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ASSTRACT

A numer!clliy-accuruté solution technique is introduced for the prediction
of cénstant property turbulent toundary layer characteristics.  The procedure
can bé~termed a strip inteqral technigue in that approximatines finctions
isplinéd cubics) are used to represent the primary variables acrsss boundary
layer strips, and thé governina cquations are intearated across the strips,
That i€, squarewave weighting functions are used in formina che intearals of
the quernSng‘equutions. Derivatives in the normal direction are related ta
one anpther by Taylor series truncated to refiect the cubic approximation. Im-
plicit quadratic finite difference relations are used to express strearwise
derivatives for nonsimilar solutions. The turbulent model erpioys the idea
of a wall and a wake region. In the wall recion, a mixina lenjth modei for
_,JFI, t déddy. viscosity is used, the mixina lenath being described by a first-urder

gy faventiad equation. The effects of wall iniection or suction are considered
i in the mixing lenéth equation. The wake region mocdel ermploys a constant eddy

_;'biééoiity at each streamwise station. Eddy viscosity in thia region is taken

ot ins tn_bé'propottlonul to the free siream velocity and the displacement th:ckness.

Thé,resultin‘t set of linear and nonlinear alaebraic irelitions is sclved
by qenex;fal No\’lton—Raphson iteration using an efficient natrix inversion tech-
‘nbique. "oi'vtions'.'_of the matrix contain coefficients involvina orid spacino
onlyx' thgaro(ore, these need be inverted only once for a given problem. Use of

part 1V: Nonsimilar Solution of an Incompressible Turbulent ‘/‘
the spl‘ingd/cul‘)i.ctllntexpolation functions allows accurate solutions with rela- 7 :?“:‘.,-:ynd::!:: :7‘6‘:.1:?':::$:;;?“’ Mo, By s/
tively few (around twelve): nodes through the boundary tayer. Typicaliy, three
> : . Lp a Lt 4 forh tiutEal This effort was conducted for the Structurées and Mechanics
or four {tarations are reguired to' rea“h-a ccnverged solution fo yP Division of the Manned Spacecraft Center, National Aeronautics
streamwise step. and Space Administration under Contract NAS9-6719 with Mx. Donald
% . - M. Curry as the NASA Technical Monitor. Development of the turbulent x
A boundary layer code was sponsored jointly by NASA/MSC and by the Air _‘*\~
Force Weapons Laboratory, Kirtland Air Force Base,with Lt. Ronald H. AR 3
3 p Aungier Project Engineer, Extension of the turbulent boundary q
i layer analysis to compressible flows is continuing under AFWL spon- 2 ‘?
& soraship. Mr. Eugene P. Bartlett of Aerotherm Corporation was Program 5
Maneter and Principal Tnvestigator for the efforts reported here.
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FOREWORD

The present report is one of a series of four reports,
published simultanecusly, which describe eXtension and appli-
cation of analyses and computational procedures for predicting
the in-4epth response of charring ablation materials and non-
similar chemically reacting boundary layers which were generated
under a previous contract (NAS9~4599). In particular, the
present reports describe the extension of a laminar multicompo-
nent chemically-reacting (equilibrium) boundary-layer program to
include nongrey radiaticn coupling, the extension of this compu-
tational procedure to turbulent flow (at this point for incompres-
sible flows only), the further checkout of a code which couples
the laminar boundary layer procedure to a transient charring
ablation code, and the application of these and other computa-
tional procedures to the Apollo heat shield material and typical
Apollo missions. Part I serves as a summary report and describes
the present status of and solutions obtained with the various
computational procedures. In Part II a thermochemical ablation
program based on a transfer-coefficient approach is utilized to
investigate ablation mechanisms for tnhe Apollo heat shield
material. The radiation transport model which is utilized is
described in PYart III, whereas the turbulent boundary layer
code is discussed in Part IV.

The titles in the saeries are:

Part I: Summary kepcrt: Further Studies of the Coupled
Chemically Reacting Boundary Layer and Charring
Ablatoy, by E.P. Bartlett, W.E. Nicolet, I.W.
Anderson, and R.M. Kendall.

Part II: An Evaluation of Surface Recession Models for the
Apoilo Heat Shield Material, by E.P. Bartlett, and
L. W. Anderson.

Part I1I: A Nongrey Radiation Transport Model Suitable for
Use in Ablation-Product Contaminated Boundary
Layers, by W. E Nicrlet
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constant in mixing Jenath equation.

LIST OF EYMBOLS ‘i e

constant introdugnd in the & constraint (Equation 25)

; By
ceefficient of drag, 21./p,uy

coefficients defined in finite-difference tepreaeﬁtatlon of stream-
‘wise derivatives (Equations (47) and (48) for two and three point
dj tférence relations, respectively)

stream {pnct{on (defined by Equation (22))

boundary layer. shape parameter, 5%/6

% constant in Prandil mixing length expression

mixing lenagth

number of nodal points

pressure

local radius of hody in a meridian plane for an axisymmetric xhape
Reynolds number, uls/v

distance along body trom staanation point or lezdina edae : e
valdcléy component piréliel to body surface

shear velocity, ‘ro/o

velocity component normal to body surface

distance from surface into boundary laver, measured normal to the
surface

normalized y defined as yu /v

n¢rmalized y defined as y/§

ot

nbtm&iizlné paxameter used in definiticn of 1 defined implicitly

‘:‘by the use of a constraint such as Equation (26). ;

d Inu

-ﬂitrqgi&isovpreslutt 9xadieht parameter, Zd Tn7€

o3 xoqirithm&c'dibtuncé between.two streamvise pbsltiéns denotad by

4 the Subscripts t and 2-1

L=vie

g
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LIST OP SYMBOLS (Continued) s

boundary layer thickness

§
s boundary layer displacement thickness s
£ eddy viscosity 2 TR B : '_"i
€y eddy viscosity found from wall reaion expxeusion
cé eddy viscosity found from wake region exprescion
n transformed cobrdinate in & direction normal to the surface,

defined Ly Equation (23) |
L} momentum thickness
u shear viscosity
v kinematic viscosity
£ transformed streamwise coordinate, cdefined by Egquation (28)
] density
T shear stress
] turbulent intermittency T __,vi';'f
SUBSCRIPTS : P % ‘; |
5 1" node : : ; :
1 lth station 8 :
0 wall AL
1 boundary Jayer edge :
] based on momentum thickness et ﬂ;A. ;7
SUPERSCRIPTS : e ‘- G

«©

equal “o unity for axisymmetric bodies and zero for two-dimensional 7/
bodies ‘ b Ry : & b gt

represents partial differentiation with respect to n. Also indicateé
a fluctuating quantity in turbulence expressions ‘ g i )
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SECTION 1

INTRODUCTION

5 ':f‘ A céﬂbutationai_procedure is Jdescribed herein which is suitable for ob=
n-tnining'uccuzufe numerical solutions of the constaﬁt property, nonsimilar,
single~component turbulent boundary layef equations with arbitrary fluid in-
jection at the boundary. A Fortran IV computer program, designated the SAINT
! prograﬁ for Strip Analysis of Incompressible Nonsimilar Turbulent boundary
layers, has been developed in accordance with this analysis and is described
in Appendix A.

The turbulent boundary layer procedure described here represents a simpli-
'fication and an.extension of the laminar boundary layer procedure presented
by Kendall and Bartlett (Reference 1). The simplification involves the envi- |
ronmental generality embodied in the laminar procedure (general chemistry, s
unequal diffusion and thermal diffusion of all species, ¢coupled wall boundary.
cohdition, etc.). The extension includes the modification of the coordinate
transformation to treat the turbulent boundary layer more appropriately, and
the introduction of a turbulent model. The analysis and computer program
idescribed here are currently being extended to include the general chemistry
&nd other features of Reference 1.*

In view of the intended final result; a
minimization of ‘the number of boundary-layer nodal points required to obtain

va solution: was judged to be of prime importance as a consequence of the rela- /

tively ‘large times asscciated with state calculations for a gqeneral chemical [

1 environnent'and in the streamwise direction, because of the desire to couple
' the boundary layer ptocedure to a transient internal conduction or ablation
“solution.

