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ABSTRACT

Low-frequency waves with small amplitudes are treated in a
two-dimensional isothermal compressible fluid medium with a velocity
gradient and within a constant gravitational field. In general,
there are two modes of wave motion which we called the + mode and the
- mode. A local dispersion relation governing the wave propagation
for constant velocity gradients is derived from the linearized equations
of fluid dynami s and thermodynamics, and arranged in a non-dimensional
form independent of the constants describing a particular atmosphere.
The wave modes are discussed and the amplitude growth rates whioh
depend on the angle of wave propagation and velocity gradient strength are
determined for each wave mode. Linear and parabolic velocity gradients
are treated by a generalized W.K.B. method. Equations are found which
give the height at which wave refleotion occurs. This determines the
maximum heights up to which the wave modes can propagate. Dissipative
effeots arising from visoosity and heat conduotion will be neglected.
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INTERNAL GRAVITY WAVES WITH VELOCITY GRADIENTS

1. INTRODUCTION

Internal gravity waves have been discussed previously in some
detail in regard to investigating certain phenomena such as the
irregular motion in the earth's higher atnospherel),z)”“and the heating
of the solar c:o::'ona5 . 1 hese waves are also of considerable signifioance
in geophysios for the internal atmospheric wave motion above mountains,
internal waves through the ocean, and the earth's core 8). Landau has
considered the problem of internal gravity waves in an incompressible

9)

fluid “/, We also would like to refer to some earlier work in this

field 10). It can be showm that,in general,two modes of wave propaéation
exist in a compressible medium under the influence of gravity.The purpose of this
paper is to give‘ an analysis of these wave modes within a two-dimensional
fluid which has an initial velocity gradient. The functional forms of

the velocity gradient will be of the following three forms:; comstant,

lirsar and parabolic.

2, FUNDAKMENTAL BQUATIONS

The fundamental equations necessary to describe the wave motions

are

a) Zuler equation

/J[-Z—;‘-,+(!'V)‘i] = -Vhbrpg (2.1)

In this equation ¥ is the velocity vector of a partiole of the
oscillating medium, p is the pressure, P vhe density, and %_ the gravity
vector, For oonvenience we choose G to be along the negative z—direction
(downward )., Thus, we have 7

. (2.2)
i ¥, ‘
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whexre 97. igs the unit vector in the z-direotion.

b)- Continuity equation

%‘E + V- ()9\_/_) = 0 (2.3)

o) Equation of state (adiabatic approximation)

’

_a
2 P (2.4)

where Y is the ratio of speoific heats. Expressing the time
derivative in eq. (2.4) in torms of quantities referring to points
fixed in space, we have f.r eq. (2.4)

2 _y 2 D Y v, ¥y a0 . (2
2 YP —b€+ O (Y- VXNpp~¥) = 0 (2.5)

ae will assuze that for the equilibrium conditions the variation
of density and pressure with height is exponential, as is the case
for an isothermal ideal gas under the influence of a constant
gravitational field. Thus, we have

P =p, e-a/h




and

e'z/k

p - p 1 (205)

“
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where P, and p are constants, andh is the so_called "scale height".

3. THE LINEARIZED EQUATION OF MOTION

We assume that all derivations of the perturbed quantities
from their equilibrium values are small. Hence, we may put to first

order
P(r_,t)-[p°+ p' (a,t)Je"/h (3.1)
Az, t) = [p,+0(z, t)] o - o/ (3.2)
and
¥r,t) = v(2)+yv (z,t) , (3.3)

where vo(z) is the velccity profile. The Quantities P' s P'y and v' are
considered to be pe.i.urbing quantities of first oxrder.

