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Introduction,

This final report summarizes all of the research sponsored by the National
Aeronaiutics and Spape Administratioa under the grant NGR-33-006-020 for
the period 15 September 1967 throﬁgh 15 September 1968, The research
supportéd by this grant -encompasses the problem of transrh.itting. and
receiving analog and digital signals through noisy media. Frequency modu-
lation is emphasized, with particular attention focused on the problem of
threshold extension, Throughout the study, theory and experiment were
worked hand-in-hand witn approximately equal effort expended on each.

Part I of this report presents the results of the threshold extension
studies, These results are used to determine the output SNR of an FM
demodulator when the input SNR of a frequency modulated signal is known,
In addition, the probabiﬂlity of error obtained under FSK transmission can
also be determined. “ |

Two different techniques are employed to determine the output clicks,
and hence the threshold performance énd error rate of the Phase Locked
Loop. Both techniques assume that the noise present at the PLL output
can be represented by a smo;)th component, which is aimost gaussian, and
an impulse or click component, This model wés first postulated by Schilling
in 1963 and is currently being used b).r most investigators,

The results obtained by the inde_péﬁdent investigations were found to be
similar, Thus the studies provide an aqc{xra’ce determination of the thres-
hold of 1st, 2nd and 3rd c;rder phase locked loops. In addition, a computer

program has been found which allows the threshold of any phase locked loop

or FMFB to be found using 30 miniutes of computer time. Two or more
threshold extension devices, if they can be modeléd as the PLL and FMFB,
can be compared on the basis of threshold extension using 15 minutes of

computer time,




A new threshold extension device, the Frequency Locked Loop (FLL),
invented by Clarke and Hess, is discussed here in detail. Threshold exten-
sion and error rate reduction is considered for the lst and 2nd order FLL,

The ""Most Likely Noige' techniéue employed is an extension of the one
used by Schilling in the calculation of PLL threshold extension, Preliminary

results are presented,

Part II of this report considers the transmission of TV signals through
a noisy, fading channel, FM transmission is employed and the received
picture is obtained usiﬁg a FLL and a FM Discriminator Demodulator, The
improvement in the ciérity of the video signal when using the FLL indicates

another advantage of this devicé over the ordinary FM Dis criminator,

Part III deals with a study éf SSBAI;"M> ahd the characferisticé of FM
noise, | | |

A SSBFM system vs;as ‘developed to determine whether threshold exten-
sion could be obtained and to see what ‘advantages. if any, SSB transmission
offered. SSBFM is interesting since for narrowband FM a bandwidth re-
duction results, In addition, the SSBFM géneratidn employed permits an
ordinary FMD to demoduia.te the signal. . Thus} for the case of a small
modulation index the same receiver cﬁrrenﬂy erb,ployed can be used with
a reduced IF bandwidth ‘ |

Rice's results, s.eparat'ing the output noise of an FM discriminator into
a gaussian component and a click component, are approximate, A derivation

determining the spectrum of the FM noise is presented in section IIL 2,

The effect of multipath on an FM signal is investigated and the results

are verified experimentally,

et e e et




Part IV of this report considers synchronism procedures for single
channel PSK communication systems, The main purpose of this report
is to compare the principles upon which practical synchronizers operate.
~ Analytical bounds on the average probability of error are derived and it is
‘shown that all of the "popular' synchronization systems perform com-

parably, This is in contrast to some previously published results,

In Part V, the recursive methods developed during the previous
interval have been implemented in practice by using estimates of the
signal derivatives, The computer results indicate a very rapid converg-
ence toward the optimum for even simple derivative estimates, Further

theoretical results are also indicated,

Part VI presents, briefly, some experimental results of the effects
of noise on a PCM system using a new high speed A/D and D/A converter
developed at PIB, and which will be used for further experimental work in

- this area,

The results of this grant represent a significant step forward in the
theory of operation of FM analog and digital communication systems, This
grant has also served to support the pﬁblication of a large number of papers,
as well as the masters and Ph,D, dissertations listed in Sections VII and

. VIL
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I, THRESHOLD EXTENSION

l. The Phase Locked Loop

1.1 Expected Number of Spikes of Phase Locked Loop Demodulators

Slin';'marz. - A new method is presented for finding the expected number
of spikes in a phase locked loop of any order, with or without modulation.
The procedure can alsobe employed to determine the threshold of the FMF'B,
FM discriminators and the Maximum Likelihood Estimator. The low pass
. equivalent gaussian noises x(t), y(t) in the differential equation describing

the system (PLL or FMFB) are replaced by the deterministic time functions
, .(Conditional Expectations)
1) Elx(t)/x(0), x(0)]
~2) Elyte)/ylo), y(0)]
and solved on a digital computer, The mid spike time (t=0) is taken to be
the time when x(0) (quadrature noise) = 0, and a surface or surfaces in %(0),
y(0), ¥(0) space are determined which indicates the region A where spikes
in the demodulator are obtained. From this the expected number of spikes
_per second is calculated.
Results are presented for the first, second, and third order phase
| loqked loops, and for an ordinary FM discriminator (which can be shown to
be equivalent to a PLL of infinite gain)., The second order loop used a
‘constant plus integral filter, while the third order loop used a constant plus
integral plus double intergral filtex.

Introduction, - For the past several years there has been a great deal
of research to determine the theshold behavior of the phased locked loop.(l)
However, there are important deficiencies in the analyses to date. These
analyses have assumed that the input nois2 is white, and have neglected the

effect of the modulation, The design of a PLL is, however, vastly different



if there is modulation than when there is no modulation,

The expected number of spikes in the output of a phase locked loop
decreases as the gain of the PLL is reduced, if there is no modulation,
When modulation is present, one finds that there is a minimum loop band-
width below which distorticn results. The number of spikes present in
this region is large, Increasing the PLL bandwidth results in a decrease
in the number of spikes. However, we know that infinite bandwidth is
equivalent to using a discriminator, hence an optimum bandwidth exists
which can only be found by considering the effect of the modulation.

In this paper, a Carson's rule 3dB IF bandwidth equal to 2(B+1) fm Hz
is employed, where  is the modulé.tion index, and fm the modulating
frequency. Square wave modulation is considered. The square wave modula-
tion represents a worst-case solution since the number of spikes occurring
per second is proportional to the deviation Af.(z)

Mathematical Preliminaries.

A. FM Discriminator, - The output of an IF Discriminator when

(1)

integrated is:
(x(t) cos 8 +y(t)sin & _ )

Vemp(t) = By(t) + arctan \rrorresins MEETGLTTY

where
o = phase of the modulating signal
xii) = quac:}rature low pass equivalent noise
y(t) = in phase low pass equivalent noise
A spike occurs when the arctan term jumps + 2« (see Ref. 2),

B, Phased Locked Loop Differential Equations,

1, First Order Loop, - A block diagram of a first order phase locked

loop is shown in Fig, I-1.1, The differential equation describing the loop

is easily shown to be:
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é+ Gsin(Q-@m) = d(x(t) cos & + y(t)sin ®) (2)
where
@ = phase of VCO output _
G =.loop gain and 3dB bandwidth of PLL,
A ) We let the modulating signal be 2wAf. Thus @m(t) = 2w(Af)t, When con-
, ‘_si».de;ring noise, this represents a worst case solution, The solution of Eq.(Z)
{rw;ith_ no noise is

8(t) = 2mtAf - arcsin (%éf (3)

For proper operation of the PLL (low distortion) the error voltage

(2 - 'Q-l'ﬁ) must be much smaller in magnitude than w/2, or

whtch iihplies that

-G >> 2nAf (5)

2. Second Order Loop. - A block diagram of a second order constant

. ,p'lus;i‘,ntegral phase locked loop is shown in Fig, I-1,2, The differential
' -equation describing the loop is:
V bid - ) * -
®+ ZGI[ x(t)sin® - y(t)cos d + cos (& - Qm)]é + G1G2s1n(11> - @m)
= Gl[(Z:'c + Gz_x)cos¢I> +(2y + Gzy)sinQ + chos(@ - @m)] (6)
_ where
" ® is the phase of the VCO output,
_:,'_i _ GI(Z + GZ/ s) is the transter function of the constant plus integral filter.
, When ther is no noise and !@ - @ml << -121- , the PLL equation becomes,
‘ L 14 » .
@4 2G84 G G,2=G G0 +G& (7)
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23ee it * SR . e e I - e e e e st e ———— S

TR T LA LT Y
RS R
N Vs

N e R A



ZGlp + GIGZ
®(p) = — @ (p) (8)
p~ +2G;p+G,G,

In this report GI = G/‘\/-é, and GZ = GN2 (maximally flat), Equation (8)
reduces to

- N2Gp + (32

&(p)
p° + N2Gp + G2

3 (p) ' (9)

R
The 3dB bandwidth of the PLL is »\NB + 2G = 2. 05G.
The better way to view this loop is to consider the transfer between the
modulating phase and the error phase of the loop, since for proper operation,

this error phase must be much less than 172- . Then

2
3 (p)=a(p) -&_(p) = P 3_(p) (10
e O T T eep G | oo

This represents a high pass filter with a 3dB lower frequency of G radians
per second. tor proper operation, the modulating frequencies must be
considerably less than G in order to maintain a small phase error ( for low _
distortion)., Thus, the error bandwidth G is of more practical interest than

the PLL bandwidth. For example, if <I>m(t) = Bsin o

2 .
Bw N2Gw
& (t)= —=— sinl|w_t - arctan n (11)
e m
G +o G -wp,
m

From Eq.(l. 11,) for low distortion, G must be such that

2
P,

‘[T_T «< 3 (12)
G +o.>m‘

3. Third Order Loop. - A block diagram of a third order constant plus

integral plus double integral phase locked loop is shown in Fig, I-1,3, The

differential equation describing the loop is:




®= G, 8(t) + G, G,&(t) + G,G,Gelt) (13)

where
e(t) = -sin(® - 3 )+ x(t) cos & + y(t)sin &

: . R/
-Gy # Gle/s + GIGZG3/S“ is the transfer function of the PLL filter.

~ When there is no noise and |® - & _| << 5, the PLL equation becomes,

o+ G]"Q + GIGZQ + G1G2G3<I> = G1¢I>m + G1'G2<I>m + GIGZG3Qm

(14)

. The better way to view this loop is to consider the transfer between the
. modulating phase and the error phase of the loop, since for proper operation,
o this error phase must be much less than 127. . In this report, G1 = 2G,

= G/ 2, which makes the above transfer maximally flat.

3

Then '

o .3
3 (p)=alp) -2 _(p) = L @ _(p) 15)
e m T ¥ 2Gel + 2Ghp G

This high pass filter has a cutoff frequency of G radians per second. Again,
to maintain low distortion, the modulating frequencies must be considerably

less than this, If <I>m(t) = Bsinw_ T the phase error developed is

3 2 3
- Borm . 2G W, - @
Qe(t) = sin |w_t - arctan| —y > (16)
. G™ - ZGwm

w_+G
m
Fror_n the above equation, it is clear that for low distortion, G must be such

: '.‘hé«t -

T << % 7)

Fiaand
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2
C. Noise Model. - Instead of the random processes x(t) and y(t), which
are the quadrature and in phase low pass equivalent noises respectively, we
shall use the following deterministic signals (conditional expectations) with

random variable parameters:

x,(t) = Ex(t) / x(0), #0)) s
yy(t) = Elylt) / y{0), $(0)) ©19)

We consider the mid spike time, t = 0, as being the time when x(0) = 0.

Thus, Eq, (18) becomes

x,{t) = E(x(t) / x(0) = 0, X{0)) (20)

The IF filter is assumed to consist of the cascade of two identical
stages, each single tuned with a 3dB bandwidth of two radians per second.

Thus the low pass noise components x(t) and x(t) have the spectrum

40 2

S{w) = TT——Z— (21)

w"+1)
where crz is the variance of the random processes x(t), y(t). It then follows
that:
R(t) = R_(t) - R_(t) = = fObS( ) et qw = o2(1 + [¢]) eIt
=Ry - y = -21—'_— I w) e w = e
(22a)

_ N T A JOE o By = 2, =t
Ryslt) =R o= TF.[O('JN)S(N)J do= &) =0 2ol ' (22b)

The conditional density of x(t) given x(0), x{0) is

[/ Cao\2]
- G«t) - 0) B9+ 4(0) ﬂ%)
o o

e 3 O]
ZGZ(I_R(t)_R(t))

4 4
L o o

f(x(t) / x(0), x(0)) =

: =2 + 2
/. 2 R R4t
20711 - -
( ¢4 04}

(23)

U T U S S
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The conditional density of y(t), £{y(t) / y(0), ¥(0)) has the same form as
Eq. (23).

Usings Eqs. (22a), (22b), and (23), we find for the following conditional

expectations:
x,(t) = E(x{t) / y %(0) = 0, %(0)) = (0) te™ ¥ (24a)
¥y(8) = Ey(t) / y(0 $#0) = (s(0) (1 + [e]y + oy Ith aan)

The above deterministic functions are the noise models used in the PLL
analyses which follows. A typical noise trajectory is shown in Fig, I-1.4.

D. Computation of the Expected Number of Spikes per Second - Using a

_digital computer, and the noise model of Eq. (24), the differential equations

of the PLL se‘e(EqS. (2), (6), (13))are solved, A fourth order Runge-

_ Kutta starting procedure is used, with a Moultons predictor-corrector pro-
gram, 'I“he solution is made over a period of time from t = -5to t - +25
secot;ds. A hunting procedure on the parameters %(0), y(0), ¥(0) is used in
the program such that a "spike'" surface in x(0), y(0), y(0) space is deter-

‘mined. Values of the parameters x(0), y(0), ;r(O) on one side of this surface
cause the_ phase error between the phase output of the PLL VCO, and the
phase of the modulation to be + 27 at t = 25 seconds. Values of the parameters
on the other side of this surface cause the above phase error to be zero
when t = 25 seconds.

The expected number of spikes per second is simply the expected

number of times the random vector":‘((O), y(0), ;r(O) is in a spike region.

(3)

From Rice'™’, we get

N= [ |%] £x(0) = 0, x(0), y(0)) dk dy dy (25)
S

where

S = spike regions




N = expected number of spikes/sec.

f(x, X, v, ¥) = joint gaussian density of x, %, y, }.r.
The integral is performed by approximating the spike surfaces by plane
segments, and summing the results of Eq., (25) for each segment, A digital
computer was used to perform this tedious computation.

To simplify computations, the equations were normalized. The 3dB

bandwidth of the IF filter is

w]{F = 2(0.643) = 1, 286 radians/sec.
To compare the results for this IF bandwidth with results for other band-
widths, we introduce a time scale to the phase locked loop equations:

¢ = t/K | (26a)
This results in a new IF frequency:

wp = Koln radians/sec. : : (26b)
for the first order loop

G=KG'=;$E.G' (27)

IF

while for the other loops

G, =KGj ; G, =KG, ; Gz =KG} (28)

The number of spikes/second is then

N = KN' (29a)
or |

N' = N/K = ANz -1 (29b)

wpp/ 2

where

f = modulation index

fm = modulating frequency

wyp= IF bandwidth (radians/sec.)
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Results, - The spike boundary can be found for the FM discriminator
by plotting Eq. (1) fromt = -5 to +25 seconds instead of solx}ing a differ=
ential equation, Figure 5 shows the resulting spike surface for a FM
discriminator with a constant modulation offset of 0,6 radians per second,
(This is equivalent to square wave modulation). It is interesting to note that
there are multiple spike regions and that no positive spikes occure in the
region shown.

The surface for the first order PLL with no modulation is shown in
Fig. I-1,6, Negative spikes occur for values of X(0), y(0), ¥(0) to the right

of the surface and none to the left. The surface for positive spikes is

simply a mirror image of the one shown, below the y(0), ¥(0), plane.

The surfaces for the second and third order loops are shown on Figs, I-1,7
and 8, for the case of no modulation, Note that they have the same shape
and form as the surface for the first order loop, (no modulation), and
again the surface for positive spikes is a mirror image of the one shown,
below the y{0), y{0), plane. Also spikes are obtained to the right of the
surfaces as before.

The gains of the second and third order loops were adjusted so that the
phase error developed with sine wave modulation (ﬁsin(wmt)) is the same
for both loops and modulation indices (3 and 12). The lower gain loops are
designed to operate with the larger B, while the higher gain loops are to
operation with the lower B. Note that since the IF bandwidth is kept constant,
a larger modulation index impleis a lower modulating frequency w0 hence
a lower loop gain can be used,

The surface for the first order PLL with a constant modulation offset
of , 6 radians per second, is shown in Fig, I-1,9. It is very similar to the
surface obtained fro the FM discriminator. This is to be expected, since

the gain of the first order loop is rather high (to maintain a low distortion),
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which makes the performance of this loop not very much different that that
of the FM discriminator,

The surfaces for the second and third order loops with constant modula-
tion offsets of (3/4)(»_.'[F and (12/13) w} radian per seconds [Bw:'LF/([S + 1)]
are shown in Figs, I-1,10 and 11, Note that only negative spikes occur, and
that they occur to the right of the surface.

The expected number of spikes per second for the above surfaces was
calculated using Eq. (25). The normalized results are plotted in Fig, I-1,12,
The curves for the first order PLL show that spikes are approximately a
thousand times more frequent with modulation than without, Also it is
evident that better performance is achieved as the order of the loop is
increased. It is also interesting to note that the difference in performance
between the no modulation and the modulation case decreases as the order
of the loops increase,

Conclusions, - The expected number of spikes, for an FM Discriminator
with modulation, obtained from the spike surface of Fig, I-1.5, was found to
be almost the same as that for no modulation, These results, together with
a simple approach heuristically derived by Rice(3), are compared in Fig, I-1.12,
The difference, in terms of carrier to noise ratio, is only 0,5 dB.

