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Section 1 

INTRODUCTION 

The r ad ia t ive  gasdynamic  problem describing  the  f low  over a b lunt  body moving 

a t  superorbi ta l   veloci t ies   through  the  ear th 's   a tmosphere has been  the  subject 

of a continuing  research program (Refs. 1-4). The most recent  previous 

analysis  considered  the  viscous,   radiating  f low  past   an  ablating body  and 

t reated  the  thermochemical   and  radiat ive  interact ion of the  ablat ion  products  

with  the a i r  layer .  However, the  previous work was l i m i t e d   t o   r e l a t i v e l y  low 

ablation  product mass i n j e c t i o n   r a t e s  and, in   addi t ion,   neglected  the  radiat ive 

energy  t ransported  in   a tomic  l ines .  The present work removes these   r e s t r i c t ions  

by  modifying  the gasdynamic ana lys i s  t o  handle  large mass i n j ec t ion  rates and 

the   r ad ia t ive   t r anspor t   ana lys i s   t o   i nc lude   l i nes .  

The la rge  mass i n j e c t i o n   r a t e  problem was approached  by two separate  analyses. 

One approach  considered a fu l ly   v i scous   f l ow  bu t   t r ea t ed   t he   ve loc i ty   f i e ld  

so lu t ion   i n  two separate  layers.  The other  approach  considered  the  total  

shock l a y e r   t o   c o n s i s t  of a d is t inc t   inv isc id   ab la t ion   product   l ayer  and 

d i s t i n c t  a i r  layer .  An approximate  treatment of r ad ia t ion   t r anspor t   i n  

l i n e s  was devised.  This  approximate  treatment  uses  the  concept of "equivalent 

l ine"   parameters   to   reduce  the  numerical   calculat ions  to  a t rac tab le   l eve l .  

Within  the  equivalent  line  approximation a mixture of C, N, and 0 atomic 

t r a n s i t i o n s  i s  included. 

Two major  conclusions  are  reached.  First ly,   that   energy  transported  in 

atomic l i nes  i s  responsible for roughly 50% of the   r ad ia t ive   t r anspor t  within 

shock layers  a t  condi t ions  typical   of   superorbi ta l   entry.  The e f f e c t  of t he  

increased  opacity  of  high-temperature a i r  due t o  l i n e s  on the   sur face   rad ia t ive  

f lux  i s  moderated somewhat by  the  increased  radiat ion  cool ing  but  s t i l l  r e s u l t s  

in   an  increase  of  50% i n  the   f lux   over  a continuum-only  calculation.  Secondly, 

ablat ion  product   species   s ignif icant ly   absorb continuum rad ia t ive   f l ux  from 

1 



the high-temperature   port ion  of  the shock l a y e r  a t  mass i n j e c t i o n   l e v e l s  the 
order  of 5$ of the free-stream mass f lux.  The spec ie s  primarily respons ib le  

for the  continuum  flux  absorption  are  atomic  carbon  and  hydrogen with molecular 

species   playing a minor  role. The a b i l i t y  of ab la t ion   product   gases   to   absorb  

the ene rgy   t r anspor t ed   i n   n i t rogen   and   oxygen   l i nes   r ema ins   t o  be determined. 

2 
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Section 2 

C0UPI;ED  VISCOUS RADIATING FLOW FIELDS 

A review  of  our  previously  developed  analysis (Refs. 2, 3) of  the  hypersonic 

flow of a viscous,   radiating  gas  over  an  ablating  blunt body i s  given. 

Pa r t i cu la r   a t t en t ion  i s  pa id   t o   t he   i n t eg ra l   so lu t ion  of  the combined mass 

and momentum equat ions  for   the  case  of   large  surface mass in jec t ion  rates. 

2.1 GOVERNING EQUATIONS 

I n   t h i s   a n a l y s i s  a d i r e c t   s o l u t i o n   t o  the radiating,  viscous,  blunt-body 

problem i s  sought. The conservation  equations  are f i r s t  simplified  by 

assuming the shock l aye r   t o   be   t h in ;   i . e . ,  6/R << 1. In  addi t ion,   the  

thickness of the  viscous  region i s  taken   to   be  of the same order of magnitude 

as the  shock-layer  thickness.  Since  the shock  detachment distance i s  O ( b )  

and  the  thickness of the  viscous  region i s  0(1/&), we have f o r  a viscous 

shock layer ,  - 1/&. The thin  shock-layer   equat ions  are   a lso  val id  when 

the  viscous  region i s  confined t o  a narrow  region  near  the w a l l  (j >> l/&). 

The approximate  equations  valid for t h i n  shock layers  can be  obtained from 

the  conservation  equations  (cf.,  Refs. 2, 3) by neglecting a l l  terms of 

O ( p 2 )  and  higher. The body-oriented  coordinate  system  used i n   t h i s   a n a l y s i s  

i s  shown in   F ig .  1. Carrying  out  the  order-of-magnitude  analysis  results  in 

the  fol lowing  equat ions  val id   to  O ( ' j ) .  

x-momentum 

I 
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Fig. 1 Body-Oriented  Coordinate  System 
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y-momentum 

Global  continuity 

j th   spec ies   cont inui ty  

E n e r a  

For terms of O ( 6 )  i n  t he  above  equations we have set n = 1 and r = .(x) 

t o   be   cons i s t en t   w i th  our  order-of-magnitude  approximation.  These  approxima- 

t i ons   t o   t he   h ighe r   o rde r  terms are made throughout  the  analysis. These 

equa t ions   d i f f e r   s l i gh t ly  from the  thin  shock-layer  equations  presented  by 

Hayes and  Probstein ( R e f .  5) s ince our analys is  i s  n o t   r e s t r i c t e d   t o  stagna- 

tion-point  flows. 

- 

The simplified  shock  layer  equations,  Eqs. (2.l)-(2.5)  form a set of  parabolic 

p a r t i a l  differential  equations. I n  p r inc ipa l ,   w i th   i n i t i a l  data given a t  t h e  



stagnation  point,  i.e., along the l i n e  x = 0, these  equations  can  be  inte- 

grated  about the body.  Such an  approach  requires  the  simultaneous development 

of the shock  boundary  by integrat ing  the  geometr ic   re la t ion  (cf .   Fig.  l), 

d6'/dx = (1 + x ' s ' )  t an€  

We have  followed  an a l te rna t ive   approach   in  which a n   i n i t i a l   i t e r a t i v e   e s t i -  

mate on the shock  curvature d$d/dx i s  specif ied for a l l  x. Note t h a t  by 

twice  integrating the shock  curvature,  the  shock-detachment  distance i s  deter-  

mined to   wi th in   an   a rb i t ra ry   cons tan t .  The a rb i t ra ry   cons tan t  i s  taken  from 

the s tagnat ion-point   solut ion  for  6 (x = 0). The technique of prescribing 

the  shock  boundary  has more significance  than a p r a c t i c a l  method of  solution. 

Since  the  governing  equations are parabolic with character is t ics   given  by 

x = const.,  then the problem i s  mathematically  not well-set i n  terms of 

i n i t i a l  data prescr ibed  a long  the  character is t ic ,  x = 0. The spec i f ica t ion  

of boundary data along  the  "strips"  defined  by  the body  and  shock l eads   t o  

a well set problem  and one which i s  s tab le   to   numer ica l   in tegra t ion .  

A t  the  stagnation  point,  symmetry conditions  provide a l l  but  one boundary con- 

dit ion  necessary  to  determine a solution. The remaining  boundary  condition 

i s  ei ther   the  s tagnat ion-point  shock  curvature or shock-detachment  distance. 

In  the present   analysis   the unknown boundary  condition i s  supplied  by  assuming 

the shock i s  concent r ic   to   the  body a t  the  stagnation  point,  i.e., d@/dx = 

de/&. The i t e r a t i v e  method mentioned  above f o r  dete'rmining  the  shock  shape 

f o r  x > 0 serves  only as a means for obtaining  the  solution which  corresponds 

t o   t h e  assumed i n i t i a l   c o n d i t i o n  a t  the  stagnation  point.  It does  not  yield 

any  information  about the accuracy of t h e  assumed in i t i a l   cond i t ion .  Hence, 

the solutions  are  dependent on the assumed in i t i a l   cond i t ion .  

The radiation  term E '  in  the  energy  equation  specifies  the  net   emission or 
absorption of radiant  energy  per  unit  volume pe r   un i t  time. It i s  calculated 

assuming the shock l a y e r  i s  l o c a l l y  one-dimensional. T h a t  is ,  f o r  any  value 

of x, temperature  and  density  gradients  in  the  x-direction a t  a l l  points  

6 



across   the  shock layer   a re   neglec ted   insofar  as rad ia t ion   t ranspor t  i s  con- 

cerned. I n  addition,  the  geometric  approximation i s  made that the  shock-layer 

geometry i s  t h a t  of  an in f in i t e  plane  slab. A der ivat ion of t he   r ad ia t ive  

flux expression  under  the  one-dimensional  approximation i s  given in   Sec t ion  4. 
I n  that discussion methods for including  both  continuous  and  discrete (i.e., 

l ine)   absorpt ion  processes  are der ived.   In   the development of the  energy 

equation i n  t h i s   s e c t i o n ,  we will simply t r e a t   t h e   q u a n t i t y  E '  as a known 

function of y. 

2.2 INTEGRATION OF MO" EQUATION 

I n   t h i s   a n a l y s i s ,   s o l u t i o n s   t o   t h e  momentum equation are obta ined   in   an  

approximate manner by means of an i n t e g r a l  method. The v e l o c i t y   p r o f i l e s  

r e su l t i ng  from this  approximate  solution are then  used  to   solve  the  species  

continuity  and  energy  equations  by means of a modif ied  f ini te   difference 

method (Ref. 6). The j u s t i f i c a t i o n   f o r   t h i s  method  of s o l u t i o n   r e s t s  on the 

f a c t  that the  momentum equation i s  weakly  coupled to   t he   spec ie s   con t inu i ty  

and  energy  equation. Approximate ve loc i ty   and   prof i les   can   resu l t   in   accura te  

species  concentration and to t a l   en tha lpy   p ro f i l e s  if the  species   cont inui ty  

and  energy  equation are so lved   by   f in i te   d i f fe rences   o r  a similar method. 

In   car ry ing   ou t   the   in tegra l  method  of solut ion,   the  momentum equation i s  

in tegra ted   across   the  shock layer   to   ob ta in   an   in tegro-d i f fe ren t ia l   equa t ion  

i n  one independent  variable. The integrals   are   evaluated by  assuming t h a t  

t h e   v e l o c i t y   p r o f i l e   i n   t h e  shock l aye r  can  be  represented  by  suitable  poly- 

nomials.  Before the  x-momentum equation i s  in tegra ted   across   the  shock layer ,  

the  viscous  terms  can be manipulated  into a form  which i s  more convenient  for 

integration.  Carrying  out  the  manipulation  results Ln 
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The in tegra t ion  of t he  x-momentum equat ions  fol lows  c losely  the work of 

Maslen  and Moeckel (Ref .  7 ) ,  where add i t iona l  details of the in tegra t ion  

technique are presented. The  y-momentum equation i s  used   i n   t he   i n t eg ra t ion  

of the x-momentum t o  rewrite the pressure  gradient term i n  a form su i tab le  

for   in tegra t ion .  For this purpose,  the y-momentum i s  reduced t o  

since  the  pressure  gradient  terms are higher  order  terms. The terms which 

have  been  neglected i n  Eq. (2.2) are O ( ' j ' )  with r e s p e c t   t o   t h e  x-momentum 

equation. 

