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Orbit dstennination in the presence of mathematical 
2 emrs produce statistics whibh are highly 

UnreaListic. This has been definitely sham in the 
Lunar Orbitem dak for the orbital. phase in which 
tbe standard deviatians on the spacecraft state 
VeCtoT are wxchtcx, opt-stic or smaller than is  
Bhysically possible. A technique is  described which 
uses feedback from the measurement residual space t o  
the state estimate space fn order to  force the 
covariance matrix of state to  be compatible w i t h  the 
sctual neaswrement residuals. 

Lunar’ &biter 

Orbit Determination 

-a- 
Bosidual Feedback 

statistics 
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Sensitivity of measurement with respect to  state a t  t ’= t 

Xdentity matrix 

Icaktan gain factor (see eqns. 9 & 14) 

. number of measured values 

position vectw 

Transition matrix from to to ti of ‘linearized system (see eqn. 7) 

t i m e  

physical constants vector 

noise aspociated with measurement, 8, at ti 
T covariance of measurement noise - E (3 3 ) 

velocity vector 

noise or random perturbation associated with state, X, a t  ti 

covariance of state noise = E (wi vi T), also m o d e l  error 

(see eqn. 10) 

state vector composed of (2, 

3 

z, 2) at t imi t 

measurement or data value at ti 

@ (ti , 

bii,2 ~ 

to ) ,transition mtrix of state, X, from t6to ti (see eqn. 6) 
I 

man square residual of i* time point; (see eqn. 8 )  
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value expressed in Cartesian selenocentric t z k e  of date 

value .emeased in dcnmrange-crossrange-sttitude system 

value expressed i n  3cepler elements, selenographic of dam 

value at t . = $2 

a prim€ vabe (except for t, viz., ta, w h i c h  means epoch). , 

mfezence trajectory value 

matrix transpose 

matrix hnmrse 

uptlmgl estimate 

column vector 

difference 

variation 
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1.0 $3mMARY 

1.L Residual Feedback 

,The prbxiry purrpose of the Iaurar. Orbiter mission was t o  photomph selected 
meas of the lunar surface. 
t ion of the spacecraft; traJectory using Cracking data from the DSIF network. 
In any orbi t  determination process, success is gauged by (1) how small are the 
measurement residuals (observed minus predicted values) over the entire data 
span, and (2) haw w e l l  do the estimated uncertainties match actual s t a t e  dis- 
persions (where comparative s ta tes  are determined by independent methods), 

Essential to this task was the acourate:determlna- 

The orbit determination process used in the Imar Orbiter f l i g b t  operations 
was based upon an a-priori weighted least  squares concept. 
converged upon values of the dynamical s ta te  and selected physical constants 
such that  the mean square residual was minimized. 
cies in the mathematical model, the residuals were relatively large in  some 
areas, CSnfortunately, the large residuals, which indicate a poorly determined 
state, occurred quite f'requently in. the periapsis region of the orbit  where most 
of the photographs were taken. 
0 pracess did not re f lec t  the m o d e l  deficiency into the state covariance, hence 
the statistics indicated that the converged state was precisely known. 

A n  i terat ive prccess 

However, because of deficien- 

The problem was further complicated because the 

Ib correct these difficulties, it is necessary t o  incorporate %he measurement 
residuals into the atate  and covariance estimation. 
point-by-point processing instead of batch processing used by weighted least  
squares suggests the use of a Eitlmin filter. 
8ta.W correction of each p i n t  by combining the previous op-binalestimate with 
the product of a "gain factor" and the measurement residual, %e correc*ion to 
the covariance matrix is achieved by feeding back an average residual correction 
w i t h  the gain factor. 

The addltional advantage of 

The Kalman form cmputes the 

A requirement of the Kalman estimator is an accurate reference trajectory. This 
is p v i d e d  by the standard OD method. 

Once the mean square residual is minimized the trajectory represents the best 
fit w i t h  the existing physical model. 
flect model- errors, or random state noise. 
obtained by the Bhlman est,ixator w i t h  feedback thus provide an explicit in- 
dicator of the unknown model erro~. 

