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contract was originally awarded January 19, 1965, and was extended to
January 18, 1966. It was further extended to April 18, 1966, then to

December 18, 1966, and thereafter to February 18, 1968.



SUMMARY

A number of methods which are suitable for digitally simulating
physical systems are presented in detail. Several of the methods are
well-known, while two are presented for the first time. A brief dis-
cussion of the error involved in each method is presented along with the
method derivation. Each class of methods is illustrated with one or more
solved examples, and the computer results are given in tabular and graphic
forms. The approximations, restrictions, and limitations for each class

of methods are presented along with that class.
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INTRODUCTION

In the course of analyzing a physical system, the engineer is often
confronted with the problem of determining the system's behavior in
response to a class of specified inputs. In many such cases a digital
computer can be used if the¢ system can be translated into a form that
the computer can utilize. The object of this treatise will be to
present several methods for arranging the system equations into iterative
forms that can be computer adapted.

Chapter I is a discussion of the most popular classical numerical
integration technique, Runge-Kutta numerical integration. Of the infinite
variety of orders and modifications of Runge-Kutta, only a few of the more
useful ones are given.

Chapter II presents a class of methods that uses a series of known
solution points to predict future points of the solution of the set of
differential equations describing the system. The formulas in this class
are iterative ones in that they can be repeatedly applied to a block of
points until the solution at each point is obtained.

In Chapter III an attempt is made to solve the same problem without
attempting to directly solve the system of simultaneous differential
equations. Instead, approximations are made concerning the Laplace trans-
form transfer function relating the input and output of the system. The
resulting expression, a function of the time delay operator z'l, is a
discrete filter that weights past inputs and outputs and the prasent in-

put to form the present output.



In Chapter IV the system of equations is solved directly using
state variable theory. The convolution integral that results in the
exact solution can be simplified by approximating the input curve with
a first-order curve connecting input points. The result is a repetitive
method that can be used to simulate the system.

The method discussed in Chapter V approaches the problem from the
viewpoin: that if the system's response to a certain input is known then
the system's response to a combination of this type dnput can also be found.
Two different input approximations are used and summations are developed
that describe the desired output in terms of the response due to the
known input and a new input. Conditions are developed under which the
summations can be truncated to yield considerable simplicity.

The class of methods appeering in each of Chapters I through V is
applied to a third-crder linear system to demonstrate application. The

results appear at the end of each chapter.
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I. RUNGE-KUTTA INTEGRATION ForMuLAs(1,2,3,4]

The problem of simulating a physical system described by a differen-
tial equation, or set of differential equations, can usually be reduced
to one of soiving a set of first-order differential equations. If the
set contains only one or two equations and if the forcing functions are
analytic functions, then the system can he solved analytically with little
trouble. However, the solution may pe desired for both analytic forcing
functions and forcing functions for which only discrete values are known.
This leads to the need for a numerical iteration technique that will be

suitable for solving the first-order differential equation
x = £f(x,t) , (1)

where x denotes the time derivative of x.

Such a technique, commonly referred to as the Runge-Kutta integra-
tion technique, can be derived by approximating the Tayior series expan-
sion of the exact solution of x with a truncated series. The truncated
series solution will be an approximation of the exact solutionm.

If x is expanded into a Taylor series about the point t the

o ?

resulting expansion, with x(t,) denoted by x, , is

(xo+0%y) = Xo + Ho(tgth-t,) + 38 (to-l-h-to)z (2)
" 3 %) A x (x) K
%o - Xo _ (] - .
+3: (t,th to) +4—!(to+h ts) +...+E (t°+h to) + ...
In this form, (x° + Axo) represents the solution at (t°+h). Written in

compact form, (2) becomes

4
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(%, + %)) = x, + ? <IE§) xo(K) . 3)
k=1

Of course, if the function f could be differentiated a great number
of times and evaluated at x,, then a sufficiently accurate solution could
be obtained using (3). However, the use of a small number of terms makes
the expansion seem much less formidable. Using a subscript to denote
partial differentiation (i.e., £, =<%£ ) the first few total derivatives

of x can be written as

f(x,t)

.
[}

X = d(x) - d[f(x,t)] - Of 4 Of dx _ £ +ff
dt dt ot ox dt t X (%)
. 2 2
X = ftt + fotf + fxxf + fxft + ffx
x(4) =6 woff +2ff  + £ £2 4 2f fF + £ £
ttt t xt xtt xxt XXt xtt

- 2 2
+ fxftt + 2Ifxtfx + ftfx) + (fttxf + foyrf + fotfxf

*E_ B2 PE 4 E T EE 4 fif +26%6 £ )
These will be used in subsequent operations as substitutions in the series
expansion of (xb + M) in (3).
Instead of computing the derivatives to obtain the solution of the
differential equation, it is desirable to express the expansion in terms
of the value of f at a number of points in the vicinity of (xg,t.),

expressed in equation form as

m
(x, + &) = x5 + 5;1 wik; , where (5)

e

i=1
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i-1

i = hf(ty +auh, x + y Bijk;) - (6)
j=1

The constants ay, Bij’ and w; are to be determined so that (5) agrees
with the actual expansion given by (3) through the first m terms. A
Runge-Kutta method of order m is then the result given in (5) and (6).
The process for developing the method with m=4 (i.e., fourth-order Runge-
Kutta) is outlined in the following section.

To reduce (6) to a usable form, it is expanded into a Taylor series

in two variables having the general form

_ A2 B2
£(x, + A,y, + B) = £ + Af, + B, + Tv Ex T ABE + o f

yy
— £ +
3! Xxx 2! xxy 2@ Xyy 3! ‘yyy
The expansion of (6) for i=1,2,3, and 4 are

2 h3 o h¥ 3
1 =hf+h O‘1ft + > ozlftt + -6- ozlfttt + ... (7)

=
1}

2
= hf + (h2f, +pyhk £,) + (%2 Wf,, + aph?E By kg (8)

e
[\
[

+

2
a2 2 _2
821k1 x;) ( h f et + h 521k f f

a2 2 B2l 3
22 h leklftfxx Fh =t )

+

2 1,3
= 2 of% h
ky = hf + (@;h“E, + hBg k£, + BBy kof ) + (.1.2_ £, (9)

2 2
+ aghTBy kg fye + AghBagkof | B31 1 xx 2 532 2

+h kykof 3h4 h32 k
631532 (531 + B32k )f

2
[02Y]

3h® 2 .2 2 .2
= 831k + B3yBypkky + Byoky) £




3 3
6(e31k + 3531k1832k2 + 3531 1332 2 32k2)f >+

2
= 2 o 3
4 = hf + (¢hf, + h(e“k1 + Byoky 643k3)fx) + (ék h ftt (10)

2 h 2
+a,h (Bg1kq + Byoko * 543k3)fxt + 2(541k1 + 642k2 + 843k3) fxx)
o‘2h4f + h3 B, k. +B,.k +p8,.k )f

6 ree | 204 Barky t Bk, + Bkt

o““hz( K K £, ( k K ko) f >+

Since th: equations for kz, k3, and k4 contain expressions involving
previous values of iz, they must be solved to yield ki in terms of known

quantities. This procedure will be demonstrated for k,, but not for kq

2,

and k4 due to the astronomical number of terms involved. Substituting

the equation for k1 into the one for k, and regrouping terms in ascending

powers of h gives

=
]

2 3 g%

521
+ 2821f f+= 5 f f + h a f 621 1t + a ff 521
3 %
[e4 (04
2 2
- ff+— fff+—21ff >
* 6 fttt 621fx tt 2 B21 t xXx ¥XX,

The expressions for k1 and k2, with corresponding ones for k3 and
ké’ can now be substituted into (5) to yield an approximation of (x°+Axo)
for m=4. To be an approximation of the solution of the differential
equation this result must also coincide as closely as possible with the
actual Taylor series expansion of the solution given by (3) and (4). 1In

order to solve for the oy;'s, w;'s, and Bi's the coefficients of like

power of h of the two series are equated so that the series are forced to




coincide through m terms. From (6) a solution for oy is oy =o.

coefficients of h, h2, h3, and h* ylelds
h: wlf + wzf + waf + mhf = f
2,
£f

f
+ = ¢t X
+ wa(aaft + f341ffx Baszx + 543ffx) > +

2
2 2

3, (B Bh1 .2 o3

b7 “’2(2 fee ¥ OPorfuet + 571 fxx> * “’3(2 fee

Equating

11

(12)

(13)

£ £2

2 XX

£+ + o ff + + XX
P3f ) fe ¥ PyyEB) E OB By Byy) v (531+B32)2>

£
+o, (5 1 V42

2

2 Qp v

tt

+ 543fx(°‘3ft + B3lffx + 532ffx) + B(,zfx(azft + anfx))

1 2 2
== + + + +
6(ftt 2f tf £ f £ ft ££7)

3

3 a2 a p
4, a 22 22,2 2 —21.3
b w, 32 £opp + > Boyf Ffp + 5801, f £+t gt

1 3 3.1 2 2,1
+w3[-6-fmf (B311B3,)" + 5 O3, £ (B, #8,,)° + 0

o |

L

2
35 el Pa1tPs3y)

2 2 ttx
3
- + f f + f £
5 fttt B32((12 t + B21ffx)(a3fxt + 632fxx B31 XX )
o B3 2
+ B3fo<; ftt + azﬁzlffxt + 2 £ fx%)]

Cx4ftxx

fxxx 3 3
+ “’4!- 5 L (BB, tRe)” 41 " 42
2 3

tt

£2 (B, +p +f343)2

o %% 2
+2 f xf(641+642+f343)+6 fttt+fxxf(8 # B8 ,.8,.)

