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FOREWORD

The computer program described and the prelim-
inary results presented herein were developed under
NASA contracts NAS8-20238 and NAS8-21077 and

under the company-~funded Research and Developmént
Authorization TPA-1000 for 1967-1968.
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ABSTRACT

A computer program for finding two-impulse transfers between given
terminal points in a fixed time in the reduced three-body problem has been
developed. The only restriction is that the third body, which is imagined
to be a space ship exerts a negligible attraction on the two large centers.
Single pass trajectories between any two points are presumed. The program
generates a patched conic of the proper general shape to use as an initial
trajectory and uses the quasilinearization process to correct the trajectory
80 that the two-point boundary value problem is solved. The program and
its use are described in detail and some preliminary results showing
excellent convergence properties and illustrating its application to an

impulsive transfer problem are presented.
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NOMENCLATURE

Angles of Perigee and Perilune (Figure 4)
‘Combination Coefficients of Homogeneous Solution Vectors
Earth-Moon Distance (Semi-Major Axis)

Genzral Symbol tor Expression for Time Derivative
of X;, Column Vector

Univeisal Constant of Gravitation Times Mass of Earth
plus Moon

Homogeneous Solution Vector (of Equation 19)
Urit Vectors Along x, vy, z

Impulse

Jacobian Matrix 8Xj

Jacobi Integral

Particular Solution Vector (of Equation 13)
Distance to Earth

‘Distance to Moon

Time (Independent Variable)

Time of T_ravel‘;n Transfer Ti'ajectory
Velocity Vector Componer;ts and Magnitude
Position Vector Components

General Symbol for Dependent Variable, Column Vector
of Dependent Variables. | ‘
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P Convergence Values for X, a Column Vector
I
¢ Max | x(® ) - x@F) g |, aColumn Vector
T ,
[ The Ratio Mass Moon to Mass Earth plus Moon
w Angular Velocity of the Moon in its Orbit
SUBSCRIPTS
o For Departure Point at t = 0
T For Arrival Pointatt=T
t For Transfer Trajectory

Superscript represents the iteration number, e. g. x(n)

Underline signifies a vector in three dimensions
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I. INTRODUCTION

Suppose it is desired that a spaceship on some orbit in earth-moon
space transfer to a new orbit by means of a two-impulse maneuver, While
this problem is topologically similar to two-impulse transfer in the two-body
problem there are two significant differences from the computational and
analytic points of view. In the first place the terminal orbits are not generally
cyclic and points along them cannot be represented by five orbital elements
and an angle. The six components of position and velocity are used instead.
The second major difference is that one cannot describe the orbits between
two fixed points as a known function of any one parameter. In general there
is a single infinity of orbits through two given points in a gravitational field
and in the two-body case one can choose, for example, the semi-latus rectum
of the transfer orbit as the parameter to generate the orbits. For this case
it is possible to compute the orbit, the velocities at both ends, and the
impulses. Note that multiple complete orbits are generally not considered.
In the three-body case it was decided to span the infinity of orbits by using -
time to transfer as the parameter. One must specify also the general plan
of the path; that is, for example, counterclockwise around the earth to
clockwise around the moon as in Figure 1, Just as in the two-body case
multiple orbits in the system are not considered. It is a major problem to
obtain the orbit, the velocities at both ends, and the impulses and in fact it
was the aim of this portion of the work to provide a computer program to
obtain these quantities. That is, from the given departure point (B, in
Figure 1), the given arrival point (B in Figure 1), the given orbit plan, and
the given time interval (T), the program is to determine the transfer orbit
trajectory, the velocities at both ends, and the impulses. The type of motion
to be described is known as that of the reduced three-body problem, that is
the third body whose motion is being investigated does not affect the motion
of the two primary bodies, which may move in either circular or elliptical
orbits about their center of mass,

This computer program represents the first necessary step in a longer .
range problem which is the numberical analysis of two-impulse transfers in
earth-moon space. Now that it has been developed systematic studies of
two-impulse transfers can be undertaken, '

8D 68-309
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II, PROBLEM FORMULATION

The computational probiem involved is a highly non-linear two-point
boundary value problem and the method of solution utilizes a generalized
Newton-Raphson technique which is called quasilinearization. (1)

In the complete program as it is described below the input coordinate
systems may be centered at the earth, the moon, or their barycenter and
the systems may be rotating or inertial. However, the computations are all
managed in the system centered at the barycenter and rotating with the moon
and the problem will be described in this system (see Figure 1). The equa-
tions of motion are easily derived using the Lagrangian procedure. Note
that terms involving & occur since the rotating system is assumed to follow
the moon and thus does not rotate uniformly. We find that the equatic 5 of
motion may be expressed as six first-order differential equations:

_MG(x-(1-#)D) _ (1-R)GE+ED) 4 o0 ()
s3 r3

U= 20V + wlx

v = -2wu + wiy -
LA 3

= -Gz {1-1)Gz ‘ (3)

S3 .1'3

x=u | (4)
yEv.o (5)
Z =W (6)

