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ABSTRACT

This report presents results of a research effort to solve certain
approximation problems that arise in the computation of linear stationary

models of dynamical systems from given input-output data.

B.L. Ho's existence theorem states necessary and sufficient conditions
for strict realizability that are satisfied only in ideal situations.
Mathematical proof is given in this report that good dynamical simulation
is possible with linear models which represent partial, rather than minimal,
realizations. The restrictions of B.L. Ho's theorem do not apply to
partial realizations, and the class of partially realizable input-output
descriptions is large enough for practical purposes. For any normal
sequence of scalar Markov parameters, the transfer function of each partial
realization is shown to lie on the diagonal of the E~grray corresponding
to the given sequence. The proof is based on the classical theory of the
Pade’approximation. Relevant parts of this theory are reviewed and
developed in the report, including a new, stronger form of Padehs

representation theorem.

As a by-product of this research, a sharpened, computationally more
efficient version of B.L. Ho's minimal realization algorithm was derived. The
new algorithm expresses every minimal realization of a given sequence of
Markov parameters in terms of the pseudo-inverse matrices (V#, WT).

The generating matrices (V, W) are familiar from the theory of complete
controllability and observebility. The algorithm is shown to be the
sharpest possible, subject to the requirement that every minimal

reglization be obtainable.
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I. INTRODUCTION .

The problems considered in this report were Inspired by certain
questions raised by Dr. Bin-Lun Ho in his dissertation “On Effective

Construction of Realizations from Input-Output Descriptions" [6].

The object is to transform given input-output data of a multi-
variate process into another description more suitable for simulation.
In the case of stationary linear dynamical systems, which are the class
studied by B.L. Ho, a useful description may take the form of state-
variable differential (or difference) equations. From a practical
point of view, the derived description (called the "model”) should

meet the following criteria:

a. The model should reproduce the observed external behavior

patterns of the dynamical system with acceptable accuracy.

b. The construction of the model from the given input-output
data should be economically carried out on a computer, using available

or readily programmed routines.

¢c. The model itself should be amenable to economical simulation

on & computer.

These three criteria determine the quality, price, and operating cost
of the model.
B. L. Ho's methods meet the above requirements at least as well

as the known methods of other researchers. 1In fact, B. L. Ho's models




are called "realizations" precisely because they perfectly match given
input-output data. Furthermore, in the sense used by B. L. Ho, a
realization is a finite set of first-order linear differential equations
(expressed in terms of the coefficient matrices), and programming of a

realization for simulation therefore presents no special difficulty.

Suppose a given input-output sequence does not meet B. L. Ho's
realizability conditions for a finite-dimensional model. Then two

questions arise quite naturally:

(1) Does B. L. Ho's method give a model whose external behavior
has approximating properties that make the model useful in simulating

studies?

(2) cCan B. L. Ho's method be modified to further improve the -

approximating properties found in (1)?

The present report covers the first phase of a continuing study aimed

at answering these two questions.

Chapter ITI of the report reviews basic theorems in classical
Padé approximation theory, i.e., the rational approximation of func-
tions represented by power series, in a neighborhood of the origin
of the argument. To prepare for application of the theory to the
problem posed by question (1) above, a new and stronger form of Padé's
representation theorem is presented (Theorem 2.5). In this chapter,
we also draw attention to some pitfalls which must be avoided when
generalizing results from normal to non-normal Padé tables. Examples

to illustrate this point are discussed. Anticipating later applications



to the theory of linear dynamical systems, the chapter concludes with

the definition of the E-array and its relation to the Padé table.

Chapter IIT concentrates on determinantal expressions which play
a prominent part in the Padé theory. Such expressions have long been
known for normal Padé tables, but Theorem 3.7, giving the determinantal
representation of the Padé approximant for the general case, does not,
appear to have been stated or proved in the availeble literature. A
corollary of the theorem, restricted to the normal case, indicates a

similar representation for the elements of the E-array.

Chapter IV states two-results of B. L. Ho's work which are perti-
nent to the present research, namely the exigtence theorem (Proposition
4.1) and the algorithm for minimal realizations (Theorem 4.4). By
appealing to the unique properties of the pseudo inverse, we are able
to sharpen B. L. Ho's algorithm in Theorem 4.9. Corollary 4.10 presents
the unique reciprocal relations between eny minimal realization (F, G, H)

and the matrices (V, W).

Chapter V, like Chapter III, deals primarily with determinantal
relationships, but restricted to realizeble sequences, i.e., to sequences
corresponding to rational functions. As a by-product, Corollary 5.5
generalizes one of B. L. Ho's theorems. Theorem 5.8 gives four mathe-
metical equivalents of the statement that a scalar sequence has & mini-

mal realization.

In Chapter VI, we generalize the concept of the realization of

a sequence by considering partial realizations and the associlated




approximation problems. Theorem 6.5 proves that the partial realization
of a normal sequence ¥ (i.e., one for which Aéo) % 0, all positive
integers r) is closely related to the Padé approximants for the power
series I ykzk. Corollary 6.6 identifies the transfer function, of

the partial realization for normal ¢, with elements in the E-array

for the power series.

Chapter VII serves as a review of the results obtained. The
limitations of the work point to the need for further research, as

indicated at the end of that chapter.

Two appendices are included. The first one summarizes a few
definitions from algebra that are pertinent to Chapter II. 'The
second appendix briefly states definitions and properties of the

pseudo inverse of a matrix. These are used in Chapter IV.




II. THE PADE TARIE.

As pointed out in the Introduction, this chapter is concerned primarily

with properties of the classical Padd approximation.

After the definition of standard terms, we prove a lemms which will

later allow us to sharpen certain classical results.

Following the lemma, we consider the classical questions of existence
(Theorem 2.2) and uniqueness (Theorem 2.3) of the entries in the Padé table
for a given power series. The existence of Theorem 2.2 is proven by a

constructive approach designed to pave the way for Theorem 2.5.

Theorem 2.5 has not been found in the published literature on the
Padé approximation. It is a stronger form of the classical representation
theorem (Theorem 2.4). Its formulation will be used in subsequent sections
to link together the classical theory of the Padé approximation and the

more recent theory of controlled linear dynamical systems.

Theorem 2.6 gives precise meaning to the notion that the Padd
approximant is, in some sense, a "best" rational approximstion to a given
pover serlies. The proof of the theorem is followed by & short discussion

of its significance.

The possible existence of square blocks of equal approximents gives
rise to the distinction between normal and other Padé tables. This

important subject is introduced in Theorem 2.7 and its two corollaries.

The lest section of the chapter deals with the E-arrsy associated

with & normal Pade table.




2.1  Definitions. [17, p. 378]

1. TLet

?  x
= Z Z 2 .
£(z) k=oal“ (2.1)

be a formal power series in one variable, with real coefficients.*

Let (i, j) be an ordered pair of nonnegative integers.

The (i, j) Pade approximent for f is a rational function

Ni.(z)
Rij(f, z) = By (2 (2.2)

with the two properties (called the defining conditions of the approximant):

I. degD;; = i, Dy £ 0,

J
deg N;5 =< (2.3)
and 1. £(z)D;4(2) - Ny,(z) = (21HIHLy (2.1)

where (zk) denotes a power series beginning with the term zk or a
higher power of z.¥¥
2. The Pade table for f is the (doubly) infinite matrix

() = [Rij], i=0,1 ...y =0, 1, ...; of Padé approximants for f.

3. The (i, j) Padé epproximent for f is called normal if the

quotient Rij is distinet from all other quotients in the table.

A formal power serles f 1is normal if all of the Pade approximants
for f are normel, i.e. distinct. The Padé table for f is then also

called normal, and so is the sequence of coefficients (ao, a5 ved)s

¥  For definition and brief discussion of the properties of formal power series,
as well as other terminology and definitions from algebra, see Appendix A.

¥* Tn particular, we may have (zk) = 0.




2.2 Existence and Unigueness of Pade Table.

Lemms, 2.1
Hypotheses:
1. {Ak: k=0, 1, ..., i} 1is a set of vectors in the real
Euclidean vector space Ri, i>1.
2. The vectors A" (k.=0, 1, ..., i) span an r-dimensional
subspace of Ri.
m+l i

3. m is the largest index such that the vectors AFﬂ AT, L., A

sre linearly dependent.




Conclusions:

1. 0 £ i-r s m =< i (2.5)
2. The linear homogeneous egquation
Ik
Z4dA = O (2.6)
k.=0dk

has a unique solution (do, dl’ ey di) such that

0 (k < m)

a4 = (2.7)

Proof’;

1. By hypothesis 2, r(< i) of the given vectors A¥ are linearly

independent, but any collection of r + 1 wvectors from the given set are

linearly dependent. In particular, the vectors Ak (k=3i-r, i-r+1, ..

are linearly dependent. Hypothesis 3 then implies

2. Suppose A" # O.

The defining property of m now implies

(i) m < 1i.

(ii) The vectors Ak (k=m+ 1, m+ 2, ..., i) are all nonzero
and linearly independent.

(iii) A™ 1lies in the (i - m)-dimensional subspace spanned by

the vectors A" (k=m+ 1, «.., i).

., 1)



Therefore, the equation

m 1 k
A"+ I 4qA = 0 (2.8)
k=m+1

has a unique solution (dm+1, dppor wees di).
Existence of the solution follows from (iii) above.

To prove unigueness, suppose (di+l’ vees d{) were a second

solution of (2.8). Then

5 (4 - aa" = o (2.9)

k=m+1

and (ii) above implies

dk= d]; (k=m+l, cevy i).

The solution of (2.8), together with the values of dk(k.S m) given
by (2.7), satisfies the vector equation (2.6) and is unique.

m

Suppose A =0, m=i.

Then

4 =

is a solution of (2.6) satisfying (2.7), and clearly it is the only solution

satisfying (2.7).
Suppose A" =0, m < i.

Then, from the definition of m, we must have
k .
A" # 0 (k=m+ 1, m+ 2 ..., i)

and these vectors are linearly independent.




Now substitute the values of d_ given by (2.7) into equation (2.6).
Then
i i
0 = A%+ = dkAk - = aA", simce A" = o
k=m+1 k=mt-1

By linear independence, we get the unique result

z»lzdkAk=o ——— dk=0 (k=m+ 1, m+2, ..., i).
k=m+1
Therefore
o) (k # m)
a = (2.10)
1 (k = m)

uniquely satisfies both (2.6) and (2.7).
Theorem 2.2 (Existence Theorem) (Pad€) [11, p. 9]
I
Hypothesis: f(z) = = &z, &, # 0.
k=0
Conclusion: For each ordered pair (i, j) of nonnegative integers,

there exists & rational function Rij(f, z) satisfying the conditions I

and II of the (i, j) Padé approximant.

i
Proof: ILet D(z) = Z‘.dkzk (2.11)
k=0

be a polynomial with undetermined coefficients (dO’ cees di)' Form the

product
2k
f(z)D(z) = = c) 2 (2.12)
k=0
where
e, = Z ad. (2.13)
utvek uv

10



The undetermined coefficients dk are chosen as follows:
(i) If i=0, take dy = 1. (e.1k)

(id) If 1 >0, we set
[+ = 0 (k = j+l’ J+2’ ee ey j+i) (2-15)

Written out, (2.15) is a system of i linear homogeneous equations
in the i + 1 unknowns do, dl’ eoey di, and thus alweys has a non-

trivial solution. In metrix form, the system (2.15) is

- - o o T
oy %y | | % °
Byt Bgeiz 0t P2 41 °
. . so . ° = . (2°l6)
L B.J aj+l Xy aj_l_i . .
] 0
| i I E

or, equivalently,

i k
ZaA = 0 (2.17)
k=0
where
p— a -
J-k+2
& J-k+i |

Let r be the rank of the [a] matrix in equation (2.16). Then
the vectors Ak (k =0, 1, ..., i) and the integer r satisfy the

hypotheses of Lemme 2.1. Let m 2 O be the index defined in the lemma.

11




By the conclusions of the lemma, (2.17) has a (unique) nontriviel solution

(dO’ CIPARRRY di) such that

0 (k <m)
T 1 (k = m)
Substitution in (2.11) gives
Dz) = 2"+ ; dkzk
k=mt-1

The product fD 1is therefore a power series of the form

£D = N + (2779

m J k

where N(z) = 8z + I cpz .
k=m+1

From (2.18) and (2.19):
deg Dsi, D#£ 0, and deg N < j.

Thus D and N setisfy the defining conditions I and II of the

(i, j) Padé approximant for f.
Theorem 2.3 (Uniqueness Theorem) [17, p. 378]

=]
Hypothesis: 1. #£(z) = = akzk.
0

(2.18)

(2.19)

2. (i, j) 4is an ordered pair of nonnegative integers.

3. Each of the two pairs of polynominals (N, D
(N', D*) satisfies the conditions I and II

(i, j) Padé eapproximant for f.

Conclusion:

ry _x
D D'

) and

of the



Proof: By hypothesis,

(i) f -N = (zi+j+l)—éfDD' = [N+(zi+j+l)]D'; and
(11) £D' - ' = (279) wmprprp = (w4 (210
Therefore
W' - W'D = (21T, (2.20)

But deg[ND* - N'D] = i+ j,

ey the left side of (2.20) contains no power of z with exponent higher
than i + J,
mmey  the right side of (2.20) is identically zero,

mm—y ND* -~ N'D = O
>y I _ I
DT DT

2.3 Representation Theorems.

Theorem 2.4 (Pade’ 's Representation Theorem)[13, p. 421]

Hypothesis:

1. f(z) = o)é a.kzk, 2, # 0.

2. (i, j) 1is an ordered pair of nonnegative integers, and
Ri;j(f’ z) is the (i, j) Padé approximant for f.

Conclusions: There exists a unique pair of polynomials (Pij’ Q’lJ)

and a nonnegative integer A such that

(ii) degPij < j-»N degQij £ i-2A;

13




s i+j+
(iii) zx[f Qij - Pij] = (z1+J l); and
(iv) Pij and Qij are relatively prime.

Furthermore, the polynomials (Pij’ Qij) defined by (i) - (iv)

also have the property

Pi.(z)
(v) Rij(f’ z) = azirzy .
Proof: By definition of the (i, j) Padé approximant for f,
Rij has a representation
Ni.(z)
Rij(f, z) = D_iim

where Nij and Dij are polynomials satisfying conditions I and II.

The greatest common divisor of Nij and Dij is of the form

z%B(z), where
A= 0

r
B(z) = = bvzv, by #0, T 20,
=0

Now there exist relatively prime polynomials Pij’ Qij such that

N (2) = z}\B(z)Pij(z), (2.21)
D,,(2) = z"‘a(z)gij(z), (2.22)
Pij(O) = ay, Qij(O) = 1. (2.23)

By property II of the Padé approximant, we have

[£(2)q 4(2) - Pij(z)]z}‘B(z) o (A

ey [£(2)Q4(2) - pij(z)]z“ = (29*), since by #O.

14




Next, deg Nij = J
. deg[z}\PiJ] s j-r < j, by (2.21);

-—)degPi'j s j-N

Similarly, deg Dij < i

IA

wwad deg [z7‘QiJ.] £ i-r i, by (2.22);

mump deg Q‘ij = i-A

Thus, we have shown the existence of polynomials (Pi 3 Q‘ij)

satisfying (i) - (iv). Conclusion (v) is immediate from (2.21) and (2.22).

The uniqueness of (Pi,j’ Q‘ij) satisfying (i) - (iv) is shown

as follows.
By Theorem 2.3, Ri,j

i poles and J zeros. Since P

ij

thus have no zeros in common, it follows from

is a unique rational function, with at most

and Ql 3 are relatively prime and

ieF|

Rij = Qij

that the zeros of Pi are exactly the same as the zeros of R with

J iy
their multiplicities. By the Factor Theorem for Polynomials [16, p. 61]
[9, p. 1211, the polynomisl Pij is uniquely characterized (aside from
a constant factor) by its zeros. Therefore, the zeros of Ri 5 together

with the condition pij(o) = &5, uniquely specify P, 5 Similarly, Q’ij

is uniquely given by the poles of Rij and Qij(o) = 1.

Definition. The unique pair of polynomials (Pi Y Q‘i.)) postulated

in Theorem 2.4 is called the (i, j) Padé pair (for f).

15




Theorem 2.5

Hypotheses:
1. f(z) = ;akzk, 2, #£ 0.
k=0

2. (i, j) is an ordered pair of integers,

i>1, 3>o0.

3. m 1is the largest index such that the column vectors

s eewy A* are linearly dependent, where

&gkl
k .
AT = &5 kb2 (xk=0, 1, .0., i)
¥j-k+i
a = 0 for v<O.
v

Conclusions:

1. There exists & unique pair of polynomials
(1) P(0) = ay 0) = 1;
(ii) degP < j-m, degQ < i - m;

i+3+1
2Ly

(1i1) 2[f£Q - P] = ( and

(P, Q)

such that

(2.24)

2. The pair of polynomials (P, Q) defined by (i) - (iii) is the

(i, j) Padé pair for f. That is, P and Q have the additional

properties

Plz

(iv) Rij(f; z) = Ok

(v) P and Q are relatively prime.

3. The index m has the additional properties:

16



(vi) m = max 7, the maximum being teken over all integers

satisfying

where

(B, Q)

deg P<j- N deg@<i-A

is the (i, j) Padé peir for f.

(vii) Either deg P=j-m, or deg Q=i - m.

17

(2.25)




Proof: The existence of P and Q 1is readily shown. Using the

same construction as in the proof of Theorem 2.2, we get two polynomials

N and D,
m L k
D(z) = =z + Zdz (2.18)
k=m+1
m J k
N(z) = 8,z + I nz (2.19)
k=m+1

satisfying conditions I and II of the (i, j) Padé approximant for f.