2
ff )+ £ f (o f f £ ff
(azft+ 621 x) x (843+f3 B, .1, 8 ) (oz3 t+ﬁ331 x +1332 x)

4143 42743

42 "41 42 42743

/




+af £ £ ) +a f £
% E tPuy oty + By FE ) + 0 £ B OE + B f £ 4B55D

o2
2 3
+ Ba3fx<832fxa2ft + B32fxB21.f + > ftt + a3fxtf(531ﬂs32)

2 2 i
1. g2 2 % 221 g2
+de 2, 48y > + Bazfx<2 fop + OB fef + 500 E2E

_ Al 2
= 55 Eepe * 3£ £, + 3L+ 3fxxtf + 3fxxftf + £ £

+SEEE + £ £L 4 £+ 4E2E £+ ff3] :
x xt t % XXX X XX X
For these expressions to be valid for any arbitrary function £, the

coefficients of £ and its partials must be zero. This will be true for

equations (11) through (14) if

% = Pn (15)
3 = B3+ B3y (16)
®y =By * Byp + By, (17)
w1+a)2+a)3+w4=1 (18)
a2w2 + a3w3 + aaam % (19)
ang + ot%u):, + aﬁwa_ = :1; 20)
Ot%coz + agw:, + a2w4 = % (21)
QgyB39 + w4(a2642 + 053643) = % (22)
a§w3s32 + ‘“4(0‘3642 +as,,) = %2 (23)
OBy, + @, Oy + 03 = g (24)
“4%B32P43 = %4 ' (25)

The eleven equations given in (15) through (25) contain thirteen

unknowns, so that two degrees of freedom exist in their solution. These




e

L T B I B s

9
same equations are valid for m < 4 if the appropriate terms are set
equal to zero, thus they can be used to obtain the lower-order Runge-

Kutta methods, as will be demonstrated.

Second Order
With m equal to two and all terms with subscripts greater than two

being zero, the equations in (15) through (25) become

+ =1
w a&
Wally = 1 and
272 2
az B21

Runge selected a, = %, giving wy =1, Wy = 0, and By = %‘. The resulting

iteration is

k1 = hf(to, Xo)
- 1 1
k, = hi(e + -fh, x, + -2-k1) (26)

(xo + ¢ ) = x, + ky

- 1 1 .
Heun selected Qy = 1, giving Wy =3, W] = 2> and 821 = 1, The resulting

iteration is

hf(t,, x )

kl o

k, hf(to + h, x, + kl) 27)

"

= 1
(Xo + AXO) = Xo + E(kl + kz)

Equation (27) is the familiar Trapezoidal Rule. A wide variety of second-
order methods can thus be obtained, all of which agree with the actual
Taylor series expansion for (xo + Axo) through the factor of h2£(1),  The

error of a second-order Runge-Kutta is of order n3f£(2),
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Third Order

For the third-order methods, (15) through (25) become

Wy + wy + g = 1
oy + Q309 = %’
Q%QZ + a%wB = %
APy =gl
% =By
3 = B3yt Py,
A widely used method results if az = % and a3 = 1, such that 521 = % )
kl = hf(to, xo)
k, = hE(t, + %h, x + %‘kl)
(28)
kg = hf(t_+h, x -k + 2ky)
(xy + 8x5) = %, +2c + by + k)

Fourth Order

Perhaps the most commonly used Runge-Kutta is a fourth-order one.

Again referring to (15) through (25), select Ay = % and a3 = %, giving
- 21 -1 _d 1 -1 - -1
O =L By = O T % T3 93T @ =8 By =0 By 7o
841 = 0, 542= 0, and B,3 = 1. The classical method is then
k1 = hf(to, xo)
- 1 1
k, = hE(ty + 2, x, + k) 29)
= 1 1
ky = hf(t  + 5h, x +§k2)
k =

hf(t0 + h, X + k3) , and




L B

LG

11

1
(xo + Axo) = xo + g(kl + 2k2 + 2k3 + k4) .

This may be used to approximate the series expansion for (x, + Axo)
through a term of order haf(3).

As has been previously mentioned, the inherent error in any order
Runge-Kutta is due to truncation of the series expansion of the solutionm.
For instance, 1f a fourth-order method is used, the first term in which
the two series are in disagreement is of order hsf(a).

As may be observed, the error is intimately associated with the
step-length h. For too large h, the series may not converge, while for
too small h, round-off error in the calculations may cause the results
to be meaningless. Thus some nominal value must be selected to give
adequate results. One method of selecting h is to arbitrarily select a
trial value and compute several points. Then halve h and repeat the
calculations. If the solution curves are not in agreement within the
tolerable degree of accuracy, again halve h. Repeat this procedure until
the desired accuracy is achieved. If this recourse fails, double the
original h and repeat the same procedure. With some a priori knowledge
of the system's behavior and a little luck, a suitable h can usually be
found in this manner.

Higher order Runge-Kutta methods are available if the series given
in (3) and (5) are matched through higher powers of h. However, the
complexity of such a procedure increases rapidly, as does the difficulty
in using the results to solve a differential equation. If a higher degree
of accuracy is required than is obtained with a fourth-order method, de-

creasing h is preferred to using a higher order method.
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Although the preceding formulas were obtained for a single first-
order differential equation, a higher order equation can be treated in
the same manner by first reducing it to a set of first-order equationms,
and then applying the formules to each first-order equaticn in sequence.
In this manner the solution to the entire set of first-order equations
is found.

Although the set of Runge-Kutta formulas has been available for
many years, they have not been used extensively to solve differential
equations. This is due to the large number of function evaluations re-
quired per step, which hand calculation cannot efficiently perform but
which a digital computer can. Prior to the computer age the Runge-Kutta
formulas were used primarily to obtain a few starting values for methods
which required several initial points along the solution curve.

The main objection to solving large systems of equations using
Runge-Kutta is the many function evaluations required at each step. A
fourth-order method, for instance, applied to n simult-neous equations
requires 4n evaluations per step, which bec;mes extremely time consuming

for large n.

Example

A second-order Runge-Kutta is used to solve the third-order differen-

tial equation given below from t = 0 to t = 5 with update increment h=0.1.

. ) T -3t/2
R+ 5% + 12% + 8x = te

e, = 8x + x

X =x=X=0at t = 0.
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These equations may be reduced to the following set of first-order

equations
X =X
Xg = *1 = x
x3 =X =x

X, =%, = f1

Xy = Xg = f2

i3 = te-3t/2 -5 3 " 12x2 - 8x1 = f3
e, = 8x1 t X9 ,

with X10 = %90 = X39 = 0Qat t =0.

From equation (27), a suitable second-order method is

dxll = (x20) (- 1)
dx21 = (x30)(.1)
del = (-5}(36 12x20 - 8)(10 + 0)(.1)

dx

92 = (%39 + dx3,) (. 1) s
dx32 = (-S(x30 + dx31) - 12(x20 + dx21) - 8(x10 + dxll) + (.1e )(.1)

- 1
xll = xlo + f(dxll + dxlz)

1
x20 + I(dx21 4+ dX22)

= 1
31 = %30 + 2(dx31 + dx32)
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The entire procedure is then repeated using X110 X91» and Xy, as the new
initial values to obtain the solution at t = .2, etc. The solution for
€, is simply eo(t) = 8x11 + Xy -

The previous example was programmed on an IBM 7040 digital computer
to give an indication of the accuracy involved. The results are listed
in Table 1 along with the results of the third-order method (equation
(28)) and the fourth-order method (equation (29)) applied to the same
set of equationms.

To demonstrate the effect of the time increment upon accuracy,
results of a second-, third-, and fourth-order method for h = 0.05,

0.1, 0.2, 0.4, 0.8, and 1.6 are shown in Figures 1, 2, and 3. Also in-
cluded for comparison is the exact solution.

As can be seen from Table 1 the second-order method yields about
3-digit accuracy, the third-order about 4-digit accuracy, and the fourth-

order about 5-digit accuracy.
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TABIE l...Third-order System by Runge-Kutta

15

with h= (.1 Seconds,

Time Analytic Second-Order Third-Crder | Fourth-Crder
Solution Runge-Kutta Runge-Kutta Runge-Kutta

o0 .0 .0 0 .0

C.l L0001 6LL9 | .0 0001 Sh62 | L0001 6622
0.2 L0012 6963 | .0009 2526 L0012 68L5 | L0012 T16k
Ce3 .00LC 6274 .0036 015k «(CLO 7659 +0CLO 6492
O.L .0090 0563 +0085 1081 0090 3083 .0090 0584
0.5 .0162 51€C | .C158 (036 | .0162 8396 | .0162 5103
0.6 .0256 9028 +0253 3128 % .0257 2313 .0256 8872
0.7 -C370 CCL7 | .0367 6Lk12 | .C370 2853 | .0369 96LS
0.8 LCh97 2117 | +0L96 0358 | JOhCT Neel LCLST 1903
0.9 0633 161L 0632 9738 .G(33 2U60 0633 1416
1.C 0772 3077 | .C772 7913 0772 279C | .CT72 2917
1.1 .0909 3712 | .091C 1593 | «0909 2378 .0909 3599
1.2 21039 6612 | .1CLO 39L9 | +1039 LL20 | ,1039 6553
1.3 #1159 2817 | ,1159 6501 | »1159 0011 | .1159 2812
1.k .1265 2313 «126L 9970 | .126L 9154 21265 2357
1.5 1355 L2C5 | ,1354 L306 1355 0946 | .1355 L289
1.6 .1L28 6261 | L1426 8117 «1h28 3121 | ,1L28 6373
1.7 <148l Lo12 «1181 7692 <18l 1169 «1L8L L1k2
1.8 +1522 5605 .1519 5798 »1522 7185 01522 971
1.9 «15L5 0519 <1541 0377 «15LL 8603 .15L5 065k
2.0 .1551 8295 <1547 3259 «1551 6915 <1551 8L21




Solution (x)

(1) Analytic Solution if ...