?Ihe resultant measurement residuals re- 
The state and covariance correction 

1.2 Results 

Changes to the standard ODP w e r e  made t o  Lncarporate the hlman f i l ter  and 
residual feedback options, Auxiliary o u t p t  was provided t o  express the fetd- 
back results in various coordinate systems. 
effects of model error, a number of factors were investigated, among these 
w e r e  *+-data arc lengthJ lunar gravitational model, solve-for parameters, and 
orbit dx5entation with respeck t o  both the maon and observer. 
able lunar models, trisxial (2nd order), I;RC U/ll (kth order), and IlRC 7/28B 

Ih an attmrpt t o  establish the 

The latest avail- 

order), w e r e  used along Mth data -om two Ifirnar Orbiter tnissions (3 and 5) 
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f* 2 (Continued) 

It was found that the state vector uncertainties, as computed by.feedback, w e r e  
relatively insensitive t o  the lunar model for  data arc lengths of one t o  three 
orbits. Do pler residuals dfd not exceed 2 or  3 hz. w i t h  positlon uncertain- 
ties about 5) km. However, fo r  long data arc  lengths (2 t o  4 days), residuals of 
50 to 200 hz. were common with position uncertainties of 20 Inn. Although the 
magnitude of the residuals and dispersions was surprising, the f ac t  tha t  they 
increase with data span is logical since effects due t o  any existing m d e l  errors 
w o u l d  % amplified with time. The unusuaUy large residuals ove~ extended periods 
of t h e  reflects upon the @or knowledge of the lunar gravitational model, em- 
phasizing the need f o r  m t h e r  study i n  this  area. It should be no*ed that  as 
the data arc length and average residual increased, the state dispersions com- 
puted by the standard weighted least  squares ODP actually decreased, which in- 
dicated their inadequacy i n  the presence of model errors. 

A n  exadnation of the time history of corrections to the reference trajectory’and 
s%te covariance shuws no consistent pattern from one orbit  to the next for  multi- 
ple o r b i t  data arcs. However, for single orbi t  arcs there is  a discernable pttez 
i n  the varlation of both the Kepler elemeats and the down-cross-up components for  
successive orbits. 
frequency. No perturbational source has ye”. been established for  t;hese variations 

A l l  elements contain short period oscillations of varying 

In aLI, the statistics examined, regardless of data arc leagth, gavitymodel, 
etc., the dominant uncertainties have been i n  the size of the orbit  and location 
of the spacecraft along the orbit. Dispersions i n  a l l  the orientation angles 
have been small  (10-5 to 10-3 degrees2 congred with uncertainties i n  semi-major 
axis f.1 to 20 km), eccentricity (10- t o  
20 seconds). O f  particular significance to post flight photo analysis i s  the 
large darn-track dispersion of .I t o  20 ka, especially near perilune. 

Bo t0  evaluation studies using a t  least tk.0 independent missions passing over 
the same area and photographing a given crater have shown 2 km p s i t i o n  dis- 
crepancies. As f a r  as  can be determined, these position errors are due p r i -  
marily to m o d e l  effects, which i n  turn should be evident h the ODP s ta t i s t ics  
(with feedback). 
the same conditions as those i n  the photo evaluation studies are only .I km. 
Althcqh th i s  would seem t o  indicate a deficiency i n  the residual feedback tech- 
nique, the statistics are actuaUy consisc&nt with the doppler residuals. 
problem lies with the non-observability of m o d e l  errors i n  short data arcs 
(I to 3 orbits). 

and time *om periapsis (.I t o  

Yet ,  the  position uncertainties computed with feedback, under 

The 

fit. 

The problemof obtaining meaningful statistics fo r  short arcs is similar to 
trying to use a straight l ine  as a model to f i t  parabolic data (see figure below). 
The uncertainties computed by the standard ODP vary inversely with the nunber of 
observations, which would say that long arcs have less error, regardless of data 
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(continues) 

For short arcs (A) the linear f i t  is adequate .awl one would not expect t o  observe 
einn.lficant residuals. 
model errors would hardly be observable. For long arcs (B) the straight line is 
a poor approximation to the data, the residuals become large, a s  do the uncer- 
ta in t ies  w i t h  feedback, and model error is  clearly i n  evidence. 
that long data arcs are necessary to provide "global" s t a t i s t i c s  fo r  a given 
physical model, and successive short data ascs are useful for  analysis OS 
localized model errors. 

