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ABSTRACT

-~ - Orbit determination in the presence of mathematical
- model errors produce statistics whith are highly
"~ unrealistic. This has been definitely shown in the

Lunar Orbiter data for the orbital phase in which
the standard deviations on the spacecraft state
vector are much too optimistic or smaller than is
physically possible. A technique 1s described which
uses feedback from the measurement residual space to
the. state estimate space in order to force the
covariance matrix of state to be compatible with the
‘actual measurement residuals.
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NOMENCIATURE

Symbol . Meaning
'Bi Sensitivity of measurement with respect to state at t =
98 1 see Equaticn 5.
ToX(t1),
c, Co_varianée;mé.trixv at t; = H(x-}) (_:g-g)‘-’-‘)
v arbitrary noise level (seeA eqn. 8).
I Identity matrix : '
K Kalman gain factor (see eqns. 9 & 1h)
m’ ' number of measured values
i: B position vector

t,,

S(‘bi, t o) Transition matrix from ty to t, of linearized system (see egn. T).

e time
E physical constants vector
ui’ _ noise' assoclated with meésmement ; @, at tib
13 i " covariance of measurement noise = E (u uiT )
v velocity vector )
: }_(1 noise or random perturﬁation associated with state, X, at ty
W covariance of state noise E (“’i "i Ty, also model error
| ‘ (see eqn. 10) | ' A |
5 (t) . state vector composed of (p, i, g) at timeé t
® . measurement or data value at ty

AR, © . mean square residual of 1% time point (see eqn. 8)

i o

g (ty » to ) transition matrix of state, X, from tgbo &5 (see..eqn. 6)
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Auxiliary

Hotation )
E ()
),
¢ Jpm
( )Ke]_.aler

|

” o~ Conte TR e | ~~ L) - Cane ] -
St o St Nowit \J'
S e

n b

Meaning

" expected value of ¢ )
value expressed in cartesian selenocentric true of date

valne -expressed in downrange-crossrangé-attitude system
value expressed in Kepler elements, selenographic of date

value at ¢ = £

- a priori vélue (e’xcept for ¢, viz., to, which means epoch) .

reference .trajectory value

matrix transpose

‘matrix iix#erse

optimal estimate

column vector

difference

variation
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1.0  SUMMARY -

1.1 Residual Feedback

The pmimry purpose of the Iunar. Orbiter mission was to vhotograph sélected

areas of the lunar surface. Essential to this task was the accurate:determina~
tion of the spacecraft trajectory using £racking data from the DSIF network.

In any orbit determination process, success is gauged by (1) how small are the
measurement residuals (observed minus predicted values) over the entire data
span, and (2) how well do the estimated uncertainties match actual state dis-
persions (where comparative states are determined by independent methods).

The orbit determination process used in the Iunaxr Orbiter flight operations

was based upon an s-priori weighted least squares concept. An iterative prccess
converged upon values of the dynamical state and selected physical constants
such that the mean square residual was minimized. However, because of deficien-
cies in the mathematical model, the residuals were relatively large in some
areas. . Unfortunately, the large residuals, which indicate a poorly determined

state, occurred quite fregquently in the periapsis region of the orbit where most

of the photographs were taken. The problem was further complicated because the
0D process did not reflect the model deficiency into the state covariance, hence
the statistics indicated that the converged state was precisely known.

To correct these difficulties, it is necessary to incorporate the measurement
residuals into the state and covariance estimation. The additiocnal advantage of
point-by-point processing instead of batch processing used by weighted least
squares suggests the use of a Kalman filter. The Kalman form computes the

state correction of each point by combining the previous optimal estimate with

the product of a "gain factor" and the measurement residual. The correction to

the covariance matrix is achieved by feeding back an average residual correction
with the gain factor. ' : ‘

A requirement of the Kalman estimator is an accurate reference trajectory. This

is provided by the standard OD method. o

Once the mean square residual is minimized the trajectory represents the best
fit with the existing physical model. The resultant measurement rediduals re-
flect model errors, or random state noise. The state and covariance correction

‘obtained by the Kalman estimator with feedback thus provide an explicit in-

dicator of the unknown model error.
1.2 Results

Changes to the standard ODP were made. o incorporate the Kalman f£ilter and
residual feedback options. Auxiliary output was provided to express the feed-

back results in various coordinate systems. In en attempt to establish the

effects of model error, a number of factors were investigated, among these

- were the.data arc length, lunar gravitational model, solve-for parameters, and

orbit orientation with respect to both the moon and observer. The latest availe

able lunar models, triaxial (2nd order), IRC 11/11 (kth order), and IRC 7/28B
_ {7¢n7 order), were used along with data from two Iunaer Orbiter missions (3 and 5)

* SHEET 1
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1.2 (Continued ).

