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Al3STRACT 

The l i n e a r  hydrodynamic s t a b i l i t y  of a t h i n  l i q u i d  l a y e r  

flowing along t h e  i n s i d e  wall of a vertical tube r o t a t i n g  about i t s  

a x i s ,  with a core-gas flow is examined. The b a s i c  flow under con- 

s i d e r a t i o n  i s  derived as the  f u l l y  developed, s teady,  laminar, two- 

phase, annular flow of two immiscible, Newtonian f l u i d s  i n  a ver t ica l  

tube r o t a t i n g  about its ax i s .  The s t a b i l i t y  problem is  formulated 

under t h e  conditions t h a t  the  l i q u i d  f i l m  is  t h i n ,  t h e  densi ty  and 

v i s c o s i t y  r a t i o s  of gas t o  l i q u i d  are s m a l l  snd the  relative pressure- 

g rad ien t  i n  t h e  gas is  of  t h e  same order  as g r a v i t a t i o n a l  acce le ra t ion .  

This formulation, using the  conventional normal modes procedure, 

r e s u l t s  i n  an eigenvalue problem of 12th order ,  with two real eigen- 

value parameters. 

The eigenvalue problem is  f i r s t  solved by a per turba t ion  

method appropriate  t o  long-wave,axisymmetric disturbances.  The na tu re  

of non-axisymmetric and short-wave disturbances i s  a l s o  assessed. The 

behaviour of long-wave disturbances at: i n f i n i t e  su r face  t ens ion  and 

of azimuthal dis turbances during a pure axial flow of t h e  f i l m  i s  

explored. 

I n  view of t h e  l i m i t a t i o n s  of a t runcated pe r tu rba t ion  app- 

roach t o  the  approximate s o l u t i o n  of t he  eigenvalue problem, an 

i n i t i a l  value method of so lv ing  the  eigenvalue problem on the  high 

speed d i g i t a l  computer is  developed. 

i s  demonstrated by obtaining the  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  

The e f f ec t iveness  of t h i s  method 



b a s i c  f i lm flow over a range of the  axial  flow Reynolds numbers 

beyond t h e  reach of approximate a n a l y t i c a l  means. 

S t a b i l i t y  cha rac t e r i s  t i c s  of n e u t r a l ,  growing and some damped 

modes are presented,  showing the  inf luences  of r o t a t i o n ,  su r f ace  

tens ion  and t h e  gas-pressure. 

bance mode and t h e  corresponding ve loc i ty  f l u c t u a t i o n  amplitudes are 

als o i l l u s  t r a t ed  

Energy balance i n  a n e u t r a l  d i s t u r -  
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CBAPTER I 

INTRODUCTION 

1.1 Object and Scope of the  Present  Inves t iga t ion  

In t h e  following s tudy,  we propose t o  i n v e s t i g a t e  t h e  hydro- 

dynamic s t a b i l i t y  of a l i q u i d  f i lm flowing along t h e  i n s i d e  wall  of 

a vertical tube of c i r c u l a r  cross-sect ion,  r o t a t i n g  about i t s  ax is ,  

while another  less dense f l u i d  is  flowing i n  t h e  core  of t h e  tube.  

The objec t  of t h i s  study is t o  assess t h e  s t a b i l i t y  of t h e  ine r f ace  

between t h e  l i q u i d  f i lm and the  core-fluid under the  inf luences  of 

( i )  t h e  s w i r l ,  ( i i )  the  core flow and ( i i i )  g rav i ty .  

The b a s i c  flow configurat ion whose s t a b i l i t y  c h a r a c t e r i s t i c s  

are obtained by t h e  present i nves t iga t ion  is  t h e  coaxia l  two-phase 

flow i n s i d e  a v e r t i c a l  r o t a t i n g  tube of c i r c u l a r  cross-section. 

t h e  two f l u i d s ,  one is  a l i q u i d  and flows along t h e  tube w a l l ,  whi le  

the  o the r  i s  a less dense f l u i d  (which may be  t h e  vapor of t he  heav- 

i e r  f l u i d )  occupying most of t he  i n t e r i o r  of t he  tube. The region 

occupied by the  heavier  f l u i d  i s  small i n  the  r a d i a l  dimension com- 

pared t o  the  rad ius  of the  tube so  t h a t  t he  term "film flow" i s  ap- 

Of 

p r o i a t e  f o r  t h e  descr ip t ion  of i t s  motion. Both f l u i d s  are assumed 

t o  be  Newtonian wi th  constant  proper t ies  of t r anspor t  and are con- 

s ide red  immiscible, without mass-transfer a t  the  i n t e r f a c e .  %e 

b a s i c  flow s i t u a t i o n  i n  e i t h e r  f l u i d  is  regarded as laminar, f u l l y  

developed, s teady  and a x i a l l y  symmetric. Consis tent  with the  f i l m  

flow descr ip t ion  i n  the  b a s i c  flow conf igura t ion ,  i s  t h e  assumption 
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of a small Reynolds number-regime f o r  the  l i q u i d  flow, s i n c e  t h e  

Reynolds number i s  based on t h e  average a x i a l  ve loc i ty  and the aver- 

age f i lm  thickness .  

The scope of the  ana lys i s  i n  t h e  present  i nves t iga t ion  i s  ex- 

pected t o  cover a f a i r  range of practical i n t e r e s t  i n  t h e  appropri- 

ate s i t u a t i o n s .  

l y  cons is ten t  with t h e  orders  of magnitude of t h e  phys ica l  parame- 

ters i n  t h e  configurat ions of i n t e r e s t .  The s e l e c t i v e  emphasis 

given t o  certain ca tegor ies  of dis turbances is  supported by self- 

cons is ten t  methodology as w e l l  as p l aus ib l e  eva lua t ion  of t he  im-  

por tance of t h e  o the r  ca tegor ies  of dis turbances.  Within t h e  assump- 

t i ons  made about t h e  b a s i c  flow and t h e  o v e r a l l  l imi t a t ions  imposed 

by t h e  l i n e a r i z e d  s t a b i l i t y  theory,  t h e  ana lys i s  given here  is 

expected t o  be a f r u i t f u l  prelude t o  t h e  understanding of t h e  

various phys ica l  mechanisms determining the  s t a b i l i t y  of the  i n t e r -  

f ace  of t h e  l i q u i d  f i l m  and t h e  core-Eluid i n s i d e  a v e r t i c a l  r o t a t i n g  

tube.  

The mathematical approximations made are e s sen t i a l -  

1 .2  Motivation of t he  Problem 

Although prototype s i t u a t i o n s  represented i n  t h e i r  e s s e n t i a l  

f l u i d  dynamic aspects by t h e  problem defined i n  Article 1.1 may be 

seve ra l ,  t h e  present  study stems from the  need t o  ga in  a q u a l i t a t i v e  

understanding of  t h e  r e s u l t s  of a good dea l  of experimental  work re- 

por ted  over t h e  recent  years  ( i n i t i a t e d  pr imar i ly  by research con- 

t r a c t o r s  of t h e  U . S .  National  Aeronautics and Space Administration) 
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on b o i l i n g  of l i q u i d  metals i n  s i n g l e  tubes. Typical r epor t s  of such 

experimental work are t o  be found i n  Bond and Converse (1967), 

Peterson (1967), Sawochka (1967) Gambill (1965) and Oppenheimer 

(1957). A recent  r epor t  is mentioned i n  t h e  Addendum. 

The u l t ima te  p r a c t i c a l  goal  of much of t he  work r e f e r r e d  t o ,  

i s  t h e  development and design of a l i q u i d  metal b o i l e r  tube t o  be 

used i n  space power systems. 

t o  ob ta in  preliminary design and performance d a t a  on t h e  hea t  trans- 

f e r  c h a r a c t e r i s t i c s  i n  a s i n g l e  s h e l l  and tube type hea t  exchanger, 

with l i q u i d  potassium as t h e  t y p i c a l  working f l u i d  flowing i n s i d e  

t h e  tube whi le  l i q u i d  s o d i m  flowing i n  t h e  annular s h e l l  helped t o  

b o i l  t h e  potassium. 

velopment he re ,  is  t h e  so  c a l l e d  once-through b o i l i n g  i n  s i n g l e  

tubes.  The a t t r a c t i v e n e s s  of once-through b o i l i n g ,  e s p e c i a l l y  f o r  

space app l i ca t ions ,  is t h e  "one-pass" energy conversion wi th  a l l  the  

l i q u i d  metal en te r ing  a t  one end and leaving i n  superheated form of 

vapor a t  t h e  o the r  end. This removes t h e  need f o r  a b o i l e r  recir- 

c u l a t i o n  loop, which r e s u l t s  i n  increased r e l i a b i l i t y  and reduced 

weight through t h e  el iminat ion of t h e  a d d i t i o n a l  pumps, flow reg- 

u l a t o r s ,  s epe ra t e  superheaters  etc. For space app l i ca t ions  ¶ s i z e  

and weight are p a r t i c u l a r l y  important optimization design cr i ter ia ,  

Despite t h e  g r e a t  v a r i e t y  of nomenclature and c l a s s i f i c a t i o n  

The experimental s t u d i e s  were planned 

The design concept under evaluat ion and de- 

of t h e  d i f f e r e n t  regimes of t h e  complex b o i l i n g  process and t h e  

a s soc ia t ed  h e a t  t r a n s f e r  a spec t s ,  a general  consensus exists on the  

following conceptual model of t h e  two-fluid, once-through b o i l i n g  
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process.  Entering subcooled, the  bulk temperature of t h e  working 

f l u i d  i s  increased by single-phase heat  t r a n s f e r  i n  the  subcooled 

region u n t i l  bo i l i ng  is i n i t i a t e d .  

t i o n  marks the  beginning of t h e  nuc lea te  bo i l ing  region whose main 

c h a r a c t e r i s t i c  i s  a r e l a t i v e l y  l a r g e  h e a t  t r a n s f e r  coe f f i c i en t .  It 

is  bel ieved t h a t  t h e  w a l l  i s  completely wet ted i n  t h e  nuc lea te  bo i l -  

ing region. 

"DNB", o r  "burn-out") where t h e  t h i n  f i lm  of t h e  l i q u i d  metal is 

broken up, terminates  t h e  high performance of t h e  nuc lea te  bo i l ing  

zone and marks t h e  t r a n s i t i o n  region with lower performance. The 

lower average hea t  t r a n s f e r  c o e f f i c i e n t s  determined f o r  the  t rans-  

i t i o n  region are thought t o  be caused by the  hea t  t r a n s f e r  su r f ace  

being only p a r t i a l l y  wetted.  Heat t r a n s f e r  i n  t h i s  region is  

v isua l ized  as a combination of h e a t  t r a n s f e r  through w e t  patches o r  

drople t s  on t h e  tube w a l l  and vapor-phase h e a t  t r a n s f e r  from the  dry 

patches.  The t r a n s i t i o n  region is  followed by t h e  onset  of f i lm 

bo i l ing  region wherein a vapor f i l m  is  supposed t o  be formed and 

later p a r t i c i p a t e  i n  the  superheating s t age  of t he  bo i l ing  process.  

The var ious regimes of t h i s  conceptual model of t h e  bo i l ing  process 

are i l l u s t r a t e d  schematical ly  i n  Fig. 1.1, a f t e r  Peterson (1967) e 

The po in t  of n e t  b o i l i n g  incep- 

The poin t  of cr i t ical  hea t  f l u x  ( a l so  known as "dry-out", 

It i s  obvious t h a t  t h e  hea t  t r a n s f e r  process and t h e  o v e r a l l  

e f f i c i ency  and t h e  advantages of t h e  type of hea t  exchanger envisaged 

are g r e a t l y  dependent on t h e  e f f e c t i v e  con t ro l  and extension of t he  

nuc lea te  b o i l i n g  regime. 

means of prolonging t h e  nuc lea te  bo i l ing  zone and consequent 

One of t h e  extensively s tud ied  p r a c t i c a l  
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delaying, i f  no t  preventing of t h e  burn-out phenomenon f o r  b e t t e r  

hea t  t r a n s f e r  r e s u l t s ,  i s  t h e  use of twisted tapes and h e l i c a l  in- 

serts i n  the  core-gas flow, thereby introducing a s i z a b l e  s w i r l  

e f f e c t  on the flow configurat ion.  It w a s  found i n  genera l  t h a t  the 

c r i t i c a l  hea t  f luxes  with these  i n s e r t s  were always much l a r g e r  than 

those without them, sometimes even by a s i z a b l e  f ac to r .  @&ace 

t h e  opera t iona l  values of t h e  hea t  f luxes themselves are very l a r g e ,  

t h i s  means a considerable absolu te  increase  .) This experimental  ob- 

se rva t ion ,  together  with t h e  b a s i c  flaw fea tu res  of t he  configurat ion 

urge an inves t iga t ion  t o  see i f  w e  can adopt the  hydrodynamic sta- 

b i l i t y  point  of view, t o  understand the  e f f e c t  of t he  s w i r l  on the  

laminar flow of t h e  l i q u i d  f i lm  and consequently, on i t s  heat  trans- 

f e r  p a r t i c i p a t i o n  i n  t h e  configuration. Thus t h e  f l u i d  dymanics of 

the  laminar motion of t he  l i q u i d  f i lm  adjacent  t o  the  tube w a l l  and 

i t s  d is turbed  wavy flow a t  the  gas- l iquid i n t e r f a c e  are an important 

area f o r  i nves t iga t ion ,  as a f i r s t  a n a l y t i c a l  s t e p  i n  the  under- 

s tanding of t he  admittedly complex d e t a i l s  of the  coupled hea t  t rans-  

f e r ,  phase change and mass t r a n s f e r  i n  the  a c t u a l  b o i l e r  tube 

s i t u a t i o n .  

1.3 The Connection Between the  Model and t h e  Prototype 

There are l imi t a t ions  inherent  i n  t h e  i d e a l i z a t i o n  of t h e  

l o c a l  s i t u a t i o n  i n  the  nuc lea te  bo i l ing  zone of t h e  prototype con- 

f igu ra t ion ,  by the  model chosen here .  But i t  may s a f e l y  be expected 

tha t  an ana lys i s  of t h i s  model w i l l  y i e l d  d e f i n i t e l y  valuable  
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q u a n t i t a t i v e  information regarding the  a c t i o n  of t he  s w i r l  and the 

i n t e r f a c i a l  shea r  on the  f i l m  flow and i ts  s t a b i l i t y  c h a r a c t e r i s t i c s .  

Such information i s  e s s e n t i a l  f o r  understanding the  thinning out  o r  

break-up of t h e  l i q u i d  f i lm,  which ev ident ly  determines t h e  h e a t  

t r a n s f e r  performance of t h e  b o i l e r  tube. 

Regarding the  a c t u a l  manner of production of t h e  s w i r l ,  i t  is  

obvious t h a t  i t  can be done i n  a v a r i e t y  of ways. I n  the  r e l a t e d  

experimental  work the  s w i r l  w a s  introduced ( i )  by i n s e r t i n g  a h e l i c a l  

s t r i p  o r  twis ted  t a p e  (Peterson,  1967) ( i i ) .  by h e l i c a l  grooves on 

the  inne r  su r face  of t h e  tube w a l l  (Gambill, 1965) and ( i i i )  by 

t angen t i a l  i n j e c t i o n  of t h e  l i q u i d  along the  tube w a l l  (Oppenheimer, 

1957) Since a l l  these  inves t iga t ions  attempted b a s i c a l l y  similar 

co r re l a t ions  t o  s tudy the  e f f e c t  of t he  s w i r l  on the  hea t  t r a n s f e r  

across  t h e  f i lm,  one may expect t h a t  t he  exact  manner of production 

of the  s w i r l  is n o t  c r u c i a l .  For t h i s  reason and a l s o  f o r  

g r e a t e r  ease i n  mathematical formulation of t h e  problem, r o t a t i o n  of 

t h e  tube about i t s  a x i s  is  chosen here  t o  reproduce t h e  s w i r l  e f f e c t .  

This choice i s  j u s t i f i e d  a p o s t e r i o r i  by t h e  r e s u l t i n g  mathematical 

model set up i n  Chapter 11, wherein i t  is  shown t h a t  t he  dominant 

en t ry  of the  r o t a t i o n  i s  through one of t he  i n t e r f a c i a l  boundary 

condi t ions v i a  the  c e n t r i f u g a l  ac t ion  parameter. 

t h e  r a t i o  of t he  c e n t r i f u g a l  acce le ra t ion  produced a t  t h e  f i l m  

su r face  t o  the  body force.  

i t a t i o n a l  acce le ra t ions  w a s  p rec i se ly  t h e  parameter used i n  much of 

t h e  experimental  work i n  co r re l a t ing  t h e  da t a  (Costel lo  and Adams, 

This parameter i s  

The r a t i o  of  t h e  cen t r i fuga l  and grav- 



- 8- 

1961; Usikin and S iege l ,  1961; Peterson,  1967; v ide  Addendum). 

We may f u r t h e r  add t h e  following remarks i n  favour of t he  

I n  view of t he  g r e a t  complexity of t he  prototype case i n  poin t .  

problem, a d e s i r a b l e  f i r s t  s t e p  i n  bui ld ing  a t h e o r e t i c a l  model is 

to  r e t a i n  only the  most s i g n i f i c a n t  f ea tu re s  of the  o r i g i n a l  con- 

f i g u r a t i o n  cons i s t en t  with a reasonable s i m p l i c i t y  i n  the  mathemat- 

ical formulation. 

necessar i ly  involves a s a c r i f i c e  of some of the  real  f ea tu res  of t h e  

o r i g i n a l ,  such as f o r  t h e  present  case, (a) energy-mass-transfer and 

phase-change a t  t h e  i n t e r f a c e ,  and (b) t h e  prevalence of turbulence i n  

t h e  gas-core, e t c .  One may however assert wi th  f a i r  j u s t i f i c a t i o n  

t h a t  : 

The model bu i ld ing  by i t s  very d e f i n i t i o n  

(a )  An understanding of t h e  f i lm  s t a b i l i t y  i n  t h e  s impl i f i ed  

case may pave t h e  way t o  a later inves t iga t ion  t o  include the  o the r  

f ea tu res  l e f t  out  herein.  Furthermore, an ana lys i s  of a s e r i e s  of 

such s i m p l e  models can he lp  i s o l a t e  t he  inf luences  of t he  d i f f e r e n t  

phys ica l  mechanisms. Such understanding may be  i n  a r ead i ly  usable  

form t o  d i f f e r e n t  s i t u a t i o n s  where fewer o r  more of these  same 

mechanisms are operat ive.  

(b) 

non-slip boundary condi t ion a t  t h e  i n t e r f a c e  (provided t h e  l i q u i d  

f i l m  i t s e l f  i s  not  i n  tu rbu len t  motion), the  gas core  turbulence 

may no t  s i g n i f i c a n t l y  a f f e c t  t h e  s t a b i l i t y  of t h e  laminar l i q u i d  

f i lm,  except poss ib ly  t o  change t h e  empir ica l ly  es t imated magnitude 

of t h e  i n t e r f a c i a l  shear  and b a s i c  p r o f i l e  cons tan ts ,  e t c .  

A s  t he re  is a laminar sublayer  of t he  gas due t o  the  
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1.4 Survey of L i t e r a t u r e  i n  Film Flow and S t a b i l i t y  

There are s e v e r a l  s i t u a t i o n s  i n  na ture  and i n  modern tech- 

nology wherein f l u i d s  flowing i n  t h i n  l aye r s  play a s i g n i f i c a n t  ro l e .  

The i n d u s t r i a l  app l i ca t ion  of such flows have promoted i n  recent  

years  an increased i n t e r e s t  i n  the  b a s i c  momentum, energy and m a s s  

t r a n s f e r  s t u d i e s  of f l u i d  f i lms.  Numerous experimental  s t u d i e s  have 

inves t iga t ed  d ive r se  aspec ts  of t h i s  challenging new area of f l u i d  

dynamics. I n t e r e s t  has been l a rge ly  centered around two-phase flows 

with a heavy f l u i d  flowing i n  a r a t h e r  narrow region bounded by a 

s o l i d  w a l l  on the  one s i d e  and a less dense f l u i d  on the  o ther  

(usua l ly  i t  is  a gas o r  vapour of t h e  heavy l i q u i d ) .  

configurat ion i s  t h e  common theme i n  a l l  of t h e  i n d u s t r i a l  appl ica-  

t i ons  of f i lm flow. The occurrence,  descr ip t ion  and experimental  

o r  empi r i ca l  c o r r e l a t i o n s  of some s p e c i f i c  f i lm flow configurat ions 

have been reviewed by Sco t t  (1963) and Fulford (1964). 

This type of 

Of course the  o v e r a l l  advantage of employing such f i lm  flow 

configurat ions i n  technology can be  assessed only when they can be 

sus ta ined  i n  a s t a b l e  form. A study of t he  hydrodynamic s t a b i l i t y  

of such f i lm flows i s  h e l p f u l  i n  t h i s  regard.  However, although the  

b a s i c  flow and energy t r a n s f e r  i n  a t h i n  laminar l a y e r  of a s i n g l e  

l i q u i d  along a p lane  v e r t i c a l  w a l l  w a s  t h e o r e t i c a l l y  worked out  by 

Nusselt as e a r l y  as 1916 and compared with some experiments i n  1923, 

no at tempts  a t  a t h e o r e t i c a l  i nves t iga t ion  of even t h i s  b a s i c  flow, 

with regard t o  i t s  hydrodynamic s t a b i l i t y ,  were forthcoming u n t i l  

recent  years .  The reasons are p a r t l y  t h e  mathematical d i f f i c u l t i e s  
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assoc ia t ed  with t h e  problem and more s i g n i f i c a n t l y  perhaps, t h e  l ack  

of any f i rm i n d u s t r i a l  committment towards t h e  modes of f i l m  flow 

app l i ca t ions  suggested. Even as recent ly  as 1963 i n  t h e i r  survey 

ar t ic le ,  Ostrach and Koestel  (1963) s t i l l  had t o  point  out t h e  

apparently c o n f l i c t i n g  na tu re  of t h e  mass o f  experimental d a t a  and 

d i f f e r e n t  c o r r e l a t i o n s  t h a t  e x i s t e d  (and s t i l l  do) i n  t h e  matter of 

f i l m  s t a b i l i t y .  

mechanisms i n  d i f f e r e n t  types of i n s t a b i l i t y  and made percept ive 

recommendations f o r  both experimental and t h e o r e t i c a l  i nves t iga t ion .  

They c l a r i f i e d  the  d i s t i n c t  f ea tu re s  of phys i ca l  

Since t h e  Second World War, t h i s  area acquired a new impetus 

because of t h e  app l i ca t ions  of f i l m  flow configurat ions i n  chemical, 

nuclear  and more r ecen t ly ,  aerospace engineering. One f inds  there- 

f o r e  many experimental and a few t h e o r e t i c a l  i nves t iga t ions  appearing 

s i n c e  t h e  late 40's. Thus Kapitza (1965), Levlch (1962), Massot 

et a1 (1966) s tud ied  t h e  wavy flow of a f a l l i n g  l i q u i d  f i lm  on a 

plane ver t ical  w a l l .  

t r e a t e d  by Lu and Sarma (1967). But these s t u d i e s  did not e s t a b l i s h  

any connection with t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of t hese  flows , 
although Kapitza (1965) did estimate a minimum c r i t i c a l  Reynolds 

number f o r  t h e  wavy flow t o  appear by an energy extremisat ion 

procedure. However t h e  energy c r i t e r i o n  w a s  n o t  s a t i s f a c t o r y  and 

its app l i ca t ion  w a s  n o t  widely accepted (Massot e t  a1 , 1966). 

The MHD counterpar t  of t h i s  problem w a s  

The earliest t h e o r e t i c a l  study of t h e  s t a b i l i t y  of a s i n g l e  

l i q u i d  f i lm  down an i n c l i n e d  p lane  w a s  made by Yih (1954) who 

neglected s u r f a c e  tension (which tu rns  out t o  b e  very important i n  
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a l l  t he  p r a c t i c a l l y  i n t e r e s t i n g  s i t u a t i o n s )  i n  h i s  formulation. 

Brooke Benjamin (1957) w a s  t h e  f i r s t  one t o  review the  ex i s t ing  

experimental work on the  problem and t o  formulate t h e  complete 

problem, including su r face  tension. H e  pointed out  f o r  t he  f l r s t  

t i m e  t he  s i g n i f i c a n t  f a c t  t h a t  a minimum c r i t i c a l  Reynolds number i n  

t h e  conventional sense does not  exist f o r  t h e  f a l l i n g  f i lm.  However 

h i s  a n a l y t i c a l  r e s u l t s  as represented i n  t h e  computed neucral  

s t a b i l i t y  curves were c r i t i c i s e d  as inaccura te  by Yih (1963). The 

e n t i r e  quest ion w a s  given i t s  b e s t  formulation and various aspects  

of the  mathematical problem were c l a r i f i e d  i n  Yih's re inves t iga t ion  

(1963). Yih's approach w a s  appl ied t o  t h e  case of adjacent  layers  

of two equal ly  viscous f l u i d s  between two inc l ined  plane w a l l s  by 

Graebel (1960) and t o  two f i n i t e  l aye r s  by Kao (1964). The corre- 

sponding s i n g l e  f i l m  MHD problem w a s  s tud ied  by Hsieh (1965) and 

Crowley (1967). A two-phase configurat ion i n  pure p a r a l l e l  flow 

with assumptions similar t o  those employed i n  the  present  ana lys i s  

on a systematic  b a s i s ,  about t he  r e l a t i v e  orders  of magnitude of 

t h e  dens i ty  and v i scos i ty  of t h e  two f l u i d s ,  w a s  s tud ied  by Ruevich 

and Gupalo (1966), using Benjamin's method. But t h e i r  r e s u l t s  

are doubtful because t h e i r  parametric dependence does not  seem t o  

be  reasonable. For ins tance ,  they f ind  t h a t  t h e  growth rates and 

phase v e l o c i t i e s  of dis turbances t o  be  independent of t h e  i n t e r -  

f a c i a l  shear .  This discrepancy i n  parametric dependence i s  similar 

t o  the  d i f f i c i ency  of Benjamin's e x p l i c i t  formulas, as c r i t i c i z e d  

by Yih (1963). The wind-generated waves on a ho r i zon ta l  l i q u i d  
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f i lm were a l s o  s tud ied  by the  methods of Yih and Benjamin by 

Harnatty (1965) and Craik (1966). 

A l l  t h e  above s t u d i e s  have two fea tu res  i n  common: (i) range 

of low Reynolds numbers and ( i i )  t h e  a n a l y t i c a l  r e s u l t s  computed are 

the  f i r s t  order  per turba t ions  i n  t h e  wave number. The former is  i n  

t h e  na ture  of a discovery ( i n  con t r ad i s t inc t ion  t o  the  hydrodynamic 

s t a b i l i t y  inves t iga t ions  i n  channel and o the r  p a r a l l e l  flows, where 

i n s t a b i l i t y  is found t o  occur only a t  l a rge  Reynolds numbers). The 

second is t o  some ex ten t  supportable  on t h e  experimentally observed 

long-wave na ture  of t he  se l f -exc i ted  dis turbances i n  these  con- 

f igu ra t ions .  But never the less  i t  i s  a mathematical l i m i t a t i o n  on 

the  a p p l i c a b i l i t y  of t he  r e s u l t s ,  which can, poss ib ly ,  be improved 

by going t o  a h igher  order  per turba t ion  i n  the  wave number. 

Another set of i nves t iga t ions ,  notably those of Feldman (1957) 

and Miles (1960) considered t h e  l a r g e  Reynolds number range toge ther  

with l i nea r  ve loc i ty  p r o f i l e s  i n  ho r i zon ta l  l i q u i d  f i lms.  

l i n e a r  b a s i c  ve loc i ty  p r o f i l e ,  so lu t ions  of t h e  Orr-Sommerfeld 

equation which governs t h e  s t a b i l i t y  problem can e x p l i c i t l y  be  

w r i t t e n  down i n  t h e i r  asymptotic form f o r  l a rge  values of t he  

parameter aRe. I n  t h e  same s p i r i t ,  two-phase coaxia l  flow i n  a 

v e r t i c a l  p ipe  w a s  s tud ied  by Jarvis (1965). The l i q u i d  flowing 

along the  tube-wall w a s  taken t o  be  a t h i n  f i l m  and the  governing 

equations w e r e  s imp l i f i ed  on t h e  b a s i s , i n  a manner similar t o  the  

present  i nves t iga t ion .  But the inves t iga t ion  which, i nc iden ta l ly  

considers only through-flow without r o t a t i o n ,  seems t o  be  

For a 
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unsa t i s fac tory  both from a phys ica l  and a mathematical po in t  of view. 

It obtains  some preliminary estimates on t h e  d i g i t a l  computer of t h e  

minimum cr i t ical  Reynolds number f o r  certain combinations of t h e  

o ther  parameters, by going through t h e  motions of t h e  c l a s s i c a l  

f i r s t  order asymptotic method f o r  l a rge  aRe f o r  t h i s  case, The 

physical  ob jec t ion  t o  be r a i sed  aga ins t  the  inves t iga t ion  i s  t h a t  

t he  notion of a minimum cr i t ical  Reynolds number is inappropr ia te  

f o r  t h e  configurat ion ( c f ,  Benjamin, 1957). As such the re  i s  un- 

c e r t a i n t y  as t o  t h e  i d e n t i t y  of t h e  computed r e s u l t s  and t h e i r  

physical  meaning. 

used is  not supported by the  f i n a l l y  estimated r e s u l t s  which do not  

give l a rge  aRe. 

Even the  b a s i c  premise of t h e  asymptotic method 

The genera l  problems associated with f i lm  s t a b i l i t y  i n  two- 

phase flows were recent ly  surveyed by Chien and I b e l e  (1967) who 

concluded with t h e  remark, " the majori ty  of research e f f o r t s  thus 

f a r  have been experimental..  . t h e  a n a l y t i c a l  approach w i l l  become 

the  dominant source of t h e  b a s i c  knowledge of t he  s t a b i l i t y  of two- 

phase flow." 

1.5 Summary Preview of t h e  Work Presented i n  t h e  Following Chapters 

The present  i nves t iga t ion  genera l izes  and extends t h e  f a l l i n g  

f i lm  s tud ie s  mentioned earlier both from phys ica l  and mathematical 

po in t s  of view. 

(a) F i r s t l y ,  t he  configurat ion chosen here  has  t h e  add i t iona l  

f ea tu re  of r o t a t i o n  besides  t h e  pure ax ia l  flow considered by a l l  
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t h e  previous inves t iga t ions .  The ac t ion  of t h e  core f l u i d  on t h e  

f i lm  flow and s t a b i l i t y  through the  i n t e r f a c i a l  shear  is a l s o  

another f ea tu re  of i n t e r e s t .  This lat ter f ea tu re  enables us t o  

consider both upward and downward vertical  flows of t h e  f i lm.  Both 

of t hese  f ea tu res  set t h i s  i nves t iga t ion  apa r t  from those concerned 

with f r e e l y  f a l l i n g  f i lms.  

(b) Secondly, t h e  a n a l y t i c a l  method empdoyed,here i s  t h e  per- 

tu rba t ion  in ,wnal l  wave numbers ca r r i ed  up t o  the '  t h i r d  order.  By 

con t r a s t  a l l  t h e  earlier s tud ie s  based on t h i s  approach w e r e  ca r r i ed  

only t o  t h e  f i r s t  order  i n  small wave numbers. 

(c )  However, t he  most important aspect  of t he  present  in- 

ves t iga t ion  is t h a t  i t  gives a r e l i a b l e  method of numerical ana lys i s  

t o  dea l  with t h e  s t a b i l i t y  problem and demonstrates i t s  usefulness  

i n  a regime of t h e  b a s i c  flow f a r  beyond t h e  reach of approximate 

a n a l y t i c a l  means. 

I n  Chapter I1 w e  formulate t h e  complete b a s i c  flow problem 

of t h e  coaxia l ,  fully-developedy steady flow of two Newtonian, 

immiscible f l u i d s  i n s i d e  a v e r t i c a l ,  r o t a t i n g  tube. The b a s i c  flow 

is derived f o r  a r b i t r a r y  v i scos i ty ,  dens i ty ,  su r f ace  tension,and the  

ex ten t  of occupancy of e i t h e r  f l u i d  i n  t h e  conffgurat ion.  

The above general  bas fc  .flow- is .  then spec ia l i zed  t o  t h e  one of 

cur ren t  i n t e r e s t ,  namely the  f i lm  flow, by assuming t h a t  t he  r a d i a l  

dimension of t h e  f l u i d  flowing along t h e  w a l l  is  s m a l l  compared t o  

t h e  tube radius .  The response of t h i s  f i lm  flow, spec ia l i zed  t o  t h e  

add i t iona l  f ea tu re s  of t he  configurat ion of interest ,  namely t h a t  t he  
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densi ty  and v i s c o s i t y  of t h e  inne r  f l u i d  are neg l ig ib ly  s m a l l  compared 

t o  those of t h e  f i lm,  t o  an a r b i t r a r y  i n f i n i t e s i m a l  dis turbance is  

s tudied.  This i s  done by t h e  conventional normal modes procedure 

of t h e  l i n e a r i z e d  hydrodynamic s t a b i l i t y  theory. 

rests on t h e  f a c t  t h a t  an a r b i t r a r y  th ree  dimensional dis turbance 

as a funct ion of p o s i t i o n  and t i m e  can b e  decomposed by Fourier- 

ana lys i s  i n t o  ind iv idua l  t h ree  dimensional h e l i c a l  wave modes 

(appropriate  t o  t h e  b a s i c  flow configuration) f o r  each of which a 

governing boundary value problem is formulated. The r e s u l t i n g  math- 

ematical problem has an eigenvalue character .  Its order  i s  1 2  ( i n  

real terms) and has  two eigenvalue parameters. The eigenvalue para- 

meters are t o  b e  determined as functions of a l l  t h e  o the r  physical  

parameters of t h e  b a s i c  flow. The governing system f o r  t h e  s p e c i a l  

case of axisymmetric disturbances and a composite system i n  terms 

of a s i n g l e  dependent funct ion f o r  the gene ra l  case, are recorded 

f o r  f u t u r e  use. 

This procedure 

The important aspect of t h e  energy balance i n  the 'd f s tu rbed  

flow i s  considered and t h e  pe r t inen t  energy equation f o r  a n e u t r a l  

disturbance is presented. Apart from i ts  a b i l i t y  t o  i n d i c a t e  t h e  

energy d i s t r i b u t i o n  as e f f ec t ed  by t h e  various physical  mechanisms 

present , '  t h e  equation can a l s o  serve as a cheek on mathematical app- 

roximations involved, a f t e r  t h e  eigenvalues and eigenfunctions are 

obtained. 

Chapter 111 begins with a cr i t ical  assessment of t h e  s t r u c t u r e  

of t h e  boundary value problem at  hand and t h e  prospects  of i t s  

s o l u t i o n  by d i f f e r e n t  means ava i l ab le .  The eigenvalue problem 
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f o r  t h e  case of axisymmetric modes is t r e a t e d  by r egu la r  perturba- 

t i o n  i n  t h e  small wave number of t h e  mode. Spec ia l  e f f o r t  is  made 

t o  obtain a numerically cons i s t en t  approximation i n  t h e  f i n a l  

formulas by a sce r t a in ing  and allowing f o r  t h e  r i g h t  orders  of mag- 

n i t u d e  of c e r t a i n  physical  p rope r t i e s  e s p e c i a l l y  the  i n t e r f a c i a l  

surface-tension and l i q u i d  f i l m  v i s c o s i t y  i n  t h e  configurat ions of 

i n t e r e s t  , 

Results of accuracy up t o  O(a4), i n  t h e  wave number a are 

obtained f o r  t h e  real p a r t s  of t h e  eigenfunctions and t h e  real p a r t  

of t h e  eigenvalue parameter. 

a l s o  obtained f o r  t he  imaginary p a r t s  of t h e  eigenfunctions and t h e  

eigenvalue. The o v e r a l l  accuracy of t hese  formulas when they are 

simultaneously employed is  of O(a4). The r e s u l t s  are b r i e f l y  re- 

viewed as t o  t h e i r  physical  s ign i f i cance  and use. 