We represenf the full set by the vector equation '

X = g(X) | | (7)
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As shown in Figure 1 the xy plane is the plane of the earth-moon motion and
the x axis is directed toward the instantaneous position of the moon. G is
the universal gravitational constant times the total mass of the earth-moon
system, P equals the mass of the moon divided by the total mass of the
system, D is the earth-moon distance (or the semi-major axis of the orbit
if it is elliptical), and w is the angular velocity of the system. For the
restricted problem in which the two primaries are assumed to be in circular
orbits the equations simplify somewhat since & = 0 and they possess a well
known integral, the Jacobi integral, which is

2(1-#)G  2KG

)
K=-V%+ 3

twl (x2 +y2) (8)

Two different unit systems are provided for in the program. One is
based on the metric system using kilometers for distance and seconds for
time. The second system uses lunar units for which w = 1 rad per unit
time, D = 1 lunar distance, and G = 1 (1.d)3/(u.t.)2

SPACESHIP

B, = DEPARTURE (W, Vor Wor Xor Yor %o EM =D
By = ARRIVAL  (uy, vy, wr, X7, ¥T, 27,) EO = D

R e U UP . .

Figure 1. The Rotating Coordinate System
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The computational problem can be described as follows: given the
terminal positions (xo, yo, 2zo and xT, yT, 27T), the transfer time (T) and
the general shape of the trajectory, we wish to find the initial velocity
(Ug» Vo» Wo) which will cause the vehicle to move from the initial point to
the final point in the given time. The solution is to be accomplished using
the quasilinearization procedure which is summarized below and in Refer-
ences 1 and 2. The set of equations (Equations 1 to 6) is of the proper form
and to complete the analytical portion of the analysis it remains only to find
expressions for the derivatives cf the right hand sides (g;) with respect to
the six variables (Xj); i.e., to obtain the Jacobian matrix, J. This is easily
accomplis d and the matrix for the general reduced three-body trajectory is

0 20 0 wZ.A+E &+By Bz
26 0 0 -w+By wi-A Cyz
+Cyz"
I = (J4j)
0 0 0 Bz Cyz -A+Cz2 (9)
= agl’ = ‘ ' .
8 X 1 0 0 0 0 0
0 1 0 0 0 0
|0 o 1 0 0 0 ]
whe'.re ,
P s | | 10
T r3 83 . . . 4 ( )
3(1-p)G 3uG(x-(1-p)D)
B=—(+'—*ll—(x+PD)+ pG(x-(1-1)D) (11)
r5 g5
3(1-|-L)G 3pG
C = ol Y
- . 2
r 8

The quasilinearization process may be summarized as follows: a
crude approximation to the desired trajectory which satisfies the boundary
conditions is assumed, and improved by successive corrections until it also
satisfies the differential equations. The (n+1)'th iteration, X{ot1), is
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obtained from the n'th iteration, X(n), by integrating the approximate
matrix differential equation: ~

x(nt1) = g(x(n)) + y(x(n)) . (x(n+1).x(n)) (14)

It is obvious that when the process has converged, x(N+1) = x(n) is a solu-
tion to Equation (7)

A particular integral of Equation 13, P, is obtained from the previous
time history, X(n), oy integrating Equation 13 starting with the initial values
from the last iteration (uo(n), vo(n), wo(n), Xor Yoo zo)¥. At the same time
a set of three homogeneous solutions to the homogeneous part of Equation 13,
that is to

H = J(x(n)) H - (15)

are generated with initial conditions (v, 0,0, 0,0, 0)*. (0,v,,0,0,0, 0)*,
and (0, 0,V3,0,0,0)%, The linearity of Equation7in X(?*1) allows the new
iteration to be expressed as P plus a linear combination of the three solu-
tions, that is

x(n+l) = p 4 cH] + cpHp + c3H3 (16)

The coefficients (c), c2, c3) are determined by requiring this solution to
satisfy the boundary condition on the final position (xT, yT, 2T). Thus it is
seen that every iteration, X(“"'l), satisfies the boundary conditions.

Convergence of the process is examined by evaluating the maximum
change (at any point) between successive iterations in each coordinate.

MAX
= T

3 x(n)g) - X(ntl)t) (17)

Only when every component of § has satisfied given conditions is the pro-
cedure declared to have converged.

At the end of each iteration the impulses are computed at the beginning
and at the end of the trajectory. We use

It = (20(™) - uo)i + (vol™) - vo)j + twolr) - wo) k (18)

*The vectors X, g.H and § are really column vectors but the initial values are printed here as rows for
convenience in typing.
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Ir = (uT(n) - u)i + (V'I‘(n) -v)j+ (wT(n) - wo) k. (19)

I=Io+ I = I - Io +VIT - I ‘ (20)