The results are also compared with experimentally obtained results,
for the first, and second order loops, The agreement, in terms of carrier
to noise ratio, is very good for the first order loop. The agreement for
the second order loop is not quite as good, a poorer result being obtained
for the experimental points. (i.e., more spikes per second,)

The theory assumes that the low pass equivalent noises x(t), and y(t),
are independent. This requires the bandpass IF filter to be symmetric

about the center frequency. To do this with a cascade of two single tuned

[




e
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stages, requires a very high Q. In the experiment, the IF filter used had
a center frequency of 455 Hz and a bandwidth of + 4,1 Hz. The correlation
of the low pass equivalent noises was indicated by the fact that symmetrical
spikes were obtained with a carrier frequency 1 kcs, above the center
frequency., The discrepancy between the theoretical and experimental
results are expected to be due to the above problem,

It is worth noting that the method allows the comparison of different
systems by comparing their respective spike boundary surfaces., If the
surface of one system is closer to the origin than the other, then the first
system generated more spikes than the second under the conditions for

which the surfaces were computed,
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1,2 Cycle Slipping in a Second Order Phase l.ocked Loop

Introduction. - The purpose of this scction is to present the
experimental studies made on the cycle slipping performance of a second
order PLL,

Input signals to the loop are restricted to a carrier plus narrow-band
noise centered at the center frequency of the loop, The case of modulation
is not considered. The loop filter has a single pole and zero with its transfer

function given by

H(s) = (1)

s+ a

First Order PLL '"Click'" Theory. - The input signal of interest

consists of a carrier of frequency w_ plus white Gaussian noise which has
been passed through a symmetric narrow-band filter centered at W The

filter output may be represented as

eo(t) = A cosw + n(t) = a(t)cos[wot + Y(t)] (2)

From the work of Rice,1 it is known that y(t) contains steps of + 2n, The
output ''clicks' of a limiter-discriminator are the result of these steps. To
determine the number of output ''clicks" per second when e (t) is applied to
a PLL, Hessz, takes the view that an output '"click' occurs when the
loop tracks the steps of + 27 and no click occurs when the loop slips by
a step. Thus the expected number of output clicks can be determined
by calculating how many of the steps of + 2r the PLL tracks.

Hess fnakes a model for the steps of + 27 in the input carrier plus noise
and derives the following result for the expected number of PLL output
clicks for a first order PLL,

=Y é 1.04Y
N+ - erfc ['\/1—\1 (1 +_—“°L




where A/AN2N = carrier to noise ratio at input to PLLL, y = radius of gyra-

tion of the narrow-band noise at the loop input, wy,
0

1 fY eul/ 2dx, and N+ = expected number of positive and

= PLL hold in range,

erfc Y =

N2m
negative output clicks/second. This expression is plotted in Fig. I-1.2.1 for

several carrier to noise ratios, For the rectangular narrow band filter
assumed, Y = BW/N3, where BW is the filter bandwidth.

Experimental Results and Conclusions. - Hess's model was extended

to a second order loop and the expected number of output clicks was calcu-
lated for a particular loop filter. Fig., I-1,2.2 shows the filter used and the
experimental and theoretical results, Agreement was not good and initial
attempts to explain the discrepancies did not succeed.

An experimental approach was then taken employing a loop filter of the
form H(s) = (s + B) (s + a). With 8/ a fixed, as a tends to infinity the filter
has little effect on the loop. Consequently, the loop behaves as a first order
loop with the same closed loop bandwidth as the second order loop. As a
tends to zero, the loop reduces to a first order loop but with a closed loop
bandwidth of (a/ﬁ)wL, where w; is the "hold in'' range of the second order
loop.

The expected number of ""clicks'' per second at these two extremes can
be calculated from Hess's model for first order loops. For values of a in
between, the number of clicks per second should vary in some manner which
should give a clue as to how the loop operates. Fig, I-1.2,3 is the result of such
an experiment for a '"hold in'' range of 31 kilohertz and a rectangular input
filter with BW = 14kHz. Note that all the curves tend to the same value of
o./wL increases as predicted, since in every case the loop is behaving as a
first order loop of bandwidth 31 kilohertz (the "hold in" range and loop

bandwidth are the same for a first order loop). As a/wL decreases, the
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curves branch out as predicted since the loop is behaving as a first order
loop with a bandwidth of 31 a/f kilohertz.

In an attempt to correlate the data, Fig, I-1.2.4 was constructed, The points
were found as follows. For a given a/w; and B/ a, the number of "clicks"
per second was noted from Fig, 1-1,2.3, Then using Fig. I-1,2.1, the value of
ZwL/BW to give the same number of 'iclicks' per second was determined, Note that
this

Leq

the same number of ''clicks' per second as the second order loop. Thus the

is now the bandwidth of an equivalent first order PLL which gives

vertical axis is labled ZwLeq/ BW. The resulting graph has several proper-
ties, as noted by the straight-line plots superimposed on the experimental
curves,

First, all of the plots break at }B/wL = 0,01 and all have the same slope.

Secondly, all are approximately equally distant from the experimental

curves at the break points, This suggests that one can predict the results

by simply drawing the asymptotes, making corrections and drawing a
smooth curve, |
To be sure the method could be used for any second order loop hold in
range (Fig, I-1,2,4 is the Wy, = 31 kilohertz), curves similar to Fig, I-1, 2,4 were
experimentally measured for second order hold in ranges of 74 kilohertz
and 190 kilohertz (Figs. I-1,2.5 and 6). In these cases the asympototes were

~ constructed before the experimental points were taken. As can be seen,

“the behavior of the loop is exactly the same as for Wy = 31 khz., The corrected
curves are also given in Figs. I-1,2,5 and 6, They were constructed, as were
the asymétotes, by the following rules derived from the study of the experi- j

 mental points in Figs, I-1,2.4, 5 and 6: |

1) Determine the desired second order lobp hold in range and the

zero-pole ratio of the loop filter (B/ a).




2) Construct the horizontal asymptotes at ZwL/ BW and (a/pB) ZwL/
BW, |

3) Construct the left break point at a/w = 0, 0la/p.

4) Join the horizontal asymptotes from the break point with a line
with slope of 0.43 decade/decade.

5) Determine the right hand break point at the intersection of the
main plot and the right horizontal asymptote.

If a smooth curve is desired, the following corrections are used, The
corrections are 0. 08 decade at the break points and 0, 04 decade an octave
above and below the break points, Note the corrections are positive at the
left break point and negative at the right break point. Log-log paper must
be used.

In order to have further proof of the validity of these rules, a set of
curves for the first case experimentally investigated was constructed using
the rules above. The result is Fig, I-1,2.7 which also contains the experimental
points of Fig, I-1,2,2. Note the close agreement as contrasted with Fig. I-1.2.2.

It is especially significant that agreement is achieved for all the carrier to

noise ratios since Fig, I-1,2.7 was constructed from the data for a carrier to

noise ratio of 2 dB.

Although Hess's model cannot be directly applied to second order PLL's
the use of an equivalent first order PLL bandwidth allows one to predict the
performance of the second order loop., The prediction is done by means of

a simple graphiéal consiruction once the ldop parameters are known.,
'Expériinental verificaticn has been obtained for several second order loop
hold-in-ranges and carrier to noise ratios,

Furiher investigation is required to obtain the theoretical justification

for the method derived in this report, Another area for future work is the
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notion of an equivalent first order bandwidth to higher order PLL's,

s o i o st e 8
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1.3 An Output Signal-to-Noise Ratio Equation for the First and Second

Order Phase-Locked Loop.

Introduction. - In this report, an equation is derived which predicts the
output signal'-to-noise ratio (SNR) with no modulation, for the first-order
phase-locked loop (PLL), and with a small modification it also holds for fhe
second-order PLL, when the system IF filter is rectangular and the output
low-pass filter frequency characteristic is known. This equation has been
experimentally verified for a variety of different system conditions.

Derivation. - The initial approach to this problem is the same as that
taken by M, Schwartz“) in his derivation of a SNR equation for the discrim-
inator. Since a no modulation analysis is being performed, a ficticious
output SNR is defined as the ratio of mean-squared signal out, with the noise
set equal to zero, to the mean-squared signal out, with no signal present.

The argument is employed th;t the spectral density of the total noise
at the PLL output is the sum of the spectrum obtained in the high carrier-
to noise case (Gaussian component) plus the spectrum due to noise clicks,
Therefore, for a symmetric IF filter the output spectrum of the PLL is
given by

Goutl®) = Gy(6) + G Hfw) (1)

where Gl(w) is the power spectrum of the Gaussian component and Gz(co) is
the power spectrum of the click component. When the input to the PLL is
given by

e;n(t) = (A + x)cosw t - ysin o t : ; (2)

where x and y are independent Gaussian random variables, it has been

shown( 1) that

Gl(w) = sz/ ZBAZ

-B<i<B (3)
A>>IN
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where N is the input noise power, and 2B is the IF filter BW; and that
G ,{w) =87 N (4)
2 +

where N+ is the total expected number of positive clicks per second, (N 4+

N_ for an unmodulated carrier.) Therefore

2

2 2
Gout(w)sw N/2BA“ + 8« N+ (5)

. If there is an ideal low-pass filter (LPF) following the PLL which cuts

off at £ , the output noise power is given by
£
- m
=2 { Gyyelf) af (6)

‘However, the LPF of the typical demodulation system is not ideal.‘ To get
.va'round this situation, we define fmG and fms as equivalent bandwidths of

Vide;al‘filter's where

Q0
fmG |F(0)| % e2at = [ |Fin)] 2 £2as (7)
(o]

: 0
fms |F(O)|2df = f |F(f)A|2df (8)
[o]

o
éﬁd F(f) is the actual LPF transfer function, The noise power is therefore

1I’Zf3

N, = 277 G 4 16nPNg, (9)

whére Y= Az/ 2N is the carrier-to-noise ratio the ‘modulating signal is

assumed to be of the form
Y = Auwcosw t (10)

and it is attenuated by the output LPF by Gf. the mean-squared output
: »sig'nal is given by 7
s, = 2n(a6)G, (11)

An expression for N for the PLL has been derived by Hess(z) for the

+




first-order PLL, His result for a rectangular IF filter is

N, =(B/2\3)erfc NY[1 +$9-§I€:i3-] (12)

where erfc Y =(2/,\/-n_) j:oe'xz dx, and fL is the closed-loop bandwidth of the

PLL, Ithas beenshowninsectionl, 2thatthe use of anequivalent first-order

PLL bandwidth fLeq’ in Hess' equation, allows one to predict N + for the
second-order loop, where the loop filter for the second-order loop is shown

in Fig, [-1.3.1, The aetermination of fLeq is done by means of a simple graphical
construction using the second-order parameters., Therefore, the output

SNR for the first and second-order PLL with a rectangular IF filter, using

the appropriate value of fL’ is given by

(e fe)
‘mG mG :
So/'N ) 1+ 24 me B YV f W[l-i-(o'b)B]
o ( /“B)( 4 X { ) y exic T
mG mG

where Af = signal deviation, y = input CNR, B= half the IF filter BW, fm G*=

equivalent BW of output LPF for Gaussian noise, fms = equivalent BW of
output LPF bandwidth as shown in Figs. I-1.3.2 and ‘3. It can be seen from
these curves that agreement between theory and experimental results is
good in all cases.

To test the equation for the second-order PLL, an equivalent closed-
loop bandwidth had to be determined for each setting of fL and for each loop _
filter, using the rules given in section 1. 2 of this report. The theoreti;:al
and expérimehtal data is shown in Figs. I-1,3.4 and 5, Again, agrevement is
good, which indicates the validity of the derived equation,

Conclusion. - An equation that predicts the output SNR for the first and
s'econd-order PLL without modulation, has been derived. Its validity has
been examined for various systefn conditions and ithas been shown to hold for all

cases tested.,
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1.4 Optimizing Second-Order Phase-Locked Loop (PLL) Performance

with Modulation,

Introduction. - In this section a purely experimental investigation into
the behavior of the first and second-order PLL with modulation is described:
Curves of output signal-to-noise ratio (SNR) vs, input carrier-to-noise
ratio (CNR) for the PLL and limiter-discriminator were obtained by varying
the numerous parameters of the system. This study culminates in the

determination of a "rule of thumb'" for choosing an optimum loop filter

E(s+g
M 'sta

_tion of the input signal from the carrier frequency before the loop loses

"H(s) = )} and hold-~in range (the maximum static frequency devia-
E “lock) for the second-order PLL when the modulating signal fills the entire
- IF filte» bandwidth of the system (full-deviation signal).

General Study. - To make the SNR measurements with modulation, the

system of Fig, I-1.4.1 was used, The signal and noise were kept on simultane-
~ously, while measuring the output value of either parameter, For the data
taken for this report, a full-deviation signal was used, i.e., a signal with
deviation Af given by Af = BB/(1 + B) where 2B is the IF bandwidth and g
is fhe modulation index. Besides the many curves obtained for the PLL,
some data were taken for the limiter-discriminator to use for comparison,
. These data were taken by replacing the PLL by a 455kHz limiter and GR
discriminator (model 1142-A) in the system of Fig, I-1.4; 1.

Specifically the output SNR was measured, with the input CNR fixed
at 6dB and f fixed at 2, as the hold in range f; » the pole of the loop filter
a, and the zero of the loop filter if p were independently varied, It s
observed émpirically that the output SNR passed through a maximum as
each of the parameters, fL? a, and wére varied. Consequently by ce-

quentially adjusting the parameters the optimum output SNR was obtainecd
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for B = 2, With the signal deviation Af = 2kHz, with the modulating signal
frequency fm = 1 kHz, and a rectangular IF filter with bandwidth = 6 kHz
the empirically determined optimum values were found to be

a~1,5kHz

szlz. 5 kHz

Wa=é
Fig. I-1.4,2 compares the optimum second order PLL with the optimum loop
filter over the discriminator. It should be noted that with full deviation,
little improvement in threshold is obtained with the PLL,

Using the above set of optimum parameters and the knowledge acquired
from. taking data presented in this section, one may set forth a "rule of
thumb'' for choosing an optimum hold-in range and second-order PLL for
a full-deviation signal, The "rule of thumb'" is as follows:

f o 2 x (IF rectangular filter bandwidth)

L opt

o’opt =1.5xfm

(p/a), == 6

To test this rule, experimental data were taken for two other cases
(B = 5and B = 6). The systems were set up using the above rule, and then
SNR's were measured for variations of the parameters, to show the PLL
was indeed optimally adjusted, In both casés the rule proved to be cor-
rect,
Conclusion

A study has been made of the first and second-order PLL behavior‘,
with modulatlon, as a functlon of various system parameters. A "rule of
thumb'' has been proposed for choosing the hold~in range, pole positmn,
and zero~to-pole ratio, which would result in optimum performance of the

second-order PLL when used with a full-deviation signal, This rule has
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been tested and shown to give satisfactory results; however even with

the PLL optimized little SNR improvement over the discriminator was

. obtained.
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2. The Frequency Demodulator with Feedback

Ve

Introduction. - The response of an FMFB system to an FM signal in the

presence of additive gaussian noise has been studied. Results are compared
to the FMD, PLL, and other threshold extension devices. Criteria of com-

parison include the expected number of output clicks as a function of SNR at

et o e e A e 1 20

the input, and modulation index, overall system bandwidth and signal
distortion,

Differential Equation of FMFB, - The block diagram of the system is

shown in Fig, I-2,1, This system is usually preceded by an IF filter which
attenuates the noise outside the signal bandwidth. The input to the FMFB thus
consists of a modulated carrier and additive colored gaussian noise., The IF
filter is omitted in this section because the differential equations governing
the FMFB are independent of it. The discriminator within the loop is
assumed to be preceded by an ideal limiter. The input to the FMFB is
expressed as:

ein = (Y)sin wyt - (X) cos wyt , (1)
where

X = x+ sin ¢, andY='y-cos dim (1a)
where x and y represent independent orthogonal components of the input i
gaussian noise, ¢, represents the signal modulation and w, is the tranérhitted
carrier frequency.

The output of the VCO within thé'loop is expressed as:

oo = Z(Sin(wo + wl)t + ¢) o L(Z‘)

where w, is the center frequency of the loop filter, G represents the gain of

the loop amplifier (the VCO is assumed to have a gain of unity)-and where ¢
is the FMF B output phase.

The output of the multipliebr’, €m is expressed as:
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e = e ®veo =((-X) sin(w lt + ¢) +(Y) cos(wlt + ¢))

(3)
¥ (=X) sin((20y + @,) t + ¢) + (Y)cos{ 20y + w)) t + ¢)

The loop filter is centered at wl. In practice, one chooses @g sufficiently
large such that the terms at 2wg +w, are attenuated to the point of being
negligible.

- . Thus, one specifies that H(Zwo + wl) << H(wl) (4)
where H(w) is the loop filter transfer function.

When a simple RLC ¢ircuit is chosen, the transfer function is.
aw, 8

H(s) = | (5)
s2 + o,wls + wlz

. A s
whose low pass equivalent using the— + e transformation is
1

H(s) = 545 | (6)
. or
d =
aef-l--c&-ef-aem (7)

If 2 >> a, the low pass equivalent may be used w’ h arbitrarily small error,
The filter input at low pass, when sum frequency terms are neglected,

according to (4), is obtained from (3):

e = -Xsing + Ycos ¢ (8)

, ‘The filter output e; is expressed as:

e,= A cos % (9)
substituting (8) and (9) into Eq. (7) one obtains:

(A+aA)cosd - 22 sin & = o(-Xsin¢ +Y cos ¢) (10)

_which ri.s ‘equivalent to

- L . (11)

A A, . [G~1 -

(A+o.A)<_:os_% %sm%=a-Xsm(G ¢+cl'¢)+YcosGGl¢+é.¢




letting Y‘-=9-3"—l (12)
(A+ aA) cos % - %A sin% = «X[sin y ¢ cos %-l- cos Y ¢ sin %]a
+ Y[cos ¥ ¢ cos % -sin Y ¢ sin%]a (13)

hence one obtains the fundamental equations of the FMF B:

6= [XcosY$+ Ysin Y¢]a% (14)
and
A= of-XsinYé+ Ycos V4] -a A (15)
When the noise components x and y are not present (la) reduces to
X = +sind (16)
and
Y= -cosd, | (17)

Substituting (16) and (17) into (14) and (15) yields:

o= -sin(vb-4 )33 s
and
As acos{Y - ¢m) -aA ' . (19)

Differentiating (18) one obtains: .
o v ¢m o0
= ~cos{VP- ¢} aG(Y - =) + 8in{Y¢ -~ ¢;y,) aG -$2- (20)
¢ , o ¢
Substituting (18) and (20) into (19) yields:

tan(¥$-9, ) = J) - & (21)

m

4

v

aQ -

o do

Linearization of FMFD. - Equation (21) may be ‘"li'near'ized" to determine

the closed loop bandwidth of the FMFB, As the modulétion is decreased with

reépect to the filter bandwidth a, ’tan( Y$ - ') approaches y¢ - &y, The

denominator is also expanded and only linear terms are kept.