Therefore
R (£ 2) = %E% (2.26)
Let
P(z) = z""N(z) = a, + 'z]; KT
07 1 &
i (2.27)
- z k-m
Q(z) = zm])(z) = 1+ X de .
k=m+1
Then (2.26) implies
R (£ 2) = g; (2.28)
and P(O)=a.0, Q0) =1; deg P < j-m deg Q < i - m.
Also, fD - N = (zi+j+l) and (2.27) imply 2 fQ - P] = (zi+d+l). (2.29)

Therefore the polynomials (P, Q) defined by (2.27) have the properties
(1) through (iv).

To prove the uniqueness of P and Q, we show first that P and

Q are relatively prime and then apply Theorem 2.4.

Certainly =z does not divide P or @, because of their form (2.27).

Suppose, now, that the polynomial
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B(z) = L1+bjz+ .c. +b2z, 0=nsmin(i, j)m

1

divides P and Q. Then there are polynomials P¥ and Q¥

P(z) B(z)P*(z)

L}

Q(z) B(z)@¥(z).

[}

From equations (2.27) and (2.30), P* and @* have the form

j-m~n
P*¥(z) = &y + kzl pi*{z |
Q(z) = 1 +i-§n-nqg; k
z) = 2.
k=1

Consider now two polynomials I* and D¥, defined by

% (z2) 2 e ()

D*(z) zm+nQ*(z) .

%, D* heave the following properties:
deg W < J, deg D¥* = i, D¥ £ 0;
and (2.29) implies

28] £Q* - P¥] (3

‘é D¢ - N* = (zi+j+l+n)‘

Furthermore, (2.31) and (2.32) imply that D* may be written

i k
D¥(z) = I d¥z
k=0dk
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(2.30)

such that

(2.31)

(2.32)

(2.33)

(2.34)




0 (k <m+ n)
with di =
1 (k=m+n)

% n (k=m+n+1, m+n+2, voop, 1).

il

The product {D¥ 1is a power series:

[+

fo*r = 2 cizk
k=0
where
c¥ = Y, g d¥,
ut+v=k

From (2.33) and deg N¥ < J we infer that the following coefficients ci venish:

et = 0 (k=J+1, §+2 ..o, §+1). (2.35)

The i homogeneous linear equations (2.39 can be stated in the form of a
linear relation between the i + 1 column vectors Ak, with coefficients di:
1 k
T @At = o. (2.36)
k=0

Substituting for df (k =0, 1, .., m+ n) in (2.36), we have

mn

: x
ATP ez @t = 0. (2.37)

k=mtn+l
By hypothesis 3, +the linear dependence relation (2.37) implies n = O.

Therefore B(z) =1, and P and Q are relatively prime, as claimed in {v).

Now f, (P, Q and A =m satisfy the hypotheses of Theorem 2.k.
Since P and Q are relatively prime, Theorem 2.4 ensures the uniqueness

of the representation. This completes the proof of conclusions 1 and 2.
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To show m = max A, we note that because of (ii), m satisfies the

conditions (2.25) for A. It remains to show that no larger value of A

can satisfy (2.25).

Suppose Ay >m+ 1, and }, setisfies (2.25). Then deg P<j-m- 1,

deg @ <i~-m- 1. Therefore, the two polynomials P, Q have the form

J-m-1 Xk
P(z) = =X z, n. = a.;
k=0 nk 0 0
i-m~1 X
oz) = = Z, = 1.
k=0 dk do
Define e, = 2 & d the coefficient of zk in the power series £Q.
k u v
utv=k
From z'[fQ - P] = (z1+j+1) we obtain the two sets of equations
o= oo (k=0, 1, «ev, J -m - 1),
e = O (k=J~-m Jom+1, oeey jJ-m+ i),

In metrix form, the second set reads

oo

8j.i41 Bjete2 C 0 ¥y i bdi-m-l- o]
8y o143 SR PR | ©
. . . o . . = : (2.38)
ay L) Cee By ' .
8441 842 e Bms || % 0
B JL _ | ]

By the definition of m, +the columns of the [a] matrix in (2.38) are
linearly independent. Hence (2.38) can only have the trivial solution,

contrary to the requirement d, = 1. Thus we have proved that no value
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of A greater than m can satisfy (2.25). Hence (vi) follows, and (vii)

is a trivial consequence of (vi).
The proof of Theorem 2.5 is complete.

Relation between Theorems 2.4 and 2.5. Theorem 2.5 is a new and

stronger version of the classical representation theorem 2.4. Theorem 2.5
preserves the uniqueneéss property of the classical Padé pair and has

the added adventages that

1. it gives sharp upper bounds for the degrees of the polynomials
characterizing the (i, j) Padé pair for & given power series £}

2. 1t eliminates the classical requirement that the candidate
polynomials P, Q for the Padé pair be relatively prime. The property
of being relatively prime turns out to be & result of, rather than a
condition for, the choice of the pair (P, Q);

3. the index m appearing in Theorem 2.5 is uniquely determined
for each triple (f, i, j), while the similar parameter A appearing in

Theorem 2.4 is not unique.

The non-uniqueness of A is demonstrated in the following example.
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Exemple to Show Non-Uniqueness of A.

3
Iet £(z) = 1+Z§ . S [ < S TR
1-z

Padé teble for f:

. f ¥ -
lOI 1 1+ z A 1+ 2z 1+ g 1+z+zh'[
——— 2
1 | |
1 T 1+ z ) 1+z l 1+z|1+2+ 2
1
2 | : L
2 l-z+z 1+ 2z 1+ 2z l1+z 1+ 2+ 2 I
l !
| i
1 l 1 l+z+z2 l+z-z3 [
3 1 z+z2-z3 N :‘L--z+zz-z3 .'1.+zz--z3 1-z3 [ —
e - L > .
1 | 1 1+2z+2 i |
L
:1_..z+22-z3 | 1-z+z -23 1+z-zll'
—_— e o e e — ——
| l i

By Theorem 2.k, the (i, j) PadS pair for £ is (2, p Y 3)’ where
(1) 24(0) = apy Q40 = 13
(11) aeg P;;j < J-N deg Q55 < i-2;

(1i1) z7\[f Qi,j - Pij] = z)‘[zLL + 2+ 204 v = (zi+j+1);

(iv) Pi;j’ Q 3 relatively prime.
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The integer A (see conclusion of Theorem 2.4) has the following

admissible values for the given power series:

3 0 1 2 3 4 5 6
o 0 0 0 o 0 0 0
1 0 0 0, 1 1 0 0, 1 1
2 0 0 1 2 0 1 2
3 0 0 0 0 0 ) 0
4 0 1 0] 0 0, 1 0, 1 0, 1
5 0 0 0 0 0, 1 0, 1, 2 0, 1, 2

For each pair (i, j), the index m (see Theorem 2.5) equals the

maximum admissible value of A.
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2.4  Padéd's Fundamental Proposition.

Theorem 2.6 (Padé ) [11, p. 12]
Hypotheses:
.k

1. f(z) = :gakz, a0¢o.

2. (i, J) is an ordered pair of non-negative integers; and
Rij(f’ z) is the (i, j) Padé approximant for f£.

3. (P, @) are a pair of polynomials in 1z, with

deg P = j, deg @ = i.

k., r is the largest integer such that

o) - HE = ()

s 1is the largest integer such that

_ S
£(z) - Ri;j(f’ z) = (z2°).
Conclusions:
l. r £ s; and

Plz
s .é-)Rij(f, z) = 0K

\¥)
H
[}

Proof: Half of conclusion 2, namely

P _ .
Rij = aﬁr r = s, (2.39)
follows trivially from the definition of r and s in hypothesis L,

For the other half of conclusion 2, it suffices to show

r = S"'"Rij = '15, (2.40)

Then (2.39) and (2.40) together imply that T > s mmdp r=3s, i.e. T + s,

and thus conclusion 1 is validated.
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By Theorem 2.5, Rij(f’ z) has a unique representation

P. .(z)

53

ST )

where the polynomials Pi ¥ Q:. 3 have the properties
(1) 75000 = &y Q40 = 1

(ii) degPi:j < j-m degQiJ. = i - m;

( zi+;]+l) ;

]

m
(1ii) = [fQiJ - EEJ]

with m 2 0 defined in terms of the coefficients of *f.

Properties (i) and (iii), together with (2.41), give

P, .
f - R = f - __1 = (z1+,j+l-m).

i
ij Q‘ij
From this, by hypothesis 4,

0O = i+j+1-m = s.

Now suppose r = s. Then, again by hypothesis 4,

P

P i P
G-gd = [£-R-[£-3 = () - (@) = (9

%3

-PQ‘iJ-PijQ = QiJ.Q(ZS)-

(2.4%1)

(2.42)

(2.43)

From the properties of the polynomials (P, Q) and (Pij’ Qi,j)’ we get

deg[PQiJ] = i+ Jj-m

i+j-m

IA

deg [PiJ Ql
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so that the left-hand side of (2.43) has no powers of z with exponent
greater than i + j - m. But the right-hand side contains no powers of
z with exponent less than s, s2 i+ j-m+ 1 by (2.42). Therefore the
two sides of (2.43) have no nontrivial terms in common, and each side must

vanish identically. Thus

and so, finally,
P ij . .
3= % = R, ? by (2.41)

This completes the proof of the Padé Theorem.
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REMARKS: Padé called the theorem just proved "fundamental" to his
theory. One is therefore surprised to find that the place of this important

theorem in the Padé theory has been obscured in some recent work.

The distinction between the defining properties I and II of the
Padé approximation, and the conclusions of the Padé theorem, is most

clearly explained with the aid of an example:

2
Consider £(z) = cos z=1-2 + ..., andlet i=j=1.

The defining properties I and II give the (unique) numerator

and denonimator polynomials

Nll(z) = z = Dll(z)
Check: deg Nil = 1 = deg le = 1 = deg Dll’ and
£(2)D (2) - N, (z) = -2+ ... = (2).
11 11 2

Now the Padé theorem asserts that the expansion of the quotient

- Ny.(z

e 5 - 11(2)

Rll ’ D.-(2)

11
in ascending powers of 2z, agrees with more leading terms of the power
series for f than does the expansion of any other rational function

whose numerator and denominator are of degrees not exceeding J and i,

respectively.

In our example, then, Theorem 2.6 claims that, of all rational

functions of the form R(z) = %;Eg, the unique one whose expansion agrees
with the most terms of

= - ..
cos Z 1 5
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is Rll = 1. The point to note is that the theorem does not yield an
explicit numerical index that allows one to deduce & priori how many terms

in the expansion of f are matched by the Padé epproximant.

Such an index is, however, provided in the clagsical definition of
the Padé approximsnt: Property II of the Padé approximant gives an
explicit least upper bound, namely Zi+3, on the powers of 2z which are

matched in the expansion

f(z)DiJ(z) - Nij(z)'

This distinction between the defining properties of the Padé
approximant, and the resulting properties asserted in the Padé theorem,
is not always respected in the recent literature. We give three specific

instances:

a. Baker, in his recent (1965) study of the convergence properties

of sequences of Padé approximants, states [1, p. 31:

"In the [N, M] Padé approximant the numerator has degree M and
the denominator degree N. The coefficients are determined by equating

like powers of 2z 1in the following equetions:

zM-}-N+l + MEN+H2

£(z)Q(z) - P(z) = A Bz + ...y, Q0) = 1.0

vhere P(z)/q(z) is the [N, M] Padé approximant to f(z)."

This characterization is clearly inconsistent, as shown by taking
£(z)
B(z)

cos 2z, M =N =1, The first of the two equations gives

;s so Q(0) = 0 # 1.

oz) = 2, A= -

rof-
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b. Shanks, in his 1954 dissertation [14, p. 21] characterizes

the Padé approximant for f by two properties:

"Property 1. Ry, may be written as the ratio of two polynomials:

Ben = /DBy

with the degree of Nkn =< n and the degree of Dkn < k. But D

kn does

not vanish identically.

Property 2. The power series of R, agrees with that of £(z)
to a higher power of 2z than any other rational function with degrees of

numerator and denominator no greater then n and k, respectively."
Shanks then cites Wall [17, p. 378] as a reference for the assertion:
"Property 2 is equivalent to the condition

(zk+n+l) n

f(z)Dkn N, =

Actually, Wall neither proves nor even states that the two conditions are
equivalent. The weakness of Shanks' claim is evident from the same

counterexample used before:

For f(z) = cos z, Nll = D11 = 1 satisfy Shanks® properties 1 and
2, yet
22 3
f(z)Dll-Nll = -5t ... £ (z7).

c. In his 1962 book Matrix Iterative Analysis, Varge [15, p. 266]

(>

defines the Padé approximant for f(z) = = a.vzv as the quotient of
v=0

polynomials gpq(z) and ;Pq(z) which are respectively of degree q

and p. Assuming
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d,,(0) £ 0

Varge now selects for each pair of nonnegative integers p and q those
polynomials npq(z) and dpq(z) such that the Taylor's series expansion
of npq( z) /dpq(z) about the origin agrees with as many leading terms of

f(z) as possible. Varga then claims "it is evident that the expression

8, (D2(z) - n () = o(|z[P*¥h), [z >0,

gives rise to p + q + 1 linear equations in (the unknown coefficients),

whose solution determines these unknown coefficients.”

The inconsistency of Varge's assertions is readily evident from

the previously used counterexample:

For f(z) = cos z, au(o) £0 .—)dll(z) =1 and nl.L(z) =1, but
2
d),(z) cos z - n,(z) = - Z— # o(|z|3).

To place this discussion in proper perspective within the Padé
approximation theory, the following should be added. First, it is of
course possible to construct a consistent theory of the Padé approximation
using Varge's definition. Cheney (1966) [2, p. 174] has teken this

approach, caerefully avoiding the pitfalls along the way.

Second, the two approaches are equivalent for that class of functions
vhich have & normsl Padé table. This assertion will be proved in

Corollary 2.9, with the aid of the next theorem.
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2.5  Normel Padé Approximants.

Theorem 2.7 [13, p. 425] [17, p. 39%]
Hypotheses:
(=)
k
1. f(z) = = az,a #£0
k=0ak 0
2. (i, j) 4is an ordered pair of nonnegative integers, and

R, .(f, z) is the (i, j) Padé approximant for f.

1J

3. (Pij, Q,ij) is the unique (i, j) Padé peir for i,

with
deg Pij = P deg Qij = q. (2.44)

Conclusions:

1. There exists & nonnegative integer r such that the power
series [f Qij - Pij] starts exactly with the power Zp+q&r+1’ or else
ki) Qij - Pid = 0. In the latter event, we set r = =,

2. The (q + Ty, P ¥ r2) Padé eapproximant for f equals
Rij’ with

Ty, T, = 0, 1, ..., r in case r 1is finite,
and Ty Ty = o, 1, ..: in case r 1is infinite.

3. No entry other than those enumerated in conclusion 2 is equal
to R...

Proof: The defining properties of the Padé approximant imply

0 <p<yj O0<=<Lqgcxgi (1)
_ IR T a |
fQ,ij Pij = (z ). (11)

Assertion 1 of the theorem is immediate.
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By hypothesis 3, (Pi 3 QIJ) have the following five properties

(reference Theorem 2.4):
(i) Pi,j(o) = 8-07 Q'id(o) = 1

(i1) p < J-» g <i-n A0

s

(411) A+ p+ g+ r > 1+ 3;

(iv) 2 3 and Q j ere relatively prime;

P (2z)

(v) Rij(f’ z) = -Q;J-(-z-y .
J

To prove assertions 2 and 3 of the theorem, let (u, v) be a pair

of nonnegative integers. By Theorem 2.4, necessary and sufficlent conditions

for

Ruv(f, Z) = Pij(z)/Qi,j(z)
are that there exists a nomnegative integer k such that

p < v-k g < u-k

k+p+tag+tr > u+tv.

Our task is to solve these inequalities for u, v,
Condition (2.46) is equivalent to

u+v > utk+3p
u+v > v+k+gqg

or, combined with (2.47),
u+k+0p

k+ptgq+r > ut+tv > o
v+ k+q
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(2.45)

(2.46)

(2.47)

and k(> 0).




Hence

g+r > u p+rr > V. (2,48)
Moreover, k >0 and (46) implies
u > g v > P
so that the following conditions are necessary for (2.45):
Q+Tr 2 u 2 & p+r 2 VvV 2 p. (2.49)

The inequalities (49) validate assertion 3 of the theorem.

To complete the proof of the theorem, we only need to demonstrate
that for each choice of (u, v) in accordance with (49), there exists

an integer k > 0 satisfying (46) and (47). We choose
k = min(u-q v-0p). (2.50)

Then k<u-gq k<v-p imly (2.46).
Suppose u - q <V - p.

Then

[

k+p+ag+r (u-q@)+p+qg+r

u

u+p+r

> u+v, by (2.49).
Similarly, u-q>Vv-p ==ip k+p+qg+r>u+7v, by(2.49).
Therefore (2.47) is satisfied by k as defined in (2.50).

It follows that 2.49) are both necessary and sufficient conditions

for (2.45), and assertion 2 verified.

Assertions 2 and 3 are verified.
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Remarks: Wall [17, p. 395] calls r the order of the (i, j)
4
Pade approximent. When the approximant Ri 3 is normal, it 1is distinet
from all other entries in the Padé table, and thus r = O. For this

case we have the following corollary of Theorem 2.7.

Corollary 2.8 [13, p. 425]

Hypothesis:
[+
k
1. f(z) = Zaz, a, #0.
k0 * = 0

N, .(2)
2. R,,(f, z) = —13—(—7 is the (i, j) Pad® epproximant for %,
b | Di:j z

relatively prime.

with Nij end Di 3

Conclusion: The following conditions are necessary and sufficient

for Ri to be normsal:

J
(i) deg Nij = J, deg Dij = i.

(i1) The expansion of £ Dij - N., in ascending powers of z

ij
i+j+1
2

starts exactly with the power (not with a higher power).

Proof’:
Sufficiency: Suppose (i) and (ii) are true. Apply Theorem 2.7.
is

Then p=J, q=1m% r =0 by conclusion 1 of Theorem 2.7, and Ri;j

normal, by conclusion 3.
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Necessity:

Let (Pij’ Qlj) be the (i, j) Pade' pair for f. By the

uniqueness of Rij’
P.. N. .
i N 5
%3 Di;

Since both quotients are clear of common (nonconstant) factors, the
numerator polynomials are equal up to a constant factor, and the denominator

polynomials are equal up to the same constent factor.