Results of accuracy up t o  (a5)  are 

Chapter IV gives a method of approach t o  a d i r e c t  numerical 

ana lys i s  of t h e  eigenvalue problem t r e a t e d  i n  Chapter 111. The 

boundary value problem is  posed as an i n i t i a l  value problem, with 

s t a r t i n g  guesses f o r  t h e  eigenvalue parameters and followed by 

i t e r a t i o n .  

Nachtsheim (1963, 1964). 

present  i n v e s t i g a t i o n  is  t o  provide an a l t e r n a t e  method of t ack l ing  

t h e  problem t r e a t e d  i n  Chapter I11 and thereby examine and i f  

poss ib l e  extend t h e  domain of numerical a p p l i c a b i l i t y  of t h e  per- 

t u rba t ion  r e s u l t s ,  which are based on t h e  assumption t h a t  the  co- 

e f f i c i e n t s  i n  t h e  a-series are of "unit" order. 

The technique adopted is s i m i l a r  t o  t he  one used by 

The main ob jec t ive  of t h i s  p a r t  of t h e  

The proposed scheme 
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of numerical ana lys i s  i s  programed f o r  use on t h e  high speed d i g i t a l  

computer Univac 1108. A b r i e f  descr ip t ion  of the  important elements 

of t h e  computer programs is  given. 

Chapter V considers a few classes of dis turbances and 

analyzes t h e i r  damped nature ,  thereby making a p l aus ib l e  case f o r  

r e s t r i c t i n g  t h e  focus o f - a t t e n t i o n  t o  the  axisymmetric, long-wave 

dis turbances i n  studying t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of t he  f i lm  

flow configurat ion.  

gained i n t o  the  na ture  of the  dispers ion r e l a t i o n  (of t he  frequency 

response of the  b a s i c  flow) by recognizing t h e  exis tence of 

d i f f e r e n t  p o s s i b i l i t i e s  and t h e i r  implicat ions,  i n  a p r i o r i  assump- 

t i ons  about relative orders  of magnitude of t h e  parameters involved 

i n  the  eigenvalue r e l a t ionsh ip  which i s  being evolved by a per tur -  

ba t ion  technique. 

In  the  method of ana lys i s ,  new insight:  is  

Chapter VI f i n a l l y  summarizes t h e  r e s u l t s  of t he  present  

i nves t iga t ion  i n  graphical  form and discusses  t h e i r  physical  s ig-  

n i f icance .  

problem is  recounted with s p e c i a l  emphasis on the  checks employed 

and on t h e  e f f i c i ency  and r e l i a b i l i t y  of t h i s  approach as a use fu l  

complement t o  a n a l y t i c a l  approximation methods. 

f ea tu re s  of t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  t h a t  can be i n f e r r e d  from 

t h e  present  work are summarized. Some p o s s i b i l i t i e s  of extending 

t h i s  work are b r i e f l y  mentioned. 

The experience of the  numerical study of t h e  eigenvalue 

The phys ica l  



CHAPTER I1 

THE BASIC TWO-PHASE FLOW AND ITS STABILITY 

2 .1  The Basic Flow 

Consider t he  coaxia l  flow of a gas and a l i q u i d  (designated 

respec t ive ly  as f l u i d s  - 1 and - 2; 

two f l u i d s  are a l s o  denoted by the  same subsc r ip t s )  i n s i d e  a v e r t i c a l  

tube of c i r c u l a r  cross-sect ion r o t a t i n g  a t  a constant angular speed 

Q about i t s  axis. The a x i s  of t h e  , tube coincides  with the  v e r t i c a l  

and i s  taken as the  z-axis whose p o s i t i v e  sense  i s  downward. The 

two-phase configurat ion and the  cord ina te  system used are i l l u s t r a -  

t ed  i n  Fig. 2.1. 

t he  corresponding va r i ab le s  i n  t h e  

W e  now make the  following prel iminary assumptions regarding 

the  b a s i c  flow i n  whose hydrodynamic s t a b i l i t y  we  are i n t e r e s t e d :  

( i )  Both f l u i d s  are viscous and incompressible. 

( i i )  Bokh f l u i d s  are Newtonian with constant  t ranspor t  proper- 

ties . 
( i i i )  The flow is s teady ,  laminar, f u l l y  developed and a x i a l l y  

symmetric . 
( i v )  The two f l u i d s  are immiscible. The rate of evaporation 

of f l u i d  2 i s  neg l ig ib l e .  Hence t h e  e f f e c t s  of mass t r a n s f e r  i f  

any are neglected,  a t  t h e  i n t e r f a c e .  

(v) W e  are mainly i n t e r e s t e d  i n  t h e  case where t h e  region of 

flow occupied by f l u i d  2 is  s m a l l  compared t o  t h a t  occupied by f l u i d  

1. 

-18- 
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Fig. 2.1 Geometry of the bas i c  two-phase flow configuration. 

(a) a x i a l  s c t ion  

tube wa l l  

(b) horizontal  s ec t ion  

l i q u i d ,  fluid 2 a Ras, f lu id  1 
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Such a b a s i c  flow i s  s t r i c t l y  coaxial ,  t he  two-fluid i n t e r -  

f ace  being t h e  c y l i n d r i c a l  su r f ace  r = R1. I n  descr ibing t h e  flow 

we use a c y l i n d r i c a l  p o l a r  coordinate system f ixed  i n  space,  with 

the  z-axis as already chosen. L e t  u,v,w denote t h e  flow ve loc i ty  

components i n  t h e  p o s i t i v e  r , e , z  d i r ec t ions .  With p denoting the  

pressure,  v t h e  kinematic v i s c o s i t y ,  and p t h e  dens i ty ,  t h e  Navier- 

Stokes equations governing t h e  flow i n  e i t h e r  f l u i d  are: 

+ - =  aw 0 1 av ( ru )  + -- l a  
r ar r a e  

- a u  + u -  

az 
-- 

2 a U  V 
a t  ar r a e  az r 

+ w -  - - =  au + -- a l l  

r 1 

(11-1) 

2 a U  

2 a e  v 1 02v + -- - - 
I r 

(11-3) 

,. 
where g denotes t h e  acce le ra t ion  due t o  g rav i ty .  (11-4) 

These equations are t o  b e  supplemented by t h e  following boundary 

conditions (b.c. from now on): 

(A) Both f l u i d s  are i n  contact  with each o t h e r  a t  t h e  i n t e r -  

f ace  without leaving a vacuum i n  between. This r equ i r e s  t h a t  t h e  
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component of t h e  flow ve loc i ty  normal t o  t h e  i n t e r f a c e  be  t h e  same 

f o r  both t h e  f l u i d s .  This condition has  t o  be s a t i s f i e d  even i f  

t he re  were no v i scos i ty  f o r  e i t h e r  f l u i d  and it  only expresses the  

f a c t  t h a t  they - are i n  contact .  

(11-5) R1 u = u 2 a t r =  1 

(B) The two f l u i d s  have no s l i p  relative t o  each o t h e r  at the  

in t e r f ace .  This is due t o  v i scos i ty  and has  t o  be  allowed f o r ,  how- 

ever  s m a l l  t h e  v i s c o s i t y  may be.  This requi res  t h a t  t h e  component 

of flow ve loc i ty  t angen t i a l  t o  t h e  i n t e r f a c e  b e  the  same f o r  both the  

f l u i d s  

v1 = 2 (11-6a) 

- (I1 -6b) w1 - w2 

For t h e  two f l u i d s  t o  move i n  contac t  with each o the r ,  t h e  

r e s u l t a n t  stresses i n  t h e  two f l u i d s  at  t h e  i n t e r f a c e  must be equal 

i n  magnitude, p a r a l l e l  i n  d i r ec t ion  and opposi te  i n  sense.  Resolving 

the  stresses i n  each f l u i d  t angen t i a l  and normal t o  the  i n t e r f a c e  w e  

have t h e  boundary condi t ions s t a t e d  i n  (C) and (D). 

(C) With the  s tandard s ign  convention, t h e  shear -s t ress  com- 

i n  t h e  f l u i d s  must be continuous across  the  i n t e r -  ponents T ~ ~ ,  7 

face  r = 

re 

R1' 

(11-7a) 

R1 
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(D) When t h e  i n t e r f a c e  between two adjoining immiscible f l u i d s  

is curved, t he  d i f f e rence  between t h e  molecular cohesive forces  i n  

t h e  two f l u i d s  is macroscopically manifested i n  t h e  form of su r face  

tension. Due t o  t h i s  sur face  tension there  i s  an add i t iona l  normal 

stress on t h e  concave s i d e  of t h e  i n t e r f a c e  which toge ther  with t h e  

normal component of the  stress i n  the  f l u i d  on t h e  same s i d e ,  bal-  

ances t h e  normal stress i n  the  f l u i d  on the  o the r  s i d e  of t h e  inter-  

face.  The required fo rce  balance normal t o  the  i n t e r f a c e  then, i s  

given according t o  t h e  Laplace’s l a w  of sur face  tension as follows. 

(Trr) 2 
+ K2) a t  r R1 

where u is t h e  coe f f i c i en t  of sur face  tens ion  and K 1, K~ are t h e  

p r i n c i p a l  curvatures  of t h e  in t e r f ace .  But a t  r = 

T = -p + 2p - i n  t h e  coordinate system chosen. So 

R1 
au 

rr ar 

1 0 
R1 at r = ad2 

P2 + 2v2 ar = - P 1  - 2v1 ar - 
R1 

au 

(11-8) 

Here one of t he  p r i n c i p a l  curvatures f o r  t h e  i n t e r f a c e  is l /R1 and 

the  o ther  one vanishes. It may be  noted t h a t  t h e  s ign  convention 

adopted here  is i n  accordance with t h e  f a c t  t h a t  t he  higher  pressure 

is i n  t h e  f l u i d  whose boundary is convex. 

(E) The l i q u i d  adheres t o  the  tube w a l l .  

u2 = 0 (11-9a) 

(II-9b) v2 . =  R2Q 
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w2 = 0 ( 11-9 e) 

Now by our  assumptions regarding t h e  b a s i c  flow, w e  have t h e  

r i  ' 4  following ansatze" : 

a ( i i )  ajj (Flow va r i ab le s )  = 0 a ( i )  at (Flow va r i ab le s )  = 0 

a 
az  (iii) - (Flow va r i ab le s )  = 0. We note  t h a t  u E 0, v = V(r) ,  

w = W ( r ) ,  p = P ( r , z )  i s  an admissible s o l u t i o n  of the  equations 

(11-1 th ru  4 )  sub jec t  t o  the  condi t ions (11-5 t h r u  9) .  This s o l u t i o n  

is  a l s o  cons i s t en t  with t h e  above 'ians%tzeii. The flow descr ibed by 

t h i s  s o l u t i o n  i s  then t h e  b a s i c  flow whose s t a b i l i t y  w e  wish t o  

s tudy.  We now proceed t o  obta in  i t s  e x p l i c i t  form. The equation 

of mass conservation being i d e n t i c a l l y  s a t i s f i e d ,  t h e  momentum 

equations.  give : 

(11- 10) 

(11-11) 

(11-12) 

From (11-12) LLE P az = i ( r )  and p = p [ z c(r) + x ( r )  ] 
h 

dc + ix. men (11-10) g ives  
Z d r  d r  ' 

which l eads  t o  ' * = 
P a r  

.. 
dc d z - + 2 which implies t h a t  zd i /d r  is  a funct ion of r v2 - =  

r d r  

A n 

only. This is  poss ib l e  only i f  dc/dr = 0,  i .e. ,  c = a constant 

f o r  t h e  e n t i r e  flow-field of each f l u i d .  Therefore,  
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I 
Hence P ( r , z )  = p [ z + (11-13) 

where a, b are constants  f o r  eacn f l u i d .  I f  v # o*, (11-11) has 

the  genera l  s o l u t i o n  V(r) = A r  + - and from (11-12) 

n -  

B 
r 

krL + E ,  which has  the  dw = (a-g) =: k o r  r -  = - I d  dW 
r d r  (I: z) V d r  2 
-- 

so lu t ion ,  W(r) = C + - krL + E In r where A, B ,  C ,  D ,  E ,  are 4 

constants  f o r  each f l u i d .  It i s  clear t h a t  a is  connected with t h e  
n 

axial  pressure  g rad ien t  (when a<O, t h e  pressure  grad ien t  assists 

g rav i ty )  and b ,  with the  pressure  level. The func t iona l  form of 
n 

P( r , z )  is  known once the  funct ion V ( r )  is  determined. The constants  

a,t are f ixed  by s p e c i f i c a t i o n  of t h e  pressure  a t  two po in t s  of t he  
n n  

flow-domain. W e  can now proceed t o  descr ibe  t h e  b a s i c  flows i n  the  

two f l u i d s  i n  d e t a i l .  

For f l u i d  1, t h e  l i n e  r = 0 is p a r t  of t h e  flow domain, Thus 

i f  V and W are t o  b e  f i n i t e  i n  O < r < R  w e  must have 1' - -  

* W e  thus n o t e  the so lu t ions  t o  b e  adopted are d e f i n i t e l y  
charac te r ized  by non-vanishing v i s c o s i t y ,  even though 
independent of v .  
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For f l u i d  2 ,  w e  have 

A n  

B 2  

r V,(r) = A 2 r  + ---i 

W2(r) = C2 + - + Ezl; (El) , k2 = - 
k2 r2 a2-g 

(11-15) 
v2 

v2 1, 

r 4 

Pp(r,z) = 132 [ i 2 z  + I ';.c d r ]  + b2 

R1 

For t h e  sake of s impl i c i ty  w e  spec i f i ed  t h e  lower l i m i t s  of t h e  

in t eg ra t ions  i n  both P1 and P2 as  R1. But these  m u s t  be  understood 

as l i m i t s  R1-0, Rl+O, respec t ive ly ,  f o r  t h e  f l u i d s  1 and 2. 

We now note  t h a t  there  are i n  a l l  t e n  constants  charac te r i s ing  
n A A 

the  flows: A2, B p ,  Cg, k2 (o r  a2 ) ,  E 2 ,  bp; A I ,  C 1 ,  k l  (o r  a l ) .  

These constants  have t o  be f ixed by t h e  b.c. (11-5, t h r u  9) of which 

(€1-5) and (11-9a) are i d e n t i c a l l y  s a t i s f i e d  s i n c e  u l ,  u2 E 0. 

Conditions (11-6a) , ( I I -6b) ,  (11-7a) , (11-7b) , (11-8) , (11-9b) and 

(11-9c) y i e l d  i n  t h a t  o rder ,  the  following r e l a t i o n s  : 

B 2  

R1 

(11-16) 

(11-17) 

(11-18) 

(11-19) 

(11-20) 

(11-21) 
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k 2 R 2  R2 
c2 + - + E 2  I n  (K) = 0 4 (.I1-22) 

I f  t h e  pressure i n  one of t he  f l u i d s ,  say 1, is s p e c i f i e d  a t  

two po in t s  (r (') , z (l)) and (r , z (2 ) )  as P ( l )  and P(2)  respect-  

i v e l y ,  then 

a ,a 

Therefore w e  s h a l l  from now on take a1 and b l  themselves as given 

constants  s i n c e  t h e  pressure g rad ien t  and level must b e  spec i f i ed .  

W e  s h a l l  next  eva lua te  the  remaining 8 constants A2,  B 2 ,  C p ,  E 2 ,  

a2, b 2 ,  A1 and C1 i n  terms of t h e  known parameters. 
n n  

From (11-16) and (11-19) w e  have 

2 
A1 R l  1-11 

2 1-12 
B2 = - (1 - -) which when used i n  (11-21) y i e l d  

2 

A1 [ (1 + -) R2 + - (1 - ")I = R 2 a  
1.11 R1 

1-11 R2 1-12 
o r ,  

2 
A1 = 2 R2 Q/Dn 

2 1.11 2 1.11 

1.12 1-12 
where Dn = R2 (1 + -) + R1 (1 - -) . Then 

1-11 2 

1-12 
A2 = (I + -) R2 n/Dn 

(I 1-2 3) 

(11-24a) 
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2 2  
R l R 2  P l  

Dn P2  
B2 = - n (1 - -) 

According t o  (11-15), 

(I I- 24b) 

A n + P2 = p2apz + b2 a t  r = R1 (i.e., r -f R1 + 0) 

and so (11-8) y i e l d s ,  at (R1,  + z ( l ) )  and ( R I ,  -I- z (*)) with z ( l )  # z (2) , 

n 

(2) + il - - U , from which w e  have 
R1 

p2a2z * (2)  + b2 = p1;lz 

(11-25a) 

n n 

b2 = b l  - a/R1 and a l s o  (11-25b) 
n 

Applying (11-18) w e  g e t  

R1 
2 

lJ2E1 = - 2 [ P A  - U2k2 J 
2 

(11-26) 

(11-27) 

(11-28) 
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From (11-17) 
2 

(11-29) 

Thus w e  have completely charac te r ized  the  configurat ion of t h e  

b a s i c  two-phase flow i n  terms of known parameters,  f o r  a r b i t r a r y  R1  

and R2 (R1<R2).  We w i l l  ob ta in  later t h e  approximations f o r  t he  

b a s i c  flow ve loc i ty  components under the  assumption t h a t  

and o the r  assumptions. 
(R1 + R2) 

W e  w i l l  pro- 

pose t o  keep only terms of u n i t  o rder  neglec t ing  terms of order  

2 d = (R2 - R1)<< 

k ( R 2  - R l ) / ( R 1  + R 2 3  o r  higher .  This is q u a n t i t a t i v e l y  equiva len t  

t o  t h e  narrow-gap assumption usual ly  made i n  t h e  s t a b i l i t y  inves- 

t i g a t i o n  of t he  r o t a t i n g  Couette flow. This assumption w i l l  hence- 

forward be  r e f e r r e d  t o  as the  thin-film-approximation. The b a s i c  

flow p rope r t i e s  are discussed i n  Chapter V I .  

2 . 2  The Disturbed Flow 

L e t  us consider  a time-dependent per turba t ion  of t he  b a s i c  

flow developed above. The d is turbed  flow i s  charac te r ized  by t h e  

flow ve loc i ty  components, u ' ( r ,  8 ,  z ) ,  v ' ( r ,  0 ,  z )  + V(r) ,  

w ' ( r ,  0 ,  z )  + W ( r )  and t h e  pressure  P ( r ,  z )  + p ' ( r ,  8 ,  z )  . 
The in f in i t e sma l  dis turbance q u a n t i t i e s  u ' ,  v ' ,  w '  and p '  are then 

governed i n  the  l i n e a r  theory,  by the  following set of equat ions 

(with i = 1, 2 f o r  t he  two f l u i d s  respec t ive ly) :  

(11-30) 
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+ a U; 2viv; 1 ap; - -  - au t  

ar 
- 

a t  h w i X - - =  r p i  

2 a e  
U'  i 

2 r r 
(11-31) 

vi au t  av; 
+ -  = i + - -  + u' - - 

+ 'i x r 
a u; dVi 

a e  a t  i d r  r 

au: 

2 a e  
2 

r 

V' 1 aPf r v2v' - - i 
2 r 

+ - -1 (11-32) i L  i + v  - -  - r a e  pi 

aP; aw; 1 + vi - = - -  - dwi a w l  
I_ 

a t  i d r  + 'i a t  P i  az 
+ u' - i 

(11-33) 

wherein use has been made of t h e  f a c t  t h a t  t h e  b a s i c  flow: 

Wiy P ) s a t i s f y  the  Navier-Stokes equations and t h a t  only q u a n t i t i e s  

(0 ,  Vi, 

i 

of f i r s t  order  i n  t h e  dis t rubance q u a n t i t i e s  need b e  re ta ined .  The 

above system of l i n e a r  P a r t i a l  D i f f e r e n t i a l  Equations f o r  t h e  d is -  

turbance q u a n t i t i e s  has known funct ions of t h e  s i n g l e  v a r i a b l e  r ,  

as c o e f f i c i e n t s .  Therefore t h e  system admits so lu t ions  f o r  u' etc., 

i n  t h e  form: 

i 

s i ( r ) g  where = exp [ ja ((2 - c t ) )  + jn0 and j = fie 3 
This type of a d is turbance  is  c a l l e d  a h e l i c a l  mode. However no 

l o s s  of g e n e r a l i t y  i s  e n t a i l e d  by t h i s  choice of descr ibing the  dis-  

turbance f o r  t he  following reason. The system of d i f f e r e n t i a l  equa- 

t i o n s  being l i n e a r ,  allows a superpos i t ion  of so lu t ions  of t h i s  

type,  t o  obta in  any a r b i t r a r y  so lu t ion ,  provided the  b.c.  are a l s o  

l i n e a r .  Then by r e s t r i c t i n g  ou r  a t t e n t i o n  t o  so lu t ions  of t h e  above 
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type,  we are i n  e f f e c t  analyzing an a r b i t r a r y ,  time-dependent and 

non-axisymmetric dis turbance i n t o  i t s  Fourier-components with respec t  

t o  z ,  0 and t. 

genera l  three-dimensional disturbance per turbing the  b a s i c  flow by 

a s m a l l  amount. 

and 71. ( r )  of any such h e l i c a l  mode of dis turbance s a t i s f y  t h e  f o l l -  

owing system of l i n e a r  ordinary d i f f e r e n t i a l  equations: 

Each such h e l i c a l  mode is thus a normal mode of t h e  

The s p a t i a l  amplitude funct ions f i ( r ) ,  g i ( r ) ,  h i ( r )  

1 

df jagi + -  + -  + j n h i  = 0 - fi 
r d r  r 

i 
(- j a c )  fi + Wi(ja)fi + - - - -  2v ig i  - j nV 

r r fi 

(11-34) 

( jn12f i  

r2 
+ 1 dfi + + -- r d r  

1 dv i <. [ d2fi 
vi 

d r  dr2 pi 
- - -  

(11- 35) 
2(jn)gi  

r 2  
( j a ) 2 f i  - 

dVi 'i ivi + - jngi + Wijagi + - = r r ( - j a c k i  + f i  dr 

(11-36) 
(jnlfi 3 2 

r2 

1 mi + dWi + - vi jnhi + Wijahi = - - 
p i  (-jac)hi + f i  r 
- 

( jn> 2hi 

r2 
1 dhi + + ( jn )2h i ]  (11-37) 

d2hi 

*i [,. + -- r d r  

where subsc r ip t s  again denote the  two f l u i d s ,  Here a, c, n are 

respec t ive ly  t h e  wave-number, the phase-velocity and the h e l i c a l  

mode-index. Of course,  a = 21r/X, X being t h e  wave length of t he  



-31- 

disturbance. For t h e  disturbances t o  be single-valued funct ions of 

6, n must be an in teger .  

s ide ra t ion  is axisymmetric and i f  n # 0 ,  i t  is  the  n th  Fourier- 

component of a non-axisymmetric disturbance. 

I f  n = 0 the  dis turbance mode under con- 

2.3 Boundary Conditions f o r  the Disturbed Flow 

The b.c. supplementing t h e  above d i f f e r e n t i a l  equations are 

those obtained by applying the  conditions (11-5 t h r u  11-9) t o  the  

t o t a l  d i s turbed  flow $.e., (bas ic  + disturbance) flow. I n  t h e  

der iva t ion  of t h e  b a s i c  flow the i n t e r f a c i a l  b.c. were appl ied a t  

r = R1 which i s  t h e  s t a t iona ry  i n t e r f a c e  f o r  t he  undisturbed flow. 

But now, the  i n t e r f a c i a l  b.c. are t o  be appl ied a t  the  unknown i n t e r -  

face:  r = R1 + n ( R 1  , z ,  0 ,  t ) .  However, i n  consonance with t h e  

l i nea r i zed  theory,  w e  s h a l l  be i n t e r e s t e d  only i n  interface-per tur-  

ba t ions .  of t h e  same order of magnitude as t h e  o the r  dis turbance 

quan t i t i e s .  

i n  through the  kinematic condition as follows. Since t h e  i n t e r f a c e  

The r o l e  of t h e  i n t e r f a c e  i n  the  dis turbed flow comes 

moves i n  t h e  r a d i a l  d i r ec t ion  with t h e  (common) l o c a l  r a d i a l  ve loc i ty  

i n  e i t h e r  f l u i d ,  w e  have the  s u b s t a n t i a l  de r iva t ive  of rl equal  t o  

t h e  r a d i a l  ve loc i ty  of the in t e r f ace .  Thus 

a = -  a n  + (V + VI> + 

r ae + (0 + u') - d t  a t  ar 

(11-38) 
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1 aUi 
- r -1 a 0  

, aU;* a u; - P;. + 2112 ar a 
P i  + P i  - 2 ' 1 ~  - p2 

which i n c i d e n t a l l y  provides t h e  add i t iona l  condi t ion t o  determine 0 .  

The app l i ca t ion  of b.c.  (11-5 t h r u  11-91 y i e lds :  

(11-43) 

(11-39) 1 0 + u; = 0 + u; 

+ v2 ? v'  + v1 = v;. 1 
a t  r = R 1 + q  (11-40) 

1 (11-44) 

(11-45) 

(11-46) 

(11.~47) 

R2 a t  r = 

u; = f2& = 0 

v i  = g2% + V2 = R2Q 

w; = h 2 &  = 0 

where K 

r = R + and u is  t h e  c o e f f i c i e n t  of Surface tension f o r  t h e  two 

and K 1 2 are t h e  two p r i n c i p a l  curvatures  of t h e  i n t e r f a c e  

1 

f l u i d  media 1 and 2. 

I n  t h e  l i n e a r  theory of hydrodynamic s t a b i l i t y  , t h e  d i s tu r -  

bance q u a n t i t i e s  as a l s o  t h e i r  de r iva t ives  are regarded as f i r s t -  

order  s m a l l  q u a n t i t i e s ,  whose powers h igher  than the  f i r s t  may be 

neglected i n  the  ana lys i s .  Thus t h e  b.c.  a t  r = R1 + viz . ,  

(11-39 t h r u  11-44) ,, can be approximated by expanding t h e  left-hand 
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members as a n a l y t i c  funct ions of 

q u a n t i t i e s  of t h e  f i r s t  order  i n  t h e  dis turbance q u a n t i t i e s - o r  t h e i r  

der iva t ives .  Since t h e  b a s i c  flow funct ions V 

about r = R and r e t a in ing  only 1 

Wi, Pi are defined i' 

only f o r  r ; R1 according as i 5 1 o r  2, the  above mentioned ex- 

pansion must be understood as i f  i t  were performed on t h e i r  respect-  

i ve  a n a l y t i c  cont inuat ions i n t o  t h e  o ther  domain; It may-be pointed 

out t h a t  t h e  appl ica t ion  of t he  i n t e r f a c i a l  b.c. t o  be shown below 

a t  r = R,instead of a t  r = R + 0 ,  by t h e  Taylor-expansion is  non- 

trivial even though t h e  corresponding b.c.  are already s a t i s f i e d  by 

1 

t h e  b a s i c  flow q u a n t i t i e s  a t  r = R1, because some of t h e  b a s i c  flow 

funct ions - do have non-zero gradien ts  i n  r a t  r = R1* 

Under the  l i n e a r i z a t i o n ,  t h e  kinematic condition (11-38) 

g ives ,  on wr i t i ng  0 = nOg 

flE = f,& a t  r = R1. 

(11-48) 

The Taylor-expansion of b.c. (11-39 th ru  11-44) y i e lds  t h e  

following condi t ions,  t o  t he  f i r s t -o rde r  s m a l l  quan t i t i e s .  
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To be specif ic ,we g e t  from (11-39) 

f l ( R l ) $  + = f2(Rl)G + 0(nl2 

i .e. ,  f l  = f 2  at r = R 1  

(IT-40) gives 

and s ince  V,(r) = Vp(r) at  r = R1,  

a t  r = R1 

(11-50) 

Simi lar ly ,  s i n c e  Wl(R1) = W2(R1), (11-41) y i e l d s  

dW1 dW2 
u 1  dr = u2 dr a t  r = R 1  , and, s ince  

‘.t. j a f 2  1 dh2 2 

d r2  

dh 1 

d r  d r  

a t  r = R1 (XI-52) 

Simi lar ly  w e  g e t  from (11-43), since 
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at r = R1 

a t  r = R1 (11-53) 

And f i n a l l y  from (11-44) w e  have 

ap 1 ap2 
(P1 _ -  P2) + (r - Qog + (TI1 - n 2 ) E  - 

The b.c. on the  ve loc i ty  per turba t ion  amplitudes are q u i t e  

simple a t  t h e  tube w a l l ,  as a l l  of them have t o  vanish i n  accordance 

with t h e  no-slip condi t ion and s i n c e  t h e  non-homogeneous aximuthal 

ve loc i ty  condi t ion is  already s a t i s f i e d  by the  b a s i c  flow funct ion 

V 2  Thus w e  have from (11-45 t h r u  11-47), 

(11-55) 

(11-56) 

(11-57) 

2.4 The Approximated S t a b i l i t y  Problem 

The l i n e a r i z e d  s t a b i l i t y  problem f o r  t h e  two-phase flow con- 

f igu ra t ion  under considerat ion is thus a coupled system of two 

boundary- value problems f o r  t he  dis turbance-  amplitudes as funct ions 

of the  r a d i a l  coordinate.  Nof only are t h e  dis turbance q u a n t i t i e s  
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of _I_ each f l u i d  coupled among themselves, those of - both t h e  f l q i d s  are 

a l s o  coupled through the  i n t e r f a c i a l  b. c. 

Since w e  are pr imari ly  only i n t e r e s t e d  i n  t h e  s t a b i l i t y  of 

t he  l i q u i d  f i l m  and its i n t e r f a c e  with the  gas ,  i t  is worthwhile t o  

look now f o r  phys ica l ly  reasonable assumptions which would accomplish 

t h e  following objec t ives :  

(a )  Make t h e  problem mathematically t r a c t a b l e .  

(b) Uncouple t h e  s t a b i l i t y  problems of t h e  l i q u i d  and t h e  

gas and 

(c)  a t  the  same t i m e  r e t a i n  t h e  e f f e c t  of t he  presence of 

the  gas on the  l i q u i d  i f  poss ib le .  

It turns  out  t h a t  i t  i s  not  impossible t o  meet a l l  the  above 

ob jec t ives  i f  t h e  following circumstances are i n  force:  

( i )  The l i q u i d  f i lm is t h i n ;  i .e. ,  q u a n t i t i e s  of 

0 ( (R2 - Rl) /Rl )are  n e g l i g i b l e  compared t o  q u a n t i t i e s  of order  un i ty ,  
0 1  1-11 

P2 112 
( i i )  the  r a t i o  of d e n s i t i e s  - and of v i s c o s i t i e s  - of t h e  

gas t o  the  l i q u i d  are a l s o  q u a n t i t i e s  n e g l i g i b l e  compared t o  uni ty  

and 

1 
P 1  

n 

( i i i )  t h e  r e l a t i v e  gas-pressure grad ien t  - dPl/dz i s  of O(g), 
A 

( I n  a numerical sense ,  i t  can be s e v e r a l  g ' s . )  

It may be reasonably expected t h a t  t h e  above criteria are 

s a t i s f i e d  i n  an acceptable  range of operat ing condi t ions i n  the  

p r a c t i c a l  s i t u a t i o n s .  

I f  w e  apply the  above approximation criteria- cons i s t en t ly  
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(as shown* i n  Appendix A ) ,  w e  w i l l  f i n d  t h a t  t h e  s t a b i l i t y  problem 

of t h e  l i q u i d  f i l m  is described by t h e . f o l l m i n g  nondimensional 

equations : 

(11-56) 

(D2 - a2)$  - j ((m(x) - c)) + n K ] +  = Q, (11-57) 

with b .  c. 

6(1) = 0 ( I  1-5 8) 

9 ' (1)  = 0 (11-59) 

" " 

[aRe m"(0) + a2 (aRec - n f i ) l $  (0) + (aRec - nf i )Q,"  (0) = 0 

(11-61) 

[* + 
I 

aRe (aRec nJT) m' (0) + &.a2Re Q, (0) 1 + 

2 
Cp'(0) (aRei - n f i )  

j 

+ 3 a2j(aRec - n ~ ) ]  - 
(11-62) 

$ ' (O)  = 0 (11-63) 

[ 
- nfi)]  4"' (0) = 0 

3 \here m(x) 28 

axial veloc i ry  p r o f i l e  i n  the  fi lm. 

= - [(l - x2> + $ (1-A) (~-3.d is  the  dimensionless 

* The d e t a i l e d  s t eps  are s t ra ight forward  manipulations. We 
have chosen t o  put these  d e t a i l s  i n  afi appendix,. lest t h e  
main stream of thought here-  should be- deflected.  
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For t h e  s p e c i a l  case of an axisymmetric dis turbance,  t h e  above 

equations (on pu t t ing  n = 0 and cancel l ing a common f a c t o r  of a R e  i n  

the  b.c. (11-61) and (11-62) reduce t o  

2a2T$ (11-64) 

( D ~  - a2)$ - j [.Re ((m(x> - c))] $ = Cp (11-65) 

with b.c. 

(11-66) 

(11-67) 

Rea2] $(O) 4- + 3ja2 $'  (0) - 1 a Recm'(0) + -& + - W e  

jc$'" ( 0 )  = 0 (11-701 

$ ' (O)  = 0 (11-71) 

2.5 Some General Considerations 

The boundary value problem defined by t h e  coupled system, 

(11-56) t h r u  (11-63) f o r  a general  non-axisymmetric dis turbance is  

s t a t e d  i n  terms of two disturbance amplitude functions $(x) and 

$(x). We w i l l  now write down an equivalent combined system i n  terms 

of t h e  s i n g l e  dependent funct ion $(x), by a d i r e c t  s u b s t i t u t i o n  f o r  

Cp i n  terms of $ from (11-57). We then have f o r  a non-axisymmetric 

dis turbance 

$(vi)(x) -t [2M(x) - a2] +(iv)(x) + [4bm'(x)] $"'(x) + 
[.bmll(x) + M ~ ( x >  - 2a2M(x)]$" + 
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+ [2b(M(x) - a2) m'(x)] $ '(x) 

- a2 [M + bm"(x) + M(M + bm"(x)) + 24 $ = 0 

(11- 72) 

where b = - j a R e  and M(x) = k(m(x) - c) - j n f i  - a21 

with b.c.  

*(1) = 0 (11-73) 

9"(1) = 0 (I I- 74) 

$ l " ( l )  - (be + j n f i  + a*) Q'(1) = 0 (11-75) 

Q ' ( 0 )  = 0 (11-76) 

(aRei - n f i )  fv\O) + - 
{bc + a2 + j n f i  } {  (aRei - nf i )}]  Q"(0)  (11-7 7) 

[{aRem"(O) + a2(aRei - n f i )  

J 
+ rbm"(0) (axe; - n f i )  - {aRem"(O) + a2(aRec - n f i ) )  

L 

{ h i  + a2 + jnfi q $ ( O )  = 0 

j(aRec - nfi)Q(v)(o) + 
a2)]]$"'(0) + Po f 3jb(aReE - n f i )  m'(0)]$''(0) (11-78) 

4- [ bm'(0)Q - a o ( b ,  + a2 + jnfi)]$(O) = 0 

where 

- j{(aRec - n e )  (bc + j n f i  + 

= aRe [(aRe, - nfi)m'(O) + ~e a 3Re + a&] 
0 

and 

8 0 = (aR& - nfi) [(a,, - ne) ,+ 3a2j] 

* This nonconsecutive numbering i s  introduced f o r  la ter  
convenience. 
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For t h e  s p e c i a l  case of an axisymmetric dis turbance,  we ob ta in  t h e  

following system (as before ,  pu t t i ng  n = 0 and cance l l ing  a common 

M2(x) = 4bm'(x) 

M3(x) = 3a4 + 5bmt1(x) ' +  b2(m(x) - c ) ~  - 4a2b(m(x) - c )  

%(x) = 2b2m'(x) (m(x) - c) - 4a2bm'(x) 

M5(x) = -a2b2(m(x)  - c ) ~  - 2a2b(m(x) - c) 

+ (2T + bm"(x) + a 

(11-86) 
?I 

= $"(x) + [b(m(x) - c) - a g $ ( x )  

with b.  c. 

