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PREFACE 

This handbook was developed to provide a complete source of the theory and data re
quired to analyze high-pressure compressible flow systems found in space vehicle ground 
support equipment (GSE). 

The material is presented in three sections: Theory, Part I; Application, Part II; and 
the Appendixes. 

Part I develops the theoretical equations of fluid flow by derivation. This material is 
intended for those who have the time and desire to investigate the theory in depth. Practical 
problem solving is treated qualitatively. 

Part II presents the theory without the supporting derivations and treats practical prob
lems quantitatively. It is intended as a ready reference for analysis. A feature of this 
section is the inclusion of full-size working charts for the rapid solution of common compress
ible flow problems. 

The Appendixes present a selection of basic thermodynamic data for the five gases of 
interest in GSE systems: Air, nitrogen, oxygen, helium, and hydrogen. The data range is as 
wide as possible for completeness, and special emphasis has been given to data up to 6000 
psig, and from + 1500 F to -1000 F. 
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ABBREVIATIONS AND SYMBOLS 

ABBREVIATIONS 

Unit Dpscription Unit Description 

abs absolute lb pounds 

a tm atmospheres lbf pound-force 

Btu British thermal units Ibm pounds-mas 

C centigrade or Celsius min minutes 

cal calor ies p ia pounds per square inch absolute 

deg degrees psid pounds per square inch differential 

F Fahrenheit psig pounds per square inch gage 

ft feet R Rankine 

gal gallons rad radians 

g gram scfm standard cubic fee t per minute 

gpm ga llons per minute sec seconds 

in_ inches s lug absolute mass unit 

K Kelvin s td s tandard 

SYMBOLS 

ymbol Description Units Symbol Description Units 

A Area ft 2 c" actual veloc ity of ound ft/sec 

A' Helmholtz function (U- TS ) Btu CII veloci ty of sound a t the ftl ec 

A. flow area at the nozzle exit ft' stagna tion temperature 

A, flow area at nozzle throa t ft 2 cp spec ific heat a t cons tant Btu/lbm-oR 

Au- wall surface area ft2 pres ure 

a flow area . . 
In. epIII molal specific heat at Btu/mole'b-oR 

a' pecific Helmholtz function Btu/lbm constant pressure 

B dimen ionless ratio, dimen ionless c .. pecific heat a t constan t Btu/lbm-oR 

(hqA u·)/(w,c,) volume 

C valve flow coefficient gp mu.1 (psid)l/2 enll molal specific hea t a t Btu/mole'b-oR 

C' partially open flow coefficient, dimensionless constant volume 
as fraction of C,. D ins ide d iameter of circular ft or in. 

C" discharge coefficient dimensionless pipes, and hydraulic 

C:) initial value of C', at dimensionless diameter for noncircular 

displacement XII pipes 

CI/* dimen ionless ratio, dimensionless till equiva lent s harp-edged in. 
(Wr)wl(W,) (c,.) orifice diameter, ba ed on 

C,. component flow coefficien t gpm u·/(ps id)' t2 Kr= O.60 

c velocity of sound ft/sec E total ene rgy of a thermo- Btu 

c* veloc ity of sound a t the ft/sec dynamic system 

conditions where M = I E", energy of a molecu le Btu 
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S YMBOLS 

Symool Description Units 

R ind ividual gas consta nt , ft -Ibf/lbm -oR 
R = R/M ... (ft-Ibf/mule'h-OR)/ 
(l bm/ mole'b) 

R univer al gas con tant , ft -Ibf/ mole'b-
R = 1544 oR 

Rp Reynolds number, dimensionless 

Rio 

SCfM 

U 

u 
U III 

v 
ji 

v 
v", 
W 

Wm 
(We).. 

Wk 
w 
wk 

x 
XII 

YI 

Rp= DVp/ 1J. 
hydraulic rad ius, Rio = A/ 

wetted perimeter 
ft 

pressure ratio, dime nsionless 
r= P,/PI=P'/PI 

total entropy Btu/"R 
pecific gravity, ba ed on air dimensionless 

specific gravi ty, based on dimensionless 
60° F water 

flow ra te in standard c ubic ft' std/min , or 
fee t per minute scfm 

specific e ntropy Btu/Ibm-OR 
absolute temperature ("f+460) OR 
critical temperatu re of a gas OR 
reduced temperature 

Tr= (TIT,) 
t ime 
total internal ene rgy in a 

system (therm al) 
specific internal e ne rgy 
molal speci fi c inte rnal e nergy 
ve locity 
total volume 
specific volume, v= l /y 

molar speci fic volume 
mass, in gravi tational units 
mass per mole 
total therma l capacita nce of 

the walls of a gas vesse l 
mechanical work 
weight rate of flow 
mechan ical work per unit 

mas~ 

displacement or dista nce 
initial value of x, at C' =C;, 
expansion fac tor fo r use with 

ori fice flow 

dimens ionless 

sec 
Btu 

Btu/Ibm 
Btu/mole'b 
ft /sec 
ft ' 
ft '/ Ibm 

ft '/mole'b 
Ibm 

Ibm/mole'b 
Btu/"R 

ft -lbf 
Ibm/sec 
ft -lbf/lbm 

ft 
dime ns ionle s 
dimens ionless 

Symbol Description Units 

Y" expansion fac tor for use with dimensionless 
nozzles or venturi tubes 

y distance measured perpen- ft 
dicular to flow direction 

Z compressibility fac tor fora dimensionless 
real gas, Z = Pv/RT 

z elevational di sta nce ft 

f3 

r 
y 
y' 

IJ., 

J.LJ 

P 

T 

II 

n 

00 

linear acceleration, a= dV/dt ft/sec' 

diameter ratio, d 'hnlll,/d dime nsionless 
ups tream pipe 

compress ibility of a fluid 

we ight density. y = l /v = grP Ibm/ft3 

specific we ight , Ibf/ft3 

y' = (g/gr)y 

finit e diffe re nce, or change, 
between two points or 
conditions 

inc re mental quantit y, such 
as therm al energy (8Q) 

height of pipe wall roughness ft 
protubera nces 

nozzle effi c iency 

cone half angle 

coeffi cient of a bsolute 
viscosity from T = lJ. (dV/dy) 

viscosity, IJ. ' = ~,= (6_ 72 ) 
(1 0 - 4 IJ.r) 

viscosity in centipoise 
(l 00 g/cm-sec) 

Joule-Thomson coeffi cie nt 
mass density, p =y/gr 

fluid shear stress, T= j,(pV'/2) 
kine matic viscosity, 

v= lJ./p = IJ. '/y 
mass fl ow para mete r. 

l/J = w/AP(YRTlgr) 
constant , PV/T 
constant , n ll/= Pvm/T = R 
angular velocity 
infinity 

dime nsionless 
deg 

Ibf-sec/ft ' 

Ibm/ ft-sec 

centipoise 

ft · -OR/lbf 
slugs/ft ·, or 

lbf- ec'/ ft 4 

Ibf/ ft' 
ft2/sec 

d imensionless 

dime nsionless 

ft -Ibfl mole'b-OR 
rad/sec 

SUBSCRIPTS 
Symbol Descript ion 

o stagna tion s ta te (where velocity is ze ro) 
inlet or upstream conditions, unless othe rwise 

speci fied 
2 outlet or dow nstream conditions, unless other-

wise specified 
A air at sta ndard te mpera ture (60° F) 

Symbol Description 

a conditions resulting from an actual process 
aw adia batic wall cond itions 
b be nds 
c critical state 

inte rnal condition 
in conditions of ente ring fluid 

IX 



Symbol 

J 
L 
m 
n 
o 
out 
P 
r 

s 
std 

ymbol 

* 

x 

COMPRESSED GAS HANDBOOK 

Description 

nozzle throat conditions 
loss 
molal quantities 
direction normal to the shock wave 
overall 
conditions of exiting Ruid 
direction parallel to the shock wave 
reduced state (the ratio of a property to the 

value of that property at the critical sta te) 
conditions resulting from an isentropic process 
standard conditions of temperature (600 F) 

and pressure (14.7 psia) 

Symbol 

w 
w 

x 

y 

* 

00 

SUPERSCRIPTS 

Description 

conditions at the sonic point , or point of 
choking in adiabatic Row (where M = 1.01. 
excluding M" which defined ot herwIse 

Symbol 

** 

Description. 

total 

water at standard temperature (600 F) 

pipe-wall conditions 

condi tions upstream of a normal shock wave 

conditions downstream of a normal shock 
wave 

dimensionless ratio form , such as T *= TIT, 
and w*= wlw., referenced to the initial 
values T" W, and w, 

ambient or outside condition 

properties of the enclosed sys tem 

Description 

conditions at the point of choking in isothermal 
pipe Row (where M=M**= l/Yk) 
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CHAPTER 1 

FUNDAMENTALS OF THERMODYNAMICS 

Thermodynamics encompasses a broad field and is pertinent to many facets of science; 
this presentation, however, is primarily concerned with the thermodynamic~ of gases. 

"Thermodynamics" is defined as "the science that treats the mechanical action or rela
tions of heat." According to this definition, thermodynamics deals with heat and those 
properties of a substance that bear a relation to heat. 

The study of thermodynamics is based on certain observed principles designated as the 
first and second laws of thermodynamics. A full understanding of these laws is basic to an 
understanding of thermodynamic fundamentals. These laws are presented in this chapter, 
preceded by definitions of the basic thermodynamic terms. A clear understantJ.ing of these 
terms is absolutely necessary for an understanding of subsequent material on this subject. 

DEFINITION OF TERMS 

Thermodynamic System 

For processes involving the transfer of energy from one location to another, it is necessary 
to define the boundaries of these locations. One of the locations is known as the system. 
The system is the portion of the universe to be examined; it may be arbitrarily selected to 
include any portion of the universe. 

This definition of a system permits a system as large or as small as the investigator 
desires. However, systems with sizes approaching the dimensions of the mean free path of 
the molecules of the substance call for special treatment and encompass the field of quantum 
mechanics. Since most engineering analyses are for the purpose of analyzing the gross 
behavior of a substance and not that of the individual molecules, the fiction of a continuous 
substance, or continua, is used throughout this text. The assumption of continua is valid 
as long as the system volume is sufficient to represent the actions of the substance and not 
the individual molecules which comprise the substance. 

As an illustration of a thermodynamic system, consider the classical example of a gas 
in a cylinder fitted with a frictionless piston. If an additional weight is placed on top of the 
piston, the gas will be further compressed, and the weight and piston will fall to a lower 
position in the cylinder. If the room containing the apparatus is arbitrarily defined as the 
system, there has been no transfer of energy between the system and the rest of the universe. 
However, if the gas contained in the cylinder is selected as the system, an exchange of energy 
has occurred. 
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There are two types of sys tems considered in the rmodynamics : the closed and open 
systems. The closed syste m is defin ed as a syste m that allows heat and work , but not mass, 
to cross the syste m boundary. The ope n sys te m is one in which work , heat , and mass may 
pass the sys tem bounda ry. 

As stated pre viously, the c hoice of the syste m i arbitrary. Howe ve r , the c hoice is an 
important one, s ince it may determin e whether or not a given proble m ca n be ade qu ately 
a nalyzed. 

Surroundings 

When the syste m boundary has been es tablished, the re mainder of the univer e is desig
nated a s the surroundings. 

Thermodynamic State 

A thermodynamic syste m always po sesses a de finite state . The state of the syste m is 
related to, or is de te rmined by, the properti es of the syste m. P roperties of a system may be 
grouped in two general ca tegories known as extens ive properties and intensive properti es. 
Extensive properti es are fun ctions of the a mount of ma teri al or matter within the sys te m, a nd 
intensive properti es are ind epende nt of the a mount of materi al in the sys te m. For exa mple, 
te mperature, pres ure, and specific volume are intensive properties, but total volume and 
total energy are exte nsive properti es. 

A stable syste m cannot be ass igned arbitrary values for an y number of inte ns ive proper· 
ti es . For example, a pure gas suc h as nitroge n cannot exi st at a ny te mperature, pressure, 
and specific volume in a table s ta te. Whe n the pressure and te mperature have been 
chosen, the pecific volume is no longer a free vari able; that is, it ha a de finite value de te r· 
mined by the pre ure a nd te mperature e lected . Gibb' ph ase rule e nables one to predi c t 
the numbe r of intens ive prope rties that mus t be specified in order to fix the state of a sys te m. 
The phase rule may be stated as 

P'+V' =G' + 2 

where P' is the numbe r of phases, V' the number of vari a nts (or the number of in tens ive 
va ri ables that mu st be specified before the state of a syste m is co mple tely fixed), a nd G' the 
number of compone nts. He nce, if the sys te m is a s ingle gas, the phase rule indicates that 
two intensive properties mu t be known to determine the state of the ystem. If two intens ive 
prope rties, suc h as pressure a nd te mperature, are s pecified , then a ll othe r inte ns ive prope rties 
a re invari a nt. As a nothe r illus tra tion of the phase rul e, tipul a te th at two phases of a s ingle
component syste m are in equilibrium , uc h as li quid water and water vapor. One intens ive 
prope rty, suc h as te mperature, is s uffi c ie nt to de termine all othe r intens ive properties and , 
the refore, de termine the sta te of the liquid·vapor syste m. 

Property and State 

Considering a given mass, a substa nce suc h as wate r may exi t in many sta tes. For 
each sta te there is a spec ifi c value for each prope rt y, one or more of which mu st c hange fo r a 

ha nge in state. Prope rti es are de pende nt on the sta te only a nd the reby are entire ly inde
pe nde nt of the process, or path , by whi ch the s tate was obtained. In fact , a prope rt y may be 
de fin ed as a ny qu a ntity that is de pende nt on the state onl y. 

4 
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FUNDAMENTALS OF THERMODYNAMICS 

Process 

When a change in the thermodynamic properties of a system occurs, the state of the 
system changes from some initial state to the final state. Between these two extremes, there 
in an infinite number of states through which the system passes. The path traced by these 
intermediate states is termed the "thermodynamic process." If a system passes from an 
initial state through a succession of processes and reaches a final state identical to the 
initial state, the system has undergone a thermodynamic cycle. 

Processes are often ctescribed by the fact that some thermodynamic property is held 
constant. Hence, an adiabatic process is one in which there is no heat transfer to or from 
the system. In practice, this process is approximated when the system is thermally isolated 
from the surroundings or when heat transfer is negligible because of a short time duration. 

The isothermal process is one in which the system temperature is constant. This 
process is approximated in long pipelines where fluid flow rates, heat-transfer area, and heat
transfer time are such as to maintain an essentially constant fluid temperature; that is, near 
that of the surroundings. 

The constant-volume process is a process occurring at constant system volume. An 
example of a constant-volume process is the heating or cooling of a gas in a storage bottle. 

The constant-pressure process is a process in which system pressure is invariant. An 
example of this is a process in which a gas is heated in a cylinder fitted with a frictionless 
piston which is permitted to slide freely against a constant force. 

There are two other process descriptions of a different nature from those above that 
need mention here: these are the quasi-static process and the reversible process. The quasi
static process is any process in which each state attained during the process is an equilibrium 
state. The reversible process may be defined as any process which can be carried to com
pletion, reversed, and carried in the opposite direction back to the initial state and leave no 
change in system or surroundings. It can be shown that for a process to be reversible, each 
state must be an equilibrium state. Hence, the reversible process is also quasi-static. 

Pure Substa nce 

A pure substance may be defined as any substance with an invariant chemical composi
tion. A substance such as water, therefore, is a pure substance, since the chemical com
position is the same if the water exists as a vapor, a liquid, or a solid, or any mixture of the 
three. On the other hand, a substance such as air is not a pure substance, since the chemical 
composition will vary in a mixture of the gaseous and liquid phases. However, gaseous air 
exhibits many of the characteristics of a pure substance, and when no phase change is in
volved it can be treated as such. 

As has been shown by the Gibbs' phase rule, two intensive properties are necessary to 
specify the suite of a single phase of a pure substance. In general, then, two intensive prop
erties, such as pressure and temperature, can be chosen as independent variables in terms 
of which the state and all other system properties can be defined. 

Pressure Sca le 

The pressure on a system is defined as the force acting on the system divided by the 
area over which the force is in effect. If the force is measured in the gravitational unit of 
pounds and the area in square inches, the units of pressure are pounds per square inch (psi). 

325- 994 0 -69-2 5 
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Fluid pressure is generally designated as pounds per square inch absolute (psia) or pounds 
per square inch gage (psig). Pressure in psig plus atmospheric pressure equals pressure 
in psia. 

Frequently, pressures are measured in terms of the height of a column of fluid under 
the influence of gravity. The pressure corresponding to the weight exerted by a column 
of fluid will be numerically equal to the product of the height and the weight density of 
the fluid in a standard Earth gravity field. More exactly , 

M>= (!) 'Y~z= 8' ~z 

Absolute pressure measurements are based on a zero reference point, the perfect 
vacuum. Measured from this reference, the standard atmospheric pressure at sea level 
is approximately 14.7 psi; however, local pressures may deviate from this standard value 
because of weather conditions and distance above sea level. Figure 1.1 shows graphically 
the relation of the various pressure terms. 

T 
Standard 

Atmospheric 

Pressu re 

14 .7 psi 

Gage 
Pressure 

psig 

t 
Local 

Atmospheric 
Pressure 

Abso I ute 
Pressure 

psio l 
Vacuum 

In. H 
(gager 

Absolute Zero Pressure, The Perfect Vacuum 

Figure 1.1. Diagram showing relation of pressure terms. 

Temperature Scale 

Vacuum 

In . Hg 

(absolute ) 

The temperature of a system is a much more difficult concept to define than pressure. 
Although pressure can be measured in definite units of force per unit area, temperature must 
be .measured indirectly through itD effect on the physical properties of a chosen material. 
Physically, temperature is an indication of the kinetic energy of molecules. It is sensed as 
the degree of hotness or coldness of a substance measured by arbitrary scales set up according 
to reference conditions. Probably the most frequently used device is based on the effect of 
temperature on the volume of a given quantity of liquid mercury. 
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T o esta bli sh a nume rical scale of te mperature by thi s method , it is first necessary to 
decide on th e inc rease in mercury volume (o r length of column if the cross-sectional area is 
cons tant), which is to be chosen equal to a unit rise in temperature , commonly called a degree . 
This is a n e ntirely arbitrary choice . The usual one is to consider the diffe re nce in le ngth 
of the me rcury column whe n the thermometer is placed in ice water and the n in boiling wate r, 
maintained at s ta nda rd atmos pheric pres ure, as equivale nt to 1000 C or 1800 F. Any other 
te mpe rature, in °C, is the n de fined by the following linear relation be tween the te mperature 

and the le ngth of the merc ury column: 

whe re 

T (OC) = 100 ( L - Lo ) 
LIIIII-LII 

L = le ngth of merc ury column at TO C 
LII = le ngth of me rc ury column at 00 C 
L 100 = le ngth of merc ury column at 1000 C 

Varia tions in phys ical prope rti es othe r than the expansion of liquid me rcury may be 
e mployed a a medium for measurin g the e ffects of te mperature. Among the properties 
tha t have been used a re the following: 

(1) Vapor pressure of liquid 
(2) Elec tri ca l resis tance of metal s 
(3) Elec tromotive force (e mf) produced as a result of a junction of two dissimilar metal s 

(thermocouple) 
(4) Volu me expan ion of gase 
T he va ria tion of the physical properties with temperature is not linear in all cases, 

although the te mpe ra ture scales are cons truc ted as linear s ubdivi sions be tween an y two 
re fe re nce te mperatures, such as the differe nce be twee n the freezing and boiling points of 
wate r. There fore, the rmomete r accuracy at any other point will vary de pending on the 
linearity of the physical properties used as the basi s of the thermome ter. 

He nce, it is a ppa rent tha t all the common me thods of measuring te mperature de pe nd 
on evalua ting the effec t of te mperature on the physical prope rti e of material s , and that the 
te mperature scale will vary with the phy ical property and the mate ri al used in the ther
mome te r. A scale which is inde pe nde nt of the prope rti es of the mate rials e mployed in the 
measurin g dev ices, that is, a the rmod ynami c or absolute scale, would be des irable . The 
second la w of the rm odynamics, whi ch is discussed late r, provides the basis for es tabli shing 
s uch a te mpe ra ture scale . The internation al te mpe rature scale, whic h has been found to be 
the c loses t a pproximat ion to the a bsolute or thermodyna mi c scale , is ba ed on the following 
mea uring devices: 

- 1900 to 6600 C - platinum resistance the rmomete r 
6600 to 10630 C - platinum-rhodium thermocouple 
Above 10630 C - optical pyrometer 

It has bee n found that the temperature scale necessary to reconcile the pressure -volume
te mperature (P-v-T ) relationship of a pe rfect gas is identical with the thermodyna mic te m
pera ture sca le; that is, the te mpe rature T in the pe rfect-gas equation of tate Pv=RT is 
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identical with the thermodynamic temperature. Although there is no truly perfect gas, 
many gases approach this behavior so that the gas thermometer may be used to approach 
closely the absolute thermodynamic temperature. In using the perfect-gas thermometer, 
the pressure and volume of a definite quantity of gas are measured. Then, according to the 
perfect-gas law, the product of these two quantities is directly proportional to the absolute 
temperature. 

Heat 

Another method of approach to the concept of temperature is to consider it as a potential 
for transferring energy, just as voltage is a potential for transferring energy by an electrical 
process. From experience, it is known that a hot body brought into contact with a cold body 
becomes cooler and the cold body warmer. This is a result of the transfer of heat between the 
two bodies. The rate of heat transfer depends on the temperature difference between the 
two bodies; when there is no difference in temperature, there is no transfer of energy. There
fore, "heat" can be defined as thermal energy transferred from one body to another as a 
result of a temperature difference. It is important to note that none of the energy stored in a 
body can be called heat. Only when there is a transfer of energy from one body to another 
does the term "heat" have any significance. Hence, heat is not a property of a body or sys
tem. The effect of the transfer of energy as heat to a system is commonly measured in terms 
of the change in properties of the system. 

Work 

In a general way, "work" may be defined as the product of a potential, or force , and an 
amplitude factor. If the force is mechanical and the amplitude factor is the distance through 
which the force operates, the result is mechanical work. 

Like heat, work is energy that is transferred from one body to another. However, in 
the case of work, the potential involved is a force, or pressure, instead of temperature. As 
an illustration, consider the compression of a gas in a cylinder by the movement of a piston. 
The compression is accomplished by the application of a force to the piston, and this results 
in a transfer of energy from the piston rod to the gas. The energy so transferred is work in the 
thermodynamic sense. Work is not a property of a system, but is frequently measured 
in terms of its effect on the system properties. In the compression process just discussed, 
at least a portion of the work becomes a part of the internal energy of the gas and changes 
the value of that property of the system. 

Since work results in a transfer of energy, it is associated with a source and an acceptor. 
Also, the work effects may take many forms, such as changes in potential energy, kinetic 
energy, and internal energy. 

The mechanical work accompanying the change in volume of a fluid is by far the most 
important type that occurs in engineering thermodynamics. Work may be expressed in 
differential form as 

dWk=F dx 

where F is the force and x is the distance through which the force acts. Since the pressure 
of the Auid is equal to the force divided by the area, the equation for work may be written 

dWk=P dV 
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where dV is the change in volume. This is the general expression for the work done as a 
result of a differential expansion or compression process. It is written in differential form 
because the pressure may vary as the volume changes. If there is no change in volume, 
there can be no expansion work. However, if there is no change in pressure, the work is 
simply the pressure times the change in volume. 

ZEROTH LAW OF THERMODYNAMICS 

Practical applications of thermometry hinge on the assumption that two bodies, respec
tively, equal in temperature to a third body must also be equal in temperature to each other. 
Fortunately, this assumption is amply verified by innumerable experiments. It is sometimes 
called the zeroth law of thermodynamics. 

FIRST LAW OF THERMODYNAMICS 

The first law of thermodynamics is a statement of the often-proved principle of conser
vation of energy. For a system of constant mass (the closed system) undergoing a cycle, 
the first law may be stated thus: The amount of work done on or by a system is equal to the 
amount of heat transferred to or from the system. Mathematically, this is expressed 

f 80=f 8Wk 

where 8 represents the differential form of a path-dependent function of which heat and work 
are examples. 

Regarding the above equation, the units generally used for the quantity OQ are Btu's 
while ft-Ibfs are generally used for the quantity 8Wk. Hence, for this equation to be dimen
sionally correct, it is necessary to introduce the quantity j , Joule's constant, which is the 
mechanical energy equivalent to thermal energy. 

J = 778.26 ft-Ibf/Btu 

Hence, the previous equation written in dimensionally correct units becomes 

f 80 =] f 8Wk (1.1) 

General Statement for the Closed System 

To extend the definition of the first law to a closed system undergoing a process as 
opposed to a cycle, consider two cycles consisting of processes A, B, and C. Cycle 1 consists 
of process A, which carries the system from state 1 to state 2, followed by process B, which 
completes the cycle along a different path (fig. 1.2). Cycle 2 consists of the same initial 
process A, but the process completing the cycle is along a third path C. 

For cycle 1 the first law may be written 

lo0=f2A oQ+ [IB 8Q= 1.1owk r IA J28 j r 
=jl. [2A OWk+_,l [IB 8Wk 

JIA • J 28 
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A 

State 1 B State 2 

c 

Fi~ure 1.2. Dia~l'am nr Iwn Iht'l'mndyn a mi(' (')t(' ies wil h a 
('om I1Hll1 pnH '('SS. 

r 2A 11 C 1 r 2A 1 ric 
J I.~ oQ+ 2C oQ=] JI .-I oWk+] Ju. oWk 

Since for the com mon process A, the integrals of 8Wk and 8Q are equ al, combining and 
rearranging the two equations yield 

f liJ 1 f l iJ f t(· 1 f IC 
oQ-- Wk= 00-- oWk 

111 J ~/I 2( ' J 2( ' 

and on integrating 

Since processes Band C are general processes, it may be concluded that th e quantity 
[zQI - (l1J) 2Wktl is independent of the path and is dependent on the state only. Hence, 
[2QI - (l1J 2W k l ] is a the rmodynamic property and is ca lled the total energy E. It follows 
that for the closed system undergoing a change of state, the firs t law may be written 

dE,,=oQ - G) oWk (1.2) 

Thi equation points out that for a clo ed ystem undergoi ng a chan ge of s tate, the net change 
in the total yste m energy is equal to the algebraic difference between the heat tran fe r and 
the work performed. 

It should be pointed out here that the convention used in this handbook regarding heat 
and work is to consider heat transferred to a sys te lJ1 as positive and heat transferred from a 
syste m a negative; on the other hand , work done by a system is positive and work done on a 
y tern is negative. 

General Statement for the Opon System 

The first law expression for the open sys tem (one which allows mass to pas through 
the system boundary) may be es tabli hed by con idering the system shown in fi gure 1.3. 

An amount of ma ,Win, ente rs the sys te m and the amount, Wout. leaves th e sys te m. 
Also, the sy tern receives an amount of heat , 8Q, and does the amount of work, 8Wk. For 
these conditions, the energy change of the system, designated E", is give n by 
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(1.3) 

where the symbols ein and eout refer to the specific energy of the mass entering and leaving 
the system, respectively. The P dV terms are flow-energy terms and will be explained here. 

nQ nWk 

dW. 
In 

r~t~-~t~ l 
1 1 
IdE (T I 

-----rl -- --+1-----
l-r-----.J 

L Sys te m Boundory 

Figure 1.3. Open system with heat transfer and work being done. 

Flow Energy 

The energy of a system is increased or decreased as the result of fluid crossing the bound
ary of the system_ Consider the system of figure 1.4. In order to move the mass of fluid, 
dW, through the pipe and past the system boundary, it is necessary to do an amount of work_ 

dWk= F dx = (S) A dx 

It follows that the work done in moving the mass dW past the system boundary is given also by 

dWk= P dV 

As a consequence, when the mass moves through the system boundary, the system's energy 
is altered by the amount P dV. Flow energy then is the energy transmitted to a system by 
virtue of mass crossing the system boundary. 

System Bo undary 

- -- - - - --------- - ---1 

----I~ I II I 
I II I 
L _...J L _ _ _ ________ _ ______ _ J 

Figure 1 .4. System energy is increased as a result of mass entering the system. 
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It is important to note that the flow energy depends on matter crossing the system 
boundary. Therefore, for a system which allows no matter to cross its boundary, the product 
P dr, although it may be calculated, does not represent an energy term for the system. 

Equation (1.3) is the general expression of the first law of thermodynamics for an open 
system undergoing a change of state. However, in its present form, the equation is not par
ticularly useful because of the ambiguity of the quantities Ecr and e. For this reason, it is 
desirable to find expressions for the component parts that make up the total quantities Ecr 
and e. 

In thermodynamic analysis of open systems it is most convenient to think of the quantity 
Ecr as being IT!ade up of three component parts: kinetic energy, KE; potential energy, PE; and 
internal energy, U. Mathematically, 

KE PE 
Ecr=j+T+ U 

Kinetic Energy 

Kinetic energy is energy a substance possesses as a result of the motion of the substance. 
An expression for kinetic energy may be obtained by equating it to the work done in changing 
the velocity of a mass, W. 

d(KE)=d(Wk)=F dx=(E ex dx 

= (E (~ (~~) dx 

=~VdV 

This expression may be integrated from zero velocity to obtain 

KE= WV
2 

2gc 

Potentia l Energy 

Potential energy is the energy a mass possesses as a result of elevation above some 
arbitrary datum elevation. An expression for potential energy may be obtained by equating 
it to the work required to raise w an incremental height dz against a gravitional acceleration, 
g, with no change in kinetic energy. 

d(PE) = dWk= (!) W dz 

This equation can be integrated from a value of z= 0 at the datum elevation to any height z 
above the datum to obtain 

PE=(!) Wz 

Interna l Energy 

At this point, all the energy terms generally considered in thermodynamic analysis have 
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been discussed except internal energy. This implies that internal energy can consist of all 
forms of energy within a system other than kinetic, potential, and flow energies. Internal 
energy may consist, then, of energy associated with the movement and position of gas mole
cules, chemical energy such as is present in a storage battery, energy present in a charged 
condenser, or a number of other forms. 

Internal energy is an extensive property of a fluid and is given the symbol U. In the 
absence of electrical, magnetic, and surface effects, the internal energy along with one other 
independent property will specify the state of a pure substance. 

Enthalpy 

This is an energy term defined as the sum of U and the product PV. 

PV H=U+
J 

Since int e rnal energy and the product PV are depende nt on the state only, it follow s 
that enthalpy is a state-dependent function and, therefore, is a thermodynamic property. 
Because enthalpy is a function of flow work, it represents a useful energy term for the open 
sys tem only. 

Working Equations 

Having defined all the components of the quantity Ea , it is possible to rewrite the first 
law in more useful terms. Considering the closed sys tem, the first law may be written 

cIE =oQ_oWk 
a J 

or 

dU+d (WV2)+Cg) W dz=oQ_OWk 
2g,.J \g,.j .J 

In terms of specific quantities 

W [du+d (2~~)+~~J)dz]=OQ_O~k 
or on integrating 

(1.4) 

For the open ystem the first law is written 

or, noting that 
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[dU dWoutVout2 (-g) dW ] 
- out + 2gcJ + \iJ outZout 

Rewriting in terms of specific quantities, noting that dV = v dW, 

Vin2 (-g) ] dW [ PoutVout + 2gcJ + \iJ Zin - out Uout + -j--

For a transient flow problem, this equation must be solved repeatedly for small time incre
ments. When the input and output weight-flow quantities are continuous flow processes 
with relatively constant specific energy, e, the energy equation can be written as a quasi
steady-state equation 

where 
. 8Q 

Q=dt" Wk=8Wk 
dt 

dW 
w=-

dt 

Note that since Win can be different from Wout , the mass of fluid, WeT, enclosed in the system 
can be a variable. 

If the flow rate and state of the fluid at any point in the system do not vary with time, and 
if the rate of heat transfer and work done do not vary with time, the flow is a steady flow, and 

and 
Wln= Wnut=W 
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Then 

since 
. 8Q 

and 
dW 

Q=dt w=--
dt 

Q= 8Q =Q' and 
Wk 8Wk wk -- -

w dW Jw JdW J 

The quantities Q' and wk are the heat added to the system and work done by the system per 
unit weight flow through the system. Substituting this and the definition of specific enthalpy, 
h=u+Pv/J, yields the steady-flow energy equation in terms of the specific or intensive 
properties 

, [ V
2 

g ] _ wk [ V2 g ] 
Q + h+ 2gJ+ gJ (Z) in -j+ h+ 2gJ+ gJ (Z) out (1.5) 

SECOND LAW OF THERMODYNAMICS 

Before considering the second law of thermodynamics, recall that the first law places 
no limitation on the efficiency of energy conversion or the direction in which a natural process 
will occur. The first law is said to be a denial of the possibility of creating a perpetual-motion 
machine of the first kind. That is, it is impossible to construct a device that will produce 
useful work with no energy input. Note that a process which consists only of the transfer 
of heat from a cold source to a hot sink is a valid process according to the first law. However, 
we know from observation that this process is not valid. For instance, a hot cup of coffee 
cools in the cooler environment; it never becomes warmer. This directional property of 
natural processes is the essence of the second law of thermodynamics. In a broader sense, 
the second law is a denial of the possibility of a perpetual-motion machine of the second kind. 
This is a machine which, when operating in a cycle, converts all the heat it receives into useful 
work. 

