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EVALUATION OF A QUANTAL RESPONSE MODEL 

WITH VARIABLE CONCZNTRATIONS . 

Richard G. Coraell 

A quantal response model used i n  the  analysis of an experiment 

described by Petersen, Cornel1 and Puleo (Space L i f e  Sciences, 1969) is 

presented. 

exposing one or  more v i a b l e  microorganisms, as the  r e su l t  of f ractur ing 

p l a s t i c  rods, t o  the  concentration of microorganisms within the plast ic .  

The purpose of the experiment was t o  relate the probabi l i ty  of 

In the  i n i t i a l  analysis a maximum likelihood estimate of t he  only 

parameter involved was computed for each of four f r ac tu re  areas otudied 

using observed proportiqns’ of fractured p l a s t i c  d i scs  showing growth of 

bac te r i a l  spores and corresponding experinentally de te rdned  concentrations, 

The concentrations were assumed t o  be measured without error .  When the  

model w a s  evaluated using the calculated parameter estimates it w a s  found 

t h a t  it did not describe the da ta  adequately. 

I n  this paper an estimation procedure is developed f o r  the concentra- 

t ions which u t i l i z e s  the observed proportions as w e l l  as the  observed concen- 

t ra t ions.  

i l l u s t r a t e d  and lead to  prac t ica l ly  the  same estimates of the model parameter 

and its standard e r ror ,  but  dramatically reduce the a-square stat;;lstic:uaed bo test 

the  appropriateness of the  model t o  a value somewhat less than its expecta- 

t ion  

Subsequent calculations like those carr ied out i n i t i a l l y  are 
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1 INTRODUCTIO2J 

This paper is concerned with the  evaluation of a quantal response 

model used i n  the  analysis of an experiment described by Petersen, Cornell 

and Puleo [1969]. 

probabilicy of exposing one o r  more v iab le  microorganisms, as the  r e s u l t  of 

f ractur ing a contaminated so l id ,  t o  the  concentration of microorganisms within 

the  so l id  and to  the  fractured surface area exposed. 

The immediate purpose of the  experiment w a s  t o  relate the  

This experiment was .e 

part of a long range program to  obtain information on the poss ib i l i t y  of 

viable  microorganisms being released on planets  by the impact of a space 

vehicle. 

The experiment involved several rods of so l id  methyl methacrylate 

p l a s t i c  inoculated during preparation wilcb a vide range of concentrations of 

BicTIlus subrilis  var, niaer spores. 
from each of these rods, Two discs  from each batch were selected f o r  

assay. 

A batch of snallar discs was cut 

They were dissolved and incubated separately t o  obtain two spore 

counts and subsequent concentration extimates f o r  each batch. 

denote these observed concentrations by x 

We s h a l l  use 8 t o  denote tbe  corresponding t rue  contentration. Two more 

discs  from each batch were incubated f o r  t h i r t y  days and observed f o r  

bac te r i a l  growth as a control  on the  surface s t e r i l i z a t i o n  and handling 

techniques. None of these controls exhibited growth. 

We s h a l l  

and xi2 f o r  the  ith of k batches. il 

i 

The remaining d iscs  from each batch were asept ica l ly  fractured exposing 

2 approximately 30.6 mm of fractured surface on each half  o r  quarter  disc. 

As each d i s c  w a s  f ractured one t o  four pieces were placed i n  a tube of 

sterile t rypt icase  soy broth f o r  incubation. Approximately 30.6, 61.2, 
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2 91.8 o r  122.4 mm of f ractured suHace were exposed depending on the  number 

of pieces placed in the  tube. 

i n  each of the tubes from each batch. The tubes from each batch were 

The same fractured surface area was exposed 

divided in to  e i t h e r  one o r  two sets of twenty. 

of bac te r i a l  growth during t h i r t y  days of observation was recorded as posi- 

tive. 

fo r  each set from each batch. We s h a l l  denote these proportions by yil and 

yi2 f o r  sets one and t w o  respectively, i=1,2,..,ak. 

