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ABSTRACT

The objects of the following work are these:
a, To show how the theory of molecular flow can be used
for analysis of vacuum networks;

b. To determine experimentally the highest pressures for

PR

which molecular flow is maintained through a membrane

-

(two different types tested) for various isotopically
pure gases;

c, To show the results of experiments with a simple
molecular flow network;

d. To point out that the experimental method presented
herein constitutes an extremely accurate method for
measuring the absolute conductance of a membrane for

molecular gas flow,

e, To show how to optimize a vacuum network for analysis
of a gas mixture by the variation in effusion rates
of the constituents of the mixture;

f. To discuss some advantages, limitations and the P e

| —

» expected accuracy of such a method of gas mixture

analysis; i
g. To show numerical methods of increasing the accuracy ‘
of this method of gas mixture analysis, l
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CHAPTER I

INTRODUCTTION

1.1 Definition of Molecular Flcw

If a gas is flowing in a system at a pressure sufficiently
low so that the mean free path is long compared to the diameter
of the flow tube, then there will be relatively few intermolecular
collisions compared to the number of collisions with the walis, and
molecular flow is said to be taking place.

The approximate condition usually given for molecular flow

is that the Knudsen number
nzL/d>1

where L is the mean free path of the gas and d is a characteristic

dimension, usually diameter, of the flow channel.

1.2 Previous Investigations of Molecular Flow

The early work on molecular flow was done by Knudsen (1909)
and (1911), Smoluchowski (1910) and Gaede (1913). These
investigations were extended by Adzumi (1937), and a great deal of
work was done by Clausing (1929) and (1932) on molecular flow in
tubes of various lengths.

More recent studies have detailed interesting molecular flow
effects in both long and short tubes, and at the transition between
molecular and‘slip flow. The results of Clausing have been extended
by Pollard and Present (1948), Iczkowski, et al, (1963) and Barrer

and Nicholson (1965) and (1966).

Y CUS, . ..




Molecular flow through long pores has been c<iscussed by

Wheeler (1951), Carman (1956), Scheidegger (1960) and Hirsch (1961).

The transition between molecular and slip flows has been analyzed
by Pollard and Present (1948), Scott and Dullien (1962) and Fryer 1
(1966).

The effusion of gas through a small hole was used by Buckingham i
and Edwards (1920) for a rough determination of gas densities. Eden )
(1951) suggested that an approximation to the pressure vs time curve
of a gas mixture could be used to obtain an average molecular weight.

Kendall (1966) pointed out the possibility of obtaining the
composition of a gas mixture from its pressure vs time curve for

molecular effusion through small holes.

1.3 Possibility of Using Molecular Flow to Analyze a Gas Mixture 1

If there is molecular flow at constant temperature, it is }

easily shown from simple kinetic theory that effusion of an
isotopically pure gas through a single thin membrane from one chamber

to another at a lower initial pressure takes place according to the law

At | ///,

P(t) = Po e

where Po and P(t) are the initial and time dependent pressure
differences across the membrane and ) is a constant dependent upor the {
particular geometry and species of gas. 1
For N different species of gas present and effusing Z
independently this equation becomes o
N -\t {

P(t) =P ) X, e I, (1)
o j=1 j




with

N

X, =1
321 ]

where X, is the mole fraction of the jth species present,

3
If the pressure P(ti) 1s measured at N points in time t, then

Equation (1) becomes the system

N —Ajti
P(t,) =P ) X, e (2)
i o} h
j=1
where 1 = 1, 2, ... N is the index on the data points and N is the

number of gases in the mixture. If the Aj have been determined, the
linear system (2) may be solved for the Xj as unknowns., Thus, in
principle, a membrane and a pressure gauge can be used as a mass

spectrometer to analyze a mixture of gases (Kendall, 1966).
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CHAPTER II

THEORY OF A MOLECULAR EFFUSION GAS ANALYZER

2.1 Vacuum~Electrical Analogy

The mathematical analogies between an electric circuit and a
vacuum system having molecular flow have been used for vacuum system
calculations by Dushman (1962), Teubner (1962), Barnes (1964), Kendall
(1968) and Kendall and Pulfrey (14969),

Consider a gas flowing in a channel under conditions of
molecular flow between a variable volume Vl at pressure Pl and
temperature T and a second variable volume V2 a‘ pressure P2 and at the
same temperature T. The standard definition (Dushman, 1962) for flow
rate Q leaving wvolume V. is

1

v

;'f,‘:Q = P — .
1 ot
Py

If there is molecular flow the ideal gas law may be assumed to hold,

and at constant Pl’ P2, T we have
aVv oN
.. 1 _ 1
AT b KT 5
1
oV oN
2 - 2
P |, T kT =%
2
where k is Boltzman's constant andi N1 and Nz are the numbers of
molecules in volumes Vl and V2, aad t is time,

The conductance F 9 of the channel connecting V., and V, is

1 1 2

defined from the equation




-5 .
(avl -1 oV, -1
~ P P,

From this definition the analogy with Ohm's law may immediately be

seen where
Q €« current

Pl - P2 <> potential difference

¥ < electrical conductance,

12

“t 1s clear that the conductance F12 depends directly upon the

molecular velocity and, hence, inversely upon the square root of the
molecular weight (for molecular flow at a particular temperature).

Also

Fig = Foq-

Comparison of the equation for a variable capacitance c¢

having a constant voltage v maintained across it

PR 13
v

where 1 1is the current leaving the capacitance, with the definition

= 5 OV
-Q=P"a‘z;)
P

leads to the analogy

volume <—> capacitance.

2,2 Analysis of a Simple Vacuum System

As an example of this approach to analyzing vacuum systems




having molecular flow, consider the system of Figure 1.

the membrane M can be moved impulsively from position A to position B

In this system

creating an instantaneous pressure difference, and if the membrane
holes are small enough, there will be molecular flow through the

membrane M.