@) b 0u08 T

' 't [ESEUEE SUUEIE
it b - ——— . R
: i - N i .
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II. MULTI-POINT ITERATION ForMuLas(l:+4»5]

There are several well-known formulas which use known values of the
solution of x = f(t,x) at several points to approximate the solution at
future points. Although these methods appear under a variety of names,
they all used a polynomial approximation of a function. Perhaps one of
the most useful methods is one commonly referred to as the '"Milne IV
Method," which will be examined in detail in this chapter.

The solution of the first-order differential equation

£(t,x) (1)

5.
fl

can be approximated at a series of (n+l) points by an n-th order poly-

nomial in time. Such a polynomial can be written as

2

o~ - n
x = P(t) = a, +ajt + a,t° + ... + ant

2

which is an approximation of the solution of (1). The differential
equation becomes x = %t(P(t)). The difference in the solution at two
points in time, tj and t,, can be found by integrating the differential
equation. Then

t

k d
xk - xj = b/;' Et(P(t))dt . (2)

The polynomial %t(P(t)) can be written, using Lagrange's Interpolation
Formula, as

(t-tl)(t-tz) cee (t-talq) N (t-to)(t-tz) e (t-tn_l) )
= X X
(g=t) (e -£)) ... (t -t 1) ° (tl-to)(tl-tz)...(tl-tn_l) 1

P(t)

19
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(-t ) ... (t-ts_1)(t-tsqq) ... (t-ty_1)

+ x, + .
(tj-to) - (tj-tj_l)(tj-tj+1) e (tj-tn_l) J
n-1
) (ttl)]- , 3
Z{ﬂ(t_ti) :, ™)
i#j

If the series of points are chosen so that the time ordinates are equally

spaced h units apart with t; - t, = h, t2 -t = h, ..., tj - tj_1 = h,
then (3) reduces to
n~1 a-1 n-1 n-1
. t-ti) . 1 ft-ti) .
P(t)=y {TT _(___1..jlx.=<h > y [ﬂ :lx_.(ll-)
- ) (j-i)h | J n-1/ /7, _ (J-1§ i
j=0 i=0 j=0 i=
it i#
Integrating from t, to tk’ the approximate solution is
tk'
x =%+ q/‘ P(t)dt . (5)
° t

The integration is simple to perform; however, due to the number of terms
involved, substitution of the limits and simplification are tedious tasks.
The integration with n=5 shall be performed to give the set of Five-Point
formulas, while other orders will be listed in Appendix B. With n=5

equation (4) becomes

P(t) = <—1,;>{ (t-t1) (e-tp) (t-tq) (b-ty) o | (t-to) (b-t)) (E-t3) (E-t4)
¥ CDEDENED . °  MEDEDEn L

N (t-to) (t-ty) (t-tq) (t-t,) i, + (t-t ) (t-tq) (t-tg) (t-ty) i
(2) (1) (-1)(-2)

(3)(2)(1)(-1)
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L (e-t ) (e-tg) (E-tp) (e-t3) ]
. %,

4)(3)(2)(1)
(t +kh) . % % % % 3
- (1) % X, 2 _ X3, 74 S.¢
xk - X%, -u/; b(e)dt = (5—h‘7> iﬂ 3 + 7 5 + 24} {(to+kh) tof
o]

1 -1 . 1 .
+ <WN {(ﬁ' (t1 +ty) + t, + ta)xo + <6> (to + t, + ty + r_a)x1
(l +ty + )% f (3N +e 4+t +t)'-’—l—(t+t+t+t)'1r
- 4 (to tl t3 + t4 X2 6 o tl 2 4 X3 YA oTH 7, 3 x’
(t+kh)4-t4+ L «"f/l (tytn + t ot + € t, + tot, + tot, + tat,)x
i 0 o 3h% k&zz 172 1°3 T t1tg T T2, 2%, 3840%,
/1 + + + X 1 ta+
-3 (totl +t oty +tot, t2t3 t2t4 t3t4)x1 + A (totl + t ty tot4
. 1 .
+ t1t3 + tyt, + t3t4)x2 - <6>(tot1 + tot2 + t:ot4 + tltz + tlt:4 + t2t4)x3
1 : 3_ .3
+ ('27? (totl +t ty + tot3 + t1t2 + ttg + t2t3)x4}{(to + kh) to}' +
1F'l(tt + t tot, + titaty, + totatys)x +/l (t . t.t
0% J\32 J(F18283 + Eifats + Eatats F E2E384)%, + 7 ) (EoE)t3
. 1
+ t tyt, +t tat, + t2t3t4)x1 - (2;> (tot1t3 + totyty + tot3t4

) 1 .
+ t1t3t4)x2 + <6> ( tot1t2 + tor.lt:4 + tot:zt4 + tltzté)x:;

‘1

P
/ . ] 2 2
- (37 (t°t1t2 + t bty + tototy + t1t2t3)x4 jJL (to + kh)“ - to}

1 1 . 1 . 1 .
+ (‘h-z;> { <’2‘Z, (t1t2t3t4)xo - <6> (tot2t3t4)x1 + <4/ (tot1t3t4)x2
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-l\(tttt):‘c+-1—(ttct)x (t+7'h)-t1 (6)
6/ L0 17274773 24) 017237 "0 oj
Replacing t; by (to +h), ..., and tk by (to + kh) in (6), and simpli-
fying ylelds the desired result

N 5 - gerd + 350K - 75012 :
x - % = (35 [ (65 - 75k% + 350K% - 750K% + 720K)%

+ (- 24K + 270k* - 1040Kk3 + 1440k%)% .

+ (36K - 360k4 + 1140k> - 1080k7)%, (7)
+ (- 268 + 210k% - 560k3 + 480Kk%)i,

+ (6K - 45k + 11063 - 90k?)x, ]

Equation (7) is a good approximation of x over the interval
x, <x < x4 (since n = 5). Evaluation of (7) for k = 1,2,3, and 4 gives

the set of five-point iteration formulas

h . R . . .
X] - X, = I35 (251 x, + 646 ) - 264 X, + 106 x4 - 19 x4)

h . . . , .
- X =30 (29 x, + 124 X + 24 k) + 4 %y - x4) @)

X, - % =81‘6(27:'c0+102§c1+725<

3 o +425:3-3x4)

2

4h

X, = X =79p (7 x, + 32 X, + 12 x, + 32 Xg + 7 x4)

The set of formulas in (8) can be used to compute the solution, x,

at a series of points Xys Xy Xg, and xa. Unfortunately, the values of

x_ are not known exactly, but must in turn be approximated from the
i

s

s i SRR A
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differential equation.

This suggests the following iterative procedure;

a) obtain a set of n-starting value. for xi by Runge-Kutta integration
or other self-starting methods (including guessing), b) substitute these
values of x; into the differential equation in (1) to obtain starting

values of %, c) use a set of multi-point formulas of appropriate order

similar to (8) to obtain a better approximation of xi, and d) if the

change in each X, is not within the allowable degree of error, repeat

steps b) and c¢) until the values of X, do converge.

Initial values for the next block of points can be obtained by as-
suming that the interpolation polynomial through the n-points in the
first block is a good approximation of the soluvtion in the second block.

A set of so-called predictor formulas results if (7) is evaluated at k=5,

6, 7 and 8. The five-point predictor formulas are

5h

5 - X, = Tag (19 %) - 10 &, + 120 %, - 70 %, + 85 k,)

h . . . . .
R T, (11 X - 44 x1 + 96 X, - 84 X, + 41 x4)

(9)
7h

7 o = 720 (1301 X - 5894 x1 + 11256 X, - 9674 X3 + 3731 x4)

_ 8k . . . . .
3 o = 45 (206 X 944 x, + 1716 x, - 1424 Xy + 491 x4) .

The set of starting values, computed using predictor formulas of

appropriate order similar to (9), for the second block can be iterated

upon using the step by step procedure listed above. Once this set of

points converges to the solution in the second block a set of predictor

formulas projects the polynomial into the third block, and so forth. In

l;;.;,,mmliﬁmwmmmm‘nwma !
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this manner ths solution of the differential equation can be obtained
for the entire desired time interval.

A distinct advantage in this method of iteration is its £flexibility
in allowing for changing time increments between blocks. If, for instance,
a particular block is requiring too many iterations to attain the desired
degree of convergence, that block may be repeated using a shorter in-
crement. On the other hand, if a sequence converges in one or two iter-
ations and a high degree of accuracy is not particularly desired, the
time increment may be increased. Such a flexible nature makes control of
error per block a relatively easy task.

The multi-point formulas can be used to solve a set of simultaneous
first-order differential equations in precisely the same manner as can
Runge-Kutta. In fact, since the error in Runge-Kutta is of order

+1
R (@

, the multi-point formulas of order n yield the same degree of
accuracy as a Runge-Kutta method. However, if the system is well-behaved
over each block, then the multi-point method can yield the same accuracy
as a Runge-Kutta method with a considerable reduction in the number of
function evaluations required.

Convergence can be accelerated by using each value of X immediately
after it is computed to get a better estimate of ii. This process makes

use of the latest information available and, if the iteration converges,

should accelerate convergence.