It was found that the state vector uncertainties, as computed by feedback, were
relatively insensitive to the lunar model for data arc lengths of one to three
orbits. }fpler residuals did not exceed 2 or 3 hz. with position uncertain-

- ties about 3 km. However, for long data arc lengths (2 to I days), residuals of
950 to 200 hz. were common with position uncertainties of 20 ¥m. Although the
magnitude of the residuals and dispersions was surprising, the fact that they

. increase with data span is logical since effects due to any existing model errors

. would be amplified with time. The unusually large residuals over extended periods
of time reflects upon the pbor knowledge of the lunar gravitational model, em-
phasizing the need for further study in this area. It should be noted that as
the data arc length and average residual increased, the state dispersions com-
puted by the standard weighted least squares ODP actually decreased, which in~
dicated their inadequacy in the presence of model errors.

An emmination of the time history ‘of corrections to the reference trajectory and
state covariance shows no consistent pattern from one orbit to the next for multi-
ple orbit data arcs. However, for single orbit arcs there is a discernable patteri
in the variation of both the Kepler elements and the down-cross-up components for
successive orbits. All elements contain short period oscillations of varying

frequency. No perturbational source has yet been éstablished for these variations

In all the statistiecs examined, regardless of data arc length, gravity model,

- ete., the dominant uncertainties have been in the size of the orbit and location
of the spacecraft along the orbit. Dispersions in all the orientation angles
have been small (10“5 to 10~3 degrees comnared with uncertainties in semi-major
axis (.1 to 20 km), eccentricity (10™7 to 10~°), and time from periapsis (.1 to
20 seconds). Of particular significance to post flight photo analysis is the
large down-track dispersion of .1 to 20 km, especially near perilune.

Pnoto evaluation studies using at leasf two independent missions passing over
the same area and photographing a given crater have shown 2 km position dis-
crepancies. As far as can be determined, these position errors are due pri-

. marily to model effects, which in turn should be evident in the ODP statistics

(with feedback). Yet, the position uncertainties computed with feedback, under
the same conditions as those in the photo evaluation studies are only .1 kn.
- Although this would seem to indicate a deficiency in the residuzl feedback tech=-
-nique, the statistics are actually consistent with the doppler residuals. - The
problem lies with the non-observability of model errors in short data arcs
(1 to 3 orbits).

The problem of obtaining meaningful statistics for short arcs is similar to
trying to use a straight line as a model to fit parabolic data (see figure below).
The uncertainties computed by the standard ODP vary inversely with the number of
observations, which would say that long arcs have less error, regardless of data
fit.

7 . » e FRSERVATION
DATA | :

4o FIT 8

T A

L ¢

- TIME
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1.2 " (Continued)

For short arcs (A) the linear fit is adequate and one muld not expect to observe
significant residuals. Thus, using residual feedback, the uncertainties due to
model errors would hardly be observable. For long arcs (B) the straight line is
a poor approximation to the data, the residusls become large, as do the uncer-
tainties with feedback, and model error 1is clearly in evidence, Tt is apparent
that long data arcs are necessary to provide "global" statistics for a given
physical model, and successive short data arcs are useful for ane.lysis of
localized model errors., i

1.3 Conclusions : -

The use of residual feedback to correct the state vector and covariance is
successful in that the corrections do reflect the pattern of doppler residuals.

. However, there 1s a strong dependency of residuals not only on the model used,

| but also on the data arc length (which determines the extent of model error
propagation and computational observability), on the number and type of solve-for

parameters (which determine what parameter sources are available for distribution
of the errors), and finally on the particular orbit and lunar region encompassed
by the data arc (which affect the physical observability of the eérror). For
these reasons, it 1is clear that the method of residual feedback provides statistles

. selective to the model of the process. 3RBecause the current lunar gravitations.l
models are very poor, corresponding large statistics (greater than tlauemperical
errors of the photo analysis) occur with long data arcs. Short data ‘arcs produce
small statistics and cannot provide glohbal statistics. Hence, until basic

- improvements are made in the gravitational model, realistlic global statisties
will not be avallable. Thus, the feedback technique is not attractive for photo
site apnalysis with the available gravitational models.