The pressure response of this system with molecular flow will

be found by analogy with the circuit of Figure Z2a using initial

conditions ou the charges
q,(0) = q,(0) = q

and also defining the current i

At time t = 0 the capacitances are changed by an amount A as shown,

and for t > 0 the loop equation is

1 )
c+s ~®- g3 = O
Using the definition of i above and the fact that
ql(t) + qz(t) = 2q0
then
1, - 249 dq, dy
~Tc+s “Fa& "~ e-5 ° %
44, s L[e-broral 249 - 0
dt R Cz _ A2 2 R(C + A) '




ELECTRONIC DIAPHRAGM

MANOMETER

FIXED VOLUME

®_

BRE <]

B‘;........... crord
A E—"" VRl |
' P (1) N N M\
! 2N PN
GAS SAMPLE

FIGURE 1 VACUUM SYSTEM WITH SINGLE MEMBRANE




ia

A g
'(f) ‘Zﬂ

™

C GOES 22 q q,( A< ¢ GOES
TO C+A 71" 7o c-a
—
(a)
Aqéﬂ
40
qo(l a2 alieintebeieleta etk bbbt
»t
t=0
(b)
/S 1
A\@U) . {
do )
cC-4
{
|
S F ey — = =
< z
- »t
t=0 <
(c)
FIGURE 2 ELECTRICAL ANALOG FOR THE VACUUM SYSTEM OF FIGURE 1 AND ;
RESPONSE TO SIMULTANEQOUS CAPACITANCE CHANGES AT t=0 —1




e - g
3

Taking Laplace Transforms where

£,(s) 5 L iq,,_(r)}

2C 1
sf, - g + — - =
( 2 0 R(C2 _ AZ) 2 s(
Then
9 5P
f2<s) = s + a + s + a
where
4 = 2C
- H
R(C - A%
b = 2q0
- R(C + M
Now
-1 _ _ -at , 2b
L {fz(s)}-qz(t)_qoe +a
or
A A
1,(t) = q, (1”6 T3

This response is shown in Figure 2b.

H

_ %o
R(C +

A)

In the circuit of Figure 2a the potential vz(t) taken with

respect to ground is

T

and




e
2,

- 10 -
v, (t) = %0 1l - é—+ é-e"at t >0
2 C - A C C ’ )

This response is shown in Figure 2c.

Using the previous discussion regarding the analogy between
an electrical RC circult and a vacuum system having molecular flow,
we see from the solution for v2(t) that the absolute pressure in

volume two in Figure 1 has the form

~oFt
e

- s .8
cht>-1>0 1-V+V (3)

for £t > 0 if the volumes on both sides of the membrane are equal to
V before the membrane movement, § is the change in volume (volume one
increases by the amount § and volume two decreases by the amount §),
PO is the initial absolute pressure in volume two immediately after

the membrane movement, F is the conductance of the membrane, and o

is defined by

Note that o depends upon § to second order so that for small §
2
a>g as § » 0.

Therefore if § is small, the system in Figure 1 has a response with

time constant nearly %VF“l which is the time constant for a single-

volumed system of volume %V and the same flow conductance.

2.3 Application of Molecular Flow Theory to Analysis of a Gas
Mixture

Equation (3) is the pressure response of two equal volumes

connected by a conductance and containing a single gas at low pressure.
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It the volumes are instantaneously changed as in the system in Figure
1, then the pressure equalizes exponentially if there is molecular flow
through the conductance.

As discussed in Chapter I for a mixture of several species
of gases flowing through the membrane, P2(t) in Equation (4) is a
superposition of solutions (3) where the Fj are the various conductances
and the Xj are weighting factors (molar fractioms) to account for

differing amounts of the N various species.,

N
= V
i=1
- s .9 _o2ve o
Sj 2Py |-ty exp { NR) FjJ (4a)

with 6§ and V constants as defined above.
In order to determine the composition of a gas mixture using

the system of Figure 1 we would solve a system of equations

N
Bpty) = L Xy Sy (555 F (5)

letting 4 = 1, 2, ... N and with Sij determined from Equation (4a)
at successive times ey The set of Equations (5) and (%4a) is similar

to Equation (2) but with the identification of time constant reciprocal

To analyze a mixture of gases by molecular effusion through a
membrane, the conductances Fj for molecular flow of the individual

species must be determined as accurately as possible.




CHAPTER III

APPARATUS AND METHOD FCR MEASURING THE TIME CONSTANTS
FOR EFFUSION OF VARI(US GASES THROUGH MEMBRANES

3.1 Apparatus

It has been shown above that i1f the associated volumes and
volume changes are known, the measurement of the conductance Fj of a
membrane for a particular pure gas in the system of Figure 1 is
equivalent to the measurement of the time constant for molecular
effusion of the gas through the membrane to equalize pressure after
some change in the volumes “as occurred.

The apparatus which was basically that of Figure 1 consisted
of a sintered silver or porous plastic (PVC) membrane mounted between
two adjustable volumes. A Barocel (Datametrics, Inc.) electronic
capacitance manometer type 10l4 with a pressure-sensing head of type

511-10 was used Zor a pressure transducer.

One kind of membrane tested was made by Flotronics, Inc. of
sintered silver particles with a hole size of 0.2u and a thickness , )x,/%
of 480U giving a path-length to hole-size ratio of 240. The plastic ///I
membrane used was made by Millipore Corp. of polyvinyl chloride with {
a hole size of 10Omp and a thickness of 0.0135 cm, giving a path-length . ‘

to hole-size ratio of 13,500.

3.2 Method of Measurement of the Time Constants

To determine the time constants of various pure gases effused
through the membranes, an electrically generated (RC discharge)
exponential was matched to the signal from the Barocel electronic

manometer.
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In the apparatus (Figure 1) the volumes were changed
impulsively (in less than 0.1l second) and simultaneously by movement
of the membrane M from position 2 to B, The flexible bellows enclosing
the volumes on either side of the membrane allowed this movement which
created an instantaneous pressure difference across the membrane. This
pressure difference then equalized with an exponentilal or nearly
exponential waveform in time as the gas effused through the membrane.

In Figure 3 which is the block diagram of the circuitry, the
microswitch was closed by the membrane assembly movement. Then the
Barocel and RC-generated exponential signals were connected
simultaneously by the relay #1 having a variable time delay. The
purpose of the time delay is explained in Section 3.4

Exponentials of various peak heights and time constants were
generated by the circuit of Figure 4 to find the exponential that
matched the pressure response curve. When the difference between the
RC discharge and the Barccel signal was a straight line at zero plotted
in time on the strip chart recorder, then the time constant could be
determined to a high degree of accuracy from the resistance-capacitance
product in the circuit of Figure 4.