In  the ana lys i s   to   fo l low,  the variables are now nondimensionalized i n   t h e  

following manner : 

v = -  V' 
U' W 

f = -  X' 
R' 

Y = $  

6 '  6 = -  
R' 

N 3' 6 = -  
R' 

1.1 = u'R' 

u 1 . I = l + N y  

H' H = -  

h' h = -  
h' 6 

P' 
pw w 'U ' P=-"2 

r = -  r '  
R' 

The compress ib i l i ty   e f fec ts  can be reduced  significantly  by  introducing the 

Dorodnitzyn variable defined by 

8 



Integrat ion of the  momentum equation  across  the shock l ayer  and  transfoxmation 

in to  the T,5 var i ab le s   r e su l t s   i n   t he   fo l lowing   i n t ego-d i f f e ren t i a l  equa- 

t ions.  

momentum 

du 
*w (1 + 6 4  I1 - (1 + - 6 sine d6 

r 
W W 

where 

f = u/u 6 

In  addition,  the  following  approximation was used to   ob ta in   t he  second  term 

i n   t h e  momentum equation: 

9 
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A c r i t i c a l   p o i n t   i n   c o n s t r u c t i n g  the in t eg ra l   so lu t ion  i s  the   s e l ec t ion  of 

the  functional  form  of the t a n g e n t i a l   v e l o c i t y   p r o f i l e  f(T(). Clear ly   the  

velocity  profile  can  be  influenced  strongly by surface mass in jec t ion .  The 

r e l a t i v e   r o l e  of the  viscous stresses and the convective momentum f l u x  a t  

the  wall can be assessed by the   inject ion  parameter  ( R e f .  8 ) ,  

(2.12) 

Rearranging  terms  and  assuming that the  edge cond i t ions   i n   t he  air l aye r   a r e  

essent ia l ly   those  behind  the shock, i.e., 

can  express fw i n  more convenient  terms as 
'e - ' 6  and pe - pg , then we 

where 

p 6U'wRt 

p t 6  
Re6 = 

and B i s  the stagnation  point  tangential   velocity  gradient  parameter* 

* 
For the   near ly   spherical   bodies   of   interest ,  f3 - 1/2. 

10 
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fj = -  l d l n u  
2 d l n x  

Examination of t he   so lu t ions   t o   t he  boundary  layer  equations  with mass in- 
j ec t ion  show t h a t   f o r  f << 1 the   v i scous   e f fec ts  dominate  everywhere ( R e f .  

8). For such  problems, a ve loc i ty   p ro f i l e   cha rac t e r i s t i c  of a zero mass 

in jec t ion   so lu t ion  i s  appropriate.  Previous work (Refs. 2 and 3) has shown 

t h a t  a f i f t h   o r d e r  polynomial  form f o r  f (l), 

W 

4 f (7)  = a. + all + a212 + a 113 + a41 + a51 5 3 

gives  accurate  values  for  the  primary viscous quantity  of  interest ,   viz. ,   the 

conductive  heat  flux a t  the  surface.  The determination of t h e   s i x  unknown 

coe f f i c i en t s   i n  Eq. (2.17) as w e l l  as the shock layer   thickness  6 a re  de- 

termined  by  sat isfying  the  overal l   in tegrated mass and x-momentum equations 

together  with the  following  f ive  local  boundary  conditions:  

,., 

f = o  
f '  3 (x-momentum equation  evaluated a t  wall) Q Tl = 0 

f = 1  

f '  * (x-momentum equation  evaluated a t  shock) 8 7 = 1 
f"  = 0 

The other   l imit ing  case i s  f >> 1 under  which the  inner  layer  near the 

surface* i s  dominated  by  inviscid  terms.  In  order  to  provide a reasonable 

ve loc i ty   d i s t r ibu t ion  a t  l a r g e   i n j e c t i o n   r a t e s  we have e lec ted  t o  divide 

t h e  shock l aye r   i n to  two layers:   an  inner   ablat ion  layer   and  an  outer  a i r  

layer.  The poin t   def in ing   the  boundary  of t he  two layers  i s  taken t o  be 

the  value  of  the  transformed  shock  layer  coordinate 'f& a t  which the  mass 

fract ion  of   ablat ion  products  becomes less than 1%. By t h i s   d e f i n i t i o n  a l l  

W 

* Examination  of the  diffusion  equat ion shows that the   i nne r   l aye r   fo r  f w  >> l 
i s  e s s e n t i a l l y  composed  of ablation  product  gases. 
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viscous   e f fec ts  are conta ined   essent ia l ly   in   the   inner  layer. Both  second 

order  and th i rd  order   polynomial   veloci ty   dis t r ibut ions were examined. By 

v i r tue  of the essent ia l ly   inviscid  nature   of   the   outer   layer ,  a linear 

ve loc i ty   p ro f i l e  was selected.  The ve loc i ty   p ro f i l e s   t hen  are 

= a + alV + a2V 2 3 
+ a371 inner 0 

o r  

f = a + a17 + a21 2 
inner  0 

(2.18a) 

(2.18%) 

and 

outer  = bo + blTJ (2.19) 

The coe f f i c i en t s   i n  Eqs. (2.18)  and  (2.19)  are  determined  by  satisfying  the 

overa l l   in tegra ted  x-momentum equation  together  with the l o c a l  boundary  condi- 

t i o n s   f o r  Eq. (2.18a) or (2.1%) 

f = 1  outer  
@ T = S  

fouter  = (x-momentum equation 
evaluated a t  shock) 

- firmer fouter  
- @ V  = V ,  

f 
inner  

= o (normal mass in j ec t ion )  

= (x-momentum equation 
@ V = O  

fnne r  evaluated a t  wall) 

and for Eq. (2.18a)  the  following  additional  boundary  condition was added: 

12 



- t  
f;nner fouter  

- @ T = T v  

A comparison  of the   ve loc i ty   p rof i les   ob ta ined   for   en t ry   condi t ions  of 

(u, = 5 x 10 f t / sec ,  p, = 3.98 x slugs/ft3,  R = 9.0 f t )  assuming 

both a cubic (Eq. (2.18a)) or a quadratic (Eq. (2.18b))  polynomial  distribu- 

t i o n  i s  shown i n  Fig. 2. The mass in j ec t ion  rate considered was rh = 0.10 

f o r  which the  blowing  parameter has the   value f w  = 5.6. Also shown on Fig. 

2 a r e  the ve loc i ty   d i s t r ibu t ions   ob ta ined  by De Rienzo  and  Pallone (Ref.  9) 
using  an  exact  numerical  solution to t he  boundary layer   equat ions  for  blow- 

ing rates of fw = 1.9 and .95. While these  blowing rates are subs tan t ia l ly  

lower  than  the  value  of fw  = 5.6 being  considered for our  viscous  layer 

solution,  nonetheless,  these  boundary  layer  calculations  are  the  only  exact 

mass in jec t ion   so lu t ions   ava i lab le   for   the   ve loc i t ies   and  mass i n j e c t i o n   r a t e s  

of i n t e r e s t .  It can  be  seen that nei ther   the  quadrat ic  or cubic   prof i le  i s  

en t i r e ly   s a t i s f ac to ry   bu t  of t he  two the  quadrat ic  i s  preferred.  For t h i s  

reason, a quadra t ic   p rof i le  w a s  used for a l l  remaining  calculations  discussed 

i n   t h i s   r e p o r t .  It appears   that   s ignif icant  improvement over  the  quadratic 

p r o f i l e  would require  the d i f f i c u l t  approach of an  exact  numerical  solution 

t o  t he  momentum equations. 

4 

2.3 SPECIES CONTINUITY EQUATION 

The continuity  equations (Eq. (2 .4) )   for   the  numerous species  considered  in 

th i s   ana lys i s   a re   no t   so lved   expl ic i t ly .   Ins tead  we adopt  the  elemental 

approach  (Ref, 10) i n  which the species  continuity  equation for each  element 

i s  sa t i s f i ed .  Once the  elemental   concentration i s  known, the  concentration 

of the  molecular,  atomic  and  ionic  species  are  determined  by means of  an 

equilibrium thermodynamic ca lcu la t ion  ( R e f .  4). 

In  the  present  analysis,   four  elements are considered,  viz., oxygen, nitrogen, 

carbon  and  hydrogen. The continuity  equation,  in  terms  of  the  elemental  mass 

fractions  (denoted  by CE) , can be obtained  by  multiplying  the  continuity 

equat ion  for   species  j (Eq (2.4)) by MiYj ( the number of grams of  element 
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i per gram of species j)  and sunrming over a l l  species j which contain  the 

element i. Carrying  out  the summation (see R e f .  4 for   de ta i l s )   the   e lementa l  

species  continuity  equation  can  be  writ ten as (one for  each  element i) 

since,   barring  nuclear  transformations,  C Mi, ci, = 0. Since we have that 
C CY = 1, only  three  equations  of  the  type Eq. (2.20) are independent. The 

three elements  chosen t o  be  described  by Eq. (2.20)  were 0, N, and C. I n  
order  to  el iminate  the  species  dependent  diffusion term we have  assumed t h a t  

the   e f fec t ive   b inary   d i f fus ion   coef f ic ien t  i s  the  same for  each  species. 

Since  the  diffusion  coefficients are inversely  proportional  to  the  square 

roo t  of the  reduced  molecular  weights, t h i s  approximation i s  acceptable as 

long as the  molecular  weights  of  the  species  are similar. When l i g h t  elements 

such as hydrogen are   present ,   th is   approximation can  be qui te  poor i n  terms 

of  shock layer   species   dis t r ibut ions.  However the  s ingle   diffusion  coeff ic ient  

approximation i s  f e l t  t o  provide  val id  resul ts  fo r   r ad ia t ive  and  convective 

heat  transfer.   This  point will be  discussed  further  in  Section 5. 

J j 

- 1  1 

Using  the  single  diffusion  coefficient  approximation, Eq. (2.20) becomes 

(2.21) 

Two boundary  conditions  are  necessary t o  determine  the  species  concentration 

var ia t ion  across   the shock layer.  The f irst  boundary  condition i s  tha t   t he  

injected  species  concentration i s  zero a t  the shock. The second  boundary 

condition i s  obtained from a mass balance a t  the w a l l .  The t o t a l  mass f l u x  

a t  the  surface i s  

(2.22) 

I 



where I%' i s  the  mass f lux  of   the  pyrolysis   product ,  a5 i s  t h e  number of 

grams of oxygen per gram  of pyrolysis  product (similar de f in i t i ons   fo r  02, 
a- and a ~ )  and i s  the mass f lux  associated  with  surface  react ions.  We 

w i l l  consider  charring  ablators where the   char  i s  pure  carbon. Only  two 

surface  react ions will be considered  and these reac t ions  w i l l  be assumed t o  

produce  carbon monoxide. The surface  reactions  considered are (Ref. 4) 

* 

N 

so that 

Mass balances a t  the  surface  for   the  e lements   yield 

ac-, 
cc (p 'v ')  - p'D$ ay' = a-Iil1 0 

(2.24) 

(2.26) 

In  terms of  nondimensional  variables  and  transforming  to 5 ,  7 coordinates, 

the  elemental   species  continuity  equation i s  

* 
The mass f l u x  of the  pyrolysis  product i s  assumed t o  be a known quantity.  
In  general, it can be obtained  from  an  energy  balance a t  the surface. 
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where 

(2.28) 

1 drw - ac?  ac? 
+ T - ? n e ] - = R e  u6 a7 6 6 u 6 f -  x -2 

W 

The normal f l u x  w a s  obtained  by  integrating  the  global  continuity  equation. 