$"(l) = 0 (11-82) 

$' ' I  (1) - (bc + a2)$'(1) = 0 ( 11-8 3) 

(id C$ (0) + [m"(O) - bC2]$"(O) - a2@c2 + a2L + 
~ " ( o ) ] $ ( o )  = o (11-84) 

- -  
cdv\O) + [ja1 - c(bc + a2)]J,"' (0) + [3bmY(0) + j&J 

$"(O) + [ja, - bm'(0) - j %,(bc + a2)]$(0) = 0 

a2 R e  
where 531 = a[fkm'(O)c + - W e  

and 81 = a[L2Re + 3j&] 

- 

(11-85) 

+ .& 3 
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(11-72) t h r u  (11-78) now spec i fy  t h e  combined boundary value problem 

i n  the  non-axisymmetric case, while  (11-80) t h r u  (11-86) spec i fy  the  

same f o r  t h e  axisymmetric case. Equations (11-79) and (11-86) i n  

e i t h e r  case g ive  t h e  dis turbance amplitude I$(x), once $ i s  deter-  

mined by so lv ing  t h e  boundary value problem. 

$(x) and $(x) i n  the  problem are dimensionless amplitudes of 

a p a r t i c u l a r  Four ie r  component of a s m a l l  d i s turbance  imposed on the  

b a s i c  flow. This Fourier  component wi th  r e spec t  t o  t ,  z ,  and 0 i s  

charac te r ized  by t h e  t r i o  ( c y  a ,  n ) .  n has t o  b e  a real i n t e g e r  f o r  

the  dis turbance funct ions t o  be single-valued funct ions of 8. How- 

eve r ,  c and a can i n  general  b e  complex numbers. Inves t iga t ions  of 

hydrodynamic s t a b i l i t y  are conventionally made wi th  r e spec t  t o  two 

d i s t i n c t  c l a s ses  of dis turbances:  (a)  t h e  s p a t i a l l y  varying dis-  

turbances f o r  which a is  taken t o  b e  complex and c t o  be real and 

(b) t h e  temporally varying dis turbances f o r  which c i s  taken t o  be 

complex and a t o  be  real. Although i n  a major i ty  of cases, t h e  

s t a b i l i t y  inves t iga t ions  have adopted the  second choice,  i t  i s  by no 

means a matter of a r b i t r a r y  option. S t r i c t l y  speaking, the  former 

c l a s s  i s  t h e  one appropr ia te  t o  s teady p a r a l l e l  flow problems, while  

t he  l a t te r  is the  r i g h t  choice f o r  unsteady problems, as pointed out  

by Dunn (1960). 

Within the  confines of the  l i n e a r  s t a b i l i t y  theory,  the b a s i c  

flow is s a i d  t o  be s t a b l e ,  n e u t r a l l y  s t a b l e  o r  unstable  wi th  r e spec t  

t o  a s p a t i a l l y  growing dis turbance ( a ,  c y  n) according as t h e  

imaginary p a r t  of a is  - - 0 ,  s ince  the  dis turbance funct ions would 
> 

< 
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then contain an exponent ia l  f a c t o r  which decays, i s  s t a t i o n a r y  o r  

grows r e spec t ive ly ,  wit.h increas ing  spa t i a l  coordinate  i n  the  app- 

r o p r i a t e  d i r ec t ion .  Analogously, the  b a s i c  flow is s a i d  t o  be  s t a b l e ,  

n e u t r a l l y  s t a b l e  o r  uns tab le  with respect t o  a temporal dis turbance 

< 

> 
( a ,  c ,  n)  according as the  imaginary p a r t  of c - 0 ,  - s ince  t h a t  would 

g ive  rise t o  a temporally decaying, s t a t i o n a r y  o r  growing exponent ia l  

f a c t o r  r e spec t ive ly ,  i n  t h e  dis turbance funct ions.  However the  two 

types of dis turbances can be r e l a t e d  t o  each o the r  under c e r t a i n  

circumstances, as shown by Gaster (1963). I f  t he  growth rates are 

s m a l l ,  the  inves t iga t ion  can be c a r r i e d  out  e i t h e r  way and the  f i n a l  

r e s u l t s  can be converted from one form t o  another  f a i r l y  e a s i l y .  

The gene ra l  r e l a t ionsh ip  between the  two, however, i s  no t  known. 

For our present  purpose, w e  s h a l l  adopt t h e  usual  formulation 

i n  terms of a temporally varying dis turbance,  f o r  t he  following 

reasons : 

( i )  The n e u t r a l l y  s t a b l e  dis turbances of the  two classes are 

i d e n t i c a l  (Dunn, 1960) and most of t he  q u a l i t a t i v e  conclusions 

regarding s t a b i l i t y  can be  drawn-from a s tudy of t h e  n e u t r a l  s t a b i l i t y  

curve e 

( i i )  The conversion of t h e  r e s u l t s  from one class t o  the  o the r  

f o r  a growing dis turbance is  not  a d i f f i c u l t  matter, s i n c e  the  

growth rates i n  the  present  problem are i n  gene ra l  very small. 

mode of i n s t a b i l i t y  occurring i n  the  present  configurat ion is similar 

t o  those inves t iga t ed  by Benjamin (1957), Yih (19631, Lin (1967) and 

o thers .  These dis turbances have been r e fe r r ed  t o  as ' s o f t  modes' i n  

The 



-43- 

con t rad i s t inc t ion  t o  t h e  hard modes of Tollmien-Schlichting type. 

The latter are i n  genera l  charac te r ized  by l a r g e r  growth rates em- 

pared t o  the  former, f o r  t h e  same Reynolds Number, as shown by Lin 

(1967). 

2.6 The Dimensionless Parameters of the  Problem 

Having t o  contend with the  nonl inear  Navier-Stokes equations 

t o  start wi th ,  f l u i d  dynamicists have been using f o r  a long t i m e ,  

dimensional ana lys i s  and approximation methods based on l imi t ing  

ranges of var ious non-dimensional groups, t o  so lve  otherwise in-  

t r a c t a b l e  problems. However, these  methods requi re  considerable 

care  i n  appl ica t ion  and i n  i n t e r p r e t a t i o n  of r e s u l t s  of such ana lys i s .  

I n  a recent  survey article, Ostrach (1966) reviewed the methodology 

of dimensional ana lys i s  i n  solving complex engineering and physical  

problems. For t h e  present  problem, the  d i f f e r e n t i a l  equations 

(11-56, 57) and t h e  boundary condi t ions (11-58 th ru  6 3 )  contain e i g h t  

dimensionless parameters : The occurr- R e ,  T, A ,  4 ,  We, a ,  c ,  and n. 

ence and d e f i n i t i o n s  of these  parameters are shown i n  Appendix A. The 

orders  of magnitude of some of these  parameters are est imated i n  

Appendix C. The s ign i f i cance  of t he  e igh t  dimensionless groups w i l l  

now be indicated:  

, is  based on t h e  average a x i a l  ( i )  Reynolds number R e  = - 
v2 

ve loc i ty  W of t he  f i lm,  t he  mean fi lm-thickness and the  l i q u i d  kine- 0 A 

matic v i s c o s i t y  v2. Since *Wo = (Appendix A ) ,  w e  have + 

wOd 

2 

3v2 
n 

* Note t h e  occurrence of the  f a c t o r  &L i n  ( i )  and ( i i )  . 3 
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R e  = where A is  t h e  gas pressure  parameter. W e  no te  t h a t  
3(V2j2 

R e ,  W and A have t h e  same s i g n ,  Thus they a l l  have a +ve s i g n  when 0 
t he  f i lm i s  moving v e r t i c a l l y  downward and a -ve s i g n  when t h e  f i lm 

i s  moving v e r t i c a l l y  upward. (Chapter V I  contains  a discussion of 

t he  b a s i c  f i lm flow.) R e  is usua l ly  regarded as a measure of t he  

relative importance of t he  i n e r t i a l  t o  viscous terms i n  the  momen- 

tum equations.  But f o r  our purposes R e  i s  merely a measure of the  

f i lm  thickness  o r  equiva len t ly ,  a measure of the  l i q u i d  flow rate. 

The range of Reynolds numbers of i n t e r e s t  is  of t he  order  of a few 

hundreds a t  most, f o r  moderate flow rates. Thus the  range of s m a l l  

t o  moderate Reynolds numbers is  d i r e c t l y  r e l a t e d  t o  t h e  t h i n  f i lm  

approximation, used i n  the  present  i nves t iga t ion .  

is the  Taylor number defined as i n  t h e  r o t a t -  ( i i )  T = [7] 53d2 

ing Couette-flow problems. But a more meaningful form of t h i s  para- 

meter i s  the  one t h a t  d i s t inguishes  the  inf luences  of t he  a x i a l  flow, 

the  gas-pressure and ro t a t ion .  Such a representa t ion  of T i s . g i v e n  

i n d i c a t e s  the  inf luence  of r o t a t i o n  while R e  and A respec t ive ly  

represent  the  inf luences  of t h e  a x i a l  flow and the  gas pressure.  
A ;i i s  t h e  gas-pressure parameter (iii) A = I- - -i;E 3 6  (1 - 
a1 

n 

* Note the  occurrenceof the  f a c t o r  2?& i n  (i) and ( i i )  , 3 
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which br ings  i n  t h e  e f f e c t  of the  presence of t h e  gas on t h e  l i q u i d  

f i l m  b a s i c  flow and consequently a l s o  on i ts  s t a b i l i t y .  Here 
n 

P1 a1 
6 =I - (7) and E = - are supposed t o  be  of t he  same order .  

p2 8 R1 1 dP1 * 
I This means t h a t  t h e  relative pressure-gradient - - = a1 i n  t h e  

gas  is of t he  s a m e  order  as g ,  the  acce le ra t ion  due t o  g rav i ty  a t  
PldZ 

n 

the  s i te  of operat ion of t he  b a s i c  configurat ion under s tudy,  

(Inview of t he  intended space-applications of t h e  boi ler- tube se tup  

mentioned i n  Chapter I ,  the  v a r i a b i l i t y  of g i s  non t r iv i a l . )  

aland g being of the  same o rde r ,  i n  t he  sense of numerical order  of 

magnitude, s t i l l  allows a l t o  be s e v e r a l  g ' s .  

h 

However, 
e. e. 

e. n 

Thus t he  gas may i n  

e f f e c t  be s tagnant  o r  flowing a t  considerable  v e l o c i t i e s .  It i s  of 

i n t e r e s t  t o  note  t h a t  Q<l corresponds t o  countercurrent  flow of the  

gas with respec t  t o  g r a v i t y ,  while AS1 corresponds t o  cocurrent  flow. 

' *  Q We may also observe the  frequent  occurrence of t h e  f a c t o r  g - i n  the  3 

dimensionless groups and specula te  t h a t  i t  i s  the  "ef fec t ive"  body- 

force  on the  f i lm ,  Of course,  i t  i s  not  meant t o  be anything more 

than a f i g u r e  of speech! 

Another way of looking a t  the  importance of t h i s  parameter A 

i s  t o  regard i t  as represent ing the  shear -s t ress  of t he  gas  on t h e  

l i q u i d  f i lm a t  the  in t e r f ace .  

imations used, t h e  average axial ve loc i ty -  p r o f i l e  i n  the  l i q u i d  f i lm  

has a l i n e a r  p a r t  which owes its exis tence  t o  the  f a c t  t h a t  A # 1, 

t h a t  is, t h e  gas flow. The idea  of represent ing t h e  presence of 

t h e  gas through the i n t e r f a c i a l  shear has  been w e d  by Buevich and 

Gupalo (1966). 

Within the  t h i n  f i lm and o t h e r  approx- 
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2 3 !2 R1 

gA 
( iv)  The c e n t r i f u g a l  ac t ion  parameter .& = A is  t h e  

r a t i o  of the  c e n t r i f u g a l  t o  t h e  g r a v i t a t i o n a l  acce le ra t ion  i n  t h e  

l i q u i d  f i lm (note  again,  t h e  f a c t o r  gA/3), modified by t h e  action of 
A 

t he  core-gas flow. This i s  a key-parameter, deciding t h e  inf luence  

of r o t a t i o n  on the  flow configurat ion and i t s  s t a b i l i t y .  To d i s t i n -  

guish between the  ac t ion  of r o t a t i o n  and t h e  gas-pressure w e  def ine  

.& = ;i; and cal l  IC, t h e  c e n t r i f u g a l  parameter. 
K 

(v) The Weber Number We = P2w8d is  a measure of t h e  r e l a t i v e  
U 

importance of t h e  su r face  tension term with respect  t o  t h e  i n e r t i a l  

' f o rce ' .  A more meaningful representa t ion  of t h i s  parameter, t o  

br ing  out t h e  d i f f e r e n t  inf luences c l e a r l y ,  is  given by 

A w h e r e 3  depends on the  physical  p roper t ies  of 1 
We a1/3  Re5/3 
- =  

the  f i lm  and t h e  i n t e r f a c e  alone, while t h e  gas-flow and l i q u i d  flow 

are represented through A and Re respec t ive ly ,  For materials of 

in te res t ,  t h e  s u r f a c e  tens ion  parameterA i s  of t h e  order  of s eve ra l  

(v i )  a = - 2nd i s  the  w a v e  number of t h e  dis turbance Fourier  x 
component under considerat ion,  normalized with respec t  t o  the  average 

f i lm thickness .  

( v i i )  c = phase ve loc i ty ,  o r  t%e s o  c a l l e d  wave-celerity,  of 

t he  dis turbance mode, normalized with respec t  t o  t h e  average axial 

ve loc i ty  of t he  f i lm.  

( v i i i )  n is. an. irqteger and denotes the  h e l i c a l  mode of t h e  
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disturbance Fourier  component under consideration. It can b e  

considered as an index of t h e  degree of asymmetry i n  the  disturbance 

mode. I n  our i n v e s t i g a t i o n ,  w e  take n t o  b e  % 0(1 ) ,  s i n c e  t h e  h igher  

modes, n > > l  may b e  expected t o  b e  damped out by v i s c o s i t y  and s u r f a c e  

tension,  as they form ' 'close grooves" on t h e  f i lm.  

Of t h e  above, t h e  f i r s t  f i v e  are c h a r a c t e r i s t i c  of t h e  b a s i c  

flow, while t h e  last  t h r e e  descr ibe t h e  ind iv idua l  dis turbance com- 

ponent under sc ru t iny .  I n  order  t o  i n d i c a t e  the  range of physical  

i n t e r e s t  he re ,  we  l i s t  i n  Table 2 . 1 ,  a set of mutually corresponding 

values of t h e  parameters f o r  t h e  case of a f a l l i n g  f i l m  of l i q u i d  

potassium nea r  b o i l i n g  point  i n  a ver t ical  r o t a t i n g  tube of 1" 1.D; 

(Presence of t h e  core-gas is  neglected i n  t h i s  example.) 

TABLE 2 .1  

Reynolds number R e  = 200.0 

Liquid flow rate Q = 28R2 R e  1-1 
0 

2 
l b s .  = 17.34 - hr .  

Surface tension parameter A = 11090.0 

Weber number We = 0.6168 

Centr i fugal  a c t i o n  parameter .& = 30.0 

Centr i fugal  parameter K = 30.0 

Angular speed of r o t a t i o n  fi = 4.391 rps  

Rotation parameter @, = 0.05512 

Taylor number T = 64.47 

Gas-pressure parameter A = 1.0 
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2.7 The Energy Balance i n  t h e  Disturbance Flow 

An important aspect  of t h e  s t a b i l i t y  inves t iga t ion ,  besides  

character iz ing t h e  poss ib l e  modes of dis turbance as growing, decaying 

o r  s t a t i o n a r y  is  t o  examine how t h e  disturbance flow carries i t 5  

energy. Clear ly ,  t h e  b a s i c  flow i s  s t a b l e  o r  unstable  with r e spec t  

t o  a given dis turbance mode according as t h e  time-average of t h e  

energy i n  t h e  disturbance flbg decreases of increases with t i m e  i f  i t  

is a temporal dis turbance and i n  s p a c e ' i f  i t  i s  s p a t i a l .  For t h e  

present  configurat ion the  energy i n  t h e  dis turbance is  i t s  k i n e t i c  

energy of motion. The equation governing t h e  material time-rate of 

change of the  k i n e t i c  energy i n  a con t ro l  volume f o r  a given normal 

mode of rhezdhturbance ,  averaged over a t i m e  period of t h e  mode, is: 

1 1 - - 1 [{($: - a2$r)2 + ($'! 1 - a24JiI2} + Ta2.  
Re 0 

where the  t h r e e  i n t e g r a l s  on the  r i g h t  hand s i d e  of (11-87) may be 

r e f e r r e d  t o  as t h e  production, c e n t r i f u g a l  a c t i o n  and t h e  viscous 

ac t ion  terms, respect ively.  (The d e t a i l e d  s t e p s  of t h e  de r iva t ion  

of (11-87) are presented i n  Appendix D f o r  t h e  same reason as 
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mentioned i n  Section 2.4.) 

The production term represents  t h e  work done by t h e  8-component 

of t he  Reynolds stress i n  t h e  flow and is  p a r t  of t h e  energy drawn 

by the  d is t rubance  flow from t h e  b a s i c  flaw. The c e n t r i f u g a l  ac t ion  

term is t h e  work done by t h e  z-component of t h e  Reynolds stress i n  

the  flow. I f  r o t a t i o n  is  t o  s t a b i l i z e  t h e  flow, t h i s  term should 

i n d i c a t e  a n e t  t r a n s f e r  of energy over t h e  f i l m  cross-sect ion from 

the  d is t rubance  flow back t o  t h e  b a s i c  flow. 

the  co r re l a t ions  of t h e  r a d i a l  ve loc i ty  component with the  azimuthal 

and t h e  a x i a l  ve loc i ty  components, are of t h e  same s ign ,  then t h e  

ac t ions  of t h e  Reynolds stress components i n  t h e  8 and z - d i rec t ions  

are seen t o  b e  of opposing na ture  from the  s igns  of t h e  two terms, 

I f  w e  a n t i c i p a t e  t h a t  

The viscous d i s s i p a t i o n  term represents  t he  rate a t  which 

work i s  done by t h e  flow aga ins t  viscous stresses, which by t h e i r  

f r i c t i o n a l  na ture ,  oppose t h e  motion. It i n  genera l  represents  a 

n e t  t r a n s f e r  of energy from the  d is turbance  flow t o  the  b a s i c  flow. 

This t e r m  has  two e x t r a  terms i n  + which arise because of t h e  r o t a t i o n ,  

besides  t h e  term due t o  the  a x i a l  flow, ind ica t ing  t h e  augmentation 

of t h e  d i s s i p a t i v e  viscous ac t ion ,  by in t roduct ion  of t h e  s w i r l ,  s i nce  

a l l  t hese  e x t r a  terms w i l l  be absent  f o r  t h e  case of pure a x i a l  film- 

flow. (We may note  a l s o  t h e  p o s i t i v e  d e f i n i t e  charac te r  of t h e  terms 

i n  t h e  in tegrand  f o r  t h i s  term.) 
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i s  t h e  mean s u r f a c e  p o t e n t i a l  energy of t h e  dis turbed i n t e r f a c e .  It 

r ep resen t s  t h e  sum of t h e  average wark done by t h e  normal pressure 

f l u c t u a t i o n  and t h e  viscous shear  stresses during the  r a d i a l  and t h e  

a x i a l  motions of t h e  dis turbed i n t e r f a c e .  

For a n e u t r a l  disturbance, which by d e f i n i t i o n  does n o t  grow 

o r  decay with t i m e ,  as w e  follow t h e  f l u i d  elements, w e  should have 

t h e  t h r e e  i n t e g r a l s  i n  (11-87) adding up t o  - y t h u s  making t h e  

k i n e t i c  energy of t h e  disturbance motion s t a t i o n a r y .  Inc iden ta l ly ,  

t h i s  c r i t e r i o n  can provide a check on t h e  eigenvalue and t h e  

eigenfunctions $I, 9 a f t e r  t h e  boundary value problem i s  completely 

solved. 



CHAPTER I11 

ANALYTICAL INVESTIGATION OF AXISYMMETRIC, LONG-WAVE DISTURBANCES 

3.1 General Discussion of t h e  Mathematical Problem 

In  t h i s  s ec t ion  we s h a l l  examine t h e  s t r u c t u r e  and scope of 

t h e  mathematical problem formulated i n  Chapter I1 , governing t h e  

s t a b i l i t y  of t h e  l i q u i d  film. In  such an e f f o r t ,  it is worthwhile 

t o  recognise t h e  following genera l  fea tures  of t h e  problem: 

t h e  form given by equations 11-72 t h r u  11-78). 

(Say i n  

(A) It i s  a nor,-self-adjoint , l i n e a r ,  homogeneous boundary 

value problem of t h e  s i x t h  order f o r  a complex funct ion 

real va r i ab le  x , subjec t  t o  s i x  homogeneous b.c .  equa l ly  

d i s t r i b u t e d  at x=O and x = l  . 

$ ( x )  of a 

( B )  The boundary value problem has t h e  charac te r  of an eigen- 

value problem, because t h e  undetermined complex parameter c ,  appears 

both i n  t h e  governing d i f f e r e n t i a l  equations a n d t h e  b.c. The system 

being homogeneous, it admits non- t r iv i a l  so lu t ions  

d e f i n i t e  r e l a t ionsh ip  p reva i l s  between t h e  o ther  bas i c  flow para- 

meters and t h e  dis turbance c h a r a c t e r i s t i c s  a ,  n , c . This i s  t h e  

eigenvalue (or, secu la r )  r e l a t i o n s h i p  which we wish t o  obta in  and 

thereby gain an understanding of t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of  

t h e  bas i c  flow configurat ion.  I n  o ther  words, w e  wish t o  determine, 

under spec i f i ed  conditions of t h e  bas i c  flow, t h e  admissible 

$ (x )  , only i f  a 
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(non- t r iv i a l )  dis turbances v i a  t h e i r  Fourier  components with respect  

z , t  and 8 and t h e  dis turbance amplitudes governed by t h e  boundary 

value problem, as funct ions of 

wave number 

component. 

x , t h e  phase ve loc i ty  (= cr )  , t h e  

a and t h e  growth f a c t o r  (= ci)  of t h e  disturbance- 

A t  a given t i m e ,  each set of values of t h e  bas i c  flow para- 

meters (Re, A ,  We and& ) represents  a poss ib le  dynamical s t a t e  of 

t h e  flow configurat ion;  or, one may say t h a t  each poss ib le  flow 

s i t u a t i o n  is  a poin t  P i n  t h e  hyperspace def ined by t h e  qua r t e t  

of parameter values (Re, A ,  We, & ) . In  t h i s  space,  i n  genera l ,  

only a subspace S i s  covered by P , because t h e  governing system 

of equations may not admit so lu t ions  under a r b i t r a r y  assumed 

condi t ions i.e. a r b i t r a r y  combinations of t h e  parametric values .  

However, eventhough t h e  po in t s  of S , are poss ib le  s t a t e s  of  t h e  

flow configurat ion,  only some of t h e  poin ts  i n  S , correspond t o  

phys ica l ly  observable states. The reason f o r  t h i s  i s  provided 

p a r t i a l l y  by t h e  l inear ised s t a b i l i t y  ana lys i s .  

The r e s u l t  of such an ana lys i s  i s  a three-way c l a s s i f i c a t i o n  

of po in ts  i n  S i n t o  t h r e e  ca tegor ies  (i) s t a b l e  ones where an 

imposed s m a l l  d is turbance always d i e s  ou t ,  (ii) unstable  ones where 

an imposed small dis turbance grows, and (iii) n e u t r a l l y  stable ones, 

where t h e  dis turbance does not grow or decay. I n  t h e  language of 

Chapter 11, these  t h r e e  ca tegor ies  correspond t o  t h e  bas i c  flow 

states which admit an eigenvalue c such t h a t  ci < 0 , ci > 0 and 
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c = 0 respec t ive ly ,  The locus of po in ts  i n  S t h a t  correspond 

t o  t h e  category of states (iii) may be c a l l e d  t h e  n e u t r a l  manifold 

i 

of t h e  parameter space S of t h e  bas ic  flow, or t h e  n e u t r a l  s t a b i l -  

i t y  locus of t h e  system. This locus$ divides  S , i n t o  s t a b l e  and 

unstable  regions.  

Thus, a worthwhile t a s k  i n  determining t h e  s t a b i l i t y  charac- 

t e r i s t i c s  of t h e  system under considerat ion i s  t o  obta in  t h e  l o c u s x  

- and i f  poss ib le ,  t h e  s t r u c t u r e  of t h e  unstable  region.  

involve,  determination of $(XI and cr as a function of 

(Re,& , A ,  We) f o r  0 < a < and c for a given index n. 

This would 

i’ - -  

( C )  The t a s k  as s e t  f o r t h  i n  t h e  last paragraph i s  t h e  

comprehensive descr ip t ion  of problem. However, carrying it out i n  

a l l  i t s  gene ra l i t y  is n e i t h e r  f e a s i b l e  with t h e  present  a n a l y t i c a l  

t o o l s ,  nor i s  it o f t en  necessary,  i f  t h e  s p e c i f i c  circumstances of 

t h e  problem are taken advantage of .and i f  phys ica l ly  re levant  

information i s  t h e  goa l  t o  be sought. The problem may be put i n  

perspect ive by not ing t h e  following f a c t s :  

( i )  The parameters of t h e  problem occur i n  t h e  d i f f e r e n t i a l  

equations as we l l  as t h e  complicated b.c .  The eigenvalue parameter c 

appears nonl inear ly  i n  both t h e  d i f f e r e n t i a l  equations t h e  b.c .  

(ii) The system combines within i tself  t h e  p a r a l l e l  flow and 

r o t a t i n g  Couette flow fea tu res ,  as  may be v e r i f i e d  by not ing t h a t  t h e  

governing d i f f e r e n t i a l  equations (11-56 and 11-57) uncouple f o r  T=O , 
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leaving t h e  Orr-Somtnerfeld equation, with a quadrat ic  bas i c  ve loc i ty  

p r o f i l e  i n  (11-56) and f o r  

those of t h e  c l a s s i c a l  Taylor problem (although under t h e  t h i n  f i lm  

approximation t h e  azimuthal ve loc i ty  i n  t h e  f i l m  i s  constant and as 

such, one expects t h e  f i lm t o  be s t a b l e  i n  t h e  Taylor-sense). 

Re=O , t h e  d i f f e r e n t i a l  equations a r e  

(iii) However, t h e  mathgmatical and phys ica l  i n t e r e s t  i n  t h e  

problem i s  considerably enhanced by t h e  b.c .  which bear no resem- 

blance t o  t h e  r e l a t i v e l y  simple b.c .  t h a t  occur i n  t h e  c l a s s i c a l  

p a r a l l e l  flow and r o t a t i n g  Couette flow s t a b i l i t y  problems. I n  

cont ras t  t o  those problems, one of t h e  boundaries i n  t h e  present  

case,  i s  a f l u i d  i n t e r f a c e  t h a t  p a r t i c i p a t e s  i n  t h e  per turba t ion  of 

t h e  bas i c  flow and thus  i s  unknown, a p r i o r i .  The i n t e r f a c e  there-  

fo re  c a r r i e s  t h e  dis turbance c h a r a c t e r i s t i c s  a , n , c . 

( i v )  The d i f f i c u l t i e s  assoc ia ted  with f inding so lu t ions  by any 

method, for  t h e  Orr-Sommerfeld and t h e  Taylor problems which a r e  but 

s p e c i a l  cases of t h e  present  system, with simpLe b.c .  a re  familiar 

knowledge t o  those  who are ac t ive ly  engaged i n  s t a b i l i t y  invest iga-  

t i o n s .  This f a c t  a lone,  should temper any en thus i a s t i c  optimism on 

our p a r t  t o  t a c k l e  t h e  eigenvalue problem i n  a l l  i t s  mathematical 

gene ra l i t y  and should urge us towards e f f e c t i v e  use of a l l  ava i lab le  

and appropriate  phys ica l  and mathematical information, from compara- 

b l e  s i t u a t i o n s .  

(D) The f l u i d  i n t e r f a c e  puts  t h e  present  problem i n  t h e  

genera l  category of free boundary problems, where t h e  boundary i t s e l f  
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i s  t o  be determined. In  such problems as t h e  s t a b i l i t y  of shear  

l a y e r s ,  wake flows, j e t s ,  e t c . ,  one common feature is  t h e  occurrence 

of i n s t a b i l i t y  at low Reynolds numbers ( c f .  Betchov, 1967). It i s  

known from t h e  s t a b i l i t y  inves t iga t ions  mentioned i n  Chapter I ,  of 

Kapitza, Benjamin, Yih, Kao, Hsien and Crowley t h a t  i n  t h i n  f i l m  

flows i n s t a b i l i t y  can be expected even at low Reynolds numbers. This 

s i t u a t i o n  i s  i n  cont ras t  t o  channel and boundary l aye r  flows, where 

t h e  Tollmien-Schlichting i n s t a b i l i t i e s  occur only at l a rge  Re , 

lending themselves t o  an asymptotic ana lys i s ,  i n  l / ( aRe)  which i s ,  

t he re fo re ,  inappropriate  here.  

On t h e  o ther  hand, t h e  v a r i a t i o n a l  procedures employed i n  t h e  

study of Taylor and Bgnard i n s t a b i l i t i e s  a r e  a l s o  not he lp fu l  here.  

Because of t h e  nonselfadjointness  of t h e  d i f f e r e n t i a l  opera tor ,  t h e r e  

e x i s t s  no genera l  procedure f o r  t h e  fo rma l i t i e s  of formulation of an 

equivalent v a r i a t i o n a l  problem. In  f a c t ,  an i n i t i a l  attempt i n  t h i s  

d i r ec t ion  and t h e  "d i rec t  methods" of t h e  Galerkin type had t o  be 

abandoned f o r  t h e  following reason: construct ion of a proper 

funct ion subspace, s a t i s f y i n g  a l l  o r  even t h e  e s s e n t i a l  b.c. i s  

f o i l e d  not only by t h e  complexity of t h e  b.c .  but a l s o  t h e  occurrence 

of a l l  t h e  parameters including t h e  eigenvalue i tself  i n  t h e  b.c.  

which have t o  be satisfied by all t h e  members of t h e  constructed sub- 

space for  all t h e  parameter values .  

* 

* 
The d i s t i n c t i o n  of e s s e n t i a l  and non-essent ia l  b . c .  i s  ex- 

plained i n  co l l a t z (1960) .  
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(E)  The above considerat ions leave us indeed with very f e w  

a l t e r n a t i v e s  of even approximation procedures t h a t  w i l l  enable us t o  

t a c k l e  t h e  eigenvalue problem. 

t h e  following phys ica l  and mathematical information: 

The hopeful guidance comes t o  us from 

(i) The i n t e r f a c i a l  waves t h a t  appear even at low R e  are 

genera l ly  of long wavelength, as observed f o r  instance by Charvonia 

(1959) and Kapiza (1965). 

(ii) It i s  known from other  s t a b i l i t y  analyses (Bellman and 

PenningtonJ954) t h a t  sur face  tension and v i s c o s i t y ,  which may be 

expected t o  play a d e f i n i t e  r o l e  i n  t h i n  films of l i q u i d ,  genera l ly  

preclude c lose  crinkling of t h e  i n t e r f a c e  and thus  waves of length  

of t h e  same order of t h e  film thickness  or smaller may be l e f t  out of 

t h e  s t a b i l i t y  ana lys i s  wherein, one is more ' i n t e r e s t e d '  i n  growing 

r a t h e r  than damped dis turbances.  

number assumption regarding des t ab i l i z ing  dis turbances f o r  p a r a l l e l  

flow problems, i s  not uncommon. One has only t o  r e c a l l  t h a t  on t h e  

wave number 

channels and boundary l aye r s  extends only t o  a s m a l l  ex ten t  along 

t h e  wave number a x i s ) .  The inf luence of sur face  tens ion ,  according 

t o  t h e  genera l  s t u d i e s ,  has been shown t o  introduce,  a lower cut-off 

wave length  f o r  unstable  dis turbance modes and t h i s  i s  equivalent  t o  

an upper cut-off i n  wave number, values  above which correspond t o  

damped dis turbances.  

only phys ica l  p rope r t i e s ,  i s  l a rge  f o r  t h e  configurat ions of i n t e r e s t  

(The long wave or t h e  s m a l l  wave 

-Re plane,  t h e  unstable  domain f o r  p a r a l l e l  flow i n  

The dimensionless parameter A , represent ing 
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(Appendix C ) .  

i s  propor t iona l )  may indeed bear  on t h e  present  problem, t o  l ead  t o  

t h e  ex is tence  of rzn upper cut-off i n  wave number, so  t h a t  i n  our case 

Thus, one may expect t h a t  sur face  tens ion  ( t o  which,& 

t h e  unstable  dis turbances may be expected t o  be wave lengths  at l e a s t  

comparable t o  t h e  f i l m  th ickness  which i s  t h e  length  s c a l e  we 

adopted. 

(iii) S t a b i l i t y  analyses of s i n g l e  t h i n  films flowing on 

( inc l ined  or) v e r t i c a l  w a l l s ,  whose governing equations appear as t h e  

s p e c i a l  cases of t h e  present  problem (by pu t t ing  t h e  gas pressure 

parameter A = 1 and completely de l e t ing  t h e  r o t a t i o n  aspect and 

considering only two-dimensional d i s turbances)  t y p i c a l l y  those  of Yih 

and Brooke Benjamin, have demonstrated t h e  ex is tence  of long wave 

growing dis turbances even at low Reynolds numbers, based on t h e  f i l m  

thickness  and t h e  average flow ve loc i ty .  These and similar analyses 

which followed were e s s e n t i a l l y  f irst  order per turba t ions  based on 

one o f  t h e  following c r i t e r i a :  

(a )  a*Re << 1 , a << 1 

( b )  a << 1 , Re Q O(1) 

( c )  Re << 1 , a ; O(1) 

( d )  Frobenius Solut ion i n  power s e r i e s  of x , t h e  

independent va r i ab le ,  with R e ,  . . . Q O(1) , a ; O( 1) . 

The c r i t e r i o n  ( b )  i s  adopted i n  t h e  present  ana lys i s ,  i n  

preference t o  t h e  o thers  f o r  t h e  following reasons: 
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Cr i t e r ion  (a)  imposes r e s t r i c t i o n s  on t h e  bas i c  flow v i a  t h e  

parameter Re as successive per turba t ions  are attempted. The 

equations f o r  t h e  successive per turba t ions  do not a l s o  decompose i n  

a simple fashion after t h e  f irst .  

Cr i t e r ion  ( c )  i s  c l e a r l y  unsui tab le  f o r  considering a reason- 

ab le  a x i a l  flow range unless  one i s  prepared t o  construct  a l a rge  

number of per turba t ion  so lu t ions .  This can at bes t  be used t o  gain 

some understanding of t h e  l o c a l  p rope r t i e s  of t h e  n e u t r a l  s t a b i l i t y  

curves,  c lose  t o  R e  = 0 as has been successfu l ly  done, f o r  instance,  

by Yih (1963). 