Signals of the form

t
AO[ exp |- 7 ) - exp

with A, = 3 wvolts

0

will have a value of about one mv for

5 sec « t « 25 sec

if

R N JESE ORI -
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'/t = 1,001

when

10 sec < T < 30 sec,

Thus, under these conditions we can detect a 0,1% difference in time
constant between two exponentials if we can observe a one mv voltage
difference over the middle of the decay from 5 to 25 seconds. The
necessity for accurate absolute voltage measurements is eliminated by
this null method.

The pressure range investigated was 1 to 100 Torr, and the
peak pressure signal voltages were maintained between two and five
volts by adjusting the range on the pressure transducer. The peak
pressure increase was about four percent.

The values of the resistors in Figure 4 were determined on a
Wheatstone bridge. The total resistance was calculated by combining
in parallel the branch containing the resistors Rl to R8 and R11 with
the branch containing R9, RlO and the input impedance of the strip-

chart recorder. The method of calculation of the resistance of each

branch is obvious from Figure 4.

3.3 Accurate Determination of the Capacitanc:: in Figure 4

Since the capacitance in the circuit of Figure 4 was not
changed (the variation in time constant was obtained by resistance
changes), a special effort was made to measure the capacitance
accurately so that the RC products could be immediately calculated

once R had been determined.

e
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mfd was used; however, the considerations associated with measurements
of capacitance to this accuracy nced to be mentioned. These
considerations are temperature and voltage coefficients, leakage
resistance and dissipation factor, A DC-equivalent circuilt for a

real capacitance is shown in Figure 5 in which RL is the leakage
resistance and RD is the dissipation resistance.

The capacitors used were paper-mylar types, and these have
small enough temperature coefficlents not to be affected by normal
variations in room temperature. Their voltage coefficient is
essentially nil, and the insulation resistance is above 104 meg ,
also having a negligible effect. The leakage resistance of this type
of capicator is usually measured in the thcusands of megohms, and it
was measured and found to be above lO4 meg.

However, the dissipation factor can be as high as 0.3% with Vs
this type of unit. Figure 5 shows a plot of RTC versus R (R is a real

~
resistor) where R, is the total effective resistance (RT = R + RD) and

T

the R's were measured independently. If RD > 0 then RTC >0 for R = 0,

- 17 -
The va'ue of the capacitanee in Figure 4 was determined by a
least square fit to 10 RC decays at each of three different resistances.
The averages of the 10 capacitance determinations at each resistance
were 9,13 mfd, 9.1%4 mfd, 9.18 mfd. Therefore the value of 9.15 + 0,03
A
|
but a calculated least-square fit showed that RD < 3K which can be \
neglected. Therefore we feel correct in assigning the value of 9.15 mfd
+ 0.3% to the capacitance.

One could simply use the same capacitor for all determinations

of the time constants for various gases, and then we would hope to
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obtain relative time constants consistent within about 0.1%, which is
approximately the accuracy of the pressure transducer. Determination
of the capacitance allows the specification of the time censtants in
seconds, and, hence, the calculation of the absolute conductance values
of the membrane for various gases (if the associated volumes and volume

changes are known).

3.4 Temperature Transient Effects

Transient temperature effects will cause the pressure vs time

curve discussed previously to be non-exponential. If Pl’ Vl’ Tl and

PZ’ VZ’ T2 are the initial and final pressure, volume and temperature,

respectively, then

Y
El. ) Tl V2 ) Yg
P2 T2 Vl \ Vl
Vv - ]
o= 2]
2 1 V2

for adiabatic change where 7y 1is the ratio of specific heats for

the gas. Taking V2 = 0.96Vl and Tl = 300°K and y = 1.5 then
= o]
T2 306°K.
It must be determined how seriously this heating will affect

the time constant determinations. How long does the transient last

and how is the transient atfected by pressure and the species of

I e, T

gas?

The circuit used for transient temperature measurements is

- ol

shown in Figure 6. It consisted of three parts: a constant current |

source, a fast-acting thermistor, and a fast strip-chart recorder.
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The current source produced a drop of 600 mv across the thermistor
at room temperature, and any change in resistance of the thermistor
was shown immediately as a change in voltage drop which was measured
by the strip-chart recorder. The amplifier A provided a high impedance
input as well as range changes, and the 600 mv supply cffset the 600
mv drop across the thermistor at room temperature.
The thermistor was a VECO Corp. '"Micro Bead" with a time
| constant of 0.12 sec. in air at one atmosphere and 25°C azcording to
the manufacturer. The thermistor was placed inside the bellows assembly
about three-eights of an inch from the membrane. The strip-chart

recorder was a Techni--Rite Inc. model TR-711 which can follow cver

100 Hz.
Figure 7a shows the temperature waveforms for three gases
effused through the sintered silver membrane having 0.2u holes

at pressures of 90 Torr or above. Xenon shows the highest peak and

the longest duration which is due to its slower molecular velocity.,

Even for Xenon the transient is essentially over within one second.

Hence it was concluded that the temperature transients may be neglected /J/’
i after one second. {
The purpose of the relay #1 in Figure 3 having a variable 4

time delay was to delay about one second after the bellows movement ,
before connecting the two waveforms to be compared. In this way '
transient temperature effects in the first second of the pressure z
waveform were ignored. |

Figure 7b shows the peak temperature recorded from waveforms

like those of Figure 7a for several gases at various pressures. Note
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that the curves for the two inert gases xenon and neoun (Y ¥ 1,65) are
grouped together as are the curves for 02 and 002 (y ¥ 1.35)., Heldium
showed smaller temperature rises because of its very high conductivity. |

That the time constant of the thermistor should be a function 4
of pressure can be seen by comparing the mass of gas hitting the 1

very small thermistor (0.013 cm diameter) and two wires connecting the

thermistor (0.0018 cm diameter, 0.64 cm length) within 0.1 second after j
|
the compression (which is approximately the time to peak of the

temperature waveforms) with the mass of the thermistor plus wires
(weighed as well as calculated to be about 0.1 mg).
From Dushman (1962) the mass G of gas striking a surface is