1.k Recommendations

. Based upon the results and conclusions,of 'apﬁlying resldual feedback to Lunar
" Orbiter data, the following measures are recommended.

o Obtain befter gravity coefficlents either by solving for very high
order models, or by determining coefficients of a different expansion -
series than (legendre) spherical harmonics.

o Use long data arcs with residual feed.‘ba.ck to .determine the adequacy of
improved physlcal models and to obtain meaningful statistics which ‘
- relate one lunar area to another.

o »Investigate the possible existence of mass concentrations on or near the
~Junar swrface and include these in the physical model. One possible method
of analysis 1s to compute 2 residual acceleration vector, that is the
difference between the actual spacecraft acceleration and the total
acceleration produced by the model. The actual acceleration may be
obtained by numerical differentiations of the spacecraft velocity as
corrected by residual feedback. An alternate method of computing the

SHEET 3
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‘Lh'f(mmmm)

residual acceleration is to use the stand.ard I.agrange orbital rate equa~
tions and solve for the (downrange-crossrange-altitude) perturbing
acceleration based:upon the corrected osculating conic. Once the
residual acceleration is known, it remains only to determine whether the
vector points consistently to (or from) a lunar region. Solutions from
. single orbit data arcs which cover the entire lunar surface should pro-
vide sufficient.informetion to determine the extent of mass concentrations.

U3 4802 1434 REV. 865
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2.0 INTRODUCTION

The development of models to simulate the real world is a standard procedure
used to solve complex technical problems. In addition to the deterministic

solution, it is desirable to know the accuracy of the model in terms of its

effect on the solution reliability.

.For Iumnar Orbiter flight path control, the basic probiem was to compute the

dynamical state of the spacecraft at some given time. A measure of the state:
accuracy could be found by comparing the theoretical doppler shift of the com-
puted trajectory with the signal actually received by the tracking station(s).
The standard orbit determination process converged upon a solution for the state
such that the difference in doppler, or residuasls, was minimized. FHowever, it
was found that the primary contribution to the residusls was a model deficiency
and not measurement error, computational limitations, and mechanical or hardware
problems, although all of the latter contributions were by no means negligible.

Since the residuals are directly affected by model errors, then a good way to
improve the estimation of state dispersions is to transform the residuals back

into state space. As the mechanism for residual feedback, it is proposed that

the Kalman filter be used. The following sections discuss the application of a
Kalman estimator with residual feedback.

2.1  The Basic Orbit Determination Problem

Orbit Determination is the process of converting a given set of physical measure-

‘ments into a set of constants which define the dynamical state of the orbiting

particle at scme given time. The measurements could consist of sets of range,
azimuth, elevation, range rate, or doppler data obtained from tracking sites
while observing the particle in its orbit. The set of constants being de-
termined usually consists of position, velocity, tracking station locations and
the physical constants. ’

The mathematical definition of the orbit determination problem is given as
follows. Given a set © (87, ©,, ..., €y) of measured values such as doppler
counts, estimate state vector X comprised of position p, velocity v, and

" physical constants u such that, the diagonal elements of the mean error matrix

Ce E(x - x) (x - x)T are minimum. % is the average state, or E(x). In case

' K- priori values X0 “of x and its associated mean square error matrix

Gy = E(x - x). (ﬁ - x)T are known, either the so called a priori weighted

lzast sqpares or the Kalman form of optimal estimation may be employed [i], *

Thg mathematical representation of an orbiting satellite has the non-linear form

P vy
= 4 r] ={zlxw] + ¥
dat ) ‘
u- : o (1)
. for computation of the state vector, and the form
0, = o(x(t,)) + uy (@)
® [ I Refers to reference number.

SHEET 5
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2.1 (Contimed)

for the measurement process where u_represents the noise of the measurement
and wy represents a noise or random perturbation of.the state at time ¢ .

Usually the state perturbation process g (t) is considered negligible 1n drbit
determination problems. However, when state noise is included, then the follow~

ing assumptions are usually made concerning the random process % 1 and U 1:
E (v w T)4 = W ' :
e s A o1
o e _ o
By oz -0 1A
E ( 2) U
. y =
S 5
E (ui uj) = 0 1A j
B (u w ) = 0 :

In order to apply optimal-estimation procedures in a practical fashion,

Equations (1) and (2) must be linearized about some reference state vector:

a (hsgt_) |

= = a [sp] fo 1 o $p
3 = | ,
B KA F 0 G sv
su] o0 o |su (%)
o = s : ' o .
a0, = o, I S (5)
vhere )
2 R sgg(ti)
The formal solution to equﬁtion‘ (4) can be vwritﬁen s follows:
S(t:to) S(t,S)G(S)dS) S_Js(to ) = ¢ (t’tO ) S.}S(to )

| where S(t;to ) is the state transition matrix of the ‘1inear system

. 8(t,t, ) = F(t) S(t,t, )