The method ( d )  is  unsa t i s fac tory ,  when based, of necess i ty ,  

on a t runca t ion  of t h e  s e r i e s ,  by noting t h e  convergence of t h e  

s e r i e s  near  x = 0 and an attempt is made t o  s a t i s f y  t h e  b .c .  at 

x = 1 , with t h i s  t runca ted  series. The accuracy of t h e  secular  

r e l a t ionsh ip  derived on such s a t i s f a c t i o n  of b . c .  i s  not ascer ta in-  

able .  Further ,  t he re  i s  no easy way of carrying t h i s  type of 

approximation beyond t h e  ' f i rs t ' ;  and d e f i n i t e l y  no way of d i r e c t l y  

using t h e  r e s u l t s  of t h e  f irst  approximation i n  t h e  l a t e r  approxi- 

m a t  ions .  

Cr i t e r ion  ( b ) ,  on t h e  o ther  hand, has t h e  following advantages, 

besides  being phys ica l ly  re leyant :  

(bl)  The bas i c  flow i s  not unduly r e s t r i c t e d ,  except t h a t  R e  

i s  not  t o  be la rge .  But t h i s  i s  p a r t l y  admissible f o r  t h e  configu- 
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r a t i o n  under study. Besides, t h e  exis tence of i n s t a b i l i t y  even a t  

low R e  , has t o  be examined i n  view of t h e  ava i l ab le  information on 

film and i n t e r f a c i a l  i n s t a b i l i t i e s .  

( b  ) The successive orders of per turba t ion  scheme, can be 2 

derived with a reasonable amount of l abor ,  i n  a s t ra ightforward way, 

( b  1 3 
The r e s u l t s  of each order  of per turba t ion  can be used 

e x p l i c i t l y ,  i n  succeeding per turba t ions  A s  a consequence , t h e  

computational scheme can be extended t o  higher  orders ,  al though, with 

rap id ly  increasing amount of l a b o r ,  which i s  not amenable t o  

execution on a d i g i t a l  computer because of t h e  a n a l y t i c a l  operat ions 

involved at each s t age  of t h e  per turba t ion  procedure, 

( b  ) 4 
boundary condi t ions f o r  t h e  present  problem contain only ana ly t i c  

functions of t h e  parameter a , t h e  so lu t ions  of t h e  boundary value 

problem, i f  they  e x i s t ,  would a l s o  be ana ly t i c  funct ions of t h e  para- 

meter a * Thus t h e  so lu t ions  can be expanded i n  power series of a . 
However, t h e  use of such s e r i e s  i n  a t runca ted  form i n  t h e  neighbour- 

hood of a = 0 

var ied)  on t h e  assumption t h a t  t h e  coe f f i c i en t s  of t h e  powers of a 

a r e  indeed slowly varying functions of t h e  o ther  parameters. When 

t h i s  las t  mentioned proviso holds t h e  accuracy of such t runca ted  

s e r i e s  ( i o e D ,  r e s u l t s  of per turba t ion  ana lys i s )  i s  l imi t ed  only by 

t h e  absolute  value of t h e  highest  order  t e r m  r e t a ined .  It may be of 

i n t e r e s t  t o  note  t h a t  t h e  appl ica t ion  of such a s e r i e s  is  not l i k e l y  

Since t h e  governing d i f f e r e n t i a l  equations and t h e  

i s  meaningful (when a l l  t h e  o ther  parameters a r e  
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t o  be of he lp  i n  studying t h e  s t a b i l i t y  of channel and boundary l a y e r  

p a r a l l e l  flow problems because i n s t a b i l i t i e s  occur i n  those  configu- 

r a t i o n s  at l a r g e  Reynolds numbers. Since t h e  so lu t ions  which are 

a l s o  funct ions of t h i s  parameter are then r ap id ly  varying funct ions 

an excessively l a r g e  number of terms have t o  be r e t a ined  i n  t h e  a- 

power s e r i e s ,  i f  any meaningful information i s  t o  be gained, even 

when long wave dis turbances are under study. 

In  t h e  following sec t ion  we s h a l l  s e t  up t h e  per turba t ion  

scheme i n  a , f o r  t h e  so lu t ion  of t h e  eigenvalue problem, i n  i t s  

coupled form (11-64 t h r u  71). 

3.2 Long-Wave Analysis 

In  accordance with t h e  remarks made i n  3.1, it i s  worthwhile 

and meaningful t o  consider so lu t ion  of t h e  eigenvalue problem defined 

by (11-64 t h r u  71) by a regular  per turba t ion  i n  t h e  l i m i t  

Since t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  t h i n  f i l m  with respec t  t o  

non-axisymmetric long-wave dis turbance modes a r e  found t o  be a l to -  

ge ther  d i f f e r e n t  from those  of t h e  axisymmetric modes, t h e  former 

type of disturbances therefore  w i l l  be considered i n  Chapter V. 

Here we consider only t h e  axisymmetric modes. 

a + 0 e 

Since t h e  a n a l y t i c a l  and a lgebra ic  manipulations involved are 

cumbersome and labor ious ,  t h e  per turba t ion  series r e s u l t s  have t o  be 

t runca ted  at some stage. We have c a r r i e d  t h e  per turba t ion  i n  a up- 

t o  (a3) s o  t h a t  t h e  order of t h e  q u a n t i t i e s  neglected i n  t h e  f i n a l  
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r e s u l t s  i s  of (a4)  . Thus, i f  our numerical to le rance  i n  t h e  f i n a l  

r e s u l t s  is  N* , t h e  range of t h e  wave numbers t h a t  can be inves t i -  

gated with t h e  present  scheme is 

As has been remarked i n  Sect ion 6 of Chapter 11, t h e  sur face  

tens ion  parameter f i  
order  of s e v e r a l  thousands f o r  t h e  two-phase configurat ions of 

i n t e r e s t  (see Appendix C )  . 
occurs i n  t h e  b.c.  (11-70) and i s  mul t ip l ied  by a3 . Thus, although 

t h i s  term disappears i f  we set a = 0 

i . e .  f o r  t h e  zeroth order per turba t ion  i n  a , t h e  cont r ibu t ion  due 

t o  t h i s  term would be more s i g n i f i c a n t  than a l l  o thers  i n  each 

higher  order per turba t ion ,  e spec ia l ly  when a i s  c lose  t o  a* To 

allow f o r  t h i s  p o s s i b i l i t y ,  we expand i n  a s e r i e s  of a* ins t ead  of 

a and take  A (a*)2 as of O(1) . However, t h e  r e s u l t s  would s t i l l  

be appl icable  i f  /49 i s  not l a r g e ,  because t h e  terms brought i n  by t h e  

above provis ion would make a neg l ig ib l e  ( i . e .  of O ( N * )  or smaller) 

cont r ibu t ion  i f  i s  i tes l f  of O(1) . We now proceed t o  apply t h e  

0 2 a a* , where (a*)4 = N* . 

, r e l a t e d  t o  t h e  Weber number, may be of t h e  

We no t i ce  t h a t  t h e  term containing ,& 

even f o r  l a rge  but f i n i t e  8 , 

following per turba t ion  scheme ( A )  t o  t h e  system (11-64 t h r u  11-71). 
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% %  
a ,&, and $e are now t h e  u n i t  order  counterpar ts  of t h e  correspond- 

ing q u a n t i t i e s  denoted by t h e  same symbols without % . The following 

four  sec t ions  will present  s o l u t i o n s ,  ( $n, $n, cn)  n 0 ,  1, 2 ,  3 

f o r  t h e  first four  orders  of per turba t ion  for t h e  eigenvalue problem 

i n  terms of t h e  s m a l l  parameter a* . 

3.3 Zeroth Order Per turba t ion  

By s u b s t i t u t i n g  t h e  per turba t ion  series ( A )  of Sect ion 3.2 

i n t o  (11-64) t h r u  (11-71) and equating t h e  zeroth powers of a* on 

e i t h e r  s i d e  of the equat ions ,  we g e t  

l q o )  = 0 

We can e a s i l y  solve t h e  above system of 

In t eg ra t ion  of (111-1) 

- - 
$0 

four  t i m e s  with respec t  

A A  A A 

KO+ Lox + Mox2 + Nox3 

(111-1) 

( 111-2) 

(111-3) 

(111-4) 

(111-5 ) 

(111-6) 

equations as follows . 
t o  x gives 
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A A n A 

where KO , Lo Mo No are constants .  

b . c (111-3) (111-4) , (111-6) and (111-7) give  r e spec t ive ly  

K + Lo+ Mo+ No = 0 ( 111-10 ) 
Q 

A A A 

L + 2M0+ 3No = 0 (111-11) 
0 

m I t ( o ) i 0 +  2,*2ii0 = o (111-12) 
A 

6N0 = 0 (111-13) 

(111-14) 

% 
Then (111-11) gives t h e  eigenvlaue co by requi r ing  t h a t  t h e  

so lu t ion  $o of t h e  homogeneous boundary value problem be non 

t r i v i a l  i . e .  , 
h 

KO # 0 

- 3  - -  
28 

(111-15) 

(111-16) 

A A 

From (111-lo), Lo = -2Ko e Thus t h e  eigenfunction 4, i s  

given by 

A A 

= Ko(l-2x+x2) , with KO # 0 (111-17) 
$0 

The l i n e a r  homogeneous equations (111-10,11s12y13) a r e  made 

cons is ten t  by t h e  eigenvalue co given by (111-15) A s  such, they 

a r e  no longer l i n e a r l y  independent and 

as t o  i t s  (non-zero) value.  

c\I 

n 

KO i s  thus  open t o  choice 

The choice merely f i x e s  t h e  s i z e  of t h e  

eigenfunction (p , which i s  a r b i t r a r y  because t h e  problem i s  
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homogeneous and l i n e a r .  

Now in t eg ra t ion  of t h e  nonhomogeneous equation (111-2) gives 

(111-18) 1 
J,, = Po+ Qox + - (6x2- 4x3+ x4) 12 

A A  

Application of t h e  b , c .  (111-5,8) give 

A 3  Po+ 12 = 0 

A 

Qo = 0 

(111-19) 

(111-20) 

We summarise i n  Table 3.1 r e s u l t s  of t h e  zeroth order  

per turba t ion ,  required f o r  later use. 

TABLE 3.1 

3 ( 1+2A ) 
Y c = - +  m(o) = -7 o 2A 

1 \ 1 3  
0 2  

c = -  

m(x)- c = [-1.5(1+x2)+ (l-A)(2x)]/A 
0 

Before going t o  t h e  f irst  order  per turba t ion ,  we note  t h a t  

t h e  eigenvalue term co represents  t h e  nondimensional phase ve loc i ty  

of i n f i n i t e l y  long wave axisymmetric dis turbances.  This i s  
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independent of a l l  t h e  flow p rope r t i e s  except t h e  gas pressure para- 

meter A . It shows t h a t  t h i s  type of i n f i n i t e  wavelength s t a t i o n a r y  

dis turbance can e x i s t  at a l l  axial flow and azimuthal speeds of 

ro t a t ion .  

and A , we observe t h a t  t h i s  phase ve loc i ty  co = (@-2)(1+2A) , i n  

dimensional form . 

Going back t o  t h e  d e f i n i t i o n  of Wo , t h e  reference speed 
n 

3 9  

With r ap id ly  increas ing  computational l abor ,  w e  can car ry  out 

t he  same s t ra ight forward  a n a l y t i c a l  s t eps  as i n  t h i s  s ec t ion ,  t o  

obtain t h e  higher  terms i n  t h e  eigenfunctions and t h e  eigenvalue by 

the per turba t ion  procedure. To be sure of t h e  parametric dependence 

and a l s o  t o  m a k e  t h e  r e s u l t i n g  formulas ca r ry  a minimal amount of 

round-off e r r o r s  ( i n  view of t h e  l a r g e  number of repeated numerical 

operat ions t o  be performed), t he  e n t i r e  computational scheme w a s  

performed on a desk ca l cu la to r  r e t a in ing  e igh t  d i g i t s .  

3.4 First Order Perturbation 

By co l l ec t ing  t h e  first powers of a* , as i n  Sect ion 3, we 

(111-21) 

(111-22) 

(111-23) 
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where 

sJl= ($+-)  2 2 R e  

$e 
(111-26) 

(111-27) 

From t h e  Table 3.1 we use t h e  known q u a n t i t i e s  i n  t h e  r i g h t  

hand s ide  of (111-19) and g e t  

'L (id - 3 a R e  [-6x+ (l-A)(hx)] which on in t eg ra t ion  four  times A 01 - 

with respect  t o  x y i e l d s ,  
A A 

' 2 R e  A A  

0 (x) = K1+ LlX+ Mix2+ Nix3+ [-(O.O5)x5+ 
1 

(111-28) 

A A  A A 

where K1, L1, MI, N1 are constants .  

Applying t h e  b.c .  (111-21,22) gives 

'L 
a R e  A A A A  

K1+ L1+ MI+ N1 = % [0.05+ (l-A)(-0.03333333)] 
(111-29) 

'L ;I+ 3i1 = % a R e  [0.25+ (l-A)(-0,16666665)] 

(111-30) 

Subtract ing (111-29) from (111-30) g ives ,  

'L 
a R e  

i i+  2i1 = il+ % [0.20+ (l-A)(-0.13333332)] (111-31) 
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Also from (111-30) 
rll 

;I = -2k- 3i1+ [0.25+ (14(-0.16666665)] (111-32) 

b.c. (III-24,25) give ,  

A n 

-3K1 3M1 
+ -  + 2Cl = 0 - 

A A (111-33 

h A (111-35) 
Mi = K1- 2c lA 

3 

From (34) 

Re N1 = j : [~A(-O.11111111)+ a {0.5+ (l-A)(-0.33333333)}] 
(111-36) 

using (111-35,36) we get  

A 2Cl 
3A il+ 2N1 = K1- - + j 2 [&A(-0.22222222) 

(111-37) 
R e  
A + - {LO+ ( 1-A) (-0.66666666) 13 

n fi 

Then equating t h e  two expressions for  M1+ 2N1 given by (111-31) 

1 
and (111-37) we have t h e  eigenvalue c 

2c A +-* j 2 MA(-0.22222222)+ (0.8 + 
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(111-40) 
A 

" ' L  R e  
L1 = -2Kl+ja[~A(-0.11111111)+ - A {0.35+(1-A)(-0.23333333) >]  

(111-41) 

Since t h e  l i n e a r  system of equations(III-29,30,34,37) for 

K1, L1, M1, N1 is  l i n e a r l y  dependent ( t h e i r  consistency having been 

used t o  determine t h e  eigenvalue 

we take 

follows. The l i n e a r  homogeneous problem f o r  (p leaves i t s  s i z e  

A h - *  

c l )  one of them i s  a r b i t r a r y  and 
A 

K1 = 0 . This choice may be looked upon i n  another way as 

a rb i t r a ry .  This may be f i x e d  f o r  instance by specifying one non- 

homogeneous addi t iona l  b.c.  on Cp besides t h e  4 homogeneous ones 

already s t i p u l a t e d  by t h e  problem. The choice of K = 1 , K1 = 0 

(and l ikewise,  0 = K2 , K3 

A A 

0 
A A 

a r i s ing  i n  later per turba t ions)  i s  equi- 

valent  t o  specifying the  i n t e r f a c i a l  b.c. 

lates i n  t h e  per turbat ion scheme t o :  

x = 0 . Thus the  eigenfunction 

4(0) = 1 (which t rans-  

4o = 1, 4n = 0, n # 0 )  at 

g,(x) = j a  - [{(0.35)x+ (-0.8)x2+ (0.5)x3+ (-0.05)~~) .(k 
+(1-A) { ( - ( l e  23333334)~+ (0 .  53333334)X2+ ( -0- 33333333)~~ 

+( -0,03333333 )xs> ]+fiA[ (-O.llllllll)x+ (0.22222222)~~ 

+ ( -0.11111111)~~ > 1 (111-42) 

with Cp(x) h o r n ,  t h e  nonhomogeneous equation (111-20) for J, (x) 1 
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can be s t a t e d  thus 

I#; = j a ( T  2r R e  [{0.375+ (0.35)~- (1.175)x2+ x3+(-0.875)x4 

+( 0. 4’5)x5+( -0.125)~~ )+( 1 - A )  { (-0.73333334)~ 

+(o. 53333334)x2+(0. 66666667)~3+(-O. 66666666)~~ 

+( 0. 19999999)x5)]+.MA[ { (  -0.11111111)x+(0.22222222)x2 

+ ( -0.11111111 1x3 11) (111-43) 

In t eg ra t ing  (111-43) twice,  with respect  t o  x , 

% Re A h  

JI1(x) = P1+ Q1x + j a ( r  [{(0.1875)~~+(0.05833333)~~ 

+( -0. 09791667)x4+( 0.05 )x5+( -0.02916667)~6+( 0.0i071428)~~ 

+( 0.03333334)~5+( -0.02222222)~~+(0.00476191)~~)1 

+&A [ { ( -o.oi85i85i)x3+(O. 018~1851)x4+(-0.05555556)x5 11) 
(111-44) 

b.c. t111-23,26) on I# give r e spec t ive ly ,  1 

n 

Q1 = 0 

Therefore 

(111-46) 
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JI (x) = j: (F [ {-o.17723213+(o.1875)x2+(0.05833333)x3 
1 

+( -0. 09791667)x4+( 0.05 )x5+( -O.02916667)~6+( 0.01071428)~7 

+ ( -0.00223214) x8 } +( 1 - A )  { ( 0 06190474)+( -0.12222222)~ 

+( 0.04444445 )x4+( 0.03333333 >x5+( -0.02222222 >x6 

+( 0.00476191)~~ >]+Jv\A [ { (0.05555556 )+( -0 01851851)~ 

+( 0. oi85i85i)x4+(-o.05555556)x5 11) (111-4'7) 

+( -0. 13333332)x5+(O.03333337)x6) ]+&.A[ { (-O*05555553)x2 

+( 0. 074074043)x3+(-0. 27777780)~~ 11) (111-48) 

From (111-42) w e  also have t h e  following by d i f f e r e n t i a t i o n  

4 '  (x) = j: (F [ {0.35-( 1.6)x+( 1.5 )x2+( -0.25)~~ I+( 1 - A )  { (-0.23333334) 
1 

+( 1.0666667)~+( -0.9999gg99)x2+( 0.16666665)~~ 13 

+NA [ {- (O.11111111)+( 0.44444444)~+( -0.33333333 )x2 11 ) 

1 

(111-49) 

$IT( X) = jz (p [ {-1.6+3x-x I+( 1-A) { (1.0666667)+( -1.99999998)~ 

+( 0.66666660)~~ 1 3 +NA [ { ( 0.44444444) +( -0.66666666 1x1 3 

1 

(111-50) 



-71- 

Again we l i s t  t h e  useful q u a n t i t i e s  obtained from t h e  above 

r e s u l t s ,  for l a te r  app l i ca t ion ,  i n  Table 3.2 

TABLE 3.2 

I .  4444444 

3.5 Second Order Per turbat ion 

The governing system for t h e  second order  problem i s  

"2 11 (iv) = (2a  $o + jRe;[(m(x)-co)$" - cl$: - r n " ( ~ ) $ ~ ]  
$2 1 

+2;2T$0) (111-51) 

(111-52) 
'L 

$; = ($2+ 'L2 a $,+ j f ie[(m(x)-co)$l-  c l$o l )  

with b.c. 

$2(1) = 0 (111-53) 

4 p  = 0 (111-54) 

$2(1) = 0 (111-55) 

0 O)+C 1 1  fjl"(0) = 0 (111-56) 



-72- 

and 

J , ' ( O )  = 0 
2 

Solving t h e  above system of coupled boundary 

requi r ing  t h a t  cp , J, be non t r i v i a l ,  we obtain t h e  
2 2  

(111-58) 

value problems, 

second order 

terms (02, Q 2 ¶  c 2 )  i n  t h e  per turba t ion  so lu t ions  

problem. Since t h e  s t e p s  involved a re  exac t ly  the  

3.3, 3.4 and extremely cumbersome, we merely s t a t e  

of t h e  eigenvalue 

same as i n  Sections 

t h e  r e s u l t s ,  i n  

t h i s  and t h e  next sec t ion .  

cp ( x )  = a2 [ -( 0.66666668)~+1. 5x2-x3+( 0.16666667 )x4 1 
2 " (  

+T[ (-0.03392853)~+( 0.  05267852)x2+( -0.02083333)~~ 

+ @-[ { (-0.22044650)x+( 0.5028720)~2+( -0.3125)~~ 
A2 

+( 0.02875 )x'+ (O.00178571)~~+( -O.OOO44643~9) 

+( 1-A) I ( 0.16744047 >x- ( 0 36690475 )x2+ ( 0.20833333)~ 

+( 0.  0075)x5+( -O.01666667)~~+( -0.ooiig048)~~+( 0.00119048)~~ 
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+&Re [ { (-0. O26igO48)x+(0.O3809524)x2+( -0.00555555 >x3 

+( -0. 00555556)x5+( -0.00079365)~~ I+( 1 - A )  { (0.05185183)~ 

+( -0. 1074o738)x2+( 0.05925926)x3+( -O.OO74O741)~~ 

+( 0.0037037)~~ 3]+,)fA2 [ I ( 0  02469136 )x+ (-0 0 04938272 )x2 

+( 0.02469136)~~ 1 I) 

c2 = - " ([-3.o]+~[-(o.o7go1788)]+ - Re2 [ (-1.7142858) 
A A2 

+ ( 1 - A )  (1. 8303572)+(1-A)2(-0.45833336) I 

+&Re [ ( 0 e 4761905)+( 1 - A )  (-0.19444448) ]*A2 [ ( 0.00000009 1) 

(111-60) 

' 2  (x) = a2 [ { (0.12777778)+( -0 125 )x2+( -0.11111111)~~ " (  
+(0.16666667)x4+( -O.O6666667)~~+(0.00833333)~~}] 

+T[ { (  0.00816964)+(-0.00565~76)~~+(0 .00438988)x4 

+( -0. O0694444)x6+( 0.00000496)~~+( -0.00001102)~~ 

Re2 + (0.0000011)~~ }]+ - [ (0  21857995+( -0 2829241)~~ 
A 2  

+ (-0 03674108)~ 3+ ( O 09318825 )x4+ ( -0 03125 )x5+ ( 0.037ii458)x~ 

+( 0.00455 357)x7+ ( -0. O O ~ ~ O ~ O ~ ) X ~ +  ( O.OOi28968)~9 

+ ( -0.00052331) , l o +  (0.00014205 )x"+ ( -0.000025 37 )x 1 

+( 1 - A )  {-0.14927487+(0.14642856)~~+(0.08698412)~~ 

+ (-0.05617064) x4+ ( -0 e O04i6667)x5+( -0.02388889)~~ 

+( O.o0166667)~~+(-0. 00267857)x8+( 0.00i5873)x9 
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+( -0,0005g524)x O+( 0.00010823)~ 'I+( 1-A)2{(0. 0160582) 

+( -0. 02291005)x3+ ( 0. 00175926)x4+( 0.00814815 >x6+( -0.002566i4)x~ 

+ (-0.00099206)~*+( 0. 00061728)x9+( -0.00011464 )xl I I 

+&e[ 1-0. 07577285+(6.08333334)x2+( -0.00436508)~~ 

+ ( -0. 00376984)x4+ (0 .  004i8889)x5+ ( -0.0002 )x6+ ( -0.00263492 )x7 

+( 0.0003889 )x8+( -0,00116843 )x9 I+( 1 - A )  {0.01368757 

+ (-0.00987655 )x3+ ( -0.00895062 )x4 +( 0.00291296)~~ + ( 0 00123457 )x6 

+( -0.0010582)~~+( 0.00205027) x8 I ] +A2A2 [ (-0.03827161 

+( 0.04115227)~~+( -0.00411523)x4+(0.00123457)x5 I ] )  (111-61) 

3.6 Third Order Per turba t ion  

The governing system for t h e  t h i r d  order  problem is  

2 ~ ,  +Q, +jke[ (m(x)-co)$  -c J, -c2$,1 (111-63) 
2 1 1  J , ;=  

with b.c. 

Q, (1) = 0 (111-64) 
3 

Q,p = 0 (111-65) 

IJ3(1) = 0 (111-66) 
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(111-68) 

$ ' ( O )  = 0 (111-69) 
3 

The solutions (43,$3, c3) for the above system are 

'L 
a 3Re c = ([ - ( 6.3080358 )+( 1-A) ( 3.4404762 ) ]+T[ ( -0.2690642 ) 

3 A2 
Re +(l-A)(O.11128244)]+ - [ (-3.3404144)+(1-A)( 3.5998826) 
A2 

+( 1-A) (-2.0204298)+( 1-A) 3 ( 0 .  26358912) l)+j"a%([O- 59999999 1 

+T[ (0.03421518)]+ Re2 (0.62618145)+(1-~)(-0~75433598) 

+( 1-A) ( 0.1119933) ]+&Re [ ( -0.04126971)+( 1-A ( -0 .OOOOOO15 1) 

( 111-70) 

A2 

'L 
$,(x) = + a 3Re ( [  (-0.42261917)~+(1.0053572)~+(-0.6583~3333)~~ 

+( -0. 00833333)x4+( 0. 08333333)x5+( 0 .  OOllg048)x7 

+(-0.0059524)~*)+(l-A) I(0.17063499)~+(-O.l603175)~~ 

+( -0. 11666667)x3+( 0 .08888889)x4t(-0.02222222)x6 

+ ( 0.039682 54 ) x7 1 3 

+T [ { (-0.05747005 )x+( 0.095OgO5 )x'+( -0 .0i7857i3)x3 

+ ( -0 e 01476334)x4+ ( -0 ..00848213)x5+( 0 00208333)~~ 

(111-71) 
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+( 0.00138889 )x7+ ( -0.00000496)~8+ ( 0.0000496)x9 

+ (-0,00003638)~ lo+ (O.00000872)~~+ (-0 00000i05)~ 12 } 

+ ( 1-A) { ( O.01185878)~+ ( -0.01'799785 )x2+ ( 0.00515873)~~ 

+( 0.. 00175595)x5+( -0. OO088624)x7+( O.o000529i)~8 

+( 0.00007716 )x 9+( -0.00002205 )x10+ ( o e 0000026i)~ 1111 

Re + - [ { (-O.82003034)~+( 1. 7332286)x2+( -0.96060274)~3 
A2 

+( 0. 04792634)x5+( -0. 00022321)x7+( -O.0002939)~9 

+( -0.00000744)~~4( 0.00000273)~~ }+( 1-A) { ( 0  e 36332073)~ 

+ ( -O.8010625 )x2+ ( 0.47492561)~ 3+ ( -0.03467708) x5 

+ ( -0.00379345 )x6+ ( 0  .00014881)x7+ (0.00113095 )x* 

+( -0.00004216 )x9+ ( O.00005952 ),lo+ ( 0~00000496 )XI 1 

+(-0.00001353)~~~+(-0.00000182)~~~}+(1-A)~{ (-0.094l8651)~ 

+( o e 2050985 )x2+( -0 ii825399)x3+( 0.0007619)~~ 

+( 0.  00694444)x6+( -0. O O O ~ ~ ~ O ~ ) X ~ + (  -0.00017196 )x9 

+ (-0.00009921)~10+ ( 0 e 00001684) x11+ ( 0. oooobgo2 )x12 } 

+(1-~)3{ ( o . o o ~ o ~ ~ ~ ~ ) ~ + ( - o . o o ~ ~ o ~ ~ ~ ) x ~ + ( o . o o o ~ o ~ ~ ) ~ ~  

+( -0. ooo42328)~8+ (o.00022046)~~+( -o.oooo1122 )xl 1 I) 

+j:xA ([ {(-0.23~03703)~+(0.48888888)~~+(-0.27777778)~~ 

+ ( 0.03703704) x4+( -0~01111111)~~ } ]+T [ { ( 0.00107661)~ 

+ ( 0.00060254) x2+( o e 00585 317)xs+ ( 0,00462963) x4+ (-0 OO044092)x7 
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+( 0.00002205)~8+( -0.00003674 )x9 I]+ [ { (  0.01470323 )x 
A2 

+( -0. 0568187)x2+ ( 0.05662666 )X 3+ ( -O.0152381)~5+( 0.00065476 )x7 

+( 0 ;  OOO066i4)x9+( 0~00000601)~~ )+ ( 1 - A )  { (0.01663162 )X 

+ ( -0 01658112)x2+ (-0.0092 326)~ 3+( O.O1)x5+ ( -0.00018519 )x6 

+ ( -0.00042328)~7+( -0.0002 3148) x8+( 0 .  ob006614 )x9 

+ ( -O.OOOO44O9 ) x1 O }+ ( 1 - A )  { ( -0 00572896)~+ ( 0.00978244 ) x2 

+( -0.002 34566 ) x3+ ( -O.o0358025 )x5+ ( O.00197531)~6 

+ ( -0. 00017637)x8+ ( 0.00007349 )x9 1 ]+hRe [ { ( -0.00149909 )x 

+ ( 0,00493822 )x2+ ( -0.00423278 )x 3+ ( 0 00061728)~~ 

+ ( O.00017637 ) x7 }+ ( 1-A ) { ( 0,0102 88 )x+ ( -0.02139905 )x2 

+( 0 .  0119341)x3+( -0. 00i646i)x5+( O.00082305)~~ 1 ] 

+N2a2 [ { (0.00548697 )x+( -0. olOg7394 >x2+( 0.00548697 ) x 3  1 I )  
p\, 

([ (0.4692158 +(-0.5596994)~~+(-0.070~3653)~~ ja3Re 
$ 3 ( x )  = A 

+ ( 0.22405754)~4+( -0. 07ih6667)x5+( 0.00270833)~6+( 0.0095238)~7 

+( -0. 0052o833)x8+( O.OO165344)~~+( -0 00014798)~~ O } 

+ ( 1-A ) { (-0.06762127 )+ ( 0.03095237 )x2+( 0.07103176 ) x 3  

+ (-0.01335979 )x'+( -0.02444444 )x5+ ( -0.00296296 )+( O.00873016 )x7 

+( -0.0031746)x8+( 0.00084877)x91 ]+T[ { (0.01742574) 

+ (-0. 01600446)x2+ ( -0.00957834)~ 3+ ( 0 .  OiOi954i)x4 

+( -0. 00178571)x5+( -0. 00049231)x6+( 0.  00oi0563)x8+( 0. OOOOi929)x9 
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+( 0.00011486 )XI'+( O.0000006)~~~+ (-O~OOOOOO85 

+(0.00000016)x13+(-0.00000002)x14~+(l-A) { (-0.00304236) 

+( 0.  o046gg68)x3+( -0. 0014gg82)x4+( -0.00020503 )x6+( 0.00025085 )x7 

+( -0.00020521) x9+( 0.00000059)~~~+( O.00000i6)~~ 

+(-0.00000033)x12+(0.00000003)x1 3}1 (111-72) 

+ - Re2 [ (0.43415793 +( -O .  48455982)x2+(-0. 13667172)~~ 

+( 0. 24265734)x4+ (-0.07034599 )x5+( 0 01033204 )x6+( 0 00499793)~~ 

+( -0. ooo65gg)x8+( 0 .  oOO73165)x9+( -O.0o059161)x1 O 

+(-0.00008235)~~~+( 0.00004463)~~~+( -0.00001381)~~ 

A2 

+ ( 0.00000452 )x"+ ( -0.000001)~~5+ ( 0.00000016 ) X" } 

+ ( l - A )  { ( - O .  43225719)+(0. 44878652)x2+(O.13341337)x3 

+( -0. 1551643)x4+( 0.00976935 )x5- ( 0 00765775 Ex6+( 0 00065413 )x7 

+( 0.00090112)~8+ ( 0 .  00i04543)~9+( O.00057639)~~ O (-0. 000i0665)~ll 

+ ( 0.00005719 ) x12+ ( -0.00002298 ) x13+ ( O.00000639 ),I4 

-I-( -O.OOOOOlO2 )x15 }+( 1 - A )  { (0.11k71294 )+( -0 09409722 )x2 

+( -0.06512271)~3+( 0.03418149)~4+( 0 .  O0769841)x5+( 0.00579861)~6 

+( -0.00247336 ) x7+( 0.00002728)~~+ ( -0.00066303 )x9 

+ ( -0.00008355 ) xl P+ ( -0.00002369)~~ 1+ ( 0.0000476 

+( -0.00001346)~~ 3+ (0.00001069)~~ I+( 1-A)3{-0. 00412598 

+ ( 0.00552168)~ 3+ (-0.00012528) x4 -(O. 00152734) x6+ ( 0.0001005 3) x7 
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+( 0. 00022634)x9+ ( -0.00006173)~~0+ (-0.0000i603)~~l 

+( 0,00000935)x12+( -0.00000154)x1 11 {-0.01446142 

+( 0. 02777778)x2+ (-0.03950617 >x3+( 0 -  04074074 )x4 

+( -0.01481482 )x5+ ( 0 00185119 )x6+ (-0.0015873)~~ 1 ] 

T [ { -0.00008511+( 0 00017944)x3+( 0 .  OO0O5O21)x4+( -0.00029266)~~ 

+( 0.00015432) x6+( -0.00000612 )x9+ ( 0.00000025 )x 10 

Re 
A 

+( -0.00000033)~ > I +  2 [ {-Os 15440577+( 0.17922548)~~ 

+( 0.00245O54)~3+( -0. 03072954)x4+ ( 0 .  O090ii89)x5-( O.OO347223)~6 

+( -0.00234065 )x7+( 0.00027995 )x8+ ( -0.0000~288)~9 

+( 0.00000512 )x10+( 0 00005247)x~ 1+ (-0.00000442 )XI2 

+( 0.00000004)~~ 3 }+( 1-A) { ( O ,07663262 )+( -0.06711091)~2 

+( -0,02248568)~ 3+ (O.00500915 )x4+( 0 .  OO814g48)x5+( -O.o00291)~~ 

+ ( 0. ooiioog3) x7+ ( 0.0002455 )x*+ ( -O.o0007212 ) x9+ ( -O.o0115 873)xlO 

+ ( 0.0000221) x1 l+ ( -0.00004134 ) x12 }+ ( 1-A ) { ( 0.00527165 ) 

+( -0.OO498574)~3( 0.0008i52)x4+( -0.00011728)~~+( -O.OOO65844)~6 

+( -0.00051146 )x7+( 0.000i3931) x8+ ( 0.00003429 )x9 

+ ( -0,00002 548) x1 O+ ( 0.0000379 5 ) x1 1 ]+&Re [ { ( -0.02042943 ) 

+ ( 0. 01944447)x2+ ( -0.00024985 ) x3+( 0.00519547 )x4+( -0.00298942 )x5 

+ ( -O.o0105 82 ) x7+ ( O e 0001102 3)x8+ ( -0.00002 327 ) x9 } 

+ ( 1-A ) { 0.00966196+ (-0 01104254)x3+ (-0.00178325 ) x4+ ( 0.00059671)S 
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+( 0. 00274349)x6+( -0. 00023516)x7+( 0 . 0 0 0 0 5 8 7 9 ) ~ ~  I ]  

+N2A2 [ { -0.00027435+ (0.0009145 )x3+ (-0.0009145 ) x4 

+( 0.00027b35 > x 5  I]) . 

