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Summary

Necessary and sufficient conditions for a spline term
to interpolate a given function at two points, and to
interpolate the function and its derivative at the given
point are found. In both cases, the knot is chosen out
of an interval. Conditions for the above cases are equiv-
alent when the given function is differentiable.



1. Introduction

Interpolation with a spline function has been made
in many cases by first preassigning knots and then
using one spline term to interpolate the given function
at onc point, This preassignment of knots makes the
interpolation problem relatively easy. On the other
hand, it excludes the possibility of fitting two points
with a spline term which contains two parameters.

In this paper, we consider the spline interpolation
where each knot is selected from an interval and one spline
term is used to interpolate either a function at two given
points or a function and its derivative at a point., Neces-
sary and sufficient conditions for the above interpolations
are given, -




2, Interpolations

Consider the problem of interpoliating a given continuous

function f£(x) with a spline function

n k
- [ - n
(1) S(x) §Ei-08*x + Egjrlbjcx uj)+ ,
© (x if x > 0
where x =
0 if x g0,

Since S(x) has n + 2k + 1 parameters, onc could c¢cxpe<t,
sometimes, to interplate f£(x) at that many points, However
this involves the solution of a system of nonanalytic and
nonlinear equations, a difficult problem. To simplify the
problem, we consider the interpolation of two successive
points with a spline term, while the knot u is choscn
from an interval,

It is known that a given function f(x) can always be
interpolated at n+l or more given points with a polynomial
P(x) of degree n . After this is accomplished, we try to

interpolate F(x) = £(x) - P(x) with a spline term b(x - u)

at the next two points Xy and X, while u 1lies

between the last interpolated point X, and X, » OF

Xg Cu<x, <x, . We then proceed to interpolate
F(x) - b(x - u): at the next two points with a new spline
term. If such a two-point fit is not possible, one can

interpolate F(x) at x, with b(x - x,)} where

b = F(x;,)/(x, - xo)n .
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We also know that a function £(x) and its first
derivative can be interpolated at [(n+1)/2] points with
a polynomial P of odd degree n ., After this fit
is made, one will interpolate £(x) - P(x) and its first
derivative at the next point Xy ’with b(x - u):, where
u lies between the last interpolated point X, and Xy o
The following lemma shows the necessary'and
sufficient condition for the existence of a spline ternm
that interpolates two given points, with the restriction
mentioned above.

Lemma 1.

Given » 2 1, a continuous function F(x), and three

points Xx,, X, and x, with F(xo) =0, and x, < x, <X

then there exists a unique spline term b(x - u): such

that F(xl) = b(x1 - u)z , F(xz) = b(x2 - u)? , b#0,

2’

and Xo €U <x, if and only if

(2) 0 < F(x))/F(x,) < (x; - x)"/(x, - x)% .

Proof:

Let

(x, - V)"

(x, - V)"

w(v) =

Then w(xl) = 0 and w(v) is strictly decreasing in
[xo, xl]. Therefore if the condition (2) holds, then
there exists a unique *u in (xo, xl) with
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and also a unique

' F(x,)
b = = 0
(x, - u)
with
n
F(xl) - b(xl - u)
and

- - - n
F(x,) b(x, - w" .
Conversely let there exist b ¥ 0 , and u so that

F(x,) = b(x, - w)®

F(x,) = b(x, - w)”

2

and

Then we have




*

Since w(v) defined above is strictly decreasing in
[xo, xl] and w(xl) = 0 , we conclude th.t

- < s w
G E L A AN g bt

n
F(xl) < X, = Xg '
lezi X, = X,

The left side is grcater than zero, since
(xl - u)/(x2 -u) >0, ,

The above lomma suggests a step-by-step method of
determining a spline function that interpolates the ~iven
points, in succession, provided the condition (2) is met
at each step.
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We now consider the interpolation nf the f(x) and its
first derivative with S(x). As in the pruvious case, cach
knot is to be chosen from a preassigned interval, and onc
spline term is to interpolate f£(x) and £'(x) at a point,

Lemma 2.

Given n 2 1, and a function F(x) with a continuous
first derivative and two points x_, and x. , with

0 1
F(xo) =0 , F(xl) #0 , and Xg < X Then there exists i
a unique spline term b(x - u): such that i
1
" . ) n
P(xl) b(xl u)+ x
Frix)) = 2(b(x - u)™)
1 dx +
. X=X
1
b # 0, and Xg < u < x,
6 ’




if and only if

(3) 0 < F(x))/F'(x;) < (x; -x,)/n .