Applying Theorem 2.4, there exists A > 0 such that

p = deg Pij = deg Nij <Jj-A
q = deg Q‘.’Lj = deg Di,j <i-A
and [£D,, - N..] (XN

ij ij

By Theorem 2.7, there exists r > 0 such that
i+ jJ+1-N< p+ag+r+l. (2.51)

a. Suppose p+ q <i+ J, that is, (i) is not satisfied.

If A=0, then (2.51) implies
i+ j+1l < i+jj+zr+1,
therefore, 0 < r.
If A>0, then p+q<i+ j- 2\ by definition of A. This, together

with (2.51) implies i+J+l-A < i+j-2A+r+l, so O <A <r and O <.
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Now O <r implies that Rij is not normal, by Theorem 2.7, Conclusion 2.

By contraposition, Rij is normel only if p+ q>1 + j. But

J>p, 1i>q. Thus (i) is a necessary condition for R;, to be normal,

J
since
J 2p>2i+tj-q 2 ] =B p =jj;
i >aq > i+J-p > 1 eemlp q =1i.
b. Suppose (ii) does not hold.
Then the expansion of fDij - Nij in ascending powers of 2z starts
with zi+J+r+1, r > 0. Agein, by Theorem 2.7, R occurs in at least 4

iJ
positions of the Padé table iy Rij is not normal. This completes the

proof of the corollary.

Corollary 2.9.
Hypotheses:

I
1. #(z) = Zacz, a, # 0.

k=0°'k 0
2. The Padé table [R, (£, 2)] for £ is normal.
3. (i, 3) is an grdered pair of nonnegative integers.

., Nij’ Dij are polynomials, deg Nﬁj-s Jj, deg Dij~5 i, D,.# 0.

Conclusion:

The following two conditions are equivalent:

(1) 2(2)Dy4(2) - Wyy(z) = (s

N.j(z)

(11) 2(2) - ——(—;Dij ~

(Zi+'j+l) .
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Proof:

If (i) holds, then hypothesis 4 implies

Ni.(z)

—J-(—y R, .(f,.2)
Di,j b A ij

Il

and

f -

]

UL':Z

f - R...
33 td

But the Padé table for f is normal. Therefore, by Corollary 2.8,

the expansion of f(z) - Ri.j(f’ z) in ascending powers of 2z starts

Z:L+;j+l

exactly with the power , and (ii) follows.

Now suppose (ii) holds. Let (P, Q) ©be the (i, j) Padé pair

for f. Since f is normal, Corollary 2.8 implies that the power series

£Q - P starts exactly with the power 2L e Q(0) =1, so the

P

expansion of f - 6, = f - Ri,j starts with the same power zl+J+l.

By

Theorem 2.6, Conclusion 1, we have for the given polynomials N, . Di,j {hypothesis U)

J

r . -
:t‘-NiJ./Dij = (z), r < i+J+1,

since deg Nij < J, deg Dij <i. But r > i+ J+ 1, because of (ii).
Theorem 2.6, Conclusion 2, shows that r =i + j + 1 implies

I\Ti . P

—-'lD = a = R. . (2'52)
ij

The polynomials P and Q are relatively prime, and deg P = J,

deg Q = j, because f is normal (Corollary 2.8). But this, combined

with (2.52) and hypothesis 4, gives
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J > deg Nij > deg P

J =t deg N;; = J (2.53)

|
He

J 2> deg Di > deg Q

; (2.54)

1 secelp deg Qij

Together, (2.52 - 2.54%) imply Nij = ¢cP, I&j = ¢Q, for some constant

c # 0. Therefore

£ - Ny = g - P = (2T, (2.55)

by Corollary 2.8(ii). Thus we have shown (ii) seiiy (i).
The proof of Corollary 2.9 is complete.

2.6 The E-Array

So far, we have considered rational approximations related to power

series of the form

2(z) = = a5 , 0. .56
(z) o 8y # (2.56)

In connection with the theory of linear dynemical systems to be taken up
in Chapter IV, V and VI, we will be looking for transfer functions which

approximate series of the form

2 k-l
z = Z . .5
(s) k=oa-ks | (2.57)

Of course, the series (2.56) and (2.57) may be transformed into

each other by means of the simple relationships

£(z) = 2z Ya(zY) (2.58)
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72(s) = s te(s™Y). (2.59)

However, the following important distinctions between the two series

are observed.

. . - . . . -1
(i) If the series (2.57) is rewritten as a power series in z = s -,

the constant term is zero, thus violating a condition which has been

assumed in the development of the Padé approximation theory.

(ii) The Padé table is essentially a symmetric structure in the
sense that the power series expansion of [f(z)]-l has the same form as
that of f(z). In contrast, the power series expansion of [Z(s)]-l has

not the same form as that of Z(s).

Definition: Suppose f and Z are given, as in (2.56) and (2.57),
and suppose the Padé table for f is normal. Following Wynn [30, p. 149],
we define the E-array for Z to be a lower triangular matrix with rational

elements ﬁg)(z, s) of the form

£, o) - Zi%% (2.60)
where ng) is a polynomial of ith degree,
) - kgoq_gi)sk, (2.61)
{3 is a function of the form
ng)(s) = 79 i;j-lpgi)sk, Péo) = o, (2.62)
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and the series expansion of Ega)(z, s) in inverse powers of s agrees
with that of Z(s) as far as the term containing s7233 The clements

of the E-array appear in the order shown below:
(0)
o
(1) (0)
Eo El

Eée) Eil) Eéo)

Eé3) E§2) Eél) Ego) (2.63)
O Ll ()

The element E§J) stands at the intersection of the (i + 1)th column

and the (j + 1)th diagonal.

Clearly, the constituents ng), an) of the function Ega) may
be displayed in the same arrangement. If we specify qég) =1 in (2.61),
then, by Corollary 2.8,

it
-

S-iQ‘gj)(s) = Qi, i+,j-l( Z), 5z
and . (2.64)
s—i+lP§j)(s) = P

1, 143-102) 52

il
=

where (Phnﬁ Qnm) is the (n, m) Padé pair for f.

The close relationship between the Padé table and the E-array is

shown even more clearly in the following proposition.
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Proposition 2.10 [30, p. 150]

Hypothesis:

Suppose £(z) = Za.kzk, 2 # 0, (2.65)
k=0

and the Padé table for f is normal.

(2]
Conclusion: If we define Z(s) = Z aks'k‘l, sz = 1, then the
k=0

vhole E-array for 2Z may be obtained from the Padé table for f by
transposing the Padé table, deleting the terms lying above the super-
diagonal (i.e., the diagonal starting with the second term of the first
row in the transposed table), and placing the quantity Eéo) = 0 at the

peak of the array.

Conversely, part of the Padé table for f may be obtained from
the E-array for Z by removing the entry E(()O) and transposing the
E-arrey about the diagonal E](_l) , 1=0, 1,

Proof: The (i, j) Padé pair (Pi,j’ QlJ) may be regarded as

a vector pair

(Pio} Pil) e Pij)) (qu) qijJ M (lij) (2'66)

so that

Pij(z) = (Pio’ pil, e pij)(l} Zy eee, ZJ)
(2.67)

(qu’ qu) ooy q’la)(l’ 2y eesy Zi)'°

Qij(Z)
Similarly, the entry E(J) in the E-array mey be regarded as & vector pair

i

(ng): P]g_::lj_): ey Pg;jg__i_j_l): (q:(Lg), q,ig), seny qgi)) (2.68)
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so that, by (5.17) -and (5.18),

ng)(s) - S'J(pgj) () (3) Y1, 8 eee, Si+3-1)u

307 Pi3s over Py 54401

(3 (3 (3 (2.69)

) = @, oD, L, Dy, s, sy

Now substitute in (2.64), using the appropriate expressions shown on the

right of (2.67) and (2.69), to verify the assertions made in the

proposition.

2.7 Padé Approximation for Power Series of Nonnegative Order

The classical definition of .the Padé table assumes that the power
series to be approximated has a nonzero constant term [11], [13], [1k4],
[17]. fThe assumption of zero-order series serves the purpose of simpli-
fying the statements and proofs of theorems. The restriction can be

removed without difficulty, as will now be shown.

Existence (Generalization of Theorem 2.2): Let g be a nonzero

pover series of order o = o(g); that is,

g(z)

z° £(z) (2.70)

where
® k
£(z) L oaz , a #0.
ko K °

n

Let (i,j) be an ordered pair of nonnegative integers, J > g, Let
m=j-o, and let (Pim, Qim) be the (i,m) Padé pair for £, defined
a8 in Theorem 2.4. The (i,j) Padé approximant for g is

20 Pim(z)

Rij(g,z) = —Q—i—z;)—' . (2.71)

m
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Proof:

I. deg Qim <i, by definition of Padé pair;
Qim(o) =1, by Theorem 2.k4;
deg[ngim] <3, by definition of Padé pair.
o _ . _
II. gQim- z Pj_111 =z [fQim Pim]
- zg(zl+m+l)
_ (Zi+j+l)

The defining conditions of the Padé approximant for g are therefore

satisfied by the pair of polynomials zoPim(z) and Qim(z)'

For 0 < j < o, vwe take Rij(g,z) = 0, corresponding to N,. =0,

J
Dij = z> in equation (2.2). Clearly,
T. degDij=i, Dij;!o,
deg N;; =0 < 5
_ _ O+l _ o di+j4l
IT. g(Z)Dij Nij =z £(z) = (2 } . (2.72)

Uniqueness (Generalization of Theorem 2.3): Having proved the
existence of Padé approximants for general power series, the restriction

ao % O can now be deleted from Theorem 2.3. The proof is unchanged.

Padé Representation (Generalization of Theorems 2.4 and 2.5):

Suppose the power series
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[oe]
g(z) = = a X
-0 ¥

is of order o = o(g). Let (i,j) be an ordered pair of nonnegative
integers and Rij(g,z) the (i,j) Padé approximanf for g. The con-
clusions of Theorem 2.4 remain valid for g, except conclusions (i) and

(iv), which must be changed to read:

(%) pyy(z) =0, Q(z) =27, if 0<j<a;

]
._.l
-
[es
H
[
V
Q

-0.
zlimo[Z Pyy(2)] =8, @;4(0)

(iv*) P and Q are relatively prime, provided that j > o.

Proof':
1. Represent g as the product z°f(z), where f(z) is a power

series with nonzero constant term.

2. For J >0, let m= j-o. The Padé pair (Pim’ Qim) and
the integer A > O postulated ir Theorem 2.4 for f exist and are

unique since f satisfies the hypothesis of Theorem 2.k.

)

3. It is easily verified that, for J > o, the pair (zoPim, Qp

and integer A satisfy (i¥), (ii) and that

i+m+l
(z )

(1i1) 2Meq, - P, ]

implies

(Zi+j+l)

z)‘[gQim- z°p, 1= ; (2.73)
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(iv) P, s Qp being relatively prime and Qim(o) =1 imply
o . .
that 2z Pim and Qim are relatively prime;
P. (z)
im
(v) Rim(f,z) =T ()
im
implies
a Pim(z)
Rij(g,Z) = Z W . (2.74)

L. Por J < g, the proof leading to equation (2.72) applies, and
the Padé pair (0,z”), with A = 0, satisfies conclusions (i¥*), (ii),
(iii) and (v).

To extend Theorem 2.5 to the general case, it 1s necessary only
to change conclusion (i) to (i¥), and (v) to (iv¥), as stated above,

with corresponding obvious modifications in the proof.

Padé's Fundamental Proposition: Let f be a nonzero power series,

and let o(f) denote the order of f. Theorem 2.6 was proved for

o(f) = 0. It remains true for o(f) > 0.

Proof: Let (di,Jj) be an ordered pair of nomnegative integers, and

let P, Q, r, s be defined as in Theorem 2.6.

For J > g(f), the proof of the generalized version of Theorem 2.6

completely parallels the proof given in section 2.4.

Suppose 0 < j < o(f). Then Rij(f’z) = 0, and
2(2) -, ,(£,2) = (2°) (2.75)

vwhere s = o(f) > J+1.
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We will show that r > s ==p = = 0. Then it follows that r } s,

ot

and the proof will be complete.

Certainly, by hypothesis 4, r > s and Rij =0 imply

g l-Ryl-1r- 312 (&) - (&) = (°) = P = ()0 . (2.76)

The left-hand side of (2.76) has no powers of z with exponent greater
than J, while the right-hand side contains none with exponent smaller
than s > j+1. Therefore the two sides of (2.76) have no nontrivial

terms in common, and each side must vanish identically. Thus

and

Normal Padé Approximants. Theorem 2.7 and its corollary 2.9 are

generalized as follows.

Theorem 2.11
Hypotheses:

zk, o = o(f) is the order of f.

©
1. f(z) =¢%a
Ok

2. (1,)) 4is an ordered pair of nonnegative integers and Rij(f’z)

is the (4i,J) Padé approximant for f.

3. (Pij, Qij) ig the unique (i,j) Padé pair for f, with

deg Pi, =P , deg Q;y =4 - (2.77)
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Conclusions:
1. There exists a nonnegative integer r such that the power

P+g+r+l

series [fQij_ PiJ] starts exactly with the power =z , or else

fQij--Pij =0 and T = =,

2. The (q+rl, p+r2) Padé approximent for f equals Rij’ with

r.,r, =0,1, ¢+, r in case r is finite

and

r ,r, =0,1, +-- in case r is infinite.

3. No entry other than those enumerated in conclusion 2 is equal
to Rij’ provided J > o.
Proof: The special case o = O was treated in Theorem 2.7.

Suppose 0 < ¢ < j. By the generalization of Theorem 2.4,

() 1im (27 ()] = e Q;;(0) =1 .

Also, there exists an integer A >0 such that

(i1) p<J-n, g<i-x;

(111)  2Mleay,-7,1 = (M)

(iv) Pij and QiJ are relatively prime;
B, (2)

(v) Rij(f’z) = 5;3127 .

From (iii),

o ivJ-atl
fQiJ-Pij = (Z )
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But i+J-M1 > p+a+A+l, so either there is an integer r > N satisfying

assertion 1, or fQi -Pi. = 0.

J J

Let (u,v) be a pair of nonnegative integers. By the generalized

Theorem 2.4, necessary and sufficient conditions for

Ruv(f,z) = W (2.78)

are that there exists a nomnegative integer k such that

p<v-k, qg<u-k (Theorem 2.4, ii)
and

k+p4Q+T > utv (Theorem 2.4, iii).

These conditions are equivalent to

{~u+k{p
k+p+a+r > uv > vikiq
Since k > 0, we obtain
g+r >u>q, P+ >V > D . (2.79)

The inequalities (2.79) validate assertion 3 of the theorem, for J > o.
The proof of assertion 2 is identical to that given in the context of
Theorem 2.7 (see p. 34).

Counterexample to show Theorem 2.11 fails for J < o.

Consider f = z5 and J = 0,1,2. PFor every nonnegative integer 1,

the (i,3) Padé epproximant is Rij(f’z)' The Padé table for f = z° is
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shown below. Similarly, every function f of order ¢ > O has a Padé
table whose ¢ leading columns are zeros. By definition, the Padé

tables for all such functions are anormal.

Padé Table for f = z- .

Corollary 2.12

Hypotheses:
® k
1. f(z) =28z , o = order of f.
0 k
Nij(z) . a
2. Rij(f,z) = 51_5(?7 » J >0, is the (i1,j) Padé approximant
for f, with Nij and DiJ relatively prime.
Conclusion:
The following conditions are necessary and sufficient for Rij to
be normal:
(1) deg Nij =J , deg Dij =i>0.

(11) The expansion of [fDiJ-NiJ] is of order i+j+l.
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Generalization of Corollary 2.9 and Proposition 2.10.

In view of Corollary 2.12 sbove, the requirement a #0 is implied
by the hypothesis that f has a normal Padé table. Therefore, it is not

necessary to state explicitly that a, 7( o.
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III. REFRESENTATION OF PADé APPROXTMANT BY DETERMINANTS.

In Chapter 2, we were concerned with properties of the Padé table
(o]
for arbitrary power series #f(z) = = akzk, a5 # 0. We continue this
k=0 7 »
investigation in the present chapter, with the aim of expressing the Padé
approximants for f as the ratios of determinants, explicitly in terms

of the coefficients of f (Theorem 3.5).

One of the properties of the Padé table discussed in Chapter 2 was
the geometrical pattern that governs the occurrence of equal approximants:
If the table for a power series f contains two equal Padé approximants,
then there must be a square block of (r + 1)2 equal approximants
(Theorem 2.7). Frank [21, pp. 92-94] gave necessary and sufficient
conditions for the Padé table for f +to contain a square block with
corners (g, p), (@ +7r, p), (¢ +r, p+r), (qo6 p+ r), where p, q, and
r are arbitrary nonnegative integers (Theorem 3.5). We include a proof
of Frank's theorem that is, perhaps, a little easier to follow than the

versions given in the original psper or by Wall [17, pp. 395-3981].

Theorem 3.7 expresses the Padé epproximant for the power series f
explicitly in terms of the coefficients (ao, a., ...) of the series.
The beauty of the method lies in the fact that it proceeds directly to the

computation of relaetively prime numerator and denominator polynomials.

The method thus avoids any problems that might arise if the Padé
approximant is to be cleared of common factors in the numerator and

denominator.

52



3.1 Definitions.

The following notation will be used for certain frequently recurring
Hankel matrices and determinsnts: Giwen the sequence {ak: k=0, 1, ...}

and two nonnegative integers r, n, we define

& Snel c et Snir-1 1
8, .« e e a
ntl ni2 n+r
S(n) = (3'1)
r
L Crtr-l Bpir C an+2r-g_
Ain) = det s](rn) (r > 0)
(3.2)
(n) _
AO = 1.