9 1/2

G =5.833 x 1072 x -1

P_. g em © sec

M
T T

where M is the gram molecular weight, T the Kelvin temperature, PT
the pressure iu Torr. If M = 10, T = 300°K, the area of the thermistor

plus wires is 76 x ].O_4 cmz, then the mass of gas striking the i

thermistor and wires in 0.1 second is /k///

G z 1.5 x 10—2 PT mg. /”// {

The mass of gas striking the thermistor and wires within 0.1 )
second after the compression is linear with pressure and within one
order of magnitude of the mass of the thermistor plus wires from about |
1l to 75 Torr. This fact accounts for the behavior shown in Figure 7Db
in which the peak temperature changc 3 with pressure from 1 to 100 ‘

Torr which is consistent with the results given by Dushman (1962)

on page 45.
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The fact of the pressure-~dependent thermistor time ccnstant
in no way affects the conclusion that the temperature transients
are essentlally over within one second., It can be seen that if the
declining waveforms for t > 0.2 second of Figure 7a were projected
back to the time origin, the peak temperature rises would be about

4 to 6°C as calculated.
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CHAPTER IV

RESULTS OF EXPERIMENTAL MEASUREMENTS

4.1 Exponential Pressure Response of the System

The time constants for effusion of gases through a single
membrane were measured by the method of Chapter III.

Figure 8 shows the pressure vs time curve for argon at one
Torr, and four curves which are the differences between the pressure
response and an exponential generated by the circuit of Figure 4 at
different values of Rll' The resistors RZ’ R3 and R7 were used in
series with each of these four values of Rll' The top curve shows that
the zero point drifted about 0.8 mv in 30 seconds. From the curves
shown in Figure 6 we would deduce a value of 45 + 1k for Riq+ The
total resistance was calculated by combining R2 + R3 + R7 + Rll in
parallel with the resistance of the branch containing Rg, R10 and the
input impedance of the strip-chart recorder.

According to the manufacturer the accuracy of the pressure
transducer is better than 0.1%7 (limited primarily by diaphragm memory).
Small ambient temperature variations are also a problem when measuring
pressure differences to less than one percent.

With the system thermally insulated and using the curve-
matching approach, the time constants for various gases were calculated
to be proportional to the square root of molecular weight within one

part in eight hundred as shown in Figure 9,
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4,2 Results of Time Constant Measurements )

Figure 10 shows time constants for effusion of various pure

gases through a membrane of sintered silver particles having holes no

larger than 0,2u. For a particular pure gas molecular flow takes place
at pressures for which the time constant is independent of pressure.
For the heavier gases the time constants decrease above about 10 Torr
due to viscous effects, although the responses appear exponential well
beyond 10 Torr except for Xenon which shows a non-exponential waveform
above 1l Torr.

The requirement usually cited for molecular flow is that
L/d > 1 (6)

where L 1s the mean free path of the gas and d i1s a characteristic

dimension. If the hole size of 0.2y is taken as the characteristic

dimension for the data of Figure 8, then the molecular flow condition

(6) above gives the result that we would expect molecular flow to -

pressures above 200 Torr. However, condition (6) is only an approximate

criterion for molecular flow. ///’
Since the time constants in Figure 10 are only strictly

pressure independent up to about 10 Torr, this would imply a condition

for molecular flow 1
L/d > 20. 4

The measurements of Knudsen (1909), with about one percent

accuracy, on molecular flow through diaphragms of platinum foil of ‘

thickness 0.0025 mm and 0.0050 mm with holes of 5.21 x 10-6 cm2 and
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66.0 x 10“6 cm2 area, respectively, showed molecular flow continuing

10 2

to L/d = 10. The data shown here for much smaller hoies (3 x 10 — cm
area) and having higher accuracy are consistent with those results of
Knudsen.

The circles in Figure 10 show the pressures for various
gases at which L/d = 20 calculated from the well known relation
(Dushman, 1962)

1/2

=i

\
= n
L = 8.589 3 ( }
vhere n is the viscosity in poises, P is the pressure in Torr, T is
the Kelvin temperature and M is the molecular weight in grams.

Figure 11 exhibits data similar to that of Figure 10 except

that it was taken using a porous plastic (PVC) membrane with hole size

10my. From condition (6) holes of this size should give molecular flow

up to 4000 Torr, however, the time constants are pressure independent
to the accuracy of Figure 10 only to about 20 Torr. For Figure 11
L/d = 20 occurs around 200 Torr.

Figures 12, 13 and 14 show the percent of decrease from the
time constant at one Torr for three representative gases at pressures
above one Torr. In the three figures notice that for the curves taken
above room temperature the percentage difference of time constant from
the value at one Torr is smaller at all pressures than for the curves
taken at room temperature. The membrane having 1Omu holes shows only
about one-third to one-half the change of the time constant that the

silver membrane showed from 1 to 100 Torr.
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4.3 Measurement of Membrane Conductance

As discussed above, the determination of the time constant for
molecular effusion of a pure gas through a membrane or other conductance
1s equivalent to a determination of the value of the conductance
itself, if the values of associated volumes are known.

Steckelmacher (1966) has pointed out the difficulties in
caleculating conductances, either from Clausing's integral equations, or
by the method of Oatley (1957), or with Monte Carlo methods (eg., Smith
and Lewin, 1966).

Two previous experimental methods noted by Steckelmacher
(1966) which require accurate gas flow or angular distribution
measurements are also difficult. Ruthberg (1964) has done elaborate
determinations of conductances to within one percent using substitution
procedures.,

The accurate determination of time constants as shown here
provides a method with almost 0.17% accuracy for the experimental

measurements of the conductance of a membrane to molecular flow.

| e—



CHAPTER V

POSSIBILITY OF ANALYSIS OF GAS MIXTURES BY
VACUUM NETWORKS: DATA PROCESSING CONSIDERATIONS

5.1 Use of the Results of Chapter IV and Least-Square Fits

It has been suggested by Kendall (1966) and Kendall and
Pulfrey (1968) that there are several important advantages to a system
which could analyze gas mixtures on the basis of the different )
conductances of a membrane for molecular effusion of pure gas species.
Among these advantages are the complete elimination of the necessity
for production, acceleration, focussing and detection of ions; the
elimination of chemical changes caused by electron bombardment; and

the capability of operation at relatively high pressures.

