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SUMMARY

This paper is concerned with maximum likelihood

estimation of a process (or lot) average proportion of

defectives based on attribute samples that have been

curtailed either with rejection of a lot on finding the

kth defective or with acceptance on find the Kth non-

defective. The MLE, ﬁ, based on inspections from a

sequence of m lots is shown to be simply the ratio of

the number of defectives
items inspected, and the
estimator is shown to be

where ZT ¥ is the tof%l

found to the total number of
asymptotic variance of this
approximately ﬁ(l—ﬁ)/ZT Yy

of all items inspected.




CURTAILED ATTRIBUTE SAMPLING*

A. Clifford Cohen

The University of Georgia

1. INTRODUCTION

Maximum likelihood estimation of the fraction
defective and of the ASN (average sample number) in
single stage curtailed sampling has been considered
by Phatak and Bhatt [5]. In two recent papers, Craig
[1,2] derived simplified expressions for the ASN in both
single-stage and in two-stage curtailed sampling plans.
In the present paper, arguments previously advanced in
obtaining estimators are simplified by choosing the number
of items inspected as the basic w»andom variable rather
than the artificial variable employed in [5]. The end
-results obtained here are the same as corresponding
results obtained by Phatak and Bhatt.

Our concern here is with attribute acceptance plans
in which randomly selected individuals units from a lot
are inspected in sequence until either

1, an accumulated total of k defectives are found,
in which case the lot is rejected, or until
2, an accumulated total of K non-defectives are

found, in which case the lot is accepted.

* Research sponsored by the Aero-Astrodynamics Laboratory
of the Marshall Space Flight Center, National Aeronautics
and Space Administration; Contract NAS8-11175. The contract
monitor is Mr. L., W, Falls, R-AERO-YT.
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The number of items Y, inspected in order to reach
a decision with respect to acceptance or rejection of a
given lot is thereby a discrete random variable which may

assume the values k, k+1, . . ., n, where
n=%k +K - 1. (L)

Sampling may thus be terminated after inspecting as few as
k items from a lot, and in no case will more than n items

be inspected from a given lot.
2. THE RANDOM VARIABLE Y. NUMBER ITEMS INSPECTED

Let p designate the probability of selecting a
defective in a single trial. and let this probability
remain constant from trial to trial. Furthermore. let the
trials be stochastically independent. Thus. p may be
interpreted‘as the process average proportion of defectives.
For sufficiently large lots. however, we may justify
considering p as the proportion of defectives in the lot.
The probability functicn of Y may be expressed as

f(y;p) = £(y ~nR:ip) + £(y mnA;p), (2)

where f(y ~R;p) is the joint probability that Y =y,




and that the lot will be rejected, whereas f(y ~ A;p)
is the joint probability that Y = y, and that the lot

will be accepted. It follows that

-k
£(y AR;p) = pa’ ;Y =k, kHl, , n, (3)
k-1
and
y-1
f(y nAjp) = quy'K; y =K, K+#1, ..., n, (4)
K-l/
where q =1 - p.

Functions (3) and (4) are recognized as probabil-
ity functions of one-parameter negative binomial distribu-
tions. The probability function (2) may be expressed as

/
f(y ~nR;p); y =k, k+1, ..., K-1.
f(y;p) =<
(5)
f(y nR;p) + £f(y nA;p); ¥y = K, K+1, ..., n.

\

On substituting (3) and (4) into (5), we have




y-1 _
| 7K,y =k, kA, ..., K1,
\k-l
(6)
Y pye, [N g yx
f(y;p) = - pq  + iq py" iV =K, K¥1, .....
k- | K—l,
. “ H
1 0, elsewhere.
i
The probability of rejecting a lot follows from (3)
when we sum on y from k to n. Thus
n jy-1
i K y-k
P(R) = Z k-1{ P4 (1)
y=k

It has been shown by Patil [3,4] by Morris [6], and
perhaps by others that the following identity holds

between the binomial and the negative binomial distributions

n n n y-1
Z N-Z - k y-k
Z(z) p%a"% = ) || P (8)

z=KkK y=k

Therefore, the probability of rejecting a lot can be

expressed in the alternate form




n
P(R) = Z ) p?q" %, (9)

where 7Z 1is the number of defectives present in a
sample of size n, and where n is given by (1).