If the process converges within the assigned limit of iterations the
program transfers to 2 mode in which the actual equations are integrated
with the complete set of initial conditions as determined by QASLIN. The
vector, £ , now gives the differences between the final iteration and this
integral. It may not measure how well this final integral represents the
solution to the desired problem since the differences between the coordi-
nates of the final point reached and those of the given end point are included
in the comparison. Thus, if the integrated trajectory gets to the target
point at a different time (or misses it a little ways) the vector, £, may
not measure the closeness to which the orbit may approach the final point.
The impulses computed on the basis of the integrated trajectory will be in
error, while the impulses from the quasilinearization section will be very
nearly correct. The discrepancy in the final point can bz reduced by
requiring tighter convergence., Thus, it occurs that the impulse to transfer
from the QASLN portion converges on a value that is sufficiently accurate
for most purposes before the position of the final point from the integrated
portion will converge to the desired value. The example given in Section III,
7 below illustrates this phienomenon. '
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I, COMPUTER PROGRAM DESCRIPTION

A computer program written in double precision FORTRAN H language
for the IBM 360 system has been developed for solving the problem of finding
two-impulse transfers between given points in earth-moon space. It was
adopted from an earlier FORTRAN IV version in order to make use of the
more rapid double precision arithmetic of the IBM 360 system and its larger
memory storage. It was developed to provide wide capability and has the
following set of general properties:

a. The initial and final conditions can be given in any of a series of
coordinate systems centered at the earth or the moon or the
barycenter. Orbital elements for close earth orbits and/or close
moon orbits are permissible.

b. Two unit systems are presently available: metric with kilometers
and seconds or lunar units with w = D = G = 1 (see Equations 1
to 6 above). The total trip time, however, must be given in
hours. Provision for a third system exists in the program.
The actual constants used are provided in a single short sub-
routine and can easily be changed.

c. Real time with the initial epoch in modified Julian Days may be
used and the moon's position will be determined by the prograrmn.
The secular motion of the lunar orbit node and perigee during the
trip time are neglected. Or, an artificial reference time may be
used with the moon's initial position anywhere in its orbit. -

d. The orbits of the earth and moon may be assumed to be circular
or elliptical. '

¥

A block diagram of the overall computer program is shown in Figure 2.
The general operation of the program is clear from this diagram and the
details of using the program are described below under the following
headingsa: '

1. Input Data Coordinate Systems
2. Constants.

3. Data Entry

SD 68-309
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l

READ DATA AND CONTROLS

} INPUT - MP

SET _UNITS AND CONSTANTS

UNITS

PRINT DATA AND CONSTANTS

- CHANGE DATA AND

! . IPUT - MP

SET NEEDED CONTROLS

EARTH-MOON POSITIONS
AT START AND END

NUKAS

| EMOON

TRANSFORM BOUNDARY
CONDITIONS TO ROTATING FRAME

i TRNFRM

PRINT BOUNDARY VALUES
AND CONTROL SUMMARY

MpP

SET TIME STORAGE POINTS

I — SETUPT

SET OASLIN CONTROLS

{ MP

INITIAL TIME HISTORY

l OASLIN-XIN

LIMIT NOT

QASLIN ITERATION

J OASLIN

EXCEEDED

TEST CONVERGENCE SET PRINT AND
ITERATION CONTROLS

! _ OASLIN

COMPUTE IMPULSES AND PRINT

IF NOT TEST

RESULTS OF ITERATION

ma—
CONVERGED NUMRER

IF coyivsmso OPUT

OF ITERS.

INTEGRATE EQUATIONS OF MOTION

LIMIT EXCEEDED ' l

AND PRINT RESULTS OF

INTEGRATION

l QASLIN-OPUT

USES LAST TIME HISTORY

TEST FOR NEW
CASE

| NEW DATA AND CONTROLS

' MP
EXIT

Figure 2. Fklow‘Dia.gra.m for Two-Impulse Computation '
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4, Time History Storage
5. Initial Time History
6. Subroutine QASLN
7. Program Output
1. Input Data Coordinate Systems

As already mentioned, the initial and final boundary conditions may be
given in earth centered, moon centered, or barycentric systems. These
are specified by the values IC@RC(I) = J where: 1 =1, 2 for initial, final
conditions; and J = !, +<&. 3 foi earih, moon, barycenter. A second integer
IRQ@TS(I) further identifies the systems according to the scheme shown in
Table 1. For cases in which the trajectory is to go from one center to the
other, the sign on the value of J is used to indicate the direction of the
trajectory around the center. The sign is that of the component of the
angular momentum around the body in the Z direction. Thus for the
trajectory of Figure 1 or Figure 4 ICQRC(1) = 1, ICQRC(2) = -2 if traversed
from earth to moon and ICQRC(1) = 2, IC@QRC(2) = -1 if transversed from
moon to earth. In case the coordinate center for the given initial conditions
is the barycenter ICQRC(1) = ICQRC(2) = 3 is required. SPARE(l) and
SPARE(2) are then used to specify the trajectory directions.

