AR
S

A NEW MODEL PERFORMANCE INDEX
FOR THE
ENGINEERING DESIGN OF CONTROL SYSTEMS

by
Herman A. Rediess

December 9,

e
T
e

A

S
N

23

i




TE-26

A NEW MODEL PERFORMANCE INDEX
FOR THE
ENGINEERING DESIGN OF CONTROL SYSTEMS

by )
Herman A. Rediess
December 9, 1968

Degree of Doctor of Philosophy



TE-26

A NEW MODEL PERFORMANCE INDEX
FOR THE
ENGINEERING DESIGN OF CONTROL SYSTEMS

by

Herman A. Rediess

S.B., University of California at Berkeley

(1959)

S. M., University of Southern California
(1964)

Submitted in Partial Fulfillment
of the Requirements for the
Degree of Doctor of Philosophy
at the
Massachusetts Institute of Technology
February 1969

Signature of Author: vaw Q %

Department of Aeronautics and Astronautics
December 9, 1968

Certified by:

ThesC/s Advisor

M?{%Pw\

Accepted by:
Chairman, Departmental Graddate Committee



This thesis was prepared under DSR Project” 70343, sponsored
by the National Aeronautics and Space Administration, Electronics

Research Center, Cambridge, Massachusetts, through NASA Grant
Number NGR 22-009-229.

The publication of this thesis does not constitute approval by the
National Aeronautics and Space Administration or by the M. L T.
Experimental Astronomy Laboratory of the findings or conclusions

contained herein. It is published only for the exchange and stimulation
of ideas.

ii



A NEW MODEL PERFORMANCE INDEX
FOR THE
ENGINEERING DESIGN OF CONTROL SYSTEMS

by

Herman A. Rediess

Submitted to the Department of Aeronautics and Astronautics on
December 9, 1968, in partial fulfillment of the requirements for the

degree of Doctor of Philosophy.

ABSTRACT

The theory and application of a new performance index, the
Model PI, that brings engineering design specifications into the analyti-
cal design process is developed. A parameter optimization design pro-
cedure is established that starts with practical engineering specifications
and uses the Model PI as a synthesis tool to obtain a satisfactory design.
Although the techniques apply to linear, time invariant, deterministic
control systems in general, the thesis is developed in the context of
flight control systems in order to emphasize the relationship of realistic
design requirements to the synthesis process. The Model PI represents
a new criterion for approximating one dynamical system by another,
based on a novel geometrical representation of linear autonomous systems.
It is shown to be an effective performance index in designing practical sys-
tems and is shown to be substantially more eificieni io use thau a comn-
parable model-referenced integral squared error performance index. A
general digital computer program for control system design using the
Model PI is developed. Its usefulness is demonstrated by three practical
flight control system design examples. '

Some interesting developments in linear optimal control resulting
from the Model PI theory are presented. The Model PI is shown to pro-
vide a means of interpreting the state vector weighting matrix in terms
of a model which the optimal system will approach in a limiting case.

An interestingly simple solution of the linear optimal control synthesis
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CHAPTER 1

INTRODUCTION

The reliance on automatic flight control systems in aircraft
has continued to increase since that first autopilot developed by
Dr. E. A. Sperry only eleven years after the historic flight of the
Kitty Hawk (1). The advances in autopilot technology were rather
slow up to the Second World War. By the end of World War II
sophisticated autopilots were available that adequately met the re-
quirements of the operational aircraft at that time.

The development of high-performance jet aircraft brought a
whole new dimension to flight control system requirements. Up to
that time autopilots were designed mainly for attitude and heading
control. The desired stability and control characteristics had always
been designed into the basic airframe. It was possible to provide
such heavy basic damping that the classic textbook by Perkins and
Hage (2) states that the short period modes are of very little conse-
quence in the flying qualities of airplanes. They could be designed
almost entirely on their static and long period characteristics. With
the advent of jet transports flying at high subsonic speeds and jet
fighters flying at subsonic, transonic and supersonic speeds, the
" short period" pitch dynamics and the " Dutch roll" dynamics be-
came dominant factors in establishing adequate aircraft handling
qualities. The aerodynamicists could no longer design sufficient
damping into the basic airframe if they were to meet their primary
objective of providing high aerodynamic efficiency at the cruise

flight conditions. Consequently, most high-performance aircraft



had marginal to unacceptable handling qualities in some portion of
their flight envelope without a stability augmentation system.

A simple, fixed-gain pitch or yaw damper may be sufficient
to provide satisfactory handling qualities in many situations. But,
for several reasons, stability augmentation and control systems have
necessarily become more complex. Mission requirements have be-~
come more severe, such as a re-entry from space (3). The vehicle
response modes for some configurations like lifting bodies have be-
come highly coupled (4). In some cases the pilot control task has
become extremely difficult, as in landing a VTOL at steep approach
angles under IFR (5). For some VTOL aircraft, going from hover
through transition to cruise flight requires a complete change in the
type of control commands (6, 7). And certainly mény.other examples
could be added to this list.

In addition to providing satisfactory dynamics for a pilot to
maneuver the high-performance aircraft proficiently, the require-
ments for completely automatic flight control under various situations
have increased. The desire to operate commercial airports under’
all-weather conditions has motivated the development of all -weather
automatic approach and landing systems (8). The flight control
system necessary to couple with a landing aid presents a complex
multivariable design problem. There are similar design problems
with automatic carrier landing systems and automatic fire control
systems.

The design process for flight control systeins has become
correspondingly more complex, lengthy and laborious by the con-
ventional linear servo theory techniques (9, 10). Even with the aid
of digital computers for root locus and Bode diagram computations
and automatic root locus plotters, these techniques are rather slow
processes when synthesizing complex multiloop and multiple input/
output systems. This is mainly due to their "trial-and-error"
nature and treating only one of several design parameters at a time.
The iterations between the effects of several parameters and between

inner and outer loop closures can become quite tedious. This is not



to say that an experienced designer can not obtain excellent results
with conventional techniques. The many complex and yet extremely
effective flight control systems currently in operational use attest to
the fact that they can. On the other hand it is easy to understand why
control system engineers desire more systematic design techniques
and thus have been pursuing various analytical design theories.

The primary objective of this dissertation is to develop an
analytical design technique based on a new " Model Performance Index"
(Model PI) that is applicable to linear flight control systems. Itis
recognized that the goal of most real design problems is to produce the
simplest design that meets the performance specifications within ac~
ceptable tolerances. Therefore the analytical design process must
start not with a mathematical performance index but with the general
design requirements. The Model PI is used to bridge the gap between
the engineering specifications and the purely mathematical optimization
process. In addition, the Model PI provides a new interpretation of
quadratic cost functionals used in optimal contr ol theory that offers

a physical basis for selection of the state vector weighting matrix.

1.1 Historical Background of Analytical Design Methods

Contemporary control system design theory is placing an
increasing emphasis on optimization of mathematical functionals,
sometimes called performance indices, that give a measure of the
system's performance relative to some reference. This concept
must be traced back ultimately to the independent, concurrent works
of Wiener (11) in the United States and Kolmogoroff (12) in the
U.S.5.R. which occurred in the late 1930's and early 1940's.

These were the first formulations of filter design as an optimization
problem. The Wiener-Kolmogoroff problem is referred to as the
"free-configuration" problem in that it selects the one filter from
the class of all possible linear filters that minimizes the mean
squared error between the actual and desired signals. Subsequently,
Hall (13) and Phillips (14) formulated the "fixed-configuration" or

parameter optimization problem using a mean squared error



performance index. In this approach the designer selects the filter
or control system configuration leaving characteristic frequencies,
time constants and gains unspecified, to be determined by the opti~
mization process. Phillips derived a procedure for evaluating the
mean squared error over an infinite time interval as an explicit,
nonlinear function of the free design parameters. The design process
is then to select the free parameter values that correspond to a
minimum point of this function.

A problem encountered in using the Hall-Phillips method was
that the resulting design could allow excessive signal magnitudes
within the system that may exceed the range of assumed linearity or)
may even saturate. Newton, Gould and Kaiser (NGK) (15) proposed
constraining any signal magnitude by adjoining the mean squared
value of that signal to the original performance index by a Lagrange
multiplier. The augmented performance index can be evaluated as
a function of the free design parameters and the Lagrange multiplier
using tabulated integrals. The design selected is the one in which the
values of the free parameters minimize this augmented performance
index while requiring the signal magnitude constraint to be satisfied.

The servomechanism design problem was formulated by
Phillips and NGK in terms of the error between the desired and
actual responses. The performance index penalizes large deviations
of the actual response from the desired, so that minimizing it tends
to force the system's regponse to be similar to the desired response.
Thus the performance index is a measure of the performance relative
to some desired response that the designer would specify for each
problem. This type is sometimes called a model-referenced per-
formance index. An alternate philosophy was adopted by several
other researchers in which the performance index was to represent
an absolute criterion in itself. Numerous performance indices were
proposed to supposedly represent optimum transient response for a
step input. Several proposed were the integral squared error (ISE),
integral of the absolute error (IAE), integral of time-multiplied

absolute error (ITAE), and integral of time-multiplied squared-error



(ITSE) where in each case the error refers to the difference between
the instantaneous output and the steady state value for a step input.
These and other criteria were compared and evaluated by Graham
and Lathrop (16) with the conclusion that ITAE was clearly superior.

This may well be tiue for many servomechanisms, although
there is some disagreement on that point (17). But in many applica~-
tions defining a performance index relative to some model provides a
necessary flexibility that is missing in all of the so called optimum
transient response criteria.

At this point, Aizerman (18) proposed a new concept for
representing the desired system response within a performance index.
Rather than using the squared error between the desired and actual
responses, Aizerman used a linear combination of. the squares of
the actual transient response and its derivatives. The relative weight-
ing of these squared variables in the performance index was chosen so
that the absolute minimum value of the perfdrmance index would cor -
respond to a system design with a transient response identical to the
desired response. In general, the absolute minimum value can oniy
be obtained if one has complete freedom in selecting the closed-loop
system design. Since the feedback cohfiguration and design parameter
values are usually constrained due to practical requirements, it is
not usually possible to obtain the desired response identically.
However, minimizing Aizerman's performance index would tend to
force the system's response to be similar to the desired response,
at least for a certain class of systems and types of desired response.
The objective is the same as for'a model-referenced performance
index, but the relative effectiveness of these two types in synthesizing
control systems has not been assessed to the author's knowledge.
Aizerman's concept could p;ovide a significant computational advan-
tage in the optimization process over model-referenced performance
indices in that the model' s response never enters the computational
problem. This point has not been verified or even suggested in the
literature thus far. Although rather limited in application, Aié,errnan' s

performance index represented a distinctly different philosophy in



analytical design.

Rekasius (19) recognized the potential of Aizerman's concept
but noticed that it seriously restricted the type of models that could
be used for the desired response. He proposed a somewhat improved
performance index that lifted some of the restrictions but not Aothers.
Several serious limitations remained that restricted its application
to essentially academic examples which possibly accounts for the
apparent lack of wide spread knowledge of these performance indices.

Once a performance index is selected and a means for evalu-
ating it established, the problem of minimizing it with respect to the
free design parameters remains. The parameter optimization process
is generally not easy and may be a formidable task. It is seldom pos-~
sible to obtain a direct analytical solution except fér simple academic
examples. Several numerical optimization techniques suitable for
digital computer application were reviewed by Spang (20) and Paie-
wonsky (21). An attractive feature of digital computation is that
general algorithms can be written that apply to a wide variety of
design problems. However, computational efficiency becomes an im-
portant factor because the computational times required for designing
high order systems with several parameters can be excessive. Analog
computer mechanizations of essentially gradient techniques have been
used successfully by Roberts (22), Bingulac and Koktovic (23),
Whitaker and Potter (24), and Whitaker, et. al. (4). The latter two
works are specific applications to flight control system design prob-
lems.

In parallel with these developments in fixed-configuration
design techniques was the rapidly developing theory of optimal control.
The background and status of this popular new field were recently
reviewed by Paiewonsky (21) and Athans (25). Of particular importance
to flight control system synthesis is the special class of problems
known as linear optimal control (26). It has been applied to several
flight control system design problems (27 - 32). The performance
index is taken to be some quadratic functional of the system's state

vector and the control effort. This forces the solution to produce a



linear feedback control law. Unfortunately there has not been any
direct procedure for selecting the weighting matrices used in the
performance index so they have been used as arbitrary constants
that are adjusted until a satisfactory design is obtained. The result-
ing design is quite often more complex than necessary to satisfy the
design specifications. Also it assumes availability of all the system
state variables for feedback signals, which is generally not true in
practice. Therefore a simplified approximation is usually sought
using the theoretical optimal solution as a guide.

Modern control theory has thus produced several new design
tools based on minimizing a variety of performance indices. The
most effective performance indices in the synthesis of linear flight
control systems are quadratic functionals that include, in some way,
a model of the desired closed loop response. Significant contributions
can be made in the areas of relating performance indices to the en-
gineering design specifications, improving the computational effi-
ciency of analytical design processes, and providing general digital

computer program packages for linear control system synthesis.

1.2 Thesis Scope and Organization

The theory and application of a new performance index that
brings engineering design specifications into the analytical design
process is developed. A design procedure is established that starts
with practical engineering specifications and uses this Model Pl as a
synthesis tool rather than an absolute criterion in itself. Although
the techniques apply to linear, time invariant, deterministic control
systems in general, the thesis is developed in the context of flight
control systems in order to emphasize the relationship of realistic
design requirements to the synthesis process. The Model PI method
is compared to a model-referenced integral squared error design
method in terms of the resulting design and the relative computational
efficiency. A general digital computer program for control system
design via parameter optimization is developed. Its usefulness is

demonstrated by application to flight control system design examples.



The thesis is organized so that practical design problems are
first introduced (Chapter 2), then the theory developed (Chapters 3
and 4), the general design procedure established (Chapter 5), and
applied to flight control system design (Chapter 6). Some related
topics on linear optimal control theory are treated in Chapter 7.

In Chapter 2 the requirements of flight control systems are
discussed in terms of the inner loop aircraft handling qualities and
outer loops such as autopilots. Th overall preliminary design pro-
cess is reviewed in terms of the necessary steps to produce an ac~
ceptable design. Then the role of analytical design techniques in
synthesizing a system to meet engineering specifications is discussed.

The Model PI theory is developed in Chapter 3 using an inter -
esting geometrical representation of linear autonomous systems. A
simple form is derived first for systems without zeros, and then is
extended to systems with zeros and multivariable systems. The
Model PI is shown to be related to the works of Aizerman (18} and
Rekasius (19) which are critically reviewed. A summary of the im-
portant results of Chapter 3 is presented at the end of the chapter.’

Chapter 4 presents a numerical method for minimizing the
Model PI or any general quadratic functional. The procedure devel-
oped for evaluating the performance index and its gradient can alter-
natively be used with some other numerical optimization algorithm
the designer may prefer.

*In Chapter 5 the design procedures for using the Model Pl
are established and demonstrated for various forms of engineering
specifications. This illustrates the use of a general digital computer
program, described in Appendix B, for control system design via
parameter optimization. By formulating a model-referenced integral
squared error design method in state-space form the same computer
'program can be used for that method also. A comparison is made of
these two design techniques to evaluate their relative effectiveness
and computational efficiency. Methods for including parameter con-

straints in either method are presented.



Chapter 6 presents several flight control system applications
of the Model PI design procedure. A simple pitch damper system is
designed to provide satisfactory longitudinal handling qualities. A
complex lateral-directional stability augmentation system is designed
to illustrate the multivariable design methods. Finally, a pitch axis
control system is designed for a VI OL aircraft. In each case the.
emphasis is on meeting realistic type design specifications for flight
control systems.

Some interesting developments in linear optimal control
theory resulting from the Model PI theory are presented in Chapter 7.
Only the single control regulator problem is considered. The
Model PI is shown to provide an interestingly simple solution to the
linear optimal control synthesis procedure using root square locus.
A procedure is presented for computing an equivalent Model PI for
a general quadratic functional. This allows one to interpret the
state vector weighting matrix in terms of a model response which
the system will approach in a limiting case.

As a result of the research for this dissertation a general
digital computer program for linear control system design has been
developed. A description of the program, its operational format,

and a complete listing are presented in Appendix B.






CHAPTER 2

FLIGHT CONTROL SYSTEM DESIGN

2.1 Flight Control System Requirements and Design Specifications

Flight control systems, in the most general sense, consist
of several types of feedback loops for accomplishing various mission
and operational requirements. Figure 2-1 depicts the functional as-
pects of a general flight control system for a piloted flight vehicle.
The primary feedback loops of the flight control system are combined
in figure 2-1 into the two categories; stabilization loops and auto-
guidénce loops. The stabilization loops include pitch, roll and yaw
dampers, automatic Mach trim, structural mode suppression, etc.
Such systems as autopilots and automatic approach and landing sys-
tems are indicated by the auto-guidance loops. The feedback loops
contain vehicle motion sensors, noise filters, and some compensation
networks. A major component of each loop is the control surface
actuator system, which may be a complex feedback control system
itself. Most high-performance aircraft require an artificial feel
system for the pilot controls because of heavily boosted or completely
irreversible control surface actuation systems. In the maneuvering
mode, the pilot uses the control stick force as a primary measure of
his maneuvering command inputs. This action closes a loop around
the feel system. The pilot also closes the loop around the entire flight
control system and aircraft using various motion cues, external visual
cues and pilot instrument display as feedback sensors. Thus the effect
of the pilot as an element in the maneuvering loop plays a dominant

role in establishing the control system requirements.
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The design of a flight control system presents several design
problems, each with different requirements and correspondingly dif-
ferent specifications. These can be grossly categorized into design of
the pilot maneuvering loop, the auto-guidance loops, and the control
surface actuator systems. The requirements for the maneuvering
loop are specified as aircraft handling qualities. These form the pri-
mary basis of the design specifications for the stabiiization loops and
control feel system. In auto-guidance modes of operation, the pilot
is not in the active control loop, but monitors its operation and makes
changes in the reference guidance commands, such as a desired head-
ing change or reference holding altitude. The design specifications
for auto-guidance loops, therefore, are largely independent of the
handling qualities requirements and can be given in several forms
more common to standard regulator or.servo design problems. Al-
though the control surface actuator systems are part of the other loops,
they are generally designed separately to their own specifications and
treated in the design of the outer loops as fixed dynamic elements.
These are fairly standard servomechanism type design problems.

In designing flight control systems the engineer is faced with
the various common forms of specifications as well as a special form
based on aircraft handling qualities. It is important to have some
knowledge of the types of design specifications involved in order to
treat this subject from a realistic viewpoint. Some examples of air-
craft handling qualities criteria are presented in the following section
and discussed in relationship to the maneuvering loop design problem.
Then in section 2. 1. 2 several common forms of engineering specifi-
cations that may arise in flight control system design problems are
presented. These are discussed mainly in relationship to the design
of auto-guidance loops and control surface actuator systems.

Flight control systems, like all physical control systems, are
only linear over a limited amplitude range at best. At the preliminary
design stage, it is usually quite adequate to treat them as linear sys-
tems unless the dominant characteristic is a nonlinear element. This

thesis only considers linear or linearized control system design, hence
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specifications on nonlinear characteristics, such as saturation,
hysteresis, and limit cycles, are not discussed. It should be recog-
nized, however, that these are important and must be considered at
some point in the design process. One aspect of nonlinearity can be
treated in the lineai’ analysis. That is, the amplitude range for
which the linearization is valid can be specified as a constraint on the
design. Similar constraints arise naturally from the aircraft limita -
tions such as a normal acceleration limit or maximum roll rate limit.

These constraints are included as part of the design specification.

2.1.1 Some Aircraft Handling Qualities Criteria

Handling qualities criteria are requirements on the vehicle's
dynamic characteristics and control feel character‘isti_cs necessary
to produce specified levels of closed-loop pilot-vehicle performance
for a specific task or mission. Extens'ive analytical and experimental
research has been and continues to be expended on developing adequate
criteria for the various types of flight vehicles. The intent here is
not to survey the field, but merely to present examples of typical cri-
teria. For more specific details and bibliographies the interested

reader is referred to references 33-~36.

2.1.1.1 Longitudinal Handling Qualities

Longitudinal handling qualities for fixed wing aircraft are
typically given'as functions of the short period mode natural fre-
quency, wsp’ and damping, gspwsp' Figure 2-2 is a representative
example. It shows boundaries of decreasing levels of pilot-vehicle
performance, from Minimum Satisfactory to Minimum Flyable for
combinations of wsp and g’spwsp' The words " Satisfactory", " Ac~
ceptable , " Flyable" have specific connotations relative to pilot
opinion ratings as indicated in table 2-1. These data are from refer-
ence 34 and were established from fixed-base and in-flight simulations
of a piloted re-entry vehicle. The region indicated as " Good" hand-
ling qualities is from an earlier in-flight simulation study (37).

The primary design specification for the 16ngitudina1 stabili~

zation loop can be given in terms of a desired - region in the wsp -

14
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z“spwsp- plane for the closed-loop short period mode poles. It may
be totally unrealistic to specify the " Good" region for all flight
conditions because of unnecessarily severe demands it might place
on the control system. Specifying a minimum Satisfactory level of
performance would be more realistic. The designer would still at-
tempt to obtain the best handling qualities possible (closest to the
"Good" region) within the practical limitation of the control sysfem.
In other words, although a minimum specification is set as a region
of allowable designs the relative performance within the region is
still important to the designer. On the other hand there is clearly no
single best or optimum design.

Criteria such as figure 2-2 do not completely determine the
longitudinal handling qualities. Chalk (39) has shown that the short
period mode zeros and static sensitivities have an important but
lesser effect. Other factors are the phugoid mode characteristics,
pitch-up characteristic, stick force per " g", and other control feel
characteristics. However these usually are treated separately from

the stabilization loop design problem.

2.1.1.2 Lateral-Directional Handling Qualities

Lateral-directional handling qualities for fixed wing aircraft
are more complicated because of potentially strong coupling between
the Dutch-roll, roll-subsidence, and spiral modes. Control of bank-
angle with the ailerons is a primary task in the lateral-directional
maneuvering loop. The aileron, ﬁa, to bank angle, ¢, transfer func-

tion in most cases is of the form

o Lﬁa(sz TR -
63,(8) (s+ i)(si—;i—)(szi-zgdwds +wd2)

The parameters of primary importance to the lateral-directional

handling qualities are
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L6 ) roll control power

a “max

R roll-subsidence mode time constant
Te spiral mode time constant

I;dwd Dutch-roll mode damping

K
. ratio of numerator frequency to

Wy Dutch~roll frequency

'_i)_l bank angle to side slip angle ratio

|81

Extensive parametric studies have been made to relate pilot opinion
to these parameters. Ashkenas (33) recently compiled and compared
the results of many of these studies. Figure 2-3 is a composite of
several criteria in a form that might be used as the design specifica-
tions for the lateral-directional stabilization loop. It presents cri-
teria for the Dutch-roll mode, roll-subsidence mode and spiral mode.
The data for the Dutch-roll and spiral modes are based on summary
figures and tabulated data in reference 33. The roll-subsidence mode
data were obtained from reference 40 for one value of roll control
power. This figure should not be taken as a general criterion, but

as a representative example of the type of specifications that might
be given for a specific design problem.

The criteria shown in figure 2-3 for the Dutch-roll mode con-
sists of two parts. The locations for poles corresponding to various
levels of handling qualities are indicated by the nearly vertical
boundaries to the right: And the ranges of wq)/wd for Acceptable,
Satisfactory and Good handling qualities are tabulated for a given
range of | ¢/B|. Near the origin is shown the spiral mode criterion
for Satisfactory handling qualities. The roll-subsidence mode cri-

terion is given as ranges of the roll mode pole locations corresponding

18
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to three levels of handling qualities. This is valid for the given range
of spiral t> roll mode time constants, which is usually more than
satisfied. All these criteria must be met for the lateral-directional
handling’qualities to be at the desired level.

A realistic design specification might require Minimum Satis -
factory lateral-directional handling qualities. Then by figure 2-3
the Dutch-roll mode poles must lie to the left of the Minimum Satis-

factory boundary, the w(b/w ratio must be within the Satisfactory

range; and, the roll and sp(iiral mode poles must-lie within their re-
spective boundaries on the real axis for Satisfactory handling qualities.
Again here, as in the longitudinal case, the designer would try to make
the closed loop system characteristics be as close to the " Good"

range as possible within reasonable demands on the control system.

2.1.1.3 VITOL Handling Qualities - Pitch Axis

The two primary handling qualities parameters for pitch con-
trol of VI'OL aircraft at low speeds and hover are control power and
damping. Handling qualities requirements have been established in
terms of these parameters using various piloted flight simulators.

A typical example from reference 35 is presented in figure 2-4. Once
the pitch control power is established the design specification for the
stabilization loop could be given as an allowable range of damping for
Satisfactory handling qualities. The designer would still try to obtain
the best damping not just that corresponding to the minimum Satisfac-

tory handling qualities.

2.1.2 Other Design Specifications

Design specifications for automatic control systems in general
occur in numerous forms using such terms as rise time, peak over-
shoot, bandwidth, peak frequency, gain margin, etc. The various
forms developed from practical engineering requirements and conven-
tional control system analysis and design techniques. An extensive
study of most types of specifications for linear automatic control
systems was performed by Gibson, et. al. (17) in an atfempt to es~

tablish a standard set. Their recommendations were summarized in
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Figure 2-4 Typical VT OL Handling Qualities Criteria for Pitch Axis
Control
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standard graphical representations of specifications in the time

domain and frequency domain. Flight control system design problems

may have some specifications in these forms or at least transformable
into one of these forms. Some examples are menti )ned in the following

sections

2.1.2.1 Time Domain Specifications

The standard time domain specifications recommended in

reference 17 is based on the step res‘ponse of the closed loop system.

Figure 2-5 shows the recommended graphiéai representation and its
relationship to the common time domain specificatién terms. If just
the common terms are given together with allowable tolerances such
a diagram is easily drawn. This type of specification fmpl,iés that
any design with a step response lying within the given envelope is
acceptable and, further, that all such designs are equally acceptable.
It is possible to use two or more diagrams similar to figure 2-5 for
indicating different levels of acceptability. '

Portions of the design specifications for an auto-guidance loop
in a flight control system may be given in the form of figure 2-5.
For example, the specifications fbr capturing the ILS beam in an
automatic approach system could be put into an equivalent step re-
sponse specification. Also the response of an autopilot to a step
change in the reference altitude of an altitude hold mode, or a step

heading change in the VOR tracking mode could be specified similarly.

2.1.2.2 Frequency Domain Specifications

The standard frequency domain specifications recommended
in reference 17 is based on the amplitude ratio of the closed loop
frequency response. Figure 2-6 shows the graphical form and its
relationship to some common terms in frequency domain specifications.
This is only illustrative since the specific shape of the tolerance "box"
would depend on the specific application. Again, as mentioned in the
previous section, it is possible to use two or more diagrams similar
to figure 2-6 to specify different levels of acceptable frequency re-

sponse.
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The design specifications for the control surface actuator
systems are typically presented in the frequency domain and quite
likely in the form of figure 2-6. A common configuration is to use a
small electro-hydraulic servo to drive the valve of a larger hydraulic
actuator that actually moves the control surface. The design specifi-
cation on the frequency respoﬁse from the electrical input at the servo
to the actuator ram displacement may be given in the form of figure
2-6.

2.2 Preliminary Design Process.

Designing a flight control system involves, at the preliminary
stage, a combination of technical engineering and management analyses,
evaluations, and decisions. The goal is to establish-a conceptual de-
sign that has a high probability of satisfying the overall écceptance
criteria when implemented, has satisfactory interface with other
flight systems, and can be produced at a competitive, or at least ac-
ceptable, cost. Obtaining this goal is a multiloop iterative process
consisting of design, analysis, redesign, simulation, evaluation, and
finally a decision.

One of the first steps of the preliminary design team is to
transform the general mission and operating requirements into design
specifications. These must reflect not only the direct flight control
system requirements of the previous section but also the interaction
with the aerodynamic, structural and subsystem requirements. Often
there are incomplete and even conflicting requirements which must be
reduced through experience and simplified analyses to one set of com-
patible, quantitative specifications. In addition there are ambiguous
requirements of design simplicity, maintainability, reliability, flight
safety, etc. and indirect factors such as time schedules and cost
limitations.

Practical performance specifications seldom dictate a unique
design solution. Rather they allow an acceptable range or envelope
of solutions as indicated in the previous section. The role of the

control system engineer is to establish, as it were, candidate designs
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within this acceptable range. These candidates are filtered down to

a final preliminary design based on the more subjective criteria of

simplicity, cost, maintainability, etc. These two functions are not

distinct, sequential operations. The subjective criteria must be

kept in mind by the designer as he works to satisfy the quantitative

specifications. '
This thesis considers the problem of synthesizing candidate

control system designs by analytical methods, once the quantitative

specifications have been established. It is thus recognized as only

the middle portion, an inner loop, of the total preliminary design pro-

cess. Real time simulation of a proposed flight control system is a

very important part of the preliminary design process, particuiarly

if a human pilot is to take part in closing the loop. There is invariably

some redesign during this phase which may bew done directly on the

simulator or with the original analytical method. Simulation per se

is not considered here, other than this brief recognition of its impor -

tant role in the preliminary design process.

2.3 The Role of Analytical Design Techniques

The control system design engineer has many different synthe-
sis techniques available and shouldv always select a procedure commen-
surate with the scope of the problem and the desired results. In many
cases ‘con'ventior-xal " cut and try" methods using root locus, Nyquist
or Bode diagrams are by far the most appropriate to use. Analytical
techniques based on optimization theory attempt to provide a more di-
rect synthesis procedure than the conventional " cut and try" methods,
and for complicated design problems are potentially the most effective.
Many flight control system design problems involve multiloop or mul-~
tiple input-output design which is difficult or at least tedious and time
consuming to do by conventional techniques. Analytical methods can
reduce the number of deéign iterations by considering the effect of
several if not all design parameters on the system performance si-

multaneously.
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Parameter optimization and linear optimal control are two
fundamentally different analytical design techniques based on mini-
mizing a mathematical performance index. The most effective per-
formance indices in the synthesis of flight control systems are quadra-
tic functionals that include, in some way, a model of the desired closed
loop response. The one most widely used in parameter optimization
problems, is the integral squared error between the model and system
outputs for a specific input. A more general form is used in the model -
following approach of linear optimal control theory. It is a quadratic
functional of the error between several output variables of the model
and system plus a quadratic penalty on the control effort (26). An
alternate procedure, termed model-in-the -performance-index is also
used in linear optimal control (26). The object of including a model
in each of these is to represent the design specifications for the closed-
loop response, which may be given in one of the forms discussed in
section 2. 1. The model itself is not the specification.

Optimization theory does not provide an automatic method for
designing control systems as is sometimes implied in the literature.
Because of uncertainties in representing typical engineering specifi-
cations by a mathematical performance index, these techniques must
be considered as part of a design iteration loop. Figure 2-7 illus-
trates in a simplified manner the roles of an optimization procedure
in designing a practical flight control system.

Assuming that the design specifications have been established,
the first item is to select a suitable linear model to represent the
dynamic response portion of the specifications in a performance index.
‘This is not an insignificant matter in itself. The mathematical repre-
sentation of the flight vehicle is used in some cases to establish the
form of a suitable model (27). However, there is, as yet, no rigid
set of rules for selecting a model, and indeed, there is no guarantee‘
that a design based on any specific model will meet the actual design
specifications. The problem of model selection is treated in part in

reference 41 and also in later chapters of this thesis.
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Once a model has been selected, an optimization design problem
is formulated. Figure 2-7 shows as the first element of the optimiza-
tion design procedure, the selection of a control scheme. Ina
parameter optimization problem, this represents selection of the feed-
back and compensation configuration. In an optimal control problem,
the control configuration in theory is not selected a priori but in ap-
plication is of a known form.

The next step is to défine a performance index that includes
the model in some way, and t%lis varies depending on the procedure
used. Constraints on parameters, signals, or control effort may also
be represented in the performance index, or retained as auxiliary con-
straint equations as are the differential equations representing the
flight vehicle. A control system design is then determined that mini-
mizes the performance index subject to the auxiliary constraints.
Optimization theory is well established for a large class of idealized
system design problem (e. g. references 20 and 25). The design
thus obtained is optimum with respect to the idealized mathematical
performance criterion and constraints imposed. However it must be
evaluated against the original quantitative specifications and the more
subjective requirements to be an acceptable design. If these are not
satisfied, the optimigzation procedure is repeated with a different
control scheme and/or a modified performance index. In a parameter
optimization problem this might correspond to changing the form of
compensation used. In optimal control theory it might require a
change in the relative weighting of variables in the performance index.
Thus when practical engineering specifications must be met, optimiza-
tion design procedures form part of the design iteration loop. The aim
of developing the practical application of optimization techniques to
synthesizing control systems is to provide rapid convergence of the
iteration to a satisfactory design.

The viewpoint taken in this thesis regarding the role of optimi=-
zation and optimal control theory in designing control systems is funda-
mentally different from that used to derive the theory. The theory as-

sumes that it is possible to define mathematically the design objective
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and, therefore, an optimum system design may exist (or at least it
may under certain well defined conditions). To the extent a perform-
ance index truely represents the physical objective of a problem, the
theory applies directly, and it is reasonable to refer to an optimal
design. However, when the design goal is to satisfy typical engineer-
ing specifications that allow some tolerances, a performance index
becomes a guide in the selection of one of the acceptable designs,
rather than a criterion itself. The flight control system design prob-
lems considered here fall intg the latter category, and therefore the
term " optimal", and hence " sub-optimal”, control system becomes
rather meaningless and is used in this thesis only to the extent neces-

sary to discuss related work in the literature.

30



CHAPTER 3

MODEL PERFORMANCE INDEX THEORY

In this chapter a performance index is developed that includes
a model in an entirely different manner than those discussed in the
previous chapter. It is based on a geometrical criterion for approxi-
mating one dynamical system (the model) by another (the actual
system). The basic form of the resulting " Model Performance Index"
(Model PD) is the same as that of quadratic functionals frequently appear-
ing in modern control theory. The important point, however, is the '
ability to interpret the performance index directly in terms of a

model of the desired system response.

3.1 Transient Response of Linear Invariant Systems

Development of the Model PI theory requires a clear under-
standing of some fundamental properties of linear invariant systems.
For the time being the discussion is restricted to single input/output
systems that can be described, in general, by the nth order differential -
equation

(n) (n-1)

y () + a 1Y (t)y +----+ a.zy(t) + aly(t\ + aoy(t)

u(m)(

m® tY et blult\ + bou(t)

(3-1)

where y is the output, u is the input and m = n-1. The system's initial

conditions are assumed to be zero. The corresponding transfer
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function is

y(s) b_s ++-:*+ b.,s + b

uls) s + a
(3-2)

There are many alternate ways to represent mathematically
the transfer characteristics of a system. The representation consi~
dered here is the transient portion of the time response of the system
for a unit step input. Assuming that a finite steady-state value of the

output, y__, exists for a step input, the transient portion of the re-

sponse is defined as

x(t) = ylt) - Yoo (3-3)

The transform of the transient response is easily obtained from (3-2)

as

b _s + oo + b,¢” + b.s + b
x(s) = m 3 Z 1
n n-1
s + a 18 + + a,s + a,s + a,
b
9 sn-1 + s" 2 te--+ a,s t+ a )
a n-1 2 1
0
¥ 4 B=1 o naaa + a.s” + +
s a,-1% a, a,s a,

(3-4)

A more convenient form can be obtained by defining a specific set of

hypothetical or pseudo initial conditions for x(t) that produces a re-

sponse identical to the unit step response. That is, it is possible to
replace the step input with an appropriate set of pseudo IC's such
that the transient response is the same. The reason for doing this is
that the effect of the systkem' s closed~-1o0p transfer function zeros

can be included in a performance index developed subsequently by

32



these pseudo IC's. The transient response is then described by the

homogeneous differential equation

{n)

e LT R a & +axit) = 0 (3-5)

n-1

with pseudo IC' s denoted by

(3-6)

x(0} = Xy
:':(.O\ = )’:0
x(n—l)(m - xo(n-l)

where the values of xo, }':O, etc. are yet to be determined to give the

desired equivalence. These can be established easily by taking the

Laplace transform of (3-5) and comparing the result with (3-4) i.e.

n n-1 2
(s + a s toeea . t a,s t a;s + ao)x(s)
. n-
= (xo)s
. . n-
+ (},CO + an_lxo)s
© (n-3) (n-4) , T,
+ (XO t+ -1%0 + + a4x0)s
(n-2) (n-3) .. .
+ | 0 + a-1%0 + + azx, + a3x0)s
(n-1) (n-2) ... . :
+ (xo + -1%0 + + a.3x0 + aZXO)
n-1 n-2
+ xo(s ta s L SRICIRIEIRIC R t a,s + a.l)
(3-7)

Note that x, occurs in (3-7) only as a factor' of the last term. Com-

paring the last term of (3-7) to the numerator of (3-4) it is clear that
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Xg =~ bo/ao. Then, equating the coefficients of like powers of s
of the remaining terms on the right hand side of (3-7) with those of

the numerator of the first term in (3-4), results in the relationships

b
o T T e,
0 fori >m
(n-i) = - n-i-1
*0 ’ @ fori =
bi - Z a.j+.1x}0. ori=1, 2,--+-m
j=n-m

(3-8)

Thus if one uses the initial condition given by (3-8) with tiae homo-
geneous equation (3-5), the time response'would be identical to the
transient response of the original system equation (3-1) for a unit
step input. An alternate interpretation of the pseudo IC's is that
they are the values of the transient response variable, x(t), and its
(n-1)th derivatives at an infinitely small time increment after the
application of the unit step input.

The work that follows is based on representing the forced dy-
namical system by an autonomous system with a specific set of pseudo
initial conditions {(3-8). The initial conditions will always be referred
to as pseudo in order to emphasize that they are not the actual initial
conditions of the original system equation (3-1). These pseudo IC's
contain the effect of system zeros and are also functions of the charac-
teristic equation coefficients. This is shown later to be an importaht
point in the developrhent of the Model PI, a point not treated properly
in previous literature.

The following state space form of the transient response pro-
vides a convenient and useful comipact notation:

*
Define a state vector x,

The time argument is suppressed for notational convenience. The
transpose of a vector or matrix is denoted by ( )'.
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x' = [xx X.... x(n-Z)x(n—l)] (3-9)
then equation (3-5) is given by
% = Fx (3-10)
where
0 0 0
0 o1 .
F = (3-11)
0
0 S0 1
20 B! 22 T T T2po2 %)

This is known as the phase variable canonical form. A more compact
notation for F is

0.1
F = ——te o (3-12)
_ai
where
a' = [aga;a, - 2522411 (3-13)
The pseudo initial condition for (3-10) is
- s L. (n-2) (n-1) -
x'(0) = _)56 [ Xy Xg X X X, ] (3-14)
. (n-1)
where X xo, , x0

are given by (3-8).

3.1.1 A Geometrical Property of Autonomous Systems

A geometrical property of autonomous systems is considered

in this section that presents a novel characterization and leads to a
new criterion for approximating one system by another.

For the
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general nth order autonamous system (3-5) define _(n+1)th order

partitioned vectors

2 0= [z} =] = [x}-xa] i (BB
& = [a'i 1 ] | (3-16)

where x and a are defined by (3-9) and (3-13) respectively. The

(n+1)th order space is referred to here as the extended state space.

Then the autonomous system (3-5) can be written as

gxé = 0 (3“17)
with pseudo IC
gy = [xp | xpz] (3-18)

Equation (3-17) defines a hyper-plane in the extended state space nor-
mal to the constant vector 4. The trajectory of X as a function of

time (i. e. the transient response and its first n derivatives) must lie ‘
within the hyper-plane. Any other autonomous system producing a
trajectory that lies within this plane can only differ from the first by

its pseudo IC. Thus the hyper-plane contains the trajectories of all
possible systems with the same characteristic equation, and is referred
to here as the characteristic plane or simply the &-plane. A linear,

invariant system can therefore be completely described by its charac-

teristic plane and pseudo IC's.

This geometrical interpretation is illustrated for two simple
second order systems with the same characteristic plane in figure 3-1.

The systems considered are given by

(B

'sa = X +AN2 x +x = 0 . (3-19)

so that
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£ =[x % %]
(3-20)
8 = [1421]
with pseudo IC's of
g'lo = [-1 0 1] (3-21a)
g:,_o = [1 -0.25 -0.75] (3-21b)

4

for figure 3-1, parts a and b respectively. The trajectories (time
responses) for both are seen to lie within the i-plane. P;-ogresSion
of time, in seconds, is indicated along the trajectories. '

Each pseudo IC (3-21) together with (3-19) correspond to a
different system transfer function. By reference to the relationship
(3-8) between the transfer function coefficients and the pseudo IC's

one readily sees that they represent

1
2 (3-22a)
s” + N2s + 1
and
~0.25(s + 4)
(3-22b)

sz+'\’Es+1

respectively for (3-21a) and (3-21b).

Representing a system by its characteristic plane and pseudo
IC's does not set forth any new mathematical information. Stating
that the trajectory of any nth order system lies within a plane in the
extended state space of (ntl)th order, merely relates the fact that
the nth derivative is a linear combination of the state variables, as
in equation (3-5). However it provides a useful way of visualizing the
process of approximating one system by another using the performance

index developed in the next section.
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System's Transient
Response Trajectory

a
\\;
N/ x(t)
/\ / '.’
/' x L /7
7
; /
( AN
\ / I P
\ / i 3
~ / I x /,
N / ] Pid
-~ ‘ ”
~4/
i“ e —— —— e —— o o—
=0 pgeudo IC

(b) Pseudo IC Vector gb = [ 1 - 25

Figure 3-1 Concluded
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3.2 Model Performance Index (Model PI)

The term "model" as used here relates specifically to dynamic
response specifications of some system design problem. Usually it
refers to a mathematical model of the desired, or at least satisfactory,
response characteristics, so that the design objective would be to
closely approximate the model. For the most part, it is assumed in
this section that the model is already given, although some factors
affecting the choice of the model structure, i.e. number of poles and
zeros, are discussed. Methods for selecting an appropriate model for
various types of practical engineering design specifications are dis-
cussed subsequently.

As pointed out in the previous section a linear, invariant system
can be represented geometrically by its characteristic plane and pseudo
IC. If both the model and the system to be designed are represented
in this fashion, one can establish criteria for approximating the model
by the system in terms of their characteristic planes and pseudo IC's.
The Model PI is one such criterion. The basic form of the Model PI
can be thoughtof as a generalized measure of the distance between the
system's time response trajectory and the model's characteristic
plane. This concept can be derived and explained most clearly for the
situation in which the closed-loop system to be designed has no zeros,
as in the following section. It is extended to the more general case in

section 3. 2. 2.

3.2.1 Systems Without Zeros

Consider a general closed-loop control system given by the

transfer function

Y(S) a
— 0 (3-23)

s + -+ a.s + a.s + a

u(s) s + a

This is the special case of (3-2) with no zeros and unity static sensi-

tivity. Its transient response for a unit step input can correspondingly
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be represented by its characteristic plane (the 4-plane) defined in the

*
(ntl)-dimensional space by
x'(t)a= 0 (3-24)

and pseudo IC vector

'

5 = [ -1 1 0 1§ oay] (3-25)

s

where 0 is an (n-l)-dimeng ion null vector.

The coefficient vector a is generally a nonlinear function of the
free design parameters. For convenience, define a vector, p, whose
elements are the free parameters, then this functional dependence can

be emphasized by writing (3-17) as
Z(t)a(p) = O (3-26)

Varying the free parameter vector changes a(p) and hence the orienta-
tion of the system's characteristic plane. From the geometrical view-
point, selecting the free design parameters corresponds to selectin‘g

cn orientation of the system's characteristic plane in the (ntl)-dimen-
sional space. The significance of this will become apparent subsequent-
ly.

Assume for the moment that the model of the desired closed-loop

systermn response is of the same order as the system and is given by

s + -+ a,s + a,;s + «a

(3-27)

where £ = n in this case. The model can also be represented in the

(n+1)-dimensional space by its characteristic plane (the &-plane),

The ~ denotes a vector in the {ntl)-dimensional extended state space
of the control system.
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defined by

x )z = 0 (3-28)

and pseudo IC vector

x! = [ -1 0 ¢ ] (3-29)

where _gm(t) and & correspond to (3-15) and (3-16) respectively for the
model, and 0 is an (n-1)-dimension null vector.

Now both the system and model are represented geometrically
in the (n+1)-dimensional space by their respective characteristic planes
and pseudo IC vectors. The time response trajectory for each of these
lies within the corresponding plane. Ideally the designexl would like to
make these trajectories coincide, which means perfect model matching.
That is, the time histories of the system's and model's response to a.
step input would be identical. What conditions, in terms of this geo-
metrical representation, are both sufficient and necessary for this ta
occur? The answer to this is fairly obvious but will be established
rigorously.

A sufficient condition is considered first. If the orientation of
the system's characteristic plane is selected, by means of the free
design parameters, so that it coincides with the model's characteristic
plane, then the two trajectories must at least lie within the same plane.
And they can only differ if the system and model pseudo IC vectors are
not equal. The first n elements of both pseudo IC vectors, (3-25) and
(3-29), are equal. The last elements of each, the (ntl) elements, must
also be equal for the two pseudo IC vectors to lie within the common

characteristic plane. Therefore a sufficient condition for the trajectories

of a system and model of the same order to be coincident is for the two
characteristic planes to be coincident.

