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Abstract

The 1nvestigating members of the Mathematlcs Department of
Clemson University, under an extension of NASA Contract 8-11259,
investigated an applicatlion of a least squares estimator, a
minimum varlance unblased estimator, and Kalman's fllter to a
linear mathematical model. The model considered had an exact

transition matrix. By using approximations to the known matrix,

comparisons were made of tlie varlous estimators.
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Summary

A review of the concepts of least squares (L. S.) and minimum
variance unblased (M., V. U,) estimators as well as the Kalman fil-
ter 1s given., The L. S. and M. V. U. estimators are then derilved
for a multivarliate linear model. }

The L. S. and M. V., U, estimators and the Kalman fllter are
applied to the problem of trajector estimation.

A mathematlical model 1s constructed to 1llustrate these three
estimators. The model is that of a particle 1In force free flight
on a parabollc curve 1n the x-y plane. Wlth thls model the state
vector 1s estimated; that 1s, the position and veloclty of the
particle 1s estimated at a flnal time. Additive noilse 1ln the
observations 1s employed.

An exact transition matrix is obtained for the linear model.
Approximate transition matrices are derived using Taylor serles
expansions in order to compare the three estimation schemes.

The dynamical system 1is particularized to generate a sequence
of simulation runs. There are eight computer runs for each
estimation scheme due to alternate selections of transition matrices
and varlations in the observation schedule.

The data 1s analyzed and presented in tabular form. The
results exhibited in these tables 1ndicate for the model employed

the Kalman filter gave the "best" results.
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Leust Squares and Minimum Varliance Unblased Estimators
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Applicaticu of L. S. and

(I, I, = * *, 1I); p x np matrix
(wl, wa, <oty wn); p X np matrix
matrices

least square estimator of yu

covariance matrix of X

M. V. U. Estimators to Trajectory Estimation

£y

e

x(ty)
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The Mathematical Model
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Chapter I: Introductilon

Conslderable l1lnvestigatlion in the past few years concerning
space navigation problems has focused on three estimation technl-
oues; least square estimator, minimum variance unblased estimator,
and statlstlcal fillter theory developed by R. k. Kalman.

The least square technique [1], one of the oldest methods of
estimation, goes back to Gauss who first developed this technique.
Generally 1t 1s used for estimatlion of parameters 1n a linear model.

Let Xl, X2, ey, Xn be independent random variables such that
E(Xi) = Al + Azyi where Yy i1s a known constant and xl and A2 are

ur.known constants. Consider the quadratic function

n
WKy, Xps ¢ 0 ey Xy Ag, Ay) = izl[xi - Ay - Ay d° (1.1)

Let Xl and X2 be the estimates of Al and A2 respectively which

minimize (1.1), then Xl and X2 are called least squares estimates of

Al and xg. The so-called normal equations

dw(X,, Xgy ¢ ¢ oy X 5 Ay, A.) n
= 2 ) Xy - A - gy = o,
1 i=1
) )
or X, = nk, + ni y (1.2)
121 1 1 232" 17
sw (X ey X, AL, AL) n
1° > s M1 Mol _
and " = -2 Z [Xy = A = Aoyydyy= 0,
2 i=1
) ) 19,0
or VX, = A vys + A Vi (1.3)
121 171 11=1 i 21=l i°

can be solved for Al and Az. One can thus obtain



* g +

g #

SRR v

+ Fnaticges &

e

i i

raags B A

NG

no
l._.l-
nNe—13l i3S

1

(1.4)
i=1
and Ay = X = ALY (1.5)
To define an unbilased estimate, let Xl’ X2, ey, Xn be
independent random variables. A function of Xl’ X2, e ey, Xn’
¢(Xl, Koy *00 0 Xn), is sald to be an unbiased estimator of A 1if
E[Q(Xl, X2’ IR Xn)] = A, (1'6)
If
E[@(Xl, Xos * 0 " Xn)] = X + Db, b # 0 (1.7)
then Q(Xl, Xos * "y Xn) 1s said to be a biased estimate of A with
expected bias b.
Intuitively, a loss function assigns a penalty to the error
made in estimation. Consider the loss function L(®, A) = (& - A)2.

Assume the value of A 1s unknown. Thils unknown value of A can be
estimated by ¢; 1f a value of % 1s close enough to A the corresponding

loss will be small, 1f it is not, then the loss will be large. Thus,

one 1s interested in finding ¢ such that

E[(¢ - A)%] < B[(e' - A)%] for every o'. (1.8)
Then ¢ has minimum mean square error and it is called a minimum mean
square error estimate.

Now in addition, assume that ¢ and ¢' are unbiased estimators
of A then (1.8) implies that ¢ has minimum variance and hence it is

a minimum variance unbiased estimator.
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Kalman's statistical filter 1s a particular formulation of a
solution to the Welner problem. Kalman [2] expresses the under-
lylng situation as a dynamic model
x(t + 1) = ¢o(t + 1; t)x(v) + u(t), (1.9)
y(t) = M(t)x(t), (1.10)
where u(t) is an independent normally distributed random process
of n-vectors with zero mean and covariance matrix Q(t), x(t) iu an

n-vector, y(t) is a p-vector (p < n), and ¢(t + 1; t), M(t) are n x n
and p ¥ n matrices, respectively, with elements as nen-random functiong
of time. The problem is to find an estimate, x¥(t + 1|t) of x(t + 1)
which minimizes the expected loss; given the observed values y(tO),

+ +, y(t) that are assumed to be linearly independent.