2. Constants

The constants used in the program are listed in Table 2. Most of
them were obtained from the American Ephemeris and Nautical Almanac.
Mean rate (w), semi-major axis (D), and G are adjusted to satisfy
w2 = G/ D3, ‘

3. Data Entry

All data and controls are read and supplied to the program by means
of the subroutine INPUT. This program reads up to 25 numbered cards
each of which contains six data élements. The format of data on each of
the twenty-five cards is determined by a set of cards read in at the very
first. The particular arrangement required by the program is specified by
the use of the data in the main program and other subroutines but not by the
subroutine INPUT. Initially tne entire data array is set to zero. If a data
element is left blank on a card or if a card is omitted, the program will use
the data of the previous case. The twenty-five cards, or whatever number
is needed, can be in any order. The last one for a particular case must
however carry a flag, a 1 in column 78 instead of a 0, to indicate the end of
the file for the case. T

“9 -
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Table 2. Lunar Orbit and Astronomical Constants

Eccentricity = . 054900489
Mean Orbital Rate = 13,17639 65268 °/day = w
Incl. LOP to Ecliptic | = 5,1453964°

= 6.6804°

Incl. LOP to Lunar Equator

i

Incl. Eciiptic to Earth's Equator 23.44436° (Epoch of 1950)

384747.87 km = D

3

Semi-major Axis

Gravitational Constant Times .
Total Mass = 403505.3 km3/sec? = G

Ratio Mass Moon/Total Mass =1/82.30 = M1

Ref. Date JD 2, 439, 000.5

Aug. 28, 19650 hr., U.T,

Asc. Node at Ref. Date = 69,3226°
Asc. Nodal Rate = -.0529539222°/day

Perigee at Ref. Date = 56.5280°

. 16435 80025 °/day

1

Perigee Rate

I

Mean Anomaly at Ref. Date 4.,1600°

i

Mean Anomaly Rate 13.06499 24465°/day

A summary of the card input format and the variable names is given
in Table 3. Before returning the control to the main program the subroutine
INPUT provides a complete list of the data (for all twenty-five cards). An
example of this is given in Figure 3. '

A brief description of each variable and how it is interpreted by the
program is given in Table 4 where the variables are listed by card. It is
possible that in the future a modification of an existing mechanism may be
desired for some reason. Frequently this involves putting in a new bit of
information, or transferring some data from one subroutine to another. In
Table 5 the variables names that have been included but not used and hence
that are available for such use are listed.

-12 -
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Table 3.

F@QRMAT

18A4
6112

6112

6D12
6D12
6D12

6112

6E12
6E12

6112
6112
6E12
6E12
6E12
6Dl12
6D12
6Dl2
6D12
6D12
3112,
6112
6112
6112
6D12
6D12

,» 5X,

3D12

I1,

Input Data and Control Card Format Summary

12%

F@RTRAN Symbol(s)

TITL(, 18, )

L®RM, IRAT, ICQRC(.2.),
IRQTS(.2.)

ICQEL, IM@RTA, N(3),
N(4), NCM, ND

PI(.3.), PF(.3.)

VI(.3.), VF(.3.)

T1, TF, EPQCH,
ATMA(. 3.)

N@STEP, NINTPl, NDIF,
JPRI, KFLA6, NTM

TSUBT(. 6.)

TSUBT(7-10), XERR,
EPSP

KSUB(. 6.)

KSUB(7-10), ISET, NLS
SPARE(. 6.)
SPARE(7-12)

RH®S(. 6.)

XI1(.6.)

TLS(. 6.)

XLS(l, .6.)

XLS(2, .6.)

XLS(3, .6.)

IXTRA(.3.), EXTRA(.3.)
NVX(.3., .2.)

NVX(.3., 3-4) .
NIM(. 4.), NKS, JSET
DVAR(.3., .2.)
DVAR(.3., 3-4)

“ All cards have 5X, I1, I2 for columns 73-80
-®®(.N.) signifies that N data elements are included 1, 2, ... N

- 13 -

Card Number
(Col. 79, 80)

0l
02

03

04
05
06

07

08
09

10
11
12
13
14
15
16

17
18
19
20
21
22
23
24
25
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Table 4. Input Data and Controls Description

Card Number
(Format) FORTRAN Symbol(s) Description

1 TITL(. 18, )% Title, printed on first page of data
(18A4) along with the data

2 LORM = 1 lunar unit, = 2 metric units,
(6112) 3 not defined

IRAT

1 real time (EPQ@CH in modified
Julian days is required), = 2 arti-
ficial time (moon's initial position
is set arbitrarily by ATMA(3).

ICORC(. 2.) Coordinate center for initial, final
point data

= ] earth, = *2 moon, = 3 bary-
center .

+ means angular momentum vector
to the North of LOP

- ineans angular momentum vector
to the South of LOP

IRPTS(. 2.) Coordinate system for input boundary
conditions -

1 rotating system, = 2,3, or 4 non-
rotating systems, = 5,6, or 7
orbital elements given in systems
2,3, or 4, See Table 1 for com-
plete description.

