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ABSTRACT
Boundary Corrections for a Coaxial Three-Coil
Conductivity/ Velocity Plasma Probe
by
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Rossow and Posch have proposed several configurations of immersible
three-coil devices that measure local values of electrical conductivity and
velocity in unbounded conducting fluids at low magnetic Reynolds numbers.
Using a previously tested configuration of three coils mounted on separate
support rods, Vendell extended the theory to account for the presence of a
finite cylindrical boundary. The present work is concerned with an im-
proved probe thai; further decreases the flow perturbation effects of the
previous d’esign by mounting the three coils on a single support rod. Cylin-
drical boundary correction factors are computed and compared with experi-
mental data taken in cylinders of quiescent electrolyte and the results are

found to agree within 10 percent.

(70 pages)



CHAPTER I

INTRODUCTION

Many investigators agree that meaningful measurements of the
properties of an equilibrium plasma are extremely difficult to obtain due, -
in part, to the energetic nature of the plasma stream and to the ability of
the ionized gas to conduct an electrical current. Some mass-average
properties may be measured by means of interferometry and absorption
or emission spectroscopy techniques using instruments that are external
to the plasma. However, the problem becomes much more complicated
when local property values are measured with internal or immersible probes.

In the design and testing of constricted-arc plasma facilities and
magnetohydrodynamic generators and accelerators, two plasma proper-
ties are of extreme importance: sc»alar electrical conductivity and
stream velocity. If an instrument could measure conductivity and veloc=-
ity profiles, then this information could be used to determine the effec-
tiveness of seeding gases and the optimum location of electrodes.
Furthermore, since the values of two independent intensive properties
are sufficient to determine the thermodynamic state of an equilibrium
plasma, a conductivity and, say, a temperature profile could be used with

appropriate formulae to obtain local values of several other properties



such as electron density or average electron collision frequency.

This paper is concerned with a particularly convenient configuration
of a three-coil conductivity/velocity plasma instrument. Rossow and
Posch (1966) designed and tested a probe that consisted of one primary
and two secondary coils, each of which ‘was- mounted in special geometrical
locations on separate support rods. The present work is based on a sym-
metric coaxial arrangement of the three coils on a single sting or support
rod. In a non-conducting medium, the oscillating power supplied to the
primary coil, which is equidistant from the two secondary coils, creates
a time-varying primary magnetic dipole field. When the device is immersed
in a conducting non-quiescent medium, the primary field is perturbed by the
induced currents and these perturbations cause changes in the potentials
induced at the secondary coils. By means of the theoretical analysis of
Rossow and Posch (1966) the c;hange in the sum of the secondary signals
may be linearly relate.dr to éieciﬁfiéél ..00qductivity and the differential secon-~
dary output may be related to the product of the electrical conductivity and
velocity of the surrounding medium.

The theory of Rossow and Posch (1966) was limited to an unbounded
fluid having a uniform conductivity and velocity. In addition, the analysis
was restricted to a probe system and conducting medium such that the mag-

netic Reynolds number was of the order of 10_1 or less.



Vendell (1968) extended the theory to the case of a cylindrical stream
of infinite extent and also presented a data reduction technique to remove
the restriction on uniform conductivity and velocity.

This investigation consists of an application of the previous analysis
to the coaxial probe configuration. Accordingly, Chapter II contains a
brief review of some earlier investigations as well as an account of the
work by Rossow, Posch, and Vendell.

Cylindrical boundary correction factors are derived, computed, and
presented in Chapter III. Four coaxial probes were assembled and tested
in plexiglas cylinders filled with conducting quiescent electrolytes and
Chapter IV presents a comparison of the results of these tests with the
numerical calculations of Chapter\III. Finally, concluding remarks on
the merits and possible future applications of the coaxial three-coil plasma

probe are made in Chapter V.



CHAPTER II

PREVIOUS INVESTIGATIONS

In this chapter, several conductivity and velocity measurement tech-
niques developed in the past are briefly reviewed. The three-coil, non-
coaxial, immersible conductivity/velocity plasma probe developed and
tested by Rossow and Posch (1966) is discussed in a slightly greater detail.
The last section is devoted to a discussion of the extension of the theory
of Rossow and Posch (1966) by Vendell (1968).

An electrical conductor is defined as a material that obeys the modi-

fied Ohm's law
J=o0E

where J is the current density vector, E is the applied field intensity
vector, and the electrical conductivity, ¢, is a property of the material.
Most metals and electrolytes obey this form of Ohm's law.

A conductivity probe based on Ohm's law is known as a Langmuir
probe. Such a probe, however, cannot conveniently be used to measure
the electrical conductivity of an ionized medium because of the complex

thermal and momentum boundary layer effects, electrical sheaths, contact

potentials and the Hall effect. All of these factors must be accounted for



in any theoretical or experimental Langmuir probe investigation.

These difficulties can be overcome to a certain extent by using an
electrodeless plasma probe. Various techniques which have been sug-
gested in the past utilize the principle that a magnetic field is distorted
by conductivity and motion of a plasma or that the ohmic resistance of a
conducting fluid dissipates power from an oscillating magnetic field.
However, the coil arrangements used in most of these devices with the
exception of that of Rossow and Posch (1966), were such that the measured
conductivity and velocity represented values that were averaged over a
bulk volume of the fluid under investigation.

