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- ABSTRACT

Integral formulas are derived for the pressure correlation and mean square fluctuating pressure

., {p’>,,, owing to the interaction of shear layers (i.e., planes of high mean shear sepa-
™ Y

)

rating regions of uniform, but different, mean velocity) with turbulence. Results for a single

«'shear layer, assuming isotropic turbulence, indicate that in the far field (i.e., at distances

==

from the shear layer large in comparison with the correlation length of the turbulence)

<p2>TM decays as the inverse fourth power of distance from the shear layer. Departure from

I

isotropy, for a given mean kinetic energy of the turbulence, decreases the near field value

of ¢pY. , but increases the far field value. For the double shear layer it is shown that
™ 4

if the distance between the shear layers is large in comparison with the correlation length

layers acting independently. Otherwise, interaction between the shear layers must be con-

ﬂg - sidered. These results are used to obtain order-cf-magnitude estimates for the mean square

wall pressure fluctuations in a turbulent boundary layer. These estimates show reasonably

close agreement «th sther published results.
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l‘NTRODUCTION

'I'Ehe problem of pressure fluctuations in homogeneous, isotropic turbulence was

f:'irst considered by Heisc;n‘bergl and Botchelorz. The effect of turbulence-mean
flow interactions on turi:ulent pressure fluctuations was first studied by Kraichnons,
who consideréd the interaction between a uniform mean shear and homogeneous,
i.'i.otropic turbulence, and compared the results to the effects of "turbulence~
t;orbulence" interactic:;n. Subsaquent invesfigutions4’5’6’ 4 have been ;:oncerned
mainly with pressure fluctuations owing to boundary lo»yer turbulence. The

results of the work on boundary layer flows indicate that it is the turbulence-

mean shear interaction which gives the major contribution to the pressure fluc-

tuations., -

In the theoretical analysis which follows, the problem of pressufe fluctuations
ow}ving to the presence of shear layers in homogeneous turbulence is considered,
with .emphosis on the turbulence-mean shear c’:ron’tribution. The shear layers are

“ taken to be‘plcme,s of high mean shear which separate regions of uniform, but
different, mean veloéify. Fléw céndiﬁons which cdn be approximated by one or
mére shear layers are found in the region immediately dowhstream from a rear-
ward facing step in channel flow, the region near the exit of a jet, the immediate
ddwknstreaxm‘ area in the wake of a projectile, and ina boundary layer. Also, areas
of st}ong wind shear separating adjacent regions of greatly differing wind v’el:ocity
ar::’eﬂf.requently found in the atmosphere,hnd are usually associated with -

significant atmospheric turbulence.



In the following sections the formulas for the pressure correlation and the mean
square fluctuating pressure owing to turbulence-mean shear interaction are derived,
and are cipplied to the case of the single shear layer, and also to the case of the
double shear layer. The effect of anisotropy of the turbulence is discussed. In

the final section it is shown how the results obtained here can be used to give rough
ordar-of -magnitude estimates of the wall pressure fluctuations in a turbulent boundary

layer.
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2.0 GENERAL THEORY - SINGLE SHEAR LAYER

The motion of an incompressible viscous fluid is governed by the Navier-Stokes

equations:

aui “ au. ‘] % .
LI IS S (2.0
. aui
w " 0. (2.2

where v, is the velocity, p the pressure, p the density, v the coefficient of
yiscosity of the fluid, and x;, t are the Space and time variables, respectively.
ﬂere the indices i and j range over the values 1,2,3, and, in the usual tensor
f;otofion, a repeated index indicates a summation over that index. Differenﬁqting
Equation (2.1) with respect to Xeo and using (2.2), we obtain the equation fbf

the pressure in terms of the velocity :
- o |
vip = -p m}'(uiuj). (2.3

If we now write the pressure and velocity as the sum of mean ‘and fluctuating

parts, i.e.,

cC
|

- Uo_ + a. ’
| !
(2.4
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E.. where

[ U = @>
[ P = <p>

are the mean quantities (the brackets () indicate an ensemble average or, since

we are considering a process which is stationary in time, an equivalent time

.

average) . Substituting (2.4) into (2.3) we obtain

2 2~ = - az , A Ay Ao . [y}
PP+p°P = - p I O [Uiuj +2Uiuj +uiuj] (2.5)

[~ I

Taking thq mean of both sides of (2.5), and noting that the mean of any fluc-

tuating qvbantity is zero, we obtain the equation for the mean pressure:

7P =-p %a‘;:[“;“,- +<a'iwj>], 2.6

N

where we have assumed that the process of differentiation and taking the mean

cpmmute. Subtracting (2.6) from (2.5) yields the equation for the fluctuating

pressure:
L 7F e g [ Ty e

We now drop the tilde notation, and for the remainder of the paper the symbols p -

%" e and v, will denote fluctuatiu;g pressuie and~vélocity, respectively. Equation
| (2.7) then becomes | ' }



Vp=-p——a7.[2Uu+uu-(uu)] (2.9

Now the equation

Vzp = - Pf(-’-‘.)r

where f(x") decays to zero sufficiently rapidly at o, has the solution

75

where dy = dy, dy, dy3 and the integral is taken over ali space. (Here, and

in the notation which follows, a symbol denoting a vector quantity is written

with the arrow above, while the same symbol without the arrow denotes the

length of the vector, e.g.,

-
X

2

Also, sometimes (xf tx + x: )2 iswrittenas |X| .) Then, assuming the

turbulent velocity is zero outside some finite region, the solution to (2.8 is

N

i




o0 = £ f 5;% (20,5790, 050,70 TG -

|71 o7 . 2.9

It follows from (2.9) thot

] ¥ 2 az |
PR PO 1) = w/f 33y, [wi"j*“i"j'(“i”?] '

az ¥ ' ' ' ' qr—— —o'-' e b e — g —
al, 2Ukul Yy -(u"(gl> | -y' X -y l dydy ', (2.10)
where u, = ui(_y’,f), u; = ui(" '+'), etc., and the indices k, £ range over the

values 1, 2, 3. Taking the mean of both sides of (2.10), and neglecting third

order means (see Botchglorz for a discussion of this point) we obfa:‘»in

f/{ (uu) z (U v )>
16+ aykayl

2 > 2 . }
| (o) —=— Copu> == @popt:
| <aY;aYJ ayn ayo i aY a)’ J aykayl k™1

<P(x ) p(xr V=

|'Y|-l|"' '|f' dy dy™* . 2.11)