To show that this condition is also necessary, assume that the
trajectories coincide but that the two characteristic planes are not
coincident. Since the common trajectory must lie in both planes it

must lie along the intersection of the two planes. The common pseudo
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IC vector must also lie along this intersection so that the trajectory
and pseudo IC vector must be colinear. This means that the time
response trajectory, X(t), must equal the pseudo IC vector (3-25)

multiplied by some scalar function of time, f(t), i.e.
z'(t) = gy () = [-11 0 & aj] £t
or (3-30)

[x(9 %6 ---- =By o] =

[ -f(t) 0o o SN ayf(t) ]

However such a solution is not possible in general because it would
require the first (n-1) derivatives of the transient response variable
to be identically zero while the variable itself, x(t), and its nth deriva-

(

tive, x n)(’c), are non-constant functions of time. A first order system
presents a special case in which the trajectory is colinear with the

pseudo IC vector, i.e.

x(t) -1 t
= e = g e (3'31)

x(t) a

But in that case the " characteristic planes" are actually lines and
must coincide if the trajectories, which lie along these lines, coincide.
Therefore it is not possible to have system and model trajectories that
coincide when their characteristic planes do not. It follows that their
characteristic planes must coincide if their trajectories coincide.

The complete answer to the question posed earlier is that the

time response trajectories of a system and model of the same order

coincide if and only if the system and model characteristic planes

coincide. To meet this condition requires selecting the free parameter

%
If the system and model transfer functions have zeros, this state-
ment is not necessarily true (see section 3. 2. 2).
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vector such that i is colinear with a, i.e.
ap) = cz | | | (3-32)

where c is some constant scalar. Any criterion estaBlished for approxi-
mating the model by the actual system should give this as a solutioﬁ if
sufficient freedom is allowed in determining 8. However the functional
relationship of 3 to p in most design problems precludes satisfying (3-32),
which means that the two characteristic planes (&-plane and &-plane)
would intersect at some angle for all allowable values of p and the model's
trajectory could not be matched identically. - It was shown above that if
the orientation of the d-plane could be selected so that the system's
trajectory would lie within the'g-plane, then the two traject.:,orie.;‘,‘ would
coincide. It is reasonable to expect that if the systerﬁ' s trajectory

could be made to lie close to the &-plane it would be close 'to the model's
trajectory. One can certainiy state that it must be close to the &-plane

in order for the error between the two trajectories to be small since

the model's trajectory lies in the &-plane. A criterion for approxi-
mating the model by the system can be established based on minimizing
some generalized measure of the distance between the system's tra-
jectory, %(t), and the @-plane.

st

The instantaneous distance from X(t) to the &-plane is given by

| z(t)all (3-33)

lal

As mentioned previously, it is generally not possible to select the free
parameter vector, p, so that X(t) lies in the &-plane thus making (3-33)
zero at each instant of time. A generalized measure of the distance
from %(t) to the @-plane over the time interval 0 to o is the following

linear function space norm:

The notation || y_" is a compact notation for '\Iy_‘_y_k which is the

length of v.
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1
S‘w " g'(t)gll>2 dt 2 (3-34)
0 I |
Selecting p to minimize (3-34) selects the system trajectory that lies
the closest to the &-plane in the root-integral-square sense It is
equivalent to use the square of (3-34) as a criterion, which is taken as
the basis for the " Modél Performance Index"  The Model PI isdefined

as

14

- ; 2
PI = S-°° "_?_5_'(_1:)_2_“ dt
o\ Ml
- S“” g(Daa &t \ 4,
o \ lallal
which can be written in the compact t'orm>:<
@ 2
PI = g | (<) |[_ at (3-35)
0 Q
where
~ aa’
Q = 2 (3'36)
Izl

It is termed the Model PI because the state vector weighting
matrix, 6, is used to represent the model, or more correctly the
model's characteristic plane, in the performance index. It possesses

all the desired properties of a performance index, that is, it is a

2
The notation ”y_” M’ where M is a square matrix, means v' My,
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non-negative number that decreases as the system better approximates
the model ( in the sense defined earlier), gbes to zero if the system
matches the model exactly, and is of‘a convenient mathematiéal form.
The weighting matrix, Q, is always a positive semi-definite matrix
by its definition (3-36) and can be written down directly from the
model's characteristic equation. et

The derivation to this point was for models of the same order
as the system (£= n). It will now be shown that the Model PI (3-35) is

valid for any lower order model as well. The method is also valid for

higher order models (£ > n), but that case is not of much interest in the
type of design problems considered.

The model is still assumed to be given by equation (3—27) except
now £ < n. Define the characteristic plane of an Lth order model in its

*
(£+1)-dimensional extended state space as

z (t)g = 0 (3-37)

and the model's pseudo IC vector

o |

-—In

= [-1 i 0 o] (3-38)

0

which correspond to definitions {3-28) and (3-29) respectively. The
model' s time response trajectory lies in its characteristic plane
(&-plane) in the (£+1)-dimension space. Since the system's trajectory
lies in the d-plane in the (n+l)-dimension space, only its projection
into the model' s extended state space can be considered for approxi-
mating the model's trajectory.’ .

Let %(t) be the projection of the system's trajectory in the (£+1)-

space, then
k(1) = Hg(t) (3-39)

where H is an (£+1) X (n+1) matrix defined as

The *~ denotes a vector in the (£+1)-dimensional extended state
space of the model when £ < n. '
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H = [1. 0] (3-40)

Iand O are appropriately dimensioned identity and null matrices
respectively. From the geometrical viewpoint the design problem in
this case is to select the orientation of the &-plane, by means of p,
such that the projection of the system's trajectory, X(t), approximates

the model's trajectory, gm(t). Mathematically, it would be possible to

match the model's trajectory, except for an arbitrarily small region

around gm , by %(t) if sufficient freedom is allowed in selecting p to

make certz?in elements of § go to infinity. This statement will be veri-

fied later. It should be clear that X(t) would have to lie within the &-
plane in order to match gm(t) identically. It will also be shown subse-

quently that if %(t) lies in the &-plane for all time greater than zero, it

must coincide with £ (t) except for an arbitrarily small'region around

g_mo. Assuming these statements to be true it would again be reasonable
to expect that if the projection of the system's trajectory in the (£+1)-
space could be made to lie close to the &-plane it would be close to the
model' s trajectory. It then follows that the criterion used to establigh

the Model PI for the case where £ = n is also valid here.
The instantaneous distance from X(t) to the &-plane is given by

Izva] (3-41)

(K|
One could use the square of (3-41) to form a performance index similar
to (3-35), but by substituting (3-39) in (3-41) and making a new, yet

consistent, definition of &, the same Model PI (3-35) results.

l2weal _ Jzweal (3-42)
lal lal
Define an (nt+l)-dimensional vector
a = HG@& (3-43)

Using (3-40) in the above gives
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a = [& ) o]

or

a .= [e 4 1. 1.0 ] ~ (3-44)

where Q— is an (n-{)-dimension null vector. This definition is consist-
ent with the earlier use of & when £ = n. The null vector in (3-44) adds

nothing to the length of & so that
lal = la (3-45)
Using this new definition for & (3-43) in (3-42) gives

lzwel  |zwal (3-46)

lel el

which is exactly (3-33). Therefore (3-33) is the instantaneous distance
from the projection of the system's trajectory into the (£+1)-space to
the model's characteristic plane for £ = n. The Model PI (3-35) with
& defined by (3-44) is valid for models of order less than or equal to
the system's order.

It still remains to verify the two statements assumed to be true
in the foregoing development. To establish these points, it is useful
to intr oduce the notion of extending the &-plane, which was defined in
the (£+1)-space, into the (n+l)-space. The new definition for & (3-44)
provides a direct means for doing this. |

Assume £ < n, then the expression

g}n(t)é = 0 (3-47)

defines a plane (2-plane) in the (n+1)-space that is coincident with the

&-plane in the (£+1)-space. A plane is defined as being coincident

with a second plane in a lower dimensional space if the projection of

an arbitrary vector in the first plane into the lower dimensional space

lies in the second plane. This is easily verified for the &-plane and the
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&-plane. Let ¥ be an arbitrary vector in the &-plane, then

i<
I
H

0 (3-48)

Using the definition of & in (3-48) gives

i<t
5
1

0 (3-49)

which means that the vector H¥, which is the projection of ¥V into the
(L+1)-space, lies in the &-plane.

The statements in question can be verified by showing that X(t)
coincides in the limit with gm(t), except for an arbitrarily small region

near _ii_m , if and only if the d-plane coincides in the limit with the &-
0 .
plane as certain elements of & go to infinity. When { < n the i-plane

can not coincide with &-plane for any finite @ because & has to be co-

linear with & for the planes to coincide, i.e.

o

= c

or
1. .
< (&8 1 2y a3 e 1 = (20 ] (3-50)

and in order to satisfy (3-50) ¢ must go to infinity, the elements of &

must go to infinity in such a way that

C>o0 LC = -

and the remaining elements of 3 must satisfy
lim [—l-a.] = 0 fori=f+l, £+2, +---, n-1 (3-52)
c*olc i

Then & must satisfy
lim 1 % 3-53
cowlzd) = 2 (3-53)
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The elements of 4 are the first (£+1) elements of &, which are functions
of p. Whenever necessary in the following proof it is assumed that
sufficient freedom is allowed in selecting 3, via p, to either make the
a-plane arbitrarily close to the &-plane or coincide in the limit with
the &-plane.

The sufficiency condition will be considered first. As the a--
plane is made arbitrarily close to the &-plane the system's trajectory,
%(t), becomes arbitrarily close to the &-plane. Since the &-plane coin-
cides with the &-plane in (£+1)-space the projection of %X(t) into (£+1)-
space, %X(t), becomes arbitrarily close to the &-plane, except for X(7)
where 0 = 7 <e and € is some small positive number. The projection

~

of the system's pseudo IC vector, %,, into (£+1)-space, X,, is generally

0’ =0’

not close to the &-plane. This is easily shown by evaluating _5_&_0, i.e.
gy = xH' = [-1: 0 % ag]fl]= [-1.} 0o ]

(3-54)

where the null vectors are appropriately dimensioned. Then

& = -ag #0 (3-55)

so that X, is only close to the &-plane if a, is very small. Therefore the

%(t) has too travel from _5"50 to a region arbi‘(c)rarily close to the &-plane
during the time interval [0, €).

Before proceeding with the proof it is helpful to illustrate sever-
al of the points made thus far for the simple case of a second order
system (n= 2) and a first order model (£= 1). Figure 3-2 shows a se-
quence of sketches in which the system's characteristic plane, a-plane,
becomes successively closer, going from parta to part ¢, to the ex-
tended characteristic plane of the model, @-plane. In this case the

model's " characteristic plane" is actually a line in the two-dimension-

al space. Its trajectory, gm(t), lies along this line starting at g'i_m
0
and receding into the origin with time. The &-plane is clearly shown

to coincide with the &-plane in the two-dimensional space. The
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system's trajectory, _S_Z_(t), is shown lying in the a-plane in the three-
dimensional space. Its projection into the two-dimensional space,

%(t), starts at X, and travels towards the _é“_t_—plane (line). Comparing

0
%(t) in parts a, b, and ¢ shows that as the d-plane becomes closer to
the &-plane the Z(t) becomes closer to the &-plane except for the por-

tion required to go from _}'_E_O to the &-plane. It is in the region of the

&-plane near % that X(t) is not close to the &-plane. One can also
0
see that the time interval required to go from 32_0 to the &-plane de-

creases as the d-plane approaches the &-plane.
Now proceeding with the proof, consider the limiting case as
the d-plane coincides with the &-plane. In the limit, _)’_é_(t) then lies in

the @-plane and %(t) mnust lie in the &-plane. But X is not in the &-

0
plane, so X(t) is discontinuous att= 0 (e =0). By considering the

system's trajectory in the limit, one can show that only the last ele-
ment of %(t) is discontinuous. Consider the partitioned form of the sys-

tem's trajectory equation‘

x(,@ +1) (£+2)

141 (t) = a,,,% (0)(y)

[Eals

(tha = - a () = -+ x

(3—56)

Multiplying (3-56) by -él-, taking the limit as ¢ >, and using (3-51) and
(3-52), gives on the left hand side

533

(3-57)

C >0

lim {%g'(t)é} = ®'(1)

and zero on the right hand side. Thus in the limit, the system's tra-

jectory equation reduces to
x'(t)g = O (3-58)

or

H

X(E—Z)(t)

e = - agx(t) - @) - - e, o,

(3-58a)
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Using the first £ initial conditions in (3-54) for the variables on the
(2) _ () _ .
o = % But xg = 0 in (3-54)

(t) is discontinuous at t = 0. Let 3:'“_0... denote the value of

right hand side of (3-58a) gives x
so that xu)
X(t) at the discontinuity when approached from the positive time direc-
tion. Then

&he = (71} 2% e (3-59)
and x(t), given by (3-58) and (3-59), is continuous over the time interval
(0, «) and lies entirely in the &-plane.

The model's trajectory, given by (3-37) and (3-38), is continu-

ous at t = 0 so that

= [-1 ) 0 ey] ( 3-60)

Since %(t) and gm(t) both lie in the &-plane for t > 0 and are equal at
t= 0%, they must coincide over the time interval (0, «). However
there is an arbitrarily small region near _)'"sm in which %(t) does not
coincide with _i_m(t) due to the discontinuity 119 %(t) att= 0. This
verified that %(t) coincides in the limit with _gm(t), except for an arbi-

trarily small region near _)’i_m , if the 2-plane coincides in the limit
0
with the &-plane.

Proof of the necessary condition is simpler. Assume that
%(t) and gm(t) coincide, except for an arbitrarily small region near
_;’:c_mo, i. e. they coincide over the time interval (0, ). Then X(t) must
lie in the &-plane for t > 0. Since the &-plane is coincident with the
&-plane in (£+1)-space, X(t) must lie in the &-plane in order for its
projection into the (£+1)-space to lie in the &-plane. This can be
proven by contradiction. Assume for the moment that (t) has a com-

[P | -~ b P R, IR .
ponent normail 10 the ¢-plaie, 1. e.

Et) = (0 + E_(0) (3-61)
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where g_t(t) lies in the &-plane and g_n(t) is normal to the &-plane. The

projection of X(t) into the (£+1)-space would be

(1) = Hz(t) + HE (1 (3-62)
so that
2(Na = E(OH'E + 2 (HH'2

= E(HH'E
= g_;l(t)g v(3-63)

Since _}’En(t) is normal to the &-plane it must be colinear with &, i.e.

() = f(na (3-64)

where f(t) is some nonzero function of time. Using (3-64) in (3-63)

gives
2(ma = £ al’ + o (3-65)

But (3-65) contradicts the statement that X(t) lies in the &-plane so that
the assumption that X(t) has a component normal to the &-plane has to be
false. Thus %(t) can lie in the &-plane only if X(t) lies in the a-plane; |
so &(t) must lie in the _E_z—plane.- It follows that the a-plane must either
coincide with the &-plane or X(t) lies along the intersection of the 3-plane
and the &-plane. From this point the proof is the same as that presented
earlier for the necessary condition in the case where £ = n (see page4l).
The pseudo IC vector to use in this case is g_ofwhere the first (£+1)
elements are the same as _}EO,L (3-59), because only the time interval

(0, w) is considered. The remaining details will not be repeated here.
This verifies that £(t) coincides in the limit with gm(t). except for an
arbitrarily small region near g-m , only if the a-plane coincides in

the limit with the &-plane. 0

Q. E.D.
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The geometrical approach used here to motivate the Model PI
may not be appealing to pragmatic control system engineers, particu-
larly since it becomes rather abstract for systems of more than second
order. It is difficult to visualize hyperplanes in four-dimensional or
higher dimensional spaces and to relate the system's trajectory to one
of these representing the model. One would like a more physical in-
terpretation of the Model PI. Two alternate interpretations are gix}en
below that provide additional insight to the Model PI.

The vector error between the system and model time responses

in the model's extended state space is given by

o = &o-£ (0 (3-66)

A general quadratic performance index similar to ones often appearing

in modern control theory is
o0 2 .
J = S‘ | ae) || at (3-67)
0 Q
where Q is taken to be diagonal for lack of any reason to choose other-
wise. However if Q is chosen to be
Q = H'QH (3-68)

where (3 is given by (3-36) then this performance index is equivalent
to the Model PI (3-35). This can be shown by writing out the integrand
of (3-67) as

law]® = somBusw = sy (FEHY 4y
H{H 2|12
ag' st)a\?
= &' t) [—=£_) &(1) =FL_§% (3-69)
Hall el
) ([gm-zm(t) |'a >2_ (z'mz REXCE )2
&l &l I al
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but £ (t)& = 0, so that
—m a—

lawlf - (2wa) o [zwma)’
Cwsn \Jal Tal

ey \ 2 |
(é'li’.ﬁ-‘i) = =ol (3-69a)
3

—

1

lal

Therefore one can interpret the Model PI as a weighted integral quad-
ratic error performance index for a special weighting matrix. Mini-
mizing the Model PI correspo’nds to minimizing a certain weighted com-
bination of the error and the first £ of its derivatives ({ is the order of
the model).

The above development also has a special connbtat,ién in the geo-

metrical approach. The term

gna

lal

in equation (3-69) is the component of &(t) normal to the model's
characteristic plane, which is the same as the distance from the pro-
jection of the system's trajectory into the model's extended state
space to the _é‘v_-plane, which is also the same as the distance from the
system's trajectory to the &-plane. Minimizing the Model PI can then
be viewed as minimizing the error normal to the &-plane.

The most direct physical explanation of the Model PI is not
rigorous but quite pragmatic. The model, written as an autonomous

system

(£) (i"l) - e X 2 =
*m T % *m t toa, X tagx  teyx, =0

(3-70)

with appropriate pseudo IC, can be interpreted as representing the
relationship one would like to exist among the first £t1 state variable
of the control system, that is, that this sum of terms be zero. As-

suming this view, a logical performance index to use for trying to
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force the control system state variables into this linear relationship is

0
] (£) -1 . : 2
PI = So [ + a, ;x + ta,® + ook + aix]7dt

(3-71)

Note that the integrand is the square of (3-70) with the system' state
variables replacing those of the model. The control system state
variables must of course satisfy the system equation, which is repeated
here ’

(n)

X + x(n—l) te---+ a X + a, x t a

n-1 2 1 0 (3-5)

"
"

but the coefficients are functions of the free parameters, p. If p is
chosen to minimize (3-71) subject to the constraint (3-5), then the sys-
tem state Variablés can be said to respond in the best linear relation-
ship to approximate the model, in the integral squared sense. The
performance index (3-42) differs from the Model PI only by a constant
factor ”g“zand thus is effectively the same.

Mathematically, the Model PI(3-35) is the square of a linear

function space norm of the distance from the system's trajectory to
the model's characteristic plane. Physically, it represents a desire
to force the control system's output and its derivatives to respond to

a step input with the same linear relationship as the model. Historical-
ly, it is a quadratic cost functional similar toones used extensively in
modern control theory without any previous physical interpretation or
solid justification. The nice mathematical characferistics of positive
definite or semi-definite quadratic cost functionals have been the
prime motivation for many theorists. Some interesting properties of
the Model PI are developed in Chapter 7 that allow one to determine an
equivalent Model Pl for general quadratic cost functionais. It is then
possible to give a physical interpretation to some of the strictly mathe-
matical examples that have appeared in modern control literature. An

example of this is also presented in Chapter 7.
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The next point to consider briefly is whether the Model PI
gives satisfactory results for at least simple academic examples. It
is possible to obtain an analytical solution to the Model PI deéign of
a general second order system with no zeros for zero, first, and
second order models. The detail formulation and solution are present-
ed in Appendix A. The results for two cases are shown here and inter-
preted in the geometrical sense as well as by root locus and step re- |

sponse.

Example 3-1

Consider the simple feedback control system in figure 3-3,
where k is a free design parameter. The object is to select the gain,
k, that makes the closed loop response to a unit step input z_a.pAproximate

that of the first order model shown.

System

u(s) + k y(s)
- > s(s + 2) -

Model

u(s) 1 | Ym(s)’
s t+1

Figure 3-3 Block Diagram of System and Model for Example 3-1
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The autonomous system representation of the closed loop control

system transient response is
X + 2x + kx = 0 (3-72)

with Xy = -1, )':0 = 0. The Model PI corresponding to the first or-

der model is
of x'a 2 00 [xxx] 1 2
PI = § —— ] dat = %X 1 dt

or

® 2
Pl = %S (x +x%)° dt (3-73)

This example is of the same form as Case lb in Appendix A and the
value of k that minimizes (3-73) can be seen from equation (A-10) to
be k = 2. 0. '

The geometrical interpretation of this solution is shown in
figure 3-4. The extension of the model's characteristic planes is nor-

mal to
a = [11 0] (3-74)

and hence perpendicular to the xx-plane. The system's characteristic

plane is normal to
3 = [2 2 1] (3-75)
The general 3 for this example is

= |k 2 1] (3-76)

e

so that only the first element was free to be selected. Since the model
is of lower order than the system, the projection of the system's tra-
jectory on the xx-plane should be compared to the model's trajectory

as mentioned earlier.
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IMAGINARY

AXIS
2.0
Alternates ————e
+1.5
Model PI
Solution 110
10.5
Model REAL
o 4 o e s O b 4
-3.0 -2.5 2.0 -1.5 st o's
~0.5

Figure 3-5 Root Locus for Example 3-1

0 Model
[ Model PI Solution
—— — 7 Alternate

v 0. 5+
¥ )T —— -— A Alternate
~)
SEC—I 0 t\\_\
N -~
_0. L A i § ] 'l 1 I
0 1 2 3 4 5 6 7 8

TIME -~ SEC

Figure 3-6 Step Responses for Example 3-1
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Discussion of the solution is more meaningful if alternate solu-
tions are compared. The root locus is shown in figure 3-5 with the
Model PI solution and two alternate solutions denoted. The step re-
sponses for these three solutions are compared to that of the model in.
figure 3-6. For this simple example the Model PI is clearly the best
approximation to the model of the three solutions considered. The
more general treatment in Appendix A shows that the Model PI solu-

tion does approach the model if the coefficient ay is very large.

Example 3-2

Consider the same feedback systern as example 3-1 but use the

second order model in figure 3-7.

1 y_ (s)
sz'+'\ffs+1

u(s)

Figure 3-7 Block Diagram of Model for Example 3-2

The corresponding Model PI is

1) . e 1 2
PI 1 [x % %] N2 dt
) -z

= %
0
or
+ 00 2
PI = %5 (x + N2x + %)7dt (3-77)
0

This is a specific example of Case lc in Appendix A and the solution

given by equation (A-13) is k = 1. 26.
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Figure 3-9 Root Locus for Example 3-2

1.5

——————— & Model
———— [ Model PI Solution
—————=— Y] Alternate

y 7= -~ - 4 Alternate
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0.5 I =

1 ] ] ] 1
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Figure 3-10 Step Responses for Example 3-2
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The corresponding geometrical representation is shown in

figure 3-8 with the &-plane and d-plane normal to

a [1 N2 1] (3-78)

and

I
1}

[ 1.26 2 1] (3-79)

respectively. The trajectories shown lying within the respective
characteristic planes compare’well in the three-dimensional space.
This example was chosen specifically so that it was not possible to
make the two planes coincide for any allowable choice of 4 given by
(3-76). As indicated in Appendix A, if a, = N2 then the Model PI
solution would give 3 = &.

The root locus for this example is shown in figure 3-9 with the
Model PI solution and two alternate solutions denoted. On the basis of
comparing pole locations, the Model PI is a reasonable approximation
of the model. The correspoﬁding step responses are compared in
figure 3-10. Again in this example the Model PI gives the best approxi-
mation of the solutions considered.

One can not generalize at this early point and say that the Model
PI always gives the "best" possible solution or even a satisfactory
solution when considering practical problems. Before discussing
practical applications it is necessary to extend the concept to a larger

class of control systems.

3.2.2 Systems with Zeros

The zeros of a system have a very strong effect on its step
response. Since the Model PI is based on the transient portion of
the step response, it must include this effect to be useful for systems
with zeros. The Model Pl is extended in this section to the general
single input/output system case by referring once again to the geomet-

rical interpretation of autonomous systems in the extended state space.
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Recall that the motivation for selecting the Model PI for systems
without zeros was to force the system's transient response trajectory
to lie close to the model' s characteristic plane (sée page 43). In that
case the first £ pseudo IC's of the system and model are always identi-
cal, so that matching characteristic planes correspond to matching
trajectories. This is not necessarily true for systems with zeros. As
mentioned previously in section 3.1, the pseudo IC' s contain-the effect
of the system zeros while the characteristic plane is only dependent on
the poles. For a given set of poles, changing the zeros of a system
corresponds to picking a different starting point for the trajecfory in
the characteristic plane. This was illustrated earlier in figure 3-1.

A system with zeros and a model with or without zeros would génerally
not have the same pseudo IC's except in some specia',l cases that are
discussed later. ) 4

By virtue of the relationship (3-8), the system's pseudo IC's
are in general functions of the free design parameters. They are not
arbitrary constants as norrmal initial conditions are usually considered
to be. This is a critical point to understand both for extending the
Model PI and for deriving an optimization algorithm. The latter is
treated in Chapter 4. The design process of selecting the free para-
meters changes the pseudo IC's as well as the system's characteristic
plane. Therefore in the general case it is necessary to add a con-
straint on the relative location of the system's and model's pseudo
IC's. The constraint should be such that if it is satisfied identically,
then matching the characteristic planes would again correspond to
matching the trajectories.

One such constraint that is convenient to use is to place a

2
I (3-80)

where
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W= [--t.. (3-81)

and I is the £ X £ identity matrix and the O's are appropriately dimen-
i sional null matrices. This places constraints only on the first £ pseudo
IC's, which is sufficient. If {(3-80) is'identically zero, then matching
the characteristic planes would correspond to matching the trajectdries,

at least in the (2 +1)-dimensionkal space. Including (3-80) in the per-

formance index penalizes large deviations of gbw?v from g;m W.. It tends
0
to force the first £ elements of -}-EO to be near the corresponding model

pseudo IC's. Selecting the d-plane, via the free parameters, to make
the system's trajectory lie close to the &-plane then corresponds to
approximating the model's trajectory.

The general form of the Model PI is thus defined as

S ENE S I W PR (3-82)
Mo W o T Q

where W and 5 are given by (3-81) and (3-36) respectively (& is defined
by equation (3-44) ). The scalar, r, is selected by the designer to set
the relative weighting between matching pseudo IC's and characteristic
planes. The form of the Model PI (3-35) defined for systems without
zeros is easily shown to be equivalent to (3-82). Consider an nth order
system and £th order model both without zeros and unity static gain (if

they don't have unity static gain, the inputs can be scaled so that they

douj. From {3-8) the system's pseudo IC's are
X = -1
XE)J) = 0 for j= 1, 2, -+ (n-1) (3-83)

and the model' s are
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x = -1
mg

S ) B forj=1, 2,--- (£-1) (3-84)
Mo

Since £ = n, the first £ pseudo IC's are the same for the system and

model, thus

2

...
W

]
(=]

lz, - i, (3-85)

for a system and model without zeros.

Sufficient flexibility is provided in the Model PI (3-82) for most
single input/output system applications; however the form of the modél
chosen, i.e. the number of poles and zeros, is important for its most
effective use. One simple rule should be followed in sélecting the
model structure when considering systems with zeros. That is, the

model should have the same number of excess poles over zeros as the

closed loop control system. If the system has n poles and m zeros and

the model has £ poles and k zeros, choose a model such that (£-k) =
(n-m). The rule guarantees that the first £ pseudo IC's of the system
and model are compatible. Compatibility in this case means that they
have the same algebraic form as determined by (3-8), and, if sufficient
freedom is allowed in the choice of the system's numerator and denomi-
nator polynomial coefficients, they can be numerically equal. An exam-
ple more clearly illustrates the point. Assume the closed-loop system
as five poles and three zeros, and the model has four poles and two
zeros, both have two excess poies. The corresponding pseudo IC's as
determined by (3-8) are compared in Table 3-1, which shows the first
four to be of the same algebraic form. It would be possible to select
the a, and b, coefficients so that they are numerically equal. On the
other hand if the model had three zeros, the system's pseudo IC's
would not be compatible with the model's pseudo IC's as illustrated in
Table 3-2. It would not be possible for them to be numerically equal.

Compatibility then assures that the formulation of the analytical design
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process meets the conditions that motivated the definition of the general
Model PL

TABLE 3-1

ILLUSTRATION OF COMPATIBLE
PSEUDO INITIAL CONDITIONS

Control System Pseudo IC's Model Pseudo IC's
n=5, m= 3 £=4,k=2
Xy = -bo/ao xmo = —QO/aO
X, = 0 xmo = 0
Xg = b3 X 0= BZ
0
(3) —
Xg = PyTag%, <3 = B -ai
m 1 3'm
0 0
(4) _ L - (3)
Xg = PpTag¥yTagX,

Even if the system and model pseudo IC's are incompatible,
the Model PI may still provide a good solution, depending on the
specific situation. For instance, in the example of Table 3-2 (model with
£ =4, k= 3)if 33 were very small compared to BO, and BZ’ it may be
possible for the pseudo IC's to be numerically close in value, in which
case the Model PI would still be appropriate. However situations in-

volving incompatible pseudo IC's should generally be avoided.
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TABLE 3-2

ILLUSTRATION OF INCOMPATIBLE
PSEUDO INITIAL CONDITIONS

Control System Pseudo IC's Model Pseudo IC's
n=5, m=3 =4, k=3
X, = _bO/aO xmo = —Bo/ao
X = O ).{ = B
0 m, 3
X = b X = B, —-a.,x
0 3 m0 2 3 m,
(3) _ e (3) _ _ .
0o - PaTag% *m By —ayx
0 0
(4) - . (3) - ¥
XO = b1 a3 0 a4x0 a3xm0

There are two types of design problems involving systems with
zeros in which the first term of {3-82) is zero and the Model PI reduces
to the form defined in section 3. 2. 1. If the model is selected to have
no zervs aiud the number of poles equal to or less than the number of
excess over zeros in the closed-loop system (£ = n-m), then the first
pseudo IC's for the system and model are equal. The input can always
be scaled to make the first pseudo IC's the same. The remaining ones
for the model are zero, as are the next (£-1) for the system. There-
fore only the original form of the Model PI (3-35) needs to be used.

The second class of problems in which that is true is when only
the closed-loop poles of the system have to be considered in the design
process. For example, if the design specifications are given complete-

ly in terms of the closed-loop poles and the closed-loop zeros are
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unaffected by the choice of the design parameters, then the system can
be designed using the Model PI (3-35), neglecting the pseudo IC's.
This approach does not neglect the effect of the open-loop zeros on the
closed-loop poles. The simple block diagram sketches in figure 3-11
illustrate the point. Assume the control system has a functional block
diagram of the form shown in part a. of figure 3-11. If the design
specifications do not include the effect of N(s), then one can design the

system based only on the transfer characteristics from u(s) to z(s).

als) ¥ Nes) | _yla)

(a) Original Feedback System

uls) 1 | 2(s) | wis)y
=2 "1 "N(s) + D(s) . ’l N(s)

b(s) Equivalent Open-Loop System

Figure 3-11 Block Diagram of Equivalent Feedback and Open-Loop Systems

The special cases discussed and the suggestions made for se-
lecting appropriate models do not place any unrealistic restrictions on
the use of the Model PI. The one general form of the Model PI (3-82)
is valid for all the situations considered, although in the special cases
noted”it reduces to the simpler form (3-35). The guidelines for choos-
ing the model structure are only minor restrictions and are good guide-

_lines to use for any analytical design technique based on a reference
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model. Selection of an appropriate model should be given more serious
attention in the analytical design process than it has traditionally been
given. The designer should cons ider not only whether the model fits
his specifications but also how likely it is that his analytical technique
will select a design that closely approximates the model. This topic is
discussed more fully in Chapter 5.

It is instructive at this point to consider two simple academic
examples for systems with zeros. The main points to be illustrated
are the effect of the pseudo IC's and the geometrical interpretation.
Since the procedures for minimizing the Model Pl are not treated until
the next chapter and are not pertinent to the present discussion, those

details are omitted and only the results presented.

Example 3-3

Consider the control system shown in figure 3-12 where kl and

kZ are free design parameters. The object is to select kl and k2 such

that the closed-loop step response approximates that of the model.

System
u(s) o lis ol K« () g
k1 + k2s
Model
u(s) 1+N2s I Ym's)
- > - N
s“+NZs+1 |

Figure 3-12 Block Diagram of System and Model for Example 3-3 -
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The autonomous system representation of the closed loop system

transient response is

k. +k k
%+ [__L__Z]x ¥ { ! ]x = 0 (3-86)
1+ k2 1+ kZ
kl
with pseudo IC's, x, = -1, x, = ——— . The model's pseudo IC's
0 0 1+ kZ '
are x = -1, x = N2 so that the corresponding Model PI is
™o Mo

k 2 00 >
PI=r‘: 1 —ﬁ] +%;S (x + N2x + ¥)“dt (3-87)
0

The values of kl and k2 that minimizes (3-87) were computed for

three values of the weighting factor, r, and are listed in table 3-3

together with the corresponding values of & and -}30'

TABLE 3-3

NUMERICAIL RESULTS FOR EXAMPLE 3-3

a1
e
=
o
[
-

0.0025 1.59 | 0.48 1. 08 1.40 1.0 § 1.0 1.08 | ~0.45
0. 25 1.82| 0.32 1. 38 1.62 1.0 §71.0 1.38 |-0. 86

25.0 1.83} 0.29 1. 42 1.64 1.0 | -1.0 1.42 | -0.91

The solutions for r = 0. 0025 and r = 0. 25 are compared to the model in

i - ar respectively from ihe geometiical vicwpeint,
figures 3-13 ts a and b ctively B o
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The solution for r = 25 is essentially the same as for r = 0. 25. In
figure 3-13 part a where the pseudo IC's had almost zero weighting in
the Model PI, the solution gives an a-plane that is very close to the
model's characteristic plane, but the trajectories differ substantially
because of the different pseudo IC's. On the other hand, in partb
where the two terms in the Model PI had equal weight, the pseudo IC's
are close, the characteristic planes are close and thus the trajéctc;ries
are close. The trajectories are more easily compared as time histories
of the corresponding step responses as in figure 3-14. The importance

of matching the pseudo IC's is clearly shown.

Example 3-4

This next trivial example illustrates a geometrical interpreta-
tion of pole-zero cancellation. Consider the system and meodel in

figure 3-15 where both k and 7T are free design parameters.

System
u(s) + - k(l + 7s) y(s)—
_ s(s + 2)
Model
uls) 1 Ym(s)
r= >
s +1

Figure 3-15 Block Diagram of System and Model for Example 3-4
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The transient response of the closed-loop system is given by

¥ + (2+k7T)x + kx 0 (3-88)

0 = -1, }':0 = k7. Since the model is the same order
as the number of excess system poles(see page 69), there is no quadratic

with pseudo IC's, x

penalty on pseudo IC's and the Model PI is given simply by

® 2

PI = ég (x + %) dt (3-89)
0

The values of k and 7 that minimize (3-89) are k= 2.0 and 7= 0. 5.

Referring to the system block diagram, one can see that for this value

of T the zero cancels one pole, reducing the system to effectively a

first order. The k chosen then makes the system match the model

exactly. The resulting closed-loop transfer function is

y(s) (s + 2)
= 2 . (3'903.)
u(s) (s™ + 3s + 2) )
or
yls) (s + 2) (3-90b)
a(s) (s + 1) (s +2)
or
yls) 1 (3-90c)
u(s) (s + 1)

Equations (3-90a) and (3-90c) would appear to present a dilemma
for representing the system in the geometrical sense of a characteristic
plane and pseudo IC. The system's trajectory must lie within its charac-
teristic plane yet (3-90a) and (3-90c) have different characteristic planes.
Equation (3-90a) has a characteristic plane defined in three-dimensional

space while equation (3-90c) has a " characteristic plane" defined in

two-dimensional s

"3

ace, i.e. a line. The only way for this to be true
is for the system's trajectory in three-dimensional space to lie along
the intersection of the characteristic plane for (3-90a) and the extended

characteristic plane for (3-90c). Then the projection of the trajectory
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into the two-dimensional space would lie along the line representing
the " characteristic plane" for (3-90c). Figure 3-16 illustrates that
such is the case. The system's characteristic plane, _;_?L_-/plane, is

actually the one defined for (3-90a), which is normal to

a = [2 3 1] (3-91)
with pseudo IC vector

g, = [-11-1] (3-92)

The model's characteristic plane, &-plane, which also corresponds to

(3-90c), is normal to

a = [1 1] (3-93)

b3 = [-1 1] (3-94)

The extension of the &-plane into the three-dimensional space, &-plane,

is normal to
a' = [1 1 0] (3-95)

The &-plane and the &-plane intersect along the system's pseudo IC
vector. If the system's pseudo IC vector for (3-90a) did not lie along
the intersection, its projection into the two-dimensional space, the
xx-plane could not be the pseudo IC for (3-90c), which is the same as
the model.

One can state that pole-zero cancellation occurs if and only if

the system's psuedo IC vector lies along the intersection of the

characteristic and extended characteristic planes defined with and

without the cancelled pole. This must also be true for hyperplanes in

higher dimensional spaces. Several pole-zero cancellations would
correspond to the pseudo IC vector lying along the intersection of a

like number of hyperplanes.
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The coordinate frame
is denoted by

fa]

System's Characteristic

Plane (é»plane) \
\ Model's Trajectory
\ —%m(t)’ Lies

\ Along ?imo

System's Trajector
&(t), Lies Along
Intersection of
a-plane & &-plane

Extension of
Model's Characteristic
Plane (&@-plane)

Geometrical Representation of Pole Zero Cancellation for Example 3

Figure 3-1¢
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The importance of the geometrical interpretation of pole-zero
cancellation is basically academic. It makes the concept of represent-
ing a system by a characteristic plane and pseudo IC in the extended
state space more complete. From the practical standpoint it merely
indicates that the Model PI approach can result in a pole-zero cancella-

tion.

3.2.3 Multivariable Systems

The extension of the Model PI to systems with zeros, now makes
it possible to consider multivariable control systems. If a multivariable
system is completely controllable and completely observable (43), the
transfer functions of the various input-output channels differ only by
their zeros. Design of such systems necessarily involves the effects of
zeros. '

The intent of this chapter is to devélop the theory of the Model
PI, leaving the practical aspects to other chapters. However one com-
ment of a practical nature should preface this section. The formulation
of a design problem for a multivariable control system only requires |,
those input~-output transfer characteristics directly governed by the
design specifications. It behooves the designer to reduce these to a
minimum number before starting the synthesis effort. Complicated
multivariable design problems are not easy by any technique yet de-
vised. A control system with several input, several control devices,
and several measurable output variables may be represented as a
multivariable system, but if the design specifications are only on one
input-output transfer characteristic it could be treated as a single
input-output design problem. Multiple feedback to several control
devices would be treated as inner loops. In other special cases it
may be possible to select a model for one input-output relationship
that would represent a satisfactory design for specifications on more
than one input-output transfer characteristic. For example, if the
zeros of two of the closed-loop transfer functions are unaffected by
the choice of free design parameters, a model selected for one trans-

fer function could be referenced to the other by the ratio of their zeros.
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Other methods exist for reducing the number of input-output relation-
ships that must be considered in'the synthesis process. If the number
can be reduced to one, ‘then the methods of the previous section would. .
be suggested. : i s :

‘ The techniques developed in this section apply to the situation
in which more than one input-output transfer characteristic must be
considered in the design process. By reducing these to a minimum -
number, as discussed above, one should not haVé to cbﬂéid’er more than
two or three. Accordingly, the Model PI approach is developed here
spécifkically for the case where design specifications are given for two
input—outputy relationships of a multivariable system. The extension
to more complex cases of theoretical interest should be obvious.

Two closed-loop input-output transfer functions of a, rhultivariable

control system can be written as

v,(s) by s o4 bls+'b1_
_ 1 0
- n n-1
ul(s) st a s + "t ays + oays toag .
(3-96a)
m :
yZ(s) b2 s oree t bZS + b2
- m 1 0
- n n-1 2
u,(s) s t a_ 48 trorsta,s o+ oags toag
(3-96b)

where some numerator coefficients may be zero. These may represent
the response different output variables to different input variables,
the same output variable (y1 = yz) to two different input variables, or
different output variables to the same input variable (u1 = uz). Also
(3-96) may be the composite representation of a closed-loop system
including multiple inner loops.

Since both transfer functions (3-96) have the same characteristic
equation, they also have the same characteristic plane. They are dis-

tinguished in the geometrical representation only by their respective
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pseudo IC vectors. It is possible then to describe the system for two

input-output relationships by one characteristic plane,

() = 0 (3-97)

I

and two'pseudo IC vectors, _:'51 for (3-96a) and gz for (3-96b). For
0 , © 70
convenience, a system represented by its characteristic plane, normal

, will be denoted by the short hand

tod, and its pseudo IC vector %

- 0
notation {é; -}30}' Accordingly (3-96a) and (3-96b) are denoted respec-

tively by
{& %, }
0
( ) (3-98)
i %

The models of the desired closed-loop transient responsé for (3-96)
can be similarly described by one &-plane and two pseudo IC vectors,

and denoted by

{a; %, 1}
‘ ) (3-99)
a; %

The models {3-99) are assumed to represent the design specifications
for the corresponding systems (3-98). One would generally not ex-
pect the same set of values for the free design parameter that gives

the best match of {; x, }to{a % } to also give the best match

0 lm

of {3; 3’&_2 } to {@ iZm }. Therefore it is assumed that some relative

priority f(())r matching thoe two models has been established. The priori-
ty as well as the models are selected by the designer based on the
actual design specifications as discussed in chapter 2.

Three synthesis methods for this class of multivariable control

systems using the Model PI concept are presented. The first is

probably the most straight forward analytical approach. It defines a
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performance index that is a weighted sum of the Model PI's correspond-
ing to two single input-output design problems, with the weighting based
on the relative matching priority. The second is less direct but simpler
to implement. It defines a new model and hypothetical sysi:em that are
the weighted averages of the two models (3-99) and of the two systems
(3-98) respectively, then uses the single input-output procedure. The
third approach is to apply the single input-output method alternately to
the first system and model then to the second system and model, with
selected parameters fixed in alternate applications. This does not re~
quire any extension in theory over that of section 3. 2. 2, and can be an

effective practical method.

3.2.3.1 First Method

Assume that the priority of matching the two models is speci-
fied by a number, ¢, where 0 = c = 1, such that ¢ is the priority of

matching {&; 5‘-1 } to {&; glm } and (1-c) is the priority of matching
0 0 ,

{3; 2, }to{® = }. If these were two separate design problems,

- —20 - —Zmo :

the corresponding Model PI's would be

2 © 2
PL = r |z, -z |2 +§ Iz (0|2 at (3-100)
1 1 10 lmo W 0 1 a
S F S SO A G F N Y (3-101)
0 Mo w 0 Q

where 6, given by (3-36) is the same for both. However the design
problem is to treat them jointly with the appropriate priorities. A
direct approach is to combine PII and PI2 into one performance index
in such a manner as to reflect their relative priorities. The minimum
values of PI1 and PI2 may be of grossly different magnitudes due to

the scale factors. Thus a suitable combined performance index is

c (1-¢)
Pl = ~= """z PI1 + "T}_{_"_‘“—z PI2 (3-102)
”.}Elmo ”\TV , _.zmo W
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Minimizing (3-102) with respect to the free parameters would then
produce a design that compromises meeting the individual performance

indices in the ratio of their priorities.

3.2.3.2 Second Method

The geometrical interpretation of selecting the system's
characteristic plane to make its trajectory lie close to the model's
characteristic plane, motivates this second method. From that
viewpoint, the multivariable design process considered here can be
thought of as a compromise between making the trajectories of
{_é';; g_lo} and of {§5 _3_:2 } lie close to the model's characteristic plane,
with the relative Weightoing being set by the priority number, c. In
order to weight the two systems correctly, it is nece;ssa-ry to scale the
trajectories by normalizing the pseudo IC's. Since the Model PI (3-82)
penalizes deviations of the system's pseudo IC from the model's, it is
necessary to also normalize the model's pseudo IC. They must be
normalized in the model's state space because they are compared in
that space. '

Define a single model that is the weighted average of the two

models (3-99) as

&z} (3-103)
0
with
% %
~lm —2m
g 0= c— 0% 4 (10 0 (3-104)
0 e &
I W& m, ﬂ I W pm, I

This corresponds to a trajectory lying in the &-plane somewhere be-
tween the trajectories of the two original models (3-99) each normalized
by the length of its pseudo IC state vector. The model (3-103) approaches
the first model as c goes to unity and approaches the second model as

c goes to zero.
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Likewise define a single, hypothetical system that is the

weighted average of the two systems (3-98) as

{5 %4} | (3-105)
with
Z %
=1 % :
x, = ¢ —2 + (l-0) L (3-106)
1%z, | | Wz, |
Yo =29

The matrix W projects any vector in the (nt+l)-dimensional space into

the £ -dimensional state space of the model. The vectors 5‘-1 and
0

, are normalized in (3-106) such that their projections into the
0 -

model's state space are unit vectors. This assures that X

X

and X
~m

0 0

can be compared on the same scale in the model' state space. The
trajectory of the system (3-105) lies in the d-plane somewhere be-
tween the two original systems (3-98) for any choice of free parameter
values. Its relative location is dependent on the bpriorities in the same
manner as for the model.