1.3 Conelusions . 
!Be use of residUaa. feedback t o  correct the state vector and oovariance is 
successful. in that the corrections do re f lec t  the pgttern of doppler residuals. 
However, there is a strong dependency of residuals not only on the model used, 
but as0 on the data ECC length (which determines the extent of model error 
p p a g a t i o n  and computational observability), on the number and type of solve-for 
garamters (which determine what parameter sources me available for  distribution 
of the errors), and f inal ly  on the particular orbi t  and lunar 

these reasons, it is clear that the method of residual feedback pryvides s t a t i s t&  
selective t o  the model of %he process. 
mdels are very poor, corresponding large statistics (greater than 

8naY.l s t a t i s t i c s  and cannot provide global, s ta t i s t ics .  Hence, un t i l  b s ic  

all not be available. 
site analysis with the available gravitations2 models. 

Thus, using residual feedback, the uncertainties due to  

It is  apparent 

gion encantgassed 
by the data arc (which affect  the physical observability of the -22 rror). For 

errors of the photo analysis 1 occur w i t h  long data arcs. short data ""g, cs -me 

impovments me made i n  the gravitational model, rea l i s t ic  global s t a  t i s t i c s  

*cause the current lunar gravitational 
e emperical 

!lbus, the feedback technique is not a t t r a c t i w  for photo 

1.4 Rec-ndations 

Based uprz the results and conclusions,of 'applying residual feedbsck to Lunar 
Orbiter data, the followlng measures are recommended. 

o Obtain better gravity coefficients e i ther  by solving for  very high 
ordermodels, or by determining coefficients of a different  expansion 
series (Legendre) spherical harmonics. 

o Use long data arcs w i t h  residual fgedback to  determine the adequacy of 
improved physical models and to obtain maningful s%atis t ics  which 
relate one lunar area to  another. 

o Investigate the possible existence of mass concentrations on or near the 
I;- surface awl include these i n  the physical model. One possible method 
of' e s i s  is t o  compute a residual acceleration vector, that is the 
dfPforence between the actual spacecraft acceleration and the total 
acceleration produced by the model, The actual acceleration may be 
obtained by numerical differentiations of the spacecraft velocity as 
correcteit by residual feedback. An alternate method of conrputing the 

* 

e 
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The development of m o d e l s  t o  simulate the r e a l  world is a standard procedure 
used t o  solve complex technical problem. In addition t o  the deterministic 
solution, it is desirable t o  know the accurac;y of the model i n  terms of its 
effect on tihe solution re l iab i l i ty .  

For Lunar Orbiter f l i g h t  path control, the basic problem was t o  corrrpute the 
dynamical s t a t e  of the spacecraft a t  some given time. 
accuracy could be found by comparing the theoretical  doppler &if% of the com- 
puted trajectory with the signal actually received by the trackhg station(s). 
The standard orb i t  determination process converged upon a solution fo r  the s t a t e  
such tha t  the difference tn  doppler, or residuals, was m-icimized. Emever, it 
was found that the primary contribution t o  the residuals was a model deficiency 
and not measurement error, computational limitations, and mechanical or hardware 
problems, although 811 of the l a t t e r  contributions were by no means negligible. 

A measure of the state 

Since Bhe residuals are direct ly  affected by m o d e l  errors, then a good way t o  
improve the estimation of s t a t e  dispersions is t o  transform the residuals back 
into state space. As the mechanism for  residual feedback, it is proposed that 
the K a h n  f i l ter  be used. 
lGalman estimator with residual feedback. 

The following sections discuss the application of a 

2.1 

Orbit Determination is  the process of converting a given set of physical measure- 
ments into a set of constants which define the dynamical s t a t e  of' the orbiting 
p r t i c l e  a t  some given time. The measurements could consist of sets of range, 
azimuth, elevation, range rate,  o r  doppler data obtained from tracking sites 
whiXe observing the particle in  i ts  orbit. 
termined usuaUy consists of position, velocity, tracking station locations and 
the physical consfxxnts. 