Any tube showing evidence 

The proportion of posi t ive tubes among the  twenty tes ted  w a s  recorded 

I n  the analysis  of the data from this experiment, Petersen et&. 

assumed t h a t  the  bac te r i a l  spores were dist r ibuted independently throughout 

the p l a s t i c  i n  accordwith the  Poisson d is t r ibu t ion  wich the  m e a n  number of 

microorganisms on surfaces exposed by fracture  proportional t o  the  product 

of the  area exposed and the  spore concentration. The proportionali ty con- 

s t a n t  was cal led h and w a s  interpreted as  the  depth t o  which v iab le  spores 

located near the  fractured surface were exposed t o  l iqu id  nutr ient .  

expected value of an observed proportion for the jth set of tubes from 

bafia i, denoted by Pj, was therefore given by 

The 

where A is the  area exposed by f rac ture  

21% such sets, represented by 20 yij, were taken t o  be binomially distributed. 

and the number of pos i t ive  tubes 
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Graphically f o r  each of the four A values used, a p lo t  of 

[ (l-y 11 against  the  observed mean concentrations = (xil+xi2)/2 

depicted a l i n e a r  re la t ionship  through the  or ig in  with v a r i a b i l i t y  increasing 

as increases,  as would be ant ic ipated with the  model presented. There- 

fore,  f o r  each of these areas maximum l ikel ihood estimates of A, using zi 
instead of Bi f o r  each is were computed. W e  w i l l  denote such an estimate 

by il. 
developed t h i s  model for a similar experimental s i t ua t ion .  

i j  

i 

The computational formulas were presented by Pe t0  [1953], who a l s o  

The estimates 

of h f o r  the 

computed. A 

where 

four areas were close together and an ove ra l l  estimate w a s  

goodness-of-fit s ta t is t ic  X w a s  a l so  computed f o r  each area, 2 

and each Pi was computed from (1) a f t e r  s e t t i n g  ei = Gi f o r  each i and 

replacing h by i ts  maximum likelihood estimate i,. The symbol ni is the 

number of sets of tubes tes ted  f o r  batch i and was e i t h e r  one o r  two for 

a l l  batches. For the  three smaller areas, X w a s  much l a rge r  than the  

appropriate 95th percent i le  of chi-square, ind ica t ing  an inadequate model. 

2 

However, an examination of individual terms i n  (2) revealed many terms of 

0.3 o r  less and many terms of 3 o r  la rger  with r e l a t i v e l y  few terms near 

one as would be expected. This is the pa t t e rn  t h a t  would r e s u l t  i f  the c o w  
L. 

putat ion of the Pi i n  (2) were i n  e r ror ,  pa r t i cu la r ly  f o r  small @ that i' 

is, f o r  the s d l e r  arcas a.11 concentrations. Since the l a rges t  contri-  
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2 butions t o  X did occur f o r  small A 

2 f i t  of the  model as described by X 

and 2 products and s ince the poorest 

w a s  obtained f o r  the smallest exposure 

i 

area studied, i t  was surmised by Petersen et al. t h a t  the  apparent inappro- 

priateness of the model as measured by X w a s  due t o  the  f a c t  t ha t  the 

observed concentrations gi were highly var iable  and did not approximate the  

2 

concentratioas Bi w e l l  enough instead of t o  inadequacy of the  model as 

represented by (1). 