The basis for the second law was established by Sadi Carnot in 1824. Carnot, through 
the fiction of a reversible cycle, determined that no heat engine could operate with a thermal 
efficiency of 100 percent. Further, Carnot showed that the thermal efficiency of the reversible 
ideal heat engine operating in a cycle between given temperature limits was independent of 
the working fluid and was dependent only on the temperature limits between which the re
versible heat engine operated. 

This last statement concerning thermal efficiency is very important in the field of thermo
dynamics because it points out the possibility of the existence of a temperature scale that is 
independent of the working fluid. This simply means that a direct relation between tempera
ture and heat transferred may be proposed, and based on this relationship an absolute tem
perature scale may be established. 

Statement of the Second Law 

There are two classical statements of the second law: the Clausius statement and the 
Kelvin-Planck statement. 
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CLAUSI S STATEMENT 

It is impossible to construct a machine that, while operating in a cycle, will produce no 
effect other than the transfer of heat from a low-temperature body to a high-temperature body. 

KELVIN-PLANCK STATEMENT 

It is impossible to construct an engine that, while operating in a cycle, will absorb heat 
from a single reservoir and produce an equivalent amount of work. 

As a consequence of the second law, there are several statements that are most important 
to the application of thermodynamics. Since these statements are not altogether obvious 
from the statements of the second law, they are listed below: 

(1) The second law leads to a thermodynamic property- entropy - normally given the 
symbol S. More will be said about this property subsequently. 

(2) The thermal efficiency of a reversible heat engine is dependent only on the tempera
ture limits between which the reversible engine operates. 

(3) All reversible heat engines operating between the same temperature limits have the 
same thermal efficiency. 

(4) It is possible to construct a temperature scale independent of the working fluid. 
(5) It is impossible to construct a heat engine more efficient than a reversible heat engine. 
(6) Mathematically, the inequality of Clausiu is stated 

Physically this means that for any cycle the quantity 8Q/T is less than zero, and in the limit 
(the reversible process) it is equal to zero. The significance of this aspect of the second law 
becomes more apparent in this discussion of the thermodynamic property entropy. 

Entropy-A Thermodynamic Property 

In the previous discussion of the work done at the moving boundary of a system, it was 
found that the quantity 8Wk could be expressed as a function of the intensive thermodynamic 
property pressure and the extensive thermodynamic property volume. This relationship is 
expressed mathematically as 

The question arise as to the pos ibility of finding a similar relationship for the quantity 
8Q. To establish such a relationship, the most logical intensive property is the temperature T; 
however, there is, at this point, no extensive property to complete the pair. Therefore, it is 
necessary to introduce the quantity entropy. Entropy is an extensive thermodynamic 
property defined by the equation 

Since entropy is a thermodynamic property, it, together with one other system property, 
defines the state of a pure substance. 

The question now arises: What is the relation between the values of entropy at any 
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two arbitrary states? This poses two questions: What is the re ference from which e ntropy 
is mea ured? What effect does a change in state have on e ntropy? 

The answer to the first ques tion is, in part , the subject of the third Jaw of thermody
namics, which states th at the absolute value of the entropy of mo t substances approaches 
zero at absolute zero temperature. Absolute values of e ntropy have important usage in 
chem ical reactions. However, in the absence of such reactions, values measured relative 
to some conven ien t reference s tate are e ntirely adequate. It should be pointed out here 
that many tables of thermodynamic data li s t re lative rather than absolute values of entropy. 

The answer to the second ques tion posed lies in the inequality of Clausius and a con
sideration of the effect of heat transfer to o r from a ystem. 

According to the inequality of Clausius: 

If a reversible and an irreversible cycle have co mmon end states and the revers ible process 

Reversib le Process A 

Stote 1 ./ Stote 2 

Reversible Process C 

Irreversible Process B 

Fi~ .... (" 1.5. TWit Ihe rrllud ) ll <-lIlli (' (')(' Ies with a ('t lll1l1lClil 

rt:·v(·r~ihl(· I'ro ('(''s:-O. 

A is common to both cycles, the effect of irrevers ibility on entropy may be determined (fi g. 1.5). 
Referring to fi gure 1.5, it i possible to write fo r the reversible cycle, 

For the irrever ible c ycle , 

§ 80 _12"180 lie 80_ -- -+ --0 
T 1.1 T U' T 

-- -+ - < 0 f 8Q _1 tA 80 11 H 150 
T 1.1 T w T 

S ubtrac ting the e('ond equation from the first , 

-- - > 0 . JI" 80 JIB 80 
2( ' T 211 T 
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Since process C is reversible, 

JIC BQ =JIC dS 
2C T 2C 

Also, since entropy is a thermodynamic property, the change in entropy between any two 
states is the same regardless of the process. Therefore, 

dS> -J
IC fiB 8Q 

2C 21l T 
or 

This leads to the conclusion that the effect of irreversibility is to increase the entropy of a 
system. The effect of heat transfer on the entropy change of a system may be illustrated 
by considering the definition of entropy and recalling the fact that there are no negative values 
of absolute temperature. Hence, if heat is transferred from the system (negative), 

dS CT=- (8Q) < 0 
T rev 

or the system's entropy is decreased. On the other hand, if heat is transferred to the sys
tem, 6Q is positive and 

dSCT= (8Q) > 0 
T rev 

Note that there are two possibilities for a constant entropy (isentropic) process for a system. 
These are 

(1) A reversible process occurring in a system that is thermally i olated from the sur
roundings so that 6Q = 0 (the reversible adiabatic process); and 

(2) a process in which the rate of heat transfer from the system exactly off ets the entropy 
increase caused by irreversibilities. 

Although the proof is beyond the purpose of this handbook, it must be pointed out that when 
system and surroundings are considered together, the net change in entropy is always greater 
than zero. 

In closing the discussion, the following should be pointed out once again concerning the 
thermodynamic property, entropy: 

(1) The change in entropy may be thought of as a measure of the energy unavailable for 
useful work, or as a measure of the degree of irreversibility connected with a given process. 

(2) There are three ways of increasing a system's entropy: (a) transfer of mass to the 
sy tern, (b) transfer of heat to the sy tern, and (c) entropy production the result of irreversible 
work. 

(3) When the system and its surroundings are considered together, the net change in 
entropy i always positive. 

18 

l __ 



1--------------- ----

FU DAME TAL OF THERMODYNAMICS 

At this point the usefulness of entropy in quantitative analysis may not be apparent. How
ever, as will be shown in a later section, entropy is very useful in relating thermodynamic 
properties of pure substances. 

THERMODYNAMIC RELATIONS FOR A PURE SUBSTANCE 

In this ection, the origin of several u. eful relations between the thermodynamic proper
ties will be summarized. It has been shown that for a closed system with negligible changes 
in kinetic and potential energies, the first law of thermodynamic (eq. (1.4)) becomes 

dU= oQ- 8Wk 
J 

If the process under consideration is reversible, the previous definition for simple 
expansion or compression work and the equality definition of entropy may be substituted 
into this equation to obtain 

dU=TdS-
PdV 

J 

But since this equation is a function of properties only, it is true for any process (reversible 
or irreversible). lrrever ibilitie merely ca u e a discrepancy in the phy ical meaning of the 
independent terms, for example, the te rm T dS is not exactly the heat transferred, and 
P dV is not exactly the work done, unless the proce s is reve rsible. Considering each unit 
mass of a substance as a closed system, 

P dv 
du=Tds--

J 
(1.6) 

and this equation will be applicable for specific value of the related properties, regardless 
of the type of process or cycle considered, as long as changes in kinetic and potential energy 
are negligible. 

A similar expression for enthalpy may be derived by combining equation (1.6) with the 
differential form of theequation defining enthalpy , 

to outain 

dh=du+d(Pv) 
.I 

vdP 
dh=Tds+

J 
(1. 7) 

which is still a statement of the first law for a closed system. 
While the expression for internal energy and enthalpy is most often used in formulating 

engineering problems, two additional properties need to be defined in order to obtain relations 
necessary in certain thermodynamic analyses. These properties are the Helmholtz function 
and the Gibb function. 

The Helmholtz function is defined as 

A'=U-TS 
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or, in terms of specific quantities , 
a' = u-Ts 

By differentiating the above relation and combining it with equation (1.6), the re lation 

is obtained. 
Similarly, the Gibbs function 

or 

da,=_ Pdv_ s dT 
J 

C'= H - TS 

g'= h - Ts 

may be differentiated and combined with equation (1.7) to yield 

dg/ = v dP _ s dT 
J 

(1.8) 

(1.9) 

Equations (1.6) through (1.9) can be used to derive a useful set of four relations for pres
sure, volume , te mperature, and entropy known as the Maxwell relations . If a mathe matical 
expression of the form 

dZ =M d.x +N dy 

is an exact differential equation; then, by Green's theorem 

Equations (1.6) through (1.9) are of this form , and since the variables are all the rmody
namic properties having the characteri s ti c that any two will determine all others, the exactness 
criterion is met. Using this theorem, the following relations may be obtained: 

From equation (1.6): 

(1.10) 

From equation (1. 7): 

(1.11) 

From equation (L8): 

(1.12) 

From equation (1.9): 

(1.13) 
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Three other useful derivatives will be defined here for completeness, but the full signifi
cance and importance of these derivatives will be developed in succeeding chapters. These 
derivatives are: 

Joule-Thomson coefficient: 

(1.14) 

the constant-volume specific heat: 

(1.15) 

and the constant-pressure specific heat: 

(1.16) 

325- 994 0 -69- 3 
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CHAPTER 2 

PROPERTIES OF GASES 

Gas behavior may be expressed by two classes of parameters-the directly measurable 
properties such as pressure, volume, and temperature, and the thermodynamic properties 
such as internal energy, enthalpy, entropy, and free energy, which are not generally subject 
to direct measurement. This second group is useful in that it can be simply related to the 
heat and work effects that accompany actual thermodynamic processes. 

The problem of predicting certain gas properties from known gas properties has led to the 
development of many property relations or, as they are commonly called, equations of state. 
The simplest of all the relationships developed is the perfect-gas law. Use of this law is most 
valuable in engineering analysis, since it affords the simplest relation between gas properties. 
Unfortunately, the valid range of this law is somewhat limited, so that care must be exercised 
in its application. In general, high pressures and low temperatures or high temperatures 
which cause ionization or dissociation will result in significant deviations from the perfect-gas 
law, in which case a different approach should be used to relate gas properties. If, because 
of the simplicity of approach or the lack of sufficient data, an analysis based on the perfect-gas 
law is used at high pressures or temperatures, it is imperative that the credibility of such an 
analysis be plainly understood. 

When the state of a gas cannot be predicted by the perfect-gas equation of state, the gas 
must be treated as a real gas. There are several methods of predicting properties in the 
real-gas region. One method is the empirical equation of state, which is an equation for a 
curve fitted to experimental data. Another approach is the compressibility factor which ex
presses the deviation from perfect-gas behavior at a given set of conditions. 

PERFECT GAS 

A gas may be categorized as being perfect by different criteria. Thus, it is correct to 
speak of a mechanically perfect gas, a calorically perfect gas, and a thermally perfect gas. 
In each of these categories, certain restrictions are placed on the gas. Hence, to be classified 
as mechanically perfect, a gas must offer no resistance to shear. Therefore, the coefficient 
of viscosity is zero. More will be said regarding this subject in chapters 3 and 4. The 
calorically perfect gas is one which has invariant specific heats and, consequently, a fixed 
specific heat ratio. More regarding this subject will be discussed later in this chapter. 
The thermally perfect gas is categorically defined by the perfect-gas equation of state 

Pv=RT 
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In this handbook, the term "perfect gas" is reserved for a gas that is both thermally and 
calorically perfect. If reference is intended to any other criteria of perfectness, the terms 
"mechanically perfect," "calorically perfect," or "thermally perfect" will be used. 

Thermally Perfect Gas 

The equation of state for the thermally perfect gas is a combination of the original Boyle's 
law and Charles' law. Boyle's law, formulated by Robert Boyle in 1662, states that the volume 
of a given mass of a gas varies inversely as the pressure at constant temperature. 
Mathematically, 

- 1 v- P 

Charles' law states that the volume of a gas varies directly as the absolute temperature at 
constant pressure, hence 

Combining these two laws 
V- T 

- T v- P 

If two states of a constant mass of a gas are considered, the ratio yields 

VI TI/P I 
V2 = T2/P2 

or on rearranging terms 

PIVI P2V; 
--y:-=r.;-

It can be seen from this equation that the quantity (PV/T) is a constant for a gas regard
less of the state. Therefore, the above equation may be rewritten as 

PV =0 
T 

The constant 0 depends only on the gas and the units of P, V, and T. The value of 0 can be 
established as a function of the molecular weight of the particular gas and the mass of the gas 
enclosed in the volume by a consideration of Avogadro's law. 

Avogadro's law states that an equal number of molecules of any gas will be contained 
in a given volume at the same temperature and pressure. A convention has been established 
to relate the number of molecules to the occupied volume at an arbitrarily fixed standard 
temperature and pressure. The reference number of molecules is selected to be consistent 
with the atomic-weight scale where atomic oxygen is assigned the value of exactly 16.0. 
For convenience then, the reference quantity of gas is defined as that number of oxygen 
molecules (2 atoms per molecule) which together weigh exactly 32 units of weight in the 
particular system of units being used. This reference quantity of gas is called a mole and 
the actual quantity, or number of molecules, in a mole depends on the system of measurement 
(units). However, in any system of units, the number of conventional weight units in a mole 
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of any gas is exactly equal to (numerically) the molecular weight as obtained from the atomic
weight scale. For example, in the me tric system, I mole~ of oxygen weighs 32 grams, contains 
6.02 X 1023 molecules, and occupies 22.4 liters when maintained at the arbitrarily established 
standard temperature and pressure. It will be seen below that the standard temperature and 
pressure must be universal to produce consistency between differe nt sys te ms of units. 
These s tandard s have been establi shed as the freezing temperature of water and standard 
atmospheric pressure. 

In the English system, 1 mole'b of molec ular oxygen amounts 'to 32 ibm and contains a 
specific number of molecules. The exact volume occupied is not significant , since it depends 
on the particular selection of the reference temperature and pressure . The fact that the 
volume of a mole at some fixed te mperature and pressure is the same for any gas is very 
significant when factored into the re lationship obtained from Charles' and Boyle's laws. 
If VIII is the volume of I mole of gas at the reference te mpe rature and pressure, then for 
I mole of any gas 

(!:.T) VIII = 0 111 = R 
ref 

This special value of 0 111 = R is seen to be independent of th e gas, since v,,, is the same 
for all gases. The constant R is termed the universal gas consta!1t a nd for a ny gas that 
obeys Charles' and Boyle's laws 

PVIII= RT (2.1) 

and for N moles having a total volume, V = NVIII, the perfect-gas law becomes 

PV=NRT (2.2) 

The value of R for va rious sets of units is shown in table 2.1 
For engineering work, it is usually desirable to convert the molal specific volume te rm in 

equation (2.1) to more convenient units of volume per unit weight. This is equivalent to 
converting the units of weight (o r mass) of the term N from moles to the standard units of 
weight. As stated previously in the description of a mole , the numbe r of conventional weight 
units ·in a mole is numerically eq ual to the molecular we ight of the gas, regardless of the system 
of units. Then it follows that 

W=NMw (2.3) 

Note that this use of the molecular weight requires that it take on units of weight per mole. 
In the English system, it is called the pound molecular weight and has units of Ibm/mole lb' 
Equation (2.2) then becomes 

PV=W (R) T M", 
or P (:)=(:J T 

The quantity V/W is the specific volume per unit pound mass, v, and the quantity R/Mw 
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is the gas constant. The gas constant depends only on the molecular weight of the gas and 

is designated R. Mathematically, 

R 
R=

Mw (2.4) 

TABLE 2.1. -Systems of Consistent Units for the Perfect-Gas Equation of State Using the 
Universal Gas Constant R 

PV=NRT 

P V N R T 

Ibf/ft' ft3 mole!b 1545 
ft·lbf oR 

mole !b OR 

Btu mole !b 1.9857 
Btu oR 

mole!b oR 

Ibf/in2 ft 3 mole!b 10 729 [bf·ft 3 

. in2 mole!b oR 
oR 

atm cm3 mole. 82.0567 aim cm
3 

mole. "K 
oK 

mm Hg cm3 mole. 62.363 
mm Hg cm3 

"K 
mole. oK 

kg/m 2 m3 mole. 
kg m 

"K 0.847887 ----r-oK 
mo e~ 

calorie mole. 
cal 

1.9857 ~ oK 
mo eJ,: 

Substituting equation (2 .4) and the relation v= V/W yields the equation of state for a thermally 

perfect gas , 
Pv=RT (2.5) 

Values of the gas constant R in the English system of units for several gases are shown 

in table 2.2. 

Properties of the Perfect Gas 

Having established the defining equation of state for the thermally perfect gas, it is now 
possible to determine the relations between the different thermodynamic properties. 
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T ABLE 2.2. - Values of the Cas Constant R for Several Cases 

Ga 

Air. ..... ... ... ... ..... .... ..... .... ... ... ......... ... . 
Argon .. .. ... . . ..... .. . .. .. .. .. . . . ... .... .. . . ... . . . .. . . 
Helium ....... ...... ... ... ....... ..... ..... .. . .. .. .. .. 
Hydmgen .. .... ... ..... .. ...... . ..... .. .. ... .. . . 
M eth ane .. .... .. ... .. .. .. .. .. . ..... .. . .. . . .. ...... .. . 

itrogen ... .... .... ... .... .. ............ . ... . .. ... . .. 
Ox ygen ....... . . .. .. . .. ... .. .... . ... . ... ... . .. .. .... . . 

team ...... .. ... . ... .. . ...... .. . . ..... .... .. .. .. .. .. . 

53 .34 
38.66 

386.0 
766.0 
96.35 
55.15 
48.28 
85.76 

Internal Energy and Enthalpy 

The internal energy of a system is simply the sum of the energies of the ga molecules 
that comprise the system. Mathematicall y, 

N 

U(J= L EII/; 
;= 1 

where U(J is the internal energy of the system, EII/ i the energy per molecule , and N is the 
number of ga molecules in the sys tem. 

If the gas compri ing the sy tern is thermally perfect, it can be shown analytically that 
internal energy is a func tion of temperature only. This is accomplished by considering 
equation (1.6) which is the first law of thermodynamics for a closed system. 

Differentiating with respect to volume 

du=T ds- P dv 
} 

dU=T (ds)_f 
dv dv ) 

Holding T constant, this equation can be written in partial differential form as 

(
au) _ T (as) _f 
av.,. av.,. J 

From the Maxwell relation , equation (1.12), (as/av).,. may be expressed as 

1 (ap) (as) 7 aT ,.= av T 

[1.6) 
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Combining the preceding two equations yields 

(au) = T (ap) G1) _ f 
av T aT v J 

For the thermally perfect gas 
Pv=RT 

or in differential form with the specific volume, v, held constant 

v dP=R dT and 

Substituting R/v into the previous equation, it follows that for the thermally perfect gas 

or, since P=RT/v, 

(au) =0 
av T 

Using a similar analysis, it can be shown that all other partials of u with T held constant 
are zero. Hence, for the thermally perfect gas the internal energy is a function of temperature 

only, 
u=fJ (1') 

Having established the internal energy as a function of temperature onl), it is a simple 
matter to show that enthalpy is a function of temperature only. By definition, 

and for the perfect gas Pv= RT, hence 

Pv 
h=u+

J 

The fact that internal energy and enthalpy are functions of temperature only for a 
thermally perfect gas leads to the important conclusion that specifying any two of these 
properties is not sufficient to describe the state of a perfect gas. It is nec·essary, therefore, 
to use a combination of either u or hand P ; T and P, or other thermodynamic properties 
which are not a function of temperature alone. Graphically, this may be illu trated on a 
P-v diagram such as figure 2.l. 

Referring to figure 2.1, there are many possible process lines by which the temperature 
of the gas is changed from TJ to T2 • Each of these lines will result in a different end state; 
however, the value of U2 and h2 will be the same for all states at temperature T2. Hence, 
pairs of properties such as T and u, T and h, or u and h are not sufficient to specify the state. 
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p 

~ constan t 

v 

Figure 2.1. Lines of cons tan t temperature, 

enthalpy, and int ernal ene rgy on a pressure
volume diagram. 

It must be remembered that the previous discussion is for the perfect gases only. As 
will be pointed out in the discussion on real gases, the internal energy and enthalpy may vary 
with pressure, and combinations such as hand T, or u and T may be sufficient to specify the 
sta te of the gas. 

Specif ic Heats 

The constant-volume and constant-pressure specific heats of a pure substance are 
defined by equations (1.15) and (1.16) as 

[1.15] 

[1.16] 

It has been shown that internal energy and enthalpy of a thermally perfect gas are 
dependent on temperature only. It follows that the definition of the constant-volume specific 
heat and constant-pressure s pecific heat may be written for the perfect gas as total derivatives 
so that 

du 
cv = dT 

From the definition of enthalpy, 

or for the perfect gas, 

Hence, 

RT 
h=u+-

J 

and 

Pv 
h=u+

J 

and 
R dT dh=du+--

J 

R 
cp-cv = j (2.6) 
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This is an important rela tion hip concerning the perfec t gas beca use it s hows that c" 
and c/' have a common diffe rence, the gas constant. No te, however , that the pe rfect-gas law 
places no restrictions on the ab olute value of c" or C'" To de te rmine the absolute value of 
specific heat , an analy i based on kinetic theory is used a follows, 

For the monatomic gas, a fund amental kin eti c theory relationship is 

where Will is the rna s of 1 mole'b of the ga , and V is the average trans lational velocity of 
the molecules, and (KE)III is the molecul ar kine ti c ene rgy of a molelb of gas, For the perfect 
gas, using the thermal sy te rn o~ units, it may be writte n that 

Combining these equ ation 

then 

~VIII = (~1 = 1.98S7T = 2T 

~ fl) WIIIV2=2T 
3 \j 2g,. 

(KE)1II=3T) 

d(KE)1II = 3} dT 

Since the change in the translational kineti c energy of the monatomic molecul es represents 
the change in thermal energy or internaJ energy. 

or 
d(KE)m = ) d UIII = 3) dT 

dUm ' 
C/'II/= dT =3 

Btu 

Again , from the de finiti on of enthalpy a nd the perfect-gas law 

Hence, 

R dT 
dhlll=dulI/+-}-

=3 dT +2 dT 

=5 dT 

dh lll 
C"I11= dT =S 

Btu 

Then for a monatomic gas, the specific hea t ratio, k, is 

k= c" = C"III = ~= 1.667 
c,' Cr ill 3 
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Plot of the spec ific heat ratio versus te mpe rature show relatively good agreement 
with the kinetic theory prediction for monatomic gases in most instances. Figure 2.2 is a 
plot of specific heat ratio for gaseous helium between temperatures of - 2000 F and 3000 F, 
and pressu res between 14.7 and 6000 psia. 

Note that for the temperature range shown in figure 2.2, the lines are relatively flat. 
This indicates that the specific heat are not appreciably altered by temperature changes. 
Also, note that the spread caused by c hanging pressure is s mall. This reflects the fact that 
the perfect-ga equation for helium is relatively accurate in thi s region; hence, the thermal 
energies (internal energy and enthalpy) are only weakly dependent on pressure. 

1.67 i !-- '--; 

_1_ J:_"_' I-_+--_.t--_---+---=:=:==:-=:~-~:--_t_-__I0- ---_+-----I_- -_--..j..-_. _·-t--_·--tr---_-
I 

.]\ _ .. -j .-- - 14. ·7~S-i -o-I---+--+---+--+---- - --t--
-" 

1.66 
> 

u 

a. ~LI!I· :-·.~-1~1~~·1~1· ~---~-r--T-T--~--9-1-~··- ~··- r-··n--u 

0 

0 
0:: 

1.65 

1.64 

-200 -100 

900 psio 
, 

. 4,000 psio . -- -- -- _ 

I 6,000 psio -.-t-- - -- -- - ---I- ---- -.... ---

- --- -_ ... _- ._--- --- ---- r"':'" 

a 100 200 300 

T emperoture, 0 F. 

Figure 2.2. Specific heat ra tio vers us temperature for gaseous helium (_2000 to 3000 fl. 
[C(Jl/rI"sy ,do/lIP Irh il/lIl,1'f" C(IIp.] 

Unfortunately, at temperatures below - 2000 F the behavior of the specific heat ratio 
becomes more erratic. This may be attributed to significant deviations from the perfect-gas 
law caused by changes in intermolecular forces and changes in the volume occupied by the 
gas molecules. Figure 2.3 shows significant deviations in the pecific heat ratio as a result 
of both temperature and pressure changes. 

For polyatomic molecules , the foregoing kinetic theory evaluation is not valid. This is 
to be expected ince these molecule have e nergies associated with the rotational and vi
brational degrees of freedom which a monatomic molecule does not possess. 

Heat energy supplied to polyatomic molecules is used not only in increasi ng the kinetic 
energy of translation in the three directions, but also in increasing the energy of rotation and 
vibration of the atoms within the molecules. If the extra energy absorbed relative to the 
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translational energy is represented by X, and is independent of the process (constant volume 
or constant pressure), then the ratio of the specific heat will be 

> 
u 

-....... 
c.. 

u 

o 

'0 
a:: 

1.74 i 

'----

1 . 72 tt=-~_ ----+ 

1.71 

1.70 

-- -
• I't- - 1-',-~. 

1.66 14.7 psia 
+'--r-I-r- -

- -r---~ 

1.65 900 psia _ 

1.64 
-400 -350 -300 

Temperature, of . 

-250 

Figure 2 .3. Specific heat ratio versus temperature for gaseous helium (_400° to -200° Fl
[Courtesy oj Wh illaker Corp _] 

-200 

The ratio is less than 1.67, and with increasing complexity of the molecule, the value of X 
increases and the ratio k decreases but cannot become less than unity. 

In those regions of temperature and pressure where the perfect-gas law Pv = RT is not 
valid, it is necessary to resort to empirical equations or charts of experimentally determined 
values such as that shown in figure 2_2 or 2.3. 
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In regions of low pressure, where the perfect-gas law describes the state of the gas, but 
specific heats are variable as a func tion of temperature, empirical equations are often used 
in determining Cp. Several such equations are shown in table 2.3. 

If the specific heats are constan t over a given range of temperatures, then the equations 

dh=CI I dT and du= c,. dT 
can be integrated to yield 

and 

Since k= c/llc,. and C11 - c,.= R/J, it follows that 

and 

Hence, for a thermally perfect gas 

and 

kR 
C/I= J(k-1) 

R 
C,·= } (k-l) 

dh = [J(:~ 1)] dT 

du = G(k~ 1)) dT 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

TABLE 2.3. - Empirical Equations for Determining C pm for Several Gases 

Gas Btu Applicable Max p .... ("ellt 
e,lll/. 

mole'b-oR range _ oR error 

172 1530 
CI' ''' = 11.515- ...;r+r 540-5000 1.1 

0 1 172 1530 
C,"" = 11.515- 0+-

l' l' 

+ (0.05) 1' - 4000 
1000 

5000-9000 0.3 

., = 947 _(3.47) 103 (1. 16)10" 
~"" T + ~ 540-9000 1.7 

Ht 
(0.578) 20 

c,,,"=5.76 + 1000 T+...;r 540-4000 0.8 
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Entropy 

The equations relating entropy change of a perfect gas are derived from the two relations 
from chapter 1. 

P dv 
Tds=du+-}-

and 

T ds=dh- v dP 
} 

Considering equation (1.6) and introducing the perfect-gas relations 

du=c" dT and Pv=RT 
it is possible to obtain 

ds= (C,.) dJ + (}) d: 
For a thermally perfect gas 

R 
c,.= }(k-1) 

so that equation (2.13) may be written a 

[ R ] dT (R) dv 
ds= }(k-1) T+ } -;; 

If the specific heats are constant, the equation may be integrated to obtain 

[ R ] (T2) (R) (V2) 6.s= }(k-1) In T, + } In ~ 
Also, from equation (1.7) 

By ubstitution, equation (1. 7) may be written as 

d - [ kR ] dT (R) dP 
s- }(k-l) T- } P 

and integrated for the case of constant specific heats yields 

[ kR ] (r.,) (R) (P,,) 
6.s= }(k-1) In T~ - } In P~ 

Perfect-Gas Processes 
CONST T-VOLUME PROCESS 

[1.6] 

[1. 7] 

(2.13) 

(2.14a) 

(2.14b) 

(2.15) 

(2.16a) 

(2.16b) 

A constant volume change of s tate may be illustrated graphically on a temperature
versus-entropy diagram as shown in figure 2.4. 
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s 

Fil!ure 2.4. Constant·volume proce s on a 
T- s dia~ram. 

Since volume is constant, the work done in the change of state is zero as evidenced by 
the equation 

8wk= J P dv=O 

For the process, the first law for a closed system is 

dQ'=du+ owk 
] 

and since the work term is zero, the heat transfer is reflected by the change in internal energy 

dQ'=du 
or 

dQ' = Cv dT= [](k~ 1)J dT (2.17) 

Entropy change is found from equation (2.14a) by setting dv= 0; then 

[ R J dT 
ds= ](k-l) T and (2.18) 

CONSTANT-PRESSURE PROCESS 

This process is represented graphically on a temperature-entropy diagram as shown in 
figure 2.5. 

P Constant 2 

T 

s 

Fif!ure 2.5. Constant · pres5ure pro('ess on a 
T- s dia:,!ram . 

Since pressure is a constant, the reversible work done is given by 

(2.19) 
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Then for the closed system the first law is written as 

dQ' = Cv dT + P /v (2.20) 

Since P dv = R dT, it follows that 

dQ' = (cv +)) dT= Cp dT 

or 

(2.21) 

The entropy change is found from equation (2.16a), noting that in this case dP = 0; then 

[ 
kR ] dT 

ds= ](k-1) T and (2.22) 

ISOTHERMAL PROCESS 

The i othermal process is one which allows sufficient heat transfer to or from the system 
to maintain constant temperature. This process appears as a straight line on a temperature
versus-entropy diagram shown in figure 2.6. 

s 

Figure 2.6. Isoth ermal process on a T-s 
diagram. 

The reversible work term for the isothermal process may be evaluated by noting that at 
constant temperature 

hence, 

and finally, 

(2.23a) 

or, since Pv=RT, 

(2.23b) 

Also, since temperature is constant, 

du=cv dT=O 
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It follows that the heat transferred to maintain constant temperature in the closed system 
is equal to the work term 

(2.24) 

REVERSIBLE·ADIABATIC PROCESS 

The reversible-adiabatic process is an isentropic (constant e ntropy) process. On a 
temperature-versus-e ntropy diagram, this process plots as a straight vertical line as shown in 
figure 2.7. 

TI~ _1_: _ 
s 

Fil!ure 2.7. J5 t' 1I1 rol'i(' I'/"II('t'55 "II a T-s 
di a ~ra lll . 

Equation (1.6), the first law of the rmodyna mi cs for a pure s ubstance unde rgoin g a chan ge 
in state in a closed sys te m, may be writt en as 

P dv 
du+--=T ds=O 

} 

For an isentropic process and a thermally perfect gas, 

[ R] P dv 
} (k-I) dT+-}-=O 

Writing the perfect-gas equation of state in diffe rential form 

P dv+v dP=R dT 

and subs tituting for R dT in the previous equation yields 

1 (P dv + v dP) + P dv = 0 
ilk-I) i 

v dP+kP dv=O 

k (dvv)+d; =0 

If k is assumed constant , thi s equation may be integrated to obtain 

Pvk = constant 

325- 994 0 - 09- 4 

[1.6] 

(2 .25) 
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From the perfect-gas equation of state, it follows that 
k - I 

~:= (~:) k (2.26a) 

and 
I 

~: = ~:r- l (2 .26b) 

The external work done in this process is given by 

(2 .27) 

P OLYTROPI C PROCESS 

A polytropic process is a general irreversible process and one in which hea t is transferred 
to or from the system. This process requires only that its property changes be in accordance 
with the equation 

pV'~ cons tan t (2 .28a) 
or 

PU" = constant (2 .28b) 

where n is the constant polytropic exponent. Plotted on a graph of In P versus In V, the poly
tropic process is a straight line with slope - n as shown in figure 2.8. 

-n 

In P 

In v 

Figure 2.8 . Polytropic process line. 