The fundamental eqs. (2.1) and (2.3) when considered at zeroth
order, rields the squilibrium condition. At equilibrium, we have
from eqs. (2.6) and (3.3)




e = z/h ’

P=F

(3.4)
P = p, e - z/h ’
and
v ¥ (2) .
By substituting eqs. (3.4) into eq. (2.1), the Euler equation
beocomes upon cancelling the exponential
Py 3 )
Po(‘-’o‘VWo'-;fz* fo ¢ (3.5

Q. (3.5) is the steady state Euler equation for the system.
By substituting eqs.(3.4) into the continuity equation (2,3), we have,
upon oancelling the exponential,

%

h(!o'ﬂz)'° . (3.6)

Po (¥ * ¥,) -

7q. (3.6) is the continuity equation for the steady state oondition,
or in the language of perturbation theory, it is the zeroth order

continuity equation,

We substitute the quantities (3.1), (3.2), and (3.3) into
the fundamontal eqs. (2.1), (2.3), and {2.4). By neglecting the
products of the perturbing quantities and with the help of eqs.
(3.5) and (3.6), there results the linearized fundamental equations.

5




The linearised Euler equation is

?o%—f"' Po (Y% VIV + Py " Vive+ Py, * V)Y,

-;‘ [
(3.7)
The linearized continuity equation is
!
90 4 P, (Vry)s prVe y)e v, - (VpY)
Fo( ' ee ) L v . )= 0
-“!-z-h‘-ogz'

(3.8)

The lineariged equation of state is

op' P ! -1 . -1 ' .
L.y lh_ Pol Vo 8, + X Py’ +8,)

Y-l . ' pO . '
Vo ")+ (¥y * 9t = Y2 (v, * V) pr=o0.
0 .

+

(3.9)

Egs. (3.7), (3.8), and (3.9) form a set of linear equations for the

unknowns ¥, p' and p'. Eq. (3.7) is a vector equation which consists

of three scalar equations. (Wo have yet to make the restriction to the

b
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two-dimonsional aase). Thus we have five equatious and five
unlmowna., From these equations and {he plane wave assumption, it
is possibla to derive a local dispersion relation.

4. PERFECT GAS ASSUMPTION AND PLANE WAVE ASSUMPTIOR

It is quite obvious that the case of a perfect gas deserves
special oonasideration for the reasor of being a very good approximation
in most situations and for its mathematical simplicity. The assumption
of a perfect gas under adiabatic compression is expressed in the
equation of state (2.4). For a monatomic gas, gamma, the ratio of
specific heats at constant pressure and density has the value 5/3.

For a diatomic gas, gamma lrac the value 7/5. The equation of state
nay be writien in anothex form:

-Y -
Pp = P, v (4.1)

From oq. (4.1) and the definition of sound, we have

dp P
2 — -2
a = df - YP: (4.2)

At this point we assume that the velooity profile has only a
x-component. Thus, it is represented by

vo(2) = v (2) e, (4.3)

Hence, the steady state Fuler equation (3.5) Lecomes




or,upon Te=-arranging,

2l
o)

h = (4.4)

Q

-~
o
'5\:>

With the help of eq. (4.2), the scale Leight may be expressed as

follows:

. =
»

The set of linear egs. (3.7), (3.8) and (3.9) are differential
equations with non-constant coeff:cients., If we assume that the ocoefficients

h . (4.5)

are exaotly constant, which means that we assume a velooity profile
independent of z, that is, the velocity gradient is 2zero, then our
system under a linear iransformation reduces to that of internal
gravity waves in a stationary medium, which has already been solvedl).
Jowever,for the next lowest non=trivial approximation, we assume.that the
vavelength is small compared to the change in velocity profile. This
essumption allcws us to treat kX as large oompared to the ohange in
valocity profile when taking the fourier transform of the set of
linear eqs. (3.7), (3.8) and (3.9). In a better approximation, such
as the W.K.B. approximation, e shall assume in a later seotion the
velooity gradient to be slowly varying.

For plane waves, the perturbations desoribing the wave motion

varies sinusoidally as follows:

! i(&'i" w?t) (4406

P = fi € !