The assumed normal distribution hypothesis implies that the
optimal estimate would be the same as 1f the optlmal estimate was
restricted to a ‘lnear function of the observed random variables
and a loss function L(e) = 82, where € 1s the difference between the quan-
tity to be estimated and the estimator.

A dynamic model that 1s more applicable to trajectory analysis
is Solloway's [3]

x(Ep,1) = e 05 £)x(E,), (1.11)

y(t,) = Mt x(t ) + ult ), (1.12)

where u(tq) is an 1ndependent random process of p-vectors with zero

mean and known covariance matrix, Q(tn), i.e.,
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Q(Ln) = I'Ilftx(tn)u'(tnﬂ

E[u(tn)u'(tn)] = 0, n#m
E[u(tn)] = 0 for all :..

The prime notation on a matrix is used to Indlcate the transpose.

The problem 1s then to find an updated estimate ﬁ*(tn) of the state
x(tn) by using the observation y(tn) and an estimate ﬁ(tn) based on
the observatilons y(to), y(tl), N y(tn_l). The covarilance matrix
P(tn) of the error in estimate ﬁ(tn) 1s assumed to be known. The
criteria used in establishing the updated estimate ﬁ*(tn) is to
minimize the trace of the covariance matrix

EC{x(t,) - x¥(c ) {x(t ) - X*¥(t )}'].

The solution of Solloway's model, using R. E. Kalman's result,

can be represented by

K¥ (e, ) = x(t ) + P(s DM (£ ) (M(E, IP(E IM' (¢ )

+ e, )TNy (k) - §(b)) (1.13)
where
y(t,) = Mt DX(t), (1.14)
X(t ) = ot ;5 £ _IX¥(t, 1), (1.15)
Potg) = ot 5 £ IPR(E e (t 5 ¢ ). (1.16)

The covariance matrix, P*(tn), of the error in the estimate is
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PR(L) = P(L) = PCE )M (6 ) (M(L DPCE MY () + Qe )T IP(L ).

(1.17)
An initial estlimate ﬁ(to) and the covarlance matrix P(to) of the

error in the estimate 1s required to initlate the lterative scheme,
The major difficulty in applications ls that the ustate transition
matrix & 1s not known analytically. Since any applicatlon of the
previously mentioned estimation schemes assumes that the transition
matrix is the exact transition matrix for the given dynamic system,
the accuracy of the estimator 1s as good as the approximation of the
transition matrix. A major task of thils study 1s to compare the
accuracy of these estimation schemes when approximate transition

matrices are used.

st e



Chapter IIl: Least Squares and Minilmum Varlance Unblased Estimators

oome agpects of llnear least squares procedures and minimum

: variance unblased cestlmator procedures need to be considered in more
? , 1 generality and detall than In Chapter I.
| : Matrices whose elements are functlons of seveval varlables will
’ ; be encountered and 1n partlicular interest will be centered on matriceg
:

which result from considering partial derivatives of the elements

b i

of the matrices. Let Ays * * s 4y be n independent variables. De-

fine the matrlx of partial derivatlve operators formally as the vector,

8 _9—_ T[I‘lxl:]
|
’ y [nxll o ,
-4 q .
| 9
aqn

The vector Vq operates only on the transpose of column vectors.

By ey

Let x he the vectcr whose J”h component 1s xJ = Xj(ql, tor oy, qn)-

Then

]
)|
QO o
[
S |

o [nx11_,[1xp] _

q [xl’ ' ) .’ X ]

IQ)Q - -

(o3
o]
o



L 2 Tendin gt

S

v g g, MUNE  bewm et

Dxl axu ax)
9q, 9da; T Bay
axl 'ax;3 o ax)
L 8qn aqn Bqn

Usually the operator V_  1s applled to quadratic forms (l.e.,

q
1l x 1 matrices). The followlng theorem will be useful,

Theorem 2.1, Let Q = A'0PA where A 1s a vector whose elements

are functilons of the 1lndependent varlables Qs ° s qp and ¢ 1is
a symmetric positive definite matrix. If the partlal derivatlves
exlst, then
Y = 2(V_A'")%A,.
q® ( q )
'ne proof of this theorem may be found in reference [4].

The followlng theorem from calcu.us concerning maxima and

minima of functions 1s stated without proof.

Theorem 2.2. If f(ql, Aoy * * v qn) is a function of n
independent variables and 1f all partials af/aqi are continuous,

then f attains 1ts maxima and minima only at the points where

af  _ 3f _ . . _ af

= ——— =

Sql ) aq2 o U

In least square llnear estimation one proceeds as follows.
Let Yis * ' s Yy be a series of observatlion vectors where

yi = (yil’ Tt Yy yiV> and

y' = [yl' . . . yn']
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Acsume that nv > g and

yIanLJ = ptovxll) o [nvxl]

(2.1)
= meail + nolse,
and where Ely] = m and m = alnvxal fax1]

A 1s a known matrix of non-random quantities and 1t 1s of full rant,
The bi's are unknown constants. [The assumption that A 1s of full
rank Implles that A'A 1s non-singular and hence (A'A)"l exlsts, ]
If A Is not of full rank then the methods of generallized ilnverses
may be used, The assumptlon that Ey = m 1s equlvalent to the
assumptlion that Ex = 0,