For the perfect gas, Pv= RT, it follows that 
II - I 

~~= (~~) II (2.29) 

and 

(2.30) 
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For the closed system, the first law for this process is 

or on integrating 

dQ' =du+ P dv 
J 

f2 P dv 
JQ'2=U2- UJ+ --

J J 

Since Pv" = constant, it may be written that 

P PIVI" PtVt" =--=--
V1'l V" 

Substituting for P in the first law yields 

Finally, 

and 

Equations (2.31) can a l 0 be expressed as 

IQ't=RTJ (_1 __ 1 ) (1- T2) 
J n-1 k-1 TJ 

(2 .31a) 

(2.31b) 

(2.32) 

and convenient forms of (T2/T1 ) are available for suhstitution from equations (2.29) and 
(2.30). Equations (2.31) and (2.32) are the expressions for the heat transfer during a poly
tropic process. The reversible work done during thjs process is obtained only from the 
P dv term of the first law, yielding 

(2.33a) 
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(2 .33b) 

REAL GAS 

Equations of State 

The pe rfec t-gas equa tion of state predic ts the ideal P-v-T re la tionship of a ny gas over 
the full temperature and pressure range. It is an experimenta l fac t , however , that a t high 
pressures or te mperatures, or in regions near the po int of conde nsation to the liquid phase, 
variations from this ideal P-v-T rela tionship do occur. The magnitude of these deviations 
depends on the partic ular gas and valu es of the temperature a nd press ure. As pressure is 
increa ed from zero, the de via tion from the perfect-gas law increases. Also, the dev iation 
a t a given pressure will be less at highe r te mperatures, except whe n te mpe rature is so extre me 
as to cause ionization or dissociation. 

umerous equa tions of s ta te have been propo ed that will , a t leas t in part , compensate 
for the devia tion fro m perfect-ga behavior , a mong these are: 

(1) Van de r Waals' equation 

( p + ~) (vlII- b)= RT 
VIII 

whe re a and b are constants, c ha racteristic of the pa rtic ular gas. 
(2) Be rthelot 's equ ation 

( 
Pb ' alP) 

PVIII= RT 1 + RT - R2p 

whe re a' a nd b' a re consta nts. 
(3) Die teric i's equation 

P = (~) e; ;:': 
v", -b 

where a" a nd b" are consta nts. 
(4) Wohl' s equation 

RT 
P = b'll Vm-

whe re alii, bill , and C'll are cons tants. 
(5) Keyes' equation 

III III a c 
( bill) +3 VIII VIII- VIII 

p =~ __ e_ 
VIII - a (VIIIg) 2 

where S, k, e, a nd g are cons ta nts. 
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(6) Beattie-Bridgeman's equation 

p=R?, (1- AT3 ) [vm + B (1-Q.)] 
Vm Vm Vm 

-- I--E ( F) 
v;', Vm 

where A, B, D, E, and F are constants. 

In all these equations, v", refers to the molal specific volume. Their accuracy in correlat
ing experimental data depends, in general, on the number of constants that may be assigned 
specific values for each gas. The Beattie-Bridgeman equation of state with five such con
stants has been found to agree within a fraction of 1 percent with experimental data for a 
number of substances over a wide range of conditions. The Beattie-Bridgeman equation 
is complex, but it is exceedingly useful if the constants for the gas involved are known for 
the range of interest. B. F. Dodge's text, Chemical Engineering Thermodynamics, has a 
tabulation of Beattie-Bridgeman constants for a number of gases. 

The Van der Waals equation may be expected to give better results than the perfect-gas 
law. However, it has only two arbitrary constants and cannot be expected to duplicate 
experimental data exactly, and it may be seriously in error under certain severe conditions. 

The equations of Berthelot, Dieterici, W ohI, and Keyes generally are not as accurate 
as the Beattie-Bridgeman equation but, because of their simplicity and form, may be useful 
for specific types of calculations. 

If it is desired to fit experimental data with great accuracy over large pressure ranges, 
the following equation, known as the virial form of an equation of state, is recommended 
because of its flexibility: 

B r 8 
PV m=RT+-+ 2 + --~ 

Vm Vm v ,l1 

where the coefficient B, r, and 8 are temperature functions a follows: 

RC 
B=RTBo-Ao-

T2 

RBoC 
r= RTBob + aAo--y;2 

This virial equation is really a condensed summary of the data. It requires a different set 
of coefficients for each temperature and it becomes very cumbersome for practical application. 
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Thermodynamic Property Diagrams 

It is known from the phase rule that for a single-component system there are only two 
independent variables required to completely determine the state of the system. Therefore, 
it is not difficult to represent most of the thermodynamic properties of the single-component 
system by means of a table or a two-coordinate graph. Any graph or chart of thermodynamic 
properties is usually called a thermodynamic diagram. 

In plotting thermodynamic data, the choice of coordinates is arbitrary but is influenced 
by the manner in which the data are to be used. Some of the diagrams in use are enthalpy
entropy, enthalpy-pressure, enthalpy-specific volume, enthalpy-temperature, and tempera
ture-entropy. Diagrams of the enthalpy-entropy form are common and are known as Mollier 
diagrams. The Mollier enthalpy-entropy chart i especially useful for a rever ible adiabatic 
expansion or compression process (since the process is isentropic, it is very simple to follow 
the process as a vertical line on the chart), a con tant enthalpy process, and enthalpy differ
ence between states. 

Where there is more than one component involved, the portrayal of the data is more 
difficult. For a binary system there is a maximum of three degrees of freedom, thus requiring 
three coordinates. If more than two components are involved, a complete portrayal of the 
data is not fea ible. The Keenan-Keyes steam tables and the Keenan-Kaye gas tables are 
good examples of thermodynamic tables. 

The problems in constructing a thermodynamic diagram are determining the property 
values at some convenient reference state and defining the equations which govern the 
relation between these properties. To illustrate the extent of the problem, consider the 
development of the thermodynamic diagram shown in figure 2.9. The reference values of 
enthalpy and entropy used in the development of thi chart were 

h r =85.64 Btu/Ibm 

Sr= 0.6152 Btu/Ibm 

measured at atmospheric pres ure and - 320.4° F. 
The first step toward the construction of figure 2.9 was to determine the actual gas 

den ity, y, as a function of temperature and pressure. This was accomplished by using 
the real-gas equation of state 

where C" C2 , and C;l are temperature-dependent constants. 
Dividing the above equation of state through by y2 and rearranging yield 

Using the notation 
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The residual function A. can be evaluated by varying the temperature with selected values 
of y held constant and a curve of A. versus T can be plotted along lines of constant density. 

Defining Z, the compressibility factor, as the factor which accounts for real gas effects 
in the P-v-T relationships, the foregoing equation yields 

and 

Using figure 2.10 and the last two equations, it is possible to solve for the compressibility 
factor Z, and the pressure P at each value of y intersected by a constant-temperature line. 
With P, y, Z, and T known, it is possible to plot a compressibility chart such as that shown 
in figure 2.1l. 

The next step toward compiling the Mollier chart (fig. 2.9) is to determine the value of 

30 
0.20 
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0.30 0.40 0.50 0 .60 0.70 0.80 0.90 1.0 

Entr opy , Btu / lbfOF . 

Figure 2.9. MolHer diagram for nitrogen. [Courtesy of the Institute of Cas Technology. ] 
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the two properties enthalpy and entropy at the selected values of press ure a nd temperature, 
or density and temperature . The expression for enthalpy may be written a 

JT(ah) J i> (ah) hT.I'= hr + 1',. aT I ' dT+ 1' ,. aP T dP 

Since nitrogen is a pure substance, the enthalpy is de fined as 

dh = T ds + v dP 
J 

or, on diffe rentiating with respect to P with T held constant , 

(2 .34) 

The Maxwe ll re lation (eq. (1.13)) may be s ubs tituted into the precedin g equation to obtain 

( ah) - v_T (av ) 
aP T - aT I ' 

(2 .35) 

This equation and the definition of Cp , 

!2.36) 

may be combined with equation (2.34) to yield 

(2.37) 

S ince the equation of state employed is in term s of density rathe r than pressure, it will be 
advantageous to rearrange equation (2.37) as a func tion of de nsity. T o do this, the relation 
Pv= ZRT is writte n in diffe re ntial form with the te mpe rature held cons tant. Hence, 
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Figure 2.11. Compressibility factor for gaseous nitrogen. [Courtesy of the Institute of Gas Technology,] 
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and 

Jp ft. 
,,/"vT dP=RT(Z-I) - "r Pdv (2.38) 

ext, the thermodynamic relation 

substituted with equation (2,38) into equation (2,37) yields 

(2.39) 

Introducing the relations v = 1/"1 and dv = - dyfy2 , equation (2.39) becomes 

1,'1' RT G) fY [P T (ap) ] hr.I,=h/"+ cvdT+(Z-I)--- --2- dy 
T J U "12 "I aT y 'I' 

r 

(2.40) 

Using an analogous process , it may be shown that 

('I' 1 (Y [p (:~)Yl (R) (P) 
SY. r=Sr+ Jr cfJd (In T) +7 Ju y---:yz r dy - J In Z 

/" 

(2 .41) 

By using the compressibility chart (fig. 2.11) and equations (2.40) and (2.41), it is now po sible 
to construct the MolJier diagram shown in figure 2.9. The procedure is as follows: 

(1) Holding pressure constant, evaluate h from equation (2.40) and s from equation 
(2.41) at preselected values of temperature. Repeat for as many lines of constant pressure 
as required. 

(2) Plot the values of hand S along the constant-pressure lines. 
(3) Cross-plot lines of constant temperature on the constant-pressure lines. 

Law of Corresponding States 

There is yet another method of coping with real-gas deviation from perfect-gas behavior. 
This method is based on the law of corre ponding states. The deviation of the volume of 
real gases from that predicted by the perfect-gas law can be simply represe nted by plotting 
the ratio of the actual volume to that predicted by the perfect-gas law versus the pressure 
or, in other words, 

v Pv Z 'b'l' f RT= RT= = co mpress! I !ty actor 

P 

is plotted as the ordinate and pre sure a the absci sa, for lines of constant temperature. 
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The law of corresponding states provides an avenue for determining the compressibility 
factor, z, in a generalized form that is applicable to all gases. 

As previously stated, the extent of deviation from perfect·gas behavior increases as the 
region of condensation is approached. The law of corresponding states postulates that all 
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Figure 2.12. Compressibility factor for gases. [Courtesy of the American Society of Mechanical Engineers.] 
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gases have the same Prr-T behavior at the same reduced conditions. Hence, the behavior 
of all gases is correlated, not by using actual temperature and pressure but by using ratios 
of those values to the temperature and pressure at the critical point. In other words, the 
deviation of two gases may be very different at the same temperature and pressure , but may 
be the same if considered at the same temperature and pressure relative to the region of 
condensation. 

The critical temperature and pressure are used as characteristics of the region of con· 
densation. Thus the ratio T/Tc is commonly called the reduced temperature (Tr) and 
similarly PIPc is the reduced pressure (P r ). 

Figure 2.12 is an example of the type of compressibility factor charts commonly found in 
the literature; generally, lines of constant reduced temperature, Tr , are plotted with com
pressibility factor as ordinate and reduced pressure, P r, as abscissa. In order to use these 
charts to find the compressibility factor for any gas, it is necessary to know only the critical 
temperature and pressure. 

This method of correlating P-v-T data has been found to be of considerable value, 
especially in those cases where the available information is insufficient to evaluate the con
stants in an equation of state such as the Beattie-Bridgeman equation. The accuracy of the 
generalized charts depends on the type of gas and the pressure and temperature. Dodge 
has made a rather comprehensive comparison of the charts with actual data . His results 
indicate a maximum deviation of 15 percent and an average deviation of about 2 percent for 
263 individual cases covering a wide range of pressure and temperature and 18 different 
gases. Table 2.4, from Getman and Daniels, shows the value of the compressibility factor 
chart (frequently referred to as "Hougen and Watson chart"). 

TABLE 2.4.-Comparison o/Compressibility Factors 

Pv/RT for nitrogen at 1000 atm 

Temperature, OC Observed Ideal Van der Waals Berthelot Hougen and 
Watson chart 

0 . ... .. .. .... . ..... . .. . 2.0632 1.0000 2.426 0.731 2.10 
50 ... . . . ... . ......... . . 1.9285 1.0000 2.182 1.071 1.95 

Joule-Thomson Effect 

The unrestrained expansion of a gas is known as free expansion, and with no restraint, 
no useful work is done. Under flow conditions, free expansion is known as throttling, and 
the change in gas temperature is known as the louIe-Thomson effect. The louIe-Thomson 
effect has an important industrial application in the cooling and liquefaction of gases. It is 
the deviation from perfect-gas behavior that makes these applications possible. For an ideal 
gas, the enthalpy is independent of pressure; hence, no change in temperature occurs in 
free expansion for the flow or non flow case. However, for the real gas, significant changes 
in temperature may occur with free expansion. 

Consider the flow of a real gas through the orifice restriction of figure 2.13. For the 
system shown, there is no work crossing the system boundary, and it is reasonable to neglect 
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heat transfer. For this sys te m, the firs t law e ne rgy equation may be written in the form 

where the subscript 1 denotes upstream conditions and the subscript 2 de notes downstream 
conditions. 

~ 
System 

r 
I I 
I .. I 

I I 
I 

L I 

2 

Fi~ure 2.13. Cas fll)w jll ~ throU;lh an orjfj("t.> it) 
a pipe. 

As the gas flows through the restri c tion, there is a decrease in pressure a nd an increase 
In specific volume with a corresponding increase in kinetic energy; however, the increase 
in kinetic energy is often negligible . For a situation where cha nges in kin eti c energy are 
negligible, the throttling process may be considered isenthalpic . 

hi = h2 = constant 

It is for thi s process that the Joule-Thomson coe ffici ent is significant. 
The J oul e-Thomson experime nt consists essentially of an ad iabatic expansion of a gas 

through a line restriction. The expe riment shows that though the enthalpy is constant for 
the process, a cha nge in te mpe rature accompanies the expan ion. The te mpe rature chan ge 
is found to be equal to the change in pressure across the restric tion multiplied by the Joule
Thomson coefficien t, which is de fin ed by the equation 

The Joule-Thomson coeffi cient is the cha nge in temperature with respect to pressure during 
an isen thal pic process. 

Consider the expansion of a gas from point A to point B along the cons tant e nthalpy line 
of figure 2.14. The c hanges in temperature and pressure between points A and B may be 
related by the expression 

(2 .42) 

For a given pressure change along the constant e nthalpy line, the change in temperature 
will be positive or negative, depe nding on the sign of the slope M. The slope M of the line 
joining points A and B is the mean value of the Joule-Thomson coe ffi c ient between these 
points. 

Tu-T" 
l-timean)=M= p p ' 

u- .4 
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A B 

~ \p \T 

Pressure, psia 

Fi/!ure 2.14. Cons tan t t'nthalpy line ror a 

real ~as. 

If lines of constant enthalpy are plotted on a P - T diagram (fig. 2.15), it follows that the 
(aT/aP)" is the slope of the tangent to the constant enthalpy line. 

Observing the line of constant enthalpy, it is evident that the slope of the curve can be 
positive , negative, or zero. The points on the constant-enthalpy lines, where the slope equals 
zero, are the inversion points, and the curve joining the e points is the inversion curve. The 
physical significance of the inversion curve is that it shows that at a given pressure there 
exists a temperature above which it is impossible to have a positive Joule-Thomson coeffi cient. 
To illustrate, con ider the pressure P" of figure 2.15. If the temperature corres ponding to 
this pressure is lower than T" , it is poss ible to have a po itive value of /1-j, as at point b on 
curve 1. If the temperature is above T", it is impossible to have positive value of f../; , as 
is illustrated by point c on curve 3. This i to ay, T" is the maximum temperature the 

gas can have at the pressure P" and have a positive Joule-Thomson coefficient. 
The physical significance of the inversion curve is that positive Joule-Thomson coeffi

cients occur to the left of the curve and negative coefficients occur to the right of the curve. 
The inversion curve also shows the existence of a maximum inversion temperature for 

each gas. This temperature is represented by point d of figure 2.15 and is the temperature 
above which it is impossible to cool the gas by expansion. 
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CHAPTER 3 

FUNDAMENTALS OF INCOMPRESSIBLE FLOW 

The term "fluid" is applied to substances which, by the nature of their internal structure, 
offer comparatively little resistance to a change in form . Incompressible fluids, however, 
offer great resistance to volume change. 

No fluid is capable of any internal adjustment which will enable it to maintain equilibrium 
at rest while subjected to a shear stress. If a shearing force is applied to any fluid, the 
fluid will continue to move as long as the force is applied. There will invariably be some 
movement in which the velocity is proportional to the applied shear stress. Th{! relation 
between force and velocity depends on, among other things, that property of fluids known 
as viscosity. 

An ideal or perfect fluid is merely one which, for purposes of developing theory or 
making a mathematical demonstration, is conveniently assumed to be nonviscous or in
compre sible, or both. Such fluids do not exist, and theory based on such assumption is 
subject in its application to correction for the effect of these physical properties that have 
been neglected. 

In this chapter, only the flow of incompre sible fluids is considered. The effects of 
work, heat addition or removal, and change in sonic velocity are neglected. In an incom
pressible fluid , an increase in pressure will not cause a significant increase in density. The 
assumption that liquids are incompressible usually does not introduce an appreciable error. 
The assumption that gases are incompressible, for flows below a mach number of 0.2, intro
duces only very slight error. Beyond this point, gases should be treated as compressible 
fluids. 

MASS DENSITY AND SPECIFIC WEIGHT 

"Mass density" is defined as the mass of a substance per unit volume. Specific weight 
is the gravitational force per unit volume exerted by the mass subjected to a given acceleration 
due to gravity. In this text, units for density are slugs per cubic foot or pounds mass per 
cubic foot, and specific weight has units of pounds force per cubic foot. The relation between 
these quantities is determined from Newton's first law written in terms of gravity. 

Fwt=mg (3.1a) 

or 

(3.1b) 
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If both sides of equations (3 .1a) and (3.1b) are divided by the total volume P, it follows that 

Fpt=(~! =p=pg (3.2) 

In this system, gc must have the units of Ibm/slug or Ibm-ft/lbf-sec 2 • Using equation (3.2), 
the following definitions are 

Mass density = 
m 

slugs/ft3 or Ibf-sec 2/ft4 p=-= (3.3a) V 

Weight density = W Ibm/ft3 (3.3b) y=-=-
V 

Specific weight = ' F wt y =--=-
V 

Ibf/ft3 (3.3c) 

Rewriting equation (3.2) in terms of the above three definitions, the following relationships 
are obtained: 

(3.4a) 

and 

y'=pg=y(!) (3 .4b) 

VISCOSITY OF FLUIDS 

Viscosity is the property of a substance by which it offers resistance to shearing stresses. 
In a Newtonian fluid, the viscosity is in linear proportion to the ability of the fluid to resist 
such shearing stresses. 

All substances, both liquids and gases, have viscosity. Because of this, the property 
should be explained by one or more physical properties common to all fluids, such as molecu
lar activity. Because of molecular activity, there is a constant interchange of molecules 
and, therefore, of momentum between adjacent layers of the fluid. If adjacent layers are 
moving with different velocities, this constant interchange of momentum sets up a resistance 
to any relative motion of the two layers. As a result of this resistance, energy is transformed 
into heat; and to maintain the velocity, a steady force is required. 

The viscosity of a liquid decreases with an increase in temperature. The interchange 
of momentum is accelerated with an increase in temperature, but the viscosity of a liquid 
must be regarded as the combined effect of cohesion and interchange of momentum. Cohe
sion is the force with which like molecules of a substance attract each other. A change in 
temperature has opposite effects on cohesion and molecular activity, with the effect of 
cohesion being more pronounced so that as temperature is decreased, viscosity is increased 
in a liquid. Because of low cohesive forces in gases, viscosity of gases increases with 
temperature. 
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FUNDAMENTALS OF INCOMPRESSIBLE FLOW 

When a shearing force or stress is applied to elastic bodies, there is a definite deformation 
which is proportional to the force. A shearing force applied to a viscous fluid causes an 
unlimited and continuous deformation of the material. The rate at which the deformation 
takes place is proportional to the force. The rate of deformation or shear becomes a measure 
of the viscosity of the fluid. The behavior of a substance under the influence of shearing 
stresses is the criterion by which it may be classified as a fluid or solid. Any material 
in which a continuous deformation is caused by a shearing force, however small, is a fluid. 

In considering the effect of viscosity on fluid flow, it is necessary to introduce two funda· 
mental assumptions which become the basis for the theory of viscosity. These assumptions 
are: 

(1) There is no relative motion between a solid boundary and the layer of fluid in contact 
with it. 

(2) The shearing stress between layers of fluid, of infinitesimal thickness, is proportional 
to the rate of angular deformation of the fluid (Newtonian fluids). 

Consider two parallel plates (fig. 3.1); one fixed and one suspended on a layer of fluid. 
Mter applying a force F to the upper plate, the plate and the adjacent particles of fluid 
will acquire a steady velocity AV. 

t>.V 

b b' c c ' 
~~ ____ ~ ________ ,-____ ,-~~F 

Figure 3 . 1. Deformation resulting from shear. 

During some time interval, At, the fluid element, abed, will change to the shape ab' e' d. 
If the point b moves to b' in time At with a velocity AV, then the distance bb' is equal to 
AV At. The fluid particles along line ab are moved during time At to line ab', and the angular 
deformation can be expressed as 

A4> = tan A4> = Eli.. = AVAt 
ab ab 

The fluid at any position between the plates has a velocity proportional to the distance 
from the lower plate. If the deformation takes place in a time At, the time rate of angular 
deformation of line ab is 

A4> AV At AV AV 
W=-=---T"-=-

At ab At ab . Ay 

NOTE: ab=t1y . 

325-994 0 - 69- 5 
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In the limit, where the fluid layer is very thin (~y~ 0) , the rate of angular deformation 
becomes just the velocity gradient, 

dV 
w=-

dy 

where V is the velocity in the x direction and y is the displacement coordinate perpendicular 
to both the flow and the bounding surfaces of the layer. 

Then, for a Newtonian fluid the shear stress, T , at a given layer is , by definition , propor
tional to the rate of angular deformation or velocity gradient at that layer, so that 

(3.5) 

The term p. is the coefficient of proportionality and is called the absolute viscosity or coeffi
cient of absolute viscosity. 

In the English system of units, equation (3.5) requires that the units of viscosity be 
Ibf-sec/ft2 • 

An alternate form of expressing the viscosity of liquids is the kinematic viscosity, which 
is defined by the equation 

/I = 1:::= p.gc = p.' 
p y y (3.6) 

From equation (3.6) it follows that the units for kinematic viscosity in the English system 
are "ft2!sec. The use of kinematic viscosity is convenient in incompressible flow analyses 
(only), since it combines two fluid property constants into one. 

Figure 3.2 shows a plot of viscosity versus temperature for liquid oxygen. Similar charts 
are presented in the appendixes for several liquids and for gases at low pressures. For 
extremely high gas pressures, viscosity no longer varies with temperature alone; pressure 
effects on viscosity may be appreciable. Therefore, viscosity data based on temperature 
considerations only may lead to significant error when dealing with high-pressure gases. 
This subject will be considered in more detail in chapter 4. 

RELATION OF PRESSURE TO ELEVATION 

The effect of change in elevation can have a very significant effect on fluid-flow calcula
tions. The effect of elevation on pressure can be determined by considering the forces acting 
on a free body of the fluid. Consider a vertical fluid element of cross-sectional area A, such 
as shown arbitrarily as a right cylinder in figure 3.3. 

The only vertical forces acting on the free body are the forces F
" 

F2 and the weight, F wI' 

Summing forces in the vertical direction yields 

J..F=O 
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Since the end forces are simply the fluid pressure multiplied by the area over which the 
pressure is acting and the weight force F wt of the column is y'V or y'Az, the above relation 
reduces to 

or 

(3.7) 

This hows that the difference in pressures between two points separated by a vertical 
distance, z, is equal to the specific weight multiplied by the difference in elevation. ote 
that the specific weight term is proportional to density and can also vary with local gravity 
and other superimposed vertical accelerations that are summed up here as g. 

STEADY-FLOW STREAMLINES AND STREAM TUBES 

Steady Flow s 

The motion of a fluid is classified as steady, provided that at any point in the stream the 
velocity and all fluid properties remain invariant with time. This means that the conditions 
prevailing at a given fixed cross section of the flow (not moving with the stream) do not 
change with time. For a flow to be steady 

(I) The mass rate of flow into the system is constant and equal to the mass flow rate out 
of the system 

(2) The fluid is uniform in composition, state, and velocity at the entrance and exit of 
the system, and these do not vary with time 

(3) The state of the fluid found at any point within the system is the same at all times 
(4) The rate at which heat and work cross the boundary is constant. 

Streamlines a nd Stream Tubes 

In the usual case of steady flow, streamlines correspond with the paths of fluid particles. 
Also, the local direction of a streamline is the velocity direction of the particles as they pass 
the location. In this idealized concept, all particles entering the path described by a stream
line will follow that streamline throughout its length. Except for the ideal frictionless fluid, 
this type of flow corresponds only with a highly laminar and viscous movement of fluid 
which is moving 0 slowly that no eddies are formed. However, even in the turbulent 
high-speed flow of a real fluid, streamlines can be defined as lines drawn everywhere tangent 
to the local mean velocities. 

It is possible to consider a set of streamlines which form an imaginary. enclosure within 
the flow field defined as a stream tube, as illustrated by figure 3.4. Because of the definition 
of the streamline, no fluid crosses the streamline boundaries of the stream tube, and the flow 
behaves as though it were restrained within the stream tube, except for friction. The 
stream tube lends itself to very convenient application of the equations of continuity and 
momentum. 

CONTINUITY EQUATION 

Since, by definition, no fluid can enter or leave a stream tube across the walls, it is pos
sible to write an equation expressing the continuity of flow along a stream tube. Consider 
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Figure 3.4. The stream tube. 

the flow conditions at the arbitrary station where the flow cross-sectional area is A (fig. 3.4). 
The fluid passing through the cross section traverses a d istance, ds, in a time interval , dt. 
Therefore, the volume of fluid passing through the cross section in time dt is just A ds. The 
mas of fluid represented by A ds is yA ds, and th e mass flow rate per unit time is simply 

dW = yA ds= AV 
dt dT y 

since ds/dt= V, the nominal velocity of flow through A. 
If w represents mass flow per unit time, the law of conservation of mass requires that, 

for a steady flow, w in a stream tube be a constant, or 

(3.8) 

since there can be no accumulation between stations. 
In incompressible fluid flow , where pressure changes do not cause changes in density , 

the continuity equation can be written simp ly as 

~=AJVJ =A 2 V2 =AV=constant 
y 

(3.9) 

The result is that the velocity in a stream tube is inversely proportional to the local cross
sectional flow area. 

BERNOULLI EQUATION 

To obtain an equation for describing steady, constant-energy, frictionless flow, consider 
the differential length of the stream tube shown in figure 3.5. Flow is caused in this stream 
tube by the difference in pressure acting along the stream tube axis. 

If the axial forces on the stream tube are summed, it fo llows from Newton's second 
law , IF= ma, that 

PA + (p+ d;) (A + dA -A) - (A + dA) (P+ dP) - mgsin ()= ma 

eglecting all terms which are products of differentials, since they are vanishingly 

small in comparison to the other terms, yields 
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2 

Fi;:-ur'(' :l.S. Fon'('s iI(' ! ill:,! Oil a s tream-tube ('1('-

1l,, ' 1l1 ill ~lt'ad) fill", 

-A dP-mg s in 8-nw=0 

Making the following sub titutions 

a= dV =(dV) ds=~=~ [d(V2)] 
dt ds dt ds 2 ds 

and 

and simplifying yields 

A dPds+mgdz+ (;) d(V2) =0 

This is an energy re lation which states that in a frictionless system, work done by a force 
(in thi case, the force due to the differing pre sures on the stream tube element) is balanced 
by eq uival ent c hange in potential energy, mg dz, and kinetic energy, md (V2)/2, of the mass 
acted on, Dividing by mg yields 

Since mg= Wg/g(', it follows from the definition of specific volume that 

neglecting second-order differential, Therefore, substituting this relation into the flow 
relation yields 
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(3. 10) 

which integrate, a t constant specific volume , to 

P V2 

,+z+-2 = co ns tant 
y g 

ft (3.11a) 

'fhi is the familiar Bernoulli eq uation for s teady, fri c tionless in compres ible flow, in terms of 
fluid head. Multiplying through by ({!/{!(.) converts the te rms to e nergy quantities so that 

P G') V2 -+ : z+-2 = co ns tant 
Y (. {.{(. ft·lbf/lbm (3.] 16) 

MOMENTUM EQUATION 

ew ton ' econd law s tat e that the re ultant force appl ied to a free body can be f' quated 
to the ra te of change of mome ntum of th e body. Mathe mati ca ll y, 

IF = :1 (MV) (3.120) 

which can a lso be written as th e impulse- mome ntum principle. 

IF dl = d(MV ) (3.126) 

Thi s principle i often applied in the analys is of a wide vari e ty of fluid dynamics problems. 
For example , in th e more common case of a s teady flow in a continuous flow conduit , s uc h as 
in a tream tube (or more practically, in a conduit), the continuity equation can be s ubs tituted 
into the moment 11m te rm for an inc re me ntal quant it y of fluid, dill , pass in g any tat ion in th e 
s t ream. Then dill = Iii dl = pA V d/ . Also, for t he fix ed s tation, the ve locit y is a cons tant so 
that 

d (mV )= Vdm 

Tht'n the c han ge in mom e ntum that the in c re ment of fluid experiences be tween any two 
s tations in the s tream is 

~(mV) =( V dm)~-(V dm)1 

and the re ulting force that mus t be applied to the incre me nt of fluid between the s tations 
must be 

(3 .130 ) 

or 

Al 0, since th e cont inuit y equation holds throughout the le ngth of the s trea m tube or conduit, 
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the resultant accelerating and turning force can be evaluated in terms of the mass fl ow rate 
and the vector differe nce in velocity by 

(3.136) 

This method of determining resultant forces on nozzles , piping sys te ms, turbine blades, and 
so forth , o ffers the great advantage of evaluatin g only the inle t and outle t fl ow conditions 
and direction, rather than the integration of very complex pressure distributions wi thin the 
flow section of inte res t. 

REYNOLDS NUMBER 

The flow and heat-transfer be havior of fluid s can oft en be conve nie ntly described or 
categorized by dime nsionless parameters. One of the more widely used of these para meters 
is the Reynolds number , Re. The Re ynolds number can be rationally derived from dimen
sional analysi and has as its de finin g equation 

(3. 14a) 

F or the circ ular cross section, the le ngth dime nsion is the diam eter 0 that equation 
(3 .14a) becomes 

(3.146) 

The ph ys ical s ignificance of the Reynolds number is that it represents the ra tio of the 
inertial to the viscous forces acting in the fluid tream. This ratio , in turn , has a definit e 
e ffect on s uch factors as heat-tran sfer coe ffi cie nts and the coeffi cie nt of vi sco us fri c tion. It 
is also possible to de cribe types of fl ow in te rms of the Re ynolds numbe r. F or low Reynolds 
numbers the vi scous forces predominate, and the fl ow is termed " viscous fl ow," or " laminar 
flow. " The Reynolds number for laminar flow is generally 2000 or less. The up per limit 
for laminar fl ow, however , is subject to some extent to vibrational e ffects a nd pertu rbations 
in the fl ow tream . F or a steady, laminar fl ow in a horizontal circ ular pipe, the velocity pro
file is parabolic with a maximum velocity at the pipe centerline of 

v = (tlPI.)-.C. 
max L 4J.L 

and an average velocity of 

where tlPdL is the pressure drop per unit pipe length, and r is the pipe radiu s. Figure 3.6 
shows a typical velocity profile for laminar flow in a circular pipe. For Reynolds numbers 
of 4000 and above , the flow is governed primarily by inertial forces, and the velocity profile 
is no longer parabolic. The velocity profile has a tendency to become blunt and almost a 
straight line across the entire pipe cross section, as shown in figure 3.7. 
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Vmox 

Figure 3.6. Veloc ity distribution in laminar Row. 

Figure 3.7. Velocity distribution in turbulent Row. 

Between Reynolds numbers of 2000 and 4000, the flow is termed "transitional flow." 
In this region the flow can be either laminar or turbulent, or mixed. Above about 2100 
if the system is disturbed , or if there are any irregularities, the flow will change from laminar 
to turbulent. In general, when the Reynolds number is above 2000, the flow is considered 
turbulent to some degree. 

HYDRAU LIC RADIUS 

The major part of all piping in flow systems is of round cross section, but in some in
stances, this is not the case. Therefore, it is necessary to develop an equivalent diameter 
for these noncircular pipes. This equivalent diameter is primarily for use in computing the 
Reynolds number and is known as the hydraulic diameter. This hydraulic diameter of any 
cross section is defined as four times the hydraulic radius, defined in turn as 

R - cross-sectional area D 
h - wetted perimeter of cross section 4 

For a differential length of pipe, the wetted area is 

and it follows that 

dA w = (WP) dL 

Wp=dA w 

dL 

Substituting this value into equation (3.ISa) yields 

(3.1Sa) 
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Now, by definition, the hydraullc diameter, D, is 4R" so that 

D=4R,,=4A (~J (3.15b) 

flOW OF FLU IDS IN PIPES 

Fluid flowing in a pipe is constrained laterally by pressure forces at the walls, so that 
the net fluid motion in the lateral direction is always zero. Conversely, axial velocity of the 
fluid is controlled by axial forces on the fluid, the predominant ones being differential pressure, 
viscous friction at the wall, acceleration, and gravity forces. The Bernoulli equation was 
developed earller in this chapter to describe the steady-flow conditions in the ideal stream 
tube. The primary difference between stream-tube flow and practical pipe flow is the irre
versible losses of energy that occur in pipes due to friction. When the Bernoulli equation 
is applied to pipe flow, the loss in energy is reflected as a deviation from equation (3. 11 b). 
The summation of the energy terms is no longer a constant at all points in the pipe. Rather, 
the summation decreases progressively at points taken farther downstream. In the case 
of incompressible flow, the static pressure term is the only term that can reflect the change 
in total energy of the stream. 