Utilizing the fact that the mean and fluctuating velocities edch satisfy the con=

tinuity equation, and taking the diff-‘erenﬁofio@ outside the brackets, (2.11) can

a

I




be written "

CJURE VR
(p(".t)Pr ) = ]‘?‘ [ 3y, Cyyup2 +

l,-?-?’l" I?'-?"I" dy” dy™. (2.12)

The first term in the integrand on the right-hand side of (2.12) represents the
contribution to fhé pressure correlaiion d.u‘e‘ to the interaction of the turbulence
with the mean flow, while the second term gives the contribﬁtibn due to the
turbulence-turbulence interaction. Denoting fhese terms by ¢p(X, f)p(?’,t'))m

and (p(?,:‘f) p(?(’",f'))TT ,-respéttively-, we have
PG P 1)) = PG 1) pC! 1), + PR Pt M,

where

<p(x", 1) p(3 ,t‘))

au au' \ , -1
” <u.ul' ?-—- I—.l- I ?d?: (2.'3)
.y, 17
Y; %

ayl

and
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PG (X)) =

pZ ff ot , ((u.u.ul'(ut')-(u.u.)(u"(ul'))

. -1
I... ...l

-
<7 |-y ayey. (2.14)
The turbulence-turbulence term (2. 14) has been examined in detail by
Krilichnan3 for the case of isotropic turbulence. Kraichnan, in the same paper,

also considered the turbulence-mean flow term (2.13) for the case of a uniform

mean shear superimposed on isotropic turbulence. In the present work we shall

= consider the turbulence-mean flow term when the mean shear, instead of being

uniform, is confined to one or more planes in three-dimensional space, these
planes separating regions of different, but uniform, mean velocity. These planes

are then the shear planes, or shear layers.

We consider first the case of the single shear layer, which we assume to be
coincident with the plane X, = 0, and which se_pdrotes semi-infinite regions of

uniform mean velocity V0 and V,, respectively, in the,ffl\ f:lirecﬁon. The mean

i

velocity profile for this case can then be written
U, (xa)» = Vg + (V, - V,) Hix,) ,

where H donbtcs the Heaviside unitary function, i.e.,



[ 4

0 for x3<l

Hixy) =
‘lforxs > 1

Differentiating with respect to x, we obtain the mean shear:

TR R
T - V- V) ek, (2.15)

where 6(x3) refers to the Dirac délta function. Substituting (2.15) into (2.13)

and integrating with respect to the X, and x| variables, we obtain the integral

3

formula for the pressure correlation owing to the interaction of the turbulence

with the shear layer:

| -1, -1
CHR) D, = -:-z.w V)’// ® gl eal
L 9n, an)
dw dn" (2.1¢)

where Rij(y,y') denotes the velocity correlation (ui(y) uj(y')), = (y‘ A ,0),
'rT' = (y; 'Yy ,0), and d7y = dn,dn;. (We have here suppressed the time
variable by setting t = t'.) The right-hoﬁd side of (2.16) may be integfated

by parts to yield

e P, V’//R,,(". ')rl"-nl ——-|.x =10 J‘dn |

(2.17)



!. ‘ where we have here set Va 'VI -Vol .
[ If the turbulence is homogeneous (i.e., R33 = R, (M=-1"), (2.17) can be written
-1 -1
; o oy Wil ol l""_" =
- ¢p(x) p(x )>T —9“2-\’2 —TI w fR”('rT N )ax.l" Al ddT,
4 ax
} |
{
L or, letting $= 7-7",
4 . -1
1 — - T — _.—D -1
- GRp(EN = £ szi|x'-n'| Raa“)ai-lx- | dgaw -
N f R,,(_f)il-;-?--ﬁf' _"_|->:---,,'-|'l dCam =
4o >, ax!
| £ sz R33(-E)f-a—|'$?--‘-'ﬁ‘ "—a-|‘x°'-'q' ! gt (2.18)
42 , o, ax, ,
Now
i
e Tl 2™ - Gen o X
3 Er,-x- ) I ‘a-x-.x'ﬂ| TSy S R
- l lx-(-nl "=
5 so that (2. 18) can be written, ofter setting 5!'17";.
(P pl(T) 2 G [k Hh e e
< XM, = V /R,,( )/ 3 3d§d (2.19)
§ |%-- §| %%

N -0
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Setting X = X' =(0,0,h) in (2.19) we obtain the formula for the mean square fluc-
tuating pressure due to turbulence-mean shear interaction at a distance h from

the shear layer, which we denote by (p2 (h)) , in the form

pz . §+C - —
SO Vfa,3<§>[ (h2+€2 SR dEdS-

(2.20)

The & mffegrahon of Equation (2.20) is carried out in Appendux A. Substituting
that result (Equation (A16)) into (2.20) we obtain

my, = 207 @V [ e (c»{u-zc’/c )[l-(l+§/4h2 B

.

.3/2
(&2 /aW)(1 + € /ard) / }dC- (2.21)
We now apply the above results to the case when the turbulence is isotropic.