The least squares linear unblased estimate of b, 1s defined

to be the vector b which minimizes the quadratic function,

R(b) = (y - Ab)'(y - Ab) . (2.2)
Now applying v, to R(b) and setting the resulting vector of
partlals equal to zero, the critical value(s) will be obtained as

stated in Theorem (2.2). It follows from Theorem (2.1) that,
VbR(b) = =2A'y + 2A'AD

which ylelds
h = ray=ta
b = (A'A) "A'y

1t 1s easy to show then that b 1is actually a minimum and that

the covarilance matrix of the error, b - 8, is given by

Vo= (A'A)TA'E(x xmacara)Tl

Rt s o s B 1 vt
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I welphted leact squares llnear egtimations, assume that the
observat.ion: are of the form of cquation (2.1). Instead of using

equation (2.0), the followlng quadratic function 1o used;

K(b) = (y - Ab)'e~Y(y = Ab) (0 3)

where ¢ is a posltlve definite symmetric matrix. The welyhted
least squares linear estimate of b, denoted 6¢, 1¢ the vector
which minimizes equatlon (2.3).

One may agaln use Vb to determine 6¢ as:

by = (Are™ta)~tare™ly (2.1)

and furthermore show that R(b) in equation (2.3) 1s minimum when
we use 6¢ and ¢ = E(x x", (i.e.,the "best" welghing matrix
1s the covarilance matrix of the "noise"), Under these conditions the

covarlance matrlx of the error, b =- B, is

v = (A E(x x")"ta)y™t
Attentlon 1s now turned to the problem of a minimum variance

unblased estimator.

Theorem 2.3. Let Xl’ N Xn be n p-vector valued random
varilables with mean vector u. Let wl, ey, wn be n welghing
matrices with dimensions p x p. If zwi = I, then X = zwixi is an

Uablased estimator of u.
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Proof's kKX = E(zwixt)

¥ o 1

= u“lilhxl
i . v
N }IWIU
! = b
!

= |

he d

l.e., X 1l unblased as an estimator of u.

Theorem 2.4, If Xl’ N Xn are n uncorrelated p-vector

valued random variables wlth mean vector u and covariance matricoes
¢1, L ¢n and wl, ooy, wn are n p x p welghing matrilces,
then the covarlance matrix of X = zwixi, denoted by P is glven by

W,"' .

P = ZWi¢i 1

Proof: By definitlon

— - P p— i

P = E[(X - EX)(X - EX)'].
H (X = EX)(X = EX)' = (ZW,X, - DW,EX,)(IW,X, - ZW,EX,)'

"

(zwi(xi - Exl>)(zwi(x1 - EXi))'

(zwi(xi - EXi))(Z(Xi - EX1>'W1'>

ELE TN

zwi(xi - E‘.Xi)(){:L - EXi)'Wi'

+ I I W, (X, - EX,)(X, - EX
151 R § i J

32"yt

Hence

P = E(X - EX)(X - EX)'

- : - ‘Wt ‘ -
ZWiE(Xi EXi)(Xi EXi) Wi + ¥ T wiE(Xi EXi)(X

- EX,)'W,"'.
tu3 3 R

e v

hr.‘m.m UV WS P
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by definition, ¢i L(Xi EXi)(Xi LXi) . Since X1 and X.j are

uncorrelated, 1 # J

E(Xi - EXi)(X( - EXj)' = (.

J t

Hence

- oy
P ZW1¢1Ni .

Corollary 2.1. If Xl’ ey, Xn are n uncorrelated p-vector

valued random variables with mean vector U and covariance matrices

¢l, e ey, ®n where each 1s non-singular and Wl, L Wn are
defined by Wi = [Z¢J'l]'l¢i_l, then X = ZWinisan unblased estimator
of p and the covariance matrix of ﬁ, denoted by ?, is glven by
P = [zo,” 177t
J
Froof: [Zéj"l]'l 1s well defined since each ¢, 1s nonsingular
and positive definite (i.e., the rank of P is p).
Since s, = z[ze, t]7te, "t
1 1 3 J i
J
= [30,717 2,7
J i
= T

N

X 1s an unbilased estimator of u. (Theorem 2.3).

By Theorem 2.4,

A - la) N '
P = ZW1°1W1

-1y-1y,

-1,=1y, =1 -1,
i{?QJ TP P C P {(§®J

“tynp-t

]
e
—
g}
S

-], =-1 -]
)TrH I (e, T H{ (T
I 11 j 4

-1y-1

i
—
™
o

3 3
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Before proof

of the next theorem 1s presented, some new

notation 1s introduced.

Let

and
I*% = (
where I 1s the p
It 1s easily

o1 -
Let W = (Wy, W,,
and W = (Wl, W2,

Now Theorem

But
W
Notilce also
p
and P

1[npxnp]

¢l 0 + 0
0 ¢2 0
0 0 . e ¢n |
I I R N . I)[pxan

X p 1ldentity matrix.

seen that
- -1 o
@l 0 0
-1
0 ¢2 0
-1
O O . N Q
L n -

2

. [pxnp]
w_)LPXnp
~ y[pxnp]

- wn) b

2.3 states that if £W, = I, then X is unbiased.

= %1
1 WI=*?',

that in Theorem 2.3 and Theorem 2.4

1]
™M
™
o

e e 1

Wow'.,
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Recall also that 1f A 1s a positive definite symmetric matrix
then A may be expressed as
;,,
A = AZp%
1 1 1.
where A? 1s non-singular and A® inverse 1s denoted by AT °. Also

Lo - 1
A% = a7l oang A% 1s symmetric.