The phenomenon can best be described by means of the Bernoulli equation, (3.11b), 
after multiplying through by the fluid weight density y. This multipllcation converts each 
term of the equation to units of pressure so that 

or 

P+gpz+ (~) pJ!2=PI Ibf/ft2 (3.16) 

Here PI is defined as the total pressure of the incompressible stream. Note that gpz is the 
pressure resulting from elevational head, z, above some datum plane. Its magnitude is 
dependent on the fluid density and the local acceleration resulting from gravity (plus any 
superimposed accelerations that are being experienced by the entire system). The term 
(t)pV2 i the dynamic pressure resulting from velocity. It was shown in the ca e of the 
ideal stream-tube flow that there can be interchanges between the three pressure terms, but 
the total pressure is a constant. In the case of pipe flow, the interchange between the 
different forms of pressure terms also occurs as flow area (and, therefore, velocity) and 
elevational head changes. However, the total of the terms diminishes persistently because 
of friction and turbulence losses, and the loss is always reflected as a reduction in static 
pressure, P. The interchange of pressures and the loss in total pressure may be better 
understood by study of a pressure diagram such as figure 3.8, drawn for a typical section 
in a pipeline. Certain features of the pressure diagram should be noted and compared to 
the governing Bernoulli equation, equation (3.16). 

(1) The elevation head pressure llne becomes zero at the point where the pipe centerline 
intersects the horizontal elevation datum plane. This line is straight only because the pipe 
centerline was drawn straight. 
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Horizontal Distance 

Figure 3.8. Pipeline section, flow with friction. 

(2) The dynamic pressure term is constant in the constant-flow area sections, Since 
continuity requires constant velocity for incompressible flow with constant area. 

(3) The total pressure loss is due to viscous friction alone in the constant-area sections. 
In the variable-area section, the loss is due to additional turbulence and possibly boundary
layer separation, as well as friction. In such a diffusing section, the total pressure loss and 
the static pressure recovery are greatly dependent on design. 

(4) It should be especially noted that even though there may be a significant loss in total 
pressure across a diffusing section (as shown) with a sudden expansion, there may be a net 
increase in static pressure due to the recovery of dynamic pressure. 

A reinspection of equation (3.16) shows that for the common case of steady incompressible 
fluid flow in a constant-area pipe, the dynamic pressure is constant. Then the loss in total 
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pressure between two points in the pipe can be expressed as 

Ptl - Pr2 =Pl + gpZ I-P2 - gpZ2 

Also, s ince the loss is due onl y to viscous fri ction, the elevation terms a re ins ignifi cant in 
an e valu ation of fri c tion losses. Therefore, the pipe can be ass um ed hori zo ntal fo r the pur
pose of thi s in vestigation and 

Thi s establishes that the loss in total press ure in s teady in co mpress ible Row in cons ta nt
area , horizo ntal pipes is jus t equal to the s tati c pressure loss. The s tati c pres ure losses 
can be determined as the product of the fri c tional le ngth parameterJ( L/D), a nd the dyna mi c 
press ure as follows. 

In the incompre s ible Row case, there can be no velocity change in the co ns tant-area 
pipe, and , the refore, no accelera tion. Thus, the stati c pressure forces on a Ruid ele me nt 
of le ngth dL can be equ ated directly to the viscous s hear forces at the pipe wall. The n 

PA - (P + dP )A =7" clA w 

clearing and s ubs tituting the express ion for shear s tress, 

th e rela tion between the two fri c tion facto rs, derived s ubsequently as equation (8.17) (ch. 8). 

and (equation 3.1Sb) 

yields 

- dP = (f~~1) dL (3. 17) 

Integratin g the pressure c hange over the pipe le ngth, L, yields the pres ure loss due to 
vi cous fri c tion. 

(3 .18) 

Equation (3 .18) is th e bas is for co mputing fri c tiona l pre ure losses for incompress ible Row 
in con ta nt-a rea pi pes. Thi theory a pplies well over a wide ra nge of Row co nditions; 
however , it will be seen later on that an accurate estimation of the fri ction factor involves 
a thorough e valuation of the pipe and the prevailing Row condition as de cribed by the 

Reynolds numbe r. 
For th e case of co mpletely lamin ar Row (Re < 2000 ), a n exact solution for the press ure 

loss can be obtain ed from the predictable ve locity di s tribution in the pipe . The res ult is 
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the Hagen-Poiseuille equation, written as 

(3.19) 

Substituting the definition of the Reynolds number Re = DV pi /k and rearranging yields the 
common form for computing flow pressure loss in pipes 

(3.20) 

FRICTION FACTOR 

Equation (3 .20) represents the loss in pressure because of viscous friction. In this 
equation the value of the friction factor is given by 

f=64 
Re 

Re < 2000 

which holds for viscous, or laminar, flow only. In turbulent flow, the above relation for f 
does not hold, and the friction factor must be determined in a manner so that equation (3.18) 
correctly yields the pressure loss. In turbulent flow,fis found to be a more complex function 
of the Reynolds number and certain characteristics of the wall roughness that are signified 
by (0, (0', and m. These symbols are defined: (0 is a measure of the size of the roughness pro
jections and has dimensions of a length; (0' is a measure of the arrangement of spacing of the 
roughness elements and also has dimensions of a length; m is a form factor depending on the 
shape of the individual roughness elements and is dimensionless. The term f, instead of 
being a simple constant, is a factor that depends on seven quantities, or 

f= f1 (V, D, p, /k , (0 , (0', m) 

Since f is a dimensionless factor, it must depend on the grouping of these quantities into 
dimensionless parameters. For smooth pipes (0 = (0 ' = m= 0, leavingf dependent on the first 
four quantities. They can be arranged in only one way to make them dimensionless; namely, 
VDpl/k, which is the Reynolds number. For rough pipes the (0 terms may be made dimension
less by dividing by D. Therefore, in general, 

L. F. Moody has constructed one of the most convenient charts for determining friction 
factors in clean, commercial pipe. This chart, presented in figure 3.9 and, to a larger scale, 
in chapter 14, is the basis for many flow calculations requiring the friction factor in all ranges 
of the Reynolds number. 

There is a less frequently used friction factor (shown in fig. 3.10) found in the literature. 
This factor is called the Stanton friction factor and is defined by the equation relating fluid 
shear stress 
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It will be shown in chapter 8 that the relation between the Moody and the Stanton 
friction factors is 

(3.21) 

where f is the Moody friction factor and f,. is the Stanton friction factor. For a more detailed 
discussion of the relation between these two fr iction factors, refer to chapter 8, "W orking 
Relations. " 

PRESSURE LOSSES IN PIPING SYSTEMS 
'. 

I 

There are numerous sources of pressure loss in piping systems in addition to that of 
fluid friction. As fluid flowing through a pipeline is caused to undergo a change in direction 
or velocity, a loss in pressure is experienced due to the turbulent conversion of energy to 
heat. The amount of this loss can, in some instances, be approximated by analytical calcula· 
tion, but in most cases it must be determined experimentally. 

Sudden Enlargement in Cross-Sectional Area 

The pressure drop caused by a sudden area increase can be fou nd by determining the 
forces acting on a system in the neighborhood of the area change. In figure 3.11 the pressure 
upstream of the area change is PI and that downstream is Pz. 

At section 1 just downstream of the area change, the pressure is still equal to PI due to 
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Figure 3.11. Sudden area increase. 

insufficient distance for significant pressure drop to occur. At this section the force acting 
to the right is equal to PIA2. Further downstream the pressure has dropped to P2, and at 
section 2 the force acting to the left is equal to PzA2. The total force acting on the section 
between 1 and 2, in the direction of flow, is given by 

Equating this force to the momentum change, using equation (3.13b) 

or 

Applying the Bernoulli equation from equation (3.16) between points 1 and 2 and solving for 
the loss in total pressure yield 

Now, substituting the value of (PI - P2 ) from the previous equation into the Bernoulli equation 
yields after combining and clearing 

( 
V2)2 tJ.Pu.= }- VI (tpVf) (3.22) 

The velocity ratio V2/VI can be expressed exactly as the area ratio A dA2 in incompressible 
flow and also as the diameter ratio (Dt/D2)2. With this substitution the expression for total 
pressure loss becomes the product of a geometrical factor and the dynamic pressure 

( AI)2 [(DI)2J2 tJ.PtI~ = } - A2 (tpV1) = }- D2 (tpVD (3.23) 

This is of the same general form as the pattern established by equation (3.18), the pipe 
frictional pressure-loss equation. The coefficient of the dynamic pressure term is generally 
defined as the total pressure-loss coefficient K/, so that for constant-area frictional pipes, 
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K,= f(L/D) and for sudden expansions, 

(3.24) 

The K, value for a sudden expansion as defined by equation (3.24) is plotted versus the 
ratio of upstream to downstrean pipe diameter in figure 3.12. Also shown in this figure is 
a plot for the sudden contraction in the flow stream. The data for the second curve , however, 
cannot be determined by analytical means , but were determined from experimental data. 
Note that the K/ factors plotted in figure 3.12 are always based on dynamic pressure in the 
smaller diameter pipe. This can be seen by observing that the defining equation for K/ 
(eq. 3.23) is based on the velocity, VI. If it is desired to convert the published K, factor so 
as to be used with the dynamic pressure in the larger diameter pipe , the new factor must be 
defined as 

!lPtI. = K" G p~) 
Then, by an analysis similar to the foregoing 

and 
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(3.25) 

(3.26) 
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Resistance of Bends 

The resistance of bends to the Row of an incompressible fluid can be attributed to three 
factors (loss mechanisms), 

The first of these three loss mechanisms is the frictional forces acting on the fluid over 
the length of the bend, as in the ca e of traight pipe frictional Row. 

The second loss is the re ult of a condition known as econdary Row. This is a rotating 
motion circulating at right angle to the pipe axis caused by the combined effect of pipe-wall 
friction and centrifugal force. 

The third loss i simply the excess los in the portion of pipe just downstream of the 
bend. This loss is the result of the increa ed turbulence induced by the bend. 

As in the ca e of friction 10 and sudden area changes, the total pressure loss in bends 
has been found empirically to vary proportionally with the local dynamic pressure, over the 
wide range of turbulent Row condition. Then 

f1PIf. = Klb (~pYl) 

where Kill is the overall bend loss factor for the three combined loss mechanisms discussed 
above. In the case of bends, it has been found convenient to consider the loss factor as an 
equivalent frictional length parameter, f(L/D). In this way the loss factor can be separated 
into two parts - that attributed to centerline length pipe friction and that attributed to the 
curvature (induced secondary Rowand downstream turbulence). Then, in terms of the 
friction factor and dimensionless lengths 

The length , Lb, is the centerline length of the bend, and f should be evaluated for the par
ticular pipe condition (e/ D) and Row condition (R e ), using the Moody diagram. The length 
Le is the equivalent additional length that hould be added to account for curvature losses. 
The value of Le depends on the radius of centerline curvature, and the empirical variation 
has been plotted no ndimensionally on figure 3.13 as bend resistance. The friction factor 
ftur that should be assigned to the bend equivalent length is that of complete turbulent Row 
(the horizontal part of the Moody diagram curve at high value of Re) at the pertinent pipe wall 
roughness factor, e/D. This is due to the observed fact that the bend resistance portion of 
the total bend loss is largely unaffected by changes in the Reynolds number. 

Figure 3.13 provides the necessary data for evaluating 90° bend losses and shows the 
breakdown of the two eparate composite loss factors, as well as the total. A large-scale 
plot for both continuous and miter bends is included in chapter 14. 

For continuous bends it has been found that the total resistance is less than that caused 
by a number of 90° bends, comprising the continuous bend. This is reasonable, since the 
loss in downstream tangent occurs only once in the continuous bend. However, reasonable 
accuracy and conservative results can be attained for continuous bends by considering the 
bend as being the sum of the required number of 90° bends. 
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Entrance and Exit Losses 

Losses due to pipe entrance and exit are the result of turbulence in the fluid stream 
caused by the entrance or exit configuration. Since there is no length involved with an 
entrance or exit , there is no effect caused by pipe roughness. Hence, for incompressible 
flows, relative size of entrance and exit does not affect the loss, and loss factors are dependent 
solely on the configuration of the entrance or exi t. 

Once again , the total pressure loss i fou nd to increase linearly with dynamic pressure 
in the pipe and is proportional to a configuration pressure-loss factor. Then 

where V is the velocity just downstream of an entrance or just ups tream of an exit. Values 
of K, for several configurations are shown below in figure 3.14, and more are included in 
chapter 14, "Viscosity of Fluids." The reader is reminded tha t the static pressure changes 
across an entrance or exit must be evaluated with a consideration of the changes in dynamic 
pressure, per equation (3.16). For example, the static pressure loss ac ross an entrance is 
the sum of the total pressure loss and the dynamic pressure inside the pipe entrance. Like
wise , the static pressure loss across an exit into a large reservoir is zero. 

Valves and Fittings 

The pressure loss caused by standard fittings and valves installed in a pipeline varies 
with the internal configuration of the component. Variation due to fluid temperature and 
pressure has been found to be slight , and variation with the Reynolds number in the turbulent 
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---... ~ Kt = 1.0 

Kt =0.78 

Projecting Pipe Sharp-Edged Pipe 

Figure 3.14. Resis ta nce because of pipe e ntrance and exit. [Courtesy of Crall e Co.; reo 
producedfrom Tech. Paper No. 410, Flow of Fluids.] 
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flow region is insignificant. However, in the laminar flow region the loss factor must be 
altered to account for an increased viscous effect. 

Pressure-loss factors of valves and fittings are generally given in terms of an empirical 
Kt or an equivalent pipe length, based on the inside diameter of the pipe for which the com
ponent is constructed. The method of determining K t consists of determining the loss 
across the component, measuring the velocity in the pipe adjoining the component, and 
solving for the equivalent K t or LID for the component from the equations 

or 

K - 6.PIL 
r- tp V2 

(L) 6.Pa, 
D e = f(tp V2) 

where f is the Moody friction factor read at high (fully turbulent) Reynolds number for the 
adjacent pipe. Table 3.1 shows various LID values found for several components by different 
investigators. Kt and other tables of LID values for various components are to be found 
in "Viscosity of Fluids." The variations in published LID and Kr values for given com
ponents reflect the wide differences that can occur in the design of valves in the same general 
category. 

The equivalent lengths shown in table 3.1 are based on the pipe size for which the 
component was designed. It has been shown by tests that the pressure-drop variations 
resulting from mating the component to different thicknesses of the same nominal pipe size 
are small within reasonable limits. However, for calculational purposes , if the pipe size is 
altered, the value of LID for the valve must also be altered. It follows that since pressure 
drop varies as the second power of the velocity , which varies as the second power of the 
diameter, the relation between the two LID values is 

(3.27) 

The relations between the several commonly used flow factors for components are 
derived and presented in chapter 10. The most important are, for incompressible flow, 
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TABLE 3.1.-Equivalent Lengths oJ Valves and Fittings 

Type component 

Angle valve convent ional 

Angle poppet unobstructed with stem 45° from line of 

AnFJe poppet with stem 60° from line of 

Angle poppet in 90° pipe 

Butterfly valve 6 in . and 

Gate valve 

Gate valve pulp stoc k. 

Globe valve 
Globe valve 
Bend 180° return d ose 
Bend 180° medium return 
Be nel flanged re turn composed of 2 90° 

Bend fl anged return Ion.'! 

Coc k 3·way flow s lra i ~hl 

Co<:k 3· wa y fl ow Ihrou~h 

Coupling reducing .. 

45' 

Squ are·edged 

Tee lI sed as elbow e nt ering 
Tee used as elbow entering 

Standard tee flow 

S tandard tee fl ow throu~h 

Standard screw lee flow 

Standard sc rew tee flow through 

Long radius scre w tee flow th rou~h 

Long radius screw Ice now 
Reducer bell 
CUUI)ling a nd 

' Crane Corp .. 1957. 
b Jennjng s. J958. 
' Dahle. 1958. 

- --- -- ~ 

d Ke nt . 1950. 

• Perry. 1959. 
I Society of Au tomotive Engineers . 1962. 
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Analysis of test data on the effect of end connections indicates there is little, if any, 
justification for assigning different resistance coefficients to a given valve or fitting with 
varying types of end connections. The difference between flanged, screwed, and welded 
ends, in this respect, has been found to be insignificant. The pressure drop resulting from 
unions, couplings, and Ranged joints is likewise insignificant in incompressible Row. 

Divergent Branches 

The loss in total pressure resulting from flow through divergent branches in piping sys
tems has been found experimentally to depend on the split in mass flow rate, the flow areas 
involved, and the branch angle. The empiri'cal total pressure-loss data are presented in 
figure 3.15, along with a sketch showing the system of locating the pressure points and 
branch angles. The total pressure loss is plotted versus the ratio of mass velocities for 
the two sections of interest, with the branch angle as a parameter. The angle of the third 
branch has insignificant effect. Then the total pressure loss between stations 1 and 2 of 
the divergent branch is 

G ) IK12 ~1)2 6.PtL= JK12 - pn =-- -
2gc')' I 

(3.28) 

Convergent Branches 

Convergent branches, as depicted in figure 3.16, are handled in similar fashion, except 
that the evaluation of Kt requires a computation using the approximate equation 

(G3) 2 (AI) ,(G.)2 [ (A2) 'J IKI3 = A + G
I 

- 2 A3 cos f3 - G~ 2 A3 cos 8 (3.29) 

Each of the variables or groups of variables is evaluated from the data of figure 3.16, and the 
total pressure loss is computed by 

(3.30) 

OVERALL lOSS FACTORS 

lines in Series 

If pipes of different sizes are connected in series as shown in figure 3.17, an overall 
total pressure-loss coefficient for the system can be derived. Adding the total pressure 
losses, resulting from both friction and area change, in the circuit yields 

Dividing through by the dynamic pressure term for the first section of pipe (!pVn and applying 

the continuity equation for incompressible flow yield 
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Then, in general terms, the ove rall coefficient for total pressure loss, based on the dynamic 
pressure in the first section of pipe, is 

(3.31) 
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Figure 3.16. Convergent branch - functions for computing loss coefficient. [Courtesy of the American Society of 
A utomotive Engineers.] 
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Figure 3.17. Lines in seri es. 

Here, s indicates the smaller of the two pipes at the sudden area change, and K/s is read 
from figure 3.12. Other types of fittings and valves can be included into the overall coefficient 
in the same manner, by including the diameter ratio factor when the device is of a different 
size than the reference size. 

Lines in Parallel 

In the case of series lines above, the loss in total pressure for the system was found to 
be the sum of the losses in the separate parts. In the case of parallel lines connected into 
common reservoirs on both ends as in figure 3.18, the loss in total pressure is equal in all the 
lines. Then 
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Figure 3.1S. Parallel lines_ 

Also, the total mass flow rate is the sum of the flow rates in each line so that 

W, = WI + W2 +. . . + WII + . . . 

It should be noted here that each of the parallel lines may be a complex series line having 
fittings, valves , and different·size pipes as discussed in "Pressure Loss in Piping Systems." 
If so, the individual K, factors mentioned here are the overall values for each series ljne K,o 
as may be obtained by means of equation (3.31). 

Proceeding, the individual mass flow rates can be expressed by means of the pressure
loss relationships above. Substituting and solving for mass flow rate in one line yield 

(3.32) 

so that the total mass flow rate w, is 
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The total flow rate can also be conveniently expressed as a ratio of the flow in some arbitrary 
reference line such as line 1. Then 

WI = 1 + (A2) (K,; + . .. +(AII) (K,; + . 
WI AI VI(;; AI VK;;, 

and for N pipes 

(3.33) 

Equation (3.32) can be written for line 1, substituted into equation (3.33), and solved for 
t1PII. as 

t1P _ (~) [ WI ]2 
II. - 2gcY A I f (DII)2 (K,; 

DI VK;;, 
I 

(3.34) 

It is also convenient to define an overall total pressure-loss coefficient in the usual terms, and 
involving quantities that are generally known. The most convenient form is 

(
1 1/2) K,o (WI)2 

MII.=Kro 2PYr =2gcY AI (3.35) 

where the fictitious total or overall veloci ty is defined as 

and AI is the total flow area of all the line . After combining and equating with equation 
(3.34), the overall loss factor is found in terms of only the piping system description as 

[ 
f (g:'y ]2 

K,o = Kn _---'-I --~--== ± (DII)2 Kn 
I DI KIll 

(3.36) 

where 

Then for a given total flow rate and the piping system description, the loss in total pressure 
(which is also the loss in static pressure between reservoirs in this case) can be computed 
usillg equations (3.35) and (3.36). Likewise, when the pressure loss is known, equation 
(3.35) can be solved explicitly for total mass flow rate. 

It should be noted that when all the parallel lines have identical values of D and K
" equation (3.36) predicts an overall loss factor equal to each of the individual loss factors. 
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CHAPTER 4 

INTRODUCTION TO COMPRESSIBLE FLOW 

Compressible flow is characterized by vanatlOn in fluid density along the flow path. 
In a compressible flow there are several parameters which are most convenient in relating 
fluid property changes along the flow path. These parameters are the speed of sound, 
the mach number, and the dimensionless flow parameter cPo In addition, the Reynolds 
number and viscosity are also used in compressible flows in characterizing flows and deter
mining frictional lengths of piping systems. 

Also involved in compressible flows are effects caused by high pressure_ As will be 
illustrated herein, high pressure causes variation in viscosity and hence Reynolds numbers 
as well as significant variation in pressure-drop-flow rate relations_ In this chapter, the 
fundamental concepts of compressible flow are illustrated, and also high-pressure effects 
on fluid flow are explained. 

CLASSIFICATION OF FLOWS 

In problems concerning fluid flow, the ratio of the flow velocity to the velocity of sound 
in the media is a most convenient parameter for classifying flow. This classification is 
necessary, since the characteristic equations which describe the fluid properties along the 
flow path vary according to the magnitude of the ratio 

M=~ 
c 

where M is a dimensionless ratio termed the mach number, V is the flow velocity, and c is 
the speed of sound in the fluid at the local flowi ng conditions. The several classifications 
of flow may be illustrated graphically by considering the first law energy equation in the 
form 

V2 
h + 2gcJ = ho = constant 

Using the perfect-gas relations 

dh= Cp dT, c= YkgcRT and 

it follows that 
c2 V2 c8 

(k-l) +2gcJ= (k-l) 

kR 
Cp= k-l 
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where Co is the maximum sonic velocity, which occurs at the stagnation (V=O) condition. 
The foregoing equation plots as an ellipse as shown in figure 4.1 and, when so plotted, the 
curve represents all the possible flow velocities attainable from V = 0 to V = V ma x. Also, 
since the mach number M varies in direct proportion to the velocity, this curve represents 
all mach numbers attainable from M = 0 to M = M max. 

Incompress i ble 

Subsonic 

c 

V c 

45" 

V 

Figure 4.1. Adiabatic steady· Row ellipse. 

Son ic Veloc ity 
M 1 

Hyperson ic 

As shown in the above figure, the different flow regimes are: 
(1) Incompressible flow. - In this region, flow velocity is small as compared to sonic 

velocity. This region is applicable for incompressible fluids and for compressible fluids 
when M::% 0.3. Note that V and c changes are small in the region. 

(2) Subsonic flow. - Flow velocities in this region are higher than those for incompressible 
flow, but the velocity ratio M is still small, varying between 0.3 ::% M = 1. Figure 4.1 shows 
that in this region changes in mach number are primarily caused by changes in velocity V, 
with changes in c being relatively small. 

(3) Transonic flow. - Flow in the immediate area where M = 1. Differences in V and c 
are small, and changes in M may be attributed to changes in both V and c. 

(4) Supersonic flow. - Flow at velocities greater than sonic, M > 1. In this region, sig
nificant changes in both c and V occur causing M variation. 

(5) Hypersonic flow. - Region of high mach flow. In this region, changes in V are rela
tively small compared to changes in c. Mach number changes are almost exclusively the 
result of changes in c. 

VELOCITY OF SOUND IN A FLUID 

The velocity of sound in a media is simply the velocity of propagation of a pressure dis
turbance through the media. Consider the system shown in figure 4.2 which shows a pipe 
filled with a fluid and fitted with a piston in one end. 
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2 

/ 
~ c 

1. 
------Pressure disturbance 

Figure 4.2. Pressure disturbance propagat ed by a sudden movement. 

If the piston is suddenly moved to the right an incremental dis tance dx , a press ure dis

turbance is created which propagates to the right with a velocity c. An equivalent arrange
ment is to consider the wavefront stationary and the gas flowing to the left with a velocity c, 
as shown in figure 4.3. 

( - \ 
System boundary 

)' , d y c ,dV 11i )' 
h , dh 4 4 c h 
P t dP P 

Z \ I -
- Wave front 

Figure 4.3. Fluid properties chan ge after Aowing through wave front. 

After passing through the wavefront, the gas properties have changed a differential 
amount , and the gas is flowing with a new velocity (c + dV). Writing the first law of thermo
dynamics for the system shown 

(h+dh) + (c+dV)2 
2gcJ 

or by rearranging terms and neglecting the higher order differential term (dV)2, 

For a steady flow , the continuity equation yields 

(y+dy)A(c+dV) =yAc 

or 
yc+y dV+c dy+ dV dy=yc 

neglecting the higher order differential term it follows that 

cdy+ydV=O 

(4.1) 

(4.2) 
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Substituting for dV in equation (4.1) yields 

(4.3) 

For the pure substance, the first law of thermodynamics of an open system is 

dh=Tds+ (~) ~ 

Substituting, equation (4.3) may be rewritten as 

T ds + [ (1.) dP] _ c2 

d-y = 0 
'Y J Jgc'Y 

Since the pressure disturbance is small, the process is nearly reversible, and since the time 
involved is very small, the process is nearly adiabatic. Hence, the entropy is essentially 
constant (that is, ds = 0), and the previous relationship reduces to 

or 

(4.4) 

Equation (4.4) is the expression for the velocity of sound in a pure substance. 
The value of the quantity (8P/8'Y)s can often be obtained with sufficient accuracy from 

an equation of state that relates the properties p and 'Y at constant entropy. The simplest 
equation relating these two properties is the perfect-gas equation of state. For a perfect gas 
undergoing an isentropic process 

(;k) = constant 

or, in logarithmic differential form 

Hence, 

and 

For the perfect gas, P/y=RT and 

c=YkgcRT (4.5) 

Equation (4.5) shows that the velocity of sound in a perfect gas is a function of tempera
ture and the specific heat ratio only and is not affected by pressure. 
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For the real gas the simple expression (eq. (4.5)) does not hold and may lead to serious 
error in calculating the velocity of sound. In regions of temperature and pressure where 
real-gas effects are appreciable, more difficult P-v-T relations must be used to determine 
the velocity of sound. As an example, consider the real-gas equation of state 

Z=~=l+B P+C P2+D p3 pRT P P P 

where Bp, Cp, and Dp are temperature-dependent constants. Using this equation of state, 
the following expression for velocity of sound is obtained: 

It is evident from the complex nature of this equation that a computer solution is neces
sary and that data must be tabulated or plotted before this equation will be useful for com
putations. Graphs of velocity of sound for various gases in the regions .where real-gas 
equations of state must be used are given in the appendixes. 

If charts for velocity of sound in a real gas are not available, it is possible to determine 
approximate values from a Mollier diagram, or other thermodynamic charts. The method 
consists of determining an exponent ks, which forces the relation 

Pvks = constant (4.6) 

to hold along a constant entropy path. The value of ks thus determined is then substituted 
into the equation 

Ca=v'k.gcZRT (4.7) 

The quantity ks is termed the isentropic exponent and is simply a number which forces 
the P-v relation of equation (4.6) to approximate accurately the local real-gas region for a 
small isentropic expansion or compression. It is not a thermodynamic property and should 
not be associated with the actual specific heats or the actual specific heat ratio for the real 
gas. 

Useful expressions for ks can be found by writing equation (4.6) in logarithmic form and 
differentiating to obtain 

Rearranging yields 

(4.8) 

v 
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From the definition of density, we have 
V=y-l 

and on differentiating 
dv=-y- 2 dy 

Substituting for v and dv in equation (4.8) yields an equ ivalent relationship in terms of density. 

(4.9) 

If ks is assumed to be constant over a short isentropic process between points 1 and 2, equa
tions (4.8) and (4.9) can be integrated to yield 

In (P2
) In (P2) 

k
s
= PI PI 

In (Y2) In (VI) 
YI V2 

(4.10) 

Good approximate values can be obtained from points read directly from expanded 
thermodynamic charts using equation (4.10) if the pressure change between points 1 and 2 
is small. 

It must be pointed out that the accuracy of this method in predicting velocity of sound 
is greatly dependent on the accuracy of the thermodynamic chart used and the care with 
which data points are extracted. 

The value of ks is more readily computed using equation (4.7) when the actual sonic 
velocity is known. A limited amount of actual sonic velocity data is presented in the 
appendixes. 

MACH NUMBER 

Flow characteristics in compressible flow have been found to vary as a function of the 
ratio of the velocity of stream flow to that of the velocity of sound. This ratio is termed 
the mach number and is defined by the equation 

M=~ 
c (4.11) 

where 
M = mach number 
V = flow velocity at a point in the flow stream 
c= speed of sound in the media measured at the fluid conditions existing at the point 

where V is measured 

Other convenient forms of the mach number may be derived by consideration of the 
continuity equation 

w=yAV (4.12a) 

Solving for velocity and substituting into equation (4.11) yield 

M= (~).! 
yA c 

(4.12b) 
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If the gas is perfect, 
c=VkgcRT and P=yRT 

Hence, equation (4.12b) can be written for the perfect gas as 

M=(~) (~) J¥! (4.12c) 

Since for circular pipe 

and P= (l44)P 

Equation (4.12c) may be written as 

M=O.2245 (;2) ~ It (4.12d) 

When the flow rate is known in terms of standard cubic feet per minute (SCFM), 

( 
SCFM) IT 

M=15.21 lOOOpD2 VIR (4.12e) 

If flow is measured in cubic feet per second, we have the relation V = q/A and the mach
number expression becomes 

For real gases, the mach number is determined from 

fl. W 

M= V =.i=~ 
C" Cll yc" 

(4.12f) 

(4.13a) 

Using the real-gas equation of state P = yZRT, the mach-number expression for a real gas 
becomes 

M=1:£ (ZRT).l 
A P Cll 

(4.13b) 

or when written for circular pipe and pressure in psia 

M=1.273 (W2) (ZR!:\ 
D pc" ) 

(4.13c) 

If the flow units are in SCFM, the mach-number expression becomes 

(
SCFM) ZT 

M = 86.4 1000 pD2ca 
(4.13d) 
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In equatinns (4.13), the actual peed of sound can be found from charts of spe d of sound for 
the gas, or in the absence of such charts, Co may be determined from equation (4.7). 

REYNOLDS NUMBER 

The Reynolds number for pipes was defined in chapter 3 by the equation 

[3. 14bJ 

To extend the discus ion in chapter 3 to com pre sible Auids. it i only necessary to establi h 
convenient relations for determining the Reynolds number. Starting with the continuity 
equation and solving for the velocity, 

v=l£. 
yA 

Substituting this relationship into the defining equation for the Reynolds number yields 

Rp=(~)Dp 
yA i-L 

Noting that for the usual case of circular pipes 

7TD2 

A=4 and 

the above relations reduce to 

R,. = (7T:J i-L~ 
and since 

Re becomes 

VISCOSITY 

p 1 -=-
y gc 

(4.14) 

Quantitative knowledge of viscosity is required in many engineering problems which 
involve heat-tran fer, mass-transfer, or pressure-loss relationships. In analysis of high
pressure gas systems, experimental viscosity data are often not available for the gas in the 
region of pressure and temperature under investigation. To fill this gap in the data, a gen
eralized method of estimating viscosity has been developed which is based on the critical 
viscosity of the gas. 

At low pressure, where the perfect-gas law is applicable, the viscosity of a gas i primarily 
dependent on temperature, and is little affected by pressure. However, as the pressure 
greatly increases, the viscosity increases, though not nearly in proportion. 

If the vi cosity of several gases is plotted in the low-pressure region versus reduced 
temperature, a family of curves results. If each curve is replotted as a reduced viscosity 
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(by dividing all data by the individual viscosities at the respective critical point of the gases), 
all data are reduced to a single curve. From this curve the low-pressure viscosity of any gas 
with known critical temperature may be determined if only the viscosity is known at the 
critical point. The same procedure can be repeated at a constant high value of reduced 
pressure, yielding a single curve showing the reduced viscosity of all gases. By this means, 
it is possible to combine the low-pressure generalized viscosity curve with similar dimension
less correlations for high pressures, thereby expressing high-pressure effects for all ga es 
on a single chart. Such a plot is shown in figure 4.4. Ail that is required to determine the 
viscosity from this fig:.lfe is a knowledge of the critical temperature, critical pressure, and 
the viscosity at the critical point for the particular gas. Figure 4.4 is reproduced to a large 
scale in chapter 15 along with the required critical pressure, temperature, and visco ity 
data. For convenience, viscosity data extracted from figure 4.4 on the five gases - air, 
nitrogen, helium, hydrogen, and oxygen - are plotted in the applicable appendix. 