The quant i ty  Io(ll) i s  defined by 

I 0 = 5 5: fdq 

Eq. (2.28) i s  of t he  form 

where 

F =  1 

sC i, 6 
2 

Y 

w 6,o 



ac: 
L = Re 3 u f (-) 1 6 6 x 

where the  constants  of in tegra t ion  ( C  and C2)  are  determined from t h e  two 1 
boundary  conditions  discussed  previously. 

2.4 ENERGY EQUATION 

It i s  somewhat  more convenient in   carrying  out   the   numerical   solut ion  to   re-  

wri te   the  energy  equat ion  in  terms of to ta l   en tha lpy .  Combining the  momentum 

equations (Eqs. (2.6) and  (2.7))  with  the  energy  equation  writ ten  in  terms of 

t he   s t a t i c   en tha lpy  (Eq. (2.5)) r e s u l t s   i n  

The d i f fus ion  term, which represents   the  t ransport   of   enthalpy  by  diffusion,  

requires  discussion. Although one can  argue  that   the   diffusion  coeff ic ient  

for each  species i s  similar, the  enthalpy  for   each  species ,  h!, var ies  

widely for  the  species  considered. Hence, it becomes necessary  to   evaluate  

the  enthalpy  transported by d i f fus ion  by each  species j. 

J 
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The evaluation  of 
The gradients  can 

the  species  concentration  gradients  presents some d i f f i cu l ty .  

be  wri t ten as 

where we have neglected  the  effect   of  pressure on t h e  grounds t h a t   t h e  

temperature  gradients  are much larger  than  pressure  gradients.   Using Eq. 

(2.39)  then after some manipulation, the  energy  equation  can  be  writ ten as 

(2.40) 

In   obtaining Eq. (2.40) we have  used the   " to ta l"   p roper t ies   in   def in ing   the  

Prandt l  and L e w i s  numbers v i z . ,  (Ref. 4 )  

where 

P = C '  p ' /k '  
r P  

p 'C  'D! 
P J  Le.= 

J k' 

ac . 

(2.41) 

(2.42) 

(2.44) 

The ca lcu la t ion  of the  concentrat ion  der ivat ives  a C  ./X? i s  q u i t e   d i f f i c u l t  

(see Ref. 4). However, within  the framework of the   s ing le   d i f fus ion   coef f ic ien t  

approximation we f i n d  that Le M 1 and a pos te ror i   ca lcu la t ions  have shown 

J 

j 
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that t h e  term 

i s  negl igible .  

Again as in   Sec t ion  2.3, we introduce  nondimensional  variables  and  transform 

t o  1, 5 coordinates.  After  considerable  manipulation Eq. (2.40) becomes 

where g E H/H6 and  the  constant cy i s  
0 

cy E- 
o 2R' 

Equation  (2.45)  has the  form, 

where 

(2.46) 

(2.47) 

(2.48) 
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2 d f  Y2 = 2Y1 (1 - P,) U6 f a 

The boundary  conditions on Eq. (2.47) are the known values of g a t  the  

wall and  immediately  behind  the  shock, viz . ,  

Then t h e   s o l u t i o n   t o  Eq. (2.47) i s  

where 

and 

c =  1 
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The numerical methods separa te   in to  two par t s .  One p a r t  i s  the  determination 

of  the  shock wave shape  and  the  other  part i s  the  determination  of  the  shock 

layer   f low f i e l d  s t ruc ture .   Al though  the   ana lys i s   p resented   in   th i s   sec t ion  

i s  valid  about a blunt  body (within  the framework of a t h i n  shock layer  

analysis)  , the  numerical   computations  presented  in  this  report  have been 

r e s t r i c t ed   t o   t he   s t agna t ion   r eg ion .  Methods f o r   i t e r a t i n g  on the  shock 

shape away from the  stagnation  region  and  typical  results  are available i n  

R e f .  3. Our discussion  here w i l l  consider  only  the methods for  determining 

the  stagnation  point shock layer   s t ruc ture  where we assume t h e  shock wave i s  

concent r ic   to   the  body. 

The computation  flow  logic i s  shown i n  Fig. 3. The input  data  prescribed 

are the  stagnation-point  radius  of  curvature  ( i .e.  , t h e   c h a r a c t e r i s t i c  body 

dimension),  the body veloci ty  and free  stream  density,  and estimates of the 

shock layer   thickness   and  enthalpy  dis t r ibut ion.  

The in tegra l   so lu t ion   to   the   ve loc i ty   f ie ld ,   i . e . ,   the   de te rmina t ion  of the 

c o e f f i c i e n t s   i n  Eq. (2,17) or Eqs. (2.18) and  (2.19), i s  r e l a t i v e l y   s t r a i g h t -  

forward  although  an  i teration i s  required  to   solve  the  nonl inear   a lgebraic  

equations  involved. Note t h a t   t h e   i n t e g r a l   s o l u t i o n   t o   t h e  momentum equation, 

Eq. (2.9),requires thermodynamic and t ransport   propert ies  (pp) a t  the shock 

and wall. These are   obtained  using  propert ies   for  a i r  as or iginal ly   correlated 

by  Viegas  and Howe ( R e f .  11) and  subsequently  extended  by Howe and Scheaffer 

(Ref. 32). 

For  problems  with mass inject ion,  fi > 0, the  elemental   specie  diffusion 

equation, Eq. (2.37), i s  solved.  Since a s ingle   d i f fus ion   coef f ic ien t  i s  

employed, the  species  within  the  ablation  gases  diffuse as a s i n g l e   e n t i t y  

and r e t a in   t he i r   r e l a t ive   concen t r a t ion .  Hence, only a s ingle   diffusion 

equation  need  be  solved. The calculat ions  presented  in   this   report   considered 

no surface  reactions as it was found that  surface  reaction  complicated  the 

calculat ion  but  had  only a minor e f f e c t  on the  net   surface mass flux. For 
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I the   s tagnat ion  region and f o r  no su r face   r eac t ions ,   t he   so lu t ion   t o  Eq. (2.37) 
can be ob ta ined   d i r ec t ly   w i thou t   i t e r a t ion .   Af t e r   so lu t ion   t o  the d i f fus ion  

equation  the detailed specie  composition  required  for the rad ia t ion   t ranspor t  

ca lcu la t ion  i s  obtained  from a detailed thermochemical  code, FEMP. Deta i l s  

on the thermochemical  calculation  can be found i n  Ref. 4. 

In   preparat ion  for   numerical   solut ion  to   the  energy  equat ion,   the   radiat ive 

flux  divergence term E'  i s  evaluated a t  se lec ted   po in ts   across   the  shock 

layer.  Details on the   r ad ia t ive  flux divergence  calculation  are  given  in 

Section 4. A s  expected,  solution  to  the  energy  equation  yielded  the major 

source of numerical  problems. The numerical  problems  resulted  from  the  strong 

in t e rac t ion  between the radiant   energy  t ransport   and  the  enthalpy  dis t r ibut ion 

when the shock layer   temperatures   are   large.   This   interact ion was amplified 

under  conditions of la rge  mass inject ion.   In   order   to   prevent   numerical   in-  

s t a b i l i t y  we employed the following scheme i n  making successive  approximations 

to   t he   en tha lpy   p ro f i l e :  Let g (0) be the  previously assumed enthalpy  prof i le  

used t o   c a l c u l a t e  a new p r o f i l e  which we w i l l  c a l l  $(y). Then the  next esti- 

I 

a 

mate for  continuing  the  energy 

ggue s s ( 7 )  = 

For s t a b i l i t y  one expects P < 

weighted  average, 

1 and t o  make any  progress  requires P > 0; 

hence, 0 < P < 1. From experience it was found tha t  P r r  0.5 led t o  a 

converged  solution  in a reasonable number  of cycles. For problems  without 

mass in j ec t ion  a reasonable  input t o   t h e   i n i t i a l   e n t h a l p y   d i s t r i b u t i o n  would 

lead t o  a converged  solution. However, for   large  values   of   surface mass 

in jec t ion   ( say  & - 0.1) convergence was c r i t i c a l l y  dependent upon t h e   i n i t i a l  

guess.   Successful  solution  to  the  large mass in j ec t ion  problems  required a 

background  of knowledge obtained  from  previous  lower & calculat ions.  

It i s  of i n t e r e s t   t o   n o t e  the convergence  tolerance employed i n  our calcula- 

t ions .   Ear l ie r   ca lcu la t ions   used  a 1% convergence  of the   en tha lpy   prof i le  a t  
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I 

each  selected Tl point.  It was found, however, that   whi le  most of the  

enthalpy  dis t r ibut ion would converge i n  a r e l a t i v e l y  small number  of cycles, 

the  solut ion would fa i l  t o  converge a t  a f e w  7 poin ts  usually i n  the  region 

of the   s teep   en tha lpy   prof i le  near the  wall. By using a 5% tolerance it was 
found t h a t  most of   the shock l aye r  would  converge t o   w i t h i n  1% by  the  time 

the  troublesome  points  converged  to within 576. A s  a r e s u l t ,  a check showed 

that changing from 1% t o  5% converged  tolerance changed the radiat ive  and con- 

vective  heating rates by less   than  1%. The calculat ions  presented  here  were, 

fox  the most par t ,   obtained  using  the 5% convergence  factor. 



Section 3 
COUPLFD, INVISCID RADIATING FLOWS 

I n   t h i s   s e c t i o n  we review a previously  developed  analysis  (Ref. 13) of  the 

flow  of  an  inviscid,  radiating  gas  past a blunt  body with  surface mass in- 

jection. By v i r t u e  of   the  inviscid model the  injected,  vaporized  ablation- 

product  gases are separated from the  outer  a i r  flow by an interface.  The 

momentum t r a n s f e r  from the  outer  a i r  l aye r   t o   t he   i nne r  "vapor"  layer i s  

accomplished  through  the  impressed  streamwise  pressure  gradient a t  the 

interface.   Transport  of energy  by  radiation  further  couples  the  flow i n  
these two separate  layers. 

3.1 G O V E ~ I N G  EQUATIONS 

The governing  equations  are  developed  here  by  expressing  the  conservation 

laws i n  terms of a boundary-layer  type  of  coordinate  system  (Ref. 5).  The 

air-vapor  interface i s  introduced as the  reference  coordinate  surface as t h i s  

cho ice   r e su l t s   i n  a degree  of symmetry i n  the   f ina l   equa t ions   descr ib ing   the  

a i r  and  vapor  regions. The geometric  description of the  coordinate  system 

i s  shown i n  Fig. 4. 

The conservation  equations  governing  the  shock  layer  flow  field  are as 

follows : 

mass - 

x-momentum 
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I 

y-momentum 

energy 

where 

The quantity E '  appearing  in  the  energy  equation  results from emission  and 

absorption of radiation  energy, 

where F i s  the radiat ive  f lux  vector .  