The velocity correlation for this case can be written, following Bofche|0r8,

Rijm = v2 [-;—f<5ij - rirj /r2) f'(r) + sijf(r)]' .,,

where V¥ is the mean square of any turbulent velocity component, f(r) is the
longitudinal velocity correlation coefficient for the turbulence, and 55}" is the
J

Kronecker delta. Then

Ry (D = R33(§|,§2 0) = [ &) + -tf'(t)] (2.22)

1L



Substituting (2.22) into (2.21) and letting ¢ denote the angle between the vector

(C',Q?) and the Q' axis, we have

1 O 20 3 | ‘ o
J(2) - (2w pzvzvsz { [f(§)+-2-§f'(§)]l(l-2cosz¢).

0 o

[1 -1+ ;Z/zz)'—*] '(8/;2)(1 + 82/22)" 32 o Q}(dqd(
(2.23)

" “where we have, for convenience, introduced the notation

z=2h and J(2) = (pz(h))‘M Pt (z/2)>'M . Integrating first with respect to ¢

gives

o
J(z) = ?p 2Vt z"/ (1+ cz/zz)"/’[cf(C) + -;-Qz f'(t)]dc : (2.24)

0

Noting that

Cf(i) + —czfm ﬁ[ g2 f(§)]

the right hand side of Equation (2.24) can be integrated by parts to yield
o o |
SIRT I CORPRPIR Ve .
J(z) = -—p vV [+ 82 f(5)d¢, (2.25)

0

12
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which can be re-written in the form

@ -
o) = 3 v [ )Y ek (2.26
! |
We define
I(z) = z/m'§3<§2+z2).' /? £(6)d8 , (2.27)
0

so that I(z) is essentially a normalized mean-square pressure fluctuation. Making

the change of variable § = zn , (2.27) can be written

(z) =/'°° (1 + ) /2 fzn)dn; z>0. 42.28)

0

Differentiating (2.28) with réspect to z we obtain the formulas

X © 5

. | -5/2 |
I'(2) =/ 0 +n2) 7 Pzrdn;z >0, (2.29)
0
<0 B 2 : , .
1'(2) =/ (1 + n?) / f''(zn)dn;z>0. (2.30) -

Since f(5) isa non-increasing function of € we must have f'(%) < 0 for all g,

so that, by (2.29), 1'(z) <0 for z >0. Integrating by parts in (2.30) we have

13




®
") = - 5:"/ n* (1 +n2)"7% Pzn)dn; 2>0,
0
so that I1''(z) >0 for z>0 Also,letting z —+ 0 in (2.28), f(zn)— f(0) = 1

| for all n>0, so that, carrying out the integration, we obtam I0) = l; i.e.,

3
since J(z2) = -'pzvzv2 I(z), ) “
‘<.o’(0)>TM = FAVEZ 2.3)

Note that we cannot obtain I'(0) and 1''(0) by a similar limiting process, since
the functions n*(1 + r]z)"'r’/2 and n3(1+ qz)-s/z are not integrable on the
interval 0<n < + ; however, it can be shown, assuming f'(0) =0, that

I'(z) and'l“(z) approach finite limits as z — 0. Also, it is clear, by writing

I(z) in the form

Iz) = z"f " §3(1+ §2/zz)-5/2 H9dS, (2.32
0

that 1(2) decays like z-4 as z-— ®; i.e., in the far ﬁeld, the mean square
pressure fluctuation due to turbulence-mean shear interaction decays as the
q,nverse fourth power of distance from the shear layer. (The near and for fields
;@f the shear layer are defined according to whether the distance to the shear
lidyef is much less than, or much greater than, the correlation iength of the
turbulence. This, of course, is not to be confused with the acoustic near and
far fields, since we are dealing here only with inc%pressible flows.) We can

then sketch, I(z) or, equivalently, (p__z,(h')zM , as shown in Figure 1.

14
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Fig. 1. Normalized mean-square pressure fluctuation due to turbulence-mean

shear interaction vs. distance from shear layer (isotropic turbulence).

We can obtain an asymptotic expression for 'Ca (h))TM for large h as follows:

2r2
We first take £(§) = e~ ° ¢

turbulence. Substituting this into (2.32) we obtain

, where o~ ! is the correlation length of the

(¢ o]
o) = 2~ [ 31+ 822y Y2 0 g

0

which becomes, after a change of variable,

@ =™ [ ursu ™

o.
Now

2.2

02 2%

Then, using a power series expansion, we cian write

I

15 -

. Q0 | ‘ o 2 .
/ v(l +u/d? 22)-5/2 e Vdu =/ u(1 +u/(rzzz)“5/2 e
, | /

[
f u(l:}-i-u/azzz)-s/z eV dv.

(2.33

PP
du + -

(2.349)

PRAT———




2.2 ' 2.2

/ o1 + /P2y eV g =f°zu("%u/a’z’+°<v

0 0

. |
= 1+ { higher order terms in (0z) }

It can easily be shown that the second term on the right hand side of (2.34)

-l
involves only higher order terms in (02) , so that, for large oz,

I(z) = '%'(oz)d.

Then since

G =) =FE VI IG),

‘we can write, after substituting for z = 2h,

G, T 753 B VIR

(2.35)

(2.36)

for oh large; i.e., for h large in comparison with the correlation length of the

turbulence.

16




3.0

TURBULENCE WITH SCALE ANISOTROPY

We consider now the somewhat more realistic situation in which the turbulent
éddies are elongated in the direction of the mean flow. | Following Ku;oichnan3,
we introduce the anisotropic velocity correlation function

(0); t ¢ ' 2,-1 '631 8jl -lc t ¢t
Rij ( 2 3’)‘= 3(2"’6!‘) a a Rij(a 177 3)1 (3.1

where « > 1 is the anisotropic scale factor and Ri.('f') corresponds to isotropic

turbulence. It can easily be shown that Rg;)(?) satisfies

R (8 @ |

?EJ— = 0; also that Ri' (—f) corresponds to a turbulent flow in which
j J

the mean kinetic energy density is the same as that for isotropic case, and also

a flow in which the correlation length is stretched by a factor « in the Cl

direction.

Now since »vRij(f) corresponds to isotropic turbulence, we can write

N R B L RIN] ) DU
Then sngbsti’tuti’ng Equation (3.2)~‘.'i'nto (3.1) we obtain

9,5,.0 - a2+at)” 2 [ L2 pedie(@2-282)

33 1 2’ | 2 LA | >4

f ((c2 - v )*lf)], (3.3

17



where y2 = 1-0"", and 2= Cz +§z Letting ¢ be the angle between the
2 2 .3
vector (C‘ ,§2) and the cl axis, and defining A =(1 - y* cos” ¢)2 , Equation

(3.3) can be written .
R(")(C £ ,0) = 3(2 +a?) " 'V2 [f( A ) + LAl e §‘)] . (3.4)
33 1’ 9y ! \ | 2 .