Proof

3

i. If (3) holds true, then there exists a unique
ue(xo, xl) satisfying

- ’ N
i L Wl RO o W0
and therc exists a unique b # 0 with 3
1‘%
. W . n :
P(xl) b(xl u),
Frix,) = g5(b(x - W™
1 dx +
X’—“-}Zl

ii. If there exists b # 0 and u such that

F(xl) = b(x

F'(xl)

1
=
o

r
”
[ =]
=
N
-
[

and . {
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The left term is positive and is less than (xl - xo)/n
since ue(xo, xl) .

O et Tl TS

In the previous two lemmas we considered interpolations
only at the preassigned points., If such interpolations are H
to be possible at all the points in some interval I , we _
will require that the conditions (2) or (3) hold true at §
all the points in I .~ ?

Lemma 3.

PRI THEN SR TR,

Given n 2 1, and a function F(x) with continuous first
derivative in I = [a,b] with F(xo) =0, F(xl) # 0 ,

and X, < a, Then

;.

(2) 0 < F(x,)/F(x,) < (x, - xo)"/(x2 N xo)n 4 23

i e

for all X, and X, in I with X, <X, if and only if

(3) 0 < F(x)/F'(x) < (x - xy)/n

for x > xo in I,




Proof:

1 < X, in I if and

only if F(x) does not change sign and |F(x)|/(x - xo)n
is a strictly increasing function in I ., This is true
if and only if the first derivative of |F(x)|/(x - xo)n
is positive, or 0 < F(x)/F'(x) < (x - xg)/n, in I,

Condition (2) is true for all x

oo AN Ty Ao e ¢, W S gt




3. Error Term

The error term of the spline function interpolations,
described in the previous sections, can be derived in a
manner similar to that of the polynomial interpolation.

’

Lemma 4.

a, Let

k

N,
S(x) = E a, x* +}i‘
i=0 1 /3

b - . n
j=1 G uy),

.o e (n+1) . e
interpolate f(x)eC at x, < x, < * Xpe2kal
n+2k+1

m(x) = ] . (x - x,) . Then for all z with 2z # x_,
i=

i=1,2,%+,n + 2k + 1

. (n+1)
st _ lim f (t)
f(”/ S(Z) = t+E “(n+l)(t) W(Z)

where . £ is in the open interval that connects

X19Xos " sX L orir? and z .,
b. Let
n i k n
S(x = :E: a.X +:Z‘ b.(x - u,
(x) ot DARLTC R
n+l)

and S'(x) interpolate f(x)cC( and f'(x) respectively

at x, < X, < es°es < X
n

1 2 where n 1is an odd integer

+1 ’
5tk
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n+1+k
] 2

and k > 1., Let w(x) = II (x - xi) . Then for all

i=1 ;

. . n+l : |

z with 2z # X;, 1= 1,2,---,~7~ + Kk : E

. (n+1l)
s - (5 £ 0

where £ is in the open set that connects

, and z .

x’x ,"',X
172 +k

n+l
2

Proofs of these two lemmas are almost identical and
we omit the proof of the first one,

Proof of b.
Let N = ~7~,+ k , Z be a point with Z ¥ X;

i=1,2,+++,N, J be an open set that connects
X 90X 500Xy, and Z .

Let
G(x) = f£(x) - S(x) - cuw(x) , i
where | | 3
(4) ¢ = £(2) - S(z)/n(z) . i

11




Then G(x) has double zeros at X19Xns®t Xy and a single
zero at Z , or 2N + 1 zeros, counting multiplicities,

in J . G'(x) has N zeros at X sXostt "y Xy, and N zeros
at other N distinct points in J , Similarly G(""l)(x)
vanishes at 2N - n + 2 points in J . We notice that

G(n)(x) dages not exist at knots 'uj y J = 1,2, K,

Therefore G(“)(x) vanishes at least at 2N - n - K + 1
= k + 2 points in J' = J - {ul,u2,°",un} . Since J!

consists of k + 1 open intervals, G(")(x) vanishes at two
points in one of thesc k + 1 open intervals. Call this
interval I . Then there is a point & in I where

G(“+1)(£) vanishes, and f(”+l)(£) = cw("+l)(g)
Notice that S(x) is an nth-degree polynomial and

s™MM(x) =0 if xfu, i=1,2,000 k.

1£ w1y # 0, then

“(n'bl) (E) t")'g T (n+l) (t)

C =

since £ (¢) and w1 (¢) are continuous in J .

If n(n+l)(§) = 0 , then f(n+l)(€) is also equal to
zero since ¢ is finite by (4), and

lim £ (¢
tE w(n+l)(t)

12
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