Several conductivity measuring devices (Luther, 1963; Lin, Resler,
and Kantrowitz, 1955; Fuhs, 1964; and Proberezhskii, 1964) are based
on the principle that a small search coil can be used to sense the pertur-
bation caused by a plasma stream of the magnetic field produced by a
solenoid. The relative motion can be produced in two different ways:

(1) supplying the solenoid with direct current and letting the plasma move
through the core of the solenoid (Lin, Resler, and Kantrowitz, 1955),

(2) supplying the solenoid with alternating current in which case plasma may
or may not be in motion (Luther, 1963; Fuhs, 1964; and Proberezhskii, 1964).
The necessary theories have been developed to infer the values of conduc-

tivity and velocity of the plasma from the signal induced on the search



coil. The search coil may be immersible (Luther, 1963) or external
(Lin, Resler, and Kantrowitz, 1955; Fuhs, 1964; and Proberezhskii, 1964).

Another basic technique (see, for example, Blackman, 1959; Donskoi,
Dunaev, and Prokofev, 1963; Akimov and Koneko, 1966; Tanaka and Hagi,
1964; and Savic and Boult, 1962) employs a tuned L-C network in which a
solenoid is used as an active inductance element. The network has a cer-
tain resonant frequency, fo, and quality factor, QO, with an air-core test
solenoid. The passage of a plasma stream through the solenoid changes
the effective impedence which, in turn, changes the resonant frequency
by Af and quality factor by Q. The device can then be calibrated to obtain
the value of conductivity ¢ from Af/:fO or AQ/QO.

In another method (Persson, 1961; and Korvitz and Keck, 1964) two
identical, single-layer, air-core solenoids are used as active elements
of a symmetric RF bridge. When a plasma stream is introduced in one
of these solenoids, the bridge becomes unbalanced. The bridge can then
be calibrated to obtain the average value of conductivity from the unbalance.
The power supply may be sinusoidal (Korvitz and Keck, 1964) or pulsed
(Persson, 1961).

The method first used by Olson and Lary (1962) and later modified by

Stubbe (1966) is based on the principle that a conducting medium is capable



of dissipating a small amount of power from an oscillating magnetic
field which is produced by supplying alternating current to a small
immersible coil. The induced e.m. f. produces induced currentsin
the surrounding conducting medium. The average conductivity of the
surrounding medium can be inferred from the power dissipated due to
ohmic heating.
As is the case with conductivity measurement techniques, the use
of conventional velocity measurement techniques to high speed plasma
streams necessitates numerous modifications and a careful analysis of
several possible sources of error such as shock waves and relaxation
phenomena. A plasma pitot tube capable of measuring the Mach number
profile of a plasma stream has been developed, constructed, and tested
by Barkan and Whitman (1966). Techniques such as photographing the
trajectories of injected sparks have also been used (Carter, et al., 1966).
The first practical means of measuring local conductivity and velocity
of a plasma stream has been developed and tested by Rossow and Posch
(1966). A brief discussion of the technique has been included in Chapter I.
The theory of Rossow and Posch (1966) has been developed with the follow-
ing basic assumptions. If the flow field is unbounded and has uniform
conductivity and velocity and if the applied field is less than 10"2 gauss

justifying the assumption of scalar conductivity, then the resultant magnetic



field can be represented by a power series expansion in magnetic Reynolds
number based on the assumption of low values of Rm. Typical values of
Rm’ for a constricted-arc wind-tunnel range from 10_4 to 10_1.

The probe of Rossow and Posch has the following advantages. It yields
local values of conductivity and velocity. The heat-flux sensitivity and
flow perturbation problems are significantly reduced as compared to the
previously suggested immersible devices. Without losing sensitivity, a
lower impressed frequency can be used, thus decreasing stray capacitance
effects. The simplicity of the probe configuration offers a very easy fab-
rication, construction, and assembly of the instrument. Finally, the
instrument can be calibrated for conductivity and velocity measurements
without using any conducting solids, liquids, or gases.

Vendell (1968) modified the theory of three-sting model of immersible
probe of Rossow and Posch (1966) to account for the presence of a finite
cylindrical boundary. Outside the boundary, the conductivity of the medium
is assumed to be zero and hence no induced electrical currents can exist
there. The presence of the boundary is accounted for in terms of conductiv-
ity/velocity correction factors. Expressions for the correction factors
are derived from the theory developed by Rossow and Posch. The resulting
complicated triple-integral expressions were computed numerically using

a Gaussian quadrature computer program. Experimental data taken in



cylindrical containers of electrolytes differed by less than 10 percent

from analytical values except near the edge of the cylindrical boundary
where the induced potential on the conductivity coil was extremely sensitive
to the alinement of the probe's axis with the axis of the container. Finally,
a method was developed to obtain the conductivity and velocity profiles of
axisymmetric plasma jets from the raw data obtained by the probe. The
results compared favorably with estimates made by other means (Stine,

Watson and Shepard, 1964).
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CHAPTER III

THEORY OF THE INSTRUMENT

The first section of this chapter is concerned with a brief review of
the theory developed by Rossow and Posch (1966) for a non-coaxial, three-
coil, conductivity/velocity plasma probe. The theory was developed on
the assumptions that the medium was unbounded, had uniform conductivity,
uniform velocity, and low magnetic Reynolds number. The second section
contains a discussion of the paper by Vendell (1968) who modified the pre-
vious probe theory to include the case of a cylindrically bounded medium
having non-uniform conductivity and velocity. The modifications were pre-
sented in the form of boundary correction factors that applied to a particular
probe configuration having each of the three coils on a separate support rod.
The final section contains the principle contribution of this investigation
which is the derivation, calculation, and presentation of cylindrical bound-
ary correction facfors for a more convenient, coaxial arrangement of the
three-coil device. The experimental verification of these calculations is

presented in Chapter IV.