3.7 Review of t h e  Results of t h e  Per turba t ion  Analysis 

From t h e  s t r u c t u r e  of t h e  boundary value problems f o r  t h e  

successive orders  of per turba t ion ,  it follows t h a t  

n = 0,1,2,  are real and 

Thus t o  the  order of per turba t ion  c a r r i e d  out i n  Section 6 ,  we have 

($,,, #2n, c ~ ~ )  , 
c ) a re  purely imaginary. 2n+1 "42n+1' 2n+1 ( 4  

t h e  following r e s u l t s :  

j c i  = a*cl+(a+)3c + 0 ( ( ~ * ) 5 )  
3 

a r e  t h e  ry "r The real p a r t s  of t h e  eigen funct ions $ 

phys ica l ly  observable r a d i a l  and azimuthal ve loc i ty  f luc tua t ion  

amplitudes, i n  t h e  d is turbed  f i l m  flow. But it i s  important t o  

r e a l i s e  t h a t  t h e  imaginary p a r t s  of t h e  eigen funct ions $ i  and #i 

.f- 
Note t h a t  t h e  r i g h t  hand s i d e  elements have a b u i l t - i n  j 

which cancels t h e  one on t h e  l e f t .  
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a l s o  provide us use fu l  information about t h e  d is turbed  film flow, 

i n  i t s  energy aspec ts .  This may be seen from t h e  s t r u c t u r e  of t h e  

energy balance equation (11-87) i n t o  which both t h e  r e a l  and 

imaginary p a r t s  of t h e  eigenfunctions en ter .  

The real p a r t  of c i s  t h e  propagation speed of t h e  phase of 

t h e  dis turbance,  a l s o  known as t h e  wave c e l e r i t y .  The phys ica l ly  

observable speed i n  experimental  s t a b i l i t y  s t u d i e s ,  i s  however , not 

t h e  phase ve loc i ty  c of a s i n g l e  monochromatic plane wave but  t h e  

group ve loc i ty  c of a wave packet of a continuum of wave numbers 

around t h e  p a r t i c u l a r  wave number of i n t e r e s t .  The group ve loc i ty  

i s  r e l a t e d  t o  t h e  phase ve loc i ty ,  when t h e  dispers ion r e l a t i o n  cf  

t h e  disturbance frequency spectrum is  known. To t h e  order of t h e  

per turba t ion  approximation, (111-77-78) form t h e  dispers ion r e l a t i o n  

of t h e  response of t h e  bas i c  f i l m  flow t o  t h e  disturbance mode. The 

l3 

group ve loc i ty  i s  then given by 

where w = ac i s  t h e  complex frequency of t h e  disturbance mode. 

Thus it follows from (111-77-78, and 79) t h a t  (on rewr i t ing  i n  terms 

of a)  
\ 

c = co+ 3a2c + O( ( a* )4 )  (111-80) 
g 2 

F ina l ly ,  t h e  imaginary p a r t  of t h e  phase ve loc i ty  c gives  

r ise t o  t h e  non-osci l la tory t i m e  dependent exponent ia l  f a c t o r  i n  t h e  

disturbance q u a n t i t i e s  and as such determines t h e  s t a b i l i t y  
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c h a r a c t e r i s t i c s  of t h e  b a s i c  flow with respec t  t o  t h i s  mode. The 

mode is temporally growing, decaying or s t a t i o n a r y  according as 

c < 0 . Furlther, conversion from t h e  temporal evolut ion of 
> 

i ,  

dis turbances t o  s p a t i a l  

rates a. c i )  by Gaster's 

ones can be accomplished ( f o r  s m a l l  growth 

(1963) formulas. 

= j a 2 [ c  +a2c3+ o ( (a* )3 ) ] / [ c0+  3a2c + ~ ( ( a * ) ~ ) ]  
1 2 

(111-81) 

where a denotes t h e  complex wave number charac te r i s ing  t h e  s p a t i a l  

evolut ionary descr ip t ion  of t h e  temporal dis turbance charac te r i sed  

by t h e  r e a l  wave number a and the  complex wave c e l e r i t y  c . 

S 

We a l s o  have t h e  amplif icat ion f a c t o r  G r  given by,  

Gr = ac 
i 

= - ja2[c  + a2c I+ o ( ( a*>6)  (111-82) 
1 3 

'The r e s u l t s  obtained by t runca t ing  t h e  per turba t ion  s e r i e s  

are accurate  upto t h e  order of magnitude ind ica ted  i n  t h e  d isp lay  of 

t h e  various formulas. It i s  seen t h a t  under t h e  condi t ions of 

a p p l i c a b i l i t y  of t h e  per turba t ion  scheme employed, t h e  r e s u l t s  a r e  

indeed q u i t e  acceptable f o r  wave numbers much l e s s  than uni ty .  The 

' L ' L  'L 
twhen r ecas t  i n  terms of a,h, We ins t ead  of a,,& We t h e  

formulas presented ac tua l ly  contain polynomials of t h e  6th and 7th 
degrees i n  a . 
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only l i m i t a t i o n  i n  a numerical sense,  i s  t h a t  a l l  t h e  c o e f f i c i e n t s  

i n  t h e  a-perturbation s e r i e s  obtained here  are considered as of u n i t  

order.  The border l i n e  of such a l i m i t a t i o n  however, can not be 

ascer ta ined  except by an a l t e r n a t e  m e a n s  of g r e a t e r  numerical 

r e l i a b i l i t y  t o  so lve  t h e  eigenvalue problem. The g rav i ty  of  t h i s  

numerical l i m i t a t i o n  i s  p a r t l y  r e l i eved  by going beyond t h e  usua l  

first order t reatment  i n  wave number. 

It may a l s o  be pointed out t h a t  t h e  higher  order treatment 

presented here ,  has enabled us t o  explore phys ica l ly  i n t e r e s t i n g  

aspects  of t h e  s t a b i l i t y  problem which can not be n o n t r i v i a l l y  

handled by a first order t reatment .  

dispers ion r e l a t i o n ,  t h e  group ve loc i ty  and t h e  connection between 

t h e  temporal and t h e  s p a t i a l  dis turbances can be meaningfully 

ascer ta ined  i n  an approximate manner at least ,  by t h e  r e s u l t s  der ived 

i n  t h i s  chapter.  

For ins tance ,  t h e  na ture  of t h e  

The t h i n  f i l m  flow regime i n  t h e  configurat ions of i n t e r e s t  

may be charac te r ized  by a Reynolds number of %lo0 and t h e  question 

of t h e  ex ten t  of numerical v a l i d i t y  of a n a l y t i c a l  r e s u l t s  upto t h i s  

range of t h i s  parameter w i l l  be taken up by proposing a d i r e c t  

numerical ana lys i s  of t h e  eigenvalue problem on a d i g i t a l  computer, 

i n  Chapter I V .  

Now, t o  summarize t h e  r e s u l t s ,  i n so fa r  as t h e  bas i c  

assumptions of t h e  ana lys i s  ho ld ,  we possess by v i r t u e  of t h e  formulas 

der ived i n  earlier sec t ions  quan t i t a t ive  information on t h e  following 
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s t a b i l i t y  c h a r a c t e r i s t i c s  of at least p a r t  of t h e ' t h i n  film flow 

regime : 
(a)  The amplitudes of t h e  dis turbance v e l o c i t i e s  and 

i m p l i c i t l y  t h e  pressure f luc tua t ion  amplitude a l so .  

( b )  The frequency, phase ve loc i ty  and group v e l o c i t y  of t h e  

dis turbances.  

( c )  The growth and decay rates of growing and decaying 

dis turbances,  respec t ive ly .  Formulas t o  convert t hese  r e s u l t s  from 

temporal descr ip t ion  of dis turbances t o  t h e  s p a t i a l  descr ip t ion .  

( d )  The d e t a i l e d  s t r u c t u r e  of t h e  energy t r a n s f e r  i n  t h e  

d is turbed  f i lm flow. 

(e )  The inf luence of t h e  main f ea tu res  of t h e  bas i c  flow, 

namely r o t a t i o n  and t h e  core-gas flow, s u b j e c t ,  of course , t o  t h e  

ac t ions  of v i s c o s i t y  and sur face  tens ion  at t h e  two-fluid i n t e r f a c e .  



CHAPTER I V  

A NUMERICAL STUDY OF THE EIGENVALUE PROBLEM 

4,l Formulation of t h e  Numerical Scheme 

I n  t h i s  chapter  it i s  proposed t o  develop and demonstrate a 

workable d i r e c t  numerical approach t o  t h e  so lu t ion  of t h e  eigenvalue 

problem t r e a t e d  i n  Chapter 111. This provides an a l t e r n a t i v e  method 

of deal ing with t h e  problem and inc iden ta l ly  serves  t h e  following 

purposes a lso:  

extends t h e  region of numerical v a l i d i t y  of t h e  a n a l y t i c a l  r e s u l t s  of 

Chapter 111. Although one may expect t h a t ,  at not t oo  l a rge  Reynolds 

numbers, t h e  r e s u l t s  obtained by a per turba t ion  are accurate  up t o  

O ( a 4 )  , t h i s  speculat ion has t o  be examined c lose ly  by an independent 

means. 

t h e  na ture  and accuracy of regular  per turba t ion  approaches t o  t h e  

so lu t ion  of eigenvalue problems. 

(a )  It examines, checks and modifies , or possibly 

( b )  The numerical experience gained may throw some l i g h t  on 

We can obta in  t h e  so lu t ion  of t h e  boundary value problem by 
* 

superposing fundamental so lu t ions  of t h e  governing l i n e a r  

d i f f e r e n t i a l  equat ions,  s ince  t h e  b.c.  are a l s o  l i n e a r  i n  t h e  

dependent funct ions e The required fundamental so lu t ions  of t h e  

d i f f e r e n t i a l  equations can be obtained by some stepwise in t eg ra t ion  

scheme. (Runge-Kutta of 4th order  accuracy w i l l  be employed h e r e ) .  

+3 
To be def ined present ly .  

-85- 
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For t h i s  purpose we set  

Then we have t h e  following system: 

5 = (D2- a2)4 

where b = -jaRe 

5" = +b-rn"(x)$ + 2a2T$ +[-b-(m(x)-c)+a2]s 

( IV-3  with t h e  b , c .  

4(1) = 0 ( I V - 4 )  

For t h e  above, s i x t h  order (complex) system, we have a s e t  of s i x  

l i n e a r l y  independent so lu t ions ,  known as t h e  Fundamental so lu t ions ,  

corresponding t o  t h e  l i n e a r l y  independent i n i t i a l  conditions 

(abbreviated i . c .  from now on) at x = x shown i n  Table 4 . 1  . 
0 
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TABLE 4.1 

We denote each fundamental so lu t ion  by t h e  subsc r ip t  corresponding 

t o  t h e  index assigned t o  t h e  i . c .  i n  t h e  last row of t h e  abwe  t a b l e .  

Thus, (41,  C1) are t h e  so lu t ions  of t h e  i n i t i a l  value 

problem with t h e  i n i t i a l  condi t ions i n  t h e  four th  column of numbers 

i n  Table 4.1, 

t ake  t h e  i n i t i a l  po in t  x at x 1, i . e . ,  at t h e  r i g i d  boundary. 

The required so lu t ions  

problem are l i n e a r  combinat ions of t h e  fundament a1 so lu t ions  , and 

are given by 

For a reason which becomes qpparent p re sen t ly ,  we 

0 

( + , 5 ,  $1 of t h e  l i n e a r  boundary value 

c p =  

* =  

5 =  i 
6 , ,  
c ,Aicpi 

G AiJfi 

i=l 
6 a  

i=l 
6 a  

Airi 
i= 1 

( I V - 1 0 )  
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Now applying the  b.c. ( I V - 4 ,  IV-5 IV-6) regarding t h e  s i x  sets of 

functions ( $i, qi c i )  as known and using t h e i r  appropriate  i n i t i a l  

values,  we g e t  : 

As * 1 = 0  
n 

A, 1 = 0  

A 4 ' 1 = 0  
A 

( I V - 1 1 )  

( I V - 1 2 )  

( I V - 1 3  

Therefore, t he  required so lu t ions  ( $ , + , c )  now involve only t h r e e  

A I ,  A 2 ,  A a r b i t r a r y  complex constants 

because we have e x p l i c i t l y  made use of t h e  th ree  simple b .c .  

* A h  

i n s t e a d  of s i x  as i n  ( I V - 1 0 )  
3 

s p e c i f i e d  at x = 1 . Now w e  s h a l l  apply t h e  th ree  remaining b.c .  

at  x = 0 , and obtain t h e  formal r e l a t i o n s h i p  corresponding t o  t h e  

required eigenvalue r e l a t i o n  i n  terms of t h e  fundamental so lu t ions .  

Application of t h e  b.c .  ( I V - 7  t h r u  9 )  y ie lds :  

A A A 

( IV-16 ) 

The secular  r e l a t i o n s h i p  i s  the condition t h a t  n o n t r i v i a l  eigen- 

functions ( $ JI , e )  exis t  f o r  the- homogeneous boundary value problem. 

This i s  equivalent t o  the  condition t h a t  A A,, A a r e  not a l l  

zero. 

a lgebraic  equations for  

A A ~  

l Y  3 

Since ( I V - 1 4  t h r u  16) a re  a set of homogeneous l i n e a r  
A A A  

A19 A2, A 3 ,  t h e  necessary and s u f f i c i e n t  
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A A A 

condition t h a t  IA1 I + IA2 l 2  + IA3I2  # 0 is  t h a t  t h e  determinant 

( 1v-17 

Expanding t h i s  3 x 3 determinant t h e  equivalent of t h e  required 

eigenvalue r e l a t i o n s h i p  i s  the  following equation i n  terms of  t h e  

proper t ies  of t he  fundamental so lu t ions  at t h e  mean in t e r f ace  

and t h e  physical  parameters and disturbance c h a r a c t e r i s t i c s  of t h e  

problem. 

x = 0 
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The equation (IV-18) can be separated i n t o  i t s  real and imaginary 

p a r t s  and we then have 

( IV-20) 

where t h e  subsc r ip t s  r ,  i have been used t o  denote t h e  r e a l  and 

imaginary p a r t s  of t h e  quant i ty  subscripted. The symbols o ther  than 

s tand f o r  t h e  following expressions e x p l i c i t l y :  
1 2 3  

$ 
3 ¶  

( Y Z )  = 

( Y Z )  = 

r 

i 

where 

( Y Z l ) ,  = 

( Y Z l I i  = 

with 

( Z l )  = r 

( Z l I i  = 

(YZ21, = 

(YZ24 = 

( Y Z l ) , +  (YZ2) + (YZ3),+ (yz4),+ ( Y Z 5 ) ,  
r 

(yz1) .+ (YZ2) .+ (YZ3Ii+ ( Y Z 4 I i +  ( Y Z 5 I i  
1 1 
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In view of the fact that the sane coefficients as before appear in 

(RS) and (TU) , we introduce the symbols defined in Table 4.2 . 
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TABLE 4.2 

BER = BrEr- $)Ei , BE1 = 

BCR = 3 icr+Brci 

DCR = $).:,- Bi:i 

$.E i r  
2r 2r 

, 

, DCI = 

BCI = 3 : -3 : i i  r r  

Q J n  2 r A  Q J A  Q J A  
ECR = c E - ciEi , ECI = crEi+ ciEr r r  

2r 
CCR = 2crci 

We then have 

where 
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(RSk), = ECR(S4)r- ECI(S4)i 

(RS4)i = ECR(S4Ii+ ECI(S4), 

(TU) = (TU1)r+ (TU2),+ (TU3),+ (TU4),+ (TU5), 

(TU)i = (TUl)i+ (TU2).+ 1 (TU3)i+ (TU5li 

r 

where 

(TU1) = BER(Ul)r- BEI(Ul)i r 



-9 4- 

4.2 Computational Scheme 

(a)  The Procedure i n  Outline 

The numerical scheme described e a r l i e r  i s  programmed i n  

Fortran V f o r  execution on t h e  high speed d i g i t a l  computer LJNIVAC 

1108. The main s t e p s  i n  t h e  program are i l l u s t r a t e d  i n  t h e  flow 

char t  given i n  Fig. 4.1 . 

Determination of t h e  eigenvalue r e l a t ionsh ip  defined by 

(IV-18) i s  a challenging and soph i s t i ca t ed  p ro jec t  f o r  execution on 
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Read i n  Re, .,A, A ,  Ci and t h e  s t a r t i n g  v a l u e s  a p an, Cr = Go. 

c o n q t r u c t  fundamen ta l  s o l u t i o n s  for  p r o n e r  i . c .  

I I 

REK, M I ,  BCR, B C I ,  DCR, D C I ,  E C R ,  E C I ,  CCR, CCI, 
e v a l u a t e  F ,  C, and FGNORX = (F2 + c2, j  d e f i n e d  bv t h e  

C o n s t r u c t  two mnre se ts  nf funda-  
m e n t a l  s o l u t f  ons c o r r e s p o n d i n g  tn 
(an + ?laq, c,) a n d  ( a n ,  c0 + ? c  1:  
Estimate 

0 

u s e  Newton-Raphson method t o  o b t a i n  
improved s t a r t i n g  v a l u e s  (a , c ) 

f o r  t h e  e i g e n v a l u e  p a r a m e t e r s .  
Peset 

1 1  

= cn  = c1 

Llith t h e  r i g h t  e i g e n v a l u e s  and t h e  c o r r e s p o n d i n g  set  of fundamen ta l  
s o l u t i o n s ,  d e t e r m i n e  t h e  e i g e n f u n c t i o n s  by e v a l u a t i n g  t h e  c o n s t a n t  
c o e f f i c i e n t s  i n  t h e  p r o p e r  l i n e a r  combina t ion  of t h e  fundamen ta l  
s o l u t i o n s .  

For a n e u t r a l ,  ax i symmet r i c  mode, u s i n g  e i q e n f u n c t i o n s ,  c a l c u l a t e  
terms i n  the ene rgy  b a l a n c e  e q u a t i o n  (11-87).  O h t a i n  i n t e p , r a l s  
c o r r e s p o n d i n g  t o  p r o d u c t i o n ,  c e n t r i f u g a l  a c t i o n  and v i s c o u s  
d i s s i p a t i o n .  

Fig. 4.1 Flow c h a r t  of t h e  c o m p u t a t i o n a l  p r o c e d u r e .  
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t he  d i g i t a l  computer, and it d e f i n i t e l y  involves considerable 

machine and programing time. The complexity of t h e  problem derives  

mainly from t h e  l a rge  order of t he  system and t h e  number of para- 

meters t o  be var ied.  We start with a f ixed  set of values f o r  R e ,  T ,  

W e ,  K, A and ci and two "guess-values" c = c and a = a e r 0 0 

Theq we construct  t h e  s i x  functions as 

so lu t ions  of an i n i t i a l  value problem, s t a r t i n g  with i , c .  N o  1, 2 

($r,  I$,, $r, $i ,  C r y  T i )  

and 3. Thus we have t h e  t h r e e  fundamental so lu t ions ,  whose values 

and t h e i r  de r iva t ive  values at t h e  o ther  boundary x = 0 a r e  now 

known. By using these  q u a n t i t i e s  we can form t h e  expressions F 

and G on t h e  l e f t  s i d e  of ( I V - 1 9 )  and (IV-20). In  genera l ,  t h e  

p a i r  ( c o y  ao) 

( I V - 1 9 )  and (IV-20). 

may not guarantee t h e  s a t i s f a c t i o n  of t h e  equations 

Then by an appropriately chosen scheme of 

i t e r a t i o n  ( t o  be described below) w e  a r r i v e  a t  new and hopeful ly  a 

b e t t e r  p a i r  of s t a r t i n g  values cr = c1 and a = a l e  The process 

i s  repeated u n t i l  ( I V - 1 9 )  and (IV-20) a re  indeed s a t i s f i e d .  A s  a 

p r a c t i c a l  measure w e  may s a t i s f y  ourselves with t h e  r e s u l t  say 

IF1 5 - lom6 and IG{ - 5 . 
( b )  The I t e r a t i o n  Procedure 

The success of t h e  proposed method obviously depends on two 

fac to r s :  (a )  a b i l i t y  t o  secure reasonable s t a r t i n g  values.  In  t h i s  

aspect t h e  r e s u l t s  of Chapter I11 may be expected t o  serve  as a 

guide,  at least i n  t h e  neighbourhood of t h e  o r ig in  and t h e  a = 0 

ax i s  on t h e  Re-a plane. ( b )  

of  i t e r a t i o n  and improvement of t h e  s t a r t i n g  guesses f o r  t h e  eigen- 

The establishment of a r a t i o n a l  scheme 
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values t o  ensure r ap id  convergence a 

The i t e r a t i o n  scheme used i n  t h e  present  i nves t iga t ion  is  

Newton-Raphson method of solving nonl inear  based on t h e  genera l  

equations.  O f  t h e  parameters ( a ,  cy, c i )  one customarily views 

c = c + j c i  as t h e  eigenvalue and a as a given parameter. How- 

ever  it i s  more des i rab le  t o  obta in  t h e  phys ica l ly  i n t e r e s t i n g  

information about growing, n e u t r a l  as we l l  as damped disturbances 

by t r e a t i n g  c as a given parameter. We have, t he re fo re ,  adopted 

( a ,  cr)  as t h e  eigenvalue p a i r .  The problem then i s  t o  obtain t h e  

p a i r  (a,  er)  f o r  a spec i f i ed  s e t  of values ( R e ,  IC, A,,&, c i )  such 

t h a t  

r 

i 

F(a ,  c r )  = 0 

and G ( a ,  c r )  = 0 

If  (ao, c o )  i s  t h e  approximate loca t ion  of t h e  eigenvalue,  

then a b e t t e r  approximation 

equations (which a re  merely Taylor expansions of 

G ( a l ,  e l )  about (ao, c o ) )  : 

( a l ,  cl) i s  given by solving t h e  l i n e a r  

F ( a l ,  e l )  , 

( I V - 2 2 )  

However F and G are known only numerically a f t e r  stepwise 
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i n t eg ra t ion  of t h e  t h r e e  fundamental so lu t ions  upto t h e  mean i n t e r -  

face x = 0 and forming t h e  expressions i n  (IV-19,20). For t h e  

determination of t h e  pa;r?tial der iva t ives  of F and G occurring i n  

(IV-21,22) we obtain two add i t iona l  sets of fundamental so lu t ions  

corresponding t o  ( a  +Aao,co) and (ao,co+Aco) keeping a l l  t h e  

o ther  parameters f ixed ,  and record (AF, AG) t h e  corresponding 

changes i n  F,  G . These w i l l  enable us t o  es t imate  - - * 

0 

aF aG 
aa ’ aa 

aF at (ao, e o )  . After  some i n i t i a l  explorat ion values of a + ¶  a@, 
Aa, Ac ‘L 0(10-5) were found qu i t e  s a t i s f a c t o r y  i n  t h i s  f i n i t e  

d i f fe renc ing  process. The i t e r a t i o n  i s  continued wtil  convergence. 

The c r i t e r i o n  of convergence i s  two fo ld .  (a )  IF/ < and 

I G l  < 10 or equivalent ly  FGNORM = (F2+ G2)’”< 10- ( b )  The 

average absolute  change i n  t h e  eigenvalues i s  less than . 
-6 6 

1”’’ a0l+lc1- coI  
i . e .  , < 10-6 

2 

( c )  Eigenfunctions and t h e  Energy Balance Equation 

Having determined t h e  eigenvalues ( a ,  cy)  f o r  given 

(Re, K,$ , A 
(IV-14, 15, 16) f o r  t h e  complex constant 

is  now cons is ten t  s ince  t h e  secular  r e l a t ionsh ips  (IV-19, 20) a re  

and c . )  one can solve t h e  system of l i n e a r  equations 

The system 

1 
h A h  

A’, A 2 ,  A3 

indeed s a t i s f i e d  by t h e  eigenvalue pa i r .  The t h r e e  pe r t inen t  

fundamental so lu t ions  are determined by s t a r t i n g  with t h e  exact 

eigenvalue p a i r .  Then t h e  coe f f i c i en t s  i n  ( I V - 1 4 ,  1 5 ,  16)  are known 

constants.  Since t h e  problem i s  homogeneous , an a r b i t r a r y  normal- 

i z a t i o n  constant can be selected.  By s e t t i n g  A2 = 1 f o r  example 
h 
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A A 

A1 , A 3  a re  so lu t ions  of 

and 

The eigenfunctions a re  then 

1 9 = A,+,+ 42+ A 3 4 3  

With t h e  eigenfunctions thus determined, one can e x p l i c i t l y  

w r i t e  down t h e  var ious terms i n  t h e  energy balance equation (11-87) 

for t h e  s p e c i a l  case of a n e u t r a l  mode. The integrands for t h e  

production E , t h e  cen t r i fuga l  ac t ion  Ec and t h e  viscous 

d i s s ipa t ion  Ev can be numerically in t eg ra t ed  t o  check t h e  satis- 

f ac t ion  of t h e  energy balance equation. 

P 

4.3 Brief  Description of t h e  Important Elements of t h e  
Computer Program 

A l l  t h e  programs and subprograms used were developed ab i n i t i o  

and t e s t e d  by t h e  author.  They w e r e  a l l  wr i t t en  i n  Fortran V f o r  

'Note however t h a t  for t h e  case of pure a x i a l  flow without 
r o t a t i o n ,  4 i s  independent of IJJ (cf .  Section 5.3). Then t h e  
eigenfunction 9 for t h e  axial flow s t a b i l i t y  problem i s  given by 

4 = A343+ 42 , choosing again 
h n 

A2 = 1 . 
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execution on t h e  UNIVAC 1108. The e n t i r e  ar i thmetic  w a s  done i n  

double precis ion.  

( i) Program EIGENVALUE 

Input parameters a re  K,R,,$, A ,  ci and values of R e  over 

t he  s e l e c t e d  range of i n t e r e s t  (0,200) , along with s t a r t i n g  

approximations f o r  (a ,  cy)  corresponding t o  the  f i r s t  two Reynolds 

number values. Defining formulas f o r  t h e  dependent parameters We , 

T,a,a , E ,  ACR, ARE a re  supplied.  The s t e p  s i z e  H i n  t h e  Runge- 

Kutta i n t e g r a t i o n  is  cont ro l led  by t h i s  program. It w a s  found t h a t  

H = 0.02 w a s  s a t i s f a c t o r y  i n  general  and f o r  l R e l  > 100 , H = 0.01 

w a s  used. 

accuracy Rmge-Kutta formulas i s  0(10'8) . The program generates 

t h e  s t a r t i n g  approximations (a ,  c r )  

values by l i n e a r  extrapolat ion from t h e  previously ca lcu la ted  exact 

eigenvalues f o r  t h e  immediately e a r l i e r  p a i r  of R e  values.  

h 

The t runcat ion e r r o r  per s t e p  while using 4th order 

f o r  t h e  t h i r d  and later Re 

The output parameters from the  program a r e  R e ,  a ,  c wr with r y  

a t i t l e  descr ibing t h e  point  of t h e  parameter space 

t o  which t h e s e  s t a b i l i t y  cha rac t e r i s t i c s  correspond. Also recorded 

are the  a c t u a l  values a t t a i n e d  by F ,  G ,  FGNORM, /a l -  aol , ]e1- coI 

at the  f i n a l  s tage  of i t e r a t i o n  and t h e  t o t a l  number of i t e r a t i o n s  

required f o r  convergence. 

( K ,  A,& ; ci) 

(ii) Subprogram FNG 

This c a l l s  another subprogram RKINTG t h r e e  t i m e s  t o  

construct  t h e  th ree  fundamental so lu t ions  required and forms t h e  



-101- 

involved expressions developed i n  Section 4 .1  and evaluates  F,  G 

This subrout ine as given i n  ( I V - 1 9 ,  20) and FGNORM = r-- F2+ G2 

outputs F,  G ,  FGNORM t o  EIGENVALUE , which at each s tage  checks 

whether t h e  convergence c r i t e r i o n  is satisfied or not before  going t o  

t h e  next i t e r a t i o n .  

(iii) Subprogram RKINTG 

This i n t e g r a t e s  t h e  following system of s i x  2nd order ordinary 

d i f f e r e n t i a l  equations by t r e a t i n g  them as a system of 12 f i r s t  order 

equations using Runge-Kutta formulas of 4th order  accuracy, as given 

i n  Abramowitz and Stegun (1965).  

The system of coupled complex d i f f e r e n t i a l  equations (IV-1,2, 

3 )  f o r  $, Q, < a re  equivalent t o  t h e  following system f o r  ($r ,$i ,  

Q r Y  Qi, G r Y  C i )  

(IV-25 

( IV-26) 

3aRe $ + 2a2TJli+ (ACR)Si  <; = - A r  

where ACR = ( a2+ aRec. ) 
1 
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Note t h a t  t h e  same funct iona l  formulas can be used during a 

Runge-Kutta i n t eg ra t ion  process for t h e  cases c = 0 and ci # 0 . 
Thus t h e  programs a re  equipped t o  dea l  with growing,neutral  and 

damped dis turbances with equal  f a c i l i t y .  

i 

Each fundamental so lu t ion  i s  constructed by RKINTG when t h e  

corresponding i . c .  and t h e  s t e p  s i z e  H are suppl ied by t h e  c a l l i n g  

program. 

( i v )  Program EIGENFUNCTION 

A t  a f ixed  poin t  i n  t h e  parameter space, s t a r t i n g  with t h e  

exact eigenvalues suppl ied by EIGENVALUE, t h i s  determines t h e  

appropriate  fundamental so lu t ions  by c a l l i n g  RKINTG th ree  t i m e s .  By 

solving (IV-23, 24)  t h e  proper l i n e a r  combinations of t h e  fundamental 

so lu t ions  a r e  formed t o  give t h e  eigenfunctions,  

A A 

4 = A,$, + t)2 + A 3 4 3  

A h 

h A 

Simultaneously t h e  der iva t ives  $ '  , JI' , <'  are a l s o  

determined. 

(as i s  t h e  case i n  t h e  a n a l y t i c a l  i nves t iga t ion  of Chapter 111). 

Then these  eigenfunctions are renormalized with $ ( O )  = 1 

The eigenfunctions ( 4 ,  J I ,  r )  then can be r e a d i l y  used t o  

determine t h e  d i f f e r e n t  terms i n  t h e  energy equation (11-87), for a 

poin t  on t h e  n e u t r a l  surface.  
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The integrands f o r  t h e  production E , t h e  cen t r i fuga l  ac t ion  
P 

are now in t eg ra t ed  numerically Ev Ec and t h e  viscous d i s s ipa t ion  

by Simpson's r u l e ,  with a 50 s t e p  d iv is ion  of t h e  bas i c  i n t e r v a l  

0 - -  c x < 1 . By adding up these  t h r e e  i n t e g r a l s  we can check t h e  

s a t i s f a c t i o n  of t h e  energy equation f o r  a n e u t r a l  mode by comparing 

t h i s  s u  with 

determined by using t h e  eigenfunctions.  

- y ( t h e  sur face  p o t e n t i a l  energy) which i s  a l s o  



CHAPTER V 

THE DAMPED NATURE OF CERTAIN LONG-WAVE DISTURBANCES 

AND THE VERY SHORT WAVES 

5 a 1 In t roduct ion  

A hydrodynamical s t a b i l i t y  inves t iga t ion  of a given bas i c  

flow configurat ion i s  complete, s t r i c t l y  speaking, only when t h e  

response of t h e  configurat ion t o  t h e  e n t i r e  spectrum of disturbance 

frequency modes i s  obtained. I n  mathematical terms, t h i s  implies 

t h e  demand t h a t  one must obtain t h e  complex frequency 

va len t ly  Che complex phase ve loc i ty  c ) of a l l  t h e  Fourier  components 

i n t o  which an a r b i t r a r y  dis turbance can be analyzed, as a funct ion 

of  t h e  dis turbance wavelength (or equivBlently t h e  wave number) . 
f a c t ,  t h e  complete s t a b i l i t y  ana lys i s  should cover both i n f i n i t e s i m a l  

and f i n i t e  dis turbances.  Such a formidable t a s k ,  however, is  not 

genera l ly  attempted f o r  two main reasons: f i r s t l y ,  because of t h e  

state of t h e  art i n  t h e  theory of nonl inear  p a r t i a l  d i f f e r e n t i a l  

equations and t h e i r  p r a c t i c a l  f e a s i b i l i t y :  secondly,  and perhaps 

more importantly,  because of t h e  ranges of phys ica l  i n t e r e s t  ( c e r t a i n  

ca tegor ies  of dis turbances a r e  more important than o t h e r s ) .  F i n i t e  

dis turbances are i n  p r inc ip l e  avoidable i n  a cont ro l led  experiment ; 

and a study of i n f i n i t e s i m a l  dis turbances which can not be avoided 

a l toge the r  takes p r i o r i t y  study. This i s  t h e  main reason why 

considerable e f f o r t  is  exerc ised  i n  t h e  l ineaxized  s m a l l  

w ( or equi- 

I n  
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disturbance theo r i e s .  Again , t h e  more " in t e re s t ing"  p a r t  of t h e  

dis turbance spectrum from t h e  appl ica t ion  point  of view i s  t h a t  which 

may discover  i n s t a b i l i t i e s  r a t h e r  than s tabi l i t ies .  But , one must 

make sure t h a t  t h e  ca tegor ies  of dis turbances l e f t  out of t h e  c lose  

inspec t ion  are indeed un in te re s t ing  i n  t h e  above sense ( i . e . ,  show 

only s t a b i l i t y )  t o  j u s t i f y  t h e  primary focus of a t t e n t i o n  on only 

c e r t a i n  o ther  ca tegor ies  of dis turbances.  It is  i n  t h i s  perspec t ive  

t h a t  a p l aus ib l e  case i s  made i n  t h e  present  chapter  t o  j u s t i f y  our 

r e s t r i c t i n g  a t t e n t i o n  t o  t h e  long-wave axisymmetric dis turbances for 

t h e  swir l ing  film flow. We s h a l l  consider i n  p a r t i c u l a r  ( a )  long- 

wave , non-axisymmetric modes ; ( b )  long-wave modes at i n f i n i t e  

sur face  tens ion ,  ( c )  azimuthal waves f o r  t h e  s p e c i a l  case of 

T = 0 , i . e .  , no r o t a t i o n ,  and ( d )  t h e  very sho r t  waves. The 

common fea tu re  of a l l  t hese  dis turbance modes i s  t h e i r  damped na tu re  

and t h e i r  consequent omission i n  c lose r  s t a b i l i t y  inves t iga t ion .  The 

mathematical approach t o  the  corresponding eigenvalue problems i n  

cases  ( a ) ,  ( b )  and ( c )  i s  a l s o  i d e n t i c a l .  The method of ana lys i s  i s  

p a r a l l e l  t o  t h a t  of Yih (1963) i n  e s t ab l i sh ing  t h e  damped na ture  of 

shear  waves f o r  plane P o i s e u i l l e  flow and f a l l i n g  f i l m  flow on an 

inc l ined  plane.  

5 2 Longwave Non-axisymmetric Disturbance Modes 

The non-axisymmetric modes of dis turbance are governed by 

equations (11-56) through (11-63) with n = 1,2,3 ,... . If w e  w i s h  

t o  look f o r  longwave dis turbances i n  these  ca t egor i e s ,  i n  the .  same 



manner as i n  Chapter I11 by regulqr  per turba t ion  with respec t  t o  

a << 1 , t ak ing  a l l  o the r  parameters including t h e  unknown eigen- 

value parameter c i n  t h e  boundary value problem as of unit order 

t hen ,  we f i n d  t h a t ,  i n  t h e  zeroth order ,  c disappears a l toge the r  

from t h e  eigenvalue problem and we have t h e  following system: 

The homogeneous boundary value problem for $o given by 

( V - l ) ,  ( V - 3 ) ,  ( V - 4 ) ,  (v-6) and (V-7)  has only t h e  t r i v i a l  so lu t ion  

f o r  a,n a r b i t r a r y  T . If $ f 0 t h e  homogeneous system fo r  

given by ( V - 2 ) ,  ( V - 5 ) ,  and (V-8) a l s o  has only a t r i v i a l  so lu t ion  i n  

genera l  f o r  a s p e c i f i e d  T . Fur ther ,  t h e  eigenvalue parameter c 

t o  t h e  zeroth order  is  indeterminate.  