Moreover, for given nonnegative ‘integers 1, J, N, and for a given

power series T

0
k
f(z) = Zaz,
k=0ak
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let AN denote the Nth partial sum of £, that is

¥ ok
A(z) = kéoa.kz . (3.3)
Teking e, = 0 for n<0, we define
[ 5 i-1 o, |
ZAj—i .z Aj-i+l « . ZAj
Fj-i41 By-iee " &5+l
Tij(z) = det
a. a, . .. 8., .
| J g+l i
(3.4)
1 i-1 o
z Z z
#5-141  Fj-ive B34l
Uij(z) = det
In particular, these definitions imply the following properties:
deg Tij < J, deg Uij < i, (3.5)
TOj = Aj, UOJ. = 1, (3.6)
(L 1y 43140
Tij(o) = (-1) LS
(3.7
(o 1yia(3-i+1)
Uia.(O) = {(-1) Dy .

54




3.2 Some Properties of Hankel Determinsnts.

Certain properties of the Hankel determinants Ain) will be useful

later. These properties are stated in the following two classical lemmas.
Lemms 3.1. [23, p. 120][%, p. 25]
For all positive values of n and v,

2 (n-1), (o1 {n-1 1
1 - A D) e

the determinents being those defined in equations (3.1) and (3.2).

The proof of this lemma is straightforward, but tedious and not
very enlightening. Householder [24, pp. 116-117] indicates the proof
for r =1, 2; Henrici [4, pp. 25-26] sketches a similar verification

for all admissible r.

Lemme 3.2. [4, p. 28] (i) Bieberbach's version [25, pp. 319-321]:

(o]
et f(z) = = akzk be rationsal,
k=0
bo+blz+...+bpzp
f(z) = » Co# 0, e #0. (3.9)
Co + CiZ 4 uue + c 23 1
0 1 q
Then
A(n) = 0 forall n > max (0, p - q+ 1).
g+l - ’

Conversely, let p and q be integers such that p>q - 1, and A((ln) ;é o,

Ac(g_fl-l.')L =0 for n>p=~-q+ 1. Then f£(z) is a rational function of the

form (3.9), with c, £ 0, cq £ 0.
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(ii) Dienes' version [26, p. 323]:

The necessary and sufficient condition that the power series
©
Z:a.kzk should represent a rational function is that there be a number g
Zuch that Ag:izn = P(z) 1is a polynomial. Then the least value of g
is the degree of the denominstor, and the degree of P(2) is not less

than p - @, P being the degree of the numerstor.

3.3 Conditions for a Block In the Padé Table.
Lemma 3.3. (Se= {1k, p. 22] for special case vhere a_ # 0.)

Hypotheses;

2 x
. = p .
1. (=) =oakz

2. Rij(f, z) is the (i, j) Padd approximant for f£.

Conclusions:
If
A§J-1+l) = 0,
then
B = Ria, 5 % Ria, g = Ry
Proof: To compute the Padé approximent Riq, j-10 ¥© let
froot -1, §-
Ri, 51 = Ma, /P, ga
where
i-1 X
Dy, 3208 = B &7
Jj-1
Nog,5a02) = 2 w2

The denominator and numerator polynomials thus defined satisfy the condition

IT for the (i - 1, j ~ 1) Padé approximant, that is
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_ = o i+
Dy 3,510 " Vg 50 = (2 ) (3.10)

Form the product

f(z)Di-l, j-l(z) = ki‘.ockz

where

c = z a,udv.
utv=k

In order for (Ni-l, §5-17 Di—l, j-l) . to satisfy condition II for the
(i -1, j~-1) Padé approximant, we need

noo= oo (k=0, 2, ..., §~1) (3.11)
and

Ck = 0 (k

3 3+ ..., J+I-2).

The last equations, written in matrix form, are

B A CHEREN
Biivp F3-ie3 0 %4n 40 0
= . (3.12)
La.j-l a.j e o o aj+i_2— .
% | Lo
Eq. (3.12) states that the i-vector (di-l’ A s +ees do) must be

orthogonal to the row vectors of the [a]-matrix. Since there are only
i-1 row vectors in {a], they can span at most an i-1 dimensional

subspace of R'. Therefore (3.12) always has a nontrivial solution. Choosing

any such solution, we now determine the By by (3.11). Then
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(w satisfy conditions I and II, and we have correctly

i-1, 3-1° Di-1, §-1)

computed R, since it is unique.

i-1, j-1

(3-4+1) _

Suppose now that N 0. Then the row vector

(a.j, Bippr c e aj+i—l) is in the row space of the [a] matrix in (3.12)
and is, therefore, orthogonal to the vector (di—l’ & 55 e do) chosen to

satisfy (3.12). But this implies

Cipi-1 = 0 (3.13)
and as a result we can improve (3.10) to read

£D (z+9). (3.14)

i-1, j-1 ° Ni-l, -1

This increase in the order of approximation means that we may set

(Ma, 3 P, 30 = iy, jow Diog, joa)s 20
N1, j2
R, . = R, . :.9° (3.15)
i-1, J Di-l, -1 i-1, j-1

., D )} clearly have

-L,3 "i-L,3
degrees no greater than j and 1i-1, respectively, and thus property I.

For the polynomials of the pair (l\T.1

Further, by (3.1%), they satisfy property IT of the (i - 1, j) Padé

gpproximant for f. imi = .

DP. By & similar argument, we have Ri, -1 Ri"l: 3-1
Again, we mey set Nij = ZNi—l, 5-1 and Di,j = ZDi-l, 4-1° The

pair (Ni;j" Dij) satisfies both properties I and II of the (i, J)

Padd approximant for f: DProperty I because deg Ni,j < J, deg Di 3 <1i;

and property II since from (3.1L4)

_ _ i+j+1
D5 - Mgy = 2lfD; 5y =Wy, 5l = (000

This proves the lemma.
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Lemms 3.4. (Frobenius) [3, pp. 1-3]
Hypotheses:

(=]
k
1. £(z) = =Zaz, & # 0,
k=oa'k 0

2. (i, j) is an ordered pair of nonnegative integers, and

Rij(f’ z) is the (i, j) Padé approximant for f.

Conclusions:

1. The determinants Tij’ Uij defined in (3.4) are relatively

prime (i) if, and (ii) only if

Agj-iﬂ') £ o.

(§-i+1) _
2. If A; # 0, then R 5 —Tij/Uij.

Proof':

(3-1+1) _ o.

1(ii). Suppose a;

Then by {(3.7) and (3.8)
Tij(o) = 0 and Uij(O) = 0.

Therefore, unless '.Ifj_'j and Uij are identically zero, they have a
common factor z. If Tij’ Uij are zero polynomials, they are not

relatively prime, by definition [9, p. T2].

1(i) and 2. Suppose A:(.L'j_l+l) = (- 1)% £ o.

Then the i columns of

B ]
By-i41  Bgei2 Ut By
a, . a,. . cee & .
S(J-i“'l) j-1+2 J—l+3 J"l‘l
i
a 8 cee a. .
N 3 J+1 3"'1‘1.4

are linearly independent.
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Define
&3-k+1
Byoxe2

P : (k=0, 1, ..., i) (3.18)

| ®j-keki |
Then S§3-1+1) can be represented as the row vector

sgj'i‘“l) = (%, AT, L, oAb, (3.19)

Each Ak isan i X1l column vector. Since the i columns

i-1 1 i+1)

Al, A" 7, .., AT of Sga- are linearly independent, they must span

the space R-. Therefore 2% i in the coluamn space of S§J-1'1), and
m = 0 1is the largest index such that the column vectors
AF& AF&l, ooy At ere linearly dependent.
Now consider the polynomials
1
B(z) = 3 71;,(2)
(3.20)
1
Q(Z) = EUij(Z).
From (3.7) and (3.5) respectively, we have
(1) ®0) = a, Q0 = 1
(3.21)
(i11) deg P < J, degQ < 1i.
To verify that
(113) fQ-P = (T (3.22)
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we proceed as follows. The value of Tij(z) is unchanged if we add to
the first row a linear combination of the other rows. In particular,
jtk

ve add 2z times the (k + 1)th row, k=1, 2, ..., i. Then the

first term of the first row becomes

1L sk i
z Aj-i + z kilz il = 2 Aj‘ : (3.23)

The other terms of the first row are changed similarly, increasing by

1 the index of each A n=j-1, J-i+1, «ve, j). TNow

i i-1 0, |
ZAJ z A,j+l ZA,j+i
8jei+l  Bj-ire Tt %
Tij(z) = det . (3.24)
La.j a.'j 1 ces 8 41
Therefore we can write
A, —a) ZAMa . -a.) ... o |
J+i 3 j+i J+1 '
a,j-i+1 aj -i+2 y a,j+1
AyiVig - Tay = det _ . (3.25)
25 8541 Bt

By inspection, z1+a+l divides every polynomial appearing in the

first row of the determinant in (3.25). Therefore 29" givides the

determinent, and consequently
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il »
Aj+iUij - Tij = (z ). (3.26)

But now
e k

[A.,.Q - P] + = zQ
Jti k=j+i+lak

1]

fQ - P

(3L (3.27)

since the proportionality factor c¢ in (3.20) is merely a nonzero constant.

As we have shown in the preceeding steps, the pair (P, Q) defined
in (3.20) satisfies all the conditions of Theorem 2.5, with m = O. By

result (v) of that theorem, we have

Ri3(f 2) = H2)/az) = T, 4(2)/U; 4(2) (3.28)

as was to be shown (Conclusion 2).

Also, by result (v) of Theorem 2.5, P and Q are relatively

prime polynomials, and therefore Tij and Ui,j are relatively prime.

This completes the proof of the lemma.

Remark: The hypothesis a, ;4 O may be removed if one restricts J to
velues not less than the order of f and proceeds as in the generalization
of Theorem 2.2. (See Section 2.7.) Smaller nonnegative values of J < o(f)

give rise to the trivial case. Rij(f’z) = 0.
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Theorem 3.5. [21, p. 931{17, p. 395]

Hypotheses:

[+-]
k
1. f£(z) Laz, a, # O.
1o X 0

2. (i, j) is an ordered pair of nonnegative integers, and
R__.Lj(f, z) is the (i, j) Padé approximant for f.
3. .(Pi,j’ Q’l,j) is the (i, j) Pad€ pair of polynomiasls for %,
postulated in Theorem 2.4, with
deg Pij = P, deg Qij = q.

4. r 4is the unique nonnegative integer such that the power series
[fQij - Pi J] starts exactly with the power . q_+r+l’ (See Theorem 2.7.)

Conelusion:

The following five conditions are necessary and sufficient for

Ri;j(f’ z) = Ruv(f’ z), with (u, v) ranging over the (r + l)2

values defined by (a<u<g+r, p5§5p+r)z
(1) A((lP‘q*'l) £ 0
(1) 22 4 o
(1i1) Aflf_;_q) £ 0 (3.29)
(iv) AP 4o
(v) 2B#) o (k=1 2 ceey 1)

Note; If r = O, the condition (v) is not present. By Theorem 2.7, r =0
implies (g, p) = (i, J) and, with this substitubtion, conditions (i)
through (iv) are necessary and sufficient for R; ,j(f’ z) to be normal.

[11, p. S. 34][13, p. k27].
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Proof: By Theorem 2.7, the following five conditions are necessary

and sufficient for R,. =R _ (a<u<q+r, p<v<p+r):

J
(i%) Rp # Byppol

(i17) Rp # Boo1, p

(iii?) Rip # Ry, p-1 (3.30)
(av?) Byp 7 BRosrel,prrel

(vt) Rpp = Rk, prk (k=1, 2, «u., T).

It is convenient to include the condition (i') although, by Theorem

2.7, we have (i') d=lp (ii’') and (iii').

From Lemms 3.3, we obtain (by contraposition):

(17) e=p (i) [let (i, J) = (¢, ) in (3.9)].

(ii') =P (ii) [let (i, §) = (¢, P+ 1) in (3.9)].

(11i') == (iii) [let (i, ) =(a+ 1, p) in (3.9)].

(iv?') and (v') == (iv) [let (i, §) =(g+r+ 1, p+r+1) in (3.9)].

It remains to show (v') === (v). By Theorem 2.4, in order for (Pij’ Q‘l,])
to satisfy condition II of the (q + k, p + k) Pade' approximant

(k =1, 2, «.s, T), we need

X _, prq okl
2°[£q;, - Pygl = (2 ) (3.31)
As in Theorem 2.4, let
» v
Pij(z) = Znz, n, = ay;

v=0
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. .(Z) = L adz ’ = 1
Q’lJ v=0 dO 4
- v
and (z)Q. .(z) = Zecaz,
Ql;j v=0 ¥
vhere c = Y &a/d..
v - B

Then the condition (3.31) can be written

n. o= ¢ (v=0, 1, .00, p)
and
c, = 0 (v=p+1, p+2, eee, P+ qQ+ k) (3.32)
(k=1, 2, ¢oecp T).

Equations (3.32), written in matrix form, are

B a, —1 _d.—1 —O

8,
p-gtl ap-q+2 P+l q
ap_q_}_2 a’p-q+3 . e e zsl.P_'_2 dq—l 0
R B P A EED)

ptk Sotktl " " Cpikigq Ldo
i

(k=1, 2, «v., 1),

Choose any k from {1, 2, ..., r}. Eguation (3.33) can be satisfied
only if the q + 1 columns of the [a]-matrix are linearly dependent.
Therefore Ac(lﬂ;qj'l) =0, k=1, 2, +o., T, and thus (v) is necessary
for (v').
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We now prove that (3.29) is sufficient for (3.30). From (i) we
conclude (Lemms, 3.2, proof of conclusion 2) that there exists a pair of

relatively prime polynomials (P, Q) such that

Rp = F/@ (3.34)
deg P < p, degQ <gq P(0) = ay, Q0) = 1; (3.35)
- = (U, (3.36)

The polynomials (P, Q) are uniquely determined by the conditions
(3.3%4) and (3.35), and the same conditions imply that the coefficients

q
of Q=1+ X d’ézq satisfy the matrix equation (3.33), with k = O.
v=0

From (ii) and (iii) it follows that P and Q are exactly of
degree p and g, respectively. For @, this result is immediate

from (3.33), since k =0, Aép_q+2) £ 0 gives d:)& # 0. Suppose that

D v
P(z) = ag + I m¥z .
v
v=0
Then (3.36) gives
n¥ = z a g (v=0, 1, ..., D)-
CHf=v B
In particular, nz = [a.P_q, ap_q+l a.P] dz s 0‘6 = 1. (3.37)
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But (iii) implies that sc(lfiq) is & nonsingular matrix:

-

&8, &8 “eoe a,
P-q p-atl P
(p-a) _
S<1+l - ®p-gtl Fp-gr2  *t Zpid (3.38)
a.P &P'*‘l vee ap_!_q

(p-q)

Therefore, the rows of S span the space Rq+l. The vector

q+l
(dq, dq-l’ cees do) is a nonzero vector in Rq+l, orthogonal to all
rovs of S(p-Q) except the first row (by equation (3.33), with k = 0).

q+l
Therefore the scalar product in (3.37) cannot vanish, and (iii) = n, £ 0.

Now qu = P/q, (P, Q) relatively prime and deg P=7p, deg Q= q,

implies

i1 R R .

( ) qp % q-1,p-1

iirt R

( i) ap ié Rq}'l:P

iii? .

(111" Ry, # Ry, p-1

k k

To prove (v'), let Rq+k,p+k = N( )/D( ), where

ptk gtk
W TR By

v=0 v=0

Since fD(k) - N(k) = (FF q+2k+l)’ we have
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B (k) (k)
0 0 cee 0 a.o dq_+k nO
: (%) (k)
0 0 ces a.o al dq+k-1 n:L
prkil | . . = . (3-.39)
TOowWs : :
_ a__ .o a_ a (k) (k)
é | P-a  p-gil ptk-1  "prk| 1d, Bk
= b~ — - -~
(k) k _
where dO 1, n, = &
Also
[ (k) 7
8'p-q+l a'p—q_+2 - a'p+k+l dq+k 0
(k)
a'p-q_+2 a'p-q+3 Tt a'p-i-k+2 dc_:_+k-J_ 0
qa+k . = - (3.40)
TOWs :
(x)
‘l] ap*_k ap+k+l ap+q+2k do —O ]

Since A((lf;_qﬂ') = 0, comparison with (3.33) shows that a nontrivial

solution of (3.40) for k =1 is

d(()l) 0, dfrl) = 4, (v=1,2 ..., q+1). (3.41)
Substituting in (3.39), one obtains
nél) = 0, nfrl) = n\(rﬂ (v=1,2, ..., p+1). (3.42)

Hence N(l)/D(l) = P/q

and (v') holds for k = 1. Then, since A((lf_)éq_l) = 0, it follows that

for k =2, (3.40) has the nontrivial solution
2 2 1
d(()) = 0, dfr) = dfr_:)'_ (v=1 2, vv., g+ 2)

while (3.39) gives

n(()z) = 0, nfra) = n(2) (v

MY 1, 2, eesy D+ 2).
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2 2 '
Consequently, N( )/D() = N(l)/D(l) = P/Q,. On continuing this

argument, we conclude that (+v!) holds.

Finally, (iv!) holds. For if not, we would have

Flgq - p] = (BFEEN3)
vhich is impossible by virtue of (iv).
This completes the proof of Theorem 3.5.

3.4  Determinantal Form of Padé Approximant.

Lemms, 3.6.
Hypotheses:
1. {a.k] is an infinite sequence of real numbers, &y ;é 0, o >0,

& = 0 for k<o
2. (i, j) is an ordered pair of nonnegative integers.

3. The i-dimensional column vectors Ak(k =0, 1, 2, eosy i)

are defined by

= I
By-k+l
k .
A= oy | - (3.43)
a. .
__,J-k+1_
S = s§3'1+1) is the Hankel matrix defined by (3.17).

k., m is the largest index such that the column vectors

m mel i

A, A7, ..., A" are linearly dependent.
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Conclusions:

(3-1+1) . _ .
A # 0 if m=0 or m=i.
(§-i+1)

Ai- 1 = 0 if 1<m<i

FProof:

(i) Suppose m = O.