: (kT - i)
P =t © HE (4.7)

' i(k-r-wt)
e

Ve

(4.8)

where J and p, are oonstants with units of density and pressure

regpectively. V. is a constant vector in the direction of ¥*,

k is the propagaticng wave number vector, and & is the frequency

of the wave. Assuming a two-dimensional space for similicity,
substituting eqs. (4.6), (4.7) and (4.8) into egs. (3.7), (3.8)

and (3.9), and carrying out the mathematical operations, we have upon

re-arranging

. : d’ |
Sl p Yt lk‘ fo Ye !o*'?o'd_\;o (Vt'e?:)sx

f . _
__‘.i_gzi-lgrc-ﬁ&—o , (4.9)

(4.10)




vob (k-e

OIC

p
ta(R-a )Vep =0

-3 ’

(4.11)

where gxis the unit vector in the x-dirsection.

e THY LOCAL DISPSRSION RELATICN

By keeping in mind that eq. (4.9) is a vector equation
consisting of two scalar equations, we see that the system is
determined locaily by tke four eqs. {4.9), (4.10) and (4.11)
containing the four unknowns v, .y Vizy £ and P. o The condition
for a non-trivial solution is obtained oy setting the determinani
of the coefficients of the unknowns equal to zerc. This gives us
the iocal dispersion relation. However, we may eliminate Pc and
p. by substituting as follows: Solve eq. (4.10) for R and eq. (4.11)
for p, . Then, substitute £ of eq. (4.10) into eq. (4.11) and
substitute . of eq. (4.10) and B of eq. (4.11) into the vector
eq. (4.9). This gives upon re-arranging

=Y
~

Jforvolke]-

[lwyv, *i(g'sx)VoYc + dv" (¥ e,) N

'(\-Ic. ga) - ia&(é !¢)] +

ro (Y- (Reyv) =6 (5:1)

Separating eq. (5.1) into components, w2 have, for the x~component

~10-




Vo dvo ,, -
e fiege - iy (ke -ig(kee))

- (5.2)

(5.3)

Thus, we see that from eqs. (5.2) and (5.3) the local dispersion
is given by the determinant

= 20% (keg) v vi(k- e F - a(k-e, )

A v,

. dv, i N ,
G e (Rrey)-iglkoen-at (ke ke,

1w

(ke (k- -ig (y-1) (ke

- 2wy, (f{ e )+V (k. _,J &(& 332-59\’@'92)‘

(5.4)
-lle

~
O 00, st " 1 - e b 4 e




Upon solving the determinant (5.4), we have

wr W [‘W._;(E‘ Sx\] + wz'[G v:‘(_ﬁ_.gx)z'- a k?

-igv (ke ] v l-u vl ke s 2a°v, k(8¢ )

x

raigyy (ke (ke v id G2 (hoe ) (ke

ey v t"z" (ke 3’(74)(&-2,()1): 0

(5.5)




This is the local dispersion relation. If we put

dv
Vo =0 = °
° dz 4

eq. (5.5) reduces to the limiting case

et feki-igr(ke) ] gy-nke) =0

(5.6)

whioh is the dispersion relation for internal gravity waves used
by mrmest),

To eliminate the amplitude growth due to the exponential decay
of density with height, we make the linear transformation in k-space

f{ = K (5.7)

H
N
~--
<
()
3
A

2 2 ‘ k2
and furthermore & = Ky + <K .