Corollary 2.2. If X = zwixi i1s an unblased estlmator of u and

each ¢i is nonsingular then WI¥' = I and P is nonsingular.

e 4

Proof: Since is unbilased

E(X - ) = E(IW, X, = w)
= ZwiEX1 -
= IWp - u
= (IW; - I)u 2 0 for all u.
Hence zwi - I =20
and zwi = WI¥#' = T,

Since ¢ 1is positlve definlte and symmetric
1. 1
¢ = 0207

1
where ¢2 1is nonsingular.

1
The rank of &72W!' equals the rank of W' which 1s the same as the
rank of W.
Since WI¥' = I and the rank W < p we have

rank WI¥!

p = rank I

| A

min(rank W, rank I¥')

< rank W < p.
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Hence rank W = p and rank ¢%W' = p and thus

P

WoW'!
WoEo
(Wo2) (Wo ') !

L}

and has rank p.

The following theorem is stated without proof [5, p. 62-63].

Theorem 2.5. If F and G are m x g matrices where m > g and

rank F and rank G is g then,

F'F > (G'F)'(G'G) H(C'F)
where a positive definite matrix A is less than or equal to a
positive definite matrix B denoted A < B if and only if B - A is

non-negative definite,.

Theorem 2.6. Let Xl’ ey Xn be random vectors as 1in
Corollary 2.1. X is the minimum varlance unbiased estimator of u

i the class of unblased estimators of the form X

IW,X, (Ll.e.,

i71
P < P for all choices of X).
Proof: Let X = IW,X,. Since X 1s unblased
WI#' = I = (I¥W')'.
% % -3
In Theorem 2.5, let F' = Wo™® = (92W')' and G = ¢ “I%!

(I%0™%) 1,
F 1s np x p and G 1s np x p and each is of rank p and np > p

for all n. Since

~

F'F = P
and g'g = p1
and rank (F'F) = rank F
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and rank (G'G) = rank G ,

thus both G and F are of rank p.
But the inequality 1n the previous theorem ylelds:
1 ~
(F'F) = (WO20W') = WoW' = D
- -1 - - s
(T*0™2o%yr) 1 (T#e™2 TEra )"l (IHo My )

|v

= (T*Wr ) (T*eT Iy~ (THu)
= (T*o”lrwr)~l o B
The minimum variance unblased estimator of u may be expressed
as
% = [1#e~trer ) tae1x,

The following theorem 1s a well-known rerult.

Theorem 2.7. Let Xl’ vl ey, Xn be random p-vectors which are
uncorrelated and have mean vector pu. The least square estimator

of w 1s given by

X 1s unbiased and has covariance matrix P given by

B = (T#T#')"lrswgrer(Terar)-l

1 soT# (L
(n I)I%*6T '(n I)

1

n2

From the theory of welghted least squares the followlng result

Z@i

is obtained.
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Theorem 2.8, If Xp5 * * *y K aren uncorrelated p-vector

valued random varlable wlth mean vector y and non-singular

covariance matrices ¢l, N ¢n respectively, then the welghted
least square estimator for u whlch has the smallest covariance
matrix is X.

Hence the linear minimum varlance unblased estlmator and the

welghted least squares estimator coincide.




Chapter TII: Applicatlion of L. S. and M. V. U. Estimators

to Trajector Estimatvion

The least square (L. 3.) estlimator, the minimum varilance
unblased (M. V., U,) estimator, and the Kalman filter will be applled
to a parabolic trajectory. It 1s known that 1f the system deflining
the trajectory 1s known, that 1s, the transition matrix 1s glven in
closed form, then the M. V. U, estimator and Kalman's fillter are
equlvalent [5]. Thus, for large samples one would expect that under
conditions for which all three methods of estimation are applicable
the estimators would yleld essentlally the same results. If the
transition matrilx assoclated with the trajectory 1s approximated,
then an analysis of the estimatlon results using the three methods
will be useful.

For this analysis the following assumptions are made:

(1) ssume that at each observation time ti one 1s able to
obtain independent unblased estimates of the state vector with a
known covariance matrix.

(2) Assume that the transition matrix is known and has the
standard properties [6].

The problem then considered 1. to estimate the state vector
by the three methods mentioned previously at some later time tf.

Let ﬁ(ti), i=0,1, 2, * * *, n, where tn < tp, be an unbilased

- estimator of the state vector x(ti) with nonsingular covariance

matrix Cov(ﬁ(ti))r Since ¢ 1s a transition matrix with nonrandom

elements then it can be shown that
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i(i)(tf) = 0L, ti)ﬁ(t1> (3.

s an unblased estimator of the state vector at time tf, x(tf).

The covariance matrix of x f) is gmiven by

. 8] s v t (¢ . .
¢(tf, ti)cov(x(ti))¢ \tr, Li).
From Theorem 2.7 1t follows that the L. 8. estlim:tor lg
A 1 n A )
It also 1s seen that the covariance matrix of QL(tf) is
A -2 n A
Cov (X, (to)) = (n + 1) 1Zo¢(tf; t,)CoV(X(t,))0  (tas ), (3.

Theorem 2.6 yields the M. V. U. estimator of x(tf)

-1
n
2 - . s 1 . -1
xM(tf) = izo[¢(tf, ti)00v(x(t9)¢ (tf, ti)]
n . o ] . '\—lA(i)
x izo[¢(tf, ti>00v(x(tg>¢ (tas £)0 7 x(E0), (3.

where ﬁa%tf) is given by equation (3.1). The covariance matrix of

xM(tf) is
-1

n
Cov (%, (tp)) = 1Zo[¢(tf; t,)Cov(X(t )8 (t,; tiﬂJ‘ . (3.