Substituting (3.4) into (2.21),—and setting z = 2h as before, we obtain

222 [of%T |
W9 = .3_92.‘.’_"_/ [ [f()\C) +;-x§f'(x§)] {(1 - 2coy).
2+(2 +az) o % )

[1 - (1 + ¢%42 ‘?] +{82/28)(1 + §2/22) 7 & coszq,}t"dq,dc,
| (3.5)

where J(a)(z) is the anisotropic counterpart of J(z). Noting that

§f(A§)+ xczf(AC) = C[ CZF(AC)]

we can use integnﬁtion by parts on Equation (3.5) to obtain

o ( :
J(a)(Z) 2 zvzf / (! —2C0$2¢){[I _(]+§z/zz)'§] -
2n(2 +a?) S

(§2/2z2)<1+§2/z’)'3/2} c-l{'}“m dlde +

18



p? V2 V2 2 2,2 -5/2 3
(2 ™ / / cost o (1 +£2/2 ) ¢ f()\C)dqu; (3. 6)
4u(2+a°)z

Making‘f"“i?he' change of 'variable n = §{/z, Equation (3. 6) becomes
2. 2 2 ] -3/2 - R
J(o)(z) 3p Vv / (1-2cos ¢) [I -(1+ r.z) -z-nz(l +n?) ] (e
21t(2+a )

n~'fAzn)dnde +

2.2 2 2n -5/2 -

[T
4u(2+ .

. 41(2+ a®) A

Letting z — 0, in (2.7) we obtain

W9 - 12?..!’_:?_ ,

2(2+ a?)
vor, letting (pz(h))T(:) denote the mean square f Iuctuat'fng pressure at a distance

h from the shear layer for the anisotropic case, we have

_3
2+ae2

2 (9 _ 2 FE S ‘
< 03 - LA LIS

Up%‘ori comparing this result with (2.31) we see that anisotropy results in a

reduction of mean square fluctuating pressure at the shear layer. . | T

.
i/




In order to obtain far field results for J(a)(z) we first assume

b

R RAE

so that

| _2y2¢2 _2(1. y2 2
f(AC)= e 0)\§ = e (I Y COsqu)c
Using a procedire similar to one used previously (see Equations (2.33)-(2.35)),
the integrands of Equation (3.6) are expanded in powers of {/z and terms of

order (1/0zf and higher are discarded. Then after integrating with respect to

€, (3.6) becomes

2 1
2 2 ., 2 -

aam : _d¢' .
otz4 2+ o 4x (1 -7y2cos? Q)z

The integral on the right hand side of Equation (3.9) can be integroted by

means of tables, witb the result

J(ﬂ)(z) ~ % L\:'_z_:_/f K(C!) ' (3.]0)
, Z ,

for oz large, where

’}3a(1+3a2) .

K@ =
42+ az)

(3.11)

20




‘:Since

‘ 2 (@)
SOy = s (h»“j

Equation (3. 10) can be put into the alternate form

2 2
FEm » 2 %1‘4’— K(a), ENCAY

for large oh, where h is the distance from the shear layer. This is to be

compared to the isotropic result (Equation (2.36)).

Note that K(a) is monotonically increasing with a, i.e., for mean kinetic
energy density fixed, the mean square pressure fluctuations due to turbulence-
mean flow interaction at large distances from the shear layer increases with .

‘increasing anisotropy of the turbulence.

21




4.0

DEOUBLE SHEAR LAYER

It is appropriate here to consider the case of the double shear layer, since, as
will be seen, the effect of multiple shear layers on the mean square pressure
fl‘;uctuations is not a Qimple superposition of the effects of the individual shear
laéyers. Also, the results obtained here will be of use in the discussion of

béundary layer turbulence.

TFe symmetric double shear layer considered here is characterized by a region,
say |%5]< @ in x;= x, = x; space, in which the mean velocity is uniform and
is equal to V, in the x, direction. This region separates two semi-infinite

regions in which the mean velocity is uniform and is equal to V, in the X,

direction. The planes x; = + a are then the shear planes.

The procedure is similar to that of Section 2. We first write the velocity

profile in the form
U bx,) = V, +(Vg=V,) Hix, +a) +(V,= V) Hix - ).

Differentiating, we obtain the mean shear:

ol (\}' - vo)‘f{rs(xa -a) - s;.&a:f o)]-‘ -

Substituting the expression for the mean shear into Equation (2.13) we obtain

2




Rt
b

*R, ) N
PR, = ﬂ/f{-—i My )% -1, 'l"'-n,i

4+ on 0 l
#r
33 R I -l - - -
— () [x-n | x| -
anlaq; + l +| | I
anan, oo |x | l "l+|
#R
— 2 & ROX =, "|"- "-| dndn', (4.1)
3q|anl

where

-".lT = (f]‘l nZ) ’

+ (rl|l Na s a)l

- (‘nll r'zl -a)l

E
"

(n+ n3),

+ (q; ’ n; ’ a)l
o= (e, '°)( |
and V = lVo - Vil ~ as before, lnfogroting the right hand side of
(4.1) by parts yields |

23



[ > ap e e S v TR » R A Gt A AP 1 .3, .

2 \/2 ) -1 4d -1
' X - p _.l amasm—— —.._-.. nm— -"--.. -
<p(X)p(X ))m = ;Tﬁ { R33(_ﬁ+"1+) an'x "I+| aq;|" q+|

Y aq’lv on;
G T -7 T (R
R33 n_n aq" r'_l aql'r n nan

(4.2

 If we assume now that the turbulence is homogeneous, we can make changes of

variables in (4.2) similar to those of Equations (2.17) - (2.19). Equation (4.2)

then becomes

PEIPGED,, =
X -§ £ X; -€l —_
f e ’f F FEp
+
-§ g x.-g —.—.> -
[ *’f AT

/ Re(E) [ o I T
l—-_'t _'E l3 l"|_'€ |3 ,’f:‘/, | “ <§f—“’(’”’;‘"

y

S

24



R,.( b kg mEl (4.9
/33 0/'.... '-E;Is I.;,_‘{':! ’ .

where -

$ = (.%.0,

To- k8,
€ = (,5,-2),
T, - .t

o= e, - o,
Ty,

o= (8.