~

. By substituting eqs. (5.7) and (5.8) into the dispersion relation
(5.5), we have

13—




wht b [—q, Vo (l(_ . gx)] + (o?' [G V:(E‘_gx)z -

2. 2
3
ZXZ

(5.9)

Bq. (5.9) is the local dispersion relation without the wave-amplitude-

increase effeot due to the equilibrium density decrease in the
z-direction. If we again put

dvo

Vo 20 =

eq. (5.9) reduces to the limiting ocase

~

~l4-




2.2
w“q-wl[-qu‘%]*’%}(\/“) (‘lg‘gx)zgo )

(5.10)

which is the n-n-growith dispersion relation for intermal gravity

waves in a stationary medium used by HINESI)

Upon re-arranging the terms in eq. (5.9), we obtain

[6-vo (o201 + [oomv, (k] [-atk*- 2]

lo-vo (K en] [id 2 (kg0 (key)

dve o dv,
A T (e g TR e el e -

dz dz
(5.11)
Consider the frequency transfo-mation
W = -V (K- .12
o Kre,) . (5.12)

By substituting the frequency (5.12) into the dispersion relation
(5.11), we have




75 (S ] e F O (ke = 0

¢

(5.13)

2q. (5.13) is the transformed dispersiocn relation without height~-
growth. "Transformed", in the sense of the frequency transformaiion
(5.12), and "without heighi—_vowth" refers to the fact that the wave-
anplitude~increase effeot due to the decrease in equilibrium density in
the z-direction has been extracted by means of the wave number
transformation given by eqs. (5.7) and (5.8). In order to obtain

the transformed dispersion relation with height-growth, we reverse
the transformation (5.7) and (5.8) and we keep in mind that

w = w-vk-e) , (5.14)

where ¢> , the transformed frequenoy, is the same as (> appearing in
eq. (5.12). Applying this to eq. (5.13), we have

e Bl igy (ke )]+ Bl T2 (ke (kee,) -

(515)

—16=




6. T2 DISPERSION RELATIONS IN NON~DIMENSIONAL FORY

In order to obtain the angular dependence of the loocal
dispersion relations (5.13) and (5.14), we define the two angles &
and ¢ as follows

(k e,) = koosh (6.1)
and
(x - gz) = K cos },/) . (6.2)

6 is the angle Dbetween the wave propagation vector and the
vertical, and therefore it is a Teal angle. O is an imaginary
angle, as can be seen by substituting the wave number transformation

eq. (5.8) into the definition of g’,‘), given by eq. (6.2). We have

cos¢ = - (6.3)

[kg_eX +i——k0089)

4 a a

Upon substituting egs. (6.1) and (6.2) into the local
dispersion relations (5.13) and (5.14), respectively, we obtain

-17-~




(6.4)

and

64-..?:32 [-azkz-igykcosej -

d
+@|i a® k sinb - g(‘(-l)]—!okcose +
dz

+g2(X- 1) k2 00529 = 0 .

(6.5)

Eqs. (6.4) and (6.5) give the angular dependence of the local
dispersion relation without and with "height-growth", respectively,

In ordexr to put these dispersion relations into a non-
dimensional form, we must first define a characteristioc frequency,

characteristic wave numbar and a non-dimensional velocity gradient.
Toward this end, we define

18-




(Ec - ?/a. , (6.6)

KC - (},/a'z (6.7)
d a
S - ;(E Vo) ’ (6‘8)
and, furthermore,
W Ll (6.9)
We
i x (6.10)
KC
and QE - .E_ (6.11)
e

By substitution of the definitions (6.6)=(6.11) intc egs.
(6.4) and (6.5), we have, respectively

w4 4 w2 [-3(;2 _ (g)ZJ +

-19—




+W [(iKsin¢ - -:-+ 1)3Koos¢] +

+ (Y- 1) K2 cosztf -0 ’

(6.12)
and
wh e V[-R2 -1 Rem0] 3
+w[(1 Keing - Y+1) S oowd] +
s+ (Y-1) K2 cos’0 =0 .
(6.13)

Eqs. (6.12) and (6.13) are algebraic equations of the fourth degree

(quartic), and the solutions can be expressed in ar analytic form
(see Appendix I).