It consequently follows that the operating charac-
teristic curve of the curtailed sampling plan described
above as specified by k and K 1is identical with the
operating characteristic curve of an ordinary single
sampling plan specified by n and k where n = k + K-1.
Curtailment of course permits a decision to be reached
with fewer inspections than when fixed size samples are

employed.
3. ESTIMATION USING CURTAILED SAMPLES

Suppose that m lots have been subjected to inspec-
tion in accordance with the curtailed plan described in
Section 2. Let a be the number of lots that were accepted

and let r be the number rejected so that

m=a+r. (10)




Let the number of defectives found and the number of
items inspected be recorded for each lot. The sample
data then consists of the paired values (Zl’yl)’ (Zz,yz),

s (2 v) s (Byg)s Gy )s e e e (K Yo g)
where z4 i=1, ..., a) 1is the number of defectives
found in the ith accepted lot (zi < k) and k, of course,
is the number of defectives found in each rejected lot.

We could describe our sample more concisely as consisting
of the paired values (zi,yi); i=1, 2, ....m, with
zs < k for accepted lots and z; = k for rejected lots.

Using (6), the likelihood function for such a sample

follows as

L[ (zlyyl) ’ (22-}’2) s e e e (Zm,ym) ] =

(11)
r y.-K a y.-K
_1 k 1 f—— —1 K
T (y ) P q , y ap? .
i=1 k-1 j=1 K-1

On taking logarithms of (11), differentiating with
respect to p, equating to zero, and solving for p

we obtain



a
Ei vy - aK + rk

- _ J : (12)

m
Zyi

i=1

We note that in (12),

rk = number of defectives in r rejected lots.

aK = pumber of non-defectives in a accepted lots,

total number inspections from a accepted lots,

-
~<
[N
]

= total number inspections from m = a + r lots.

HMS
(%]
e
|

Accordingly, (12) can be written as

6 _ Total number of defectives found . (13)

Total number of units inspected

The asymptotic variance of p in this case can be obtained
as V(p) ~ -l/E(azlnL/apz). which after certain algebraic
reduction becomes

V (p) ~Bq/ME (Y) . (14)




The expected value of Y is given in Section 4 which

follows. However. for a sufficiently large number of lots.

the mean of the observed values of Y should provide a
reasonable approximation to E(Y). Accordingly. the

variance of (14) might be approximated as

V(P) = pa/Tyyy -

4. AVERAGE SAMPLE SIZE IN

CURTAILED SAMPLES
In the notation of this paper. the average sample
size (or average sample number. ASN) is merely the
expected value of Y.

ASN = E(Y).

It follows from (6) that

n y-1; n y-1,

k y-k K

EO) = )y p g +Zy QP
y=k k-1 y=K K-1

which, using the identity of (8), becomes

E(Y) = l{: {1: - B[p.n+1,kD +g B[p,n+l,k-1].

where

(15)

(16)

(18)




10

ey {n\
\‘ i ! X n-x
B[p.n,k] = / o, pigq .and n =k +K - 1. (19)
4 ix/
x=0

The expression given above in (18) was given by Phatak
and Bhatt [5], and an equivalent form which enjoys certain

advantages for computational purposes was given by Craig [1.2].



[6]

REFERENCES

Craig. C. C., 1968, '"The ASN for truncated single
and double attribute acceptance sampling plans."

ASQC Convention Transactions. pp. 63-67.

Craig, C. C. 1968, "The average sample number for
truncated single and double attribute sampling

plans, "Technometrics 10, 685-692.

Patil, G. P., 1960 "On the evaluation of the negative

binomial distribution with examples. '"Technometrics,

2, 501-505.

Patil, G. P., 1963 '"Note on the equivalence of the
binomial and inverse binomial acceptance sampling

plans and an acknowledgement. '"Technometrics, 5.

119-121.

Phatak, A. G.. and Bhatt, M. M.. 1967. "Estimation
of fraction defective in curtailed sampling plans,

"Technometrics, 9, pp. 219-228.

Morris, K. W., 1963 "A note on direct and inverse

binomial sampling,' Biometrika, 50. 544-5435.

11




R-DIR

Mr. H. K. Weidner

R-AERO
Dr. Geissler
Mr. Cummings
Mr. Dahm
Mr. Dalton
Mr. Baker
Dr. Heybey
Mr. Horn
Mr. Jean
Dr. Krause
Mr, Deaton
Mr., Reed
Mr. Rheinfurth
Mr. C. Brown

Mr. O. Smith (25)

Mr, R. Smith
Mr. Lindberg
Mr. Vaughan (3)
Mr. Daniels

Mr. L. Falls (25)

Mr. Mabry
Mr, Murphree
Mr, Lavender
Mr. Ryan

Mr. Lester

R-ASTR
Director
Mr. Hosenthien
Mr. Hoberg

R-ASD
Director

R=QUAL

Director (2)