It must be emphaslized that these equations are valid only when

the transition matrix ¢ is exactly known. Computer oriented flow

(3.7

1)

. 3)

)

5)

6)

charts of these two estimators (L. S. and M. V. U.) as well as one of

Kalman's filter will appear in Chapter IV,
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Chapter IV: The Mathematilcal Model

The bascle mathematlical model 1s that of a particie In force
free flight on a parabolle curve 1in the x-y plane. With thils
model, the estimation techniques are used to estimate the positlon
and velocity of the particle (i.e., the state of the dynamic gsystem),

The followlng standard notation will be needed;

x = dx/dt,

y = dy/dt,

% = d°x/dt?,

j = ay/at?,

g o gy sqeh, n=1, 2, 3, * +

The basic parametric equatlons which describe the motilon of

the particle are chosen to be:

x(t)
y(t)

where a and b may be considered as orbital parameters and the

100 + at,
t >0 (4.1)

100 + bv/%t,

independent variable t 1s consldered as time. From equation (4.1),
X = a,
y = b/(2/%),

(4.2)
X =0,
§ = -b/(4t372) = _y/(at).
Choosing the components of the system to be the quantities
x (t) = x(8), x,(8) = y(t), x5(t) = k(t), and x,(t) = §(t);
equations (4.1) and (4.2) produce a force free linear, time variant

dynamic system
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x(t) = F(t) x(t) (4.3)
where

x(t) = (x(t), x,(t), x5(8), x,(€))" = (x(t), y(t), x(t), y(¢£))',

X(t) = (X, (t), Xy(8), X3(b), X, (£))' = (X(t), y(t), X(t), §(t))',

and
0 0 1 0 1
o 0 0 1
F(t) = . (4,4)
0O 0 0 0
L0 0 0 -1l/(2t) |

It 1s interesting to note that F(t) does not depend on the orbital
parameters a and b.

The next problem 1s to determine the state transition matrix,
that is the matrix, ¢{(t; to), that relates the state vector at time
to to the state vector at time t. More precisely one needs to deter-
mine a matrix ¢(t; to) such that x(t) = ¢(t; to) x(to).

This problem is fundamental in the theory of dynamic systems
and can generally be solved in several ways, some more appropriate
than others. The initlal step in determining the transition matrix
i1s to solve the system of differential equations given in equation
(4.3). In many cases an approximate solution must be obtained by
numerical methods; but, in this example, an analytic solution 1s
easily obtained.

The general solution of equation (4.3) is

x(t) = A(t)e, for all t > 0 (4.5)

where
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[t 1 0 0]
o o 2t%
A(t) = (4.6)
1 0 0 0
0o 0t o]
and c' = (cl, Cos C3s cu), g vecltor of arbitrary c-astants.,

Given an initial condition x(to) for the state vector, the
technique 1s to solve for the arbitrary constant c¢ and thus,
eliminate ¢ in equation (4.5).

Since A(t) is non-singular for t > 0, the inverse of A(t)
exists, il.e.,

"0 0 1 0
Aclgy - |2 0 -t 0 . (4.7)
3 0 0 g
L 0 1 0 -2t |
In equation (U4.5) allow t to be equal to to and multiply on
the left by A™M(t,) to obtain
. A1
c = ATT(t4)x(ty). (4.8)
Substituting equation (U4.8) into equation (4.5) gives
x(t) = A(£)ATH(E)x(t). (4.9)

Equation (4.9) shows that A(t)A'l(to) is a transition matrix.
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Let
2t t,) = A(E)ATI(t,)
1 0 t-t, 0 .
0 1 0 2(t t.)%-2t
. 0 0. (4.10)

0 0 1 0
O 0 0 (1:0/1:)‘5

Thus, x(t) = ¢(¢t; to)x(to). (4.11)

At this stage the transition matrix given in equation (4.10) is
.*11ted to relating the state vector at LO to the state vector at
time t. In using “he transition matrix 1t 1s desirable to have
¢(t2; tl), t2 > tl > 0, that 1s, a matrix satisfying the relation-
ship

x(tz) = o(ta; tl)x(tl).

Next the expression for ¢(t2; tl) is derived. By equation

(4.11)

x(tz) = ¢(22; to)x(to)
and x(tl) = ¢(tl; to)x(to).
Since ¢”l(t; to) exists

= ~1 .
Substitution gives
X(t,) = 0(t,; £ (b5 to)x(ty)
= Q(tzg t0)¢(to; tl)x(tl).

Furthermore,
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¢(t2; tl) = @(tz; t0)¢(t0; tl)
-1 -1
= A(t)ATT (b )A(EH)AT (L)
- A(tz)A'l(tl)
1 0 o=ty 0 )
0o 1 0 :(tlte)*-ztl .
0 0 1 0 '
0 0 0 (t,/t );5
i 172

Reviewing, the particle in force free flight 1s represented
by the set of differential equations given in equation (4.3),
where F(t) 1s given in equation (4.4). The exact state transition
matrix for any two times t2 and tl is given in equation (4.12).

For comparison purposes ¢k(t2; tl), l.e., approximations of the
state transition matrix, are derived for integer values of k. The
two main tools used in this development are Taylor serles expansions
and a recursive relation between y(n)(t) and &(t).

Notice in equation (4.2), X(t) = 0 and consequently, all the
higher derivatives of x(t) with respect to the independent variable
t will be zero. This 1s not true for y(t).