HIGH-PRESSURE EFFECTS ON FLOW 

The effects of high pressure on flow can best be understood by comparing these effects 
to an analysis based on a perfect gas. To facilitate such a comparison, it is convenient to 
utilize a lightly modified form of the dimensionless parameter, mach number. This param
eter is given the symbol cf> and is found for the perfect gas by multiplying both sides of equa
tion (4.12b) by the square root of the specific heat ratio to ob tain 

(4.15) 

This form is convenient since cf> can be determined from readily measurable ga properties, 
and independently of k and its variations. Also, it is shown in chapters 5 and 8 that this 
parameter can be simply related to (A2/A I) and the frictional length, f(L/D) , respectively, 
and the ratio of downstream to upstream pressure, r. The relation between the three 
quantities cf>, A2/A I or f(L/D) , and r can then be plotted for discrete values of k. 

The effect of high pressure on the flow parameter cf> is limited , therefore, to the deviation 
in gas density in the high-pressure region from that predicted by the perfect-gas law. A 
correction for density can be made by using the modified perfect-gas expression 

P 
Y=ZRT 

in the development of equation (4.12b). Combining this with the real-gas equation (4.7) 
yields 

cf> = (M) Vk; = (~) (~) )Z;T (4.16) 

As can be een by examining the right side of equations (4.15) and (4.16), the only dif
ference between the two is the compressibility factor Z, appearing in the numerator of 
equation (4.16). Hence, any value of Z > 1 will cause the actual cf> value to be greater than 
the perfect-gas value. As can be seen from figures 8.11 through 8.28 (ch. 8), increases in 
cf> are accompanied by decreases in the pressure ratio r and increases in pressure loss. 
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Figure 4.4. Generalized viscos it y diagram. [R eprin ted from National Petroleum News, copyri{d,( 
McGraw- Hili. Inc. , 1967. ] 
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INTRODUCTION TO COMPRESSIBLE FLOW 

Note, however, that the cf> chart for the correct k or ks value must be used to determine the 
proper pressure ratio for a given cf>. It can be seen further from figures 8.11 through 8.28 
that increases in k or ks that usually accompany increases in Z have an opposite and more 
pronounced effect on the pressure ratio. Therefore, the end result of high-pressure effects 
on high-speed compressible flow is a lesser pressure drop (greater pressure ratio) for a given 
mass flow rate. 
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CHAPTER 5 

ADIABATIC AND ISENTROPIC FLOWS 

It is often convenient and realistic in dealing with compressible flow problems to assume 
the flow to be isentropic and one dimensional. In this chapter, the conditions necessary 
for the proper application of this type of analysis will be discussed, and the governing relations 
for adiabatic and isentropic flow of both real and perfect gases will be derived. The usual 
practice of referring to a reversible adiabatic flow as isentropic will be followed. It should 
be noted that the analysis developed here is generally applicable only to adiabatic and isen
tropic flows, and is not applicable to any other process. 

By assuming an isentropic process, it is also assumed that heat transfer to the fluid 
is negligible (adiabatic), and there are no irreversibilities caused by friction or turbulence. 
The assumption of one-dimensional flow implies that fluid velocity and properties are constant 
across any cross section in the pipe. 

Adiabatic flow can be assumed when there is a negligible change in the stagnation 
enthalpy of the fluid during the process. This assumption is usually made when the flow 
path is short relative to the flow velocity or when the pipe-wall temperature is approximately 
equal to the gas temperature. 

The assumption that the flow is reversible can be made only in the absence of shock 
waves and when there is a negligible amount of irreversible pressure loss resulting from 
friction or turbulence. This assumption requires that the flow passage be relatively short 
and smooth, and that there is no abrupt change in cross-sectional shape which will cause flow 
separation and turbulence. Because of boundary-layer characteristics, more abrupt changes 
in cross section can be tolerated in nozzles than in diffusers. For this reason, subsonic 
convergent nozzles may have rather sudden reductions in area without flow separation, while 
subsonic diffusers must be limited to small rates of area increase to prevent flow separation 
and turbulence and stagnation pressure loss. 

The assumption of one-dimensional flow can be made when the rate of change of fluid 
properties normal to the stream direction is negligible compared with the rate of change in 
the flow direction. In the limit, when an infinitesimal stream tube is considered, the flow is 
exactly one dimensional. However, since it is known that the fluid properties do vary over 
the pipe cross section, certain average properties will be considered in making the one
dimensional flow assumption. The resulting error will be small if 

(1) The change in flow area is gradual with respect to distance along the pipe axis 
(2) The radius of curvature of the pipe is large relative to the diameter 

Preceding Page Blank 
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(3) The velocity and temperature profile shapes are relatively unchanged from section 
to section along the axis of the pipe 

GENERAL FEATURES OF ISENTROPIC FLOW 

In investigating isentropic flow it is useful to define certain reference properties that are 
constant throughout the flow. The most useful of these reference properties are the 
stagnation properties. 

The stagnation properties are defined as the fluid properties that would be observed 
if the fluid were brought to rest in a reversible adiabatic process. Using this definition, 
the following governing physical equations may be written for a control volume extending 
between the stagnation section and any other section in the pipe as shown in figure 5.1. 

Figure 5.1. Control surface between the stagna· 
tion section and any othe r section. 

The steady-flow energy equation for an adiabatic process with no work and no change in 
elevation of the fluid is 

V2 

ho = 2gcJ + h = constant (5.1) 

The second law of thermodynamics for a reversible adiabatic process is 

So = S = constant (5.2) 

The continuity equation for steady flow is 

(5.3) 

The equation of state for the given gas may be expressed in the form of charts, tables, 
or algebraic equations. In general, any property can be defined by any other two inde
pendent properties for a pure substance. For example, 

h=h(s, P) 
(5.4) 

p= p(s, P) 
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The definition of mach number is 
v V 

M = 7;= (ap)112 
ap s 

(5.5) 

These equations define the conditions along an isentropic line as illustrated in figure 5.2. 

h 

lines of Constant 
Pressure 

s 

Figure 5.2. I sentropic process on a Mollier chart. 

With a knowledge of two thermodynamic properties and the velocity at any point on this 
process line, the conditions at all other points may be computed from equations (5.1) through 
(5.5). For example, if in addition to the velocity the temperature and pressure are known, 
then the other properties (p, s, h) can be determined from the equations of state, and the 
stagnation enthalpy, weight flow, and mach number can be determined from equations (5.1), 
(5.3), and (5.5). Stagnation conditions other than the enthalpy can be determined from 
equations (5.4), since two properties are known, ho and so. The flow condition at any other 
point in the flow can be related to the stagnation conditions in the same manner, and the 
properties along the isentropic line can be found to vary as shown in figure 5.3. The value 

~( ~o) critical 

P 
OL---------------~~------------L-~~ 

Figure 5.3. Typical trends in flow properties with isen
tropic flow. 
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of the pressure ratio that corresponds to the maximum weight flow per unit area is called the 
critical pressure ratio. It will be shown later that, although all states shown in figure 5.3 are 
thermodynamically possible, a certain pipe shape and flow area change are required to reach 
the described flow conditions. 

The effect of area change on isentropic flow can be investigated by using the differential 
form of Euler's equation for a frictionless flow, neglecting changes in elevation 

-dP=pV dV (5.6) 

and the logarithmic differential form of the continuity equation for a constant-mass flow rate, 

(5.7) 

to obtain 

Since an isentropic process is being considered, it may be written that 

dP = (ap) =C2 

dp ap s 

so that 

(5 .8) 

Now, the results of area change may be noted by analyzing the effect of equations (5.6) 
and (5.8). Equation (5.6) requires that the pressure always decreases in an accelerating flow 
and increases in a decelerating flow. This may be stated as dP/dV < 0, indicating that the 
differentials of P and V are always opposite in sign. Using this result in conjunction with 
equation (5.8), the following conclusions can be reached: 

(1) For subsonic flow (M < 1), dA/dP > 0; dA/dV < 0 
(2) For supersonic flow (M> 1), dA/dP < 0; dA/dV> 0 
(3) For sonic speeds (M= 1), dA/dP=O; dA/dV= 0 

The flow conditions described by (1) and (2) above are shown schematically in figure 5.4. 
Condition (3) indicates that the area is at a minimum when the mach number is unity for a 
constant-weight flow rate in a one-dimensional isentropic flow. 

It can be concluded from the effect of area variations on the flow conditions investigated 
that to accelerate a fluid from subsonic to supersonic velocities requires a passage that 
converges for M < 1, reaches a minimum area at M = 1, and diverges for M> 1. 

ADIABATIC FLOW 

Before restricting the discussion to a reversible adiabatic flow , it is desirable to deter
mine what general relationships can be obtained for any adiabatic flow and with a constant
weight flow rate. The discussion is restricted to the perfect gas and the following equations 
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P increases 

V decreases 

P decreases 

V increases 

Figure 5.4. Effects of area change on isentropic flow. 

P decreases 

V in creases 

P increases 

V decreases 

as derived in chapter 2. Discussion of adiabatic flows for constant-area pipes will be con
tinued in chapters 8 and 10. 

Pv=RT 
dh= cp dT 

R 
cp-cv=J 

cP=k 
Cv 

R k-l 
-=--
cp] k 

The differences between the thermodynamic states attained during isentropic versus 
irreversible adiabatic fl ow processes are shown in figure 5.5. The condi tions with the 
subscript 0 refer to the isentropic stagnation location, and the conditions with the super
script * refer to the location where M = 1. It should be noted that irreversible adiabatic 
deceleration to zero velocity produces a lower actual pressure P a than the isentropic stag
nation pressure. 

Using the steady- flow energy equation (5. 1), the velocity at any point may be defined as 

V= [2& J(ho-h)]1/2 
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li nes of Cons to nt 
Pressure 

~-rr'J P* 
-----

T* V2/ 2gc J 

-P-~ 

T ~ cons tont 

s ~ So s 

(a) Isentropic Acceleration or 
Deceleration of a Perfect or 
Real Gas 

I 
I 

h 

ho 

h* 

h 

T 

~o Po < Po 
2 fr,J 

I 
I 
I 
I V2/2gc J 

! 

So s > So s 

(b) Typical Irreversible Adiabatic 
Decel erati on of a Perfect or Rea I 
Gas 

P < Po 

h *-~"'" I 
I 

s 

(c) Typical Irreversible Adia · 
batic Accelerat ion of a 
Perfect or Real Gas 

s > So S 

(d) Isentropic and Irreversible 
Adiabatic Acceleration and 
Deceleration of a Perfect 
Gas (c p = Constant) 

Fi/1.'ure 5.5 . T ypical adiaba ti c Aow processes. 

and for a perfect gas 

[( 2k ) J1
/
2 

= k-l gcR (To-T) 

(5.9) 

T his equation show that, for a given s tagnation enthalpy (sometime called total enthalpy), 
all states that have the same enthalpy have the same velocity. 
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Stagnation Temperature Ratio 

For a perfect gas, a useful equation defining the stagnation temperature (sometimes 
called total temperature) ratio may be obtained by rearranging equation (5.9) to 

To_ (k-l) V2 r- 1+ -2- gckRT 

Since c2 =gckRT, the simple form is obtained: 

(5.10) 

which is valid for any adiabatic flow of a perfect gas, including irreversible flows. 

Three Reference Velocities 

Certain reference velocities which are constant throughout an adiabatic flow process 
have been found to be convenient in analysis and presentation of compressible flow problems. 
These velocities are defined as follows for a perfect gas : 

(1) Maximum obtainable velocity by expansion to absolute zero temperature: 

(2) Speed of sound at stagnation temperature: 

(3) Speed of sound at the conditions where M = 1: 

V* = c* = (gckRT*) 1/2 

Equation (5 .13) can be rearranged by substituting equation (5.10) evaluated at M= 1 

To k+ 1 
T*=-2-

to obtain 

[( 
2k ) J1/2 

V*=c*= k+l &RTo 

Kinematic Form of the Energy Equation 

(S.U) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

The energy equation for adiabatic flow (eq. (5 .1» can be written for a perfect gas in the 

form 
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Using a perfect gas 

Combining these relations and evaluating the energy equation at the conditions of zero speed, 
zero temperature, and sonic speed, the energy equation involving V, c, and k can be obtained. 

V2+ (_2 ) 2= (_2 ) d= V2 = (k+ I) *2 
k - 1 c k - lomax k _ 1 c (5 .16) 

The Dimensionless Velocity 

Although the mach number is often a convenient parameter, it has the djsadvantages 
that it is not proportional to velocity alone and tends toward infinity as V approaches V max' 

To overcome the e disadvantages, a useful dimensionless velocity can be defined by 

M*=~=~ 
c* V* 

(5.17) 

From this definjtion, the following relationship can be obtained: 

M*2=M2 (~) 
C*2 

In this equation, V is the fluid velocity at the point under investigation and c* is the speed 
of sound at the section where the velocity is sonic (c* = V*). This equation can be used with 
equation (5.16) to obtain the following relations between M and M* for a perfect gas: 

( 2 ) M*2 
M2= k+ 1 

1- (k - 1) M*2 
k+l 

(5.18) 

(5.19) 

Figure 5.3 illustrates the relative magnitudes of M and M* in subsonic and supersonic flow. 
Where M goes to infinity at V= Vmax , M* has the value 

M* = Vmax = (k+ 1)1/2 
max C* k-l (5.20) 
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Adiabatic Weight Flow Relations 

To obtain the mass flow per unit area for a real gas, the continuity equation is written 
using the enthalpy difference to specify the velocity. 

w 
-= yV = y[2gc ] (ho - h) ] 1/2 
A 

(5.21) 

In order to evaluate this relation, it is necessary to have charts or tables of the thermodynamic 
properties and to know the stagnation enthalpy and two thermodynamic properties at the loca
tion of interest. 

For a perfect gas, the continuity equation can be rearranged using the perfect-gas law 
and definition of mach number to relate the weight flow rate and fluid static properties to 
the mach number. 

~=yV= (~) Mc= (~) M(kgcRT)I/2 
A RT RT 

Then 

(;;) (~) ~=M (5.22) 

The temperature term can be converted to the stagnation value by substituting equation (5.10), 
yielding the adiabatic flow parameter. 

(5.23) 

ISENTROPIC FLOW 

Before discussing isentropic flow, it should be emphasized that the relations discussed 
above are applicable to any adiabatic flow process where no work is performed on or by the 
fluid. Therefore, they are applicable to isentropic (reversible adiabatic) flow, since this is a 
special case of adiabatic flow. 

The use of the isentropic flow assumption for the analysis of real gases provides some 
simplification over the adiabatic flow assumption. Only one thermodynamic property or the 
velocity is required to completely specify the conditions at a point once the stagnation enthalpy 
and the entropy are known, ince the e properties are both constants throughout the flow proc
ess. However, it is still not convenient to write additional equations that will describe the 
fluid properties along ]jnes of constant entropy on the thermodynamic chart of a real gas. For 
a perfect gas, the first law of thermodynamics can be used to establish the explicit relation
ships that describe the relative changes in fluid properties in an isentropic process. For a 
closed system, 

dQ'=Tds=du+ P dv=O 
] 
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Substituting the perfect-gas relationships 

yields 

du= Cv dT 

p= (;) RT 

R 
T=cp-cv 

dT dv 
-=-(k-l)-
T v 

This equation can be integrated between any two points, 1 and 2, along the isentropic process 
line yielding 

Tz= ('YZ)k-l = (VI)k-l 
TI 'YJ Vz 

(5.24) 

Substituting equation (5.24) into the perfect-gas equation of state to eliminate the tem
perature parameter produces 

(5.25) 

Also, equation (5.25) solved for v,/vz is 

VI = (PZ) l/k 
V2 PI 

(5.26) 

and when substituted into equation (5.24), the direct relation between temperature and pres

s ure res ults: 

(5.27) 

Equations (5.24), (5.25), and (5.27) can now be used to relate the static properties of a flowing 
perfect gas at any point to the isentropic stagnation values 

k-J 
(5.28) 

k 

(5.29) 

.!. I 

(5 .30) 
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These equations can be combined with the previously established perfect·gas relationships 
involving mach number to produce the following very useful isentropic flow equations for 
a perfect gas. 

Temperature, Pressure, and Density Ratios 

Combining equations (5.29) and (5.30) with the adiabatic temperature ratio of equation 
(S.lO) 

results in 
k 

-= 1+ -- M2 Po [ (k -1) Jk-I 
P 2 (5.31) 

and 

(5.32) 

Equations (5.10), (5.31), and (5.32) when evaluated at M = 1 yield the ratios which are referred 
to as the critical flow ratios. (This should not be confused with the thermodynamic properties 
of a substance at the critical point.) From equation (5.10), it follows that 

T* 2 
To = k+l 

(5.33) 

and from equations (5.31) and (5.32), respectively, 

k 

~: = (k! lr-I 

(5 .34) 

and 
1 

~: = (k! 1r-1 

(5.35) 

Isentropic Weight Flow Relations 

The adiabatic flow parameter (eq. (5.23)) can be converted entirely to terms of stagnation 
properties. Substituting equation (5.31) into equation (5.23), it follows that 

(5.36) 

This equation shows that for a given mach number the flow is directly proportional to 
stagnation pressure and inversely proportional to the square root of the stagnation tempera· 
ture. For this reason, the performance data for compressors, turbines, and the other compo· 
nents are often plotted using the quantity (wVT;)/Po as the flow parameter. 
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Since it has been shown that for isentropic one-dimensional flow, the area is at a minimum 
when M = 1, the maximum flow rate per unit area w/A can be obtained from equation (5.36) 
by setting M = 1. This yields 

k + 1 

(~) = wmax= Po ["ki; (_2 )2(k - l ) 

A max A* "Yilo k+ 1 (5.37) 

Combining equations (5.36) and (5.37), a ratio can be obtained of the flow area at any 
point to the area at the section where M = 1. 

(5.38) 

This area ratio is always equal to or greater than 1. Subsequent detailed discussions in 
"Working Charts and Tables" and "Choking in Isentropic Flow" will show that for every 
value of A/A* there are two values of M - one for supersonic flow and the other for subsonic 
flow. 

The Impulse Function 

In order to analyze the force on pipe walls, it is convenient to define a quantity Fi called 
the impulse function. 

F;=PA+pAV2 (5.39) 

The usefulness of this function can be illustrated by applying the momentum equation to 
the control volume shown in figure 5.6. 

Control Surface 2 

Figure 5.6. Control surface for analyzing the impulse function. 

The sum of all forces on control volume is equal to the momentum out minus the momen
tum in. Then letting F wx be the force exerted by the wall on the fluid, 

Fwx+PIAI-PzA2 =pzA2V~ -PIAI~ 
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or 

In this sign convention, F wx is the x component of the force exerted on the fluid by the wall, 
so the force exerted on the wall by the fluid will be in the opposite direction. Therefore, the 
force on the pipe by the fluid opposite to the flow direction is equal to the downstream value 
of Fi minus the upstream value of Fi . If Fit is larger than Fj2, then the force on the pipe is 
in the same direction as the flow. The protuberance in the flow was included in the figure 
to emphasize that the result is independent of wall shape so long as the pressure and velocity 
are constant across the cross sections under consideration. Of course, if the wall shape or 
protuberances cause irreversibilities that cannot be neglected, then the isentropic portion 
of the succeeding analysis cannot be applied. 

For a perfect gas 

and since c2 = gckRT and M = Vic 

which when substituted in equation (5.39) yields 

Fi = PA(l + kM2) (5 .40) 

If consideration is restricted to isentropic flow, the following dimensionless impulse function 
ratio can be obtained with the use of equations (5.31), (5 .34), and (5.38). 

(5.41) 

WORKING CHARTS AND TABLES 

To simplify computations, the values of certain isentropic ratios for perfect gases have 
been charted and tabulated in various references as a function of mach number. Figure 
5.7 shows the characteristic shape of these isentropic flow relationships. In addition, ex
panded working charts are presented in chapter 16. It should be noted in these charts that 
the changes in density are very small up to mach number of approximately 0.3. Therefore, 
at low velocities, good accuracy is obtained in engineering calculations when gases are 
considered incompressible. 

The ratios presented are referenced either to the stagnation conditions or to the condi
tions where M = 1, which are constant in a given isentropic flow situation. Therefore, the 
ratio of two ratios, evaluated at different points in the same flow field, will produce the property 
change between the two points. For example, in an isentropic flow, if the pressure and mach 
number are known at location (1), and the pressure is known at location (2), the mach number 
and all other changes in properties can be determined between the two locations as follows: 
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Figure 5.7. Chart for isentropic flow with k= 1.4. 

(1) Read PdPo atM t and compute Po=Pd(PdPo) 
(2) Compute P2/PO, and at that value read M 2 

(3) At M2 , read any other property rates desired 

r:: 
C . 
:<t 
.:( . 
?' 
> 

(4) Then if, for example, the temperature change is desired , read TdTo and T2/To at 
Ml and M2 , respectively, and compute 

T2 (T2/To) 
Tt (TdTo) 

Any of the other property and function changes are obtained in the same manner. 

CHOKING IN ISENTROPIC FLOW 

The previous observation that the weight flow per unit area goes through a maximum at 
M = 1 is associated with an important phenomenon called choking. It was also stated pre
viously that for every possible numerical value of (A/A*), there are either two solutions for 
mach number (for A/A* > 1) which are physically possible or no solutions at all (for A/A* < 1). 
The analysis of this situation can be facilitated by considering several area ratios between two 
locations having mach number of Ml and M2 using figure 5.8 which was derived from equation 
(5.38). For a particular upstream mach number Mt, and an area ratio AdA2 > 1, there are, 
in all cases, two possible solutions for M2; but for an area ratio AdA2 < 1, there are some values 
of Ml for which there are no solutions for M2 • 
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Figure 5.8. T ypical curves of Mt versus M, for fix ed va lu es 
of area ratio A2 /A, as noted 

In the cases where there are two possible values of M2 , the one which occurs will depend 
on the shape of the passage. Since it is necessary to have a minimum area in order to have 
sonic flow, a minimum area section (throat) is necessary to go from subsonic to supersonic 
velocity or to go from supersonic to subsonic velocity (in the absence of a normal shock which 
is nonisentropic). Therefore, if there is no minimum area, that is, the flow passage contin
uously converges, then both M, and M2 must be either subsonic or supersonic. If M, is 
subsonic, and the passage is convergent-divergent so that minimum area is present, then 
M2 may be subsonic as in a venturi or supersonic as in a rocket nozzle. The solution which 
actually occurs will depend on the pressure ratio between the two points and will be discussed 
further in "Operation of Nozzles" and "Normal Shock Waves." If M, is supersonic and the 
passage is convergent-divergent, then M2 may be either subsonic or supersonic depending on 
the flow system and pressures involved. This problem is complex and appears to have no 
application in pneumatic systems. Therefore, it will not be discussed further. 

In the cases where there is no solution for M2 using the selected values of AdA2 and M" 
the solution is imaginary in the mathematical sense. When this occurs, it is always for a 
case of reducing area. This lack of a solution signifies that A2 < A*; that is, sonic velocity 
would be reached at a location upstream of location (2) in the converging section where 
A =A*. Since w/A is a maximum, w/A2 would have to be greater than the maximum flow 
rate per unit area, which is physically impossible. This phenomenon is called choking and 
may be summarized as follows: 

For steady flow in a pipe with a given area reduction, there is a maximum initial 
subsonic mach number or minimum initial supersonic mach number which can 
occur upstream of the minimum area. These conditions can be identified in terms 
of the mach numbers which will produce M = 1 at the minimum section. 

OPERATION OF NOZZLES 

In this discussion, the performance of both convergent and convergent-divergent nozzles 
will be investigated along with the effects of choking discussed previously. 
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Convergent Nozz les 

Consider the nozzle shown in figure 5.9, with the back pressure in the discharge chamber 
controlled by a valve. It is assumed that the upstream area is sufficiently large so that the 
property values at station 0 are the stagnation propertIes which will remain constant through· 
out the assumed isentropic flow. This further implies that the upstream supply is sufficient 
to maintain the upstream conditions at that constant value regardless of flow. The pressure 
in the exit is Pe and the back pressure in the exhaust chamber is Pb • 
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Figure 5.9. Characteristics of convergent nozzle operation. 
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The effects of lowering the back pressure Ph on the pressure throughout the nozzle, and 
the weight flow rate, will be investigated. These effects, shown graphically in figures 5.9a 
and 5.9b, are: 

(1) When the exhaust valve is closed, there is no flow and the pressure is constant through· 
out as noted by point 1 on the graphs. 

(2) When the back pressure is reduced slightly, flow begins and the pressure in the 
nozzle throat drops as the flow accelerates in the convergent section. The exit pressure Pe 

is equal to Ph, except for small secondary flow effects which will be neglected. 
(3) Further reduction of the exhaust pressure to point 3 causes increased flow rate and 

velocity, but since Pb/Po is still greater than the critical pressure ratio P*/Po, the Row is still 
subsonic throughout and Pe = Ph. 

(4) If the back pressure is reduced further, the critical pressure ratio can be reached 
where Ph = Pe = P*. The flow is entirely subsonic in the nozzle and sonic at the exit. 

(5) Further reduction in back pressure to values of Ph < P* has no effect on the flow in 
the nozzle. Since the nozzle is entirely convergent, the exit velocity corresponding to sonic 
velocity is the maximum velocity that can be achieved. The exit pressure remains equal to 
the critical pressure (P e = P*), and the weight flow is independent of the exhaust pressure 
P". Under these conditions, the nozzle is choked. Analysis of the supersonic expansion 
of the free jet outside the nozzle cannot be treated using one·dimensional analysis and has 
been shown here as a jagged line. 

It has been shown that after a nozzle is choked , further reduction in back pressure has 
no effect on the flow rate, but it cannot be concluded that a choked nozzle passes a fixed flow 
rate. Changes in the upstream conditions of pressure and temperature can still cause 
changes in the flow rate by changing the gas density and the speed of sound in the gas. 

Convergent-Divergent Nozzles 

It should be noted that conditions discussed here are not generally applicable to pneu· 
matic systems and are included in this text only to give a more complete understanding of 
the characteristics of isentropic flow. 

For convergent-divergent nozzles an experiment similar to the one just discussed will 
be- considered through the use of figure 5.10. The stagnation condition at station 0 will be 
assumed fixed once again, and the effects of reduction of the back pressure P" on the nozzle 
performance will be noted for steady flow. 

(1) When the exhaust valve is closed, there is no flow and the pressure is uniform 
throughout the pipe. 

(2) When the back pressure is reduced slightly , flow stabilizes after the initial pressure 
disturbances, and the flow is subsonic throughout. As with a convergent nozzle , when the 
flow is subsonic, the exit pressure is equal to the back pressure. 

(3) Further reduction in the back pressure causes increased flow velocities and weight 
flow, but since Pe> P*, the flow is still subsonic throughout the system with the divergent 
section acting as a subsonic diffuser, and Pe= Ph . 

(4) With sufficient reduction in the back pressure, the flow rate increases until the 
pressure at the throat is equal to the critical pressure P*. When this condition is initially 
achieved, the back pressure is still higher than the throat pressure, so the divergent portion 
of the nozzle still acts as a subsonic diffuser to increase the pressure of the stream to the back 
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Figure 5.10. Characteristi cs of convergent-divergent nozzle 
operation. 

pressure_ At tills point, the pressure ratio (Pe/Po)4 corresponds to the s ubsonic mach num
ber defined by Ae/A* and Pe = Pb• Since the maximum weight Row per unit area has been 
reached at the throat, further reduction in the back pressure will not change the Row rate or 
the pressure distribution in the convergent portion of the nozzle. 

(5) Between the pressures corresponding to points 4 and 5, the Row pattern cannot 
fulfill the conditions for one-dimensional isentropic Row. In this case, a normal shock wave 
will stand in the divergent section, and a discussion of these conditions is presented in chapter 
6. When the back pressure reaches point 5, the gas expands supersonically in the divergent 
portion of the nozzle, and the pressure ratio (Pe/Poh corresponds with the supersonic mach 
number defined by Ae/A*. 

(6) Further reduction in back pressure below P; has no effect on the Row in any part 
of the nozzle. As with the convergent nozzle, the supersonic expansion outside of the nozzle 
cannot be treated one-dimensionally, and this expansion is shown here by a jagged line. 

The question raised in "Choking in Isentropic Flow" can now be answered as to which of 
the two downstream mach numbers (subsonic or supersonic) applies when there is a given 
subsonic upstream mach number and area ratio between two points connected by a con
vergent-divergent pipe. It is seen that the choice depends on the back pressure. Therefore, 
it is necessary to know something about the back pressure in addition to a knowledge of the 
upstream mach number M, and the area ratio A,/A2 in order to select the proper solution 
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for M2 • Solutions for conditions with back pressures between the pressures represented 
by P4 and P5 in this example are discussed in chapter 6. 

PERFORMANCE OF REAL NOZZLES 

Since flow in real nozzles is not exactly one dimensional and reversible, the performance 
of real nozzles differs somewhat from the performance predicted using isentropic relations. 
This discussion will consider nozzle efficiency, nozzle discharge coefficients, sharp-edged 
orifices , and a useful adiabatic relation for determining the flow conditions downstream of a 
choked real nozzle. 

Nozzle Efficiency 

Nozzle efficiency is used to relate the velocity increase in an actual nozzle to the velocity 
increase in an ideal isentropic nozzle. If the inlet stagnation condition is designated with 
the subscript 0, the actual adiabatic exit conditions with the subscript a, and the ideal isen
tropic exit conditions with the subscript s, the nozzle efficiency can be defined as the ratio of 
actual-to-ideal exit kinetic energy. 

Using the steady-flow energy equation (5.1), this equation can be put in the form 

ho-ha 
Tj=-

ho-hs 
(5.42) 

The enthalpies ha and hs are evaluated at the nozzle-exit pressure Pe, as indicated in figure 
5.11. If analysis is restricted to pedect gases, equation (5.42) may be rearranged to any of 
the following forms: 

And since for a pedect gas 

v~ 

2gc ] 
Tj = --"'-''''---

cp(To- Ts) 

and cp]= R (k~l) 
(5.43) 

The efficiency of nozzles is usually high, but the efficiency is greatly affected by boundary
layer effects. Since the boundary-layer thickness depends on the Reynolds number and on 
the rate of change of pressure in the nozzle, no simple expression for efficiency can be derived 
for nozzles in general. Well-designed nozzles may have efficiencies as high as 99 percent in 
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5 = 50 5 

Figure 5.11. Illus tration of a real -nozzle process. 

certain cases. However, when the nozzle 's diameter is small and the boundary layer nearly 
fills the passage, the efficiency may be greatly reduced. 

Nozzle Discharge Coefficient 

The nozzle discharge coefficient is the ratio of actual nozzle weight flow to the ideal isen
tropic weight flow. 

C 
_Wa 

d--
W s 

(5.44) 

If the nozzle is operating with back pressures that cause sonic (choked) conditions at 
the minimum area station (see "Operation of ozzles" ), then the isentropic weight flow used 
in the above equation is computed using the choked isentropic flow equation (5.37). If the 
pressures are such that subsonic velocity occurs at the minimum area station, then the isen
tropic weight flow is determined using the isentropic equation (5.36), evaluated at either the 
throat or the exit stations. The mach number can be evaluated at the selected station using 
known pressures at that location and equation (5.31). 

As in the case of nozzle efficiency, the discharge coefficient is a function of the Reynolds 
number, and values of discharge coefficients for some nozzles are presented in chapter 7. 

Sharp-Edged Orifices 

The flow characteristics of the sharp-edged orifice differ considerably from those of the 
nozzle with the well-rounded approach. In a properly designed nozzle, the actual flow 
passage very nearly approaches a minimum at the point where the nozzle area approaches a 
minimum , and the actual effective flow area does not vary significantly from the nozzle-throat 
area. In a sharp-edged orifice the effective flow area is at a minimum in the vena contracta 
downstream of the orifice, as shown in figure 5.12. For turbulent flow (R e > 104 ) and small 
orifice-diameter-to-pipe-diameter ratios, the size of the vena contracta is essentially constant 
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at 61 percent of the orifice area. However, it increases in size as the pressure ratio across the 
orifice decreases, to values less than the critical pressure. Therefore, since the discharge 
coefficient of the orifice is computed based on the constant area of the orifice opening rather 
than the effective flow area, the discharge coefficient and weight flow will continue to in
crease somewhat as downstream pressure is reduced to values below that of the critical pres
sure ratio. The practical aspects of this characteristic are discussed in chapter 7. 

Reg ion of 
Sepa rated Flow 

Ve na C ontrac ta 

Figure 5.12. Representation of flow pattern through a sharp
edged orifice. 

Adiabatic Relations 

When a convergent nozzle is installed in a pipe as shown in figure 5.13a, it can be hypoth
esized that the flow goes through a process somewhat like that shown by figure 5.13b. If 
the nozzle is properly designed, the expansion in the nozzle from the inlet condition (1) to 
the throat condition t is nearly isentropic, but the expansion into the pipe causes stagnation 
pressure losses as a result of flow separation and turbulence. Even though the flow is not 
isentropic, an expression using isentropic functions can be obtained to estimate the conditions 
in the pipe downstream of the nozzle if the nozzle is choked. 

Equation (5.37) can be modified by the discharge coefficient so that the actual weight 
flow is defined at the throat as 

Equation (5.23), which is applicable to any adiabatic flow regardless of irreversibilities, can 
be written for the point 2 in the pipe downstream of the nozzle. 
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Figure 5.13. T ypical Row process fo r a nozzle installed in a pipe. 