Theory of Rossow and Posch

Rossow and Posch begin their theoretical investigation with Maxwell's

equations of electromagnetism
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V- B=0, (1)
V- E =0, (2)
VX B =ulJ, (3)
=, = _ -0B

VX E = St (4)

the simplified form of Ohm's law

T=0¢(E+TUX B), (5)

and the Coulomb or transverse gage condition

V- A=0, (7)

where A is a vector potential function such that

B = Vx A. (8)
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In these equations, B is the magnetic induction vector, E is the electric
field intensity vector, J is the electric current density vector, o is the
scalar electrical conductivity, U is the stream velocity vector, and pis
the magnetic permeability of the medium. Vendell (1967) has justified
the omission of the displacement current term from Equation (3) above.

Rossow and Posch (1966) obtained a solution to these equations
under the following assumptions:

1. The plasma stream extends to infinity in all directions.

2. The flow field has uniform conductivity and velocity.

3. The magnetic field produced by the oscillating power
supplied to the primary coil, Ep’ is the only externally applied magnetic
field. Furthermore, it is also assumed that this field may be approximated:
by an ideal point magnetic dipole field.

4. Under the influence of large externally applied magnetic
fields, the electrical conductivity of a plasma must be represented by a
tensor However, since the externally applied magnetic fields in the work
of Rossow and Posch (1966) as well as in the present investigation are small
(of the order of 10-2 gauss), the representation of the conductivity by a
scalar quantity is justified.

5. If the magnitude of the magnetic field applied to a con-

ducting medium is small and if the magnetic Reynolds number, Rm=<r pUIL,
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for the plasma stream is less than unity, then it can be shown that the
resultant magnetic field, —]_5;, can be represented by a power series ex-
pansion in the magnetic Reynolds number. Such a representation was
used in the analysis of Rossow and Posch and, because Rm varies from
107 to 10—1 for many constricted-arc wind-tunnels, terms of order R
were assumed negligibly small. This assumption is also made in the
present work.

6. Relativistic effects are assumed to be negligibly small.

As mentioned above, the primary magnetic field is approximated by
an ideal point magnetic dipole field. The magnetic vector potential, A,
for an ideal dipole magnetic field in a medium of constant magnetic per—
meability, p, and zero conductivity is given by (see, for example,

Stratton, 1941)

where (92)
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and m is the magnetic dipole moment. For the primary coil alined
parallel to the z-axis, the magnetic dipole moment, m, is given by

—_ - 2
m=knr wI cos{wt) {9b)
PP p

where rp is the characteristic radius of the np—turn primary coil, Ip
is the peak electric current, w/2 wis the impressed frequency, and k
is a unit vector parallel to the z-axis. The last of the fundamental
equations used by Rossow and Posch (1966) is the well-known Faraday's

law of electromagnetic induction which states that the potential, ¢S,

induced on a secondary coil placed anywhere in a resultant magnetic

field, E, is given by

2 0
¢S=-Trnsrs St (B N) (10)

where r is the characteristic radius of the n -turn secondary coil,
S
and —I:fs is a unit vector alined with the axis of the coil. As an approximation,

vector B is evaluated at the center of the secondary coil.

The total current density vector, J, as given by Equation (5) may be

“divided into two components,
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T=J +3 (11)
where

J = ¢ E (12)
and

To= o (Uyk Ep) (13)

where Et is the induced electric field intensity vector, ﬁn is the plasma
stream velocity vector which is assumed to be parallel to the z-axis, and

—ép is the primary magnetic induction vector. The vector Et is induced by
the interaction of the electric field, Et’ and the quiescent conducting medium
whereas the vector Ell arises from the motion of the conducting fluid across
lines of force, Ep' Equation (3) suggests the existence of perturbation
magnetic fields Et and _1-5“ associated with current density vectors -j—t and

E“ respectively. Hence, based on the assumptions of small primary

magnetic field, Ep’ and magnetic Reynolds number, Rm’ less than unity

(see assumption 5 above) the resultant magnetic field, E, is

B = Bp + b” + bt. (14)

Cross coupling between the perturbation fields is of second order in R

and is neglected here. Rossow and Posch (1966) have obtained a solution
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to Equations (1) through (14) for a particular geometrical arrangement of

their three-coil model.

Modified Probe Theory for a Cylindrically

Bounded Medium by Vendell

Vendell (1968) extended the theory of Rossow and Posch (1966) to
include the case of a cylindrically bounded medium of infinite extent in
the positive and negative z-directions having non-uniform conductivity and
velocity. Initially, the conductivity and velocity were assumed to be

uniform inside the cylinder and zero elsewhere. These assumptions

led to the following boundary conditions for the current density vector 7.

LT 2
J = 0 whenever XZ +y >R (15)
- 2 2 2
J . N, = 0whenever x +y =R (16)
where T\I-J_ is a unit vector perpendicular to the cylindrical boundary
and R is the radius of the cylindrical medium.
Combining Equatiéns (3), (7), and (8), one obtains
? 7 a7)

veA = - pd
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which has to be sofved‘simultaneously with the Ohm's law, Equation (5)
and the boundary conditions specified in Equations (15) and (16) above.
Using an analogy based on stream function for a steady, two-dimensional
flow of an incompressible fluid, and the method of magnetostatic images,
Vendell (1968) obtained the following expression for the two-dimensional

current density vector field Et'

2
= ru Rp v
= e S -
Jt = Gt i >
2 2 2 2.3/2
| (px+R + p + Rz ) /
(18)
2
y _'J.—f Rp(px+ R )
2 2
2 2. 3/2 —_—
2 2
(x+p +y +z) \(px+R2 +pzyz+Rzz)3/
X+ p
- 2 2 ?
— 2
(x+p +y +2) 3/2
where p is the distance of the probe from the axis of the plasma jet
along negative x-direction, and
Gt = gwm sin ( wt) . (19)
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wherekcr is the uniform conductivity, w /2 7 is the impressed frequency

and
m= pn r_ I /4. (20)