Then the columns of § = [AY, AY™L, ..., &'] are linearly
independent and

det § = A§3_1+1) £ 0.

(ii) Suppose m = i.

i . .
Then A~ =0 and, in particular, a’j-i+l = 0.
Therefore
(3-1+1) _ -
Al = a.j_i+l = 0.

Also, triviaelly by definitiomn (3.2),

A(();1-1+l) =1 4 o.
(iii) Suppose 1 <m < i.

A:(Lix;fll:l) is the minor consisting of the first i -m+ 1 rows
of the matrix M = [A%, Al-l, ..., A™]. But the columns of M are

linearly dependent, so

A(,j-i-+1)

iml o < O

This completes the proof of the lemma.
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Theorem 3.7.
Hypotheses:

> x
1. f(z) = Z ez, a, # O.
k=0ak °

2. (i, J) is an ordered pair of nonnegative integers.

3. d dis the smallest nonnegative integer such that

Agij('iiﬂ) 4 o. (3.46)

Conclusions:

1. 0<dx<i.

2. The polynomials Ti- a,5-d and Ui- a, 3= defined by equation
(3.4), have at most J and i zeros, respectively, (counting multi-

plicities). They have no zeros in common.

3. The (i, j) Padd approximsnt for f is

T, (z)
_ i-d, j~d
Rij(f, z) = W- (3.47)

4, R = R, (u=1,i-1, s, i=-8d v=3, -1, cce, § - 4.

uv i]

Proof: Conclusion 1 is obvious from the definition A(()n) =1, n>0.

Suppose d = O. By Lemma 3.k, Ag_'j'“l) #0 implies that T..

7 Ui
are relatively prime polynomisls and
Ti.(z) X
Ris(f 8) = gy - (3.19)
1d
From (3.5), deg Ti;] < J, deg Uij < i.
T




Suppose 4 > 0.

(

Then Ak3'1+l) =0 (k=d,4-3, eoo, i-d+1).

By repestedly applying Lemma 3.1, we obtain (3.47), since

Rij = Ri-d,j-d (3-50)

Ti-g, j-a
-U—L’J— , by Lemma 3.2.
i-4, j-4d

Conclusion 2 follows directly from Ag&l'*'l) # 0, by Lemma 3.k.

In particular, if d = i, then by (3.6)

T, - -
: = 9J-1 _ . .
ij To, 5-1 Aj_i (3.51)

Conclusion 4t is a trivial consequence of (3.50), by Lemma 3.6.

Remarks: The method displayed in Theorem 3.7 depends on finding
first the parameter 4 which, in turn, depends on the distinction
between singular and nonsingular matrices. In practice, round-off errors
will obscure the distinction. It is, therefore, of some interest to note
the effect of an erroneously large choice of d. This will happen if a
nearly singular Hankel matrix is considered to be "singular" (by the
criteria used in a given computer algorithm). As a result, the computed
(i, j) Pade approximant in (3.47) will be cleared of mmerator and
denominator factors which are not strictly cancellable.

The theorem is a refinement of Lemma 3.4t. (Frobenius [3, pp. 1-3].)

72




Coroliary 3.8 [30, p. 159]
Hypotheses:

1. 2%(s) = £ 0.

(2]
Za.ks-, &,

(3.52)

x
2. The Padé table for f(z) = = a.kzk is normal.
k=0

3. (4, ~j) is an ordered pair of nonnegative integers.

Conclusion:

Let the partial sums Z

of the infinite series Z be denoted by

N
N-1
Zg = = aks'k'l, N>0
k=0
(3.53)
Z, = O
-N-1
and let AZy = Zyq - Zy = s . (3.54)
Then the (i, j) element in the E-array for Z is
7, Z Z |
J J+1 * e J+i
gt |02 220 cee BB
VA L%,
J¥i Jj+2 o o e AZJ. i1
Egj)(Z, 5) (825051 DRy R T Pt (3.55)
F 1 1 . . . 1 i
22, D2y ces Mg
det . . e . .
LAZ;]+1-1 T ]
Proof:

As in Chapter II, equation (2.60),

we can write

3




(3)
B3z, s) = %_)ﬁ (3.56)
Q" (s)
where Qg_']) is a monic polynomial of degree i, and ng) is a
meromorphic function of s. [Equation (2.62)]. By Corollary 2.8, we

have, as in equation (2.6k)

S_i+1P§j)(s) Pi,i+j-l(z)’
and (3.57)
SiQ§j)(s) Qi 544-1(2) sz

i
]

where (P, is the (i, i+j-1) Padé pair for f.

1, 14517 %4, 145-1)

Using the result of Theorem 3.7,

(3)
(3) _ sPY’(s) _ P, '+i-l(z)
E;7(Z, s) = -—%Ejz;; = ;T‘j-—-—z;)- (3.58)
Q Q, j+i-1

The Pade table for f is normal, so A§_J) £0 and

. T, ... (2)
Eg"’)(z, s) = e P S R (3.59)

zU (z)

i, j+i-1

Now, the respective definitions of Ay in (3.3) and Zy in (3.53),

with sz =1, imply

WL WL “
AN_l(z) = k{‘.oakz = sZas = SZN(S). (3:60)

k=0
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By definition (3.4),

(2)

i, 5411

Similerly,

(z) =

i,g+i-1

where sz = 1.

det

det

det

det

i-1

J+1

J+i

i+l
s
J+e

J+1

J+it+l
s AZj+i
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A,j+i-1.

&, .
J+l

a';]+2i-l

-t

J+i

(3.61)

Bytoi-1

sj+i+l
J+i

j+ei

(3.62)

j+ei-1




Finally, substitution of (3.61) and (3.62) into (3.59) gives the

desired result, and the corollary is proved.

Remark: Comparing Theorem 3.7 and Corollary 3.8, we note that the
latter assumes normality of the Padé teble as an added restriction on f.
If this condition is not fulfilled, certain formal difficulties exist in
the derivation of results paralleling those of Theorem 3.7. A theory of

E-arrays for the general case is not yet available.

The rational expressions Rij(f; z) or Ega)(z, s) which may be
obtained from the set of coefficients & k=0,1, ..., 2r - 1, are
those entries in the Padé table lying upon and in the triangle whose

vertices coincide with the approximants

Bo = - Ro, or-1
Ve
/’
- /,
V'

: 7 (3.63)

* Vd

. ’

. ,

7/

Ror-1,0

and those entries in the E-arrsy which lie in and upon the triangle whose

vertices coincide with the functions

)

~

) £(0) (3.64)

%




As pointed out by Wynn [30, p: 171], numerical exp;erience supports
the claim that, in general, for prescribed velues of the arguments =z

and s, the expressions in the sets (3.63) and (3.64) for which

IR, 4(8 2) - 22 or [EP(s) - a(s)]

are & minimum, are given by i+1l=j=1r, or i=j+ j=7r, or
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iv. MINIMAL REATLIZATIONS OF LINEAR DYNAMICAL SYSTEMS.

One of the problems in the theory of linear dynamical systems is to
construct models from input-output data. This is variously known as the
problem of "modeling", "process identification", or "constructing a
realization”. While special, distinctive meaning has been given to each
of these terms, the object is generally to find a mathematical model which

lends itself to computer simulation.

The explicit determination of such a model is the subject of B.L. Hofs
dissertation [6]. In particular, Ho considers the problem of constructing
state-variable models of linear, stationary, finite-dimensional, multivariate
dynamical systems. His algorithm is based on the solution of the "algebraic

realization problem", defined as follows:

Given an infinite sequence of real (p X m) matrices,

Y= (YO, Y, ¥, ...), to find real matrices F, G, H such

that
EF G = ¥, (k=0, 1, 2 ...) (%.1)
where F = (nXn) matrix
G = (nXm) matrix
H = (p Xn) matrix.

Following the accepted terminology, any solution (F, G, H) of the
algebraic realization problem is called a realization of ¥, n 1is the
dimension of the realization, and a solution with the smallest possible

dimension n, is called a minimal realization of Y.

8




4.1 B.L. Ho's Existence Theorem.

Ho gave (i) necessary and sufficient conditions for a solution of
the above problem to exist (Proposition 4.1), and (ii) a numerically
simple algorithm for the construction of minimal realizations (Theorem L.k4).
He also derived other abstract results of realization theory, some of which

are reviewed and extended in this and the following chapters.

The existence of a realization is established by the following

proposition which plays a fundamental role in Ho's theory.

Proposition 4.1 [6, p. 11]

The sequence ¥ = (Yb, Y, ¥, ...) has a realization if and only
if there exists an integer r such that

r

Y. .. = ZoY

r+j jop 1 r-ity’ 3= 0L ... (.2)

where Oi’ ob’ ey o% are sultably fixed constants.

Ho gives a beautifully simple proof of this proposition. Before
proceeding with it, we make some definitions and present a lemma which
will be useful throughout this chapter.

Definitions:

1. Given a sequence ¥ = (Yb, Y55 .+.), and two nomnegative

integers r, k, we define the (pr X mr) matrix

Ty T . Tebr-1

sk - |y ¥ e X (1.3)
r ] K2 ktr -
L Toer-1 Toer 0 0 Twer-z)

79




Note: The definition (4.3) is consistemt with that made in Chapter ITT when ¥
is & scalar sequence. 1In this case (p =m = 1), we set det S(k) = A(k), as
===t r T

in (3.2).

2. If Y satisfies the linear recursion relation (4.2), let M

be the (pr X pr) block companion matrix

i ¢) I 0 0
b b P b
0] 0 I (0]
Y b p P

M = . . . ... . (4.%)

0 o) 0 I
P P P P

—arIP ar_ le ar_ 21P « o e ale B

where O_ = (p X p) 2zero matrix
IP = (p X p) identity matrix.

3. If ¥ satisfies the linear recursion relation (4.2); let N

be the (mr X mr) block companion matrix

- -
0 (0] (0] a I
m m m T m
Im Om ) Om o:r-llm
N =)o I ... 0O @ I |- (4.5)
L0m 0111 . . . Im alIm

4k, For given positive integers u, v (u<v), let E,, be the

(u X v) mabrix

E = [Iuo]. (4.6)

uv
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In particular, if r is a positive integer and v = ur, we abbreviate

E = E (&.7)

Lemms, 4.2.
Hypothesis:
1. Y= (Yb, Y., ...) is a sequence of matrices satisfying (4.2) for

some positive integer r.
2. 1, j are nonnegative integers.

Conclusions

s§i+j) = Misij) = sgj)Ni (4.8)

the matrices S, M, N having been defined in (%.3), (&.4), (4.5),

respectively.

Proof: Let Jj be an arbitrary nonnegative integer. We shall prove

the lemma by induction on i. (%.8) is obviously true for i = O.

Suppose (4.8) holds for an arbitrary fixed integer i > O. Then,

because the coefficients (Qi, Oy +ees o%) of M and N satisfy (4k.2),

u (3 | (i) | (i) | GG _ q(3) 1
r r r r r
Therefore (4.8) holds for i + 1. By mathematical induction,

the lemma holds for a1l i > 0. But J was arbitrary, so the proof is

valid for all nonnegative i, j.

Proof of Proposition 4.1 [6, p. 11]:

Assume thet a reslization (F, G, H) of dimension n. exists.
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Let v(z) = 2% - Blzn-l - Bzzn_2 - ... =By By =1 be an annihilating

polynomial of F. (The Cayley-Hamilton Theorem guarantees the existence

n

of V¥.) Then

- n PR
j -i+
0 = HFW(F)¢ = HF" G - % B.HF = G
i=1l
so that (4.2) holds with r = n and o, = B, i=1 2, ..., 0.

Conversely, suppose (%.2) is true. By Lemma 4.2, this implies
Mlsgo) = sil) (1 =0, 1, 2, ...).

The first block in Sil) is Yi. Therefore

T, = Epsii)En'l = EPMiSE‘O)En'l,
and F = M
G = sifj)}:n'1 (%.9)
H = E

is a realizetion of ¥, by (L4.1).

4.2 B.L. Ho's Realization Algorithm

The following lemms prepares the wey for Ho's minimal realization

algorithm.

Lemms 4.3.
Hypotheses:
1. ¥ is & sequence of matrices satisfying (4.2) for some positive

integer r.
2. (F, G, H) is a realization of 9.

Conclusion: rank Sgo) < dim F.
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Proof: By hypothesis, Yk = HFkG, all k > 0. Therefore Sio)

can be factored as follows:

Let
vt = [H! F'H! ce (Fl)r-lﬁl]
_ (%.10)
W o=[e F .. Fl
where the prime denotes the transpose of a matrix. Then
sio) = VW (&.11)

Now rank Sgo) < min(rank V, rank W) < dim F.

Theorem 4.4. (Ho's realization algorithm)[6, p. 13]
Hypotheses:
1. ¥ is a sequence of (p Xm) mabrices satisfying (4.2) for

some positive integer r.

2. Sik) (k =0, 1, ...) are generalized Hankel matrices for Y,

as defined in (4.3), with rank sio) = n.

3. P and Q are nonsingular matrices, of dimensions (pr X pr)

and (mr X mr) respectively, end such that

(0), _
PS.’Q = EI'I,PrEn,mr (k.12)

i.e., PSiO)Q is the canonical diagonal form

I 0
n of Sio). [22, vol. I; p. 141]
0O "0




Conclusion:

Let
F o= En,pr E‘l)QE' (n X n) matrix;
G = En’prPsio)E' (n X m) matrix;
H = Epsio)QE‘ (p X n) metrix.

Then (F, G, H) is a minimal reslization of the sequence ¥.

(k.13)

Proof: The existence of suitable matrices P and Q is a well-known

fact from linear algebra. [22, pp. 133-1k1]

Iet
st = @' E >
n, mr n,pr
Then hypothesis 3 gives
s{0)gs(0) _ 5(0),
r r r
sﬁsgo)sﬁ = sk,

From the definitions of F, P and Q,

*o-op w0 =0, 1)
By Lerme 4.2,
£ e OO
B, o B (0) NGE!
= By e 5‘2)Q'E,
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Using Lemma 4.2 and (4.15) repeatedly, we have the general result

- (€9 JS -
o= En,PrPSr Q’En,mr (=0, 1, 2, +..). (4.17)
Therefore
- (0) g ¢ (%) e (0) s
HFkG - Epsr QEn,m_ern,;prPSr QEn,mrEn,;prPSr By
P r r r m
- 5 (Vg (4.18)
(k)
E_pSr En'1
= Yk.
F is an (n X n) matrix, and rank Si‘o) = n by hypothesis 2. By Lemma

4.3, the realization is minimal.

Remark: Theorem 4.4t solves the algebraic realization problem stated
in the introductory paragraphs of this chapter, whenever such a realization
exists. The following proposition, due to Ho [6, p. 48], demonstrates
that the algebraic realizatbion problem is equivalent to the problem of
finding the (minimal) realization of linear, stationary, finite-dimensional
dynamical systems from their input-output descriptions. A remarkable
feature of this proposition is that it applies equally to discrete-time
and continuous-time systems, and that the input-output date msy be presented

either in the time domain or in the transform domain.
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For the discrete-time system

x(k+1) = Fx(k)+ 6 ulk)
(4.19)

(k) H x(k)

the time-domain description is given by the pulse-response function
Y, = H FkG, k = 0, 1, «c. . (k.20)

The transform-domein description is given by the z-transform transfer

funetion
T(z) = H(zI - F)-lG. (4.21)

For the continuous-time system

%% = Fx(t) + cu(t)
(k.22)
y(t) = Hx(t)

the time-domain description is given by’ the impulse-response function
W(t) = Hexp(Ft) G, t>0. (%.23)

The transform domain description is given by the Iaplace transform

transfer function

Z(s) = H(sI - F)"1G. (k.24)
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Proposition 4.5 [6, p. 48]

The following four problems are equivalent to the algebraic reslization

problem:

(i) Given the function k -Y,, find a triple (F, 6, H) of constant

matrices such that (4.20) holds.

(i1) Given the function 2z —»T(z), find a triple (F, G, H) of

constant matrices such that (4.21) holds.

(iii) Given the function t —»W(t), find a triple (F, G, H) of

constant matrices such that (4.23) holds.

(iv) @Given the function s —Z(s), find a triple (F, G, H) of

constant matrices such that (4.24) holds.

For a proof and further discussion of this proposition, the reader

is referred to the paper by Ho and Kalman [36, p. 453].

4.3 The Unique Representation Theorem.

In this section, we present a specialized version of B.L. Ho's minimal
realization algorithm. The specialization is accompanied by the achievement

of a number of desirable new properties.

For example, the one-to-one correspondence established in Corollary 4.10
has no parallel in Ho's theory. By showing this one~to-one correspondence
between minimal realizations (F, G, H) and generating matrices (V, W),
we demonstrate that the new algorithm is the sharpest possible, subject

to the requirement that every minimsl realization-may be obtained.
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We note, too, that the generating pair (V, W) in Corollary 4.10
is the same pair of matrices whose rank determines the complete controllability
and observability of stationary linear dynamical systems. [7; p. 201],

(85 p. 1701, [27; pp. 499-506], [29; p. 53]. The beauty and significance
of the reciprocal relations (%.69) and (k.70) is obvious.

The close similarity, as well as the difference, between the compu-
tations for B.L. Ho's algorithm and the new algorithm are brought into sharp
focus in Proposition 4.11. B.L. Ho's algorithm is phrased and proved in
such a manner that the whole matrices P &and Q appear. The new algorithm
operates only with submatrices of the matrices P and Q, viz., with the

(0)

parts which lie in the column and row spaces of Sr

Temma 4.6,

Hypotheses:

1. ¥ is a sequence of (p X m) matrices satisfying (4.2) for
some positive integer r.