Dividing the two equations yields 

(5.45) 

since for adiabatic flow, To= TOI = T02 • The right side of equation (5.45) is exactly the same 
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expression that results from dividing the isentropic relation for (A/A*)2 (eq. (5.38)), by the 
isentropic pressure ratio (Po/Ph (eq. (5.31». Therefore 

(_2_) 2t/ .. \) 
k+1 

(5.46) 

Graphic or tabulated solutions of equation (5.46) are useful in establishing the mach number 
and the other flow conditions at the downstream location using the known (or measurable) 
terms of the left side of the equation. POI is the isentropic stagnation pressure at the nozzle 
inlet; P2 is the actual static pressure at the do·wnstream location where the area is Az; and Al 
is the nozzle·throat area. The user is cautioned to apply this technique only when choked 
flow at the minimum area can be ensured. 
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CHAPTER 6 

SHOCK WAVES 

In this chapter the characteristics of normal and oblique shock waves are discussed_ 
Shock waves are discontinuities in fluid properties which can occur in supersonic flow_ 
As the names imply, normal shock waves are discontinuities normal to the streamlines, 
while oblique shock waves are similar discontinuities which are not normal to the streamlines. 

NORMAL SHOCK WAVES 

For the purpose of the following discussion, a normal shock wave may be considered 
a pure discontinuity occurring normal to the direction of fluid flow; that is to say, a normal 
shock wave may be considered an extremely rapid change in fluid properties occurring 
normal to the direction of flow of the fluid stream and taking place over an extremely short 
distance_ 

Description 

A normal shock must simultaneously satisfy the steady-flow energy equation for an 
adiabatic process, the continuity equation, the momentum equation, and the equation of 
state of the fluid. 

Combining the steady-flow energy equation for an adiabatic process, the continuity 
equation, written for constant area, and the equation of state yield a locus of points called 
the Fanno line. Combination of the continuity equation, the momentum equation, and the 
equation of state yields a locus of points called the Rayleigh line. When two of these lines 
are plotted on an h-s diagram, there are two points of intersection, points X and Y in figure 
6.1a. Since these two points satisfy all fo ur of the equations that the normal shock must 
satisfy, it can be concluded that the two intersections of the Rayleigh and Fanno lines repre
sent the initial and final states of the gas passing through the normal shock. 

As will be shown later, the mach number at points A and B, the points of maximum 
entropy of the Fanno and Rayleigh lines, is unity. Further, it can be shown that the lower 
branches of these two lines represent supersonic velocities and the upper branches represent 
subsonic velocities. Finally, it will be shown that point X represents the initial state of 
the fluid passing through the shock and that fluid velocity always proceeds from supersonic 
to subsonic across the shock. 

Preceding Page Blank 
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Figure 6.1. Normal shocks in pipes. 

In the preceding discussion , normal shock waves were discussed from a qualitative 
point of view. It was stated that the normal shock must simultaneously satisfy four equa
tions: the first law of thermodynamics, the continuity equation, the momentum equation, 
and the equation of the fluid. These equations can be combined into functions which 
describe the fluid property changes across the normal shock. In general, the equations 
can be used for both the perfect or real gas. However, to continue the discussion on a 
quantitative basis, it is desirable to restrict the analysis to perfect gas. 
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SHOCK WAVES 

The Fanno Line 

In this chapter only the Fanno-line relations necessary for an understanding of shock 
waves will be developed_ A more extensive analysis of the Fanno line is presented in 
chapterS-

Since the Fanno line is the locus of points describing the irreversible adiabatic flow of 
a gas at constant mass flow per unit area, the adiabatic relations developed in "Adiabatic 
Flow" (ch_ 5) can be applied. Referring to the notation of figure 6.1b, the steady-flow energy 
equation for an adiabatic process can be written as 

h ox = h oy 

or, for a perfect gas 

Tox= Toy (6.1) 

Combining equation (6.1) with equation (5.10) 

[5.10] 

yields 

1 + (k-l) M2 
Ty . 2 x 

T x = 1 + (k; 1) M~ (6.2) 

Since the area is the same on both sides of the shock, the continuity equation yields 

or (6.3) 

Combining equation (6.3) with the perfect-gas equation of state yields 

and since M = V/V gckRT, it follows that 

Solving this equation for the temperature ratio 

Ty = (Pll) 2(M!l1 2 

Tx PI. Md (6.4) 

325-994 0-69-9 
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and combining with equation (6.2) yields 

(6.S) 

Equation (6.5) is the equation of the Fanno line in terms of P and M. 
To prove that point A in figure 6.1a is the point where M= 1, consider an adiabatic 

process very close to point A. For such an adiabatic process, the steady-flow energy equa
tion may be written as 

and the continuity equation for constant area 

d(yV) =0 

or 

ydV+ V dy=O 

The first law of thermodynamics yields 

dP 
Tds=dh-

Jy 

(6.6) 

(6.7) 

and for an infinitesimal process at point A, the entropy goes through a maximum. Therefore, 
ds=O and 

. dP 
dh=- (6.8) 

Jy 

Substituting equations (6.7) and (6.8) into equation (6.6) and solving for V results in 

Since entropy is constant for this infinitesimal process, a more exact expression is 

V= ~(~:)8 (6.9) 

Equation (6.9) is the definition of the velocity of sound, so that the velocity at the point of 
maximum entropy is equal to the speed of sound and M = 1. 
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The Rayleigh Line 

The Rayleigh line is the locus of points describing a frictionless flow at constant area 
with heat transfer. If frictional effects are neglected, the forces acting on the fluid consist 
of pressure forces only, and the forces in the flow direction can be equated with the change 
in momentum of the fluid. Referring to the notation of figure 6.1b, the momentum equation is 

Rearranging terms and substituting using the continuity equation for a constant area yield 

(6.10) 

For a perfect gas, substituting pP = kPM2 in equation (6.10) yields the Rayleigh-line expres
sion 

P y l+ kMi 
- = ----:-:-? 
P:r l+kM~ 

(6.11) 

By an analysis similar to that shown for the Fanno line, it can be shown that the point 
of maximum entropy on the Rayleigh line (point B, fig. 6.1a) is the point where M = 1. 

Changes in Properties Across a Normal Shock 

The changes in pressure and temperature across a normal shock are obtained using 
the relationships developed for either the Fanno or Rayleigh lines, but first an expression 
relating the upstream and downstream mach numbers which simultaneously satisfies both 
functions must be obtained. This is done by equating equations (6.5) and (6.11) and rearrang
ing to obtain 

1+kMi l+kM~ 
(6.12) 

To obtain an explicit relationship for the downstream mach number, equation (6.12) 
is solved and the two following solutions are obtained 

(6.13) 

and 

Mi+ k ':' 1 M2=------
y (~)M2-1 

k-1 :r 

(6.14) 

The first solution, equation (6.13), is trivial since it expresses the fact that conditions 
at x and yare the same if no shock occurs. The second solution, equation (6.14), expresses 
the condition that must be satisfied between the two sides of the shock. A useful relation 
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between M; and M; may be obtained by substituting equation (5 .19) into equation (6.14) to 

yield 

(6 .15) 

or since c~= ct for an adiabatic process 

From this, it is evident that if the flow at X is supersonic, the flow at Y must be subsonic, 
and vice versa. 

Using the relation between upstream and downstream mach numbers, relationships can 
be obtained for the property change across the shock in terms of the upstream mach number. 

To obtain the pressure ratio, equation (6.14) is substituted into either equation (6.5) or 
(6.11) to give 

Py (2k) k-1 
Px = k+1 M~- k+1 (6.16) 

The temperature ratio is obtained by substituting equation (6.14) into equation (6.2) 
to give 

(6.17) 

Using equations (6.16) and (6.17), the density ratio may be obtained from the perfect-gas 
equation of state 

Py 

Y..1L- f!JL - P x 
'Yx - Px - L 

Tx 

(6.18) 

and this equation combined with equation (6.3) yields the relation for the velocity ratio 

(6.19) 

Since the normal shock process is irreversible, there is a loss in stagnation pressure 
across the shock. To obtain the stagnation pressure change across the shock, note that 
POy/Pox= (POy/Py) (py/Px)/(Pox/Px). Using equation (5.31) to define Pox/Px and POy/Py, 
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equation (6.16) for PY/Px , and equation (6.14) to eliminate My, after simplification the following 
is obtained: 

(6.20) 

The downstream stagnation pressure can be related to the upstream static pressure 
by substituting the isentropic pressure relationship, equation (5.31), into equation (6.20), 
yielding 

(6.21) 

To evaluate the increase in entropy across a shock, the first law of thermodynamics 
for a perfect gas is used 

T ds=cp dT- (]) dP 

division through by T = Pv/ R gives 

Integrating from condition X to Y yields 

_ (Til) (R)l (PI!) Sy-sx-cpln Tx -] n P
x 

(6.22) 

Further substitution using the perfect-gas relation, 

!i- (k-1) J -Cp k 

yields 

(6.23) 
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Using the equations for TofT and PolP (eqs. (5.10) and (5.31» an expression for the 
entropy increase in terms of the stagnation conditions can be obtained 

(6.24) 

In the present case, Toy = Tox since the flow is adiabatic so that 

Sy-Sx=_ln (~) 
!i Pox 

(6.25) 

J 

Or, after substituting the value of PoxlPoy given in equation (6.20), 

Sy-sx_( k) [2 k-1J ( 1) [( 2k) 2 k-1J !i - k-l In (k+l)M;+k+l + k-1 In k+l MX - k + 1 (6.26) 

J 

If equation (6.26) is analyzed, it will be seen that for a gas with 1 < k < 1.67, the entropy 
change is positive when M x is greater than unity and negative when M x is less than unity. 
Since the second law demands that the entropy cannot decrease in the absence of heat 
transfer, the fluid velocity can change only from supersonic to subsonic across the normal 
shock. Also, by observing equation (6.25) with S y > Sx, it can be seen that there is always 
a decrease in the isentropic stagnation pressure across a shock. 

Convergent-Divergent Nozzles 

The isentropic flow of a perfect gas through a convergent-divergent nozzle is described 
in chapter 5. However , a specific range of nozzle outlet pressures between process lines 
(4) and (5) in figures 5.10 and 6.2 was excluded, since these values cannot be achieved with 
isentropic flow throughout the nozzle. It will be shown here that a shock wave occurs some
where within the supersonic portion of the nozzle , which separates two isentropic processes. 

Consider the case of an intermediate nozzle-exit pressure Pe, as indicated on figure 6.2. 
The flow tends to be isentropic in the smooth nozzle, but since the end pressure Pe cannot 
be achieved in an isentropic process , the process must obviously follow some irreversible 
path. With the virtual absence of the usual irreversibilities caused by friction and turbulence, 
the shock provides the only remaining irreversible mechanism in a smooth-flow nozzle. 
In general, a normal shock will stand somewhere within the supersonic nozzle (diverging 
region), producing an abrupt change in properties. In figure 6.2 this change is reflected 
by a step change in static pressure from the supersonic isentropic line (5), to a subsonic 
isentropic line that terminates at Pe at the nozzle-exit location. The entire irreversibility 
occurs essentially at a point along the nozzle-length dimension. Therefore , the locations 
just upstream of the normal shock Xx and just downstream of the shock Xy are the same 
(Ax=Ay). Also , the isentropic flow relationships can be used for both processes on either 
side of the shock. 
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Figure 6.2. Convergent-divergent nozzle flow with internal normal shock. 

The one-dimensional isentropic flow relationships developed in chapter 5, combined 
with the normal shock functions developed in this chapter, provide the means for determining 
the flow conditions throughout the smooth nozzle and identification of the location of the 
normal shock. Specifically, for a nozzle of known dimensions, the flow area is known as 
a function of the nozzle-length parameter x. Then the nozzle area ratio (A/A*) can be 
established for all locations ahead of the shock wave by the isentropic relationship (eq. (5.38». 
On the upstream side of the shock, depicted by point a in figure 6_2, the supersonic area ratio is 

(6 .27) 

On the downstream side of the shock, point b, the flow is subsonic, but equation (5.38) applies 
once again. However, a different and fictitious throat area A*' must be considered for the 
new subsonic isentropic line which passes through point b and terminates at Pe• For the 
two points of interest on this line, the area ratios are 

Ay 1 {( 2)[ (k-1) ]}~ A*' = My k+ 1 1 + -2- M~ 2(k - l) (6.28) 

where Ax=Ay and 

Ae 1 {( 2 ) [ (k-l) ]} ~ A*' = Me k+ 1 1 + -2- M~ 2(k-l) (6.29) 

For example, for a given nozzle geometry and upstream reservoir condition, the mach 
number and fluid conditions can be established throughout the nozzle by the procedure 
outlined below, if the shock location is known or assumed. Graphic or tabulated solutions 
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to the isentropic flow and normal shock functions are required, such as those found in chap
ters 16 and 17: 

Compute Ax/A* from the known areas. 
Read Mx from a graphic or tabulated solution of equation (6 .27), which is just 

equation (5.38) with the applicable subscripts. (See fig. 16.6, ch. 16.) 
Obtain My as a function of M;r using the normal shock wave, equation (6.14), or its 

graphic or tabulated solution. (See fig. 17.1, ch. 17.) 
Obtain Ay/A*' at My by equation (6.28), or use the solved equation (5.28) (fig. 16.6, 

ch.16). 
Obtain Ay/A*' = (A e/A;r) (Ay/A*') and read Me for the area ratio Ae/A*' , once again 

using the solution of equation (5.38). (See fig. 16.6, ch. 16.) 

Using a similar procedure, all of the fluid properties can be established throughout the 
nozzle. The isentropic flow functions (tabulated or plotted) of chapter 16 are used in the 
two isentropic regions, remembering that in those two regions the stagnation properties 
are constant and the static properties are dependent on local mach number. The changes 
in stagnation properties across the normal shock are established by the normal shock equa
tions of this chapter, or their graphic or tabulated solutions. 

For the more common case, where the nozzle-exit pressure is specified, and the shock 
location is unknown, a trial-and-error solution i required. The procedure is exactly the 
same as outlined above, except that the computation is carried out with assumed shock 
locations (or more specifically, assumed values of Ax ). The procedure is repeated until 
the value of A;r that will produce the known exit pressure is identified. 

There is a limiting exit pressure which will cause the normal shock to stand at the 
nozzle exit. For this case, x;r =xe(or Ax=Ae), and the limiting exit pressure can be easily 
established for a given nozzle by the same procedure outlined above, noting that P; = Py. 

When the exit pressure is reduced below P~ , the normal shock leans outward, pivoting 
at the nozzle-exit lip, and becomes an oblique shock wave. There can be no variation in 
flow conditions within the nozzle as a result of changes in exit pressure below Pe' . The flow 
stream outside the nozzle cannot be analyzed u ing one-dimensional theory when Pe < P; 
because of the existence of oblique (two-dimensional) shock waves. 

Ideal nozzle operation occurs when the back pressure is exactly that at the end point 
of the supersonic isentropic line (5). This pressure and the other fluid properties at the 
exit are fixed by the specific nozzle area ratio (Ae/A *), the gas constants, and the supersonic 
exit mach number identified by equation (5 .38). 

Nozzles operating with back pressures greater than P s are said to be overexpanded, 
and when the back pressure is less than P5 the nozzle is said to be underexpanded. 

OBLIQUE SHOCK WAVES 

Although it is improbable that the use of oblique shock-wave analysis would ever be 
required in the design of a pneumatic system , an understanding of the characteristics of 
oblique shock waves is desirable in understanding compressible flow and evaluating con
ditions which may occasionally occur in practice. Oblique shock waves are a general form of 
discontinuity in supersonic flow and in the limit they approach the normal shock wave which 
was discussed in the previous section. Oblique shock waves are inclined to the flow direc-
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tion, and they occur when a supersonic flow undergoes a change in direction requiring a 
compression (fig. 6.3). The converse case in which a supersonic flow undergoes an expansion 
during a change in direction will not be considered, but it should be noted that a shock wave 
is not possible in this case since it would require an increase in entropy. 

Streamline 

V1 

C'o"" S,d.," - ______________ / 

Figure 6.3 . Control volume for oblique·shock analysis. 

Governing Relat ions 

In order to derive the governing relations for oblique shocks, the control volume of figure 
6.3 will be used. It should be noted that the mass flow across the boundary of a control 
volume must always be evaluated using the velocity component normal to the control volume 
surface. In addition, it should be noted that, although there is a pressure force in the normal 
(n) direction due to the pressure rise across the shock wave, there is no pressure force in 
the parallel (P) direction. With these points in mind, one can write the following basic 
relations: 

From continuity 

(6.30) 

The change in momentum in the p direction, where there are no unbalanced pressure 
forces 

Therefore, 

(6.31) 

Equating momentum changes in the n direction to pressure forces results in 

P -p - V2 - V2 - V2 ( _P2Vin) 2 1 - Pl In P2 2n - Pl In J V2 
PI III 

(6.32) 
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The energy equation for adiabatic flow (from eq. (6.6)) across the oblique shock yields 

V2_V2 
h -h - 2 I 

I 2- 2gcJ (6.33) 

Geometrical consideration of figure 6.3 requires that 

(6.34) 

(6.35) 

Vln = VI sin (J (6.36) 

If only perfect gases are considered, the energy equation (6.33) may be rearranged using 

h= cpT= C
p (f) = (~) (_k ) f 

R 'Y jgc k-1 P 

and equation (6.34) to obtain 

_k_(P2 _ PI)= Vrll-Vill 
k-l P2 PI 2 (6.37) 

In order to obtain a relation between the pressure and density before and after the 
shock, it is necessary to rearrange equation (6.32) by substituting equation (6.30) to yield 

(6.38) 

from which 

(6.39) 

Similarly, for the downstream normal velocity, the following may be obtained 

(6.40) 

Equations (6.39) and (6.40), when substituted in equation (6.37), yield the following relations 
between the pressure and density ratios before and after the shock: 

( k+1) (P2)_1 
P2 k-1 PI 
PI = k+1_P2 

( k+l)('Y2)_1 
k-l 'YI 

(6.41a) 

k-1 PI 
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Equation (6.41a) solved for density ratio is 

(6.41b) 

Other relations for the pressure and density before and after the shock may be obtained 
as a function of the shock and deflection angles and the mach numbers. To obtain these 
additional relations, equations (6.31) and (6.35) are combined to yield 

V2 cos a-
VI = cos (a-- 8) (6.42) 

and equation (6.30) is combined with equation (6.36) to obtain 

(6.43) 

Combining equations (6.42) and (6.43) yields 

[
cos (0"-8)] [ sinO"] tan 0" 

coso" sin (0"-0) = tan (O"-S) (6.44) 

Since PI n = PlkMi may be written for a perfect gas, equation (6.38) may be solved 
for the pressure ratio as a function of the mach number using the relation of equation (6.36). 

(6.45) 

Similarly, it can be shown that 

(6.46) 

There are four equations «6.41), (6.44), (6.45), and (6.46» which may be used to relate 
the six variables 0", S, Mt, M2, (P2/P2) , and (Y2/yd. Consequently, these equations can be 
solved simultaneously and solutions plotted against any two independent variables. * Typical 
graphs are presented as figures 6.4 through 6.7. 

The temperature change across the oblique shock is also of interest and can be obtained 
from energy considerations of the adiabatic process. Equation (6.33) can be rewritten as 

and 

T --1 --- 1- -(T2 ) Vi [ (V2)2] 
I TI -2]gccp VI 

*Thls is not completely true, since P./P, and Y./YI cannot be chosen as the independent variables. 
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Figure 6.4. Wave-angle variances with initial mach number. 

Substituting the definition of mach number M, and the perfect gas relationship 

R k-1 
cpj k 

yields 

Equation (6.42) can be used to replace the velocity ratio so that 

T2 = 1 + (k -1) M2 [1- cos
2 

cr ] 
TJ 2 I cos2 (cr- 8) (6.47) 

It is often convenient when working with oblique shocks to transform the coordinate 
system so that the normal shock tables may be used for oblique shock. This can be done 
by setting M, sin cr equal to Mx in a normal shock table so that Py/Px, yy/Yx, Ty/Tx, and 
Pay/Pox are, respectively, the values of P2 /P" Y2/YJ, T2 /TJ , and P02 /POI for an oblique shock 
with an inclination of cr and an approach mach number of M1- In addition, the mach number 
downstream of the equivalent norma] shock My is equal to M2 sin (cr-8) for the oblique 
shock. 
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Figure 6.5. Final mach-number variances with initial mach number. 

Characteristics of Oblique Shock Waves 

In examining the characteristics of oblique shock waves, it should first be noted that 
the flow deflection angle is not necessarily equal to the deflection angle of the bounding sur
face. Although this is the case for a two-dimensional surface as shown in figure 6.3, it is 
not true, for example, on a cone as shown in figure 6.8. In any case, however, the initial 
flow deflection caused by the shock is 8, as defined by the oblique shock relations at the 
observed shock angle. Consider the oblique shock relationships shown in figures 6.4 
through 6.7 for k = 1.4. It may be seen from these figures that a single solution for a particu-
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Figure 6.6. Pressure ratio variances with initial mach number. 

lar upstream mach number occurs only for one particular flow deflection angle 8max • Con
versely, a given flow deflection angle is associated with only one mach number, which will 
give a single solution. In most cases likely to be encountered in practice then , there will 
be either two shock-wave solutions or no solutions at all for any given upstream mach number 
and deflection angle. 

When two oblique shock solutions are possible, they will correspond to large and small 
wave angles as shown in figure 6.9. The solution with a relatively large wave angle is termed 
the "strong" shock solution, while the shock with a relatively small wave angle is termed 
the "weak" shock solution. The component of the mach number normal to the shock wave, 
Ml sin fr , is much larger for the strong shock so it corresponds to a normal shock at a higher 
mach number than does the weak solution. Therefore, the entropy loss and static pressure 
rise are larger for the strong shock than the corresponding values for the weak shock solution. 
There is no simple, clear-cut answer as to which of the two solutions will occur. The solution 
which occurs will depend, at least in part, on the flow conditions downstream of a shock. 
If an oblique shock were to occur in a pipe, for example, the back pressure could control the 
strength of the shock. If the back pressure were high, the strong shock solution would occur. 
It has been observed that when a wedge-shaped airfoil is used in flight, only the weak shock 
solution occurs. It should be noted in figure 6.5 that the weak shock solution is usually 
followed by supersonic flow downstream and the strong shock solution usually produces 
subsonic flow downstream. 
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Figure 6.8. Oblique shock on a cone. 
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Strong Shock 

Figure 6.9. Comparison of strong and weak shocks. 

For the cases in which there is no oblique shock solution, the shock wave will be de
tached from the point of deflection and will generally be curved as shown in figure 6.10. 
The values of Ml and 8 for which solutions are possible are shown in figure 6.11 for k= 1.4. 

Occurrence of Oblique Shocks in Pipes 

In pneumatic systems the flow is normally fully developed and turbulent so that the flow 
field is not uniform as was assumed in the previous discussion of oblique shocks. Therefore, 
there is no simple way of describing exactly how oblique shocks might oCGur in pneumatic 
systems. However, it may be said that if supersonic flow occurs in the system due to the 
variation in flow area in components and fittings, oblique shocks in some form will generally 
have an important role in reducing the flow back to the subsonic condition. Even the simple 
concept of a normal shock does not actually occur in practice when a thick boundary layer 
is present. The effect of boundary-layer thickness on the normal shock in a pipe is shown 
in figure 6.12a. Even with a thin boundary layer, the normal shock will not extend to the 
wall. The rise in pressure across the normal shock tends to thicken the boundary layer 
and thereby reduces the mass flow per unit area near the wall. The necessary deflection 
and compression of the supersonic flow near the boundary layer to accommodate this chang
ing flow pattern occurs through a pair of oblique shocks extending from the normal shock 
in a forked pattern. For thicker boundary layers, a series of shock patterns with progressively 
shorter normal shocks occurs before the stream is completely subsonic, as illustrated in 
figure 6.12b. With this thicker boundary layer, the pressure rise across the shocks produces 

\\\\\\\\\\\\\\\\\\\\\ \\\\\\\\\\\\\\\\\\\\\ 

M, : ~hO<k ~ 
77777-7rI7~T 

Iko max 0 '> o max 

F igure 6.10. Concave corner with attached and detached shocks. 
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boundary-layer separation. As still thicker boundary layers are encountered, the normal 
portion of the shocks disappears completely because of the boundary-layer separation. 
As the boundary layer increases in supersonic flow in a pipe, the pipe length necessary to 
complete the shock pattern increases. 
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(b) Thick Boundary Layer 

Figure 6.12. Effect of boundary layer thickness on a shock in a pipe. 
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CHAPTER 7 

FLOW MEASUREMENT 

Measurement of the rate of flow of fl uid through a pipe is often accomplished with one 
of four devices: the venturi tube, the flow nozzle, the orifice, or the turbine meter. 

The first two devices mentioned are elements which gradually restrict the flow passage 
to a minimum called the throat. This area reduction increases the fluid velocity, and the 
associated reduction in static pressure can be measured and used to compute the mass 
flow rate. The third device mentioned, the orifice, is also a restrictive element in the flow 
stream but, in this case, the area change is abrupt. The turbine meter does not operate 
on pressure drop, but measures flow velocity and mass flow rate by recording the speed of 
rotation of turbine blades placed in the stream. 

The equations that predict the change in fluid properties caused by a restriction placed 
in the flow path are derived from the first law of thermodynamics when the flowing fluid is 
compressible and Bernoulli's equation when the flowing fluid is incompressible. These 
equations predict the theoretical rate of flow and must be modified by empirical flow coef
ficients to obtain the actual rate . 

The value of the flow coefficient used with either of the above-mentioned equations 
depends, in part at least, on the geometry of the particular device being used for flow-meas
urement purposes. It will be found that the coefficient used in conjunction with the venturi 
tube is very near unity, which indicates that the theory employed to calculate venturi flow 
cate gives very good accuracy. The flow coefficient required with the flow nozzle is also 
near unity, but not so near as that of the venturi tube. The coefficient used with the orifice 
deviates considerably from unity, indicating that simple theory alone does not adequately 
describe the flow through an orifice. 

THE HYDRAULIC EQUATION 

The flow of an incompressible fluid through a constant-area passage into which a venturi 
tube, a nozzle, or an orifice has been inserted can be calculated by observation of Bernoulli's 
equation. The assumptions necessary are a steady, fully developed flow and no sensible 
heat transfer. 

To begin the analysis, consider the system shown in figure 7.1. Bernoulli 's equation 
applied between sections 1 and 2 gives 

P
1
+ YIV~ =P2+ Y2V~ 

2gc 2gc 
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2 

Figure 7.1. Flow ystem. 

Solving for the change in pressure 

P 
_p _ Y2V~-YIV~ 

I 2-
2gc 

Since for an incompressible fluid y is constant, the preceding equation is rewritten as 

For a steady incompressible flow, the continuity equation gives 

and solving for VI yields 

Substituting this relation into equation (7.1) 

or 

Defining 

Equation (7.2) becomes 

d·, {3- --d;" 

(7.1) 

(7.2) 

Writing the equation for the weight rate of flow in terms of conditions at section 2, the mini
mum cross section 

or 

(7.3) 
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Equation (7.3) is known as the hydraulic equation, and it expresses the theoretical mass flow 
rate in terms of the three measurable variables: pressure, area, and mass density. 

THE COMPRESSIBLE flOW EQUATION 

The equation for theoretical rate of flow of a compressible fluid through a venturi tube, 
nozzle, or an orifice is found in a manner similar to that for incompressible flow. The assump
tions necessary for this analysis are a perfect gas and steady, reversible, adiabatic flow. To 
begin the analysis, consider the system shown in figure 7.1. For the system shown, the 
first law of thermodynamics can be written in the form 

Rearranging terms yields 

and since the gas is perfect, 

It follows that 

and since the process is adiabatic, 

V~-Vr 

2gcJ 

and 

kR 
Cp= (k-1) 

Pv=RT 

which, when substituted into the foregoing equation, yields 

k 
(k-1) (PIV I-P2Vt) 

For a steady flow, the continuity equation can be written as 

and solving for VI yields 

Substituting for VJ in equation (7.5) 

(7.4) 

(7.5) 
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Solving for the throat velocity gives 

(7.6) 

where 

For an isentropic process 

or 

which, when substituted into equation (7.6), gives 

(7.7) 

where 

From the relation for an isentropic process 

it can be shown that 

(7.8) 

which, when substituted into equation (7.7), yields 

(7.9) 

Writing the equation for mass flow rate in terms of conditions at section 2 of figure 7.1, 

(7.10) 
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and again employing the isentropic flow relation 

-=-
Y~ Y~ 

Equation (7.10) becomes 

-- (1- ,J.,k-ll/k) 
k-1 

[ 

k ]1 /2 

or the perfect gas 

and the above relation becomes 

(7.11) 

Equation (7.11) is the theoretical equation for the mass rate of flow of a perfect gas under
going a reversible adiabatic process. This equation is in terms of the upstream pressure and 
temperature, the pressure ratio, area ratio, and the specific heat ratio. 

It is possible to re-derive the theoretical weight rate equation to obtain it in another very 
useful form. To accomplish this, equation (7.11) is rewritten in the form 

w=A (~\[2gc(6) r2/k(l-rk-ll/k)]1 /2 

2 Yifft J 1 - (r)2/kf34 

From the perfect gas law 

therefore 

( [
2gc(_k ) r2/k(1- r<k - l l/k)]1 /2 

w = A2 PI) _-'-k_-_1-'--...---., ___ _ 
YPI/Yl 1-(rflkf34 

or 

(7.12) 

and noting that 
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Equation (7.12) becomes 

w-Az (r)2lk --_ [2gcY1 (PI - P2) ]1/2 [ . ( k ) (1- r(k-O/k) ( 1-{34 )]1/2 
1-{34 k-1 1-r 1-(r)2/k{34 

(7.13) 

ote that equation (7.13) is simply the hydraulic equation modified by the factor Ya, where 

Y = [r2/k (_k ) (1- r(k -O/k) ( 1- f34 ) JI /2 
a k -1 1-r 1-(r)2/k{34 (7.14) 

The value of Ya depends on the pressure ratio r; the diameter ratio {3; and the specific 
heat ratio k. If the specific heat ratio is constant, it is possible to plot a family of curves to 
represent Ya over the pressure ratio range from r= 1 to r= pressure ratio at which sonic 
velocity occurs at the throat. Such a curve is shown in figure 7.2 for k values between 1.0 
and 1.8. A large·scale working chart of Ya also appears in chapter 18. It is important to 
note at this point that the value Ya, just discussed , applies only to the measurement of a 
perfect gas using either the venturi tube or the flow nozzle. It does not apply to the thin
plate orifice. The value Ya used in the equation to calculate flow through a thin-plate orifice 
is empirically determined and cannot be found by theoretical considerations . 

THE VENTURI TUBE 

The venturi tube consists of a short converging section followed by a short constant-area 
section called the throat and then a diverging section. The purpose of the venturi tube is 
to accelerate temporarily the fluid in order that measurement of the change in static pressure, 
caused by the velocity change, can be obtained. Pressure taps are located in the pipeline 
just upstream of the converging section and at the venturi throat. The static pressure is 
measured at the two pressure taps, and the change in pressure is used in the appropriate 
equation to calculate the rate of fluid flow. 

One of the notable characteristics of the venturi tube is its small pressure loss. This 
is a result of the gradual area change and the diverging section which acts to decelerate the 
fluid with a small amount of turbulence. The report of the ASME Research Committee on 
Fluid Meters points out that the overall pressure loss through the venturi tube will be approxi
mately 10 to 20 percent of the difference between the upstream static pressure and the throat 
static pressure. In other words, between 80 and 90 percent of the venturi pressure differ
ential is restored in the diverging cone. This committee also points out that the percent 
of pressure loss decreases as the speed of flow increases or as the size of the venturi tube is 
increased. Figure 7.3 shows a typical section of a venturi tube and a pressure history 
through the entire section. 

For incompressible fluids, equation (7.3) give the theoretical rate of flow through a 
venturi tube. For compressible fluids, equations (7.11 ) through (7.14) are applicable. To 
obtain the actual rate of flow, it is necessary to introduce the discharge coefficient Cd where 
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Figure 7.3. Ve nturi tube. [Courtesy o/the American Society 0/ Mechanical Engineers.] 

The actual weight rate of flow then is given by 

for an incompressible fluid , and 

for a compressible fluid. 

(7.15) 

(7.16) 

The discharge coefficient Cd should be determined by direct calibration whenever 
possible. When it is not possible to determine Cd by direct calibration, the use of curves 
of Cd versus pipe Reynolds number is suggested. These curves are constructed from data 
gathered by testing a large group of venturi tubes of a specific design. It should be noted 
here that any such curve will be for a particular variation of the basic venturi tube, and 
the value of Cd found with these curves should not be used with any type venturi tube except 
the type for which the chart was constructed. ASME constructed such a curve, for the 
Herschel venturi, which is reprinted as figure 7.4 and is also reprinted to a larger scale in 
chapter 21. Although the curve, figure 7.4, is limited to pipe sizes 2 inches (J.D .) and larger, 
it is feasible to use the values obtaineJ from this curve for pipe sizes smaller than 2 inches, 
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Figure 7.4. Oi charge coefficient for venturi tubes. [Courtesy of the American Society of Mechanical Engineers.] 

especially since no definite trend in the discharge coefficient with pipe size has been identified 
by the tests. 

THE flOW NOZZLE 

A flow nozzle may be described as a short cylinder, one end of which is flared to form 
a flange that can be clamped between pipe flanges. This flared end forms a curved entrance 
leading smoothly into a cylindrical section called the throat. The flow nozzle performs 
the same function as the converging section and the throat of the venturi tube; that is, it 
accelerates the fluid so that the static-pressure difference can be measured and used to 
compute flow rate in an appropriate equation. 