The order of the shock layer  thickness  and normal veloci ty  component i s  

O ( ' j ) ,  where i s  the   dens i ty   ra t io   across   the  shock ( i  = pyp : ) .  Then 

introducing  the  following  nondimensional  forms, a l l  quant i t ies  become of 

O ( l )  J 

x = -  X '  

R' 

v =  v' 

y = y '  
PR 

P '  p = -  
P A  

K = -  K' 
R' 
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Then the  conservation  equations become 

where 

In   t he  y-momentum equation,  terms of O ( p )  have been  neglected  since  the 

e n t i r e  y-momentum equation w i l l  be  multiplied  by  in combining it with the  

x-momentum equation. Hence the  terms  in  the y-momentum equation w i l l  be 

of higher  order  in  determining  the momentum f l u x   i n  the x-direction. 

3.2 VELOCITY FIELD SOLUTION 

These conservation  equations  apply, of course, i n  both  the air and  vapor 

regions. We now treat  the  a i r  and  vapor  regions  separately. The two 

momentum equations  are combined and, together  with  the mass equation, are 

in tegra ted   across  t h e  air and  vapor  layers  independently  to  determine  the 

mass and x-momentum f lux   in   each   reg ion  ( cf. Ref. 13 for f u r t h e r   d e t a i l ) .  

The r e s u l t s   a r e  as follows: 



A i r  layer  

dla, 0 - 1n (r u - - - K 31 = o d 1 d6,, N 

dx + I a , O  d x  'bU6 v u6 

w h e r e  

- 
d6a Ksv6] 

N 

dlayl  + I 2 
d I n   ( r v u 6 )  - Ia, - - (--) [F - - S 

ax aY 1 ' 6 '6  v U 
6 

Vapor layer  

- 
p 6a + - (E) = o  
p6uE ax y=6 a 



where - 6" 

The i n t e g r a l s  I and I represent   the  f lux mass though  the a i r  and 

vapor  layers,  respectively. The i n t e g r a l s  I and I repre  sent   the  

f lux  of momentum in  the  x-direct ion  through  the a i r  and  vapor  layers, 

respectively.  The in tegra ls  I represent a weighted momentum 

f lux and  have no particular  physical   significance.   Indeed,  since I and I 

are   mult ipl ied by ( i .e . ,   these  integral   terms  represent  a small e f f e c t  

i n   t h e  x-momentum equations)  then it w i l l  be   su f f i c i en t   t o  approximate I 

and I i n  terms of I 

a,O v, 0 

a , l  v, 1 

a,2 and 1 3 2  

a,2 Y,2 

v, 2 a, 1 and k *  

The determination of the  f low  f ie ld   requires   the  solut ion of the above d i f -  

fe ren t ia l   equa t ions   for   the   f lux   in tegra ls .  For the  a i r  region,  the  system 

of equations i s  l i n e a r  and  can be  reduced t o  a quadrature.  In  the  vapor  layer 

equations  the  velocity a t  the vapor  side of the   in te r face  uv i s  a basic  un- 

known together   with  the  integrals  I 
a,v 

and  %,v=  There exis t   a lgebraic  

equations  coupling u with  these  integrals  as derived from Eqs. (3.18) and 

(3.19). By appropriate  manipulation,  the  vapor  equations  can be  reduced t o  

a single  equation  in u as w i l l  be shown l a t e r .  

V 

V) 

Consider  next  the  determination  of t h e  t angen t i a l   ve loc i ty   d i s t r ibu t ion  and 

shock layer  thickness  in  terms  of  the  calculated mass and momentum flux 

integrals .  It i s  convenient t o   desc r ibe   t he   f l ow  f i e ld   i n  terms of a t rans-  

formed  normal coordinate  in which t h e   e f f e c t s  of  geometry  and the  densi ty  

var ia t ion  are reduced.  This  effectively  uncouples  the  f low  field  solution 

from the  energy  equation.  Define for the  a i r  region 
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and for the  vapor  region 

The flux i n t e g r a l s  for the  a i r  l a y e r  become 

2 
I = x  a , l  a (3.24) 

Equations  (3.23)  and  (3.24)  determine  the  transfor:?ed air  layer   thickness  and 

t h e   t a n g e n t i a l   v e l o c i t y   f i e l d   i n  an integral   sense.  Hence i f  we specify a 

ve loc i ty   d i s t r ibu t ion   i n  terms of a single  free  parameter  (x-dependent),  then 

the  coupled  equation  ((3.23)  and  (3.24))  determine 6,(x) and t h i s   f r e e  

parameter . 
- 

In  terms  of  the ll coordinate, it has been  found tha t   the   t angent ia l   ve loc i ty  

I 



f i e l d   c a n  be  well  approximated  by a l i n e a r   d i s t r i b u t i o n  ( R e f .  13) 

U - =  "0 + "17 
u6 

This   d i s t r ibu t ion  i s  s u b j e c t   t o   t h e  boundary  condition 

- = 1  S Y = l  U 

U 6 

which reduces   the   ve loc i ty   d i s t r ibu t ion   to  

- U = a. + (1 - ao) TI 
U 6 

where a i s  the  desired  f ree   parameter .  0 

The flux integrals   for   the  vapor   layer  become 

Work on constant  density  vapor  layer  f lows has shown the   t angent ia l   ve loc i ty  

d i s t r ibu t ion   t o   be   l i nea r   i n   t he   phys i ca l   coo rd ina te  y (Ref. 13). Since 

the   t ransformat ion   to   the  ll coordinate removes var iab le   dens i ty   e f fec ts ,  

then it i s  reasonable t o  assume a l i n e a r   v e l o c i t y   f i e l d ,  
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This   d i s t r ibu t ion  i s  s u b j e c t   t o   t h e  boundary  condition 

U 
U 
- =  1 at  T ) = O  

v 

so that bo = 1. 

The ve loc i ty  a t  the body surface i s  also  prescribed  by  the  assumption of 

normal ( t o  body) in j ec t ion  a t  a rate A. Hence at t h e  body surface 

so 
i s  

no 

(3.31) 

that bl i s  known i f  we consider u f ixed.   In   fact ,  when the   in te r face  

concentric  with  the body b i s  ident ical ly   zero.  Hence, Eq. (3.30) has 

free parameter. This  does  not mean, however, that the   so lu t ion   t o  the  

V 

1 

ve loc i ty   f i e ld  has been  overdetermined. The in t eg ra l s  I and I 

reduce t o  a s ingle  unknown 2 but  the var iable  u i s  a l s o  unknown. 

Hence,  Eq. (3.16 and (3.17) reduce t o  a s e t  of  coupled  equations  in 6v  and 

u I n  terms of  these  variables,  Eqs.  (3.16) and (3.17) can be reduced t o  

the  following  equation  for u (Ref. 13) 

VY 0 v, 1 
V V - 

V. 

V 

- d'V r 'v K~ rw dx + uv [% (2) + s cos 8 ] - 5 [ E ~  rw A (-1 m t an  cw 

N 

3 
W P W  

(3.33) - -r 6v rw z = o  ""1 
W 
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where 

I n  der iving Eq. (3.33) the  fol lowing  re la t ion was employed: 

The transformed  shock  layer 

servation  equation, 

.-d 

U 
t a n  e 

W 
W 

thickness  follows from the   in tegra ted  mass con- 

Using the   ca lcu la ted   ve loc i ty   d i s t r ibu t ion ,   the   p ressure   d i s t r ibu t ion   in   the  

e n t i r e  shock l aye r  can  be  determined  from Eq. (3.9), transformed t o  T, X 

coordinates.   This  completes  the  f low  field  solution.  In  order  to  express 

the  solution  in  physical   coordinates  the  energy  equation must be  solved  for 

the  enthalpy  and  density  distributions.  

3.3 ENERGY EQUATION SOLUTION 

The energy  equation i s  solved  exactly  in  terms of a detailed  numerical   inte- 

gration  through  the shock layer.  The solut ion  fol lows  the method of Smith  and 

C lu t t e r  (Ref. 6) developed for nonsimilar  boundary  layer  problems.  Transfor- 

mation i s  made first t o  T,x coordinates. The stream  function $ s a t i s f i e s  

the  fol lowing  re la t ions:  
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In   t he  a i r  layer ,  a normalized stream function i s  defined as 

whereupon the  energy  equation takes the  form (we define g = H/Hs not ing 

t h a t  H6 = constant)  

u6 *v = - -  
a r d x  

V 
(3 .39)  

The functions and fla a re   d i r ec t ly   ava i l ab le  from the shock  boundary 

conditions  and  the  interface  description. I n  terms  of Eq. (3.35a) and the  

q,x transformation  equations it can  be shown t h a t  

a 

- 
f ' = sa U 
a 



In tegra t ing  Eq. (3.41) and  applying  the  boundary  condition, 

fa (x)  = o a t  1 = o 

y ie lds   t he   r equ i r ed   r e l a t ion  for fa(x). 

An analogous  equation i s  der ived  for   the  vapor  layer  

where 

The normalized  stream  function f v  i s  defined by 

so that 

- 
f t  = 6v;;- U 
V 

V 

which i s  s u b j e c t   t o   t h e  boundary  condition 
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fv(x) = 0 Q = 0 (3.49) 

Equations (3.37) and (3.43) are in tegra ted  a t  var ious  points   about   the body 

(i.e., a long   l ines  x = constant). The x-wise  derivatives 

a and - af 
ax T ax rl 

are   evaluated from backwards difference  equations.  This i s  consistent  with 

the   parabol ic   na ture   o f   the   o r ig ina l  set of pa r t i a l   d i f f e ren t i a l   equa t ions .  

Since Eqs. (3.37) and (3.43) are f irst  order,  only one i n i t i a l   v a l u e  i s  needed 

in the  a i r  and  vapor  regions. These i n i t i a l   c o n d i t i o n s   a r e  

where the  wall enthalpy gw i s  specified.  

The a i r  layer  energy  equation i s  integrated  f rom  the shock (7 = 1) t o   t h e  

in te r face  (7 = 0)  while  the  vapor  layer  energy  equation i s  in tegra ted  from 

the  body surface (v = -1) t o  the in te r face  (J = 0).  

The rad ia t ion   f lux   d ivergence   t e rn  i s  calculated assuming the  shock layer  

t o  be l o c a l l y  one-dimensional. The r ad ia t ion   f l ux  and flux  divergence 

expressions  are  developed  in  Section 4. * 

* 
The general   radiat ive  t ransport   solut ion  developed  in   Sect ion 4 includes 
both  continuum  and  line  transport. However, for   the   inv isc id   ana lys i s ,   on ly  
the  continuum transport   term was included  in  E'. 



3.4 NUMERICAL METHODS 

A s  i n   t he   v i scous   ana lys i s  of Section 2, the  numerical methods separa te   in to  

two d i s t i n c t   p a r t s .  One p a r t  i s  the  determination of the shock wave and in t e r -  

face  shape  (assuming a given mass in jec t ion   d i s t r ibu t ion   a long   the   sur face)  

and the   o the r   pa r t  i s  the  determination of t h e  shock l aye r   f l ow  f i e ld   s t ruc tu re  

i n  bo th   t he  air and  vapor  regions.  Although  the  analysis  presented  above i s  

applicable  about a blunt  body (within  the framework of a t h i n  shock l aye r  

analysis)  the  numerical  computations  presented i n  t h i s   r e p o r t  are l i m i t e d   t o  

the  stagnation  region. Our discuss ions   in   th i s   sec t ion   a re   therefore   l imi ted  

t o  methods for determining  the  stagnation  region  shock  layer  structure  under 

the  assumption  of a concentric shock  wave-interface-body. 