Example

The third-order differential equation in Chapter I is solved by a

three-point iteration method using initial guesses of xl’m=x2’m=x3’m=0
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for m=0,1,2 and h=0.1. All subscripted state variables follow the form
that the first subscript specifies the state variable and the second
subscript denotes the corresponding time ordinate t, ty, Or ty. The

differential equations are

*,m - *2,m
Xm " X3 m m=20,1, 2
I)m m

x3’m = -5x3’m -12:|:2’m -8x% +t

and the update relations are

X

n,1 - %

h . . '
n,0 12 (an,O 8%, ”

X
91 n,2

h ,- . .
xn,2 xn’0 + 3 (x“’o + 4xn’1 + xn,2)

e = 8x1’m + X,

out,m ,m

The above steps are then repeated using the new values of x until
?
LI and x , cease to change or until the change becomes small. Initial
n, s
values for the next block are

3h
= + +
xn,3 xn,O K3 (xn,o 3xn,2) n=1 2, 3

4h
A R G W i B 5%q,2)

The results of the above operation are listed in Table 2 along with
the results using the two-point, four-point, and five-point methods.

Figure 4 shows these results in graphical form.
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with h= 0,1 Seconds,

iteration rethods

ﬂree-?oint

Four=-Point

Time Analytic Two=-Point Five-Point
Solution Iteration | Iteration Iteration | Iteration

C.C o0 .0 Ny .0 0

C.l +00C1 6LkL9 | .0 -.0005 L4781 | .0001 6321 | .OOO1 6336
0.2 «0012 6963 | 40010 9571 | =,0C16 9735 | .0012 7098 | ,00i2 6966
0.3 +COLO 637h | L0038 BOLO | LCOL3 6717 | .OCLO 6L6L | LOOLC 6326
0.k .0090 0563 | .COB7 6209 | ,CC67 LOCS | +CU9C 0865 | ,0C90 CST1
0.5 .0162 S18C | .0159 1147 | ,O1LS 2436 | 0162 5331 | 0162 5178
0.6 «C256 9C28 | 0252 3771 | ,02uL 7152 | .0256 8551 | .0256 9013
0.7 «0370 00LT | .036k 3930 | 40363 0335 | ,0369 99L3 | .037C 0017
0.8 +0L97 2117 | LOLSO 6972 | ,0L9L 5227 | LOLST 2036 | ,OL9T 2016
0.9 0633 161L | .0626 0208 | ,063L 2909 | 0633 1676 | 0633 1553
1.0 «0772 3077 | .076L 8610 .0776 4121 | ,0772 316L | 0772 3023
1,1 «0909 3712 | ,09C1 9384 <0915 65C3 | ,0909 3708 | .09C9 3670
1.2 1039 6613 | .1032 5313 | ,10L7 LB9S | 1039 6693 | .1039 6516
1.3 o1159 2817 | L1152 6911 | .1i67 9306 | 1159 2721 | ,1159 2775
1.4 .1265 2313 | ,1259 3534 | ,127L 3000 | .1265 2085 | ,1265 231
1.5 »1355 L205 | .1350 3638 | .136L LO39 | 1355 383L | ,1355 L227
1,06 «1428 6261 | ,1k2k 4378 | ,1437 3210 | L1428 5752 | 1428 €323
1.7 o1uBL UCI2 | L1461 0762 | .,1h92 5218 | L1LBL 3452 | ,1LBL LCHS
1.8 1522 96C5 | ,1520 L515 ¢1530 Lhl3 | ,1522 8685 | ,1522 9679
1.9 »15u5 0519 | .1SL3 2615 | ,1551 7BL6 | .15LL 981k | ,15LS 0569
2.0 1551 8295 | .1550 7005 | ,1557 8297

.uﬂ7witdﬁlww

Lttt
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Figure h,..Solution of Third-order System Using Several Crders
of Muiti-Point Iteration Formulas with h= 0.1 Seconds,




ITI. DISCRETE FORMS[6’7’8]

In the previous two chapteis methods were presented that approached
the problem of solving a differential equation by iterating an approxi-
mation of the solution. In this chapter a class of methods is developed
which uses an approximation of the transfer function between
the input (forcing function) and output (solution) of a system of first-
order differential equations. Such an approximation results in a formula
that relates past inputs and outputs to the present output.

In order to derive the class of discrete methods, first examine a
few elementary transformation operations. The Laplace transform of a
function of time, f(t), is denoted by L(f(t)) = F(s). If f(t) is dis-

placed along the time axis an amount of nT seconds, then

£(£(t-nT) u(t-nT)) = ¢ PISK(s).

To avoid the repeated use of exponential functions, the standard z-trans-

form definition

T
z = T8 (1)
is used. Thus, z-1 rep.-ezents a time delay of T seconds and z D repre-
sents a delay of nT seconds.

The solution of an n-th order linear differential equation with

constant coefficients can be related to the forcing function by a transfer

function in the s-domain as

Ll

S) =
V-((_sl = G(s) . (2)

28




29

Here, X(s) denotes the Laplace transform of the output, V(s) the Laplace
transform of the input, and G(s) the transfer function. G(s) can also

be expressed as the ratio of two polynomials in s as

_ c17+ Cy8 + ... + cmsm
G(s) =7 Pl (3)
1 + dzs .o oS

Multiplying (3) by s™P/s M gives

cls-n + czs-n+1 + ...+ cn-n+m
G(s) = oFl - (4)
d,s"® + d,s + ... +d
1 2 n
If equation (1) is solved for s-K, the result is s =-% lnz, or
2 X K
-1 T -2 T - T
= —— = ~— .. = | ——— . 5
S Inz * ° <1nz ? > S <1nz )

To transform (4) into a form that can be digitally simulated, an
approximation for s-K must be made such that it is both accurate and
simple to substitute into (4). Clearly the problem is to approximate
Inz with some kind of a truncated series. A well known expansion for

Inz is

3 5
e -2 (&) +3 (&) +1 &) o ] ®

which converges for all positive z.
A classic substitution, known as the Tustin substitution, results if

only the first term of the series is used. The Tustin substitutions are

1o T o~ T - _T.[gl] (N

1nz 2 |2z-1
2 Z-].
[z+1]
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-Gl=])

- 1N\K
s Ko (I ]zt >
2 |z-1 .

The series in (6) is most accurately approximated with one term if z is

ey vl B =ee
e o s o W
]
[y

in the neighborhood of unity. Likewise, lower powers of lnz are more
accurately approximated with one term than are higher powers of lnz.
Thus, a requirement for accuracy is that z be very nearly unity.

Another substitution method, called the z-form substitution results

if T%; is expanded by synthetic division and only the principal part and

constant term are retained. For convenience define

-zl
N VS ®
- then
. 3 45
. w,ou
; inz 2 <? + 3 + 5 + .>
B __1__11-_11,_&“3-4_4u5-...>
: lnz 2 \u 3 45 945
_1_z1<1 1 _1.__>=l<a+_1>
- Inz 2\u/ 2\ z-1 2 \z-1
~ z+1

2 1
1\ Y1 2\ _Y = 2_2>=L 22 102+1>
(;nz> i(éz 3 > Z(k%x%’ 3 12 -?iffff_
3
1V _ 1/ 1\_1(, 1.3 _ .1 >=l<zz+1>
1nz> ~8<33-E>_8(e:l> (_;:'11'> 2 4—%(2_1) .
. z+1 Z4

. Using these approximations in (5), the z-form substitutions are

4
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-1 = I z+f>
2 \z-T
;"2 _ T2 (22410241 9
4 (z-1)2 )

-3 _I3<§+1g\
2 N3/

Since the z-form substitutions given by (9) involve more terms of
the series expansion of <&%;> than do the Tustin substitutions, the z-
forms can be expected to be more accurate. Clearly, the error in either
method is introduced by truncating the infinite series expansion of 1lnz
after a very few terms.

Returning to the question of simplifying (4), there are now available

K

two substitutions for s , the Tustin and z-forms given in (7) and (9).

Upon inserting one or the other into (4) the transfer function becomes

n n-1 1
oz t+ ajz + ... + a, .12 + a_

n n-1 1 ?
z" + blz + ... + bn-lz + bn

a
G(z) =

wiere the coefficients have been normalized such that b0 = 1.

- 1l-n -n
-1 a_ +az-l+ ... +a -12 + a .z
XD - gl -1 nol n (10)
Viz-1) 1 +bjz” " + ... +b z " +bzD
-1 -1 -2 -n
X ce
(7)) [1+ blz + bzz + +b z ]
- -1 -1 -2 -n
= V(z 7) [ao +a;27" +taz“+ ... taz ] (11)

1

Since multiplication by z = in the z-domain corresponds to a time delay

of T seconds in the time domain, (11) can be written in the time domain
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as
x(kT) + blx(kT-T) + bzx(kT-ZT) + ... + bnx(kT-nT)
= aov(kT) + alv(kT-T) + azv(kT-ZT) + ... + anv(kT-nT) . (12)

Solving (12) for x(kT) yields the recursive relationship
x(kT) = aov(kT) + alv(kT-T) + azv(kT-ZT) + ... + anv(kT-nT)
- blx(kT-T) - bzx(kT-ZT) - ... - bnx(kT-nT) . (13)

Equation (13) expresses the output at a time kT in terms of a linear
combination of the past n outputs and the present and past n values of
the input (where n is the order of the system). Once the "a" and "b"
coefficients have been computed, the task of repeatedly applying (13)
is an easy matter for the computer. Presuming that the substitution used
is accurate, then the output x(kT) represents the desired solution of
the set of differential equations.