This second method proposes to use the weighted averaged
model and system in the Model PI design procedure in place of the
two models and systems. The problem is in effect converted toa

single input-output design using the Model PI (3-82), repeated here,

PI = r|g, - %
-0 —m

2 o0 2
I+ § " sl ar (3-82)
; w 0 Q
with the model taken as (3-103), the system as (3-105) and the respec-
tive pseudo IC's as (3-104) and (3-106). Minimizing (3-82) in this
case, tends to match the weighted averaged system to the weighted

averaged model.

The first method minimizes a weighted average of the perfor-

Y o
L

o

mance cme; whereas the second method minimizes the

F o T e T
Liie tWO SYS
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performance of a weighted average of the two systems. In each case
the performance is measured by the Model PI criterion. The two are
clearly not equivalent. The first represent more closely the true
intent of priorities given for satisfying the two separate specifications.
However, the second requires about half the computational effort in
the minimization process as the first and in application may be just as

effective.

3.2.3.3 Third Method

A less sophisticated but practical technique is to apply the
single input-output method alternately to the two coupled systems (3-98),
with selected parameters fixed, until a satisfactory design is established
for both. That is, alternately minimize PI1 (3-100) then PI2 (3-101)
with respect to the most effective free parameters in each case, until
one set of parameters isdetermined to give. satisfactory matching of
the respective models (3-99). The designer usually has some ideas as
to which parameters are the most effective for minimizing each per-
formance index. The least effective ones are held fixed. In alternate ,
applications the number of free parameters is reduced by retaining only
the most effective and fixing the others at the best value from the pre-
vious minimization. If the minimum of both PIl and PIZ arc cqually
sensitive to the same parameter, the priority number discussed could
be used as a guide for selecting a compromise between the best values
of the parameter for each minimization.

This iterative procedure sounds long and involved, but often it
converges rapidly and is an efficient method. First of all in practice
the number of free parameters should be kept to a minimum, three or
four at most. If the two systems are only lightly coupled, the most
effective parameters for one are often the least effective for the other.
In such a case two or possibly three iterations may be sufficient. Even
in highly coupled systems relatively few iterations may be adequate if
parameters are averaged in the ratio of their priorities after the initial

minimizations.
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3.3 Relationship to Previous Works

It is interesting and informative to compare the Model PI to a
performance index originated by Aiz‘ermakn (18) and later ge‘r‘iéra‘klized‘
by Rekasius (19). Many other papers have considered perfoimanée
indices that include é. weightéd combination of the systkem output and
its derivatives, but only these two and the current work share the con-
cept of relating the weighting factors to the desired response model. o
Aizerman's and Rekasius' works are reviewed briefly in this section
to indicate the conceptual similarities and point out some restrictions

and difficulties in their application.

3.3.1 Review of Aizerman's Work (Reference 18)

Aizerman originated the concept of specifying the desired re-
sponse of an autonomous system in a performance index by using a
linear combination of the squares of the output and its dérivatives. The

system considered is of the general form

(n) (n-1) ol . - _
X + a 1% + + a X + ax + 2% 0 (3-107)

with constant initial condition. The coefficients a, fori=0,1,--- n-1,

are functions of the free design parameters. The general form of the

performance index proposed is

0

_ 2 .2 4..2 2nr_(n) 12

I—g {x® + 7% +oT,X +----+'rn [x ]}dt
(3-108)

where the weighting factors 'Tj are determined by the characteristic
equation of the desired response.

Aizerman only considered in detail the case for n = 1 which
reduces (3-108) to

1= {0 &? %Y a (3-109)
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By completing the square of the integrand it can be put in the form

o0 2 o0
I = g (x + 7%) dt — 27 S‘ xx dt (3-110)
0 0

The second integral can be evaluated directly to give

I= S (x + 7x) dt + 7x(0) (3-111)
0

assuming the system is asymptotically stable, i.e. x{w) — 0.
Since the last term of (3-111) is independent of the free design
parameters, the absolute minimum value of (3~111) occurs if the free

parameters are chosen such that the integrand is zero, i.e.
x + 7x = 0 (3-112)

Aizerman states " the differential equation (3-112) defines the transient
response which can be approached in the limit, if it is possible to
select the parameters in such a way that I=1 . .
min min
denotes the absolute minimum valve of Tas I | . 5 in this case
2 min min
= T7x(0)".) The optimum response is described by the

{Aizerman

min min
exponential x(t) = x(0) e-t/T.

The value of 7 shall be selected in such a way that the expo-
nential will satisfy the specifications of the transient response. "

One might erroneously conclude from this simple example
considered by Aizerman that the Model PI is equivalent to Aizerman's
performance index. For this simple case they would give the same
result. If higher order models of the desired response are necessary
then one would retain more terms in (3-108). However the weighting
factors ‘TJ. do not have a simple relationship to the coefficients of the
model' s characteristic equation except for the first order model
case. It becomes increasingly more difficult to establish this rela-
~ tionship as more terms are retained in (3-108). The Model PI (3-35),

on the other hand, is written directly in terms of the model's
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characteristic equation coefficienﬁé.

There are three serious limitations to the application of
Aizerman's performance index. First of all it restricts the possible
choice of poles of Akthe model to spécific regions of the s—plaﬁe. This

point is easily shown for a second order model, i e.

00
i § [x* + 73x° + 71%%] at (3-113)
0 2 |

Completing the square as before and integrating where possible gives

0
_ 2 Z. 2..12 i %
I = S‘O [x + ‘Tl + ?.'7'2 x + 'rzx] dt + f.(XO’ ‘XO)
(3-114)
The second term is of no interest here because X, and }'(0 are inde-
pendent of free parameters. The I . occurs if .
min min
3&+—%‘\/7‘;‘+2'r§ i+ —hx = 0 (3-115)
T, 'r'i

Using this approach, the designer select Ty and T, 80 that (3-115)

represents the desired response. The natural frequency and damping
ration for (3-115) are
1
W = .

T

_ 1~ [2,2 ‘
g3 g\ Tt 2

The smallest value that ¢ can have is { = 1/A2, which occurs when

(3-116)

Ty T 0.  Therefore, the designer is restricted to selecting a model

within the region shown in figure 3-17..
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IMAGINARY
AXIS

No
Model Poles
Here

Allowable Region
for Model Poles

REAL AXIS

Figure 3-17 Restrictions on Choice of Second Order Models in
Aizerman's Approach

Similar but more complex restrictions apply to higher order
models. The Model PI clearly has no restrictions on the choice of
model poles. i

The second limitation is that this approach does not provide
any way to consider models with zeros. Relating the integrand of the
performance index in the completed square form, such as (3-114), to
the desired response represents models with poles only. There is no
way to include the effect of model zeros in Aizerman's performance
index.

The third limitation is that it is not valid for systems with
zeros in general. Aizerman represented the step response of a sys-

tem by an autonomous system and suitable initial conditions (pseudo

IC' s), but did not consider the case for systems with zeros in which
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the pseudo IC's are generally functions of the free parameters. Under
such a situation the argument, that the absolute minimum of the per-
formance index occurs when the integrand in the complete square

form is zero, becomes invalid‘. For example, in (3-114), f(xo, )Z:O)
would be a function of the free parameters, and it may be possible to
produce a smaller value of I by decreasing f(xo, )EO) and accepting a
small nongzero value of the integral. The Model PI, as extended in

section 3. 2. 2, specifically treats models and systems with zeros.

3.3.2 Review of Rekasius' Work (Reference 19)

Rekasius observed that Aizerman's performance index re-
stricted the location of model poles and excluded models with zeros,
and proposed a somewhat different one. It lifts the restrictions on
model poles, is a more convenient form to use than Aize‘rman' s, but
fails to treat models and systems with zeros properly., Rekasius'

general performance index is

I =§w{"2 4—§ % [x(i)]Z + inl‘ ’rx(i)
J \A - 1 ] .

i=1 i=1

n o1
+ 2 Z Z Ti«rjx(‘)xm dt (3-117)
=1 jFit2

By completing the square of the integrand and integrating where

possible, it reduces to
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Rekasius then states "the absolute minimum I . . of this per-
min min

formance index occurs when the integrand of (3-118) is equal to zero.

Consequently the characteristic equation of the ideal model for the

proposed performance index (3-117) is
X + T.x + T X 4+ -+ + 7 xM = 0 (3-119)

The ideal model itself can be represented by a closed-loop system with

the transfer function

- (3-120)
'rr]sr'+'r sn1+----+'rsz+'rs+1

Rekasius refers to the model as the " ideal model" in the
sense that if a sufficient number of unconstrained paramieters were-
chosen to minimize the performance index (3-117) the control system
would be the same as this ideal model. The first goal of removing the
restriction on the location of the model's poles is met by (3-117) since
there are no restriction on the choice of T in (3-120). Also the
performance index can be written down directly from the model transfer
function, which avoids the extra computationsv required in general to
form Aizerman's performance index. In these two respects, the Model

PI and Rekasius' performance index are the same. For systems with-

out zeros the last term of (3-118) is zero and the next to last term is
constant, so that the two performance indices (3-35) and (3-118) are
equivalent in that case.

However Rekasius' performance index does not provide for
models with zeros any more than does Aizerman's, although that was
one of the objectives of Rekasius' work. Furthermore, if the system
considered has zeros, Rekasius' performance index is not even valid
except for some special cases.

Rekasius observed correctly that the performance index must
depend on the model' s pseudo IC's in order to differentiate between

models that have the same poles but different zeros. This fact
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motivated the selection of the form (3—117). The questions not answered
in reference 19 are:

1) What relevance do the initial conditions included in (3-118)
have to the ideal model? ; : ;

2) What relationship do they have to the zeros of the system?

3) Why use this particular combination of initial conditions
over any other combination that would arise from some
quadrat’ic functional?

The initial conditions in (3-118) must be interpreted as pseudo

IC's, as defined in section 3.1, to have any meaning for systems

with zeros. As pseudolIC' s of the system, they are in general functions
of the free parameters. If one assumes they are also the pseudo. IC's
of the model, several problems arise. First of all, "if thé system and
model are of different order it may be impossible for the pseudo IC's
to be the same. Complying with the compatibility rule suggested in
section 3. 2. 2 would reduce the likelihood of that occurring. Secondly,
even if they can be the same, one can not require this equality without
placing an undesirable constraint on the free parameters. In some
cases such an equality constraint would completely determine the
parameters and the integral portion of (3-118) would be superfluous.
Thirdly, if the equality of pseudo IC's is not explicitly included in the
performance index the model's zeros become superfluous. Therefore
the initial conditions included in (3-118) are not actually relevant to the
ideal model. »

The pseudo IC's that must be used in (3-118) are related to the

systems zeros by equation (3-8). Including them in the manner of
(3-118) is not only irrelevant but actually destroys Aizerman's original

concept that Im be obtained when the integrand is zero. The last

term of (3-118)1?5121?unction of the free parameters, so that it is entire-
ly possible to obtain a smaller value of the performance index at a point
where the integrand is not zero. This is the same difficulty encountered
with Aizerman's performance index. Rekasius' performance index
is similarly invalid for systems with zeros, except for some special

cases. These exceptions occur when the pseudo IC's are not functions
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of the free parameters even though the system has zeros. By referring
to equation (3-8) one can see that this is possible if none of the numera-
tor coefficients, bi’ and none of the denominator coefficients appearing
in (3-8) are functions of the free parameters. In that situation the last
term of (3-118) is independent of the free parameters and thus can be
discarded as far as the minimization process is concerned. In which
case, Rekasius' performance index becomes equivalent to the Model
PL

The third question poséd earlier about the particular combina-~
tion of initial conditions included in (3-118) now becomes academic.
There appears to be no justification for this particular selection over
other possible ones. Other quadratic functionals exist that can be
reduced to the same form as (3-118) with the addition of terms de-
pending only on the pseudo IC's. From the argument presented here,
any such quadratic functional would be equivalent in application to

Rekasius' performance index.

3.4 Summary of Results

The main results of this chapter are summarized here for
easy reference and application. Table 3-4 summarizes the relation-
ship between the transfer function representation of a system and the
geometrical representation by its characteristic plane and pseudo IC
vector. Using this table one can quickly convert a systerm or model
transfer function into the form required for using the Model PI. Table
3-5 is a guide to selecting the model structure for the Model PI as
well as a summary of the Model PI for single input-output system
application. The choices of model structure are listed in order of
preference for best results with the Model PI. The reader is referred

to section 3. 2. 3 for application to multivariable systems.

95



g Oy Oy
b R X n
juejrodwIiun axe () (1+7) mq
(I Oz Ouwr , O 0w
aeaen i x = b4
) " an Sqp ¥ 1003 ¥
eoedg-(1+u) Ul 103294 DI OPNISJ §,[PPON
M- g=f
141 1
R .%&x.%m W oY o
(0 . x
1-1-7 {1-7)
A<t ! , 0
s}
OB\OQ.I = CC,.Un
2I9UYM
Oy Oz O, Oy Ous O
—.. X W eersne wm u.n < unu = _un
{(1-n (2-7)
X030\ O OPNLsg s, [8PON
Our. . oE.I oE.r
[ %1 %] = X

aoedg-(1+7) 03097 DI OPNasg PapPusIxy

m -7

_H 0 «= oo 0 i _m”_ = .m
W vanens woo Elx._ . %z
() (4q) ~ 8 WL F 002
PR § o s

0 =2 ¥

SuUBIg 013S1I930BITYD POPUAIXY
92edg~(]+u) OIU] UOTSUIIXF

1 0. Co Lo odw_

1
s af &

ux uz wr owr W
x XKool X X X.._

ri (1-7) =
0 =g
aoedg-(1+7) 9u®l[g DIISTISIOBIBYD

xeuBigsep oyl £q
Po30ST98 SJUBISUOD SIB SJUSIDIIIP0D BY3 PuUe

SOX37Z [9POIN JO IaquIMN = 3
S910g [OPON JO JdqunN = 7
x9yM
0 { ¢ ce s g1 Ty 8 s)n
c+mc+wma+ +Tw +q|Av
- w
on+mﬁn+...+xmv@ {sy 4
18PON

Elﬂ“ﬂ
. 0, 1+ ; 1
wr ‘... f7 =t .5 x e W - 'q _ 0,
1-1-u T {t-u)
wet ! 0
om\on = Ox
2I9yMm
0 0 0, 05 0 - Oz
R T R e B

103109 A D] OPNOS §,Ws38Lg TOIIUCYD)

F0- i %] = %

oordg-(14+u) 10300\ DI OPNasg PopuUIIXy

mTﬁm T ol Cp H.mo.m._ =
20399 A JUSIOIFEOD
m I m .Mg = ¢

0303 A JUDIOIIISOD) POPUSIXT

wg]

x Xeereo X X X| = £3

Loy e x x] =
10300 A 93BIG WeIshg [0IJU0D

B § F] =[x & = %

10109\ 918IS POPUSIXT

]
i

0 =

soedg-(1+u) SUB[g O1IS1IBOBILYD

sxojawered ufisop as1y oyl wo
suoryouny Ajreisuad exe ([-u.-- ‘7 ‘0o =f) '®

pue (W .-+ ‘1 ‘0 =1) Ma, §3uS101}J900 Y} pue

-u = w

soxeyz wsiskg doorf-pesoy jo IequnyN = W

satog we3sdg dooT-pesoln Jo IdqWInN = U
axsym
O0p 4 sle 4 Nmmm 4 oea. 4 Hucmﬁxcm + 48 (s)n
Oq 4 slq ++-- 4+ _s"q (8)4

w93sAg [013u0n) dooT-POsOID

$UOIIIPUCD [e1u] OpNesg

SQUR]J 011S1I91DBIBYD

19PO]N pue waisdg jo uoljejussoarday [EOTIJSUWIOSN

suoijoun g I9JSuBly, [SPOIN PuU® W93lsig JoI3ucd

TTTHAOW ANV WEISAS TOYINOD A0 SNOILVINISHEYITY TVOIULIWOETD
ANV SNOILDONAJA YTASNVYEI NTFIMIETG JIHSNOILVITY JO AYVINNNS

y-¢ TTdVL

96



zepao rerjusiajead Furpusosasp ul PAISH]

b

‘Jopow pue wra3sks
oyy I0j swres ey} 8I® § ;0]

opnoasd y 38a1} 943 18BT IV

.oA0qE ST SUIES AU T gm

o _ 0
w S eF] muE

0= ‘w.u =¥
-5 +1 ‘sojod wolsds $89DXD
jo zequumnu oY) u®ry) s8°] I0

o3 1enbs st sejod jo Idqunu

e ——————e——
e ———
S4U WO D

|

9s[) 03 XopU] PDUBWIIOIId] 1oPON
Jo wiio g

aY] Pu® SOJILSZ 0U YIIM [2PON

(sozaz ¥ ‘ sad 7)
TRan3onIIg [PPOIW JO 2210UD

e oy} pue SOI9Z OW YA [9PON '€
+go0II)BUL [[NU [EPUOTISUIUIIP A1e3eradoadde aae
s ,0 oYy3 pue X1a3ews AI3usPt §x 7 O St (0 #w)
- a9
-ouerd-p 943 03 980712 o ' 0 . >N o
o17 AI0300(ea) § wWeIsis oyl _ " w-u = -7 3Inq ‘u> 7 SwIIBAG [0MUOD
3 T = oM o1 103
uryew pue s, opnesd oy} o Vo1 -~ 51 ‘S013% ISA0 sojod s890%2 JO
)
Suryojew usaM3aq AdoUBTRY Jequiny dSUres aYj inq wes4s
pu® sA0qe ST owres Y} P YNm
pood = 2a18 03 z2udisep 3P ~ ueyy sofod I9Ma7 YIIM [PPON "¢
£q ussoyd S} i IBIEDS 9 ., O M Oy _ . ‘ e
Y 4 1 UL 1P w__ mE __ % + ‘M: Eu.m _ % :h = 1d w = ‘u=§ 91 wra3sks
z oo s 9INjONI}S SWES YilM [2PON T
m 0]
JEI o
.[opowr pue wolsLs W - 8 ‘uio3shs ueys sejod 1amd} s0157 ON PuT
2y} 103 swies °U3 s1e 8,01 Yitm jng SOISZ ou Yl [PPON 4 sol0q U PIM
opnasd 7 18113 9Y3 35BS IV 5 0 g =X ‘u=7 @1 sw93sAg 10I3u0D
1p .(u: (1% || ,M‘ = 1d ‘wusyshs se sojod jo Isquunu SWES 104
o0

14 TEAOW FHI DNISN NITHM

FEALONYLS TEAOW THL ONILOETES Y0 4 AAIND ¥

G-¢ ITAVL

97






CHAPTER 4

NUMERICAL OPTIMIZATION METHOD.

After defining a performance index the next step in parameter
optimization design techniques is to minimize it with respect to the free
design parameters. It is instructive to solve simple examples analytical-
ly, as is done in Appendix A, but few practical control-system design
problems afford an analytic solution and must be solved by numerical
techniques. In this chapter the expressions needed for numerical mini-
mization of the Model PI are derived and one optimization algorithm is
presented.

The Model PI is a nonlinear, generally non-quadratic, function
of the free design parameters. It is a non-negative function and may
have multiple stationary points over the parameter space. Several
methods for finding local minima for such a function are reviewed in
references 20 and 21. Since the main emphasis of this thesis is on the
Model PI and its application rather than numerical optimization tech-
niques, no effort is made here to seek out the most efficient optimiza-
tion method.

It is possible to evaluate the Model PI (3-35) using Parseval's
theorem and either tabulated integrals, which are available in several
textbooks, e.g. Newton, Gould and Kaiser (15) or Gauchy's residue
theorem. A simpler method for general quadratic functionals, suggest-
ed by Kalman and Bertran (42), is presented in section 4. 1. The next
section establishes the first order necessary conditions for a local
minimum by using matrix variational calculus in a manner somewhat

similar to Johansen (44) or Denham and Speyer (45). It is only practical
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to solve these analytically for simple academic examples. However
this leads to a direct method for evaluating the gradient (se.tion 4. 3)
that can be used in a numerical optimization technique.

The algorithm used to minimize the Model PI is presented in
section 4. 4. It is a fairly simple technique based on an averaged gra-
dient direction. No claims are made for its relative efficiency compared
to other available techniques, but it proved quite adequate for all the
design problems treated here. In applying the Model PI, the reader
may wish to use some other numerical optimization method that he is
more familiar with or feels is more efficient. Whatever technique
chosen, if it requires evaluation of the performance index and its gra-
dient, the developments in sections 4.1 and 4. 3 are still quite useful.

The state-space formulation of the design problem and the ex-
pression derived here make it possible to establish ger;eral digital
computer programs for designing linear control systems. It is not
necessary to write a new program for every new design problem.

Such a program is described in Chapter 5 and Appendix B that only
requires a minor subroutine and different input data cards to change
from one design problem to another. Similar programs can be written
with more efficient numerical optimization techniques if desired.

In each of the following sections, the derivations are presented
first for a general quadratic functional, then extended to the Model PIL
This is done for two reasons. It is easier to follow the details of the
derivations for the general case than for the Model PI. And, the
general results should be useful in themselves, since the general quad-

ratic functional is frequently used in modern control theory.

4.1 Evaluation of a Quadratic Functional

Consider the linear autonomous system
x = Fx (4-1)

with initial conditions x(0) = Xy If the system is asymptotically stable,

then the quadratic functional
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0 2
J = g [ty || at (4-2)
<0 Q

where Q is a symmetric, positive semi-definite matrix, is equivalent

to
2
I o= |zl (4-3)
P -
where P satisfied the matrix algebraic equation
F'P + PF = -Q (4-4)

This is almost the second half of a corollary to Liyapunov's well known
theorem on stability of linear invariant systems (42). .The only difference
is that here Q is allowed to be positive semi-definite. The result is
easily shown to be true, but the converse, with Q semi-definite, is not
necessarily true.

Using the solution to (4-1),*

x = e x, (4-5)
in (4-2) gives
© 1
J = x! eF thth dt (4-6)
Jo =0 =0
If P is defined as
© 1
P = 5 eF thFt dt (4-7)
0

then (4-6) becomes (4-3). The expression (4-7) for P is a known form
(46) for a solution to (4-4).

e

Time arguments are suppressed in equations where the meaning is
clear.
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Any quadratic functional of the form (4-2) can be evaluated by
solving (4-4) for P which is then substituted into (4-3). I one wished
to go through the algebraic exercise, it would be possible to reestablish
the tabulated integrals in Newton, Gould and Kaiser (table E. 2-1 in
reference 15) using this approach. Althoughit is possible to evaluate
the quadratic functional (4-2) analytically, the real usefulness of this
approach is that one digital computer program can be written to evalu-
ate it nurmerically for any order system.

Solving the algebraic matrix equation (4-4) may not be the most
efficient way on a digital computer. A possibly faster and more accur-
ate method is to compute P as the steady-state solution of the linear

matrix differential equation
P = F'P + PF + Q (4-8)

for an arbitrary initial condition P(0). Equation (4-8) has a unique,
positive semi-definite solution if F is a stable matrix and Q is positive
semi-definite (46).

The Model PI (3-82) can be evaluated similarly, with simple
modifications. It is defined in terms of the extended state vector

which can be related to the state vector by

X = Mx (4-9)

M = |----- (4-10)

The Model PI (3-82) can be written as

o o]
Pl = rlx, - x ;]2 + (‘ |ix(t)|]2 dt (4-11)
=0  “=m t= =~

o w <0 M'QM

where Q is given by (3-36) and W is related to W (3-81) by
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W .0

W= et (4-12)
9y 0

Relating (4-11) to (4-2), it is clear that the Model PI can be evaluated
by

PI = ¢ RN (4-13)
= I X - X X -
=0 Tmyy =0'p
where P satisfies
F'P + PF = -M'QM (4-14)

4. 2 Necessary Condition for a Local Minimum -

The first order necessary condition for a local minimum of a
general quadratic functional of the form (4-2) is derived then extended
to the special case of the Model PI. The system (4-1), is assumed to

be asymptotically stable and in the phase-variable canonical form, i.e.

F o= |.T_..___. (4-15)

and the coefficient vector, a, is some function of the free parameter

vector p, i.e.
a = alp) (4-16)

For the present, the initial condition vector, Xy is assumed to be inde-
pendent of p. Later, when extended to the Model PI, it will correspond
to the pseudo IC vector (3-18) which may depend on p.

The problem is to determine the first order necessary condition
that p must satisfy for (4-2) to have a local minimum value. The quad-

ratic functional (4-2) can be written as
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o0
J = tr [Qg' xx' dt] (4-17)
“0

where tr [ ] indicates the trace of the matrix [ ] Define a matrix
X as

w B
X = S‘ xx' dt (4-18)
0

which is clearly symmetric and positive semi-definite. Substituting
(4-5) into (4-18) gives

0 1
X = X eFte w1 oF't gy (4-19)
0 =-=0=0

which is easily shown (46) to be a solution of the matrix algebraic

equation -
FX + XF' = —XO (4-20)
= 1
where Xo 50_550-

Using (4-18) in (4-17) the problem can be restated as follows:

determine the necessary condition for p to locally minimize
J = tr[QX] (4-21)

subject to the constraint (4-20). This can be solved using Lagrange's
method for constraints by adjoining (4-20) to (4-21) with a L.agrange

multiplier matrix P. It is sufficient to add

tr {P[FX + XF' + X,]} (4-22)

to (4-21) in order to constrain every element of X to satisfy (4-20), so
that P can be assumed to be symmetric without loss of generality.

The augmented J becomes
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J = tr {QX + P[FX + XF!' + XO]} (4-23)

Both X and F depend on p so that a first order variation in J

due to a variation 62 is
8 = tr {Q6X + P[6FX' + FoX + OXEF' + X oF ]} (4-24)

The variation 6F can be determined directly in terms of &p from (4-15)
and (4-16) as

— — 1 -
§F = —¢ Sp'A (4-25)
where_e_n is an n X 1 vector defined as
e = [0 0 0---0 1] (4-26)

and A is the sensitivity matrix of a with respect to p, i.e.

da(p)
= (4-27)
op
Using (4-25) in (4~24), the variation of 6J becomes
§F = tr {~z_e_;1PXAaP_ + [PF + F'P + Q]8X} (4-28)

If J is at a minimum value, then to first order, the variation 8J due to

6p must be zero, for arbitrary 6p and 6X. Therefore p must satisfy

FX + XF' + X, =0 (4-29a)
F'P + PF + Q = 0 (4-29b)
& PXA = 0 (4-29¢)

at any minimum point. Equation (4-29) is the first order necessary

condition for a local minimum of the quadratic functional (4-2).
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It is interesting to note that the Lagrange multiplier matrix, P,
is exactly the matrix satisfying (4-4) needed to evaluate tile quadratic
functional. Once the necessary condition (4-29) is solved, the minimum
value of the quadratic functional is easily computed from (4-3}.

Extending this result to the Model PI (4-11) involves two addi-
tional considerations: 1) the state vector weighting matrix contains M
which is dependent on p; and 2) the pseudo IC vector is dependent on p,

so that XO and the term r “ X0 "X, ” are also dependent on p. The

derivation closely parallels the previous one. Where possible only the
additional terms are considered below.

The augmented performance index, corresponding to (4-23), is

PL=tr rW[X, - X_ +X__ ] + MQMX
mrno

m
. P[FX + X'F + X/]} (4-30)
where
X = x.x!
m0 —O—mO
(4-31)

Xemeny = Em X

0 Moy

Taking the first variation of (4-30) adds two variational terms,
tr {6[M'QM] X } (4-32)
and

tr {[rW + P]esx0 - ZrWGXmO} (4-33)

over the corresponding form for & PI) (4-28). It is worthwhile reducing
these to functions of ép before writing down the complete & PI).

By referring to the definitions of 5, &, and M from (3-3¢), (3-44),
and (4-10) respectively, it is possible to write the term M'C~2M as

106



~ A | e N AR LN N

M'QM = I +v-alll T |----- (4-34)
1 --- Izl -a'
Y
where

I is the n X n identity matrix
a is the £ X 1 model coefficient vector
0 is the (n - £) X null vector

Observe in (4-34) that a is always multiplied by zero unless n= {.
Since a is the only quantity in (4-34) depending on p, the variation (4-32)

due to &p is therefore zerofor n= f. If n={, (4-34) becomes

-

~ aller i 1] [ I
MlQM = [I E —3] - -r—-—-———-——z—-—-— - ————
1] all —a'
(@ - ale - a)
= (4-35)
2
Izl
so that (4-32) is
~ (2 - a)
tr { {M'QM]X }= -2tr [ ——6p'A'X (4-36)
[l |l
For notational convenience, define a scalar v such that
14
0 ifn# 4
v = (4-37)
1 ifn=14
The general form of (4-32) can be written as
. (a - a)
tr {§| M'QM]X} = =-2vtr ” “z 5p'A'X (4-38)
&
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The second additional term, (4-33) can be written in terms of
op by defining a sensitivity matrix, B, for the pseudo IC vector as
ox

B = =0 (4'39)

op

and expanding (4-33) as

tr { [rtW + P|] 2_)20 bxp - Zeri_zémo 6_}56} =

2 tr {rW(_}EO - _)_c_rno) Sp'B! | + Pj}EO GR'B'}

(4-40)

-~

The variation in PI (4-30) due to a variation dp is obtained by
combining (4-38) and (4-40) with (4-28), using the appropriate choice
of Q.

. —-— 1
§PI) = tr {-z [_st'lPXA vy 278" ga o x,PB

la)®

- x )'WB]&R + [PF + F'P + M'QM]6X
X,

-r(x

0

(4-41)

The necessary condition for a local minimum of the Model PI
(4-11) is

FX + XF' + X, = 0 (4-42a)
F'P + PF + M'QM = 0 (4-42b)
(o —a)'
¢ PXA + y————XA - x'PB - r(x.-x )'WB = 0
n 2 -0 -0 =m
| | 0
(4-42¢)

The value of the Model PI at this minimum can be computed from (4-13)
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using the solution of P from (4-42b).

The equations in (4-42) a.re’ heavily coupled in general. The
quantities F, XO, M, A, a, Xq» and B have explicit functional depen-
dence on p, and the quantities X and P have an implicit dependence on
P given by equation (4-42). Since X and P are n X n symmaetric
matrices, (4-42a) and (4-42b) each represent, at most, %n(n + 1) linearly
independent equations. Equation (4-42c) represents k equation whére
K is the number of free parameters, i. e. the dimension of p. Altogether
(4-42) represents, at most, ¥ + n (n + 1) linearly independent equations
that must be solved for the elements of X, P and p. Obviously that
would not be an easy or enjoyable task to do by hand. Neither is it well
suited to digital computation. However this development leads directly
to a method for computing the gradient of the Model Pl.that can be used in

various numerical, iterative minimization techniques.

4.3 Direct Gradient Evaluation

The gradient of the general quadratic functional (4-2) is directly.
obtained from (4-28) as '

Vi = 2o = -2A'XPe (4-43)
op

where X and P are evaluated by (4-29a) and (4-29b) respectively.

The gradient, VJ, is a «k X 1 vector and is a function of p. Inan
iterative technique, '\7Ji would be evaluated at p; on the ith iteration.
Instead of using the matrix algebraic equations (4-29), Xi and Pi can
be computed as the steady state solutions of linear ma trix differential
equations as suggested in section 4. 1. The value of the quadratic

functional and its gradient on the ith iteration can be computed from

2
I, = izl . (4-44a)
1
VI, = -2A'X P.e (4-44b)
1 1 1 1=-n

X. = F.X. + X.F! + X (4-44c)
i i ii 0

P, = F'P, + PF, + Q (4-44d)
1 1 1 1 1
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where F.1 and A.1 are evaluated at B; and Xi(O) and Pi(O) are arbitrary
symmetric matrices.
The extension to the Model PI can be written down immediately

by applying similar logic to (4-41) and (4-42), as -

B, = rllx ol I C (aes5a)
" = Ir X = X X - a
1 =0, Tmyy =0; P, ~
: (@-a;)
V(PD). = -2 A X.P.e + vA X, — 1
i i 1 1=-n i1 "&"2
P 1 e 1 — -
BIP, X ~rB!W(x, -x ) (4-45b)
i i 0
X, = F.X. + X.F!' + X (4-45¢)
i i i i1 Oi
P. = FP. + P.F. + M'OM, (4-45d)
1 1 1 1 1 1 1 P

wherex. , A, a, B,, F.,, X and M, are all evaluated at p. and
_Oi 1P —i i i Oi i i

X.l(O) and Pi(O) are arbitrary symmetric positive semi-definite matrices.

For reference in the above equation, the definitions of some terms are

denoted by equation number below.

Term..... defined by..... equation number
A (4-27)
£ (4-26)
v (4-37)
B (4-39)
w (4-12)
M (4-10)

Equations (4-44) and (4-45) are well suited for digital computa-
tion. They can be used in any numerical optimization technique that

requires evaluation of the gradient.
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In the application of (4-45) it may be easier and sufficiently
accurate to compute the sensitivity matrices, Ai and Bi’ numerically

rather than from their functional relationship to p, e.g.

[a(p + 2p) - alp - 2p)]
ZAP_
[xo(p + 2p) - x,(p - 2p)]

B = (4-46)
2 Ap

4.4 An Averaged Gradient Direction Optimization Algorithm

The gradient or steepest descent method is probably the simplest
computational algorithm for seeking the minimum of a function over a
parameter space. But it suffers severely from the " ravine problem?".
This is illustrated in figure 4-1, which shows contours of constant
function values in the Py and P, parameter space. When the computa-
tion path crosses a ravine it tends to jump back and forth across it,
making slow progress in the direction of the true minimum. Notice,
however, that the average gradient direction for two steps is generally
in the desired direction. The averaged gradient direction optimization
algorithm presented here is based on stepping in that direction. The
specific procedure is illustrated in figure 4-2. Starting at point 1, the
method is to take a half step in the negative gradient direction to point
la. The average direction of the negative gradient at points 1 and la is
computed. Take a full step from the midpoint between 1 and la in the
averaged direction to point 2. The actual step for this iteration is then
from point 1 to point 2. Repeat at point 2, etc.

It is necessary to have some step size control so that the process
will converge as it approaches the minimum. A very simple rule is
used. At each point, such as la and 2 in figure 4-2, the function is
evaluated and compared to the value at the starting point for that itera-
tion. If the new value is smaller, proceed with the previous step size.
If it is larger, cut the step size in half, evaluate the function and com-

pare again. Repeat until the new value is smaller. Thus the new
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iteration point always has a function value smaller than that at the old
point which guarantees convergence.

The averaged gradient method has greatly improved convergence
characteristics over the conventional gradient method. Figure 4-3
shows a comparison of these two for minimizing the same function for
two different starting points. The function is the Model PI for the ‘
example in section 5. 1. 1 of the next chapter but its specific formulation
is not important for this comparison. The conventional gradient method
shown in figure 4-3a has the same type step size control as mentioned
above. The ravine problem is clearly visible. In figure 4-3b, the
averaged gradient direction method is shown to converge towards the
true minimum much faster. A third starting point is shown in figure
4-3b to illustrate how the averaged gradient direction method works
away from the ravine.

Another important point in numerical optimization algorithms
is the stopping condition. Some way is needed to tell how close to the
minimum is close enough. There is enough error in computing the
function and its gradient to create sufficient "noise" in the vicinity
of the minimum for the algorithm to continue searching for it unless
given some measure by which to terminate. Two tests are used in the
averaged gradient method. The program terminates if both the decrease
in the performance index is less than 0.01% between two iterations and
the length of the gradient vector times the current step size is less than
0. 1% of the performance index. One might think that the first test is
sufficient, but it can be satisfied by straddling a ravine at any point
such that the value of the performance function is nearly the same on
both sides. The second test prevents that situation from falsely stop-
ping the program.

A simplified functional flow diagram for the averaged gradient
direction optimization algorithm is shown in figure 4-4. This algorithm
is used in the program described in Appendix B. In that application
the function J indicated on figure 4-4 is thé performance index, PI,

and is computed together with its gradient, V(PI), by equation (4-45).
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CHAPTER 5

DESIGN VIA PARAMETER OPTIMIZATION

The previous two chapters presented the theoretical develop-
ment of the Model PI and some mathematical techniques necessary
for its practical application. In this chapter the practical aspects of
designing control systems by parameter optimization with the Model PI
are considered. The step by step procedure for using the Model PI in
design problems with realistic engineering design specifications is
presented and demonstrated by examples. A compérison ié made be-
tween the Model PI and the model-referenced ISE design methods to
evaluate their relative effectiveness and computational efficiency. The
model-referenced ISE technique is formulated in state-space notation
in such a way that the same general computer program for control
system design can be used for both techniques. The procedure for
using this computer program is demonstrated in the examples presented.

In some applications the designer may want to constrain the
magnitude of the free design parameters because of known physical
limitations. There are several ways this can be done. Some methods
for including parameter constraints in analytical design techniques are
presented here although they are not unique to the Model PI approach.

This chapter treats linear control systems in general rather
than specifically flight control systems. Thus a wider basis of potential
application is established. It also allows for a more concise description
of the basic procedures by avoiding some of the details involved in formu-
lating a specific flight control system design problem. Accordingly,

the engineering design specifications considered here are of the forms
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more common to general control system design problems (section 2. 1. 2)
rather than those related strictly to the design of flight control systems
{section 2. 1. 1).

The basic design procedure is presented for single input/output
systems. Extension to multivariable systems should be clear from the
discussion here and in section 3. 2. 3 of Chapter 3. A multivariable
system design example is presented in the next chapter that should help

clarify any remaining questions.

5.1 Control System Design Using the Model PI

The procedure for using the Model PI to design linear control
systems follows the general procedure for analytical design discussed
in Chapter 2, section 2. 2. It is assumed here that the design specifica-
tions for the dynamic response of the closed-loop system are given in
one of the two standard graphical representations discussed in section
2.1.2. Design examples for both the time domain and frequency domain
forms are presented. Starting with these engineering design specifica-
tions, the basic Model PI design method proceeds as outlined in the follow-
ing steps:

1. Select a linear model to represent the dynamic response

specifications. |

2. Select a compensation configuration for the control system.

3. Form the closed-loop transfer function as a function of
the free design parameters.

4. Apply the general computer program for control system
design (Appendix B).

5. Compare the resulting closed-loop design to the engineering
specifications. If they are not satisfied repeat steps 3 to 5
with a different compensation configuration.

Some variations in these steps, especially step5, may be necessary
for particular design problems.

The first step, selection of an appropriate model, is not a
trivial task and should be given more serious attention in the analytical

design process than it has in the past. Li and Whitaker (41) discuss
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some aspects of selecting models for characterizing the performance
of adaptive control systems that would also apply to the analytical
design problem for non-adaptive systems. But often the model is
taken to be the starting point in analytical design processes, completely
ignoring the fact that practical design specifications must include a
tolerance. The model per se is not " the" specification. v

In the Model PI, the model is used as a guide to the actual engi-
neering design specifications wnich are given as a range of allowable
closed-loop responses, e.g. figures 2-5 and 2-6. The objective is to
select a model that has a good chance of forcing the closed-loop system,
via the optimization process, to have a response that lies within the
allowable range. The designer would like a guarantee that the model
he uses would indeed produce such a design. Unfortunately there is, as
yet, no set of rules for selecting a model that can guarantee this,
whether using the Model PI or any other model-referenced performance
index. However some general guidelines can be deduced from the nature
of the Model PI that can help in selecting an appropriate model. The

most obvious one is to consider only models with response curves lying

within the response specification tolerance. This is not a rigid require-

ment. It is possible, at least in some examples, to use a mcdel that
is partially outside the response tolerance envelope and still produce
a design meeting the specifications. But such a model is inconsistent
with the mathematical and physical motivations for the Model PI
(Chapter 3) and can not be recommended as a general rule.

The next guideline is to select a model, from among those meet-

ing the first guideline, taat is most likely to be matched by one of the

possible closed-loop system designs. The motivation for this is obvious.

The more likely it is that some closed-loop system design will match
the model chosen, the more likely it is that the specifications will be
met. Finding a model that could be matched exactly by the system would
generally be very time consuming and might be tantamount to designing
the system itself. On the other hand, using the lowest order model that
fits within the tolerance envelope when designing a much higher order

system gives very little assurance that-a satisfactory design would
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result, unless its response is completely dominated by a low order mode.
A practical choice for a model would generally lie somewhere between
these two extremes.

Several other guidelines for selecting models were suggested in
Chapter 3 specifically for the Model PI. These were summarized in
table 3-5 together with the appropriate form of the Model PI to use in
various situations.. Table 3-5 is a convenient reference for applying
the Model PI. The model must be put into the geometrical representa-
tion form indicated in table 3-4 to be used in the Model PL

The second step in the design procedure, that of selecting a
compensation configuration, depends heavily on the designer's experi-
ence in control system synthesis. The basis for selecting a compensa-
tion configuration is the same here as it is in conventional linear servo
design techniques (9), and experience with these is directly applicable.
But in parameter optimization technigues only the form of the compensa -
tion is selected by the designer, and the values of the free design para~
meters, i.e. the loop gain and compensation time constants, are‘select—
ed by the optimization process. One would generally start with the
simplest form of compensation that might give an acceptable design and
only add to it if the simpler form is inadequate. It is assumed that the
reader has sufficient familiarity with conventional techniques to select
a compensation configuration, and so this step will not be discussed
further.

Once the compensation configuration is selected, the next step
is to form the closed-loop transfer function in terms of the free design
parameters. That is, determine the numerator and denominator co-
efficients of the closed-loop transfer function as algebraic functions of
the free design parameters. The problem is then ready for the general
computer program for control system design using the Model PI, which
is step 4.

A description and cofnplete listing of the computer program
developed for this thesis effort are presented in Appendix B. To use
the program for any specific single input/output control system design

problem only requires providing the appropriate input data cards and
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writing one simple subroutine, COEF, that merely lists the functional
relationships of the free parameters to the system transfer function
coefficients. The model's characteristics, several constants needed
in the numerical optimization process, and an initial choice for the free
parameters enter the program by input data cards. The input data
format and program output are described in sections B. 1.1 and B. 1. 2
of Appendix B respectively. The detailed procedure for using the pro-
gram will be demonstrated in the examples to follow subsequently.

Two general remarks should be made about the initial choice for
the free parameters in relationship to this computer program. First of
all, the optimization algorithm is for finding a local minimum only so
that if several relative minima exist in a given problem the initial choice
of the free parameters determines which of these minima the algorithm
will seek. Secondly the procedure for evaluating the Model PI and its
gradient involves numerically integrating two linear matrix equations
to their steady state values (see Chapter 4). The initial choice of the
parameters must be such that a suitable approximation to these sfeady
state values can be computed within a reas onably short computational
time. This requires that the closed-loop system corresponding to the
initial parameter values be asymptotically stable.

The last step in the Model Pl design procedure is to determine
if the closed-loop system design resulting from the optimization process
meets the engineering specifications. If the system response lies with-
in the tolerance envelope the design problem is complete. At this point
it is immaterial whether the system response closely matches the model
response or not as long as it satisfied the engineering specifications. I
they are not satisfied, then the design process is repeated with some
alteration that is likely to result in a better design. The alteration
would generally be in the form of a different compensation configuration.
When using the general Model PI (3-82) for sys'tems with zeros, there
is a scalar constant, r, that determines the relative weighting between
the quadratic penalty on the vector error in pseudo IC's and the quad-
ratic functional. In that case it may be necessary to repeat the design

process for an alternate value of r (with the same compensation
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configuration) to obtain an acceptable design. In multivariable system
design problems other alterations are possible but those will be dis~-
cussed in Chapter 6 where an application of the Model PI method to
multivariable system design is considered.

The following examples are presented to illustrate the basic
Model PI design procedure and the use of the aforementioned general

digital computer program.

5. 1.1 Design Example for Step Response Specifications

Consider the open-loop system shown in a functional block

diagram in figure 5-1.

Control
Power Element Plant
Control Control B
_Signal SpE Force Sp Plant Output
- (1+7 s) b s(l + T58) : -
PE P
= S = 1. 0
SPE 1.0 P
TPE = 0.5 sec. TP = 1.0 sec.

igure 5-1 Functional Block Diagram of Open-Loop System

The control power element has already been selected and is not free to

be altered in the design process. The closed-loop system is to be a po-
sitional servo that has a step response lying within the design specifica-
tion envelope shown in figure 5-2.