3 ICOEL 1 moon's orbit circular, = 2 moon's
(6112) ' orbit elliptical

IMORTA Angle for moon's initial position
' given as:

= 1 mear anomaly, = 2 true anomaly
(artificial time only)

%.N.) signifies that N data elements 1.2,.., N are being described

-14 -
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Table 4. Input Data and Controls Description (Cont)

Card Number ‘ |
(Format) F@RTRAN Symbal(s) Description

N(3) Maximum number of iterations.
allowed in QASLN

N(4) o Print control in QASLN

0, final solution is only printed
1, time history at end of each
iteration is added

2, partial integral (P) and H's
during integration are added
Also for = -3 or less QASLN is by-
passed after initial time history is
obtained and printed.

i u

NCM ' Not used
ND (= M2(5)) number of dimehsions,
~ 2 planar case, = 3 three

diinensional case .

4 PI{. 2.), PF(. 3.) X,Y, Z coordinates of initial, final
(6D12) : point except if orbital elements are
given these are p, e, i of initial,
final orbit

5 VI(.3.), VF(. 3.) X,Y, Z velocities at initial, final
(6D12) | - point, except if orbital elements are
’ ' given these arew, 2, f of initial,
final orbit

6 TI, TF  Initial, final time in hours (from
(6D12) ‘ EP@CH in case of real time)
EPQCH ' Reference time in Julian Days -

2,400, 000.0 (needed only for real
time case)

ATMA(. 3.) Moon's orbit angles and initial posi-
tion: node, perigee and anomaly (see
IMPRTA) in degrees

- 15 - |
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Table 4. Input Data and Controls Description (Cont)

Card Number

(Format) F@RTRAN Symbol(s)

7 . NOSTEP
(6112)

NINTPI

NDIiF

JPRI -

KFLAG

NTM

Description

The number of integration steps per
storage internal. This can be as
large as desired but a maximum of

3 is suggested since the second order
interpolation on the previous time .
history uses values at the storage
points. If not given XERR used,

see XERR.,

The total time of the trajectory can
be divided into as many as 9 sections
in each of which the step-size inter-
val is constant, NINTPI = number
of such sections plus 1. -

Number of differences used in the
Adams-Moulton integration (3 maxi-
mum allowed). If larger than 3, 3 is
assumed and 4th order Runge-Kutta -
Gill integration will be used for NDIF
steps before the program switches

to the Adams-Moulton integration

for the remainder of the time.

= 2 for printing time history when
integrating after convergence or
after completing N(3) iterations
(otherwise JPRI can have any
value) (= M2(7))

KFLAG {(for special problems) = 1
normszl two impulse problem,

= 2 special problem {dummy at
present), KFLAG must = 1

Maximum number of orfhogona‘liza-
tions allowed in the subroutine
QASLN (maximum number per-

" missible is 3)

-‘16-
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Table 4. Input Data and Confrols Description (Cont)

Card Number
(Format) FORTRAN Symbol(s)

8 TSUBT(. 6.)
(6E12)
9 TSUBT(7-10)
(6E12)
XERR
EPSP
10 KSUB(. 6.)
; (6112)
11 KSUB(7-10)
(6112)
ISET
. NLS

- ]:7’..

Description

The bounda.ries of the time sections
in hours. TSUBT(1l) does not have
to be zero.

’I‘SUBT(NINTPI) is not used, rather
the final time is obtained from (TF-
TI)

The step-size, equivalent to
NOSTEP., If NOSTEP is not given
NOSTEP will be determined. from
fifth root. '

Volume limit of correction parallel-
epiped (normalized)., When volume
is less than EPSP the orthogonali-
zation procedure in QASLN is used.

. Step numbers corresponding to

TSUBT,
KSUB(l) = -t =1 |
KSUB(NIN. 1) must not exceed 200,

(KSUB(NINTP1 + 1) is set to 0 in
program)

Not used but is transcribed in main
program,

Number of linear segments used for
initial time history. NLS must

= 0 when linear segment method is
not used. The maximum number of
segments is 7, but only six data .
points may be entered. A scheme
using PI and PF as end points is
programmed with the given six as
intermediate points for NLS = 6 or 7.

SD 68-309
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Table 4. Input Data and Controls Description (Cont)

Card Number

(Format) F@RTRAN Symbol(s) Description
12 SPARE(, 6.) Single precision data e’ntry used in
(6E12) . various ways for first time history
routines.
13 SPARE(7-12) (a) for linear segments procedure
(6E12) , SPARE(1-6) are X-velocity points

SPARE(7-12) are Y-velocity
points

(b) for earth to moon or moon to

- earth patched conic procedure

(1) (2) are used as ICORC(1) (2) to
give center and angular
momentum direction when
boundary data are given in
barycenter system,

(3) = AAl angle of perigee of
earth section ellipse (in
degrees from opposite the
moon at arrival)

(4) = AA2 angle of perilune of
moon centered conic (in
degrees from opposite the
earth at arrival)

(5) = Maximum distance from
earth for earth conic in lunar
distance units

(7) = 0, earth conic semi-major
axis estimated from time of
flight, = earth conic semi-
major axis

(8) Jacobi constant, used to
correct magnitude of veloci-
ties on first time history if
(9) is negative

(¢) for the single center case (both
points near either earth or moon)