The error involved in the discrete substitution is contributed, in
large, by truncation of the infinite series of lnz. However, the trun-
cation errov is closely related to the magnitude of z, which in turn is
dependent upon the sampling period T and the complex variable s. The

first-order approximation is exact if z equals unity. Since z=eST, then

H]

2] = [T = |(THDT| L | 0T |3OT) - ot

where s has been written in complex form. A time constant is related to

the real part of s, g, 85 T = L Then the magnitude of z is given as

|l
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which must be near unity for the Tustin and z-form substitutions to be
accurate.

A requirement for selecting an update interval is
T<< 1. (14)

Since higher-order systems contain several natural time constants,
the update interval must be chosen so that (14) is true for all of the
time constants. Equation (14) provides a logical means of selecting an
initial estimate of a workable sampling period. If the error is too
great, then this value can be decreased until the desired accuracy is
achieved.

Other transform or 'pseudo-transform'" methods can be obtained which
are suitable for use in the recursive formula given by (13). For in-
stance, the standard z-transform of G(s) can be calculated, this being

a difficult task for higher-order systems.

Example

The example used is one described by the differential equation

‘X + 5% + 12x + 8x = v(t)
and
€o(t) = 8x + X,
where x =x =x =0 at t = 0.
In Laplace transform notation, this is

(s3 + 582 + 128 + 8) X(s) = V(s)
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Eo(s) (8 + s) X(s) , thus

Eo(s) s+8 - s 248573
V(s) s3+532+123+8 1+SS']'+123'2+8s"3

Using the Tustin Substitution the result is

e )
{2 )] fr @) )

2
% (z+41)2 (z-1) + 13 (z+1)3

(z-1)3 + 22! (z+1) (z-1)2 + 3T2(24+1)2(z-1) + T3 (2+1)3

2 2 2
T+T3>+(-I-+ 3T3>z'1 +<£+ 3T3>z"2 +<z+'r') -3
X 4 4
( 3T2+T3> ( 2 3T2+3T3> ¢< —-—-3T2+3T3> +< 1425 3724 > -3

With appropriate z-form substitutions, the result is

T2 2+IOz+1 Cr3> <z gz+1)
E (z) (E 1) + 8 (z-l)

V(Z) { T2Y 224102+1 3 +1
b (X > 12 X T@nz) "t 8<TX72;1>%>

<T2\ 312 +4'r3> 1+CT2+4T3> 2+<T\ -3
12/
> < 3 —+9T2+4T3>z‘1 + (3--5%-9T2MT3>Z‘ < 14%42) -3

Consider the criterion presented earlier for selecting T. The roots

of the characteristic equation (i.e. denominator of G(s)) are -1 and

-2 + j2. The two natural time constants are 1 and .5, so the update
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interval must be chosen to be much less than 0.5 seconds to yield reason-
ably accurate results. Thus T is selected to be 0.1 and rubstituted into

the recursive formulas. The Tustin equation becomes

Eg(z) _ _ .0035 + .0055z~1 + .0005z-2 - .0015z"3
V(z) 1.2810 - 3.2170z" ! + 2.7230z°2 - .77902"3

_ -00273 + .00429z"1 + .00039z°2 - .00117273

1 - 2.511322"1 + 2.12568272 - .60812z73

?

while the z-form substitution becomes

Eq(z) _ _.0008 + .0115z"1 - .0035z72 - 0008273
V(z)  1.2600 - 3.1560z"1 + 2.6640z"% - .7600z"3

_ .00063 + .00913z~1 - .002782"% - .000632"3
1 - 2.504762z-1 + 2.114292"2 - .60317z~3

The results of the two methods for an input of te'l'St

are given in
Table 3 and plotted in Figure 5. Although for a sampling period of 0.1
seconds both the Tustin and z-form methods give about three-decimal ac-
curacy, the z-form solution is slightly more accurate.

A complete list of both the Tustin and z-form substitutions up

through s.7 is given in Appendix C for reference.
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TABIE 3.,.Third-order System by viscrete Metao:s

with T= 0,1 Seconds,
Time Analytic Tustin 2=form
Solution Substitution | Substitution
0.0 .0 .0 .0
C.l 0001 6LiL9 0002 3517 0000 5693
0.2 .0012 6963 .0013 6L9L .0010 2614
0.3 +G0LO 637 .00L1 2030 .0036 8960
0.l .009C 0563 0089 6711 0085 289L
0.5 .0162 5180 .C160 7988 .0157 1148
0.6 G256 9028 0253 6837 0251 2705
0.7 .0370 0047 .0365 3219 .036L 5037
0.8 «0LY7 2117 +0L91 2609 +0L92 1175
.9 0633 161 .0626 21,0 .0628 6496
1,0 L0772 3077 «G76L 7788 .0768 L4569
1.1 .0909 3712 .0901 5938 .09C6 1773
1,2 .1039 6613 «1031 9719 +1037 0581
1.3 .1159 2817 «1151 9663 1157 1631
[' 1.4 .1265 2313 .1258 5118 1263 L717
1.5 1355 L4205 «13L9 L507 1353 8927
) 16 | 1428 6261 | .23 k937 | .1k27 2142
1.7 «148L Lo12 .80 1356 +11483 0099
1.8 .1522 9605 1519 5422 1521 5193
1,9 <1545 0519 <15L2 L2k9 «15L3 5169
2,0 +1551 8295 «15L9 9115 .1550 1811
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IV. STATE VARIABLE SOLUTION- 11, 12]

Several methods have been presented in the preceding chapters that

utilize either series expansions of the solution, iterative methods of
approximating the solution, or approximations of the transfer function.
Instead of using any such approximation, this chapter will deal with the
actual solution of a set of simultaneous first-order differential equa-
tions. To reduce the results to a usable form, approximations will be
made concerning the inputs (forcing functions). Although systems with
multiple-order roots can be covered by an extension of this method, the
following work will be based on systems with simple roots.

The behavior of a linear system can be described by a set of first-

order differential equations of the form

F)=A X + BV 1

where X(t) is an mth order vector, V(t) is an nth order vector, A is

an m by m matrix, B is an m by n matrix, and g&gl is the time derivative
of X(t). The vector X(t) is called the state vector, and its components
X1sX2, ..., X are the state variables of the system. The vector V(t)
is the Input vector, and its components Vys V25 +.., Vv, are the physical
inputs to the system and are real functions of time. The output of

the system can be written as a linear combination of the state variables

38
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and the inputs as

eo(t) =C X{t) + D V(t) 2

where C is a 1 by m matrix and D is a 1 by n matrix. If the elements
of A, B, C, and D are constant, the equation: of the system are linear
ordinary differential equations with non-time varying coefficients. The
equations in (1) and (2) are commonly referred to as the "standard form"
of the state equations.

If the coefficients of the A matrix are such that all of the eigen-
values of A are distinct, there exist an m by m transformation matrix

M such that

wlam= 2 (3)
where ML is the inverse of M and A is a diagonal matrix whose elements
are the eigenvalues of A, ll, Xy iny Age The matrix M can be used

to transform the state vector XStz into a new :=tate vector Ygtz such

that

X(t) =M x(t), and X(t) = M ¥(t). ()

Equations (1) and (2) can be written in terms of the state vector Y(t)

as

M Y(T) = AM ¥Y(t) + B V(t)
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or

Y(£) =Ml aMmy(e) +MlBy) = Ay + Ml Br(e) (5)

and

e (t) = CM ¥(t) + D V(r). (6)

Equation (5) is the matrix representation of m linear differential

equations, any one of which can be written in the form

n

)}i(c) = 2y;(0) + y kjj vi(t) 1<i<m, €

j=1

where the kij's are the elements of Hle. Note that the equation in
(7) is a function of yi(t) and the inputs, and is not a function of the
remaining y(t) state variables. The equations in (5) are therefore m
uncoupled equations, and the elements of Y(t) are calilea the canonical
state variables of the system.

Equations (5) and (6) can be obtained from (1) and (2) through the
evaluation of the transformation matrix M ard a good deal of matrix mani-
pulation. However, this time consuming task can be by-passed by using
an s-domain analysis which is more familiar to the engineer. Equation
(5) can be obtained through an s-domain analysis by grouping the constants

in the partial fraction expansions of the transfer functions of the

system under investigation to give the matrices M’lB, CM, and D,
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A is a diagonal matrix whose elements are the poles of the transfer functions.
To obtain (5) through an s-domain analysis, each transfer function
relating the output E,(s) to the inputs VI(S)’ Va(s), ... and a(s) is
partial fractioned. Since the system is linear, superposition holds,
and the output is the sum of the responses of the system to each input

separately and may be written as

n m n
\" N Kij N’
E = ; V.(s) + ' K.V, 8
o(s) ) s—xJ &)+ ) RVGs) (8)
j=1 i=1 j=1

where the Kij's are the residues of the transfer function relating E_(s)

to Vj(s) at the pole X, and Kj = lim Eo(s)/Vj(s). The order of the summa-

S =0

tion in the first part of (8) can be reversed giving

m n n
\ .. T 1
) = ) ) Bovie v ) ke ©)
i=1 j=1 s - Ay j=1
or
m n
Eo(s) = ) Yi(s) + \ R,V (s) (10)
where
n
¥i(s) = ) _Kij vi(s). (11)
i_. S = A i
j=1 .
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The components of Y, (s) can be written as

[ 1 0 17T 17T ]
S-),l e Kll KlZ « e . Kln Vl(S)
=29
Y(s) =
1
0 R - Jgnl Kon ] {.Vn(s)d
(12)

Equation (12) can be related to (5) by taking the Laplace transform of

(5). The Laplace transform of (5) is

s Y(s) - Y(0) = A X(s) + M B V(s) (13)

or

Y(s) =1{sI- I\]-1 ¥(0) + [sI - A]-l M lp V(s).