R-TEST
Director

DIR

DISTRIBUTION

R-P&VE
Mr. Heimburg
Mr. Goerner
Mr. Hellebrand
Mr. Hunt
Mr. Kroll
Mr. Moore
Mr. Stevens
Mr. Showers

R-RPL
Director
Mr. Downey
Dr. Dozier
Dr. Shelton
Mr. Heller

DEP-T
Dr. E. Rees

MS-IP
MS-IL (8)
MS-H
I-RM-M
cc-P
MS-T (6)

Sci. & Tech. Info. Facility (25)
P. 0. Box 33

College Park, Md. 20740

Attn: NASA Rep. (S-AK/RKT)

NASA Headquarters

Federal Office Bldg. No. 6
Washington 25, D. C. 20546
Attn: Tech. Info. Div. (2)

Ofc. of Adv. Res. & Tech,.
Attn: Director
Mr. D. A. Gilstad
Mr. R. V. Rhode
Dr. R. H. Wilson (2)

Ofc., of Manned Space Flt.

Attn: Director
Adv. Manned Mission Ofc.
Apollo Program Ofc.
Gemini Program Ofc.



DISTRIBUTION (Continued)

NASA Headquarters (Cont'd)

Ofc. of Space Sci. and Applications

Attn: Director
Dr. H. Newell
Dr. M. Tepper
Mr. M. Dubin
Mr. W. Spreen

Langley Research Center
Hampton, Va, 23365
Attn: Director
Mr. V. Alley
Mr. R. E. Henry
Mr. H. B, Tolefson
Mr. W. Reed, III
Tech, Library

John F. Kennedy Space Center
Cape Kennedy, Fla. 32899
Attn: Col., A. H, Bagnmulo

Mr. J. P. Claybourne

Mr. J. H. Deese

Dr. H. F. Gruene

Mr. R. E, Jones

Dr. A. H. Knothe

Pr. P. Ricca

Mr. X. Sendler

Mr. A. J. Taiani

Tech., Library

Lewis Research Center
Cleveland, Ohio 44135
Attn: Director
Mr. C. Wentworth
Tech. Library

Manned Spacecraft Center
Houston, Texas 77058
Attn: Director
Mr. J. D. Dodge
Mr. C. R. Huss
Mr. M. V., Jenkins
Mr. J. N. Kotanchik
Mr. C. C. Kraft, Jr.

Mr.
Mr.
Mr.
Mr.

el o R

Lee

. Matthews

Slayton
Thompson

13



EXTERNAL DISTRIBUTION (Cont'd)

Goddard Space Flight Center
Greenbelt, Md. 20771
Attn:; Director

Tech, Library

Ames Research Center
Moffett Field, Calif. 94035
Attn: Director

Library

Jet Propulsion Lab,
4800 Oak Grove Dr.
Pasadena, Calif. 91100
Attn: Library

Dr. Sidney Addelman
Statistical Res, Div,
Research Triangle Inst,
P. 0. Box 490

Durham, N, C. 27702

Air Force Cambridge Res. Labs.
Bedford, Mass. 01730
Attn: Mr. I. I, Gringorten
Dr. D. A. Haugen
Mr. N. Sissenwine
Tech, Library

Air Weather Service
U. S. Airforce
Scott AFB, Ill. 61475
Attn: Dr. R. D. Fletcher
Dir., Aerospace Sciences
Technical Library

Dr. T. A. Bancroft

Head, Dept. of Statistics
fowa State Univ.

Ames, Iowa 50010

Dr. Gerald D. Berndt
Operations Analysis Office
SAC Hdgs.

Offutt AFB, Nebraska 68861

14

Mr. Jerold Bidwell
Mail No. A-43

The Martin Co.

P. 0. Box 179

Denver, Colorado 80201

Dr. Ralph A, Bradley
Head, Dept. of Statistics
Fla. State Univ.
Tallahassee, Fla., 32306

Dr. C. E. Buell

Kaman Nuclear

Garden of the Gods Rd.

Colorado Springs, Colorado 80900

University of Ga.

Dept. of Statistics

Athens, Ga. 30601

Attn: Dr. C. F. Kossack (2)
Dr. W. 0. Williford
Dr. B. J. Williams
Dr. A. C. Cohen

Dr. C. C. Craig

Dir., Statistical Res, Lab,
Univ. of Michigan

Ann Arbor, Michigan 48104

Dr. H. L. Crutcher

National Weather Records Center
Federal Bldg.

Asheville, N. C. 28801

Dr. H. A. David

Dept. of Biostatistics

Univ, of N. C.