8(ty St ) =T i Né))
SHEET 6
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2.1 (Continued)

Using this linear model to describe deviations from a trial_solution to the
orbit determination problem, optimal estimation theory [1] is applied in an
iterative or recursive manner to obtain a definitive orbit of the observed
particle or point mass. The forms availlable for optimal estimation will be
discussed in detail in the following sections.

2.2 The Model Error Problem
© Any description of the real world by mathematical equations must contain some

approximation. The inadequacies of the resulting approximations are known as
"modeling errors”. These errors may produce serious deficiencies with their
subsequent use. Moreover, they cannot be eliminated or made negligible in all
cases, For example, the Iunar Orbiter project furnished a prime exsmple of such

‘& situation. It now appears that the mathematical description of the physics of

an orbiting vehicle about the moon is not known within the possible accuracy
derived from measurement data. In summary, mathematical model errors are
alwvays present in any quantitative description of a physical process and,
furthermore, they may be significant despite all efforts to obtain better
appro:dmations.

The orbit determination process of obtaining the ephemeris of a spacecraft from
measurement data furnished via a tracking network is also subject to modeling
errors. With respect to the Lunar Orbiter project, it now appears that the
Junar gravitational field is very complex and will require intensive investie
gation int postulating and testing an adequate potential model.

Figure 1 is \a typical example of doppler residuaks (difference between expected'

~and actual doppler shift) due to model errors. During the translunar phase

(Pigure 1la), the residuals are small and random. In lunar orbit, however,

It can be seen that the residuals are not due to random noise but rather due
to a consistent perturbation. The harmonic model used was the best available
fourth order model generated by NASA at this time.

The presence of known model errors has several adverse effects upon the results
of orbit determination. First and foremost, the solution obtained is corrupted
in accuracy and the model errors may even cause divergence of the orbit de-
termination process. Also, the corresponding statistics of the selection may
be too optimistic by several orders of magnitude. As an example of this later
phenomenon, one orbit determination was made using three orbits of doppler
data during Iunar Orbiter Mission 3 . Another determination was made using
data from Mission 5. A crater which was common to photographs in both missions
was chosen as a chetkpoint. The orbit determinations when combined with space-
craft attitude and time information give the site loeation as follows:

Mission Longitude Iatitude
. | (deg) . , (aeg)
3 , ~ 358.885 0.491
5 _ 358.911 - 0.435
‘ Difference 0.79 . 1.70
S
Rss Errof’ ‘1.87 m

SHEET 8 .
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2.2 (Continued)

The corresponding statistics of the two orbit determinations were as follaws;

Mission RSS Position error .

From comparison of position errors, it is obvicus that the theorei;ical error
statistics from the orbit determinatlon processes are erroneous and much too
- optimistic.

- Tt must ‘be emphasized, however, that the orbit determination statistics are

.the theoretically obtainable accuracy levels in the absence of model errors. In
.other words, if the mathematical model were known perfectly, than the orbit de-
termination mrocess is capable of determining the position of a lunar satellite

" with incredible precision using the available doppler data from the DSIF track-
ing network. .

2.3 Compensation For Model Erroré

The recognition that model errors do exist in the orbit determination process is
of fundamental importance. For then one can postulate the existence of such
errors and compensate for their absence. It should be pointed out that if model
errors are present, they will eventually manifest themselves in an unexplained
increase in the average measurement residusl. .

There are three common methods to overcome model errors. The first is to limit’
the tracking-data arc length so that model errors are of the same magnitude as
the noise in the data. This method 1ls reported in Reference [2] o . The second
method is analytic in nature in which one postulates the existence of specific
model errors and computes the resulting theoretical effects of each of the
assumed model error sources. Reference [3] furnishes an example of this type
of compensation. The third method, the feedback method, uses an empirical
correction to the optimal estimate in use to make the statistics of the estimate~
space compatible with the observed statistics of the measurement-space. Ve :
will use the feedback method since it limits the data in & rational, analytlcal,
and sutomatic fashion.