The s o l u t i o n   t o   t h e  momentum equations i s  relat ively  s t ra ightforward.  Limit-  

ing  forms of Eqs. (3.11) and  (3.12)  are  obtained  under  the  condition 

d I  /dx = d I  /dx = 0. The r e su l t i ng   so lu t ions   fo r  I and I a re  

combined with Eqs. (3.23)  and  (3.24) t o  determine 6a and a For the vapor 0' 
a, 0 a91 a, 0 a, 1 - 

region (where the  concentric  interface  assumption  yields u = 0 and g W  = 0), 

Eq. (3.33) can  be  integrated  in terms of t he   l imi t ing  form of S(x)  and the 

expression for dpv/dx = dp /dx obtained from t he  x-momentum equation  evaluated 

i n   t h e  air l aye r  a t  = 0. Th i s   so lu t ion   t o  Eq. (3.33) determines u which 

allows 6v t o  be calculated from Eq. (3.34). 

W 

a 

- V 

The so lu t ion   to   the   energy   equat ion  i s  obtained  by  integrating  the f irst  order 

equations, Eq. (3.37), i n   t h e  air layer  and Eq. (3.43) i n   t h e  vapor  layer. A t  

the   s tagnat ion   po in t   the  terms aga/a5, afa/as agv/ag , and afv/as a r e  a l l  

zero. A s  one expects,  numerical  problems are encountered when the  temperature 

i n   t h e  air  l aye r  i s  large.  Under these  condi t ions  the  s t rong dependence  of 

the  radiat ive  f lux  divergence on the  enthalpy  levels  makes the  numerical   inte- 

grat ions  qui te   unstable .  The scheme discussed i n  Section 2.5 for  using a 

weighted  average  of  the  enthalpy  distribution  in  proceeding  from one i t e r a t i o n  

t o   t h e   n e x t  was employed i n  the  inviscid  calculat ions.  A f u r t h e r   d i f f i c u l t y  

i s  encountered at the   po in t  ll = 0 for which the  energy  equat ion  in   both  the 

air  and  vapor  region becomes singular.  Physically, we have a s i tua t ion  i n  
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which,  under the inv i sc id  model, the  gas  approaches  radiative  equilibrium 

(E' 3 0) as the normal  velocity  approaches  zero a t  the   in te r face .   This  

d i f f i c u l t y  was circumvented  by  the  expediency  of  limiting the numerical 

i n t e g r a t i o n   t o  a value I v * l  > 0. Typically, we set I l * l  = 0.01. Since 

the  enthalpy  and  pressure  distributions were usual ly  "flat" near 7 = 0, we 

could  then  extrapolate the values of g (v*) and g?,(v*) t o  7 = 0. The 

convergence  tolerance employed in   t he   i nv i sc id   ana lys i s  was t h e  same value 

of 5% used  in  the viscous  analysis.  The argument set fo r th   i n   Sec t ion  2.5 
f o r   t h e   v a l i d i t y  of a 5% convergence c r i t e r i a   ho lds   fo r   t he   i nv i sc id  problem. 

a 
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Section 4 
RADIATION TRANSPOW 

We cons ide r   i n   t h i s   s ec t ion   t he   r ad ia t ive   f l ux  F'  and the  f lux  divergence 

E'  which appear i n   t h e  energy  equation in  both  the  viscous  (Section  2)  and 

inviscid  (Section 3) ana lys i s  of radiating  flows.  Transport  expressions are 

der ived   for  a one-dimensional  planar geometry with  the  gas   in   local  thermo- 

dynamic equilibrium.  Primary  emphasis i s  placed on the  handling of d i scre te  

(i .e. ,   l ine)  absorption  processes  in  the  transport   equation. The importance 

of  atomic  lines i s  now well  recognized as a r e s u l t  of ea r l i e r   i nves t iga t ions  

(Refs. 14, 15) of radiative  transport   in  plasmas.  Transport  due t o  continuous 

absorption  processes,   including  molecular  l ine  transit ions  treated  by  the  usual 

band model, i s  included. 

4 .1  Basic  Transport  Equations 

The f lux  and flux  divergence  are  given  by 

F ' (y)  = 5 I(y,V,w) dw dv 
0 w=4n 

and 

where I(y,v,w) i s  the  monochromatic i n t e n s i t y  a t  frequency v and i n  the 

d i rec t ion  W. The angular  integration i n  Eqs. (4.1) and  (4.2) i s  carr ied  out  

using  the  forward-reverse  approximation due t o  Schwartzchild (Ref .  16). The 

i n t e n s i t y  i s  d iv ided   in to  two angular  groups:  those  rays  passing  in  the  posi-  

t i ve   d i r ec t ion  from left-to-right  through a plane of symmetry (i.e., a plane 

normal t o   t h e  y a x i s   i n  our one-dimensional  planar  geometry)  and  those  rays 

pass ing   in  a negat ive  direct ion from r ight - to- le f t .  The forward-reverse 



approximation  represents a l l  r a y s   i n  the pos i t ive   d i rec t ion   by  a s ingle   ray  

I+ with  an  average  direction  cosine Y R  and a l l  rays   in   the   nega t ive   d i rec t ion  

by a s ingle   ray  I- also  with  an  avzrage  direct ion  cosine / A  (cf.  Fig. 5)  1 

w a l l  shockwave 

y1 = 0 y 1  = 6 

Figure 5 Geometry for   Radiat ive  Transport   in  a One-dimensional 
Planar Medium 

A s  i s  wel l  known, t h i s  two-stream  approximation i s  equivalent   to   the  exponent ia l  

approximation to   the   exponent ia l   in tegra l   kerne l   func t ion  which a r i s e s   i n   a n  

exact  formulation. An ana lys i s   o f   t ranspor t   in  a uniform  gas  (Ref. 17) shows 

t h a t  a value of R = 2 provides a good approximation t o  the exact flux and 

flux divergence  values. 

The monochromatic i n t e n s i t i e s  I+ and I are given by 
- 

J Y 

In   car ry ing   ou t   the   f requency   in tegra t ion   in  Eqs. (4.1) and  (4.2),  the  absorp- 

t i on   coe f f i c i en t  i s  separated  into the continuum  and l ine   cont r ibu t ion .  



I 

The flux may then  be  expressed as the sum of a contr ibut ion due t o  continuum 

only  processes Fc and a contr ibut ion due t o   l i n e s   b u t   c o r r e c t e d   f o r  continuum 

at tenuat ion.  

For the continuum contr ibut ion we evaluate monochromatic values a t  selected 

frequencies, and then  perform a numerical  quadrature  over  frequency. 

where the  emissive  function  Ev(y,y')  i s  introduced  to   s implify the numerical 

spa t i a l   i n t eg ra t ions  , 

For the l ine  contribution,  the  integration  over  frequency i s  car r ied   ou t  

ana ly t i ca l ly  for individual  or groups of i nd iv idua l   l i nes  and   the   to ta l  con- 

t r i b u t i o n  summed over a l l  l i n e s  or groups  of  lines, 

Wi(Y, 6 )  

F L (Y)  = IT 1 ( {i(i::Lt) dWi(y',y) - 5 Bi(y')  dW(y,y')) (4.8) 
a l l  l i n e s  i o 0 

where t h e  frequency  integration  performed  in terms of  an  equivalent  width 

variable  Wi(yfyy)  defined as 
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In   def ining Wi(y',y) i n  this manner w e  have assumed that   the   Planck  funct ion 

and  continuum  absorption are frequency  independent (at  least   approximately) 

over the i n t e r v a l  Av. 

I n  a similar manner, we t r e a t   t h e  flux divergence as due t o  a continuum  only 

contribution  and  terms  due  to  Lines  plus  continuum. Due t o  cross  terms there  

a re  a t o t a l  of four contr ibut ions (Ref.  17). 

E' = V-F' = QcYc(y) + QcJL(y) + QLJc(y) + (4.12) 

These Q terms are defined as: 

(1) the  energy  emitted  and  absorbed  by  the continuum; 

(2)  the  energy  emitted  by  the  continuum  and  absorbed  by  the  lines; 

(4.14) 
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(3) t h e  energy emitted  by l ines  and  absorbed  by  the continuum; 

(4) t he  energy absorbed  and  emitted  by  lines, 

I n  

an 

eqs. (4.14) and (4.16) the  frequency  integration i s  performed in   terms of 

absorption  equivalent  width  variable Ai(Y,y) defined as 

The continuous  spectral   absorption  processes  considered  are  the  free-free  and 

bound-free  transit ions of H, C ,  C , N, N , 0, O+ atoms  and the  molecular 

band  systems  given i n  Table A- I ,  Appendix A. Detailed  equations  for  the  atomic 

and  molecular  continuum  absorption  coefficients  are  given  in Appendix A. 

-I- + 
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We w i l l  d i s cuss   t he   eva lua t ion   o f   t he   l i ne   con t r ibu t ion   t o   t he  flux and flux 

divergence f irst  i n  terms of a s ing le   i so l a t ed   l i ne .  The problem  of  overlapping 

ing  of  closely  spaced  l ines w i l l  be handled later. For the plasmas of i n t e r e s t  

an   i so la ted  l i n e  has a Lorentzian  shape  characterized by a strength S and 

(half) half-width  determined  by  electron  impact, 
* 

where 

(4.18) 

where Ni i s  the number densi ty  of the lower s ta te   and f the  f-number i 
determining  the  t ransi t ion  probabi l i ty   s t rength.   In  our calculat ions of the  

l i ne   t r anspor t  w e  have  used  the  tabulation of Wilson  and  Nicolet ( R e f .  18) of 

Y i  
have  omitted  hydrogen l ines   s ince  they  are   non-Lorentzian  in  shape  and are 

estimated t o  have  only a small e f f e c t   i n  terms of t o t a l   r ad ia t ive   t r anspor t .  

and f i  f o r   n e u t r a l  and  ionized  carbon,  nitrogen, and oxygen atoms. We 

Then f o r  a Lorentzian  shape  and  assuming  an  isolated  line,  the  frequency 

in tegra t ion   over   the   l ine   requi red   in   the   def in i t ions  of Wi, Eq. (4.11) 
and Ai, Eq. (4.17), can be carried  out  exactly.  We w i l l  use, however, 

the   l imi t ing  forms for these  frequency  integrals  valid for op t i ca l ly   t h in  

or opt ica l ly   th ick   gases  (Ref. 17). Define  the  optical  depth a t  t h e   l i n e  

center, 

(4.20) 

* 
In  general,  pi(v)  should  include,  in  the  denominator  of Eq. (4.18), a l i n e  
center   sh i f t .   This   sh i f t ,  however, can  be  neglected i n   t r e a t i n g   t r a n s p o r t  
problems. 

L 
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Then f o r  'ri 4 4/17 

(4.21) 

(4.22) 

where 

g =;; 
Y'  

and @ i s  the   e r ro r   i n t eg ra l .  

dY" I 

(4.24) 

So far we have considered  only a s ingle   i so la ted   l ine .  We will now develop 

an  approximate model t o  handle  the  multitude of l i n e   t r a n s i t i o n s  i n  a plasma 

of C, N, and 0 atoms. I n  developing  this model we w i l l  consider a t  first 

only a nitrogen plasma. However, t he   r e su l t an t  model i s  f e l t  t o  be  general  

and   appl icable   to  a co l lec t ion  of C, N, and 0 atoms. 
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A s  a "standard"  for comparing our approximate  model,  solutions  for  both  the 

flux and flux divergence were obtained  considering the individual   contr ibut ions 

of roughly 100 n i t rogen   l ines   d iv ided   in to  18 groups (Ref .  17). Within  each 

group ( typical ly   covering a s p e c t r a l   i n t e r v a l  of about Ahv = 1 eV)  we assume 

the  Planck  function Bi and  continuum absorpt ion  coeff ic ient  pc t o  be 

constant  in  frequency. This  group  method  reduces somewhat t he  number of 

spa t ia l   in tegra t ions   requi red   bu t   the   so lu t ion  i s  essent ia l ly   an   exac t  l ine-  
by-line  calculation. 

i 

The accounting  of many l i n e s   i n  a coupled  flow  problem i s  qui te  time-consuming. 