In equation (4.2)

73y = -y ey et
= (- 327 yem (2D y (Mg, (4.13)
It follows from equation (4.2) that
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y3(t) = (3/2)(-k)e75/2
- (-3)3"1(3) (1)t~ 3=y (D gy,

By mathematical induction, 1t follows that for n > 2
yM gy = ()™ L(an=3)(2n-5) + + - ()W~ P VgD ey (y.1m)

th deriva-

Equation (4.14) represents a recursive formula for the n
tive of y(t) with respect to the independent variable in terms of
y(l>(t). This formula will be used in the Taylor expansion of y(t).
One form of the Taylor serles expansion is:
®
f(x + h) = J he (™ (xy/mt .
n=0
Since y(t) satisfles the hypothesis of Taylor's Theorem, for
h = (t2 - tl)

y(ty) = y(ty + h)

] (g - 6% ™M (6 )/mr (4.15)
n=

Substituting equation (4.14) intc equation (4.15) gives

¥(6p) = 9o + (5p - 5y P 4 T (5, - o) )T

(3™ (2n - 171, ~D) (4a6)
For convenience equation (4.16) will be written as
y(ty) = y(6)) + (6, = 80y P (e + y D eIsce,s 60, )

where

o ft, = t, \ "
S(b,5 ty) = b, 22(335___%) (-1)P-tamentl@ny o 1y=t (4.18)

i e gt 2
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It 1s easy to verify by D'Alembert's ratio test that this
series 1s absolutely convergent for t2 < 2tl and tl < t2.

Analogous to equation (4.17), the relationship in equation
(4.14) gives a Taylor series expansion

y(ty) = y(tIR(t,5 ty) (4.19)
where
® by = t1)" 4 _onc2n
R(t,s t) =1+ ] (—F—=) (-1)72 (%) - (4.20)
n=1 1

R(tz; tl) 1s absolutely convergent for t, < 2t, and t, < tse

Define for k > 1

k ft, - t- \" -1

: - 2 1 n-1,-2n+l2ny(2n-1)

S (tos t1) =ty ] (}‘E““' (=1)"7"2 (%) (4.21)
n=] 1
and
k ft, - t, \"

. = _2 1 n,=-2n2n

R (to5 t1) = 1+ nzl( £ ) (-1)"27()) . (4.22)

One can approximate y(tg) to any degree of numerical accuracy
by equati:~. (4.15) and (4.21) with an appropriate choice of k.
Likewise &(t2) can be approximated as close as desired.

The approximate transition matrix is defined as

0 1 0 S, (t~st
0, (to5 t1) = k(t23t) |, (4.23)
0 0 1 0
|0 o0 0 Ry (tp3ty) |
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It should be noted that the approxlimate ¢ matrix ¢k(t2; tl)
does not have all of the properties of the exact transition matrix.

For instance, in the approximate matrix,

0, (to5 ty) # 0 (855 €00, (8,5 ty),
and also;due to the approximation the transition matrices @k may be
singular.

Figures 1, 2, and 3 are computer orientated flow charts for the
L. S. estimator, M. V. U. ectimator, and C. B. Solloway's solution
of the Kalman problem, respectively.

The estimates ﬁ(ti) in Pigures 1 and 2 are generated by adding
to the actual states at tlme t, normal (Gaussian) random numbers with
zero means. The variance of the random number added to the Jth

components of u(ti) 1s given by the jth dlagonal elements in Q(ti).

The "observations" y(tn) in Flgure 3 are generated the same way.
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Chapter V: Simulation Detalls and Results

The dynamical system stated In the previous section 1is now
particularized to generate a sequence of simulatlon runs. Since
the parametric equations given by (4.1) describes a family of trajec-
tories depending on the parameters a anrd b; a particular selection
of a = =25 and b = 100 1is specified. Thils cholce determines a
reasonable time, t = 4, in which the trajectory crosses the vertic!~
axis. The sketch of thls actual trajectory 1s given in Figure 4.

Now that we have 2 particular dynamical system the simulation
requlres observations of this system with noise contaminations,
These observations are generated by altering the actual states at
time t with additive error. This noise 1s prescribed by previous
requirements to be 1ndependent Gausslan with zero mean.

In the simulation program, the covariance matrix for noi..

Q(t) 1is
Q(t) = diag{1.0, 1.0, .81, .81}. (5.1)

The initial time to i1s taken to be .25 and time tf 1s taken to be
16 or 16.25 depending on the step size. 1In general the matrix
Q(t) could be considered as a function of time t but this simulation
treats the nolse as time invariant.
The original estimate 1s assumed to have certain statistical

properties. In this slmulation the covariance matrix, P(to), of

the error is

P(ty) = diag{1.0, 1.0, 1.0, 1.0} . (5.2)
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The inltlation of the computer program for the Kalman filter
regqulres the initlal estimate, denoted by §(t0), of the state
vector at time t,. In this simulation ﬁ(to) was taken to be
the actual value of the state at time to plus one standari
deviatlion. Thils standard deviation 1s obtained from the diagonal

elements of the P matrices gilven by (5.2). The initilal estimatc

vector is

-

94 .75

R(t,) = | 1210 . (5.3)

-2

| 101

To compare the Kalman filter wlth the L. S. and M. V. U.
estimators the mapplng matrix M needs to ve the ldentity matrix.

In general a more elaborate observation structure for the Kalman
filter may be treated,

For the observatlion schedule varilations were introduced in order
that we could observe the effects of different estimation techniques.
These simulatlions contrast large step size and small step size.

