte decoding constraint length could achleve a per-

formance similar to that guaranteed Viterbi decoders by

ge of rates, For here,

equation (143), and for a highT§

ran
DD=~1
p would only need satisfy p < L2
N
. Db
Viterbl decoders are rendered impractical because the
complexity of thelr implementation grows greater than
exponentially with encoder memory m, The most practical

"variable span" decoding technique to date, sequential
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decoding, has a complexity which grows (approximately)
only linearly wlth m[?ﬂ .
Stralghtforward generalizations of the results of

this section can be made to arbitrary rate R = %0 convolu~
. Q

tional codes, 285 was mentioned earlier., Generalizations
can also be made to codes over GF(q) if the hinary sym=-
metric channel is replaced by a memoryless, time-invariant,

—additive GF(q) noise source,

oo



VIII., SUMMARY, CONCLUSIONS, AND SUGGESTIONS

FOR FURTHER RESEARCH

In Chapter I, the concepts of genle, definite, and
feedback decoding of convolutional codes were introduced,
and an explanation given a2 to why previously attempted

analyses of the feedback decoding probabllity of error had

. proven fruitiess,

In Chapter II, a new approach for calculating the

'feedback decoding error probabllity, in which the entire

feedback decoder is modeled as a finite,'autonomous sto~
chastic sequential machine, was introduced via its appli-
cation to a simpie convolutlonal code and feedback decoding
function. For this example it was found that Pgp < Frp< PpD.
0<p<3, where Pgp, Prps» and Ppp are the error probabilities
(steady~state) assoclated with genie, feedback, and definite
decoding, respectively,rfor the particular code, and p is
the transition probability of the binary symmetric channel.
This 1s the first instance known that an exact expression
has been obtained for Ppp for a non-trivial convolutional
code and decoding rule,

In Chapver III, the stochastic sequential machine
approach was formalized for fesdback decoders for binary,
rate B = %2 systematic convolutional codes of memory order

m, used for transmission over a binary symmetric channel,

and a precise expression developed for Ppp(u), the prob-
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ani11ty of error associated with the feedback decoding of

L)

the ut?l subblock of information digits, Unfortunately, és,

SNSRI
. B

was stated, the number of states of the machine, and hence

f i the complexity of the computation required, grows exponentially
- _ _
] with nN . | »
L ‘ Alse in Chapter III, suffioient‘conditions were glven
: fow the exlstence of a steaGsztate depoder state probability
b ~ vezisy ¥, and it was shown that the exiétence of ¥ is a -
sufristent condition for the ekisﬁenc; of PFD 1im Pep(u).
- - a0 7
wyanplas were given for which - PWD exisss but.¥ does not, and
i Likeliio:é Recoader {T LD) all Leeaback aecoaers,rwere Qe-"
} fizei:” 2y meaaé'éf an example it as demonstratéd that,
f in ths gizadry-ztale mode, The estinates made by an MLD afe
- ' *:qxzﬂum 1ikelihood" estimates,
a_g evnidrome state and 1nputa Another
g o examphe'an used ke show that a feedback decoder wﬁich puts
| out maximam likelihaod ssbimaies in steadv-state is not
| necegsnarily ; THLD, thal is, a fesdback 4 "Adc* for which

state ocoupsncy probusbilitles exist for a QMLD with N = m,

=
fodo
)
o
o
o
-
ot
®
n
3
Y
i
5
b
R
9]
o

wnere 1 the Harkov transition matrix
associated with the decoder states for which there exists

8 nonzero column. Steady~state state occupsncy probabilities
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were also found to exist for aﬁother class of feedbzck de-
coders,'namely the decoders which correct up to the feed-
back decoding minimum distance of the code and estimate

the all-zero vector whenever the syadrome state and input
vector is consistent with no "minimum distance correctable®
efror‘pattern. |

In Chapter V,” the stochastic sequential machine

_approach was used in order to obtain an expression for

Papp(k), the probability of error of a k stage semi-definite

decoder. - The ooncepf4bf'an."equivaléné'feedbagk decoder"

proved useful in the development and was found to provide

insight into semifdefinite}decoding operatioﬁf A sufflcient

'conéitionjwas'obtained.for lim PQDB(k) :}PFD, and examples
- ) N ’k—‘)m WoL/d N R
given both for which this event does and does not oconr.

_Also,_ah exémple‘was exhibited for which there exists a

particular value of k, kg, such that Pgpp(ky) is strictly
less than both the Ppp for a TMLD and the Ppp for a "max~-

imum likelihood definite decoder" associated with the code,

“indicating thst semi-definite decoding may be of practical

impbrtance.

In Chapter VI, it was shown that nothing in general
can te said about the ordéring of Pgps Pppe 8nd Ppp, although
sone speciéi cas~ relationships were found among these qﬁan-
tities, By application of the Theorem of Irielevance of
Wozeneraft and Jacobs, it was shown that any method of de-

¢ .ding the ubh subblock of information digits, in which the
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received vectors corresponding to times greater than n+n
are not observed, has an associated probability of error
which(is lower bounded by Purgp: the probability of errer
of the "maximum likelihcod genie decoder" for the same
cédef In particuiarg PMLGD < Pap and Pyron < Fpne

Also in Chapté?;VI, in She limit as the binary sym-

netric channel transiticn probadbility p approaches zera, Lhe
< : = & p.x.

relationship Ppp < Ppp was established for codes for -whith
more errors are guaranteed correctable by the feedbs lo-

coding minimunm distance than by the defTinite decoding
ninimum disfanée, and wnich are déco@edpby & particular
clasé of feedback decoders.. This class decodes up to the
feedback decoding minimum d;staL e of She code and cxhibiss
finite error propagaticnrlev*tﬂ L.