It should be noted that the current density vector, Et’ is caused by the
application of the induced electric field, Et’ to the stationary conducting
fluid. Equation (3) implies the existence of a perturbation magnetic in-

duction vector, Et' caused by the presence of 3-1: such that

Vx b =p._T—. (21)

Since:f—t is known, bt may be obtained from vector Equation (21) and

Equation (11)(Stratton, 1941, p. 231) as

R-y
- ! ' 1 . L T
bt(X, Y,Z,t) 4 Jt(X; Yy, Z, t)
-0=-R. ./
VRE A (22)

x -‘_V-(rhl) dx dy dz

where



r
coordinates of

into Equation (

b

where X = x/R

P=p/R. Bec
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2 2 2
=(x-x") +(yv-y") +(z - z‘)2 and x', y', z' are

any field point. If one substitutes Equation (18) for -j-t

22), then the result in dimensionless form will be

G lo'e} 1 1 YZ
" Vi .
t
1 1 1 =
L (XL YLz 4wRAjf ]( jf
- Q0 -1
Vo2

1
2 2 23/2X
X-X' + Y-Y + Z-2")

(23)
PPY (Y- ¥)+X-X PPR+I

2
PX+1 + p? v2 4 22)3/2

X -X'X+P + Y (Y - Y")
2
(X+P + Y

dx dy dz

2 4+ 7% 3/2

, Y=y/R, Z =2z/R, X' =x'/R, Y'=y'/R, Z' =2'/R, and

ause the conductivity secondary coil of the three-sting

model is alined parallel to the z-axis, only the z- component of the per-

turbation field, bzt is given in Equation (23).
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The basic equations obtained by Vendell (1968) in an exactly parallel
analysis of the primary magneticﬁfield perturbation caused by the motion

of a conducting fluid are summarized below.

2 -5/2 2
—SY(X+p+y+z2) -1 3R p px + R
(24)
2 -5/2
( ) 5 5) -3 (x + p)
px + R + py +R z
2 -5/2 -5
(X+ + 2)
P y + z
where
G, = o U; m cos (wt) (25)

]

and as given by Equation (20)

- 2
m = np rp I‘p-/4"
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As was the case with i;t ) —};,, is related to ?T_" by the expression

:E“ (X', y', Z" f //r f
-0 =-R

T, (% vy, 7 g V(™) dx dy dz

(26)

where, as before, r2 = (x - X')2 + (y - y')2 + (z - z')z. Because the
velocity secondary coil of the non-coaxial probe is alined parallel to the
y-axis, only the y-component of the perturbation magnetic field, bY“ ,

will appear in Faraday's law Therefore, if one substitutes the expres-

sion for E" from Equation (24) into Equation (26), and non-dimensionlizes

the resulting expression with respect to R, then one obtains

b = YZ2 y
yi 41TR j 2 2 2

X-X'+Y-Y +2-2

_m -
(27)
P2 i
2 5/2 2 5/2
(PX+1 + PZY2 + ZZ) (X+ P + Y2 + ZZ)

dX dY dZ.
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Vendell (1968) applied the above equations to the three-sting probe
configuration to obtain the expression for conductivity and velocity cor-
rection factors which account for the presence of a cylindrical boundary
surrounding the medium. In the next section these equations will be ap-

plied to a coaxial probe configuration.

Analysis of a Three~Coil Coaxial Probe Configuration

The basic details of the coaxial probe are schematically shown in
Figure 1. Two identical secondary coils labeled Sl and S2 are mounted
symmetrically with respect to a primary coil labeled P on a piece of
quartz tubing. The three coils are wound on teflon coil forms and are
held in their design positions by teflon spacers. Then, the assembly
is inserted into a quartz tubing and secured in its position by additional
teflon spacers.

As illustrated by Figure 2, the z-axis of a rectangular cartesian
coordinate system coincides with the axis of the cylindrical medium
and the axis of the support rod is alined parallel to the z-axis. The
center of the primary coil lies on the x-axis. The secondary coils
S1 and S2 lie at a distance d from the primary coil along positive and
negative z-direction respectively. The distance of the probe from the
z-axis along negative x-direction is denoted by p, whereas the radius of

the cylindrical medium is represented by R. Throughout the present
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Figure 1. Schematic sketch of the three-coil coaxial, conductivity
velocity plasma probe.

Figure 2. Schematic sketch showing the position of the probe
inside the cylindrical boundary.
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investigation it will be assumed that the conducting medium has a
uniform velocity Ui along negative z-direction.

The primary coil is supplied with an oscillating power of one watt
at a frequency of 100 kHz. When the probe is in room air, due to
electromagnetic coupling between the primary and the secondary coils,
and to the symmetrical arrangement of the three coils, identical
potentials are induced on the two secondary coils. Therefore, the differ-
ence of the potential outputs, in room air, is theoretically zero whereas
the sum of the potential outputs is a non-trivial quantity. This output
potential sum is nulled or cancelled out with the help of a nulling system
consisting of tickler coils (for details see Vendell, 1967, p. 21-22).

If the probe, after having been nulled, is immersed in a moving
conducting medium, then the primary magnetic field, Ep’ is perturbed
by the conductivity and motion of the medium. The induced potentials
on the two secondary coils are such that their sum, ¢Z’ and the differ-
ence, &y , are linearly dependent upon the electrical conductivity, o,
and the product of conductivity and velocity, ¢ U, , respectively. In
the sequel, therefore, the perturbation potential outputs 4)2 and ¢
will be referred to by potential-sum and potential-difference respectively.
The signals 4)2 and g are displayed respectively, on the upper and lower

beam of a dual-beam cathode-ray oscilloscope.
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Electrical conductivity

The z-component of the time-dependent perturbation magnetic
field bzt’ caused by the presence of current loops ft is given by
Equation (23). If one substitutes (-P, O, D) for (X!, Y', Z') in
Equation (23), then one obtains the following expression for bzt at

the center of the secondary coil, S2.