P P SRR SR
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1 o ° 1
Yo -0, = 'E[¢'¢m][1 +E?d | (22)
from the left hand side of (22) it follows that when it is small enough,

° o
% =Yoo (23)
Coimbining (22) and (23), the closed loop transfer function of the FMFB is

found to be:

$ =gl 24
m  (2+G- ) (24

The location of the pole. and a sketch of the transfer function of £q, (24)

are shown in Fig, 1-2,2, The location of the pole is at:

s8=(G-~-1)a

Harmonic Distortion, - When a sinusoidal modulating signal is applied

to the FMFB some of the output power will be lost to harmonics of the
fundamental frequency due to the nonlinearity of the FMFB differential
Eq. (21). For an input signal of modulation indix

¢m = Bsinw t . (25)
the output signal is assumed to have phase lag terms and odd harmonics,
When f is small, the third harmonic is presumed to >dominate and an output
- solution is assumed to have the form:

fp = Asinwmt +Bcosw t+ Csin3w t+ Dcos 3wmt (26)

The harmonic distortion is then

1

' 2 2\1/2

. C"+D

% distortion = —— (27)
A”+ B

A Iéo'mputer program has been developed whereby the coefficients of (26) are

determined so as to make the difference between the right and left hand side

T e L A TR R Y NN S T LR S N 44 AR ) T g A




of (21) arbitrarily small, From (23), (25) and (26) A is assumed, to have
a value

29. .
A y (28)

Next, with B and D set to zero the value of C best fitting (21) with a solution
of the form of (26) is determined, Now, with A and C as determined in the
first two steps, B is calculated and then D). With the values of B,C,D
obtained in the first iteration, A is recalculated. The iteration continues
until convergence within an arbitrarily small error is obtained for each
value, |

Expected number of clicks, - Under operating conditions, the FMF3 is

usually preceded by an IF filter selected in accordance with Carson's rule.
A double pole synchronuously tuned filter was used, each stage having a
3db bandwidth of two radians/ sec.

The quadrature noise components ¢ach have the spectrum:

2
Slw) = Sx + Sy = -4;- ' (29)

w +1
where o2 is the variance of x and y. The "mosi-likely' noise trajectory,

given the values of the noise at the axis crossing is:

-1t
Elx(t)/={0) = 0, x{0)]= x(0) te i - (30)

and

E[y(t)/ y(0), $(0)] = {y(0) (1 + |t]) + y(0) eyeltl o (31)
Equations (30) and (31) were used as inputs to equations (14) and (15), and
the solutions obtained, using a computer, yield the click boundaries in terms
of x(0), y(0) and y(0).

Results, - Spike boundaries have been obtained at p = 5 :}nd B =12 with
no modulation, and p = 5 with modulation, tRefer to Figs. 1-2,3,4 and 5). The

modulation applied was a constant offset frequency of 2/, to represent the
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maximum sine wave deviation, The results shown indicate an improvement
over similar boundaries for the first and second order PLL,

A An experimental FMFB system was built and is observed clicks/ sec.
will be compared to the number predicted by the computer program.

The harmonic distortion problem in the FMFB is expected to be more

severe than in the PLL since several non-linearities rather than just one
‘occur in the FMFB differential equations. Computer results are presently
being obtained.

bThe gain and bandwidth of the FMF'B in the spike boundary calculation
were selected to result in a loop modulation index of unity and a loop filter
obeying Carson's rule. The output clicks obtained using this scheme is
calculated, Considerations of distortion may require extension of the

FMFB bandwidth to obtain a fair comparison with the PLL.
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3, The Frequency Locked Loop,

3.1 Quantized Second Order Frequency Locked Loop.

Abstract. - Several previous papers have presented the basic concepts
of the threshold extending FM receiver known as the Frequency Locked Loop
(FLL). In this section several significant modifications to the basic FLL are
reported., Specifically the modifications entail the optimization of the loop
filter and the quantization of the amplitude channel. The paper presents
intuitive arguments explaining the improvements expected with these
modifications.

Finally, and most important, experimental data are presented. These
data indicate that even with full deviation sinusoidal modulation, the FLL
extends the FM noise threshold significantly over the discriminator. In
addition, when used to demodulate binary signals transmitted by Frequency
Shift Ke&ri_ng the FLL yields an output probability of error th;at is within 1.4dB
of that achieved with a matched filter having the same input noise spectral
density. The comparison with the matched filter was made with modulation

5 and 10"2.

indices in the vicinity of 2 and for error rates between 10~
A. Introduction., - In a previous paper the Frequency Locked Loop
(FLL) FM Den'xodula.tor1 is introduced and is shown to be capable of extending
the FFM noise threshold. This extension is achieved by using the envelope
information of the.incoming noise corrupted FM carrier to directly control
the loop gain and in turn the bandwidth of a feedback loop through which the
demodulated FM information is passed; thus if the envelope takes on a small
value (relative to its average value) the information is passed through a very
narrow bandwidth and effectively '"held". Since the FM noise threshold is
| characterized by the occurrence of gross frequengy disturbances of clicksz'

and since, near threshold , these clicks are almost always accompanied by

low envelope levels3 on the incoming noise corrupted FM signal, the holding

e e i e 1 T
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property of the FLL eliminates the majority of the clicks from its output
and thus extends the noise thresheld,

The first order analog FLL previously described has several short-
omings., First, the ""holding" operation, which occurs far more frequently
than the frequency clicks occur, introduces an additional output noise
component plus a signal suppression effect, both of which detract from the
possible threshold improvement. Secondly, envelope variations for input
carrier to noise ratios above threshold cause the FLL to have an above thres-
hold output signal to noise ratio slightly lower than the discriminator,

In this paper intuitive arguments are presented to show that these short-
comings may be partially overcome by quantizing the envelope information
before applying it to the feedback loop and by utilizing a properly designed
second order filter within the feedback loop. In addition, experimental data
are presented which indicate that the intuitive approach to optimization is
indeed valid.

Here the input signal is assumed to be in the completely general form
of a carrier centered at W, modulated by an envelope a(t) and a phase Y(t).

The envelope a(t) arises when the FM carrier is corrupted by additive narrow-
band noise centered at wg whereas J(t) consists of the desired phase modu-
lation plus pertubations from the narrowband noise. The quantizer consists

of a monostable multivibrator which reduces its output g(t) to zero for a

fixed duration t, every time the envelope a(t) drops below the level €A, where
A is the FM carrier amplitude, (With no noise present a(t) = A,) Fig, 1-.3,1,2
indicates the relationship between the quantizer output q(t) and a(t).

If the output of the FLL is designated as (ob(t) and the impluse response
of the loop filter is given by ho(t). the the defining equation for the loop takes

the form
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a(t) = qt) [4(t) - & (0) ]* h(t) (1)

The advantage of quantization in the FLL is now apparent, If the input

carrier to noise ratio is high, a(t) almost always remains above €A and

q(t) = A0 (a constant), Thus &»(t) is just a filtered form \L(t). If in addition,

an equalizing filter is incorporated after the loop, as shown in Fig, 1-3,1.1, the
filtering effect of the loop may be exactly compensated, and thus the equalized
loop output (ob(t) and the discriminator output qo;(t) are identical (within a scale
factor) above threshold, Below threshold a(t) does indeed drop below €A

during ‘the occurrence of rmany clicks in :]Z(t), thereby opening the loop and

®
completely decoupling Y(t) from the output.

The quantizer depends strongly on two parameters, €(the quantization
level) and te (the holding time), for its correct operation, Both of these
parameters have an optimum value which yields the best threshold improve-
ment. Intuitively we observe that if € is very small, very few holds in the
loop occur and thus very few clicks are removed at the loop output. On the
other hand, if € is large the number of holds becomes large which permits
almost all of the clicks to be removed; however, since the number of holds
far exceeds the number of clicks (a(t) drops below €A many times when a
click does not occur) noise induced by holding lil(t) exceeds ths RMS value of
the click noise removed. For some intermediate value of € a sufficient
number of clicks are removed while the noise due to holding still remains
sufficiently small such that an optimum is achieved. This optimum is found
experimentally to correspond to € & 0, 2 and is reasonably broad.

It is interesting to observe the structure of the output noise as € is
increased empirically from zero. Initially if operation of the FLL is below

threshold, the output contains the same impulsive click noise as the discrimi-

nator, As € is increased a number of the clicks are removed or greatly

it A
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reduced in area without much additional noise appearing, Finally, as ¢ is
increased still further, almost ali of the clicks disappear and the "Gaussian
like" holding noise begins to greatly increase, In effect, varying € provides
a means of not only reducing the total RMS noise below threshold but also
converting a click noise into "Gaussian like'' noise. This conversion is
highly desirable when video or digital information is transmitted via FM,
Fig, 1-3,1,3 shows the variation in the noise structure for several different
values of €,

It is also apparent that if the holding time t, is too small, the holding
is not accomplished for the entire duration of the click in l:l(t) and only a
small portion of the click area is removed from the FLL output. On the
other hand, if t; is too large, the holding noise again begins to more than
compensate for the click noise removed., Experimentally it has been found
that the optimum t, is approximatley 1/ 2 (BWp ) Where BWpy o is the
RMS noise bandwidth (in Hertz) of the input narrowband noise, Again this
optimum appears experimentally to be rather broad such that a very precise
setting of t; is not required,

1f one observes the FLL output for a fixed value of € as to is increased
from zero, one notices first that many of the output clicks become reduced
in area as a portion of the input click is removed., As ty is increased further
many of the input clicks disappear completely, and finally as t, is increased
still further a large amount of ""Gaussian like'' holdings noise appears in the
output, Since in general ¢ and ty are correlated, their optimum values must
be obtained simultaneoulsy, This is indeed how they were obtained empirically,

B. Loop Filter Optimizati’on,. - The choice of an optimum loop filter is

based upon three basic considerations:

1) The filter must provide a good estimate of the signal component
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of tL(t) (oré(t)) during a hold, i.e., when q(t) = 0.

2) The filter must produce a well behaved transient when q(t) returns
from 0 to AO. .

3) The filter must provide an absolutely stable closed loop response.
Clearly requirements 1 and 2 insure that the holding noise is minimized
while requirement 3 is essential for any feedback system,

From requiremsnt 1 it is apparent that the loop filter (whose impulse
is given by ho(t)) should have as many poles at the origin as possible. This
is the case since each additional pole permits the filter output to estimate
the desired output signal with one more degree of precision when the input

is reduced to zero by q(t) dropping to zero. Specifically if q(t) drops to

o
zero at t = ty and ho(t) contains n poles at the origin, for t<t<t +t, 3t)

is given by :
coo 2

o ] oo L] (tl) (t'tl)
¢I>(t)-<1>(tl)+<I>(t1)(t - ty) + - >
n, n-1
,»Q (tl) (t ‘tl) )
+ ... + ;t1<t<t1+to
{n - 1) ;

As n—eco, %(t) would be approximated exactly during a hold Eq. (2) would
become the Taylor series for 5(1;), ard no holding noise would exist, Re-
quirement 3,‘ however, limits the number of poles to 2, since 3 poies at the
originina feedback loop would produce at best conditional instability. With
two poles at the origin for ho(t), %(t) is approximated by its value and slope
att=t, during a hold as shown in Fig, I-3.1.4, Clearly a much puorer approximi-
ation to ;(t) during a hold would result if ho(t) contained a single pole at the
origin; specifically &)(t) would remain constant during the hold thereby
increasing the holding noise.

Requirement 3 also specifies the zeros of hO(t)' In order to keep the

closed loop poles from approaching too close to the imaginary axis, ho(t)
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must take a form similar to that shown in Fig, I-3,1.5, The figure also indi-

cates the locus of the poles of the closed loop FLL, with no holding, as the
loop gain (or equiva;lently AO) is increased. In order to meet requirement 2,
a sufficiently large valﬁe of Ao must be chosen to keep the imaginary part of
the closed loop poles above the passband of the final baseband filter. At the
end of each hold a transient results which has a strong frequency component
at a value equal to the distance of the poles from the real axis. If this fre-
quency component is not passed by the baseband fjlter, the basic holding
noise is due to the inexact estimate of ¢°]> (t) during\v a hold.

On the other, Ao.‘should not be chosen any larger than that value which
just keeps the imaginary part of the closed loop poles above the .basebanc‘!
bandwidth. A larger value of A would increase the closed loop bandwidth
of the FLL and thereby permit a larger noise component in ;(t). Such an
additional noise component is highly undersirable since when a hold occurs,
the additional noise plus the desired signal component of &(t) is estimated,
and the output noise is greatly enhanced. This is particularly trﬁe of the
high frequency noise, which when held generates low frequency noise com-
ponents which reach the output of the baseﬁand filtelf. Consequently, the
closed loop poles should be placed just slightly above the passband at the
baseband filter and the equalization filter should be designed to exactly
compensate for the closed loop poles over the entire baseband,

In the FLL which has been constructed, the imaginary part of the closed
loop poles is 1, 55 kHz, whereas the baseband filter has a -3dB bandwidth
of 1kHz and falls off at 24dB per octave in the stop band, In addition, the
zéro of ho(t) is at 6,7 kHz., The equalization filter has a pair of complex

conjugate zeros which lie at the same position as the closed loop poles.

s e




A subsequent section of this report presents a theoretical derivation of

SNR vs. CNR curves with € as a parameter. Yet another section presents

s

"

~a comparison of a theoietically derived expression for proba.biiity of error
in digital FSK transmission with measured results. At this point we present
a quick summary of experimental data to provide a frame work for these
subsequent sections.

C. Experimental Results. - Experimental results are shown for both

the case of binary frequency shift keying (FSK) and for the case of sinusoidal
analog modulation.

Figs, I-3.1.6 and 7 show comparative results for the detection of errors in

|
a B = 2, noisy binary FSK signal detected both by a discriminator and by a
discriminator plus a base band frequency locked loop.

Fig, I-3,1.7 plots curves of probability of error vs. the input carrier-to-
noise ratio (CNR) in dB., These curves are for a discriminator, for a FLL
circuit and for the theoretical matched filter. The theoretical curve for the
discriminator was derived by Schilling, et al* At a CNR of 8dB the error
rate from the FLL is down by a factor of more than 100 from the discrimi-
nator case. From another viewpoint, if the error rate is held constant at
1/10° bits then the input CNR required by the FLL is 2, 2dB less than that
required by the matched filter.

Fig. I-3,1,8 plots comparative curves of the output signal-to-noise ratio
(SNR) in dN vs. the input CNR for the B = 14.5 case. These curves are
actual measured curves with full sinusoidal deviation; that is, with a peak
deviation of 14, 5 kHz in a square IF of peak-to-peak bandwidth of 33 kHz.

One should note that for an input CNR of 6dB the FLL has an output SNR that
is 7.3dB above the discriminator. Since Fig. I-3.1.3 is for 2 CNR of 6 dB

through the same IF filter (Af in Fig, I-3,1.3 is 15,5 kH while Af is 14,5 kHz
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in Fig, I-3,1,.8) one can see from Fig, I-3,1,3 that not only is the noise 7.3 dB less|

at the FLL output but the noise structure is both somewhat different and,
through the control of € is adjustable to best suit a particular’system. - )
D, Conclusion. - The quantizéd, second order frequency locked loop

has been shown to offer substantial advantages over an ordihary discriminator

both in the detection of FSK and in obtaining higher SNR's in the analog modu-

lation case,
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q(t)

Fig. I-3.1.2 Relationship Between the Input Amplitude, a(t) and the Quantizer
Output, q(t)
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Af = 15,5kHz, £ = lkHz t = 25y sec, Modulation Notched Out
by More than 50"db, BaseBand Filter Widened to 3kHz to Show
Individual clicks., 100mV/cm Vertical, 50ms/ cm Horizontal.
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i. ERROR COUNTER OUTPUT
[

DISCRIMINATOR

FLL

ERROR COUNTER OUTPUT

DISCRIMINATOR

FLL

IF=6kHz TOTAL - "SQUARE"
Af= 2kHz PEAK
fm= | kHz

BASEBAND LOW PASS FILTER = |.0kHz (-3db) 24db/OCTAVE
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Fig. I-3.1.6 Digital Errors in FSK for a Discriminator and a Frequency
Locked Loop
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3,2 FM Threshold Extension Performance of the Quantized Frequency

Locked Loop,

1., Introduction, - The noise and signal output of the FM discriminator
in the threshold region, Y(t), may be represented as

*

Ut) = e (8) + n(6) + nlt) (1)

where em(t) is the desired modulation signal, ng(t) is the gaussian noise;
and nc(t) is the noise created by clicks(l). The noise and signal output of
the Quantized Fraquency Locked Loop (QFLL) in the threshold region, :b(t),
is
Ut = e (8) + 0 (8) + nclt, e) + my(ty ) - (2)

where em(t) and ng(t) are the same as for the FM discriminator; nc(t, €)is
the noise due to clicks not recognized and suppressed by the QFLL; and
nh(t, €) is due to the signal and gauséian noise distortion caused by holds
(ihchiding the "'false'' holds intended for clicic suppression)(z). To the
extent that nc(t, e)+ nh(t, e) for the QFLL are less than nc(t) from the FM
disdriminator, an improvement in output signal to noise ratio will result,

To illustrate the signal to noise ratio improvement obtainable with the
second order, baseband version, QFLL, the theoretical and experimental
results of Unkauf(s) are presented, In this derivation it is assumed that the

loop filter has the response;

H(s);g-(f-g-‘?l - (3)
S

and that the (pre-equalization) closed loop transfer function, T(s), is given

2
@y (s + A)

(4)
a sz-l-es +w02

[PUPINRRRREE PSSR 2

A AT Y SRS
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2, Calculation of Signal to Noise Ratio, - Consider an FM system with

rectangular IF filter of total bandwidth, B, such that B = 2( + l)fm. where
= é—ﬁ = Af
—

m m
index, and Af is the peak frequency deviation of the FM carrier., Consider

f__ is the highest modulating frequency, is the modulation

m

also maximum deviation, maximum frequency modulation of the form:
e,,(t) = Aw cos wt (5)

For the system parameters given and a rectangular output low-pass filter
of cut~off frequency fm’ the Q¥ LL output noise power has been calculated
by Unkauf,
The power corresponding to ng(t), N _, is:
41r2fm26
Ng = =35 (&

g

where p is the input carrier to noise ratio and 6 is the modulation induced,
noise reduction factor; § ¥ 1 for the system considered and large B. The

power corresponding to nc(t, € N, is
2 v ,
N, =8n £ nl€0p) » (M

where nc(e »0) is the expected number of clicks per second at the FM
discriminator output which are not recognized by the QFLL as given in the
Appendix, The noise power corresponding to nh(t. €) Ny, is: |

Nh = “2 81r2£m[nc(0. p) - nc(e .p)] + ZO'DZ

fn. | (8)
where (1 - p) is the average percentage of click area suppressed by a hold;
O'DZ is the mean-square disturbance created by the holding mechanism on
the discriminator gaussian noise and signal components; and nh(e » p) is the
expected number of holding events per second, These constants are given in

the Appendix.