(1) is used as ICORC(1) to obtain
the center and angular
momentum vector direction
when boundary point is in
barycentar system,

= 1B =
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Card Number

(Format) FORTRAN Sy mbol(s)
14 RH®S(. 6.)
(6E12)
15 XI(.6.)
(6D12)
16 TLS(. 6.)
(6D12)
17 XLS(1, .6.)
(6D12)
18 XLS(2, .6.)
(6D12)
19 XLS (3, .6.)
(6D12)
7 IXTRA(. 3.},
EXTRAIL. 3,)
3I12, 3D12

Table 4. Input Data and Controls Description (Cont)

Description

The values of the differences of the
variables to be compared with the
vector ¢, Convergence is said to
have occurred when for every
component € £ p. The units must
correspond to those computed by the
program 28 no conversions are used.

The non-vero values used as initial
values for the homogeneous soluiions
(only the first three are ever used.
XI is dimensioned 10 in the program

.and thus free for itransfer of data as

desired).

Times of ends of linear segments for
initial time history. These must be
in the units of the problem (seconds

or lunar time units) and must
correspond to the independent variable
scale, (See NLS on card 11)

X values at times of TLS (in rotating
barycenter system only)

Y values at times of TLS (in rotating
barycenter system only)

Z values at times of TLS (in rotating
barycenter system only)

Integers entered into main program
EXTRA(. 3.) entered into common
PARAM none of these is used at
present (note EXTRA (4) has special
use, EXTRA(5-20) are not used)

-19 -
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Table 4. Input Data and Controls Description (Cont)

Card Number

(Format) FORTRAN Symbol(s) Description
21 NVX(.3.,.2.) Number of the variable to be altered
6112 " for two sets according to scheme

(must be set to zero if not used)
1,2,3 for P1
4,5, 6 for PF
7,8,9 for VI (would only be used

- 10,11,12 for VF when orbit ele-

1 13 for TI ments are given)
14 for TF '

15,16, 17 for ATMA
18 for EPOCH
19 moon's orbit circular to elliptical

(Note that only three Variables may
be altered in one set)

22 NVX(. 3., 3-4) Same as above for 2 more sets

6112

23 NIM(. 4. ), NKS, NIM = number of times to increment
JSET the variable for each of the
6112 four sets

NKS = number of sets, JSET not used.
Must be zero if none.

24 DVAR(. 3.,.2.) The increments in the variables
6D12 . called for by NVX. 2 sets
25 DVAR(. 3., 3-4) The same as above for 2 more sets
6D12
3 .20 -
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\

Table 5. Available Input and Transfer Variable Names
for Future Modifications of Program

Variable Input Position Data Card Number | .-Where Available
IXTRA (.3.) 1, 2, 3 .20 , Main Program
EXTRA(. 3.) 4, 5, 6 20 COMMON PARAM
EXTRA(5-20) Not entered as data ' COMMON PARAM
XI1(4-6) 4, 5, 6 15 ‘ C@MM@N ZX
X1(7-10) Not entered as data, set to zero COMMON ZX

in main at start
NCM ' 5 3 Main Progran:
ISET 5 i1 . Main Program
JSET 6 23 Main Program
RHOS(7-12) Not entered as 4 :a, set to zero COMMON ZpoD
in main at start

4. Tiwue History Storage

At the moment the maximum number of storage points is set at 200,
Since the QASLN integration procedure is capable of handling a change in
step-size it is permissible to divide the total time and the 200 points into
as many as nine sections of constant step-size. This is desirable so that
when near the earth or moon a small step-size can be used for accuracy
since the forces of attraction are large and vary greatly over short distances,
Over the intermediate space not near either center relatively longer step-
sizes will give equivalent accuracy. The optimal use of the available steps
remains a subject for further study. The total number of steps can be
increased but this would increase the running time and it is not considered
desirable at the present stage. Very large increases in step-size between
sections has been found unsatisfactory in that the extrapoclation for new large
intervals is very much less accurate than the ccmputation for the previous
steps. This is indicated by a shift in the value of the Jacobi constant. Hence,
it is best to keep the step-size change to a factor of two to four.

5. Initial Time History

n order to begin the quasilinearization process it is necessary to

.generate an initial guess for the time history of all the variables (X). In

many cases this can be very crude but for highly sensitive and extremely
non-linear problems the first guess may have to be carefully made in order
to obtain convergence on the désired solution. Two-impulse transfer in the
three-body problem presents such a situation if the trajectory sought is to
transfer from the space near one body to that near the other. f

- 21 -
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The motions envisaged for study so far have been those fairly close
to the lunar orbit plane (LOP). The motion out of the plane has been assumed
to be linear and decoupled from the motion in the LOP, bnut a sinusoidal form
could be utilized with very little additional programming if it is needed.

Three approaches for obtaining a first time history in the LOP have
been utilized in this study. The first was an attempt to find a simple two-
for-one Lissajous figure with variable amplitude to obtain an approximate
trajectory. This form did succeed in the case tested but required several
iterations before the trajectory was .really close to convergence. In addition,
it was felt that because one h_.y to put in arbitrary variations in the velocity
formulae to approximate the lunar trajectory velocities more realistically,
the technique may not be very satisfactory.