The large steps were generated by adding a time increment
At = .5 to the previous time to glve a sequence of observations
with large time lncrements, l.e., tn = tn-l + .5 which implies
tf = 16.25. The small steps were generated by adding a time

increment At = .25, i.e., t = thoy t +25 which implies t, = 16.

f
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Thee maJor analysls in this simulation 15 the comparlson of
Lhe different ectimatlion schemes using various approximations of the
state trancition matrix ¢, The results generated by the approximate
$'y for ench estimatlon scheme were contrasted with the results of
tne exact ¢, The approximate transition matrices seloeted were
v, %,, and ¢5, glven by (4.23).

This simulation was not a Monte Carlo-type study. All of th
results obtalned utlillized the same set of random numbers as the
additive error in the observatlon vector,

These varlations glve elght computer runs for each estimatlon
scheme, There are four alternate selectlons of the ¢ matrilces, 1l.e.,
¢, ¢l, ¢2, and ¢5; and two varlatlions in the observation schedule,
i.e., large time increments and small time increments. The complete
set of twenty-four possible combinations were Investigated. The pro-
gramming and computing were performed at MSFC, Huntsville, Alabama.

The results of these simulations are given in Tables 1, 2, 3,

4, 5, 6, 7, and 8. In these tables xA(tf) denotes the actual
state of the dynamical system. An analysils of these results is glven

in Chapter 6.
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Table 13 ¢; At = 0.2%9%; ¢t

XA(tf)

~3C0, 00

500,00

12,50

X (tp)

-298., 0l
501,42

-~ 24,88
12.57

f L 16).00

Xy (t )
-310.49
500,39
- 28.36
12.49

00v(£L(tf))= (1.08, 0.45, 0.01, 0.006)

Cov(ﬁM(tf))

Cov(f*(tf))

(-0.64, 0.01, -0.06, =0.001)

(0.06, 0.04, 0.007, 0.002)

x*(t )
=299, 454
500,53
- L6

1;‘ . t)3

N o s OO



-t e R e e

ot

Ty o R Y

e <

e

Table

xA(tf)

-300.00
500.00
- 25.00
12.50

diag Cov (XM(ﬁf))

diag Cov (x*(t,))

diag Cov (X (t.)) =

2; 95 At = 0.25; t. = 16,
xp,(tp) Xy (£ 4)
-298.04 -299.60
602,31 371.46

- 24.88 - 24,98

- 814.92 - 5.35

(1.08, 1,08, 0.01, 0.31)

(0.06, 0.03, 0.001, ,001)

(0.06, 0.04, 0.00L, 0.0002)

Ol

35

x#(t,)
-299.51
491.48
- 24,96
11.38
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Table 3: o535 At = 0.25;

xA(tf)

-300.00
500.00
- 25.00
12.50

diag Cov(x;(t.))

diag Cov(ﬁM(tf))

diag COV(£*(tf))

xp (£ o)
~298.03
~202.84
- 24,88

2,995.35

t

e = 16.

Xy (t )
-299.49
369.07
- 24,95
- 4.78

(1.08, 16.98, 0.01, 5u48.82)

(0.06, 0.04, 0.001, 0.002)

(0.06, 0.04, 0.001, 0.0002)

O L]

36

x*(tp)

~299.54
502.06
- 24.96

12.71
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Table U; 655 At

xA(t ) xp,(tp)
-3006.00 -298, 04
500.00 760.43
- 25.00 - 24,88
12.50 -3684,24

d1ag Cov(xp (t,))

diag Cov(xy(te))

diag Cov(f*(tf))

= 16.

Xy (£ )
-298.82
157.79
- 24,80
- 23.49

(1.08, 4.78, 0.01, 1279.99)

(0.04, -0.04, -0.001, -0.0003)

(0.06, 0.04, 0.001, 0.0002)

37

ﬁ*(tf)
-299. 54
493,10
- 24,96

11.56

S e
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Table 5; ®; At = = 16.25.
XA(t ) X (t,) Xy (6 p) X¥ (%)
X -306.25 -303.78 -305.27 -305.81
y 503.11 504,62 503,38 503.16
X - 25.00 - 24,69 - 24,85 - 24,95
y 12.40 12.54 12.40 12,41

diag 00v(£L(tf)) (2.20, 0.88, 0.02, 0.01)

diag Cov(ﬁM(tf)) = (0.16, 0.14, 0.004, 0.003)

diag Cov(f*(tf))

(0.11, 0.08, 0.001, 0.0004)

TN e gk e g W e B e e e e

T
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Table 6;

xA(to)
X -306.25
y 503.11
X - 25.00
y 12.40

diag Cov(xp (ts))

13

QL(cf>
-303.78
617.43
- 24,69
-120.60

At =

.= 106.25.