I n  Section 2 of t h i s  paper, an a l te rna t ive  estimator of 8 is  i 

developed which, f o r  each batch, u t i l i z e s  the  observed proportions posit ive,  

12 * as w e l l  as the corresponding observed concentrations, xil and x 
%j* 
These new concentration estimates, denoted by 6,, are then used as were the 

x before t o  replace the 8 i n  (1) i n  order t o  compute maximum likelihood 

estimates of X It ha3 been found t h a t  

the new concentration estimates lead to  goodness-of-fit s tatist ics very 

close to t h e i r  expected values, thus ver i fying the  conjecture made a f t e r  

the i n i t i a l  analysis. The computations are i l l u s t r a t e d  i n  Section 3 and 

compared with the corresponding r e s u l t s  of Petersen e t  al. f o r  the smallest 

exposure area studied of approximately 30.6 mm . 
poorest f i t  w a s  obtained i n i t i a l l y .  

- 
i i 

and goodness-of-fit statistics. 

2 This is  the area f o r  which 
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2 CONCENTRATIOS4 ESTIMATION 

f o r  the ith batch which uses both the xis and yij observations. As 

indicated i n  the  introduction, the range of the subscr ipt  i is from 1 t o  k 

throughout. The range of j when it is used as a subscr ipt  of x is from 

1 t o  2, while f o r  y the subscr ipt  j equals one only f o r  some i and equals 

e i t h e r  1 or 260r the others. The exposure area A is assumed t o  be known 

and the  same f o r  each batch. 

For each batch we could take 7 
i n 

j=1 

as an estimate of E(y ), where 
i is 

yi = ( 1 yij)/ni ni=l or 2 

In  accord with (1) w e  would then compute an estimate 

qi of yi = hei  as 

y i  = - (l /A)ln(l-i i)  . 

Fromy w e  could compute an estimate i 

vi = Qi1 

(3) 

h 

of Bis where AI is the  m a x i m u m  l ikelihood estimate of h with Bi replaced 

by xi f o r  each i. 

v have the same order as the  yi and involve the x 

computation of the scale fac to r  1 / h  

h 

Since yi is a monotonic increasing function of Gis the  

only i n  the  
i i j 

A 

1 '  
The vi concentration estiamtes computed from (4) along with the  

* 
estimate h 

i n t o  equation (2) for ehe goodness-of-fit statistic X . 
appearing i n  the denominator of each vi could be subs t i tu ted  1 

2 The evaluation of 
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each gi would involve x1 only i n  the  product x, vi, which equals y 
A 

i 

3. I 

subs t i t u t ion  of yi for gi i n  (2) 

of (1) or  of the appropriateness 

give a test of the assumption of 

2 Therefore, X computed using 
53 

and is a function of yi but  not  of the  x 

the  v, and i- is a function of only the  y It involves the  
i j  

and would not  give a measure of t he  adequacy 

of t he  estimate 5,. Instead it would 

binomial va r i a t ion  of the  y within 
f j  

each batch when it is compared with the  chosen percentage point of the  
k 

chi-square d i s t r ibu t ion  with 1 (ni-l) degrees of freedom. It is 
is1 

used f o r  t h i s  purpose i n  the  next section. 

Our object ive is t o  obtain an estimate of ei f o r  each batch which 

W e  have j u s t  combines information provided by both the x 

seen tha t  the vi by themselves are not reasonable f o r  t h i s  purpose s ince  
i j  ' 

and the y 
i j  

they do not u t i l i z e  the  form of the E(y ) as given by (1) and they only 
i j  

involve the x i n  a scale factor .  However, i t  is reasonable t o  consider 

f o r  each i a weighted average of vi, o r  a function of v and an estimate 
i j  

i 

of Bi which is determined by the xij. 

F i r s t  l e t  us propose an estimate of 6.  which depends only on the  
3. 