B, s s e e e e .

N, is plotted in figure 1 for small y, § = 5, and Bt, =), {(where ty is

the length of the holding interval), N, displays a pronounced minimum in
w
the region 1.5 <O-;-9— < 3 and hence specifies the second order QF LL loop
: m
filter design, Eqs. (3) and (4). Since the other QFLL noise terms are

independent of wys the QFLL also'displays a maximum output signal to noise
w
ratio in the region 0—3—(-)-? 2, The position of the loop zero is not critical so
m
long as it is sufficiently large.

The signal power at the QFLL output, SO’ is:

2 2
=Aw2_pwm

So= =3~ =3 (9)

and the total QFLL output signal to noise ratio, SO/ NO’ is:

S0 20 (10)
No g+ ¢t N

This expression for output signal to noise ratio is plotted in Fig, 1-3,2.2 for a
modulation index of 5 with € (the click detection parameter) as a parameter,
Note that the theoretical results are really only valid for p > 4dB due to the

¢

neglect of discriminator signal suppression and the initial ¢onditions for

validity of the noise model, Eq,{1), Sirmilar curves for modulation idices of

2 and 15,5 are contained in Reference 3,

The operation of the second order QFLL is clear from Fig, I-3,2,2 and
Fig, I-3.2.3 of the previous section. As € increases from zero, the average
number. of clicks suppressed by the QFLL rapidly increases and the QFLL

click noise decreases. Also, the number of holding events (attempted click é{
¥

suppression events) increases rapidly with € and the noise due to holding
increases, Thus, the QFLL output signal to noise ratio first increases with
click noise reduction and later decreases again due to holdiﬁg noise produc-
tion as € is increased.. The optimum value of € for best overall signal to

noise ratic improvement is approximately 0. 2 which is experimentally
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verified, In a future paper, this trade-off in the nature of the QF LL output
noise will be shown to be of great value in the demodulation of digital FM
signals,

The overall threshold extension obtainable (for all modulating frequencies)
with the QF LL is on the order of 1,5 dB as indicated by the results of Fig.. I-3.2,2,
This results agrees well with the work of Malone(4) who simulated the case
of a linear interpolation during a click detection and erasure events on the
digital computer. It also agrees in the limit with the work of Calandrino
and Immovilli(s) who considered the open-loop problem of detecting and
processing the discriminator clicks to achieve threshold extension,

Unkauf showed that the threshold extension of the QFLL ix.nproves with
increased carrier frequency deviation and modulating frequency, Hence,
the spectrum of the modulation employed with the QF LL system may be
heavily pre-emphasized to yield still further signal to noise ratio improve-
m;ant on final de-emphasis filtering of the QFLL output.

As afurther comparisonof the second order QFLL, Fig, I-3,2,3 compares this
circuit with a second order Phase Locked Loop (PLL) that was optimized for the
condition of maximum system carrier frequency deviation; This comparisonwas
made for the p=5 case under identical experimental conditions, The PLL results
are dotted curves, For no modulationthe PLL shows animprovenient of 1, 5dB in
output SNR at an input CNR of 7-8dB at the peaic sinewave deviationthe PLLis not
experimentally distinguishable fromthe ordinary discriminator, From 2-.7dB
input CNR the F LL shows an improvement of 4dB or more in output CNR over the
discriminztor, Similar results have beenobtained forbetasof 2and 15, 5,
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AP_Ee_ndix. ,
The following constants and functions have been coinpﬁfé& by Unkauf(3)
.>for the conditions indicated in this paper.

The expected number of clicks per second at the QFLL output, né(e’ ’0)s

is:

Nore i p(l+e)? »
2N2a e--p(1+ e) i 2Ye ee-ap(1+ €)
™

n (e,p) = I (ap(l+¢€))
c 2m(1+ e)'\f4'n'p 0 v :
A-1 f
where y is the radiué of gyration of the IF filter and
> :
_ ®m (t) Ao 2

a= > = > .

Y 2Y

The expected number of holds per second, n.h(e s0)s is:

Azw

. == |
n (€,p) = SO ¥ H(o.z) P_az(o.z) da? Ae2

where P 2(0.2) is the probability density of a? and
a
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2 wo(l- - - 3 . -
Hia?) = L e pll-¢ )[e xIO(xﬁ’e Viglv) + 2, prgr e

T
A-3

2 I (x) i

a 2n-1 -y

+—e'n21 R AE [‘n‘V’ +In(Y)] e i

2
2 m (t) az ’

where o~ = ——— and x = 2€p and y = -—zﬁ . These results are plotted

Y
in Fig. I-3, 2. 4 for the full deviation since wave modulation assumed, The

expected value of yu is determined experimentally:
iem(t)l '
p= erfc{0.51|1 + 4. A-4
N3 Y

And the mean-square holding disturbance, o'Dz » is approximated by:

2 2 t04w4 2w4 tozw4 2 2
1-4w /wo + + 5— + ——— + 2%t
® 4 ®q W
2 ~ [ dwS%Pw 0
°p *Zzwm ) Tz~ 4
- ¥ 2w 4 Z 2 4:»2
+[cowt0] —-4- -——T - W to +—r
“o 0
3 2
0
-[sinwto] % ———z—- A-S :
where 4
~<.o0 wz
sq)(QJ)=-2-5E Z

w® e (4e2- Zon)wZ + 0

e
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40
PARAMETERS: SINE WAVE MODULATION
L B =5
Bto=I
N
=135
32 |
m p—
©
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" -~
7
Q "
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w 24
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12 =02 .
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e =06
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CNR = [ dB

Fig, I-3,2.2 Threshold Extension Performance of Second Order
Frequency Locked Loop




OUTPUT SIGNAL TO NOISE RATIO dB
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PARAMETERS: B= 5.0
- IF FILTER BW=120 KkHz
LOW-PASS FILTER BW=1.0 kHz
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/
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Af=50kHz /)
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Af=50KHz 7 Af=5.0kHz
0 1 | 1 | | 1 1 1 1 1
0 2 4 6 8 10

INPUT CARRIER TO NOISE RATIO dB

Fig, I-3,2,3 Signal to Noise Ratio Comparison of Second Order
Quantized FLL and Second Order PLL
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HOLDS PER SECOND
AT FLL OUTPUT
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0

EXPERIMENTAL
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\ \ \ \
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CNR= [ dB

Fig. I-3.2.4 Expected Number of Clicks and Holds at Quantized
FLL Output Versus { and ¢




3.3 Probability of Error for the Frequency Locked Loop (FLL)

Qigital Demodulator,

Schilling and Hoffman(l) showed that the errors incurred.in the discrimi-
nator demodulation of binary FM signals corrupted by noise could be treated
as errors due to clicks and errors due to gaussian noise. Thus, the proba-
bility of error in demodulation, Pe’ is: |

P, =‘Peg+Pec . (1)
where Peg is the probability of error due to the gaussian noise an'd. Pec is

the probability of error due to click noise. .Since the FLL suppresses clicks,

it can reduce the errors due to clicks. However, as seen in the previous

sectmn, the FLL introduces an extra holdmg noise whick may introduce
errors. Thus the probability of error for the FLL is:

P =Py + P (e) + Pyle) | | (2)

. where P (e) is the probability of error caused by clicks which were not

recogmzed by the FLL and P h(e) is the probablhty of error caused by the

- holding noise due to "false" holds.
» Cons1der a bmary FM system as shown in the block dlagram of F1g. 1-3.3.1.
- The binary mformatmn is pre-modulatlon ftltered such that for a max1mum

~information rate, 1010 test sequence, only the first Vharmomc of the infor -

rriatiou is FM modulated and transmitted, The IF filter is rectangular of

- total bandwidth B = 2(B + 1)f, , where f | = 1/T and T is the period of a bit,

The resultant modulation has the form

é (t)"chos:» 't - ' ' . ,‘k(3)

The output low pass ftlter is approx1mate1y gaussw.n with 3 dB cut -off

frequency f

For the above system parameters ’ Schilhng and Hoffman showed that

the probabthty of error due to gauss1an no1se, Pe‘g' is:




2,2dB 1mprovement (a decrease in error probab111ty by more than 100 for

p =9 dB) over the discriminator and comes to within 1. 8 dB of the matched
filter result. The expertmental results for ¢ = 0,3 agree well with the
_ theoretical results. It should be noted that a further improvement in sys«
,tenm performance can be gamed by opttmmmg the low-pass fxlter bandwidth,
This adjustment results in a further 0,4 dB improvement in the FLL perform-
ance,

. Caution must be exercised when employing the above theoretical

results for € greater than 0.3 due to the effect of interference between
,adjacent holds., The value of € employed for the FLL in Fig, I-3, 3.2 was the
experimentally determined optimum. The errors due to clicks decrease with
" r.increasingve’\a.rhile those due to holds increase. When the expected number

“of ‘ciic'ks and holding errors are equal, the overall error rate is lowest and
_this occurs for € = 0.3 in the enperimental system.,

| The FLL ae indicated in Fig. I-3,3.2 would require 3,3 dB more signal to
noise 1‘at10 to perxorm as well as the matched filter for coherent PSK
' (as_sunung constant energy per bit). By way of comparison, a d1fferent1al
detection scheme for binary FM using a product demodulator was shown by
Anderson, Benett, Davey, and Salz(3) to reduire 4.8 dB more signal to
noise ratio for this same perf’ormanc:e. Thus the FLL FM demodulator
| should prove to be of szgmftcant advantage in the demodulation of digital FM

~ mgnals due to 1ts excellent error rate characterlstms and s inherent

k 81mp11c1t_y of construction,

' References. , , :
S D. L. Schﬂhng and E. Hoffman, ,"Demodulatzon of Digital Signals Using.
. anFM Dtscrtmmator ’ Proc. of Natzonal Electromcs Conference, .

VOIO 22. 1966’ ppo 369"3740 ‘
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2,2 dB improvement (a decrease in error probability by more than 100 for

p =9 dB) over the diéc’riminator andvcbmes to within 1.8 dB of the matched

filter result. The expeﬁndehtal results for € = 0,3 agree well with the

. theoretical results, It should be noted that a further improvement in sys«
- tem performance can be gained by optimizing the low-pass filter bandwidth,

‘This adjustment results in a further 0.4 dB improvement in the FLL perform-

anceo
Caution must be exercised when employing the above theoretical

results for € greater than 0,3 due to the effect of interference between

adjacent holds, The value of € employed for the FLL in Fig, I-3, 3.2 was the

experimentally determined optimum. The errors due to clicks decrease with

inéreé,sing € while those due to holds increase., When the expecte'd number

“of clicks and holding errors are equal, the overall error rate is lowest and

this occurs for € = 0.3 in the experimental system. -

The FLL as indicated in Fig, I-3, 3.2 would require 3,3 dB more signal to

- noise ratio to perform as well as the matched filter for coherent PSK

| (éssuniing constant energy per bit). By way of comnparison, a differential

dqtection scheme for binary FM using a produét demodulator was shown by

Anderson, Benett, Daivey, and Salz(3) to reqﬁire 4.8 de more signal to

- noise ratio for this same performance, Thus the FLL FM demodulator
' should prove to be of significant advantage in the demodulation of digital FM

~-gignals due to its excellent erroif rate characteristics and its inherent

'simplivcityA of construction,
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SY_TEM PARAMETERS
B*20, Af=20kHz, Bit Rate* 20 kHz

LOW PASS FILTER~=|.0kHz (3dB)
€203, 10 *80u sec,, w%mnl.s

DISCRIMINATOR
(THEORETICAL)

/DISCRIMINATOR
(EXPERIMENTAL)

FREQUENCY LOCKED LOOP
«*03 (EXPERIMENTAL)

MATCHED FILTER

FREQUENCY LOCKED LOOP
« * 0.3 (THEORETICAL)

CNR = {
Fig, 1-3,3,2 Digital Error Rates




II, TELEVISION RECEPTION USING FM

1, Slow Scan TV System Results,

The video porﬁon of PIB experimental television system consists of a
versatile flying spot scanner and receiver. These units are coupled with
other laboratory designed RF transmitters and receivers to provide a wide
range of video transmission facilities. 7

The raste;-' generétor horizontal Sweep operates at 110 times the
frequency of the vertical sweep, however 10% of the time is consumed by
retrace periods hence the basic raster is 100 lineé. The frame ;;,te is
easily adjustable from 0,1 to 10 frames per second. Qutput video bandwidths
of approximately 1kHz to 50kHz result from these frame rates.

'I‘he raster generator contains fac;ilities for single frame or single line
operation. (line on or line deleted) It also has the capabilitiés of producing
a raster delayed or advénced by any desired porfion of a line. This capa-
f)ility allows oi;é to .co‘mpe’nsate for channel delays of up to 10 milliseconds.

Fig, II-i,1 indicates the bésic video spectrum produced By the blanking
pulses alone. ‘ k A

The addition ot pi_ctufe material bfoadens and blurs the high frequencj ,
termAsvbut has little effect upon the fii‘_st sé\}eral pea;ks in the horizontal

* frequency spectfum'.i Fig. -1, 2 indicates the changes caused in the “spe'ctrum

by the slide of Fig. II-1.3. Fig. II-1, 3 also shows an overall video spectrum as

- measured with a 7NR13 10-A speétrﬁm angiyzerv and the pvrob‘,abilityv density
of the video oufput as ;néasured with‘a PiB _proba,bilitir density analyzer.

The_ relatively flat pfofbé,bility ctle"xrlsify wOuid' be éxpectéd to lead to a rela-
tively flat FM 5pe'ctruif1 if the video is used to :fre'qu’»ex‘:cy modﬁl'ate\ an FM

| génerator with a beta of 5 or fnore. - Fig, 11-1;4_indicates“ such‘a spectrum,

using a 4. MHz PI,B FM -gener;j,tbx;'v}ith; more than 1MHz deviation and modu-




2. The Effect of a first order, open loop holding circuit upon FM ''spikes"

in a video signal.

The PIB experimental TV system was us‘ed with a PIB FFM system to
study single frame video transmission via a noisy FM channel operating at
or below threshold, A simple first order, open loop holding circuit was then
added to the receiver output 1n an attempt to improve reception by suppressing
some of the below threshold FM "spikes',

The details of basic equipment set~up are videc signal was used to

‘modulate a wide band, essentially distortionless FM generator, This FM
signal at 4MHz was added to wideband noise centered at 4MHz and applied
to a PfB FM receiver. The receiver selectivity was determined primarily
by a single high Q adjustable bandwidth tuned circuit.

The receiver output was then filtered amplified and iepreduced' upon a
suitable synchronized viedo receiver, Single frame operation was utilized to
show distortion per frame rather than distortion integrated oirer several

frames as is normally observed by the human eye. Fig, II. 2.1 indicates that
effects of below threshold FM transmission upon video material initial
distortion is largely of a "Spike" or ''click" type leading to the characteristic
white spots in black material and black spots in white materiial. An approach
to the reduction of this distortion is indicated below. (In sections of the report
dealing W1th the Frequency Locked Loop it is demonstrated that feedback
loop operators are always supermr in theory to open ;oop operators for

; dlstortlon reduct1on of the ty'_pe studled here. Th1s section 111ustrates what

can be accomplished W1th;open loop systems as well as indicating some of

the varlables in such systems )

Assume that v1deo ﬂ1gna1 is sampled regularly at times t, and represented
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Slide

Video Spectrum

Minimum Frame Rate, 3.5

frame/sec.

Markers: 25 kHz, 2.5 Vp-p
Sinewave,

Horizontal Sweep 5 sec/cm,

Probabilitz
density unction

Vertical Scale; 0,1 V/cm.,
Markers; 15 and 25 Volts
Horizontal Sweep: 5 sec./cm.

Fig. 11.1.3 Three Different Viewpoints of Video Data
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Fig, II.1.4 FM Spectrum from Picture of Slide Shown in Fig. II. 1, 3,
3.5 Frames/sec. Modulation Sensitivity, 30 kHZ /volt,

11 v pp video Signal, Linear Vertical, 50 kHz/cm Hori-
zontal,
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2, The Effect of a first order, open iocop holding circuit upon FM "spikes!

in a video signal.

The PIB experimental TV system was used with a PIB FM system to
study single frame video transmission via a noisy FM channel operating at
or below threshold. A simple first order, open loop holding circuit was then
added to the receiver output in an attempt to improve reception by suppressing
some of the below threshold FM "spikes'',

The details of basic equipment set~up are videc signal was used to
modulate a wide band, essentially distortionless FM generator. This FM
signal at 4MHz was added to wideband noise centered at 4MHz and applied
to a PIB FM receiver. The receiver selectivity was determined primarily
by a single high Q adjustable bandwidth tuned circuit,

The receiver output was then filtered amplified and reproducedl upon a,
suitable synchronized viedo receiver, Single frame operation was utilized to
show distortion per frame rather than distortion integrated over several
frames as is normally observed by the human eye. Fig. 11,2, 1 indicates that
effects of below threshold FM transmission upon video material initial
distortion is largely of a "spike' or "click' type leading to the characteristic
white spots in black material and black spots in white material. An approach
to the reduction of this distortion is indicated below. (In sections of the report
dealing with the Frequenc;r Locked Loop it is demonstrated that feedback
loop operators are always superior in theory to open loop operators for
distortion reduction of the type studied here. This section illustrates what
can be accomplished with open loop systems as well as indicating some of
the variables in such systems. )

Assume that video rignal is sampled regularly at times ti and represented
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by the set (xi). If N past samples are available then the next sample i1
can be predicted using a suitable procedure. Then using the amplitude
data provided by an envelope detector, one can perform a test and deter-
mine the probability of spike occurance during (i+1) th-sampling interval.'
If the test reveals that a spike may have occured, the one uses the estimate

X,,, instead of the next sample, The procedure has the potentiality of

i+1
eliminating most of the spikes. Not all spikes will be removed because of
the finite uncertainity in spike detection. Actually there will be many
"false alarms'! between two spike occurances and therefore an additional
distortion will be introduced . However, the video signal is highly corre-
lated and the rms error due to the estimation procedure as well as due to
replacing x, by Qi may be reasonably small,

A simple sub-optimum system(l) can be obtained if the predicter is
replaced by a sample and hold circuit (actually it is a zero-order predictor)
and the spike detector is replaced by an amplitude comparator that causes
the video signal to be held at its sampled:value whenever the envelope of
the RF signal drops below a certain percentage € A of its ""normal" amp-
litude A. If the timing is accurate enough, then spikes that occur during a
hold period will be eliminated from the video output. The upper bound of

the rms error for the described scheme can be expressed as:

e o= 2R (O)[1- R (a)/R (o)) Plr<e)

where R (‘r) is the autocorrelation function of video signal, a is a constant
delay term ¢md P{r< €} is the probablhty of the envelope of carrier bemg
less then thi thresho 1d level €.