2. Rank Sio) = n, where Sio) is the generalized Hankel matrix
defined in (%.3).

3. (F, G, H is a minimal realization for ¥, and

(' FE' ... (#9577

V' =
(k.25)
W = [6 FC eee Fla.
Conclusions:
1. The columns of V are a basis for the column space of Sio).

(0)

The rows of W are a basis for the row space of Sr .

88




2. The pseudo inverses V-l~ > Wf are given by

v o= (vy) Yy
(%.26)
W= wmn)

3. UF ['I = Si'k), k = O, l’ 2, cee o
Note: See Appendix B for definition and properties of pseudo. inverse.

Proof':

1. Since (F, G, H) is a minimal realization, we have
dim F = n. But
S(O) = VW
r

and so we have

n = renk sio) < min(rank V, rank W) < mex(rank V, renk W) < dim F.

Therefore, dim F = n implies the well-known result [8, pp. 169, 170]
rank V = rank W = n.

Since V has exactly n columns and W has exactly n rows,
Conclusion 1 follows immediately. Also, the system represented by (F, G, H)
is completely controllable (since rank W = n) and completely observable

(since rank V= n). [6; p. 50].

2. To show Conclusion 2, write V=VI and W=TIW. Then (%.26)

is readily verified by the construction given in Appendix B, Section 2.

3. Since (F, G, H) is a realization, we have

Y, = HF G, i=0,1, 2, ...
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Therefore, the product VF W is a block matrix whose matrix elements

(k)

are precisely the elements of Sr .

This completes the proof of the lemma.

Lemma 4.7.
Hypotheses:

1. ¥ is a sequence of (p X m) matrices satisfying (%.2) for
some positive integer r.

2. Sik) (k =0, 1, 2, ...) are generalized Hankel matrices for
Y, as defined in (%.3), with rank S£O> = n.

3. B and C are matrices with the following properties:

(i) B is a (pr X n) matrix whose n columns are a basis for

(0)

the column space of Sr H

(ii) ¢ is a (n Xmr) matrix wvhose n rows are a basis for the

(0),

row space of Sr 3

(iii) BC = sio) - S, say.

Conclusion:

For each pair of nonnegative integers (i, j),
ghts wet = (Fws ¢ - (F's meh)I
the metrices M and N having been defined in (4.4) and (4.5), respectively.

Proof':

By Lemma k4.2,

s = st ana ms = sn.
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Therefore, taking k = i + j, it suffices to show that
i +
Fs we = (B'S ch)k, (k=0, 1, ...). (4.27)

By Hypothesis 3, we deduce (see Appendix B.4(ix))

s = JF. ‘ (4.28)

Certainly, (4.27) is true for k = 1.

Suppose (4.7) is true for k equal to some fixed positive integer q.
Then
(5s i) = (s ne)(E's v%h)

Buss’s 1%, by (4.28)

1-
Busn’, by definition of § (see Appendix B.1)

- B's Nq+1d1-, by Lemms L4.2.

Therefore, (4.27) is true for k=1, 2, 3, ..., by induction.
For k =0, we have

]3‘Lsc:4r = [(B'B)']'B']Bc[c'(cc')'l] = I. (%.29)

This completes the proof of the lemma.

Lemma 4.8 [6; p. 17]
Hypotheses:
Y is a sequence of (p Xm) matrices satisfying (4.2) for some

positive integer r.
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1. Any two minimal realizations (Fk, Gy Hk), k=1, 2, of

the same sequence ¥ are isomorphic:

T such that

2. The matrix T

T
where
T 1§
vy = [y
W o= (G
Proof:
By Lemma k4.6,
and
Define
Assertion:

mtﬂ
Il
5

in (4.30) is given explicitly by

T t
= Vv, = W

A (Fﬁ)r'lHil,

F G ... F Gk], k=1, 2.
(o) _ -
M = V¥, = Vi,
(1) P
5,. = VFW = V,F ..
+ +
T = WH, U = ViV,
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There exists a nonsingular matrix

(4.30)

(4.31)

(4.32)

(4.33)

(L.34)

(4.35)

(k.36)



Proof of assertion (4.36):

By Lemma 4.6, the columng of V, are a basis for the column space

and the rows of V.

of S=V31I .

K
for k=1, 2.

are a basis for the row space of 8;

By the same lemms,

v (Vev) Ty

=
1]

-1
nid T 1
k "k(Wk"k) .

Therefore,
v*v = I and W WT = I (%.37)
k'k k'k : :
Now
t t + +
Ur = V,V WM, = V,VHW;, by (%.33),
= I, by (4.37).
Again,
R . N (o) I«
W = Wj VY, = Wg(sr )v2, by (%.28).

Using assertion (4.33), we obtain
t ot
™ o= WW.V.V, = I, by (%.37).

The assertion (4.36) is proved.

Now (4.36) shows that T and U are nonsingular and that

U =1L Also, from (4.33), (4.35) and (%.37),
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.i.

1—
V2T = ngzwl = VlWlWl = Vl
(4.38)
W, = VTV W = VTV W = W
2 - 1'2"2 ~ 1'17°1 ¢ 1°
Substitution for V, and W, from (4.38) into (4.34) gives
VlFlwl = V2TF1UWE = V2F 21'12
which, in turn, yields
F, = TFU = TF,T T (%.39)
2 1 1 :
where
+ 1

T W

21

-1 + -1 T
But U~ = (V:va) = V,Vy5

and (ix). Therefore

1.
T = V,V;
From (%.32), Gy
and
Substitution of W, = U']Wl
Gy

Similarly, substitution of

Hy

= U, by (k.36).

by Appendix B.4, properties (ii), (iii),

1.
= W, (%.50)
WkEr’l’m.r, k=1, 2; (4.41)
En’Prvk, k=1, 2. ' (%.42)

TW, from (4.38) into (4.41) gives

TWlEI;,mr = T6,. (4.43)
v, = VlT_l from (4.38) into (L4.42) gives
-1 -1
= By T = HIT. (.kk4)

In view of (4.39), (4.40), (%.43) and (L.4h4), the lemma is true.
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Theorem 4.9 (Unique Representation Theorem)
Hypotheses:
1. ¥ is a sequence of (p X m) matrices satisfying (%¥.2) for

some positive integer r.

2. SJ(:k) (k=0, 1, 2, ...) are generalized Hankel matrices for

Y, as defined in (¥.3), with rank sﬁ‘o) = n.
3. (B, C) is an ordered pair of matrices with the following properties:
(i) B isa pr Xn matrix wvhose n columns are a basis for the

(0),

r 3

column space of S

(ii) ¢ is a (n Xmr) matrix vhose n rows are a basis for the

row space of Sgo);

(1ii) BC = sio) =S, say.

Conclusion:

Let
F = BTSS')CT (n X n) matrix;
G = :BTsi,o)En:1 (n X m) metrix; (k.45)
H = E s(o)cT (p X n) matrix.

pr
Then

1. (¥, G, H) is a minimal realization of the sequence Y.

2. Given eny minimal realization (F, G, H) for ¥, there exists
an ordered pair of matrices (B, C) having the properties of Hypothesis 3
and generating (F, G, H) when substituted on the right-hand side of

equations (4.45).
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3. The pair (B, C) of Conclusion 2 is unigue for each minimal

realization (F, G, H), and is given explicitly by
(3, ¢) = (v, W) (4.46)

vhere V and W are defined by (L4.19).

Proof:

1. Let § = sio)

and SJIL = 7pseudo inverse of S.
Then, as shown in Appendix B,

t tof

8§ = CB (4.47)
and

ss's = s.
Now HFG = (EPS£O)CT)(BTSI(.J')J)k(BTSiO)ED'l)

ty,t otk o,
= (EPSC Y(B'sNC ) (B SEm)
= (EPSCT)(BTSNkCT)(BTSEn‘I), by Lemms 4.5
= EPSSTSNKSTSEH'J, by (4.47) (4.49)
= EPMkSEn'l, by (%.48)

= EpSl(‘k) En'l, by Lemma 4.2

= Yk.

This shows that (¥, G, H) 1is a realization for Y.
(0)

; =M by Hypothesis 2.

F is an {(n X n) matrix and rank S
Therefore the realization is minimal, by Lemma 4.3. This completes the

proof of Conclusion 1.
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Now from (4.53) and (4.54):

F = TFlU

(v* vl) Fl(WlWT )

v*sil)wf, by (%.56).

Using the first of the equations (4.51), we obtain

F = F.. (%.57)

Again, from (4.53) and (%.5k),

t + (0
G = TGy (v vl)(v sﬁ, )Em‘). (4.58)
But now (using § = SE,O)):
™ =
Hy
V. st = F vfs by (4.52)
V8 = 0F > by (%
-1
H.Fo
L 11 N
E sw*
P
= ]e",PSt-IJrvTMsvfr VJr 8, by (&.51)

-+

B S v sy 153

L

E SWT VT S
p

t 1
= EPSWT(V MSH )vfs, by Lemma 4.7

EPSWT (VL Ws

U
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Now from (4.53) and (4.54):

F = TFlU

+ +
(v Vl)Fl(WlW )

vfsl(ﬁ.l)t-fr, by (k.56).

Using the first of the equations (4.51), we obtain

Again, from (4.53) and (L.54),

G = TG, = (val)(vfsio)Em').

(0)y,

But now (using S = S,

V.vS = iF Vs, by (4.52)

= EPSI'FVTMSWT v's, by (4.51)

t oo
EPSWT[VTMSW 3

-

E SWT VT S
b

1.
= Epsw (V-rMSWT)VTS, by Lemma 4.7

Epsvfr s v 5

U
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= EPM S, by (4.28) and Lemma 4.7

= IS = S. (%.59)

Now, from (4.51), (%.58) and (4.59),

= N (o) Mupr
@ = VS, 'E ' = G- (k.60)

Similarly, from (4.53) and (%.54),

-1

H = HT (Epsf‘o)wf ) (Wle) . (4.61)

By proceeding as in the proof of (4.59), one can show

(o) M P (0)

5, 'Wu; = s8.’. (%.62)
Therefore

H = Eps:(ro)vf = H. (4.63)

Ve have shown that the pair (B, ¢) = (V, W) generates the minimal

realization (F, G, H).

3. Suppose that there exists some other pair (Bl, Cl) having the

properties of Hypothesis 3 and giving

99




1.
5. fse

e}
|

1l r 1
T4(0) b6k
G = B S UE! (h.64)
(0), t
B = ES, Cy -
By Lemms 4.8, we must have
.l.
T = VB = I (4.65)
+
U = CW = I. (4.66)

.i.
By Appendix B.4(iv), VV is the (unique) orthogonal projector for the
(O). The columns of B
r 1
Sio). Therefore (4.65) implies

column space of S are in the column space of

V = VW3B, = B. (4.67)

(0)

- + R .
Similarly, W W is the orthogonal projector for the row space of Sr ’

and (4.66) implies therefore

W o= CWW = (4.68)

1
The theorem is proved.

Corollary 4.10.

Hypothesis:

Y 1is a sequence of matrices having a realization of dimension r.

Conclusion:

There is a one-to-one correspondence between the minimsl realizations
(?, G, H for ¥, and the matrix pairs (V, W) = (B, C) satisfying the

conditions stated in the hypotheses of Theorem 4.9.

The correspondence is established by the following transformstions:
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F = v*s(l)wT
r
¢ = stio)Em' (+.69)

H = E S(O)WT
pr

v o= [H' FH' .. (F)%lane

(k.70)

W [ G e Flg.

(The one-to-oneness is assured by the uniqueness of the pseudo inverse

of & matrix. See Appendix B, Section 3.)

Proposition }.11.

Hypotheses:
1. ¥ is a sequence of p X m matrices and satisfies (4.2) for

some positive integer r.

2. Sik) (k =0, 1, 2, ...) are generalized Hankel matrices for

Y, as defined in (4.3).

3. zrank SE‘O) = n,

¥ = column space of Sio); i.e. an n-dimensional subspace
of RP'.
(o) . . . mr
® = row space of Sr 3 i.e. an n-dimensional subspace of R
X+ = orthogonal complement of X.
L
R~ = orthogonal complement of &.
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Conclusions:
1. Suppose (P, Q) are a pair of matrices satisfying the hypotheses
of Theorem 4.4, and give & minimal realization (F, G, H) for ¥, through

substitution in the algorithm (%.13). Then the peir (B, C),

B = (E__D) (%.71)

n,pr

. T
¢ = (&, (k.72)

substituted in the algorithm (4.45) of Theorem 4.9, will produce the

same realization (F, G, H).

2. Suppose (B, C) are a pair of matrices satisfying the hypotheses
of Theorem 4.9, and give a minimal realization (F, G, H) for ¥,
through substitution in the algorithm (%.45). Then the pair (P, Q),

B‘l‘

P =11 a-=Icc] (1.73)
B

substituted in Ho's algorithm (%4.13), will produce the same realization
(F, G, H).

The submetrices B and C may be chosen arbitrarily, subject

only to the restriction that the rows of B~ must be a basis for J{J'
and the columns of C must be a basis for 6%1'.
Proof:
1. By Ho's algorithm, Theorem 4.4, equations (4.13):
- (1) g
Fo= En,prPSr Q'En,mr
(k. 74)
1.
= stil)c
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tot

since B = [(En,prP)] = En,prP’ by (4.71), and
" = @ .ty (h72).

E PS(O)E'. Therefore, by (4.71),

Likewise, G
n,pr r m

T (0)s
¢ = BS, E! (%.75)
Also H E S(O)QE' Therefore, by (4.72)
4 - Tp°r n,mr’ > 0¥ \%efe)s
0) .t
H = EPS:E.) : (4.76)

Equations (4.74), (%.75), (4.76) are the same as equations (%4.45) of

Theorem 4.9, thus proving claim 1.
2. By Appendix B, Section 4(vii), the n rows of ]2:r span X.

- £
By hypothesis, the (pr - n) rows of B span X .
B’i‘
[ 1 is a nonsingular (pr X pr) matrix.

B

[01. C¢"] is a nonsingular (mr X mr) matrix.

1}

Therefore, P

li

Similarly, Q

Furthermore, by hypothesis, the rows of B are orthogonal to the

columns of Si.o) , and the columns of C are orthogonal to the rows of
Sio). Therefore

B‘Si‘o) = 0 and si,o)c' = o. (%.77)
Also, B*s(o)cf = [(B*B)'lB'](Bc)[c'(cc')'l] = I. (%.78)

r n
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sﬁo) et ¢

(0)
Now P 'Q

z;rs(o)cT ﬁfs(o)c'
r r

13's(0)cJr B's(o)c'
e r r

Substituting from (4.77) and (%.78), we see that

I 0
n

ps(¥q - : (%.79)

Thus, the pair (P, Q) satisfies the hypotheses of Theorem 4.4. In Ho's

algorithm (4.13), P and Q occur always in combination with the factors

t
Eppr 284 E} . By (%.73),
o
E P = E - B
n, pr n, pr _
B (+.80)
+
T — 4 —
QEn’mr = [Cc ¢ ]En,mr = C.

On substituting the factors (4.80) into Ho's algorithm (4.13), the
identity of the resulting equations with those of (4.45) is immediately

evident.

The proof is complete.
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V. HANKEL DETERMINANTS OF REALIZABLE SCAIAR SEQUENCES.

Using the tools of the preceding chapters, certain theoretical
properties of realizable sequences and of their realizations can be
easily proved. The work reported in this chapter was to provide a
theoretical basis for linking the properties of realizations of a given
sequence, with the properties of Padé approximants of the formal power

series generated by the same seqguence.

Theorem 5.4 and its corollaries show some interesting properties
of symmetric matrices. Theorem 5.8 gives four different mathematical
equivalents of the statement that a scalar sequence has a minimal
realization of a given dimension. The theorems mentioned above are
generalizations or sharper forms of theorems found in the referenced
literature. In view of the great wealth of literature which is concerned
with the same or related problems, it is unlikely that the results presented
in this chapter are genuinely new, although the proofs are our own (except

vhere references are given).

Proposition 5.1.

Hypotheses:
1. ¥= (yb’ ¥ys ...) is a sequence of real scalars having
a realization; i.e. ¥ satisfies a linear recursion (4.2) for some

positive integer r.

2. For each nonnegative integer k, p = pik) is the smallest integer

such that either the first p+ 1 columns of Sgk) are linearly dependent

or p=r.

Conclusion:

Af,k) £ o. (5.1)
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Proof. Let k be a fixed nonnegative integer.

By (4.2), the (r + 1)th column of sflk), n>r, is a linear

combination of the first r columns.

By hypothesis 2, we have Ai‘k) =0 wem® < 1r, SO

P = T =iy Aik) 74 0. Therefore, the conclusion is triviel if p = r.

The result is also trivial for p = 0, since by definition,
Aék) =1 #o.
Wow suppose p=7r - d, O <d<r. By hypothesis 2,

(k+1) _ _ alsra-1)

o+l o+l = 0, (5.2)

k
209 -

while at least one of the following determinants is nonzero:

(k) (k1) (kt+d)
Ap R Ap s eses Ap . (5.3)
By Lemma 3.1, for 0 <c <4,

(kre)i2 _ (kre-1) (kterl)  (kte-1) (kte+l)
[Ap 1 = Ap Ap Am_l Ap_l . (5.4)

Suppose A‘()k) = 0. Then successive substitution of e =1, 2, ..., d

in equation (5.4) and use of (5.2) gives
AF()I‘*c) - 0 (c=1, 2, ..., d).

Therefore all the determinants (5.3) vanish, contrary to the implication

of hypothesis 2. We conclude that A‘()k) £ 0.
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Theorem 5.2.

Hypotheses:

1. ¥ = (yb’ ¥y ...) 1s a sequence of real scalars having
a realization; i.e., ¥ satisfies a linear recursion (4.2) for some

positive integer r.

(k)

2. For each nommegative integer k;, p = M is the smallest integer
such that either the first p + 1 columns of Sik) are linearly dependent

or p=7r.

Conclusion:

renk sik) = pik), all k > O.