The Basic Orbit Determination Probl& 

The set of constants being de- 

The mathematical definition of the orbi t  determination problem is given as 
follows. 
counts, estimate state vector x comprised of position 2, velocity 5 and 
physical. constants - u such that-the diagonal. elements of the mean error matrix 

Given a set f! (81, Q2, . . ., %) of measured values such a s  doppler 

A c 0 x($ - 2) (4 - x)* are  mintmum. i is the average stztte, or ~ ( x ) .  
a pri&i values Laof 2 and its assoziated mean square er ror  matrix 

In case 

A 
Co ss E(& ., 2) (!& - x)* are known, either the so called a pr ior i  w e i g h t e d  
least. squares o r  *e Kalnaan form of optimal estimation may be employed El] .+ 

The mathematical representation of an orbiting s a t e l l i t e  has the non-linear form 

for  computation of the state vector, and the form 

Refers to reference number. 

SHEET 5 



2.1 (contmed) 
for the measurement process where u represents the noise of the measurement 

and 3 
UsuaUy-the state perturbation process &(t) is considered negligible i n  orbi t  
determination problems. 
ing assumptions are  usually made concerning the random process ’w and .u 

i represents a noise or randm perturbation of.tfie state at time t 
i 

How-, when &te noise is included, then the frXLow- 

. - f  € *  

E ( w  UT) = w  
i Y Y  . .  

I n  order t o  apply optimal-estimation procedures i n  a practical fashion, 
Equations (I) and (2) must be linearized about some reference state vector: 

where 

The formal solution t o  equation (4) can be writ%en as follows: 

SHEET 6 
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2.1 (Contilarea) 

Using this Unear model t o  describe deviations from a trial solution t o  the 
OrMt delerzninatipn problem, optimal estimation theory 
iterative or recmsive manner to obtain a definitive orbi t  of the obsemed 
gartich or point mass. 
discussed in de ta i l  i n  the following sections. 

2.2 llhe Model Emor Problem 

Any descripbion of‘ the real w o r l d  by mathemtical equations must contain s o m e  
a p p x i m t i o a .  The inadequacies of the resulting approximations are known as 
“modeling errors”. These errors may produce serious deficiencies w i t h  their 
mbseqyent use. &mcwek, they cannot be eliminated or  made negligible i n  all. 
cases. Bor example, the Irurar Orbiter project furnished a prime example of such 
a situation. St;  low appears that the mathematical description of the physics of 
an orbiting vehicle about the moon is not lmaJn within the possible accuracy 
derived from measurement data. I n  surmnary, mathemtxticalmodel errors are 
al?ways present in any quantitative description of a physical process and, 
furthermore, they may be significant despite a l l  effor ts  t o  obtain better 
approximations.. 

The orbi t  determination process of obtainingthe ephemeris of a spacecraft *am 
rneasmsment data furnished via a tracking network is also subject t o  m o d e l i n g  
errors. W i t h  respect t o  the Zunar Orbiter project, it now appears that the 
lunar @.=a ta t tonal  field is very complex and w i l l  require intensive imresti- 

Mgure 1 is & typical example of doppler residuals (difference between expected 
and actual doppler sh i f t )  due t o  m o d e l  errors. During the translunar phase 

€t can be seenthat the residuals are not due to random noise but rather due 
t o  a consistent perturbation. 
fourth orcler model generated by NASA a t  t h i s  time. 

The presence of known model errors has several adverse effects upon the results 
of orbi t  determination. First qnd farenost, the solution obtained is  corrupted 
In accuracy and the model errors may even cause divergence of the orbi t  de- 
termination process. Also, the corresponding s t a t i s t i c s  of the selection may 
be too oplinfstic by several orders of magnitude. 
phenomenon, one orbi t  determination was made using three orbi ts  of doppler 
data during rUnar Orbiter Mission 3 . 
data FK.Rn Hission 5 .  
WBS chosen as a chekkpoint. 
craft att i tude and time information give the site location as follows: 

[l] is applied i n  BP 

The forms available f o r  optimal estimation w i l l  be 

\ . 

gation i n  3 RstuLating and tes t ing  an adequate potential m o d e l .  

’ (Rgure la), the residuals are small and random. In  lunar orbit, however, I . 

The harmonic model used was the best available 

As an example of th i s  la te r  

Another determination was made using 
A Craeer which was common t o  photographs i n  both missions 

The orbit  determinations when combined with spce-  

sion 
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s-btistics of the 3x1 orbi t  det  nations were as follows: 

sion r 
, 

! 3  

From c o m ~ s o n  of po i t ion  errors, it is obvious that  the theoretical error 
s t a t i s t i c s  m m  t h  0 it determination processes are erroneous and much too 
optimistic. 