In the previous chapter it has been shown for two types of
membranes that below certain pressures the conductances of the
membranes are constant for a particular gas. Further it was
demonstrated that for pressures low enough that the conductances were
pressure independent, the conductances varied inversely as the square }‘//
root of the molecular weight of the gas. ‘ ‘

s

Because of these facts the analysis of a gas mixture by ‘

molecular effusion as suggested in Chapter I is a practical possibility.

The solution of the system of Equations (2)

N ot
P(t;) = B Z X, e 3 * (2)

is difficult because even the smallest errors in the data are sufficient
to cause large errors in the solutions. Therefore a better approach

is to make a minimum-square fit of the known exponentials to the data
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curve using several times as many data points as the number of gases

pre ent.

We write the squared deviation D between a fitted waveform

N -Aj ty
P, ) X, e and a set of data points P(t,) as

j=1 *

) ) 2

D = P(t ) - X. B . ]
1=1 SR R
—Aj £y
Bij z PO e (7a)

where N is the number of gases in the mixture, M is the numbar of

data points taken, and the unknowns Xj are the molar proportions of
.th

the j~ gas species present.

Rewriting the expression above for D gives

!

i o ‘e
D= ) P(t) -2 ) P(t,)
. 1 . 1 .
i=1 i=1 i

Il o~
=
.Ud
;-

I =~

Differentiating D with respect to a particular unkncwn XJ, and setting

%% = 0 yields |
J ' |

-

D % Pley) Byg T iél jzl 5 Pas) P T
J
M g
izl P(t,) B, = izl le X, Biy Big o |
% P(t,) B, = f X ; B ) 2
L 1) P1J Sy Td\4E i3 LI)C |

Let (7) define the first N-1 equations of a linear system to determine

the Xj, and take the Nth equation to be
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The system of Equations (7) and (7a) can be solved with better
success than (2). Using more data points gives some improvement but

a serious limitation is that the matrix

A, ) B, B (8)

with the specification (7a) 1s nearly singular.

Thus, if as a practical matter we are limited to four
significant figures in the determination of Aj and P(ti)’ then with (7a)
trial calculations show that we are limited to analyzing mixtures of
three gases with widely separated characteristic Aj's. This is
equivalent to demanding widely spaced molecular weights because we have
seen that the time constant is linear with the square root of molecular
weight,

5.2 Obtaining a More Favorable System of Equations to Solve for the
Composition of a Gas Mixture

To obtain a more favorable matrix Aj (i.e., larger determinant)

J
the response (7a) can be changed. A direct way of accomplishing this
is to use two membranes to obtain a peaked response which would produce
better definition of the solutions Xj'

A possible method of obtaining a peaked reponse is shown in
Figure 15 with its electric circuit analog below. With boundary
conditions ql(O) = q, and q2(0) = 0 and R, = R, =R and ¢, = c, = C

the solution (for the electric circuit) is

R i S Bt i ' S TN FANAT T TedRee i e oo iserie G < L RS e o
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)
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ELECTRONIC
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\"—’\/Q‘/\/
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FIGURE 15 VACUUM SYSTEM AND ELECTRICAL ANALOG TO
PRODUCE A PEAKED RESPONSE
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@ = 30 o s N [B
1 — P T 2RC 2RC
with the time to peak given by
T = 0,86RC.
P

If, in the vacuum system of Figure 15, Vl = V2 = V,

F,, =F Pl(O) = Py» PZ(O) = 0, then using the discussion of

13 7 F25 T Ty

Section 2.1 regarding the electrical-vacuum analogy, we see that

Equation (7) may be used with

L 2P, 3t, F V5 ty F.
, = —— exp |- —+ 3 sinh | ——smm—I© (7v)
ij /5 2V 2V

to determine the Xj for a gas mixture undergoing molecular flow. As
shown by actual calculations, the waveform (7b) used in Equation (7)
gives better-defined solutions for the Xj than if waveform (7a) 1is
used.

Figure 16 and Figure 17 show response curves of the form (7b)
computed for a typical system of two memhranes as in Figure 15. The
curves marked "SUM'" are sums of the curves for the gases present in the
mixture. The peaks of both '"SUM" curves are at about seventeen seconds,
and the peak values are only about four percent apart even though the
compositions are drastically different. We would expect some difficulty,
therefore, in determining the compositions of the two mixtures, even
assuming prior knowledge of the species of the four gases actually

present.
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For times greater than twice the time to peak, the "SUM"
crrves in Figures 16 and 17 have long, slowly decreasing tails which are
not shown here. However, it turns out that the shape of the tails is
just as imporiant as the early part of the curve in the determination of
the solutions to Equations (7). The practical limit on the length
of the tail that was used here is that point at which the percentage
measurement erior became three times the percentage error near the
peak, Obviously, other criteria could be used.

5.3 Solution of the Systr.am of Linear Equations for the Composition
of a Gas Mixture

The system of linear Equations (7) is of the same form no
matter what vacuum system were to be used for analysis of a gas
mixture. The response Bij is changed from system to system but it
is always made up of sums and products of exponentials. Therefore
most considerations applying to the solution of (7) with the particular
waveform (7b) will apply to data analysis for any '"RC" vacuum system.

The system (7) may be written as

AX = D, (9)
M
D sizl P(t,) B (9a)
and A was defined by Equation (8). Note that A, which is square,
depends only upon the time constants of the gases present and the
times at which the data curve is taken, but not upon the values
P(ti). The vector D is, however, determined by all these quantities.

The solution of (9) is difficult when A is derived from

exponentials because A is often nearly singular. Most direct linear

SR et L LIRS R e L TR ¢ R N Ll e R SO S T el R L T TR I L R PR TR L CHRR e TR T SR~ S SEIO B T SRR A I TR
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equation solving methods are not successful when A is nearly singular.
Therefore the solution of (9) will be divided into two parts: (1) thz
inversilon of A and (2) the calculation of physically acceptable
solutions for X. If A is nearly singular, some elements of A“1 may

be three to six orders of magnitude larger than the elements of A, but
these inverses can still be used successfully i1f enough significant

digits are retained.