Proof: Ve will éarry out the proof for k = 0. For other values

(k)

n

of k, the subscripts of the y-element in each matrix § are increased

by the value of k, but the method of proof remains the same.

(0)

By hypothesis, the first p = piO) columns of Sr

are linearly
independent, and thus span a p-dimensional subspace, say K, of the
r-dimensional Euclidean vector space R°. Also by hypothesis, the

(p + 1)th column of Sio) is in the subspace K. We will show by
mathematical induction that all the columns of Sio) lie in the subspace

K. Then the column rank of Sio) equals the dimension p of K, and

the conclusion of the theorem follows.
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Column No.

1 2 3 p o+l J+l r
Row 1 o 1 2 coe p-1 P .o J ces r-1
No.
2 1 2 3 .. o) p+l . J+i . r
r r+l r 1 ... r+p-2 rp-l ... r+j-1 e 2r-2
r+l r r+1 2 ceo r+p-1 r+p .o r+j . 2r-1
Table 5.1: Indices of elements in SI(‘O) and in the row bordering Sio)
Induction Hypothesis: Fix j, O < j; suppose the Jjth column in
S:E.O) is in K (i.e. the first p columns of Sio) and the jth column
are linearly dependent).
Conclusion: The (j + 1)th column in Si‘o) is also in X.
Proof;
The result is trivial for 0 < j < p.
Suppose J > p. By realizability of the given sequence ¥, the
(r + 1)th row of y-elements bordering Sio) is a linear combination of
the r rows of Sio). In other words, there exist r numbers Bi (i=1, ..., 1)
such that
o - / -l — /
v, Vi1
Yri1 Ii
r
. = = B; . (5.5)
. i=1 .
Vo s Yiia_
i r+j | L i+J lq

where the prime (’) denctes the transpose.
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By the induction hypothesis, the jth column is in K, so that there

exist (unique) numbers o (k=1, 2, eoey D)

Now

r+j-1

(5.7 ), together

REarad

such that
Vi |
Yk
- 5 .
B k=1 %
Yrtk-2
r
izlﬁiyk+j-2
r P
z B Z o‘ky1+k-
i=1
z
e N 2 p Vitk-2
o)
kflokyr+ -1

with (5.6 ), gives the desired result:

Vi
Vi1
5
k=1 ak .
L Vrtk-1_]

(5.6)

(5.7)

(5.8)

i.e. the (j + 1)th column of S£O) is in the subspace X spanned by

the first p columns.
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Since the induction hypothesis is true for j = p+ 1 (definition

of p), it holds also for jJ=p+2 p+3, ...

Lemma 5.3.

Hypotheses:

1. ¥ = (yb, ¥y ...) is a sequence of real scalars having
a realization; i.e. ¥ satisfies a linear recursion (%.2) for some

positive integer r.

(k)

M is the smallest integer

2. For each nonnegative integer k, p=p
such that either the first p + 1 columns of Sﬁk) are linearly dependent

or p=r.

Conclusion: rank Sgk) = pik), for all n > pﬁk), k>0.

Proof's

For n = pﬁk), the result follows from Proposition 5.1.

For n>r, we merely replace r Dby n in the linear recurrence
relation for Y. The new coefficients thus arising in the recurrence

relation are set equal to zero. Then Theorem 5.2 gives the desired result.

For p(k) <n<r, the column space of Si#) has dimension at

r
ik), by Proposition 5.1. But its dimension cannot be

greater than the dimensionslity of the column space of Sﬁk), which is

least equal to p

pgk), by Theorem 5.2. Therefore, we again have the desired result, and

the proof is complete.

Remarks: The above lemma generalizes a theorem by Ho [6, p. 28,

Theorem 2.12], who proved it for the special case k = 0. Ho's theorem
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can be strengthened in another direction, as showm in the following theorem

and its corollary.

Theorem J.k.

Hypotheses:

1. ¥= (yo, ¥y ...) is a sequence of real scalars having
a realization; i.e. ¥ satisfies a linear recursion (4.2) for some

positive integer r.

(k)

2. For each nonnegative integer k, e, is the smallest integer

such that either the first 1 + pik) columns of Sik) are linearly

dependent or pi‘k) = r.

4, The (p+ 1)th column of 51(10)’ n>p, is the (unique) linear

combination
- — o 1
Y, Vo-i
Yor1 - Y omitl
. . = pH ai . (5‘9)
. i=1 .
y'p—i-n-l f p~i+n-1
where o = max {0, i: o £ 0}. {5.10)
Conclusion:
rank Sflk) = max {p -k, 0}, all k>0, n> p.

111




The significance of Hypothesis 4 is that it uniquely specifies o.
To show that the hypotheses are consistent, fix n > p. Independent columns
in SE)O) are also independent in Sr(10)' By Lemma 5.3, rank 81(10) = p.

Therefore the (p + 1)th column of Sr(10) must be a unique linear combination

of the first p columns; that is, there exist unique numbers ai (i =1, 2,

such that
yD yp--:i.
Yor1 . Yomitl
= I o (5.11)
i=1
yp+n-l yp-i+n-l - ]

Some (possibly all) of the ai mey be zero. Let ¢ =0 if all of
the ai are zero; otherwise let 0 = max {i: ai ,l- 0}. Then the sum in

(5.11) can be written as in (5.9 ), without loss of generality.

Now n in the preceding parsgraph was an arbitrary integer greater
than p. Therefore (5.9 ) implies the linear recursion relation

g

Yy.. = Q.Y

Y s, Tor 3> 0. (5.12)
p+J jo1 L PiH3

Let Kn denote the column space of Sgo). Then (5.12) implies that

the columns of Sflk) all lie in Kn’ for every k >0, n > p. Moreover,

for every n > p, we have from 5.12.

rank Sr(1k) = p-k k=0,1, «v., p~ 0
(5.13)
rank Sflk) = 0, k > p-o.

The theorem is proved.
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Corollary 5.5 (Generalization of B.L. Ho's Theorem [6, p. 28])

Hypotheses: Same as in Theorem 5.k,

Conclusion: Among all possible Hankel matrices SgF) constructed

from the sequence ¥, the largest nonsingular ones are
(1) séo), if 0<o<p;
(ii) sgk), k>0, if o= p.

Corollary 5.6.

Hypotheses: Same as in Theorem 5.k,

Conclusion: The power series

o]

f(z) = = y.zi .
jo0 1 (5.14)

is a rationael function with denominator of degree not more than p.

Furthermore, if o = p, then

-1
b+ bz + e0e + b 2P
0 1 -1
£f(z) = £ > S 74 o, cp % 0.

o]
cO + clz + oees + cpz

Proof:

(i) Suppose O <o < p. Then, by Corollary 5.5,

Ago) £ o, Af)k) = 0 for k>O.

Substitute q = p - 1 in Dienes! version of Lemms 3.2. Then f£(z) is
seen to be a rational function with denominaetor of degree at most p - 1.

(ii) Suppose o = p. Then, by Corollary 5.5, Agk) # 0, Aéﬁi =0,

for k > 0. Substitute p=p -1, @ = p in the Bieberbach version of

Lemma 3.2. Then the desired result follows immediately from the lemma.
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where

and

Lemms 5.7. (27, pp. 302-3051}{28, pp. 1010, 1011]
Hypothesis:

F is a constant n X n matrix.

Conclusions:
-1 B(s
1. (s1 - P71 = R'E% (5.15)
n n-1
d(s) = det (sI -F) = s +ds e+ d,
(5.16)
n-1 n-2
B(s) = Bys + Bys + ... +B ..

2. The coefficients di of the polynmomial d(s) and the matrix

coefficients Bj of the matrix polynomial B(s) are given by the

recursion formulas

1
-Etr(ak_lF), for ¥k = 1, 2, ..., 03

&
"

(5.17)

F+d7I, for k¥ = 1, 2, «.., n-1;
Bea¥ + 4

3. B ,F + &1 = O. (5.18)

For a proof of the lemma, see Desoer [27], pp. 302-305.

Comment

The matrix rational function &(s) = (sI - F)_l is called the

resolvent of F. [29, p. 52] &(s) is also the Laplace transform of the

state transition matrix, o(%) = exp (Ft).

It may happen that all the n2 elements of the matrix polynomial

B(s) have one or more factors in common with d(s). Cancellation of all
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such common factors leads to & simplified expression, namely,

P(s
o) = gt

where the polynomials m(s) and P(s) are the result of these cancellations.
Then m(s) is the minimal polynomial of the matrix F, i.e. the (monic)
polynomial of least degree such that m(F) = 0; also, every eigenvalue

of F is a pole of (sI - F)-l, i.e. a zero of m(s).

For the purpose of computing &(s), (5.17) is a more efficient
procedure than Cramer's rule, the latter requiring nearly (n - 1)! times

as many multiplications as (5.17). [27, pp. 302, 306]

Theorem 5.8.

Hypothesis:

Y = (yb, Ny ...) 1s & sequence of real scalars.
Conclusion:

The following five statements are equivalent:

(i) ¢ has a minimal realization of dimension p.

(ii) ¥ satisfies a linear recursion of the form
p
Vory = ii:laiyp'i"j’ i=0,1, ... (5.19)

where p is the smallest positive integer for which (5.19) is true.
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[-<]

(iii) The function £(z) = = ykzk is rational of the form
k=0

-1
b, + bz + oo + b __2z°
0 -1
f(z) = 1 (o) S s co ;é o, Cp % 0
CO+ClZ+-.-+CpZ
k
(iv) A;i = 0, k = 0, 1, ... (5.20)
For each N > O, there is n = n(N) > N such that
Af)n) # o. (5.21)
(v) There exists a positive integer p such that
p = min {r: rank sflo) =r, all n>r). (5.22)

Broof:
The proof will be accomplished in two cycles:

First cycle: (ii) essih (i) wesdp (iii) =wedy (iv); =eep (ii);
Second cycle: (i) seadp (ii) =mempr(v) mealp (i).

ii i). '

By Lemms, 4.2, s‘(Ji) = Mksgo) (1 =0, 1, 2, ve4).
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The first element in S(l) is ¥se Therefore

o)
- (g _ i.(0)
v; = ES.UE] = ElM:LSp E (5.23)
and
F = M
0
¢ = sf) gs (5.24)
H = E

is a realization of Y, of dimension p.

By Lemme 4.3, the dimension of any minimsl reslization of ¥

is equal to the rank of SE)O).

It remains to show that rank S‘()O) =p, i.e. Ago) # 0. Since

p is the smallest integer for which (5.19) is true, then for each integer

o0, 1<0<p, there is an integer r(¢) such that the oth column of

(0)

Sr( o) is linearly independent of the preceding o - 1 columns. Let

r = max {r(c), p}. Then p is the smallest integer such that the first
1<z
p+ 1 columns of Sio)

5.1, we have Ago) # O. This completes the proof of (ii)——p (i).

are linearly dependent or p = r. By Proposition

(1) mep (313).

Iet (F, G, H) be 2 minimal realization of ¥. The transfer

function of the system (F, G, H) is

%(s) = H(sI - F) g (5.25)

wvhere I is the p-dimensional unit matrix. We can write

Z(s) = :—SLH(I - % F)'le
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and, for sufficiently large s, express (I - % F)"l as a geometric
series. The result is

2(s) = 25 £(EP% = = ys (5.26)

e k~1
k=0 k=0

It is convenient to consider functions that are regular at 0

rather than at infinity. We therefore put

z = % s72(s) = f£(z) = ;ykzk. (5.27)

=0
By Lemma 5.7, Z is a rational function of s, of denominator degree
q < p &and numerator degree p = q - 1. It follows that f is a rational

function of 2z, with numerator and denominator degrees the same as Z.
To show that q = p, we use the following two facts:

(a) (F, G, H) is the minimal realization of a scalar sequence;
therefore F 1is a nonderogatory matrix, i.e. the minimal and the

characteristic polynomials of F coincide. [6, p. 47, Corollary 3.7]

(b) Suppose all factors common to the numerator and denominator
of Z(s) have been cancelled. Then the denominator is the minimal
polynomial of the matrix F. [27, p. 306]

The characteristic polynomial of F, A(s) = det [F - sI], is of
degree p. By (2), F is nonderogatory; so, the minimal polynomial is
of the same degree p. Therefore, (b) implies gq = p.

By Lemms 5.7, equation (5.18), the denominator of £ has a nonzero
constant term. (Obtherwise s would be a cancellasble factor.) Thus,

f 1is a rational function,
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b.+ b2+ oo+ D Pt

£(z) = ——0= el oy # 0 o # 0. (5.28)

p
[¢] + (:JZ + ..o + C Z
o p

(iii) ey (iv)

Invoking Lemms 3.2(i), we find that (5.28) implies

X )
A,(JI-Z)L = 0 forall k > O. (5.20)

Again, by Lemms 3.2(ii), p is the least value of q such that

(k) k

<]
LAY "z is a polynomial. Therefore, given any nonnegative integer

k=0 q+l

N, there is n = n(N) > N such that

Agn) 4 O. (5.21)

(iv) e (31).

Condition (5.20) implies that, for all n > p + 1, the first

(0) are linearly dependent. Condition (5.21),

p + 1 columns of Sn

however, implies that for sufficiently large n, the first p columns

of Sx(10) are linearly independent. Therefore, q = p is the smallest

(0)

integer such that the first q + 1 columns of Sn

are linearly

dependent for all n > O. This, in turn, implies that q = p 1is the
smallest integer such that for all n >0, the (q+ 1)th column of
Sgo) is & linear combination of the preceding q columns. The

statement (ii) is an immediste consequence.

(i) ==P(ii) == (v) =medw(i). [65 p. 25]

If a minimal realization for ¥ exists and has dimension p,

then (5.19) is true. This implies rank 81(10) = rank SE)O) =p, all

n > p. Since rank S‘()?:)L < p -1, we have shown that (ii) =3 (v).
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Conversely, suppose (5.22) is true for some positive integer p.

We appeal to the following lemma proved in Ho's dissertation [6; p. 20,

Lemma 2.7]:

(o

"Suppose that rank Sﬁo) = rank S r+g_ for some integer

r. Applying the algorithm (4.13) to the matrix sio)

(F, G, H) such that the fundamental relation
. . o (0)
i \
Hl"’k G = Y] is satisfied for every element of S 12

produces

that is, for X =0, 1, 2, ..., 2r."
e s (0) .
Now (5.22) implies rank S, =p all n>p. Therefore applying

the algorithm (%.13) to the matrix S‘()O) produces (F, G, H) such that
HFkG = T k=0,1,2 ... . Therefore ¥ has a realization (F, G, H)
and the realization is minimal of dimension p, by Theorem L.k,

The proof of the theorem is complete.
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VI. PARTTAL REALIZATION OF SCALAR SEQUENCES.

The last theorem of Chapter 5 gave four distinct sets of con-
ditions, each set being necessary and sufficient for a given scalar
sequence to be realizable in the strict sense used by B. L. Ho. We
now turn our attention to the following two problem afeas: One is the
approximate realization of sequences which do not meet the realizability
criteria of Theorem 5.8. The other problem concerns the partial,
approximate realization of sequences which are known to be realizable in

the strict sense.

The two problems can be treated as one, mathematically. This

becomes evident from the following definitions.
6.1 Definitions.
Suppose Y = (yb, ¥qs ...) is a sequence of real numbers .

The sequence ¥ is ealled p-realizable if it is realizable and

if p 4is the smallest positive integer for which the recursion formula

p

y.. = Z oy

oo =01, ... (6.1)
o+ . i peitj?
i=1

is true. If Y is not realizable, we set .p = «.

Suppose r is a positive integer, and (Fr’ G, Hr) is an ordered
triple of matrices computed from Ho's minimal realization algorithm using

0)

the matrices S£ and Sil) associated with ¥. Then (Fr’ G Hr) is

called & linear model of order r <for Y.

For the sake of clarity, the phrase reglizable in the strict sense

will be used if a sequence ¥ is p-realizable, p <o,
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A linear model of order r is called a partial realization (of order T)

for ¥ if ¥ 1is p-realizable, p>1r, or if ¥ is not realizable in

the strict sense.

Remarks.

If ¥ 1is p-realizable, p <<, then any linear model of order p

(or greater than p) is a minimal realization, while any linear model of

order less than p 1is a partial realization. This follows immediately

from the definitions and the theorems of Chapter 4, especially Theorem 4.9

and its coroliary.

Suppose (Fr, G, Hr) is a partial realization for ¥, and that
the elements X, of the sequence % = (x., Xy, «s+.) are given by
k 6
x, = HF G, k=0,1, .... (6.2)

The sequence ¢ is uniquely determined by ¥, r, and by the choice of

.l.

‘the submatrices BT and C of P and Q respectively.

(See conclusion

2 of Proposition 4.11.) The map ¥ —» % and its approximating properties thus

may possibly depend on the particular choice of the partial realization.

related questions can be usefully studied as projection problems. [37]

6.2 Elementary Properties of Partial Realizatioms.

Proposition 6.1.

Hypotheses:

l. ¥ is a p-realizable sequence, p < .

2. (F}, Gi’ H}) is a linear model of order r for Y.
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Conclusion:
1. (Fr’ G Hr) is & minimel realization for ¥ if, and only if,

r = p.

2. dimFr=p if r = ps dimFrSr if r<op.

Proof:

Since ¥ 1is p-realizable, p <=, a linear recursion of the form
(6.1) holds for ¥, with upper limit p. By Proposition 4.1, ¥ has a

realization.

By definition, p 1is the smallest integer for which the recursion
(6.1) is true. Therefore, Theorem 5.8 implies that every minimal reslization
for ¥ has dimension p. By Theorem 4.k, dim F, = rank Sio).

(i) Suppose r = p.

Then, rank SI(‘O) =p [6; p. 25, Corollary 2.9], and, by Theorem 4.4,

(Fr, G Hr) is 2 minimal realization for ¥, dimF_ = p.
(ii) Suppose r < p.

Clearly, rank Si.o) < r, since the elements of ¥ are scalars.
But dim F, = rank Sio), by Theorem 4.4, Therefore, dim F.sr<op.
Every minimal realization for ¥ has dimension p. Therefore (Fr’ Gr’ Hr)

is not a minimal realization.