1% must be m@xisized, hawever, that the orbit determination s t a t i s t i c s  are 
the theoretically obtainable accuracy levels i n  the absence of m o d e l  errors. 
.oth&r words, if the mathemticalrnodel were known perfectly, than the orbit  de- 
e m i n a t i o n  process is  capable of detemxining the position of a lunar s a t e l l i t e  
with incredible precision using the available doppler data from the DSIF track- 
ing network. 

2.3 Campensation For Model Errors 

The recognition that model errors do exist in 'the orbit  determination process is 
of funaamental impx-tance. 
errors a& conpnsate for their absence. L t  should be pointed out that i f  model 
errors are present, they w i l l  eventually manifest themselves i n  an unexplained 
increase i n  ehe aversage measurement residual. . 

There'are a e e  cmmon methods t o  overcome mdel errors. The fbst  is  t o  l i m i t  
the tracking-dab arc length so that  mode3. errors are of! the same magnitude as  
the noise €n tbe data. This method is repQrted i n  Reference @I The second 
method is analytic i n  nature i n  which one postulates the existence of specific 
madelemrs and cmputes the resulting theoretical effects of each of the 
aasutnt?d model error sources. Reference i3] mnishes an example of t h i s  type 
of compensation. The third method, the feedback method, uses an empirical 
correction t o  the optimal estimate in use t o  make the s t a t i s t i c s  of the estiraate- 
space compatible w i t h  the observed statistics of the measurement-space. 
w i U .  use %he feedback method since it limits the data i n  a rational, analytical, 
and automatic fashion, 

In 

' 

For then one can postulate the existence of such 

W e  

2.4 The kinciple of Feedback Compensation 

lIhe AuLdanenW idea beneath the concept of residual. feedback.is the realiza- 
t ion that the performance of an estimator, ineluding theoptimal estimate, can 
be! determine6 frorn an examination of the residuals.- This is accompUshe6 by 
comparing the calculated mean square residual against some expec2ed level of 
nmasmmt noise. If'the mean squar6 residual is consistently larger or is 
~ p r r w l n g  3arger than the noise level, it must be concluded that an unknown m o d e l  
error is present i n  the meithamtical representation of the observable. 
origin of the 1 emor may be i n  the measurement space or the state  space or  
'in both. V i t h  multiple data E I ~ C ~ S ,  it is a t  least  pcrssibfe i n  theory t o  de- 
t ec t  measureneat biases and correct the model t o  account for these biases. With- 
out multiple data sources it is impossible t o  decide upon the origin of the &el 

. 

The 
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biases and that 
wing rapidly, it 

he s a t e  space. With 

Is m e  in evidence in the Lunar 

ljjust be due to a model e In the s ta te  spcr?. The suggested 
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%his assmptlton is  used In the follaring . 
1 errors in the s ta te  space of the? Lunar Orbtter 
fs Lime, a t  least  over a period of a few minutes- 

data at infrequent t b  intervals- 
r i d  of siipliflteant timet 

. .  

2.4 

%his assmptlton is  used In the follaring . 
1 errors in the s ta te  space of the? Lunar Orbtter 
fs Lime, a t  least  over a period of a few minutes- 

data at infrequent t b  intervals- 
r i d  of siipliflteant timet 

. .  
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3.1 ast Square Estimator 

terninstion l p r o g r ~  ODPL used for the Ltmar Orbiter 
lowhg a pr ior i  weighted least square form for 8 fixed 

-1 ' 

i- o c =  

priori, or previous oflimal, estimate and covariance 
= ~ ( t i , t 0 ) ,  Bi2 and U i  are defined i n  equations 6 ,  5 ,  

3, mspectively, The de ndelnce of &, C, Bi, and 6(ti, t o )  on one another 
requires i terating u n t i l  the m e a  square measurement residual reaches a sta- 
tionm?y value. A s s u m i n g  the i teration process cowerges, then the resultant 
traJeet0z-y is used a% a ferenee for applying the Kalman estimator, which i s  

crfbed in the following sect ns. A complete operational description of 
ODPL program w i t h  residual edback can be found i n  Reference [ 5 ]  . 