The first step in the Model PI design procedure is to selecta
model to represent the design specifications. According to table 3-5
the best choice for this example would be a third order model with no

zeros since the system is third order with no zeros. It actually isn't
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very difficult to establish a third order model that would lie within the
design envelope if one uses non-dimensionalized graphs of third order
step responses, e.g. those found in reference 49. Bﬁt a second order
model will be used here to illustrate the usé of a lower order model.
In this example no first order model lies within the ‘eﬁvelope soa first
order model would not be considered. The second order model given
by

y. (s) 1
m - 5 (5-1)
u(s) s + N2s + 1

lies almost in the center of the step response specification envelope,
as shown in figure 5-3, and thus appears to be a good choice. It is
reasonable to expect that if the closed-loop system design is to meet
the specifications its step responses would have to be fairly close to
that of this model. Table 3-5 indicates that for this type of model the
form of the Model PI to use is

%o 2
PI = g | (t) || _ at (5-2)
0 Q

The model' s extended coefficient vector, &, which defines 5, for the
model (5-1) is

a = [1 N2 1 0| (5-3)

It isn't necessary to compute the model's pseudo IC vector in this case,
as indicated in table 3-5.

The simplest typé of feedback (compensation) that might provide
an acceptable design is a position feedback. A mathematical block dia~
gram of a position feedback configuration is shown in figure 5-4, where
the free design parameter, ko, is the system loop gain. The closed-

. loop transfer function for the position feedback system is

(s) 2k
7 = 0 (5-4)

3
0

u{s) s” + 352 + 28 + 2k
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k, is a free design parameter

0

Figure 5-4 Block Diagram of Closed-Loop System with
Position Feedback

The problem is now ready for the computer program, whiéh will

find the value of kO that minimizes the Model PI. For this design

example the proper subroutine COEF corresponding to (5-4) is written
in FORTRAN-1IV as

SUBROUTINE COEF(ACOF, BCOF, PAR)
DIMENSION ACOF(1), BCOF(1), PAR(1)

BCOF(1) = PAR(l)
ACOF(1) = PAR(1)
ACOF(2) = 2.0
ACOF(3) = 3.0
RETURN

END

where PAR(1) is Zko, BCOF(1) is the numerator coefficient of (5-4) and
ACOF(1), I=1, 2, 3, are the denominator coefficients of (5-4). The
input data cards are as follows (see section B. 1.1 for the format and

definition of terms):
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First Card (Constants used in numerical optimization algorithm)

N, M, K, STEP, ITMAX, H, IMAX, SNE, YNE, RXO, RPC, LI
3, 0, 1, 1.0, 50, 0.1, 200, 0.0, 0.001, -0:0, =0.0, 3

Second Card (Initial choice for kO)

PAR(})
0.1

The next two cards are blank since no quadratic penalty on the pseudo IC

vector error is used.

Fifth Card (Model's extended coefficient vector)

ALPHA(), I=1, 3
1.0 1.414 1.0

Using these input data cards and COEF in the ceomputer program gave

the solution ko = 0. 68, which corresponds to a clésed—loop transfer

function
y(s) _ 1
we)  (Leggs) [ E%Es ¢ (55)Y) (5-5)

The step response for this solution is compared to the specification
envelope in figure 5-5, which shows that it does not meet the specifica-
tions. The response is somewhat slow and has too little damping.
Position feedback alone is not sufficient.

Adding a velocity feedback is the logical next step for improving
the system response. Velocity and position feedbacks, as shown in
figure 5-6, would allow independent adjustment of the rise time and
damping. The Model PI design procedure will be repeated using the
same model but with this new feedback configuration.

The closed-loop transfer function for the position and velocity

feedback system is
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y(s) 2k
= 0 (5-6)

uls) s3 ¥ 3s2 + 2(1+k0'r)s + Zko

“

The only changes required to use the computer program for this case
are in the subroutine COEF and the first two data cards. In the sub-
routine COEF listed above change ACOF(2) to

ACOF(2) = PAR(2)

where PAR(2) is 2(1 + ko'r). One could use PAR(2) to be T with ACOF(2)
= 2.0 + PAR(I1)*PAR(2) just as well. On the first data card change K,
the number of free parameters, from 1 to 2 and on the second card add
an initial choice for the second free parameter, PAR(2).

The resulting computer solution* gave PAR(1) = 2.99 and PAR(2)
= 5. 21 which corresponds tok, = 1.5and 7= 1. 07. The closed-loop

0
transfer function for this solution is

y(s) _ 1

u(s) - (1 +-0—.1—9—s>[1 +—%-(1—?-'é%§ls + (—1-5-8-5)2] (5-7)

Figure 5-7 shows that the step response for this Model PI design of the

mecet the design specifications,

position and velocity feedback sysicin doe

0
(o]

The design problem is complete.

There is sometimes a tendency at this point in the design process
to judge the design obtained relative to the model even though it satisfied
the specifications. For example, in aﬁalyzing figure 5-7 one could argue
that some other design might match the step response of the model better
than the Model PI solution shown. That may indeed be true since figure
5-7 only compares the position time response, and the Model PI in this
example attempts to match the response trajectories in a three dimension-

al space, i.e. it tries to match position, velocity and acceleration.

This example was used in Chapter 4 to compare the optimization
algorithm used to the gradient method. The optimization paths from
three starting points to this solution are shown in figure 4-3b.
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Figure 5-7 Comparison of the Model PI Design Step Response to that

of the Model and Specification Envelope for Position and

Velocity Feedback

When comparing all three of these for the model and the Model PI

design in figure 5-8 one can see that the Model PI produces a reasona-

ble compromise in matching position,

Match-~

velocity and acceleration.

ing the model's position time response closer would produce larger er-

rors in velocity and acceleration.
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5.1.2 An Example for Frequency Response Specifications

When the specifications are given in the frequency domain, the

Model PI design procedure is the same as that illustrated in the pre-
vious section except for the method of establishing a model and com-
paring the resulting design to the specifications. Once a model is
selected it doesn't matter in the optirmization process whether it was
based on time or frequency domain spec_ifications. However the re;
sulting design has to be compared to and satisfy the specifications in
the form given. These differences are relatively minor and can be
illustrated by considering the same design problem as section 5. 1.1

but with frequency domain specifications.
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A feedback control is to be designed for the system shown in
figure 5-1 to form a positional servo that has a frequency response
within the envelope specified in figure 5-9. * The amplitude frequency
response envelope is a sufficient specification unless the system is non-

minimum phase. It is easier in general to establish higher order models

5
RASL) 0 Y
a(jw)
-5 F
DB /
-10 F Acceptable
Frequency Response
Envelope
_15 =
—ZO o
__25 Il 2 i 2 g ] . 1 ok
0.1 0.2 0.4 0.6 0.8 1.0 2.0

FREQUENCY ~RAD/SEC

Figure 5-9 Frequency Response Design Specification.

This design specification envelope was chosen specifically for this
example so that the model used in section 5. 1. 1 would also be a
logical choice here, which allows the desired points to be illustrated
with the minimum of redundant discussion.
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for this type of specifications than for step response specifications
because the asymptotes to the frequency response can be used as a
guide (Bodes's Theorem). Even so, the task becomes increasingly
more difficult as the model's order is increased. The breakpoints of
the asymptotes and the damping ratio of oscillatory modes completely
define the model's transfer function, excluding non-minimum phase
models, which is directly transformable into the extended coefficient
vector and pseudo IC vector needed in the Model PL. Since normalized
frequency response curves for first and second order systems are
readily available, e.g. references (9), (14), (15), and (44), it is wise
to consider one of these forms first as a possible model unless it is
obviously unappropriate. The frequency responses of a first and second
order system are plotted in figure 5-10 together with the design specifi-

cation envelope for this example. The first order system does not appear

5 P
Specification Envelope
y{jw) 0 —
u(jw)
-5 Fi
DB irst Order
Model
-10
Second Order
15 Model
._.20 -
_25 1 2 ] Iy J 1 O P |
0.1 0.2 0.4 0.6 0.81.0 2.0 4.0
FREQUENCY ~ RAD/SEC
Figure 5-10 Comparison of the Frequency Responses of
First and Second Order Models to Specification:
Envelope :
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tobe a good choice for the model. If the response of the closed-loop
control system closely matched this first order response over the
frequency range shown, the design specifications would not be satis-
fied. The second order system represented in figure 5-10 would be a
reasonable model over the frequency range considered. Therefore it
isn't necessary to go to a third order model in this case. The second
order system in figure 5-10 is the same model (5-1) used in section 7
5.1.1 Using the same model here means that the mechanics of the
Model PI design procedure are identical to the previous exam[ﬁle up to
the point of comparing the resulting designs to the specifications. ‘
Consider the case in which only position feedback is used. The
Model PI solution resulted in the closed-loop transfer function (5-5).
The corresponding frequency response is compared to-the frequency

domain specifications in figure 5-11. The peaking-up of the response

5T Specification Envelope
u(jw) 0 — AN —\
N /
\A/\\ \
_5 e \
DB Closed-Loop System ~ N
k, = 0.68 \
=10 0
N\
\
-15 Model
=201
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Figure 5-11 Comparison of the Model PI Design Frequency
Response to That of the Model and Specification
Envelope for Position Feedback
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above the envelope indicates that the system is too lightly damped and
thus position feedback alone is inadequate. Adding a velocity feedback
is again the appropriate action for improving the response. The fre-

quency response of the Model PI design for position and velocity feed -
back (5-7) is compared to the specification envelope in figure 5-12. It

satisfied the specifications so the design problem is complete.

5 ol
Specification Envelope
y(je) —~ /
u(jw) 0
._5 =
DB Closed-Loop System
k0= 1.5 7= 1.07 sec.
-0
=151 Model
=201
_25 1 2 1 2 1 " J T |
0.1 0.2 0.4 0.6 0.81.0 2,0 4.0

FREQUENCY ~ RAD/SEC

Figure 5-12 Comparison of the Model PI Design Frequency
Response to That of the Model and Specification
Envelope for Position and Velocity Feedback

It is interesting to note that the Model PI solution has a fre-
quency response that matches the model's frequency response very
well in figure 5-12. Even in figure 5-11, where the design is unsatis-
factory, the Model PI solution tends to balance matching the model's
frequency response in the low and high trequency ranges. This imperi

cal observation will be discussed in section 5. 2 in comparing the
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Model PI and model-referenced ISE design methods.

5.2 Comparison to the Model-Referenced ISE Method

The basic concept of the model-referenced ISE method for
designing linear control systems is illustrated by the functional block
diagram in figure 5-13. In this approach the performance index is a
measure of the error between the time response of a linear model,’
representing the desired closed-loop response, and the actual closed-
loop system time response. The input to the system is also fed into
the model and the two resulting outputs are compared to form an error
signal. The performance index is taken to be the integral of the squared
error over the time interval 0 to 0. Minimizing this ISE with respect
to the free design parameters tends to make the system's time response
match that of the model.

This process can be implemented directly for each specific de-
sign problem on an analog or hybrid computer, e.g. see references
4, 22, 23 and 24. The parameter adjustment procedure for minimizing
the ISE is usually mechanized as some form of steepest descent. Each
time a test input signal, such as a unit step, is applied the local gra-
dient of the ISE with respect to the free parameters is computed. The
parameters are adjusted during the transient in the direction that would
decrease the ISE. This process is repeated until the value of the ISE
is judged by the designer to be sufficiently close to a minimum point,
or, equivalently, the gradient of the ISE is sufficiently close to zero.
The distance traveled towards a minimum point during each transient,

i. e. the step size, is usually adjusted manually by the designer to give
good convergence and prevent a possible unstable parameter adjustment
loop. High speed, repetitive operation computers are ideally suited for
this procedure. Once the design problem is mechanized and checked
out on the computer, minimizing the ISE for the particular compensa-
tion configuration chosen can be done rather quickly.

There are several ways to implement the concept represented
in figure 5-13 on a digital computer. One way is to use a digital compu-

ter program equivalent to the above analog procedure with some logic
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added for step size control and the stopping condition. A second way is
to follow the approach described in Newton, Gould and Kaiser (15) to
first obtain an algebraic function for evaluating the ISE in terms of the
free parameters, then use a numerical optimization algorithm (21) to
find a minimum point of the algebraic function with respect to the para-
meters. This second method is probably the one most often associated
with control system design by parameter optimization. Both of these
digital computer methods and the analog or hybrid computer method
require reprogramming for each new design problem. However, by
formulating the model-referenced ISE design method in state-space form
and by appropriately redefining certain terms, it is possible to use the
general digital computer pr.ogram described in Appéndix B for numerous.
design problems. It only requires changing two simple subroutines and
the input data cards to change from one design problem to another when
using the model-referenced ISE performance index. In addition to
simplifying the implementation, this provides a common basis for com-
paring the Model PI and model-referenced ISE des'ign metﬁods.

The state-space formulation of the model-referenced ISE con-
cept is presented in the following section and related to the general
computer program. Then, in section 5.2.2, a control system example
is designed by both the Model PI and model-referenced ISE methods
using the computer program listed in Appendix B. The results are
compared and discussed along with some general subjective comments

on the two design methods in section 5. 2. 3.

5.2.1 State-Space Formulation of the Model-Referenced ISE Method

The closed-loop control system and the model can be represent-

ed as autonomous systems in state-space notation (see section 3. 1) as

x,(t) = Fx (t) (5-8a)
ve(t) = hix (t) L (5-8b)
x,(0) = X, (5-8c)



and

x(t) = F oz, (5-9a)
vt = F_x (t) + Ves (5-9b)
§m(0) = Emo (5-9c¢)

respectively, where the subscripts s and m denote the closed-loop
system and model respectively, the scalars ys(t) and ym(t) are the
output variables, Ves is the steady-state value of both ys(t) and ym(t),
and the vectors _l}s and -llm are defined as

R o= [1 ) o
by [ ] (5-10)

Roo= [1 ) 0]

with the null vectors appropriately dimensioned. The co‘efficieﬁt
matrices, Fs and Fm’ are in the phase variable form (3-11) and the
pseudo IC vectors, X and §m0 are of the form (3-14). The closed-
loop system is nth order and the model is £th order.

Define a partitioned, (n + £) X 1 state vector, x(t), as

x(t) = |- T (5-11)

Equations (5-8a) and (5-9a) can be combined and written in terms of

_}_c__(t) as
x(t) = Fxt) (5-12)

where F is an (n + £) X(n + £) partitioned matrix
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F o= |--=-b--- (5-13)

and the O's are appropriately dimensioned null matrices. The pseudo

IC vector for (5-12) is

(5-14)

-

The error, e(t), between the model and closed-loop system output

variables, i.e.

e(t) = ym(t) - Ys(t) (5-15)
= hx, 07 R ()
can be written in terms of x(t) as
e(t) = h'x(t) (5-16)
where
b= (b | hy) (5-17)

The model-referenced ISE performance index is defined as
: © 2
I = g [e(t)]” at (5-18)
<0

Using (5-16) in the above definition gives
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0 2 poo
I = g [ h'x(t)]” dt =j [x'(t)hh'x(t)] dt (5-19)
0 0

Then defining an (n + £) X (n + £) matrix Q as
Q = hht! (5-20)

the model-referenced ISE performance index can be written as

% 2
= S Ixe ] at (5-21)
0 Q

The optimization portion of the model-referenced ISE design
method can be interpreted as minimizing (5-21) with respect to the
free design parameters with x(t) constrained to satisfy (5-12) for the
pseudo IC (5-14). This is essentially the same form that was used in
Chapter 4 in the derivation of the numerical optimization algorithm
used in the general computer program of Appendix B. Eqﬁation (5-21)
is the same as the quadratic function (4-2) and can be evaluated from
equations (4-3) and (4-4) or (4-8). The derivation in section 4. 2 of
the necessary condition for a local minimum applies here up to the
point where the variation 8F is expressed in terms of the variation in

the parameter vector, 6p (4-25). The structure of F in this case is

¥ S i e o e e i e o e - (5—22)

where o is the model's coefficient vector and a is the closed-loop
system's coefficient vector which is a function of the free parameters,

i.e. a = a(p). Then the variation in F due to a variation in p is
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SF = e, 8p'A! (5-23)

where ¢ isan(n + £) X1 vector defined as

n+4

£y [0 0 0 ---- 0 1] (5-24)

and A is defined in this case as

A= | o 1 Babp (5-25)
i\ op

where O is an appropriately dimensioned null matrix. Using (5-23) in
place of (4-25), the necessary condition for a local minimum is the

same as (4-29) except that_gn must repleu:e_sn in (4—29c). Since the

+4
direct gradient evaluation method of section 4. 3 was obtained directly

from the necessary condition derivation, the iterative scheme given by
(4-44), w1th_e_nJr

can be used here also.

g replacing ¢ and other quantities defined as above,

The important point of this development is that the basic form
of the numerical optimization procedure is the same for both the Model
PI and the model-referenced ISE and furthermore this form is indepen-
dent of the specific design problem. A digital computer program can
be written for the general form and check-out once. After that, it can
be used for many design problems. The data required for a specific
design problem are quite easily entered into the general program. The
details for applying the program with the model-referenced ISE per-

formance index are presented in section B. 3 of Appendix B.

5.2.2 Comparison of a Design Example

The example considered is the design of a positional servo
similar to that in section 5. 1. 1 but with a higher order description of
the plant. A functional block diagram of the open-loop system is shown
in figure 5-14. The plant contains complex zeros located on the imagi-
nary axis and complex poles with very low damping. This oscillatory

mode has a significant residue and cannot be neglected. The design
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Control

Power Element Plant :
Control S Control Sp [1 + (;bi)Z] Plant
Signal, PE Force - _ zZ Output
(1 + Tpp8) s(1 + Tps) [1 +-203§"-s +(%)2]
Spgp = L0 Sp = 1.0
TPE = 0.5 sec. w, = 3,0 rad. /sec.'
T ~ 1.0 sec.
t = 0.01
w = 5.0 rad,'/éec.

Figure 5-14 Functional Block Diagram of Open-Loop System

specifications are assumed to be the same as for the example in section
5.1.1, that is, the step response of the positional servo must lie within
the envelope shown in figure 5-2.

For comparative purposes, it is desirable to use the same model
in both the Model PI and the model-referenced ISE design procedures.
According to table 3-5 for systems with zeros, it would be preferable
to use a model with the same structure as the cldsed—loop system, i.e.
in this case a fifth order model with two zeros. But the computational
effort in the model-referenced ISE procedure increases as the order of
the model Aincreases* so that a lower order model woﬁld be advantageous

to that design method (the order of the model does not affect the

¥*

The justification for this statement and its importance are discussed
subsequently in section 5. 2. 2. 3.
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computational effort in the Model PI method). A third order model seems
to be a reasonable compromise on which to base a comparison of the two
methods. With the aid of the non-dimensionalized graphs of step re-
sponses for third order systems in reference 49, the following model

was easily established to represent the design specifications:

Y (s) :
als) (1+ s) [1-+3%Q§113 ¥ (3?5)2]

12. 22 (5-26)
s> + (5.9)s% + (17.12)s + (12.22)

The step response for the model (5-26), as shown in figure 5-15, does

lie within the specification envelope.

e @&
|
P OSITION /

OUTPUT ) TTe—

y(t)

Specification Envelope

Model

TIME ~ SEC

Figure 5-15 Step Response of a Third Order Model Compared to
Specification Envelope
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By comparing the open-loop; system considered here, figure
5-14, to that in section 5.1.1, figure 5-1, one can see that the previous
example is an approximate design for this 'example Based on the dominant
lower order effects. Since it was necessary to use both position and
velocity feedback to obtain an acceptable design in the previous example,
the same feedback configuration will be assumed here, i. e., that shown
in figure 5-16. The closed-loop transfer function for this feedback

configuration in terms of the free parameters, kg and T, is

yls) kg2 (s2+09)
= (5-27)
u(s) D(s)
where
D(s) = s° + (3.1)s* + (27.3 + ég-ko'r)s&
P (752 + 2k )s? + (50 + 5Ok 7)s
b (50k,) (5-28)

5.2.2.1 Model PI Design

Table 3-5 indicates that for this system-model combination the

simpler forms of the Model PI,

g0 2
PI = Y | &z(t) || _ dt (5-29)
J0 Q

can be used. The & defining 5 for the model {5-26) is
a = [1l2.22 17. 12 5.9 1 0 0] (5-30)

The subroutine COEF for this design problem is
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SUBROUTINE COEF(ACOF, BCOF, PAR)
DIMENSION ACOF(1), BCOF(1), PAR(1)

BCOF(1) = 9.0%PAR(1)
BCOF(2) = 0.0

BCOF(3) = PAR(1)

ACOF(1) = BCOF(1)

ACOF(2) = 9.0%PAR(2) + 50.0
ACOF(3) = PAR(1) + 75.2
ACOF(4) = PAR(2) + 27.3
ACOF(5) = 3.1

RETURN

END

where PAR(1) is (50/9)k0 and PAR(2) is (50/9)k0'r. The input data card
set-up follows that illustrated in section 5. 1. 1. »

Starting from an initial choice of ko= 1.0and 7= 1. 45, the
computer solution for the Model PI design procedure was kg = 1.59 and

7= 1.30, which gives a closed-loop system transfer function of

y(s) [1 + (_g_)z]

u(s) ) (1 +(—)-:-17—1-s)[1 +A(%§Lé£)Ls + (—1—-8—8—6—>2}[1 + i((-s(—).'—%—bls + (—537)2]

(5-31)

The step response for this solution is compared to the design specifica-
tion envelope in figure 5-17, which shows it to be an acceptable design.
In this example, the specifications are assumed to be given éompletely
by the step response envelope so that the lightly damped, higher fre-
quency mode oscillation apparent in figure 5-17 should not be considered
objectionable. I such an oscillation were unacceptable the design speci-
fication would have included an additional requirement such as a mini-
mum damping ratio for all oscillatory modes. To increase the damping
of the higher frequency mode would require additional compensation,

but since that is not a requirement for this example, it will not be pur-

sued further.
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1.0 [ T ‘ ‘?

POSITION o sk /
: Closed-l.oop System
OUTPUT k0 = 1.59 7= 1.30 sec.
y(t)

Specification Envelope

TIME ~ SEC,

Figure 5-17 Comparison of the Model PI Design Step Response
to the Specification Envelope

5.2.2.2 Model-Referenced ISE Design

When using the general computer program with the model-
referenced ISE performance index it is necessary fo use subroutine
CALSYS MOD 3, in place of CALSYS MOD 1 (see section B. 3 of
Appendix B). All of the required modifications to the optimization
algorithm indicated in section 5. 2. 1 are performed in CALSYS MOD 3.
In this procedure the model’s characteristics enter the program through
a subroutine COEFM used in CALSYS MOD 3. The subroutine COEFM
for the model (5-26) is
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SUBROUTINE COEFM (ALPHA,BETA, NM, MM)
DIMENSION ALPHA(1l), BETA(1)

NM = 3

MM = 0

BETA(1) = 12.22
ALPHA(1) = 12.22
ALPHA(2) = 17.12
ALPHA(3) = 5.9

RETURN

END

where NM and MM are the number of model poles and zeros respectively,
BETA(]) is the numerator coefficient of (5-26) and ALPHA(IL), I=1,2,3
are the denominator coefficients of (5-26). The functional relationships
of the closed-loop system transfer function coefficients to the free
parameters, i.e. the coefficients of (5-27) and (5-28) enter the program
through the same subroutine COEF used in the Model PI design, section
5.2.2. 1. _

The input data card set-up follows the format described in
section B. 3. 1. Note that the integer N required on the first data card
is the order of the system plus the order of the mode, i.e. N=n + { =
5+ 3= 8. This is necessary because the main program is written
to find the minimum of a general quadratic functional of the form given

by equation (4-2) or (5-21), repeated here

00
I = S x| at (5-21)
0 Q

in which the dimension of the state vector, x(t), is N. In the Model PI
procedure N was the order of the closed-loop system, n, but in the
model-referenced ISE procedure the vector, x(t), defined by (5-11),

is of dimension (n + £).

Starting from an initial choice of k, = 2. 2and 7= 1.0, the com-

0
puter solution for the model -referenced ISE performance index was
kO = 4.19 and 7= 1. 20, which gives a closed-loop system transfer

function of
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y(s) [1 + (_g_)z]

o (e[ B (o R ()]

‘ (5-32)

Figure 5-18, in which the step response for this solution is compared
to the design specifications, shows that it is an acceptable design. The
comments made in section 5. 2. 2. 1 about the lightly damped, higher

frequency mode apply here also.

l.2¢
/ 1 § .
1.0 :
|
POSITION | .
0.871
Closed-Loop System
UTPUL k. =4,19 7= 1.20 sec.
0.6 0
y(t)
0.4
Specification Envelope
0.2
O 1 s 1 i 1 1 ¢
0 1 2 3 4 5 6 7 8

TIME ~ SEC.

Figure 5-18 Comparison of the Model-Referenced ISE Design
Step Response to the Specification Envelope
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5.2.3 Comparison of Results and Discussion

Both procedures resulted in a positional servo design satisfying
the specifications, so what should be the basis for comparison? From
the customer's viewpoint the two designs are equally ac‘c‘eptable. When
using a parameter optimization method in general to synthesize a control
system to meet engineering specifications, the design process is’not
complete until the specifications are met even if several design iterations
are necessary. Ultimately the basis for comparison has to be the rela-
tive efficiency of successfully applying the techniques. In this specific
example, that basis reduces essentially to the relative efficiency of the
digital computation task for each method. Definite conclusions can be
drawn from this comparison that are indicative of the two procedures
in general. )

Up to the point of preparing the subroutines COEF and COEFM
and the input data cards the two procedures are the same. The difference
in effort to prepare these is negligible. But there is a substantial dif-
ference in the computational effort required to obtain the two designs.
This effort can not be measured fairly in terms of the total elapsed
computer times from the starting points to the final designs because
those depend too heavily on the starting points, i.e. the initial choices
for the free parameters. A fair measure of the relative computation
effort is the ratio of the times required to compute one averaged gra-
dient step. During the execution of the digital computer program in
each of the above design processes the computer was instructed to
print out the elapsed time for one averaged gradient step. In the Model
PI approach the elapsed time was about 25 seconds and in the model-
referenced ISE approach the elapsed time was about 110 seconds. Using
these numbers as an indication of their relative computational times
means that the model-referenced ISE method was about 1/4 as efficient
as the Model PI method in terms of computational effort. This is due to
the fact that the Model PI procedure does not have to compute any terms
involving the model's time response whereas the model-referenced ISE

procedure does.
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It is possible to establish a rough estimate of the relative
computational effort for a general design problem in terms of the
orders of the system and model, n and £ respectively. By far the most
time consuming portion of the optimization algorithm is the evaluation
of the performance index and its gradient. This results from the numer-
ous multiplications involved in numerically integréting two N X N matrix
equations of the form (4-44c) and (4-44d), where N is the dimension of
the state vector appearing in the quadratic performance index. The
number of multiplications involved in multiplying two N X N matrices,
which is done repeatedly in the Runge-Kutta numerical integration
scheme, is N3. For the Model PI the dimension is N = n and for the
model-referenced ISE the dimension is N= n + £ so that a rough estimat¢

e

of the relative computation times is given byﬁ -

= (5-33)

Model PI Compute Time n3
(n + ‘1)3'

Model-Ref. ISE Compute Time

In the example considered here, equation {(5-33) giVes

n’ _ 53 _ 125 . 1

(n+2)° (5+3)° 512 %

(5-34)

which checks with the actual time measurements stated above.

It should be pointed out that this relative computation effort is
essentially independent of the optimization algorithm used once the
performance index and its gradient are evaluated. The averéged gra-

dient direction algorithm used in the computer program described in

It is possible to write a more efficient algorithm for the model-
referenced ISE method than the one used here, by substituting (5-13)
into equations (4-44c) and (4-44d) of Chapter 4 andusing the resulting
partitioned equations. In that case the similar rough estimate of the
relative computation times is given by

3

n
[n3 + [3 + %(nzf + nﬂz)]

the trend would be the same as discussed here but not as severe.
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Appendix B was not proposed as the most efficient one. More efficient
techniques could reduce the number of steps required to reach a mini~
mum point, thus reducing the total computation task for either per-
formance index. The relative effort considered here results from the
manner in which the model enters the computation of therperformance
index and its gradient so that the relative computation effort would still
be given approximately by (5-33).

The importance of the relative computation effort may not be
fully realized until considering an extensive control system design task,
such as designing a flight control systern. Because of the wide range
of flight conditions, weight, center of gravity locations, and flight
configurations (flaps, landing gear, speed brakes, Aexternal store, etc.) .
the total design problem involves applying the computer program
numerous times to meet the specifica‘tions under all these conditions.
Depending on the order of the closed-loop flight control system and model
used, the savings in computer time at each test condition using the Model
‘PI could be anywhere from 20% to 85% over that r-equired Ausing the
model-referenced ISE method. In such a large design problem this
would represent a substantial rrionetary savings. |

Comparing the overall efficiency of successfully applying the
two methods would in general involve other factors in addition to the
computation times. The order and structure of the model selected,
the difficulty in establishing an appropriate model, and the manner in
which the design procedure tends to match the model are some of the
other important fé,ctors. These are strongly dependent on the particular
design problem considered. However some interesting points can be
illustrated by comparing the manner in which the two designs in this
example tend to match the model in both the time and frequency domain.

The position, velocity and acceleration time responses of the
positional servo for a step input are compared to those of the model in
figures 5-19 and 5-20 for the Model PI design and the model-referenced
ISE design respectively. By comparing these figures one can see that
the Model Pl design attempts to obtain a balance among matching all

three time responses whereas the model-referenced ISE design emphasizes
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matching the position time response, as would be expected. This
tendency of the Model PI design is a result of the Model PI attempting

to match the model's response trajectory in its extended state space.

This characteristic of the Model PI can aid the designer in selecting an
appropriate model. Of course the model-referenced ISE method can be
used in a more general form, including the errors in velocity, accelera-
tion and higher derivatives, to produce a design that compromises between
matching several variables as with the Model PI design. In fact, if the—
weighting factors used in such a general form are selected to be equiva-
lent to those defined by Q in (3-36) used in the Model PI then the resuli-
ing design would be identical to the Model PI design (this was proven in
Chapter 3).

The frequency responses of the two designs are compared to that
of the model in figures 5-21 and 5-22 respectively. The point illustrated
in comparing these figures is that the Model PI design tends to match
the model's frequency response over a wider frequency range then does
the model-referenced ISE design. It also tends to attenuate the h.igher
frequencies more than the model-referenced ISE design. These charac-
teristics are obtained at the expense of a poorer match in the low fre-
quency range.

In comparing these two methods, one additional point is worth
mentioning. It is more concerned with the process of teaching the
design methods than applying them to practical problems. Instructors

" have been known to assign design examples as home problems to illus-
trate a particular design method. Examples using the model-referenced
ISE method have to be restricted to almost trivial design situations be-
cause the analytical solution and hand computation of a somewhat realis~
tic problem involves an unreasonable amount of tedious work for a home
problem. This is easily illustrated by considering theapproach described
in Newton; Gould and Kaiser (15) for a third order system with two free
design parameters and a second order model which is about the simplest
problem that is somewhat realistic. A fifth order tabulated integral,

15, of the form shown below would be required to evaluate the perfor-

mance index.
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1
o 2 A 2 .
I, = 28, [c4m0 + (c3 2(:204)m1 + (c2 : 2c1c3 + Zcoc4)m2
+ (cz - 2¢c,c.)m_ + czm ¢ ’ (5—35)
b | 0273 074 .
where
1 1
m = ’d—s—(d3m1 —dlmz) m, = 'a;(dzmz—d4ml
1
m,; = -dod3 +d1d2 m4 = *d-(;(dzm?’ d4m2)
m, = -d0d5 + d1d4 AS = do(dlm4 - d3rn3 + dSmZ)
The coefficients c; i=o0, 1, 2, 3, 4 and dj’ j=0,--++,5 are functions

of the model' s numerator and denominator coefficients and the system's
numerator and denominator coefficients which are, in turn, functions

of the free design parameters. To minimize I5 with respect to two free
parameters is not a reasonable task to do by hand. This same example
formulated with the Model PI would involve solvinga 3 X 3 matrix
algebraic equation (4-14) to form the PI(4-13) then minimizing this PI
with respect to the free parameters. This is equivalent to minimizing

a third order tabulated integral, i.e.

2 2 2
c’d.d, + (¢ —-2c¢c,c,)d.d, +c.d. d
I _ 2071 1 072" 7073 07273 (5-36)

, ®
2dd,(~d d, + dld.z)

Comparing (5-35) and (5-36) illustrates dramatically the difference
in effort between the two approaches. Examples of the Model PI method
with up to fourth order systems and models could reasonably be given
as home problems, whereas reasonable examples of the model- |

referenced ISE would be restricted to no more than second order systems

and models.
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5.3 Some Parameter Constraint Methods

It may be necessary in some design problems to limit the
range of specific free design parameters or possibly of a function of
the parameters. The necessity for this may .arise from various sources.
If sufficient free parameters are allowed in a design problem where the
model is of lower order than the system, then the optimization solution
tends to make one or more parameters infinitely large, except in cases
where pole-zero cancellation occurs. To be of any practical value, some
limit must be set on the parameters that tend to get very large. Or the
constraint on parameters may be directly related to economical hard-
ware implementation. For example, by limiting the allowable ranges
of the compensation parameters the design might be implemented with
a passive network whereas exceeding these ranges might require an active
compensation network, which would be more expensive. Or the open-
loop gain may have to be larger than some minimum allowable value
required to satisfy a steady-state disturbance specification. In g‘eneral
this would place a constraint on a function of the free parameters since
the open-loop gain may depend on several parameters.

There are several ways that parameter constraints can be in-
cluded in parameter optimization problems. The methods considered
here are divided into two categories: "hard" constraint methods; and
" soft" constraint methods. In Yhard" constraint methods one sets up
an inequality relationship that is a mathematical representation of the
desired parameter range limitations. Satisfying this inequality then
becomes a rigid requirement in the optimization process. In the
" soft" constraint methods, one augments the original performance index
with a function of the free parameters that tends to force the parameters
to lie within the allowable range by penalizing large excursions outside
the range.- Since the methods considered do not depend on the particular
performance index used, the treatment will be for a general performance

index, I, which is a non-negative function of the free parameter vector,

p, i.e.

I = Ip) (5-37)
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This can represent the Model PI, the model-referenced ISE, or some -

other performance index.

5.3.1 "Hard" Constraints

Assume that the desired restrictions on the design parameters

are adequately represented by

fp) = 0 (5-38)

for example (5-38) might correspond to the set of inequality constraints

p, - -p
.. 1 0
P, — P A
2 min j 0
flpy = | 77— - —— T T = (5-39)
P, TPy 0
max .
Kon(Py:P3) = Ky, 0
min

where Py» Py and py are free parameters and K is the open-loop gain.

OL
The optimization problem: is to find the value of p that minimizes

I(p) subject to the inequality constraint {(5-38). This problem has been

treated extensively in the literature (20). One procedure based on the

classical method of Lagrange for constraints is the following:

At the current value of p test the inequality (5-38). Compo-
‘nents of f(p) satisfying the inequality are neglected. Com-
ponents of f(p) violating the inequality are set equal to zero
and the standard L.agrange method for equality constraints
(50) is used for those components of f(p). At the next

value of P the process is repeated.

Note that the test must be made on all components of f(p) at each
value of p because it is possible for the optimization path to go along
a constraint boundary for a while then come off it. That is, once a

boundary is reached, one can not assume that the equality in (5-38)
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holds from then on. Other "hard" constraint procedures are reviewed
in reference 20.

It is difficult to allow for arbitrary " hard" constraints in a
general computer program, such as that in Appendix B, because they
involve providing special logic within the optimization algorithm that
depends on the specific constraints used in the design problem. " Soft"
constraint methods aré shown in the next section to be more convenient

in that respect.

5.3.2 "Soft" Constraints

Assume that the desired restrictions on the design parameters

are represented by
Emin =glp) = Emax (5-40)

for example (5-40) might correspond to the sets of inequality constraints

[~ 1 T Py | Py ]
_ max
P, = Py = |Py (5-41)
min max
KoL_ . KorL(Py: P3) 0
L min L ] 5 J

which is equivalent to (5-39). Clearly one can always transform an
inequality of the form(5-38) into the form (5-40) and vice versa. The
object of a " soft" constraint is to penalize values of g(p) that are out-
side the desired range given by (5-40). This is done by defining a scalar
penalty function, ¢['g_(_e)] , that has a relatively small value within the
desired range and a relatively large value outside the desired range,
then augrﬁenting the original performance index (5-37) with c])[_g(p)],

i. e.

I = ¢[gp)] + Lp) (5-42)

Minimizing (5-42) is similar to minimizing the original performance
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index as long as g(p) is within the desired range since q)[g(p_)] is
small there. If g(p) is outside the range (5-40) then the first term
in (5-42) tends to force (g(p) towards the desired range when (5-42)
is minimized. '

There are many functions that could be used as a penalty function.
The most common one used is a quadratic function. In some problems
a quadratic penalty may be too " soft" in which case one may want to
use a quartic penalty or an exponential penalty. To illustrate the
relative penalty these impose, consider a situation in which a parameter,
p, which is known to be positive, is to be restricted to a value less than

Pmax’
would be

Appropriate quadratic, quartic and exponential penalty functions

-

2
0y = o (5-43)
max
o 4
by = 3 (5-44)
max
¢ = explp-p_ ) (5-45)

Figure 5-23 shows a comparison of these as a function of the parameter
value for Prax ~ 10. The exponential function is clearly the best if a
very sharp constraint is desired.

General forms for quadratic, quartic and exponential penalty

functions representing (5-40) for finite -g-min and Biax 2TC
2
g; ~zlg;  tg )
o la@] = T, mex = mW (5-46)
=1 zlg; -e )
max 'min
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(5-47)

[exp{c (g; ~ g
m

¢ [e@] = rpci
1.__'

x)}'fexp{ci(gan.,-'gg}]

1 a in
(5-48)
8r ' /
7% Exponential l ) //
¢ '
e /
5F X // ~Quartic

¢4
| [/

\Quadratic
¢Z

0 2 4 6 8 10 12 14 1¢ 18 20

Figure 5-23 Comparison of Quadratic, Quartic and Exponential
' One-Sided " Soft" Constraints
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where p is the number of elements in g(p), the ‘ci‘ s are constants that
establish how sharp the exponential penalty is, and rpc is a weighting
factor for the parameter constraint contribution to the performance
index. The weighting factor rpc must be selected so that ¢ is actually
small compared to I(p) when g(p) is within the desired range (5-40)}.

"Figure 5-24 illustrates the relative penalty imposed using these " soft"

8¢ \ i Desired ) |
\ y Parameter I
7r \ Range , , Quartic
\ N " ,/ ¢4
5 Exponential l
b N
4%
3 (e
2 b
1 o
s £ - J
0
-50 200
p
Figure 5-24 Comparison of Quadratic, Quartic and Exponential

Two-Sided " Soft" Constraints

constraints for an example where g is a scalar parameter, p, and the

desired range is 20= p = 120. Using the exponential form can actually
provide as sharp of a constraint boundary as desired by choosing a

sufficiently large value for ¢ in (5-48).
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Arbitrary " soft" constraints can be allowed for in a general
computer program for control system design quite easily. Since the
augmented performance index (5-42) is linear with respect to ¢ and
Ip) its gradient is also linear with respect to V¢ andVI(p). The terms
¢ and V¢ can easily be computed in a subroutine and added to I(p) and
VIp) in the main program. Then to use a "soft" constraint in a
particular design program only involves writing a subroutine for com-
puting ¢ and V¢. If ¢ is one of the forms (5-46) - (5-48), its value
and V¢ are analytical functions that are easily programmed and com-

puted. The gradients corresponding to (5-46) - (5-48) are given by

3¢2[E(R)] i gi - E(gi + gi . ) og.
_ 8r
pc

- max min i (5-49)
9p. =1 (g. -g )% |op.
J 'max 'min J
1 3
8¢, 2(p)] [gi -zlg,  teg ):] g,
- 48rpc max min 1 (5_50)
ap. i=1 (gi - g )4 op.
J max min J
3¢ [ g(p)]
—_—— o rpc Ci. [exp{ci(gi-fgi )}
— max
op. i=1
J
agi
- exp {Ci.( gl - gl)}] (5—51)
min op.

J

where pj and _8¢/Bpj are the jth components of p and V¢ respectively.
This is the general approach recommended for including para-
meter constraints in the program listed in Appendix B. The subroutine
DELPC is provided for in the main program for this purpose and the
weighting factor rpc is named RPC. To include "soft" parameter
constraints in a particular design problem RPC must be given some
nonzero value and the user must write an appropriate subroutine

DELPC (see section B. 1 of Appendix B).
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CHAPTER 6

FLIGHT CONTROL SYSTEM APPLICATION

The Model PI is applied in this chapter to the engineering
design of three flight control system examples. Chapter 2 is an im-
portant prelude to these examples since the emphasis here is on the
relationship of realistic design requirements to the synthesis process.
The type of design problems illustrated involve the pilot maneuvering
loop, as referred to in Chapter 2, and hence involve aircraft handling
qualities requirements. First a simplified pitch damper system is
designed to provide Satisfactory to Good longitudinal handling qualities
for the X-15 aircraft. The second example is the design of a complex
lateral~-directional stability augmentation system for the X-15 aircraft,
which illustrates the Model PI design methods for multivariable systems.
Finally, a pitch axis control system is designed for a VI OL aircraft
in which the pilot's control stick commands the aircraft!s velocity with
respect to the ground. The design specifications of this latter example
includes handling qualities requirements and velocity step response

requirements.

6.1 Simplified Pitch Damper Design for the X-15 Aircraft

An example of a simplified pitch damper for the X-15 aircraft
that was designed by linear optimal control in references 27 and 28,
is redesigned here using the Model PI. The objective is to produce
Satisfactory longitudinal handling qualities at one flight condition. The
present problem formulation differs from that in references 27 and 28

in respect to this objective. These previous works were primarily
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interested in illustrating the form of the linear optimal control
solution and did not state any design objective. Here, the emphasis is
on meeting realistic design criteria for such a flight control system.
Figure 2-2, which was developed basically for this type of vehicle, is
used as the handling qualities criteria. Other factors affecting the
longitudinal handling qualities, mentioned in section 2. 1.1. 1, are.
assumed to be satisfactory.

Only the rigid body, short period longitudinal dynamics at one
flight condition are considered. Small perturbations about the equili-

brium flight path are described approximately by

q = qu + Maoz + M&a + M6h6h
a = q - Laa - L6 6h (6-1)
h
_ N 3
n = z (q — a)
where
q is the pitch rate
a is the incremental angle of attack
n is the normal acceleration
6h is the incremental deflection of the horizontal
stabilizer
M, M, M., M_ , LL and L are constant, dimensional
q @ o 6h o 6h

stability and control derivatives.

The X-15 pitch axis control is obtained from all movable hori-
zontal stabilizers (51). The combined dynamics of the pitch damper
servo and horizontal stabilizer hydraulic actuator is represented in

this example by a single first order lag, i.e.

... = = 1 5.+ 1 s (6-2)
T T
where
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) is the incremental command input to the pitch damper
C servo

oy

T is the equivalent time constant

Using the value of 7= 0. 15 as assumed in reference 28, gives a trans-

fer function

6h(s) 1
6hc(s) = (1 +0.15s)

(6-3)

The numerical values used in reference 28 for the X-15 at a
Mach number of 4. 8 and an altitude of 77, 000 feet (configuration and
weight not specified) are listed in table 6-1.

TABLE 6-1

DIMENSIONAL DER.IVATIVES FOR THE X-15 AIRCRAFT
(From reference 28)

Mach Number = 4.8 Altitude = 77,000 feet
-1 _ -1

M = —-0.132 sec L = 0.277 sec

q -2 « -1
M = ~-17.1 sec L = 0.037 sec

el -1 6h
M. = -0.046 sec

@ -2
M6 = —-12.2 sec

h

Using these values results in an open loop X-15 pitch rate transfer

function of

als) ~0. 161 (1 o ;26) 62
- 2(0. 055) s \2 B
oy, (s) Lt =213 5 ° (4. 13)

which corresponds to a short period mode frequency, wsp’ of 4.13
rad. /sec. and a damping ration, ésp’ of 0.055. These values are
interpreted on figure 6-1 in terms of the longitudinal handling qualities

criteria as being Unacceptable. This would clearly indicate the need
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6
X-15 Short Period Mode
with the Pitch Damper Off
/
5F //
/ Good
/ (Ref. 37)
| o /
NATURAL
FREQUENCY ( /
\—/.
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w . \
sp
RADIANS Minimum Satisfactory
SEC (Ref. 34)
2 -
Minimum Acceptable
\
1k
0 : 1 1 1 U 1
0 1 2 3 4

DAMPING, gspu -~ SEC_I

sp

Figure 6-1 Longitudinal Handling Qualities of the X-15 Aircraft
(Pitch Damper Off) at Mach No. 4.8 and Altitude of
77,000 Feet)
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for a pitch damper system.

The design requirements for a pitch damper in this case are
only requirements on the closed-loop short period mode poles. Nothing
is stated explicitly about the pole due to the actuator or the system's
zeros, both of which affect the closed-loop response. The generai re-
quirements on these are implicit in the handling qualities criteria.
Criteria such as on figure ¢-1 are established based on tests in which
the short period mode is dominant. Any other modes such as that due
to the actuator must therefore have small residues compared to that of
the short period mode in order for the handling qualities to remain valid.
How small the actuator mode residue must be, is left to the designer's
engineering judgement. Chalk (39) has shown in a study on the effect of .
La/ and true speed that the zeros and static sensitivities of the short
period mode transfer functions affect the handling qualities. One con-
clusion was the La and true speed must be within the best range of
values as determined in the study, for criteria such as that on figure
6-1 to be valid. This example meets that requirements so that figure
6-1 is appropriate.