Also, they can be expressed in a form ty whioch the wave numbers

are a funotion of the freq\ienoies. By re-arranging eqs. (6.12) and
(6.13) we have, respectively

K? [iWS ain¢ ooac* +(y~-1) 0052¢ - w2] +




<+ K,{WS oosg') (1 --;—)] + {\‘:4 _\.\52(1)2] = 0 )

(6.14)

w2 [iws sind cos® + (Y-1) cosd -WZJ +
+:1-([- i‘(w: cosG + (1 -Y)ws cose} +

+[\V4] = 0 .

{6.15)

Bqs. (6.14) and (6.15) are quadratic equations eaca having two roots
indicating that there are two distinct modes of wave propagation.
de will call them the + mode and the - mode. Upon solving egs. (6.14)

and (6.15) for the wave number, we have, respectively

%(1 -1)WScos¢
2

1+

iWs sinqS oosgﬁ + (Y=1) ooszd> - W2

i, e




A\

i

([WS oosé(—:— -1) ]2 - 4[1\43 sinsb oos¢ +(y¥-1) °°32¢ “wé][“l" wz(%,)-.j/

‘
i
i

foi~

N
—z 4[ iWS sind cosgﬁ + (Y=1) coszfé - .‘2}2 jl

(6.16)

_ % [(Y- 1) WS cos©@ + iy W2 cose]
K, - *

iW S 8in® cos® + (Y-1) cos?® - W

2
{E‘(- 1)WS coab +~1XW2 cost?] - 4[iWS sin@ cosG-{-(){q)Ccf@-W

...JL -
<
( 2

4[iWS 8in® cos @ + (Y -1) cos? 6 -wz]

e

(6.17)-

tgs. (6.16) and (6.17) are the non-dimensional transformed local
dispersion relations, respectively, without and with the wave-amplitude-
growth effect due to the equilibrium dent ity deorease in the z-direotion.
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Te W..B. APPROXIMATION

Wo assumed that v, and dvoldz could be considered a oonstant
if the wavelength was small oompared
A better approximation

in the lowest approximation
to a significant ohange in the velooity profile.,
is obtained by taking into account the slowly varying change of the

velocity profile and velocity gra&ient by a generalized WX .B. method,

whioh will be presented here.

It is known, for instance, from the application of the W.JX.B.
approximation to the solution of Schr'édinger'&equation, that the W.K.B.
method gives reasonably good results even if the condition of a
small wavelength is no longer satisfied. Therefore, we can also expeot
that our results, which are derived by using the W.X.,B, method, are
applicable with reasonable accuracy even if the wavelength cannot
be oonsidered small against the soale height.

In the plare wave analysis, eqs. (4.6), (4.7) and (4.8), the
z-dependence of the solution was automatically taken into account.
In the WXK.B. method, however, we assume for the perturbed density, the

perturbed pressure and the wvelocity components a dependence of the form

i(k, x ~ wt)

f(z) e ' (7.2)

£(z) desoribe the unknown z-dependence to be treated by the W.X.B.
meinod. In eqs. (4.6), (4.7) and (4.8) it is-seen that we had chosen

»

t(g) = o LK Z (7.2)

Now, however, we have, in keeping with the W.K.B. analysis,

£(z) = A(z) e§(z) (7.3)

23~




whore - i § (2z) is the phase, and A(z) is a slowly varying function
of z. We can consider d*A”'z" emall against A, and therefore neglect it.

We begin the W.XX.B., analysis by introducing the following space

and time dependence for the perturbing quantities:

Pz, t) =p 2(s) ei(k"x-wt) ’ (7.4)
p(z, %) = B f(s)ei(?‘*x’“t) , (7.5)
and
v'(z,y t) =V £(2) ei(ixx-wt) R (1.6)
A\,

where again v, is a oonstant vector in the y' direction and £ and
P, are constants with the units of density and pressure, respectively.