‘2.4 ‘l’he Principle of Feedback Compensation

The fundamental idea beneath the concep’c of residual feedback is the realize~
tion that the performance of an estimator, including tle optimal estimate, can
be determined from an examination of the residusls. This.is accomplished by
comparing the calculated mean square residual against some expected level of
measurement noise. If the mean square residual is consistently larger or is
growing larger than the noise level, it must be concluded that an unknown model
error is present in the mathematical representation of the observable. The
" origin of the model error may be in the measurement space or the state space or
§ in both. With multiple data sources, it is at least possible in theory to de-
- tect measurement biases and correct the model to account for these hisses. Withe
out multiple data sources it is impossible to decide upon the origin of the model
erYor.

SHEET 9
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¢2,h {Continued)

Assuming that there is adequate compensation for all measurement biases and that
the mean square vesidual is eithey already too large or is growing rapidly, it
must be concluded that an unknown model error exists in the state space. With
respect to the Lungr Orbiter missions, this could mean that there is an ill-
described force acting on the spacecraft such as various high order harmonic
perturbations. As a matter of fact, large residuals are in evidence in the Iunar
Orbiter orbit determination studies [4] performed to date. Furthermore, the
transiunar portion of flight clearly indicates that there are no unknown model
errors or biases in the measurement space and the unexplained level of mean
square error must be due to a model error in the state space. The suggested
compubation of the mean square residual 1s as follows: -

AR = mex ga,(l &@f} meE 8)

k=ie]

The integer j and the quantity £V may be determined by prior experience. Note
that whenever the mean square residusl is less than.tne noise level, fV, the

guantity d&Rd :s zero.

Having detecied the presence of an unexpected level of mean sguare residual error,
there remaing the problem of compeusstion for the effect. Many investigators
artifically use unreasonably large values of noise level statistics in the equa-~
tion of the optimal estimation. This latter procedure only delays the problem
and camnnot adequately offset the effects of model errors in the state space.
Rether, one rust acknowledge the existence of model errors and modify the be-
haviour of the optimsl estimate to compensate for the detected error.

The computation of the magnitude of the assumed state model error poses a diffi-
eult. problen. One must specify a transformation from the residual space to the
state space. An examination of the optimal estimation leads one to conclude
that the Kalmen gain matrix *, K, from the equation

~ a5 ’ .
= % + K @ ,
= xtEA | ©)
is a logical choice for the u?aﬂS;OTmetion since
2x wpx . FE o g
'.ng &@i ﬁ@

The specific mﬁthﬂd suggested to map the mean square residual Ziﬁi
back %o the state space has the form A
L e=2 P
v, = k B K (10)
The suggested procedure of wapping the mean Square-resiaual back to the state
gpace does wviolate one assumption used in the derivation of the optimal

# The algorithm required to compute X is given in latter sectionms.

SHEET 10
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2.k (continued)

~ estimator. A model error in the state space is usually assumed to be
uncorrelated in time--at least, this assumption 1s used in the following .
meterial. However, the model errors in the state space of the Lunar Orbiter
would tend to be correlated in time, at least over a period of a few minutes.
This defect can be eliminated by choosing data at infrequent time intervals--
that is, a time interval larger than the period of significant time
correlation. L - :

SHEET 11
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3.0 SPECTFICATION OF THE FEEDBACK PRINCIPLE.

3.1 The Weighted Ieast Square Estimator

The current orbit determination program ODPL used for the Lumar Orbifer ‘

project uses the following a priori welghted least square form for a fixed
epoch of time: -

A A ‘

35(1:0) =X, () + 5 x(¢) S

8; = o(x(t,))

A0y =8, -0, % B B (tg, t)§ A(t,)

: v
: -1 ' S N | .
$2(t,) ;—pf;co (Z(8,) - X (8,)) + ;. By gSit‘Ji Aoi]
| a4 om, pe o qa |
C = [ co, + é_ Bi. ’Si Ui ﬁisi] | J’

where x and C, are the a priori, or previous optimal, estimate and covariance
matrix, respectively. B3 = f(t4,t0), By, and Uy are defined in equations 6, 5,

and 3, respectively. The dependence of X X, C, By, and ﬁ(ti, t ) on one another

requires iterating until the mean square measurement residual rea.ches a sta-
tionery value. Assuming the lteration process converges, then the resultant
trajectory 1s used as a reference for applying the Kalman estimator, which is
described in the following sections. A complete operationsl description of
the ODPL program with residual feedback can be found in Reference [5] .