$0 0 

This apparent ly  meaningless s i t u a t i o n  stems from t h e  f a c t  

t h a t  w e  forced i t ,  by t h e  overdetermining s t i p u l a t i o n  t o  start  wi th ,  

viz .  , t h a t  c 'L O(1) i n  t h e  l i m i t  a + 0 . This i s  a r a t h e r  
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d e f i n i t e  assumption about t h e  dispers ion r e l a t i o n  of t h e  frequency 

response of t h e  bas i c  configuration. The above s t i p u l a t i o n  by 

implicat ion d i c t a t e s  a s p e c i f i c  property of t h e  dispers ion r e l a t i o n :  

w = w ( a )  near  t h e  o r ig in  of a , v i z . ,  t h a t  w = ac + 0 as a + 0 . 
Since t h e  d ispers ion  r e l a t i o n  i s  p rec i se ly  t h e  object  of our 

mathematical i nves t iga t ion  , t h e  assumption has no a p r i o r i  j u s t i f i -  

ca t ion .  It t u r n s  out a p o s t e r i o r i  t h a t  t h e  axisymmetric long-waxe 

dis turbances have indeed t h e  property t h a t  b e i r  frequency tends t o  

zero at i n f i n i t e  wavelength , while t h e  phase ve loc i ty  remains f i n i t e  

and non-zero. However, t h e  contrary p o s s i b i l i t y  t h a t  t h e  disturbance 

frequency i t s e l f  remains f i n i t e  as t h e  wavelength becomes i n f i n i t e  

a l s o  e x i s t s ,  and i s  indeed t h e  only one t o  reckon with i n  t h e  present 

case where t h e  o ther  p o s s i b i l i t y  l e d  t o  a meaningless r e s u l t .  (These 

remarks apply t o  t h e  analyses i n  Sections 5.3 and 5e4 a l s o ) .  

Now t ak ing  w = ac as f i n i t e  and non-zero i n  t h e  l i m i t  we 

have t h e  following system of equations governing t h e  non-axisymmetric 

disturbance modes. 

$0 iv - j(n&-- Rewo)$: = 0 

$J: - j ( n f i -  Rewo)$Jo - - $o 

I p 0 ( l )  = 0 (v-11) 

(V-9)  

(v-10) 
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L e t  

We have denoted by wo t he  l i m i t  of  w = ac ,  as a +- 0 

Then, (V-9) has t h e  general  so lu t ion  

$,(x) = Ao+ Box+ Coeqx+ Doe-qx (v-18) 

Application of b.c. (V-11) , (V-12), (V-14) and (V-15) y ie lds  

A ~ +  B ~ +  coeq + D 0 e-' = o 

B ~ +  q(coeq - D e-') = o (v-20) 

q2(Co+ Do) = 0 (v-21) 

q2Bo = 0 (v-22 ) 

(v-19 1 

0 

If q = 0 t h e  system (V-91, (V-ll), (V-121, (V-14) and 

(V-l$) again reduces t o  one which admits only the  t r i v i a l  so lu t ions  

4 5 0 and t h a t  forces  J, governed by (V-101, (V-13) and (v-16) 

a l s o  t o  be t r i v i a l .  Thus, w e  must take  q # 0 . Then, from (V-19) 

through (V-22) we ge t  t h e  eigenvalue r e l a t i o n s h i p  by requi r ing  

0 0 

$ , f O :  

cosh q = 0 (V-23) 

with Do = -Co # 0 (V-24) 

and A. = -2C0 (V-25) 
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We have t o  look at t h e  so lu t ions  of t h e  complex equation 

(V-23) t o  s ee  t h e  na ture  of t h e  non-axisymmetric, long-wave 

dis turbances 

We now l e t  q = ( a  + j B )  . Then (V-23) implies 

cosh a cos B = 0 

s inh  a s i n  B = 0 
and 

(v-26) 

(V-27 

which have so lu t ions  

a = o  (V-28) 

B = Bk = - +(2k+l) 5 , k = 0,1,2, ... (V-29) 

From (v-28,291 and (V-17) we have 

Rewo- n 6 =  j q 2  = -jB; 

and consequently 

w =  (V-31) 
0 

W e  r e c a l l  from Sect ion 2.6 t h a t  R e  i s  p o s i t i v e  f o r  t h e  case of t h e  

downward film flow and negat ive f o r  t h e  upward f i l m  flow and a l s o  

t h a t  t h e  reference speed Wo used f o r  nondimensionalization of w 

has t h e  same s ign  as Re . Then (V-31) shows t h a t  t h e  dimensional 

value of ( w o ) i  

of t h e  long-wave, non-axisymmetric dis turbances a t ,  a l l  not t o o  

l a r g e ,  Reynolds and Taylor numbers both f o r  upflow and downflow of 

0 

i s  negat ive ,  and thus  e s t ab l i shes  t h e  damped nature  

t h e  f i l m .  Noteworthy f a c t s  a re :  ( a )  t h e r e  e x i s t s  a countable 

i n f i n i t y  of complex frequencies of t h e  same wavelength; and ( b )  
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a l l  of them are damped, and t h e  damping f a c t o r  i s  a r b i t r a r i l y  la rge .  

So, a park icu lar  long-wave disturbance of any given length w i l l  be 

damped out by t h e  appropriate  s i z e  of t h e  damping f ac to r .  

5.3 Long-wave Disturbances i n  t h e  Special  Case of I n f i n i t e  
Surface Tens im 

For t h e  case of i n f i n i t e  surface tension t h e  Weber number 

vanishes and t h e  i n t e r f a c i a l  b.c.  (11-61) and (11-62) reduce t o  

The system of equations (11-56) through (11-63) toge ther  with 

b.c. (11-61) and (11-62) as modified above, must be perturbed with 

respect  t o  t h e  wave number a -f 0 , while looking f o r  long-wave 

disturbances.  Again, as i n  Section 5.2,  we f i n d  t h a t  holding 

c 'L O(1) while a -f 0 i s  not co r rec t ,  and accordingly we hold t h e  

frequency w = ac 2, a(1) as a -t 0 . The governing system t o  t h e  

zeroth order then i s  ( i r r e spec t ive  of t h e  axisymmetry of t he  

disturbance mode) 

iiv)+ 0 j ( R e w  0 - n m ; P g  = 0 (v-34 1 
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(V-40) 

(V-41) 

We note  t h a t  t h e  above system d i f f e r s  from t h e  system (V-9) 

through (~-16)~ t r e a t e d  i n  Sect ion 5.2 only i n  t h e  b.c .  (V-40). 

again l e t  

We 

j (nf i - -  Reao) = q2 (V-42) 

which i s  i d e n t i c a l  with (V-17) of Sect ion 5.2. Then (V-34) has the  

so lu t ion  

$,(XI = A ~ +  B 0 X+ CoeqX+ D 0 e-qX (v-43) 

which y i e l d s ,  on s a t i s f a c t i o n  of t h e  b.c.  (V-36), (V-37), (V-39) and 

( V- 40 ) respe c t  i v e  l y  , 

A ~ +  B ~ +  Coeq+ D 0 e-9 = o 

B ~ +  q(coeq- D 0 e"> = o (v-45) 

Ao+ Co+ D 0 = 0 0-47) 

(v-44) 

q2(Co+ Do) = 0 (v-46) 

Since q = 0 i s  inadmissible  f o r  t h e  same reasons as i n  

Sect ion 5.2, t h e  eigenvalue r e l a t ionsh ip  f o r  n o n t r i v i a l  so lu t ions  i s  

s inh  q = q cosh q (V-48) 

(-49 1 A. = 0 with 
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If we l e t  

(V-48) gives  

a c o s h a c o s  B -  B s i n h a  s i n B =  s i n h a c o s  B ( V - 5 3 )  

a s i n h a s i n  B + B c o s h a c o s  B =  c o s h a s i n  f3 (V-54 1 

Equations (V-53) and ( V - 5 4 )  havea countable i n f i n i t y  of  

so lu t ions  : 

a = O  , @ = B ,  (v-55) 

where 6, are t h e  r e a l  roo ts  of 

z = t a n  z (v ide  Fig.  5 . 1 )  ( V - 5 6 )  

The roo t s  Bk -f m i n  view of t h e  per iodic  na ture  of  t a n  z ; 

and, as a r e s u l t ,  w e  have 

Then ‘from (V-42)  w e  have 

Again, s ince t h e  non-dimensionalizing re ference  speed Wo, R e  5 0 

according as t h e  f i l m  i s  moving v e r t i c a l l y  downward or upward, we 

s e e  from equation (V-58) t h a t  t h e  dimensional value of i s  

negat ive.  This demonstrates t h e  damped na ture  of t h e  long-wave 

dis turbances ( i r r e s p e c t i v e  of axisymmetry) a t  i n f i n i t e  su r face  
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Fig. 5.1 Schematic l o c a t i o n  of t he  roots of p = Tan Z, 

Y = Tan 2 ,  --- Y = 2. --- 
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t ens ion ,  both f o r  upward and downward flows of t h e  film. 

5.4 Azimuthal Waves f o r  t h e  Case of Pure Axial Film Flow 
Without Rot at i on 

Since T appears only as a regular  per turba t ion  parameter i n  

t h e  governing d i f f e r e n t i a l  equations of t h e  s t a b i l i t y  problem, t h e  

r e s u l t s  of our per turba t ion  ana lys i s  f o r  t h e  s p e c i a l  case of zero 

r o t a t i o n a l  speed should be der ivable  from those of t h e  general  case 

by l e t t i n g  T -f 0 i n  la t ter .  We r e c a l l  t h a t ,  i n  t h e  per turba t ion  

scheme adopted for t h e  so lu t ion  of t h e  eigenvalue problem, t h e  

inf luence of JI on t h e  so lu t ions  ($n ,  en) w a s  through t h e  term 

mul t ip l ied  by T ; and, as such, those f i n a l  r e s u l t s  f o r  t h e  case 

T = 0 a re  independent of JI e But t h e  question of what JI ac tua l ly  

i s ,  has t o  be examined a l i t t l e  carefu l ly .  

By going back t o  t h e  disturbance equations (11-30,33), we 

note  t h a t ,  i n  t h e  case of no r o t a t i o n ,  T = 0 and under t h e  t h i n  f i l m  

approximation t h e  azimuthal disturbance equations a r e  uncoupled 

from those  of t h e  r a d i a l  and a x i a l  disturbances.  A s  such, t h e  system 

admits a more genera l  form of the  so lu t ions  with 

and a l l  o ther  q u a n t i t i e s  remaining t h e  same. Here t h e  dimensional 

complex phase ve loc i ty  c; i s  not necessa r i ly  t h e  same as c8 .) t h e  

dimensional phase ve loc i ty  of t h e  r a d i a l  and a x i a l  disturbances 

which are s t i l l  coupled. Then t h e  f i n a l  non-dimensional form of t h e  

s t a b i l i t y  problem for t h e  azimuthal disturbances can be wr i t t en  i n  
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t h e  same nota t ion  as before ,  as follows: 

I$' - jaRe(m(x)- cA)$ = 0 

with t h e  boundary conditions 

(v-59) 

(v-60) 

(v-61) 

Again, i n  search f o r  long-wave dis turbances,  i f  w e  per turb  t h e  

system (V-59) t h r u  (v-61) with respect  t o  the wave number 

no t i ce  t h a t  t h e r e  i s  no non- t r iv ia l  so lu t ion  f o r  $ i f  w e  s tart  by 

assuming c % O(1) as a + 0 ., Therefore,  we t ake  uA = acA % O(1) 

eventhough, a i s  small. Then, regular  per turba t ion  i n  a of 

(V-59) t h r u  (v-61) y ie lds  

a , w e  

A 

Then, we  have 

where 

( v-62 ) 

(v-63 1 

(v-64) 

B' = -jRewA (v-66) 

and 

* o  , Since $ = 0 would y i e l d  only t h e  t r i v i a l  so lu t ion  f o r  
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we have from (v-68) 

If I J J ~  i s  t o  be non- t r iv i a l ,  then (V-67) gives 

L e t  B = B1+ jf3, then ,  (V-70) y ie lds  

cosh f3,  cos B 
2 

s inh  6, s i n  f3, 

= 0 
(v-71) 

= 0 
Tr (V-71) has khe so lu t ions  

Then (v-66) gives 

e,= 0 ; B,= (2k+l) 2 , k = 0,1,2,. . . 

w = jB2/aRe A 

= -jBz/aRe 

By an i n t e r p r e t a t i o n  similar t o  t h a t  of equations (V-31) and 

(V-58),(V-72) shows t h a t  t h e  dimensional value of w i s  negative 

imaginary, and demonstrates t h e  damped na ture  of t h e  azimuthal 

A 

disturbances f o r  t h e  case T=O f o r  both upward and downward flows of 

t h e  f i l m .  

Physical ly ,  t h e  above r e s u l t  i s  easy t o  understand. When 

t h e r e  i s  no r o t a t i o n , ' t h e  axial motion of t h e  f i lm  i s  uncoupled from 

t h e  " res t"  state of t h e  azimuthal motion. Thus, even i f  w e  e x c i t e  

an i n f i n i t e s i m a l  ve loc i ty  disturbance from t h e  rest state of 

azimuthal d i r ec t ion ,  t h e r e  is no energy source which can sus t a in  such 

an azimuthal disturbance. Hence, any such azimuthal waves would be 



-117- 

t damped under t h e  ac t ion  of v i scos i ty .  This i s  i n  con t r a s t  t o  t h e  

r a d i a l  disturbance waves which are always i n  contact  with an energy 

source,  namely, the bas i c  flow, because of t h e i r  coupling t o  t h e  

a x i a l  dis turbances,  even though t h e  r a d i a l  "basic flow" i s  i t s e l f  a 

rest" state. t? 

5.5 The Short  Waves 

W e  would l i k e  t o  consider now t h e  asymptotic l i m i t  a -f m i n  

an attempt t o  understand some of t h e  fea tures  of t h e  eigenvalue 

spectrum of t h e  boundary value problem governed by (11-56) through 

(11-63) at t h a t  end. Since t h e  highest  powers of 'a '  are 

assoc ia ted  with t h e  l e a s t  d i f f e r e n t i a t e d  terms i n  t h e  governing 

d i f f e r e n t i a l  equat ions,  i n  t h e  l i m i t  a -f , ' a p  i s  a s ingu la r  

per turba t ion  parameter. Since t h e  composite system, as displayed i n  

(11-71,78) i s  of s i x t h  order ,  and t h e  coe f f i c i en t  a6 mul t ip l i e s  

t h e  und i f f e ren t i a t ed  t e r m ,  we can see t h a t  t h e  cor rec t  asymptotic 

formulation would have t o  be based on assoc ia t ing  

d i f f e r e n t i a t i o n  with mul t ip l ica t ion  by 'a '  both i n  t h e  

d i f f e r e n t i a l  equations and t h e  b.c. Then we have t h e  following 

asymptotic l i m i t  f o r  a -f m , from t h e  system (11-56) through (11-63) 

( i r r e s p e c t i v e  of axisymmetry) : 

order  of 

'Note presence of v i s c o s i t y  i n  t h e  numerator of t h e  damping 
f a c t o r  i n  (v-72) 



-118- 

( ~ 2 -  a 2 ) 2 $  = o 

(D2- y2)$ = 0 

I n  t h i s  asymptotic l i m i t  a -+ 00 , t h e  governing d i f f e r e n t i a l  

equations f o r  I$ and J, are  uncoupled, and the  b.c.  are always un- 

coupled. Therefore,  as i n  Section 5.4,  t h e  eigenvalue spectrum of 

t h e  azimuthal waves is  decoupled from the  a x i a l  and radial waves. 

Thus we no te ,  f o r  example, y 2  = a2- jaRec % O ( a 2 )  is  t h e  cor rec t  

asymptotic formulation of (11-57) where c t h e  phase v e l o c i t y  f o r  

t h e  azimuthal waves, i s  'L O ( a )  as a + 00. 

phase ve loc i ty  c of t h e  a x i a l  (and radial)  disturbances which i s  

s t i l l  taken t o  be %0(1) even as a -+m . In  o ther  words, non- 

t r i v i a l  so lu t ions  f o r  + w i l l  be shown t o  e x i s t  f o r  c 'L O(1) as 

a -f m y  while n o n t r i v i a l  so lu t ions  do not e x i s t  f o r  t he  azimuthal 

A 

A 

is  independent of t h e  CA 

dis turbances,  under a similar assumption. The s i t u a t i o n  i s  analogous 
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t o  t he  s i t u a t i o n s  considered i n  previous sec t ions .  Also we may 

observe t h a t  t he  two x - d i f f e r e n t i a t i o n s  i n  (V-78) are "balanced" 

by t h e  

balanced by t h e  

I#I and JI are completely independent. 

t h i s  has t h e  important physical  implication t h a t  azimuthal dis turb-  

ances,  no longer have an energy source t o  feed them. 

general  s o lu t  i on 

a2 - t e r m ,  and i n  (V-79), t h e  th ree  x - d i f f e r e n t i a t i o n s  a re  

Further t he  boundary value problems f o r  

A s  pointed out i n  Section 5 .4 ,  

a3 - term. 

(V-73) bas t h e  

$(x)  = Aoeax+ BoemaX + x(Coeax+ DoeFax) (V-81)  

which yieLds, on applying t h e  b.c.  ( V - 7 5 ) ,  (v-761, (V-78)  and (v-79) 

A ea+ B e-a+ C 0 ea+ Doe-" = 0 (v-82) 
0 0 

(V-83) a ( A o e  a - B e -a )+ (a+ l )eaC~( l - a )e -%o = 0 
0 

h-- m"(o)  + a 2 ] ( A o +  Bo)+ a2fAo+ Bo)+2a(Co- Do)  = 0 (V-84)  
C 

[+](A 'a3Re + B )+ 2a3(Ao- Bo) = 0 
0 0  c We 

From (V-82) and ( V - 8 3 1 ,  we  ge t  

(v-86) -2a c 0 = [-(2a-1)Ao+ Boe. ] /2a 

and = - [ Aoe2a+ ( 2a-I-1 )Bo 1 /2a (v-87 DO 

Thus, one expression f o r  (Co- Do) i s  

(Co- Do) =2& [Ao{(1-2a)+ .e2&)+ B {(2a+l)+e-2a)] 
0 (V-88) 
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which, on s u b s t i t u t i n g  i n t o  (V-84), y ie lds  

Consistency of t h e  two homogeneous equations (V-85) and (V-87) 

f o r  A. and Bo ( i .e .  , t h e  condition f o r  t h e  ex is tence  of non- 

t r i v i a l  4 ) requi res  t h a t  

Since t h e  f irst  term i n  t h e  square brackets  i s  % O ( a 2 )  while 

t h e  last one i s  order  

t h e  last p a r t  equated t o  zero,  as a +. a This y i e lds  t h e  eigenvalue 

r e l a t ionsh ip  

e2a t h e  only s i g n i f i c a n t  p a r t  of (V-76) i s  

% - j R e  
We 

- -j  b 
( ARe2) 

c =  

f- 
7 3  

- 

(v-89 

which by i n t e r p r e t i n g ,  as i n  Sect ions 5.2, 5.3 and 5.4 ( i . e o ,  

r e c a l l i n g  t h e  s igns  of Re and Wo , t h e  reference speed) shows t h a t  

t h e  dimensional value of ci i s  negative i n  t h i s  asymptotic l i m i t ,  

while t h e  real p a r t  of c i s  simply t h e  sur face  speed of t h e  f i l m ,  

f o r  both upward and downward flows of t h e  f i l m .  

v e r i f i e s  t h e  f a c t  t h a t  c % O(1) a Thus, we  s ee  t h a t  f o r  bo th  

This i nc iden t ly  

~ ~~ ~ 

'Note t h e  presence of v i scos i ty  and sur face  tens ion  i n  t h e  
numerat or.  
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upward and downward flows t h e  very sho r t  waves a r e  damped by 

v i s c o s i t y  and sur face  t ens ion ,  i f  t h e  sur face  tens ion  i s  anything 

but  zero ( i e e e ,  We # Actual ly ,  for substances of i n t e r e s t  i n  

t h e  present  i nves t iga t ion ,  it has been mentioned e a r l i e r ,  t h a t  We 

i s  s m a l l ,  and as such, t h e  dis turbances i n  t h e  sho r t  wave-length 

l i m i t  are highly damped. 

by n o n t r i v i a l  so lu t ions  + ( x )  governed by (V-74) ("-77) and (V-80). 

The general  so lu t ion  of (V-74) i s  

). 

Now, we consider t h e  azimuthal waves given 

which on s a t i s f a c t i o n  of t h e  b.c. (V-77) and (V-80) y i e l d s  

E e'+ F e-' = o 
0 0 

Since y = 0 i s  incons is ten t  with n o n t r i v i a l  so lu t ions  f o r  

t he  boundary value problem f o r  + , we have t h e  eigenvalue r e l a t ion -  

sh ip  

cosh y = 0 (v-93) 

with Eo = Fo # 0 

If we set y = yl+ j y  then ,  (V-93) i s  equivalent  t o  
2 

s inh  y l s i n  y = 0 (v-95 1 2 

which have a countable i n f i n i t y  of solutions 



-122- 

A = -& y2 = a2- j d e c  (v-97 1 

from which it follows t h a t  as assumed a p r i o r i ,  c % O ( a >  

a c t u a l l y  

and A 

which e s t a b l i s h e s  t h e  highly dmped nature  of t h e  azimuthal waves 

a l so  i n  the  asymptotic l i m i t  a >> 1 

ward flows by the  same i n t e r p r e t a t i o n  as i n  Sections 5.2,  5.3 and 

5.4) .  

wave disturbances are damped out by v i s c o s i t y  and surface tension.  

This i s  a general  f ea tu re  observed i n  s e v e r a l  p a r a l l e l  flow s t a b i l i t y  

s tud ie s  (Betchov, 1967). But we have & e s t a b l i s h e d  any upper- 

l i m i t  on t h e  wave number, above which the  disturbances a r e  damped out .  

(both for the  upward and down- 

I n  t h e  above ana lys i s  we have only shown t h a t  the  very shor t  

'Note again t h e  presence of v i s c o s i t y  i n  t h e  numerator. 



CHAPTER V I  

RESULTS AND DISCUSSION 

6 .1  Basic Flow 

The f u l l y  developed, s teady,  laminar two-phase annular  flow 

i n  a r o t a t i n g  v e r t i c a l  p ipe  is  descr ibed by t h e  s o l u t i o n  given i n  

(11-14,15). This s o l u t i o n  has not  been reported i n  any previous 

s tudy t o  the  b e s t  of t h e  authors '  knowledge. 

pure a x i a l  two-phase flow without r o t a t i o n  however w a s  obtained by 

J a r v i s  (1965). This  lat ter type of flow w a s  e s t ab l i shed  and s tud ied  

i n  i ts  kinematic aspec ts  and some of t h e  s t a b i l i t y  aspec ts  by 

s e v e r a l  i n v e s t i g a t o r s ,  notably by Charvonia (1959) and h i s  coworkers. 

The in t r igu ing  v a r i e t y  of phenomena t h a t  occur i n  such two-phase 

flows are of g r e a t  p r a c t i c a l  importance and form an a c t i v e  f i e l d  of 

s tudy a t  present  (c f .  Chien and I b e l e ,  1967) 

The s p e c i a l  case of 

Apart from the  enormous d i f f i c u l t y  of s tudying the  hydro- 

dynamic s t a b i l i t y  of t he  above type of b a s i c  flow (with ro t a t ion )  

i n  genera l ,  one could l eg i t ima te ly  appeal t o  the  s p e c i a l  circum- 

stances t h a t  ob ta in  i n  t h e  p r a c t i c a l  s i t u a t i o n  of i n t e r e s t  

descr ibed i n  Sec t ion  1.2,  t o  consider  a somewhat s impl i f i ed  

problem. This reduct ion is based on the  assumption t h a t  t he  mean 

thickness  of t h e  l i q u i d  l a y e r  ad jacent  . t o  t he  tube-wall is s m a l l  

compared t o  t h e  rad ius  of t h e  tube. For t h e  flow rates (a s  i n  

Sawgchka, 1967) of about 20 - l b s  of t he  t y p i c a l  l i q u i d  metals 
h r  
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d (even assuming t h a t  t h e  vapor-fraction is zero)  t he  r a t i o  E: = - 
n R1 

-L  
is  atmost 10 . The corresponding value of Re f o r  l i q u i d  potassium 

i n  a 1" I . D .  tube is 230.7 . Thus the  s p e c i a l i z a t i o n  t o  the  case of 

t h i n  l i q u i d  f i lms  (at moderate flow r a t e s )  and consequent con- 

s i d e r a t i o n  of a low t o  moderate a x i a l  flow Reynolds number-regime 

has v a l i d  interest. This is the  case considered here .  

- ( i )  Azimuthal Flow of the  F i l m  

The r o t a t i n g  flow f e a t u r e s  of t h e  b a s i c  configurat ion under 

cons idera t ion  he re  are given by the  azimuthal v e l o c i t y  p r o f i l e s  

V ( r )  s t a t e d  i n  equat ions (11-14, 15).  For the  gas-core t h e  

s o l u t i o n  Vl ( r )  represents  a s o l i d  body ro t a t ion .  For t h e  l i q u i d  

f i l m  the  s o l u t i o n  V2(r) represents  a combination of a s o l i d  body 

r o t a t i o n  and a f r e e  vortex.  This la t ter  s o l u t i o n  is i d e n t i c a l  

with the  one adopted i n  a l l  t he  s t a b i l i t y  s t u d i e s  of t he  Couette 

flow i n  the  annulus between two r o t a t i n g  coax ia l  cy l inders .  

Fur ther ,  t he  t h i n  f i l m  approximation of t h i s  azimuthal ve loc i ty  

p r o f i l e  (Appendix A) is i d e n t i c a l  wi th  the  narrow-gap approximation 

i n  the  Couette flow s t a b i l i t y  problem. However, i n  the  lat ter,  the  

angular speeds of t h e  two cyl inders  bounding the l i q u i d  are in- 

dependent, while  i n  our  case the  angular  v e l o c i t i e s  of t he  annular  

f i l m  a t  i ts  two boundaries d i f f e r  only by an i n f i n i t e s i m a l  of 

order  E ( A.12, Appendix A). Thus the angular  ve loc i ty  i n  t h e  

f i l m  is approximately a constant .  This has t h e  important con- 

sequence however t h a t  the  angular  momentum i n  t h e  f i lm  flow is 

- no t  s t r a t i f i e d  and thus makes i t  unl ike ly  t h a t  Taylor i n s t a b i l i t y  
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i n  t h e  Couette flow w i l l  be  encountered. 

t h e  angular momentum increases  r a d i a l l y  outward, thus making the  

above expectat ion s t ronger ) .  

( i i )  Axial Flow of t h e  F i l m  

(Actually even t o  0 (E) 

The a x i a l  ve loc i ty  p r o f i l e  based on t h e  average over t h e  

f i lm  cross-section is ( A.16, Appendix A) 

The p r o f i l e s  f o r  d i f f e r e n t  values of the  gas pressure  

parameter A are presented i n  Figs. 6.1 and 6,2 respec t ive ly  f o r  

downward and upward f i lm  flow. It  is  clear from the  d e f i n i t i o n  

of A t h a t  A = 1.0 corresponds t o  the  case of (a)  e i t h e r  gas densi ty  

p Q o o r  (b) when the  gas is  not  acce lera t ing :  (a1 - g) - . For t h i s  

value of A w e  recover t h e  exac t  laminar flow of f r e e  f a l l i n g  f i lms 

as i n  Benjamin (1957) and Yih (1963). 

of t he  gas is represented i n  the  present  scheme by the  second, 

l i n e a r  t e r m  i n  the  r i g h t  hand member of equation (VI-1). 

t h i s  is  equivalent  t o  r e t a in ing  the  presence of t h e  gas via the  

i n t e r f a c i a l  shear ,  p ropor t iona l  t o  ( dx I x  = 

t he  f ree-surface f i lm  s t u d i e s  mentioned i n  Sect ion 1.4. 

A ,-. Q O  

1 -  

The e f f e c t  of t h e  presence 

Physical ly ,  

which is absent i n  dm 

Although no p r a c t i c a l  i n t e r e s t  can be assoc ia ted  with t h e  

p r o f i l e s  when 161 <1, one may note  from the  formula (VI-1) f o r  t h e  

a x i a l  ve loc i ty  p r o f i l e  t h a t  t he  a x i a l  ve loc i ty  can reverse  d i r ec t ion  

i n  t h i s  range of A ,  y ie ld ing  counter flows i n  the  fi lm. A = o thus 
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corresponds t o  such a case, wherein the  l i q u i d  c l o s e  t o  the  w a l l  is 

moving downward and t h a t  c lose  to  t h e  gas i n t e r f a c e  is moving 

v e r t i c a l l y  upward. 

here.  

W e  have l e f t  t h i s  flow regime out  of cons idera t ion  

The p r o f i l e s  become l i n e a r  as I A l  increases .  However, t h e r e  

being a p re fe r r ed  d i r e c t i o n ,  namely t h a t  of g rav i ty  i n  the  model 

adopted, i t  is of i n t e r e s t  t o  recognize the  "d i s s imi l a r i t y"  of the  

na tu re  of the  p r o f i l e s  f o r  upflow and down flow of the  fi lm. I n  t h e  

former case the  p r o f i l e s  are convex and i n  the  l a t te r  concave, with 

respect t o  g rav i ty .  

6.2 Experience of t he  Numerical Study of t he  S t a b i l i t y  Problem 

The hydrodynamic s t a b i l i t y  of t he  f i lm  flow is governed by 

t h e  s i x t h  order  complex 

The per turba t ion  s o l u t i o n  of t h e  problem i n  Chapter I11 is an appl i -  

ca t ion  of t h e  approach used o r i g i n a l l y  by Yih (1963). Real iz ing 

the  poss ib l e  numerical l i m i t a t i o n s  of t h i s  method and a l s o  t o  provide 

a r e l i a b l e  and genera l  method of obtaining t h e  s t a b i l i t y  character- 

istics under r e l a t i v e l y  a r b i t r a r y  b a s i c  flow condi t ions,  t h e  

numerical i n i t i a l  va lue  method of Chapter I V  w a s  developed and 

demonstrated by appl ica t ion .  The computer program based on t h e  

method enables the  determination of t he  eigenvalues and the  eigen- 

funct ions of t h e  boundary value problem, corresponding t o  an axi- 

symmetric d i s turbance  made, whether i t  is growing, n e u t r a l  o r  damped. 

Only t h e  appropr ia te  s t a r t i n g  values  f o r  t he  eigenvalue parameter 

eigenvalue problem formulated i n  Chapter 11. 
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% 

and a chosen va lue  of c. are t o  be suppl ied t o  t h e  program along 

with the  parameters descr ib ing  the  b a s i c  flow state of i n t e r e s t .  

Convergence t o  t h e  eigenvalues  co r rec t  t o  s i x  s i g n i f i c a n t  f i g u r e s  

required on t h e  average about 6-8 i t e r a t i o n s .  

R e  (up to". 20) even uninspired guesses f o r  ( a ,  cr) could lead  t o  

f a s t  convergence, while  a t  higher  values  of Re ,  (". few hundreds) 

t h e  number of i t e r a t i o n s  is considerable  even wi th  very good 

s t a r t i n g  values  f o r  (a ,  c r ) .  

few percent)  are not  a v a i l a b l e  convergence a t  h igher  R e  ( % f e w  

hundreds) is very d i f f i c u l t .  I n  t h i s  regard using the  previously 

ca lcu la ted  eigenvalues ( a t  lower R e  a s  determined by the  computer 

program i t s e l f  o r  furnished by t h e  user  on the  b a s i s  of a n a l y t i c a l  

formulas of Chapter 111) f o r  ex t r apo la t ion  t o  s t a r t i n g  values  at a 

new po in t  has  been found q u i t e  e f f e c t i v e .  On t h e  Univac 1108 each 

i t e r a t i o n  took approximately 4 sec and about 10 s e c  f o r  each poin t  

on t h e  s t a b i l i t y  curves. 

L 

A t  lower values  of 

I f  good s t a r t i n g  values  ( t o  wi th in  a 

The checks employed i n  the  v a l i d a t i o n  of the  numerical s tudy 

undertaken are as follows: 

( i )  The s t e p  s i z e  i n  Runge-Kutta i n t e g r a t i o n  is  such t h a t  

-8 the  t runca t ion  e r r o r  per  s t e p  is less than 10 However, t he  

p o s s i b i l i t y  of l a r g e  accumulation e r r o r  while  carrying the  s tep-  

w i s e  i n t e g r a t i o n  over 50 o r  100 s t e p s  is t o  be eliminated. To t h i s  

end, t h e  efgenvalue problem w a s  rerun f o r  t h e  e n t i r e  range of t he  

n e u t r a l  curves i n  a few cases with the  s t e p  s i z e  halved. The eigen- 

value parameters remained unchanged t o  the  s i x t h  s i g n i f i c a n t  f i gu re .  
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This shows t h a t  t he  o r i g i n a l  s t e p  s i z e  is  adequate (cf .  Col la tz ,  1960). 

( i i )  The c r i t e r i o n  of convergence requi r ing  FGNORM be less 

w a s  replaced by the  more s t r i n g e n t  condi t ion t h a t  FGNORM than 

-8 be less than 10 . The eigenvalues along t y p i c a l  n e u t r a l  curves 

remained unchanged to s i x  s i g n i f i c a n t  f igures .  The number of 

i t e r a t i o n s  w a s  doubled i n  order  t o  produce t h i s  new convergence 

goal .  This shows t h a t  t he  loca t ion  of the  eigenvalue is  ade- 

quately represented f o r  p r a c t i c a l  purposes even by the  o r i g i n a l  

c r i t e r i o n .  

( i i i )  I n  regard t o  the  adoption of the  a l t e r n a t e  c r i t e r i o n  

1 a1 - a 

found t h a t  t h i s  becomes necessary e spec ia l ly  when R e  is l a r g e  

I + 1 c1 - c ) -c i n s t ead  of FGNORM <lov6, i t  w a s  

2 

(Q 400) t he  funct ions F,  G depart ing "considerably" from zero even 

though a, c change only i n  the  4th o r  5 th  s i g n i f i c a n t  f i g u r e  

(when t ry ing  t o  l o c a t e  t h e  zeros  of F, G even u n i t  order  numbers 

r 

are "considerably" l a rge ) .  

Nachtsheim (1963) and Mack (1965) i n  s imilar  numerical invest iga-  

This d i f f i c u l t y  w a s  encountered by 

t i ons .  To ensure t h a t  the  a c t u a l  eigenvalue is being pursued, i t  

w a s  decided (a)  t o  e s t a b l i s h  the  monotonically decreasing t rend of 

FGNORM with each i t e r a t i o n  and a l s o  (b) t o  e s t a b l i s h  the  change of 

s i g n  f o r  F and G simultaneously,  which is the  necessary and suf- 

f i c i e n t  condi t ion f o r  t he  occurrence of t h e i r  common zero on the  

a-c plane.  Thus, even though the  func t iona l  values  of F,  G them- r 

se lves  change from u n i t  o rder  values  of one s i g n  t o  those of 
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opposi te  s i g n ,  while  a, c 

f i g u r e ,  i t  can s u r e l y  be  taken as adequate representa t ion  of t he  

common zero  of F and G ,  def in ing  t h e  

change only i n  t h e  s i x t h  s i g n i f i c a n t  r 

eigenvalues (a, cr). 