A standard computer matrix inversion routine may be used to

gec an approximate inverse Al . Then an iteration can be developed

as follows to add digits. Define R and AR:

AA, T = I - R,

Substituting

Then approximate AR

Define

and since

Surin AOSSRGI, 2 i AV b kL G e e v e e o e i s oers b A 10, . ——
: - o i L e S NADELAR Ll S e Cmrd B AR R N PN R Gy ol VY Y SRV G
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=g
i

This may be extended to

A -1

Al"l (21 - AA

-1
el

_l)

(10)

LY

-1
) A, 21 - AA,
j+l k| ( h|

which converges if the norm of R, N(R) < 1 where

N(R) .
[ ] ij

Bodewlg (1959) shows (10) derived by a different method.

NS
m
o~
)
N

The iteration (10) is cut off when enough digits have been
developed in Aj“l so that the off-diagonal terms of AAj_l are a
few orders of magnitude smaller than the elements of A. 1If iteration
(10) will not converge, then taking the data points P(ti) at greater
time intervals will give a more nonsingular A. In fact best results
will be obtained if the fewest possible points P(ti) are used,
consistent with the averaging advantage to be obtained from the
least-squares approach, with the points taken at wide intervals.
A good compromise between the aim of obtaining a nonsingular A (by
using few data points widely spaced), and the statistical advantage
of averaging a large number of data points has been found to be 10 to

20 data points.

5.4 Accuracy of Solutions for Gas Mixture Compositions

The accuracy of solutions to the system (9) with exponential
and exponential-like waveforms is extremely sensitive to the number
of significant digits used. Furthermore, best results are obtained

if the vector D has at least one more digit than A.

4 e LR B K e B P AR A
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One method of obtaining four or five place accuracy in the
measurement of the pressure waveform would be to generate a known
waveform and measure the differences of the unknown waveform from it.
Thus in Figure 18 i1f the values of the known curve were calculated
at each time to within C.17%, and if the unknown curve B differed from
A by only 10 to 100 mv out of, say 10 volts, then the values of B
could be determined to about 0.1%. This would be the limit of
accuracy of most pressure transducers now available.

5.5 Improving the Accuracy of Solutions for Gas Mixture
Compositions

Suppose that four digits can be measured for A and D of the
system (9). The solution vectors Xj may still vary avastically for
smail changes in D. However, the boundary conditions are still to be
imposed that for an acceptable solution vector all X, must be between
zero and one. For the response (7b) one column of A'_l is usually
larger than all the others, sc the one Dj corresponding to that
column may be swept over the range of uncertainty in P(ti). Then all
the solutions, both physical and non-physical can be obtained, and

a range of posecible values for the Xj will be determined.

Consider the following example in which D, is varied from

3
0.96070 to 0.96089 in increments of 0.00001.
5677 6737 L6645 L6478 X,
6737 .9210 L9474 L9425 X,
6645 L9474 .9863 .9869 X, i
1.0 1.0 1.0 1.0 X,

B L T - TPV S =SR] = - o SR AR AL bt T,
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FIGURE 18 DETERMINATION OF AN UNKNOWN CURVE B BY MEASURING

THE (SMALT,) DIFFERENCE BETWEEN B AND A KNOWN z
CURVE A |
{
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6520 T
L9242
.96070, ,96071 to ,96089
1.0 .

All of the solution vectors for X except the ",96080" wvector have at
least one Xj negative. The ".96080" vector is shown in Figure 19 along
with the two adjacent solutions. The solutions not shown vary even
mcre widely.,

Note, however, that the three points where the vectors ''cross"
are quite well defined. The minimum value for H,0 or O2 (or any of

2

the gases!) i1s zero, so we can use the zeros of HZO and O2 together
with the "crcssover' points to determine the uncertainties in
composition of the mixture as shown by the shaded areas. This is
simply an interpolation between the three vectors '".96079, .96080,
.96081.," This interpolation can be performed whether or not any
vectors whatsoever were actually calculated that are physically
acceptable, as long as the ''crossovers' are defined. It i1s only a ]-’%
coincidence here that the correct solution shown by the dotted line //'
is close to the ".96080'" vector,

Figure 20 shows solutions for a mixture of four gases. The
solid lines, again, show three solutions found by ''sweeping'" D and
none of them are physical, though they are the closest solutiens found.
Interpolation as described above gives the shaded uncertainty region
which is tighter than in Figure 19, even though the molecular Weigﬁts
of N, and O, are closer in this example than the molecular weights of

2 2

any two gases in Figure 19. The reason is that H20 and A are such

small constituents.
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FOUR GAS MIXTURE W.IH WIDELY SPACED MOLECULAR
WEIGHTS, THREE SOLUTIONS. CORRECT SOLUTION AND
UNCERTAINTIES ARE SHOWN
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Mixtures having one or more small percentage compcnents are
analyzed with less error than more evenly divided mixtures because
the presence of small percentage components can produce negative
solutions more quickly. With the waveform (7b) one always gets
negative solutions before getting solutions greater than one, This i1s
because of the asymmetry around zero of the boundary condition
0 < Xj <1,

Figures 21 and 22 show solutions for three-gas mixtures
which are physical over the whole range of "sweep'" in D, though
Figure 22 shows solutions that are just about to go negative. Unlike
Figures 19 and 20 which show only three of the closest solutions,
Figures 21 and 22 show the range of all twenty-one solutions for

5

twenty-one column vectors D, with D, taken over the range of + 10

2

(at intervals of 10-6). Therefora the solutions for these three-gas

mixtures are much more stable than for these four-gas mixtures. J

Figure 23 shows an analysis using only three digits in D with ;
four digits in A, The solutions are very unstable, and the correct f-//
solution falls outside the calculated uncertainty limits. //* |
5.6 Optimization of the Vacuum System for Data Analysis

Greatly more complicated vacuum systems than the one shown in
Figure 15 are possible, utilizing multiple volumes and several
membranes to produce more than one peak in the response Bij' These
multiple-peaked responses will always be sums and differences of
exponentials. These responses have closely spaced peaks, even for
pure gases with widely separated molecular wéights; and the waveforms {

have slowly decaying tails which prevent the peak from being very sharp.