0 1
- - bGt
b (-P, 0, D, t) === / [

“1—Y2
_ 2

-0 -1 -
1
( 2 5 2)3/2><
X+P + Y + Z-D
(28)
2_2
PY + X+P P PX +1

2 2 2 2) 3/2

BxTT + P°Y% + z

2

2
X+ P + ¥ dxX dY dZ
(= 2 > 2) 3/2
X+P + Y + Z
where, as mentioned earlier, P = p/R is the radial position parameter,

D =d/R is the coil spacing parameter, and G‘t is given by Equation (19).

Substitution of this expression for bzt into Faraday'law, Equation (10)
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yields the following expression for the perturbation potential—sum,

2
Th T po wzmcos(wt (29)
¢Z=- TR dexdydz

- © -1-\/—'——2

where FZ denotes the complicated integrand of Equation (28). Note
that Gt has been replaced by its equivalent expression Gt = o wm sin ( wt)
and m is given by Equation (20).

Next, an expression for the induced perturbation potential-sum, 4)2
when the probe is immersed in an unbounded, quiescent medium of uniform
conductivity will be obtained. This analysis begins with the following
expression for the perturbation magnetic induction vector —};t produced

by an ideal magnetic dipole in an infinite conducting medium which has

been derived in Rossow and Posch (1966).

2 2
too=9——E’*—2w—n—l— sin (wt) L‘}% +J‘L:Z3 + &k - +3Z (30)
r r r

The origin of the coordinate system coincides with the point magnetic
dipole. If one takes the z-component of vector —Btoo , substitutes (-p, 0, d)

for (x, v, z), then one obtains
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_ _gpem sin ( wt)
bztoo 3 . (31)

Substitution of this expre's's:'ion in Faraday's law, Equation (10) results

in

2
2 opw m cos (wt)
=2
c‘)Z)oo 'n'ns s - d

(32)

‘where ¢Zoo is the perturbation potential-sum induced in an infinite
medium.

The conductivity correction factor, QE » is defined as the ratio of
the potential-sum induced in a finite cylindrical region having a uniform
conductivity to the potential-sum induced in an infinite region having
the same uniform conductivity. Division of Equation (29) by Equation (32)
eliminates the probe and coil characteristics and yields the following
expression for OZ .

0 1 '1—Y2

b D
9254)200 = . 411[[ Fg, dX dY dZ (33)

-0 -1 -VI-YZ

Discussion of the use of QZ) to reduce the raw data to obtain the

value of electrical conductivity, ¢ , is deferred to the last section of

this Chapter.



28

Product of conductivity and velocity or o Uy

The time-dependent perturbation magnetic'field, E“ , caused by
the presence of current loops EN is given by Equations (26) and (24).
Since the axis of the secondary éoils is alined parallel to z-axis,
therefore only z-component of —13” will appear in Faraday's law, Equation

(10). When this component, b' , 18 evaluated at the center of the

| z
secondary coil S2 whose coordinates are (x', y', 2z') =( -p, o, d) and

the resulting expression in non-dimensionalized with respect to R, one

obtains

z
( 2 5 2)3/2X
X+P + Y + Z-D (34)
2.2
P°Y" + PX+P PX + 1
[ 2_2 2) /2

PX+1 + P Y +Z

aX 'dY .dZ




29

If the complicated integrand is denoted by Fy and if Equation (34) is

rewritten, then the result is

where

and

Substitution of the above expression for b in Faraday's law, Equation (10)

yields the following expression for the perturbation potential-difference,q:T .

Vv 2

1

2 [¢) 1
3ns roopo U, mwsin ( wt)
by = - > « Fy dX dY 4z
2R

-Y
-0 ~1 _V Y2 . (36)

1 -

The expression for the magnetic field perturbation brought about by a

conducting unbounded uniform stream, b' o’ is given by Equation (16)
]

in Rossow and Posch (1966) as
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b =1/2 ¢ pU

| oo m cos ( wt) [1 _ (32° /rz)])(

|
[T(x/r?’) + j_(y/r3) + _E(z/r?’)J

Note that the origin of the coordinate system coincides with the point

2 2 2. 1/2
magnetic dipoleand r =(x +y + 2z ) / . Taking the z-component

of b“ . and evaluating it at the center of the secondary coil S2 given

by (x, y, z) = (0, 0, d) it can be shown that

o pU, m cos (wt)

1
dZ

(0, 0, d) = -

z||

From Equation (38) above and Faraday's law, Equation (10) one can

readily obtain

o 2

2 .
M ansrs o U, mowsin (wt)/d

where ¢’roo is the perturbation potential-difference induced in an in-
finite medium.

The correction factor O,r is defined as the ratio of potential-dif-
ference d)T , induced in a finite 'éylindrical region having uniform

conductivity, ¢, and uniform wvelocity, U to the potential-difference

n’

(37)

(38)

(39)
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¢Too , induced in an infinite region having the same uniform conductivity
and velocity. Although as suggested by Equations (36) and (39) this
correction factor applies to the product ¢ Uy, yet, for the sake of conven-
ience, it will hereafter be referred to as the velocity correction factor.
Division of Equation (36) By FEquation (39) eliminates the probe and coil

characteristics and results in

oo 1
0 br 3D2[/
,1: D eer— = -
¢Too 4r
- 00 -1 -

Discussion of the use of QT in obtaining the value of stream velocity,

1 - Y2
Fyp dX dY dZ. {40)

1 - Y2

Uy , from the raw data is contained in the last section of this chapter.