’Thls is being performed under the sponsorshxp of the Alr Porca Weapona
Laboratory (see Foreword). .

R

For a given accuracy, theé number of necessary "nodal points” in the.surs. 1
fnéé normal direction i{s controlled primarily by the nature of the funhcti‘ns

which relate the depéndent variables (and their derivatives) to the independent
variable. Thus the smooth functions typically used in inteqral-relatjons ap-

proaches require fewer

*nodal points"* than the func"isns with discontinuous

first derivatives implied by most finite difference approximations.

In oider
to permit relatively flexible profiles, connected cubics were selected to

represent streamwise velocity. The first and second derivatives of these, el

cubics were made continuous at the connec¢tina points, The advantaces of such

a "spline fit" are considered, for example, in Reference 4.

Following the general intearal relations approach, wzidhting functions
must be selected. In the present study,-as in Refecence 1, step weighting
functions similar to those used by Pallone (Reference 2) were adopted. That
is to-say, the momentum equation is integrated between nodal points (over

strips), with a unity weighting function.

In the past when relatively large spacing in the streamwise dircction has
bLeen desired, iterative procedures have generally been used to assure ‘accuracy
and stabliity. X
reserbling those used for similar solutions but witl the addition of finite
d&fferencé representations for the nonsimilar terms, a procedure which elimi-
nates the necessity of special starting techniques., Using this Yasic approach,
the specific treatment adopted in the current study follows most closely the
matrix procedure used by Leich (Reference 5), wherein the iteration is a conse
guence of the solution of a et of linear and nonlinear alaebraic relations.

Some of thes~ procedures have treated the solution in a manner

Whereas a special successive approximation procedure was used by Leigh, nowever,
This
technigue results in linearized coupling between all relations required to

the general Newton-Raphson technique is used in the present procedure.

characterize the boundary layer. and thus assures a more aeneral, rapida, and
stable iterative convergence.

*The term "nodal point" is meant to encompass the integral cstrips of Pallone
(Reference 2) and the matching points used by Dorodnitsyn (Referénce 3).
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> "l‘hg nniic eﬁuations for a tutbulenc boundary llyor are delcribad in

ot \Sex:tion .2. These . are treated in a Manrier similar to the method used by Clauser

(Refltenca 6), 4n which: the flow fs divided into wall and wake regions; In
the ulll region, a mixing lenqth nodel is introduced which accounts for the
vui;blc sheat due to injection. "In the wake region, the eddy vucouty is

; taken td . be constant =t a given streamwise statipn and to be dependent on local
edge velogity and.the displacement thickness. The two redione are matched
thrbuqh'a contin'ui‘ty' of velocity and shear requirement.

Section 3 describes the integral matrix solution procedure which is appiied
to the governing set of equations., In that section, the splined cubic approxi-
.mat'ioﬁa (qchiequ through truncated Taylor series expansions) which are used

.'to relate derivatives of the dependent variables are described: the techniques
Jsed to evaluate integral terms and streamwise derivatives are given; the
Newton Raphson iteration technique is'summarized; and a yeneral description of
the matxix soluU.or\ technique is preuented. Pesults and discussions of typical
flou cases are given in Section 4. ¢
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SECTION 2

BASIC BOUNDARY LAYER EQUATIONS

2.1 'GEWERAL EQUATIONS OF MOTION

The egquations of motion for a turbulent boundary layer are typically
derived from the Navier Stokes equations by decomposition of the velocity
field into mean and £li{ctuatinq componerits, time averaging, and makina appro-
priate order of magnitude approximations, Statina the results of these mani-
pulations as & point of departure, the global continuity eguation becomes

Jour : S
T wY L o i (1)
c is 3y -
o
and the momentum equation is
by 1 - | R B L Sy § (2)
PO Gg BV 5y N W (“vy ou'v 3

Triple correlations and streamwise derivatives of turbulent correlations have
been drspped in these equations. The pressure P is the imposed free stream
pressure and is related to the free stream velocity through the Bernoylli
equation,

P+ olulz/z = const. > 43

Bquacidn:; (1), (2), and (3) would allow calculation of u and v in a constant
‘property boundary layer for the proper boundary and initial conditions if ‘the

turbulence term was known. The assumptions made regarding this turbulence ferm
provide the greatest differsnces between the turbulent Boundary-layer technigues -

available today.

1
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stresses can be expressed analytically in terms of an intermittency factor, ¢ Y
¥,

which is a measure o
f the fraction cf ti

(Reference 7): foun me the flow is turbulent. K
et G: that for smootr walls, the intermiktency factor i-'bahoﬂ :
boundary 1 useian integral curcs centered at 0.784, where § il

aysT s L]

ysr thickness. Incorporatinc the intermitt ’ Te is the local
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3u 3u
pus= + du , 4P ?
T it e i [ou:w)g_;] il

The success of the G
aussian int
TR ntegral curve wl_ll be discussed in a later

2.2 WALL REGION

2.2.1 One-Dimensional Analys’s

The wall region ot the turbulent boundary

e ary layer ls ch

le“tp.:::::e:::l:: :::m:urbulent transport and mean field l:::::::iz:d b:‘ iy

Sk o A R e ze;: at the wall to near its maximum value a; th:r:“-

M SR . ere ia a vast amount of empirical evidencs tha oy

A e e t"'::"ant;alsa the mean flow fileld ptopeftles can be d:f

e e e thc: the wall stateé, wall fluxes, thermodynamic da

ik ® oyl d“.e fluid, and the normal coordinate y. Since t::

TR R e i:t:t enter the solution for this reaicn, the probl

ek s el tial value problem, Eliminating x dur‘ivativ o
n reaults in 5

4 X
ésv) s i
or . ;

pv = 5
%%

where e subscript o refers to the wall valua. Thus the wall injection rate
h th ub: ecti ’

p_v_, which ma
y be a function of x, determinés the transverse mass flux
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thtonqh ch‘ entln ‘wall region. Using the same todmlqun for the né-ntun
equltlon ana nubstltuting equation (0),

b b7l P St €A & ; . ;
M ASENIS R I RN o°v°u-a(\_ﬂt),§-y- b 280

where the wall shear, Tor is also typically a function of x. Intermittency,
¢, has been set to unity for the entire wall region, For flows over an im-
;. "/ petmaable wall with constant properties, this equation reduces to

°(V’c’ g? .13 : ‘}10)

£, < S 1y

indlclilng that shear can be considered constant in the wall region. For in-
comprellible flows with injection, it is seen that sitear varies with the injec-
tion rate and local velotity, that is,

L S PoVol (12)

e 2.2.2 'Mixing Len '§tﬁwhporoxiﬁgilon-

38 7 gt gk A complctt 1nvtltigation of the validity of the nixinq leéngth postulate

2 : for flows with injection has been reported in Reference 8. The analysis nsed
Ain this investigation is much the same; therefore, only tho basic framework

7 bf: thé analyllt ﬁtl‘ be pr.l.ntcd. The reader should c.fer to Rofnronc. 8 for
ﬂoealll. . - v R

aéﬁlucd of the current lack of uhderstanding cf turbulent meschanisus,
*theoretieal® predictions of the variation of turbulence near the wall must
rely on empirical input into.relations based on scme phenomenological depéndence.

’ X g
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_mass additior stronqly affects the eddy viscosi“y profile, and it was found that

" distance from the wall is insensitive to surface nass addiﬁion.*_ps a conse-

Because of the genarality of the ultimate goals of this analysis and of tha
desire to approximate the physical situation, certain prerequisites were estab-
‘1ished for the turbulent trarsport relations. These were:

a. The relations must indicate. a continuous variation of the turbulent
transport properties from the wall to the fully turbulent .region.

b. The relations must ba generally applicable to mass, momentum, and
energy transport.

c. The relations must hHe extendable to compressibla flow with real gas
properties.

d. The relations shoulcd be suitable for transpired and untranspired
boundary layers without any, or a minimum, modification of form.

