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Abstract

Members of the Mathematlce Department of Clemsen
University, under an extension of NASA contract
NAS 8-11259 investipated an application of statistical
filter theory. R, E. Kalman's statlistleal fllter was
applied to a nonlinear mathematlcal model. A simulation
model waes contructed so that two linearization techniques;

. first, linearization by neglecting the nonlinear terms

and second, linearizatlion at each tlme step could be

lnvestlgated,
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sSummary

A mathematical model is censtrueted te iilustrate
the conecepts of The Kalman Fllter, The medel 18 a
noniinear model of a well known example of a system that
has o 1imit eyecle., The 1limit cyecle 18 g eircle of apr-
bitrary radius which is obtained from the peneral seolution,
Other solutions yileld paths which approach the limit

eyele from within or outslde the clrcle,

Two simulation models are constructed. Both are
gimilar with the exceptlon of the computation of the
transition matrix. One simulatlon is obtalned when the
nonlinear terms in the system are neglected. This
yields an analytic solution to the corresponding linear
system and a transition matrix which 1s a functlon of
the time step. The other simulation requires solving
the nonlinear system at each time step by linearizing
at each time step. This simulation involves numerical

golutionse of the corresponding linear system at each

time step.,
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2 Block Diagram of Simulation Models . . . .1l
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| Chapter 1

Introduetion

In penepsl, dnts flltering sntalls tne extpracting of n

’ sixnal from obsepvations that include random noice, A 2nluticn
te this problem, assunming the equations «f motian are llinear,
was foprmulated by R, F. Kalran 1] in 1969, In ¥almun'e fop-
mulatiet the matnematical malel consisted of a differentinl
equation with additive noise and un equation relating the
vbservations to the state of the systen.

i A mathematical model that is more applicable tn trajectory
anclysis has additive random nolse in the observations and no

additive random excitutions in the linear systmm, 1.e., the

relations are

X(t4q) = (b4 80) X(5)

(1.1)

() = M(t.) X(b,) + N(t.),

whepre X(tn+1) is a state vector, M(tn) is & mapping matrlx,
Y(tn) is an observation vector, and N(tn) is a vector valued
independent random process with zero mean and kneown covarliance
matriy. Q(tn), i.8,,

Q(t,) = E[NCE, ) N'(t, )]

E[N(t,) N'(t, )] =0 ngm i

E[N(t,)] =0 for all n.
The problem is then: given system (1.1) to find the "best" :
estimate XB(t, ) of the updated state XU(t ) by using the observa- ;

vion ?(tn} and an updated estimate Xu(tn) based on the observations
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Yt ), Y@@lﬁ, v e oe oy ¥t 3. The covarianee matyix ?€§w> of

n=1
the erpor in the updated eptimate X@€tﬂ> 10 aosumed to be known.
The eriteria uced in eotablisching tne "best" cotimate KB(LHE io
to minimise the tpaee of the eovarianee matrix

BLERACG,) = XB(8 )Y {HA(L,) - ZB(L, )}

whore XA(tﬁ) 1s the aetual state. Note that Xﬁ(tn} 1o the samo
as X(t,) pive. in equation (1.1).

The solutieon was formulated by C, B, Solleway [27. The
celution, usinpg R, E, Kalman’'s result, can be reprecented by

XB(t,) = xuctn>+9(tn)m'(@n) (M(t,) P(tn)M’(tn)

F Qb)) (YO(t,) - YUCE)) (1.2)
where T0Cb,) = M(L )XU(E,) (1.,3)
XU(t,) = 8ty 36, ) XB(t,) (1.4)

P(ty) = 0(b,3b, q) PR(b,_5) o'(b 58, 4) (1.5)

and where YO(tn) 1s the observation vector Y(tn). The covarlance
matrix P*(tn) of the error in the estimate is
P¥(t,) = P(t,,) - P(t,) M'(6,)(M(t,) P(t,) M'(t,)
Qe MCt,) BCo). (1.6)
An initial best estimate XB(tn) and the covarlance matrix P(% )
of the error in the estimate is required to initiate this
lterative scheme.