© 3.2 Kalman Floating Epoch Estimator

The computational algorithm for the floating epoch form with or withmrh
feedback is as follows:

"An initial estimate of the (optima.l) state, x(t ), is computed using the

optimal estimate and correction of the previous 'time point.

| ; ty ~
_g(ti) = g(ti '1)5+Sti-1 2(x(tg _l))as» if S:?(ti 1) > €
D | | (12)

i(ty) = xzg (8) . 8(tysty ) S &y ) 15 ) se
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3.2 (Contimed)

where € is an arbitrarily small parameter to be chosen by the user. -gc_R(t)

refers to the reference trajectory. Next, the measurement 'residual, AQi,
and an initial correction to the state, & x(t i)’ are computed. ‘

'Aei» = o((t)) - o,
. “, r(13)
8x(v) = x(e) - x(e)

Using the cévariance of the preﬁous time point, °1-1’ an initial value of the
covariance, Ci,' and Kalman gain factor, K, are computed. ’
T )

it 8(t;s8y 1) gy B ( ¢ Y11 (%)

K = ¢B (U +B Te 3yt

Finally, the optimal correction, é _121, state, & y, and related covariance can
be calculated: : 1

A ~ A h
82, = 5%, +x[49, -, 53] |

2 . .58 | e
4 7 ) 8 g

Without feedback W, = 0, whereas with feedback,W, is defined by eéuation
(10). It is impor%ant to observe that both a wedsurement noise, U, and a

state perturbation, W 42 can be accommodated with this type of estimation.
3.3 . Kalman Fixed Epoch Estimator

Another variation of optimal estimation in the presence of model errors uses
a fixed epoch rather then the floating form of equations (12) through {15).
basic equations, given below, combine features of the a priori weighted least
squares and the floatmg Kalman epoch forms:

ty =
=(5;) = At )-+5 x(R(t),8)ds if SRt )>e€
=1 = o “Jz = o o~ i-1" ,
x () = ‘]"(R (5,) + s(ti"ti-l)l SR .) 1 8 )€ €

- oAt ) -6 ST
: an -

.sx(t) = M Y- x (6))
| | . SHEET 13
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© 3.3 .(COntinued)

K=cy £ (tg, t5) By [o, + B8 (e4, %) Co 7 (61,858 1
.Sé(t;,)"a sit) + x[ae; - B ?(ti,tco ) s%&o )] |
e, )= Koy ) o+ 55 T oy

€ =c, - BB B(t;, ) C,

C

o = C+wi .

3.k Use of a Reference Trajectory - | -

The use of an accurate reference trajectory in bo>ch the Kalma.n fixed and
floating epoch estimators omits the need to iterate when processing data
points, It also ensures the accuracy of feedback results due to linearity
considerations. If the reference trajectory has been\derived with the
standard weighted least squares estimator, then the corresponding mean
 square measurement residuals have reached a stationary value. The residuals
ean now be sald to directly reflect any model error or random state noise.
‘The use of residual feedback and point-by-point processing with the Kalman
egstimator then corrects the state and covariance matrix. The corrected
state and statisties should be improved with respect to the data f£it, and
when compared to the reference tra,jectory, the effects of model uncert:ainties
_are explicitly illustrated.

’
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e i
2
12t
. CRGE) = (pxv)xp
Re2xy) xp
i
2 x¥]

4.0 APPLICATIONS OF THE THEORY

4.1  Coordinate Systems

It is often more descriptive to express the state and state deviations in
coordinate systems other than the cartesian selenocentrie true of date system
in which the ODP operates. Two useful, of date, systems are Keplerian
orbital elements and cartesian downrange-crossrange-up (DCH) components.

The state vectors involve standard point transformations [6] however, the

.- gtate deviations from a reference solution and state covariance utilize a

different means of transformation.

The transformation from cartesian selenocentric (ecs) to Kepler selenograrhic |
coordinates involve computing a Jacobian matrix

2

Q (t) = dx Kepler

3-X ¢g

The Kepler state deviations and covariance are then given by
le(epler = R S-— cs
. . T =
Cgepler = Q ¢, Q

Conve_rsion to the DCH system requires the matrix

SHE.ET. 15
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k.1 (continued)

The state deviations and covarilance are given by

RO
$Xer = 82y
O.BJ '
. ('R o] B 0
= ) c ’ )
?m;r 0 R s lo =&

In addition to the ODP modifications which incorporated the Kalman filter and
residual feedback option, the expression of all feedback results was expressed
in the three coordinate systems: cartesian selenocentric, Kepler selenographic 3
and cartesian dcwnrange-crossra.nge-altitude. :
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k.2 Statistics Improvement

Statistics which.approach observed dispersions can be obtainéd by using the
Kalman estimator with residual feedback. However, the statistics reflect the
residual pattern which in turn is governed by such variables as type of solve-

' for parameters, data arc. length, data type, and orbit geometry w:.th respect to
the observer.