~

xM(t

£)
-306.78
310.01
- 25.00
5.43

= (2.20, 2.20, 0.02, 0.99)

diag Cov (§M(tf)) = (0.13, 0.02, 0.001, -0.0005)

diag Cov(x#(t,)) = (0.11, 0.03, 0.001, 0.000)

39

X*(t )
-305.81
369.20
- 24.95
0.00
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Table 7; ¢,; Ot = 0.50: t, = 16.25.
XA(t ) xp (t5) Xy (6 p)
X -306.25 -303.78 -305.59
y 503.11 -492,60 382.70
X - 25,00 - 24,69 - 24,91
y 12.40 5,000,473 - 3.17

diag COV(QL(tf))
diag COV(QM(tf))

diag Cov(g*(tf))

(2.20, 57.31, 0.02, 2099.21)

(0.12, 0.09, 0.002, 0.005)

(0,11, 0.08, 0.001, 0.000L4)

b0

x*(t,)
~305.81
508,65
- 2h.95

13.10

T M W s
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Table 8; ¢,; At = 0.

xA(tf)

~-306.25
503.11
- 25.00
12.40

diag Cov(§L(tf))

diag Cov(xM(tf))

diag Cov(ﬁ*(tf))

n

xp (£0)
-303.78
969.21
- 24,69
-7631.99

50; tf = 16,25,

QM(tf)
-385.70
-1728.49
- 32.02
- 83.49

(2.20, 18.86, 0.02, 5684.46)

(0.23, =1.98, 0.002, =-0.005)

(0.11, 0.04, 0.001, 0.0001)

41

X*(t
~305.81
421,99

- °U.95
h,u3
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Chapter VI: Summary and Future

It 15 a well known fact that dlagonal elements of covariance
matrices, that 1s, the variaﬁces are non-negatlve, When approxi-
mate transltion matrices are used, 1t 1s not surpricing that the
covarlance matrix of an estlmator ylelds negatlve varlances, This
sltuation arises due to the fact that the approximate transition
matrix may be singular at some time steps. For example, in Table
6 the estimate of y is zero and the variance of the estimate ls
zero., This resulted from the fact ¢l(0.25; 0.25) 1s singular,

In Table 1 which uses the exact transition matrix wlth time
step At = .25 the covarlance matrlx for the M. V. U. estimator
exhlblts negative components. The reason for thls occurrence at
this time 1s unknown. In Table 5 which gives the results for the
exact transition matrix with time step At = .50 the covarlance
matrix for the M. V. U, estimator is well behaved. Thus further
investigation 1s needed.

The most 1mportant conclusion drawn from this study 1s that
for this linear model the Kalman filter 1s the best estimation
scheme for estlimating the actual state vector. In particular 1n
Table 8; @53 At = .50; t, = 16.25 note that X (t,) and Xy(t,)
are very poor estimates while ﬁ*(tf) was closer to the actual state
vector.

Another conclusion 1s that the covariance matrix for the
L. S. estimator reflected the fact that the estimations were poor.
This is expected when the exact transition matrix is used but

somewhat surprising for approximate transition matrices.
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As 1t was previously mentioned this was not a Monte Carlou
study. The same set of random varlables were used for each
estimation scheme. Thus, a future task could be to compare the
estimators for many different sets of random varlables.

Another future task would be to apply this study to a ncenlinear

model.
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Appendix [: BADLC STAVIOTIC

£FY

nreourhout thls appendlx the following notatlions will be

unoed,

I mathematleal expectation,

X (with or without ocubuoeriptsg o
vector valued random variable,

\Y covarlance matrix.

A, B matrices of constants.

FACT 1: If X7, Xo,044, Xn are vector valued random variableo

of the same dimenslion, then
n n
E(LX,] = LEX, .
11 11

FACT 2: If X 1s a m x 1 vector valued random variable and A
and B are matrices of constants with dimenslons n x m and m x 1
respectively, then

E[AX + Bl = AEX + B,

FACT 3: If V 1s a covariance matrix of a non-degenerate
random vector X, then V 1s posltive definlte and symmetric.

NOTE: V = E(X-EX)(X-EX)' where ' denotes the transpose.

FACT 4: Let X be a p x 1 random vector with mean vector u
and nonsingular covariance matrix V., 1If B 1s a p X p nonsingular

matrix, then Y = BX has mean vector Bu and covariance matrix

BVB',
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Appendix Il: BASIC LINEAR ALGIIBRA

Throurhout thly appendix the followlng notatlony will be

itend,
Ayis,V (with or without subsorlipts) mutrlices,
A' transpose of matrix A,
A3 inverse of matrlx A.
(whenever ATH 1s used 1L 1o o
that A 18 2 square matrix and Lin: o
inverse.)
0 a matrix of zeroes.
I ldentity matrix.
X vector,
FACT 1: (A + B)' = ' + B
FACT 2: (AB)' = B'A?
FACT 3:  (A")~1 = (a™%y
FACT 4:  If A = (Ay, Ap,...,A,) then
Aq!
A = Ap!
Ap'

where Ai is m x m for each 1 = 1,..,n.

FACT 5: If Ax = x for all vectors x, then A = I, the
identity matrix.

FACT 6: If A 1s positive definite symmetric, then there
exlsts a matrlx denoted by A;5 which 1s nonsingular and symmetric
such that A = A%'A%. The inverse of A;5 1s denoted by A'% and
ATE AR = gL

FACT 7: If V., V2,..., Vn are positive definite symmetric

matrices of dimension p x p, then
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vl"l 0 e oo ()
vl o v,7he0
0O 0 "'Vn-l
and
Vi 0o o0 ]
0 Vy%e.:0
Vi o= o
. * ’
1
00 vl

where O 1s a p x p matrix of zeroes.

FACT 8: ''he rank of matrix A 1s equal to the rank of A',
The rank of A equalb the rank of AA' and the rank of A'A.

FACT 9: If A 18 a n x p matrix with rank p where p < n, the
rank of A'A is p and A'A 1s posltive definite,

FACT 10: The rank of AB 1s less than or equal to the minlmum
of the rank of A and the rank of B.

FACT 11: If A is nonsingular, then the rank of AB 1s the rank
of E.
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