Numerical evaluation of boundary correction
factors

Closed-form solutions to the complicated integrals in the expressions

for OZ and OT could not be obtained. Therefore, values of 92 and GTwere

computed numerically using a Gaussian quadrature computer program.

These analytical results are presented graphically in Figures 3 through 5.
Figure 3 is a plot of the conductivity correction factor 92 = ¢ 5 /4)200
versus the coil spacing parameter, D = d/R, for five different values of
the radial position parameter, P = p /R. Dashed portions of the curves

represent extrapolations. Figure 4 is a plot of 0 ., and Oy, correct to

=
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Figure 3.  Conductivity boundary correction factor 03 as

a function of the radial position parameter P
for several typical values of the coil spacing
parameter D = d/R.
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Conductivity boundary correction factor 0 5, as a
function of the coil spacing parameter D  for
several typical values of the radial position para-~
meter P = p/R.
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three significant figures, are presented in tabular form in Tables 1 and

2.

Table 1. Conductivity correction factors 92

P = p/R D =d/R
0. 05 0. 10 0.20 0.30

0.0 .971 . 941 . 885 . 824
0.4 . 964 . 928 . 859 .792
0.6 . 953 . 905 .813 .723
0.8 .915 . 830 . 663 .514
0.9 . 836 .673 . 403 . 242

Table 2. Velocity correction factors 8

D = d/R P=p/R

0.0 0.6 0.7 0.8 0.9

0.3 . 990 . 983 .968 . 906 . 626

has a nearly linear dependence

As indicated by Figures 3 and 4, 92

upon P for a given D whenever P< 0.8 and D< 0.3. There is a sudden

decrease in the value of 92 near the edge of the stream, particularly
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for low values of D. It is evident from Figure 3 that the data obtained
with a probe having a small coil-spacing d in a large diameter stream
needs practically no correction for the presence of the cylindrical bound-
ary except at points very close to the edge of the stream. As suggested
by Figure 5, the deviation of 84 from unity is negligibly small whenever
P<0.7and DL 0.3. Consequently, more values of @ywere not computed
because of the cost involved in carrying out the numerical integrations.
A comparison of the values of the correction factors 92 and Oy
for the coaxial probe and the three-sting model (see Vendell, 1967) reveals
that the values of 92 and Oy for the coaxial configuration are closer to
unity than the corresponding values for the three-sting configuration. In
particular, for the coaxial probe, the correction to be applied to reduce

the raw velocity data is negligible for all practical purposes.

Hub correction factors

The presence of the non-conducting qﬁartz tubing which protects the
probe from the ot plasma eliminates some of the induced electric
current loops assumed to exist in the derivations of the expressions for
QZ and Oy . The absence of these currents results in a reduced magnitude

of the induced potential-outputs. Therefore, correction factors have to

be applied to both conductivity and velocity to account for the presence of
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the heat shields. In the sequel, these correction factors will be referred

to as the hub correction factors and denoted by o

true/o- and U“ true/U“

for the case of conductivity and velocity respectively.

Equation (29) indicates a linear dependence of ¢E on the conductivity
o. As discussed earlier, ¢Z is the induced potential-sum caused by the
presence of current loops, -Jtt, in the cylindrical region of radius R ex-
tending to infinity along positive and negative z~-direction. Therefore,
if one replaces R by pO in Equation (29), then one obtains the vaiue of
¢ = o , which would have been induced by the electric currents which
would have been present in the region now occupied by the quartz tubing
of radius Py (see Figure 1). Since the quartz tubing extends on either
side of the primary coil to a distance large enough to include any
measurable signal loss, the assumption that the quartz tubing extends
to infinity along its axial direction is justified. Furthermore, because the
idealized point magnetic dipole is assumed to lie on the axis of the
support rod, it is obvious that P = 0 - 0 in Equation (29). Suggested by
the linear dependence of conductivity, o , on ¢Z , the conductivity hub

correction factor is defined as

“true _ ,¢ 2,00
o ¢Z - q)

o0 Zpo
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which on simplification becomes

— T 1-o. - (41)

In this expression, the governing parameters of OZ} take on the walues
P=0.0and D= d/'po.

As was the case with conductivity, the linear dependence of by on
the product of conductivity and velocity, o U), , indicated by Equation (39)

suggests the following definition of hub correction factor for velocity.

(0 Un ) e ) ¢r o
(o Up)

—¢Too-¢'.[‘ po

which on sirmplification becomes

1-0
Hotrue b

Uy

o (42)

Note that in Equation (42) P = 0.0 and D = d/po. A plot of analytical

values of o /o and U, /U,, versus the dimensionless parameter
true true

2 po/d is shown in Figure 6.
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Figure 6.
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Probe Diameter/Coil Spacing; 2p O/d

Conductivity and velocity hub correction factors
that compensate for the perturbation current
loops which cannot exist in the region occupied
by the coaxial probe.
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Calibration Equations for the Coaxial Probe

In this section a method of calibrating the coaxial prqbe for both
the electrical conductivity, o , and the stream velocity, UH , is discussed.
The discussion also includes the application of the cylindrical boundary
correction factors, QZ and OT , as well as the hub correction factors,
crtrue/cr and U, true/U” , to obtain the corrected values of ¢ and U

The analysis begins with the derivation of an expression for calibra-

tion potential, ¢E cal’ which is the sum of the potentials induced on the

al
two secondary coils when the probe is operated in room air, at least
15 cm away from any conducting or dielectric medium. The idealized

magnetic dipole field of the primary coil is given by Equation (4) of

Vendell (1966) as

= — 3xz — 3yz - 3z2 3
B =—mcos(wt)[i +j +k(——-——-1)/r} (43)
p 5 5 2
r r r -
2 2 2
where m = np rpz Ip/4 and r=(x +vy +z )1/2 . The cartesian

coordinates (x, y, z) are referred to the origin coincidental with the center
of the primary coil. The secondary coils Sl and S2 are located at (0, 0, d)
and (0, 0, -d) respectively. With the probe in room air, the z-component

of the primary magnetic field, sz_, at the center of either of the secondary
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2m cos (wt)

sz = - 3 (44)