To obtain the formula for the mean square pressure at a d: istance h from the

Xy, X, plane we set x =x"' =(0,0,h) in (4.3) with the result

<p’(h)> =

g —
"sz {/R”(C)/ ! 3/2d‘£d§-
‘£+’5l -] " [pee-a2]

£, ~

R (Q)/ - d¢d§ -
/ F&Cf%(h g)2 /z [g’ +(h+~¢.)z]§/2
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§+§ £, —_—
/R (C)/[' A ”3zd€d§+

£+ €|’+(h+a>’] / [£’+<h,-»o)?] /

g ——

/wc)/ L mcl.
(I <I2+<h+ " [ere e at]”?

(4.4

In examining the four terms occurring on the right hand side of (4.4), it is seen
that the two terms involving —c.o are of the same form as that of the single shear

| la*ér (Equation 2.20) and therefore give the contribution to '<a (*‘)% which
would be expected if the shear layers actecd independently. The two terms
involving’ -Q:_ and _E_ give the contribution to (p? (h))TM owing to the
correlation between the fluctuating pressure due to one shear layer and the
fluctuating pressure due to the other shear layer. We sihall refer to this effect
as interaction between the shear layers. Then, in general ' the mean square
fluctuating pressure due to the interaction of turbulence with mean shear in
multiple shear layers is not a simple superposition of the contributions of the
shocr layers acting independently. It is, however, clear from Equation (4.4)
that if the distance between the sheur layers is large in cévnpariton"with the
corroloﬂon'longth of the turbulence 'y \hen the terms in (4.4) corresponding to
lngerucﬁon between the shear loyers can be neglected, since then R (C _') and
R (§ ) will be smull in comparison with R -(Co‘)' In this cm(p*(h))m con
be censidmd asa Wiﬁﬁm of the effects of the shear layens acting |
independently. |
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For the case in which the distance between shear layers is of the order of the
correlation length of the turbulence, the four _ﬁ. integrals occurring in (4.4)
can be evaluated using the formula derived in Appendix A. We shall cbnsider
here the case in which the distance from each of the shear layers to the point
x is large in comparison to the distance between the shear layers, i.e.,
Ih1>>a. Then we can replace (h+a)? by h? everywhere in (4.4) without

introducing significant error, and, using (A16), Equation (4.4) reduces to
F 0, = @07 ¢ "'/ [28,80- #E)-ry®) ]
¢ { (=28 ARyt ] +

(/a1 + 8274y~ ’;}d? : “.9

Note also that by substituting @ for h on the right hand side of (4.5), which
is equivalent to setting h =0 in (4.4), we obtain the exact formula for the

mean square fluctuating pressure at a point midway between the shear layers.

Asuming that the turbulence is isotropic we can write

R(E) = o+ Ferw)]

R(E) = RelE) = A[He)+ Fr0- e ]

e L b At ACAR bk ek el
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so that, letting b = 2a be the distance between the shear layers, (4.5) becomes

GO w“pzvzvzf C'z[f(§)+;—Cf'(C)]{(I-ZCZ/CZ) [l -
(1+ c’/4h2>"1’]+<c2,/4h’>u + Eyart)™/ ’}d“c’- VY /C"[«cp +
25, 0-8/%) f'(c,,)] :(s - 2t2,/§2)[1 -(1+ c2/4h2)"1‘] +

(82 /4R)(1 + e2/ar)~ } d¢ - (4.6

The first integral on the right hand side of (4.6) is, except for a factor of two,
identical to one encountered previously (see Equations (2.23)~(2.25)), and so

we can write

v f ¢~ [fm +3¢ f-(:>] {u . ch{?{?)[t -(1+ 0/%*)‘*] +

e
(2 4R)(1+ c2ant)~Y/ 2}{(‘-—- j-';’-p.’v'v’z"‘ [ 0+ g?/z’)'é/ YHe)dT,
A |
(4.7)
where, os before, z =2h. Writing the second integral on the right hand side
of (4.6) in terms of polar coordinates as in (2.23), and carrying out the

integration with respect to the angular coordinate, we obtain

g .
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(1+ §2/4h2)‘%] + (c";/4h2)(l + §2/4h2)‘3/2}d'c' =

Q@

FfV3viz2 / c[f(c+ + %Q(l- bz/ci)f'(§+)}(1+';«;2/22)‘3/2 4c -

0
Making a change of variable, we can write

(o o]

P2 V22272 / c[f(c )+ % §,(1-bYc?) f'(§+)](l + EYp2) ™Y/ dt =

0

Q@
P’Vzvz'f’/ [Cf(C)+%(c’-bz)f'(c)][l+(c2-b2>/zz] RANTS
b

Noting that
. 1 ie2 12y o _d_'.z.z:»
CF(§)+5(§ -b9)f(E) = 3?[2(; —b)f(C)]

we can integrate by parts to obtain finally
AR / ¢ [f(c+; +%c+(l - b/6%) f-(c,,)] {(1 - 2¢%/¢%) [l -
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% p’vzvzz-‘/ (£2-12) [1 (- bz)/zz]-s/z EF(E) dE . (4.9
b n

: : li"?_g:::}.*-S{ybstitufing (4.7) and (4.8 into (4.6) we have

o og

(pZ(h))TMg %P2V2V22-4{/ §3(1 + §2/ZZ)-5/2 £(6)dE -
A ,
(® 5/2 l
/ (€* - b’)[l +(g?- bz)/zz]' Cff(c)dci" (4.9
i |

where we have assumed that |z| >>b. The first term on the right hand side of
(4.9) is just twice the mean square fluctuating pressure for the case of a single

shear layer coincident with the x"I - ‘xz plane, and gives the contribution to

(pz'(h))TM due to the effects of the shear layers ugting independently. The

" ‘second term gives the contribution to (pz (h)>TM due to interaction between the

shear layers. This term is negative, i.e., in this case interaction betwéen the

shear layers tends to reduce the mean square pressure fluctuations.