With the hope of reducing the number of iterations required for con-
vergence, patched conic procedures were then setup for the first time
history along with controls so that the various types of earth to moon, earth-
earth, moon-moon and moon to earth transfers could be studied, In addition
a linear segmented time history program allowing up to 8 pairs of points to
produce linear segments for all variables was adopted for use in this program.
All three schemes have been made to yield satisfactory first time histories,

The patched conic scheme may have a sharp bend and velocity shift at
the point where they are joined (L in Figure 4). In spite of this it has been
found that the conic procedure generally converges with fewer iterations than
the Lissajous figure scheme. Hence the latter is not recornmended and is
no longer available in the program.

As determined previously the linear segment procedure, even if started
with about six points from the actual trajectory does not yield convergence
in fewer iterations than does the patched conic method for near earth to near
- moon cases. Consequently, the use of linear segments is recommended only
under special circumstances such as for trajectories to a Lagrange point,

. The orbit plan or angular momentum direction information is entered
by rmmeans of the signs of ICORC(1) and (2) as described in Section III. I
above. Other details to be supplied to the patchzd conic routine are the
pericenter angles A}, A2 and RLIM as shown in Figure 4.

- 22 =
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UM

2
<
-

MOON CONIC
EARTH ELLIPSE

NOTE: Py AND P2 ARE PERIGEE AND PERILUNE

Figure 4, Patched Conic Geometry for Earth to Moon Transfers

These quantities are supplied through the use of SPARE as follows:
Aj = SPARE(3) = Angle of Perigee (P}) in Deg.
A2 = SPARE(4) = Angle of Perilune (P;) in Deg."
RLIM = SPARE(5)*D

The semi~-major axis of the earth section conic can be inserted (SPARE(7))
or it can be chosen (SPARE(7) = 0) by means of the formula

a=(,712 ~ (TF - TL - 80)% ,001,)*D 1, u,

This was developed to give a reasonable value for an eighty hour trip to the
moon and slightly higher semi-major axes for shorter trips. It was chosen
rather than one assuming that the period should be proportional to the trip
time because it cails for a variation in '"a' of the proper direction as far as
energy is concernad, Finally the eccentricity is determined from the
initial point sinece the true anomaly is known,

=23 =
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The earth section -conic is followed until the distance from the earth
exceeds the value RLIM, Then the previous point (L) and the lunar boundary
point BT are used to determine the lunar conic. Since perilune has been
chosen the lunar conic is now fixed and its elements are determined. The
program can manage either an ellipse, or a hyperbola for this conic. The
mean anomaly rate is'taken to be the mean anomaly difference between L
and A divided by the remaining time to go, thus assuring arrival at A at the
proper time. Although this orbit may be traversed at an improper rate,
the velocicy time history contains the velocity components corresponding to
the proper rate.

. The sign convention and reference directions for specifying A; and A3
are the same for all cases. In Figure 4 both are positive small angles as
shown, Itis, of course, essential that L. and P, may be joined by a continuous
conic and this will be affected by the choice of A} and Ap. Thus to go around
the moon as shown A} = 15° is a reasonable choice, while to go clockwise
(ICOR(2) = 2) A} should be zero or negative so as to put L below the E, M,
time. If this initial time history program fails the case is terminated with

the printout: "XIN WAS UNABLE TO COMPUTE A FIRST TIME HISTORY,..."

A final input mechanism that has been introduced is the possibility of
setting the value of the Jacobi constant for the trajectory of the first time
history. This is entered as SPARE(8) and it is used if SPARE(9) is negative.
The constant is used to adjust the value of the magnitude of the velocity at
every point without changing the direction, The efficiency of this technique
in speeding convergence has not been tested.

6. Subroutine QASLN

A double precision subroutine for managing a quasilinearization opera-
tion as outlined in Section II above has been developed by McCue and Radbill
(Reference 2). The details of and controls for its use in the present pro-
gram are included in Section 3(Table 4),

7. Program Output

An example of the output from the program is given in two series of
consecutive pages, The first eight pages of the output are included in
Figure 5 and the last eight pages are in Figure 6. Figure 5 contains the
input data controls, various outputs from initialization sections, and results
part way through the second iteration. The intervening pages are omitted,
and then the iteration at which convergence occurred, the tenth, is shown in
Figure % along with the results of the straightforward integration of the
g equations of motion using the initial values as deteérmined by the QUASLN
. program.,

.24 -
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Most of the output is self explanatory. Note that the boundary condi-
tions and all results are given in the rotating barycenter coordinate system
and that the actual time scale of the integration is given in the line entitled
(LORMU). There remains in the output a number of results used for check-
out purposes. The data headed by "IN XIEM PATCHED CONIC VALUES ARE"
is printed by the patched conic routine (XIEM). The Jacobian, the derivatives,
and a few other items are printed by JACCB the first time it is called.