To demonstrate the feasibility of such a system an amplitude detector

~ feeding an amplitud/e comparator that fired a monostable multivibrator was

added to a PIB FM receiver. The monostable multivibrator fired whenever
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the envelope of the noisy FM signal fell below ¢ A where A was the normal
carrier level, The output pulse of the menstable F‘circuit eperel:ed a sample
‘and hold circuit to maintain.the FM detector video output at its imtlal
value durmg the duration of the monostable pulse. ‘
The variables of the system mclude the level setting € ;4the monostable
| pulse width, to, the amplifude and 'frequency cleme‘du"ator' bese ba,pd»filteriug
and the distribution of this filtering, and any additional delaye introduced
between the two channels. '
For optimum spike removal the monostable puls'e shoulcl be a's’ wide as
the rnajoritir of the spike and centerecl upou it. Thus the opt:.mum pulse
: width is a function of the IF bandwidth and of the modulation.- W1dening the
»pulse width beyond the minimum required. value w111 increase the eignal de-
‘tall suppres sion caused both during spike removal and during false hold cases.
| For € = 0 no spike. removal occurs. As € mcreases then near threshold
nearly all spikes should be removed Below threshold a lugher percentage
of the spikes are a,ccompamed by larger arnphtudes and € must be increased.
On the ether hand iucreasing € leads ,te more falee l’lolds and to excessive
signal suppression, | | . B o
Fig. IL 2.2 indicates the effect of varying e with t; = 60 psec and a pre
eample and hold filter consisting of two poles each at 30kHz, |

While some. spike reduction is accomplished the pieture quality

+

. reduction is unacceptable.

Following the work reported in the sections on the Frequehcy'Locke,d

Loop it is ‘expected that substantial improvement could be obtained by a

e combznatlon of:

a. Wldenmg and peaking the pre-holdmg filter to narrow the click

width ’without mtrodacing excessive high frequency noise. (Such noise may
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introduce new ''spikes' when ""held", )

b. Narrowing the post holdmg filter and using it to equalize the over-
all transmission durmg non-holding periods, |

c. Narrowing the monostable pulse width to correspond to (a).

P S ST R

d. Int.roducing proper channel delays so that the pulse and the output
spike occur simultaneously. |
It remains to be seen whether the post holding transient will allow adequate
equalizatmn without excessive rmging. It also remainsv to be determined
whether the reaults of such. a system are sufficiently good to argue for its
use mg'telad of a rnore complicated, but allegedly superior system, such as
’ra_,,s‘eco‘nltl order quantized kf:equency locked loop.(z)
. R.efrerencﬂea.
_'.l.k F, R, ﬁz;gul_v- _Slow‘ Scan TV Sys_tems' and the Transmisgion’ of Pictures
: usmg FM, MSc Report, PIB, June 1968 '
‘ 2..‘ D, T. Hess and K. K, Clarke, "Quantized Second Order Frequency Lockec
Loop''. IEEE Transactions on Aerospace and Electronic Systems -

Eascon '69 Convention Record pp. 193-197,
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IF Bandwidth: 70 kHz.
Deviation: 5 kHz/Volt,
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Fig, II. 2.2 Spike Elimination As A Function of Quantization Level, €.
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3. Comparative TV Transmissions: Second Qrder Quantized Freguencx
Locked Loop vs. umter Discriminator. '

In order to investigate the effect of the "gpike" Aredﬁction properﬁes of
the second order quantized frequency locked loop(l) (FLL) in video trans-
mission a comparative test wae run with a modified version of the PIB TV
system as the video source, For the purposes of this test the normal slide
input was replaced by a bas pattern synchronized to the‘ raster generatOr.'
The composite video outp*twas used to frequency modulate a FM generator,

The raster generator was operated in a 'eingie frame manner at a 0.2 frame/
second rate. The modulating amplitude was adjusted so that the modul‘at'-ed
signal occupied 11kHz centered at 455kHz. Thie“FM signal weu mixed witk
filtered white noise and applied to the FM receiver under test. The IF noise
filterwasa 12kHz pp bandwidth "gquare' filter (nine pele) centered at 455kHz. }

The F'M‘rec‘ei\:rer output vdas passed i:hrough a 1kHz base be.ndfi'lt_e‘r’ atid pre-~
sented on a PIB video moniter. Single frame outputs were recerded on film
Figs, II-3.1 and 2 indicate comparative results for the 'secc-md ordei'; quantized

frequency locked loopu)

. and a well adjusted 1imiter discriminator corm-
binatlon. | |

The condrtmns for the FLL were holding pulse width to = 70 paec and |
normalized holdmg level, € =0, 28 The feedba.ck loop zero was at 6, 7kHz

whﬂe the closed 100p poles were at 1. 55kHz. (As a compariaon the optimum

_conditions for mmimmmg d1gita1 error rates in a B 2, 6kHz IF system

- were found i in Reference No. 2 to beée =0, 30 and ty = 80psec) Hence. the

"Optimum" pulse W1dth for spike "suppreumn" in video is wider than it

-would be in the d1g1ta1 error case. (For the precent example 70 ,.uec as

' compared to the: extrapolated value of 40 u sec’ for the dzgital case. y
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One ‘would expect t, to be larger for a given ¢ since the amount of
spike reduction necessary to cause the spike to be unnoticed in a picture
is larger than the amount ot reduction necessary to prevent an error in the
digital situation., For a given € a wider to gives a better spike suppression,
when a spike océurs. Of course the wider pixlse also gives more signal
suppression on false holds hence the wider to should be couplex with a small
€. Fig, II-3,3 of Section 3,1 indicates the conversion of large spike noise into
small spike noise and a gaussian like term as ¢ is increased. With digital
transmission the small spikes are unlikely to cause errors, however in
v‘ideo they may be visible., (The visibility of the spikes is of course a
fpnction of oscilloscope intensities and of the gamma of the film.)

Comparison of the two figures clearly indicates a significant reduction
in the number and intensity of ''spikes'' in the FLL case. Whether the 4dB
FLL picture would be acceptable in places whexfe the 4dB discriminator
picture woﬁld not is an as yet unénswered question.

Further studies to be conducted in this area include comp;.rative trans-
missions with phase locked loop and FMFB demodulators as well as the
study of pre-emphasised signals upon the various circuits. The literature(z)
reports that FMFB circuits can not handle pre-emphasized material
properly. However the F LL operates in a completely sat'isfé,ctory manner
for relatively high deviation, and relatively high modulating fr‘equencjr
signals, hence further ovérall system gains may be achieved by utilizing

pre and post filtering circuits of this type.

References,
'VD. T. Hess and K, K, Clarke, "Second Order Quantized Frequency

~ Locked Loop" IEEE Professional Group on Aerospace and Electronic

Systems, Eascon '68 Convention Record, p 193-197.
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2. A.J. Giger and J.G, Chaffee, '""The FM Demodulator with Negative

Feedback, BSTJ, July 1963, PartI p 1109-1135, Section 4.3.3 on :
P 1131-1133 concer

ns television threshold tests, |
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b} Discriminator

Fig. 1 Spike Noise in a Video Bar Pattern Transmitted Via a Noisy FM Channel.
Comparison of Frequency Locked Loop and Discriminator for 6 dB
Carrier to Noise Ratio. 12kHz pp Square IF. lkHz Baseband Filter.



Fig, II-3,2 Spike Noise in a Video Bar Patter:r Transmitted Via a Noisy FM Channel.
Comparison of Frequency Locked Loop and Discriminator for 4 dB Carrier

to Noise Ratio., 12kHz pp Square 1, lkHz Baseband Filter,
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III. CHARACTERISTICS OF FM

1. Single Sideband FM.

Introduction, - The a.ttemptb to find better communications systems
have lead to various combinations of signal encoding at the transmitter and
processing at the receiver. A new type of system called "singleééideband
frequency modulation" (SSB-FM) which employes simultaneous angle and
amplitude modulation has been invented by Powers 1. It was hoped that this

scheme would combine the noise immunity of FM with the bandwidth savings

of single sideband operation. The concept of the analytic signal was a,ppliecl2

- to explain the one sided nature of the SSB~FM Spectrum. Investigation
showed that for the case of sinusoidai modulation and large values of the
modulation index, B, the bandwidth required for SSB-FM was approximately

1/3 less than that of the conventional FM system., Also the structure of an
posteriori most probable receiver for demoudlating SSB-FM in additive

- gaussian noise was derived3. Later the SSB-FM spéctrum was calculated
for the case of gaussian modulation4. Resuli:s show .tﬁat for small modu-
lation indices the spectrum occupies approximately 1/2 the bandwidth of

‘conventional FM but for modulation indices of 3 or more the SSB-FM

. spectral width is equal to or greater than that of double 51ded FM, These

| seemingly contradtctory results are not surprising since FM is a non-linear

‘process and thus one would not expect both sinusoidal and gaussian modu-

lation to yield a power spéctrum with similar chéracteristics.}

Experiments showed.5 that narrow-band (low ) sinusoidally modulated

’ SSB-F'M had similar tﬁreshold characferistics to conveéntional FM but
occupied less ba.ndw1dth | |

Bandwidth Propert:es. - Conuder the wave form x(t) and 1ts Hﬂbert

transform x(t)

i
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o0
) =‘§ n—’(itf-f;r)T dr £ x(t)* -;1-; ' N (1)
-0

?E(w)o—o - isgn(w) x{w) where x{w) is the fourier transform of x(v) and

lw>0
sgnw) =} 0w =0
~-lw <0
Now z(t) = x(t) + i?:(t) transforms into
e : 2x(w)w >0 ' '
z{w) = x(w) + i (-isgn(w) )x(w) ={ x(0) =0 (2)
-1lw <0

thus the spectrum of z(t), the analytic signal, is one sided in the frequency
domain,

Now consider:

git) = &L 2(0) o -R() ix(t) xjo (L%J.t.!))._ | (3)

Since multiplication in the time domain corresiaohds to convolution in the

. frequency domain the spectrum of y(t) will remain one-sided about w = 0.

Taking the real part of y(t), a linear operation, one obtains the expression
for SSB-FM |
Re yt) = &) cos x(t) | ®

All that is necessary now is to shift the carrier frequency fromw = 0
to © = wge Had we started with z(t) = x(t) - i:?(t) the lower sideband would
have been -o>btéined.k It is fo Be noted éhat in this type of SSB-FM
the zero. créssings of conventional FM are unaitered. This woul.dA
not havé been true had the signal spectrum been made singie-sided

by filtering.

SineWave Modulation®, - A good measure of the bandwidth of a SSB-FM

gignal is the second central moment of its 4po'wber' spectrum sz. The smallest

, [
frequency band which contains approximately 90% of the average power is

usually 3 or 4 times QN’ Let y(t) have a fourier series,
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0
ke t (5)
(t) = ¢, e “m :
! kz---oo k ‘
] 2
and Z ]ckl <o, The second moment of the k = -0 signal is defined by:
K= =00 : ’
Qz = lS‘Fie";rlz (6)
c ,
k% ~00 K

whenever E (kw )2|°k|2 exists. Its mean p is defmed by

ka Ickl 2 o :
. k== whereékmmlck' < oo, : (7)

- Lle 12

.-w

The second central moment Q is:

(kw, = ) Tcklz |

. 2 ]g.-oo ' ST ‘
Q = . : : , , (8)
. 2
Yk o
2 2 2

andﬂ =ﬂ'uo

U _
Let us compare an FM and a SSB-FM signal which are both angle modu-

| lated by the sinusoid x(t) = B sinw t. It is well known that the FM Signal

may be written: .
eiBsinw  t =A Z ) kot S (9)
Keho X | .

As fdr the'SSB?FM sign al, the Hilbext transform 6£ sinwmt is - Cosw mt
thus z(t) = Bsmw t - 1Bcosw t=if emmt and y(t) Aexp{p exp(iwmt)}

A% 1’kw t ‘ : e 0

R Comparing the average power for the two we ﬁnd for FM. ‘_

<PFf’A2§ Jk(B)=A e (11a)

~and for SSB=FM:
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2
2k o
- a2 §
Pegn o= A k;‘o Bt )= A%y (11b)
Since the generation of SSB-FM involves amplitude modulation which is
a function of B the average power is seen also to be a function of 8, (The
average power in the real waveforms will be 1/2 that shown above, )
The mean, j, of the FM wave is zero since:
2 w2
. I B) = 35 B)
2 2

thus @ py = py (12)
thercfore , . - | Bzw 2
= 2528y B
QpFM’ kz.w(kf"m) Te BV —3 : (13)
ahd Q . Hence the FM bandwidth is a lmear £unction of B, whose
pEM " ﬁm B,
slope is e ualto _—
P q Tz
On the other hand the SSB~FM spectrum being o.esided has a mean
00 zk '
e 1,(26) |
KSSB-FM - I,(ZP) "o T 2By (14)

For f >> 1, due to the nature of the modified Bessel functions, i increases
almost linearly with §, (with a different slope then NFM)' The second

moment 00

. 2 ﬁ_
2 Zo(*“” Y kn® 2 g2

T = B
SSB M~ 10(2[5) m

. Q (15)
This is precisely double that of the FM case., Since we must compare the

two second central moments:

fi . w_ BNl ——-—112(2 p)l ' (16)
- - ) ) - - 7 B
uSSB-FM m’ 102(2,‘3)
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which approaches w_ B/ 2 asymptotically for large p. The ratio of the two
bandwidths is:

Y : :
& 5SB-FM - J7 A1 1,"2P) | Cam
5 5 |

For p <1 it is seen that the bandwidth for SSB-FM is actually greater than
that for FM but as P gets larger the ratio decreases heading toward zero
asymptotically, This is so because the bandwidths of the two signals

become large at different rates,

Gaussian Modulation4. « The auto correlation function of the SSB«FM

waveform is:
AZ A
R (1) =E {5— exp[Rt+r) - &(t) +i x(t+7) - i x(t)] } (18)

The above calculation is simplified by using the fact that if a and b are both

zero mean jointly gaussian random variables where E{az} = ga® E{bz} =

2

Ly and E{ab} = p then

E {exp(-a +ib)} = exp {o':/z - (rg/z -ip}

In the above a may be identified with :?(t-l--r) + Q(t)b with x(t+r) + x(t),
E{x(t+T) x(t)} = E{@t+r) £(t)} = R_(7) and E{x(t+7) &)} = -,ﬁx(t). Thus

o? =2(R_(0) + R (1)) o} = 2(R_(0) - R _(v) and p = -2R_(r). 'Therefore

A% A Al
Ry(-r) = S5= exp (Z[Rx(‘r) + in(-r)] = - exp 2z(T), By using the same

arguments presented earlier, it is seen that the power spectrum of y(t),
Sy‘(w), is also one sided about w = 0, The average power in y(t), Ry'(O) =

at 2R_(0) where R_(0) = ¢
2 exp % W e % xo»

Let us assume that both R_(7) and R_(7) go to zero for | v |~=ow, This
will be 80 if the basehound signal has finite powef and no specular components.