The x were determined from spore counts a f t e r  d i lu t ing  
i j  ' i j  

corresponding x 

dissolved p l a s t i c  d i sc s  so t h a t  each count w a s  l a rge  enough t o  have two 

s ign i f i can t  f igures  but  small enough BO t h a t  separate  colonies eould be 

distinguished. Therefore, f o r  a l l  batches, o r ig ina l  counts were of the same 

order  of magnitude, say p, and s ince  such counts can reasonably be assumed 

t o  exhib i t  Poisson var ia t ion ,  with common variaace a lso  approximately equal 

t o  p. 

ing on the  d i lu t ion  used t o  obtain a count of the  desired order of magnitude, 

t o  yie ld  the corresponding x observed concentration. Hence x has a t  

Each such count w a s  then expanded by a known constant, say cij3 depend- 

ij ij 
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2 

least approximately, mean c 1.1 and variance c 1.1. Since the variance of 

the logarithm of a random var iab le  is approximately equal t o  the  vaitiance 
i j  i j  

13 of tha t  random var iab le  divided. by its mean squared, the  variance of In x 

is approximately equal t o  1/11 f o r  a l l  i and j. 

based on the  corresponding x 
i As an estimate of any e 

we therefore  suggest, a s  en a l t e rna t ive  t o  the 
i j  

sample mean  xi used i n  the o r ig ina l  analysis ,  the geometric mean ui defined 

by 

i n 

j =1 
In  u = ( 1 I n  xij)/ni . i ( 5 )  

The In  u 

estimate the 8, since they have approximately equal variances which can be 

quan t i t i e s  aTe convenient t o  use i n  a weighted average t o  i 

& 

estimated from a l l  

ii ( In  

Next 1e.t us 

the  x data  by 
i j  

construct the 

2 x il -In xi*) ]/2k. 

estimate ^e such t h a t  i 

h 

i I n  ei = W In  ui + Wv In v 
ui i 

(7) 

with W + W = 1. This estimate achieves our object ive of incorporating 
"fi 

information from both the  x and y samples since, from (5), ui depends 
i j  i j  

on the  corresponding x 

by (4) are ordered l ike  the yi means. 

under consideration, the  value of i, would be unlikely t o  be a l t e r e d  appre- 

ciably i f  the x.. values f o r  any i were omitted from the  calculations.  

That is, f o r  practical purposes we can consider I n  ui and I n  v 

pendent. 

only and, as mentioned earlier, the vi as defined 
i j  

For k l a rge  as i n  the experiment 

LJ 

t o  be inde-. i 

Hence it is reasonable t o  set W proportional to  the inverse of 
i U 
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?( ln  ui) as given by (4) f o r  each i and W 

of the estimated variance of In  v 

proportionalto the inverse 
i V 

io 

The variance of I n  vi from (41, with the subscript  on il suppressed, is 

V(1n v i )  = V(1n ji) + V(1n i) - ~ ( l n  .ji, In  RI 
given by 

where the  symbol V again denotes a variance and C denotes a covariance. 
. A A  

Now C(ln ;i, In ^A) = C(yi, A)/(yiA) . Using t h i s  approximation and similar 

ones for V(ln qi) and V(ln i) yields  

A i I 

L e t  us assume f o r  the t i m e  being tha t  f = 0 .  f o r  each i; t h a t  is, t h a t  

the 2 concentration 

lihood estimate of A ,  which i n  t h i s  instance we have denoted by are 

i 1  

estimates used i n  the calculat ion of the maximum l ike-  i 

fixed and equal t o  the t rue  concentrations. 

of our l ikelihood function, assuming binomial var ia t ion  of the  20 y 

about expected values given by (l), as 

Next l e t  us w r i t e  the  logarithm 

i j  

k 

i-1 
L =  1 L i 9  

where P. is  given by (1) and yi = ABi. 
1 

n 

Now Y as given by (3) can be thought of as the maximum likelihood i 
estimator of yi based on only the corresponding y observations; t ha t  is, 

From (2) w e  can 
13 

is the solut ion f o r  y i i of the equation (3  Li/3yi) = 0. 
* 

approximate the variance of y by i 



10 

. pi 
s 

20A2ni ( l-Pi) ' 

where we have again used the  approximation fo r  the variance of a logarithm 

as w e l l  as the mean and variance of the  binomial d i s t r ibu t ion  of 2Oy 