Two basic types of viscous layer hypotheses have been proposed in the pnk@.
The first type predicts the variation of turbulent viscosity from the wall to
the fully turbulent regime. Reichardt, Riﬂnie, and Deiscler have, in Refer-
ences 9 through 11, for example, proposed such variations. The second type of |
hypochn-is involves a variaticn of mixino length from the wnll into the . fully
turbulent purtioa of the boundary layer. Rotta, von K&rmé&n, and Van Driest
(References 12 to 14); have adopted this procedura.. Data indicate that surface

the first type of hypothesis could not bm simply modified to predict this vari-
ation. On the other hand, success of the mixina length theory in predicting

profiles in tha fully *urbulent portion of the bcundary layer with surface mass
addition has been noted, for example, in Refercnces 15 and 16. It has generally
been concluded that the siope of the linear relation between mixing length and b

quence of this apparent generality of thé mixina lenaih app}oncﬁ, it ' was adopted
for the present studies. <)

The basic mixing length pontuiute can be expressed as

A ST A 4 ’ N2 2s ; ;
LG T Bt i

where the mixing length, i, ‘s » combination of various torrelations, but
retains some relationship to the scale:of turbulence. Pranctl proposed that




thia_length will, in its simplest form, be related to tha distance Yrom a’
wall, at least in the region of development of turbulence. His provosition
that

%; = constant; K (14)

has Leen tested urdux: a variety cf conditions and found to be quite udeauate
in the fully turbulent portion of the wall regime.

As the wall is approached, however, this simple relativn is no ionger
appropriate and, in fact, it can be shown theorstically that

tim L =0
y*o
ar (15)

This is a consequence of the Reichazrdt-Elrod criterion (see Reference 8). Thus,
two criteris are specified, namely, Prandtl's hypothesis which.is appropriste
in the fully turbulent portion ¢f the wall regime and the Reichardt-Flrod

wall criterion as expressed by uduution (15) .

Several means nf expressiny a relation covering the full range of y and
including these limiting criteria have beén used by other investivators.
It is advantagecus in considering extensions of mixing length theory t> estab-
lish someé physical logic for the solected relation. Unfortunately, the under-

standing of transition from the laminar to the turbulent portions of theé layer

has not reached a state permitting any quantitive specification. Therefore,
the selected model can be based only on qualitative underntnndihq of the proc-=
ess, dimensional considerations, and the above limitina criteria. These
criteria aro satisfied by a simple implicit relation of the fcam

B o awy i d 16)
ay Ky ) (

which implies that the rate of increase of the mixina lenath is proportiunal
to the difference between the value pcstulated by Frandtl (Ky) and its actual

—— i —

PR

o e e e T e T e e

value. This rate of intrease should also be aucmented by the local applied
shear and retarded by the local visconlty.' Using these parameters to non-
dimensionalize the -above relation yields

E o= xy-ny VL (7
& T
a

where Yt is the constant cf proportionality. The coefficients K and y,t were
ahown in Reference 8 to be invariant for a wide variety of flow conditions at
values of 9.44 and 11.8), respectively. For the special case of constant pro-
perties and zern injection (constant shear), this equation can be intearated
to yield

1-5-3“ Y |- exp(-s (18)

where

1t can be seen that the Reichardt-Elrod criteria is satisfied at the wall arpd
Prandtl's expression is obtained for small y. For large y, Rotta's (Reference
12) expression,

+ + .
L o=y =-y_.") 114)
¢ a

is obtained. Due to the simplicity and physical adequacy of this model, eque~
tion (17) has been adopted for the analysis presented here. Comparisons of
this model with data from blowing and io-blowing experimenis are aiven in
Reference 8.




2.3 WAK! RBG!ON

The wake region of a turbulent bouridary layer is s6 named because the flow
in this xeglcn tqnﬁs to have a wake-1ike characte¥. In particular, the outer
/80 to 90 percent of 'the boundary layer appears to be a reaion in which the up~
stream character of the flow combined with the local turbulent eddie¢s dominate
the mixing processes within the flow, and the viscous effects become second
‘order. Gradients in the wake region are typically much rmaller than thosze of
the wall region, and intermittency begins to become a factor near the cuter
edge of the boundary layer. Since the presrure gradient and strearwise deriva-
,éive terms are important in the wake region, equations (1) and (6) must be
solved in their entirety.

A fortunate feature of the wake portion of the boundary layer is that eddy
viZcosity is nearly constant across this region, at least for equilibrium*
incomprei-iblc flows. In particular, Clauser (Reference 6) was able to relate
the eddy viscouitybto edge velocity and a length scale 4*

€& 0,018 uy5* (20)

for a great quantity of experimental data taken in equilibrium flows. While

;.this empirical evidence carnot be taken as a tasic truth for all situations, .
the expression above has proved accurate and useful for many applications and
will be used in this analysis.

Equations (1) and (6) as they stand could indeed be solved by some nuineri=-
cal technique. Por the ma‘ority of problems, however, it is convenient to
; transform the problem to a new: conrdinate system in which the general groblem

of flow ovefr an arbitrary surface is easier to handle. Also, the transformation -

e may offer the possibility of a "similarity" solution if formulated properly.

'Fquilibrium as used here refers to a particular pressure gradient, (6*/1.)
(dp/dx) , which' resplts in self-similar velcecity profiles.
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The tranaforﬁatioﬁ which was us€d n the present analysis was artived at
by performing a number of operations on the equation- of motion. These . >
included: :

a. . Combining tha two aquations by solving the contdnuity equation for
pv and substituting,

b. Defining a dimensionless stream function f to eliminate the resulting
integral term.

v, Utilizing a scaling parameter 8(s) for y in order to place the equa-
tion in dimensionless form. The quantity 5(s) remains undefined at
this point.

d. Rewriting streamwise velocity in terms of the stream function.

e. Defining a new normal coordinate to eliminate density from several
terms and to keep the boundary-layer thickness very nearly constant.

f. Defining the constant of integration in the stream function definition
to eliminate the wall blowing rate term.

q. Defininq a new streamwise coordinate and the y scaling parameter, 5,
such that a group of terms becomes constant and the resnlting eguation
is greatly simplified.

Out of this list of operations, steps (c) and (g) are probably least understbod.
In step (c), it is found that

) ;
% " b8 (21)

[
s

where f is the stream function,

c-fom~p:u f’fouag e ARl

3

¥ = y/5 'is the dimensionless y coordinate, and the subscripts o and 1 refer to ..
the wall and boundary layer edge, respectively. It is seen that bi a simple"‘
transformation,
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'._1dansltybcqn be eliminated from the stream function equation, that is,

L

B Ly =y : . (24)

and also from several terms in the momentum equation. The a(s) paramoter is

a stretching parameter in the normal direction whose purpose is to keep the
boundary-layer thickness relatively constant. The advantage of this, of

course, is'that a "universally applicable" nodal network can be chosen a priori.
A procedure which has worked well is to choose a value of a such that a nodal
point near the boundary layer edqé, Nae has a specified streamwise velocity
associated with it, near but not equal to tbe edge velocity: b

f'l c :'l
e Uy ; (25)

or

(26)

3 ¢
The transformation involving o is discussed further in Reference 17.