Thus exp(2z(7)) goes to one as |7 | goes to infinity and will have a delta
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function in its fourier transform, Consider only the continuous portion of
the spectrum, G(w) where g(v) = exp(2zt) - 1. The function g(r) satisfies
the following differential equation: '

§(r) = 28(r) g(r) + 28(r) , (19)

Hence its Fourier transform satisfies the integral equation:
min.{w,w )
1 . C
w Gl) = < [ Aa(MGlo-N) dr + 20 2(w) (20)
0

The limits onthe convolutionintegral arise from the factthat Z(w ) the

transform of z( ) is nonzero only at frequenciss betweenw s 0 and w= w A and

Glw ~\) is zero for A\>w. We will now normalize the equation so that w, = land the
entire spectrum will have the same total power for éll modulation signals, Let

E(ﬂ) = wcG(wcn) and s(n) = sx(wcn )s since z(w) = 3sx(w) £o;.' w> 0

- ' 2w in(m 1) - '
ng(n) = 4w ns(n) + === ofn ‘As(M) gln=A)d

w .
Noting that o'i = -T-r-c- ofo s{n)dn and letting g(n) ¢ 2—’;—; exp( -vZo‘i) gin)

Let: : ,
A . ' :
I= g“’ s(n)dn . (2la)

The final form of the integral equation is obtained,

2
20
ngin) = I" exp(-202) na(n) + f A8(M) gln=N)dA (21b)

This equation has been solved numerica11y4 and several spectra are
shown in Fig, IlI-1,1 for the case where
2 '
cos ZL |nlg|

(21c)
[nl>|

s(n) =

. The Circuit. - A block diagram of the SSB-FM generator is shown in

Fig, III~1.2. There are two component blocks in it which are critical, The first
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is the exponential function circuit which for a wideband system must have
an output dynamic range of four decades, and the second is the 90° all
pass phase shifting network, the '"Hilbert transformer'!, Such a network
is non~causal and thus can only be approximated. To date the exponential }
. and modulator circuits have been built, The design finally arrived at is
shown in Fig, IIi-1,3,

The operation of the circuit depends on the fact that the current flowing
through a forward biased p-n junction is an exponential function of the
voltage across it, The first operational amplifier acts as an attenuator,
level shifter, and low output impedance source, The second two amplifiers
provide a voltage gain of 200, The diode current is monitored by the 47Q
resistor which is much smaller than the mimimum diode irnpedance. For
maximum symmetric input swing the diode is forward biased to the center
of the linear portion of its log, oVs.e V characteristic, which for the 1N205
diode used was about 150 mV.A The bias voltage also determines the gain,

V,of the exponential circuit, whereV

out = Vexp (V. ). It is this V-i

characteristic which determines the maximum modulation index of the SSB~
FM generator. A plot of logloi vs.V for the diode used is shown in Fig, IlI-1,4,
The diodes were found to have uniform characteristics so se‘lecv:tion among
them was not helpful or necéssary. The overall static log10 Vout vs, Vin of
the exponentiator is shown in Fig, III-1,5, The output showed no visible dis~
tortion for sinewave input.frequencies up to 30 KC, Fig, III-1,6 shows a
picture of V in and V out at 10 KC, '

The output of the exponentiator is coupied, via a 10K resistor, to a
transistor multiplier whose output is the desired SSB-FM signal. The 10KR

resistor is large enough compared to the 200R output impedance of the

operational amplifier to prevent undesirable interaction between the two
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circuits, The exponentiator must be D, C. coupled to the multiplier other~

~ wise double-sided FM will also be produced. A picture of the SSB-FM

spectrum with a 1 KC sine wave input is shown in Fig, III-1,7, The SSB-FM
signal was demodulated using a conventional FM discriminator, There was
no visible distortion in the output.
It was noticed én the spectrum analyzer that by changing -the B of the
FM chopping waveform but keeping the input to the exponentiator constant,
that the mean of the SSB~-FM spectrum could be shifted in frequency. The
following calculations show the effects of this- change, '
' Let ¢(t) = asin w t - ib cosw ta # B thus ¢(t) is now no longer an

analytic signal.

iw t
ot)=-i[pe ™ +i(a-p) sinw )

1wmt i(a-B) sin wmt

Io(t) _ Be e
.. inw t
} ozo" Qi:_ e;k mmt; io -Tn(ﬂ-ﬁ) e m
k=0 k! a0
0 k I(xﬁ,'k) w
D Tale-p) Ere m (22)
n= =00 = : )

!
~1

1 n=0

For a = { this reduces to SSB-FM smce“Jn(O) = { 0 otherwise
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Fig, III-1,6 Top: 10kc sine wave imput to the exponentiator,
Bottom: Exponentiator output. Scale, 5 volts per
division,

| | | I
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Fig, III-1,7 Output spection of SSB=-I"M generator with sine wave
input of 7, 5 volts at 1 kc to exponentiator and .12 volts

to Wavetek FM generator. Center frequency of Wavetek
generator is 455 kc.
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2. FM Noise. »

This section ge'ﬁeralizes the work done by Ric:e-1 in’j;a.’pprbximating the
noise output of an FM discriminator, (FMD). .

Rice1 has shown that the output noise of 2 FMD may be approximated
by the sum of two uncorrelated noise components; a parabolic spectrum
gaussian noise term and a Poisson shot noise term consisting of impulses
of area 2n. In this report the noise is considered as a sum of a gaussian
term plus a shot noise term that are in general correlated. The shot noise
term becomes Poitson for large input carrier té noise ratios (CNR),

It is assumed that the input to the FMD is an unmoduléted carrier plus
symmetrical bandpass gaussian noise centered.on the carriers Thus the

input may be represented as

A cos wgt +n(t) =

A cos wot +va(t) cos wot - y(t) sin wot =

. : —' + . :
\/ (8 +x)° +y% cos gt + witl] R (1)
' -1 t
W) stan T e
where A ig the‘_Carrie'rr amplitude, @ the carrier frgquency and =x(t) _a.nd
. y(t) are the low Pass eqqi\ialents of the noise n(t), Thebutput of the FMD
is it), o | ' | . ' ’ ,
Gy = S gl
Y(t) = ¢ tan %‘q_)—;‘m SR | , (2)
This output is approxiﬁlated by z(t), | ‘
(t) T a(t) = glt) + p(t) . o)
: 3
t) ,.
= ﬂg’- +p(t) |

where g(t) = i-gl is the familiar output noise for large CNR and p(t) is the




where p'! = 7.z exT) (™) = T
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click processs The two terms, é(t) and g(t) are, in general, correlated.

The click process is formed in the following manner, when x(t) is less
than =A and y(t) approaches zero with §#(t) negative (positive) 'p(t) will have
a positive (negativé) iinpluse of area 2m. The results may be easily extended

to waveshapes other than impluses. The click process may be expressed as,

p(t) = =2 §(t) u[-A - x(#)] 8y (t)] (4)

where u(x ) is the unit st‘é"io function and §(x.) the unit impluse function.

The autocorrelation of the output noise is given by

R__(7) = E{z(t+v) z(t)} (5)

zz

n

1 )
- R + R +R (T)+R ,
Az .ﬁ.("‘) gp('l') pg( ) pp("‘)

The first term is the parabolic spectrum gaussian noise term, the
s'eéohd and third terms are the cross-correlation terms and the last term
is the autocorrelation of the spike process. The cross correlation term has
the form

Ry (1) = B{glt+r) p0)} =R (1) "

?’2 ‘
= E{"K an x}l u(~A - .xl) 5(}'1)}
where the e xpection is over t and the subsc‘ripts 1 and 2 refex; to time in-
stants t and (t+v). By evaluating the appropriate integrals R gp(r) is found
to be, , X ‘ o
R ()= verfep : (7
| gp‘T) Zﬁ P _ p | | (7)

£ - R_(n

p=.’%¢-‘ CN=RLO

jgw] R
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From Eq. (7) it is seen that the gaussian noise and the click noise

decouple as a complementary error function of B, the decoupling is strong-
ly effected by the input filter shape due to the term p;_"c(-r); however the
two components are indeed uncorrelated for large CNR as is generally

assumed, .

The autocorrelation of the click process is given by,

R (v)= 4n°B{§) 8iy)) ul- %) - A) §, Sly,)u(- 5, -4} (8)

The corresponding integrals can be evaluated after rather lengthy manipu-

lations and the autocorrelation takes the form

Ri;l;(T) =2r y erfc B &§(r) (9)
o cp(n) 2
-2mis erfc Z o

4h - (1~p ) ¥z

= radius of gyration of the band pass filter in rps.

[ Ry (0)

where y = [-

A RO o
8 | )= [T52
0= Pyyl?) (%) = [w e

A n
o s ) = o (x)

For large CNR only the first term in Eq. (9) is significant, and it

should be noted that this is the flat spectrum Poisson shot noise term,

E

The power spectrum of the click process, S (w), may be obtained by

S B S

taking the fourier transform of R ('r) numencally. In Fig, IlI-2,1 the normalized

ey
A,

power spectrum is given for a gaussmn shaped filter. The correlation
between the clicks produces a dip in the power spectrum around the origin

and hence the click power at the output is reduced.
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By comparing Spp(O) with the exact power spectrum of the noise cutput
of the FMD as given by Rice? we see that for w = 0 they are identical for
all CNR (note that for w = 0 Szz(O) = Spp(O) since Spg(O) = 0), The
analysis presented is an extension and elaboration of the FM noise problem
as studied by Ricel. Thedecorﬁposition of the FM noise into two compo-
ents provided an understanding of the FM threshold pheﬁomenon. The
analysis presented in this report elaborateé. extends and justifies the

- generally used raethod of FM noise decomposition.
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3. ' FM Multipath Interference.

Although freduency-modulation communicattons systems contain inter-
) f'erence-'suppr:_ess'ion capability greater than that of amplitude -modulation
systems of compa’rable; power, FM systems are not entirely immune to
such' int‘erf_er’e‘nce{ Interfering noise, un’reailted transmitters, or echoes
of- the desired. signal can produce interference in the demodulated informa-
“tion, Such factors can result in degradation of system performance.
iInterference in AM systems results in such effects as noise in the
ﬂ audio output, beat notes, or receptlon of two s:gnals simultaneously.

7 Random n01se mterference in FM systems may cause effects at the output

o of the receiver that are sumlar to the familiar AM noise, As noise mte.n-

s1ty: lncreases, event_ually sudden, 1solated chcks are heard at the speaker.
o Thi;s phenomenon, | which has beed treated extensively in the literature,umay
be the hmltmc factor with respect to noise performance of the system.
When unwanted SIgnals generated by other transm1tters or even by echoes of
_ the desired 81gnal are recewed, other effects also pecuhar to FM occur.

~ When spurious echoes of the desired signal bare received, a "mult{pathvv

. transtmi'ssion situat:ion is said to exist, In this, case, the transmitted

' si‘g'nalfa’rrives at the recei.'v.er.via two or more distinct paths.j

" The 1mportance of FM mterference due to multtpath transmission was

i .,flrst recorded by M. S Crosby in the 1930's. Echo interference was ob-

served of sufficient sjeverxty for Crosby_ to conclude that "on circuits where
rvnull_t'ipath' transmission 1s encountered, freouency modulation is impractica-
ble". Crosby contlnued his research and developed a s1mp11f1ed theory

: whlch mamtamed that two-path 1nterference could be conmdered a beat

: note,between the mterfering signal. Thzs approach is a us%eful way of

viewing the problem, '
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In this report we are concerned principally with the effect of a delayed
attenuated echo of a modulated FM signal upon the demudulated output.
The chief effect of such interference is to creat a (Crosby) "beat ‘rgotev. "
Since the signals are frequency modulated and randomly phased, however,
the instantareous frequence of the desired and 'it_xterfering signals in
constantly changing; and the frequency of the interference 'I'beat note'' must
change as weii. In addifio'n, because of the properties of the FM demodu-
lator or discriminator, sfrong harmonics of the beat frequency are also
obse'fved. |

If the modulation of the two received signals is changing very slowly

:w1th time, the beat note character of the mterference is readily observed,
Over a short period of time, the two 81gnals appear as unmodulated sinu- -
soidal rada_.o-f:equency carriers, with the frequency of. ea..c’h vszgnral de_ter-v

. inined by the value of its respéétive (approxim"at}ely co_nstarit) modulation
signal. Thus, over a short period of time, the interference between two.
moduiated signals is similar to that produced by two carriers of different
frequency.. -Because of this similarity, the case of interference between.
unmodulated carriers was studied in detail.

Itwwiv.ll be seen that the severity of interference between two signals
depends strongly upon the relative strength of the carriers of the two
signals when modulation is absen, or, alternately, upon the relative sig-
nal amplitudes, In pérticgular, if the .interferin'g signal should become
nearly as strong asr the desired sigrial,’ the resultiﬁ_g intez;ference tends to

‘ bbliterate the desired information if the mﬁltipath_‘time spread is appreci-
able. If the interfering signal does in fact bg—:Come even stronger than the

desired signal, the inte_rfgrénce signal moduiatiqn wiil be the‘ iriidrmation

signal extracted by the receiver. When the interfering sigha_l 1s Ja'delayed
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echo of the primary signal, the "capture effect" results in a correeponding
delay of demodulated signal, If the echo delay is comparable to the period
of the modulation signal, the mterference can be severe,
A principal 'purpose of this report is to determine the severity of the
interference é.s a function of the various parafneters involved, such as the
delay time, interfering signal strength, and modulation. It is pr0poeed to
use two criteria for measurmg the interference severtty. The first is the
number of interference pulses that occur in some convement time mterval
such a s period of the modulation signal, The other criterion is the mean-
square power of the interference. It is shown that the audio bandw1dth of
the demodulated interference may be much greater than that of the des1red
signal. Thus, filtering of the interference and signal will reduce the inter-
ference-to-signal power ratib significently. 'The'vamoun.t. of this reduction
will be determined for certaiﬁ cases, |
Three different ’types of modu‘letio_n.‘are studied, The first, which has
been mentioned, consists o‘f'dii_'fe,rrent B}.lt constant (i. e., DC) r;nodulé.tion on
the twe signals, and is eQu_i.vaieht to the recei:tion ‘of sig.nals from twe un-
modulated trans_mitters of diffeient. frequenc}y . The seconq case to be
considered to that of sinusoidal-modulation two-path, in whidh a single
modulation frequency is apj)lied and a 'Spgiious; additive, delayed echo of
the desired signal is re'cei,‘vled. The sinusoidal-mpdulation case, is in .—;
sence, a "wor'st-caseb"»-choiee, for the instantaneous frequency deviatioﬁ of
the RF signal is heaf its peak for a large propo’rtion of the time. The final
case is that of rand om modulation of Gaussian denszty, again received in
addition to a delayed, attenuated echo of the modulated signal. Because of
the mathematical compleegity involved, oniy fhe éverage ﬁumber of inter-

ference pulses or "spikes' will be determined for this case.
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Experimental confirmation of certain results are also offered., Since
most of this work requires the delaying of FM signals to produce a bipath
effect, a delay line of suitable delay (e.g., 1 msec) operatirig at a suitable
frequency (e.g., 1 MHz) was required. Electronic delay lines commer-
cially available at low cost cannot provide such features. This problem
was solved by use of the Brooklyn Polytechnic Institute water tank channel
simulatofl. In this system, the large distances involved in actual informa-
tion transmission are simulated conveniently in the laboratory by trans-
mission of ultrasonic waves through water. Distances of several hundred
kilometers can readily be simulated with this system,

A block cjiagram of the experimental setup appears in Fig, III-3.1, A sinu-

soidally-modulated FM signal was produced by varying the driving current

o£ an astable multivibrator with the approp:iate sinusoidal signal, The RF
signél, which was at a frequency of approximately 1 MHz, was then split
into two paths. One path included about one meter of water transmission,
and produced a delay time of about 0. 6 msec, Crystal tranducers were
used to transmit and receive the signal in the water tank, and a high-gain
amplifief and limiter were used in conjunction with the receiving transducer.
Thé éecond RF transmission path was simply a bypass of the water tank
delay line. The direct and delayed signals were added and filtered by a
éinglé-tuned stage. A commercial frequency meter~discriminator and a
commgrcial bandpass filt.er servéd as the discriminator. In order to allow
observation and measurement of the interference without the modulation
information signal, a provision was made fo add the (pre-modulation) sinu-
soidal infofmation sign}al back on to.the discriminator output. Variable
gain and‘phase controls were included in this path, so that the démodulated

sinusoidal informatinn signal could bé completely cancelled. The final



-129-

output could be observed visually with an oscilloscope, or it could be
analyzed with an RMS voltmeter or frequency analyzer, Several oscillo~
grams of experimental observations are included in this report. An

oscillogram of an experimental simulation of this interference is shown in

Fig, 1I-3,3, In this case the relative signal strength was p = 0,78,

In Fig, 1II-3, 3 it may be seen that the interference waveform varies greatly
for differing values of p. In a real situation, one could not predict the
values of p in davance. For this reason, :a statistical approach to the
problem seems advisable., To illustrate this approach, the density function
of the interference will be calculated if p is assured random with some
(known) density function. The interference may then be qonsidered a
(nonstationary) random process. The density function will of course be a
time function: what is most 'interesting is the value of the denéity function
at some point in time. This is the random interference process at that
instant, Thus, it is possible to obtain a density function of the distribu-
tion of, for example, the peaks or the valleys of the interference pulses.

5 The distribution f p(p) of the in‘erference strength, p, will be assumed to

be Rayleigh: _ P 2
[ '-2:,7

a
Here, U(p) is the unit step function at p = 0,

The probability densi‘ty of the interference wi(p,t)

p + cos wdt

ws(Pyt) = wyp
t d 1+pz+ 2p coswdt-'

is, following the familar thebry of probability density functions,

f(p)

£ ('..t) =
op 4 imi(p)

hl.
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The p j(“’ijt) are those p for which wi(pijt) = Wy that is, the inverse with
respect to p of the function wi(p jt). The subscript j indicates that where
may be several solutions for each value of w;e It also serves to distinguish
the parameter pj, which is dependent upon Wy from the parameter p.
p has the same significance as does p § except that it is an independent
variable,

It is necessary first to solve for the p 5 The quadratic formula may

be applied if p # 1. In this case,
2
wdpj[pj + cos codt] = [1+ pj + ijcos wdt] w4
or

2 =
pj (wd-wi)+pj(wd-2mi) o::osmdi:-wi = 0

Now apply the quadratic formula and solve for p 5t

- (wd - Zmi) cos wdt + J(wd - Zwi)‘?'cos2 wdt + 4wi(wd - wi)

p; =
Z(wd - wi)

From Fig, III-3.4 it may be seen that there are limits on the values that the
inf:erference waveform may assume over the sample space of p. For
example, when w at= 0, there is no value of p which results in a negative
value of wge The discriminant of the above solution for pj must be positive
in or.der to assure a real value for wiﬂ. Requiring the discrimina.nt to be
positive yields an amplitude restriction for the ensemble of waveforms
mi(pjt) as p is allowed to vary, This restriction is

2

(wd - Zmi)z cos wdt + '4wi (“’d - wi)_>_ 0

Group these terms with respect to ws» obtaining

2 ) 2 2 2
wizlttcos wdt--4] +wy wyl4 - 4 cos wdt] twy cosTuwgt > 0
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If cos? wat = 1, then the inequality reduces to

which is of course always true, Otherwise, note that

4coezwdt -4 = -4sinut

d
divide both sides of the inequality by this quantity to obtain

2
cos  w,t
w?‘-w -wz d >0,
i i d e 2 =
4 gin wdt

Application of the quadratic formula yields

w (V] W [
a4 a <o < d , d
2 2|sinwyt] 2 2 [sin oyt |

wi(t) may assume any value in this range if all values of p are permitted.