Since [ sI-A] is a diagonal matrix, its inverse is the diagonal matrix
whose elements are the reciprocals of the elements of [sI-A] and is

given by
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1 0 . . 0
S-ll
0 1
S-lz
[sI-/\]-1 = . (14)

| ° S

The initial condition terms in the transfer function analysis of (12)

are zero due to the way that transfer functions are defined. Therefore,

in order to compare (12) and (13), Y(0) is (13) must be set equal to

zero. Equatior (12) and (13) are identical under the assumption of

zero initial condition if M 1B =K is the m by n constant matrix in (12).

A comparison of (10) with the Laplace transform of (6) shows that, for

this particular scaling of the canonical state variable, CM is a 1 by

n matrix with all elements one and that D = [Kl’ K2, ey Kn]. Therefore,

M'lB, CM and D can be obtained from the transfer functions of the system.
The solution of (5) can be obtained by taking the inverse Laplace

transform of (13), with (14) substituted for [sI-A]-l. The canonical

state variables are

wo - o {searlyo |

N W S
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i Mt 0 .. 0 ] - v1(t-'r)‘
0 et2t vy (t-T)
+J/(‘)t M—lB dr
| o et | | vp(e-1) | (15)

Since in the computer each input vi(t) is represented by a set
of discrete points, the evaluation of the convolution integrals in (15)
are out of the question. However, if each element of the input vector
can be approximated with a first-order curve connecting two data points,
then (15) will reduce to a very useful form. Such an approximation can
be written for the first interval as vi(t) = vi(O) +t wi(O) where wi(O)
is the slope of the first-order approximation., The convolution integral

can then be written as

i AT 0 ] Fvl(O) + (t-71) wl(O)_
0 h2® vo(0) + (t-7) w2(0)
t
[ M 1B ar
o
|0 e)‘m'r_ | va(0) + (£-7) up(0)]
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ellt-l
0
S|
t
0 /-)\2 -1
Ay
o
[ o2t
(e -1) t
2?2 S
. .
0 Ssiz_:ll -
2
Ay
+
0
L

0
¥ 18 v(0)
elnt—l
ln i
1
0
M-lB WQOE
A
€ n -1 - _t
Ay Mo
(16)

To develop a repetitive method of evaluating Y(t) at a series of

points in time, spaced h seconds apart, (16) is substituted into (15)

and then (15) is evaluated at t = h to give

1
Y(h) = diag[ et , e, ..., elmh% Y(0)

1 A

+ diag] L (MPpy, K’lg 2ty L,
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= (e)‘mh-l)} ¥ 18 v(0) (17)
m .
+ diag[ ﬁli" (Mhoyy o L, L
)
{ A, w2

)
(et2ho1)y - -};12- s eees ~h—11-2- (eMmboy - Tin_l M- 18 w(0).
m

Equation (17) can be used to find the value of the canonical state
variable at time h if they are known at time zero. In fact (17) can

be used to find Y(t, + h) if ¥(t,), V(to) and V(t, + h) are known.

For this purpose Y(0), V(0), and W(0) in (17) are replaced by Y(t.),

R .
V(ty) and -1 V(ty, + h) - V(tozf / h respectively to yield

. Aih Aoh h
Y(tQ 4+ h) = dlag[e 1 , € 2 y e ;Xm } Y(to)

A1h
+ dlag[ Kl-z (e}\lh" 1) + S}‘.—l— 9 seey
1 1

Ml B ()

1 .K h exmh
—— =-1) 4+ &
5 (¢"m"-1) N 0

m -

[ 1 h 1
+ diag) —= (e1%-1) - =, ...
1 1
—— . A _h = -1
hlmz (e'm’-1) - . 1 M "B V(t, + h), (18)

Equation (18) is a matrix representation of m algebraic equations
that can be used to calculate the canonical state variables at time

to + h from the values of the canonical state variables at time t and
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the values of the inputs at time t, and t, + h. Equation (6) can

then be used to calculate the required output at time t, +h.

The preceding results can be combined to yield the following

repetitive method for simulation of a linear system. The step-by-

step procedure can be listed as:

1)

2)

3)

4)

5)

Obtain a set of n transfer functions relating the u inputs
and the desired output.

Determine the eigenvalues of the system, i.e., the poles

of the transfer functioms.

Compute the residues of each transfer function in 1) at
each pole in 2) to determine the M1 B matrix.

Compute the limit as s approaches infinity of each transfer
function in 1) to determine the D matrix.

Compute, using a selected step-length h, matrices

—

| h
E = diag ¢ 1 , eth, veey ehm J
i
r Aqh
Fediog Lo (@@ e, L, L @ty
S 1 -
h |- r
+€™ J W15, and G = diag !L 1 (Mbopy
A
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1 1 1 ]

- ——— Amh ! -1
Ty ey (e m -1) - i M- LB
)\1 h}\mz }‘m i

6) Using known values of the canonical state variables at t,,

calculate the up-dated state vector

Y(t, + h) = E Y(t,) + F V(t,) + G V(t, + h)

7) Compute the desired output

e, (tg+h) = yij(ty, + h) + D Y(to + h)

8) Repeat steps 6) and 7) until the solution is found for the

complete desired time interval,

The only approximation used in the dcvelopment of the preceding
procedure was the approximation of the input by a straight line over
each iteration interval. Therefore, the solution is the exact solution
for the approximated input except for possible computer round-off error.
The first-order input approximation can usually be made as accurate as
desired by decreasing the update interval until the input becomes nearly
linear over each interval. In most digital simulations the input data

is only represented at specified points, requiring some sort of approxi-
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mation between points. The contention is that a first-order approximation
is as valid as any if the interval between points is made small enough.
A strong point in favor of the developed methnd is that any update
time increment can be used as long as the input approximation is walid.
The method is very good for simulating large scale systems, particularly

if speed is a factor.

Example

To illustrate how the step by step procedure is used, a system

with the transfer function

E,(s) - (s + 8)
V(s) (s+1) (s+2+32) (s+2-32)
_ 1.4 -7 - 3.1 -7 4.1

s+ 1 s + 24 j2 s +2 - j2

is simulated. The eigenvalues of the system are A\j = -1, Ay = -2-j2

and Aq = -2 + j2. The residues at the poles gives

"y = (1.4, -.7-3.1, -.7 + 5.1

The 1lim G(s) = 0, therefore D = 0.

s»®
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and G matrices, with h = 0.1 are:
diag [e=-1, ¢ 2732, o 2+1.2]

diag [.90484, .80241 - §.16266, .80241 + j.16266]

1.19905 2.73228
.30311 - §.30545|, G = -.03298 - 3.00256
.30311 + j.30545 -.03298 + §.00256

Since the second and third terms of E, F and G are conjugate pairs,

and since the output is a real quantity, yz(t) and y5(t) are also

conjugate pairs. Therefore, it is only necessary to calculate yz(t).

The iteration equations are

v (ty + .1) = 0.90484 yl(to) + 1.19905 v(t,)

y2(t° + .1)

+ 2.73228 v(to + ..1)

(.80241 - §.16266) y,(t )
+ (.30311 - 3.30545) v(t )

+ (-.03298 - 3.00256) v(to + .1)
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and

e (t +.1) =y (t, + .1) + 2Re{ yalto + 1) }

The system was programmed on the IBM 7040 digital computer at the
Auburn University Computer Center for the input t e~1-5t  The results,
listed in Table 4 and plotted in Figure 6, show that for this particular
input and time increment, a linear input approximation is accurate

enough to yield three-digit accuracy.
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TABLF L..e.Third-order System by Canonical State

Variable Method with h= 0,1 Seconds,

Time Analytic State Variable
Solution Solution
0.0 .0 .0
0.1 .CGOL 6LkS .0001 5238
0.2 L0012 6963 0012 2196
0.3 .C0UC 637L .0039 6168
Oubs .0090 0563 .0088 3762
0.5 .C162 5180 .0160 130k
0.6 .0256 9028 .0253 822
G 7 ,037C 00u7 0366 2964
0.8 +0l97 2117 .0L92 9763
0.9 .C633 161, .0628 5207
1.0 (772 3077 L0767 392¢
1.1 0909 3712 +090L 3110
1.2 .1039 6613 .103L 5768
1,3 .1159 2817 .115L 2799
l.h <1265 2313 .1260 LO1L
1,5 «1355 4205 .135C 833k
1.6 1428 6261 o1h2h 3312
1.7 + LBl 1012 . 1480 L398
1.t «1522 9605 <1519 3193
1.9 1545 0519 <1541 7979
2.0 1551 8295 <1543 9284
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V. TRANSIENT RESPONSE METHODS[12»13]

This chapter deals with a class of methods that is not conventionally
considered to be a means of solving a differential equation or set of
equations. The two primary methods that are investigated, a zero- and a
first-order method, both require a knowledge of the system's behavior in
response to certain specified inputs. The zerc-order method requires that
the system's responce to a unit step input (i.e., indicial function) be
known, and the first-order method requires the system's ramp response be
known. A distinct advantage of both of these methods is that a system
can be digitally simulated even though a transfer function or differen-
tial equation describing the sysztem may not be known.

The transfer function of a linear system, G(s), is related to the
Laplace transform of the input, E;(s), and the Laplace transform of the

output, E (s), as

E, (s
G(s) = o(s) . (1)
Ei(s)
To derive the zero-order method let the input be a unit step function
El(s) = ; R (2)
so that
Eg(s) = &80 - p(s) (3)

The inverse Laplace transform of 4(s) in (3) is called the indicial

function.