Step (g) in the list of operations is perhaps thé most interesting in that
it differentiates the_turﬁulont transformation from a laminar one. Steps (a)

through (f) result in the differential equation :
vgzov £
ulﬁ

o3

Ceg- el 5[l

. The objective in step (g) is to define the y scaling parameter § and also a

J

new streamwise coordinate E such thut the coefficients of the first and last
terms on thé right-hand side of the equation become constant. This can be
done if one defines & dars }

s " o
L3 i ."
E= / PyuyT, ds (28) 5%
« v
PR = (29)
Dlulro

The momentum equation becomes

££" + é [(ﬁ_l)’ (uiw) f_,]' ’%(? K f”) 4 Ay

A(E' /0l a IE '(30)

:
oLy ARl 3(n £

where

: 2d(1n ul)
d (in

Note that & in this transformation is a linear function of running lenath,
similar to the growth of a turbulent boundary layer. The & appearing in the
gecond term was left in the problem in order to form the Clauser parameter, ‘/(

EETT , which is taken as constant:
1

e G0

7 oalewe) - Shide
= af ﬁ%, £ 5n SO

Kinematic viscusity has been dropped fér the purposes of this explanation:

J " 5 27 For laminar flow, the § under the brackets in equation (27) would have bean N o
d(ln.uy) PRy, £ 4 open ln(o;“;'gé ] brought outside, resulting in | Rk, s 5 ; N e 1 1
tdans \p ° d(ins) : ‘ } 7
{
{
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%
357 §uint - 132)
% ASRE P1¥1%
which gives the conventional Levy-Lees transformation.
Summarizing the transformations which are used,
s >
= [ P9 T, ds
ofen
= Safe 2
1
£
L e [3 '
pyu T, (32)
1 [’ ;
£f = + pudy
£D 91“16 v
\ 1 5 <3
&= - — !‘bnvﬁro s
olulsxo
" The simplificntions for constanht density flow are obvious. For this lpecié]
case, the governing momentum equation becomes
'
£E° 4 i[ﬁ’“" f"] + 8@ - g0y
a u 2
1
a(f'/a « of (34)
= af' 3 - £ 305

: an_d the n'\i.xing length equation is

o —(K'-——n“,- ")[Red (1 + %) f'] 7 Y : (35)
<X ¥a ; .

Y : -~16=

2.4 MATCHING OF THE WALL AND WAKE SOLUTIONS

T™vo eddy viocosities have been mentioned in the previous sectians,
namely

- g2 U
£t Ry (13)
in the wall region and
€, = 0,018 ulé' (20)

. in the wake. Aasuming these equations are accurate descripticns of the physi-

cal situation, it is exnected that € would increase with distance away from
the wall (beginning at zero) untii its value surpassed that of £y, at which
point €, would be the governing value. This situation is shown schemetically
below.

In the present solution procedure, both € and €, are evalluated at every nodal
point in ths boundary layer and the two values are combined by the reélation

(36)

i
3
%
4
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Note that this expression results in the smaller of the twovoddy viscosities
when the two va'v»s are grossly different in magnitude, and results in a

smooth transit_on from one expression to the other when the two numbers are
of. the same order. The schematic above shows the effect of different values

“for ni at present a value of five is being used; however, this is easily

changed on the program data cards.

2.5 COMMENTS REGARDING TRANSITION

The flow model as presented above has been develcped strictly for turbu-
lent flows. Laminar flow problems can also be analyzed; however, similar
solutions in the laminar regime will be incorrect due to the nature of the
coordinate transformation. An interesting feature of the equations as formu-
lated above is that transition from laminar to turbulent flow is effected
automatically. At low Reynolds numbers, % <<l and the eddy viscosity contri~
bution to the solution is negligible. Por large Reynolds numbers, ¢ dominates
the shear term, resulting in turbulent profiles. It is apparent that prema-
ture transition is obtained if the Clauser parameter is left at 0.018 for the
laminar and transitional phases of the flow, since % - I.O,Hhen Reé. 3 ulé'/v
is only 56. A means for describing the rate of approach of € Lo its "eguilib-
rium" value of 0.018 ulé' would thus be required to depict transition rore
accurately-

P
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SECTION 3

INTEGRAL MATRIX SOLUTION PROCEDURE

The solution of the transformed boundary-layer equations presented in
Section 2 utilizes an integral matrix metnod which has been developed speci-
fically for th: solution of chemically reactirg, nonsimilar, coupled boundary
layers (see Reference 17). In this procedure, the dependent variable f' and
its derivatives with respect to n are related by truncated Taylor series ex-
pansions such that f' is represented by connected cubics with continucus ti}pt
and second derivatives at the junction points (fommonly called a spiine £38).
Primarily for convenience, the momentum equation is integrated using a weicht-
ing functiun which is unity between adjacent noda2l points and zerc elsevhera.
The linear Taylor series 2xpansions together with linear boundary conditions
form a very sparse matrix which has to be inverted only once for a given prob-
lem. The mixing length equation solution can be found immediately in terms of
Cawson integral functions. The nonlinear boundary layer eguations and the
nonlinear boundary conditions are then solved by a Newton-Kaphson iteration
technique.

In Section 3.1, the Taylor series expansions are presented. The boundary
layer eguations are integrated; and thas integrals which appear are alsc ex-
panded in Taylor series. The restlting equations are precisely those which
have been programmed for solution cn high-speed digital computers ¢5 represent
the incompressible boundary layer with blowing or suction. In Section 3.2, the
method of solution for the mixing length aquation is presentud. The procedure
utilized for solvina *he sets of linear and ncnlinear alaebraic squations
developed in Section 3.1 is then presented in Section 3.2

3.1 INTEGRAL STRIP EQUATIONS WITH SPLINE INTERPOLATION FUNC,IOWS

Consider the boundary layer in the region uf a given streamwise utation.
8 as being divided into N-] strips connecting N nodal points. These nodal
points are deliqnateé by ny where { = 1 at the wall and N at the edge of the
boundary layer,
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Consider a function p(y) which with all its derjvatives is continuous

"“in the neighborhood Of'the point y = &. ‘Then, for any value of y {n this

neighborhood, b(y)vmay be expressed in.a Taylor series expansion aa

’

py) = pla) s B@) (y - a) « B{8) (y - a2

m . Ll
+Bol®) (y ooy By ot L (37
Considering the point a as ry and the y as n, .,

; X i
+ pion + gy (é"zf + p""vlﬁ-"‘r- Fopt ‘%%— . BT
1

4 45 Hk 1 (18)

vhere

- - {
&n Njel g {39)

Convéntional finite diffevence schemes, in effect, typically truncate the
Taylor series after the first term and use the resulting expression to relate
p' tn p, etc,, that is,

vip S3e1 SRY
e T e

.Round-off error is then of order (4n)? and many nodes must be chosen to bring

this value down to acceptable limits. One can achieve a reduction in the num-
ber of nodes for a given accuracy by empluying a cubic relation ieprulentﬁno
the function P ovar the interval of interest. This can be achieved by truncat-

_ing the Taylor series after the fourth term, Sinca the third derivative of a
“ cubic is constant over the interval, one can write }

Pi+ i ; :
P8 s — it

ety e ey et BN s

s

=20~
Using this in the Taylnr series yislds

g @t vi 8
= Py4y * Pyt P{SN 4 pp S 4 iy ";‘Z' 2 142y

Similar expressions can be written startina with hiaher or lower derivatives,
For the problem at hana, the following eyuations= can be writter relating the
dependent variables and their derivatives:

: Area T4 126 sn)?
tn#l o t.l % El’\én ® fﬂ [xjru—] 4 tr: [L%L]
ane 8 ’]
L] [Lfﬁl- “43)

' g ' 3. & ’] m (8 1
£y s B s [L%-L 3 A ‘.LEL (44)

g;;l - f;' - %D L ek %ﬂ (45)

Notice that f' has been takor tn bes a cubic over each strip, rather than the
stream function, f, since it was desired to represent velocity (u ~ ulf'/u)
with the cubic. FEquaticns (43) through (45) above, when written for esch
adjacent pair of nodes, give 3N-3 simultzneous alcebraic equations for the
4N+1 unknowns, fn' f"‘, f;‘, f:‘ , @, at each streamwise station,* Additional
relations must come from the yoverning diffeiential equations and the boundary

*The mixing length equation (17) is not included in this cquation count since

mixing length (as well as ¢ in the wake reqisn) is treated as a dtate: property.




=2%=

‘éonditiphs. Tt is important to hote that the f, £, etc., are treated ar

indépendent variablés related by algebrsic equations., It ie- also {impc-tant to
note that the coefficients in equations (43) thrcugh (:5) ‘are functions of é&n
onlyxitharefore, this'portion of the resulting matrix need be inverted only

‘once for a given problem.