Care must be taken that the statistics are not artificially stimulated. For
example, this would ' occur if the a~priori state covariance differed from the
actual (as computed by feedback) by an order of magnitude. It would then re-
~quire at least one orbit for the statistics to settle out. In addition, the
doppler data must be relatively "clean". If a bad data point is encountered, then
the statistics become distorted and several good points must be processed before
the- statistics return to normal.

-Table 1 summarizes the RSS of posi’bion and velocity standard deviations as com-

puted by the standard ODP statistics. The one exception is the case where fixed
epoch residual feedback was employed for comparison. All statistics are evaluated
near the data epoch (approximately -130 degrees true anomaly). Area D is the

- checkpoint location discussed in Section 2.2, that is, a crater at 359 degrees
longitude, O degrees latitude, with an estimated dispersion of 1.9 km based on
photo consistency studles. Area H is a crater located on the lunar western hemi-
sphere at 324 degrees longitude, -4 degrees latitude, with an estimated disper=-
sion of 1.2 lm. The principal orbit parameters of Missions 3 and 5 are:

Mission 3 5
Perilune altitude* (km) 50 100
Apolune altitude* (km) 1850 - 1500
Period (min.) 209 191
Orbital inclination (deg.) 21 85

*  Above a 1738 km mean lunar radius

The perilune of both missions was near the equator, although pho’cog'aphy occurred
on the descending node (North to South) for Mission 3 and on the. ascendlng node
for Mission 5.

It is apparent In Table 1 that the statistics are too optimistic even for the
case of residual feedback. The single exception is the one orbit data arc over
area H vhere it is suspected that the statistics are not so much an indication of

. model error as they are of insufficieni observability, i.e., tracking data. It

is also significant that as. the data arc increased (cases 6, 7, 5), the average
residual also increased, but the ODP uncertainties decreased.

When feeﬁback is used in its floating epoch form, statistics are generated at
every time point. It is of particular interest to examine the region near peri-.
June where most of the Lunar Orbiter photography occurred. Table 2 sunmarizes
the position and velocity dispersions at perilune over the stated checkpoint

| areas. There is a noticeable improvement in the statistics over those produced

by the standard OD; however, suspected position dispersions of 1 to 2 km do not

| occur- for the 3 orbit data ares. This is not too surprising in light of the

doppler residual size, and emphasizes the difficulty of observing model errors

SHEET 17
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Average ~ Position Velocity Data
Doppler RSS RSS Arc .
Case Residual (hz) _(km) (met/sec) Mission Area (Orbits) Solve-for

1 .37 18 .ok 5 D 3 SDATE + HARMONICS|

2 .54 .05 .05 3 D 3 .  STATE *

3 . .80 .08 .03 5 D 3 STATE *

.80 ds o5 5 D 3 STATE (WITH FEED-

- s P BACK)

5 50, 005 .003 5  wee. 16  SWTE

6 .21 1.85 .Th 5 - H 1 smMEe_:-i_‘.' _u
T 22 L1 .ol 5 - H 3 'STATE + BARMONICS
8 1.05 .05 .02 5 g 3 STATE

TABLE 1. Position, Velocity Dispersions at Epoch (from ODP)

- Average Position Velocity Data

Case g:ﬁﬁil (hz) (gii); '(meifec) Mission Area ?g:bits). Solve-for

2 .5k 05 .08 3 D 3 STATE

3 .80 - 22 .18 5 p 3  STATE

5 50. T 10.3+ 7.8 5 D 16 STATE. "

l6 a1 6.10 9.3 5 E 1 STATE |
It .22 26 .12 5 E 3 STATE + HARMONICS|

8 105 a3 .2 5 B3 STATE '

TABIE 2. Position, Velocity Dispersions at Perilune (from feedback)
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.2 (COntinﬁed)

in short dats arcs. Unlike statistics from the weighted least squares ODP
the uncertainties computed by feedback increase as the data arc length and re~
sultant doppler residuals increase. Again, the statistics for. the one orbit
data arc over area H probably reflects the lack of data more than model de-
ficlencies. )

Table 3 sumnarizes the standard deviations near perilune in down-cross-up state
space. Throughout all the feedback runs was a consistent uncertainty in the down-
range position of the spacecraft which usually overshadowed the dispersion in
crossrange and altitude. It is important to note that a downrange (and crossrange
exrror will seriously affect the post-flight determination of photo locations.