The proof is complete.

Corollary 6.2.
Partial reelization for a given scalar sequence Y are not

realizations in the strict sense.
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Theorem 6.3.
Hypotheses:

1. ¥= (yo, ¥y ...). 1s a sequence of real numbers.
. . . (0)

2. r 1is a positive integer such that AL £ 0.

3. (¥, G, H) is a linear model of order r for 9.

Conclusion:

HE‘kG=yk, k = 0,1, ..., 2r - 1.

Proof:

By hypothesis 2, S = Si_o) has an inverse S-l. Define the

(r Xx1) wvector o by

- - —~ -~
al‘ yr
@ =14 - gt |V (6.3)
¥y
_al N B 2r-l_J
Ir
Then S(o)a = y which means that
r r+1 4
y2r-l_
r
i{:laiyk_i = ¥ k=1, r+1, ... 2r-1 (6.4%)
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Define a sequence % = (xo, X, eeo) by

X, = Vo k=01, ooy r-1 (6.5)
r .

X, = 'z]_ai 42 k=1, 7+l ... (6.6)
1=

We observe:

(1) The sequence % satisfies a linear recurrence relation and

therefore has a realization, by Proposition Lk.l.

(ii) The first 2r terms of the Z-sequence are the same as the

first 2r terms of the Y-sequence.

1)

(iii) The matrices Si‘o) and S( are completely determined by

r

the first 2r +terms of the Y-sequence.

(iv) The coefficients {o:i} of the vector « are unique because

S 1is nonsingular.

By Theorem 4.4, (F, G, H) determined from the first 2r terms of
the %-sequence is a minimal realization for the %~sequence. Because

of hypothesis 2, dim ¥ = r. Now
HF'G = x, forall k=0, (6.7)

But, as observed in (ii), X =¥, X=0,1, ..., 2r - 1. Therefore

HF'G = Y for k=0,1, ..., 2r - 1, (6.8)
where (F, G, H) are determined by Sﬁo) and sg_l).

The proof of the theorem is complete.
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Corollary 6.4. (Note: This is a special case of B.L. Ho's Lemma
2.7 [6, p. 20] and [38, Theorem 2].)
Hypotheses:

1. ¥= (yo, ¥y .+s) is a sequence of real numbers.

2. r 1is & positive integer such that Aﬁo) 74 0, A:E.S])_ = 0.

3. (F, G, H) is a linear model of order r for ¥.

Conclusion:
HFkG = Y k=0, 1, ..., 2r.
Proof:
By Theorem 6.3, HFkG = Yo =0, 1, ..., 2r - L. (6.8)

(O) # 0 implies the first r columns of S( ) are linearly
independent. Let their span be X. Then A( ) = O implies that the last
column of S( ) is in X. Therefore there exist unique coefficients
ai’ i=1 2, ..., r, such that

I

= Iy g=0, 1, eoe, T. (6.9)

Vs
r+j 421 iYr+j-i’

The first r equations of the set (6.9) are identical with (6.4). The
coefficients [O.'i} are uniquely determined by (6.12), as was observed in
comnent {iv) of Theorem 6.3. Therefore the {ai} in (6.4) and (6.9) must
be the same.

Proceeding as in Theorem 6.3, we get a realizable sequence

Z = ( > X5 «+.) and a triple of matrices (F, G, H) such that

HFkG = x, all k20 (6.10)
r

X = Dax ., k=1 r+l, .. (6.11)
i=1

xk = yk, k=0, l, esey; I = 1. (6'12)
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Now (6.8) to (6.12) imply

k
H G = o = Ve for k=0, 1, ..., 2r.
The corollary is proved.

6.3 Approximating Properties of Partial Realizations.

Theorem 6.5.
Hypotheses:

1. ¥= (yb: ¥y «..) is a sequence of real numbers.
2. r 1is a positive integer such that Ago) # o.
3. (¥ G, H) is a linear model of order r for ¥.

Conclusion:

The rational function
-1
R(z) = H(I - zF) ¢

is the (r, r - 1) Padé approximant for the power series

[e2]

£(z) = Z.ykzk.
k=0

Proof':

(6.13)

(6.14)

(6.15)

The hypotheses are the same as those of Theorem 6.3. As shown in

thet theorem, (F, G, H) is a minimal realization for the sequence

% = (xo, X ...) defined by (6.4) to (6.6). The dimension of the

realization is r, by hypothesis 2.

The transfer function of the system (F, G, H) is

H(sI - F)'lG

%H(I - %F)_lG.

Z(s)
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1

Let z = > then

%z(lz-) = H(I- 2P = R(z). (6.27)

Now R(z) 4is a rational function of the form

bO + blz F oeee + br_lzr'l

R(z) = » Cg £ 0, c,. #£ 0. (6.28)
C + C,Z + .0 +C Z
0 1 r

The proof is contained in the proof of Theorem 5.8, equation (5.28).
Because of (6.28), R(z) satisfies the defining condition I of the

(r, r - 1) Padé approximant for f:

deg B S r -1, (6.29)
deg C = r; (6.30)
where B = numerator polynomial of R,
C = denominator polynomial of R.

It remeins to show that
£(z)c(z) - B(z) = (7). (6.31)

For sufficiently small values of 2z, we have

HS (zF)kG = xkzk (6.32)
k=0 k=0

R(z)

]

where X k=0, 1, 2, ..., are the elements of the sequence <.

By Theorem 6.3,

X = %o k=01, ..., 2r - 1. (6.33)
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Therefore,

() oKD = E G- x)d - . (63

Multiply both sides of (6.3%) by €(2) =c, + c.2 + ... + crzr. Then

0 1
(6.31) is obtained, and condition II of the (r, r - 1) Padé approximant

for f 1is satisfied by R(z).

The proof of the theorem is complete.

Corollary 6.6.
Hypotheses:

1. £(z) = kzo.vkzk, Yo # 0 (6.35)

. . I4 o
is a power series whose Pade table is normal.

2. (F, G, H) is a linear model of order r for the sequence

y= (}"O, Yl, '.c)-

Conclusion:
The transfer function of the system (F, G, H) is the element

Eio) in the E-array for the function

?(s) = = yks-k-l. (6.36)

=0
Proof:
Since f has a normal Padé table, Theorem 3.5 implies that
Aio) # 0. Therefore, H(I =- zF)-lG is the (r, r - 1) Padé approximant

for f, as shown in Theorem 6.5.

The transfer function of the system (F, G, H) 1is

_ ey le o ‘; -k-1 6.3
z(s) H(sI - F) G k=0xks (6.37)
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where x_ = HFkG, k=0, 1, ... . (6.38)

Let (P

/ .
r, o1’ Q‘r,r-l) be the (r, r - 1) Padé pair for f*.

By Theorem 6.5,

B pa(2) = Byt byzt o+ br_lzr‘l;
(6.39)
Q. r-l(z) = Cpt ez H .. crzr, ° £ 0, c. # 0.
By Proposition 2.10 and the definition of the E-array,
E(o)(T ) PE‘O)(S) (6.40)
, 8) = .
r Q.LOS(S)
where [equations (2.64)1
POG) = 2™p _ (2), sz=1
r ‘8 % r,r-1 2l 52 =
and (6.41)
Q._.E.O)(S) = Z-rQ'r,r-l(Z)’ sz = 1.
Now (6.39) and (6.40) give
(0) a 2Py r-l(z) _
Er (T,S)—W, sz = 1,
= zR(z), by (6.28)
(6.42)

o k-1
= z S > by ( 6. 32)
k=0x'k

= 2Z(s).

The proof of the corollary is complete.
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VII. CONCLUSIONS AND FUTURE RESEARCH AREAS.

Starting with B, L. Ho's algorithm for computing linear models
from input-output data, we have studied the relation between the realized
system matrices (F, G, H) and certain ra£ional approximations related
to the forﬁml power series whose coefficients are the Markov parameters.
For scalar sequences of Markov parameters, ¥ = (yo, ¥ys «++), the system
matrices (F, G, H) computed by B. L. Ho's algorithm are shown to have

©
the following property: Suppose ¥ is a normal sequence (i.e., & ykzk
has a normal Padé table), then the transfer function H(sI- F)'lG lies

on the diagonal of the E-array for Y .

Deeper results require research into the properties of E-arrays
for nonnormal sequences. With this aim, we have developed an explicit
determinantal expression for Padé approximants which is valid for both
the normal and the nonnormal case (Theorem 3.7). The extension of this

work to the E-array should be straight-forward, even if tedious.

By concentrating attention on the leading terms of a given sequence

Y , the Padé approximation emphasizes the high-frequency response of a

linear model for ¥ . This approach, while desirable for many appli-
cations and interesting from a theoretical standpoint, has certain
limitations. For instance, in modeling a linear system from noisy
input-output data, one would want to emphasize a pass-band rather than
the high end of frequency-response spectrum. This important problem
is therefore likely to require some modification of the methods of the
Padé approach. A possible alternative to be considered is the uniform

(Chebychev) approximation.
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Besides confining attention to the Padé gpproach, our research
on the approximgting properties of linear models has been restricted to
single input-single ocutput systems. The restriction allowed the important
issues and steps to stand out in the investigation. Extension of the
results to multivariate systems may be possible, at the cost of increased

complexity in the derivations.

As a byproduct of our study, we derived reciprocal relations between
e minimal realization (F, G, H) and the corresponding pair of matrix
factors (V, W). The result, found in the Unique Representation Theorem
and its corollary, is a refinement of Ho's algorithm. The intrinsic
elegance of the relations presented in the corollary is accompanied by
computational adventages compared with the earlier formulation of the
algorithm by B. L. Ho. Future research may be able to exploit the
one-to-one correspondence established here for the first time, and

uncover 1lts deeper theoretical significance.
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Appendix A. Some Definitions in Algebra

1. Formal Power Series [9, p. 146]

Let X bDe a letter and let N be the set of nonnegative integers
(i.e. the natural numbers). Let G be the monoid of functions from the

set (X} to N.

If kelN, let Xk denote the function in G whose value at X
(Xo, Xl, X2, . Xk, ees), and X is & monomial

vhose index v is called its degree. As a matter of notation, "degree"

is k. Then G

is often abbreviated "deg'.

Let R be a commtative ring, and let R[[X]] be the set of
functions from G into R, without any restriction. Then an element
of R[[X]] may be viewed as assigning to each monomial Xk a coefficient

a € R. Ve denote this element by

% a .

k=0
The summation symbol here.is not & sum, but the expression is also

written in the form
0
aOX + a.lxl + oees

and is called a formal power series in one variable, with coefficients

8gr Bqy eee in R.

Addition and multiplication of two elements in R[[X]], say
[+¢] (o]
f = 2 a.kxk and g = X kak,
k=0 k=0

are defined as follows:
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Prg - = x
+g k=0(ak+bk)

% o

k=0

fg

where e = %~ ab. (Note: With these definitions of addition and
utv=k
multiplication, the set R[[X]] becomes a commutative ring.)

o

Iet £ = X akXk be a nonzero power series. The smallest index
k=0
k for which a # O 1is called the order of f, denoted by o(f). The

zero element of R[[X]] is said to be of order + ». [19, p. 129]

2. Polynomials [9, p. 118]

Polymomials in one variable with coefficients in R can be

identified with formal power series as follows:

If f eR[X] and f = aoxo + alxl oaa. ame, then we identify
[¢+]

f with the power series X a.ka, where & = 0, Vk > m. Thus, the
k=0

polynomials in one variable in R[X] are identified with the subset of

functions G - R in R[[X]] which are zero for almost all elements of

G’o [9’ P' Jh:]-o]

The degree of f, denoted by deg f, is the largest index k for
which & ;é 0. The zero polynomial is said to be of degree - =, If

deg £ = m, then a, 74 O by definition, and a, is the leading coefficient

of f. A monic polynomial has leading coefficient equal to unity.

If f, g € R[X], then we have:

deg (f, g) < max(deg £, deg g).
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Also deg(fg) = deg f + degg if R is an integral domain,provided at

least one of the leading coefficients of f, g 1s not a divisor of zero.

If f, g € R[[X]], then [Zariski and Samuel, II p. 129]

o(f, 8) z min(o(£), a(g))-
Also

o(fg) = o(f) + o(g)
if R 4is an integral domain.

3, Rational Functions [9, p. 116]

If K is the quotient field of an integral domain R, the quotient

field of R[X] is denoted by K(X). An element of K(X) d1s called a

rational function. A rational function can be written as a quotient

£(X)/g(X) vwhere f, g are polynomials.

Two nonzZero polynomials f, g are called relatively prime if

f &and g have no common factors other than constants. If f and g
are relatively prime, the rational function f£(X)/g(X) is sometimes

called "irreducible". [2, p. 153], [10, p. 106], [17, p. 398].
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Appendix B. The Pseudo Inverse of a Matrix

1.  Definition [7, p. 197]

Iet A be an arbitrary (finite) matrix. A matrix At s called

the pseudo inverse of A if the following hold:

(afa)r = afa, (")t = aa"

For an alternative, equivalent definition, see Moore's theorem

in Section 3.
2. Construction [31, p.9]

ILet A be an arbitrary p Xm matrix, rank A = n. Suppose B

and C are matrices with the following properties:

(i) B is a p Xn matrix whose n columns are & basis for the

column space of A.

(B.1)

(B.2)

(ii1) C is a n Xm matrix whose n rows are a basis for the row

space of A.
(iii) A = EC.
Then, by the "Theorem of Corresponding Minors" [31l, pp. 1%, 15],

(B'B) and (CC') are nonsingular n X n matrices. The pseudo invers

of A 1is given by

U c'(cc')'l(B'B)'lB'.
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3. Existence and Unigueness Theorems [34, pp. 600, 601]

Moore's Theorem [35, p. 197-203]:

Given a finite matrix A, there is a unique matrix AJr (called

"general reciprocal by Moore) such that, for suitaeble matrices I and R,

s =, A = 1" = AR
. t . o
This A satisfies
ATAAT = AJr

*
and AAT, A*A are Hermitian matrices. (Note: A is the conjugate

transpose of A.)

Proof: [34, p. 600]

(i) et n = rank A. There are nonsingular matrices P and Q

such that

H
o

@]
(@]
| OO |
[}
"

is the canonical diagonal form of A. [22, vol. I3 p. 1lk1]

t * .« o T
Then A' = QI P satisfies AA'A = A.

Express the columns of A1L as sums of vectors in the column

* *
subspace of A  and vectors orthogonal to the columns of A :

+ *
A AX, + Xy AX. = O.

3 3

Similarliy, write

tal
I

*
4 +X5, XA = 0.

(B.5)

(B.6)

(B.7)

(B.8)

(3.9)

(B.10)




Then

=
3
>

A[A*(X)_FA* + XS) + X3]A

]

* *
AA Xll-A A.

Hence (B.5) holds if we take

+ * *
A = A Xll-A
*
L = A XL].
*
R = XL]-A .

This proves the existence part of Moore's theorem.

(ii) If AXA =0, X =YA =A'Z, then
(ax)(ax)" = AxxAY = Ax(va)*A" = (axa)YA® = 0
implies AX = O. But then we have
XX = (A2)X = Z2(&X) = 0 X = O.

Hence all solutions AT orf (B.5) are the same. This proves the

uniqueness part of Moore's theorem.

(iii) Since (AATA)ATA = A, and, by (B.11),

+ T * ¥ * ¥* ¥ *

A'an = (A XA JA(A XA ) = LA = AR,
wh L a'x At an® AAA X A
ere b S Xh- XLl-’ Rl = Xh— Xh_ )

it follows that (A?AAT) satisfies Moore's conditions (B.5) for the

. . t
pseudo inverse. By unigueness of A, we have

PUYURAN
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. t %\ ¥ ¥ %kt % * *
(iv) AR = (a4 X,+)A = A(A XA )AT A - oaaa™A
= aTa*ay* o (aahHE.
- + T \¥ .
Similarly, A A = (A A) . This completes the proof of Moore's

theorem.

Penrose's Theorem [33, pp. 17-19]

Given a finite matrix A, there is a unique matrix A-r (called

"generalized inverse' by Penrose) such that

*
afa = a (aah)* = adl
) (B.12)
afant = a4t (afay* - ala.

Proof: {34, p. 601]

Let A be fixed. If AT, I, R satisfy (B.5) and (B.6), then

(B.12) holds, so A" exists.

Conversely, if (B.12) holds, then

* *, *

AJr = Af(AA*) = AT(AAT) = (A*A* )A
* * *

Al - @t - @t - fet.

, t b T ¢
Hence (B.5) follows, with L=AA , R=A A . Therefore, by
Moore's theorem, (B.12) has exactly one solution A

This completes the proof of Penrose's theorem, and furthermore

proves the

Corollary:

R R T
Moore's and Penrose's definitions, of the pseudo inverse A of a

given finite matrix A, are equivalent.
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L.  Properties [31, pp. 8, 91[32, p. 15]

Let A be an arbitrary p Xm matrix, renk A =n, and let A1L

be the pseudo inverse of A, as defined in Section 1. Iet B and C

be constructed as in Section 2.
(1) Al exists and is unique. (Penrose'’s theorem, see Section 3.
(i) If A is nonsingular, then A! _ A"t
(iii) (AT)* = A.
. T : -:LB, . . .
(iv) aA = B(B'B) is the unique orthogonal projector for

the column space of A, 1i.e. given any p X 1 vector x, AA-rx is the

orthogonal projection of x upon the column space of A.

Similarly, ATA C'(CC')_lC is the unique orthogonal projector

for the row space of A.
t T . . .
(v) AL end A A are symmetric, idempotent matrices.

(vi) The row space of A" is the column space of A; the column

space of AT is the row spa.ée of A.

(vii) BT is & n X p metrix vhose rows span the column space of
Aj C-l~ is a m X n matrix whose columns span the row space of A.

T . T
(viii) BB = I cc' = I.

Tt

(ix) AT CB.

It
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