S s b W, e el S i - T P




- 52 -

60
E 50
L
L 40f
&
-]y
W
x
W of

0 ' . 4
H,0 0, co,

FIGURE 21 THREE GAS MIXTURE WITH WIDELY SPACED MOLECULAR WEIGHTS
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To produce better-defined peaks in the response of such a
system 1t 1s necessary to choose the values of the volumes and
membrane conductances to separate thg:peaks for various pure gases
and bring down the tails as much as possible. The optimization of
these two effects usually requires the saczifice of some peak height.

The sharpening of the response of Figure 16 will now be
discussed, and the procedure is similar for the analysis of any
multiple-membraned system.

In the system of Figure 15 let

R =

!
2 o

c
_ 1 =1
=5 , R G =3

> G 1 61

2

where now 0 and B are the unknowns to be determined for the sharpest

peaks. The solution with boundary conditions ql(O) = dps q2(0) =0

is
qO -abt
qz(t) = e sinh act (11)
where
1 ,
b = E{l + B + oR) (11a)
and
=1b%-ap . (11b)

Taking the size difference in Cl and C2 into account we have

=1 - B
Voutct) C2 q2(t) B Cl qz(t? *

Tre time to peak of (11) is
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R
TP 2ac ln( b - c)

and at large t the response (l1l) drops off as

e—afb - c)t

Therefore we will try to obtain the greatest distance between peaks

with the fastest drop of the taill by maximilzing the product

- b=-c¢c

2¢c In

K (12)

]

b+ ¢
b -c )

Functions other than the direct product could be considered, of course,
but (12) was chosen for simplicity.

Now for a maximum

oK _ - _ 2¢c b + ¢
T = 0 = T + 1n — (13a)
and
oK~ _ __2b b + ¢ _b-c b + ¢
-2 % %< l(b—c c nfg—2 1] >
2b 2%b 2bc 8bc2
0 = —m ~ - - - e e (13b)

bte bte pao)? b+

The last line is obtained from the iuentity

2 3
+ %- z -1 + ..., 22

z = 1 ljz -1 1
z 2

Z + 2 z

In(z) = -

It is clear that Equations (13a) and (13b) will only be
satisfied in the limits as b > ® and ¢ - 0. The statements (lla) and

(11b) do not, however, allow this limit, so we shall have to find

o




v and B which produce a large ratio b/c.
Figure 24a shows K as a function of o and 8 and it is
clear that K increases for large & and small B. The ratio b/c has

reached 10 for the pair a = 100 = %- from about b/c = 1.3 for o =1

)

= B. For o > =2 the greatest K is obtained for B such that
af = 1.

The quantity P(0, B) in Figure 24b gives an indication of
the relative peak heights. P is only an approximate indication,

though, because the peak times vary from Tp = 0.86R; C; at & =1 = B

s . = = l
tO Tp - 1.00Rl cl aL o = lOO Bo

The following figures show the importance of making the best

1

choice of volume sizes and conductances to produce the most clearly
defined waveforms. In the simple case of Figure 15 this means choose
0. as large as possible and B as small as possible, though there is
little improvement for o >100 or B<0.0l. Also choose oB= 1. The
choice of o = 100 = %-causes about an order of magnitude decrease in
peak reight, but this would not usually be a serious problem.

In a comparison of the previous solutions when o = f = 1
(K = 0.32) with the case when o = 100 = %~(K = 0,90), it is immediately
apparent that the solutions to the latter case are much more stable
than the solutions to the former. In Figure 25, 13 phycsical solutions
were found (using the same sweep range and interval) compared with
only one physical solution found in Figure 19 where o = B = 1. The
most important fact is that the improved choice of system parameters

gives smaller uncertainties in the results as shown by Figures 25 to

28 as compared with Figures 19 to 22,
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b c b+ ¢
K(a, B) = 5o lnb-—c

B = .01 .02 .05 0.1 0,2 0.5 1.0
o= 0.1 .03 .09
0.5 .25
1.0 .04 21 .36 .33
2.0 45 46 ,37
5.0 43 .62 b4 .31
10 .25 .63 .72 .58 .35 .22
20 L .79 .63 .15

50 .68 [ .87 49 .39

100 [_.90 .68 40 .25

(a)

_ B

P(a, B)-—c
B = ,01 .02 .05 0.1 0.2 0.5 1.0
o= 0.1 .02 1.0
0.5 .97
1.0 .01 .20 .70 .90
2.0 41 ,67 .88
5.0 .27 43 A .37
10 .02 .16 .31 ,27 .21 .20
20 .05 21 .16 .10

50 .04 14 .06 .04

100 .10 .04 .03 .02

(B)

FIGURE 24 (A)

(B)

PEAK SHARPNESS K WHERE INCREASING K INDICATES

SHARPER PEAKS

APPROXIMATE RELATIVE PEAK HEIGHTS, P
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HE H,0 0, CO2 1
FOUR GAS MIXTURE SIMILAR TCQ TWAT OF FIGURE 17, BUT
WITH o = 100 = # THIRTEEN PHYSICAL SOLUTIONS WERE

GENERATED BETWE%N THESE BOUNDARIES FOR THE SAME TYPE
OF SWEEP THAT GENERATED ONE SOLUTION IN FIGURE 19
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FIGURE 26 FOUR GAS MIXTURE SIMILAR TO THAT OF FIGURE 20, BUT {

1GIVES SMALLER REGIONS OF UNCERTAINTY

o = 100 =z




60

H
o
T

PERCENT PRESENT
ro
O
t

Sy

H,0 0, CO

FIGURE 27 THREE GAS MIXTURE SIMILAR TO FIGURE 21, BUT
o = 100 =.é. GIVES SMALLER UNCERTAINTIES

0
O
T

PERCENT PRESENT
S (6]
O o
T :

no
o
1

O |
N

FIGURE 28 THREE GAS %IXTURE SIMILAR TO FIGURE 22, BUT |
o = 100 = 3 GIVES SMALLER UNCERTAINTY FOR ARGON




- 60 -

Figure 29 shows the correct analysis of a five gas mixture

(albeit with a large uncertainty) by the system with o = 100 .

g
All attempts to analyze five gases with 0 = 8 = 1 failed., The analysis
of five gases with more closely spaced molecular weights failed in
Figure 30 because the correct solution vector does not lie within the
region of uncartainty, nor does it iIntersect the crossover points.

rigure 31 shows greater error than the two previous solutions
for this mixture caused by choosing o = 20, B = 1 where K is only 0.1.
Figure 32 shows the inability of this system (K = 0.1l) to analyze this
four gas mixture (because the correct sclution vector does not

intersect the crossovers) which was analyzed correctly by both the

previous systems.