The momentum eguation in the form of equation (34) contains strearwise
derivative or “nonsimilar” terms. In the present solutien technique, two or
three point finite differance frrmulas are used to ~xpress these derivatives.
As in keference 17,

d ; -
Pt U SRR P PR A (46)
Z
where ")l-l refers to the previous streamwise station, and
dg "= —t e d, W = . d, = © (47
R LY 1 L e
for twn-point difference and
IR TS BN b 1 S 212 .
0 ghoiabecs LI TR LI
\ 2 (48)
tde-
a5 = — =
LR=2 L=)"k+2 ]
for three-point difference where typically
s = ;
17t-1 = tn g~ tng, =2 }L!/El_l) (49)

s
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The three-point difference relation is utilized unless a similar solution’ is
desired (in uhicf case &g d1 =4, = 0y or unless the point in qucstinn'is
the first point after either (1) 4 similar solution or (2) a discontinuity
(e.g., where the body changes shape sbruptly, or where mass injection is sud-

denly terminated).

g4ilizing these expressions, the momentum equation becones

0

S U § A2 §¢ ¢ o 39 '2

(hdo) £t * °[R°6 *-8 ulﬁ' i :! 3 % ° (g' 7 do)f

= grala & + a5 2PV E, D Aty i) (50)
e L dedod 12 e Al e

This equation is now Integrated across each strip in the boundary laver. The
solution can actually proceed very nicely without integrating across the strips
(see Referrnce 18) without any noticeable change in speed, accuracy, or stability.
However, in multicomponent boundary-layer problems, the resulting reiations ars
gres:ly simplified by this operation. Integrzting from i-1 to i,

i
' o7 b 5§ A
1+ a) et - (249, £%an.+ |
i-) - {1 &
; i
.
+ %— -‘u—;x;ot"] Y ‘% a? (ni-“l—l)—(% + do) / £'1dn
i-1 i-1
i {
' B! £ 5 ‘e
- / £ a[dl(;l-l* dz(a—')l_)] an f £00(di oy
i-1 2 i-1

(51)
+odyf, o) dn

or,
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[(16d°)ff]' oo (l*do)t' d"’a[ae M aree 1 ofj
i1 1ty § 1 f-1
. i i
£ cr2 - ' $
+ £a% (nymny ) -(% + do) f £r1dn f £ (4111_1
i-1 i1
i
i 4 T
+ a8 dn+nf t'd(-—-l ¢o( ]dn
2 1-2) 2, [1 ahopt dale ),’_2_
i
5 [f ("1'1-1 ¥ dz"a-z)]i_l (52)

The Taylox series approximations introduced earlier can also be used to express

the integral terms above. Taking J'i f'p dn as an example, suppose
i

Then

Expressing G'nx_l) in a Taylor series ahout n.,

=1

-/}'p dn = G(n) (53}

&

f £'p dn = Ging) = Giny ) (54)
i=1

1

P 1
Giny_y) = Glag) + G'{ng) (=én) - LR R (55)

i i3
, ey :
/ €' @n % G(ny)~Glng) = G'(ny) (=8n) -c**qnyyd=fAE (56)

{4

v

S ¥ $ é
= £y 18- 1y
+ (f; pi' + 2{;'
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P

Py

' pil + 3{;-. pi + f;“

- 0

i ' §o?
5 AR PE) 5
g ¥
S sy e

&nkf

6

i

(% BTN RS e (8nf
+ (af] 2 + 6f; pi' +-420".p])

5t

)tgg?

4!

(57)

wheye, consistent with the truncation of the Taylor series employed earlier,
all derivatives greater than ff" and p;’ have been drogped.
equatiors (41) to eliminate piw , equation (57) becomes

where

i-1

i

f'p dn = ti xP1

P
a-dniladc o)
XP, &n (2 H

w dntlade ge
XPJ &n (z )

P,
Xp, = 6n‘(§€- 1

+ £'' XP

i

2

L 1

ghriREs

vis
+ 108 xp

Utilizing acain

4 (58)

(59)
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vtion \52) above, resulting in the relation
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where in the X functions, p =

v v

in the ZA functions, p = dl<§— ¥ dz(é-
=1

. Similar operations were carried out. for the integral terms appearing in equa-

(60)

f', in the Z functicns, p = dlf;_l + dzf;uﬂ, and
Equation (60) above provides

N-1 more relations between the 4N+l variables. The definition of a and the

boundary conditions supply the additional relations.

The definition of a was given in equation (26). For each problem, a node

is chosen near the edge of the boundary layer and the velocity ratio u/u

T 0.99

(or somne other number near 1.0) is specified there. The stretching parameter

a is then defined by the relation

@ = = @ that node

The boundary conditions are as' follows:

fi =0

(61)

(62)

B¢ T35

At the edge of the boundary layer*

(63)

Thus, we have 4N+1 equations for the 4N+1 unknowns. These equations are solved

by a Newton-Raphson iteration technigue explained in Section 3.3.

3.2 SOLUTION OF THE MIXING LENGTH EQUATION

The mixing length equation is a first order linear differential equation

whose solution can be written directly in generai terms. The differential

equation is

Defining

results in
di =
9y + P2 KPy

The solution to this equation is

(17)

(64)

(65)

(66)

*The second edge boundary condition is not usually imposed in the houndary-layer
problem,.but is obtained from tha solution, The need for this condition is a

direct result of the use of cubic spline fits.
with the use of gquadratic spline fits.

The requirement for it vanishes
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yields

L = K(y-L)

Evaluating L at the ith node, it can be shown that

A, Y
[ Lo
e 7 ay

b 0

Ron He
b e “/'Vi‘ B T
: : pay’ f Pdy
: ' ¥ 2

it 3 °
P 1 e

where y in the right-hand integral term has the bottom edge of the strip as

origin and
.

15 X4 ¥

Assuming a linear variation of P(y) across the strip agives

)
£, .3 . i .
« o O - LA
: L,‘ .P_T.%__ + / 4 [‘“1 L) (ay '+ ¢&)7) §
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problem is ‘to evaluate the integral térms. Defining

(67}

(68)

(€2)

its

(70)

(T1)

S et e e Newy e o e — it |t g r—

Pl Py ey Ead — L L3 L) X e TN 3

AN el ) b G O e e,

-28-

By redefining variables

y = ay + ¢, d=aA +¢

i
ohe obtains
d 2 zpc
by [ —aq? 52 ext BEdal > 2
L, ._T_t_%___-_ + % e a [ eY d)"-e e’ [ey ay (72)
Y i i-1 -c
Sy reaa | L i 2y
e
L 1o
B '—F%}l!——" + l[ peay - & o) (73)
2 il T gt
Y b] i

where
D( ) = the Dawson integral* of the guantity in brackets.

The Dawson integral can be evaluated from tables (Reference‘19) or by a series
method. In any case, an explicit recursion formula for the mixing length eolu-
tion at each node has been arrived at.

3.3 SOLUTION OF THE BOUNDARY LAYER EQUATIONS

The solution of the boundary-layer equations presented in Sectiom 3.1 is’
acccmlished by general Newton-Raphson iteration. In this saction these': equa-
tions are put into a form suitable for solution by the Newton-Raphson procedure.