By substituting the expressions (7.4), (7.5) and (7.6) into
eqs. (3.7), (3.8) and (3.9) we perform the various mathematiocal

operations indicated in these equations as follows:

v , i(kyx-wt)
— = ——l-O\_/_cfe @ , (7.7)

24~




§ (Ry X - wt) af  i(k x-wi)
vf =i Eet Tk

Bx ¥ 4z fe P
(7.8)
: : (&, x-wt) d f i (k, Xx-cot)
VP:iP eL(l Ex-‘._(.i_z_ > gz
(7.9)

and

: ~wt)
(YO‘ V)'F. = ‘LF(X‘E (A ch e L(kxx

By substitution of eqs. (7.7)=(7.11) into egs. (3.7), (3.8) and

~25=

(7.11)




(3.9), we have, respeotively, cancelling the exponential terms

-lwp Vo f+pv0 ek, Ve f+f> 1(¥e-e,) ‘i% L=
z
_nt df
W S -\»lP {k e +d. PQEE‘PC{Q':O 7
(7.12)

—lwﬁ£ M E;(Yc'..e.x) i&xf * R (!C.'e'-’-)ﬁ_-:

rvp ik, £- T;(cgz)f =0

?

(7.13)

and

-1 ¢ > P s
Lw?cf+lw¥'6")‘ R f + \%-\L 1A (yc-gz)‘g +

: to
"'Vo'Pc‘{z’“‘P_YTL&"{.V"P.:o
o <

(7.14)




Since eq. (7.12) is a two~dimensional veotor equation, we have four
equationsand four unknowms V.y )y Ve s g{ and p, . The condition for
a non-trivial solution of eqs. (7.12), (7.13) and (7.14) will give

an equation for f£(z). It is obtained by setting the determinant of
the coefficients of the unknowns equal to zero. However, we may
eliminate @ and p, by substituting as follows: Solve eq. (7.13)

for p and eq. (7.14) for p, . Then, substitute ) of eq. (7.13) into
eq. (7.14), and substitute R of ea. (7.13) and p, of eq. (7.14) into
the vector eq. (7.12). This gives, upon re—arranging and collecting

terms,

(7.15)

vhere (> is given by the transformation, similar to (5.14),

-—

=27-




and use has been made of eqs. (4.2) and (4.4).

From eq. (7.3), we have, on taking the derivative of t,

ar -’QL*_AQ)QLE (7.17)
dz dz . dz

and

(7.18)

By inserting eqs. (7.17) and (7.18) inio eq. (7.15), we
[+

- {014 d*® dé \2
obtain terms multiplied by A , A y A a—;‘ e vewk

e
N

dn  (OA dd > d’A
dz ’*\d=z dz and Jz* . In the spirit of ithe W.K.B.
method, we consider A(z) to be a funotion that is slowly varying

over a wavelength, I/fz » and for this reason we neglect terms

1 { &
multiplied by &-‘L—:z and i&ﬂz . However, since SL—Z o k , terms

dn) (49
multiplied by <E_z' (cLz . cannot be neglected in the W.K.B.

approximation, which becomes exact in the mathematical limit ?’ —> ).

We separate eq. (7.15) into two equations; one equation
containing terms multiplied by(dﬂ) ’..___dé; ) and A d_z§ and.
} dz (d.z de* ’

dq—
the othner equation containing terms multiplied by 4 , ﬂ(a—%

(482
and A | =—— + Hence, we have,respectively,

\dz

w28




9.2!;2 a2<y°-e,>{§ff{:—f\}+ 2%y e,) Ai"? J =0

(7.19)
and
\_,_‘E:)z] r e i d(;o (ve 32)“3?‘;‘(!( &) +

(7.20)

From eq. (7.19), we obtain

aA\ ,ad Q%%
(D) v
dz dz) dz

29~




whioh gives

5\
L W[ ) (1.21)
dz N

This is the expected relation between the amplitude and phase from
employing the W.X.B. method.