3 -2 Floating Epoch Estimator 

computational algorfthzn fo r  the floating epoch form with or  without 
feedback is as lpollars: 

estimate of the (optimal) state, $(ti), is computed using the 
i m a 1  estimate and comet ion  of the previzus t i m e  point. 

SHEET 12 
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3.2 (Continued) 

whexre e is an arbitrari ly small parameter t o  be chosen by the user. x (t) 
refem t o  the reference trajectory. A$%, 
and an in i t ia l  correction to the state, 

1R 
Nefrt;, the measurement -residual, 

6 i ( t i ) ,  are computed. 

= Q(i(ti)) - Qi 

0.3) 

Using the. covariance of the previous time point, Ciml, an initial value of the 
covariance, Ci, and Klman gain factor, IC, are computed. 

Iz = C B ( U  + B i T C  B)O1 
i f  i i i :  

A Mas*, the optimal correction, ggi, state, x and relate? cavasfance can 
be calculated: Y' 

n 
= x ( t  ) + 6 4  4 a i  

ci = C p B C  + W i  
f i  

W i t h o u t  feedback W = 0, whereas w i t h  feedback,# is defined by equation 
(10). I* is impr%ant t o  observe that both a ue&surement noise, Ui, and a 
s t a t e  perturbation, Wi, can be accommodated with this type of estimation. 

3.3 . Ih3manFixedEpochEstinator 

Another variation of optimal estimation i n  the presence of model errors uses 
8 f ixed epoch rather than the floating form of equations (12) through (IS). The 
basic equations, given below, combine features of the a priori w e i g h t e d  least 
squares and t W  floating xislman epoch forms: 
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’ 3.3 

3 -4 

i 

. (Carrtinmd) 

eo - c + . M i  9 

Use of a Reference Itrajectory 
1 * 

The use of an accurate reference trajectory in bohh the Kalman fixed and 
floating epoch estimators omits the need t o  iterate\when processing data 
points. 
considerations. 

square masuremeet residuals have reached a stationary sue. The residuals 

The use of residual feedback and point-by-point processing w i t h  the Kalmm 
estimator then corrects the s ta te  and covariance matrix. llhe corrected 
state and s t a t i s t i c s  should be improved w i t h  respect to  the data ift, and 
when compaxed to the reference trajectory, the effects of model uncertainties 
ase explicit ly illustrated. 

It also ensures the accuracy of feedback results due t o  l inearity 
If the reference tra3ectoryhas been derived with the 

standard weighted least squares estimator, then the co l.Te sponding mean 

c~an now be said t o  directly ref lect  any model error or T a n d o m  s ta te  noise. 

* 

* 
f .  

SHEET 14 . 

US 4802 t434 R E V .  8-6s 



4.0 A P J ? I Z C ~ ~ S  03' TffE BEDRY 

4.1 codrdfnate Systems 

It is often mre descriptive to  express the state and state deviations in, 
coordinate systems other than the Cartesian selenocentric true of date system 
ixi d i c h  the OW operates. Two usefil ,  of date, systems are Keplerian 
orbital elements and Cartesian damrange-crossrange-up (nclH) components. 
!Rm state vectors involve standard point transformations 
State deviations from a reference solution and state covariance u t i l i ze  a 
different mearts of transformation, 

caordfnates involve computing a Jacobian matrix I6 3 , 

161 ; however, the 

' The transformation from Cartesian selenocentric (cs t o  Kepler selenographic 

The Kepler state deviations and covariance are then given by 

Conversion to the DCH system requires the matrix 

a 
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' 4.1 (c'ox&bued) 

!lhe state deviations and covariance are gi=n by 

fn addieion to the ODP modifications which incorporated the K&mn filter and 
residual feedback option, the expression of all feedback results was expressed 
i n  the three coordinate systems: cartesian selenocentric, Kegler selenographic, 
and Cartesian d ~ ~ g e - c r o s s r € ~ 1 g e - 8 l t  itude . 

. .  . 
. .  

. .  
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4.2 statistics rQ?xrvemerrt 

Stat is t ics  which.approach observed dispersions can be obtained by using the 
KiPtman estimator with residual feedback. Hwever, the s t a t i s t i c s  reflect the 
residual pattern which i n  turn is governed by such variables as t y p  of solve- 
for parameters, data arc length, data type, and orbi t  geometry witb respect t o  
the observer. 