Substitution of this expression for sz into Faraday's law, Equation (10)
yields the potential induced on either of the secondary coils. However,

since calibration potential, ¢2 cal’ which is displayed on the upper

1
beam of the oscilloscope is the sum of the signals induced on the two

secondary coils, therefore the peak-to-peak signal displayed on the

scope is given by
2 2 3
¢an1 =2 np rp n T prp/d . (45)

If the probe is nulled, and immersed in an unbounded conducting
medium, then the perturbation potential-sum induced, ¢ S oo’ is
given by Equation (32). The peak-to-peak signal which will be dis-

played on the scope is given by

2
¢Eoo =4Trns r (rpwzm/d. (46)

If one divides Equation (45) by Equation (46), one obtains
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$
g =z ¥, | (47)
powd q)anl

Similarly, peak-to-peak perturbation potential-difference, ¢Too’ can

be obtained from Equation (39).

2 2
bp o T4mn T, (’qum""/d (48)

Division of Equation (45) by Equation (48) and subsequent rearrangement
of terms yields

¢
U, =wd—2— (49)

¢2 w

The restriction of an unbounded medium can now be removed by intro-
ducing the correction factors QZ and 6 which account for the presence
of a cylindrical boundary surrounding the medium. By definition, ¢Zoo =
<|>Z /QZ and 4),100 = d)T /OT . Substitution of these expressions in Equation

(47) and (49) results in

¢ = . (50)
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and

U= wd — - =, (51)

Next, the introduction of the hub correction factors (o /c) and

true

(Uy tru_e/U“ ) results in the following expressions for the corrected

values of conductivity and velocity.

2 ¢2 (Gtrue/o-)
Tcorr 2 . 0 ’ (52)
€0 pwd s cal p2
and
by ©
=
Weorr d ¢, O (U, true/Un ). (53)

For sake of convenience and simplicity, the conductivity and velocity

calibration constants, CZ) and C’I respectively, are defined below.

2 (o /o)
C - true (54)
= dZ
p-© ¢an1
Cp = wd (U“true/ U,) (55)
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The desired calibration equations now appear in a very simple form as

T corr CZCPZ/ QZ‘, (56)
and
ér %
UF cory = _CT(};‘; . '——OI (57)

The calibration constants, CZ and Cyare determined by Figure 6.
Finally, the working of the probe is briefly summarized below.
1. Record calibration potential, ¢2 cal ’ with probe in room air.
2. Null both outputs of the probe.
3. Immerse the probe in the moving conducting medium and
record bsr and ¢ .
4. With the help of Figure 6, calculate CZ and CT .

5. Equations (56) and (57) now furnish the corrected values

of electrical conductivity, o , and stream velocity, U, .
corr corr
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CHAPTER IV
COMPARISON OF THEORETICAL

AND EXPERIMENTAL RESULTS

This chapter begins with a discussion of experimental verification of
the calibration method developed in the last section of Chapter III. Next,
analytical values of the conductivity boundary correction factor, OZ , are
compared with the experimental values. The concluding section includes
a discussion of the experimental verification of the theoretical values of
the conductivity hub correction factor, Gtrue/g which, as previously men-
tioned, accounts for the finite size of the instrument.

The calibration equation for electrical conductivity, o, Equation (52) reads

- 2 ) cl)Z) . (Utrue/U) (52)

o
2
corr pwd ¢Z cal GZ

where the calibration potential, ¢Z cal’ is given by Equation (45). If the

1

probe were immersed in an unbounded medium of uniform conductivity,

then Equation (52) simplifies to

2 ¢Zoo

2
corr 2

. /o) (58)
pwd ¢Z cal

-

o
true
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because, for an unbounded medium, the conductivity boundary correction
fadtor, OE’ approaches unity (see, for example, Figures 3 and 4).

Four probes labeled A, B, C, and D were constructed and tested in
cylindrical plexiglas containers filled with a saturated salt solution. The
characteristics of the probes are tabulated below in Table 3. The elevc-
trical conductivity of the electrolyte, measured by a conductivity cell
meter, was found to be 22. 8 mhos/meter at room temperature of 230 C.
The magnetic permeability, p, of the salt solution is the same as the
magnetic permeability of free space p 0’ and equals 1. 257 x 10-6 henrys/
meter. A 100 kHZ , 1 watt, .oscillating power was supplied to the primary

coil. The calibration potential, ¢ZC , was measured by the probe in

al

room air.

Table 3. Characteristics of the probes tested

Characteristic - . Probe '
A B C D
Heat shield diameter, 1. 03 1.03 1.03 0. 42
2p., cm
Coil spacing, 1.91 2.54 3. 18 1. 14
d, cm
2p./d . 542 . 407 . 325 . 365
Hub correction factor, 1.0827 1. 047 1. 029 1. 037
a [o '
true :
Calibration potential, 192.0 108. 0 18. 0 22.5