Thus we were motivated  to  develop  an  "equivalent  l ine" model i n  which  each l i n e  

group i s  characterized by a single,  averaged f-number  and  half-width. The 

averaging scheme was derived i n  terms  of  the  flux  and  flux  divergence  expressions 

for a n  homogeneous plasma. The v a l i d i t y  of t h i s  approach l i es  i n  a comparison 

of the  results  obtained  using  the  approximate model w i t h  those  obtained  for  the 

l ine-by-l ine  calculat ion.  

For an homogeneous plasma Eq. (4.14) f o r  the one-sided  f lux  reduces  to 

where 'line 

n 
= Co6 C (Nifi)  

i=1 
'line 

where C = ne /mc. We define  an  equivalent f-number f such that 2 
0 

- 

'line = n Co6 N ?' (4.28) 
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where n i s  the  number of lines  under  consideration  and N i s  t h e   t o t a l  

number dens i ty  of the absorbing  atoms  (in this  case  nitrogen  only) . Then 

- 1  f = -  i i=n N 

n i=l (r f i> 

For o p t i c a l l y   t h i c k   l i n e s  

'line = 2 0 c" (N  i i i  f y )1/2 i=l 

and we define  an  equivalent half-width ./ such t h a t  

then 

For  an homogeneous plasma Eq. (4.16) f o r  the l i ne   con t r ibu t ion   t o  the f lux  

divergence  reduces t o  

- *'line 1 
where Al ine  i s  the  absorpt ion width of  an  "equivalent"  line.  Since 

n 

i=l 'line = Co C (Nifi) 

(4.33) 

(4.34) 
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then we can use the  previously  def ined  equivalent  f-number t o   o b t a i n  

'line = n C ~ ( N  ?) 

For the  absorption  weighted  equivalent width, i n   t h e   t h i n  limit 

and we define  an  absorption  half-width a, for   the   th in   case   such  that 

Then 

(4.35 1 

(4.36) 

A = Co C Nifi  
1 

i 
- 

C-N, f ,G  
(4.39) 



and we define  an  absorption  half-width e for the  thick  case  such that 

then 

(4.40) 

(4.41) 

But Eq. (4.41) i s  i d e n t i c a l   t o  Eq. (4.32),  i.e., B 3 y so that the  width 

parameter  used t o   c a l c u l a t e   t h e   f l u x  from a s e t  of o p t i c a l l y   t h i c k   l i n e s  can 

also  be  used  to   calculate   the  f lux  divergence.  

- 

Using Eqs. (4.29),  (4.32),  and (4.38) values  of 7, 7, and were calculated 

for f ive  equivalent   l ines   approximating a nitrogen plasma. The spec t r a l  

locat ion,   spectral   in terval ,   and number of weighted  l ines  characterized by 

each  equivalent   l ine  are shown i n  Table I, below. The ac tua l  ?, 7, and E 
values  are  temperature  dependent  and  hence  depend on the   spec i f ic  plasma 

conditions. 