Because of the absence of the diverging section, the pressure los through the nozzle is 
greater than through the venturi tube. The overall pressure loss for flow nozzles ranges 
from about 30 to 95 percent of the inlet-to-throat pressure drop as the throat-to-pipe-diameter 
ratio decreases from 0.8 to 0.2, as shown by figure 7.5. 

The actual weight rate of flow through a flow nozzle can be calculated with equation 
(7.15) for an incompressible fluid and with equation (7.16) for a compressible fluid. The 
coefficient Cd to be used with the flow equations for a flow nozzle is different from that used 
with the venturi tube , although, as in the case of the venturi tube, the value of Cd will vary 
with the design of the flow nozzle. 

Figure 7.6 is a graphic representation of the ASME long-radius flow nozzle which is the 
flow nozzle for which the values of Cd listed in chapter 18 are applicable. 
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Figure 7.5. Qualitative representation of pressure !9:'adients through flow nozzle. [Courtesy of the American 
Society of Mechanical Engineers.] 

THE ORIFICE 

The orifice in its simplest form is a thin, flat plate into which a small circular hole has 
been bored. As in the case of the venturi tube and the flow nozzle, there are many forms 
of the orifice. Attention in this handbook, however, is focused entirely on the concentric, 
thin-plate, square-edged orifice as shown in figure 7.7. 

If manometers are connected to a series of static-pressure holes made in the pipe on 
both sides of the orifice, these manometers will show the variation in s tatic pressure along 
the pipe in the region of the orifice. The lower part of figure 7.7 illustrates the average 
static-pressure gradient in the vicinity of an orifice. Close to the inlet side of the orifice, 
the static pressure in the pipe increases slightly and reaches its maximum value at the 
entrance to the orifice. The pressure of the fluid drops abruptly as it flows through the orifice, 
and on the outlet side, the pressure continues to decrease slightly. The minimum value is 
reached at a short distance from the outlet side of the orifice. Beyond this minimum point, 
the pressure increases again to a second maximum several pipe diameters beyond the orifice 
plate. Since no guiding of the stream occurs on either the inlet or the outlet side of an 
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orifice, the acceleration and deceleration of the fluid stream, which the pressure gradient 
manifests, is accompanied by considerable turbulence and dissipation of pressure energy, 
especially on the outlet side. Consequently, for the same diameter ratio, the downstream 
maximum pressure is much lower for an orifice than for a venturi tube, and only slightly 
lower than for a flow nozzle. In other words, for the same diameter ratio and measuring 
differential pressure, the overall pressure loss through a square-edged orifice and a flow 
nozzle are nearly the same, while that through a venturi tube is much less. Experiments 
seem to indicate that, with liquids having low viscosity, such as water, and with gases having 
the pressure ratio, P2/PI, not far from unity, the overall pressure loss ratio (the difference 
between the minimum pressure above the orifice and the maximum pressure below the orifice 
expressed as a fraction of the drop from the upstream minimum to the downstream minimum) 
is very nearly equal to 1-{32. This relation holds approximately true for {3 values of up to 
about 0.85 and is illustrated in ;igure 7.8, which is based on several groups of tests. With 
gases, the overall pressure loss ratio increases as the rate of flow is increased, and the rate 
of increase in the pressure loss ratio is augmented by increases in {3. 

The weight rate of flow through an orifice can be calculated from modified forms of 
equations (7.15) and (7.16) and are reprinted here for convenience. ote the change from 
Ya to the empirical factor Y1 for orifices. 

(7.15) 

(7.16) 
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It is possible to rearrange terms in equations (7.15) and (7.16) and thereby obtain 

(7.17) 
and 

(7.18) 

where Kc is a flow coefficient defined as the product of the discharge coefficient and the 
velocity of approach factor, 1/\1'1- f34 

Equation (7.17) then is to be used to calculate the mass rate of flow of an incompressible 
fluid through a sharp-edged orifice, and equation (7.18) is to be used with compressible fluids. 

The determination of the coefficients Kc and Y1 to be used· in equations (7.17) and (7.18) 
involves a very lengthy discussion, the details of which are beyond the purpose of this hand
book. In general, Kc and Y 1 are functions of the Reynolds number, the shape of the orifice, 
and the compressibility of the fluid. The shape of the orifice is given by 11 parameters ; 
this number, however, has been reduced by standardization of many of the orifice shape 
variables. As a result of the above-mentioned standardization, it is possible to write for an 
incompressible fluid 

Kc= J(Re, f3, D) 

and for the compressible fluid 

Kc=J(Re, r, f3, D) 

where r (gamma) is the compressibility of the fluid. 
The equations which relate the factors listed above are empirical in nature and are 

based on the experimental values reported by the joint American Gas Association-ASME 
Committee on Orifice Coefficients. 

The value of Y, to be used in equation (7.18) for noncritical flow has also been determined 
by the ASME Research Committee on Fluid Meters, and for a complete discussion the 
reader is referred to page 79, Fluid Meters, Their Theory and Application, ASME , 1959. 

The expansion factor Y, for corner taps, I-D and 1/2-D taps, and vena contracta taps is 
given by 

and for pipe taps 

where 

Y, = 1- (0.41 + 0.35f34).xlk 

Y1 = 1- [0.333+ 1.145({32+ 0.7f35+ 12f313)J.x/k 

x k=cp 
Cv 

Plotted values of Kc and Y, can be found in chapter 18. 
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CRITICAL fLOW THROUGH ORifiCES 

The existence of a maximum possible flow rate of a compressible fluid through a nozzle 
was discussed in chapter 5. It was pointed out that for a gas having k= 1.4, the maximum 
flow occurs at a ratio of static to total pressure equal to approximately 0.53. It was further 
shown that in nozzle flow this pressure ratio occurs at the minimum throat cross section, 
and that sonic flow conditions exist at the nozzle throat for this maximum flow condition. 

It is an experimental fact that flow through a thin-plate orifice does not obey the ideal 
flow law, as does flow through a nozzle. The most significant deviation being that flow rates 
through an orifice continue to increase for pressure ratios below the critical. .Flows at ratios 
less than the critical are termed "critical," or in some texts, "supercritical" flows. In this 
region the characteristic equations for determining such factors as the flow coefficient Kc 
and expansion factor Y l vary considerably from the equations predicting these same quantities 
in the sub critical region. This phenomenon of increasing flow rates is attributed to the 
efflux from the orifice, unlike a nozzle, being unconfined. Thus, the minimum area of the 
flow stream, thp vena contracta, just downstream of the orifice is free to move axially, or to 
experience area change. It can be shown that as the pressure ratio decreases in the critical 
flow region, the vena contracta size approaches the orifice size. This change in vena con
tract a area is reflected by changes in the discharge coefficient Cd, and consequently the 
fluid flow rate. 

The flow of a perfect gas through an orifice in a pipeline has been shown to be a function 
of the flow area, the Reynolds number, diameter ratio, pipe diameter, specific heat ratio, 
upstream and downstream pressures, and the absolute gas temperature. Hence, 

w= f(A, Re, {3, D, k, PI, P2 , T) 

Restricting the discussion to high Reynolds numbers (when flow does not vary with the 
Reynolds number variations) and further requiring small {3 ratios , the mass flow rate of a given 
perfect gas can be shown to vary as a function of A, k, PI, P2 , and T. The relation between 
the fluid flow rate and the quantities mentioned above may be expressed 

(7.19) 

where r is the ratio PZ/Pl . 
By test, it is possible to plot a curve of (w vT:)/(AzP I ) versus r for a particular gas. 

Such a curve is shown for low-pressure air in figure 7.9. This graph shows a plot of the theo
retical flow of a gas through an ideal nozzle and a plot of test data for flow through a sharp
edged orifice. 

To determine a relation between the flow coefficient Kc, the coefficient of expansion Yl, 
and the pressure ratio, the basic flow equation given by ASME is used where 

Since a perfect gas is being considered, combining P= yRT and the previous relation yields 
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or 

(7.20) 

From equation (7.20) and figure 7.9, it is possible to plot the product KeY, as a function 
of r. Such a plot is shown in figure 7.10 for air. Notice that for this gas the product KeY, 
is a linear function of r in both the subcritical (8) and supercritical (A) regions, but the func
tions have different slopes. 

Now, by use of numerical methods, it is possible to determine an analytical solution 
for KeY, as a function of the pressure ratio r. As an example, J. A. Perry, 1949, determined 
the weight flow equation for air as 

w=0.668A(0.410+0.220r) Yyl1P (7.21) 

It should be pointed out that equation (7.21) applies only to air at low pressure and 
moderate temperatures with a negligible velocity of approach factor (f3 near zero). 
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CHAPTER 8 

ADIABATIC FRICTIONAL FLOW IN PIPES 

GENERAL PIPE-FLOW CONSIDERATIONS 

In general, the property changes that occur in a compressible fluid flowing steadily 
through a constant-area pipeline are dependent on a variety of factors. The most important 
factors are: 

(1) Characteristics of the gaseous fluid 
(2) Mach number of the flow (a generalized mass flow parameter) 
(3) Fluid friction acting on the pipe wall 
(4) Existence of shock waves 
(5) Elevational change 
(6) Presence of pipe fittings, valves, and other components 
(7) Heat transfer through the pipe wall 
This chapter includes only the evaluation of the effects of items (1), (2), (3), and (4). 

The effects of changes in elevation are generally negligible in compressible flow as a result 
of the low gas densities and will, therefore, be neglected here. When very high densities 
and great elevational changes occur, the effect on static pressure can be approximated by 
using an average density to compute the static-pressure change. This is then added alge
braically to the other losses. 

The presence of pipe fittings, valves, and other components is not specifically considered 
in this chapter, since a complete discussion of the flow characteristics of components is 
found in chapter 10. However, it is general practice to assign equivalent nondimensional 
lengths (LID) of straight pipe to fittings and simple components. The equivalent-length 
values are based on empirical data and are to be treated as extra pipe. This technique is 
considered acceptable in compressible flow problems only if the pressure loss across the 
component is a small percentage of the absolute pressure and if the gas velocities are rela
tively low (corresponding to a mach number of approximately 0.3 or less). 

When heat is transferred between the fluid and the pipe wall, straightforward solutions 
can be obtained for special cases. These nonadiabatic flows are the subject of chapter 9. 

The characteristics of the fluid are usually represented by the perfect-gas law, the 
knowledge of the specific heat ratio, and the molecular weight. This simple description 
of a real gas is found to be satisfactory for conditions of high temperature and low pressure 
(relative to the critical values for the particular gas). In this chapter, the analysis of the 
pipe flow phenomenon will be based on the perfect-gas relationships. it should be noted, 
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however, that in the region of low temperature and/or high pressure, the deviation from the 
perfect-gas characteristics can be very significant. These deviations are discussed in detail 
in chapters 2 and 4, and methods of accounting for them in pipe flow calculations are included 
in chapter 19. 

The mach number is the general mass How rate parameter in pipe flow analysis. The 
mach number also serves to factor into the analysis the molecular weight of the gas and 
the base levels of temperature and pressure. 

When the effects of fluid friction on the pipe wall are considered in the analysis, the 
frictional pipe-length parameter f(L/D) defines the frictional characteristics of the pipe. 
The friction factor f depends on the turbulent nature of the flow, and also serves to factor 
into the analysis the effects of fluid viscosity and pipe inside-wall roughness. The friction 
factor is basically a function of the Reynolds number. The common case of frictional flow 
in an adiabatic pipe is the primary subject Qf this chapter. 

The compressible flow functions developed in this chapter do not automatically account 
for choked flow conditions or shock waves. However, the solutions identify the choked con
ditions, and a discussion of choking and shock waves resulting from friction in constant-area 
pipes is presented in "Choking Because of Friction." 

FEATURES OF ADIABATIC FRICTIONAL FLOW 

The flow of compressible fluids through pipes may be treated as adiabatic (the change in 
stagnation enthalpy is negligible) only when the pipe length is short and/or when insulation 
has been employed to inhibit heat transfer. The analytical developments of this paragraph 
are based on the following assumptions , consistent with the introductory discussion in this 
chapter. 

(1) The flow is steady and subject to viscous friction in a constant-area pipe, tube, or duct. 
(2) The characteristics of the fluid can be described by the perfect-gas laws. 
(3) The effects of elevational change, if present, are negligible compared with frictional 

effects. 
(4) The pipe is straight and without fittings and components. 
(5) There is no appreciable heat exchange between the fluid and the pipe relative to the 

total heat capacity of the flowing stream. 
(6) There is no external work done by the fluid. 

The changes in fluid properties in adiabatic frictional flow at constant area are defined 
fundamentally by the Fanno equation. Combination of the first law total energy equation , 
with no external work or heat transfer, and the continuity equation for flow at constant area 
yields the Fanno equation in terms of enthalpy and density. 

First law 

continuity equation 

Fanno equation 
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Figures 8.1 and 8.2 illustrate the general shape of Fanno lines on h-v and h-s diagrams 
and are helpful in illustrating the effect of wall friction on fluid properties. Figure 8.2 is 
possible, since, for a pure substance, entropy can be defined by the two properties, hand v. 
When real-gas effects are significant, these plots can be made on the thermodynamic chart 
for the particular gas. 

It was shown in the paragraph on normal shocks in chapter 6 that point A, the point of 
maximum entropy, represents the point where the mach number is unity. Also, it was shown 
that the lower portion of the curve (X to A) represents flow at supersonic velocity, and the 
upper portion (Y to A) represents subsonic velocities. Furthermore, it can be shown that 
frictional effects are, in general, necessary to pass from point to point along the Fanno line 
to satisfy the momentum equation. 

The foregoing facts used in conjunction with the second law of thermodynamics lead to 
the following conclusions concerning adiabatic frictional flow through constant-area pipes. 

h 
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\" 
\ \ \ 
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Figure 8. I. Fanno lines on h-v diagram. 
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Figure 8.2. Fanno lines on h-s diagram. 
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F low initially supersonic. - If point C (fig. 8.2) represents the state of the fluid as it enters 
the pipe, there are two directions in which the fluid properties may progress; that is, from C 
to X or from C to A. The second law states that for an adiabatic process, the change in en
tropy must be positive; hence, the process from C to X is impossible and the process from C 
to A occurs. For this shock-free process , the mach number diminishes from its initial super
sonic value to unity at point A. There can be no further decrease in velocity without violating 
the second law. Hence, if the flow is initially supersonic, the effect of friction is to cause a 
velocity decrease and a corresponding pressure increase. 

Flow initially subsonic. - As in the preceding paragraph, the entropy must increase for 
the adiabatic process. Therefore, for flow initially subsonic, the process must be from 
point B toward point A on the Fanno line, rather than toward point Y. In order to satisfy the 
second law, the maximum velocity attainable with initial subsonic flow is sonic velocity. 
Thus, the effect of friction for subsonic flows is to increase velocity with a corresponding 
decrease in pressure. The effects of friction on velocity, mach number, and pressure are, 
therefore, seen to be opposite for subsonic and supersonic flows. 

THE FANNO-LiNE EQUATIONS 

In order to proceed with the discussion of adiabatic flow with constant area, it is neces
sary to derive equations for the fluid properties along the pipe and to determine the quantita
tive effect of friction on these properties for supersonic and subsonic flow. The equations 
are derived from the perfect-gas law relationships , the definition of mach number, and from 
the laws of conservation of energy, mass, and momentum. The result is five simultaneous 
differential equations that relate six differential variables. These include the fluid static 
properties, fluid velocity, mach number, and the frictional pipe length. These equations are 
then solved simultaneously and integrated to produce the desired direct relationships. 

The changes in the flow conditions within the differential length of pipe , as shown on 
figure 8.3 , are evaluated as follows: 
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which can be written in differential form as 

The definition of mach number, 

which in logarithmic differential form is 

From the total energy equation 

V2 
ho=h+-2 J =constant 

gc 

which in differential form, for a perfect gas, is 

Cp dT+ d (2;2J = 0 

and dividing by cpT, 

dT +(_1 ) (_1 ) d(V2) =0 
T 2gcJ cpT 

Substituting into this equation the value of T from the definition of mach number 

(8.1) 

(8.2) 

and the value of c" obtained from the perfect-gas relationships , c" - Cv= R/J and k = cplcv 

kR 
Cp= (k-1)J 

yields 

From the continuity equation 

Since G is constant, 

w 
G=-=yV 

A 

v dy+y dV=O 

and d(yV) = dG 

or 

(8.3) 
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Combining this with the mathematical identity 

dV2 (1) dV 
2V2= 2V2 2V dV=V 

yields 

(8.4) 

Now, consider the forces on the element of fluid in the pipe, where -r is the wall shear 
stress acting on the fluid and clAw is the differential wetted surface area of the pipe element. 
Summing these forces yields the change in momentum of the flowing stream between the 
ends of the pipe element 

PA- (P+dP)A--r clAw=m dV=(~) dV 

and 

-A dP--r clAw=rhdV 

The coefficient of friction, defined as 

and the hydraulic diameter, defined as 

D = 4 (flow area) 
wetted perimeter 

4A 

(~) 
are substituted into the momentum equation to convert the friction term into more useful 
terms, resulting in 

-A dP- fT';.V2) [(4~) dLJ = m dV 

Substituting m= pAV from continuity and dividing through by PA yields 

_ dP _ (4/rpV2) dL= (pV2) dV 
P 2DP P V 

The perfect-gas law can be written as 

so that 
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Introducing this relation into the momentum equation yields 

~ +k~2 (4£T) dL+kM2 (d;)=O 

Substituting once again the mathematical identity 

yields 

dP + kM2 (4fT) dL + kM2 (dVl) = 0 
P 2 D 2 V2 (8.S) 

Equations (8.1) through (8.5) comprise the five necessary simultaneous differential equa
tions in the six differential variables: dP(p, dy/y, dT/T, dM2/M2, dVZ/V2, and 4f, (dL/D). It 
is desirable to include in the analysis, at this point, the evaluation of changes in stagnation 
pressure, impulse function, and entropy, which increase the problem to one of eight equations 
and nine differential variables. 

From equation (5.31) the isentropic stagnation pressure is defined as 

k 

[ (k-l) ] k-I Po=P 1+ -2- M2 
Then 

k 

In Po=ln {p [l+(k;l) M2r-1} 
which, in differential form, is 

(8.6) 

The definition of impulse function, from equation (5.40), is 

F;=PA(1 + kM2) 

which, when written in logarithmic differential form for constant-area pipes, is 

(8.7) 

The final equation is written to obtain the entropy change. 
unit mass of fluid moving through the pipe element 

Applying the first law to a 

ds=~+G)(~) dv 
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du=cv dT and 
P R 
r=-;; 

Substituting the perfect-gas law written in logarithmic differential form as 

yields 

ds= c (dT) +!i (dT _ dP) 
v T J T P 

And for a perfect gas, cp-cv=R/J, k=cp/cv, and R/J=cv[(k-l)/k]. Substitution and 
clearing yield 

ds = dT _ (k-1) dP (R8) 
Cp T k P 

By selecting 4fT(dL/D) as the independent variable, the remaining variables can be 
defined explicitly in terms of M and 4fT (dL/D). This is accomplished by the simultaneous 
solution of the eight numbered equations (8.1) through (8.8), resulting in the following: 
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dP =-kM2 [1+ (k-l)M2'] 4h (dL) 
P 2(l-m2 ) D 

dV [ kM2 ] (d{.) V= 2(l-M2) 4fT D 

dT =_ [k(k-1)M4] 4+ (dL) 
T 2(l-M2) '.JT D 

dy [ kM2 ] (dL) y=- 2(l-M2) 4fT D 

~O=_(k~2) 4h (~) 

~i=_ [2(1~~~2)J 4h (~) 

(8.9) 

(RIO) 

(8.11) 

(8.12) 

(8.13) 

(RI4) 

(8.15) 
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(S.16) 

Integration of equations (8.9) through (8.16) will produce the explicit relation between 
the fluid properties, frictional length , mach number, velocity, and impulse function. But 
first , it is advantageous to study the equations in the differential form to identify the direction 
of change of the various properties as the fluid progresses down the pipe for subsonic and 
supersonic flow. Table S.l summarizes these changes. 

TABLE 8.1. -Fluid Property Changes 

If M > 1 (supersonic)- If M < 1 (subsonic)-

dM < O M decreases dM > O M increases 
dT>O T increases dT < O T decreases 
dV < O V decreases dV > O V increases 
dy > 0 y increases dy < 0 y decreases 
dP > O P increases dP < O P decreases 

dPo < 0 Po decreases dPo < 0 Po decreases 
dFi < O F, decreases dFi < 0 Fi decreases 

ds > 0 s increases ds > O increases 

Equation (S.16), and the second law requirement that ds be positive, establishes that the 
coefficient of friction must always be positive. It should be noticed that the quantities de
fined by those equations which contain the factor (1- M2) experience opposite changes under 
supersonic conditions than when under subsonic conditions. This includes the mach num
ber itself, which is seen always to tend toward unity. Therefore, for any given upstream con
dition with subsonic or supersonic flow, there is a maximum downstream pipe length, Lmax , 

associated with that condition such that the mach number would be unity at the end of the 
pipe. The theoretical results for supersonic flows are usually subject to inaccuracy stemming 
from the viscous behavior of real fluids that cause the formation of boundary layers and 
shock waves within the pipe. A more complete discussion of these effects can be found in 
chapter 6. 

WORKING RELATIONS 

To arrive at working relations, the mach number is specified as the independent variable, 
and equations (S.9) through (8.16) are integrated. Equation (S.lO) is integrated directly to 
obtain the explicit relation between M and 4f.r(L/D). Equation (8.10) is also solved for 
4f.r(dL/D) and substituted into each of the other equations so that all parameters can be in
tegrated with respect to the common mach number. 

It is desirable first to convert the coefficient of friction j., since coefficient of friction 
data is usually found in terms of/rather than /T (such as the Moody diagram). The conver
sion between these two coefficients can be obtained as follows, by definition of/for a differen
tiallength of pipe dL 

/= ~ [p(~)] 
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1.= [p (~2)] 

f=(~) _~L 

Summing pressure and shear forces on the incompressible fluid element yields 

ote that dPD=- dP, relative to figure 8.3. From the definition of hydraulic diameter, 
clAw = 4A dL/ D, so that 

Substituting this into the expression for the ratio of friction factors above yields the following 
direct conversion between / and IT 

/=41. (8.17) 

Substituting equation (8.17) into equation (8.10) and rearranging yields the following 
integrable equation for /(L/D) in terms of the more common friction factor / 

The lower limits of integration are selected at a point along the pipe where the mach 
number is M and where L = 0, the zero reference for pipe-length measurement. The upper 
limit is selected as the point where the mach number is unity and the distance corresponding 
to M = 1 is the maximum pipe length, Lmax , mentioned previously. Integrating equation 
(8.10) and clearing yields 

(8.18) 

where I is the mean friction coefficient between 0 and Lmax , defined by 

- 1 JLmax dL 1=- / 
Lmax 0 

The friction factor is usually found to vary only slightly over the length of the pipe. 
The average value will always be assumed, hereafter, and the bar over the symbol will be 
omitted for simplicity. The variation should be checked using the Moody diagram (ch. 3). 
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Eliminating the frictional length parameter from the remaining equations, using equation 
(8.10) and integrating results in the following explicit relationships 

P 1 
- -
P* M 

V 
V*=M 

T* C*2 

s-s* =In (M2: 
Cp 

(8.19) 

(8.20) 

k+l (8.21) 

2 [l+(T) M2] 

k+1 (8.22) 

(8.23) 

1+kM2 
(8.24) 

(8.25) 

Equations (8.18) through (8.25) are the Fanno-line equations. The superscript * denotes 
the properties where the flow is sonic, at the end of a pipe having a length, Lmax. The usual 
problem is to determine the change in fluid properties in a shockless flow between two pipe 
locations,l and 2, separated by a frictional distance,f(L/D) , which is less thanf(Lmax/D). 
Note that the choked flow properties are established without knowledge ofJ(LmaxlD). Then, 
for a given pipe system and a specified flow condition, there can be only one set of choked 
flow conditions, and these superscripted (*) quantities are the same, regardless of what 
upstream location is used to establish them. Conversely, the specification of flow conditions 
at any location fixes conditions throughout the pipe. The additional relationship of equation 
(8.18) establishes the frictional distance between the known upstream point and the location 
of choking. Then, with reference to figure 8.4, 
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Figure 8.4. Pipe-length measurements. 

so that 

(8.26) 

Likewise, since the choked values of the properties are the same, regardless of the upstream 
point used to establish them, the entropy change from location 1 to 2 is found by 

S2-SI=(S-S:\ _(s-s:\ 
Cp Cp)2 Cp)1 

(8.27) 

Since the other properties are related to the choked value as a ratio, a ratio form of equation 
is needed. The change in pressure, for example, between locations 1 and 2 is found by 

(8.28) 

All the other property changes are found by using the form of equation (8.28). 
Figure 8.5 is a graphic representation of the most important of the working equations, 

evaluated for perfect gases having a value of k= 1.4. More exact graphs for these and other 
gases are presented in chapter 19. Solutions for the equations can also be found tabulated 
in Keenan and Kaye (1948), Ames (1953), and Pratt & Whitney Aircraft (1963). 

It must be emphasized that the Fanno-line equations describe only that flow in pipes 
which can theoretically exist and that which is chockless. For example, in subsonic flow, 
f(L/D) cannot exceedf(Lmax/D). Hf(L/D) is computed to be larger than thef(Lmax/D) asso
ciated with the mach number of the flow, either the mach number is too large for the frictional 
pipe length or the length is too large for the upstream mach number. In supersonic flow 
with L < Lmax , pipe-exit back pressures equal to or greater than a specific pressure (Pg) will 
cause a normal shock to exist somewhere in the pipe. The Fanno equations describe flow 
only on either side of the shock, but not across it. Pg is the pressure just downstream of a 
normal shock that stands in the pipe exit with a shockless flow upstream. With L > Lmax in 
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supersonic flow, a normal shock exists somewhere in the pipe, and the Fanno equations apply 
only in the shockless regions once again. A detailed description of this phenomenon is 
presented in " Choking Because of Friction. " 

The usual procedure for computing the change in gas properties between two points in a 
pipe with the graphic or tabulated solution is as follows. The mach number is computed for 
the point in the pipe where the flow rate and fluid properties are known. A convenient form is 

(8.29) 

The point of known condjtions may be either upstream (1) or downstream (2), as shown in 
figure 8.4. The frictional length parameter J(Lmaxl D), and the fluid property ratios of interest, 
such as (PIP*), are read from the graphs or tables at the computed mach number. The fric-
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tionallengthf(L/D) between the points 1 and 2 is computed from the pipe description and com
bined with the value of f(Lmaxl D) as read from the charts in accordance with equation (8.26). 
This computation establishes the value off(Lmax/D) for the other point in the pipe, which, in 
turn, identifies the associated mach number and fluid property ratios for that location by 
means of the charts. The changes in properties between the two points are then evaluated 
by means of equations (8.27) and (8.28) and others of that form. 

DIRECT GRAPHIC METHODS - SUBSONIC FLOW 

The adiabatic frictional flow equations can be derived and integrated in the subsonic 
range between two specific locations in the piping system to produce solutions that can be 
charted. These charts then provide direct methods for calculating the compressible fluid 
property changes between various locations in a piping system. For example, if the mass 
flow rate and fluid properties are known at a point in the pipe, the mass flow parameter can 
be computed. And if the piping system JS defined, the frictional length parameters f(L/D) 
can be computed for the piping between the two points. Entering the proper chart with these 
values, the fluid property changes that occur between the two points can be read directly. 
These charts are graphic solutions of exact compressible flow equations which have the same 
theoretical basis as the Fanno-line equations derived previously. The charts define the 
changes in fluid properties that occur as a function of dimensionless parameters of mass 
flow rate and frictional pipe length measured at (or between) specific points in the piping 
system. 

In solving practical problems, the known (reference) flow conditions will generally occur 
in one of three locations, relative to the location where the flow conditions are to be 
established. 

Case 1: Conditions are known at an upstream point in the pipe. 
Case 2: Conditions are known at a downstream point in the pipe. 
Case 3: Conditions are known in an upstream reservoir. 
The knowledge of conditions in a downstream reservoir is generally not useful in estab

lishing pipe flow conditions since there is no necessary interdependence. If the pipe-exit 
flow can be proven to be subsonic, then the pipe-exit pressure is that of the downstream 
reservoir, However, in such a case, the pipe-exit temperature or specific volume must also 
be estimated. This changes the problem to one of known downstream conditions in the pipe, 
as in case 2 above. 

The three locations where the flow conditions are known require three different sets of 
charts to prevent the need for trial-and-error solutions. In developing the necessary equa
tions, the location designations will follow that of figure 8.6. 

Conditions Known in an Upstream Pipe Location 

The basic pipe flow equations are developed for the section from 1 to 2, based on known 
flow conditions at 1. By assuming various flow conditions, the fluid property changes be
tween 1 and 2 can be computed for selected values off(L/D) to produce the chart for case 1. 
As discussed previously, for any assumed flow condition and piping system, the properties 
of the fluid are fixed throughout the pipe and the upstream reservoir, if one should exist, 
regardless of the location of the known flow conditions. Therefore, the data required to 
produce the charts for cases 2 and 3 are obtained by modifying the flow parameters and fluid 
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Figure 8.6. Direct pipe flow solutions (conditions known in an upstream pipe location). 

property changes to reflect the change in the reference location from 1 to 2 and to 0, respec
tively. The pipe is assumed to be connected to the upstream reservoir with a frictionless 
isentropic nozzle to simplify the analysis . The significance of the frictionless nozzle is that 
isentropic flow can be assumed to relate the conditions between locations 0 and 1. The use 
of the nozzle also permits the use of the charts of case 3 to relate downstream conditions with 
stagnation conditions at location 1. In a practical problem, a square-edged entrance would 
be accommodated by increasing the effective pipe-length parameter f(L/D). 

Proceeding with the analysis of case 1, the equation of state which describes the state of 
the fluid as it progresses through the pipe 'is established by noting that the total specific 
enthalpy of the fluid is constant if the flow is C!.diabatic. Then 

d (;:)+J dh=d (;:)+J du+d(Pv)=O 

For a perfect gas, it has been established previously (ch. 2) that 

du= Cv dT 

and 

d(Pv)=R dT 

These equations can be combined to obtain 

J du= d(Pv) 
k-1 

Substituting this into equation (8.30) yields 

R 
cp-cv=J 

k= Cp 

Cv 

d(Pv)=_(k~l) d (;;J 
325- 994 0 - 69-12 

(8.30) 

(8.31) 
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Integrating equation (8.31) between points 1 and 2 in the pipe yields the equation of state 

(8.32) 

which can be rearranged as 

From continuity 

and for a constant-area pipe 

Also, by definition of the mach number for the ups tream location 

Substituting these into the equation of state yields the equations relating the fluid property 
changes to the upstream mach number. 

(8.33) 

Al 0, since 

(8.34) 

An additional equation is needed to relate these fl uid property changes to the frictional 
length of the pipe. From an intermediate stage in the derivation of equation (8.5), the follow
ing equation can be written 

'Y
V2 

dV + dP + !('YV2) dL = 0 
&V 2gc D 

(8.35) 

An alternate form of this equation 
dV2=2VdV 

the Bernoulli theorem, obtained by substituting 

( V2) (V2) dL d - +vdP+! - -=0 
2gc 2gc D 

(8.36) 

By substituting the mathematical identity 

v dP= d(Pv)-P(dv) 
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and the value of d(Pv) from equation (8.31), equation (8.36) can be rewritten as 

dV _kgc (Pv) dv+(kf) dL=O 
V V2 v 2D 

Further substitution of the value of Pv from equation (8.32) yields 

For steady flow in a constant-area pipe, continuity requires that 

w V 
G=-=-= constant 

A v 

which can be written once again in logarithmic differential form as 

dV dv 
V v 

Substituting this and clearing -yield the following integrable equation 

Carrying out the integration and substituting the definitions of sonic velocity and mach 
number yield the equation that relates the frictional length f(L/D), measured between the 
two pipe locations, to the fluid properties and mach number 

(8.37) 

Equations (8.33) and (8.37) can be solved simultaneously to produce the charts for 
case 1, which consist of separate charts for each value of k that is to be represented. Figure 
8.7 represents the chart for k = 1.4 and case 1. Note that the mass flow parameter <PI has 
been chosen as 

(8.38) 

Comparing equations (8.38) and (8.29) shows that <P is merely a modified mach number, made 
independent of k[<p= ("Yk)M I ]. This selection is made to provide easier interpolation 
between charts for uneven values of k. For example, for any value of k, <PI needs to be 
calculated only once, and the charts drawn for all specific values of k can be entered using 
the same value of <PI. It can be shown by cross-plotting the data versus k that linear inter
polation between the charts for any in-between values of k yields good accuracy. 
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Figure 8.7. Direct pipe flow solutions (conditions known 
in an upstream pipe location). 

Although equation (8.34) can be used to compute the temperature change (Tz /T1 ) for 
each assumed flow condition used in computing points on the chart, it must be modified to 
produce the parametric curves for selected even values of (T2/Tl)' This modification requires 
substitution of (V2/Vl) = (T2/T1 ) (P2/Pl) -1 into equation (8.34), resulting in 

(8.39) 

Equations (8.38) and (8.39) establish the variation of (P2/Pl) versus cf>l along lines of constant 
(T2/Td. That this equation is indeterminant for k= 1.0 is insignificant , since for k= 1.0, 
the temperature is constant over the entire chart, and no lines of constant (T2/T1 ) exist. 