However, the mathematlcal formulation of many physical
problems result in mathematical models which are nonlinear. In
many cases 1t is.possible to replace such a nonlinear system of
equations by a related linear system which approximates the non-
linear equations close enough to give useful results, It is

true that such a "linearizatlon' 1s not always feasible; and

when it 1s not, the original nonlinear equation itself must be
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ropne Llepad,  For eczample, the equations of motieon fop tenleetopry
nalenlatisne whieh are nonlinear [3] ean be trented by lineapesia-
tion teeliniques. Trajeetopry problems sinee the time of Gauosg
have teen treatad with linear teechniques by restprieting the anledw-
lations to deviates, These deviates apre taken #o ve Lhe Jiffepencye
between the actunl and peference trajectory. In this aprroaeh,
the trajectory problem 15 rveduced to colving linear aifferenting
gquations that represent perturbations of the netusal tealeetory
from the refercuce trajestory, (4]

The derivation of Kalman's filter is dependent upen 4 iinear
dynamical system, The speclfic conclusion that Kalman glves 1o
a minimum mean square error estlimate for the linear system as a
function of the cegquence of cbservables,

Thus, to apply the Kalman filter to a nonlinear system, one
approach would be to linearize the nonlincar system., However,
wheri one llnearizes u nonlinear system, one most be copgnlzant of
the linearization process,.

An alternate approach would be to use numerical methods on
automatic digltal computers to solve the actual nonlinear eztima-
tion problem. Even though there hias been recent efforts in this
directlon, the theory is still incomplete [5]. Consegquently most
norilinear problems are approached through linearization technlques.

The authors of thils report have concentrated on the lineari-
zabtlon technique in order to apply Kalman's fllter to a nonlinear
problem, The material 1s essentially tutorial. A nonlinesar
mathematical model 1s structured, and emphasis 1s placed on the
linearization technliques. The system 1s flexlble in that it

allows variations in the inputs, different nolse contaminatlions,
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and slternate transition metrix oslculations.

P Two computerized programs have been developed., The first
one linearizes by neglacting the nonlinear terms. The second

progrem linearizes with respect to the updeted nominal trajectory. j
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Chapter II
Mathematical lModel

The penepral theory and methods of linear equations are highly
developea, MHowever, very little ¢f a general character 1s known
about nonlinear equations., Dome basic drfinitlons and concepts
ape reviewed at this time, [b].

A seccond order nonlinear differential equation of the form

48
d°% dx
;*g’z = F(x, a-t) (2.1)

i3 econsidered. A specific example would be van der Pol's equation

2 :
d=x dx
‘5{;% + }1(X2 - 1)3‘6 + % = ( (2.2)

since equation (2.2) can be put in the form of equation (2.1} where

F(x, %%) = - u(xg - 1)%% - X

Suppose equation (2.1) describes a certain dynamical system
naving one degree of freedom. Then the state of this system at time
t can be determined by the values of x (position) and dx/dt
(velocity). The plane of the varilables x and dx/dt ls called a
phase plane,

Let y = dx/dt., Then equation (2.1l) can be replaced by the

following equivalent system

(2.3)
Y - p(x, y)
dg - T YU

O
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Information pertalning to equation (2.1) can be determined from a
study of cystem (2.3)., The colutiens of equation (2.3) will yield
configurations (curves) which will be of interest, If t i
asoumed to be a parameter then the configuravions will appear in
the xy plane, that 1s, tne (x, g%) phac¢ plane scince y = dx/dt.

A more peneral system considered would have the form

-g-}-i-f = P(x, y)

dy . Qlx, ¥,
t

where P(x, y) and Q(x, y) have continuous first partial derivatives

(2.4)

for all (X, y). Suech a system, in which the independent variable ¢
appears only in the differentials dt of the left members and not
explicitly in the functions P and @ on the right, ls called an
autonomous system.
An exlstence theorem states that given any number to and

any palr (xo, yo) of real numbers, there exists a unique solution

x = £(t)

(2.5)

y = g(t),

of the system (2.4) such that

f(to)

It

)

]

g(ty) = yq-
If both £(t) and g(t) are not both constant functions, then equation
(2.5) defines a curve in the xy plane which is called a path of

the system (2.4). With each path there is associlated a definite

direction, the direction of increase of the parameter ¢t.
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siiminating ¢t from the pyoter (2.8) yleldo

dy o WX, ¥) ouh
% " Ty (e.h)

Thie equntrion slvee the glope of the tanpent to vhe path depseribed

[a4)

by oysten (2.4) passing through thoe point (x, ¥) provided the
funetions P and @ are not both zeroc nt thic point, dhe poenepral
colution of cquatien (2.6) thus provides a ene parametey family of
puthe of system (2.4),

At a point (xg,, yo) at which both P and & are sere, the
clope of the tangent to the path as defined by equation (2,13 {is
Indeterminate, Given the autonomous system (2.4, a point
(xo, ¥o) at which both P4, yo) = 0 and Q(xO, yo) = () 15 ealled
a eritical point of the system (2.4). A critical point (x@, yﬂ)
of the system (2.4) is called isolated if there exists a circle,

2

(x - xO)E v (y - yo)2 = r~, about the point (xo, yo) such that

(xg, yo) is the only critical point of system (2.4) within this
circle.