TABLE I Equivalent  Line  Properties 

(Nitrogen  Plasma) 

~~~~~ ~~ - ~~ ~~ .~ ~ ~ ~~ ~~ 

Equivalent Spec t ra l  Spectral  Number 
Line No. , k Location, hvk In te rva l ,  Dk of  Lines, n k 

5 

~ 

1.20 eV 
3.40 eV 

8.60 e V  

10.40 eV 

11.50 e V  

~~ 

1.43 e V  

1.60 eV 

3.50 eV 
1.10 eV 

1.20 e V  

14  
7 
6 
9 

10 



We address ourselves now t o  the general  problem of overlapping. To account 

for  overlapping, we calculate   an  isolated  l ine  equivalent   width,  WI and 

then  borrow from Plass (Ref .  19) the   fol lowing  expression  for  the width of 
a col lec t ion  of overlapping  l ines  under the s t a t i s t i c a l  model. 

- = [ l - e  'line 
D -(wl/d)l (4.42) 

where D i s  the   spec t ra l   in te rva l   covered  by the equivalent   l ine   and d i s  

the   l ine   spac ing   wi th in   tha t   in te rva l ,  d = D/n. Rather  than  attempting  to 

r a t iona l i ze  Eq. (4.42) i n  

each  equivalent  l ine  (cf.  

r e l a t i o n   v a l i d  when WI/d 

that  the  error   introduced 

and t h e   l e v e l   o f   e r r o r  i s  

terms  of  the number of ac tua l   l ines   represented   by  

Table II), we simply  accept Eq. (4.42) as an  empirical  

<< 
i n  

an 

I n  a similar manner, one can 

becomes very  large  the  value 

1 and W,/d >> 1. Numerical  calculations show 
I' 

Eg. (4.42) i s  largest   roughly when WI/d - 0.5 
under  estimate of W of about 25%. l i n e  

a rgue   heur i s t ica l ly  that when line  overlapping 

of the  absorption  width Aline appear ing   in   the  

flux divergence  expression  (cf. Eq. (4.17) ) asymptotically  approaches 'line 
The r a t e  of approach to   th i s   asymptot ic  limit i s  measured  by W /do Then we 

propose  the  empir ical   in terpolat ion  re la t ion 
I 

(4.43 

where AI i s  calculated  assuming  an  isolated  l ine model. Using Eq. (4.43), 

Al ine  approaches AI when W /d << 1 and  approaches when WI/d >> 1. I 'line 



We w i l l  now compare the  f lux  and  f lux  divergence  values  as obtained  with  the 

de ta i led   and   s impl i f ied   l ine   t ranspor t  models. The in te rp lay  between t h e  

spatial   temperature  gradient  and  the  absorption  parameters of t h e   l i n e s  i s  

par t icu lar ly   impor tan t   in   the  flux divergence  calculation. Hence it was 

essential t h a t  a real is t ic   temperature   dis t r ibut ion  be  used i n  t h e  comparison. 

The temperature   prof i le   selected was that obtained  from a coupled  shock l aye r  

s tagnat ion  solut ion and i s  shown i n  Fig. 6 for   the   no ted   f l igh t   condi t ions .  

I n   o r d e r   t o  make the comparison consis tent ,   the   detai led  l ine-by-l ine  calcula-  

t ion   cons idered   on ly   those   l ines   tha t  were averaged in   t he   equ iva len t   l i ne  

model (i.e., t h o s e   l i n e s  a t  frequencies less than about 12.0 eV). There e x i s t  

add i t iona l   l i nes  above  12.0 eV but   these  are strongly  attenuated  by the con- 

tinuum  absorption  processes  and  hence  contribute l i t t l e   t o   t h e   t o t a l   f l u x  and 

flux  divergence  values . 

A comparison  of t h e   n e t   f l u x  a t  three  shock layer   locat ions i s  shown i n  Table 

11. 

TABLZ 11. Comparison  of t h e  Net Flux  Obtained  Using  the Two Transport 
Models 

. " - ~~. ~ ~. 
Physical  Lines Only Flux,. W/cm2; - " Lines & Continuum ~ l u x  , W/cm2 * 
Location  Detailed  Five  equivalent-  Detailed  Five  equivalent 
- - -~ .~ line-by--line  line  line-by-line ~ 

9.05 x 10 o (wall) 4.00 x 10 3.73 x 103 
l i n e  

~- -. 

" 

3 
~~ 

3 
3 
4 

8.78 X l o  
6.09 X 10 5.97 x 10 

8.70 x 103 1.87 X l o  1.89 X 10 

3 
3 
4 

2.57 x 10 3 2.45 x 103 

- 

A s  Table I1 indica tes ,   the   s impl i f ied  model accurately  approximates  the  l ine 

f lux   wi th  a maximum e r r o r  of about 8% a t  the  wall. When the continuum f lux  

i s  added  (the same continuum f lux  values   are   used  with  the two l ine   t r anspor t  

models)  the  error  in  using  the  approximate  l ine  transport  model  becomes less 

than 5%. 
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A comparison of t h e   t o t a l  (continuum  plus l ines)  flux  divergence  values ob- 

tained from the  two models i s  shown i n  Fig. 7. The common continuum  contribu- 

t i o n  i s  shown so t h a t   t h e   r o l e  of t h e   l i n e   t r a n s p o r t  may be assessed. The 

agreement i s  surpr is ingly  c lose  with a maximum difference  of  about  10% a t  

y/6 = . l3  and  generally much less than 10%. Based on t h i s  comparison which, 

although for a s ingle  shock layer   ca lcu la t ion ,   eva lua tes   the  two models  over 

a wide  range  of  temperatures,  the  simplified  five-line model w a s  f e l t   t o  

provide  an  adequate   t reatment   for   calculat ing  the  total   t ransport .  

A s  mentioned  previously,  the  discussion of the   equiva len t   l ine  model has con- 

s idered  only  ni t rogen  l ines .  I n  solving  coupled  flow  problems  with mass in- 

jec t ion ,  it was necessary  to  include  carbon  and oxygen l ines .  The de ta i l ed  

s e t  of relations  derived  for  the  equivalent  l ine  parameters  of an a r b i t r a r y  

mixture of C, N, and 0 atoms are given  in  Appendix B. 

An important   t ransport   effect  w a s  noticed  early  in  our  study of l ine   rad ia t ion .  

Th i s  e f f e c t  i s  common t o   b o t h   t h e   d e t a i l e d  and  simplified  models. Namely, t h e  

temperature  discontinuity a t  t h e  shock front   a l lows a f l u i d   p a r t i c l e  a t  t h e  

shock front   to   lose  energy  in   s t rong  resonance  l ines   of   the   neutral  and ionized 

atoms a t  a very  large rate. However, as the   f l u id   pa r t i c l e   f l ows  away from the  

shock, the  energy  radiated  in   these  resonance  l ines   rapidly becomes trapped 

r e s u l t i n g   i n  a very  large  gradient  i n  the  f lux  divergence a t  the  shock f ront .  

Calculations were made which showed that al though  the  energy  loss   ra tes  were 

ve ry   l a rge   i n i t i a l ly ,  the  times over which a p a r t i c l e  loses energy a t  t h i s  rate 

are   very small for   typ ica l   superorb i ta l   en t ry   condi t ions .  Hence, t he   ne t   e f f ec t  

of the   in i t ia l ly   l a rge   f lux   d ivergence   va lues  i s  t o  produce a negl igible  amount 

of  radiative  cooling.  In  order  to  avoid  the  numerical  problems  of  handling  the 

large  f lux  divergence  gradients a t  t h e  shock, our coupled  flow  calculations 

begin  the  numerical  integration  of  the  flux  divergence term at 7 < 1.00. 

However, even a t  1 = .98 the  f lux  divergence  typical ly  has dropped  an  order 

of magnitude  and i s  relatively  slowly  varying.  Finally,  we should  emphasize 

tha t   t h i s   t r ea tmen t  of the  f lux  divergence  r ight   behind  the shock  appears 

j u s t i f i e d   f o r  U, S 5O,OOO f t / sec .  However, a t  subs tan t ia l ly   h igher   ve loc i t ies ,  

it may be  necessary  to  reexamine  this problem. 
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I 

Section 5 
RESULTS OF C O U H X D  FLOW  CALCULATIONS 

It i s  of i n t e r e s t   t o  assess the   ro l e   o f   v i scous   e f f ec t s   i n   s t ruc tu r ing   t he  

shock layer  under  conditions  of  large surface mass in jec t ion  and  coupled 

radiative  transport .   Since time did  not  permit  the  extension of the inviscid 

ana lys i s   to   inc lude   rad ia t ive   t ranspor t   in   a tomic   l ines ,   the   v i scous   so lu t ions  

used f o r  comparison w i t h  the  inviscid  cases  were correspondingly  l imited  to 

continuum  only  transport.  In  Fig. 8, a comparison i s  given of the   t angent ia l  

ve loc i ty   f i e ld   a long  t h e  s tagnat ion  l ine  of  a spherical  body (R = 2.75 m) 

moving a t  a ve loc i ty  U, = 15.25 km/sec through  an  ambient  density of p, = 

2.06 x gm/cm3. 

A s  a resul t  of radiat ive  heat ing of ablation  products,   the  density  across 

the   ab la t ion   l ayer -a i r   in te r face  i s  nearly  continuous. Hence examination  of 

t h e  x-momentum equation shows t h a t  the tangent ia l   veloci ty   should  a lso  be 

nearly  continuous. O u r  solut ion shows a la rge   d i scont inui ty   in   t angent ia l  

ve loc i ty  a t  the  interface  due  to   the  approximate  integral   solut ion employed. 

On the  other hand, it w a s  shown i n   S e c t i o n  2 that  the   ve loc i ty   d i s t r ibu t ion  

in   the   v i scous   l ayer   so lu t ion  as obtained  using a quadrat ic   prof i le  i s  a l so  

i n  error   (cf .   Fig.  2) .  Unfor tuna te ly   these   e r rors   in  the ve loc i ty   f i e ld  

d i s t o r t   t h e  comparison of the  viscous  and  inviscid  solutions.  Nonetheless 

it i s  of i n t e r e s t   t o  compare the  shock layer temperature and ablation  product 

d i s t r ibu t ions  Prom these two solutions.  This i s  done i n  Fig. 9 where w e  note 

t h a t  the  inv isc id   so lu t ion   y ie lds  a s ignif icant ly   larger   region  occupied  by 

the  ablation  product  gases.  The ro le   o f   v i scos i ty  i s  a l so   ev iden t   i n  compar- 

i ng  the temperature   dis t r ibut ions shown i n  Fig. 9. For the  viscous  solution, 

the  temperature  begins  to  increase  immediately  due  to  conduction and then 

rises rap id ly  as the  opacity of the  ablation  products  increases.   For  the 
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inviscid  solut ion,   the   ablat ion  products  are near ly   t ransparent  a t  the  w a l l  

temperature  and  hence  the  temperature i s  almost  constant  near  the w a l l .  How- 

ever, once the  ablat ion  product   gas  i s  hea t ing   t o   t he   po in t  where i t s  opacity 

i s  large,   heating  occurs  rapidly and the  ablat ion  gases   reach a temperature 

n e a r l y   e q u a l   t o   t h a t  a t  t h e  edge  of t h e  a i r  layer. The fact t h a t   t h e  a i r  and 

ablation  product  gases are qu i t e  opaque over much of the  high  frequency 

port ion of the  spectrum  (roughly hv > 10 e V )  and tha t   fo r   an   i nv i sc id  model 

a condition of radiative  equilzbrium ( * F' = 0)  i s  reached a t  the   i n t e r f ace  

where  pv = 0, forces   th i s   near   cont inui ty  of  temperature. Thus, although 

t h e   e f f e c t s  of conduction  can  be  seen  near  the w a l l ,  conduction  plays a minor 

ro le   in   the   overa l l   hea t ing   of   the   ab la t ion   gases .  

A s  a resul t  of t he   d i f f e rences   i n  shock layer   s t ruc ture ,   p r imar i ly   the   d i f fe r -  

ence in   spec ies   d i s t r ibu t ion ,   the   v i scous  and inviscid  analyses   yield a d i f f e r -  

ence in   t he   r ad ia t ive   f l ux   r educ t ion  due t o  mass inject ion.   This  flux re- 

duction i s  shown i n  Fig. 10, as a funct ion of t h e  normalized surface mass in- 

jec t ion  rate for   the   ind ica ted   f l igh t   condi t ions .  Due t o  numer ica l   d i f f icu l t ies  

it was not   possible   to   extend  the  viscous  solut ions beyond in = 0.10, On the  

other hand, the  inviscid  solut ion i s  i n v a l i d   f o r  mass f l u x  rates below in = 

0.10. A t  the   s ing le   po in t  of common comparison, the  viscous  solut ion  predicts  

a reduct ion  to   about  0.60 while   the  inviscid  solut ion  predicts  a reduction of 

about 0.47; a re la t ive   d i f fe rence  of about 25%. 

5.2 EFFECTS  OF LINE TRANSPORT 

While the   impor tance   o f   l ine   t rans i t ions   in   rad ia t ive   t ranspor t   in   un i form 

gases i s  now well  recognized,  only  recently  have  l ine  transit ions  been 

accounted f o r   i n  coupled  radiative-gasdynamic  calculations. To the   au thor ' s  

knowledge the  only  published work i n  which l i n e s  are t r ea t ed  i s  t h a t  of 

Dir l ing e t  al. ( R e f .  19) and  Page e t  al. (Ref. 20). We have compared our 

solut ion  with  those of Dir l ing e t  al. i n  Fig. 11. The two so lu t ions   d i f f e r  

considerably  right  behind  the  shock wave where Dir l ing shows a large  tempera- 

ture gradient. We be l i eve   t h i s   d i f f e rence  i s  due i n   p a r t   t o   t h e   g r e y   g a s  

flux divergence model. Also, Di r l ing ' s   va lue   for   the   sur face   rad ia t ive  flux 

i s  a fac tor   o f   four  less than  ours.   This  difference i s  due  presumably t o   t h e  
60 
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lower  shock layer  temperatures  and  resultant  reduced  emission  in  Dirl ing's 

solution. A comparison  with  the  recent  results  of Page e t  al. (Ref.  20) i s  

shown i n  Fig. 12. While Page and  the  authors have  used e s sen t i a l ly   t he  same 

atomic  cross  sections  for  both  continuous and discrete   processes ,   the   t ransport  

models are  different.   Despite  the  difference,   the  agreement  in  the  enthalpy 

l e v e l s  i s  qui te   c lose i n  the   inv isc id   reg ion  of t he  shock layer.  (Since  Page's 

ca lcu la t ion  i s  based on an  inviscid flow analys is ,   the  comparison i s  val id   only 

in   t he   i nv i sc id   r eg ion .  ) The va lues   for   spec t ra l ly   in tegra ted   rad ia t ive   f lux  

a r e   a l s o   i n  good agreement,  although  detailed  spectral  comparisons show major 

differences.  

The r e l a t i v e   e f f e c t s  of l i n e s   i n  comparison  with a continuum-only calculat ion 

on the  shock layer  enthalpy i s  shown i n  Fig. 13 for  the  conditions  noted. The 

increased  emission  from  lines  reduces  the  enthalpy  below  the  continuum-only 