The first step in the Model PI design procedure is to select a
model to represent the design specifications. For the type of specifi-
cations in this problem it is convenient to work in the s-plane. The
criteria of figure 6-1 are transformed into the s-plane on figure 6-2.
Also the open-loop pitch response and actuator poles and zero are in-
dicated for reference. The cross-hatched region represents a
realistic design objective for the closed-loop short period mode poles.
Requiring " Good" handling qualities may place too severe of a re-
quirement on the damper system, but the designer would still try to
get as close to the Good region as feasible. Therefore the cross-
hatched region is as the design objective with the highest damping pre-
ferred.

Two design cases are computed using two different choices for
the short period mode model poles. These are shown on figure 0-2.
Model 1 possibly represents the most desirable choice, but the damper

gain may be too high. Model 2 would correspond to a lower damper
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IMAGINARY

Model 1 X-15 A)gIS
Short Period i '
Mode Poles
Model 2
Actuator Mode Poles
X-15 Zero -
Model Open-Loop \
c. 2 2 A ‘A lx 2 i A A i 1 40
-15 -14 -13 -12 -7 -6 -5 -4 -3 -2 -1

NEGATIVE REAL AXIS

Figure 6-2 Relationship of Poles for Models 1 and 2
to Longitudinal Handling Qualities Criteria

gain and still be a satisfactory solution. In each case the model includes
a pole for the actuator mode that is sufficiently far to the left to have lit-

tle effect on the handling qualities. The poles for the two models are

Model 1
S = ~1.0=%xj4.2
P (6-5)
s = =15.0
a
Model 2
s, = “2.0%j4.2
P (6-6)
s == 15,0
a
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where sSp and 5, refer to the short period mode and actuator mode
poles respectively.

The damper system configuration considered used pitch rate
feedback and a feedback around the servo actuator, as shown in figure
6-3. The two feedback gains kq and k6 are the free design
parameters. These are to be selected so that the closed-loop short
period mode poles are close to those of the model and the actuator mode
pole is relatively near that of the model. The closed-loop transfer

function is

q(s) ~-81.4 (s +.226)

- (6-7)
6 (s) 3 2
+ + +
hp s azs als ao
where
Servo-Actuator Aircraft
) )
T Y b | -12. 25 + 0. 226) q
o I »
s + 6, €7 s + 0.455s + 17.1

Figure 6-3 Block Diagram of Pitch Damper Configuration
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i

14 + 14k, - 18.4k
0 1 1 5 8 q
al = 20.13 + 3. 03k6” 81.4kq (6-8)
a, = 7.13 + 6.67k6

This design problem is an example of the special situation

discussed in section 3. 2. 2 in which the specifications are only

on the closed-loop poles and the zero is unaffected by the free parameters.

In such a case, the special form of the Model PI,

o0 2
PI = g | x(t) || . at (6-9)
0 Q

can be used. The model coefficient vectors for the two models are

obtained by forming their characteristic equations from (6-5) and (6-6)

respectively.
Model 1
3 2
s t+ 17.0s” + 48.64s + 279.6
(6-10)
a' = [279.6 48. 64 17.0 1] '
Model 2
3 2
s + 19.0s” + 8l.64s + 324.6
(6-11)

o)
i

[ 324.6 81. 64 19.0 1]

The problem is now set up in the form discussed in the previous

chapter to apply the general computer program for the Mode PI (Appendix

B). One need only to write the subroutine COEF to generate the coeffi-
cients (6-8) and punch the data cards for (6-10) and (6-11) for the appro-

priate model.

Solution for Model 1

An initial choice for the free parameters of
ke 0.9 deg/deg
kq -0.5 deg/deg per sec

11
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resulted in final values of

1. 315 deg/deg
-0. 288 deg/deg per sec

kg

k
q

The corresponding closed-loop transfer function is

als) ) ~0. 0683 (1-+0.326) 6-12)
DI () (R AR e

This solution is compared to the model and the design specifica-

tions on figure 6-4. The closed-loop short period mode poles are seen

IMAGINARY
AXLZ
Poles \ \"5
X No Pitch Damper \ B k
. . X-15 (N
With Pitch Damper
o by Model PI l
204 Model 1 , 13
Good /
Zero
(0] X-15 '// / T2
Sat Acc
T1
e E 1 A $ i x 2 L 'y i . L e_o
=15 -14 -13 -12 -7 -6 -5 -4 -3 -2 -1 0

NEGATIVE REAL AXIS

Figure 6-4 Comparison of Model PI Solution Poles for
Model 1 to Longitudinal Handling Qualities Criteria
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Figure 6-5 Time History Comparison of the Model PI Pitch

Damper Design to Model 1 for a 3 "g" Pull-Up
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tobe very close to those of the model and, more important, in the
region corresponding to Satisfactory handling qualities. It's interest-
ing to note that the pitch rate feedback gain for this solution is approxi-
mately the same as a gain setting of 4 in the actual X-15 aircraft. The
X-15 pitch damper gain setting range is from 1 to 10 corresponding to
a gain range of 0. 075 to 0. 750 deg per deg/sec (51). The gain, kq,
selected using the Model PI is certainly of a realistic magnitude.
Figure 6-5 shows the time response of q, «, n and 6h for a :1;
"g" pull-up maneuver for the dampers off X-15, model 1 and the dampers
on X-15 designed by the Model PI method. The dampers on case is
essentially the same as the model. The model's zeros are taken to be

the same as those for the X-15.

Solution for Model 2

An initial choice for the free parameters of

1.0 deg/deg
-0.6 deg/deg per sec

B}

kg

k
q

resulted in final values of

i}

kg

k
q

1. 620 deg/deg
-0.661 deg/deg per sec

The corresponding closed-loop transfer function is

- 0. 226)

th(s) i (1 * 13, 9)[1 Tt (4 74)2

This solution is compared to the second model and the design

q(s) ~0. 0588 (1+

(6-13)

specifications on figure 6-6. Again the Model PI solution is very close
to the model and near the Good handling qualities region. The pitch
rate feedback gain in this case corresponds approximately to an actual
X-15 pitch damper setting of 9, so that the gains are not unrealistic

in magnitude. The time responses for this solution presented in
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figure 6-7 show results similar to the first design, only more heavily

damped.
IMAGINARY
AXIS
< b
Poles
X No Pitch Damper 1°
o With Pitch Damper X-15 \

by Model PI
O Model 2

-’-4

\
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Zero
0 X-15 4 /
T2
/Sat Acc. r
--1
o G. 2 L ﬁ 4 x i 1 1 L L 'l _0_ O
-15 -14 -13 -12 -7 -6 -5 -4 -3 -2 -1 0

NEGATIVE REAL AXIS

Figure 6-6 Comparison of Model PI Solution Poles for
Model 2 to Liongitudinal Handling Qualities Criteria
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6.2 Lateral-Directional Stability Augmentation System for the
X~15 Aircraft

Design of a multivariable flight control system by the Model PI
method is illustrated here by an example that was previously treated in
references 27 and 28 by linear optimal control theory and in reference
24 by the model-referenced ISE method of parameter optimization. The
treatment presented here differs from these previous works in respect
to the design object, as it did in the pitch damper example of section
6.1. In references 24, 27, and 28 the design objectives were to match
the transient responses of a linear model to an initial condition in side-
slip angle and to an initial condition in roll rate. The model used cor-
responds to the dynamic characteristics of a T-33 trajiner modified to
have generally good handling qualities. . While one might state quali-
tatively that producing a design with transient responses similar to
those of the model for the same initial conditions is generally desirable,
one must still check the actual handling qualities characteristics. of the
resulting design against the appropriate criteria of the form discussed
in section 2. 1. 1. 2. The approach taken here in the Model PI design is
fundamentally the same as that discussed in Chapter 5. In this example
the design specifications are in the form of lateral-directional handling
qualities criteria. Starting at this point, models are selected to repre-
sent the criteria. Then a SAS design is synthesized using the Model PL
Finally the design is judged by the actual handling qualities criteria.

The discussion at the beginning of section 3. 2. 3 in Chapter 3
on the formulation of multivariable control system design problems is
quite pertinent to this example. Although it is most accurately formu-
lated as a multivariable design problem, one can obtain a fairly good
design by treating instead the design of a simplified single input/output
system representing only the poles of the actual system. This approxi-
mate design approach will be presented first. Then two of the three
methods for designing multivariable control systems proposed in sec-

tion 3. 2. 3 will be illustrated.
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6.2.1 Problem Formulation

Generally an aircraft! s lateral-directional motion for small

perturbations can be described approximately by

where

s _ :

p Lpp er + LBB + L6 6a t L6 ﬁv
a \'

r = Npp t+ Nrr + NBB + N6 6a + N6 6V (6-14)
a v

3 = - + +

B (g/V1¢ - r + YgB + Y, &
v

p is the roll rate

r is the yaw rate

B is the angle of sideslip

¢ is the bank angle

ﬁa is the roll control surface deflection

Gv is the vertical stabilizer deflection

L,L,L,, L, , N, N,N,_, N_, N_,, Y, ,and Y

p T B 6V p r B 6a 6v B 5V

are dimensional stability and control derivatives.

The numerical values used for this example in references 24,

27, and 28 are listed in table 6-2. They are the characteristics of the
X-15 aircraft at a Mach number of 5.5 and at an altitude of 147, 000

feet (flight configuration and weight were not specified).

Using the numerical values from table 6-2 in equation (6-14),

one can obtain the open-loop X~15 transfer function of roll control

surface deflection to roll rates as

(6-15)
23, 700 [1 ¢ 2(0.000) (——s )2]
p(s) ’ s (1. 71) ° 1. 71
=7 ” 2(0. 0078) s \2
8,(s) (1 0. 0033)(1 o 0645)[1 t1.7y st (1. 72) ]

Spiral Roll Dutch-roll
Subsidence
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Roll Control to Roll Rate Transfer Function of X-15 IMAGINARY
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Figure 6-8 Lateral-Directional Handling Qualities of the
X-15 Aircraft (SAS Off) at Mach No. 5.5 and
Altitude of 147,000 Feet
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The specific lateral-directional handling qualities criteria for
this example were presented in figure 2-3 of Chapter 2. These are
repeated in figure 6-8, and the poles and zeros of equation (6-15) have
been superimposed. Based on these criteria the X-15 at this flight
condition (without a SAS) would be predicted to have Unacceptable roll
and Dutch-roll handling qualities. It is apparent that a SAS is needed
to increase the roll damping and Dutch-roll mode damping in order to
obtain Good or at least Satisfactory handling qualities.

Although the handling qualities criteria used here are described
entirely by terms appearing in the p(s)/Ba(s) transfer function, they can
not be adequately represented in an analytical design method by just a
model of the roll command to roll rate transfer characteristics. Part
of the criteria requires the complex zeros of (6-15) to. cancel or nearly
cancel out the Dutch-roll mode poles. A model with this characteristic
would have such a small Dutch-roll mode residue that it would essen-
tially neglect that mode. In addition to a model of the roll command to
roll rate transfer characteristics, it is necessary to have a model of
some transfer characteristics in which the Dutch-roll mode is dominant.
A suitable one is the yaw command to sideslip angle transfer function.
Before selecting the specific models to use in this case, it is helpful to
first form the corresponding system closed-loop transfer functions.

A possible SAS configuration* is shown in figure 6-9. This
configuration is the same as that considered in reference 24, which
pointed out the need for a high-pass (wash-out) filter to eliminate the
yaw rate feedback in a steady turn. In this example, the dynamics of
the motion sensors, the SAS servos, and the control surface actuators
are neglected. A mathematical block diagram of the configuration to be
considered is shown in figure 6-10. The wash-out filter shown, with
a time constant of one second, is the same as that used in reference 24.

The roll rate, sideslip and yaw rate feedback gains, denoted by kp’ kB

” This is not the actual X-15 SAS configuration (51), which has a yaw
rate feedback to the roll SAS servo and does not have a sideslip
angle feedback to the yaw SAS servo.
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X-15 AIRCRAFT DYNAMICS |
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kp’ k‘,3 , and kr are free design parameters
Figure 6-10 Block Diagram of the SAS Configuration Considered
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and kr respectively, are the free design parameters. As shown in
figure 6-10, the control surface deflection, Ba(s) and 6V(s) are related

to the feedback variables and the commands by

6 (s) = 6a(S) - ka(S) (6-16)
P
— o s — -
5050 = 8 (s) = k_(55)r(s) — kgBs) (6-17)
P
where
6a is the pilot roll cormmand
P
6v is the pilot yaw command
P

The desired closed-loop transfer functions are for pilot roll command
to roll rate and pilot yaw command to sideslip angle. It is straight
forward, though admittedly tedious, to obtain these from the Laplace
transform of (6-14) and equations (6-16) and (6-17). For the numerical

values listed in table 6-2, these are

N; (s)
p(s) [Sap’p]
5_(s) D(s) (6-18)
a
P
N (s)
6 B
B(s) _ { vy ] (6-19)
6 (s) D(s)
v
where
D(s) = 55 + .':1454 + a3s3 + a,s + as + aq
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a, = 1.085 - 5.116 k -~ 1.432k - 0.0025 k
4 p r B
= . 04 - 5, - 0.105 k + 1.429 k
+ 6,746 k k + 0.0128 k k
P T p B
a, = 3.128 = 15.134 k =~ 0.000494 k + 1.513 k
2 p T B
+ 0.118 k k - 6.733k k
P r p B
a, = 0.180 -~ 15.011k - 0.0329k + 0.068 k
P r B
- 6.746 k k
p B
aO = —-0.000624 - 0.000416 kB (6-20)
B 4 3 2 )
N[6 ,p](s) = b14s + bl3s + blZS + blls + b10
a
P
b14 = ~5,116
b13 = =5,239 + 6. 746 kr + 0.0279 kB
blZ = =15.134 + 0.118 kr ~ 6.718 kB
b11 = =-15.011 - b6.746 kB
b10 = 0 (6-21)
_ 4 3 2
N[é ,B](S) = b24s + b23s + bzzs + ble + b2.0
v
p
b24 = —0.0025
b23 = 1.429 + 0.0128 kp
bZZ = 1.500 -~ 6.733 kp
b21 = 0.068 - 6. 746 kp (6-22)
bZO = =0.000416
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Two models can now be established to represent the design
specifications for these two transfer relationships. In this case it is
relatively simple to select models with the same structure as the
closed-loop system transfer functions by referr ing directly to the
handling qualities criteria, figure 6-8. First consider the roll command

to roll rate model, i.e.

b 2
o (o) - Slms(l ¥ —sz—> 1+ wq)m s +< :m>
6ap(s) (1+-—5‘1-)(1+T—SR)(1+;;—)[1+ i: s +<sm>2

- (6-23)

Four of the models' poles can be selected in regions correspond-
ing to "Good" handling qualities in figure 6-8, and the complex zeros
can be selected sufficiently close to the Dutch-roll poles. The wash-
out filter causes an extra pole and zero not covered explicitly by the
criteria in figure 6-8. However the residue of this extra mode must be
kept small in order for it not to affect the handling qualities so it is wise
to select the zero relatively close to the pole. Following these guide

lines the model is selecied to be

2
_ s 2(0. 63) ( s ) ]
PLls) 624 o (1 t 3.5)[1 ' TLog ° * (198
5 (s) s s s 2(0. 6) s \2
a, (1 ¥ 4.0)(1 ¥ 1.4)(1 * 5.005 )[ LY 20) s*‘(z.o) ]
Filter Roll Spiral Dutch-roll

Subsidence (6-24)
where the sensitivity selected is such that the model would produce the
same rolling moment due to roll control surface deflection as the X-15.
The model's poles and zeros are superimposed on the handling qualities
criteria in figure 6-11. An aircraft with these characteristics would be

predicted to have "Good" handling qualities.
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Roll Control to Roll Rate Transfer Function, Equation (6-24)

[J - Poles
® - Zeros T3
D -R
1.5 ult/;:c}:de oll Acc.
—r { Sat.
: b w
Acc. {_@:— 1.0 w¢ "Good" + 2
Sat. md ! d
"Good" "~ ~T—[ [ 0.5 2
0 . 1
Roll Mode .
1] Good"' .
. Spiral
Mln. Sat._ ————— ‘/ / Mode
- -~
. A e ) P -, Y S YRR r.
154 L4 — Ye ! /' L8
-5 ~4 -3 2 e — —1 0

Figure 6-11 Estimated Handling Qualities of the Roll Control Model

It is only necessary to select zeros to establish the yaw com-
mand to sideslip angle model. One can use the closed-loop system
transfer function numerator (6-21) and (6-22) as a guide. Although not
apparent from (6-22) the quantity (1 + s) is a factor of the numerator of
(6-21), due to the wash-out filter, and thus one model zero should
correspond to this factor. Since bZO is very small compared to the
other coefficients, the corresponding coefficient in the model could be
neglected giving a zero at the origin. Factoring out (1 + s) and neglect -

ing b20 in (6-21) would reduce the numerator to approximately

N[(S ’B](s) = —0.0025 s(1 + s) [sz - 400 (cls + CO)] (6-25)
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where ¢y and ¢y are functions of kp and are at least one order of
magnitude less than 400, so that the quadratic term would have factors
of approximately (s-400 cl)and (s + co/cl). Since one zero will be far
into the right half plane the model should have a zero in that vicinity,
e.g. at about +400. The remaining zero should be close to the roll
mode pole so that the Dutch-roll mode is dominant. Then the model

selected for the yaw command to sideslip angle transfer function is

B (s _ 12. 06 s(1+s)(1+fs'§§)(l_£6)
6"9(5) (1 f ﬁ)(l r I_:S'Z)(l to. (s)os)[l t %2?'06; s+ (z:so)z]

(6-26)

The sensitivity used in (6-26) is such that the model would produce the
same side force due to the vertical stabilizer deflection as the X-15.

The geometrical representations of the models pm(s)/ﬁa (s)

P
and Bm(S)/5V (s) are
P
{a; glmo} |
(6-27)
{a; meO}
respectively, where
a = [0.112 22.575 35. 143 22. 609 7.805 1]
(6-28)
and
Bm = L[x] Coxy e
-—lmo lmo ' lmo
x) = [0 -5.116 9.23 -20. 73 64. 7] (6-29)
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23 =[x B SN-1
---Z.rn0 —Zmo : Zmo
x! = [0 ~0. 0025 1.014 ~5. 508 21.52 ]
-Zmo
(6-30)
The elements of x and x were computed from the formula (3-8)
=1lm ~=2m )

for (6-24) and (6-26) Tespectivaly.

6.2.2 An Approximate Design Method

The design specifications in this example are primarily require-
ments on the closed-loop poles, with the exception of the w¢/wd require-
ment. Therefore it may be possible to obtain an approximate design by
considering only the dominant poles of the closed-loop system and model,
i. e. neglect the spiral mode and all zeros during the design process.

Consider the hypothetical system and model given respectively by

y(s) 2 (6-31)

s° + a,s” + a,s + a

where 2y, @y, ay and a, are functions of kp, kB and kr given by
(6-20) and

Ymis) 1 |
o T T g )

(6-32)

The denominator of (6-31) represents essentially the denominator of
(6-18) when the spiral mode is neglected and the denominator of (6-32)
is the model denominator neglecting the spiral mode. The values of
kp, kB and kr that give the best match of this hypothetical system to
the model, in the Model Pl sense, should also produce pole locations
for the actual closed-loop system (6-18) and (6-19) that are close to
the model poles shown on figure 6-11 except possibly the spiral mode

pole.
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The model's extended coefficient vector for (6-32) is
a = [22.4 35.03 22.57 7.8 1] (6-33)

This problem is now set up as a single input/output system design and
in the form discussed in Chapter 5 for applying the general computer

a, and

program. The subroutine COEF is written to generate ay, 2, 3

ay from (6-20).

Model PI Solution for the Approximate Design Approach

An initial choice for the free parameters of

kp = —0.01 deg 6, per deg/sec p
kB = 0.01 deg 6V per deg B
k. = -0.1 deg 6V per deg/sec r

rested in final values of

kp = ~0.429 deg 6a per deg/sec p
kB =  4.283 deg 6v per deg B
k, = -2 680 deg 6V per deg/sec r

The corresponding transfer function for the hypothetical system (6-31)

is

(s) _ T
Z(:) ) (1+ ‘3.%‘2‘)(“ 1.%8)[”“2"((%2—?)515 +(T°S_S—D 2]
(6-34)

The poles of (6-34) are seen to be reasonably close to the model poles
(6-32). 1If the above final values for the free parameters are used in
(6-20) and (6-21) to compute the roll command to roll rate transfer

function of the actual system, the result is
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18, 248 s(l y =2 )[1 y 200.560) +(——”3’-——>2]

pls)  _ 2.43 (1.88) 1.88) |
6ap(s) (1 T )(1 r T2 ) (1 - 6?'6"(8)‘61‘2)[1 + 3%%—%%2—13 ¥ (—l—ié—z—)z}
(6-35)

The poles and zeros of (6-35) are superimposed in the handling qualities

criteria in figure 6-12.

Roll Control to Roll Rate Transfer Function, Equation (6-35)

O - Poles
@ - Zeros T3
— b3 Dutch-Roll Acc.
- Mode Sat.
ACC tor 10 w " Good" , T2
Sat. —} _(:)_i’
- d
'Good" [R——— 4 L_ 0.5 g
E lrl
Roll Mode
Min. Sat. —_ " Good" Spiral Mode
|_____—-——E.————C L N _0'_.‘.;"‘\7\L JL ]
- T T r
—5 -4 -3 -2 1 Ve 0 1

Figure 6-12 Est.imated Handling Qualities of the Model PI Design
Using an Approximate Design Method

From analyzing figure 6-12 one would probably conclude that this design
should produce at least Satisfactory handling qualities. The roll mode
pole is not within the "Good" handling qualities region but is well within

the Satisfactory region and close to the "Good region. The Dutch-roll
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mode has " Good" handling qualities characteristics including the w¢/<.od
ratio. The effect of the system's closed-loop zeros was not included in
this approximate design approach, but the closed-loop zeros are depen-
dent on the values of the free design parameters as indicated by equation
(6-21). The particular functional dependence of the closed-loop zeros on
the free parameters in this example happens to be such that the same
values of the free parameters that produce good pole locations also
produces good zero locations. One should not expect this to happen in
general.

The approximate approach based only on the system and model
poles resulted in a good design, in this case, and one would not have to
proceed with the design process any further using a more complete
description of the system and model. Even in cases where this approxi-
mate method does not in itself produce a satisfactory design, it is a
good first step in the synthesis process whenever the specifications

include specific requirements on closed-loop pole locations.

6.2.3 Design by the Second Method for Multivariable Systems

The second method for multivariable system design using the
Model PI is described in Chapter 3, section 3. 2.3. 2. To apply this
method it is necessary to define a weighted average of the two models
(6-27) that corresponds to (3-103) in Chapter 3. In this example the
two models should be weighted equally since the roll mode characteris-

tics, which are dominant in pm(s)/ﬁa (s}, and the Dutch-roll mode
characteristics, which are dominant in Bm(s)/év (s), are equally im-

portant. Therefore the priority number ¢ should be 0.5. The pseudo

IC vector of the weighted averaged model is then given by

e
k3

Equation (3-104) reduces to (6-36) because X, W when the

%
0 “Mo

system and model are of the same order.
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o= (x4 x! el
- —1lm -2m
X 0 = 0. 5 0 + 0. 5 0 (6”36)
Hﬁhnoﬂ ﬂimnou

where x; ~andx, = are given by(6-29) and (6-30) respectively.

Using the numerical values of x and x gives

0 0
-0. 0376 +0. 0899 -0.275 4+ 0.954]
(6-37)

Im 2m

x, = L0

The model' s extended coefficient vector is, of course, given by (6-28).

The subroutine CALSYS MOD 2 forms the weighted averaged
system from (6-18) and (6-19) which are entered into the program via
subroutines COEF1 and COEF2 respectively. The relationships (6-20)
and (6-21) are written into COEF1 and the relationships (6-22) are
written into COEF2. The value of CC in COEF1 is givenas CC=c= 0.5
and in COEF2 as CC = (1-c) = 0.5. The pseudo IC vector (6-37) is

entered as input data (see Appendix B).

Model PI Solution for Second Method

Using a pseudo IC weighting factor in the Model PI of 4.0 X 10_6

and an initial choice for the free parameters of

kp = ~—0.429 deg 6a per deg/sec p
kB = 4.283 deg 6v per deg B
ko= -2 680 deg 6V per deg/sec r

which were the final values of the approximate design in section 6. 2. 2,

resulted in final values of
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kp =. -0.286 deg 63. per deg/sec p
kB = 4.209 deg & per deg B
k = -3 086 deg 6 per deg/sec r

Using these values in equations (6-20) - (6-22) gives closed-loop

transfer functions of

o wsemss(ie g5 )[1e 228, L ()]

() ) o) S (57)’]
(6-38)

and

Bls) 0.175(1—5—5§ﬁ2—1)(1+s)(1+ T.%g‘é)(l'i%)

GVP(S) i (1 f 3.884)(1 f 1.837) (1 } 0—.—6_86_1—8)[1 ¥ 2((10.'5575)5)s ¥ (1.557>2]
(6-39)

This design is compared to the handling qualities criteria in figure 6-13
which shows it to have " Good" handling qualities characteristics. The
only significant difference between this design and that obtained by the
approximate approach of the previous section is the roll mode pole loca-
tion. In this case the roll mode pole is within the " Good" handling
qualities region. However the boundaries are not sharply defined and
the difference in the roll mode poles is so slight that the difference in

handling qualities may hardly be noticeable.
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Roll Control to Roll Rate Transfer Function, Equation (6-38)
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Figure €-13 Estimated Handling Qualities of the Model PI Design

Using the Second Method for Multivariable Systems

6.2.4 Design by the Third Method for Multivariable Systems

The third design method for multivariable systems described

in Chapter 3, section 3. 2. 3.3 is to apply the single input /output' method

alternately to the design of the closed-loop " systems" represented

by (6-18) and (6-19) with equations (6-24) and (6-26) as the respective

models.

The design example is already in the proper form to apply

this approach directly. All that is necessary is to write the subroutine

COEF for each "system" and provide the input data cards for the

appropriate model.

First consider selecting the free parameter values k , k,, and

kr that provide the best Model PI match of the system's p/iia transfer

characteristics to the model's ‘pm/6
a

P

transfer characteristics repre-

sented by its extended coefficient vector (6-28) and pseudo IC vector
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(6-29). The subroutine COEF for this step is written to generate a

ayp, a,, a, and a, from (6-20) and blO’ bll’ b12’ b13 and b14 from

(6-21). A pseudo IC weight factor of 4.0 X 10_6 is used in the Model PI
throughout.

0,

Model PI Solution for p/6a with kp,_kB, and k_Free
P

Starting from an initial choice for the free parameters

kp = -0.429 deg 6a per deg/sec p
kB = 4. 283 deg 6V per deg B
ko= -2 680 deg 6v per deg/sec r

which were the final values of the approximate design approach,

resulted in final values for this step of

kp = =0.270 deg 6a per deg/sec p
kB = 4. 206 deg 6v per deg B
k =

~-2.974 deg & per deg/secr
v

The next step is to hold kp fixed at the value —0. 270 and then

determine the Model PI solution for matching the system's B/ESV

p
transfer characteristics to the model's Bm/ﬁv characteristics with

just kB and kr as free parameters. The roll rate feedback gain is held
constant because it is known to be the least effective of the three parame-
ters in changing the sideslip response to a yaw command. The subrou-

tine COEF in this step generates the a_, ay, 2y, 2 and ay, but with

0 2 3
kp = —0. 270, and bZO’ bZl’ b22’ b23, and b24 from (6-22). Equations
(6-28) and (6-30) represent the model to be used here.
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Model PI Solution for /8 with kB and kr Free
v

Starting with an initial choice of kB and kr given by the final values of

the above step, resulted in final values for this step of

1

k}3 4.562 deg 6, per deg B

k

r

f1

~3. 084 deg 6V per deg/sec r

These values together with the previous value for kp should be a
good compromise between matching the two models. To check this,
the first step is repeated with kp free and kB and kr fixed at these latter
values. The procedure for doing this should be clear from the above
steps. The resulting Model PI design did not change k* to within three
significant figures. Therefore the final solution by third method for

multivariable system design is the following:

Model PI Solution for Third Method

k = ~0.270 -deg & d'eg/sec p
P a
kB =  4.562 deg 6, per deg B
kr = =3.084 deg 6v per deg/sec r

Using these values in equation (6-20) - (6-22)_gives closeddoop transfer

functions of

pls) 18,153 s( - ){1 ; ﬁ(—(l’—%%fl ; (1-57"6) 2] |
6a‘p(S) (1 ¥ 3_.85'53')( )( -0 ooom)[1 * ZE? ZZ)S + (1 64)2]
(6-40)
Bls) _ 0. 165 (1 _ 6'._0_8523)(1 F S)( ’ 319)( 5?3) ,
6"p(8) (1 * 3.868)(1 t 1.531>(1 - 9700019 [ 2}?. Zf;)s ¥ (1.564)2]
(6-41)
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This design, as shown on figure 6-14, would also be predicted

to have " Good" handling qualities characteristics.

Roll Control to Roll Rate Transfer Function, Equation (6-40)
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Figure 6- 14

Estimated Handling Qualities of the Model PI Design

Using the Third Method for Multivariable Systems

Comparing figures 6-13 and 6-14 one sees that there is no significant

difference between the design obtained from the "second" and " third"

methods for multivariable system design.

Obtaining the final solution in this example by the " third" method

actually involved four applications of the single input/output Model PI

design procedure, with the first application being the approximate

design approach of section 6. 2. 2.

The second application established

the value of kp’ the third application established the values of kB and kr’

and the last application verified that these values were satisfactory for

the p/ﬁa as well as the B/6V transfer characteristics.

p P
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6.2.5 Comparison and Discussion of Results

The first and most important result is that the Model PI produced
conceptual designs for a stability augmentation system that would pro-
vide Satisfactory to " Good" lateral-directional handling qualities for
the X~15 at the flight condition considered. That was the objective of
the example. Figures 6-12, 6-13, and 6-14 show that the design speci-
fication of obtaining at least Satisfactory handling qualities is satisfied
by all three of these Model PI designs. The improvement in the dynamic
response of the X-15 with a stability augmentation system is illustrated
in figure 6-15 for the design obtained by the third method. The other
two designs give quite similar improvements.

It isn't possible to compare these designs directly to the actual
X-15 SAS because the feedback configurations are different. But the
roll and yaw rate feedback gain ranges used in the actual X-15 SAS
should indicate the general gain levels that would be reasonable to im-
plement. The roll rate feedback gain on the X-15 SAS (51) -ranges'from
0 to ~0.5 deg 5a per deg /sec p, and the yaw rate feedback gain ranges
from 0 to —0. 3 deg 6v per deg/sec r. The Model PI designs have roll
rate gains iq the range of =0. 27 to =0. 43 deg Ba per deg/sec p which is
within the X-15 SAS range and thus are reasonable to implement. The
yvaw rate feedback gains obtained here, ranging from about —-2. 7 to =3.1
deg 6v per deg r, are an order of magnitude greater than the correspond-
ing X-15 SAS range, which indicates that they are probably too high or
at least higher than necessary. This is not a fault of the design pro-
cedure but rather the model selected. Referring back to figure 6-11
one can see that the Dutch-roll mode damping selected for the model was
very conservative. A much lower damping ratio, as low as 0.2, could
be used for the model and still have Satisfactory Dutch-roll handling
qualities characteristics, providing the other conditions are met. Since
the yaw rate gain affects the Dutch-roll damping primarily, a lower
value would result from the Model PI design if a lower damping ratio
were used in the model. Repeating the Model PI design procedure with

a less conservative model would be a better approach for obtaining a
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realistic value for the yaw rate gain, than placing a constraint on the
magnitude of the yaw rate gain. By using the first design as a guide,
one could select a new model with a lower Dutch-roll damping that

could quite likely be matched very closely by the Model PI design. This
gives the designer more control over the resulting poles and zeros loca-
tions than merely placing a constraint on a free parameter. '

The sideslip angle feedback gains resulting from the Model PI
approach for the model chosen, which are around 4 deg 6V per deg B,
are probably too high. The X-15 SAS yaw servo is authority limited to
+7. 5 degrees of vertical stabilizer deflection (51) so that less than 2
degrees of sideslip would saturate the yaw servo with this gain. Using
a less conservative model as discussed above would also result in a
lower sideslip gain. .

This discussion of the practical limitations that might arise in
implementing the conceptual designs is included to emphasize the syn-
thesis nature of the Model PI method. In complex problems, one should
plan on several design iterations to obtain an acceptable, practical design.
This is true with other analytical design methods also. For example,
the designs in references 24, 27 and 28 for the same problem considered
here, also have feedback gains that would be too high for practical imple-
mentation. To obtain practical designs one would have to repeat the pro-
cedures used in the particular reference with an appropriate modification.
In the linear optimal control approach used in references 27 and 28, the
resulting feedback design is much more complicated than necessary,
and the designer would want to simplify it, which involves additional
synthesis. Although these analytical techniques do not provide an auto-
matic design they are much simpler to use than conventional techniques
on complex design problems such as this example. Anyone familiar
with conventional techniques can appreciate the tedious effort that would
be involved in designing this multivariable system by root locus, Nyqyust
or Bode techniques.

The effectiveness of the Model PI in the three design approaches
illustrated is indicated in the following figures that compare the result-

ing designs to the models used. Figure 6-16 compares the poles and
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and zeros of the p/ﬁa and B/ﬁv transfer functions for each design to

P p
those of the models (only the poles are compared for the approximate

approach, section 6. 2.2). In each case the Model PI design poles and
zeros are close to the respective model poles and zeros. - The time

responses of the X~15 with the Model PI SAS designs for step Ba and

p
Bv inputs are compared to the corresponding models' time responses

p
in figures 6-17 to 6-19. Part a in each figure is for a Ba step input and

part b is for a 6V stepinput. The spiral mode is actually unstable in

P
every design but the divergence is so slow (the time constants are over

one hour) that it is of no significance. The " steady-state" values of
roll rate and sideslip used to normalize the responses in these figures
are the values that would result if the spiral mode were neglected.
These time responses show that in each case the Model PI produced a
design that matches the model's response fairly closely. They also
show that in terms of time responses the three designs are not signifi-

cantly different.
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6.3 A Velocity Command Flight Control System for a VI OL Aircraft

The design of a longitudinal flight control system (FCS) for
VTOL aircraft in which the pilot directly commands linear velocity with
respect to the ground is presented in reference 52. Having the steady
state velocity proportional to the control stick displacement should
significantly reduce the pilot control task during hover and low speed
flight particularly for IFR operation. " Hands-off" flight, i.e. zero -
velocity command, automatically produces a hover. A constant glide
slope, which is necessary for an IFR landing approach, is established by
commanding constant horizontal and vertical velocities. Deviations
from the desired glide slope could be easily made by slight adjustments
of one control stick position.

This example is a redesign of the velocity command FCS in
reference 52 for the hover flight condition. The design specifications
used here are somewhat different from those in reference 52 in that
the longitudinal handling qualities criteria discussed in Chapter 2,
section 2. 1. 1. 3 are included here as part of the specifications. This
example is a good illustration of the way engineering specifications
may force the designer to compromise between two desirable but con-
flicting characteristics and of the way such compromises enter into the
Model PI design method. As a result of using different specifications
than those used in reference 52, one should expect the Model PI design
obtained in section 6. 3. 2 to differ from that in reference 52. In order
to compare design techniques, the velocity command FCS is also designed
in section 6. 3. 3 by the Model PI method using specifications compara-

ble to those used in reference 52.

6.3.1 Problem Formulation

A functional block diagram of the system to be considered is
shown in figure 6-20. The specific VT OL aircraft considered is a
Boeing Vertol CH-46C tandem-rotor helicopter. The feedback control
system consists of an inner -loop for pitch attitude stabilization and an
outer-~loop for obtaining the desired velocity command response. The

vehicle attitude and velocity with respect to a local vertical reference
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frame are sensed by an inertial measurement unit. These signals are
passed through appropriate compensation networks to a servo that
varies the total collective pitch of the two rotors differentially, i.e.
increases total collective pitch on one and decreases it on the other,

to produce a pitching moment. A forward velocity command input
produces a nose down pitching moment tilting the helicopter, and hence
the thrust vector, forward. The forward component of thrust acceler-
ates the helicopter to the desired velocity. By the time the desired
velocity is reached, the pitch attitude must reduce in magnitude to

the new trim wvalue.

One cannot expect to design an extremely fast velocity command
response system because it would require rapidly pitching over to a
large negative attitude to give the large forward comﬁonent of thrust
that would be necessary to produce a fast velocity response. The
short term response would appear to the pilot as essentially an atti-
tude control system, so that one must restrict the pitch control sensi-
tivity and damping to values that give at least Acceptable handling
qualities as defined by criteria such as those shown in figure 2-4 and
repeated here in figure 6-21. The abscissa, control power/inertia,
is equivalent to the pitching acceleration per inch of control stick de-
flection and is interpreted by the pilot as the pitch control sensitivity.
Since the control stick deflection is proportional to the velocity com-
mand signal, the abscissa can also be written as pitching acceleration
per unit velocity command as indicated by the second scale in figure
6-21. This assumes a scale constant of 14 feet per second of velocity
command per inch of control stick deflection, which is the value used
in reference 52 at the hover condition. The design specifications used
in this example required that the pitch acceleration per unit velocity
command and the damping/inertia parameters lie within the Acceptable
handling qualities boundary in figure 6-21 and, if possible, within the
Desirable boundary.

The assumed specifications for the time response to a step
velocity command input are given in figure 6-22. Two velocity

response envelopes are shown, corresponding to what are assumed to
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to be Desirable and Acceptable ranges of step responses. The
closed-loop step response must lie within the Acceptable envelope
and preferably within the Desired envelope. The specification on the

é/Vx response represents the requirements of figure 6-21. The
c :
Desirable and Acceptable levels of G/Vx indicated on figure 6-22
c
correspond to values of 0.82 and 1. 64 deg/secZ per fps, which one

can conclude to be Desirable and maximum Acceptable values respec-
tively from figure 6-21. An Acceptable response envelope is also
shown for the pitch attitude normalized by the steady-state value. This
is essentially a limit on the maximum attitude change allowed for a
step command in velocity. It is necessary to pitch over to an attitude
many times the steady state (new trim) value to obtain a sufficiently
large forward component of thrust, but there is a limit on how far

the helicopter should pitch over. The limit shown in figure 6-22 on
8/6 o Was chosen somewhat arbitrarily in this example fqr lack of the
specific information for this vehicle, but it is sufficient to illustrate the
point.

To reiterate, the design specifications for this example are
given by the Acceptable boundaries in figure 6-21 and 6-22. The
Desirable boundaries define preferred goals within the Acceptable
regions.

A possible feedback configuration for a velocity command FCS is
shown in figure 6-23. It consists of a first order lead in the pitch attitude
feedback path and a unity velocity feedback. The free design parameters

are the pitch attitude gain, k the first order lead time constant, 72,

e ?

and the velocity gain, kv. An input gain, k., is included to adjust the

closed-loop static sensitivity independent ot¥ the loop gain, if necessary.
Since the static sensitivity also affects the handling qualities, the input
gain will be restricted to a 15% change from unity. The necessary
open-loop transfer funétions for the VT OL considered at the hover

flight condition are

These transfer functions are from (Appendix A of reference 52. A
pole and a zero of e(s)/éc(s) that nearly cancel are omitted from (6-43).
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Servo-Rotor Dynamics:

5e(s) 3 1
o s s : (6-42)
Bec(s) (1+ 15'2)(1+ 14.3)
Aircraft Dynamics:
2.543 (1 + ———S——->
0 (s) . : 0.02056 (6-43)
5 (s) - 14 —S5 1__2.(0.226)s+( s 2
e 0.8669 (0.429) 0. 429
V_(s) -26. 773 (1———‘“’—-—)(“ ~—S—-—)
x - 6. 2984 8. 7396 (6-44)
6 (s) ( _;_)
bt 9.02056
where
6e is the differential total collective pitch of the two rotors,
measured in terms of inches of control stick deflection.
6e is the servo command signal for 6e’ in terms of inches
¢ of control stick deflection.
0 is the pitch attitude, in degrees.
Vx is the longitudinal velocity with respect to the ground,

in feet per second (fps).

Since the poles of the servo-rotor dynamics are at least an
order of magnitude away from the poles of aircraft dynamics, the
servo-rotor dynamics will be neglected during the parameter optimiza-
tion process. Once a design is obtained it will be checked with the
servo-rotor dynamics included. The approximate closed-loop trans-

fer function of VX to Vx’ neglecting the servo-rotor dynamics, is
c
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Vx(s) _ sz + bls + bo
= 3 > (6-45)
V (s) s + a_.s  + a,s t+ a
x 1 0
c
where
a, = 0.6725 + 19. 7Oke ’ré + 0. 1970kvk9
a, = 0.0152 + 19. 70ke + 0. 4050k9 'Té + 0. 4809kvk6
a. = 0.1593 + 0.4050k. - 10.844k k (6-46)
0 0 v O
and
b‘2 = (0. 1970kvke) kI
b1 = (0. 4809kvke) kI
b0 = (-10. 844kvke) kI (6-47)

In selecting a model, it is very helpful to consider a rough
approximation to the velocity command FCS shown in figure 6-24.
From the short term, handling qualities standpoint one can neglect
the velocity feedback and consider only the Vx to em transfer

. L. c
characteristics,

X 0 X
c + K 1 m SV9 m
- > el e -
w
Sv@ = ~0,55 (Ref. 52)

Figure 6-24 Block Diagram of a Model for the Velocity
Command FCS
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8 (s) sz
m = > ' > (6-48)
vV (s) s + 2Lws + w

The damping/inertia parameter in figure 6-28 corresponds to 2{w in

equation {6-48). The maximum magnitude of Gm per unit VX for a
c
step V input is the pitch acceleration per unit velocity command
X .
c
parameter in figure 6-21. This maximum magnitude occurs at the

initial value of § which can be obtained by applying the initial value

.- m
theorem to Sm(s)/ch(s), i. e.

.G’m lim !: s?’koa2 ]
v - §—>00 s(s2 + 20ws +w2)
*c 1 Max
2 2
= | ko | deg/sec
fps (6-49)

One can select a combination of 2{w and sz that would correspond to
Desirable or at least Acceptable handling qualities from figure 6-28.
The velocity step response can be estimated from the closed-loop

transfer function

me(s) kwZ(~0. 55)
— . = (6-50)
Vx (s) S3 + ZQwsz + wzs + sz(—0.55)

C

and the non-dimensionalized step response charts in Clark (49). Once
20w and sz are selected onlymZ remains unspecified in (6-50), and its
is chosen to produce the proper velocity step response.

Figure 6-25 shows the sequence of handling qualities character-
istics considered in selecting a model. The combinations of parameters
labeled 1 and 2 were tried first in an attempt to obtain Desirable
handling qualities. However it is impossible to obtain even an

Acceptable velocity step response, i.e. satisfying the criteria in
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Figure 6-25 Longitudinal Handling Qualities Selected for the
Model

figure 6-22, for any value of w? with combinations 1 or 2. The
velocity response is either too lightly damped or much too slow. In
order to speed up the response and yet maintain adequate damping,
the combination labeled 3 was tried. It lies within the Acceptable
handling qualities region of figure 6-25 at the upper limit of the
Acceptable range of the pitch acceleration per unit velocity command
parameter. Using the number 3 combination (2w = 2.5 sec—1 and
lszl = 1. 64 deg/secz per fps) and a frequency of w = 1.6 rad/sec,
results in an approximate model having an Acceptable velocity step

response. This establishes the dominant model transfer characteris-

tics as
VXm(s) 1 .
— = (6-51)
S 2(0. 79! s 2
Vi 19 (1 ¥ o.7>[1 FLaa st (1.14) ]
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According to the guide for selecting the model structure when
using the Model PI, table 3-5 in Chapter 3, the best model structure
for this example is one with three poles and two zeros, i.e. the same
structure as the closed-loop system transfer function, equation (6-45).
One can see from the block diagram in figure 6-23 that the system's
closed-loop zeros are just the zeros of the‘ aircraft dynémics. These
can also be used as zeros for the model; therefore the model selected

to represent the design specifications in the Model PI is

me(s) i (1 - 6—73@1)(1 + 577%%) 652
o e A (w7

The step response for this model is compared to the step re-
sponse specifications in figure 6-26, which shows that it lies within
the Acceptable region but not within the Desirable region. To speed
up the model's velocity response sufficient to lie within the Desirable
region would require a larger negative pitch acceleration. But then
the pitch acceleration per unit velocity command would exceed the
Acceptable limit and the handling qualities would not be Acceptable.
The model (6-52) represents a satisfactory compromise between
obtaining Desirable handling qualities but Unacceptable step response
and Desirable step response but Marginal to Unacceptable handling
qualities.