As noted previously the exact formula for the mean square fluctuating pressure

at a point midway between the shear layer, i.e., for h =0, is obtained by

replacing h by a everywhere in the right hand side of (4.5), i.e., -

@on,, ~en”'¢ V’f[%@- MONELNTS]
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(4.10)
For isotropic turbulence then we obtain after replacing z by b everywhere in

- (4.9)

oy =3 p’vw{ b / e (2 + )77 (0 dt -
; 0 -

\\,

o v '
b/ &4 (€2 - )£ (D) dc}- (4.11)
1 :

'Again we see that interaction between the shear layers tends to reduce the

mean square fluctuating pressure.

hY
~/
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APPLICATION TO BOUNDARY LAYER TURBULENCE

The results of the preceding sections can be used to give rough order-of -
mggnitude estimates for fvhe mean square fluctuating pressure owing to
turbulence-mean shear interaction in a turbulent boundary layer. The pro-
cedure is fo first approximate the flow near the Boundary by means of a mirror
flow model similar to the one cﬂlﬂescribed by Kujaichnan4. The boundary Iayer is
then approximated by a shear layer lying at some dis'&:nce from the boundary
which is less than the boundary layer thickness, and across which the mean

ﬁlow velocity parallel to the boundary changes abruptly from zero to the external
flbw velocity. In other words, the mean shear, instead of being distributed
over the boundary layer, is assumed to be concentrated in the plane of the shear
layer. |

We assume ’thaf fHe Boﬁndory is coincident with the X, =X, plane and
co;'\strucf the mirror flow model as followsﬁ’ Assume u, X,t) represents the
turbulent velocity corresponding to homogeneous turbulence. Then, follow-

ing Kraichngh,4 we define new coordinates X* by

vx’:l=x,x = x =X N | | (51)

*
i 2

> and a new velocity field u;‘ (x,t) by

U';G(.,f) = 2 i. Ul{;lt) + U‘(’?.lt) ‘ //
G =27, @+, n| 6.2
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u’3"(’5¢_’,f) = 2-% [u3 (X,t) - us(—f*,f)] .

Then the velocity field represented by u’l.‘lr (X, t) has mirror symmetry about
the plane X, = 0. It is easily verified that u?(?,t) satisfies the continuity

equation

prévided ui(??,f) satisfies it, and also that u;(?,t) approximates the flow near
t‘he boundary in that u? (X,t) and all its even derivatives with respect to X,
vanish on the plane Xy = 0. It is also easily verified that the mean square
v;ulues of u;’ far from the wall tend to the values for the homogeneous field.
At the wall, however, fhe mean square values of v! and uy are twice the
values of the respecfi\)e homogeneous components, wherec\s the mean square
v%!oyllue of vy at the wall is zero. (For a more detailed discussion of fBe mirror
flow velocity field, see the above-mentioned paper of Kraichnan’s.) Then,

defining R"."j(&’,')’) to be the velocity correlation for the mirror flow, we have,

from (5.2).

Ry R =g R G- -R R =) R () +R R -7) 5.3

| The mean flow distribution is taken to be a shear layer at X, = a, with the
" mean velocity zero for 0< x, < a, and equal to V for x, > a. Reflecting

this flow in the bwndﬁry plane we obtair: the case of the double shear layer

identical to the one discussed in the previou; section. We can then obtain the -
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formula for the mean square fluctuating pressure owing to turbulence-mean shear
interaction by substituting the mirror-flow velocity correlation given by (5.3)

into Equation (4.2) of the previous section. Decing this, and noting that

-ﬁ.: =';‘:J-'1‘:=—ﬁ+ ,» and R;a(ﬁ:l—ﬁ;_) = Rgs(—f]._r—"l"_ =- R;3(-ﬁ+l-ﬁ._) = -

R;'a(_ﬂ_,"ﬁ_"_):, we obtain

|

<p6?>prz'>>m=§7"z / f [Ras (A=) - Ryg(A_3) -

, - -, 0 (= — -1 3 g1
Rasm-;-'ﬂ_) + R33(_"|._' "I_)][sx-l' x-n+| _F"""l.,.l +

o,

9

O L IS R - R B =
x=n_| —x'-m. +2=iX-H,| —['-A' ¢+
1 | 7= 'a'?'-'n’;l"']d”ﬁdﬁ" . (5.4
. | = ! dx) |

Making changes of variables similar to those of Equatioﬁg (2.17)~(2.19), (5.4

becomes

1

e : 2 - — —
GFRED,, = -‘;—;‘fz- / [2"33“0’-'%3(%) -_,R;3(§->]-

[ b
V p—— S - T+
l-’- go"/; € +|3 l',"- §+|3

s




x = &, - % x; = § -
Jfp peep

./ /

x-c'g X'-g — —
/'_..' Lt d&}d{, (5.5)
£ -¢ 3

where §o_‘;,' Q_‘_ 8,8, &, §+, §_are as defined previously. Setting

X =x'=(0,0,h) in (5.5 we obtain the formula for the mean square

fluctuating pressure owing to turbulence-mean shear interaction at a distance

"h from the boundary:

| 5 .
Gy, - f—z‘—’z- / (28, G- 2, &) -1, )]

{ Y 1 .
‘ﬂ §+—§'|2+ (h - 0)2]3/2 [€z+ (h - 0)2]3/ 2

['E*'-Elz +(h+ a)z] ” [&2 +(h+ a)z] i




£ +¢ 3 -

-:-. — dg +
/ [le |2+ (h - a)2]37’ F% (h +o>’]’/ ’

: €I + C, gl —_ )
/-: - — e : dé }d €.
[l'é‘ hrq L. a)z] i/ [gz +(h - a)z] e
(5.6)
Setting h =0 in (5.6), and using (A16), we obtain the formula for the mean

square fluctuating pressure at the boundary owing to turbulence-mean shear

interaction, which we denote by <P2 > :
Witm

(wa) - "-lpzvz / [2R33( Co) - Rss( §+) - Raa( C)] .
™ -

| {(I -2§§/§2)[l - (1 +§2/52)'%] +
(82 )1+ eR)™Y ’}c" €, (5.7

where b = 2a. The value of <p3~) given by (5.7) is just twice the mean

™
séuare fluctuating pressure at a point midway between the two shear layers for
ﬂz\e case of homogeneous turbulence, as given by formula (4.10). Then for the

case in which R in (5.7) corresponds to isotropic turbulence, <p2 > is

equal to twice the value of (pz (,0))TM given by (4.11), i.e.,

(B, - 3p’vzv’{b\[ 22 + o) (g ot -



(-] e
b/ £ (- ) f(0)att (5.9
b ,

where v is defined as before.