It will also be required that p be positive: This yields an additional

restriction

. > 0
Py 2

Careful inspection of the terms in the formula for p 5 indicates that the

following signs apply in the square root (discriminant root):

“q| “a ' . J
No ’ No
cos wdt >0 solution + + solution
¥ _ | ¥
cos w dt<‘ 0 and + + and

Here, "+" indicates that the positive root applies, etc, Note that w is

restricted to values between 0 and wq when cos wgt > 0. The envelope for

“’i(t” then, obeying all constraints, is
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w

“q

'w_. --—-|<-- ' for coswdt > 0
fo2 2
or © ©
'“’i' d I< d for coswyt < 0

2 2 isin w dt I
This envelope is shown in Figure 5,

Now that the solutions for the pj in terms of wg have been obtained, it

is possible to apply the formula

) 4 (p~)
wi(wijt) = Z 5w.(p$‘

-,

Thus,
9 wi(pjt) _ 0 [wdp p + cos wdt -
ap 8p 14p%+ 20 cos wt
2 2
P+ cos w,t [14+p7+ 2p cos wyt] = 2[p + cos wg4t)

“g ) twgp

1+p +2pcoswdt [1+pz+apcoswdt]2

2p + cos w t+pzcosw t
= d d
d 2 ' 2 *
[L+p%+ 2p cos wdt]

Evaluatzon of f (w t) atw dt = 0, -g, and 7 is particularly interesting.
‘that is, at the valleys. peaks, and midway points of the pulse train, This
is, in other words, the probability density function of the random variable

fw (let = 0, etc,). At these times, the functions simplify somewhat,
i

Ow, 1000
The values of the solution for pJ and of the parameters '—-—1 and |-
ap op

evaluated at the three points in time v &= 0,

wgt = %4 and @ gt = T appear in the following table.

=P,
P‘PJ

T e e

A T R ST S i T A

A\xﬂmt“f’” i TR T

FOLEDL

SRR
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wdt = 0 7 % i
p = w;i ,‘lwi!wd - wis . wi
j wg = @ Wy = @4 wyg = @4
op (1~l-p)z (1-!-pz)z (1-p)
Bwi(pjt) wg vy ‘ 'wd -0y wq
] é
The value of £, (wij t) at these three time points may be written $n
i .
terms of the echo strength probability density. £p(p) :
wq ’ wg
fm (wijt =0) = £ for 0 <w i <,“’d3 zero elsewhere,

(c.od-ooi):"r P Wy = 93

w ® 4 ~ W [w(w-w
og Jaiffidi

é P g
Hog = w;) “4 L eqo

for

- Ty =
fo 4 v = 2) =
0 <ooi <wd } zero elsewhere,
“q [ 4

2 fP

f (wijwdt=1r)= forwi<0 andwi>wd:

w
i
zero elsewhere,

It is now assumed that p is Rayleigh distributed, i.e,

__p*
—

£(p) = -;%g e 2.““ ulp).
It is well known that a Rayleigh distribution of multipath strength frequently
is encountered for long~haul radio transmission systems., A typical value
of a = 0, 25 will be assumed. With this choice, the probability that a
value of p greater't,han unity will occur is 3'8 =~ 3 very small number,

Still, the density is appreciable over most of the range 0 < p <1, With
a = 0,25, the density of p is

S Nt




‘These functions are plotted in Fig, III-3.6, along with some representative
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2
£(0) = 16p e8P

W

for simpiicity, wg will be nowrmalized in terms of wye Let x = a)—-i—n The
. d

density of wi(t. p) at the three points in the cycle of interference is then

easily found to be

- 2
el t 1 [ x 1 x | ~8x
f(xt=0) = £ = 16 exp[ : ]
X7 (1 - x)° pll-xJ 0y (Lox)3 olzxz ,

. Xh

, 3
N N | lex x 2. 8 . X
flxpdt =) = 202 f " fpﬁl”-':'c'l ] o? P -0 T

' 2
fx(xj wdt =)= —L—Z fp e ———3-1'6" exp “8(1:-25?)
(=) . (x-1) ‘% </0 and x> 1

members of the interference ensemble. The density of p is also shown.,

Note that for w4t = 0 and m, £ (x) has a Rayleigh~like deneity shape,
with the distributions occuring above and below the x = 0 axis, respectively,
Atwgt= %. however, £ (x) is quite different, At this point the ensemble
waveforms are ''clustering' near x = 0, This is reflected in a nonzere
value for fx(0+‘). Note also that there is a small but finite value of
£x(xjw gt & ) for x> 1, This reflects the small chance of p being greater
than unity, in which case the interfering signal ''captures' the receiver
and x> 1, that is, w; > w;. Compare with Fig, III-3,4. If the density function
for p had been weighted more heavily toward large p, the value of £ ()
for x > 1 would become approciable,

Detailed Analyses have been carried out for both deterministically
modulated and randomly modulated FM, The detail will be available in a
forthcoming report, In this report we shell only present the results of
both the experimental and the theoretical work, In Figs, 1lI-3,7 and 8 are
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shown the effects of multipath as the demodulated sinusoidal-modulated
FM,* because of the random relative phase, the distribution of positive
- and negative "ninltipathl-spikes'.' (as distinguished form noise-induced

. spikes) is-disturbed statistically, Figs., III-3.9 and 10 show the comparison
between experiment and theoretical results which were obtained by; aver-
aging over a uniform distribution of phgse ¢, The total RMS interference
'shown i{n Fig, I1I-3.11 again shows excellent agreement between theoretical
model and experimental results,

For random modulation, the expected spike density was calculated
and is shown plotted in Fig. II-3.12 vs. £ At for both uniform and Gaussian
modulation specta. -A typical expenmenta.l observat:on of spike dens:ty

for random gaussian modulation is shown in Fig. ID'.-3 13.
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el(t)=Acos wct
ez(t) =5A cos (wc +ud) t
er(t) =e1(t) +e2(t)

= Ar(t) cos (w ct + 0(t) )

e pAcos wyt

Fig. III-3.2 Phasor diagram of addition of unmodulated carriers

Fig. III-3.3 Unmodulated carriers interference.
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wi(t) = -&? tan”
1+ pcosw,t

Demodulated interference w,(t) resulting from

i . i .
simultaneous reception of two unmodulated carriers,
Various values of relative carrier amplitude (p).
wy is radian frequency difference between carriers.
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wi(t,p)
3wg +

de | { K j L
Wy
°r% ) : T agtear ' Time
_wd -
- de +

- 3wd -~

Fig, III-3,5 Envelope of Ensemble of Waveforms Wy (p, t)
Produced by Allowing p to Vary Over All
Positive Values.
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} x=wj/wg
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Fig, IlI-3,6 Density Function of Normalized Interference
x = wi/wd for p with Rayleigh Density, Plotted
for Three Points in x(t) Time Cycle,



rig, III-3,7 Demodulated signal plus interference.

Fig, III-3.8 Sinusoidal envelope of interference.
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10} INTERFERENCE PULSES —— OBSERVED FIXED ¢
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Fig. III-3.9 Variation of number of pulses with .
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Fig. III-3.10 Variation of number of pulses with pAt.
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RMS INTERFERENCE
30 b RMS SIGNAL
Theory [Averaged over ¢]
Observed
I [Symbol Indicates Range
Observed as ¢ is Varied]
In experimental case,
20r B was 4.9.
1OF
1 |
0 0.5 10 p

Fig. III-3,11 Interference-to-signal RMS ratio as a function of
relative echo strength (p).
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2 fa sin x
I E[ Ht)] = «/——3- e (1 - )  (flat, sharp cutoff
T - modulation spectrum)
j 2§ x2
II E[H({t)]= —134 *(1- exp(-=—)) (Gaussian modulation
T
T spectrum)

fa = measure of audio filter bandwidth.
see Fig. 3.18

At = multipath time delay

x = 27fa At
1 1 |

0 g _ 2w 3 X

Fig. III-3,12 Expected pulse density for two Gaussian modulation
signals
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Fig. III-3,13 Interference resulting from random Gaussian
modulation,
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1V, SINGLE CHANNEL PHASE-SHIFT

KEYED COMMUNICATIONS

Introduction, - Practical binary phase-shift keyed (PSK) communica~
tion systems require a partially coherent refererce signal at the receiver,
Two major classes of PSK systems may be identiiied, according to the
technique used to obtain the reference signal: transmitted reference (TR)
and single channel (SC), Although SC systems are potentially superior,
they are difficult to analyze and have an inherent.mark-séace ambiguity
problem, A |

Four differentially encoded SC PSK éystems have been studied, includ-
ing Decision Feedback (DF), Squaring (SQ), and a variation of SQ called
Absolute Value (AB). In.:\addition. a new Maximum Likelihood (ML) SC
system, which is optimum under certain restrictions, 18 derived and studied.
Error counts are obtained for these PSK systems using Monte Carlo simu-
lation on an IBM 360/50 digital computer, Analytical bounds on the average
probability of error, P(E), are derived which indicate that these systems
all achieve comparable performance. This is in contrast with results which
have been published previously, '

Partially Coherent PSK Systems, - The degree of radio frequency (RF)

coherence which can be established between transmitter and receiver of a
comm:.:nication system greatly influences the performance attainable.
Assuming that the signal amplitude and the baud timing, or bit sync, are
known at the receiver, we can write the RF signal receiver in the baud
[0, T) as

v(t) = s;t,6) + n(t), te[0,T],

where the subscript i indicates tha.t'si(t. 0) is the signal c orresponding to

message m,, i = 1,2. n(t) is white Gaussian noise with one-sided power
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spectral density NO’ 0 is the RF phase, assumed to be constant over the

baud, which may be known with various degrees of accuracy depending on
ths particular communication system, The accuracy with which the value of
of 6 is kﬁown at t‘hé receiver determines the degree of RF coherence and
thereby the minimum average probabilify of error P(E) which can be
acaieved. |

Two important signal parameters are the energies of the two possible

received signals, E,, and their mutual correlation coefficient, p:
T

E, =j‘; s;%(t, 0) dt
Lo

= (EE) 2 [ s(t,0) s t,0) at.
0

If the actual value of 0 is known accurately at the receiver, the system is
termed coherent. It is known that the best signal set for such a system, in

the sense of mimimum P(E), consists of a pair of equal energy anticorrelated

(p = -1) signals, Phase shift keyed sinusoids, defined by

' sl'(t, 0) C cos (wot + 6)

SZ(t' 6) C cos (wot + 0+ w)= -C cos (wot + 9),

form such a set. With the signal energy E received in each baud and the

signal-to-noise ratio R defined as

2
_ C°r ‘ _ E
E = 5= R-W,

it can be shown that the mimimum P(E) attainable is

P(E)=%g‘erchl,ﬁ. - L ' ' (1)

The receiver which atfains this P(E) is the standard correlation detector.

i
-]
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In practical communication systems the received phase is not known
with perfect accuracy, Often, however, an estimate 6 of 6 is available,
and systems using such an estimate are called partially coherent. When
the estimate is good, and the signals are properly chosen, partially coherent r
systems may attain a P{(E) close to the lower bound (Eq., 1), Unfortu-
nately, the problem of overall system design, including signal specifica-
tion and receiver design, is quite complex. The difficulty is that the phase
estimate is usually derived at the receiver by special processing of the
signals received over several bauds. Thus considerations of receiver
complexity, signal structure, and channel characteristics a1_1 interact,

The procedure which has led to many useful partially coherent systems is

to postulate a "'reasonable' signal set on the basis of the method to be used
by the receiver to derive the phase estimate, and then to seek the parameter
values which v.eld the best operation. Since anticorrelated signals are
generally superior when a good phase estimate is available, the best

choices are usually modifications of the simple coherent PSK system
discussed above. These systems usually fall into one of two catergories,
transmitted reference and single channel, although combinations of the two

are also possible.

Single Channel Systems. - Transmitted reference (TR) systems trans-

mit a reference signal to the receiver through a channel separate from the
data channel. Thus the t.ransmitted signal is a combination of a normal
PSK signal and a signal to be used only for RF phase synchronization, The
major disadvantage of TR systems is that fhe available power at the trans-
mi&er must be shared between these two signé,ls. In single channel (SC)
systems a normal, fully rpodulated PSK signal is transmitted, The phase
estimation portion of the receiver processes this PSK signal in some non- i

linear manner in order to remove the modulation. The various SC systems
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differ in the nature of this nonlinear processing, The great advantage of
SC sysfems is that the entire transmitter power is used for both data trans«
~ mission and phase synchronization, Thus SC systems are pbtentially
superior to TR systems, .
It is éppropriate at this point to introduce the mathematical model
used in this study of SC systems and to note the two assumptions involved,.
First, the carrier frequency wg is assumed to be known aCCufately at the
receiver. >Second, the quality of the phase esﬁmate obtainable in a_.ctua.l
systems is limited by the rate of change of received phase, . cause§ by
channel variations, oscillator phase jitter, etc. This limitétion is incorpo-
rated into a simple model by pogtulaﬁr;g a constant revce:i,ved"pha’se.- buta
limited allowable measuremént time, This rﬁe’asur‘éfnexif-ﬁine.{é'takéﬁ as
qT, exfending over q bauds of durétioﬁ T. The -Waﬁréfdxfm' é‘v_é;i.léﬁié at the
receiver for the decision on the data frénémiﬂ.:éd“f.oAr‘ té[O; T] may thei-efon
be représented as V : | |
v(t). = m(t) C cos (wbt + é') + fl(t), , .
: S {2)
te [-qT, T], ‘ | |
where m(t) represents the mo&ula)ti_o_n,i and takes on the vél,\:;l.e;’sl 1 I in each
baud independently and with eéﬁal'proﬁability. .Sbme. rgcéivefEA-'61sb store
the last q decisions. - | | | o | o
Although the model (2)-is»siﬁipie,‘~tw0‘maj6r di’ffi’culti_éﬂ ‘are encountered
in the study of SC systems. The first involves the nonlinear processing of
. the signal performed by the receiver in order to construct a partially ¢ow
herent reference waveform. Such pr.oéessing makes it extiiem‘e‘ly‘diffi’ﬁlilﬁ
to obtain results analytically, For this reason, Monte Carlo aj;imﬁlafioh—éih'
a digital computer is useful in studying system p'erformax-xce. The: é%‘é‘i}ﬁi}:

difficulty encountered in SC systems is the "mark-space ambiguits@"‘ probe
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lem, In a simple SC system there is no wéy of determining the absolute
sensge of the signal received in each baud, That is, even though in low
noiee the bauds during which a 1 was transmitted can be disfinguished from
those during which a 0 was transmitted, it is impossiblé to defermine which
of these two groups of bauds actually coiresponds to the 1 signal. In most
SC PSK receivers, this mark-space ambiguity takes the form of two

farily stable average phase'values of the derived reference, separated from
each other by' m radians., Even if the correct reference sense is established
at theAbe'g'inninvg of the transmission, noise may caugs loss of synchronism
and eventual reference reversal during the trans:;nission, inverting the
decoded message. Several techniques‘ are avai;lable for dealing with this
problem, the simplest of which is diffefential data encoding., Inthis scheme
data of 1 is rjepresented by no phase change fir:am the signal transmitted in
the previous béud, and data of 0 by a phése change of 7 radians, Since

the presence or absence of a phase transition between baudls can be detected
equally well using a reference with phase near 6 or 6 + T, there can be no
invérsion of the data with this technique. Howevér, in a low errér rate
system where adjacent decisions are approximately independent, differ~
ential encociing almost doubles P(E) over that given in (1) above,

Results for Various SC Systems. - Since the SC systems studied are

difficult to analyze exactly, and also because they are basically discrete,
Monte Carlo simulation.on an IBM 360/50 digital computer was found to be
a useful tool, Differential data encoding was used in all of the simulations,
The systems studied include Differential (D) PSK, Decision Feedback (DF) -
PSK, Squaring (SQ) PSK, and a variation of SQ--PSK called Absolute Value

. (AB) PSK, In addition, a new Maximum Likelihood (ML)SC system, which

is optimum in a restricted sense, is derived and simulated. ' The results
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are summarized below; details ar‘e contained in Ref, 1,

We first establish a performance bound for differentially encoded SC
PSK systems as follows, A SC system is operating ideally when its
derived reference is noiseless. Then the probability p of incorrectly

identifying the sign of the signal received in each baud is given by:
P = -.12- erfc NR,

Since the reference is perfect, successive decisions are independent, and

since differential encoding is used, an error occurs when a wrong detec~

tion is followed by a correct one or vice versa. Therefore, the minimum

average error probability is given by
P(E) = p(1 - p) +(1 - p) p=erfc NR (1 ;%erfc,'j/ft). a . ¢3)

We now consider Differential (D) PSK which is the simplest and in
certain ways the basic SC PSK éommunicafion' system; In D-PSK. the
signal received during the previpus baud serves as the partially coherent
reference for the present decision. Analytical resulfs are availa,bl,e.;‘
for various error probabilities in D-PSK:

P(E) =% e R

_1 LY ,
P(Ej+1/Ej.) = > %‘ erfc® (NR cos 9)
(4)
{1+ NR7 cos @ eB:_cos CF’[1 + erf'(?‘/ﬁ cos 9)] }do

' _ 1 =R
P(EJ+2/EJ) = 2 e

The D-PSK system was simulated on the digital computer, and the
error counts were compared to the analytical results above, The excellent
agreement obtained indica,_ted the accuracy of the simulation t'eghniq.gg.‘_ In.

a:ddition. it was proven that all of the other SC PSK systems studied: reduce
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to D-PSK for the special case of q = 1, Thus (4) provides an upper bound
on the P(E) of any of these systems for g>1., The lower and upper bounds
given by (3) and (4) differ by approximately 1 db, in SNR, so we expect

all of the SC PSK systems to achieve comparable performance. The simu-
lation results support this conclusion.

In Decision Feedback (DF) PSK, combination with the reference of the
signal received during the present baud is delayed until a decision about
which signal was transmitted is made. This decision is then used as if it
were correct to modify the present signal before it is combined with the
reference., Since usually P(E) is small, the large majority of received
signals are combined in the correct way. The error counts from the DF -
PSK simulation are shown for three values of q in Fig, IV-1, along with the
bounds on P(E) derived above, It is clear that even for medium values of
q the system is operating close to its theoretical limit (Eq. 3).

Another major class of SC PSK sys'tems. uses the Phase Doubling (PD)
technique, If Cpi is the phase error due to noise in the’ ith baud, the

received phase is

depending on the modulation, In either case, the phase doubler output has
angle

24, = 2(6 + 9;), .

which is independent of the data, These angles from q bauds ai'e combined
to give the phase

o = 2(6+¢'), '
where 9 represents the total error due to noise, 6f is thén halved to
obtain the final phase estiﬁate 0:

0 = 0+0,

‘;’?E
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Two details of this technique demand further attention. First, the q
angles qui can be combined in many ways. Two particular methods which
were studied are weighting each angle as the square of the oignal amplitude
in the corresponding béu& (SQ-PSK); and weighting proportional to the
magnitude, or absolute value, of the signal amplitude (AB-PSK).