5.7 Computer Program to Calculate Gas Mixture Compositions

Figure 33 is a flow chart for the computer program to

calculate X = A—lD. Figures 34a and 34b are the listing of the actual

computer program.
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FIGURE 31 THREE GAS MIXTURE WITH o = 20, B = 1 SHOWS MORE
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Lgead and Print A and D's.
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Call double precision matrix inversion

"1. Print Anl

routine to get Al 1
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yonad
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Multiply A - Al
error E = AA-i - 1.
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\
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and
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DOUBLE PRECISION A(10,10),A1(10,10),AA1(10,10),

A2(10,10),B(10),C(10),D(10,9)
K=1
READ1, N,M,MD,MFLAG
FORMAT (412)
D012 I=1,N
READ2, (A(I,J),J=1,N)
DO 15 J=1,MD
READ2, (D(I,J),I=1,N)
FORMAT (8F10.2)
PRINT9,N,M
FORMAT (3H1N=,12,3H M=,I12//)
DO 20 I=1,N
PRINT3, (A(I,J),J=1,N)
FORMAT (10F13.5)
PRINTS
FORMAT (1HO)
DO 21 I=1,N
PRINT3, (D(I,J),J=1,MD)
PRINTS
DO 22 I=1,N
DO 22J=1,N
AL(I,J)=A(1,J)
CALL DPMTNV (Al,10,N)
DO 30 I=L,N
PRINT4, (AL(I,J),J=1,N)
FORMAT (1LOE13.5)
T1=0.,0
PRINTS
CALL DMXMLT (A,Al,AAl,N,N,N,10,10,10)
NN=N-1
DO 32 I=1,NN
TI=I+1
DO 32 J=II,N
X=AAL(I,J)
X=ABS (X)
T1=T1+X
DO 34 I=2,N
NN=I-1
DO 34 J=1,NN
X=AA1(I,J)
X=ABS (X)
T1=T1+X
DO 40 I=1,N
PRINT4, (AA1(I,J),J=1,N)
DO 38 J=1,N
AAL(T,J)=-AAL(T,T)
AAL(I,I)-AAL(I,I)+2.0
CALL DMXMLT (Al,AAl,A2,N,N,N,10,10,10)
PRINT 8

FIGURE 34 PROGRAM TO SOLVE AX =
A;l(zz - AAEl)
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D050 I=1,N

PRINT4, (A2)T,J),J=1,N)

PRINT8

CALL DMYMLT (A,A2,AALl,N,N,N,10,10,10)

T2=0,0

NN=N-1

DO 51 I=1,NN

II=I+1

DO 51 J=II,N ‘

X=AA1(1,J)

X=ABS (X) 1

T2-T2+X

DO 53 I=2,N

NK=I-1

DO 53 J=1,NN

X=AA1(I,J)

X=ABS (X)

T2=T2+X

X=T1-T2

IF(X) 55,55,70

PRINT5,X

FORMAT (41H MATRIX ITERATION GIVES NO IMPROVEMENT X=
E10.3//)

DO 60 I=1,N

PRINT4, (AAL(I,J),J=1,N)

PRINT8

DO 65 J=1,MD

DO 64 I=1,N

B(I)=D(I,J)

CALL DMXMLT (Al,B,C,N,N,1,10,10,10)

PRINT4, (C(K),K=1,N) ?

IF (MFLAG)10,10,62

STOP |

PRINT6,K,X, 2~

FORMAT (1L1H ITERATION ,12, 19H GIVES IMPROVEMENT= _~ |
E10.3//) f

IF(K-M) 80,72,72 {

DO 75 J=1,MD |

DO 74 I=1,N J

B(I)=D(I,J)

CALL DMXMLT (A2,B,C,N,N,1,10,10,10)

PRINT4, (C(XK),K=1,N) |

GO TO 61 i

K=K+1

DO 85 I=1,N

DO 85 J=1,N

AL(I,J)=A2(I,J) |

T1=72 '

GO TO 36

END |

.

FIGURE 34 (CONTINUED)




CHAPTER VI

SUMMARY AND CONCLUSIONS

It has been shown that the effusion of an isotopically pure
gas from a ~lcsed volume through a single membrane produces a pressure
waveform that is exponential in time if there is molecular flow. The
time constant of this waveform can be measured to about one part in
eight hundred by matching it fo an electrical RC discharge. A least-
square-fit method of determining time constants, which is applicable
to waveforms other than simple exponentials, gives about the same
accuracy. The time constants for molecular flow were found to vary
directly with the square root of the molecular weight as predicted
theoretically.

Temperature transients were found to be small and to dissipate
in less than one second. However, even small temperature differences
produced in the vacuum system by outside influences are a serious
prcblem when making accurate pressure diff:rence measurements because
of the direct proportionality of pressure and temperature. The vacuum
system must be weil insulated thermally.

Because pressure waveforms can be determined with sufficient
accuracy, there is the possibility of designing a vacuum system that
wiil produce a peaked response from which the composition of gas
mixtures may be determined. It has been shown how important is the
choice of parameters for such a system.

The number of gases in a mixture that can be analyzed and the

resulting uncertairty in the analysis are strongly dependent upon

e Rtk oy, s e, SR, ctvmetoiet s kel s EEE S T
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the accuracy of the data and closeness of the molecular weights as
well as the relative proportions in the mixture. Four-place data
would seem to limit the number of components in an analyzable mixture
to four.

Among the advantages (Kendall, 1966 and Kendall and Pulfrey,
1968) of such a gas analyzer are its inherent simplicity and ruggedness.
It could work at pressures from below 10 wicrons to above 10 Torr with
no need for an ion source, electrie or magnetic filelds or an ion
detector. There would be little likelihood of any chemical changes in

the gas mixture caused by this method of analysis.
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