solut ion by a maximum of about 104. This   addi t ional   cool ing  s ignif icant ly  

reduces  the  net   increase  in   the  surface  radiat ive  f lux when line  emission and 

absorption  processes are included  in  coupled shock layer   solut ions.  Table I11 
summarizes the   re la t ive   e f fec t   o f   inc luding   l ines  a t  ve loc i t i e s  of 13.7, 15.25, 
and 16.8 km/sec. 

TABLE I11 Effect  of  Lines on Surface  Radiative Flux 

p, = 2.06 x gm/cm3; R = 2.75 m; & = 0) 

Velocity  Radiative  Flux, W/cm 2 Radiative Flux, W/cm 2 

("/ se c 1 (Continuum only) (Continuum p lus   l i nes )  

13.7 
15 - 25 
16.8 

1.15 X 10 3 
3 
3 

2.02 x lo 
3.48 x 10 

1.67 X lo3 
3.22 X 10 3 

3 4.70 x 10 
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5.3 ABLATION PRODUCT ABSORFTION* 

The various  species  contained  in  the  ablation  product  gases have been shown 

previously  in  Fig.  10 t o  absorb   s t rongly   the   rad ia t ive   f lux   emi t ted   in   the  

high  temperature  regions of t h e  shock layer .  It i s  of i n t e re s t   t o   de t e rmine  

w h a t  species are primarily  responsible for this   absorpt ion.   In   Fig.  14 we 

present,   for  the  case  of a continuum-only  solution,  the monochromatic r ad ia t ive  

f lux   inc ident  a t  the  surface with and  without mass in j ec t ion  of ab la t ion  pro- 

ducts as calculated  using a viscous  analysis.  It i s  c l e a r  from t h i s   s p e c t r a l  

p l o t  that most of the   absorpt ion i s  due to   neut ra l   carbon atoms which block 

the energy emitted towards  the wall a t  frequencies   greater   than 11.2 e V  ground 

s ta te   photoionizat ion l i m i t .  Some absorption by molecular  bands i s  apparent 

b u t  t h i s   occu r s  a t  frequencies where the monochromatic rad ia t ive   f lux   emi t ted  

in  the  high  temperature  regions  towards  the wall i s  qui te  low. The ne t   e f f ec t  

of including or omitting  the  absorption due t o  molecular  species i s  given i n  

Fig. 15. We see  that   molecular  absorption  accounts  for a r e l a t i v e l y  small bu t  

nonnegligible  portion of the  f lux  reduction. 

Solutions 'were obtained  including  the combined e f f e c t s  of rad ia t ive   t ranspor t  

i n  atomic  l ines  and mass in jec t ion .  The l i ne   t r anspor t  used a s i x  group model 

wi th  f-numbers  and half-widths of each  group  averaged  between  carbon,  nitrogen, 

and oxygen atoms. (Hydrogen l i n e s  were neglected. ) The line-grouping  transport  

model implies that a l l   l i n e s   w i t h i n  a given  group  emit  and  absorb a t  a common 

frequency.  While t h i s  type of model i s  v a l i d   f o r  a system  with a f i x e d   r a t i o  

of  elemental C, N, and 0 throughout  the  radiating  layer,  it breaks down, i n  

general, for a layer  containing  mainly C atoms i n  one region and N and 0 atoms 

i n  another.= For such a nonuniform d i s t r ibu t ion  of species, the l ine  grouping 

model i s  val id   only i f  there  i s  strong  overlapping  between  the  carbon,  nitrogen, 

and oxygen t r ans i t i ons .  However, an a pos te ror i  check of the  equivalent  widths 

* 
All so lu t ions   d i scussed   in   th i s   sec t ion   a re   based  on a viscous  analysis.  The 
ablation  gases  are  the  pyrolysis  products  of  carbon  phenolic (Cc = .929; 
C- = -019; C ~ J  = 051) H 

.xic 
The authors   are   indebted  to  Mr. Dale Compton, NASA Ames Research  Center, f o r  

b r i n g i n g   t h i s   p o i n t   t o   t h e i r   a t t e n t i o n .  
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of   the  l ines   within  the  var ious  l ine  groups showed these   l i nes   t o   be ,   fo r   t he  

most par t ,  w e l l  i so la ted .  Because  of t h i s   r e s u l t ,   t h e   c a l c u l a t e d  amount of 

absorption of l ine  radiat ion  by  the  ablat ion  product   gases  was s ign i f i can t ly  

overpredicted. Hence t h e   r e s u l t s  of t h e  combined so lu t ions   wi th   l ine   t ranspor t  

and mass in j ec t ion  were not   val id   and are not  presented  here.  Further work on 

a va l id   l i ne   t r anspor t  model f o r  multi-specie  atomic  gases i s  required. 

\ 
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Section 6 
CONCLUSIONS 

The effects  of  ablation  product  absorption  and  atomic  l ine  transit ions on 

radiative  transport  within  the  shock  layer  enveloping  an  ablating  blunt body 

have  been  examined.  This work has  extended  our  previous  studies (Refs. 3, 
4) t o   h ighe r  mass in jec t ion  rates. Contrary t o  our   ear l ier   conclusions,  

we now f ind  tha t  the   rad ia t ive   f lux  from the  high  temperature  portion  of  the 

shock layer  i s  significantly  reduced  by  surface mass in jec t ion  of ab la t ion  

product  gases  with rates of the order of a few percent of the free  stream 

mass flux. The flux  reduction i s  due mainly to  absorption  by  atomic  carbon 

and  hydrogen;  molecular  species  provide  only a modest a d d i t i o n   t o   t h e   f l u x  

reduction. 

* 

Both a viscous  and  an  inviscid  analysis were employed. The viscous  analysis 

suf fe rs  from  numerical d i f f i c u l t i e s  as the  mass in jec t ion  ra te  parameter 

approaches  roughly a valud  of 10. The inviscid  analysis  i s  applicable a t  

very  high  blowing  rates  being  l imited  only  by  the  thin shock layer  approxi- 

mation. However, the   inv isc id   ana lys i s  becomes inval id  as the  blowing  para- 

meter becomes small, roughly a value  of  10. Hence there  i s  only a small region 

of   overlap  in   appl icabi l i ty  of the  viscous  and  inviscid  solutions.  Both  the 

viscous  and  inviscid  analysis show the same qualitative  behavior of a weak 

dependence  of  surface  radiative  flux  reduction on mass in jec t ion  rate ( t h a t  

i s  once the   in jec t ion   leve l  i s  relat ively  high,  f X 1). A quant i ta t ive 

comparison  of the inviscid  and  viscous  analysis a t  the s ingle  common mass 

injection  condition showed that the   so lu t ions   agreed   in   p red ic t ing   the   sur face  

flux  reduction  to  within  about 25%. Further   quant i ta t ive comparison requires  

improvement in   t he   f l ow  f i e ld   so lu t ion   i n   bo th   t he   v i scous  and  inviscid  analyses.  

More exact  inviscid  treatments have recent ly  become avai lable  ( R e f .  22). It i s  

* 

f W  

W 

The conclusions  deduced i n  R e f .  4 t o  which we a r e   r e f e r r ing  were, i n   p a r t ,  
affected  by  erroneous  numerical  computations  of  the  species  conservation 
equations. 
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recommended that the flow f i e ld  so lu t ion   in   the   v i scous   ana lys i s  be obtained 

by  exact  numerical   integration  of  the momentum equations.  This  extension would 

permit a quantitatively  meaningful  assessment of t h e   e f f e c t s  of molecular  trans- 

port   processes on shock l aye r   r ad ia t ive   t r ans fe r .  

The r o l e  of a tomic   l ine   t rans i t ions   in   v i scous ,   rad ia t ing  shock layers  were 

examined.  Atomic l ines   increase   the  level  of radiant   energy  t ransport   wi thin 

the shock layer  by  about a factor   of  two and  hence were expected t o   i n c r e a s e  

the  surface  radiat ive  f lux.  However, the  increased  energy loss through  the 

shock front  moderates the  e f f e c t s  of l ine   t ranspor t   y ie ld ing  a net   increase 

over a continuum-only ca lcu la t ion  of the  surface  radiat ive  f lux of about 50% 
a t  v e l o c i t i e s  between 12-16 lan/sec. The coupled  radiating  flow  solution  used 

a s impl i f ied   l ine   t ranspor t  model. The v a l i d i t y  of t h i s  model w a s  based on a 

comparison  with a more detai led  l ine-by-l ine  calculat ion.  However, t he   va l id i ty  

of the  model was es tab l i shed   for  a system of nitrogen  l ines  only.   Further 

work on the l i ne   t r anspor t  problem i s  needled t o  develop a simplified model 

va l id   for   mix tures  of H, C ,  N and 0 atoms  and ions  over a wide range  of  thermo- 

dynamic conditions. 
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APPENDIX A 

CONTINUUM ABSORFTION  COEFFICIENT  FOR ATOMIC AND MOLFCULAR SPECIES 

The continuum  absorption  coefficients  for  the  neutral   and  ionized atoms  of 

H, C y  N, and 0 were calculated  using  the  approximate  relations  derived  by 

Biberman and Norman (Ref. 2 3 )  for   photoionizat ion from exc i t ed   s t a t e s  and 

the  tabulat ion of  Wilson  and  Nicolet  (Ref. 18) for  photoionization from low- 

ly ing   s t a t e s .  The absorption due t o   f r e e - f r e e   t r a n s i t i o n s  was included  using 

the  hydrogenic  approximation. The equations  given  here  hold  over  the  frequency 

range 0 < hv < 20 eV. 

The following  variables  and  constants are defined  ( the  subscript  k denotes 

the  various  species H, H , C,  C , N, N , 0, 0 ) : 
+ + + + 

constant = 7.25 x 10 ern 

ionization  energy  (Table A . 1 ) ,  eV 

threshold  energy  (Table A. 1) , eV 

s t a t i s t i c a l  weight  factor*  (Table A . l )  

nonhydrogenic correction  factor  (Fig.  A . l )  

temperature kT i n  energy  units, eV 

frequency hv i n  energy  units, eV 

number density  of  specie k, part/cm 3 
pa r t i t i on   func t ion   fo r   spec ie  k 

-16 2 e$ 

* 
We note that  Biberman and Norman (Ref. 2 3 )  define Tk as a r a t i o  of the  
temperature  dependent  partition  functions  of  parent atom and residual  ion.  
However, we have  found tha t   s e l ec t ing  Tk = constant = 2gII/gI (where gII 
i s  the  ground s t a t e   s t a t i s t i c a l  weight  of the  residue  ion and gI the  
ground s t a t e   s t a t i s t i c a l  weight  of  the  parent  atom)  gives a b e t t e r  fit t o  
the   de t a i l ed  data of  Ref. 18. 
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TABU3 A . l  

ATOMIC CONSTANTS FOR CONTINUUM  ABSORFTION COEFFICmS 

jpecies 
k 

H 

H+ 

C 

C+ 

N 

N+ 

0 

O+ 

(‘T’k 
eV 

0.80 

- 
3.78 

14.9 

4.22 

18.1 

4.25 

20.4 

EQUATIONS FOR H 

for 1.60 eV 5 u < 3.40 eV 

rk 

1 

- 
1.33 

-333 

4.50 

1.33 

0.888 

4.50 

77 



. .- ~ . .. .. . ." . . ....._... 

EQUATIONS FOR H+ (FREE-FREE 

Not included. 

EQUATIONS FOR C 

for 0 < u < 3.78 eV 



f o r  9.75 eV u < 11.0 eV 

for u > 11.0 eV 

EQUATIONS FOR C+ 

f o r  0 < u < 15.1 eV 

for 15.1 eV u < 18.8 eV 

for u > 18.8 eV 
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EQUATIONS FOR N 

for 0 < u < 4.22 ev 

f o r  4.22 eV u < 10.8 e V  
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for u > 18.1 eV 

EQUATIONS FOR 0 

f o r  0 < u < 4.25 eV 

EQUATIONS FOR 0' 

f o r  u > 0 



The absorption  coefficient  of  various  molecular  band  systems was included  in  

terms  of the usual pseudo-continuum  smeared-line model. The selection  of  the 

band  systems  included was based on estimates of the i r   s ign i f i cance   i n   ab l a t ion  

layer  absorption ( R e f .  4). The p a r t i c u l a r  band  systems  included,  the maximum 
value of the absorption  'cross  section,  and  the  frequency  interval spanned  by 

the  band are given i n  Table A.2. Fur the r   de t a i l s  on these  molecular  band 

absorpt ion  coeff ic ients  can  be  found i n  R e f .  4. 

TABU A.2 

Frequency Range For 
Molecule Contribution  Cross-sgctlqn ~2 .- ~ ~ S+if ~ ___.~ ica.nt  Absorption, eV 

H2 Werner 

Photoionization 

C2 Swan 

Fox Herzberg 

Mulliken 

Freymark 

3 x 10-~'7 
7 x 

3 x 10-~7 1.8 s hv 5 6.0 
4 x 10-l8 1.8 5 hv 5 5.35 
3 x 10-l7 5.35 I hv 5 6.0 
6 x 10 - 18 1.8 5 hv 6.0 

CN Violet 3 x  SO-^^ 2.0 I hv I 6.0 

CO 4 th  Posit ive 

N2 Birge-Hopfield 

2 x lo-18 7 5 hv 5 10 

1.2 x 1 0 - ~ 7  11 I hv I 14.2 

O2 Schwnan-Runge 3.7 x 7 S hv 5 9.2 
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APPETDIX B 

EQUIVAL;ENT LSNE PARAMETERS FOR AN ARBITRAFE 
MIXTURE ON C, N, AND 0 ATOMS 

The parameters  f ,  q, required  for   the  l ine  f lux  and  f lux  divergence 
ca lcu la t ion  are defined  by Eq. (4), as derived  in   Sect ion 4. Using the  

f-number  and (half) half-width data from  Reference 18, the   coe f f i c i en t s  

i n  the  def ining  equat ions were evaluated. The t o t a l i t y  of l ines   considered 

have  been  grouped in to   s ix   equiva len t   l ines .  For each  equivalent   l ine   the 

algebraic  expressions for f ,  ?, a r e   l i s t e d  below. 

- 

To account  for the three  different   a tomic  species   present   within  each group, 

the  weight  factors Xc, 5, and Xo, defined  by  appropriate number densi ty  

r a t io s ,  are introduced. 



with N = N  + N N + N o  T C  

In addition  to  the  p.wameters  f, y, CY for  each  line  we  also  state:  the 
weighted  number of lines  n,  the  spectral  interval D covered by the  equivalent 
line,  and  the  spectral  location  hv  of  the  equivalent  line. 

GROUP 1 

” _  

- 1 fl = - {XCfC + %fN + Xofo) 
nl 
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I 

n 1 = 1 7 X c + 2 3 % + g X o  

GROUP 2 



f = o  C 
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GROUP 3 

n3 = 8x, + 

D = 2.000 3 
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hv = 7.000 3 
GROUP 4 

- 1  f4 = - {X,f, + %fN + Xofo] 
n4 

nl.f 2 

I 



n4 = 21 xC + 6 5 + X. 

D4 = 2.000 

hv4 = 8.000 

GROUP 5 
- 1  f = - { x f + 5fN + Xofo]  

n5 c c  

f C  = - (9.0) 8.65-2 1 
=C 

J J  



D5 = 1.000 



GROUP 6 

fC = - (5 e 1 - 1.264/kT 
=C 

1 7.05-1 

fo = (g)  C(9.0)  1.99-2 + (e -4.188/kT) 1. B5-2 
0 
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