Care mt be taken that the s t a t i s t i c s  are  not a r t i f i c i a l ly  stirmrlated. For 
example, this wou3.a: occur if the a-priori state covariance differed from the 
actual (as coqputed uy feedback) by an order of magnitude. It would then re- 
*ire a t  least one orbi t  for  the s t a t i s t i c s  to se t t l e  out. In addition, the 
dapp.lsr data must be relatively n~lean*'. Ip a bad data point is encountered, the] 
the statistics become distorted and several good points m s t  be processed before 
the s t a t i s t i c s  return t o  n0rnaL. 

Table I summarizes the RSS of p s i t i o n  and velocity standard deviations as  com- 
puted by the standard ODP stat is t ics .  
epoch residual feedback was,employed for comparison. 
near the data epoch (approximtely -130 degrees true anomaly). Area D is the 
checkpaint location discussed i n  Section 2.2, that  is, a crater a t  359 degrees 
longitude, 0 degrees latitude, w i t h  an estiuated dispersion of 1.9 km based on 
~ b D t o  consistency studies. 
sphere a t  324 degrees longitude, -4 degrees latitude, w i t h  an estimated disper- 
sion of 1.2 Inn. 

The one exception is the case where fixed 
All s ta t i s t ics  are waluatec 

Area H is a crater located on the lunar western hemi- 

!The principal orbit  pame te r s  of Missions 3 and 5 are: 

m'ssion 3 5 
perflune altitude* (h) 50 
Apolune altitude* (h) 1850 ' 

Feriod (min.) 2og 191 
Orbital inclination (deg. ) 21 8 5 .  

ux) 
1500 

* Above a 1738 km mean lunar radius 

The perilune of both missions was near the equator, although photog~aphy occurred 
on the descending node (North. to South) far Mission 3 and on the ascending node 
for Mission 5. 

It is apparent i n  Table I t h a t  the s t a t i s t i c s  are too optimistic even fo r  the! 
case of residual feedback. The single exceflion is the one orbit  data arc over 
area H where it is suspected that  the s t a t i s t i c s  are not so mch an indication of 
model error as they are of insufficient observability, i.e., track5.ng data. It 
.is also significant that  as. the data arc increased (cases 6, 7, 5), the average 
residual  also increased, but the ODP uncertainties decreased. 

When feedback is used in  its f h a t i n g  epch form, s ta t i s t ics  are ge-rlerated a t  
every time poirrt;. 
lune w h e r e  most of the Lunar Orbiter photography occurred. 
the p s i t i o n  and velocity dfsprsions a t  perilune over the stated Cireekpoint 
areas. There is a noticeable improvement i n  the s t a t i s t i c s  over those produced 
by the standaFd OD; howeve, suspected position dispersions of 1 t o  2 km do not 
occur for the 3 orbi t  data arcs. This is not too surprising i n  Light of the 
doppler restdual size, and eqhsizes the diff icul ty  of observing madel errors 

It is of particular interest  %o examine tae r eeon  near peri-. 
Table 2 suumarizes 
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Average Position Velocity Data 
atppler Rss RSS Arc 
Residual. (hz) (km) (net/see) Hission Area IOrbitsZ Solve-for - 

TAEU3 1. Position, Velocity Dispersions at Epoch (f'rom ODP) 

Average Position Velocity Data 
Doppler RSS RSS Arc 

hse Residual (hz) (Inn) (met/sec) Mission (Orbits) Solve-for 
.-.111. 

! 5b -05 . .08 3 D 3 m m  
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4.2 (Continued) 

Xn slurrt data arcs. Unlike statistics f r o m  the weighted least  squares ODP, 
the uncertabt ies  computed by feedback increase as  the data arc length and re- 
sultant dogplez residuals increase. Again ,  the s t a t i s t i c s  for the one orb i t  
data arc over area H probably reflects the lack of data more than model de- 
ficiemx€es. 

Table 3 summarizes the standard deviations near perilune in down-cross-up state 

range position of! the spacecraft which usuaUy overshadowed the dispersion i n  
crosblrange and dtitude, 
error w i l l  seriously affect the post-flight determination of photo locations. 