In order to obtain estimates for <pr } for an actual boundary layer flow it is

™
necessary to relate the parameters appearing in (5.8), i.e., V, v, b and the
correlation length o 1 of the turbulence, to the boundary layer flow
parameters; namely Y the wall shear stress, and U'r , the friction velocity,

where UZT = 'ro/p. We first assume that the mean velocity distribution in the

boundary layer is of the form

Upl) = V(1 -e7P%), (5.9)
where V is the external flow velocity. Differentiating (5.9) we obtain
S(x,) = Sye P% . (5.10)

where S(xs) is the mean shear, and So = BV is the mean shear at the wall.

We now choose a, the distance from the wall to the shear layer, to be one-third

the distance from the vall to the point at which the mean velocity is approx-

imately 95 percent of the exiérnal flow velocity. Accordingly, by (5.9), we

choose Ba = 1, or Bb = 2, I<r¢:|i<:l~arw.m4 states that (5.10) gives a reasonable

aﬁ‘;roximation to the mecin shear in an actual turbulent boundary layer, at least

in that region outside the laminar sublayer which is expected to give the major. -
. | ’
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contribution to the pressure fluctuations, if So and B are chosen so that

Sd = IZUTo and B = 0. Also, a reasonable value of v, according to

experimental evidence, is 1.5U, . Then, since Sp = BY, we have
= ‘12’UT, eb =2, v=15 U, . (5.10)

Substituting (5.11) into (5.8) we obtain

PG °
[(&w)r] ¥ 18v3 pul b[ g3 g2+ )Y 4(e)at -
« M ‘

0

e -
b/ C"(c’-b’)f(t:)dc] - (5.12
b

Smce b is twice the correlation length of the turbulence, the second integral
2 2
on the right hand side of (5. 12) can be neglected. Then taking f(() =e "’ ¢

and setting ob = 2, (5 12) becomes, after a change of variable,

3 ¥h “5/2 agt , |2 ‘
l(;,fﬁ) ] * 18V3 p u:f R +?) e dq] . (5.13
-1 ™ ,

The integral occurring on the right hand side of (5.13) can be eva]uoted approx =

imately by various methods. One way is to first observe that

| ) =5/2 -d 2 - : Y | 2 [N
/ (140! 74 4y *‘-’f n*(1+0?) 72 &7 g

- 5
0 ‘ 0 3., 1;/
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We can then approximate 1" in the interval 0 <n< 1 by the function

1-29% + n,‘ . The resulting integral can be evalvated by means of tebles to
yield finally

{(pf")m] ¥ 44p02 = 44r,. (5.14 ;

In view of the many assumptions and approximations made in the above analysis,
Equation (5. 14) should be considered only a crude, order-of-magnitude estimate
of the root mean square fluctuating wall pressure. However, it is of interest to
note that the ndmer?col factor 4.4 appearing in Equotion (5.14) agrees
reasonably weil with other published results; e.g., Kroichncm‘ given g numerical
factor of 6, while results obtained by Lilley# indicate a numerical factor of 3.1,
Experimental results of Bull” indicate the numerical factor generally lies between

2 and 3.

/
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6.0

CONCLUDING REMARKS

Although in the preceding sections emphasis was ploced on finding the meon
square fluctuating pressure (pz;%M . the re;ults obtained con alsc be used to
calculate the two-point pressure correlation under various conditions; e.g.
formula (2.17) gives the two point pressure correlation function owing to the
interaction of (not neceésorily homogeneous) turbulence with a single shear layer,
while (2.19) gives the some result for homogeneous turbulence. Analogous
results (formulos (4.2) and (4.3)) are obtained for the double shear layer. The
case of homogeneous turbu!en‘ce with scale anisotropy can be included by substi-
tuting the expression for the velocity correlation given by Equation (2.1) into
(2.19) and (4.3). It should also be noted that since the analysis give;\ here does
not involve the time voriable explicitly, the effect of time difference can be
included in fhe obove-menﬁ:loned pressure correlations simply by assuming that
the velocity correlation Rij appe?ar’iﬁé on the right hand side of the above-

mentioned equations is also a function of the time difference.

As was seen in Section 3, departure from isotropy results in o decrease in the
mean square fluctuating pressure in the neor field of a single sheor’ ldye‘t, whereas
in th? far field, onisotropy results in an increase in meon squore fluctuating
pressure., In view of Kroichnv;nv's results for the interaction of turbulence with
ui,iform mean sheal'3 , the near-field effects of onisﬁtropy are not unexpected;
hc;wéver, the physical interpretation of the difference in near-field and far-field

effects of onisotropy obtained here remains unclear.
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Results obtained in Section 4 for the case of the double shear layer indicate that,
when the separation between the shear layers is of the order of the correlation
length of the turbulence, interaction between the shear layers (i.e., the effect
of correlation between the fluctuating pressure due to one shear layer and the
fluctuating pressure due to the other shear layer) is significant and results in a
decrease in the mean square fluctuating pregure compared to the value which
would be expected if the shear layers acted independently. This decrease is the
result of the particular velocity profile chosen in the text, rather than being an
intrinsic characteristic of multiple shear layers. The configuration chosen has

mirror symmetry about the x, - X, plane; i.e., UI (-xa) = U] ‘(xs), so that the

!
mean shear is anti-symmetric about this plan;e. Thus, in the interaction term in
the expression for the mean square fluctuating pressure or pressure correlation (see
(2.13)), the preduct of the mean shear at a point on one shecr layer with the
mean sheor c‘f a point on the other shear Idyer is negative. If the configuration
is chosen with the mean shear having anti-symmetry about thé X, =X, plane, so

that the mean shear is symmetric, then interaction between the shear layers will

result in an increase in mean square fluctuating pressure.