( i v )  As an o v e r a l l  confirmation of t he  v a l i d i t y  of the  

numerical ana lys i s  .Jf t he  eigenvalue problem, the  eigenfunctions 

were used t o  check t h e  energy balance equation (11-87) i n  the  case 

of an axisymmetric, n e u t r a l  mode. (Vide Figs.  6.11(b),  6.12(b),  

6.13(b), 6.14(b) ). The equat ion,  a p a r t  from i ts  phys ica l  s ig-  

n i f i cance ,  is an i n t e g r a l  s ta tement  of t he  boundary value problem 

descr ibing the  l i nea r i zed  d is turbance  flow i n  the  f i lm.  Thus t h e  

co r rec t  eigenvalues and t h e  eigenfunct ion are v e r i f i e d  t o  s a t i s f y  

the  energy balance equation, of course t o  wi th in  t h e  same numerical 

accuracy as the  convergence c r i t e r i o n  adopted f o r  t he  eigenvalues ,  

corroborat ing t h e  i d e n t i t y  of t he  eig,envalues and eigenfunctions 

determined by the  numerical ana lys i s .  

(v) A f u r t h e r  check employed on the  accuracy of the  e i g e n -  

funct ions and the  eigenvalues I .  w a s  by s u b s t i t u t i n g  them i n t o  the  

redundant b.c. (IV-15) which w a s  - not  used i n  t h e  cons t ruc t ion  of 

the  eigenfunct ion from the  fundamental so lu t ions .  It is  v e r i f i e d ’  

t h a t  t he  real and imaginary p a r t s  of (IV-15) are indeed s a t i s f i e d .  

The method developed i n  chapter  I V  and e f f e c t i v e l y  demon- 

s t r a t e d  here  is  by f a r  t h e  most r e l i a b l e  and e f f i c i e n t  means of 

i nves t iga t ing  the  

s u b j e c t  t o  fewer l i m i t a t i o n s  than the  per turba t ion  and o the r  

eigenvalue problems of t he  present  type and is 
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asymptotic methods. 

are usua l ly  not  even e a s i l y  a sce r t a inab le .  

f i l m  s t u d i e s  based on Yich's f i r s t  o rder  approach estimates are 

sometimes made of t he  range of v a l i d i t y  i n  terms of Reynolds numbers. 

(c f .  Ruckenstein, 1368). But inspec t ion  of Figs.  6.3 ( a ) ,  (b) shows 

t h a t  much numerical r e l i a n c e  can no t  be  placed on the  per turba t ion  

r e s u l t s  as R e  depar t s  from uni ty .  This is t h e  case even a f t e r  con- 

s i d e r a b l e  l abor  i n  evolving the  so lu t ions  of t h e  t h i r d  order  per- 

tu rba t ion  i n  a 

The l i m i t a t i o n s  of t h e  lat ter type of analyses  

For t h e  case of f a l l i n g  

shown i n  Chapter 111. 

However i t  is  necessary he re  t o  emphasize t h e  importance and 

value of approximate a n a l y t i c a l  means l i k e  those of Yih i n  pro- 

viding q u a l i t a t i v e  information f o r  i n i t i a l  guidance and later con- 

f i rmat ion  i n  the  appropr ia te  l i m i t i n g  condi t ions even f o r  t he  

development of an appropr ia te  numerical scheme t o  i n v e s t i g a t e  such 

complicated problems. I n  t h e  present  case f o r  ins tance  ( see  t h e  

next  s ec t ion )  t h e  minimum cr i t ical  Reynolds number Re is predic ted  

co r rec t ly  by the  a n a l y t i c a l  method. 

t h a t  Yih's conclusions regarding the  topologica l  charac te r  of the  

s t a b i l i t y  curves on t h e  b a s i s  of h i s  1st order  per turba t ion  r e s u l t s  

are no doubt accura te ,  e spec ia l ly  because they w e r e  founded on sound 

phys ica l  i n t u i t i o n  and co r rec t  i n s i g h t  i n t o  t h e  eigenvalue problem. 

Moreover t h e  c r u c i a l  importance of t h e  work of Yih and Brooke Benjamin 

on f a l l i n g  f i lms rests on the i r -d i scove ry  of t h e  domain of i n s t a -  

b i l i t y  i n  t h e  parameter space r a t h e r  than t h e i r -  numerical accuracy. 

cr 

It must a l s o  be  pointed out  

Also, t h e  va lue  of t h e i r  r e s u l t s  c lose  t o  a=o is unquestionable.  



-131- 

6.3 S t a b i l i t y  Resul ts  of t h e  Present Study 

Most of t h e  d a t a  presented here  is based, q u a n t i t a t i v e l y  

speaking, on t h e  d i r e c t  numerical inves t iga t ion  of Chapter I V .  The 

importance of t h e  a n a l y t i c a l  r e s u l t s  of Chapter I11 is  i n  ind ica t ing  

(a)  t h e  domain of i n s t a b i l i t y  and (b) t h e  q u a l i t a t i v e  f e a t u r e s  of 

t he  d is turbance  spectrum. The r e s u l t s  of the  numerical ana lys i s  

thus compjletg~e promise of t h e  per turba t ion  r e s u l t s .  The s t u d i e s  

of Benjamin (1957) Yih (1963) and Buevich (1966) on f i l m  s t a b i l i t y  

are s p e c i a l  cases of t h e  present  i nves t iga t ion ,  bu t  t he  q u a n t i t a t i v e  

r e s u l t s  are extended here  over a considerable  range, f a r  beyond the  

scope of any of t he  earlier methods. But t he  main i n t e r e s t  here  is 

the  broader scope of the  problem t r e a t e d ,  with (a) r o t a t i o n  and 

(b) i n t e r f a c i a l  shear  i n  the  two-phase configurat ion.  The hydro- 

dynamic s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  f i lm  flow, w i l l  now be  

presented ( i )  by pro jec t ing  the  n e u t r a l  sur face :  c 

i n  the  parameter space onto the  Re-a and Re-Cr p lanes ,  i n  t he  cus- 

tomary fashion and ( i i )  later t h e  e f f i cacy  of the  method of ana lys i s  

is a l s o  i l l u s t r a t e d  by obta in ing  a l l  the  s t a b i l i t y  r e l a t e d  infor-  

mation f o r  t he  case of su r face  tens ion  parameter,!$ = 3715.0, 

( corresponds roughly t o  t h e  phys ica l  p rope r t i e s  of Mercury a t  

bo i l ing  po in t ) ,  a l s o  i n t e r j e c t i n g  wherever d e s i r a b l e  t h e  inf luence  

of ro t a t ion ,  via the  c e n t r i f u g a l  parameter K. 

( R e , h  , K , A ) s O  i 

(a)  Downward F i l m  Flow 

As mentioned i n  Sect ion 3.3 the re  is a s t a t i o n a r y  d is turbance  

mode of i n f i n i t e l y  long wavelength a t  a l l  f i n i t e  R e ,  K, 4 and A and 
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the  corresponding dimensionless-wave-celerity is 3.0. This is a l s o  

ind ica ted  (from the  r e s u l t s  of Chapter 111) by the  f a c t  t h a t  i n  t h e  

l i m i t  a + o e. 
L 

c i = a [g  j1.2 + (1-A) (-0.8)},:+ 

3 
+ o ( a )  (VI-2) 

a=o is always a p a r t  Qf t h e  n e u t r a l  curve. However, i f  K = o 

(and A > - 1 / 2 ,  t h e  case of downward f i lm  flow) w e  a l s o  note  t h a t  

dc 
> 6 . Therefore t h e r e  are growing dis turbances f o r  a l l  ($1 a =  0 

Q + a < < 1 

parameter K + o ( i .e , ,  with r o t a t i o n ) ,  w e  have f o r  a + Q 

Re= o is a l s o  p a r t  of t he  n e u t r a l  curve. But i f  the  

K dC 
[L) da a60 A2 30 

= Re j1.2 - 0.8 (1 - A 3 )  - - 
which is  c l e a r l y  negat ive i f  

K A  

i1.2 + 2.4 A ] 
R e  < Recr =5 - 

(VI-3) 

Thus the re  e x i s t s  a Reynolds number R e  below which the re  cr 

can be no growing disturbances.  The point  Re  = Recr forms a bi-  

fu rca t ion  poin t  on t h e  a=o ax i s  from which t h e  n e u t r a l  curve f o r  

a > o emerges. For a v e r t i c a l  f r e e  f i lm  t h e r e  is no such cr i t ical  

Reynolds number (c f .  Benjamin, 1957; Yih, 1963) as is the  case here  

f o r  K + 0.  I n  t h i s  case then, R e  = o is  not  a p a r t  of t h e  n e u t r a l  

curve. For a f a l l i n g  f i lm  i.e., A = 1.0, 

- 

K R e  = - 
cr 3.6 (VI-4) 

The dependence of R e  on (IC, A) is shown i n  Fig. 6.4 .  The cr 
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number is corroborated by Fig. 6.5(a) a l so .  Even though t h e  o ther  

r e s u l t s  based on the  per turba t ion  ana lys i s  are not  r e l i a b l e  as 

Reynolds number increases ,  the  p red ic t ive  a b i l i t y  of (VI-3) arises 

from the  f a c t  t h a t  a 3 o a t  such a value of Re, i f  i t  e x i s t s .  Thus 

the  pred ic t ion  of R e  

r e l i a b l e .  

based on the  a n a l y t i c a l  r e s u l t  (6.2) is cr 

From Fig. 6.5(a) w e  see t h a t  increasing r o t a t i o n  decreases 

the  domain of i n s t a b i l i t y  ( i . e . ,  t h e  region between a=o and the  

n e u t r a l  curve) both by increasing R e  and a l s o  by "pushing down" 

the  n e u t r a l  curves along the  a-axis. Fig. 6.5(b) shows the  phase 

ve loc i ty  c as a funct ion of R e  and r o t a t i o n  K .  

cr 

r 
The e f f e c t  of su r f ace  tension f o r  K=O,  A ~ 1 . 0  (ice., with no 

ro t a t ion  and no core-gas) is shown i n  Fig. 6 ,6(a) ,  (b) f o r  t he  

values of ,$ corresponding t o  mercury (or  cesium, approximately) 

potassium and water. Increasing su r face  tension decreases the domain 

of i n s t a b i l i t y  as i n  the  case of ro t a t ion .  However, t he  d i f fe rence  

between the  two is t h a t  the former can not introduce a lower c r i t i c a l  

Reynolds number f o r  preventing amplified disturbances.  This is 

clear from (IV-3) which is independent of ,8 
The e f f e c t  of t h e  i n t e r f a c i a l  shear  on t h e  n e u t r a l  s t a b i l i t y  

c h a r a c t e r i s t i c s  is shown by Figs. 6 .7(a) ,  (b) ,  f o r  K=O, -3715.0, 

( i . e . ,  without r o t a t i o n ,  corresponding t o  a mercury f i lm).  Before 

i n t e r p r e t i n g  the  r e s u l t s  w e  may note  t h a t  t he  reference length d ,  

t he  average f i lm  thickness ,  is  given by 
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Thus f o r  a given Re ,  t he  re ference  lengths  along d i f f e r e n t  A 

curves are d i f f e r e n t  and i n  terms of the  same length,  say,  t he  one 

f o r  A = 1.0, t h e  wave numbers shown i n  Fig. 6.7(a) have t o  be 

mul t ip l ied  by a f a c t o r  of A . After  such conversion i t  is seen 

t h a t  t h e  domain of i n s t a b i l i t y  is  increased with increasing A (even 

though apparently the  opposi te  seems t o  be t h e  case i n  Fig. 6 .7(a) . )  

The nonmonotonicity of t h e  s t a b i l i t y  curves,  as R e  -+ o was double- 

checked and confirmed but  no physical  i n t e r p r e t a t i o n  af t h e  same 

seems t o  be possible .  I n  any case, the  range R e  -f o is  of no 

p r a c t i c a l  i n t e r e s t .  (although t h i s  is  the  only p a r t  where lower 

order  per turba t ion  methods can g ive  r e l i a b l e  r e s u l t s  .) 

I n  a l l  these  cases the  phase ve loc i ty  is found to  be g r e a t e r  

than the  maximum ve loc i ty  i n  the  fi lm. For a downward moving f i lm  

the  maximum ve loc i ty  is a t  t h e  i n t e r f a c e .  Thus the  phase of t he  

t r ave l ing  waves goes f a s t e r  than the  sur face .  

S t a b i l i t y  c h a r a c t e r i s t i c s  of growing modes with ci = + 0.01, 

0,005 are i l l u s t r a t e d  i n  Fig. 6.8 f o r A  = 3715.0, A = 1.0 with K = o 

and K = 30.0. 

a l t e r e d  from-that-of  c = 0.0 and is not  shown f o r  t h a t  reason).  A s  

i n  t h e  case o f - n e u t r a l  modes, r o t a t i o n  acts i n  a dec is ive ly  staba- 

l i z i n g  way here  a l s o  by reducing t h e  range of ava i l ab le  ampl i f ica t ion  

rates f o r  a given Re. The lower p a r t s  of t hese  amplified dis turbances 

("he phase ve loc i ty  r e l a t ionsh ip  is n o t - g r e a t l y  

i 



-135- 

are I_ not  coincident  with a=o a x i s  b u t  can not  be so dis t inguished  i n  

the  scale of t h e  drawing. I n  t h e  development of t h e  lmcr branches 

of these  curves and a l s o  i n  p a r t  (b) of t h i s  s ec t ion ,  t h e  very s m a l l  

values of a, necess i t a t ed  using 

evaluat ion of - - aF etc., i n  aa ' ?cr 

I n  Fig. 6.9 is  shown t h e  

f i n e r  f i n i t e  d i f fe renc ing  ( f o r  the  

Chapter IV) than on the  upper branch. 

d i spers ion  r e l a t i o n  w = w (a) f o r  a r r  
n e u t r a l  mode with and without r o t a t i o n ,  by cross-plot t ing from 

Figs. 6.5(a) , (b) with the  he lp  of t h e  r e l a t i o n  

(VI-5) W r = a c  r 

The above r e l a t i o n  enables one t o  s tudy t h e  group ve loc i ty  of a 

wave packet of dis turbances centered about t he  wave number a. 

The d ispers ion  r e l a t i o n  seems t o  be r e l a t i v e l y  i n s e n s i t i v e  t o  

ro t a t ion  (K = 60.0 curve a l s o  f a l l s  almost on the  curves shown f o r  

K = o and 30.0) 

From Fig. 6.9 by graphica l  d i f f e r e n t i a t i o n  the  group ve loc i ty  

C is obtained (by using 111-80) and is shown i n  Fig. 6.10, C is 

c lose  to t he  phase ve loc i ty  c up t o  R e  Q, 20.0, then f a l l s  s t eep ly  
g g 

and decreases s t e a d i l y .  Since energy transmission (hence the  in- 

t e n s i t y  of a s m a l l  d is turbance s i g n a l )  i n  t h e  dis turbance flow takes 

place a t  the  group ve loc i ty  t h e  marked change i n  C 

ea r ly  experiments i n  f i lm  flows character ized a new wavy flow regime 

may expla in  why g 

a t  a "critical" Reynolds number ( c f ,  Levich, 1962) 

For R e  = 10.0 and 80.0, without r o t a t i o n  i.e.,  K=O, t he  eigen- 
I 

funct ion Cp and Cp f o r  a n e u t r a l  mode are shown i n  real and imaginary 
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p a r t s  i n  Figs. 6.11(a) and 6.12(a). The corresponding energy balance 

is i l l u s t r a t e d  i n  Figs. 6.11(b) and 6.12(b). The area under the  

curve E 

curve E 
P 

ru l e )  thus confirming t h e  s a t i s f a c t i o n  of t h e  energy balance 

equation (11-87). 

is numerically equal bu t  of opposi te  s i g n  t o  t h a t  under t h e  

and3 (ve r i f i ed  a l s o  by numerical i n t eg ra t ion  using Simpson's 

V 
0 

Corresponding r e s u l t s  f o r  t he  case with ro t a t ion :  K = 30 are 

shown at  the  same Reynolds numbers, i n  Figs. 6.13(a), (b);  6.14(a), 

(b).  

cen t r i fuga l  ac t ion  (not seen d i s t i n c t l y  on t h e  s c a l e )  are add i t iona l  

In  these  f igu res  the  eigenfunction JI and t h e  s m a l l  t e r m  E of 
C 

f ea tu res  f o r  t h i s  ease. 

I n  genera l  a t  low R e  (Figs. 6.11(b), 6.13(b))the d i s s i p a t i v e  

ac t ion  of v i s c o s i t y  is balanced by t h e  sur face  p o t e n t i a l  e n e r g y 9 ,  

s i n c e  the  production E denoting t h e  work done aga ins t  t he  Reynolds 

stress is  negl ig ib le .  On the  o ther  hand, a t  higher  R e  (Figs.  6.12(b), 
P 

6.14(b) ) t he  production and su r face  p o t e n t i a l  energy terms are of 

comparable magnitude and are j o i n t l y  cancelled by the  viscous ac t ion ,  

i n  a n e u t r a l  mode. Because of t h e  l a rge  gradien ts  i n  ve loc i ty  near  

the  w a l l ,  t he  viscous d i s s ipa t ion  shows a dominating inf luence  on the  

dis turbance energy near  t he  w a l l .  

t he  Figs. 6.13(b), 6.14(b) ne t  numerical cont r ibu t ion  due t o  Ec is 

t o  augment viscous d iss ipa t ion .  

Although too s m a l l  t o  be  seen on 

Although t h e  s ign i f i cance ,o f  t he  term9 , ca l l ed  here  the  

su r face  p o t e n t i a l  energy, i n  the  d i s t r i b u t i o n  of energy i n  t h e  dis-  

turbed f i lm  flow, is t o  be  phys ica l ly  expected, i t  has never been 
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reported o r  quan t i t a t ive ly  s tud ied  as is done here .  Its appFarance 

i n - t h e  energybaiance equation is  unique t o  t h e  i n t e r f a c i a l  type of 

i n s t a b i l i t y  considered here. I n  o the r  p a r a l l e l  flow problems , the  

requirement of vanishing ve loc i ty  f luc tua t ions  a t  the  s o l i d  bound- 

aries (or  f r e e  stream) precludes the  ex is tence  of such an "energy - 

sink" (with respec t  t o  the  b a s i c  flow, t h a t  i s ) ,  

(b) Upward Flow of t h e  Film 

For 0.25 > A > - 0.5 t h e  f i lm  is moving p a r t l y  upward and 

p a r t l y  downward along the  v e r t i c a l  w a l l .  But t he  p r a c t i c a l  i n t e r e s t  

(Section 1.2) dea ls  with f i lms i n  un id i r ec t iona l  flow. Thus by con- 

s ide r ing  A a - 0.5, (VI-2) which is  v a l i d  f o r  a l l  A ,  tells us t h a t  

f o r  a 1, 
A 3  

c > 0. (not ing,  t h a t  R e  = 2 i s  a l s o  negat ive) .  
i 3(V2) 

d2 A Since t h e  reference ve loc i ty  W = , i n  t he  coordinate  
0 3V2 

system used is negat ive a l s o ,  t h i s  means t h a t  t he  dimensional value 

of ci < 0 ,  which corresponds t o  a decaying dis turbance mode. 

i t  follows t h a t  i n  con t r a s t  t o  t he  downward f i l m  flow, the  upward 

f i lm  flow at low R e ,  does - no t  admit growing dis turbances,  wi th in  

the  present  approximations. 

Then 

Because the  a n a l y t i c a l  formulas of Chapter I11 give  t h i s  

q u a l i t a t i v e  information about t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  near  a=o 

and s m a l l  R e ,  i t  w a s  decided t o  follow up these  damped modes by the  

numerical method of Chapter I V  which is  equal ly  e f f i c i e n t  t o  treat 

damped as w e l l  as growing dis turbances t o  see i f  t he  s t a b i l i t y  
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c h a r a c t e r i s t i c s  do indicake any change wi th in  

range adopted. The expectat ion w a s  t h a t  the  I 

t h e  Reynolds- number 

amped mode curve w i l l  
' 

have t o , t u r n  away from t h e  a=o a x i s ,  as a topologica l  p r e r e q u i s i t e  

f o r  a n e u t r a l  o r  growing mode t o  show up i n  a > o region of t h e  Re-a 

plane. The r e s u l t s  of t h e  undertaking are shown i n  Figs.  6.15(a), 

Because of t h e  low values of a,  a logari thmic scale is used. 

I n  Fig. 6.15(a) two damped modes with ci = + 0.005, .01 are shown 

f o r  K=O. They i n d i c a t e  t h a t  i n  the  range up t o  Re = 200, t h e  

n e u t r a l  curve" is t h e  p a i r  of l i n e s  a,Re=o, as indica ted  by (VI-2). I t  

I n  Figs. 6.15(b), ( c ) ,  the  dependence of t h e  damped mode ci= 0.005 

on A and K is i l l u s t r a t e d .  

w a s  found t o  be c lose  t o  and g r e a t e r  than the  speed of t he  i n f i -  

(1+2A) as shown i n  Chapter 111. n i t e l y  long wave v i z . ,  co = 

The phase ve loc i ty  cr i n  a l l  these  cases 

A 

This d i f f e rence  between the  s t a b i l i t y  c h a r a c t e r i s t i c s  f o r  

upflow and downflow of the  f i l m  is t o  be understood from t h e  na ture  

of t h e  b a s i c  flow i n  t h e  two cases, wi th in  t h e  t h e  present  model and 

its approximations. Since t h e  a x i a l  pressure grad ien ts  i n  the  two 

f l u i d s  during annular  flow are the  same: c f .  equations (11-14, lS ) ,  

1 dP2 
the  r e l a t i v e  pressure  gradient :  --- i n  t h e  f i lm  is neg l ig ib l e  

p z  dz 
compared t o  t h a t  i n  the  gas: dP1 when the  latter is taken 1 

p i  dz 
- -  

n 

as of 0 (g).  

downward, even when t h e  f i l m  is being dr iven upward by t h e  i n t e r f a c i a l  

Thus the  only body f o r c e  seen by the  f i lm  is gravi ty ,  

shear .  Then the  dis turbance flow has t o  work aga ins t  g rav i ty ,  thus 
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d i s s i p a t i n g  in s t ead  of producing energy f o r  t he  d is turbed  flow. How- 

ever in t h e  case where g rav i ty  is completely neglected,  i.e., when 

- -  1 # a  >> , t he  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  upflow may be 

expec ted . to  be the  same as those f o r  the  downward flow. 
Pa dz 

( e>  Summary of Conclusions 

The present  s tudy ind ica t e s  t he  following f ea tu res  of t he  

s t a b i l i t y  of a t h i n  f i l m  flowing i n s i d e  a v e r t i c a l ,  r o t a t i n g ,  

c i r c u l a r  p ipe ,  with a core-gas flow which is  subjec ted  t o  not  too 

l a r g e  a x i a l  p ressure  grad ien ts .  

(i) The downward flow is suscep t ib l e  t o  f a s t  moving, long- 

wave, axisymmetric, growing dis turbances * 

( i i )  Rotation acts as a s t a b i l i z i n g  f a c t o r  by introducing a 

cr i t ical  Reynolds number below which the re  are no growing dis-  

turbances and a l s o  by reducing t h e  growth rates of amplified d is -  

turbances 

(iii) Surface tension acts as a s t a b i l i z i n g  f a c t o r  by reducing 

the  domain of i n s t a b i l i t y .  

( i v )  Gas pressure  when i t  opposes g rav i ty  is a s t a b i l i z i n g  

f a c t o r  and otherwise des t ab i l i z ing .  

(v) Helical, nonaxisymmetric modes and waves much s h o r t e r  

than the  average f i l m  thickness  are not  des t ab i l i z ing .  

( v i )  Upward f i l m  flow f o r  r e l a t i v e  pressure  grad ien ts  i n  the  
A 

gas of 0 (g) ,  is  no t  suscep t ib l e  t o  t h e  fast-moving, longwave, 
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axisymmetric d i s turbance  modes, mentioned i n  ( i )  . 
6.4 Some P o s s i b i l i t i e s  of Extending of t h e  Present  Work 

The inves t iga t ion  he re  w a s  undertaken as a preliminary attempt 

t o  analyse t h e  genera l  problem of two-phase flow and energy t r a n s f e r ,  

i n  a r e l a t i v e l y  s impl i f i ed  case, o f f e r ing  a hydrodynamic s t a b i l i t y  

po in t  of view to-understand t h e  ac t ion  of s w i r l  i n  delaying t h e  

growth. of interfacia1.disturbances. This attempt has r e su l t ed  i n  

the  development of a r e l i a b l e  method of ana lys i s  of high order ,  

compilex-eigenvalue problems wi th  parameter dependent boundary con- 

d i t i o n s .  Within t h e  l i n e a r  s t a b i l i t y  theory t h i s  method can prove 

a - u s e f u l  t o o l  t o  analyze t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of o the r  

flows. There are s e v e r a l  s t e p s ,  although of varying d i f f i c u l t y  and 

unknown prospects  of t r a c t a b i l i t y ,  t h a t  can be  taken t o  extend the  

present-work. We merely state them i n  summary form. 

h P I  
E ,  - , - << 1. 

p2 P2 
F i r s t l y  one can r e l ax  t h e  assumptions, 

From the  phys ica l  po in t  of view t h e  second r a t i o  seems t o  deserve the  

rev is ion  most. However from the  mathematical view po in t ,  a f i r s t  

o rder  treatment including both - 

. The dis turbance equations of motion than t h a t  including only - 
can e a s i l y  be  extended t o  a f i r s t  order  treatment i n  E. 

is no more complicated V l  and - p 1  

p 2  V2 
p1 

p2 

But the  

major e f f e c t  of re lax ing  the  above assumptions is the  r e t en t ion  of t he  

coupling of t h e  s t a b i l i t y  problems of t he  f i l m  flow and t h e  core  flow, 

through the  boundary conditions.  From t h i s  vantage poin t  then, even 

the  case of an a r b i t r a r y  annular  flow (without r e s t r i c t i n g  the  r a d i a l  

dimension of the  l i q u i d  l a y e r  i , e . ,  E # +  1 may not  be f a r  out  of reach. 
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Then the  s i z e  of t h e  problem is  doubled and t h e  number of dimen- 

s ion le s s  .parameters is- increased-  a t  least by th ree .  Thus the  

d i f f i c u l t y  of meaningfully t r e a t i n g . t h e  problem is many-fold. 

Secondly- the-present  work needs-extension t o  i n v e s t i g a t e  o the r  

types of i n s t a b i l i t i e s  t h a t  occur i n  the  two-phase flow configurat ion.  

The occurrence of t he  Tollmien-Schlichting type of i n s t a b i l i t y  at 

l a r g e  Reynolds numbers, with l i n e a r  ve loc i ty  p r o f i l e s  is an in- 

v i t i n g  p o s s i b i l i t y .  This covers both upward and downward flows, 

when-the pressure  forces  dominate grav i ty .  The importance of h e l i c a l  

modes a t  higher  Reynolds numbers and th i cke r  f i lms is a l s o  another  

a spec t  of the  f i lm  flow s t a b i l i t y  t o  be  considered. 
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Centrifugal Darameter I: = 30.0 and 0 . 0 ,  surface tension parameter 
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Fig. 6.11(a) Eigenfunctions @r, @i; 4;. @; 

for a neutral mode over the film 
cross-sect ion Olxl. Reynolds 
Number Re - 10.0, surface tension 
parameter b = 3715.0, gas-pressure 
parameter A = 1.0, centrifugal 
uarameter c = 0.0, growth index 
ci = 0.0. 
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Fig. 6.15(a) Damped disturbances f o r  t h e  upward f i lm f l o w .  Surface tension 
parameter = 3715.0 ,  gas-pressure parameter A = - 5 . 0 ,  centr i fuga l  
parameter Y = 0.0. dimensionless damping index C = 0.005 and 0.01. i 
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Fig. 6.15:b) Damped disturbances for upward film flow. Surface tension 
parameterA = 3715.0, centrifugal parameter K = 0.0, dimen- 
s i o n l e s s  damping index C - 0.005, Eas-pressure parnmeter i 
A = -1.0. -5 .0 ,  -10.0.  
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Fig.  6.15(c) Damped disturbances for the upward fi lm flow. Surface 
tension parameter A - 3715.0, gas-pressure parameter 
A =-5.O,dimenaionless damping index Ci = 0 .01 ,  centr i fugal  
parameter K - 0 . 0 ,  30.0. 
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APPENDIX A 

SCHEME OF APPROXIMATION EMPLOYED I N  CHAPTER I1 

The complexity of t h e  most general  mathematical formulation 

of physical  problems of ten  necess i ta tes  mathematical s impl i f ica t ions  

on t h e  bas i s  of some spec ia l  physical  fea tures  of t he  configurations 

of i n t e r e s t ,  An optimum balance between mathematical t r a c t a b i l i t y  

and physical  relevance has t o  be sought i n  a problem of the  present  

kind where the re  a re  a la rge  number of var iab le  elements. The 

configuration under study inv i t e s  our a t t e n t i o n  t o  t h e  t h r e e  

s i g n i f i c a n t  physical  fea tures  which a re  l i k e l y  t o  be of advantage i n  

an e f f o r t  towards mathematical s impl i f ica t ion  of t h e  s t a b i l i t y  

problem. They are:  (a>  t h e  s m a l l  r a d i a l  dimension of t h e  l i qu id  

f i l m  compared t o  the  radius  of t he  tube 

and ( c )  t he  s m a l l  v i s c o s i t y  r a t i o  - .Conditions (b)  r a t i o  - 
and ( c )  were taken advantage of and were i m p l i c i t l y  used i n  

( b )  t h e  s m a l l  densi ty  
1-11 P 1  

p2  1-12 

simplifying t h e  film s t a b i l i t y  problems f o r  analogous two-phase 

configurations by Buevich and Gupalo (1966) and Miles (1960) On 

t h e  other  hand, w e  have t o  remind ourselves t h a t  t he  fea tures  of 

i n t e r e s t  i n  t h i s  study are (i) t h e  inf luence of r o t a t i o n  and (ii) 

t h e  inf luence of t h e  core-gas flow on t h e  l i q u i d  f i lm s t a b i l i t y ,  v i a  

t h e  shear-s t ress  at t h e  gas-liquid in te r face .  Thus it should be our 

a i m  t o  seek an approximation based on conditions 

with due regard t o  t h e  fea tures  (i) and ( 5 % )  mentioned above. 

( a ) ,  ( b )  and ( c ) ,  

-172- 
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In  a s i t u a t i o n  where t h e r e  are many s m a l l  ( o r  l a r g e )  para- 

, E << 1 with respec t  t o  which an meters, such as - , - 
asymptotic ana lys i s  has t o  be simultaneously performed, it i s  

p1 1-11 

p2 1-12 

necessary t o  spec i fy  a p r i o r i  t h e i r  r e l a t i v e  orders  of magnitude and 

a l s o  t o  state t h e  q u a n t i t i e s  t o  be t r e a t e d  as  of u n i t  order .  I n  t h e  

present  case w e  w i l l  adopt t h e  sca l e  of  smallness based on t h e  

phys ica l  property r a t i o s  - , - 
l i q u i d  films whose mean-thickness-to-tube-radius r a t i o  E is  of t h e  

same order  as t h e  maximum of (- , -) . (For t h e  a n a l y t i c a l  

s impl i f i ca t ion  t o  achieve decoupling of t h e  s t a b i l i t y  problem of t h e  

and r e s t r i c t  our ana lys i s  t o  p 1  

1-12 p2 

1-11 p 1  

1-12 p2  

l i q u i d  f i l m  from t h a t  of t h e  gas-core it i s  necessary t h a t  t hese  two 

r a t i o s  a re  both neg l ig ib ly  s m a l l )  s i nce  t h e  s t a b i l i t y  of t h e  l i q u i d  

film i s  t h e  main object  of our s tudy,  we  t ake  t h e  mean-thickness of 

t h e  f i l m  as t h e  proper length  sca l e  of t h e  problem. The average 

axial  ve loc i ty  W of t h e  f i l m  i s  d i r e c t l y  r e l a t e d  t o  t h e  flow r a t e  

and i s  i n  t h a t  sense ,  a given quant i ty  i n  t h e  bas i c  configurat ion,  

0 

The nondimensionalization can the re fo re  be meaningfully based on t h e  

length-scale d and t h e  average film ve loc i ty  Wo . For t h e  problem 

under study w e  assume t h a t  ( a )  t h e  flow property changes w i l l  be 

considered s i g n i f i c a n t  i f  they occur ( i n  u n i t  order  of magnitude) 

over t h e  length  s c a l e  comparable t o  d and a l s o  (b)  t h e  pressure  

grad ien t  and t h e  g r a v i t a t i o n a l  force 

same order.  The a c t u a l  s impl i f i ca t ions  based on t h e  c r i t e r i a  

h 

( =p,g) i n  t h e  gas are of t h e  

r e f e r r e d  t o  are now set f o r t h  i n  t h e  following, 
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( I )  Basic Flow 

(a)  Constants ( c f .  equations 11-23 t h r u  1 1 - 2 9 )  

- &  , R2 = R 1 ( l + & )  

A1 = - , Dn = R 2 ( 1 +  -)+R2(1- -) 

d 
a- 

’ R i  
R2- R1 = d 

2R: !d 1-11 

1-12 P u 2  Dn 2 

2 Q ( 1 + 2 & +  € 2 )  

21-1 1 1-11 [2+2&+E (- +&)+E2 - 1 
1-12 1-12 

- 
A1 - 

Thus 

A = s2 + O ( E )  (A-19 1 

1-11 5. 
1-12 1-12 

appears i n  A1 only as - 0 E and as such We note  t h a t  - 
1-11 

1-12 
t h e  neglect  of - i n  ( A - I )  corresponds only t o  t h e  omission of a 

second order  s m a l l  quant i ty .  This means t h a t  t h e  smallness of gas 

v i s c o s i t y  is  not a ser ious  l i m i t a t i o n  of t h e  ana lys i s  on t h e  

azimuthal ve loc i ty  p r o f i l e s  i n  t h e  l i q u i d  f i lm  and i n  t h e  gas c lose  

t o  t h e  in t e r f ace .  

S imi la r ly  we have 

n A, = - 2 

“; 
B, = - 2 

On t h e  o ther  hand 
A h 
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A * 

s ince  a % O(g) by assumption. ' 
1 

and s ince  
A *  * 

A 

A 

. . . I  E 2  e 3  
(E- - - +  - (1+2&+&2)- - g o - 6 )  g y  

2 3  
c =  

2 4v 2v 
2 2 

F ina l ly  

R2 * 6P 

2 1 p1 
c1 = c2+ +- [+ (6-1)+ + (1 - - 4 1  

(A-6)  

(A-7)  

( b )  Flow Variables 

We w i l l  l i s t  here  t h e  func t iona l  forms of t h e  ve loc i ty  

components given i n  (11-14) and (11-15) with t h e  constants  

p 1  1-ll 

p 2  1.12 
approximated as above, t o  order  E ( o r  equivalent ly  t o  0(- , --,ti) ). 

It may be emphasized t h a t  we a re  i n t e r e s t e d  i n  t h e  f i lm flow 

proper t ies  d e t a i l ,  over i t s  cross-sect ion,  while we a re  concerned 

only with t h e  ou te r  f r inge  of t h e  core-gas flow s ince  t h e  l a t t e r  

en te r s  t h e  problem of i n t e r e s t  only through t h e  b.c. at t h e  in te r face .  

Gas : - 
The adoption of t h e  mean film thickness  as t h e  length sca l e  

gives  

r-R 
r = R ( ~ + E * x )  where x = - ; and t h e  domain of i n t e r e s t  

i n  terms of x i s  then 1x1 '1 e We have V , ( r )  = Qr = QRl(l+cx)  

and it follows t h a t  

1 R2-RI 
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V l ( r )  = QR up t o  O ( E )  (A-8) 

dz dvl - =  
dr  CA-9 1 

which y i e l d s  

( Q R l ) -  E 2 0  UP t o  O ( E )  ( A 7 1 0  
dvl - =  
dx 

This means t h a t  t h e  v a r i a t i o n  of t h e  azimuthal ve loc i ty  over t h e  

Length s c a l e  d , at t h e  i n t e r f a c e  i s  neg l ig ib l e .  