As an example of the long term varistion of position uncertainties, Figure 2°
illustrates the doppler residual and the downrange-crossrange-altitude standard
deviations at perilune for the second through fourteenth.orbits of the mission
five 16 orbit data arc. The corresponding node longitude varied from 359.1

degrees for the second orbit to 338.1 degrees for the fourteenth orbit.

, Diapersions in Kepler space are swmarized in Table L. The uncertainties in

spacecraft position are shown by the relatively large standard deviations in
semi-major axis, eccenitricity, and periapsis time. Since the spacecraft moves
approximately 1.8 km/sec at perilune, an error of %_— second in periapsis time

could result in a downrange error of almost one km. Unlike the position, the orbit
.orientation angles appear to be well defined. The large residusls and disper-

‘sions for the 16 orbit data arc are getually outside the assumpt).ons of l:.nearity
and mey be erroneous.

‘When one considers the results of the 16 orbit data arc presented in Tables 1

through b and Figure 2, the need for an adequate lunar gravitational model is
obvious. Using any of the latest sets of gravitational coefficients, and long
data arcs (2 or more days), the doppler residuals sre undesirable with respect
to the linearity assumptions within the feedback process, and intolerable as a
measure of lunar model accuracy.

L.3 Deviations From a Reference Solution

. At each time point, the feedback process not only compﬁtes the state covariance,

but also estimates the necessary correction to the reference trajectory in order
that the residual be reduced to zerv. If the reference trajectory is a con-
verged solution of the weighted least squares ODP, then the state deviations com-
puted by feedback are caused primerily by model deficiencies. Furthermore, if the
deviations are due to model deficiencies, then there should be some coasistency
in doppler residuals and state deviations from one orbit to the next. Because
of the fitting process; there was no consistency in results obtained for multiple
orbit data arcs. However, when single orbit arcs were used, a repeatable pattern
in both residuals and state deviations became evident. A disadvantage of the
short arc was the presence of large uncertainties due to the relatively small
amount of data available. For this reason, care should be taken in interpreting
the size of the state deviations.

s
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k.3 {Contimued)

Figure 3 shows the time history of corrections to the reference trajectory in
various parameters during the interval of 15 minutes before and after perilune
for Mission 5, area H, one orbit arc, with a triaxial moon, solving for state
only. It iliustrates the typically large changes in orbit size as seen in the
semi-major axis (3b), the small orbit orientation corrections as seen in the
inclination (3c¢), and the large standard deviations along the orbit track (3d).
A1l parameter variations in time resemble the doppler residuals (3a) and are con=

1. sistent with the statistics experienced in section k.2,

Tt is interesting to compare the behavior of standard deviations (3d) with
corrections to the reference trajectory (3b and 3c). The state corrections are
computed using only one measurement residual at & time whereas the state dis-
persions use (in this case) the RMS of 5 data points. Thus, the effect of rapidly
changing residuzls are much more noticeable in state corrections than in state
dispersions. If a perturbing source is associated with local lunar terrain, as
is often hypothesized [7] , then one would expect a slight but rapid change

in doppler as the spacecraft passes over the perturbation. The resultant doppler
residual will be transformed into a quick change in the state deviations from
the reference trajectory.

The consistency between one orbit data ares is illustrated in Figure 4. The
downrange correction to the reference trajectory is shown as it changes with

time over the data span for two cases which are separated by one orbit. The
L1 = 325° case is the seme as that presented in Figure 3. It is unfortunate
that tracklng data is lacking near perilune for the 2 = 328° case. The missing
data would, of course, affect the results somewhat. Examination of the available
downrange corrections show a consistent pattern between the two cases. There

is evidently a perturbation near pevilune and snother, perhaps, approximately 27
minutes past perilune (76 degrees latitude). If the perturbations are attributed
to surface mass concentrations, then the size of the initial perturbation, near
perilune, may be misleading because of the inverse square relationship between
spacecraft distance and gravitational attraction. At 27 minutes past perilune,
the spacecraft sltitude is 420 km whereas at perilune it is 100 km. Thus, a

mass concentration. near perilune will exert 16 times more force than the same
mass encountered 27 minutes later. This type of analysis is needed in a much
more precise fashion to determine the exact cause and loecation of the trajectory
perturbations. Whatever theiy cause, it 1is apparent that the current phy51cal
model is not adequate.

kY
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