The model's extended coefficient vector and pseudo IC vector

corresponding to (6-52) are, respectively,

a = [0.903 2.56 2.50 1.0 ] (6-53)
2= lx X ]

mo -—rno mo

x! = [-1.0 -. 0165 .0097 ] (6-54)
~Im
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6.3.2 Design by the Model PI Method

The problem is now formulated for applying the general com-
puter program for the Model PI design method. The subroutine COEF
is written to generate the coefficients (6-46) and (6-47). The input gain
kI is not considered to be a free parameter during the parameter opti-
mization process is assumed to be unity. It can be adjusted after-
wards, if necessary.

Using a pseudo IC weighting factor of 7.0 X 10—Z in the Model

%

Pl and an initial choice for the free parameters of

kg = 0.1 inch/deg
_ -1

'Te = 1.0 sec

k, = -0.5 deg/fps

resulted in a final value of

kg = 0.156 inch/deg
T = 0.826 sec—1

6
k= -0.551 deg/fps

Using these values in equations (6-45) - (6-47) gives an approxi-

mate closed-loop transfer function of

s S
v _(s) k(0. 807)(1 ~ 6. 2984)( L+ 3 73%)

Vi o) (1 i 1.257)[ b ¥ (Z(g.o"zg‘?z; s *(o. ?187)2]

(6-55)

The step response corresponding to (6-55) is compared to that of the
model and the Acceptable response envelope in figure 6-27. The veloci-

ty response is presented for kI = 1.0 and kI = 1. 15. One can see that

* This initial choice of kV is approximately the value of k used in (6-50)
to establish the dominant model characteristics.
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the step response is Acceptable if an input gain of kI—_*- 1. 15 is used.

The estimated handling qualities for this design can be checked by

considering the approximate transfer function of VX

the outer-loop feedback, i.e.

to © neglecting
c

kI(l. 687)(s + 0.02056)

(s +0.0769) [ % + 2(0.92)(1. 70)s + (1. 70)% ]

(6-56)

The damping/inertia parameter for the dominant second order mode

of (6-56) is 2lw = 3. 12 and the maximum ) per unit V
x

Vx input is given by

for a step
c
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1.51
v
x
v
x
c
9
6
ss
8
7 1
x
c 0 L _
DEG[ISEC N_——
F S i Y i 2 1 2 'l - -
-1
g 2F ¥
V. oz e SO Acceptable ---
c 0 e .
2 A Desirable . ____ | ___________.
DEG/SEC L )
FPS __Z s 2 1 2 2 i A Il ke 4 ' o
6 0.1
e
v
XC 0 FV& S
_I_N_E_I_l, e e 2 2 2 P - S
FPS -0.1
0 1 2 3 4 5 6 7 8 9 10 11 12
TIME ~ SEC
Figure 6-29 Step Response of a Velocity Command FCS Designed

by the Model PI Method

229



Figure 6-28 shows the estimated handling qualities in terms of these
parameters for input gains of k; = 1.0 and kI = 1. 15, which indicates
that this design has characteristics slightly beyond the range tested in
reference 35 for establishing these handling qualities criteria. How-
ever, if the range were extended, it appears that the Model PI design
would lie in the Acceptable handling qualities region.

As a final check of this design (kI = 1. 15) figure 6-29 presents
the step response of the closed-loop system with the servo-rotor dy-
namics included. The Acceptable step response specifications are

satisfied. In addition, the lag due to the servo-rotor dynamics has

reduced the maximum magnitude of G/ch to about 1. 2 deg/secz per

fps which is nearer the Desirable handling qualities region in figure
6-28 than indicated by the third order approximation. This design
appears to be a good compromise between the requirements of a

fast velocity response and Acceptable short term handling qualities.

6.3.3 Comparison with Design in Reference 52

The object of this section is to show that if a result similar to
that obtained in reference 52 is desired, the Model PI method can
provide a comparable design. The design specifications used in
reference 52 for the response to a command input are essentially that
any oscillatory mode should have a damping ratio of 0.5 or greater
and that the velocity response time should be less than 4. 0 seconds.

These specifications can be represented by a model with a VX to

vV transfer function of €

xrn
b (e ) )
*m _ _ 1~ g298a \'* 577396 65
V_(s) (1+ts) 1+2(0.7)”(.@)2 (6-58)
X (2.0) 2. 0

The step response of this model, presented in figure 6-30, shows

that the velocity reached 95% of its final value in less than 4. 0 seconds.
The extended coefficient vector and pseudo IC vector corresponding

to (6-58) are
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Figure 6-30 Velocity Step Response of a Model Representing
the Specifications of Reference 52

a = [4.0 6.8 3.8 1.0]
2,007 (=, 1 o-xl 2]
mo mo mo
_:gmo = [-1.0 =-.0727  0.0987]

The feedback configuration considered here, shown in figure

6-31, differs from that in reference 52 only in the velocity feedback
path. A first order lag with a 0.3 second time constant is included

in the velocity feedback path in reference 52. The integral-bypass
shown in the forward path in figure 6-31 is the same as that used in
reference 52 and is assumed to be fixed. The lead-lag configuration
in the pitch attitude feedback is chosen to allow for lead in the frequen-
cy range of the dominant. modes and yet attenuate high frequency noise.

It can be written as

(1 +7y8) (1 +7,s) _ (1+7és+7652) 661
z - 2 ( - )
(1+'r3s) (1+738)
where
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Tee =TT
6

The double lag time constant, can be set by noise considerations

T
3’
and should not significantly affect the dominant step response charac-

teristics. Therefore 73 is assumed to be a fixed constant in the

parameter optimization process and to have a sufficiently small

value to be negligible. The pitch attitude gain, k the lead compen-

9 3
sation constants, 'Té and 'T-e- , and the velocity gain, kv’ are the free

design parameters. The servo-rotor dynamics will be neglected in
the design process but will be included in the final check of the design.

The closed-loop transfer function of VX to Vx’ neglecting T3 and the

servo-rotor dynamics, is ¢
3 2
Vx(s) _ b3s + bzs + bls + b0
= 3 3 z (6-62)
ch(s) s a3s + azs + als + aO
where
a; = (0.6725 + 19. 7ke'ré + 0. 197kvke 2'375k97§)/c
a, = (0.0152 + 19.7ky + 2.375k 75 + O. 0405k, 7
+ 0.501kvke)/c
a; = (0. 1593 + 2.375ky + 0.0405kgTs = 10. 796kvke)/c
a, = (0. 0405k, - 1.084kvke)/c (6-63)
and
b, = (0. 197kvk9)/c
b, = (O.SOlkvke)/c
b, = (—10.796kvke)/c
by = (—1.034kvk9)/c (6-64)
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and

c = 1 + 19. 7k97é (6'65)

In applying the computer program for the Model PI design method,
the subroutine COEF is written to generate the coefficients (6-63) and

(6-64).

Model PI Design

Using a pseudo IC weighting factor of 1.3 X 10_4 in the Model

PI and an initial choice for the free parameters of

W
it

0. 15 inch/deg

3]

'ré = 0.11 sec

T = 0.667 sec_z
6

kv = -0.667 deg/fps

resulted in final values of

kg = 0.251 inch/deg
Tq = 0.469 sec

'Te = —-0.071 sec”2
k= -1.04 deg/fps

Using these values in equations (6-62) - (6-65) gives the

approximate closed-loop system transfer function as

Vyls) _ (-0. %5)( 5§_1>(1 6. 25984)(1 ) '?396)
ch(s) (1 "o, ;943>( ){ 2 . 25)'S ¥ (1.’?35)2]
(6-66)
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Figure 6-32 Step Response Comparison of the Model and Model PI
Design for a Fourth Order Approximation to the FCS
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The step response for this solution is shown in figure 6-32 to be very

close to that of the model. The damping ratio of the oscillatory mode
is 0.8, so that this design of the fourth order approximation to the
system meets the design specifications of this section.

Since the Model PI design selected such a small value for T4
it may be satisfactory to neglect T altogether. If Ty can be elimi-
nated then it won't be necessary to include the double lag in the pitch
attitude feedback path, and the compensation can be reduced to
(1 + 'Tés). The closed-loop system transfer function for the Model PI

design, except TH = 0, and including the servo-rotor dynamics is

Vs (0.965) ( 1+ £7)(1 - 751 + 593)

AT (R () (=) (K = (- PR =2

c
(6-67)

Comparing the oscillatory mode of transfer functions (6-66) and (6-67)
one sees that neglecting T4 gives a lower damping ratio but still within
the specifications. The step response of this design is compared to that
of the design from reference 52 in figure 6-33, which shows no signifi-
cant differences. This Model PI design meets the command input deéign
specifications of reference 52. The compensation used in the two designs
is summarized in table 6-3 (figure 6-31) shows the basic feedback

configuration).
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Figure 6-33 Comparison of the Step Responses of the Model PI
Design and the Design of Reference 52
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CHAPTER 7

ON LINEAR OPTIMAL CONTROL

General quadratic functionals appear most frequently in modern
control literature as cost functionals in optimal control theory. The
main reason for this is that quadratic functionals aré one of the few
types of mathematical expressions that can give rise to closed-form
analytical solutions for a variety of optimal control problems. Under
suitable, well defined and well known, conditions (53) it is possible to
force the optimal solution to be a linear feedback control law. The
so called " optimal regulator" problem is one such solution that has
been proposed and used as a synthesis tool for designing linear feedback
systems. However there has been a gap between theory and application
at the point of relating the quadratic cost functional to the desired closed-
loop system characteristics. Rynaski and Whitbeck (26) and:others have
made important contributions towards closing this gap, but there is still
a missing link, that of a logical basis for selecting the state vector
weighting matrix in the quadratic functional. Without this link, there
remains a large degree of arbitrariness in the " optimal solution" that
incites substantial criticism of the technique.

This chapter presents some interesting new developments on the
theory and application of linear optimal control resulting from the

Model PI theory. By defining the cost functional as

, (% 2 2
7 = Eg [Iz® 7 + r ) ] at (7-1)
70 Q
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where the first term of the integral is the basic Model PI, one has a
logical basis for selecting the weighting matrix, 6, directly in terms

of a model. It will be proved in section 7. 2 that the optimal solution
based on (7-1) approaches the model represented by Q as the weighting
on the control effort, r, approaches zero. The weighting matrix 5 can
represent a model of equal or lower order than the syétém. If the model
is of lower order, the excess system poles approach a Butterworth con-
figuration as r = 0. If the model and system are of the same order the

optimal solution matches the model exactly if and only if r = 0. Section

7.2.2 shows how to interpret the output-regulator problem, in which the
system output variables are used in the cost functional rather than the
state vector, in terms of the Model PI concept. It will be shown in
section 7. 2. 3 that Kalman's model-in-the -performance-index (54) in

a state regulator form becomes independent of the state vector weight-
ing matrix and is equivalent to (7-1) when the system and model are in
the phase-variable canonical form.

Using the Model PI weighting matrix, 5, in the optimal regulator
problem results in the poles of the model being the zeros of root square
locus for the optimal solution. This fact leads to an interestingly simple
solution to the linear optimal control synthesis procedure which is pre-
sented in section 7. 3. The simple pitch damper flight control system
example considered in Chapter 6, section 6.1, is redesigned to illustrate
this procedure.

A procedure is presented in section 7.4 for computing an equiva-
lent Model PI for any quadratic function. . This allows one to give a
physical interpretation to some of the strictly mathematical examples
that have appeared in optimal control theory literature. An example
of this is also presented.

The standard approach to the optimal regulator problem will be

reviewed in section 7, 1 before presenting the new material.

7.1 The Single Control Optimal Regulator Problem

Consider the nth order linear, time invariant system given by
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x(t)

n
r
B
=
+
0Q
£
A

(7-2)

y( = Hx(t) (7-3)

with initial condition Xg where x(t) is an (n X 1) state vector, u(t) is
a scalar control variable and y(t) is the output vector. The system is
assumed to be controllable and observable (53). Also it is assumed
that the system does not have direct transmission paths from u(t) to any
components of y(t), i.e. the corresponding transfer functions have at
least one more pole than zero. With these two assumptions it is com~-
pletely general to assume that the state equation (7-2) is in the canoni-

cal phase-variable form , i.e.

0+ I
F o= | T_1___ (7-4)
._.?;I
[0
g = --- (7-5)
1

The cost functional is defined as

, (7 2 2
J = gg [Ny + ru®t)] at (7-6)
<0 Q

where Q is a positive semi-definite symmetric matrix and r is a
positive scalar.

The optimal regulator problem is to find the control ut), that

takes the state from the initial condition, X0

the trajectory that minimizes the cost functional (7-6). The well known

to the origin, 0, along

solution (53) is

" The elements of the rows of H in this case are simply the numerator
coefficients of the respective transfer functions.
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I

u(t) —k'x(t) (7-7)

where

-1

k! r _g"P (7-8)

3]

and P is a positive definite symmetric matrix satisfying the algebraic

equation
F'P + PF - Pgr—lg'P + H'QH = O (7-9)

The " optimal regulator" is then given by

x(t) = [F - gk'] x(t)
= For_::c_(t) (7-10)
where
ol 1
For = e (7-11)
—-(a + k)!

and the output is given by (7-3). This is sometimes referred to as the
" output-regulator problem" since the output vector is used in the cost
functional. If the state vector is used in the cost functional it is called
the " state-regulator problem". The solution to the state-regulator
problem is obtained from the above by setting H = I.

The open- and closed-loop systems are depicted in figure 7-1 by
vector -matrix block diagrams. These diagrams help emphasize the
fact that this is a regulator type problem since there is no input to the
system. One can not talk about closed-loop zeros for this system |
because there is no input-output transfer. The H matrix represents
the zeros of the u(t) to y(t) transfer functions, but u(t) is strictly a
control variable not an external input. The optimal control law (7-7)

only changes the characteristic equation, i.e. poles, of the regulator.
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Figure 7-1 Block Diagrams of Open- and Closed-Loop
Systems for the Optimal Regulator Problem
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The optimal regulator problem has been suggested as a procedure
for designing linear feedback control systems. However one should
realize that it is only a procedure for selecting the closed-loop charac-
teristic equation. The solution for the feedback gains depends on the
arbitrary weighting matrix, Q, and the scalar r as indicated in equations
(7-8) and (7-9). The synthesis procedure using the optimal regulator

solution is outline below.

1. Select a weighting matrix Q and the scalar r; typically
Q is taken to be diagonal.

2. Compute the feedback gain vector, k, for this
choice of Q and r from equations (7-8) and (7-9) or
P can be computed as the steady-state solution of
the matrix Ricatti equation.

3. Compare the closed-loop system using these feedback
gains to the design specifications. |

4. Repeat steps 1 through 3 until the specifiéations are

met.

There has not been any general guide in the past for choosing
Q and r, which meant that several iterations of trial and error might
be necessary. Chang (55) showed that the weighting factors of J, for
the scalar output case, are related to the closed-loop poles of the opti-
mum system and its adjoint by a root square locus. Rynaski and Whit-
beck (26) extended Chang's work to the multivariable case and obtained
some very interesting results with root square locus. They showed that
in general the Q and R* matrices are related to the closed-loop poles
by a root square locus. However their treatment resulted in a form for
the root square locus which is difficult to use as a guide to selecting Q
except for the scalar output case. The difficulty is well illustrated by

an example of reference 26 in which Q is a 2 X 2 diagonal matrix,

3k

R is the multi-control weighting matrix which is the counter part of
r in equation (7-6).
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Q = (7-12)

and the control is a scalar, i.e. R is a scalar, r. Their solution was

a root square locus with r_1 as the gain, and the numerator was another
root square locus with the ratio (ql/qz) as the gain. In other words, one
would have to use a root square locus to obtain the zeros of another root
square locus. It becomes increasingly more difficult as Q has more
elements. This is the type of complexity which analytical design tech-
niques were developed to avoid.

Two ways in which a model can be included in the cost functional
that have been considered in the literature are nodel-following method
and Kalman's model-in-the-performance-index method (both are treated
in reference 26). However in each of these one is still left with the task
of selecting Q and r by a trial and error procedure similar to that out-
lined above. The Model PI concept to be considered in the next section
provides a direct method for selecting the state vector weighting matrix
apriori based on a model, which then leaves r as the only arbitrary

quantity in the cost functional.

7.2 The Optimal Regulator Via the Model PI

The nth order system given by (7-2) and (7-3) can be written

equivalently as

(3 = ult) (7-13)

y(ty = Hx(t) (7-14)
with initial condition 30’ where

2 =[x xM©] = [z ! x'®a + a®] (7-15)

g = [a i 1] (7-16)

" = [ H o0 ] (7-17)
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Three important differences should be pointed out between the

systems considered here and in Chapter 3. In the above formulation

the coefficient vector, a, defines the open-loop characteristic equation

and is a known constant; whereas, in Chapter 3 it defined the closed-

loop characteristic equation and was a function of free design parameters.

The initial condition vector is a specified constant here; whereas, in

Chapter 3 it was a pseudo IC vector representing the effect of the closed-
loop systermn zeros and was, in general, a function of the free design
parameters, This means that the " optimum?" system in.this case

will be independent of X9 The third difference is in the basic theoreti-
cal concepts of " optimal control" versus " parameter optimization".

That is, the optimization process here is to select a control law for u(t);

whereas, in Chapter 3 it was to select free design parameters after the
engineer chose the feedback configuration.

It is assumed here that the objective of the optimal regulator
problem is somewhat different than that stated in section 7.1 (page 241).
Rather than seeking the control u(t) that merely takes the state from
X, to 0 along the trajectory that minimizes an arbitrary cost functional,
it is required that the minimum value of the cost functional correspond

to a trajectory that approximates the trajectory of a preseleéted model.

7.2.1 State-Regulator Problem

The geometrical representation of linear autonomous systems,
intorduced in Chapter 3, section 3. 1.1, can be used to define an £th

order model by its characteristic plane (&-plane)

‘()& = 0 (7-18)

i

and an initial condition vector )'im , where
0

1 o [9_' ! 1] (7‘19)

1

and o is an (£ X 1) vector whose elements are the coefficients of the
model's characteristic equation. The model's time response trajec-

tory lies within the &-plane in the (£ + 1) dimensional space. Since the
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system's trajectory would in general be defined in the (n + 1) dimen-
sional space only its projection into the model's extended state space,
can be considered for approximating the model's trajectory. I %(t)

is the projection of the system's trajectory into (£ + l)-space then
®(t) = [I 1 O] x&(t) (7-20)

the model's state vector initial condition, X » can be chosen to
coincide with the first £ elements of the syste?n' s initial condition
vector, Then, if it is possible to find a control law for u(t), such that
the projection of the system's trajectory, X(t), lies within the model's
characteristic plane for all time greater than zero, &(t) must coincide
with _)'i_m(t) éxcept for possibly an arbitrarily small region around _}_’E_mo.
This statement can be proved by an argument similar to that used in
Chapter 3, section 3. 2. 1. Since only the " optimal" control law is of
interest here, this general proof will not be presented. Instead, it will
be shown subsequently that the dominant poles of the optimal regulator
approach the model poles in a limiting case, which is comparable to
making X(t) lie within the model's characteristic plane, &-plane.

Following the logic of Chapter 3, section 3. 2.1, it is reasonable
to expect that if the projection of the system's trajectory into the (£ + 1)-
space could be made to lie close to the &-plane by proper selection of u(t),
then it would be close to the model's trajectory. Therefore, a criterion
for approximating the model's trajectory by that of the system can be the
minimization of the same generalized measure of the distance between
the projection of the system's trajectory and the model's characteristic
plane that was used in defining the Model P1. It was shown in Chapter 3
that the instantaneous distance from X(t) to the &-plane is the same as the
distance from %(t) to the model's extended characteristic plane, &-plane,
in(n + 1)-space where

a = [a ! 0] (7-21)

It follows that (see equations (3-33) to (3-36)) that minimizing

the quadratic functional
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oo 2
§ I &(t) ]| _ at (7-22)
0 Q

where Q is an {n+ 1) X(n + 1) matrix defined as

I
|

5 = : 2 (7‘23)

tends to force the system's trajectory to approximate the model's
trajectory in (£ + 1)-space.

The optimal regulator problem includes a requirement that the
control effort not be excessive; so that the cost functional is taken to

be (7-1) which is repeated here

1 © - 2 2
J = 55 [z (. + ru®t)] at (7-1)
0 Q ’
where 6 is given by (7-23). This cost functional represents a compro-
mise between attempting to force the projection of the system!'s tra-
jectory to lie in the model's characteristic plane and minimizing the
control effort. Note that the only arbitrary constant is the weighting
on the control effort, r. Selecting a model completely specifies Q.
One can see from its definition (7-23) that Q is always positive semi-
definite symmetric matrix.

The optimal control law for this formulation is the same as in
section 7.1 if the model is of lower order than the system, but some-
what different if the system and model are of the same order. Consider
the case where the model is of lower order than the system (£ <n),

then at least the last element of & must be zero, and

Iz ls = Jxw]’ (7-24)
Q Q

where Q is an n X n matrix given by
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Q = - (7-25)

and 0 is an (n - £ - 1) X 1 null vector. Using (7-24) in (7-1) the cost
functional becomes exactly the standard form (7-6) for the case where
H= 1 The solution is given by equations (7-7) - (7-9) with H= I and
Q defined by (7-25).

An alternate form of the solution in the Laplace transform
domain, called the " root square locus" (26, 55) provides an interest-
ing result. The minimum principle* is used to establish the necessary
condition for the extremal control law. The Hamiltonian for this

problem is

2

¥ = L] + ra¥®] + MO [Fxt) + gut)]  (7-26)
Q .

so that the necessary conditions are

o H

= rult) + A(t)g = 0 (7-27)
oul(t) '
o ¥ = x'(t)Q + A (t)F = -_)l'(t) (7-28)
9x(t)

together with equation (7-2). Taking the Laplace transform of these

and rearranging, gives

The procedure for determining the optimal control by Pontryagin's
Maximum (minimum) Principle is found in several references, e.g.
Athans and Falb (53).
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[ [Is-F] . O . -g | __>g(s)- [ _>5(0)‘
-Q D [FIs-F] 0 || Ms) | = -Mo0)
0! i g' : T u(s) 0

(7-29)

which describes the optimal regulator and its adjoint system. The
closed-loop poles of the optimal system and its adjoint are given by the
determinant of the coefficient matrix of (7-29). Rynaski and Whitbeck

{26) show that this determinant can be reduced to

‘lgj> = 0 (7-30)

D(s)D(—s) ! r + g'[—Is - F ]’IQ [Is - F]
where
D(s) = |Is-F| (7-31)

The poles of the open-loop system and adjoint system are given by D(s)

= 0 and D(-s) = 0 respectively. The expression

g s -F ] s -F] g = -1 (7-32)

defines the root square locus of the closed-loop poles of the optimal
regulator and its adjoint as a function of r .

Since F is in the phase-variable form (7-4) and Q is taken to
be the special form (7-25), it is possible to reduce (7-32) to a very

simple form. Define a vector o(s) as
a(s) = Adj[Is-Flg (7-33)

where Adj [o] means the adjoint of [ o]. The vector g(s) can be evalua-

ted by considering the first equation in (7-29), assuming x(0) = 0,
[Is - F ] x(s) - gu(s) = 0

or
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It

x(s) = [Is - F] lgu(s) us) (7-34)

The Laplace transform of the state equation (7-13) with Xp = 0 gives

D(s) x(s) = uls)
and thus
P(s))z(s) = suls)
D(s) X(s) = szu(s) (7-35a)

.

D(;)x(n— 1)(s) = sn_lu(s)

or collecting these into vector notation

D(s)x'(s) = [1 s sZ sn—l] u(s) (7-35b)

a'(s) = [1 s s'Z H--sn_l] (7-3¢)
Similarly one can show that
g'Adj[-Is -F'] = g'(-s) (7-37)

Using the definitions (7-31) and (7-33) in the expression for the root

square locus (7-32) gives

rlo-e) Qo) L (7-38)
D(-s) D(s)

Finally using the definition of Q, (7-25) in the above gives

1

o (z'(-s)[é] AR 2’]£(s)>
el 0 bia

D(-s) D(s)
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or

— 2 - s e w l z PR l
K (aO a,s +’a2s £ s )(ozO + ozls + aZS +( "'" )
(a,—-a,s t+ sz—----:l:n)( + + 2+---+ n) ot
ag 2y a, s Jlagtastass s )
(7-39)
where
r—l .
K = — (7-40)
Il

The denominator of the above expression is the product of the
open-loop system and adjoint system characteristic polynomials, i.e.
the product of the open-loop poles. If kx = 0 (r = «) the poles of the
optimal regulator are the open-loop poles. This is the solution one
would expect because as the weighting on the control effort in the cost
functional gets very large it is better to use no control a.:nd operate
open-loop.

The numerator of this expression is the product of the root
square locus gain and the characteristic. polynomials of the model and
its adjoint. That is, the zeros of the root square 1ocus-for the optimal
regulator and its adjoint are the poles of the model and its adjoint. If
kK > o (r - 0), £ of the poles of the optimal regulator and of its adjoint
approach the respective poles of the model and its adjoint, i.e. the zeros
of the root square locus (7-39). Altogether there are 2/ zeros and 2n
poles in the root square locus expression. The remaining 2(n - £) poles

go to infinity as k = o along asymptotes that branch out at angles of

| (& = 1)/ 2(n - £)] wfor (n - £) even
[(2i = 2)/2(n = £)] wfor (n~ L) odd

with the real axis, i=1, 2, ., 2(n = ). The asymptotes are symmetric
with respect to the imaginary axis, and the (n — £) excess poles of the
optimal regulator approach the asymptotés in the left half plane (LHP).

For large root locus gain the excess poles are approximately equidistant
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from the origin, thus approaching a Butterworth configuration (poles
symmetrically arranged on a semicircle in the LHP whose center is at
the origin) as they go to infinity. The dominant poles of the optimal
regulator are then those that approach the model's poles ar r = 0. This
shows that the optimal solution based on (7-1) approaches the model
represented by 3 (723) as the we ighting on the control effort in (7-1)
approaches zero, for models of lower order than the system.

Now consider the case where the model and system are of the

same order (£ = n). In this case there are no zero elements in & so that

l
~

ngné . (zwe)?

-

I W A PO A IR A
Izl T

= — z(gwug~y+um)2

(7-41)

Then the cost functional (7-1) is equivalent to

J = l((ﬂm [

2 )O

2 ( x'(t) (¢ —a) + u(t)) 4 or uz(t)] dt
lal

(7-42)

The Hamiltonian corresponding to (7-42) with the constraint equation

(7-2) is

¥ -

[N

["%Z(EWHg—Q+Mﬂ)Z+ru%ﬂ
a

+ AYt) [Fx(t) + gult)] (7-43)

Using the minimum principle, the necessary conditions for an extremal

control law are
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8 K (a-a)

= pu(t) + x'(t) 2 T At)g = 0 (7-44)
du(t) fal
(a-a)' (a-a)(a-a)’ .
% _::{' alt) + ?.‘_'(t)_:_——:_:_ = =N (t)

+ A(OF

- = -
9x(t) la Il

(7-45)

together with equation (7-2), where p is a positive scalar defined as

2 (7-46)
The control law is then

-1 (a-a)
u(ty = -p g'Mt) + ﬂi’ x(t) (7-47)

&

It is easily shown that this extremal control gives a local minimum

value of .2 . Since

0% ¥

Buz(t)'

= p>0 (7-48)

a second order variation in u(t) from (7-47)would cause an increase in
X .

Using the optimal control law (7-47) in equations (7-2) and
(7-44) results in

x(t) = Fx(t) -ge 'g'Mt) (7-49)
My = -FIMy - Qx(t) (7-50)
where
- [ -1 (_Of-_a_)']
F = F-p g > (7-51)
Il

254



5 - (1 _ j-l >(9!_—9_)(g—§_)" (7-52)
lel®/ el

It is easily shown by substitution into (7-49) and (7-50) that
My = Px(t) (7-53)

where P is a positive definite symmetrix matrix that satisfies the

algebraic matrix equation
F'P + BF -Bgp lgP + 3 = o (7-54)
Using (7-53) in (7-47) gives the optimal control law to be

wt) = —k'x(t) (7-55)

where

-1 - (a-a)!
kKt = p g'rP “ “2 (7-56)

The optimal solution for the case in which the model and system
are of the same order is seen, from the above results, to be somewhat
different from the usual solution (compare the above to equations (7-7) -
(7-9)), although very similar in form. The possibility of exact model
matching exists when the model and system are of the same order. It
will now be shown that the optimal control law given by (7-54) - (7-56)
will produce exact model matching if and only if r = O

Assume that r = 0, then (7-56) becomes
2 -
k' = (a-a) + [la] g'P (7-57)

From the definitions of Q and F, (7-52) and (7-51) respectively, with

An exception is the special, trivial case in which the open-loop system
matches the model exactly, i.e. a = @, and the optimal control is
u(t) = 0.
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r = 0, it follows that Q = O and

Foe o lTou - = |l (7-58)

which is the coefficient matrix of the model. Equation (7-54) reduces

to

FP + BF - Pglal gP = O (7-59)
so that

P = 0O (7-60)

is a solution. It follows from Potter's work (56) that equation (7-59)
can only have one positive semi-definite solution , so that (7-60) is the

solution to use in the optimal feedback gain equation (7—57), i. e.

k' = (z-a) (7-61)
and the optimal control is

u(t) = (2 - a)'x(t) (7-62)

Using (7-62) in (7-2) results in the optimal regulator state equation

I

x(t) [F -gle-a)] x(t)

(7-63)

For x(1

where

* e
Since only asymptotically stable models are considered here, F is
a stable matrix so that Potter's regularity condition is met in equa-
tion (7-59).
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_____ - o] = ST (7-64)

The closed-loop coefficient matrix (7-64) is identically that of the model,
so that the optimal regulator based on Q matches the model represented

by Q exactly if r = 0.

It will be shown by the root square locus technique, that the
optimal solution matches the model exactly only if r = 0. This will
also show that if exact model matching is not wanted, i.e. r # 0, the
optimal regulator at least approaches the model as r approaches zero.

Taking the Laplace transform of the necevssary condition (7-2),

(7-44) and (7-45) and rearranging gives -
) [Is - F] : o E g —_25(8) x(0)
_le-ale-a) b [s-F] 0 (@-a) || Me)| . |"XNO)
i .
2 1 i L =
lal® C lal
e T T T T -7 B
(9._12) i. g' E p u(s) 0
el | 1
(7-65)

which describes the optimal regulator and its adjoint system. Following
the procedure suggested by Rynaski and Whitbeck (26) one can obtain the

expression

-1

(1 tg'[-ls —F‘]'IQ*&))(I +(_0£—2)'[IS‘F]-1.5_) = -1

2

Il

as the root square locus equation in this case. Using the previously

defined vector o(s), equation (7-33), the above can be reduced to

x (1+ Zode-a (1 R UR
[l ll D(-s) D(s)

(7-67)
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which can be further reduced using (7-36) to
g2
rflgll” D(-s) D(s)

s +a s2+-~-+sn) = 0

— z.—l'. n
+(a0 als+as :l:s)(oz0+oz1 2

2
(7-68)

The poles of the optimal regulator (and its adjoint) given by’ (7-68) can
match those of the model (and its adjoint) only if the first term of (7-68)
is zero. The open-loop system characteristic polynomial, D(s), is

zer o only at the open-loop poles, i.e. u(ti = 0, which is a trivial solution.
Then the first term is zero only if r = 0 (excluding the trivial solution),

so that the optimal regullator based on Q matches the model represented

by Q exactly only if r = O.

Equation (7-68) can also be written in the root square locus form

2 n 2 n
K(ao a1s+azs ~--:l:s)(a0+a1s+azs + e+ 357)

n)(a0+a s +a252+ °°'+sn)

2 .
(a0 a,.s t+a.s *+ s 1

1 2
(7-69)
where « is defined by (7-40). Therefore the poles of the model (and its
adjoint) represented by Q in the cost functional (7-1) are the zeros of
the root square locus for the optimal regulator (and its adjoint). As
« > oo (r > 0) the poles of the optimal regulator and its adjoint approach
the zeros of (7-69), and thus, the poles of the model and its a\djoint
respectively. The optimal regulator not only matches the model
exactly if r = 0, but it approaches the model in a well defined manner
asr —~>0.
The use of cost functional (7-1) in which Q definéd by (7-23),
represents a specific model, has thus been justified for models of
equal or lower order than the system. The root square locus expres-
sion (7-39) is valid for £ < n and can be WrittenAdown directly from the
model and open-loop system characteristics. It is interesting that
although the optimal control laws are somewhat different for £ < n and

{ = n, the root square loci are of identical form.
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7. 2.2 Output-Regulator Problem

From the approach taken here, the output-regulator problem is
no longer a meaningful problem. In fact, it complicates and restricts
the selection of Q to represent a specific model. It was pointed out in
section 7.1 that the optimal regulator problem is only a procedure for
selecting the closed-loop characteristic equation of a system. It is
true that the output matrix, H, does affect the optimal solution when
treating the problem as an output-regulator. However one can always
get the same solution using the state-regulator approach by selecting
the appropriate Q. Since Q has been an arbitrary matrix in previous
treatments anyway it seems somewhat superfluous to define the output-
regulator problem separately from the state-regulator problem. As
long as the system is observable from the output vector, y(t) and the
closed-loop system is stable, then y(t) will go to zero as x(t) = 0. The
only question is the manner in which x(t) = 0, which can be established
conveniently using the Model PI approach suggested in the previous
section.

However, since the output regulator is often considered in the
literature, it is of interest to show how to intepret the cost functional
in terms of the Model PI concept for such cases. The cost functional

is (7-6) which is repeated here

J = %§ [llxu)llz +oruf(e)] (7-6)
0 Q

The weighting matrix, Q, is assumed here to be of the special form
Q = gqggq' (7-70)

For the case in which Q is a general, symmetric, positive semi-
definite matrix, one would have to use the procedure described in

section 7.4. The cost function can be written as

® 2
J o= % Y [ =) ]_ + rue)]at (7-71)
J0

2
Qo
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where X(t) and H are defined by (7-15) and (7-17) respectively. Then

ﬁ'Qﬁ = ﬁ‘gg_‘ﬁ

Define a vector & in this case to be

a = Hg
and define

i 1

e’

_ J

T el

- 2
Minimizing J is equivalent to minimizing J because || g” is just a

positive scalar. Then

- 0 2
I NN ET)
0 Q
where
. aa H'QH
Q = > = —T =
lall | af

(7-72)
(7-73)
(7-74)
(7-175)
2
u”(t) ] dt (7-76)
ﬁ'ﬂﬂ'ﬁ
— 7 (7-77)
| Fgl

The problem has thus been transformed into the one considered in

section 7. 2. 1, so that the solution and root square locus techniques

discussed previously can be applied.

If one wishes to formulate an output-regulator problem, then

the definition (7-73) can be used to

terms of a model.

interpret the weighting matrix in

But now there is a constraint on selecting the model.

In section 7. 2.1, & was free to be selected, but here, only g is free.

H is a specified matrix whose elements are the numerator polynomial

coefficients of the open-loop u(s) to y(s) transfer functions, i.e. the ith

fod ~
row of H, hi’ is
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_lgi = [biO bil biZ'“bim 0 O'--O] (7-78)
for the ith output variable transfer function, yi(s)/u(s), with numerator
polynomial

m m-1

](s) = b. s + b, ] te+-+b.,s + b (7-79)

N[ im im-1 il i0

u: Yl
The relationship (7-73) puts an interesting constraint on the model
selected. The model's characteristic equation, defined by &, is a

weighted sume of the numerator polynomials of the output variable

transfer functions, with the elements of gbeing the weighting factors,

i. e.

(R

J
i=1

where j is the number of output variables. This point is easier to see

in a simple example.

Consider an open-~loop system with two output variables given by

. >
yl(s) . blZS + blls + b10
- 2
u(s) s~ + a,s + as + 2,
y,{s) b,,s + b
28 21 20 (7-81)
u(s) s3 + a s2 + a.s + a
2. 1 0

which can be represented in canonical, phase-variable, form as

0 0
x(t) = 0 0 1 | x(t)+ {0] ult (7-82)
20 %1 %2
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(t)” b b b
[Yl ]___ [ 10 11 12]5“) = Hx(t) (7-83)

v,(t) koo Py 0
_ b b b 0
H = [H; 0] = [ .4 12 } (7-84)
Poo P21 o 0

If the cost functional is

% 2 2
J = %‘y [(ayy (0 + a,y,(6))° + ru(®)]at (7-85)
O .

o [l

(Re]
H
T

¥a)
}}

or

% o b0

fo% b b

) 12 0
_a3_ i 0 ] | 0 |

The coefficients for the model's characteristic equation is given by
(7-8¢) in this example so that for any 9 and q, one can write down the
corresponding model and root square locus directly. But one is severe-
ly restricted in the models that could be represented by the weighting
matrix in this example, with only 94 and 9, free to be chosen.

Two final observations can be made. First, the order of the
model defined by (7-73) is the order of the highést order numerator

polynomial among the yi(s)/u(s) transfer functions. Secondly, if only
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one output variable is included in the cost functional, i.e. Q is a scalar,
then the zeros of the open-loop control to output transfer function are
the poles of the model defined by (7-73), and therefore are zeros of

the optimal output-regulator root square locus. As r = 0 in (7-76)

the dominant poles of optimal solution will approach the zeros of the

open-loop system.

7.2.3 Relationship to Kalman's " Model-in-the -Performance-Index"

Kalman (54) suggested a method for including the coefficient
matrix of a model in a quadratic cost functional in such a way as to
try to force the derivative of the system's output vector to match the
derivative of the model's state vector. This technique, which is
referred to as "model-in-the-performance-index" ,- proceeds as
follows. |

A model of the same order as the system output vector, where

the system is given by equations (7-2) and (7-3), is defined as

x () = F_x (t) (7-87)

Then the cost functional is taken to be
L (° . 2 2
I = 3 g [lx0-F_yo] + ran] at (7-88)
Q 0 : Q

If the control u(t) forces i(t) - me(t) to be zero then the system output
rate will match the derivative of the model' s state vector. This is an

" output-regulator" type of formulation. Only the " state-regulator"
type of formulation will be considered here, leaving the treatment of the
" output-regulator" type for a future effort. The " state-regulator"

form is obtained from (7-88) by defining

where Iis an £ X £ identity matrix and O is an £' X (n - £) null matrix

so that (7-3) becomes
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yit) = [I O]x(t) (7-90)

It will be shown in this case that if the system and model are in the
canonical phase-variable form, then (7-88) is independent of Q, and
indeed, becomes equivalent to the cost functional (7-1) based on the

Model PI concept.

Assume that the model is £th order and its coefficient matrix

is of the form
F = |_.T_+__._ {(7-91)

The variables y(t) and y(t) can be eliminated from (7-88) by
using (7-2) and (7-3) to give

© |
I o= gg [ (HF - F_Hx(t) + Hgu(t)|* + ru’®)] at
0 " - Q

(7-92)

First consider the case in which the model is of lower order
than the systém (£ < n). In that case, at least the last column of H,
(7-89), is a zero vector so that Hg = 0 in (7-92). The terms HF and

FmH can be reduced as follows :

HF = [I£X£ EO] l:_g E I(n-—l)X(n—l)_:l

_al

= [_QEIDQ Eo] (7-93)

The dimensions of the various identity matrices are indicated by
subscripts here to avoid confusion, and the O's are appropriately
dimensioned null matrices.
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F H = F_[I p 0] = [F_ : O]

(7-94)

1
f 1
1 |o
1
| -
1
Py
| =
‘l
=
t X
[N
b
[
'v
1
1
(@]
e J

Then

O O
(HF—FmH) = |77t TT T =TT = |--—-=77===-- {7-95)
e 1 0] -[lar 0]
where Q is defined by (7-19). The first term in the cost functional

(7-92) reduces to :

'll 1
e
11

1

]

L O
o !
—,
—J

L

Kl

™~V

1"

%

=
I ] 1

[
o |

[

O
| IS |

O

]

}
£

-i O
B
e

L

=

n
b
=
~—
o IR
et d
Ne
o
e
p—
|
o
| F——
LR
o+
e

2y (202)° (7-96)

where Ay is the element in the last row and column of Q, and _}_'i_(t) and
@ are defined by equations (7-15) and (7-21) respectively. Then the

cost functional (7-92) can be written as

[+2]
J = %SO [q“(fc_'(t)_q)z + ruz(t)] dt (7-97)

Notice that the cost functional is completely independent of Q because
only one of the two scalars g and r in (7-97) is necessary to establish
the relative weighting of the two quadratic terms. The scalar q,, can

be taken to be
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qﬁl - 2 (7"98)

without loss of generality since r has not been specified. Using (7-98)
in (7-97) results in the Model PI form, (7-1), i.e.

N - 2 2
J = 2z g [lzm ], + rut)] at (7-1)
“0 Q
where E'). is given by (7-23).
Now consider the case in which the model and system are of

the same order (L = n). In that case H= I, so that the first term in

the integrand of (7-92) becomes

o o I8
------- x(t) + -
(o — a)! u(t)
Q

2

” (F —Fm)_}_c_(t) + g_u(t)";

agy (e -2)xw + aw )

(7-99)

Again take to be {(7-98). Comparing (7-99) to{(7-41) one sees that
g 9y g

IF-F)xm + guwl]” = Jawl. (7-100)
Q Q

for any Q as long as gy is given by (7-98). This means that (7-92) also
reduces to (7-1) for models of the same order as the system.
Therefore, if the system and model are in the canonical phase-
variable form, the "model-in-the-performance-index" cost functional
in state-regulator form is completely independent of the Q matrix and is

equivalent to the Model PI cost functional.

266



7.3 Feedback Control Systerm Synthesis by Root Square Locus

The cost functional (7-1) based on the Model PI concept resulted
in the simple form of the root square locus for the optimal regulator
and its adjoint (7-39), that provided a theoretical justification for the
cost functional. In this section, a synthesis procedure based on this
simple root square locus form is presented. The procedure provides
a direct solution to the optimal regulator problem as a function of the
control weighting factor, r, which can be obtained graphically from one
root square locus diagram using standard root locus techniques. A
simple flight control system design example is used to illustrate the
procedure.

Using a cost functional of the form (7-1) results in the optimal
closed-loop system (and its adjoint) having poles given by the roof

square locus (7-39), repeated below,

_ Z2 _ £ Y .
K(ao a,s +a2s :!:s)(ozo+als +cxzs + fs) .
2 n 2 n
(a.0 a.ls+azs ---ﬁ:s)(a0+als+azs + et 5)
(7-39)
2 -
for £ = n, and k = (r “g“ ) 1. The corresponding closed-loop system
(optimal regulator) characteristic equation is
x(n)(t) + x'(t)a = 0 (7-101)
=" —or
where 2., is optimal regulator coefficient vector given by
a = a + k (7-102)

a is the open-loop system coefficient vector and k is the optimal feed-
back gain vector. The optimal regulator problem is solved once k is
computed, which can be easily done from the root square locus (7-39)
and equation (7-102). The simple form of (7-39) allows one to write
it down immediately from the system and model coefficient vectors,

a and a respectively. Standard root locus techniques are used to plot
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the root square locus. For a specific value of k one can obtain the
optimal closed-loop poles from the locus and form 2.r from the product
of the poles. Once 2. is known, k is easily computed from (7-102).

Note that this provides a simple, almost trivial, graphical
technique for solving the simgle-control, linear, optimal regulator
problem for any order system and for models of equal or lower order.
This can be done quickly by hand, and requires only a knowledge of
standard root locus techniques.

This technique can be used to synthesize feedback control systems
to meet engineering specifications given as desired closed-loop pole loca-
tions in the s-plane. The aircraft handling qualities requirements in
the design examples of Chapter 6 are examples of such engineering
specifications. The synthesis procedure using this ~approach would be

as follows:

1. Plot the poles of the open-loop system (the plant) and of

its adjoint, i.e. the denominator of (7-39).

2. Select zeros for the root square locus (7-39) that would
tend to give a locus going through the desired location
for the closed-loop system poles. These zeros then

establish the model and correspondingly the Q matrix.

2 -
3. Draw the root square locus with (r H 9‘_1_" ) 1 as the root
locus gain. If some location on the root square locus
gives satisfactory closed-loop poles, then calculate the

corresponding gain vector, k.

4. If this root square locus doesn't give any satisfactory
closed-loop pole locations then repeat with a different
set of zeros, i.e. a new Q matrix. The first try
should provide a good guide for selecting a new set of

Z€Tr os.

5. Or if the gain vector k has some elements too large from
a practical implementation standpoint, repeat with a

new set of zeros.
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An example is presented subsequently to illustrate the procedure.

At this point one might logically ask, why go through the immedi-
ate step of drawing a root square locus? Why not just pick the desired
closed-loop pole locations in the s-plane, form the closed-loop coeffi-
cient vector, then compute k from an expression like (7-102)? Actually,
with low order systems, one might be able to do just that and obtain a
satisfactory design with reasonable levels of control effort. The
problem with that approach in general is that the designer must select
all of the pole locations. For high order systems it may be very diffi-
cult to select all the poles in this arbitrary fashion and still maintain
reasonable levels of control effort. The root square locus provides a
very useful guide in this respect. The designer only needs to select
the desired dominant modes, by using a low order rr;odel_ in (7-39), and
the poles of the remaining modes are known to approach a Butterworth
configuration in a well defined manner. Since the root square locus
gain is inversely proportional to the control effort weighting factor in
the cost functional, one can use the root square locus gain as a relative
measure of the control effort required along the locus. If one arbitrarily
selects pole locations for the higher order modes in a Butterworth con-
figuration, or some other configuration known to give well behaved
character isti‘cs, the feedback gains may be unnecessarily high causing
excessive control effort. By using the root square locus one can quickly
judge the trade between obtaining the desired dominant characteristics
and excessive control effort. The importance of the simple root locus
form resulting from the Model PI concept becomes apparent here. If
the designer had to use several root square loci just to obtain the zeros
of the final root square locus, as in reference 26, the technique may be
of questionable value.