¢Z cal, mv

amxtrapolated value from Figure 6.
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The perturbation potential-sum, c]>Zoo which would be induced in an
unbounded medium was determined using an indirect approach. Each of
the probes was immersed in the center of several deep plexiglas cylindrical
containers of varying diameters filled with saturated salt solution of known
electrical conduct'nlrity. The cor.réspc'i”nding scope readings, ¢Z , were
plotted against the reciprocal of container diameter, (ZR)_l. Two of the
plots ar-e shown in Figures 7 and 8. The plots were found to be linear
and were extrapolated to (2R)-1 = 0 to obtain the value of ¢ oo’ the out-
put potential-sum of the probe in an unbounded medium. The values of
the conductivity hub correction factors, O-tru_e/(r’ were read from Figure 6.
Then, the experimental values of electrical conductivity, o, corrected for
the presence of both the cylindrical boundary and the finite size probe,
were computed using Equation (58). These values are compared with the
conductivity cell measurements in Table 4. Note that in the case
of probe D, a concentrated sulfuric acid solution was used in place of the
salt solution because the data obtained with the latter could not be con-

veniently extrapolated.
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Table 4. Values of electrical conductivity using calibration equation
and conductivity cell

Probe ¢ (Calibration Equation) ¢ (Cell Measurement) % Difference

label mhos/meter mhos/meter
A 21.7 22.72 4. 40
B 20.8 22.7% 8.50
C 22.6 . 22.7° 0. 44
D 71.8 e 7150 0. 42

2  Gaturated salt solution.
b. Concentrated sulfuric acid solution.

It may be noted from Table 4 that the experimental values of the
electrical conductivity, o, computed with the help of the conductivity
calibration equation are within 5 percent of the conductivity cell meas-
urement for three of the probes, while the fourth probe agreed within
10 percent. These results confirm the validity of the conductivity cali-
bration equation, Equation (52), as well as the theoretical analysis of
Rossow and Posc;,h (1966).

The analytical values of the conductivity correction factor, OZ‘,’
were experimentally verified using the probes A, B, and C. Two
deep plexiglas cylindrical containers of different diameters were

filled with a saturated salt solution having a conductivity of 22. 8

mhos/meter. The perturbation potential-sum q)z, was recorded for
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several different radial positions of the probes in e¢ach of the two
cylinders. For each of the probes, these values of c{)z were divided

by the experimentally determined value of 4)200 to obtain the values

of QZ . Figure 9 illustrates a comparison of the analytical and experi-
mental values of OZ for two different values of the coil spacing parameter
D = d/R. The analytical values were obtained, by interpolation, from
Figure 3. The difference between analytical and experimental values is
less than 5 percent except near the edge of the cylindrical boundary
where the probe output was found to be extremely sensitive to the aline-
ment of the probe's axis parallel to the axis of the cylindrical boundary.
A comparison of experimental and analytical values of OZ for the case

P =p/R=0.0 is presented in Figure 10. The deviation of the experimental
data from the analytical results is well within 5 percent except when the
coil spacing parameter, D = d/R, exceeds 0. 6.

The analytical values of the conductivity hub correction factor,
O-true/U’ were experimentally verified as follows. A large cylindrical
container of 19-inch diameter was filled with the saturated salt solution.
Because the dimensions of the probes used were small as compared to
the cylinder radius, therefore the solution in the container simulated

an unbounded medium. The value of the perturbation potential-sum

4)200 » was recorded with the probe immersed in the center of the
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cylinder. With calibration potential, ¢Z cal’ obtained as discussed

1
earlier and hub correction factor, | o_t‘r'ue/G read from Figgre 6, the
value of electrical conductivity, corrected for finite probe size, was
calculated with the help of Equation (58). The procedure was repeated
for three different diameters.of the quartz tubing. The values of con-
ductivity, so obtained, were then compared with the conductivity cell
measurements. A sample of the data taken with probe C is presented
in a tabular form in Table 5 below, and it can be seen that the com-
parison is favorable, the maximum difference being less than 6 percent.

Thus, the validity of the conductivity hub correction factors is con-

firmed.
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CHAPTER V

CONCLUDING REMARKS

Tests conducted in cylindrical containers filled with saturated salt
solution furnished reasonable experimental confirmation of the analytical
values of the conductivity correction factor for a cylindrical boundary,

8 for several different values of the coil spacing parameter, D = d/R,

5
and the radial position parameter P = p/R. The tests also established
the validity of the analytical values of the conductivity hub correction
factor, o-true/cr, for three different values of the dimensionless param-
eter 2 pO/d.

However, outside of the plasma wind-tunnel, experimental verifi-
cation of the theoretical values of the velocity cylindrical boundary
correction factor, QT’ and velocity hub correction factor, U” true/UU
was not attempted because of practical difficulties in attaining such
values of o U as would be large enough to give rise to probe outputs
which can be conveniently measured.

Experiments have recently been concluded at Ames Research
Center, Moffett Field, California by Vendell and Posch which reveal
a 10 percent agreement between the center line velocity measurements

in a constricted-arc wind-tunnel made by the coaxial probe and by

other independent techniques such as a spark-injectiori method used by
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Jedlicka (1968) and the sharp-edged flow-swallowing enthalpy probes

of Anderson and Sheldahl '(1968)2 , However, the center line conductivity
measurements made"l'tb.y the coax‘ial"é‘robe could not be verified because
no other measurements of the local conductivity of this plasma facility
by independent techniques have been made.

Finally, the electrical time response and the low thermal sensi-
tivity of the coaxial instrument were found to be significantly improved
as compared with the three-sting probe.

Although the favorable agreement of the analytical and experimental
results justifies the theory of the probe, some additional development is
needed., In particular, the following aspects warrant further attention.

1. An oscillator having several output frequencies should
be used with the probe to investigate the effect of the impressed fre-
quency, w/2w, upon the performance of the probe.

2. If possible, it would be desirable to decrease the elec-
trical time response and increase the thermal time response of the
probe.

3. Although the results obtained with the coaxial probe in
a low-density plasma stream were satisfactory, the three-coil instru-

ment should be tested in higher density plasmas.
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