The same approximation to  V(9,) could have been obtained by using the  asymp- 

t o t i c  variance formula for maximum likelihood estimators, which i n  t h i s  

case is 

is' 

We w i l l  use (11) t o  derive an expression f o r  V ( b .  

can estimate the variance of ii by subs t i tu t ing  yi f o r  i t s  expectation, Pi, 

i n  (10) t o  obtaln 

In the m e a n t i m e ,  we  

It can be shown that (12) can a lso  bz written as 

Next l e t  us use  the chain ruEe to w r i t e  from ( 9 )  t ha t  

where 
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An approximation t o  the  variance of is given by 

Subst i tut ion of (14) i n t o  (16) and use of (11) gives 

The V ( i )  can then be estimated by replacing each V(; .) by the corresponding 

estimate as given by (12). 

1 

A , +  

I n  order t o  estimate C(A9yi)+ w e  f i r s t  approximate 3L/ah as given 

by (14) by replacing the aLi/ayi i n  t h a t  expression by the l i nea r  terns 

of t h e i r  Taylor series expansions about the ;i. 
f o r  the maximum likelihood estimator i 9  t h i s  leads t o  

When we evaluate aL /ayi i 

i j  
Since 9 
proportions f o r  the ith batch, each [aLi/ay 1 

is  the maximum likelihood estimator of y 
i i 

based on j u s t  the y 

= 0 .  Then using (15)s 
i Y i T i  

w e  have from (19) t h a t  

which implies t h a t  



Assuming tha t  the variance estimates i n  (20) a re  approximately equal 

t o  t h e i r  t rue  variances, w e  can regard i as  approximately equal t o  a 

l i nea r  combination of the estimates with constant coefficients. This 

i i n  turn leads t o  the covariance estimate between i and any par t icu lar  

equhl t o  the variance estimate of yi times its coeff ic ient  i n  the expansion 

fo r  ^x given by (20). 

i 

Therefore, we w r i t e  

Substi tution of V(i) and e ( i , j i )  as given by (18) and (21) i n  ( 8 ) ,  

and replacement of V(yi) by $(;,), leads t o  

Writing 

the estimate 

as  yi and replacing yi by its estimate yi enables us t o  w r i t e  

1 
- 1 A  2 k 

i=l 
r, [ W i > l  Yi 

For large k such as those i n  the experiment m t i v a t i n g  t h i s  work t h e  

second term on the r igh t  of ( 2 3 )  w i l l  be smal l re la t ive  to  the f i r s t ,  SO 

w e  rake as  our estimate of the variance of I n  vi the f i r s t  term only, namely, 
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where G(qi) is given by (13). 

The estimate (23) is not the  most e f f i c i e n t  estimate of V(ln v ). 

For instance,  i n  estimating A8 in  the  denominator of the  second term of 

(23) a more e f f i c i e n t  e s t ina to r  than which would use a l l  of the  data  

would be ABi. 

not  involve the  x 

xi's regardless of whether o r  not they equal the corresponding 0 

tion. 

i 

i 

i 
h 

However, (23) is eas i ly  calculate?. fo r  each batch i and does 

's so tha t  i t  is an appropriate estimator f o r  any fixed 
i j  - 

concentra- i 

That is, (23) gives an appropriate estimator of In  vi with vi 
* A defined with A, i n  the denominator, as i n  (41, eve2 when the  use of A, does not 

.L 

involve the assumption tha t  2 = €Ii f o r  each batch. i 

After using (26) t o  calculate  each ?(ln v ) and i 
A 

V(ln u ), w e  can compute f o r  each i, i 

wv = 1 - w u  . 
i i 

Then the desired estimates ii of the ei concentrations 

using (7). Koreover, the variance of each such 8 can 
R 

i 

These 6 .  estinates can be regarded 

x to  compute a new estimate of A, 

of i2 would be evaluated from (16) 

1 - 
i 

h 

replaced by ei. 