7.3.1 Design of a Pitch Damper for the X-15 Aircraft by
Root Square Locus

The simplified pitch damper for the X-15 aircraft considered
in Chapter 6 section 6.1, will be redesigned to the same specification
using root square locus. A block diagram of the open-loop system is

shown in figure 7-2.
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Aircraft Dynamics

' —
—(0.037s + 12. 2) o
> > —
Actuator s” +0,455s + 17.1 Angle of Attack
5 3
h 6 Horiz ontal
c 1 h .
o Stabilizer
1+ 0.155 -
Actuator
Command -(12,2s + 2. 76) q
Signal —»1 >
s +0.455s + 17.1 Pitch Rate
| ]

Figure 7-2 Block Diagram of Open-Loop System for
Root Square Locus Design Example

The open-loop transfer functions of servo—command, 6h to
c

angle of attack, @, and pitch rate, g, are (data from section 6. 1)

o(s) _ -6.67(0.037s + 12.2)
6hc(s) (s + 6.67)(s% +0.4555 + 17. 1)
(7-103)
q{s) - -6.67(12.2s + 2. 76)
‘Shc(s) (s +6.67)(s% +0.4555 + 17. 1)

The design specifications for this example are to obtain dominant second
order poles of the closed-loop system lying within the Satisfactory
handling qualities region as indicated in figure 6-1.

The root square locus equation for this example can be written

directly from (7-103),
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] 4
K(ao 0‘13+“‘=‘=S)(0‘0+als+ +s7) .

2

(~s + 6.67)(s% - 0.4555 + 17. 1)(s + 6. 67)(s> + 0.455s + 17. 1)

{(7-104)

where the model poles, i.e. the zeros of (7-104), are left arbitrary for
the moment. Following the procedure outlined above, the poles of (7-104)
are plotted as x' on figure 7-3. which includes the handling qualities |
criteria from figure 6-1. The actual system is indicated in the LHP

and its adjoint in the RHP. Only the upper half of the s-plane is shown
for convenience. From experience with root locus techniques, one can
see that if the zeros of (7-104) are chosen to be in the " Good" region of
figure 7-3, the locus must pass through the Satisfactory region (the
zero-phase locus is required in this case).

A second order model with poles
(s +4 +j3)(x +4-j3) = (s°+8s+ 25) (7-105)

should be a good choice. This makes the root square locus equation

k (s~ 8s + 25)(s% + 88 + 25)
= 41

(s — 6. 67)(s% = 0.4555 + 17. 1)(s + 6. 67)(s> + 0. 4555 + 17. 1)
(7-106)

The zeros of (7-106), which are the poles of the model (7-105) and its
adjoint, are indicated on figure 7-3 by 0.

The root locus for (7-106) is shown on figure 7-4, which repre-
sents the locus of the closed-loop poles of the " optimal" regulator and
its adjoint as a function of(r || g”z)_l. Note that it isn't necessary to
write down the cost functional or even 5 since these are implied by
selecting the model poles (7-105). The root locus is seen to pass
through the Satisfactory handling qualities region as anticipated. The
designer can choose a position along the root locus for the closed-loop
system poles that meets the handling qualities requirement with an

acceptable level of control effort. A possible solution is indicated on
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figure 7-4 by @, which corresponds to a value of x = 13, 2. The closed-

loop poles for this solution are

= =7.1

(7-107)

32’3 = -1.75 + j4.17

so that the closed-loop characteristic equation is

3

The open-loop characteristic equation was

3

Relating the coefficients of these two equations to (7-102) it follows
that |

kO = 145 - 114 = 31
kl = 45.2 - 20.1 = 25.1 (7-110)
kz = 10.6 - 7.1 = 3.5

These are the feedback gains for the system state (phase) variables,

x, which are related to the variables @, q, and 6h by

R

s> 4+ 10.6s% + 45.2s5 + 145 = 0 (7-108)

&2 + 7.1s% + 20.1s + 112 = 0 (7-109)

q = Hx (7-111)

where

-12.2- -0.037

H = 6.67| -2.76 =-12.2 0 (7-112)

17. 1 0. 455

" The elements of H are obtained directly frorﬁ the transfer functions
(7-103)
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Therefore the desired gain vector is obtained from

k, | = (HD Kk (7-113)

Taking the inverse of H, and performing the multiplication indicated

results in

k, = +0.424 deg ShC/deg !

kq = =0.291 deg &, /deg per sec q (7-114)
Cc

k5h = +0.525 deg BhC/deg 6,

If these gains are reasonable from the implementation stand-
point the synthesis is complete. The associated block diagram for this

solution is shown in figure 7-5.

5 | 0.037s + 12.2
c 1 h -1 ’

" 1 + 0. 158 6% +0.4555 + 17. 1

12.2s + 2. 76

-0. 525 jp@—

+0. 291 &

-0. 424 &

Figure 7-5 Block Diagram of Pitch Damper Designed by Root
Square Locus
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7.4 Equivalent Model PI for General Quadratic Functionals

Consider an nth order, linear system in canonical (phase-variable)
form given by equations (7-2) - (7-5), and a general quadratic cost

functional

1 ® 2 - 2
ES [x@®]_ + Fu(t)] at (7-115)
0 Q

where Q is any positive, semi-definite symmetric matrix and T is a

non-negative scalar. Two cost functionals will be called " equivalent"

if optimization of the two cost functionals give the same results. It

will be shown in this section that the general quadratic cost functional
(7-115) is equivalent to one with a diagonal weightiné matrix, which in
- turn, is equivalent to a cost functional of the form (7-1) ‘ba;sed on the Model
PI concept. A general expression is developed for relating the elements

of a general weighting matrix, Q, to those of a diagonal weighting matrix,

Qu

cost functionals. Using this expression it is possible to interpret any

, and to those of the Model PI weighting matrix, Q, for equivalent

general quadratic cost functional in terms of the Model PI concept.

The bas ic idea used to establish this relationship is a direct
extension of that used by Aizerman (18)>and Rekasius (19), which was
discussed in Chapter 3, section 3. 3. 1 Their procedure is completely
valid here because the optimization process is independent of the system
initial conditions. At this point, only the first term in (7-115) needs to
be considered. Expanding the integrand in terms of the state (phase)

ot

- -
variables

-1

n n
U L Ea Z SIS
Q

i=1 i=1 =i+

e}

i

(7-116)

ke

The time argument is suppressed for convenience when the meaning
is clear.
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where qij are the elements of Q, and noting that

) (-i) .
(-1 _ _d-__° (i-1) _
x e (7-117)

for j=1i, i+ 1, i+ 2,--+, n, when the system is in canonical phase-
variable form, one can see that the first term of (7-115) is a linear

combination of integrals of the form

) . (j-1i) .
[ = g [x“ b —d'z—.'_'{)—x(l 1)] dt (7-118)
0 at

This type of integral can be integrated by parts successively to establish

the general formula,

ZU-i-n 0
1 = (-p¥ Z x(k_l_l)x(‘]-k_z):! for (j-i) odd
k=0 0

(7-119)
and

a-i-2) %0
1 = (-pk }l x(k'l'l)xu’k'z)]

0 for (j-i) even

b oyl 5°°£x(%j+%i—1>]2 a
0
(7-120)

If the system is asymptotically stable, x(t) =0 as t > oo, then (7-119)
and the first term of {7-120) are constants that only depend on the system
initial conditions Using the above general formula the first term in

(7-115) can be reduced to
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_ i-1)12
0 ' qii[x(l )]

8
. fb/’]ﬁ

i
S

o0 2 g
ll&lla dt = clxy) + %S

=1
S L e iy
+ 2v ;‘ E q.l.(—l)2 x'2 2 dt
-, J
=1 j=itl
(7-121)

where c(_:io) is a constant depending on the system initial conditions, and
v is defined as

0 if (j-i) is odd
= (7-122)

1 if (j-i) is even

Consider the results thus far, indicated by (7-121). Only the
integral term of (7-121) can affect the optimization process since c(zc_o)
is a constant. The first summation in the integrand contains only the
diagonal elements of Q. The double summation term only contributes
terms from the alternate diagonals of Q where (j-i) is even. The other
alternate diagonal elements of Q, where (j-i) is odd, can in no way

affect the optimization. For example a 4 X 4 matrix of the form

—

951 0 413 0

— 0 q 0 q

5 = 22 24 (7-123)
31 0 933 0
| 0 4. 0 44 |

is a completely general 4 X 4 weighting matrix for a cost functional.
Note also that only the squares of state variables appear in (7-121), so
that it can be written with a diagonal weighting matrix. If the diagonal

elements of a diagonal matrix, Qd are denoted by 4 then
- i

1
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- = k=
q.. = 9 ¢t Zi( D™ Q35 0y (i) (7-124)

p=l
for i= 1,2,3, -+, n, where
n = min {(i-1), (n-i)3 (7-125)

To obtain (7-124) from the integrand of (7-121) requires a transformation
of the summation indices of the double sum so that the state variable in-
dices are the same in both summations. It is easy to verify by example
that they are the same.

A cost functional

(% 2 2 '
Iy = 35 [l + ra®t)] at (7-126)
0 Q4

where Qd is a diagonal matrix with elements (7-124), is equivalent to
J (7-115) since

J = clxy) + J (7-127)

d

and C(z(_o) is & constant. A diagonal weighting matrix can always be

formed, using the expression (7-124), that will produce an equivalent

quadratic cost functional to the general form (7-115).

It is an easy matter to relate this result to the Model PI form of.the
cost functional because the Model PI weighting matrix is just a special
case of the above development. For this treatment it is convenient to

define the (n + 1) vector & as

a' = [aoal... an_‘l O] = [9/_ E 0] (7-128)
to use in
aal
Q = ‘ 3 (7"12.9)
Izl
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The Model PI cost functional (7-1) can then be written as

= 1
- 2

1 0 2 :
2 g [l +rflall uit)] at . (7-130)
all” Yo aa! .

e

which is of the same form as (7-115). The previous results can be used
directly to relate the elements of _.a_r_g_’ to the elements of the diagonal

*
weighting matrix for equivalent cost functionals. From (7-124) one gets

n

_ 2 "
Ga; T %G-n T ZZ('” i-1-)%(i-L+p) (7-131)
_ £

for i=1,2,°--, n,e and n given by (7-125). A general weightihg matrix
and a Model PI weighting matrix for equivalent cost functionals can be

related by equating (7-124) and (7-131), i.e.

2 M -
i-1) F Zi O™ @ % 14p)
p=1

-1yM
U "‘i D7 a6y )
p=1

(7-132)

fori=1,2,3,--+, n, and n given by (7-125).

If the n equations (7-132) can be solved for the n elements of o
in terms of the elements of Q, then it is possible to establish a cost
functional of the Model PI form (7-1) or (7-130) that is equivalent to the
general cost functional (7-115). The general cost functional J (7-115)
is related to the Model PI cost function J (7-130) by

The indices on o are shifted by -1 because the elements of @ are the
characteristic equation coefficients of the model which are typically
index in this manner.
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= G
I = coxy) + fal s (7-133)

where 01(50) is 2a. constant depending on the initial conditions. Since
cl(xo) and ” gz_” ‘can not affect the optimization process, the two cost
functionals are equivalent.

To summarize the results, it is possible to establish a quadratic
cost functional with a diagonal weighting matrix, using the expression
(7-124), or a quadratic cost functional of the form (7-1) based on the
Model PI concept, using the expression (7-132), which is equivalent to
the general quadratic cost functional (7-115). If a specific quadratic cost
functional is given, then one can determine the o from (7-132) that cor-
responds to a model for that cost functional, in the Model PI concept.

This result can clarify a misconception about " optimal" systems.
It is oftefi mentioned (e.g. references 26 - 28 and 55) that the optimal
regulator design generally has good response characteristics, meaning
fast and well damped. This intuitive conclusion probably developed from
the fact that for many of the weighting matrices used in the early optimal
regulator treatments resulted in an approximate Butterworth configuration.
But it is clear from the results of this chapter that the response of the
" optimal" regulator is directly dependent on the state weighting matrix,
and one can certainly choose a weighting matrix that would result in an
" optimal" regulator with terrible response characteristics. For
example, if a weighting matrix were chosen, through ignorance, that
corresponded to a model with very lightly damped complex poles, the
dominant characteristic of the " optimal" regulator would tend to be
very lightly damped for small values of control effort weight factor. It
is very important to understand the relationship between the state weight-
ing matrix and the optimal solution. The fact that stability is guaranteed
is not enough for a design engineer.

The results of this section can also be applied to parameter opti-

mization problems of the type considered in Chapter 3 if and only if the

pseudo initial conditions are independent of the free parameters.
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7.4.1 An Example

A simple optimal regulator problem considered in references
27 and 28 with a general cost functional will be interpreted here in terms
of the Model PI concept by forming anequivalent Model Pl form cost
functional. The system considered is the simplified pitch damper for
the X-15 aircraft treated in section 7. 3.1 (also Chapter 6, section 6. 1).

The cost functional used in references 27 and 28 is

J = Sop [qllaf2 + qaz‘q2 + r6h 2] dt (7-134)
0 c

with 911 = 9550 and r = 1. 0, where @ and q are output variables and 6h
c
is the control variable. The output variables are related to the state

(phase) variables by

-

{"‘] - Hx (7-135)

where H is a 2 X 3 matrix given by the first two rows of (7-117), i.e.

-12. 2 -0. 037 0
H = 6.67 (7-136)
1 —2.76. -12.2 0

Then the state vector weighting matrix, Q, for this example is

Q = H'QH (7-137)
where
95; O
0 gy
or
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1. 05 0.229 0
Q = 6630q,, | 0.229 1.0 0 (7-139)
0 0 0

As pointed out above, the off diagonal elements in (7-139) do not affect
the optimization process. Using the expression (7-132) one can obtain

thea for the equivalent Model PI cost function as

a = Véésoqll‘[l.ozs 1.0 0] (7-140)

The cost functional (7-134) can then be interpreted as representing a
first order model with a pole, s = =1, 025.

It is interesting to look at the root square locus for this example',
which can be written down directly using the simple form (7-39). The

system poles were given in section 7. 3. 1.

6630 4 (s — 1.025){(s + 1. 025)

= -1
(s — 6. 67)(s% = 0.4555 + 17. 1)(s + 6. 67)(s> + 0.4555 + 17. 1)
(7-141)

The root square locus (7-191) plotted on figure 7-6 is identical to that

in figure 5 of reference 28 which was obtained by solving the steady-state
Riccati equation. The poles of the optimal regulator for 1 ° 0.2, 0.5
and 1. 0 are indicated by B. One can clearly see from figure 7-6 that as
the root square locus gain increases the dominant characteristic of the
optimal regulator approaches the model represented by the weighting
matrix. The excess poles are seen to approach a Butterworth configura-
tion. The dominant characteristic is also shown to approach the model
by the time response shown in figure 7-7, which is from reference 28,

but with the model response added.

283



Control System Adjoint System

IMAGINARY
AXIS
T 8

XX

Locus of Optimal Regulator \ T3

Poles as Function of d51

Model Pole for Equivalent " 2
Model PI Cost Functional

.L8

Figure 7-6 Root Square Locus for a Cost Functional
Used in References 27 and 28

284



1.0

Model for
917 9

ANGLE i
OF
ATTACK 0

DEG

- = 0.2
1
Open-Loop
-1.0 N 1 N 2 2 ] g
0 1 2 3

TIME ~ SEC

Figure 7-7 Time Response of Pitch Damper Designed
in References 27 and 28 Compared to the

Model Response Represented by the Cost
Functional

285






CHAPTER 8
CONCLUSIONS

AND
SYNTHESIS OF RESULTS

8.1 Conclusipns

This tci'lesis develops a new performance indéx, the Model PI,
that brings engineering design specifications into the analytical design
process. Application to flight control systems is emphasized although
the techniques apply to linear, time invariant, deterministic systems
in general. The basic form of the Model PI is the same as that of
quadratic functionals frequently appearing in modern control theory.

The important difference is the ability to interpret the weighting matrix .
of the Model PI directly in terms of a model that relates to engineering
specificatioﬁs. A parameter optimization design procedure is established
that starts with practical engineering specifications and uses the Model
PI as a synthesis tool to obtain a satisfactory design.

The Model PI is differént from the familiar model-referenced
integral squared error (ISE) performance index, except in certain
specialrcases. It can be used effectively in designing practical control
systems. And, it is substantially more efficient to use than a comparable
model-referenced ISE performance index.

Some interesting new developments on the theory and application
of linear optimal control have resulted from the Model PI theory. Only
the single-control regulator problem is considered. Using a form of the
Model PI, it is possible to interpret the state vector weighting matrix in

terms of a model which the opfimal regulator will approach in a limiting
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case. The Model PI concept provides an interestingly simple solution
to the linear optimal control synthesis procedure using one root square
locus. It is possible to compute a Model PI cost functional that is
equivalent to a general quadratic functional.

The Model PI represents a new criterion for approximating one
dynamical system (the model) by another, based on a novel geometrical
representation of linear autonomous systems. It is possible to represent
a linear model by a characteristic hyperplane and pseudo initial condi-
tion vector in the model's extended state space. A system's transient
time response trajectory can be made to approximate that of the model,
if the projection of the system's trajectory into the model's extended
state space can be made to lie close to the model's characteristic plane,
and if the system's and model's pseudo initial condition vectors are
" close in the model's state space. The criterion represénted by the
basic form of the Model PI can be thought of as a generalized measure
of the distance between the system's trajectory and the model's
characteristic plane. The model's characteristic plane enters the
Model PI in the definition of the state vector weighting matrix used in
a quadratic functional. In some cases, for systems with zeros, it is
necessary to include a quadratic penalty on the error between the system's
and model’ s.pseudo initial condition vectors. Minimizing the Model PI
tends to make the system's trajectory match the model's trajectory in
the model's extended state space; in other words, the system's output
and its first { derivatives tend to match the corresponding model
output variables, where £ is the order of the model. If sufficient free-
dom is provided in the design parameters, minimizing the Model PI
will produce exact model matching.

The state space formulation of analytical design problems
makes it possiblé to establish generé.l digital computer programs for
designing linear control systems by parameter optimization. Sucha
program has been established for the Model PI design procedure, which
only requires providing the appropriate input data cards and writing
one simple subroutine to change from one design problem to another.

The numerical optimization procedure uses a technique, derived here,
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for evaluating the gradient of the performance index directly rather than
using a numerical difference procedure.

The Model PI design procedure has been shown to be a practical
synthesis technique in three flight control system design exémples, in

which realistic type design specifications were used.

8.2 Synthesis of Results

Significant results have been obtained in this thesis effort that
will be of interest to the practical control systems engineer as well as
the modern control theorist. To the practical engineer, the main con-
tribution is the development of a systematic design technique that allows
him to introduce engineering design specificatiohs into the process, in
the convenient form of a model, and yet implement the technique in a
general and efficient manner on a digital computer. Control technology
has been developing in the direction of these general goals for several
years. Models have been included in previous analytical design tech-~
niques, notably in the form of model-referenced integril squared error
(ISE) performance indices. The introduction of state space notation
into control system analysis by Kalman has provided a convenient means
of writing general computer programs for control system design and
analysis. The technology for writing general computer programs for
designing linear control systems by parameter optimization using a
model -referenced ISE performance index has existed for some time now,
but there is little indication in the literature that such programs exist.
One problem that has hindered the application of parameter optimization
techniques to practical system design, is that for even moderately high
order systems and models the computational task can become enormous.
However the Model PI design procedure has a potential of reducing the
computation time by 20% to possibly 85% of that required for the model-
referenced ISE procedure, which should stimulate a renewed interest in
parameter optimization design techniques.

Although the Model PI method is of general applicability, it is of
particular interest for flight control system deéign. An analytical
design technique must include a model in some manner to be effective

in most flight control system design problems because of the specific
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response characteristics needed for a satisfactory design. Also the
design of a flight control system involves applying the design procedure
numerous times because of the wide range of flight conditions, weight,
center of gravity locations, and flight configurations (flaps, landing gear,
speed brakes, external stores, etc.). In sucha large design effort the
computational efficiency of an analytical design technique becomes an
important factor and a potential savings of 20% to 85% offered by the
Model PI method is quite impressive.

The general computer program developed here for the Model PI
method has already proved to be an effective synthesis tool even though
it is only a prototype and can be improved considerably. Some possible
improvements and extensions will be discussed 'subsequently. As with
any new technique, one must apply it to many types-of design problems,.
more than was possible in this thesis effort, to assess its true potential
and its limitation. But it seems quite likely that it can be developed into
an efficient, general design program for linear systems that would per--
form virtually all of the tedious work of the design process.

One improvement needed to meet this desirable objective is in
the process of forming the closed-loop system transfer function (or
functions) in terms of the free design pafameters or doing away with
this step completely. For multivariable systems this can become a
tedious task. This step in the design process is common to all of the
parameter optimization procedures, regardless of the performance in-
dex used, when implemented on a digital computer. A possible ap-
proach is to establish certain standard feedback configurations that are
easily incorporated into the necessary closed-loop transfer function.
Another possible approach is to transform the open-loop system into
the canonical phase-variable form and redefine the free parameters, as
functions of the original parameters, such that they are ozﬂy gains of
state (phase) variables. However both of these may place undesirable
constraints on the design procedure.

Another area for improvement in the general computer program
is a procedure for establishing a good initial choice for the free design

parameters. Since most efficient optimization algorithms find only
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local minima, the initial choice of free parameters is important. A
possible approach that appears rather interesting, is to use the linear
optimal regulator solution as a first step in the computer program,

then switch to the parameter optimization procedure. To do this one
would have to formulate the problem such that certain state variable
feedback gains in the optimal regulator problem correspond to the

free parameters of the parameter optimization problem. Assuming this
can be done without too many restrictions, one would compute the opti-
mal feedback gains using the Model PI (as discussed in Chapter 7), then
use the values of those gains corresponding to the free parameters as
the initial choice in the parameter optimization procedure. This assumes
that one does not wish to feedback all state variables in the final design..
If this is a feasible approach it would combine some. of the best features
of the two design methods. In the optimal-regulator problem the gains
are very easily calculated, but the solution requires feedback of all
state variables. Whereas, in the parameter optimization method find-
ing the " optimum" gains is harder, particularly for a poor initial
choice, but the designer can specify the feedback configuration.

There are several results of this thesis effort that are of basic
interest in control theory. The Model PI represents a new and different
criterion for control system design, although it has certain characteris-
tics in common with the performance indices considered by Aizerman
(18) and Rekasius (19). The rigorous treatment of the Model PI theory
has not only provided it with a solid foundation, but has also pointed out
some significant limitations to Aizerman's and Rekasius' performance
indices and some erroneous results in the case of the latter. These are
discussed in Chapter 3, section 3. 3. Although the Model PI criterion
is established in a somewhat abstract mathematical sense, it is just
as valid a criterion as the generalized integral squared error. When
exact model matching is possible both criteria would produce it. When
exact model matching isn't possible with the particular free parameters
available, both criteria are measures of the deviation from the condi-
tion of exact model matching. The only meaningful basis for judging

these criteria is whether they can be used effectively in a design
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procedure to meet the actual design specifications. On this basis, the
Model PI has been shown to be a valid criterion. : ‘

The geometricalyrepresentation of linear autonomous ‘systei’ns," :
used to derive the Model PI, is a novel concept that éhbuld interest
modern control theorists and stimulate considerable future activity.
Even though it does not present any new information about linear systems,
it is an interesting way of interpreting their transient response trajec-
tories. Using the concept of a system and model being defined by their
respective characteristic planes and pseudo initial condition vectors one
might develop other criterion for approximating one system by another.
For example, a simple, but probably very crude, criterion would be to
make the two characteristic planes as close together as possible, i.e.
minimize the angle between the two extended coefficient vectors. Or
an even simpler and cruder criterion would be to minimize the vector
error between the two coefficient vectors.

}This geometrical property may provide some interesting inter-
pretations in nonlinear control also. For example, using the Model PI
in the optimal "bang-bang" control problem would still define a model's
characteristic plane going through the or{gin of the extended state spa.cé;

the system given by-

Z(t)ad = u(t) (8-1)
where u{t) can take on values of xlonly, thus

z'(t)a = +1 (8-2)
or

g(t)a = -1 (8-3)

which define planes in the extended state space normal to & and trans-
lated one unit from the origin along i; and the optimal "bang-bang"

solution could be interpreted as choosing the switching from the plane
(8-2) to the plane (8-3) that kept the system’s trajectory the closest to

the model' s plane. One might also give a geometrical interpretation
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to the singular control problem and other special problems in cptimal
control theory. |

Only the simplest of linear optimal control problems, i. e. the
single-control optimal regulator problem was considered here. A
logical basis for selecting the state vector weighting matrix results
from using the Model PI concept. It is shown rigorously that the opti-
mal solution approaches the model represented by the Model PI weight-
ing matrix as the weighting on the control effort in the cost functional
goes to zero. The arbitrariness of selecting the weighting matrix has been
a weak point in the theory up to now. Extending this result to the multiple

control case should be the next step.
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APPENDIX A

GENERAL MODEL PI DESIGN
FOR
SECOND ORDER SYSTEMS

It is possible to obtain a general analytical solution to the
Model PI design of second order systems for various models and
various free system design parameters. The puréose of presenting
this solution is essentially academic and theoretical. It demonstrates
the use of the Model PI for the simplest possible examples and the
procedure for obtaining an analytical solution when such is practical.
It also provides a preliminary insight into the nature of system designs
obtained using the Model PI method. From a theoretical standpoint,
one is ostensibly required to exhibit general solutions, no matter how

trivial, whenever they exist.

A.1 Problem Statement

Consider the general second order autonomous system

x = Fx (A-1)
where
0 1
F =
-ao —a.1

and with initial condition

xy = [-1 0]
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The extended state vector, X, is related to the state vector, x, by

¥ = Mx (A-2)
where
1 0
M = 0
2y ™)

The coefficients ag and a, are functions of free design parameters.

The Model P1

w0 2
PI = g Iz | at (A-3)
<0 Q
~ aa
with Q = — an
2|
a = [ao a, az] (A-4)

can be used to represent arbitrary models of zero, first, and second
order. A zero order model is one which has a unity transfer function,
i. e. the output is identically equal to the input. The Model PI in that
case reduces to the familiar integral squared error (ISE) criterion.

The general Model PI design problem for second order systems
is to select ag and ays via the free parameters, that minimize (A-3)

as a function of ozo, ozl, and a,.

A.2 General Solution

It is relatively simple to solve analytically for the minimum
point of the Model PI for second order systems. The PI canbe evalu-

ated from (see Chapter 4)

= 1 -
PI xb P x, (A-5)
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-where P isa 2X2 symmetric matrix that is the solution of
F'P + PF = - M'QM (A-6)

Equation (A-6) represents only three linearly independent equations
for the three independent elements of P. Solving for P and substitut-

ing into (A-5) gives

2
a. o
PI:——-——IZ(—aOa1+10
Izl 2a,
2 2 2 2
o, + aa. t a.a. - a0« .
. 0 0%1 0%2 . 07072\ (a_7
Za1

In order to proceed from this point one must know the functional de-
pendence of a, and a, on the free design parameters. '_Three cases

are treated which cover a wide variety of second order system design
problems. Any others can be easily solved by a similar procedure
starting with (A-7) and the specific functional relationships for the free

parameters. The cases considered are

Case 1. a) is a fixed, known constant and a, is a free
design parameter

Case 2. aq is a fixed, known constant and ay is a free
design parameter

Case 3. a, and a, are linear functions of a free design

parameter, k.

A.2.1 Case 1. al—Fixed and aO—Free

The necessary condition for a minimum point of PI is

= =0 (A-8)
da ”QI 2a Zal

2 2 2

9PI _ 1 (_ %1% , %1 " %Ro% 20‘0“2) B}
)

0 f 0
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The solution of (A-8) is considered for the three types of models:

zero, first, and second order.

Case la. Zero Order Model {same as the ISE criterion)

A zero order model corresponds to @, = a,= 0 and @, arbitrary

in the Model PI. For this case (A-8) reduces to

a Qz
10 - (A-9)

2

20

which requires aO-’ w. The second order system design corresponding
to this solution would have a infinitely large frequency with nearly zero

damping.

Case lb. First Order Model

A first order model is given by @, = 0 and @ and o, nonzero

2 0

constants in the Model PI. The al can be taken to be unit without loss

of generality. The solution of (A-8) for this case is simply

(A-10)

The characteristic equation of the second order system design for this
solution is
2

s + as + g, = 0 (A-11)

as a function of the known constant a,-

Equation (A-11) is the general Model PI design for any first
order model with agasa free design parameter. The corresponding
poles are plotted on figure A-1 in the s-plane scaled by @, as a
function of a- One can see from figure A-1 that as a o the domi-
nant pole approaches the model pole.
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Figure A-1 Locus of Poles for Model PI Design for Case 1b
as a Function of a, (First Order Model)

Case lc. Second Order Model

A second order model corresponds to ., and a, being nonzero

0
and o, being arbitrary in the Model P1. The a_ can be taken to be unity

1 2
without loss of generality. For this case equation (A-8) can be written
as '
3

2a_ + (oz2

2 2.2
0 1 Zao) ag + @pa) = 0 (A-12)

Not much can be done to solve this cubic in general. For any specific
example it is easily solved numerically to give the Model PI design.
There is an interesting special case when the model has a frequency of
one radian per second and a damping ratio of 1/ N2 in which a general
solution is possible. In that case a, = 1 and ozZ = 2a, = 2, sO

0 1 0
that (A-12) gives the solution
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-
wl.—-

) (A-13)

o

i
e

o

The system characteristic equation for this solution is

1
s2 + a.,s + (-%a,'?l')3

! 0 (A-14)

The corresponding poles have been computed as a function of a, and are

plotted on figure A-2. For one specific value of a, (a.1 = A2 ) the

Model Pole

Figure A-2 Locus of Poles for Model PI Design for Case lc
as a Function of ay (Second Order Model)
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system and model poles are identical. Figure A-2 shows that there

are ranges of a, values for which the Model PI solution produces poles

1
substantially different from those of the model, however with only a,
as a free design parameter this is bound to occur no matter what de-
sign procedure used. In such a case the design problem would be

poorly poesed.

A. 2.2 Case 2. a,

-Fixed and al—Free

The necessary condition for a minimum point of the PI given

by (A-7) for this case is

012 a2+aa2+ Zaz—Zaaa
OPI _ 1(0_0 0“1 " 20%2 ooz)_0
= —, 5 . =
Bal Hgn 2a 23.1

(A-15)

Again the solution is considered for the three types of models: zero,

first, and second order.

Case 2a. Zero Order Model (same as the ISE criterion)

For this case (al = a, = 0 and g arbitrary) equation (A-15)

gives the s olution

a, = Na, (A-16)

The corresponding system characteristic equation is

s2 + '\}ao (A-17)

which is the well known solution to the ISE criterion (16, 17, 42) for
a second order system. The damping ratio is 0.5 for all values of
ag
Case 2b. First Order Model

For a first order model (o, = 0, @, = 1) equation (A-15) has a

2 1

general solution
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s = Vet e/l (A-18)

The system characteristic equation for this solution is

2 2 , 2, -
s+ \/3’0 + (ao/ao) s + ag = 0 (A-19)

Equation (A-19) is the general Model Pl design for second order

systems with a. a free design parameter and for any first order model.

1
The corresponding pole locations are plotted on figure A-3 as a func-
tion of the known constant 2y The s-plane is again scaled by @, to

make the graph independent of the model time constant. As a, > o the

0
Model PI solution has a dominant pole approaching ‘the model pole.

+1.5
w\2 _ 2 2 2 2
(—)+1—44 0l = 0 - (Lw)
o d
+1.0
(=)
Increasing ao/ o,
+0.5
Model Pole
(Scaled by ao)
\ %07
- Sm— 3 !
-2.0 -1.5 -1.0 -0.5 0
~(Lo/a)

Figure A-3 Locus of Poles for Model PI Design for Case 2b
as a Function of aq (First Order Model)
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Case 2c. Second Order Model

For a second order model equation (A-15) has a general solu-

tion {(with o, = 1)

2

} 2, 2 2 _ 2, 2 i
a, = \/a0(1+a0/ao) + (al Zao)ao/ao (A-20)

This gives a system characteristic equation

2 2, 2 2 2, 2 _
s+ -\/ao(1+a0/a0) + (arl Zao)aO/ao s + ag = 0
(A-21)

which is the general Model PI design for any second order model with

a, a free parameter. Recall that it was not possible to obtain the com-

1
pletely general solution in case lc. because of the cubic equation for

a In this case the solution is completely general.

o
It is still interesting to consider the special model used in

case lc. in order to present a graph of the pole locations for a one

parameter family of solutions. For that model (ao =1, ai’ = Zao = 2)
the characteristic equation is
sZ+ a, t a s + a = 0 (A-22)
0 0 0 .
The corresponding poles are plotted on figure A-4 as a function of ag:
For a, = 1 the system and model poles are identical. The results

0
are quite similar to those of case lc, and similar comments hold here

but with the roles of aq and al reversed.

3, and a; Linear Functions of a Free Parameter

The coefficients a, and a; may not be free design parameters

themselves but rather functions of a free parameter. The most likely

A. 2.3 Case 3.

functional relationships to occur in a second order system design are

linear functions. It is completely general to take
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Model Pole

Increasing

aO > 00
‘ N ’ 4
-1.4 -1.2 -1. 0 -0. 8 -0. 6 0.4 -0.2 0
_éw

Figure A-4 Locus of Poles for Model PI Design for Case 2c
as a Function of ag {(Second Order Model)

(A-23)
_al = cC + c. k

as the linear functions of the free parameter k.

The necessary condition for a minimum of the Model PI is

oP1 aao oPI 8a1
Ba, Ok * 8a, Ok 0 (A-24)
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where the partial derivatives of Pl are given by the expressions in (A-8)
and (A-15) respectively. Performing the indicated operations in (A-24)

and substituting in equation (A-23) gives

2 2 2
1 _ (c1 + Czk) @ . a; + Zkaz ZozoozZ
~ 11 2
lall 2k 2(c; + c,k)
1 a(z)' az + kaf + kzag - Zkaoaz
* 2 - £ 5 c, = 0 (A-25)
“g” 2k 2(01 + czk)
which can be reduced to the quartic
2 4 2 3 2 -2 24,2
(czaz) k™ + (2cj05) k™ + [cl(ozl Zaoozz) (Clcz + cz)ao]k
2 2. 32 i
(chczao) k 1%, = 0 (A-26)

For zero and first order models in the Model PI (both require
a, = 0) equation (A-26) reduces to a quadratic so that general analy-
tical solutions for k as a function of <y and c,are possible. There
appears to be little value in writing out these expressions and pre-
senting graphs of the resulting two parameter family of solutions (for
¢y and CZ). Numerical solutions for specific cases can easily be com-
puted from (A-26). A second order model requires solving the quartic

which means only a nurmerical solution is possible.
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APPENDIX B

A GENERAL DIGITAL COMPUTER PROGRAM
FOR CONTROL SYSTEM DESIGN
VIA PARAMETER OPTIMIZATION

A general computer program is described and listed in this
appendix that was developed for designing linear, time .invariant con-
trol systems via parameter optimization. Although it was developed
for the Model PI, it can be used with any quadratic functional as the
performance index. Specifically, its use with a model-referenced
integral squared (ISE) performance index is described. The

contents of Appendix B are listed below.

Section Title Page
B.1 Description of Main Program and Its Use ...... 308
B.1 Input Data Format .......... .. ... 311
B.1.2 Program Output . .......... ..., 312
B.2 Procedure for the Weighted Averaged Psuedo

IC Method for Multivariable Systems........... 312
B.3 Procedure for Using a Model-Referenced ISE

Performance Index .......... ... .. ... .. .... 313
B.3.1 Input Data Format .« ..covvviinnnnnn... 314
B.4 Listing of Main Program and Subroutines....... 315

Main: An Averaged Gradient Direction
Optimization Algorithm for Control
System Design ............... e 316
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Subroutines:

MRDES - Matrix Riccati Differential

Equation Solution ............... o Ty o ey 324
SNORM - Sup-Norm of a Matrix or

VECEOT: 5 v s §oain tiow i i diia & 4 n & 40w s wrs W w4 330
DIRCOS - Direction Cosine and

Length of Vector. ... ..........iiriiininnun.nnn 331

CALSYS - Calculates System Characteristics
for Current Parameter Values

MOD 1. - For General Model PI........ 332

MOD 2. - For Weighted Averaged
Pseudo IC Method for Multivariable

SYyStems. . ....coovueern.. PP 335
MOD 3. - For Model-Referenced ISE
Performance Index ....... e e e e 338

COEF - Coefficients of the System
Transfer Function Numerator and

Denominator (An Example). .. ... .. 341
DELPC - A Subroutine for Parameter
Constraints (An Example) .............. [ 341

The program is written in FORTRAN - IV for an IBM 360
computer and uses several subroutines from IBM's Scientific Sub-
routine Package (SSP) for matrix operations. The qompressed stor-
age mode of SSP (see reference 47 for details) is used throughout
this program. The description presented here is sufficient to use the

program.

B.1 Description of Main Program and Its Use

The main program, called An Averaged Gradient Direction
Optimization Algorithm for Control System Design, computes a se-
quence of parameter values that approaches a local minimum point of
the performance index over the parameter space. How rapid it con-
verges and how close it comes to the minimum depend on certain char-
acteristics of the specific problem that the user has little control over
pius certain constants of the computer program that the user specifies.
The algorithm used is discussed in Chapter 4, section 4. 4. It evaluates
the performance index from equation (4-45a) and its gradient from

(4-45b) for the current parameiler values and provides a logic for
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stepping to a new set of parameter values. It includes a step size con-
trol and stopping conditions. A simplified functional flow diagram of
the algorithm is presented in Chapter 4.

Six special subroutines are required for the main program.
Three of these, MRDES, SNORM, and DIRCOS, are general subrou-
tines that are never changed from problem to problem. ‘O‘\ne subrou-
tine, CALSYS, must be changed for different classes of problems.
Three versions are presented that cover the classes of interest here.
The subroutine COEF is used in CALSYS MOD 1. It presents the ba-
sic data for the specific design problem and therefore a new COEF is
written for each problem. The versions of CALSYS denoted MOD 2.
and MOD 3. require two subroutines similar to COEF and is discussed
in sections B. 2 and B. 3. The last subroutine, DE‘:LPC_, is used to in~-
clude parameter constraints if desired.

The subroutines MRDES is used to compute the steady-state
solutions of equations (4-45c) and (4-45d). It was written to compute
the continuous solution of the stationary matrix Riccati differential
equation that occurs frequently in modern control theory and is a modi-
fication of a procedure used by Athans and Levine (43). Its general
use is described in the listing starting on‘page 316. A code is includ-
ed that makes MRDES return only the steady-state solution to the main
program. Four constants must be specified by the user (part of the
input data to main program) for using MRDES: the time increment
for the numerical integration, denoted H; an upper limit on the num-
ber of time increments to integrate to in case the tests of steady-
state are not satisfied, denoted IMAX; and two numbers, denoted SNE
and YNE, used in the tests for éteady—state. SNE is the maximum
allowable magnitude of the horm$ of the derivative of the matrix for the
solution to be considered the steady-state value. YNE is the per cent

allowable error in the norm of the matrix at steady-state.

The norm used throughout this program is the sup-norm, i.e. the
magnitude of the numerically largest element of the matrix or
vector.
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The subroutines SNORM and DIRCOS are described in the re-
spective listings on pages 330 and 331.

The user must be sure to include the right subroutine CALSYS
for his problem. MOD 1. is for the general Model PI for single input/
output systems or multivariable systems treated as sex}efal single
input/output systems. It computes all the quantities in equation (4-45)
that are explicit functions of the free parameters. The functional de-
pendence of these quantities on the free parameters is only through the
systern transfer function numerator and denominator coefficients which
are computed in the subroutine COEF. Therefore CALSYS MOD 1.
does not depend on the specific system being designed. The subroutine
COEF and the data input cards, which are discussed subsequently, are
the only items that depend on the specific design problem, unless para-
meter constraints are used. COEF is a simple liéting of the numerator
and denominator coefficients as a function of the free parameters. An
example is presented in the subroutine listingsb (page 341).

The subroutine DELPC evaluates the contributions to the per-
formance index and its gradient due to the parameter constraints, if
such are included in the design problem.' A constant, RPC, specified
in the input.data, is uéed to set the relative weighting of the parameter
constraint contributions to the other contributions. No general form
for DELPC is given here because of the rﬁany possible forms one might
want to use. An example of DELPC for a quadratic penalty on the
parameters is presented in the subroutine listings on page 341. In
order to avoid needless computations when no constraints are required,
set RPC = -0.0 in the input data. However one must still include some
DELPC subroutine in the total package.

The total computer program package consists of

Main Program
MRDES.
SNORM
DIRCOS
CALSYS MOD 1.
COEF

DELPC
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B..1.1 Input Data Format

The program is dimensioned for up to a 20th order system with
up to 10 free design parameters. The model can also be of up to 20th
order. Within these restrictions the program can be used for the design
of any system by the Model PI method. The necessary input data cards

for a specific problem are indicated below.

First Card - Format Statement No. 3

N, M, K, STEP, ITMAX, H, IMAX, SNE, YNE, RXO, RPC, LI

where
N is the order of the system's denominator (N =< 20).
M is the order of the system's_ numerator (M =< N-1).
K is the number of free design parameters ( K = 10).
STEP is the initial step size for the optimization
algorithm.
ITMAX is an upper limit on the number of steps to

be computed.

H is the time increment for numerical integration
‘ in MRDES (H should be about 1/10 the smallest
characteristic time of the system).

IMAX is the maximum number of time increments to
' integrate to in MRDES.

SNE is the maximum allowable value of the norm of
the derivative of the matrix solution at steady-
state in MRDES.

YNE is the maximum allowable error in the norm of
the matrix solution at steady-state in MRDES.

RXO is the relative weighting of the quadratic penalty
on the pseudo IC's in the general Model PIL

RPC is the relative weighting of the parameter con-
straints in the performance index.

LI is the order of the model plus one (LI = N+1).

Next Card(s) - Format Statement No. 24

PAR(D), I = 1, K

where PAR(I) is a vector whose elements are the free design parameters.

An initial choice for PAR(I) is required here as input data.
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Next Card(s) - Format Statement No. 24

XMO(D), I = 1, N

where XMO(I) is the model's pseudo IC vector.

Next Card(s) - Format Statement No. 24
w(n, I =1, N

where W(I) is a vector whose elements are the diagonal elements of

the pseudo IC weighting matrix (see equation (4-12) ).

Next Card(s) - Format Statement No. 24

ALPHA(D), I = I, LI

where ALPHA(I) is the model's coefficient vector in the system's ex-

tended state space & (see equation (3-26), divided by ”_@” .

B.1l.2 Program Output

The program prints out STEP, PAR(I), F(I), XO(I), Pi and DPI
each optimization step (iteration), where F(I) is the vla_st row of the
system coefficient matrix, XO(I) is the system's pseudo IC vector, PI
is the value of the performance index, and DPI is the change in the
performance index from that at the previous value of PAR(I). If the
program terminates it prints out the number of optimization steps
taken, the current step size, PAR(I), PI, XO(I}, and the final system
numerator and denominator coefficient values. The program can termi-
nate if any one of the following occur:

1. stopping conditions satisfied;

2. the upper limit on the number of steps to be computed,
ITMAX, is reached, or

3. the stopping condition is bypassed because PI <. 1 exp-10.

The reason for terminating is also printed.

B.2 Procedure for the Weighted Averaged Pseudo IC Method
for Multivariable Systems

This method for treating multivariable systems is discussed
in Chapter 3, section 3. 2. 3. 2, titled " Second Method". The proce-

dure for using the program with this method is the same as that
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discussed in B. 1 with three exceptions. First CALSYS MOD 2. must
be used instead of MOD 1. Secondly, CALSYS MOD 2. requires two
subroutines, COEF1 and COEF2, for the two system transfer charac-
teristics considered (see section 3. 2.3). Finally, the input data cards
for XMO(I) must be the weighted averaged pseudo IC's of the two model
transfer characteristics.

The subroutines COEF'1 and COEF 2 perform the same function
as COEF except for two systems with the same denominator. They
are written similar to COEF (for example see page 341) with the follow-
ing format for their names:

COEF1l (ACOF, BCOF, PAR, CQC)

COEF?2 (BCOF, PAR, CQ)
where ACOF is the denominator coefficient vector, BCOF in COEF1 is

the numerator coefficient vector for the first system, BCOF in COEF2
is the numerator coefficient vector for the second system, and CC is the
relative weighting factor for the two systems. The value of CC must be
given in COEF land (14CC) must be given in COEF2 as CC.
The total computer program package consists of

Main Program

MRDES

SNORM

DIRCOS

CALSYS MOD 2.