54
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If the input to the system consists of a series of step-functions,
one beginning every T seconds, then the Laplace transform of the input

can be expressed as

-8T -2gT
£, () =222 4 [ (1) - o4 (o)) €—§- + e (21) - e, (D] £
'-kTs
+ ...+ [ei(kT) - e 4 (kT-T)] § + ... . )

With (4) as the input the Laplace transform of the output can be ex-

pressed as

-sT
£y () = £ (8)6(s) =22 6(s) + e () - ¢, @] £ 6o)

'-kTs
oo+ [8,(KT) - ;(kT-T)] £ G(s)
S

+

e, (0)A(s) + [€(T) - e, (0)]Aa(s)e™ T

A [T - e (RT-T)IAG)E T ©)

+

In the time domain the output between KT and KT + T becomes

e, (t) ei(o) A(t) + [ei(T) - ei(o)]A(t-T) + ...

+ [e (KT) - e; (KT-T)JA(t-kT)

k
}ﬂ [ei(nT) - ei(nT-T)] - A(t-nT) , (6)

n=o
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A
where ei(-T) = 0. Equation (6) is true for kT <t < kT + T, and in

particular if t = KT

k
e, (kT) = >ﬂ [ei(nT) - e,(nT-T)JA(kT-nT) . (7)
n=o0

Equation (7) provides a logical means for simulating a system,
except for the fact that large values of k often require many arithmeti-

cal operations. However, (7) can be rewritten as

k
e, (kT) ;7 [A(nT) - A(nT-T)] - ei(kT-nT) (8)

n=o
where A(-T) = o, which often can be simplified to give a more convenient
form than (7).
The sequence of coefficients in (8) can be truncated if the coef-
ficients approach zero with increasing values of n. If the sequence

approaches a constant then

lim [A(nT) - A(nT-T)] =C . 9
Nl

Applying the Final Value Theorem to (9) yields :

lim [A(t) - A(t-T)] = lim [sA(s) - sA(s) € 1]

t =0 8-+0

= 1im [G(s) - G(8)e~®T] = 1im G(s) [1-¢"%T] =cC . (10)
8—=0 8—0

Equation (10) is true if all poles of sG(s) have negative real parts;
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sikwitfiiion

then either G(s) has only poles with negative real parts and
lim G(8) = Kl , (11)
840

or G(s) has a single pole at the origin and
lim sG(s) = K1 . (12)
8-+ 0

Using (11) and (10)

1im [A(t) - A(t=-T)] = lim G(s)[1-¢"8T] = o, (13)

t»o0 8-=0

and using (12) and (10)

lim [A(t) - A(t-T)] = lim G(s) [1l-¢ %] = Kl [1-§'3TJ

twoo 8«0 S0 8

=K, lin T 5T = KT - (14)
8-=0

Equation (13) and (14) are significant in that they give the con-
stant value to which the coefficient sequence in (8) converges. If G(s)
has no poles at the origin then the sequence approaches zero and (8) can

be used directly. If G(s) has a single pole at the origin then

[A(nT) - A(nT-T) - K,T] approaches zero. An alternate form of (8) is
1
then
k k
eo(kT) = j;‘ [A(nT) - A(nT-T) - KIT] . ei(kT-nT) + KITE;‘ei(kT-nT) .

n=0 n=o (15)
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Equations (8) and (15) give a zero-order method for digitally
simulating a system if the input is assumed to be constant over each up-
date time interval T. Under the circumstances that the input is varying
rapidly over the chosen interval and increased accuracy is desired over
the zero~order method, a higher order method can be developed using the
previous reasoning.

Assume that the input to the system consists of a series of first-
order curves, or straight lines connecting equally spaced input points.
Also assume that the input at t=o is zero. If ei(o) is not zero, then
the input discontinuity at the origin can be accounted for by including
a summation of the form of (8). A first-order curve connecting input

data points can be written as

k
es(t) = 2;1 [ei(nT+T; - e (D) (t-nT) u(t-nT)
n=o
ey (D) - e (0T (¢ nrem) u(r-nT-T)j . (16)
T

Note that the first term of (16) is

_e;(T) - e; (o) “ _ e (T) - eg(o)

(t-T)u(t-T) , (17)

which is a ramp from t=o to t=T and is equal to ei(T) for t > T,

Equation (17) is plotted in Figure 7.
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:

e4(0) Time

Figure 7..Typical First-order Input Curve

The mth term in (16) is of the same form as (17) and expresses the input
ei(mT+T% - e4(mT)

from t=mT to t=mT+T along a straight line having slope

The Laplace transform of the input is

_ei(D - giﬂo) _ ei(T) - e4(0) 5T es (2T) - ¢4(T) -sT

E; (s)
i 82T 82T 82T

- ei(ZT) - eit(T) G-ZST ..+ ei(kT"'T) - Ei(kT) g'le
82T 82T

- ei(T) - e;(o) + ey (2T) - ZeL(T) + e4 (o) o7
g<T 82T

o+ ei(kT"’T) - 2ei(kT) + ei(kT'T) e-kTs

(18)
s2T

The Laplace transform of tne output can be written as

£, (5) = By(0)6(s) = LD gy 4 L1ED T W10 ©) gy o

kT+T) - 2 kT) + kT-T
4 ei( ) ;i( ) ei( ) R

(8)e ¥T* | (19)

where R(s) is the Laplace transform of the response of the system to a

ramp input of unit slope and is given by
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R(s) = gﬁfl . (20)

In the time domain, the output becomes

k
ey (t) = y [ei(nT+T} - 2e4(nT) + e, (nT-T)

7 J R(t-nT) (21)

n=0

A
where e (o) & ei(-T) = 0. Equation (21) is valid for kT < t < kT+T, thus

k
ey (KT) = ;“ [ei(nT+T) - 2;i(nT) + ei(nT-T)j CKT-01). (22)
a=o

Equation (21) is also valid for t < kT since R(t-nT) = o for t < nT.

Equation (22) can be rearranged as

k
e (KT) = T [-R(nT)-ZR(ng-T)-&-R(nT-Q)_] ¢, (KT4T-nT) (23)
n=o

where R(-T) = R(-2T) = o. Equation (23) expresses the output as a linear

combination of the inputs. In some cases the series of coefficients in

(23)

can be truncated as the coefficients spproach a constant value with

increasing n.

lim

[ o -]

The coefficient sequence approaches a constant if

[R(t)=2R(t-T)+R(t-2T)] = C. By the Final Value Theorem

lim [R(E)-2R(E-TIR(E-2T)] = e s{R(s)-2R(a)e *T4R(s)e -~ ]
tewo 8+0
= 1im [A(a)-ZA(s)e'8T+A(8)€'2'T]
8 +0
= lim G(s) [1‘26'” + 6'2“] = C. (24)
8-+0 8

e e

A4l 5 i A
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As in the zero -order method, if G(s) has only roots with negative real

parts, then

1lim G(s) = K
S0

1 ?

and (24) becomes

-sT -2sT
K, 1im [1‘26 ol 3 ]=x

1
s+0 s

S-»0
If G(s) has a single pole at the origin of the s-plane then

lim sG(s) =K
§+0

1 3

and (24) becomes

-sT, -2sT -8T -2sT
K, lim (121 ] = K, lin [ZTE -2T¢ J
S0

lim [2Te"5T-21¢725T) - 6 = c.

(25)

(26)

(27)

(28)

Conditions for the coefficient sequence in (23) to converge to a

constant are that G(s) contain at most one pole at the origin and the

remaining poles have negative real parts. If G(s) has one pole at the

origin, then a recursive formula analogous to (23) is

k
_ U [R(nT)-2R(nT-T)+R (aT-2T)
eo(kT) -}{1[ T -KlT] ei(kT+T-nT)
n=o

k
+ KT / e, (KT+T-nT) .

n=o

(29)
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The coefficient sequence in the first term of (29) does converge to zero
for large n, thus can be truncated after an appropriate number of terms.
The methods given in (8) or (15), and (23) or (29) present an
accurate and easy approach to simulating a linear system if the system's
response to either a step or a ramp input is known. From these responses
a series of coefficients can be computed to be used in either (8), (15),

(23), or (29).

There are several sources of error present in this ciass of methods.
One is produced by approximating the input with either a series of step-
functions or a series of first-order curves connecting the input points.
Another source of error is introduced by truncating the series of coef-
ficients. If a large number of these coefficients are needed before they
converge to zero, then computer round-off error becomes significant.
This can be reduced by increasing the update time, thus decreasing the

number of additions and multiplications required per update.

Example

The zero- and first-order transient response methods are applied to

the third-order system

G(s) =___Si_

s3+552+12s+8

-1 1 -1 ] -1 [ +8 1
A = A = g&ﬂ = S -~
©) == { (S)J £ 1 s o 1s(s3+5s1+123+8)J

1- 1.4e-t + "2t (.4 cos 2t - .3 sin 2t)

_ -1 G S} = t s+8 }
R - =
(t) =¢ {;ézl £ 2(s3+552+125+8)
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B A il i

= t-1.375 + 1.4e-t + e-Zt(-.OZS cos 25 + .175 sin 2t) .

The coefficients for the recursions in (8) and (23) become

[A(nT) - A(T-T)] = 1.4e-nT(eT-1) + €-2nT (.4 cos 2nT - .3 sin 2nT)

cos 2(nT-T) - .3 sin 2(nT-T)) , and

F -3

‘e-z(nT-T) .