.L 

(6) t o  calculate  

can be computed 

b e  estimated by _- 

as fixed and be used instead of 'the 

say Az9 from ( 9 )  and (15). 

with iz subst i tuted f o r  h and each Bi 

6 

The variance 
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3. ILLUSTRATION 

I n  t h i s  sect ion the  application of the r e s u l t s  of Section 2 t o  

the  experiment which motivated t h i s  research is  discussed and i l l u s t r a t e d  

with data  f o r  exposure areas of approximately 30.6 mm . 
are expressed as spores per gram of p l a s t i c  multiplied by 100 and estimates 

2 Concentrations 

of A are 

analysis 

f o r  each 

given i n  terms of microns. 

with two sets of tubes, and consequently, two y . .  proportions, 

batch, so n -2, 131,2,...,54. 

Fifty-four batches are included i n  the  

13 

i- 
I n  the  or ig ina l  analysis,  based on concentrations estimated by the 

- A 
xis i t  w a s  found tha t  i1=3.18 with estimated standard e r ro r  &(Al)=0.119. 

2 The goodness-of-fit s tatist ic X with 107 degrees of freedom w a s  172.8, 

which is greater than even the  9gth percent i le  of the  corresponding chi- 

square dis t r ibut ion.  
2 t o  an even la rger  X value of 178.9. 

computed from equation (4) yields  a X 

Using the u defined by (5) instead of the  Zi leads i 

Replacing the zi by the  vi as 
2 of 55.4 with 54 degrees of freedom 

which is  very close t o  i t s  expected value and indicates  t h a t  the assumption 

of binomial var ia t ion within batch pa i r s  of y 

and tha t  the i n i t i a l l y  calculated poor f i t  of the model t o  the  da ta  w a s  

due to  a f a i l u r e  t o  adequately estimate the  Pi as given by (1). When the  

A , as given by (7) along with (4),  (5), (6) and (24k are used as concentra- 

t i on  estimates, X with 107 degrees of freedam is 93.0, which is somewhat 

less than i t s  expected value. Thus the  conclusion is t h a t  the  model 

proportions is reasonable 
i r i  

ef 
2 

proposed by Petersen et 61. and presented i n  the  introduction t o  t h i s  paper 

describes t h i s  i l l u s t r a t i v e  da ta  w e l l  when the  8i as developed i n  Section 2 

of t h i s  paper are used as concentration estimates. 



15 
2 These X goodness-of-fit measures 

u and ^e as concentration estimates are i i 

resu l t ing  from 

given Table 1. 

- 
using the xi, 

In addition, 

t ha t  t ab le  lists the  values of the maximum likelihood estimates of A ,  

denoted there by ^x, and ae3.r estimated standard e r ro r s  calculated usiug (91, 

(15) and (16), assuming i n  each instance t h a t  the  concentration estimates 

used are fixed. 

previously cal led X1 and respectively. 

These estimates of X f o r  the  xi and the  ^e have been i 
* h 

mote from Table 1 tha t  the maximum likelihood estimates of X and 

t h e i r  estimated standard e r rors  are almost the same regardless of the set 

of concentration estimates used. Therefore, using the ^e 's as concentra- 

t ion  estimates instead of the Gi does not e f f ec t  the estimation of X 

appreciably f o r  t h i s  i l l u s t r a t i o n ,  but unlike the i n i t i a l  analysis,  i t  leads 

i 

t o  the conclusion t h a t  the model used is  adequate. Furthermore, although 

the estimation of concentrations was not of primary i n t e r e s t  of itself i n  

t h i s  studys the  

x 's  since the ^e 's  combine the information from both the y 

's  are more reasonable concentration estimates than the i - 
and x data. 

i i i j  i j  
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TABLE 1 

Concentration Estimates I - 
i B, U i X 

I 

178.9 93.0 2 X (107 degrees of freedom) I 172.8 
3.18 3.24 3.23 
0.119 0.122 0.121 
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