Oli'der-of-magni’tude estimates obtained in Section 5 for the mean stjuore fluctuat-
ing wo,l‘l pressure in a turbulent boundary layer show reasonably good dgreement
with other published results. Aithough this dgreerﬁent is to a certain extent for=
tuitous, in that the final result is dependent upon certain assumed parameters

such as the distance from the wall fc. the shear layer, it is nonetheless encouraging

since it indicates that refinements of the method given in the text might well

41
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result in even closer agreerment with ofher results, both théoreﬁcol and experi-
mental . Such refinements might include én attempt to approximate the mean
velocity profile in the boundary layer by several sheor layers, instead of one as
was done in the text. (It is cleor, in fact, since any piecewise continuous func-
tion cén be approximated arbitrarily closely by means of step functions, that any
meon velocity profile can be approximated as closely as we please by a finite
number of sheor iuyers. More complicated velocity profiles, such cs the one
which exists near the exit of a jet, might be approximated using a combination of

shear layers and uniform mean shear; e.g., the velocity profile

U'(x3)=V‘.' v+ ax ; x3’<. 0  |

Ul(xs)=\/2 +ax3; X, >0

where VI # V2 » gives a shear layer at the plane x, = O superimposed on uniform
meab sheor «.) It should be noted, however, that the degree of computational
difficulty will increase roughly as the square of the number of shear layeis chosen,

since interaction between the shear layers must, in general, be considered.
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APPENDIX

It is our objective here to evaluate the integral

[ = & b dE dé (AY)
* JEP IE-c-3P vt

 where 3= (0,0, h), ?= (&, 52 ’ 0),?== (,,%,0). Equation (A1) can be written in the

clternate form

| ¢ £+¢ - -
I =/ ! L dé , (A2)

ween” | TED”

where -5. = (€| , Ez), -C. = (§‘ , Cz) . Itis cénvenlent to consider a somewhat more general
form of (A2); namely |

£+n, £+¢,

) (bz +|"£’+-ﬁ|z)3/2 (dz,,,‘ £ +_E|z)3/2

where =‘(n', n,), and @, b>0. Then
1,= 10, ik - (A4)

We now proceed to evgluate I(7} ,-C.; a, b) using a method similar to that given by

Kraichmna, which is E;csdd' on a method of Feynmon9. We first write (A3) in the form H

re!

@G [siell)d e
. ) ; ,
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where r = (b2+|?+'ﬁ|2)i; r'=(a’+|'f+'f|’)3/z. Now
(& (1N, 7 _  lim ? [1\,7
/aq,aE' (::)(!€ i A’““’/a“la:l(:')“ '
' A

where A is any finite area in (Sl , g) space, which in the limit as A @ is to include

all of (&1, Ez) space. Then, setting |

1, 8 = -'-. 4T (A8)
A | rr
”\A/ve have
= im A
IMSiab) = 47 WAt (A7)

-€.+'rT , ond setting T = --E, (A6

Making the c.;.honge of variable T

becomes

L@ 8= — 47, (A8)

k\i,Nhere r o= (b2+uz)l", r'= (oz'i'l'\f-'z'lz)i s ond A' = A+7 . uThen setting

lk('z") = IAC‘ ,-E) we have

lﬁl-f} Grb) = - ”m 32 I.A(-z.) ' . (A’))
i A'-= 0 azf |

|
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where J

l”k(-;).-./_‘_._ =,
rr
Al

Utilizing the identity

we can write
2 ® d |
p(‘;)=..// —2Ll 40 - | (A10)
A v eF 4+ B2

Substituting for r and r', and interchanging the order of integration, (AIO) can be

written
I (3) = f ' dv . (A1)
A " 2
‘*Tz - 2,12.2 2
A"'J F +a;b'r,+ s 2
2 L2 |
1+« T+~ (I+12)2

If we now choose A' t= e a circle of radius R centered at Z /(1 +v%) we can carry out

the integration over A' tc obtain

l'A("z")=2/ [logkunog(nc%‘)-logc’]"’z ’ (A12)

4 1+7
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where C? = d+bl T p— z2 . Now the first term on the right hand side of

2 2

—l

(A12) will give no contribution to I(W, £ ; a, b) since its derivative with respect to

z is zero. Also, the second term on the right hand side of {A12) will not contribute

-l

to 1(7M, §; t<:|, b) since it vanishes as R — . Equation (A9) then can be written

L @ 2,12 .2 2
I(R,8;a,b= z-aiz  log °+'°2’ + e 2 ‘“2. (A13)
2

The right hand side of (A13) can be evaluated as follows: First differéntiate once under

the integral sign with respect to z, to obtain
IM,8;a,b)=4 z[ , A . (A1
S 9z, (1+72)(a? + B2 72) + v222 1+ 12

The integral on the right hand side of (A14) can then be evaluated by means of contour

_integration to yield

/ , T _dT
NI ORI E e

n/22) {1 -(@+ (- b2+ 2 ¥ [+ e - 4t ] } ,

so that, differentiating again with respect to z,, (A14) becomes

48
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l(ff,"?; a,b) = 21fz-2(l - 222'/22) { ] -

wherez =7 - T,

s

This is the desired expression for I1(7,

(@ +b) [(a-b>2+z2]*[<a2+52+z2>’-'4¢2b2]‘*}- |
2(o’+b’+z2)[(a- b)’+z’]% [(a2+ B+ 22) - 4o?b’]

2wt "2 {(1 - 282 %) [1 -(1+~§?/4h2)'*]~+

/9 \

(C’l/4h2)(l+§’/4h2)'3’2} :
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R /A

T

2u(a+b)Zz"" {[(" R R [T P R

(A15)

;a, b). Then setting

a=b=h and n =0 in (A15), we have, from (A4), the desired expression for | 0’

(A14)
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