COEF1

COEF2
DELPC

B.3 Procedure for Using a Model-Referenced ISE Performance Index

The procedure for using a model-referenced ISE performance
index in this computer program is quite similar to that described in
B. 1, but there are some changes in the input data cards. In Chapter 5,
section 5. the model-referenced ISE performance index is written as
a quadratic functional of an augmented state vector consisting of the
n-dimensional system state vector and the £ -dimensional model state
vector. By defining a new (n+{)-dimensional autonomous system,
whose coefficient matrix is partitioned into the original system and

model coefficient matrices, and by appropriately redefining the state
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vector weighting matrix, Q, the optimization problem becomes of the
same form as that for the basic Model PI method. The main computer
program can be used without modification. All necessary changes oc-
cur in the subroutine CALSYS MOD 3.

Two subroutines, COEF and COEF M, must be written for use
in CALSYS MOD 3. for each specific design problem using this type of
performance index. COEF is of the same format as the example listed
on page 341l. It simply lists the functional relationships of the actual
system's numerator and denominator coefficients to the free design
parameters. COEF M presents the numerical values of the model's
numerator and denominator coefficients and has the following name

format:
COEFM (ALPHA, BETA, NM, MM)

where ALPHA and BETA are the model' denominator and numerator
coefficient vectors respectively, and NM and MM are the orders of
the model's denominator and numerator respectively. The numerical
values of NM and MM must be given in COEF M. ‘

Parameter constraints can be included in DELPC as discussed
in B. 1.

The total computer program package consists of

Main Program
MRDES

SNORM

DIRCOS
CALSYS MOD 3.
COEF

COEFM

DELPC

B.3.1 Input Data Format

Since the main program is dimensioned for up to a 20th order
system, the dimension of the augmented state vector (actual system
plus model) can not be larger than 20. There can still be up to 10
free design parameters. The input data cards are basically of the

same form as those described in B. 1. 1 but with the following change:
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First Card

N is the dimension of the augmented state vector,
i.e. N= nt+f{ where n is the order of the actual
system and £ is the order of the model (N = 20).

M is the order of the actual system's numerator.
RXO is set equal to —-0. 0.
LI is set numerically equal to N

Next Card(s)

PAR(I), I=1, K

Same as before
Next Cards

XMO(I), I1=1, N
and
w(n, I=1, N
These are irrelevant since RXO = -0. 0 but the appropriate number of

data cards must be included.

Next Card(s)

ALPHA(D), I=1, LI
Here ALPHA(]) is redefined as the row vector .

[0 9. ¢ -1 9]

where p—l-—l and -Q-n—l are (£-1) and (n-1) dimensional null vectors re-

spectively.

B.4 Listing of Main Program and Subroutines

The main computer program and subroutines are listed on the

following pages.

This is equivalent to the vector h defined by (5-17) in Chapter 5.
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NN

240

241

25

27

MAIN PROGRAM LISTING CONTINUED

LL=N*(N+1) /2
NN=N*N

NK =N*K
KN=K*(N=-1)+1
LIL=LI*(LI+1)/2
KLI=NK+1
LIK=LI*K
LIN=LI*N

REK=K
DCK=1e/SQRT(REK)
ISAVE=IMAX

ICc=1

DO 241 I=1slL1
IL=1%(1+1)/2

DO 240 J=I1C,IL
JI=J+1~-1C

Q( JY=ALPHA( 1) *ALPHA(JT)
IC=1L+1

CONTINUE

INITIALIZE VARIABLES.

PIOLD=e1E 20
PIPC=0e
PIX0=0

IT=0

DO 25 I=1sLL
XXIC(1)=0.0
PIC(I)=040
ZERO(1)=0.
DO 27 I=1sK
GX0(I1)=0.
GPC(I)=0.

WRITE(6+1)
WRITE(69103)

WRITE(693) NsMsKsSTEPs ITMAXsHs IMAXsSNE s YNEsRXOsRPCHLI

WRITE(64+109)

WRITE(6520) (ALPHA(I)s I=1sL1)
WRITE(65104)

WRITE(6+20) (XMO(I}s TI=1sN)
WRITE(65105)

WRITE(6920) (W(I)s I=1sN)
WRITE(65106)

WRITE(6+20) (Q(I)s I=1,LIL)
WRITE(69107)

WRITE(6520) (PAR(I)s I=14K)
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MAIN PROGRAM LISTING CONTINUED

C START OF OPTIMIZATION ALGORITHM.
C
30 CONTINUE
C
C WITHIN EACH ITERATIONs COMPUTE AN INTERMEDIATE POINT ONE STEP IN
C THE DIRECTION OF THE LOCAL GRADIENTs THEN COMPUTE THE AVERAGE OF
C THE DIRECTION COSINES OF THE GRADIENTS AT THESE TWO POINTSe.
C AT THE END OF THE ITERATIONs THE NEW STEP WILL BE IN THIS
C AVERAGE DIRECTION.
C
DO 55 IA=1,2
C
300 CONTINUE
WRITE(6912) STEP
WRITE(6920) (PAR(I)s TI=15K)
CALL CALSYS(FsATsBTsXDsALPHASQsHTQIPAR)
WRITE(6920) (F(I)s I=NsNNsN)
WRITE(6s20) (XO(I)s I=19N)
C
C COMPUTE CONTRIBUTION TO THE PERFORMANCE INDEXs PIXe
C
IMAX=1SAVE
IACT=0
YN(1)=YNE

DO 3000 I=1lslL

3000 PUI)=PICII)
CALL MRDES{FsZERO9QsPsNsHsSNE s YNs IMAXs IACT +0)
IF(IMAX=11302+3019302

301 WRITE(6+19)
GO TO 303

302 WRITE(6913) TACT

303 WRITE(6920) (YN(I)s I=1910)
CALL MPRD(PsX0OsAMATsNsN21»0s1)
PIX=040
DO 304 I=1sN ,

304 PIX=PIX+XO{I)*AMAT(D)

IFYRXO 1S ZEROs BYPASS COMPUTING PIXOe

O RaNA!

IF{RX0)308+3089 305

)

305 DO 306 I=1,N

306 AVEC(I)=XC(I)=-XMO(I)
CALL MPRD(WsAVECsBVECsNsN92s0s1)
PIX0=0,0
DO 307 1I=1,N

307 PIXO=PIXO+AVEC(I)*BVEC(I)

308 CONTINUE
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N NonOn

309
310

[aNala!

NN N

NN

311
312

N OO

313
3131
314

N"NNNn

315

316

AN

320
3201

MAIN PROGRAM LISTING CONTINUED

IF RPC IS ZEROs BYPASS CALLING THE SUBROUTINE DELPCs THAT COMPUTES
THE VALUE AND GRADIENT OF THE PARAMETER CONSTRAINT FUNCTIGN.

IF(RPC)31053105309

CALL DELPC(GPCsPIPCsPARSRPC)
CONTINUE

COMPUTE CURRENT VALUE AND CHANGE IN PERFORMANCE INDEXe
PI=PIX+PIX0+PIPC

DPI=PIOLD~PI
WRITE(6s20) PIys DPI

STEP SIZE CONTROL AND STABILITY CONSTRAINT FOR ALGORITHMs
IF(IT+I1A-2)3205311s311

IF PERFORMANCE INDEX INCREASEDs CUT STEP SIZE IN HALFe
IF(DPI)312+3125320

STEP=0e5%STEP

IF(IA-1)313,313+315

IF PI INCREASED BETWEEN ITERATIONSs GO BACK HALF WAY TO THE

AVERAGE PARAMETER VALUE AND TRY AGAIN. REPEAT THIS NO MORE THAN
FOUR TIMESe.

IF(KUT=-3)313193131+320

DO 314 I=1sK
PAR(I)=AVPAR(I)-STEP*GPI(I)
KUT=KUT+1

GO TO 300

IF PI INCREASED WITHIN THIS ITERATIONs TAKE AN INTERMEDIATE PCINT
HALF WAY BACK TO THE CURRENT PARAMETER VALUE.

CONTINUE

DO 316 I=1,K
PAR(I)=PAROLD(I)-STEP*GPIOLD(1I)
GO TO 300

TERMINATE IF THE NUMBER OF ITERATIONS EXCEEDS ITMAXe

IF(1A-1)3201+3201-3203
IF(ITMAX=-1IT)72+7253202
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] NN NOON

MAIN PROGRAM LISTING CONTINUED

3202 WRITE(6s11) IT
WRITE(6912) STEP
WRITE(6520) (PAR(I)s I=14K)
WRITE(6914) PI
WRITE(6920) (F(I)s I=NsNNsN)
KuT=1

3203 CONTINUE

COMPUTE GRADIENT OF THE PERFORMANCE INDEXe
COMPUTE THE GRADIENT OF THE INTEGRAL OF xXQXs CALLED GIXe
CALL MPRD(BTsAMAT sGIXsKsN9s0s0s1)

IMAX=1SAVE
IACT=0.0
YN(1)=YNE
IC=1
DO 322 T=1sN
IL=I%(I+1)/2
DO 321 J=ICsIL
JI=J+1-1C
321 XXO0(J)=X0(1)%¥X0(J1)

IC=IL+1

322 CONTINUE
CALL MTRA(FsFTsNsNsO)
DO 3220 I=1.LL

3220 XX{I)=XXIC(I)
CALL MRDES(FTeZFEROIXXO s XXoNsHsSNEsYNs IMAXs IACTsO)
IF(IMAX~1)32449323+324

323 WRITE(6518)
GO TO 325

324 WRITE(6913) IACT
325 WRITE(6920) (YN(I)s I=1910)

CALL MPRD(ATsXX s AMATsK aNsOs1aN)
CALL MPRD(AMATsPsBMATsKsNsOslaN)

DO 326 I=KNsNK
J=1-KN+1
326 GIX(J)=GIX(J)=BMAT(I)

IF(N~LI)3260+3262+3262

3260 CALL MPRD(AMATsHTQsBMAT sKsNsOsOsL 1I)
DO 3261 I=KLIsLIK
J=1-KLI+I

3261 GIX(J)=GIX(J)=-BMAT(I)

3262 CONTINUE
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aNeNa e

327

328
329

NN

540

e EaNaNaNa

541

[a¥aEe!

542

AN

5421
5422
5423

aNaNa

543

MAIN PROGRAM LISTING CONTINUED

IF RXO IS ZEROs BYPASS COMPUTING GRADIENT OF INITIAL CONDITION.
IF{RX0)3295329,327
COMPUTE THE GRADIENT OF (XMO=XO0)T*w#*(XM0O-X0)s CALLED GXOs

CALL MPRD(BTsBVECsGX0sK+Ns0s0s1)
DO 328 I=1sK

GXO(1)=RX0O*GX0(1)

CONT INUE

COMPUTE THE TOTAL GRADIENT OF THE PERFORMANCE INDEXs GPIe

DO 540 I=1sK
GPI(D)=GIX{I)+GXO(I)+GPC(])

TERMINATE IF THE GRADIENT IS ESSENTIALLY ZEROs OTHERWISE COMPUTE
THE AVERAGE OF THE DIRECTION COSINES OF THE GRADIENTS FOR THE TWO
POINTS WITHIN THIS ITERATION.

CALL SNORM(GPIsGPISNsKs2)
IF(GPISN-(+1E-20))805805541

IF(TA=1)542+5424544

DIRECTION COSINF OF GRADIENT AT FIRST POINT.

CALL DIRCOS{(GPIsGPIENsGPIOLDsK)

STOPPING CONDITION. TERMINATE IF BOTH THE DECREASE IN THE
PERFORMANCE INDEX IS LESS THAN.O1 PER CENTs AND THE LENGTH OF THE
GRADIENT TIMES THE CURRENT STEP SIZE IS LESS THAN o1 PER CENT

OF THE PERFORMANCE INDEXe.

IF(PI-(e1E=10))70+70+s5421
IF(ABS(DPI)=e0001%P1)5422s5422+5423
IF(GPIEN#STEP—-.Q01#PI) 7107195423
CONTINUE

COMPUTE AN INTERMEDIATE POINT FOR THIS ITERATION.

STEP=0¢5%STEP

DO 543 I=1sK
PAROLD(I)=PAR(])
PAR(I)=PAR{I)=STEP#GPIOLD(I)
PIOLD=PI

GO TO 55
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‘MAIN PROGRAM LISTING CONTINUED

DIRECTION COSINE OF GRADIENT AT INTERMEDIATE POINTe
CALL DIRCOS(GPIsGPIENsGPIsK)
ADD THE DIRECTION' COSINES FOR BOTH POINTS OF THIS ITERATION.

DO 545 1I=1sK
GPI(I)=GPI(I)+GPIOLD(I)
CALL SNORM(GPIsGPISNsKs2)

IF THE SUM OF DIRECTION COSINES HAPPENS TO BE ALMOST ZEROs DEFINE
ARBITRARILYs A GRADIENT OF UNITY LENGTH AND WITH ALL COMPONENTS
EQUALs OTHERWISE CONTINUE COMPUTATIONS.

IF(GPISN-(e1lE~20))546+5469548
DO 547 I=1.K

GPI(I)=DCK

GO TO 55

COMPUTE THE DIRECTION COSINE OF THE SUM OF THE DIRECTION COSINES
FOR THE TWO POINTSs AND STORE IT IN GPI.

CALL DIRCOS(GPIsGPIENsGPIsK) .
CONT INUE

IT=1T+1

DO 550 I=1lslL
XXIC(I)=XX(T1)
PIC(I)=P(I])

COMPUTE THE AVERAGE VALUE OF THE PARAMETER VECTOR WITHIN THIS
ITERATION AND STEP FROM THAT POINT IN THE DIRECTION OF THE
DIRECTION COSINE OF THE AVERAGE DIRECTION COSINESe

STEP=2.0%#STEP

. DO 56 1=1sK

56

70
71

72
80

AVPAR(I)=e5%(PAR(I)+PAROLD(I))
PAR(I)=AVPAR(I)~STEP*GPI(I)

GO TO 30

WRITE(696)
GO TO 80
WRITE(697)
GO TO 80
WRITE(695)
CONT INUE
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MAIN PROGRAM LISTING CONCLUDED

COMPUTE THE CHARACTERISTIC POLYNOMIAL COEFFICIENTS

DO 81 I=1sN
IN=T*N
AMAT(I)==F(IN)

COMPUTE THE NUMERATOR COEFFICIENTS CORRESPONDING TO THE INITIAL
CONDITIONS AND THE CHARACTERISTIC POLYNOMIAL COEFFICIENTS.

NM=N-1 . ;
BMAT(1)=~AMAT(1)%X0(1)
DO 83 I=2sNM

C=O.

NI=N-I

NII=NI+2

DO 82 J=1sNI

Ji=J+I

JI=J+1
C=C+AMAT(JT1)I%¥X0(J))
BMAT(I)=X0O(NII)+C
BMAT(N)=X0(2)

WRITE(6911) IT

WRITE(6512) STEP

WRITE(658)

WRITE(6920) (PAR(I)s I=15K)
WRITE(6914) PI

WRITE(6910)

WRITE(6920) (XO{I)s I=1sN)
WRITE(69+22)

WRITE(6920) (AMAT{I)s I=1sN)
WRITE(6+123)

WRITE(6+20) (BMAT(I)s I=1sN)

CALL EXIT
END
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HERMAN Ae REDIESSs MITs DEPT. OF AERONAUTICS AND ASTRONAUTICS
MARCH 1968
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SUBROUTINE MRDES

PURPOSE
COMPUTES THE TIME SOLUTION OF THE STATIONARY MATRIX RICCATI
DIFFERENTIAL EQUATION

DY(T)/DT = AT*#Y(T) + Y(T)*¥A — Y(T)*B*¥Y(T) + C » Y{(C) = YO

WHERE A IS STABLE AND Bs Cs AND YO ARE SYMMETRIC AND POSITIVE
SEMI-DEFINITE.

USAGE
CALL MRDES(AsBsCoYsNsHsSNEsYNs IMAXs TACTsKOUT)

DESCRIPTION OF PARAMETERS
‘ - NAME OF COEFFICIENT MATRIX (NXN)s GENERAL STORACGE MODE
- MATRIX IN QUADRATIC TERM (NXN)s SYMMETRIC STORAGE MODE
-~ CONSTANT FORCING MATRIX (NXN)s SYMMETRIC STORAGE MODE
- UPON ENTRYs Y IS THE INITIAL CONDITICN Y(0O) AND UPON
RETURNs IT IS THE SOLUTION (NXN)s SYMe STORAGE MODE
-~ DIMENSION OF MATRICESe NOT GREATER THAN 20
— TIME STEP SIZE
NE - MAX ALLOWABLE MAGNITUDE OF DY(T)/DT NORM FOR STEADY
STATE TESTe
YN - A VECTOR FOR STORING PAST 10 VALUES OF Y NORM USED
IN A TEST FOR STEADY STATEe THE FIRST ELEMENTs YN(1l)s
IS USED AT ENTRY TO SPECIFY THE MAX ALLOWABLE ERROR
IN THE NORM OF Y AT STEADY STATE.
MAX NUMBER OF TIME STEPS ALLOWED. ALSO USED FOR AN
OUTPUT FLAG TO DENOTE REACHING STEADY STATE OR IMAXe.
0 - STEADY STATE REACHED
1 = IACT=IMAX
ACTUAL NUMBER OF TIME STEPS WHEN Y IS RETURNED TO THE
MAIN PROGRAMe CORRESPONDING TIME IS T = H¥IACT.
MAIN PROGRAM MUST SET IACT=0 INITIALLYe:
CODE TO SPECIFY THE KIND OF OUTPUT DESIREDs
0 - RETURN ONLY THE STEADY STATE SOLUTION
K - RETURN Y AFTER EVERY K TIME STEPS UP TO
STEADY STATEs WHERE K IS5 ANY NON ZERC INTEGERe
SEE NOTE UNDER REMARKS FOR THIS CASEe

<N ® >

hwI =z
|

IMAX

IACT

KOUT

SUBROUTINES AND FUNCTIONS REQUIRED
MPRDs MTRAs MADDs MSTRs MSUBs SNORMs ABS
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MRDES LISTING CONTINUED

REMARKS
THE SUBROUTINE MRDES IS A MODIFICATION OF A PROCEDURE PRESENTED
BY ATHANS AND LEVINEs MIT ELECTRONIC SYSTEMS LABORATORY REPORT
ESL-R-276s JULYs 19669 USING A RUNGA-KUTTA SCHEMEe MRDES IS5

WRITTEN USING THE COMPRESSED STORAGE MODES OF THE IBM SSP AND
USES SEVERAL SSP SUBROUTINESe

THE SOLUTIONs Y(T)s IS STORED IN SYMMETRIC STORAGE MODE.
SINCE THE SOLUTION IS STORED IN THE SAME LOCATION AS THE
INITIAL CONDITIONs IT IS NECESSARY TO SAVE THE leCe IN SOME
OTHER LOCATION PRIOR TO ENTRY INTO MRDES IF THE IeCe IS TO
BE RETAINEDe

IF B=0s ALL COMPUTATIONS INVOLVING B ARE SKIPPEDe

TO INCREASE THE DIMENSION OF THE MATRIX EQUATION ABOVE 20, iIT
IS ONLY NECESSARY TO CHANGE THE TWO DIMENSION STATEMENTS FOR
THE DUMMY ARRAYS TO VALUES OF L AND NN RESPECTIVELY.

SNORM IS A SUBROUTINE TO OBTAIN THE SUP-NORM OF AN NXN MATRIX
STORED IN ANY STORAGE MODE USED IN IBM SSPs BUT IS NOT PART
OF THE SSP SO IT MUST BE PROVIDED BY THE USERe

NOTEe IF Y IS TO BE RETURNED EVERY K TIME STEPSs THE MAIN
PROGRAM MUST SET UP A LGOP TO RE-ENTER MRDES AFTER EACH RETURN,
BE SURE NOT TO DISTRQY THE CURRENT VALUES OF THE SUBROUTINES
ARGUMENTS BEFORE RE~ENTRYes ALSO THE MAIN PROGRAM MUST CHECK
THE FLAGs IMAXs AFTER EACH RETURNes UPON RETURNs IF IMAX IS
GREATER THAN 1 RE-ENTER MRDESe IF IMAX=0 OR 1s DO NOT REENTER.
AN E£XAMPLE OF AN APPROPRIATE LOOP IN A MAIN PROGRAM IS

MAIN PROGRAM

[ E N E NN N X NWNK]
10 CALL MRDES(AsBsCsYsNsHsSNEsYNs IMAXs IACT sKOUT)
CALL MXOUT(IYsYsNsNs1s60s12052)
TIME=1ACT*H
WRITE(6515) TIME
IF (IMAX=1)11511510
11 CONTINUE

ssecseecs e

WHERE MXOUT IS A SUBROUTINE FOR PRINTING THE MATRIX Y.
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MRDES LISTING CONTINUED

METHOD
THE FOLLOWING RUNGA-KUTTA RECURSION FORMULA IS USED

Y(K+1) = Y(K) + (G1l(K) + 2%G2(K) + 2%G3(K) + G4({K))/6
WHERE ,
G1(K) = H®(CAT*Y(K) + Y(KI*¥A = Y(K)*¥B*Y(K) + C)
G2(K) = H®(AT*#(Y(K) + «5%¥G1(K)) + (Y(K) + ¢ 5¥G1(K))*A
=(Y(K) + o5%¥G1(K))*¥B*(Y(K) + «5%¥G1(K)) + C)
G3(K) = H*(AT®#(Y(K) + «5%G2(K)} + (Y(K) + «5%¥G2(K))*A
~(Y(K) + o¢5%G2(K))#B#(Y(K) + o5%¥G2(K)) + C)
G4 (K) = H*(AT*(Y(K) + G3(K)) + (Y(K) + G3(K))*A

-{Y{K) + G3(K))*Bx(Y(K) + G3(K)) + ()

AND AT REPRESENTS THE TRANSPOSE OF Ae THE TIME STEP SIZEs H»
IS CONSTANTe

MRDES INCLUDES TWO TESTS FOR STEADY STATEe THE USER MAY
CHOOSFE TO USE EITHER OR BOTHe ONE TEST SPECIFIES THE MAX
ALLOWABLE VALUE OF THE NORM OF THE DERIVATIVE AT STEADY STATES
SNEe THE SECOND IS A TEST FOR THE ALLOWABLE ERROR IN THE NORM
OF THE SOLUTION AT STEADY STATE. THE USER SPECIFIES THE PER
CENT ALLOWABLE ERROR IN THE NORM OF Y IN YN(1)s IeEe Oel

PER CENT OF YNORM WOULD BE YN(1)=0.001 « THE SUBROUTINE
CHECKS THE PER CENT DIFFERENCE BETWEEN CURRENT YNORM AND

YNORM 10 TIME STEPS BACKe IF THE CHANGE IS LESS THAN THE
ALLOWABLE ERRORs THEN YNORM IS COMPARED TO 3 AND 7 TIME STEPS
BACKe IF THE CHANGE FOR 3 STEPS IS LESS THANe3*¥{(THE CHANGE FOR
10 TIME STEPS)s AND FOR 7 STEPS IS LESS THAN 6% (THE CHANGE
FOR 10 TIME STEPS)s THEN IT IS CONSIDERED STEADY STATE.

THE USER MUST SPECIFY A MAX NUMBER OF ITERATIONSs IMAXs IN CASE
NEITHER STEADY STATE TESTS ARE SATISFIED IN A REASONABLE TIME

*******************************************************************

SUBROUTINE MRDES(AsBsCs¥sNsHsSNEsYNs IMAXs IACT9KOUT)
DIMENSION A(1)s B(1)s C(1)s Y(1l}s YN(10)

THE FOLLOWING DUMMY ARRAYS ARE ONLY USED WITHIN THE SUBROULTINE.

DIMENSION X(210)sXBX(210)sGG(210)5>GSUM(210)
DIMENSION XA(400)s AX(430)sXB(400)
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MRDES LISTING CONTINUED

NN=N#*N
L=N*(N+1)/2

KK=0

IF(IACT) 19193
YNE=YN(1)
YNORM=1.

DO 2 I=1,10
YN(I)=10e%%]
CONTINUE

CALL SNORM(BsBNORMsNs1)
KK=KK+1 '
TACT=IACT+1

THE ARRAYS X AND GG WILL BE USED TO REPRESENT SUCCESSIVELYs Yo
Y+e5Gls Y+65G2s Y+G3s AND Gls G2s G3s AND G4 RESPECTIVELY.

DO 10 I=1sL

XtI)y=y(tn

DO 40 J=1+4

COMPUTE A%*X + X#A AND STORE IN AX TEMPERARILY.
CALL MPRD{XsAsXAsNsNs1sOsN)

CALL MTRA(XAsAXsNsN»s0O)
CALL MADD(AXsXAsAX3sNsNs0Os0)

STORE AX + XA (NOw IN AX) IN SYMMETRIC STORAGE MODE AND CALL IT GG
CALL MSTR(AX+GGsNsO»91)

COMPUTE GG= A¥X +X#*A + C

CALL MADD({GGsCsGGsNsNs1ls1)

IF NORM OF B IS ZEROs BYPASS COMPUTATIONS INVOLViNG Be
IF(BNORM)13s13s11

CALL MPRD(XsBsXBsNsNslslsN)

CALL MPRD(XBsXeXAsNsNsOs1sN)

THE PRODUCT X*B%X IS TEMPERARILY STORED IN XAe THE MATRIX X¥*B#X
SHOULD BE SYMMETRIC BUT ROUND OFF ERRORS MAY CAUSE IT TO BE-
SLIGHTLY UNSYMMETRICALe IT IS MADE SYMMETRIC BELOWe

CALL MTRA(XAsAXsNsNsQ)
CALL MADD(XAsAX s XAsNaNs0s0)
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MRDES LISTING CONTINUED

DO 12 I=1sNN
XA(I)=e5%XA(I)

STORE X*B¥X (NOW IN XA) IN SYMMETRIC STORAGE MODE AS XBXe
CALL MSTR(XAsXBXsN»Os1)

COMPUTE GG= A*¥X + X¥A - X¥B*X + C

CALL MSUB(GGsXBXsGGsNsNslsl)

TERMINATE IF NORM OF DY(T)/DTs WHICH IS GIVEN HERE AS GG (J=1)»
IS LESS THAN THE ALLOWABLE LIMIT AT STEADY STATEs SNEe
HOWEVERs TERMINATE AFTER THIS ITERATION.

IF(J-1) 14514518
CALL SNORM{GGsGNORMsNs 1)

FOR J=ls X IS EQUAL TO Y AND FOR J=2939AND 4 THE FOLLOWING LOGIC
SETS X EQUAL TO Y+e5Gls Y+e5G2s AND Y+G3 RESPECTIVELYe GG TAKES
ON THE VALUES OF Gls G2s G3s AND G4 SUCCESSIVELY AS J=19293s4e

IF(J=-2)20+25419
IF(J-4)30s35435

DO 21 I=1sL
GSUM(I)=GG(I)*¥H/6e

HERE H#GG=Gl AND X=Y+.5G1

X(I)=Y(1)+eS5¥HRGG(I)

GO TO 40

DO 26 I=1sL
GSUM(I1)=GSUM(I)1+GG(I)*H/ 3

HERE H*GG=G2 AND X=Y+e45G2

X{I)=Y{I)+eO¥H®*GG(1])

GO TO 40

DO 31 I=1sL
GSUM({I)=GSUM{I)+GG(I)1%*H/3.

HERE H¥GG=G3 AND X=Y+G3
X{I)=Y(I)+H*GG(])
GO TO 40

DO 36 I=1sL
YUI)=Y(TI)+GSUM(I)+GG(I)*H/6e
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MROES LISTING CONCLUDED

IF(SNE-GNORM) 40545545
CONTINUE

CHECK THE CHANGE IN THE NORM OF Y OVER 10 TIME STEPSe

DO 401 I=1.9

10=10-1

I1=11-1

YN{II)=YN(IO)
YN(1)})=YNORM

CALL SNORM(YsYNORMsNs1)
TEST=ABS({1-YN(10) /YNORM)

TERMINATE IF THE NORM OF Y TEST IS SATISFIED.

IF(TEST-YNE)4024+402941
IF(ABS(1-YN{(3)/YNORM)=e3*TEST)403+403541
JF{ABS(1-YN{T7)/YNORM)—=o6*¥TEST 145945041

CHECK THE KIND OF OUTPUT DESIREDe. IF KOUT=0s CONTINUE COMPUTING
AND RETURN ONLY THE STEADY STATE VALUE OF Ye IF KOUT=Ks COMPUTE
FOR K TIME STEPS THEN RETURN Y.

TF(TIACT-IMAX) 42946946

[F(KOUT)999+43
IF(KOUT-KK1504+5058

USE IMAX AS A FLAG TO INDICATE THAT EITHER IACT=IMAX OR STEADY
STATE HAS BEEN REACHEDs BY SETTING IMAX=0 IF STEADY STATE s OR
IMAX=1 IF TACT=IMAXs PRIOR TO THE FINAL RETURN.

IMAX=0
GO TO 50
IMAX=1

-RETURN

END

329



AN AANANNNNANANDANANNANANOANAANNNNAN

**********************%********************************************

HERMAN Ae. REDIESSs MITs DEPTe OF AERONAUTICS AND ASTRONAUTICS
MARCH 1968

*******************************************************************

SUBROUT INE SNORM

PURPOSE _
COMPUTES THE SUP-NORM OF AN NXN MATRIX OR AN NX1 VECTOR.

USAGE
CALL SNORM(AsBsNs9MS)

DESCRIPTION OF PARAMETERS

A - NAME OF MATRIX OR VECTOR

B - NAME OF THE SUP-NORM OF A

N — DIMENSION OF A

MS - ONE DIGIT NUMBER FOR STORAGE MODE OF A
0 - GENERAL
1 - SYMMETRIC
2 - DIAGONAL OR VECTOR

FUNCTIONS REQUIRED
'ABS

¥ 36 963638 3 36 H 3 36 33630 I 36 3636 K I K 303030363 3 3 I 3600 3 3 I 336 6 I 0 I I e K X R KK

SUBROUTINE SNORM(AsBsNaeMS)
DIMENSION A(1)
B=Oo
IF(MS=1)10s11+12
10 L=N#®N
GO TO. 15
11 L=N#(N+1})/2
GO TO 15
12 L=N
15 DO 20 I=1sL
IF(ABS(A(I))-B)20s+20+18
18 B=ABS(A(I))
20 CONTINUE
RETURN
END
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********************************%**********************************

HERMAN A. REDIESSs MITs DEPT. OF AERONAUTICS AND ASTRONAUTICS
MARCH 1968

**********************%********************************************

SUBROUTINE DIRCOS

PURPOSE
COMPUTES THE LENGTH AND DIRECTION COSINES OF A VECTOR

USAGE |
CALL DIRCOS(AsBsDCsN)

DESCRIPTION OF PARAMETERS
A - NAME OF VECTOR
B - LENGTH OF VECTOR A
DC - VECTOR CONTAINING THE DIRECTIONAL COSINES OF VECTOR A
N - DIMENSION OF VECTORS A AND DC

FUNCTIONS REQUIRED
SQ@RT

EZ 232 RS 2T L L LSBT EES R LSS LE L LIS EL S S L ILEIEIEE S ELELELEL L LT LSS LT F T T ST

10

11

SUBROUTINE DIRCOS(AsBsDCsN)
DIMENSION A(1)s DC(1)

C'—"Oo

DO 10 I=1sN

C=C+A(TI)*A(1)

B=SQRT(Q)

DO 11 I=1sN

DC(1}=A(1)/B

RETURN

END
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SUBROUTINE CALSYS MOD 1

COMPUTES Fs ATs BTs XOs Qs AND HTQ FOR CURRENT VALUE OF PARe THIS
SUBROUTINE IS ONLY VALID FOR SYSTEMS IN CANONICAL (PHASE VARIABLE)

FORMe

363 3 36 I 36 36 36 33 36 3 3 36 36 36 396 3636 36 H K 3636 I I 3636 36 3636 36 3636 36 36 36 36 336 3 96 I I K I I 363 3 36 I K 330366 33 K KK 3

10

11

12

22

SUBROUTINE CALSYS(FsATsBTsXOsALPHA+QsHTQsPAR)

DIMENSION F(1)9AT(1)sBT(1)sX0(1)sPAR(1)sQ(1)sHTQ(1) sALPHA(1)

DIMENSION ACOF(20)s BCOF(20)»
COMMON N Ms Ko LI

NN=N*N
MI=M+1
NM=N~-M
NMI=NM+1
NMJ=NM+2

DO 10 I=1sK
P(I}=PAR(I)

L=1

CONT INUE
PAR(L)=1e1%P(L)
NUM=0

CONT INUE
CALL COEF(ACOFsBCOFsPAR)

X0(1)y=-BCOF(1)/ACOF (1)
DO 22 I=2sNM
X0(I1)=0e0
XO(NMI)=BCOF(MI)

DO 25 I=NMJsN

C=0.0

Il=1-1

NI=N-I+2

332
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47

CALSYS MOD 1 LISTING CONTINUED

DO 24 J=NMIs11
IN=J+N-T+1
C=C~ACOF (JN)Y%XO0(J)
X0(I)=BCOF(NI)+C

IF(L-K)26+26940
[IF(NUM—-1)27+29529

NUM=1

DO 28 I=1sN
IKL=(1~1)*K+L
AT(IKL)=ACOF( 1)
BTCIKLY=XO0(I)
CONTINUE
PAR(L)Y=e9¥P(L)
GO TO 12

DO 30 I=1sN
IKL=(I-1)%K+L

AT(IKL)I=(AT(IKL)-ACOF(I))/(e2%P(L))
BTOIKL)=(BT(IKL)-X0(I))/(e2%P(L))

CONT INUE
PAR(L)=P(L)
L=L+1
IF(L=-K)11s11012

CONT INUE

DO 41 I=1,NN
F(1)=040

DO 42 1=24N
J=(1-1)%(N+1)
F(J)=1.0

DO 43 I=1,N
IN=T%N
FUIN)=—ACOF (1)

[F(N-LI) 44550,50

DO 45 I=1sN

AVEC(I)=ALPHA(T)=-ACOF (1)

DO 47 I=1sL1
NI=N#(I-1)
DO 46 J=1sN
JI=J+NI

HTQ(JI)=AVEC(J)*ALPHA(I)

CONT INUE



48

49

50

CALSYS MOD 1 LISTING CONCLUDED

Ic=1

DO 49 I=1sN
IL=I%(I+1)/2

DO 48 J=ICsIL
JI=J+1-1IC

Q(J)=AVECL I)*AVEC(JI)
IC=IL+1

CONTINUE

RETURN
END
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SUBROUTINE CALSYS MOD 2

FOR WEIGHTED AVERAGED PSEUDO I1C VECTOR APPROACH TO MULTIVARIABLE

SYSTEM DESIGN

COMPUTES Fs AT

BT» XOs Qs AND HTQ FOR CURRENT VALUE OF PARe. THIS

SUBROUTINE IS ONLY VALID FOR SYSTEMS IN CANONICAL (PHASE VARIABLE)

FORMo.-

*********************************************************%***********

10

11

12

13

14

22

SUBROUTINE CALSYS(FsATeBTsXOsALPHA»QsHTQsPAR)

DIMENSION F{1)sAT(1)sBT(1)sX0(1)sPARI1)sQ{1)sHTQ(1) sALPHA(L)
DIMENSION ACOF(20)s BCOF(20)s P(10)s AVEC(20)s CX0(20)

COMMON Ns Ms Ko

NN=N#*N
MI=M+1
NM=N~M
NMI=NM+1
NMJ=NM+2

DO 10 I=1sK
P(I)=PAR(I)

L=1

CONTINUE
PAR(L)=1le1%P (L)
NUM=0

CONT INUE

IA=1

CALL COEF1(ACOF sBCOFsPARSCC)

GO TO 14

CALL COEFZ2(BCOFsPARsCC)

IA=2
CONTINUE

X0{(1)==-BCOF{(1)/ACOF(1)

DO 22 1=2sNM
X0(I)=0e0"
XO(NMI)=BCOF(MI)
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24

250
251

252
253

26

27

28

29

30

40

41

42

CALSYS MOD 2 LISTING CONTINUED

DO 25 I=NMJsN
C=0.,0

I1=1~-1

NI=N-I+2

DO 24 J=NMIsII
IN=J+N=-1+1
C=C—ACOF (JN)*¥X0(J)
X0(I)=BCOF(NI)+C

CALL DIRCOS(XOsXLENsXO sN)
IF(IA=-1)25052505252

CO 251 I=1,N
CXO0(I1)=CC*X0(1)

GO TO 13

DO 253 I=1sN
X0(T)=CXO(I)+CC*XO0 (1)

IF(L-K) 26926440
IF(NUM=-1)27+29+29

NUM=1

DO 28 I=1sN
IKL=(I-1)%K+L
AT(IKL)=ACOF( 1)
BT(IKL)Y=XO0(1I)
CONTINUE
PAR(L)=e9%P (L)
GO TO 12

DO 30 I=1sN

IKL=(1I-1)%K+L
ATCIKL)=(ATIIKL)~-ACOF(I))/(e2%P(L))
BT(IKL)=(BT(IKL)I~X0(I))/(e2%P (L))
CONT INUE

PAR(L)=P(L)

L=L+1

IF(L-K)11s11s12

CONTINUE

DO 41 I=1sNN
F(lI)=0e0

DO 42 1=2sN
J=(I-1)*{N+1)
F(J)=1e0

336



43

4y
45

46
47

48
49

50

CALSYS MOD 2 LISTING CONCLUDED

DO 43 I=1sN
IN=1*N
FOIN)=-ACOF(I)

IF(N=LI) 44550550

DO 45 I=1sN
AVEC(I)=ALPHA(I)-ACOF(1I)
DO 47 I=1slL1
NI=N*{I-1)
DO 46 J=1sN

CJI=J+NI

HTOQ(JI)=AVEC(J)*ALPHA(T)
CONTINUE

Ic=1

DO 49 I=1sN
IL=1%*(I+1)/2

DO 48 J=ICsIL
JI=J+1-1C
Q(J)=AVEC( 1) *AVEC(JI)
IC=IL+1

CONT INUE

RETURN
END
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SUBROUTINE CALSYS MOD 3

COMPUTES Fs ATs BTs AND X0 FOR CURRENT VALUE OF PAR FOR THE MODEL-
REFERENCED ISE DESIGN METHOD WITH F AND XO PARTITIONED AS

( F(MODEL) 0 ) ( XO0(MODEL) )
F = (eesceessen’escoccss) ’ X0 = (evovesovecasns)

( 0 ' F(SYS) ) ( Xo(SYS) )

WHERE F(MODEL) AND F(SYS) ARE IN CANONICAL (PHASE VARIABLE) FORMe

F 36 363036 36 36 36 3636 3 3636 36 3630 3036 3896 3 3 363 33 3630 36 36 3 K 3 36 36 I 36 I 3636 36 36 30 36 30 I 3036 330 3636 3 KM KK HH

SUBROUTINE CALSYS(FsATsBTsXDsALPHAQsHTQsPAR)

DIMENSION F(1)sAT(1)sBT(1)sX0(1)sPAR(1)sQ(1)sHTQ(1)
DIMENSION ACOF(20)s BCOF(20)s P(10)s ALPHA(20)s BETA(20)

COMMON Ns Mo Ko LI
COMPUTE XO(MODEL)s leEe THE FIRST NM ELEMENTS OF XOe
CALL COEFM(ALPHA+BETAsNMsMM)

NN=N#*N
MMI=MM+1
NMM=NM~-MM
NMMI=NMM+1
NMMJ=NMM+2

X0(1)=-BETA{(1)/ALPHA(1)
IF(NM=1122045220+19
19 CONTINUE
DO 20 I=2sNMM
20 X0(I1)=0e0
XO(NMMI)=BETA(MMI)
DO 22 I=NMMJsNM
C=0.0
I1=1-1
NI=NM~-1+2
DO 21 J=NMMI,II
. JN=J+NM=-1+1
21 C=C-ALPHA(JN)*#X0(J)
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e N el

22
220

23

24

25

26

27

28
30

31

CALSYS MOD 3 LISTING CONTINUED

XO0(I)=BETA(NI)+C
CONT INUE

COMPUTE AT AND BTs AND COMPLETE XOe

NMK=NM*K
NMI=NM+1
NMJ=NM+2
NMS=N-MS
NMST=NMS+1
NMSJ=NMS+2
MSI=MS+1

DO 23 I=1sNMK
AT(11=0.0
BT(I)=0e0

DO 24 I=1sK
P{I)=PAR(I)

L=1
CONT INUE

PAR(L)=1e1%P(L)

NUM=0
CONTINUE
CALL COEF(ACOFsBCOFsPAR)

XO(NMI)=-BCOF(1)/ACOF (1)
D0 27 I=NMJsNMS
X0(1)=060
XO(NMS1)=BCOF(MSI)
DO 30 I=NMSJsN
C=040

IT=1-~1

NI=N-I+2

DO 28 J=NMSIsII
IN=J+N=NM=-I1+1
C=C-ACOF({JNIY®XO(J)
XO0(I1)=BCOF(NI}+C

IF(L-K)31s31+40

IF(NUM=1132+35+35
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CALSYS MOD 3 LISTING CONCLUDED

32 NuM=1
DO 33 I=NMIsN
IKL=(I-1)%K+L
INM=1~NM
AT(IKL)=ACOF(INM)
BT(IKL)=XO0(TI)

33 CONTINUE
PAR(L)=049%¥P(L)
GO TO.26

35 DO 36 I=NMIsN
IKL=(T1-1)%K+L
INM=1-NM
AT(IKL)=(AT(IKL)—ACOF(INM))/(O.Z*P(L))
BT(IKLY=(BT(IKL)=X0({I))}/(0e2%P (L))
36 CONTINUE
PAR(L)=P(L)
L=L+1
IF(L=-K) 25925+ 26

40 CONTINUE
COMPUTE THE PARTITIONED COEFFICIENT MATRIXs Fe

DO 41 T=1»>NN
41 F(1)=040
IF(NM=1) 42054205410
410 CONTINUE
DO 42 I=2sNM
J=(I-1)%(N+1)
42 F(J)=140
420 CONTINUE
DO 43 I=1sNM
INM=(I=1)%N+NM
43 FOINM)==ALPHA(T)

DO 44 T=NMJsN
J={1I-1)%(N+1)
DO 45 I=NMIsN
IN=1*N
INM=1-NM

45 F(IN)=—ACOF{INM)

RETURN
END
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AN _EXAMPLE OF SUBROUTINE COEF

SUBROUTINE COEF (ACOF » BCOF »PAR)
DIMENSION ACOF(1)s BCOF(1)s PAR(1)
PAR(4)=040

BCOF(1)= 0.0
BCOF(2)= =15401069-6074563%PAR(3)

BCOF(3)= -15.13365+0.1178*PAR(2l—6.71773*PAR(3)
BCOF(4)= —523896+6e74579%PAR(2)+00279%PAR(3)

BCOF(5)1= =54116

ACOF({1)=-¢0006235-40004162%PAR(3)

ACOF(2)=e17968-1540106%PAR(1)=e03287T#PAR(2)++068038%PAR(3)

1 ~601449%PAR(4)—66T456%¥PAR(1)*¥PAR(3)
ACOF(3)=3e1285~15e1336%PAR(1)-e0004941%PAR(2)+1e5127*PAR(3)

1 ~6e2516%PAR(4)+e11779%PAR(1)¥PAR(2)~647329%PAR(1) *PAR(3)

ACOF (4)=340453-5,239%PAR(1)-e10533%PAR(2)+14293*%PAR(3)

1 ~2e4316%PAR(4)+6eT458%PAR(1) ¥PAR(2)+401279%PAR(1) *¥PAR(3)
ACOF(5)=1-0847—5-116*PAR(1)~1.432*PAR(2)—.0025*PAR(3)—2.325*PAR(4)

RETURN
END

AN EXAMPLE OF SUBROUTINE DELPC

SUBROUTINE DELPC(GPCsPIPCsPARsRPC)

DIMENSION GPC({1)s PAR(1)
COMMON NeMsKoLI

'SQ=0.0

DO 10 I=1sK

SQ=SQ + PAR(I)I*PAR(I)
GPC(I)=2+0%¥RPC*¥PAR(I)

PIPC=RPC*5Q
RETURN
END
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Herman Arthur Rediess was born April 2, 1936, in Pinneo,
Colorado; the youngest of six children, and only son, of Mr. and Mrs.
Herman H. Rediess. He attended elementary school in Alameda,
California, graduating from Alameda High School in June 1954.
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that year, he graduated with honors in September 1959, feceiving the \
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In December 1959, Mr. Rediess was employed by the National
Aeronautics and Space Administration, Flight Research Center, Edwards,
California. He began part—tirhe graduate study at the University of
Southern California in September 1960, receiving a Master of Science
degree in Aerospace Engineering in February 1964.

As a Research Engineer for NASA, Mr. Rediess worked in the
area of aircraft stability and control analysis. In 1960 he became the
Project Engineer on the F-100C variable stability airplane program
and conducted in-flight simulation and handling qualities studies. The
Airborne Simulation Section was established in 1962 with Mr. Rediess
as the Section Head. Concurrently he was Program Manager of the
General Purpose Airborne Simulator program which developed a L.ockheed

Jet Star into an advanced in-flight simulator.
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Granted two years of Graduate Study Leave by the National
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