Eq. (7.20) is a two-dimensional vector equation, which is
equivalent to two scalar equations for the two velocity components
of Y¢y which are v, and V., . The conditien for the solution of
these two equations is tke vanishing of the determinant of the
coefficients of these unknowns. However, here it is advantageous to
take the dot product of eq. (7.20) with €, and e, - The two
scalar equations thus formed are

and

-30-




Setting the determinant of the coefficients of (1:C- ¢ ) and

(xf E?z) of eqs. (7.22) and (7.23) equal to zero, gives

(d‘?) [ '-] */%)[-BZY%’ -t-C\a.?'P(x jv" ] +

az 2

(7.24)

Eq. (7.24) is a first-order differential equation of the second

degree. The theory of differential equations allows us to solve

it by using the binomial theorenm.

This gives
d.Vo d'VC) e 2
(12 _ﬁ_kxdar[k( Y
- - 2 py
dz/, & 2o Y bat

(7.25)
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The solution of the differential eq. (7.25) gives the phase for
the W.K.B. solution of the + and - modes. Ac a limiting case, if

we let

[o N
tO)

=> > ?{ ’ (7.26)

|

P.
d

and use the definitions (6.1), (6.2) and (6.6)~(6.11), eg. (7.25)
goes over into the local dispersion relation (6.17), as it should.

8. VERTICAL PENETRATION DEPTHS

dé
The conditian(;? a 0 implies that the z-component of the

wave rumber, k, is zero.
of the wa:e propagation in the z-ldirection, that is, the vertical

penetration dept&.
aQ®
Setting 1z - 0 in eq. (7.24), we have

5'- &t kK - (¢-1) w%qu—;’- + (-0 =0
(8.1)

eq. {8.1) in non-dimensional form, we again employ the

To  put

definitions (6.6)=(6.11), and we keep in mind that k = k, e, wken
olO ’

—— = 0. We obtain

Az

wh- whict - (Y-1) WG S + (y-1) K? =0 .

' g (8.2)
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lJo shall oconsider the following three cases: oconstant veloocity gradients,
linear velooity gradients, and parabolic velocity gradients.

Case I: Constant velocity gradients

We oonsider S to be independent of 2z, and we solve eq. (8.2)

for the wave number ’. This gives

(Y-1)ws

K, - —
T (y-1)-w?]

L
2

(¥-1)Ws 71 w )

2[(\’-1)-w2]J Y-l-wzj

o
——

i+

—

(8.3)

2q. (8.3) gives the non-dimensional wave number for the two modes

at the point at which the z-component of the wave number vanishes
for the constant velocity gradient case. One must keep in mind that
¥ is the transformed frequency, and it is a function of z. In order
to find the penetration depths, one must make the inverse frequency
transformation and solve the resulting cubic algebraic equation for
z pd by means of Appendix I. zpd is the penetratiun depth,

Case II: Linear velocity gradients

We consider

S -0(+.@z , (8.4)
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where X is an arbitrary unitless oconstant, and (3 is an arbitrary
consiant with units [cm'i}. Substituting expression (8.4) into
eq. (8.2), gives, upon solving for z, the height to which the wave

can propagate. This is the vertioal penetration depth, 2Z ?d .
3
Wy Wi Kt ‘Ci 04
zﬁ - —_—— -— + - —
£ (v-DKp (y-1)¢ W ¢
(8.5)

Again we keep in mind tbat ¥ is the transformed frequency and can
be made independent of z by a coordinate transformation, which we
will not do here.

Case III: Parabolic velooity gradients

‘He comnsider

S = X+ Bz + § 32 ’ (8.6)

where X and 6 are defined in eq. (8.4), and O is an arbitrary
constant with units [cm-z} . Substiiuting tho expression (8.6)

into eq. (8.2), gives, upon solving for the vertical penetration
depth,

Wi ICy ¥ K’i ]2-
zw+ 5T [(26) (vq)m Nk, § (-8 Wi ¢

(8.7)

Again, we keep in mind that ¥ s the transformed- frequency and can
te rade independent of 2z by a coordinate transformation, whish we
will not do here,
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9. CONCLUSION