The second and most important consideration is that the procedure of
halving the phase 6' is analogous to taking the square root of a complex
number, and therefore, the final phase estimate 8 has two possible values
separated by 7 radians, A rule must be established for choosing one of
these two values, A satisfactory rule is to choose the value 8 which is
closest to the 8'derived for the previous decision, This choice gives good
results for all valuos of g, and can be shown to be optimum foi' q=1, -é'i‘néé
PD-PSK is equivalent to D-PSK under these conditions. . | |

The PD~-PSK systeml described above were simulated on a digital computes,
The error counts for SQ-PSK are shownin Fig, 2,and for AB-PSKinFig, IV-1, Little
difference is discernible betweentnese'results and those fox; DF'-PSKi,in Fig. IV-1.
Proakis et a1.3. onthe other hand, ha&e found on tne basis of o sirnilar digitalcome
puter simulation that DF -PSK is cons istently superior to SQ-PSK, Apparently,
they simulated a poor SQ system, since tl"xeir} experiniental P(E)' fon q=1 'i‘s sige
nificantly higher than the upper bound (4) derived above. | |

The final system invostigated is called Maximum 'LikglihOQd (ML) PSK,
This system Wés derived' in the. foliowing way. Assume tha"f the differeh%ﬁ‘l@r
encoded PSK signal ('Z)Iis available, but past oecisions made by the ‘ire“ce‘a'.’%i'.
are not remembered., ML-PSK is the receiver \:&hich attains.-the smallesit
possible P(E) for the decision about the latest possible (at t = 0) phase
transition. This is accomplished by applying a maximum a posteriori

decision rule to the received signal. The ML receiver is quite complicated,

T T Gy
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its complexity growing exponentially with q, but it can be implemented.

This complexity is reflected in the large amount of computer time used in

the simulation. For this reason only two values of q were used, and fewer
trials were made for this system than for the others, The error counts

are shown in Fig, IV-4, Even for the felatively small q = 5, the experimental
P(E) is nearly equal to the théoretical lower bound, Performance is con-
sistently superior to the other SC systems considered, but is not good enough
to justify the receiver complexity.

In summary, the siinulation results show that the popular SC PSK sys-
tems perform similarly. The theoretical lower bound in P(E) for a differ-
entially encoded SC PSK system is approached quite closely for moderate
values of q. Furthermore, all of the systems studied reduce to Differen-

tial PSK for the special case q = 1,
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V. RECURSIVE METHODS IN SIGNAL PROCESSING

1. Derivative Estimates for Recursive Detection.

Introduction., - A recursive approéch to signal detection has been pro-
posed using state variable methods to detect known signals in additive,
non-stationary, Gaussian non-white noise. This method reduces consider-
ably the computational effort when discrete samples are used, The problem
is that the derivatives of the sample are required. These derivatives are
not available directly ffom the sampling process and must be approximated,

Two simple types of derivative estimation have been investigated, One
replaces the derivatives, which are random variables, with their expected
values. The other method estimates the derivatives by difference equations.

Equations for the signal to noise ratio using these derivative estima-

tion techniques have been derived. The results of this sub-optimum process

may then be compared with the optimum process which assumes éll deriv-
atives are completely known, .
A computer program for finding the optimum and sub-optimum signal to
noise ratio for various noise processes and signals has been developed.
The results of this program for several signals of interest show the effec-
tiveness of the derivative approximation methods.
| It is shown that simple methods of derivative estimation are capable of

near optimal results in the proposed recursive detection scheme,

Problem Formulation. - The recursive approach to signal detection

developed by Pickhqltz and Boorstynl is summarized in this section since
it is the basis for the work in this report. This formulation treéts the case
of discrete time detection of known signals in the presence of additive,
Gaussian, non-white noise, It is assumed that the additive noise is gener-

ated as the solution of a linear differential equation drive by white noise.
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where
-[(Y BY - - (s %in -B.s,. 1)] [(Y Bn-n 1) -
(83, n"BnSp.1)) (4)
B, = gn,n-lg-xil,n-l. (5)
Ko = G, n-g.n,n-l—-.;l,l n-l-qI,n-l (6)
Cp i = EXX) = E[X(nd) X' (k)] = C(nd, KA) (1)

~ Now let s z(t:)-“--s l(t:) for simplicity, (If this is not true our results are still
obtained with s(t) replaced by s z(1:)--s1(t) and simply derived bias terms

added to the likelihood ratio). Then

6, =6, ,+ 2[(s. n-BnSn- 1) K, (Yn-BnYn 1)] (8)
and
T~ =1
%= 250S0,0 Lo+ - )

Egs. (8) and (9) define the structure of the optimum digital processor,
To evaluate the performance of this receiver we note that the probability
of error is a monotonic function of the sighal to noise ratio defined as

_Ele]

Y, = ——— (10)
% var{e ]
n
It is easily shown from (8) that
E[6 ] =E[6_ ,] + 2[s_~B_s )TK"1 (s.-B s_ ,) (11)
n n-1 - -—n-n-l1’ —=n ‘an —n-n-l
- T =1 T
E[00] =235C 59 »
and after some computation that
Var 6 =2E[6] (12)

Hence

1
.




T e

~-161-

Yn = %E[en] (13)

There is a considerable simplification when the noise, X(t), is assumed to

be stationary. In this case

AA

_B_n= e— (14)
T

K_=C,-e2fc, 274 (15)

€o0,0=%0 (16)

. It should be noted at this point that the optirnum digital processor must
know the complete state vector Y(t) at each sample point. Y canbe found

by direct sampling, However, the derivatives Y y (k-1)

are not avail~
n, PRPPY n Y P vl N

able and must be estimated. This means a digital proc_:eésor which samples
Y(t) at intervals of A will yield sub-optimal results, The acéuragy to which
the derivatives of Y can be estimated will determine how close the results
will approach the optimum,

Derivative Estimation, - There are many approaches which can be

used to recover derivatives from a sampled signal, Unfortunately a,i!. have
limitations and these limitations become severe when higher order dexivg.'-
tives are required. The advantage of the proposed recursive detection
scheme was that it greatly simplifies the digital computations, If a com-

. plicated method of estimating the derivatives of Y(t) is required, the

advantages of this method may be defeated, For this reason, we shall

e

investigate the suitability of those methods of derivative estimation which

2

require 2 minimum of computation, hoepfully finding a method that for a
suitable class of signals will yield results approaching the optimum,
~ Another factor to be considered is, how well does the method of deriva=

tive estimation lend itself to analysis? It is desirable to find the S,N.R,

of the sub-optimal process analytically in order to avoid the problems of

gimulation,

:.'g‘*r\?aqwmr;\wm i s
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One very simple method is to estimate the derivatives of Y(t) by the
derivatives of E[Y(t)] = s(t), Obviously this is a crude, but easily imple«
mented system since s(t) is completely known, '

A more promising approach is to use a difference equation technique
to estimate the derivatives of Y(t). A first order difference equation is
relatively easy to implement, Higher order difference equations may have
merit, but the increased computational effort would probably soon reach a
point of diminishing return,

With these factors in mind, it was decided to attempt to find v‘analytical
expressions for the sub-optimum S, N, R, for the two methods of derivative
estimation described above. For simplicity we consider stationary noise
where sz(t) = -sl(t) = s(t)s These analytic expressions have been found for
two types of estimates 1) using the expected values and 2) using a difference
equation or recurrence method. The details of the derivations will be
available in a forthcoming report.

Results, - In order to evaluate the effectiveness of the derivative
estimation techniques several test cases were run. Several common

pulse type signals were chosen for evaluation, It was assumed that s =

* -5, The constants of the differential equation establishing the noise

1
process were varied to yield narrow band, matched and wide band noise,
The differential equation is second order and describes a filter which has
flat response out to the cut off frequency and then rolls off at 40db per
decade. In the matched case, the =3db point of the noise filter is at the
-3db point of the signal frequency spectrum, Narrow band noise has a band-

width of 0. 2 of the signal bandwidth, Wide band noise has a bandwidth of
5 times the signal bandwidth,

_ - RSP
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n, was selected to give values of Yy, With a order of magnitude of 10
which corresponds to probabilities of error in the range of interest, The
resulting S, N, R, for all cases is a linear function inversely proportional
to ng. |

The results for several cases of interest are contained in the following

tables.

In the tables the following notations are used,

n, = whose noise power spectral density of the defining colored
noise

agpa = coefficients of the second order noise defining equation

Yy = the signal to noise ratio at the end of n steps in the recursive
procedure,

Conclusions. ~ These results indicate that near~optimal results can be
obtained using either derivative estimation method, Of the two rnet'hods-,
the difference equation method'yields more predictable results. In general,
the difference equation technique yields results which appear to converge to
the optimum as samples increase. The expectation method, however, often
shows deterioration as samples increase. The optimum number of samples
for this method varies considerably with the signal and noise characteristics,

As would be expected, the optimum as well as sub-optimum processes
yield best results when the samples are taken at points which maximize the
difference between s, and S .or in our case the maxima of s, In these
cases the sub-optimum processes give near optimal results, even for few
samples.

Those cases which depend on sample points where 8) =8, show rather
poor performance, It is also significant that good results are often obtained
in cases where the derivatives approximated by the difference equation

could not possibly be meaningful due to the large sample interval,
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These observations lead to the conclusion that errors in derivative
approximation do not adversely affect the S. N, R. in those cases where
meaningful information is available at the sample point in distinguishing 8)
from s 2 Where this information content is not available (i, e, points
where s 1 =8 2) both optimum as well as sub~optimum processes give poor

results,




- Utilizing the Markov property of the noise, a difference equation for the
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' optimum test statistic is derived in state vector form. The test statistic

-is generat_éd recursively by means of a first order difference equation,

" This forhn'z_ljation.is ‘appiiéable tohon-stationary as well as stationary noise,

‘The deteActA:ioh scheme is illustrated in Fig. V-1.1.

- It is assumed that one of two completeiy known signéls, sl(t) or sz(t)

is fecéiﬁred in additive, zero mean, bGaussian. non-white noise, X(t). X(t)

, ié’ assumed to be ge’néfratéd as the solution of a KB order linear time-

Varying diffe_fential_,equation driven by zero-mean white noise, W(t) which

- hag spéctral -dgﬁs_ity nge Th_e' system is represented by the following state

,yafiia:bl,es '_th_i‘a,t{ons in matrix form:

B CIERTORE R
i}vhéré' : '
% (1) ] "o
X (t) o
: X (t) | 0
Xt = . A=,
K-y
xw] L

-ao(t) ' -al(t)

L 4

ts 0

0 o * e
1 0 o0
0 1 o0

-az(t) -.-a3(t) cee

(1)

~(2)

.

=23t

‘ai(t,) are the coefficients of the noise generating differential equatibns.

' Using the Markov property of Y(t), the logarithm of the liklihood ratio of

~ the first t = nA seconds of data, 6, is found by the difference equation

en B _en-l = 3-(3’2‘,

n

-a

)

l,n

(3)
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2, Further Theoretiéal Results.

The rmajor (preliminary) results of theoretical importance insofar as
recursive technique is concerned have been in fact incorporation of more
extensive noise models for the detection problem, For example, noise
generated By a white process passing through a system with numerator

dynamics. E. g,
nel K

‘ n-1 2
ay(t) PR Y- i (L) I 7 b 4 wit) (1)
T T LUK Ta T L e TE ,
where w(t) is white, A

In this instance, one cannot choose derivatives of the observations
(or of the noise) to form a state vector of the system because these would
contain white noise and its derivatives which is clearly unacceptable in a

realization, We have therefore chosen as a state vector for the system

(1) so that this is avoided, With this choice (1) can be represented as:

x(t) = A(t) x(t) + b wit)
y(t) = QT x(t)

where x(t) is the state.

The transistion matrix A is

B! | 0 0 - 0 |
;a1 0 00 === 0
0 o 0 1 aee 0

|
A = * ' L) L1 d 0 [ ]

, {

L] l L] * ® *
s 1
Lod — .- — — — A— — —

[ ,
;a4 0 0 0 -ee 0

and the observation matrix is
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c"=[100... 0]
The essential feature of the new approach is the formation of an estimate
of the state
x(t) = B[x(t) | y(7), Tct)
and the proof that this is Markov., The estimate may be formed by a
Kalman-Bucy filter once the estimate is generated, the recrusive algorithm

proceeds as before, A block diagram of the process is shown in Fig. V-2, 1.

s

:
:
:
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VI, HIGH RATE PCM - NOISE EFFECTS

Because of the increasing importance of Pulse Code Modulation in the
field of communication, it was desired to construct a high sﬁeed system
for use as an experimental tool, The initial goal was for a system con-
sisting of an A-to-D and a D-to~A converter with a sampling rate of two
words /microsecond, This would allow a maximum modulation signal band-
width of 1mHz,

Each word was to contain five bits (32 levels) which would produce
adequate fidelity for most applica.ions., A design was generated incorpo-
rating several single bit encoders in series, This design was built com-
pletely with intergrated circuits and performed satisfactorily although the
sampling rate criteria had to be reduced by an order of magnitude, down
to one sample every five microseconds,

To show that the equipment‘could be useful as a good approximation to
an ideal PCM system, relevant data was ta}cen in the presence of additive
white Gaussian noise, The data was plotted on graph paper and the system
wasg shown to adhere closely to predicted results indicating that it can
serve as a model in future experiments,

Fig, VI-1 shows a Block diagram of the PCM system and Fig, VI-2
indicated the experimental setup., The theoretical output carrier to noise
ratio was calculated and is compared to the experimental in Fig, VI-3, The
levelling off of the curve at high CNR is due to residual quantization noise,
which for five bits is approximately 30 db, The equipment will now be used

for further, in depth, work on PCM and related areas,
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VI, NEW AND C/>NTINUED RESEARCH

1. Frequency Demodulation wi.n Feedback,

The "most-likely" noise tuchniuge used to determine the threshold and
the spikes occurring per second in a PLL has been applied to thé FMFB,
This program will be continued, The programs goal is to determine the
threshcid and spike behavior of the FMFB and compare the FMFB with the
PLL, In addition the results will be compared to the original FMFB results
obtained by Schilling, The basis of this comparison will be equal distortion,
One result obtained to date is that the FMFB when operating with gain G =
0 or with infinite gain responds as an FM discriminator, Thus, a gain exists
which results in a minimum number of spikes/second, E?:pe'rimental resuits
will be obtained to supplement the theory,

Hess has shown that theoreticaliy the frequency demodulator with feed-
back or FMFB should lie midway between the phase locked loop (PLL) and
the frequency locked loop (FLL), This means that one limiting form of the
FMFB is équivalent to a PLL whilebanother. liniting form is equi\}alezit toa
FLL., To date most commercial FMFB's have been constructed so as to

fall near the PLL end of this range.. It is proposed to construct a FMFB
capable of being operated at ahy desired point within the range., This wﬂl
serve not only to confirm the existance of the postulated FMFB~FLL bounda=
ry (the FMFB~PLL boundary has been confirmed by Cassara) but also to
explore the previously unreached portions of the FMFB's regions of opera-
tion, On the basis of these explorations plus existing theoretical work ui:on
the FLL and the PLL it is hoped to derive a reasonable design theory for the
FMF'B, |

2. Spike Correction in the PLL and FMFB,

The PLL and FMFB outputs indicate a significant increase in the spike

e e o et
s
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rate for small deviations of carrier frequency from the center of the IF
filter, To reduce this increase we will use spike correction techniques to
shift the IF filter resonance. |

3. Quantized Frequency Locked Loop-Fading Signals,

The second order quantized frequency lockéd loop (QFLL) reported up=-
on herein will be extended to attempted use as a threshold extending or error
reducing detector of fading analog, video, and binary FM systems, The
PIB water tank fading channel simulator will be used as a source of con=
trollable fading for these experiments,

Experiments to date with rezal filtering of noisy binary FM signals
(B = 2) have shown improvements (reductions) at 10°° error rate in the required
CNR of 4, 5dB through the use of the QFLL over an ideal d‘iscrimina.tor alone.
In conjunction with proper equalization it is hoped that for fading binary
signals at least the same gain will be possible.

4, Quantized 2nd Order Phase locked Loop.

Based upon the gains realized through> the quantization of the amplitude
information in the Frequency Locked Loop it is proposed to extend the concept
of amplitude quantization to the 2nd order phase locked loop employed as an
FM demodulator, The circuitry to .perform this quantization has already
been developed f§r the frequency locked loop,

The expected benefits from the quantization are the ability to iinearize
the phase detector and to reduce the modulation induced clicks (clicks of
the second kind), Since with large deviations these signal induced clicks
make up a large majority of the total number of clicks it is hoped to achieve
a siginificant iﬁcreaée in output S/N fbr high Af, below threshold operation,

5. Single Sideband FM,

SSB/FM is currently being investigated to determine if threshold im-
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provement techniques can be applied, SSB-FM can be approximated so that
one sideband is attenuated rather than eliminated, In this case the bandwidth
of the signal can be effectively reduced,

6. Bandwidth Compression.

Bandwidth compression techniques are being studied., The response
of bandwidth compress.ed signals in the presense of noise is to be computed,
Some new bandwidth compression devices will be investigated to determine
the degree of compression possibie and the output SNR.

7. Digital Operations Upon Video Signals.

A series of programs have been written for the PIB PDP8 computer
that in conjunction with PIB developed interface equipment allow the trans-
fer of 100 x 100 picture elements from a 35 mm slide to s.torage in digital
form in the tape storage of the PDP8 and subsequent reconversion of tl;e
stored digital signal into a picture form,

An additional set of programs allow non-linéar processing, digital and
analog error introduction, and various types of redundancy reduction oper~
ations to be performed upon the digital signals, |

These signal processing capabilities will now be used to study the
relative errors distortions introduced in video signals transmitted in
both analog and digital forms as well as the effect of noise and/or fading
upon various redundancy reduction schemes.

8. Recursive Techniques,

Several simulations are now being seen on the recursive techniques
developed, Various random number generators with correlated samples
have been produced at the algorithm will be tested as if in an actual communi-~

cations environment,

Further work is being carried forward on direct digital instrumentation
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of demodulation methods and for the processing of signals other than for

detection such as array processing, data compression and adoptive condi=-

tioning and equalization of signal,

Computer programs have been written for simulation and preliminary

results are positive,

,ﬂk
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