In Chapter VII, Viterbi decoders were described in
the framework of the “condehsed code tree" or "code trellis”
formulation of Forney. By proper definition of the "state
of the system, it was shown that a Viterbi decoder also
could be modeled as a finite autonomous stochastic sequen-
tial machine .Jor the purpose of calculéting the probvability
of error per information digit, even for non-finite encoding
tfees.{ Fere also, unfortunately, 1t was shown tﬁat the
number of states of the machine grows extremely raplidly
(greater than exponentially),withiencoder memory Tt

An example was glven in which the above approaohvwas

{1lustrated, and in which it was demonstrated that, even

88
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though a maximum likelihood seguencé of information digits

beres Qiany

is estimated by a Viterbi decoder, the/probability of error

7

per information digit is not necessarily minimized.

[

Steady-state state occupancy probabilities, and thus
steédy-state decoding probability of error, were found to-

exist for Viterbi decoders for every convolutional code,

and a bound givep on N, which here, as before, is the smallest
| integer power of the Markov transition maetrix associated
‘with the decoder states for which there exists a non-zero
column, A natural dgfinition of the zero-state was given;
-and this state, analagously to the zero-stafe,of a feedback
decoder which correctly decodes in the absence of channel
‘errors; was found to make a transition into itself upon
applicétion of the all-zero input, |

Also in Chapter'VII, the concept of a “hard decision®

was introduced, and a lower bound given on the number of

time units that must elapse before such a hard decision
is made by a Viterbil decoder, An example was given in
which it was demonstrated that o corresponding:upper bound
i | does not exist for all codes, although it was shown that a
hard decision 1s eventually made by a Viterbi decoder with

probability-1.

Finally, in Chapter VII it was proved that, for &

iy

rectricted mnge of rates, there exist convolutlonal codes
‘ - such that the Viterbl decoding probability of error per in-

formation digit decreases exponentlally with increasing en-

| ”



coding constraint length., Although thiz uppsr bound i

S

substantially inferior to the random coding upper ¥x

H
for convolutional and block codes, ltr value llez in bLne
. .
A
I demonstration that "variable span" decoders ¢an he apsraled
without resynchronization and stiil atbaln a low probtahility

of error per information digit.
Unfortunstely, the number of stabes reguirad 1n a2 oal-

culation of P.., ?Aqﬁ(k;, or T, grows at least exroneniisl

thesis as practical metheds »of calculatinﬁ:

‘ for "real world" deccders. However, the resulis yrreasnied

| nere do add much insignt inte feedhaci, semi-definito, and

~

" Vitervl decoding behavior, z2ndé sgerve zs an analvtioal frams~

work for further research In the area, which camld voneeibly

]
cr
ors
0
B
foued
o]
(0
N
.t
jd
ot
7
L]

lead to very D

[P,

One area of practical incverest Lhel

i gated further ls:-that concerned with 2 comparigon of Foo

i)

and PDn for certaln classes of codes and decoding “urchlions,

.
! For example, does there exist a theorem of the forms “"Far

*gocd' codes and decoding functiocns [, PﬁF<<?ﬁ“, m——— MY
i - - = IEY o1
1 -
! fnother interesting cuestion concerns the determinatior

. . K
of the £ of a TMLD for =2 binary, rate 2 = {0, syetemabic
. ] e Yo

convolutional code of memory order m, This desired funchicn
: (mdl (N, -0
| f is the solution of a alnimization problem in 28 ~/°70 o

variables, corresponding to the number of distine? ponsiila

(S XT ]

syndrome vectors gi of the decoder, and can, 2L least in

principle, be determined., IHowever do=s L

fgtiivicond
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a siupler method, perhaps one based upon convolutional code

structure, of determining the optimum £? Also, does there
existra siuple test for proving that a given function f
resuliits in a THLD? (It should be remembered that even if
Qacﬁvestimate gI%(u) is mayximum likeélihood conditioned upon
{u+m) in steédy-state, the;corresponding L 1s not neces-
sarily that of a TMLD.) |

It would be of interest to prove that the f of a THLD
iz necesé_"ily determinisﬁic (or to producé an gpproprigté
ceuﬁterexampie). That is, for K = 1, if Pr(f(gi) = 0) =-

= l-wy and Pr(f(gi) =1) = wy,

< w3y £ 1, then is the T
- Vi? -

0
Tor the THMLD specified by wye {0,1}

dzfinite decoding -ylelds a smaller'probabiliﬁy or error
3w o2 given code than either feedback or‘definite décoding
would prove very useful. |

Also, the problem of “hard décision" making by a

Yiterbi decoder should te investigated, in order to deter-

odes for which a hard

decision on i{u} is-susranieed after & certain finite num-
nar of additionsal timae unibts,
o
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