The nonlinear model that i1s considered in this report is a
well-known example of a system having a linlt cycle., A closed path
C of the system (2.4) which is approached spilrally from either the
inside or the outside by a nonclosed path C, of system (2.4)

elther as t© = + »© or as ¢t » - « 18 called a limit cycle.

g Conslder the mathematical model characterized by the following
) system
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} : a9 2
' %“z#-rxﬁl-k‘“‘(xé'%y‘)}
5 (S"%?)
4 iy : T &
{ %g = - X b yll = kY + ¥ ],
§ where k1o an arbitrary constant. Thioc 1o an autonomeus odystem

whooe only eritieald point (0, 0) i loelated,
g Uoing pelar eoordlnates, that lg, 'ef
% = p cos @
y =y sin 0,
in cystem (2.7). 'Then, after some manipulation, oystem (2.7) reducep

to

L
2

L= p(l - kgra)

ot

(2.8)
dg . -1
at -
The general solution of system (2.8) is determined to be
1
(2.9)

0(t) = =t + ¢y ,

| r(t) = —
I (kﬁ2 + cze"ét)&
‘[ where Cq and ¢, are arbitrary constants,
!ﬁ The golution of system (2.7) becomes
cos(~t + cl)
(k2 + cpe™%)%
: gin(-t + cl)

(lcé + cz,ca"gt’);ﬁ '

x(t) =

y(t) =

The solutions glven by equation (2.10) defines paths of system

§ (2.7) in the =xy plane, Examining these paths for various values
. of ¢ yield the following conclusions:

:

j:
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(1} If ¢ = 0 the path defined by equation (2.10) is the

¢irele xg + yg = iz described in 8 clockwise direction.
k

(1) If ¢ # 0, the paths defined by equation (2.10) are not ;
¢losed paths but rather paths having & spiral behavior. If f
2 2 1

+ y o o,
kz

As t = + =, they approach this circle; while ns t » - «, they

il SO

¢ > 0 the paths are spirals lying inslde the cirecle x

approach the critical point (0, 0) of system (2.,7)., If ¢ < 0, the

2 e _ 1

paths lle outslde the sircle x~ + y° = ;2. These outer paths also

approach this clrele as t » + «; while as t » &n/Jc[, both |[x]| and

2 2 _ 1

|y| become infinite. Thus, the circle x° + y° = =, is the limit
k

cycle of the system (2.7). See Figure 1.
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Figure 1,

I

Limit Cyecle of System 2.7,
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Chapter 111

Jimulation betalls

The following simulation 18 an attempt teo penepate an
rotimatlon model that allews only one primary hypothesis weskens
inye Vhe previous mathematienl model, that ta, aystem (0,7)
is adapted te pive o simulatlon with knewn anlution trajeetories,
he nolse eontaminnted observations are used to sotimate the
aetual positions., In one case nonlinear terms are neplected at
first in erder to apply linear filter techniques and in the othep,
linearization tnkes place at each time step.

Heglecting the nonlinear terms reduces system (2.7) to

x(t) = x(t) + y(t)

y(t) = =x(t) + y(t), (3.1)
Let x(t) = xl(ﬁ) and y(t) = xz(t). Then equation (3.1) can be
written in veetor notation, i.e.,

X(t) = F(t) X(¢t) (3.1")
where
1 1 xl(t)
F(t) = and X(t) =
"“:,L l x‘?(t>

This linearization ils equlvalent to applying the aylor serles
expansion In two varlables to fhe »ight member of system (2.7) and
linearizing about the origin (0,0).