Chapel Hill, North Carolina 27515

Dr. Paul S. Dwyer

Dept. of Mathematics
Univ, of Michigan

106 Rockham Bldg.

Ann Arbor, Michigan 48104




EXTERNAL DISTRIBUTION (Continued)

Dr. Churchill Eisenhart
Senior Res. Fellow
Administration Bldg. A-1000
National Bureau of Standards
Washington, D. C. 20234

Mr. William Elam
Bell Communications, Inc.
1100 17th St., NW
Washington, D. C.

Dr. 0. M. Essenwanger

AOMC Res. Lab.

ORDMX-RRA

Redstone Arsenal, Ala, 35812

Dr. Arnold Court
17168 Septo St.
Northridge, Calif.

Dr. A. L. Finkner

Dept. of Experi. Statistics
N. C. State College

Durham, North Carolina 27702

Dr. T. A. Gleeson

Dept. of Meteorology
Fla. State Univ,
Tallahassee, Fla. 32306

Dr. B. G. Greenberg

Dept. of Biostatistics

School of Public Health

Univ. of N. C.

Chapel Hill, North Carolina 27515

Dr. Frank E. Grubbs

Assoc. Tech. Dir.

Ballistic Res. Lab.

Aberdeen Proving Ground, Md. 21005

Dr. S. B. Littaver
Industrial & Management Engr.
Columbia Univ,

320 Seeley W. Mudd Bldg.

N. Y. 27, N. Y. 13625

Dr. Boyd Harshbarger
Head, Dept. of Statistics
Va. Polytechnic Inst,
Blacksburg, Va, 24061

Dr. H. 0. Hartley

Dir., Inst, of Statistics
Texas A&M University
College Sta., Texas 77843

Headquarters DCAS (DCLW)
AF Unit Post Office
Los Angeles 45, Calif, 9000

Dr. L. M. Lecam

Dept. of Statistics
Univ, of Calif.
Berkely, Calif. 94720

Mr. R. Martin

General Dynamics/Astronautics
P. 0. Box 1128

San Diego, Calif. 92112

Dr. P. R. Merry

Director, OA Standby Unit
Univ., of Denver

Denver, Colorado 80202

Meteorological & Geoastrophysical
Abstracts

P. 0. Box 1736

Washington 13, D. C.

Dr. F. Mosteller

Dept. of Statistics
Harvard Univ.

Rm. 311, 2 Divinity Ave.
Cambridge, Mass. 02138

Dr. Geo. E. Nicholson, Jr.
Chairman, Dept. of Statistics
Univ., of N. C.

Chapel Hill, North Carolina 27515

15



EXTERNAL DISTRIBUTION (Continued)

North American Aviation, Inc.
AFSC (SCWTS)

Andrews Air Force Base
Washington, D. C. 20331

Pan American World Airways

Patrick AFB, Fla., 32925

Attn: Mr. Gerald Finger
Mr. O. H. Daniel

Pennsylvania State Univ,
Dept. of Meteorology
State College, Pa. 16801
Attn: Dr. Hans Panofsky
Dr. C. Kreitzburg

RSIC (2)
Redstone Arsenal, Ala, 35812

Staff Meteorologist
Eastern Test Range

Det, 11, 4th Weather Group
Patrick AFB, Fla. 32925

Mr. Clement Schmidt
Flight Dynamics Lab.
Aeron, Sys. Div,

Wright-Patterson AFB, Ohio 45433

U. S. Weather Bureau

Washington 25, D. C.

Attn: Dr. R, M. White, Chief
Office of Climatology
Dr. G. Barger
Mr. H., C. S. Chom

Spaceflight Meteorology Group

Mr. K. Nagler
Tech. Library

Mr. Marvin White

Space Technology Labs.
Structures Dept,

One Space Park

Redondo Beach, Calif,90277

16

Lockheed Co.

Research Park

Huntsville, Ala.

Attn: Dr. D. McDonald
Mr. E. A. Carter
Miss J. L. Wood
Dr. W. A. Bolman

Mr. B. N. Charles
Booz-Allen Appl. Res., Inc.
Los Angeles, Calif. 90045

Mrs, N, E. Rich

Bldg. 5400

Code AMS MI-RDF

Redstone Arsenal, Ala. 35809

Dr. Wm. Mendenhall

Head, Dept. of Statistics
Univ. of Fla,

Ganesville, Fla.

Dr. Max Woodbury

Div. of Biomathematics

P. 0. Box 3200

Duke Medical Center

Durham, North Carolina 27706