—_—e e

x 5 1
- 4
. *p(X) = & x! !. e’ dy .

o
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The resulting equations are then written in matrix form, and a method is pre-
sented for their solution. The procedure attempts to minimize computational
time and compute; storage requireménts,

In order te illustrate the Newton-Raphson method consider two simultaneous

nonlinear algebraic equations

F(x,y) =0 G(x,y) =0 (14)

the solution for which is aiven by x = X, y = y. Define % and Yy a8 tre
values of x and y for the m iteration.. The desired sclution f(x,y) can ba
expressed in a Taylor series expansion

sl am e Guew wead ewm Wud el bomd sy T '

g AF(x_,y )
4 i S m' I m
0'= F(x,y) Flx, yo) ¢ (x A S e
9F(x _,y )
= m’dm
+ (y ym) 3y
S5t (75)
<% - X oy )
4 m
0 = GiX,¥) = Glxp,y )+ (x - x ) 'zl
3G(x_,y_ )
v & ~—~llm
Foly =) 3Y .. I
The Newton-Raphson method consists of replacing (;,)_/) by (xm+l’ le) on the g A
right-hand side of these axpressions and neglecting noniinear ‘:ené in K
Xne1 ~ %p and Yoiel. 7 Ym® This yields the set of simultaneous equations il
3F (x_,v ) aF ( ) b
m'-m *nYm b
8 3x L0 4 3y Iy D
3 -
#G(x_,y ) 3G (x,y,) s )
bxy ==+ by, —— = - g( ) :
m Ix Y Y *n¥m
or, in matrix form 3
ch
|
|
— e e e b At R o s g0l
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F(x_,y ) w(x_,v )
n'Tm n R 2
[ ax 3y % F O Ya)
- (77)
G(x_,y_ ) G(x_,y ) !
m' o m’ Y %,
3% ay AymJ G(xm,ym)‘
wvhere
OXgE T e T N Wn Z Ymel T Y S5

The Axy and Ay, are the corrections to be added t» X0 and Yt respectively, tc
yield the values of the dependent variables for the me1®" fteration. Here
P(xm,ym) and G(xm,ym} are the values of the original functions F(x,y) and

G(x,y) avaluated for x = Xn and y = As the corzecticns approach zero, the
P(xm,ym) and G(xm,ym) thus appraach zero, Hence, it is appropriate to lock

upon these as errors associated with the original equation (74). It is apparcnt
that this procedure can be extended to an arbitrary number of functions and a
corresponding number of primary variables.

For the problem at hand, partial derivatives of each governing equation
or boundary conditica equation are found witl respect to each of the variables
£, £', £'', £''', and a. A matrix of these coefficients is then tormed, simi- :}
lar to the 2x2 matrix above, and a solution for the corrections is found. The //
corrections to the dependent variables are made and the errors in each egquation
are calcu.ated. If these errors are not within some acceptable value, a new
matrix of coefficients is formed, new corrections calculated, and so on.

The process described above sounds very time-consumina for a typical
‘situvation in which, say, 1% nodes are used in the boundary layer. 'This wou;d
require the inversion of a 41x41 matrix plus the reculculation of the coeffic~
ients on every itoration. Portunately, the coefficient matrix is very sparsely g ':
populated and lends itself to a very high-speed inversion process; therefore, i
computation time is shert.
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The biggest tine-~saving factor is the fact that the Taylor séries equa-
tions, which account for more than half of the matrix, have coefficients which
are functions of tie rode spacing only. Thus, explicit relations for the
corrections in IN-3 of the ¥Variables in terms of the other N+4 varisbles may
be found once the node spacing is selected,  The remaining tazms of the coef-
Jficient matrix changé with each iteration. However, since a great many of the
coefficients are 2éro, special routines have been written to load and invert

the array on each iteration. Typically, three to six iterations are required
to reach a satisfactory solution.
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_ SECTION 4
RESULTS AND DISCUSSION

4.1 EFFECT CF INCLUDING INTERMITTENCY

As discussed marlier, the turbulent intermittency was included in the
momentum equation (6), The effects of includina an intermittency expressinn
for the flat plate flow of Referance 20 were examined and are presented here.
Using the Gaussian integral curve centered at 0.784, the expression for
intermittency 1is

¢ = 0.5 [1 - ert (5.05 ¥ - 3.951

Boundary layer thickness & was taken ao that point where u/uy =.0.99. Fiaure 1
illustrates the resulting velocity profiles.

Very poor agreement was obtained with this choice for £, which demonstrates
the major problem in utilizing the suggested intermittency curve =- the defini- .
tion of &, When the intormictency curve was shifted out 25 percent (i.e.,
centered at y/3 « .38}, the effect of intermittency neariy disappeared. For
this particular station, the best agreement in profile shape was obtained by
removing internittency iltegathnr (¢ = 1.0 everywhere). This being the case;
the remaining predictions presented in this report were made without consider-
ing the intermittency.

4.2 FLOWS OVER TMPERMEABLE WALLS

Fiqures 2 through 6 demonntzage tha utility of the program for flows cvn} b
impermeable walls. The integral parameters C!, Rie, and H ars presented for
each of %our flowa in Figures 2 through 5, and typical velocity profiies are
presented in Figure 6, In Figure 2, the predictions for a flat plate flow with
no pressure gradient are compared with the experimental data of Reference 20,
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The biggest tiue-saving factor is the fact that the Taylor series equa-

tions, which account for more than half 5f the matrix; have coefficients which'

are functions of tite rode spacing only. Thu¢, explicit relations for the
corréctions in IN-3 of the variables in terms of the other N+4 variables may
be found once tha node spacing is selectéd. The remaining tmrms of the coef-

ficient matrix change with each iteration. However, since a great many of. the.

coefficients are zero, special routines have been written to load and invert
the array on each iteration. Typically, three to six iterations are raquired
to reach a satisfactory solution. :
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SECTION 4

RESULTS AND DISCUSSTON

4.1 EFFECT CP INCLUDING INTERMITTENCY

As discussed aarlier, the turbulent intermittency was included in the
momentum aquation (6), The effacts of including an intermittency expressinn
for the flat plate flow of Reference 20 were examined and are presented here.
Using the Gaussian integral curve centered at 0.784, the expression for
intermittency 1is

4 = 0,5 [x - erf (5.05 ¥ - :.951

Boundary layer thickness § was taken ao that point where u/ul = 0.99. Fiqure'l
illustrates the resulting velocity profiles.

Very poor agreement was obtained with this cthoice for #, which demonstrates .

the major prcblem in utilizing the suggested intermittancy curve -+ the defini-
tion of 4, When the intormictency curve was shifted out 25 }ercent (5 B P
centered at y/6 » ,38), the effect of 1ntermitiency nearly disappeared, For
this particular station, the best agreement in profile shape was obtained by
removing internittency altcgether (¢ = 1.0 everywhsre). This being the case;
the remaiiing predictions presented in this report were made without consider-

4.2 FLOWS OVER IMPFRMEABLE WALLS

Figures 2 through & demonstrate the utility of the pioqran ¥or flows pver“

impermeables walls. The integral parameters Cgr Rey, and H are presented for
each of ‘our flows in Figures 2 through 5, and typical velocity profiies are

presented in Figure 6. In Figure 2, the predigtions for a flat platé flow with.
no pfel-urn gradient are compared with the experimental data of Reference '20. 7 ‘.

ing the intermittency. : RN




.frhe n-mxna wlocuy ptonlo at X = 0. 3&7 mtarl was- used n tha u-uun_
. condluon. Results are seen to be excellent at all -tations. n M;ht be
‘oxpocted because. 6F the simplicity of the prcbiem. w

Pigutu 3 includes cowniuom of predlctions with the uccneuunq flow
data of Reference 22. Drag coefficient and form factor predirticns are again
in excellant agreement with the data, maximum ercors being less than § percerit.
Reynolds number based on 6 is consistently high; however, the error is less

than 10 percent. Fiogure ¢ contains data and prediction comparisons for a
decelerating flow, Reterence 23. Predictiona wsre made only for the four
stations at which experimental data were obtained, using the first station as
an initial condition. No investication of the effect of including irtermediate
stations batween experimental data points was made; hmava'r, this approach

may result in improved uqzaemhnt. For the straightforward approach used,
agreement is excellent for H and Ree and errors are iess thnp 10 percent ror’
Cf. The final impermeable wall test case is presented in Figure 5. These
data were obtained for a flow which negotiates a strond pressure rige, then
"reclaxes™ in a constant pressure reqion downstream. This highly nonequilibrium
(in the fluid mechanical rather than chemical sense) situation provides perfiaps
the mcst strenuous test of the eddy vucos'ity,mdél being uzeéd because of the.
model's complate dependence o: tha displacement thickness §*.. ' For a ficw

‘guch as this one, &* would be expected to change much faster than the cﬁrb’(:-
lence level, The ability of tho program to predict the vnusuval variations in
Cy and Re, is amazingly good, howaver. It should be kept in mind that the drag

coefficients for all the impermeablé wall cases were calctulasied in Referencs 2} !