Ae an example of the long term variation of position uncertainties, Mgure 2 
illustrates the doppler residual and the dowrrrange-crossrange-altitude standard 
deviations a t  perilme fo r  the second through fourteenth.orbits of‘ the mission 
five 16 orb% data arc. 
degrees f o r  the second orbit  to 338.1 degrees for the fourteenth orbit. 

Dfs&swions i n  Kkpler space are sunmarized i n  Table 4. The uncertainties i n  
spacecraft position are-shown by the relatively large standard deviations i n  
seni-nasjor axis, eccentricity, and periapsis time. 
apprwdmaW3y 1.8 km/sec a t  perilune? an error of 4 second i n  p i a p s i s  tine 

, could result i n  a downrange error of‘ alnost one km. U n l i k e  the position, the orbi 
orientation angles appear t o  be we23 defined. 
bions for  the 1.6 orbi t  data arc  are EytulXy outside the assumptions of l inear i ty  
and may be erroneous. 

When one considers the resul ts  of the 16 orbi t  data arc presented i n  Tables l 
through 4 &nd Figure 2, the need for  an adequate lunar gravitational model is 
obvious. U s i n g  any of the  Latest sets of gravitational coefficients, and long 
data arcs (2 or more days), the doppler residuals are undesirable with respect 
t o  the l inear i ty  assumptions within the feedback process, and intolerable a s  a 
measure of 3unar model accuracy. 

4.3 

c@. Throughout a l l  the feedback -runs was a consistent uncertainty i n  the down= 

It is important to note that a downrange (and crossrange 

The corresponding node longitude varied f r o m  359.1 

Since the spacecraft moves 

The Large residuals and disper- 

Deviations F r o m  a Reference Solution 

A t  each time point, the feedback process not only m p t e s  the s ta te  covariance, 
but also estimates the necessary correction t o  the reference trajectory i n  order 
that the residual be reduced t o  zero. 
verg@d solution of *&e weighted least  squares ODP, then the s ta te  deviations cm- 
puted by feedback are caused primarily by madel deficiencies. 
deviations are due eo model deficiencies, then there should be some consistezcy 
fn doppley’residuals and state deviations fkwn one orbit t o  the next. 
of the fitting process; there was no consistency in results obtained for  multiple 
mbit; data arcs. Howeyer, when sir@e.orbit arcs were used, a repeatable pattern 
in both residuals and state deviations becane &dent. A disadvantage of the 
short arc was the presence of large uncertainties due to the relatively smal l  
amount of! data available. 
the afze of the s t a t e  deviations. 

If the reference trajectory is  a con- 

JWthemre, if the 

Because 

Far this reason, care should be taken In interpret ing 



s before and aft;- 

ctions as s e n  i n  the 
ng the orbi t  track (3). 
esiifuals (3) a d  are con- 

of s.t;andard a m a t i o n s  (9) w i t h  
fmence trafectory (3 a d  3c)* 
ne measmeme& residua2 a t  8 time whereas the s t a t e  dis- 

me state corrections are 

the RE3 of 5 data pd..nts. s, the effect  of rapid2 
mme noticeable i n  state 
ng scywpce is associated w a1 lun;lr terrain, as 
, then one wodd expect a alight but rapid change 
t passes the ation. The r e s d t a n t  doppler 
d into 8 the state deviations f r o m  

etisns than i n  swte 

o?rbit data arcs is  i l lustrated i n  F i  
reference trajectory is sham as it 

es vhich are seprated by one orbit. 
t present& in Figure 3. 
p m i ~ ~ ~ e  for %he = .z8' case. a he missing 

22ec-k the results sonewhat, E nation of the available 

The 
It is unfortunate 

ns show a consisten% patt;eTn be2;ween the two casese There 
mbation near perilune and another, @rhaps, approximately 

degrees lati tude).  If the pzrtrrrbations me attributed 
ce mss mneentratioxs, then the size of the ini%T&L perturbatLon, near , mag be misleading because of the inverse square relationship between 

A t  27 minutes past peritlune, vitatianal attraction. 
420 km whereas a t  perilune 1% is LOO km. 
ilme w i n  exert 16 cines more force than the same 

analysis is needed i n  a much 

Thus, a 

e ana Xocation 
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