B 
On t h e  o ther  hand, t h e  corresponding approximation of W 

(although we do not need t h e  core-gas ve loc i ty  p r o f i l e  e x p l i c i t l y  

i n  t h e  f i l m  flow s t a b i l i t y )  i s  

R2 
W 1 ( r )  = C2+ j$ [k2+ k 1 ( 2 ~ x + E 2 0 x 2 ) ]  ( A - 1 1 )  

Liquid: 

[1+EX+ ( l - & x ) + 0 ( & 2 ) ]  QR 1 B 
2 Since V (r) = A r+ - =  - 

2 2 r  2 

we  can w r i t e  

v ( r )  = QR up t o  0 ( c 2 )  
2 1 

and a l s o  

(A-12) 

(A-13) 
B2 - -  dv2 - A2- 7 = QEX 2 0 up t o  O ( E )  

d r  r 

"In analogy with t h e  axial p r o f i l e  f o r  t h e  f i lm  WzZ,the terms 
up t o  O ( s 2 )  a re  shown here.  In  t h e  following, t h e  de r iva t ives  of 
W 2 -  are a l s o  needed. 
we r equ i r e  a more accurate  r e p h s 6 n t a t i o n -  of W i t s e l f  than other- 
w i s e  necessary. 

For an accurate  estimate of t h e  de r iva t ives ,  

2 
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gR2 p 1  P1 =,L [ 2 E { (  6- -)(x-1)+&2(2-6- -1 (l,X2)+0(€2) 3 
2 p2 p2 

4v 

we have, since 6, a are taken as of the same order in magnitude 
as E 

2 

(A-14 ) 

We now wish to write down the axial velocity W2(r) and its 

derivatives with respect to r in terms of W , the average value 

of W2 over the film thickness. 

0 

w = g J” [ 7 26 (1- -)(x-1)+(2-6- P 1  -)(l-x2)]dx P 1  
P26 P 2  

0 2 0  

1 P1 -) 1 - (6+ 
2 P  

- - -  gd2 [I- p 6 (1- -)- P1 

2 P26 
3v2 E 

i.e., 

- - gd2A + O ( E )  wo 3v2 (A-15) 

where A = 1- -$ $ (1- -) is called the gas-pressure parameter. 
P26 

A is taken to be of unit order in the problem. 

Thus , 

or  

W2(r) = Wom(x) , where 
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m(x) = - [1-x2)+ 3 4 (l-A)(x-l)I (A-17) 2A 

Simi la r ly  

and 

d2W2 -3W0 

dr2 d2*A 
- = -  

(A-18) 

(-4-19 

(11) Disturbance Flow 

(a)  Governing D i f f e r e n t i a l  Equations 

In  t h e  dis turbance equations (11-34 t h r u  37) adoption of t h e  

length s c a l e  d shows t h a t  t h e r e  are terms of O ( E )  and O ( E ~ )  e 

These are neg l ig ib l e  within t h e  t h i n  film approximation. However, 

t h e  cen t r i fuga l  and c o r i o l i s  terms are  of f i r s t  order i n  t h e  

disturbance q u a n t i t i e s  and do survive t h e  present  approximations. 

The equations (11-34 t h r u  37) reduce ( i n  dimensional form) under 

t h e  t h i n  f i l m  approximation t o :  

dfi  - + jahi = 0 dr  (A-20) 

dTi d2fi  

d r  2vigi- 1 +vi [y -a2fi]  (A-21) ja(Wi- e l f i+ 7 fi- r----- j nVi 

d r  'i 
2 dVi Vif i  jnVi d g i  fi+ y + -  = v . [ ~  -a 2 gi] (A-22) 

1 d r  g i  ja(wi- c)gi+ r 

dWi j nVi -jar ,i d2hi 

d r  ja(Wi- c)hi+ - fi+ y- hi - - +v. [Y -a2hi] (A-23) 
"i dr  
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where t h e  subsc r ip t s  i = 1,2  denote t h e  core-gas and t h e  l i q u i d  

respec t ive ly  and a l s o  use has been made of t h e  assumption t h a t  n , 
t h e  h e l i c a l  mode-index i s  not s o  l a r g e  as t o  m a k e  (nE) as of un i t  

order.  

From (A.20) t h r u  (A.23) two of t h e  dependent var iab les  

can be el iminated t o  y i e l d  two coupled equations f o r  f i  and gi e 

Since we  are i n t e r e s t e d  mainly i n  t h e  s t a b i l i t y  problem of t h e  l i q u i d  

hi , 'rri 

f i lm  ( a n t i c i p a t i n g  t h a t  it can be eventual ly  uncoupled from t h e  

s t a b i l i t y  problem of t h e  core-gas) we wr i t e  only t h e  equations f o r  

t he  subscr ip t  2. 

f 2  We introduce t h e  dimensionless f luc tua t ion  amplitudes: f; = - 
IT 0 

W '  
rTzk = 2. t h e  dimensionless wave number h2 

' 2  , h B = -  
g2 

g; = w 
C . On a = ad and t h e  dimensionless phase ve loc i ty  c* = - 

we ge t  mult iplying (A.20) with w and (A.21, 22, 23) with - 
(prime on a dimensionless funct ion denotes d i f f e r e n t i a t i o n  with 

respect  t o  

0 wO p2w:, 

wO 
d 

0 W 2  
0 

x I) t h e  nondimensional r a d i a l  coordinate i n  t h e  f i l m ) .  

df $ 
- + jah; = 0 dx (A-20 ' ) 

(A-21' ) 
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(A-22') 

(A-23' ) 2 = -jar* + (-) [hgtf -a2h;] 
V 

2 Wod 2 

Now d i f f e r e n t i a t i n g  (A.23s) with respec t  t o  x , multiplying 

(A.21') with (-ja) and adding t h e  two r e s u l t s  we ge t  

a2(m(x)-c*)fl  + 2 j  (w)ag* Qd + n a ( r ) f *  Qd +ja(m(x)-c*)h; 
2 

0 
2 

0 

WOU 

v2 
plying (A-24) with 

D E 

funct ion of x )  we have 

ja(-) ' and int roducing t h e  d i f f e r e n t i a l  operator 

d - I ( a l s o  denoted by t h e  a l t e r n a t e  symbol ( ' ) on a dimensionless dx 

WOd 

2 " 2  
(D2- a2)2f* = -ja(-) [-m(x)-c*)(D2-a2)f* 2 + rn''(x)f;] 

(A-25) 
+ jn(-) fid2 [ D ~ -  a2)f*] + 2a 2 ( T ) g ;  Qd2 

2 v2 2 
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W d  

2 

ad2 

v2  
We now mul t ip ly  (A.25) with (-) , (A.22') with ("- ) 

V 

and introduce the  following symbols, a l l  of which s tand  f o r  

dimensionless q u a n t i t i e s  , per t a in ing  t o  t h e  f i l m :  

L 

ad2 
v2 

T = (-) , t h e  Taylor number 

Re = (-) WOd , t h e  Reynolds number 
v2 

52d2 + = ( y ) f ;  , t h e  r a d i a l  ve loc i ty  f luc tua t ion  
2 amplitude 

J ,  = g? , t h e  azimuthal ve loc i ty  f luc tua t ion  
amplitude 

c = c* , t h e  dimensionless,  complex phase- 
ve loc i ty  of t h e  disturbance mode 
with t h e  dimensionless wave 
number a e 

Thus we have t h e  following dimensionless equations governing+and JI 

(D2-a2 )2+-  j [{aRe(m(x)-c)(D2- a2)+- m"(x)$> 

(D2- a2)JI- j[aRe(m(x)-c)+ n&]+ = 9 

(A-26) 

(A-27) 

(b) Boundary Conditions 

b.c. 11-55 t h r u  11-57' (a t  t h e  tube w a l l )  are unaffected by t h e  

present  approximation scheme and they a r e ,  i n  t h e  present  no ta t ion :  

(A-28) 

(A-29) 

(A-30) 
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The i n t e r f a c i a l  conditions (11-48) t h r u  (11-54) w i l l  now be 

nondimensionalized, with due regard t o  t h e  s implifying approximations 

The f i r s t  order  terms i n  n ,  after Taylor expansion abou% r = R 1  

of any flow funct ion F would make a non-vanishing f i r s t  order  

contr ibut ion i n  q ( i . e .  of t h e  same order as any o the r  disturbance 

quan t i ty )  i f  and only i f  (g) 
t h e  case f o r  t h e  a x i a l  ve loc i ty  funct ions 

funct ions P 1 9  P, e However, t h e  cont r ibu t ion  i n  rl may be rendered 

i n e f f e c t i v e  i f  it i s  mul t ip l ied  by any o ther  f irst  order s m a l l  

quant i ty :  - , - ’ 
employed. 

# 0 and i s  of un i t  order.  This e i s  
r = R  

W1, W, and t h e  pressure 

p 1  ’1 E 6 e t c .  , within t h e  approximation scheme 
p 2  u 2  

Thus, w e  can s ta te ,  at x = 0 

and from equation (11-51) 

h 

’1 

’ 2  
(1- -11 “1 

= h2(R1)+rl R - - 
0 1 2 V l  2 V l  

( A - 3 1 )  

( A - 3 2 )  

( A - 3 3 )  

or, neglec t ing  p /’ and s t a t e d  at x = 0 , 
1 2  

The kinematic condition (11-48) expresses t h e  amplitude 

of t h e  i n t e r f a c i a l  dis turbance p r o f i l e  i n  terms of f2 : 
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(A-34) 

Equation (2.52) y i e l d s  

dh 1 d2W 
[A. + - +  j a f 2 ]  = - [- + - +  j a f , ]  at r = R 1  a 2  '1 d2W 

d r  
'Io dr  

'2 d r2  'Io d r  

'1 

1-12 
Since - << 1 t h e  only s i g n i f i c a n t  p a r t  of t h e  above 

equation i s  

d2W, dh, 
L L 

R1 + j a f  = 0 at r = - 
no+ dr 2 d r  

On d iv id ing  through by Wo and using (A.20' 1, (A,.34) we have 

j f*f l  
Wornf' ( o ) ( - j fz  1 2 

[ 1 + -  + j a f *  = 0 a t  x = 0 
2 d2 [{a(Wom(0)-c) )+nQ] ad 

Multiplying t h e  above by - ad we get  
j 

-*emf' ( 0 )  fz 
+ f;'f 9 a2f; = 0 

[ aRe {m( 0 ) -c+ )+n fi] 
at x = O  

Qd2 
F ina l ly  mul t ip l ica t ion  with (7) [aRe{c*-m(0) 1-n JT] 

v 
enables us t o  w r i t e  t h e  above condition i n  t h e  form 

(A-35)  8 .  

'L 
where we introduced c = c*-m(O) , t h e  dimensionless d i f fe rence  

between t h e  phase ve loc i ty  of t h e  dis turbance and t h e  s u p e r f i c i a l  
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speed of t h e  f i l m  i n  t h e  a x i a l  d i r ec t ion .  

The b.c.  (11-53ly at = R1 

d2V2 dg2 j n f 2  u1 d2V1 dgl j n f l  
+ -1 

'lo+ dr r ' 2  dr2 OO+ dr r 
+ -} = - {- {- 

dr2 

d2 V, 
d2V1 - 0 at r = R1 and E ,  - 1.11 <<1 , y i e l d s ,  s ince  - - - O y  - -  

dr  dr2 1.12 

- *  dg2 0 at r = R1 or  
dr  

l j ' (0) = 0 (A. 36) 

b.c. (11-54) i s  r a t h e r  involved and s o  we w i l l  show i t s  terms 

indiv idua l ly .  

A A G A h  

a 2 ) z  + b -b = - > (i) (P,-P,) = (plal-p2 1 2 R. r = R  , 1 
1 

on using r e l a t i o n s  ( I I -25ayb) .  

a ,  

is  a second order  s m a l l  quant i ty .  1.11 dfl  
s ince  y (r) 

2 

( i v )  I n  c 'a lculat ing ( I T  -IT ) we have from (A.25') f o r  
r=R1 
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i = 1,2 , i n  dimensional forms, 

dW2 
( b )  p2[ja(W1-c)hl+f2 dr + jnQh2] = - j a T  + 1-1 [h"-a2h 1 

2 2 2  2 

a t  r = R , by v i r t u e  dw2 
-1-12 dr 1 

Since W 1  = W2 and p1 c- 
t h e  b a s i c  flow p r o p e r t i e s ,  while 

f irst  order s m a l l  q u a n t i t i e s ,  we  can neglec t ,  i n  tak ing  t h e  

h l ,  h, and t h e i r  der iva t ives  are 

difference ( a )  - ( b )  , terms mul t ip l ied  by p as compared t o  

those mul t ip l ied  by p and p2 respect ively.  Thus 
1 Frl 

2 

dw2 
f 2  T I  r = R  

of 

1-12 d3f2 df 2 
+ 7 [- -+a2---1 

d r 3  dr r = R 1  

(v) ( J (Kl+ K 2 )  = 

The der iva t ion  

1 
G[-- +a2q + O(ri2)], i s  t h e  surface tens ion  term 

R1 

of t h e  formula f o r  t h e  p r i n c i p a l  curvature 

( K ~ +  K ~ )  f o r  t h e  dis turbed h e l i c a l  i n t e r f ace  i s  shown i n  Appendix B. 

S u b s t i t u t i n g  now the  r e s u l t s  ( i ) ,  (ii),  (iii), ( i v )  and (v)  

i n  (11-54) , we have 
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We now mult iply t h e  above equation with 

condition (A-34) .  Then 

jd and use t h e  kinematic 
p2Wo 

aaa Q2R 
c- + -1 

v 2  1-12 

= 3 j f F  

f l 

We observe t h a t  t h e  dimensionless coe f f i c i en t s  i n  t h e  

preceding equation can be recas t  i n  t h e  following fash ion ,  using t h e  
% 

already def ined R e ,  T ,  c ,  a 

h 

Since Wo = according t o  ( A T 1 5 ) ,  we can w r i t e  
3v2 

Q2Rld2 3Q2R1 
=- -  -4 which we c a l l  t h e  cen t r i fuga l  ac t ion  parameter. 

i A  
v w  

2 0  

W e  also int roduce a Weber number We t o  denote t h e  dimensionless 
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we have t h e  final.  dimensionless form of t h i s  i n t e r f a c i a l  b.c. as 

follows. 

a4Re2 + a2Re% + aRe {aRez-n &}m' ( 0 )  ] $( 0 ) [T 

+( &e:-n JT) [ ( aRe2-n&7+33 a2 I + '  ( 0)  

- j  [ (aRe2-nfi) ] +'" ( 0 )  = 0 ( A - 3 7 )  

( A - 3 7 )  reduces f o r  t h e  s p e c i a l  case of an axisymmetric mode 

of  dis turbance,  t o  

+a& + a2Re2m' (O)]+(O) 

+[aRec2+3ja22]$'(0)- j;$"' ( 0 )  = 0 

a 3Re k- 
?, 

(A-38)  



APPENDIX B 

THE FIRST GAUSSIAN CURVATURE OF THE INTERFACE 

FOR A HELICAL DISTURBANCE 

I n  t h e  app l i ca t ion  of t h e  normal stress b , c .  a t  t h e  two-fluid 

i n t e r f a c e  w e  r equ i r e  t h e  value of (KI + ~ 2 )  where KI, “2 are the  

p r i n c i p a l  curvatures  of t h e  d is turbed  in t e r f ace .  W e  der ive  i n  t h i s  

appendix an expression f o r  ( ~ 1  + “21, which is  a l s o  known as t h e  

f i r s t  Gaussian curvature  of t h e  i n t e r f a c e ,  under t h e  thin-f i lm app- 

roximation. 

The genera l  h e l i c a l  dis t rubance g ives  rise t o  an i n t e r f a c e  

described by 

r = R 1  + with TI = n o t  , = exp[j{a(z - c t )  + ne)] 

(B-1) 

we now follow t h e  s tandard  procedure of t h e  d i f f e r e n t i a l  geometry 

(Weatherburn, 1955) f o r  der iving t h e  required expression f o r  

(“1 + ~ 2 ) .  The nomenclature i s  a l s o  t h a t  of t h e  re ference ,  The 

su r face  (B-1) can be  represented v e c t o r i a l l y  by 
-f 

= [(Rl f TI) Cose, (R1 f TI) Sin  8 ,  z] (B-2) 

The coordinates  0 ,  z may be regarded as t h e  two.parameters f o r  

descr ibing t h e  s u r f a c e  (B-2). Dif fe ren t i a t ions  wi th  r e spec t  t o  

0 ,  z w i l l  be denoted by subsc r ip t s  0 ,  z .  

-f 
R~ = [{ - ( R ~  + n)  c o d  

{cos0 ( ~ 1  + n )  + Sine  ne} , 03 
+ cos0 TI& 
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The following are t h e  f i r s t  order  magnitudes of t he  surface:  

(E, F, G are connected with t h e  l i n e  element df. on t h e  sur face  by 

t h e  r e l a t i o n  d12 = E(d8)2 + 2F(d0)(dz) + G(dz)2)- 

Unit normal with pos i t i ve  sense i n t o  the region r > R 1  = 

3 3 

e R x R  z -f 
% =  
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The following are then t h e  second o rde r  magnitudes f o r  the  

s u r  f ace : 

= jan,  nee  = -n 2 n:, n e z  = -nan and n = using n e  = j nn ,  nz 

-a2n ,  w e  have 

Z Z  

L = g 1 {(R1 + n I 2  + n2(R1 + n )  n - 2n2n2} 

L e t  T2 = LN - M2. Then t h e  p r i n c i p a l  curvatures ~ 1 ,  ~2 of t h e  

s u r f a c e  a t  ( e ,  z )  are t h e  roo t s  of t h e  quadra t i c  equation 

H 2 ~ 2  - (EN - 2FM + GL)K + T2 = 0 03-31 

Since w e  need only t h e  sum ( K L  -t ~ 2 1 ,  w e  have simply ( ~ 1  + ~ 2 )  

EN - 2FM + GL 
or 9 

- 
H2 

a 2 ( R 1  + n I 2  - n2(R1 + n)  Q + 2n2n2) 03-41 
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We then s impl i fy  ( B - 4 )  under t h e  thin-f i lm approximation, 

a v iz . ,  E = - << 1, l-?Js 0(1):  
R1 

W e  n o t i c e  t h a t  the  formula (B-5) is  independent of n ,  t h e  

index of nonaxisymmetry i n  t h e  dis turbance mode. Thus, t o  t h i s  

order  of approximation the  c a p i l l a r y  fo rce  term i n  the  i n t e r f a c i a l  

b.c.  does - no t  depend on the  p a r t i c u l a r  h e l i c a l  mode under consider- 

a t ion .  The c a p i l l a r y  force  term i s  then 

O ( K 1  + K2) = of a2Q + -7 03-61 1 
R1 



APPENDIX C 

RANGES OF SOME DIMENSIONLESS PARAMETERS I N  THE PROBLEM 

I n  t h i s  appendix w e  s h a l l  estimate t h e  ranges and order  of 

magnitude of some of t h e  dimensionless parameters defined-and dis- 

cussed as t o  t h e i r  phys ica l  s ign i f i cance  i n  Chapter 11. 

t h e  paucity of " typical ly"  r ep resen ta t ive  da t a ,  t he  values given 

he re  are hoped t o  descr ibe t h e  general  range of interest  i n  app- 

r o p r i a t e  configurat ions and e spec ia l ly  i n  reference t o  the  space- 

c r a f t  boi ler- tube,  with some swi r l ing  introduced, as was described 

i n  Sect ion 1.2. It  may b e  mentioned t h a t  even such b a s i c  i t e m s  as 

t h e  high temperature (bo i l ing  regime) physical  p rope r t i e s  of t h e  sub- 

s tances  of i n t e r e s t  have been reported only i n  the  pas t  few years.  

The most r e l i a b l e  da t a  ava i l ab le  have beenTaken from t h e  r epor t s  by 

Ewing (1966 a,  b ) ,  Tepper (1965, 1966)' Aerojet  General Company 

Design Manual H-100 (1967), Lee and Lemmon (1967) f o r  t h e  present  

estimates. The da ta  i s  presented i n  the  following Table C a l .  

I n  s p i t e  of 

Surface Tension Parameter 

It has been mentioned i n  Section 2.6 t h a t  t h e  Weber number W e  

can b e  w r i t t e n  i n  a manner t h a t  t h e  flow q u a n t i t i e s  are represented 

through t h e  Reynolds number Re  and t h e  physical  p rope r t i e s ,  su r f ace  

t ens ion ,  v i s c o s i t y  and densi ty  through t h e  parameter& The r e l a t i o n  

-192- 
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TABLE C a 1  

PHYSICAL PROPERTIES OF SOME L I Q U I D  METALS NEAR BOILING POINT 

S ub s t ance 

C e s i u m  

Mercury 

Pot ass ium 

io i l i ng  
Point  
O C  a t  

760 mm. 
If Hg 

705 

35 7 

760 

e n s i t y  
gms * / 
cc. 

1.455 

12 74 

0.660 

v i s c o s i t y  
Centi  

Poises  

0.30 

0.826 

0.137 

Cinematic 
J i scos i  t y  

Centi  
Stokes 

0.2062 

3.06484 

0.2076 

For t h e  sake of c u r i o s i t y  w e  make t h e  estimates f o r  water a t  

20 O C  a lso .  The phys ica l  p rope r t i e s  f o r  water are 

cm Taking f o r  2 a te r res t r ia l - sur face-va lue  of 980 - 
sec 

t h e  .values of 2 *  
$I f o r  t h e  substances mentioned are given i n  Table C.2. 
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TABLE C * 2  

Substance Value of ,& 

C e s i u m  3,202 .O 

Mercury 3,715.0 

P o t  as s i u m  11,090.0 

Water I 1,053.0 

Centr i fugal  - Parameter K and the  Rotation Parameter % - 
The parameters K and T e s s e n t i a l l y  descr ibe t h e  e f f e c t  of 

r o t a t i o n  i n  t h e  problem and i t  is therefore  d e s i r a b l e  t o  have t h e i r  

orders  of magnitude. I n  t h i s  connection, we have b e t t e r  information 

than with t h e  o t h e r  parameters of i n t e r e s t ,  because t h e  inves t iga t ed  

range of p r a c t i c a l  i n t e r e s t  may b e  ascer ta ined from the  recorded da ta  

i n  Peterson (1967, pp. 49, 51, 144-147) and Onnenheimer (1957, p .  19) .  

I n  the  former r e p o r t ,  t h e  r a t i o  of t h e  c e n t r i f u g a l  acce le ra t ion  a t  

the  l i q u i d  f i l m  su r face  t o  g r a v i t a t i o n a l  a c c e l e r a t i o n  has been 
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estimated and used i n  t h e  empir ical  c o r r e l a t i o n  of data.  I n  t h e  

la t ter  reference,  t a n g e n t i a l  i n j e c t i o n  of f l u i d  w a s  used and t h e  

e f f e c t i v e  angular  speeds of t h e  f l u i d  were recorded. From these 

da t a ,  t h e  r ep resen ta t ive  range of ope ra t iona l  i n t e r e s t  f o r  t he  cen- 

t r i f u g a l  acce le ra t ions  ( W 2 R  ) developed a t  t h e  f i l m  su r face  is  

0 t o  100 g. For a 1" I . D .  tube (which is  t y p i c a l  of t h e  experiments), 

1 
A 

t h i s  range t r a n s l a t e s  t o  an equivalent  range of angular speeds of 

r o t a t i o n  0 t o  43.91 r p s . ,  with t h e  same value of g as before.  
A 

In  our 

model t h i s  is  t h e  range t o  be used f o r  C2 f o r  a t y p i c a l  r ep resen ta t ion  

of t h e  s w i r l  e f f e c t  produced i n  t h e  experiments reported.  

The Taylor number T can be w r i t t e n  as (5)4'3 s o  t h a t  

depends only on t h e  r o t a t i o n  and physical  p rope r t i e s ,  while  t h e  a x i a l  

flow p rope r t i e s  are sepa ra t e ly  represented i n . t h e  o the r  f ac to r .  Here 

. For t h e  substances mentioned, t h e  ranges of @, =C22____. [ 3j s 
are l i s t e d  i n  Table C e 3 .  ( 0 n 2 R ,  < I O 0  2 ) 

TABLE C.3 
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For computational purposes we  d i  

as fo - fuga1 parameter - 
values of@, are ted  in Table C e 4 .  

TABLE C.4 

Cesium 
d 

(.R 0.0 0.05501 0.11002 0.27505 0.44008 0.5501 

Mercury 

P or as s i  um - 
0% 0.0 0,05512 0.1124 0.2756 0.44096 0,5512 

Water 
A 

(R 0.0 0.1573 0.3146 0.7865 1.2584 1.573 
I 



APPENDIX D 

DERIVATION OF THE ENERGY BALANCE EQUATION 

FOR THE DISTURBANCE FLOW I N  THE FILM 

For t h e  flow configuration under s tudy,  t h e  energy i n  t h e  

disturbance flow is  i ts  k i n e t i c  energy. We s h a l l  now ob ta in  the  

equation governing t h e  time-rate of change of t h i s  k i n e t i c  energy 

i n  a c o n t r o l  volume f o r  an ind iv idua l  n e u t r a l  normal mode of the 

dis turbance,  averaged over a t i m e  period of the  mode. The app- 

r o p r i a t e  con t ro l  volume is  t h e  f i lm flow region i n s i d e  a s i n g l e  wave- 

length and u n i t  depth ( i n  the  azimuthal d i r e c t i o n ) .  

film-approximation t h e  c y l i n d r i c a l  geometry of t he  f i l m  reduces t o  

Within t h e  thin-  

t h a t  of t he  Cartesian plane,  s ince  t h e  tube i s  developed, as i t  

were, i n t o  a plane ( i n  the  scale of t h e  fi lm-thickness),  while  s t i l l  

r e t a i n i n g  t h e  c e n t r i f u g a l  and Cor io l i s  terms which are of u n i t  order  

i n  the  dis turbance q u a n t i t i e s .  

The l i n e a r i z e d  disturbance equations f o r  t h e  f i l m  flow, under 

t h e  t h i n  f i l m  approximation (11-30 t h r u  11-33 s impl i f i ed  f o r  ~<<1,  

f o r  t h e  l i q u i d  f i lm ,  subsc r ip t  2) are ( i n  dimensional form) 

-19 7- 
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v au; 
- + - -  a t  r 38 

+ 2 a u; 

V 2 [- + 2 
~~ a z  

v av; 

a t  r a8 + 2 + -- 
av; - 

+ a u; 1 ap; 
w2 az - 2Qv; = - - p2 - ar 

03-21 

+ v2 aw; aw; dW2 - 1 ap; + - -  + W 2 x  + I,.).; - - -  - aw; 
I_ 

az O2 a t  r 88 

(D-4) 

(Note t h a t  t he  second de r iva t ives  with respect t o  8 appearing 

i n  the  viscous terms and t h e  f i r s t  d e r i v a t i v e  with r e spec t  t o  8 

appearing i n  (11-30) t h r u  (11-33) were neglected because t h e i r  co- 

e f f i c i e n t s  are of O(E) ,  O(E ) and - not under the  assumption of the  2 

axisymmetry of t h e  disturbance.) 

Multiplying (D-2), (D-3) and (D-4) with p2u;, p2v; and p2w; 

r e spec t ive ly  and adding, w e  have 
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We can s tudy t h e  energy balance i n  the  dis turbance flow by following 

t h e  t i m e  rate of change of the  t o t a l  k i n e t i c  energy i n  t h e  con t ro l  

volume of t he  f i lm and then time-averaging, This may be  w r i t t e n  as 

Rl+d zo+X 1 1 [-(i) - ( i i )  + ( i i i )  + ( i v )  + (v) + (vi) + ( v i i )  + dE 
d t  
- =  

r=R z=z 1 0  

( v i i i )  + ( i x ) ]  drdz 

where X i s  the  wavelength of t h e  dis turbance mode under considerat ion 

and t h e  overhead ba r  i nd ica t e s  the  time-averaging ; t h e  time-average 

of t he  dimensional k i n e t i c  energy i n  the  dis turbance flow is  denoted 

by E" and is  a c t u a l l y  equal  t o  

Rl+d zo+X 

{ ( u ; ) ~  + ( v i )  2 + (w;) 2 } drdz . 
r=R1 z=zo 

We note  a l s o  t h a t  t h e  region of i n t e g r a t i o n  i n  (D-6) ,  ( a  

consequence of t h e  thin-film-approximation) i s  rec tangular  and hence 

t h e  order  i n  t h e  double i n t e g r a t i o n  is  immaterial. 

W e  now rewrite t h e  terms ( i )  t h r u  (ix) i n  (D-5') i n  a manner 

which enables us t o  take  advantage of t he  s p a t i a l  and temporal 

p e r i o d i c i t y  of the  dis turbance (when expressed i n  terms of the  

Fourier  components) and thereby drop the  redundant terms. 
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The term i n  t h e  f i r s t  square brackets af ter  one i n t e g r a t i o n  with 

r e spec t  t o  z vanishes because of t h e  p e r i o d i c i t y  i n  z .  

t h e  second square b racke t s  i s  i d e n t i c a l l y  zero because of t h e  con- 

t i n u i t y  r e l a t i o n  ( D - 1 ) .  The t h i r d  term however, a f t e r  an i n t e g r a t i o n  

with respect  t o  r vanishes only a t  t h e  w a l l  where t h e  dis turbance 

ve loc i ty  components have t o  vanish. 

The term i n  

The r e s i d u a l  con t r ibu t ion  comes 

The terms ( i i )  and (iii) may be l e f t  as they are, They are 

t h e  s o  c a l l e d  Reynolds stress terms, a r i s i n g  out of phase c o r r e l a t i o n s  

between t h e  dis turbance v e l o c i t i e s  i n  orthogona 1 d i r ec t ions .  
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Then t h e  sum ( iv)  + '  (v) + (v i )  + (v i i )  + (v i i i )  + ( i x )  is 

equal t o  

L J 

The term i n  t h e  f i r s t  square brackets makes a vanishing con t r ibu t ion  

a f t e r  one i n t e g r a t i o n  with r e spec t  t o  Z. The second term i n  square 

brackets  vanishes on one i n t e g r a t i o n  with r e spec t  t o  r because of 

t h e  b.c. on v; . 
vanishes only at t he  upper l i m i t  of r - integrat ion s i n c e  t h e  ve loc i ty  

The term i n  t h e  t h i r d  square brackets however 

has t o  be zero a t  the  wall. There is  a r e s i d u a l  contr ibut ion due t o  

t h i s  term equal  t o  - ";i] . 
1 ar r = ~  

The term i n  the  fou r th  square brackets  is e a s i l y  recognized 
3 

as t h e  square of t h e  magnitude of t h e  v o r t i c i t y  A,  i n  t h e  l i nea r i zed  

disturbance flow, under t h e  t h i n  f i lm  approximation (i .e. ,  terms of 

t h e  type - - have been neglected i n  t h e  v o r t i c i t y  vector  1 aw; -- 1 a% 
r 2 0  ' r a 0  

components). This last t e r m  is a measure of t h e  viscous d i s s i p a t i o n  

i n  t h e  disturbance flow. 

Now t h e  s i g n i f i c a n t  p a r t  of (D-6) can b e  w r i t t e n  thus 
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r = R  z=z 1 0  

- 
[p2 L? uivi] drdz -I' r=R1 z=z T" 0 

R z +  

- 1.12 p 1 Ih2 1 drdz 

r -R z=z L O  

L e t  us non-dimensionalize (D-7) wi th  r e spec t  t o  the  same reference 

q u a n t i t i e s  as those used i n  Appendix A and Chapter 11. Then w e  

t h e  dimensionless equivalent  of (D-7) 

have 

1 z*+ h* 

dm fi - -  a* - I dx f dz* L-u?~' "5') - - f  - (u2' v;') - - 
dt* dx Re R e  

"0" x-0 
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where a l l  t he  s t a r r e d  symbols s t and  f o r  the  dimensionless counter- 

p a r t s  of t h e  corresponding va r i ab le s .  

Since w e  wish t o  g e t  an a c t u a l  estimate of t h e  rate of change 

of t he  mean k i n e t i c  energy i n  the disturbance mode, we  have t o  

recognize t h a t  only t h e  real p a r t  of t h e i r  complex r ep resen ta t ives  

i n  t h e  normal modes ana lys i s  s t and  f o r  t he  physical  q u a n t i t i e s .  

Further w e  s h a l l  drop t h e  a s t e r i s k s ,  as w e  are go in t  t o  work only 

with dimensionless q u a n t i t i e s .  Thus w e  have 

where ‘$ = exp I j{ a ( z  - c t )  + ne) I and t h e  a t  t he  bottom denotes 

t h e  complex conjugate of t h e  quant i ty  r e s t i n g  on i t .  Subs t i t u t ing  

the  above expressions f o r  u’ v’ w’ and dropping out a l l  terms in- 2’ 2’ 2 

vo lv ingE2  a n d 5  which vanish because of p e r i o d i c i t y  i n  z a f t e r  

i n t e g r a t i o n  and t i m e  averaging, w e  have the  dimensionless phys i ca l  

2 

statement of t h e  energy balance i n  t h e  l i n e a r i z e d  disturbance motion, 
1 
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1 -  
- - A I df 2 - aPf2I2 + a 2 1 ~ i 2  + a4/g212]dx  

2 2 R e a  
0 

(D-9) 
2 

x Wow multiplying (D-9) with , w e  have i n  t e r m s  of 9 and $ y  t he  

dimensionless amplitudes of t h e  r a d i a l  and azimuthal ve loc i ty  

f luc tua t ions  and r2 

T # 0) i n  the  l i q u i d  f i lm 

the  pressure f l u c t u a t i o n  amplitude (assuming 

0 

+ dx 4- 
- Ta2 1 
R e  

0 

(D-10) 
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1 

The real and imaginary p a r t s  of t h e  dimensionless pressure f l u c t u a t i o n  

amplitude r2 a t  t h e  mean i n t e r f a c e  appearing i n  equation (D-10) can 

b e  ca l cu la t ed  from the  nondimensipnal counterpart  of equation (11-37), 

t he  z-momentum equation f o r  t h e  disturbance flow. 

The r e s u l t s  are 

(D-11) 

(D-12) 



ADDENDUM 

It w a s  mentioned i n  Sect ion 1 . 3  t h a t  t h e  s w i r l  i n  t he  present  

model i s  represented by a r o t a t i o n  of t he  tube about i t s  ax id ,  

p r imar i ly  f o r  convenience i n  a n a l y t i c a l  t reatment  and a l s o  i n  view 

of t he  v a r i e t y  of ways s w i r l  has been and can be introduced i n t o  the  

b a s i c  flow configurat ion.  

Af te r  the  f i n a l  d r a f t  of t he  present  study w a s  completed, t he  

following r epor t  of recent  experimental  work done a t  the  NASA L e w i s  

Research Center,  Cleveland, Ohio, w a s  brought t o  the  authoxs' a t t -  

en t ion  by D r .  F. A. Lyman. The report dea ls  with hea t  t r a n s f e r  

s t u d i e s  on a s ingle-boi ler- tube,  r o t a t i n g  about i ts  a x i s  and is  

ava i l ab le  as NASA TN D-4136 (March 1968) by Vernon H. Gray, Paul  

J. Marto and Allan W. Jos lyn ,  e n t i t l e d  'Boiling hea t - t r ans fe r  co- 

e f f i c i e n t s ,  i n t e r f a c i a l  behavior ,  and vapor q u a l i t y  i n  r o t a t i n g  

b o i l e r  operat ing t o  475 g ' s  ." 

1 
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