.by assuming the validity of a law of the wall, & procedure which broaiu Aown*

to some. extent for flows witl, very strong adversc pressure gradients. A check
on Fha accurim] of cf was nla_o provided in Refeiem:e 21 by summing the various
terms in the integral momentum equrstion.  For strxona pressure gradient cases
such as this one, there was a significant error indicated by the failure nof

the l'nuqul momentum equation to be satisfied. Thus, some of the erxor indi-
cated in Figure 5 may be in the data as well a8 the prédiclion. Typical velocity
profiles for two of . the cases pre--htad earliAr are shown im Fiqgure 6. Agree-
ment is again seen to be excellent.
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The real test of a turbulent boundary layer program of this sort is its
performance for flows with strong blowing. For this type of flow, the shear
stress in the one-dimensional wall region must be treated as a variable y %
(equation 117)), which introduces potential stability problems into the solution (
of the nmixing length equation. The results for the solution techniyue presented

4.3 FLOWS WITH BLOWING g

in this report are very encouvraging, however,
ient prediction for some strong blowing data i |
was started by allowing a similar solution at.§ = 1,00 inches (no streamvise : ; ‘
derivative terms) with blcwing, and marching on downstreafm with nonsimilar- [ -, &
solutions from that point. It is unclear in many cases hcw blowing solutions )

"'qure 7 shows a 'drang coeffic-
-eference 16. The solution.

“should be comparad to experimental data where boundary layer trips ond unbiown - '\ WA

initisl portions of the wurface may affect the profiles. The predictions shown
in Figure 7 are compared orn the basis of the same. S-station.. The drag coef- ",  ~ 7  .'f
ficjent appears %o be correct to within the accuracy of the data; however, a »" Lkl ‘




<

Fiqure 2a.

004 T T T :
O DATA OF REF. 20, REDUCED IN|REF. 2) s
°] PREDICTINY <
O
o
003 —
B "O\a‘\o_
) h“(}‘—~
D1‘: O P
£ o] ) &
.
o
<
‘ 002}
0 - I
0 4 .8 1.2 1.6 2.0 2.4 2.8 < o 3.6 4.0 5.4

- DISTANCE ALONG PLAJE - METEPS

Flat Plate Flow Comparison, . 2-u Flow with 'y
Blowing, No Pressure Gradient. Starting Profile
Taken at S =:0,337 Me‘er

ol GEN  GENa NN PRENE eemd Ry S et e ek WG

oy e L Ges s aemes  WERRS O GEER GRS WS e ——

R SN  SEN A e e e
2.0
e
5 9 t
o B T O
£ 200D o jo 3 obig g A gl ptila
| 1
"
=
¥ P
o 1.0 S
o
5 Re@ a(j—”’<,’—”<j‘
L s !
& 0.5 _/0/ 11
% DATA OF REF 20, REDUCED IN
REF 21
—— PPEDICTION
}
L 1 |
0O 0.4 .8 a2 1.6 2.0 2.4 2.8 < 4 4 3.6 4.0 4.4
S - DISTAMCE ALONG PLATE - METERS :
Figure 2b. Flat Plate Flow Comparison. 2-D Flow with No

Blowing, No Pressure Gradient. Startino Profile
Taken at 5 = 0.387 Meter



X ]0-3, H o= 6%/8

ar
@
3

.005

.004

N

Pf -k

O  DATA OF REF 22, REDUCED
_IN REF 21
—— PREDICTION

0.8 1.2 1.6 2.0 2.4 2.8 302 3.6
. § - DISTAMCE ALONE PLATE » METERS 8

Plow Comparison for Accelerating Flow. 2-D: Flow
with No Blowing. Starting Profile Takean at
S’ = 1.282 Meters

Pigure 3a.

4.0 4,

5.0
4.0 “"””:;» .
/ [o]
o}
DATA OF REF 22, RE- ;
3.0 DUCED IN REF 21 A a| @
5 T == PREDICTION o] ©
% ,/””’E Pe,
2.0 ‘(,/::'
3 = 2 A1 SOl T L
O 44: 0 o0
1.0 2
(]
5 0.4 0.8° 12 1.6 2.0 2.4 2.8 3.2 3.6 >:4.0 2.4

S - DISTANCE ALNNE °LATE - METEPRS

Figure 3b. Flow Comparison for Accelerating Flow.
2~D Flow with No Blowino. Starting

Pr.file Tuken at. S = 1.282 Meters

AR ds L R 2
‘ R e AR

~8C~

~LE

— w— NS GENS SN md  Suwe e — —




RS prap—

_"o_

,003 : ; P Th | £
3.0 : W—»—
L s
g
Q LA -
\ CB I
002 T s T o) , o)
& g l o 11240
Z .
P Eret VP Bndcs 5 l 3 Re,
IQ . =
i i SOy
n ' ' % e —O0— 0]
<
b H
001 —1 : o
c
— PREDICTION : ‘ l & 1.0 of
DATA'OF REF 23, PEDUCED |
O IN REF 21 J‘ l
[ 1 | l
i I o5
| ! ' —— PREDICTINN
3 1 : 5 DATA OF REF 23, RE-
o 7 o h o i = 7D 1 l nur.sti IN REF,21
S - DISTANCE ALONG SHPCACE'- INCHES } 0 L
0 ) 2 4 A 5. 6. 7.

S - DISTANCE ALONE PLATE - INCHES

Figure 4b. Flow Comparison for Mild Positive Pressure
Gradient, . 2-D Flow with No Rlowing, Startina
. Profile Taken at S = 2.0 Inches

Figure 4a.  Flow Comparison for Mild Positive Pressure
i . . Gradient., 2-D Flow with No Blowina; Starting
Profile Taken at S = 2,0 Inches

—————— b 514 e e — SAe—




SR S AR Sl

B DU 1

.

Co TO/HQiu'f

Q ©O
)
P V
A% B
O DATA 0F REF 24, REDUCED i e R s vt
¥ (o o) IN REF 21 ’ £ S :
. {——PREDICTION ko2 : : A
l % % = Az, e -
o D.4 n.g8 1.2 1.6 {20 2.4 2.8 3.2 3.6 4.0 3% f
S - DISTANCE ALONE SI'RFACE - INCHES ; \
- e .
Fijure 5a. Flow Comparison for Strong Pressure Rise Followed by i
Constant Pressure Relaxation. Axially Symmetric 2N
Flow with No Blowing. Startina Profile Taken at - ¢ y

! ng  Geslk s Ny SED $ WER  ows RIS

S = 0.162 Inch

6.0 I 5 R I
O DATA OF REF- 24, REDUCED| B : b SRS
IN REF 21 i e B ey
5.0 f— -~ PREDICTION - t—O—= 7 : :
Re i 518 AR -
o (o] /JP——’H 8 - ; ;
o 4.0
o .
.
= 5 / by
SR
Y : :
—_— -
x . B
=20k : Q o :
L ﬁ)—\m i
o © b oo ; B
R )
é }
5 2 3 4.0 y
0 N .8 1.2 1.6 2.0 2.4 2.8 Ja 3.6 . :
S - DISTANCE ALONG SURFACE - INCHES .
Fiqure S5b. Flow Comparison for Strong Pressure Rise Followed by &
Constant Puessure Relaxation., Axially Symmetric Flow
with No Blowing. Starting Profile Taken at
€ = 0.162 Inch