We have considered small amplitude low frequency waves in an
isothermal compressible medium with a velocity gradient and within
a consitant gravitational field. It was found that there are two
distinct modes of wave motion which we called the + mode and the
~ node. Under the assumption that the wavelength be small compared
to a change in the velocity profile, a local dispersion relation
governing the wave propagation for constant velocily gradientis was
derived from the linearized equations of fluid dynamies and thermow-
dynamics, and arranged in a non-dimensional form independent of’
the constants describing a particular atmosphere. By employing a
generalized W X.B, method, a better approximation was obtained by
taking into account the slowly varying ckbange of the velociiy profile
and the velocity gradient. From the generalized W.K.B. method,
equations were found which give the height at which wave reflection
occurs. This determines the maximunm heights up to whick the wave rodes
can propagate. However, ithe normalized itransformed frequency W is
a function of 2z, but can be made independent of z by an appropriate
transformation of coordinates, which was not done here. Dissipative

effects arising from viscosity and beat conduction was not comsidered.
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APPENDIX I

The local dispersion relations (6.12) and (6.13) may be solved

analytiocally in the following manner. In generazl, we have

Wi AWl +BW +C = O

where for eq. (6.12)

2 /4 l\'a
A = -K - %} ?

B = (i[.e"m¢ --;{--l-l)Sl(,cos,b ’

e

c = (Y-1) i3 oosa¢

and where for eq. (6.13)

. A = K2 =i YKcosH

B = (il 8inh ~ Y +1)3 hcos?
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(1.1)

(1.2)

(1.4)

(3.5)

(1.6)




C = (\‘-—1)7(2 00826 (1.7)

From the quartic eq. (I;l), we consider the resolvent cubic

equation

! r2 B*
+I(TFA'C)E\-Z;

3

B g

2

I
o

(1.8)

It is convenient to transform eq. (I.8) into Euier's resolvent cubic,

thereby eliminating the quadratic term. Using the transformation

* A
§=N~-T (1.9)
we have
3 an + v=0
M+ 91 (1.10)
where
a2
9 - %(%Az-c)-;. (I.11)




and

B2 A(l 2 oy A3
ra em— - —(3222.0)4 —
o o = (1.12)

The three roois of eq. (I.10) may be expressed in the form

nl - = _z_fl (y) (1.13)

Y

N, = L 2,(3) ’ (1.14)

and
1y = =25, (1.15)
where
y = _r_e_ (136)
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and

1/3 1/3

i PRCL .

l_1+(1+—)2_j + 11=(1+ —)%;

2Ty y
£,(y) =
1/3
(2) (1.17)
T 2 1‘%
£.(y) {£,°(3) 1]
£,(y) = - +— =
2 4 vt (y)
(1.18)
and
r “F
20) (5% 1
£f.(y) = - - i— - :
3 L4 y £,(y) |
— ury
(I.39)
for the condition --g’.—7 <y <0, all roots are rcal, and for

y>0orya=a %‘;‘-, there is one real Toot and a pair of complex roots.

By different proper choices of the phase angle for the 1/ 3 powers in

eq. (1.17), £, (y) may be always made real, even though it may not
be continuous at y = -5,—‘;’— .
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Thus, from eq. (I.9) the roots of eq. (I.8) are

A
E . h, - % (i =1,2,3) , (I.20)

‘i
the roots of eq. (I.1l) are

Tl (1.21)

!

7z e r
wiz i\/gi t ]t(z_ t\jL;B )

bad
suck that m--ﬁ'l }fl ﬁ:is an element of R(EI v Gy 23). This
We will

-.eans that m must be always positive or always negative.
shoose the former. Thus, the four roots of the quartic eq. (I.1) are

W, = f{,‘ + f%:' +/€: (1.22)
Wp= [E - j{a - jgg (1.23)
Wy = = f?: - Vf"g: + ff-.: (I.24)

and

Wy = ‘J? + ﬁ_z‘ "V’é: (1.25)
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