The general solutlon of equation (3.1') is

X(t) = A(t) K (3.2)
where

cos £ s8sin ¢

- t K = kg
ACE) = e [_Sin . tJ and K = | 0
8 -1

At an initilal time time ty equation (3.2) becomes
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gl ot then obteins

Eoe AT e, XM
W P

A'§€¥@3 = o"t? {333 o -#in ]

[ain tg ces ty o

trepefope ,

X(t) = AL) A7V (6,) X(ty)

= 4(t; ty) X(t,)
where
(b-ty) [cos (t-ty) sin (b-tg) |
~8in (tnzg) eos (tnﬁg) (3.%}

¢{t; ta) = e

After some manipulation one further can show that
#(t At |cos At sin At

, Lo ) = oe .
nj “n-l ~sin At cos® At (3.4)

whepre
N T (3.5)

The state transition matrix @(tn; ﬁn~1) given by equation (3.4) is
the one utillized in computing the Kalman filter for the case when
the nonlinear terms arc neglected.

To linearize at each time step is equivalent to computing
the transition matrix ¢(tn; tn_l) at each time step, that is, the
system of equations need to be solved at each time step. This
linearization is equivalent to applying the Taylor series expan-
sion in two variables to the right member of system (2.7) and
linearizing with respect to the derivation between the actual and
reference trajectorlies. This scheme requires a linear pertubatlon
technique in order to compute the transition matrix. Detalls of

this scheme 1s gilven in conjunction wish the simulation flow chart

ke e S s S o

e il et e
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1) .streted in Pigure 2. It is noted that in the simulation
model thet the observedbles are the state verisdbles., Thus,

in Kelmen's lineer filter the mepping matrix is reduced to the

identity metriz.
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Do Mefrt Inputs
Faupametepa: k, t@, Cy» cé
Pime interval: At =t -t
Final time: Ly
covapiance matrix of noise: Q(t)
Covariance matrix of error in initial estimate: P(r

Mapping matpix: M(t)

II. Caleulate Initial Estimate XB(&Q)

XB(tO) = XA(tO) + XN(%O) where

ccs(~t0 + ;l) -
=2t

(k2 +cqe 0)

XA(t,y) =

ain(»to + ;1) -
-2 .

(k2 +oeye O)

. -

and where XN(tO) is a random white nolse vector with mean

zero and standard deviation the square root of the diagonal

elements of P(to).

III. Calculate Observation Updated YU(tn)

YU(t,) & M(t) XU(t,) where
A
IV, Calculate Contaminate Observation YO(tn)

YO(tn) = XA(tn) + XN(tn)

where
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(k¢ + e M

e

xlégn)

Xﬂétn} = =
sincntn o+ @l)

me} 5 "X"k
‘ tﬁ} 2

xﬁ(t”)

&
(E° + eqe

and whoepe XN(@B) is o random white neise vectop with mean
serg and stondard deviation the square roote of the dlamonal
pooments of Q(EB) [whieh 18 for this simuiation () At cueh

time stepl.

VvV, Caleulate dtate Best Tistimate Xﬁ(bn) and Cev ?*(tn)

XB(L,) m XUCL, )RP(E DM (6, YIMCE, DPCE, MY (6 )40, I7H(¥0CL, )=¥ult )
PR(L) = P(6)=P(6 DM (6, ) [MCE, IPCE MY (5, )+QCt, ) I™he(L )PCs ),

VI, Print Output
YO(tn), Xb(tn), P*(tn), XA(tn)

VII. Compute Transition Matrix m(tn+l; tn)

(a) Neglecting nenlinear fterms

AL cos At sin At

(b .1 t.) = e
n+l’ “n -sin At

cos At

(b) At each time step

LR

e




g VIII. Calculate State Updated XU(ﬁn+1) and Cov P(t

PIRS
4
iR
i

£

F 3 "M;

17

compute

F(@n+1} =

-l—ékéxlﬁ(tﬂ)xgg(tﬂ)

., : 2 .2 2
1=3k (xlB(bn)) -k (ng(tn})

20 Bt Ve Bet
1-2k %) B(L )X B(E )

1ok iy )3k (gt ))

; :

(s ey

hteprate wumerliecally

X X
l =F(6) .
Ao %2

wivh initial conditions

Han

%11
P31

¥

T Inteprnbe Numerically

% | S
B ()
[ x? } n+l [ Xn ]

with initinl ceendltions

HEl

¥

{” 12 j)
\ %2

D

no

K}

r
P(Bppyity) = [

N & 1
11 *le2 J

P21 %22

XU(t = §(t

n+l> n+l3

P(tp4y)

= 9(Bppqs By) PR(E) 01 (b 05 b

n+1)

tn) XB(tn)

)

n
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