‘9 9Inb1g

9173024  A3T00194 IID]dFL

La/n

3 ; |
2
C 3
:
\
> —_ aw<
:" 3 3 d ]
- “~ w - — ~ w - < A |
o ‘D 'a -O .3 03 o o =1 =3 3 |
o
4}, : ] ‘ :
xlrr'\ e b % :
- ™ > .
o R > 253 z . |
o mm e ~ o o m < 4 < ‘
o ™ N o ‘
-~ o IRy~ '3
O — -+ = ) &
i = - m : * : > |
- ™ x - s ; :
o o =) g e i
= = = - » L0
- > & e B e ‘
ol ’ A
~ =4 ' * :
2 i = T
Lot A > b
o h 4
o ] 2 : o
=] ‘ 2 | {
® [ :
- RS §
> -
|
;
. !
.0014 D % :
!
s ]
0012 ——O- |

.0010
- .0008
a
a y
<
o0
o .0006
e
>

.0004
.pco2
0

——— O DATA OFREF 16

n‘\1l=~ i A 3 v :

-—— PREDICTION Pk ; » St

{ [ ) : ) ,.' %

10 29 30 a0 50 60 m 8’0
S - DISTANCE ALONG PLATE .- INCHES

Fiogure 7, Flow Comparison for Flat Plate Flow. “
2-D Plow, No Pressure Gradient, Strong
Blowing (vo/u1 = 0.00543). Startina

Profile Taken as Similar Solution at
S.= 1.00 Inch ‘




-lis- : 46~ z
v i i
-ught -hltt of the curve to the rlqht vculd pcx-hqp. roduco thc ‘error at :'2 4
several locations. This shift would be consistent with a profue vutchim; d
‘based on 8 father than S, which has been postulated as being more correct .'5 B

3 (Rﬂhnnm 8) . ' Nevertheless, draq cocfﬁdent prodictions appear to be
'utinhctow. Finally, a velocity proule r:omparhon is shown in riqun 8;
Kgunmnt with measured profile data is seen to be ‘excellent. g t ;
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APPENDIX A : ; t 4

THE SAINT BOUNDARY LAYER PROGRAM

A.1 GENERAL

The SAINT program (Strip Analysis for Incompressible Nonsimilar Turbulent
boundary layers) generates velocity profiles and boundary layer parameters
(drag coefficient, momsntum and disp)aéement.fhicknegaes, shape factor, eté.),
for the flow model described in the text »f this report. Nonsimilar terrs are
retained in general; however, similar solutions within the context of the tur~
bulent boundary layer transformation can also be obtained. At preseat, only
incompressible, sinqgle component flows with or without injection can be solved.
Turbulent interhittency can be considered: however, universally successful ‘
formulations of an intermittency function have not been found.  Thus, inter-
mittericy has been neglected for all problems run to date. My

The ﬁrogrum requires a specification of the nodal network; nt:eamﬁtie'.
stations at which a solution is desired; and edqe velocity, velocity éradientv
and averaged* injection velocity at cach of these stations. It also requires
values for kinematic viscosity, intermittency factor, the Ciauser parameter,
€/0 4%, and the two wall law constants ya+ and K. The program will accept an
initial profile at the first station or will generate a similar profile.

The program can be used to solve laminar problems by settina thé Clauser Y E
parameter, £/u,8%, equal to zero. Jare must bBe exercised in using this option, ‘
however, since the coordinate transformation is improper for lAminar similar s 4
problems. z 5 i x @

Bk adideiatl & ¢ . 5 K-‘ %
*The value read in at oach station is the avérage of the injection velocity ‘at;
that station and that at the previpus station. This procedure allows proper - ’
deacription of discontinuvous injection. ; S g

< g A s A S 1




15 nodes in the boundary

ordu. NN Lr 5 b

,'A;z 'INPU&'INsiRuCTrons FOR THE sAxnr'aoUNnnny‘LAan'Pﬁqank

"Card Set 1 - Control card (KR values) and title. Format 2011, 135A4

Column 1 = Determines whether a new set of eta values is to be input
3 for the present case,-

0 use rosident values from previous case
b values input by user (mandatory for first case)

) Column 2 - Designates method for obtaining first quesses for prlmary
+o variablel

- use relident values from previous case
use built-in relations to calculate first quesses
73 read in profile supplicd By user
3 accept profile as station 1 solution and proceed to
£ IS = 2 X g

WO

PR o :‘ ; "" Column 3°+~ Determinee treatment of streamwise derivatives

‘0~ " 7 perform similar soldtion at each streamvise station

1 consider two-point difference relations at all stations

' ~'with the following exceptions (a similar volution is per~
formed at the first station for nonblunt bodies and -at
the first two staticns for blunt bodies).

F 2 consider three-point difference relations at all atations

with the following exceptions (a similar solution is per-

formed at the first station and a two-point solution is

performed at the second station for nonblunt bodies, simi-

lar sclutibns are performed at the first and second sta-
tions and a two-point solution is performed for the first

e e ; station after a discontinuity.
$ g Column 4 - Determinesa when outpnt block is to be printed
0 output block printed for converged solution or for non-
converged solution after 50 iterafions {with sppropriate
§ )T 3 35 comment)
- e ) Y wy N L " - output block prlnted after ezch iteration

TS column 5 - Not used - ¥ i b it

Ceium -6 ~‘Not used:' e * R G

ST 7-20 - Ngt used gt present

G 'doLumna '~ Case name. (olphanumﬂric) Used for identificatioh of
* ; 21-80 printed outpur ¢ -

Cnxd

Sot 2 - Axial stations at which data w111 be read in and output block

yer lﬁd 50 axisl atntions. " core teqniramentsruxe approximately 30,000 ootal

_Card’l - NS, format I2, Number of stations. . Up to 50 stntinns can éé

Card

will 'be printed

5 considered.
Card 2 < 5, format 8E10.4. Stations. ‘A negative entry for 8§ slcnxties
hiva a discontinuity at that station. This produces a two-point.
difference solution st the first station nfter the dxscontxnuity
and thus has an effect oniy for three-point solutions (KR(3)=2) N

Card

Set 3 - Eta and intermittency values

Card 1 - NETA, format Iz. Number of eta values.

Card(s) 2-ETA, format BE10.4.. Fta values. Up to 15 points can be con=
nldereé across the boundary laver.

Card({s). 3-PHI, format 8F10.4. Turbulent intermittency value at each eta,
If intarm;ttency is not ‘to be consldexed, enter 1.0 NETA times. 7 4

Set-4 ‘= Program constants cards

Card

Card 1 - Format I2, 2E10.4, I3

Column 1-2 - KAPPA. 'The node at which u/ul is fixed at a given : St
value. 3

Column 3-12- CBAR, The value of u/ul’ét the KAPPA node. . y

Column 13-22- GL?T « The value to be used for the Clauser parzmeter.
1 5

1f left blank or. entered as a zero, a laminar solutioh -
will be obtained. v

£1%2

Column 23-25-NBEND., The valte of n in the expression ¢ =

()
A value of 5 is typically used. s ]
Card 2 - Format BE10.4 breses : {

Columr. 1-10- K. This is the constant K in the mixing lenath equation. {

Column i1-20-YA?. This constant (y *) also appears in the mixing
length aguations. ?

Sat 5. = one§tream, ‘iscositv,. and ~ass injection infbrmatxon R
Card(s) 1 - UE, format BE10,4. Freestream valocity at each station,

Card(s) 2 - DUDS; format BELO 4. Freestream veiorzity gradignt,zt each
stat_l on. . d

'

Card{s). 3 = VISC, format 8E10.4. Kinemutxc Viscbslty At each sta{ion

Card(s) 4 - VW, format 8E10.4. . Mass injection rata’ at each station
¥ 1uvv-raqed with the value at the pr-vsous stutlon.-, ,
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ety S i » 7 column Slelo— (f" »/u ): FEnter a zero here. ¢
AR . Columns 41-80 and fonnwlng cards - u/ul for each eta, ’
A.3 INPUT FOR A SAMPLE CASE “ 1

MOSES CASE 8 = 4000 ‘

Y ‘60 865 1.082 14303 1.516 5
0346 ., +0691 1152 o oe2be <387 0540 e
) 1.00 14153 © 240 : g ¥
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