The output from an iteration begins with the STORAGE INTERVAL list,
The combination coefficients are the ¢j, c¢2, c3 of Equation 15 and are
obtained by inversion of the matrix given. Only the twelve values indicated
pertain to this problem. The convergence parameters are the components of
the vector, ¢ (notp), (Equation 16), There follows the trajectory obtained
as the result of the iteration, the quantities being time, Jacobi constant
X, ¥, 2, X, y, z. The final quantity on each line is the earth-moon distance,
but is is remcved for all three dimensional cases as this is by tearing the
wide margin from the output papers. Computation times from the beginning
of the case are given at two points in each iteration.

The final output pages are given in Figure 6 which begins near the end
iteration 9. All of the output from iteration 10 is included and it can be seen
that there is very little change in the impulse between these two iterations,
It will be observed that the integrated trajectory does not reach the final
boundary point at the final time. The reason for the miss is that the con-
vergence requirement is not sufficiently tight, even though the impulse
appears to have converged well enough for many practical purposes.

In the further use of this program it will undoubtedly be wise to modify
and to simplify the output so as to obtain whatever is the desired information
without the clutter of extraneous material. It is hoped that such changes
can be managed easily through the additional data transfer and control
capabilities supplied as shown in Table 5. '

-25 -
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IV, SOME PRELIMINARY RESULTS

The computer program has been designed with a great deal of flexi-
bility as regards input information form and trajectory type. Most of the
input possibilities have been testnd for proper boundary point computation
and for first time history generailun which are straightforward computations.
Convergence of the quasilinearization routine upon a trajectory of the desired
type does not always occur. Some trajectories are so sensitive that the gross
errors of the initial time history computation cannot be corrected and the
process will find a different shape trajectory or will diverge. Thus initial
trials of planar moon to earth trajectories with ICGRC(l) = =2, and with
IC@GRC(2) = 1 have failed to converge on the desired trajectory. It is not
known whether this can be corrected with a better choice of parameters for
the initial time history estimation. Initial trials for all other angular momen-
tum possibilities have converged on the desired trajectory.

Three dimensional cases are generally slower to converge than two
dimensional cases, for example, the two dimensional case with the same x,
y coordinate boundary points as that of the sample output case given in
Figures 5 and 6 converged in 8 iterations (compared to 10 for the 3-D case).
More experience will be required to determine if an improved z component
initial time history is needed and what form will be effective if it is, Three
examples of the utility of this program for impulsive transfer studies are
illustrated in Figures 7, 8, and 9. The first concerns transfers from a -
translunar trajectory to the Lagrange point L.l (between the earth and the
moon) and the second and third show transfers from a 7000 km circular
earth orbit to Ll and to L5 (the equilateral point with the negative value of y).

For the first illustration we suppose that during the course of a cer-
tain 60 hour flight to the moon it is desired to change the objective and to
fly to the region of the Lagrange point between the earth and moon and to
stop theres as seen in the rotating coordinate system. The problem is to
determine what impulses are required and to find minimum impulse cases
if they exist. Results of the computation are sumn arized in Figure 7. The
60 hour earth-moon trajectory which departed from a point 6546.31 km
from the earth (x = -10, 065.24 km, y = -3702.31 km, 6 = 34.4410°) and
arrived at the point 1866, 00 km from the moon on the side away from the
earth was first determuned, Then for a series of departure points from this
trajectory (1 hour, 7 hours, 17 hours, and 27 hours after translunar
insertion), the trajectories to the Lagrange point wers determined for a
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series of flight times, and the impulses computed. The computer time
involved was 43 seconds for the earth to moon trajectory and an average
of 12, 24 seconds/case for the 36 trajectories to the Ll point (not including
loading time for the program). It can be seen (Figure 7) that the impulse
required depends on the time of departure with the earliest decision to
utilize the abort the best and that for each departure point there exists a
minimum impulse,.

The second and third illustrations are similar to the first one except
that the initial orbit was a circular orbit at a radius of 7000 km about the
earth and the departure points were specified by a series of values of the
location angle (8 of By in Figure 1), Again the final condition was to be at
rest in the rotating system at one of the Lagrange points. The results of the
computations are shown in Figures 8 and 9. It is clear that a minimum
impulse has been found for each maneuver. These are indicated by the
symbol and the transfer characteristics are given in Table 6.

Table 6. Optimum Impulsive Transfers Circular Earth
Orbit (7000 km) to Lagrange Points

Lagrange Impulse Departure Point Time of Flight
Point (In Meters/Sec.) (6in Figure 1) {Hours)
Ll 3159 56.7 103
L5 3228 5.5 122
- 46 -
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V. CONCLUSION

A double precision computer program which uses quasilinearization
to find impulsive transfers between given terminals in a given time in the
reduced three-body problem has been shown to give accurate solutions with
considerable speed. It accepts a wide variety of input trajectory plans and
coordinate systems. 1t is designed to be used in impulsive transfer studies
in this system of bodies and it has been shown to yield meaningful results
in an application to the problem of reaching Lagrange points with two-
impulse transfers from some given trajectory.
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