1-2¢ T2 T

1

[R(nT) - 2R(nT-T) + R(nT-2T)] / T = 1.4 e'“T<

-2nT -2(nT-T)
€ 2
+-f;——(-.025c032nT+.175sin2nT)~Ji—7F—————(-.025cosZ(nT-T)

-2(nT-2T)
+.1753in2(nT-T))+§——~ﬁ;———-(-.025cosZ(nT-2T)+.175sin2(nT-2T))
which can be evaluated for any desifed T. With T = .1, the above sets
of coefficients are calculated from the step and ramp responses and are
plotted in Figure 8. Had the transfer function not been known, the step
and ramp responses could have been obtained from shake tests or other

means.

Using the calculated zero- and first-order coefficients, the system's

-1.5¢t was computed using either (8) or (23) as

output for an input te
appropriate. The results are listed in Table5 and plotted in Figure 9.
Although the zero-order method was introduced prior to the writing of

this treatise, the first-order method is presented for the first time.
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TABIE 5...Third-order System by Transient Response

Methods with T= 0,1 Seconds.

ime Apalytic Zero-order First-order
Solution |Transient Response | Transient Response

0.0 .0 .0 .0

C.1 «0001 6LL9 +00CL 643k .0001 5239
0.2 .0012 6963 .0022 65ul .0012 2195
0.3 .COLO 6374 .006C 2106 .0039 6167
Ok .0090 0563 0120 L3k2 .0088 3762
G5 .0162 5180 .0203 5288 .0160 1303
0.6 0256 9028 »0307 2776 .0253 8223
C.7 +0370 0047 +0l27 7007 +0366 2964
0.8 +0L97 2117 0559 1357 .0L92 9762
C.9 .0633 1614 +0697 8577 0628 5206
1.0 0772 3077 .0836 5928 0767 3925
1.1 L0909 3712 0970 9071 .090L 3109
1.2 1039 6613 1096 L4706 .103L 5768
1.3 .1159 2817 «1209 8093 .115L 2798
1 1265 2313 .1308 3628 .1260 Lok
1.5 1355 L205 +139C 4678 1350 833L
1.6 128 6261 <1455 2889 -1k2l 3342
1.7 <1L8h LC12 <1502 7143 180 4398
1.8 .1522 9605 .1533 2326 1519 3LSL
1.9 1545 C519 15L7 80Lo «1541 7980
2.0 +1551 8295 «154L7 7339 .15L8 9285
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VI. CONCLUSIONS

Several methods suitable for simulating a physical system with a

digital computer have been examined in detail. Each class of methods

was first derived and then illustrated with one or more examples.

The two main examples considered were a third-order linear system,

chosen to demonstrate technique application, and a ninth-order quasi-

linear system, chosen to demonstrate accuracy and speed of computation.

Results of all examples are plotted in graphic form, and results of the

third-order example are also listed in tabular form. Some of the more

significant results of this survey are:

(1)

(2)

(3)

(4)

(5)

6)

(7)

a fourth-order Runge-Kuttg method can be expected to yield
the greatest degree of accuracy;

a transient response recursion can be executed very rapidly,
particularly if the update time is not small with respect to %
natural time constants of the system;

the discrete form, state variable, and transient response

methods are applicable only for systems of linear differential ;//
equations with constant coefficients;

error can best be controlled if a multi-point iteration formula
is used, which can allow for a variable update time;

the Runge-Kutta and state-variable methods are the easiest to
program, since no prior computations are required;

the discrete and transient response methods are the easiest to
program once the initial calculations have been performed; and

the transient response methods require less amount of information
67
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about the system, prior to simulation, than any of the other
methods.
The various methods are given in Appendices A through E for

reference.
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11.

12.

13.

14.
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APPENDIX A RUNCE-KUTTA FORMULAS

Second-Order Methods

OCZI

~ ~
[ ]

»
]

N N
1 I ]

»®
o
]

1/2

hf(to,xo)

1 1
= hf(to+ ‘Eh,xo‘" _kl)

2
xo+k2

1

= hf(to,xo)

hf(to+h,xo+k1)

1
x°+ 5(k1+k2)

2/3

= hf(to,xo)

2 2
hf(to+ ¥h, x + Ekl)

1
x°+ 4(k1+3k2)

Third-Order Methods

= & & R
[ I ] 1

»®
"

** R
o
[} L]

[
[}

= 1/2, a3 = 3/4
hf(to,xo)
1
hf(t0+ %h, xo+ Ekl)

3

= hf(t + Zh’ xo+ %kz)

1
x + g2k +3kgHiks)

1/2, a3 =1
hf(to,xo)
1 1
hf(to"‘lz—h, xo+ ?‘1)
70



he(t_+h, x -kp, +2k,)

1
xo +-g(k1+4k2+k3)

3. Fourth-Order Methods

-

1/2, Oy = 1/2, a, = 1

hf(to,xo)
he(t + 4h, x + 2k.)
ot 2™ Xt 7%

1 1
hE(t g+ 5h, x + 3ky)

hf(t°+h, ¥°+k3)

1
x,+ 6 (k 1+2k 2+2k3+k 4)

1/3, a5 = 2/3, o =1
hf(to,xo)

L1
hf(t°+ ih,xo‘!' 3k1)

2 1
he(e + 3h,x ~gk k)
hE (e _+h, x,He -kyHk,)

1
x + E(k 1+3k2+3k3+k4)
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APPENDIX B MULTI-POINT FORMULAS

One-point formula

X =%, + hx } Iterative Formula
o o

Two-point formulas
= + h(' +x.) } Iterative Formula
¥1 T % T2% TR

x, =X, + 2hxy } Predictor Formula

Three-point formulas

h . ‘
x, + _17(5*0 +8x1 - x.)

x1 = 2

h Iterative Formulas
X, =X, +-5)-(x0 + 4k, + xz)
Xy = X, + %ﬂ(io + 35(2)

4h Predictor Formulas
x, = X + 3—(2xo - 4x1 + .‘>x2)

Four-point formulas

h . . .
x, + ﬂ(9xo + 19x1 - Sx2 + x3)

X, =

X, = X + g—(ico + lu'cl + ’.‘2) Iterative Formulas

X3 = X +g—h(:'co + 3k + 3%, + %)

X, X +l—1—(21'c - %, + 2Xq)

4 o 32 1 2 3

Xg = xo + %(-llio + 555(1 - 65:’:2 + 45}'(3) Predictor Formulas
X = X, + 3h(-3k, - 12k - 15%; + 8%3)

Five-point formulas
’ h LJ * e .
Xy = x, + _770-(251"0 + 646:(1 - 26ax2 + 106'k3 - 19x4)
h . . . . .
X, =X + %-(29::0 + 12lm1 + 24x2 + 4xq -xa)
3h,,. - . . . . Iterative
Xy = ::o + ﬁ(9x0 + 34:(1 + 24x2 + 14x3 - xa) Formvlas
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X + ——(7x + 32x + 12x + 323 + 7x ) } Iterative Formula

Sh,. .. : . . )
=x, + wa L (19%, - 10k, + 120k, - 70k; + 85%,)

X, +—(11x - 44:': + 96:': - 84x, + 41:'; )
Predictor
x, + ———(1301x - 5894x1 + 11256x - 9674x, + 3731x2 Formulas

x, + 23(206x° - 944x1 + 1716x2 - 142Ax3 + 491x4)




APPENDIX C DISCRETE SUBSTITUTIONS

s-n

Tustin

z-form

16

2 \z-1

2 2
241} I° (z2°410z+1)
( 12 (z-1)
P ﬁ zgz+1;
2 (z-1)
-E /Eﬂ\ I T4 z2(z22+4z+1
_2 \\Z'l g 6 (2-1)4
45
[ <+1 15_ z(z3+1122+112+1)
2 \z-1/] 24 (z-1)3
- -6
<z+1 ™ 2 (244262346622426241)
12 \z-1/] 120 (=-1)
[ <z+l I T/ 2(23+572%430223+302224572+1)
|2 \z-1/] 720 (z-1)7
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APPENDIX D STATE VARIABLE METHOD

Kij = Residue of Gj (s) at Ay{= Elements of K matrix

WA
el .

E= | O

0 * * ** * + n

B : A h 7
1
h_12(€>\1h.1)+£ 0
}\.1 A
1
Agh
c=}| o Lo+
2 2
.............. A
1 M e "
L 0 mz €7 - D+
n n |
1 Ah 1 ]
1P - 1) =2 - e e e e e e e 0
Cy: .
= 0 I S .
> mZ € - D -5,
2
1 Aph 1
L 0 (Gn'l)')\n.
n d

X(to + h) = E_X(to) + cy(to) + DV(t_ + h)
n

e (t, +h) = Z ¥(e_ +h)
i=1
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AFPENDIX E TRANSIENT RESPONSE METHODS

Zero-Order Method

Zero poles at the origin

C(nT) = A(mT) - A(nT-T)
k
eo(kT) = ;ﬂ c(aT) - ei(kT-nT)

n=0

One pole at the origin

C(nT) = A(nT) - A(nT-T) - KIT

k
eo(kT) = }j C(nT) - ei(kT-nT) + KlT i ei(kT-nT)
n=0 n=0

First-Order Method

Zero poles at the origin

C(uT) = [R(nT) - 2R(nT-T) + R(nT-2T)]}/T

k
e (kT) = 8—1 C(nT) - e.(kT + T - nT)
[o] /. 1

=0

One pole at the origin

C(nT) = [R(nT) - 2R(nT-T) + R(nT-ZT)]/T - KIT
k o

e, (kT) = Z C(nT) - e;(kT + T - nT) + KlT 2" ei(kT + T - nT) .
n= n=0
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