The critical flow conditions are plotted on the chart to identify the limiting (maximum) 
subsonic flow, which occurs when the velocity at the pipe exit becomes sonic. The sonic 
flow line is described by the previously derived equation (8.19), which can be rewritten as 

(8.40) 
2+ (9) cf>r 

k(k+ 1) 
P* _ /2 + (k-l)M7 
p;-M1\j k+l cf>l 

Conditions Known in a Downstream Pipe Location 

The charts for case 2 can be plotted from the calculated data of case 1 simply by defining 
the flow parameter for the downstream pipe location 
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(8.41) 

The conversion relating CPI and CP2 is obtained by co mbining equations (8.38) and (8.41) 

(8.42) 

The (Pt/P I ) data computed for the flow conditions used in es tabli shing the charts for case 1 
can now be plotted versus CP2 using equation (8.42) , producing the charts for case 2. The 
case 2 chart for k = 1.4 is shown in figure 8.8. The lines of constant (Tz/TI) are derived by 
substituting into equation (8.34) the relations hip 

from the perfect-gas law , and 

(Po) 
2 

M2=M2 PI 
I 2 (~:) 

obtained from combination of equations (8.38), (8.41), and (8.42). Clearing and solving for 

1.0 

.8 

.6 
P2 

P, .4 

.2 

o 
o .2 .4 .6 .8 1.0 1.2 

cP 2 

Figure 8 .8. Direct pipe flow solutions (conditions known in 
a downstream pipe loca tion). 
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(P2/Pt) yield the necessary relationship to define the line of constant (Tt/Tt) on the charts of 
case 2. 

[ 

(T) JI/2 ~ -1 
P2= T2 1- T2 

P, (r,) (~) 4>l 
(8.43) 

The sonic flow line occurs as a vertical line on the charts of case 2, since the choked 
condition occur at the pipe exit, where the flow parameter q,2 i computed. And since M2 
is unity, the sonic flow line is described using equation (8.41) as 

q,2=Vk (8.44) 

Conditions Known in an Upstream Reservoir 

To extend the analysis to case 3, which accounts for a reservoir ahead of the pipe, it has 
been found convenie nt to assume a frictionless nozzle at the pipe inlet. This permits the 
use of the isentropic flow relationships to define the changes in properties between the up
stream re ervoir location 0 and the pipe inlet 1. Therefore, these charts are also applicable 
for computation between two pipe locations, when the upstream stagnation properties in the 
pipe are known. The pipe inlet corresponds with the nozzle throat. Then, for this section, 
the pressure and temperature ratios across the nozzle are obtained directly from equation 
(8.38) and the previously derived isentropic relationships of equations (5.31) and (5.10) 

(8.45) 

(8.46) 

By using equations (8.45) and (8.46) and the data computed previously for the chart of case 1" 
the pressure and temperature change data required for the charts of case 3 can be computed. 
This is possible since for a given flow condition and piping system 

and 
~: = (~:) (~~) 

~: = (~:) (~:) 
The flow parameter for case 3 is defined as 

(8.47) 

(8.48) 

(8.49) 

and 4>0 is equivalent to 4>1 and 4>2, except that no real mach number can be associated with 
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the stagnation conditions of the upstream reservoir. cpo is related to CP1, by combining 
equations (8.38) and (8.49) 

(8.50) 

Since the process between the reservoir and throat is isentropic, 

(~:) = (~~) ~~ 
and equation (8.50) can be simplified to 

(8.51) 

Equations (8.45) through (8.51), when combined with the data computed for case 1, can be 
used to compute the data for the charts of case 3. Figure 8.9 is the case 3 chart plotted 
for k= 1.4. 
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F igure 8 .9. Direct pipe flow solutions (conditions known in 
an upstream reservoir). 

Note that in the case of an upstream reservoir, the chart includes a curve for f(L/D) = O. 
This curve corresponds with the isentropic flow from the upstream reservoir to the throat 
of a smooth nozzle, which is also the ups tream pipe location in this case. The f(L/D) = 0 
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curves are readily obtained from the isentropic flow functions of chapter 5. The adiabatic 
flow parameter of equation (5.36) is recognized as cpo/Yk and was obtained by referring the 
local mach number, defined by equation (5.22) or (8.29), to the stagnation conditions. Then, 
for the nozzle-throat location 

Substituting the isentropic flow relationship of equation (5.28) to eliminate the temperature 
and equation (5.31) to eliminate M 1 yields the explicit formula cpo in terms of pressure ratio 

(8.52) 

The lines of constant (T2/To) are obtained by substituting into equation (8.34) the relationships 

(T2/T1) from equation (8.48), (TdTo) from equation (8.46), and Ml from equation (8.50). The 
resulting equation solved for (P2/ Po) is 

(8.53) 

The form of equation (8.53) indicates a straight-line relationship between (P2/PO) and CPo for 
constant values of (T2/To). 

The sonic flow line can be derived by substituting into equation (8.19) the relationships 

MJ from equation (8.51), and (fl/PO) from equation (8.45), resulting in 

P* ~ 2 
Po = CPok ( k + 1 ) (8.54) 

An alternate method for obtaining equation (8.54) is to substitute the critical temperature 
ratio from equation (5.14) 

T* 2 
- --
To k+l 
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into equation (8.53). This relationship can be used for case 3 because the upstream tem
perature is the stagnation temperature, and because the equation has been shown in chapter 
5 to apply to any adiabatic flow, regardless of irreversibilities. It is also possible to obtain 
the relationship of equation (5.14) independently by equating equations (8.53) and (8.54) 
(evaluated for the choked condition where T2 = T* and P2 = P *). 

Expanded working charts for cases 1,2, and 3, plotted for values of k= 1.0, 1.4, 1.67, 
1.8, 2.5, and 4.0, are placed in chapter 19. Values of k > 1.67 are included to account for 
real-gas effects, in which case k represents ks, the isentropic exponent discussed in chapter 
4, rather than the specific heat ratio. These charts are plotted on logarithmic scales to 
improve readability in the ranges commonly encountered in practice. 

CHOKING AS A RESULT OF FRICTION 

It has been determined that for a given upstream mach number and specific heat ratio, 
there exists a maximum frictional length, f(Lmax/D) , as defined by equation (8.18), which 
causes sonic velocity at the pipe exit. Further, it has been shown that there can be no 
transition within the pipe from supersonic to subsonic velocity in the absence of shocks, 
and there can be no transition from the subsonic to supersonic velocity within the constant
area pipe. The question often arises, when dealing with subsonic flow, as to the effect of 
an increase in pipe length to a value greater than Lmax for the particular upstream flow 
condition. For flow initially subsonic, such an increase in pipe length will reduce the mach 
number and, hence, reduce the mass flow. The reduced upstream mach number will have 
a value tlWt corresponds to the increased value of f(Lmax/D). Choking in subsonic flow 
can also be produced by reducing the back pressure at the exit of a fixed pipe, thereby 
increasing the flow rate to achieve choked flow conditions. 

Supersonic flow in pipes is generally produced by an upstream converging-diverging 
nozzle operating with sufficiently low back pressure. An important difference is that in 
the supersonic case, the flow rate (w/A) is constant, as controlled by the upstream conditions 
and the size of the choked converging-diverging nozzle upstream. The flow conditions are 
defined by a single Fanno line, as long as the back pressure is maintained low enough to 
choke the nozzle. Therefore, the concept of choking is slightly different in supersonic 
flow and is associated with the formation of normal shock waves within the pipe, rather 
than a limit on flow rate and/or pipe length. Shock waves can be caused by excessive back 
pressure or excessive pipe lengths, or both. An important similarity to subsonic flow is the 
existence of a maximum pipe length at which the flow will become sonic (M = 1) at the exit 
with shockless flow. 

The choking phenomenon can be analyzed in detail most conveniently by studying the 
changes that occur when the back pressure at the pipe exit is varied. To facilitate the 
analysis, it is necessary to divide the discussion into two parts: (1) subsonic, such as for 
pipes fed by converging nozzles; and (2) supersonic, such as for pipes fed by converging
diverging nozzles. 

Subsonic Flow 

Flow in a pipe fed by a reservoir and a converging nozzle must be subsonic, with static 
pressure decreasing with pipe length. Consider the flow through the pipe of the system 
shown in figure 8.10. Assume the back pressure Pb to be variable beginning with an initial 
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value of Po, the same as the supply pressure, and decreasing through the whole range of 
pressures to essentially zero pressure. 

Po> Pbl > Pt (curve 1, fig. 8.10) 

When the back pressure is less than Po, there is a certain mass flow through the pipe and 
a certain value of M at the pipe entrance. For this situation, the flow velocity increases 
through the pipe, but the flow is entirely subsonic and Pel = Pbl' 

but (curve 2, fig. 8.10) 

Qualitatively curve 2 is the same as curve 1. The only difference to be observed is an 
increase in mass flow, mach number, and velocity and a decrease in Lmax. 

Pb3 = Pt (curve 3, fig. 8.10) 

When the back pressure is decreased to P(t, which is the value of the back pressure 
that causes sonic velocity at the pipe exit, the pipe is said to be choked. The exit mach 
number is unity, the inlet mach number is maximum, and Pe3 = Pb3 = P r 

(curve 4, fig. 8.10) 

Dropping the back pressure below Pi has no effect on the flow anywhere in the pipe. 
For this condition, Pe4 =Pe3=P3*, Also, Pb4 < Pe4 and the drop in pressure from Pe4 to Pb4 
takes place by expansion outside the pipe in the form of oblique expansion waves. 

It should be noted that the choked pressures, P*, are different for curves having dif
ferent mass flow per unit area, since the Fanno curves are different. 

Supersonic Flow 

Flow in a pipe fed by a reservoir and a converging-diverging nozzle will produce super
sonic pipe flow if the back pressure is maintained sufficiently low. For this case, as shown in 
figure S.ll, it is necessary to consider two classes of flow; namely, flow in a pipe having a 
lesser length than Lmax and flow in a pipe with L greater than Lmax. 

It should be noted that the flow per unit area with all the supersonic flow cases to follow 
is a constant, as fixed by the choked condition of the upstream converging-diverging nozzle. 
Therefore, contrary to the subsonic behavior, there can be only a single Fanno curve and a 
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Figure 8.11. Choking because of friction with supersonic adiabatic pipe flow. 
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single choked flow pressure P*, regardless of the back pressure, so long as supersonic 
flow is maintained and the upstream stagnation co nditions are unchanged. 

CLASS 1: L < Lmax 

This implies that the pressure in the pipe exit with shockless flow designated as P; 
must be less than the choked flow pressure P*, identified by the Fanno-line equations. 

CASE 1.1: Pb < P; 

When the back pressure is less than the shockless exit pressure , the process will follow 
the s upersonic part of the Fanno line until the exit pressure Pe = P;, as hown in figure 8.12. 
Expansion from Pe to Pb will occur outside the pipe with oblique expansion waves. There 
can be no shock, since this would cause the process to jump to the subsonic part of the 
Fanno curve, and then with ubsonic flow , the exit pressure would have to match the back 
pressure. To reach that back pressure, as specified to be less than P; from the subsonic 
part of the Fanno curve, would require a process of decreasing entropy along the Fanno 
line. This violates the second law of thermodynamics and will not occur. 

P P* h 

5 

Figure 8.12. Case 1.1, frictional choking with supersonic flow when L < Lmax and Ph < P;. 

CASE 1.2: Pg > Pb > P; 

If the back pressure is increased from that of case 1.1 to something slightly greater than 
P;, the oblique expansion waves outside the pipe exit are replaced by oblique shocks which 
serve to raise the pressure of the supersonic flow to the back pressure. Otherwi e, case 
1.2 is identical with case 1.1 in that Pe = P; and no shock wave occurs within the pipe. There 
is a limit, however, as to how high Pb can be raised without causing the external oblique 
shocks to retract to the pipe exit and form a normal shock, as shown as a heavy dotted line 
on figure 8.13. Thi limiting back pressure is designated Pg and identifies the threshold of 
back pressures that cause internal shocks. Then Pg is the pressure that will occur down
stream of a normal shock standing in the pipe exit and whose upstream shock condition is 
that resulting from shockless supersonic flow in the pipe up to the exit. The pressure just 
upstream of the normal shock would be P;. 
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F i!!ure 8.13. Case 1.2 , fri ctional choking with superson ic Aow whe n L < Lmax 

and P!I > Pb > P~. 

CASE 1.3: Pb > Pg 

When the back pressure is increased to a value equal to Py, as described in case 2, a 
normal shock stands in the pipe exit. Further increases in Pb will cause the normal shock 
to move upstream into the pipe, resulting in subsonic flow between the shock and the exit. 
The exit pressure of the subsonic flow will adjust to the back pressure so that Pe= Pb , as 
shown in figure 8.14. Progressive in creases in back pressure will simply move the shock 
farther upstream in the pipe and subsequently into the nozzle, until subsonic flow exists 
throughout the system. 

__ M, 1 
E ----- "" 

...... , Pe Pb -- r--- . ....... 

....... P 
....... '\ 9 

t "- \ 
\ \ 

P \ I h 
~ P* 

/ 
/ 

Pel /" 
M'> 1 

?' 
L L Lmox s 

Figure 8.1 4 . Case 1.3 , frictional choking with supersonic Aow when L < Lmax and Pb > Py • 

CLASS 2: L > Lmax 

When the flow possibilities of L < Lmax were considered, the hockless flow exit pressure 
P; was found to be actually attainable for some values of back pressure. When L > Lmax, 
the existence of P; , as defined, is impossible, since this would require the existence of a 
flow process beyond the sonic point on the supersonic press ure curve, as shown on the pres· 
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sure diagram of figure 8.15. It has already been established that the flow process cannot 
progress beyond the sonic point in a constant area pipe without violating the second law of 
thermodynamics. This violation is reflected by the process of reducing entropy that would 
be required to progress around the knee of the Fanno curve of figure 8.15 from P* to any other 
greater pressure. Therefore, P; is nonexistent when L > Lmax , which further implies that 
there is no shockless path to points beyond Lmax in supersonic flow. 

---- M <1 

Pe ~ Pb 
Pe t P e' 

Pb 

~P* 
P 

P* h 

I / 
/ /' 

/ ./ 

" M > 1 
./ 

M ·1 '/ ? 
Lmax L s 

Figure 8.15. Case 2.1, frictional choking with supersonic flow when L > Lmax and Pb > P*. 

CASE 2.1: Ph > P* 
In view of the above discussion, the existence of a shock wave in the pipe upstream 

)f Lmax is apparent for any back pressure that allows supersonic flow at the pipe inlet. The 
flow process is described by figure 8.15 for the case where Pb > P*, and the exit pressure 
adjusts to the back pressure, as in all subsonic flow. The location of the shock wave in the 
pipe is established by the back pressure and the required matching of fluid property changes 
in the supersonic and subsonic regions with the changes occurring across the shock. Increas
ing the back pressure moves the shock upstream, as in case 1.3, until the flow is subsonic 
in the entire pipe. Also, as long as Pb > P*, the subsonic flow in the downstream region 
will remain un choked at the exit. 

CASE 2.2: Po < P* 
When the back pressure is reduced to P* with L > Lmax , the shock wave moves to its 

farthest possible downstream location and the ubsonic flow becomes choked at the exit. 
Any further decreases in back pressure will be ineffective in changing the flow conditions 
anywhere in the pipe. Then Pe=P*, and the expansion from Pe to Po will occur once again 
as oblique expansion waves outside the end of the pipe, as indicated in figure 8.16. 

In closing, it should be mentioned that the foregoing analysis was developed from the 
idealized theory of shock waves as plane discontinuities. It must be remembered in practice 
that the change from supersonic to subsonic flow is likely to extend over a considerable 
distance within the pipe as a result of boundary-layer effects, and this phenomenon is described 
in some detail in chapter 6. 
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Figure 8. 16. Case 2.2, frictional choking with supersonic flow when L > Lmax and Pb < P*. 
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CHAPTER 9 

NONADIABATIC FLOW IN PIPES 

As mentioned in the general discussion of pipe Row in chapter 8, straightforward analyti
cal solutions are available for special cases of compressible pipe Row with heat transfer. 
The most common of these is the case of isothermal flow (constant temperature) with friction , 
which generally applies to very long pipelines with relatively low mach-number Row. A 
second case is that of relatively short pipes with high heat transfer (usually deliberate) and 
in which the frictional effects are ass umed to be negligible, relative to the heating or cooling 
effects. A third case is one in which the effects of both friction and heat transfer are signifi
cant, resulting in a more complex problem that requires the use of the special techniques. 

ISOTHERMAL FRICTIONAL FLOW IN PIPES 

Features of Isothermal Pipe Flow 

When gases are transported over long distances in pipes, the static temperature tends 
to remain at the surrounding ambient temperature as a result of heat transfer from the 
surroundings. This tendency toward constant temperature is increased by long pipe length, 
low gas velocity, and absence of thermal insulation. In such pipelines, the total frictional 
pressure loss is generally high, and to assume incompressible Row (constant density) would 
usually result in poor calculational accuracy, in spite of low mach numbers. In this section, 
therefore, the same assumptions are made as in adiabatic frictional Row, except that sufficient 
heat is assumed to be added to maintain constant temperature. 

Governing Equations 

Equations (8.1) and (8.2) of chapter 8 reduce to the following for isothermal Row: 

(9.1) 

(9.2) 

Equations (8.4) and (8.5) remain unchanged as 

(9.3) 

325-994 0 - 69- 13 
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and 

(9.4) 

Proper combination of these four equations yields the explicit differential relation between 
the frictional length and mach number 

dM2 = ( kM2 )1 (dL) 
M2 l-kM2 D (9.5) 

An important difference between adiabatic and isothermal flow can be identified by 
comparing equation (9.5) with the equivalent adiabatic flow equation (8.10). For adiabatic 
flow, the choked condition can be identified at the point where the factor (1- M2) approaches 
zero at M = 1. In the case of isothermal flow, the equivalent factor is (1- kM2) which 
establishes the choked condition at a value of M = l/vk, rather than unity. 

It is convenient to establish the limits of integration of equation (9.5) from some upstream 
reference point of distance measurement where L = 0, and the mach number is M, to a point 
downstream where the mach number reaches the choked value, M = M**= l/vk. This 
point is selected since it can be shown that M tends toward this value from either the subsonic 
or supersonic flow conditions in the same way M tends toward the value of unity in adiabatic 
pipe flow. This condition can be reached, therefore, only at the end of the pipe, which is 
said to be at a distance Lmax from the arbitrary reference point. 

Integrating 

[Lmax (dL)=f 1Ik(l- kM2) 2 

J olD M2 kM4 dM 

yields 

1 (Lmax) = 1 - kM2 + In kM2 
D kM2 (9.6) 

The equation can also be applied to a length of pipe L between two real points by sub
tracting the distances in the same manner described in chapter 8 and in accordance with 
figure 8.4 and equation (8.26). 

Substitution of equation (9.6) into equation (8.26) yields 

l-kM~ - (M~) 
kM2 +1n M2 

2 2 
(9.7) 

It is possible to convert equation (9.7) into a more useful form which directly relates mass 
flow rate, the pressures at points 1 and 2, and the frictional distance. The flow properties 
which occur at the choked location, Lmax , are utilized since these values are fixed independ
ently of the chosen upstream locations 1 and 2 and are, therefore, a fixed constant for a given 
pipe flow. These properties are designated by the superscript **. 

From the definition of local mach number and for constant temperature, M varies only 
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with velocity and is directly proportional to it. The conditions at an upstream point can be 
related rurectly to the conditions at Lmax by 

M Jf - -
V V** 

and ~*= (vk)M 

From the continuity equation applied to constant-area pipes, 

yV=y**V** 

From the perfect-gas law with T cons tant, 

~=-L 
p** y** 

Combining yields 

p y V** 1 
p**= y **=-V= (Yk)M (9.8) 

Therefore, since p** is constant for any given fl ow condition , the pressure and mach numbers 
at points 1 and 2 are related by 

PI M2 
P2 = MI (9.9) 

Solving equation (9.9) for M2 and substituting into equation (9.7) yield the following explicit 
equation for M 1: 

(9. 10) 

The flow parameter cf>1 is also completely defined since, as in chapter 8, 

so that 

(9.11) 

Equation (9.11) produces solutions for isothermal flow in any perfect gas, regardless of 
the specific heat ratio. The solutions are found to coincide exactly with that of adiabatic 
fl ow of a gas having a value of k= 1.0, as es tablished by the direct graphic methods of chapter 
8 , " Direct Graphic Methods-Subsonic Flow," and case 1. 
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For cases when the downstream condition are known, the isothermal flow equation 
can be rewritten in terms of the downstream conditions by means of equations (8.41), (8.42), 
and (9.11). 

(9.12) 

Equation (9.12) also produces solutions which exactly coincide with the charts computed 
for adiabatic flow of a gas having a value of k= 1.0, as established for case 2 (ch. 8). There
fore, the evaluation of static pressure changes for isothermal, frictional pipe flow of any 
perfect gas can be made without approximation using the charts that describe adiabatic 
flow of a .gas having k=1.0. The choked flow lines also apply since P2/Pl=M1IM2 and 
M2= l/Yk at the choked condition. When an upstream reservoir enters the problem, the 
property changes at the pipe entrance normally cannot be considered isothermal due to the 
abrupt change, and the case 3 chart for k= 1.0 is not generally applicable to the isothermal 
flow of all perfect gases. However, for the usual case of unheated isothermal flow, the 
isothermal assumption is valid only with low mach-number flows. Also, the entrance 
effects are described as an equivalent value of [(LID) which usually never exceeds unity. 
The case 3 chart data indicate that for low values of cpo and for f(L/D) values less than 1.0, 
the fluid temperature change is very small, and the pressure ratio is essentially independent 
of k. Therefore, the case 3 chart for k= 1.0 can be used for the isothermal flow of any perfect 
gas with little error if the mach number (and CPo) is relatively low and the pipe is long, which 
is usually the case in isothermal flow. 

In addition to static pressure changes, the changes in fluid density and stagnation 
temperatures and pressures are also of interest. The perfect-gas law requires that 

for the isothermal flow, which is already available from the charts. 
The isentropic stagnation temperature was established by equation (5.10), chapter 5. 

[5.10] 

For the isothermal case, equation (5.10) can be written in logarithmic differential form as 

(9.13) 

Likewise, the isentropic stagnation pressure was established by equation (5.31) as 

[5.31] 
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which, when written in logarithmic djfferential form, is 

(9.14) 

By properly combining equations (9.1), (9.2), (9.3), (9.4), (9.13), and (9.14), the differential 
equations for fluid property changes can be obtained in terms of the frictional pipe length. 

(9.15) 

(9.16) 

dTO={ k(k - l)M4 ]f(eIL) 
To 2(l-kM2) [l+(k;l) M2 ] D (9.17) 

These equations show the direction of change in the fluid properties as the fluid progresses 
down the pipe isothermally. (See table 9.1.) 

TABLE 9.1. - Fluid Property Changes 

M < l /Yk 

Pressure and density ........................................................ Decreases 
Velocity, mach number and stagnation temperature ............... Increases 
Stagnation pressure... ... ... ........... .... ...... .. .. . ........ .. ....... .... . Decreases 

Increases 
Decreases 

M> I/Yk 

Increases for M < Y2/ (k + 1) 
Decreases for M > Y2/(k+ 1) 

The mach number tends toward the value of l/'v'k., which represents the limit for con
tinuous isothermal flow. As indicated by stagnation temperature change, heat must be 
added to the stream when M is less than 1/v'k., and heat must be removed when M is greater 
than l/v'k.. 

Equation (9.15) was previously integrated as equation (9.5) to produce equation (9.6). 
Substituting equation (9.5) into equations (9 .16) and (9.17) to eliminate f( eIL/ D) and integrating 
between the same limits as before result in 

h' 

Po [ I ]{( 2k)[ (k-l) ]}IC=T rr= (Vk)M 3k-1 1+ -2- M2 (9.18) 

and 

To (2k) [ (k - 1) ] T6*= 3k-1 1+ - 2- M2 (9.19) 
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Once again, the superscript ** refers to the choked flow condition at the end of the maxi
mum length pipe (Lmax) , where M=M**=l/Yk. The changes which occur between two 
specific points in the pipe can be obtained using the techniques outlined for adia~atic flow 
using equations of the form of equation (8.28). 

Required Heat Transfer 

The heat added between two points in the pipe can be computed from the change in 
stagnation temperature. 

0; - 2 = cp(To2 - To1 ) (9.20) 

The stagnation temperature change is obtained from 

( To) 1 + (_k_-2-1) Mi 
T02 Tt* 2 
- ---= 
TOI (To) 1 + (k -2 1) M21 

Tt* I 

(9.21) 

Substitution of equations (9.21) and (9.9) into equation (9.20) produces the direct means for 
computing the heat tran fer required to maintain the isothermal flow condition. Then 

and 

(k-1) [ (PZ)2] 0; -2= -2- 1- P. 
1 k-1 
M~+-2-

where M can be replaced by cp using cp = (Yk) M. 

(9.22) 

(9.23) 

Equations (9.22) and (9.23) apply when upstream and downstream flow conditions are 
known, respectively, and the necessary pressure data can be taken from the direct graphic 
solutions of chapter 8, "Direct Graphic Methods-Subsonic Flow," for k= 1.0. Also, note 
that equations (9.22) and (9.23) predict that no heat transfer is required for the isothermal 
Aow of a gas havingk= 1.0, as expected. 

It must be remembered that as M approaches the choked value, the heat transfer re
quired to maintain constant temperature becomes very high and will not occur without 
deliberate heating. Similarly, large and sudden pressure losses in piping components 
cannot be expected to occur isothermally. 

FRICTIONLESS FLOW IN PIPES WITH HEAT EXCHANGE 

This section considers the change in properties of a fluid in a nonadiabatic, constant
area, frictionle s pipe. Physically, a simple heating or cooling process is seldom achieved. 
However, in cases where a large temperature difference is maintained between the pipe 
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wall and the moving stream, frictional effects will be relatively unimportant compared to 
the heating effect, and the conclusions reached in this paragraph will have a high degree 
of validity. 

As in chapter 8, the analysis is made on the assumption of one-dimensional flow and 
that of the perfect gas. 

The Rayleigh Line 

Assuming no frictional effect and no area change, the continuity equation is, as before 

w 
yV=-=G=constant 

A 

Because of the momentum considerations of the frictionless constant-area flow, the impulse 
function defined by equation (5.39) is found to be constant. Then 

(y) p. P+ pV2= p+ gc V2= A'= constant 

which, when combined with the continuity equation, yields the Rayleigh-line equation. 

(9.24) 

The Rayleigh line can be plotted as a diagram of h-s, as shown in figure 9.1, in the same 
manner as was the Fanno line of chapter 8. 

Once again, the point of maximum entropy is the point where the mach number is unity. 

Hea ting P* 

Subsoni c 
~ 
::A-""" 

C ooling 

h 
Heat i ng 

Supersoni c ~ 
Cooli n 

s 

Figure 9 . l. Rayleigh line on h-s diagram. 

The second law of thermodynamics requires that entropy increase with heat addition 
and decrease with cooling. As on the Fanno line, the upper portion of the Rayleigh line 
corresponds with subsonic flow and the lower portion corresponds with supersonic flow. 
With either subsonic or supersonic flow, heat addition takes the flow process toward mach 
number of unity at which point the flow is said to become choked. Heat addition greater 
than that which will cause choking at the pipe exit will result in a reduced flow rate (and 
upstream mach number) and the process will be defined by a different Rayleigh line. The 
reduced upstream mach number will be consistent with the heat transfer and choked flow. 
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Governing Equations 

The Rayleigh-line equations that establish the fluid property changes are based on the 
usual definitions of a perfect gas and mach number and the conservation laws. It is found 
most convenient, once again, to relate all fluid property changes to the common mass flow 
parameter, the mach number. Proceeding with reference to the nonadiabatic frictionless 
pipe model of figure 9.2, the continuity equation for constant area is 

(9.25) 

In the absence of friction, conservation of momentum requires that 

and when combined with equation (9.25) 

Figure 9.2. Frictionless pipe flow with heat transfe r. 

Also, since for a perfect gas, pV2 = kPM2, the static-pressure change can be defined by 

By the perfect-gas law, 

The definition of mach number yields 
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Equations (9.25) through (9.28) can be combined and solved for T2 /TI , yielding the static 
temperature change 

(9.29) 

The density ratio is obtained by combining equations (9.26), (9.27), and (9.29), yielding 

'Y2 = VI = (MI)2(1 + kMi) 
'YI V2 M2 1 + kMi (9.30) 

Applying the first law of thermodynamics, the change in entropy can be established as 

l T2l 
. -

s2-sl=ln TI 

C
p (~:t~ 

Substituting equations (9.26) and (9.29) yields 

(9.31) 

The stagnation pressure change is obtained using the defining equation (5.31) and the static
pressure ratio of equation (9.26) 

(9.32) 

Finally, the stagnation temperature change is obtained from the defining equation (5 .10) 

Substituting T2/TI from equation (9.29) yields 

(9.33) 
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It should be noted, at this point, that all the fluid property changes are established in 
terms of changes in the mach number and without a specification of the heat transferred 
between the two pipe locations 1 and 2. A key relationship is required to associate the 
heat transfer to the change in mach number. This key relationship can be obtained in 
terms of the stagnation temperatures from the first law of thermodynamics applied to the 
open system. In the absence of elevational change and work, the steady· flow energy equa· 
tion, (1.5), reduces to 

Also for perfect gases, 

which can be rearranged as 

(9.34) 

It is often desirable to convert this equation to a form which involves total heat·transfer 
rate and weight flow rates by noting that 

Then the required temperature ratio becomes 

(9.35) 

which is generally computable when the heat·transfer rate and the flow conditions at one 
of the pipe locations are known. 

The use of the Rayleigh·line equations, as derived above, is usually prohibitively complex 
due to the complex functions involving mach number. It has been found convenient, once 
again, to normalize the equations by referencing the conditions that exist where M = 1, 
which is a constant for any particular flow. Location 1 is chosen as the point where M = 1 
and, according to usual convention, the various parameters are designated by an * at that 
location. The downstream pipe location becomes any location in general and the subscript 2 
is deleted. The Rayleigh·line equations can be rewritten in simpler form as follows: 

p k+1 
p* 1 +kM2 (9.36) 

L= [(k+ 1)MJ2 
T* 1+kM2 

(9.37) 

190 



NONADIABATIC FLOW IN PIPES 

V y* (k+ 1)M2 
V* y 1 + kM2 

5-5*= [ 2( k+1 )kTIJ 
Cp In M 1 +kM2 

To 
Tti 

2(k+ 1)M2 [1 + (T) M2] 

(1 + kM2)2 

TABLE 9.2. -Heat-Transfer Effects 

Heating 

M < 1 

To ... ... .. ... .. ....... •.. .......... ..... ...... .. ...... .. Increases 
M .. ........................... ....... ..... ............. Increases 
P.. . .. . .. . .. . .. . .. . .. .. .. .. . .. . .. .. .. .. .. .. .. ... . .. .... Decreases 
T ..... ... .... ..... . .. ............. .. ................... (aJ 

V .. ...... ... . ... ... .. .. ........ ...... .... .. ............ Increases 
Po .. .... .. .... ....... .. ... .. .. ... .. ..................... Decreases 

a Increases for M < l/vk. and decreases for M > l /vk. 
b Decreases for M < l/vk, and increases for M > l /vk. 

M > l 

Increases 
Decreases 
Increases 
Increases 
Decreases 
Decreases 

M < 1 

Decreases 
Decreases 
Increases 
(b) 

Decreases 
Inc reases 

(9.38) 

(9.39) 

(9.40) 

(9.41) 

Cooling 

M> 1 

Decreases 
Increases 
Decreases 
Decreases 
Increases 
Increases 

Equations (9.36) through (9.41) are plotted in figure 9.3 and in more readable form as 
a working chart in chapter 20. 

The plotted solutions in figure 9.3 show the effects of heat transfer, as reflected in a 
change in To , for flow initially supersonic and subsonic. For brevity, these effects are 
listed in table 9.2. 

It can be seen that heating always reduces the stagnation pressures. Also notice that 
the curve for T/T* of figure 9.3 goes through a maximum at M = 1/'Vk. This corresponds 
to the point of maximum h on the Rayleigh line of figure 9.1. In this case of k= 1.4, for 
example, for flows with a mach number between 0.85 and 1, heat addition reduces the stream 
temperatures, and cooling increases the stream temperature. 

Since the conditions at M = 1, superscripted *, are constant, the change between any 
two points can be obtained in the same manner as described for the Fanno-line equations 
in chapter 8. For example, 
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Figure 9.3. Rayleigh line equations (simple To change), 
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A typical problem might require a calculation of the change in fluid conditions between 
an upstream location (designated by the subscript 1), where all the flow conditions are known, 
and a downstream location (designated by the subscript 2) due to heat transfer that occurs 
between the two locations. The solution can be obtained as follows. Compute (To2 /To1 ) by 
equation (9.35) and read (To/Tn at Ml from the tabulated or charted solution of equation 
(9.41). Compute (To/nh by equation (9.42a) and read M2 from the same solution of equation 
(9.41). With both MI and M2 established, all the other property changes can be obtained 
using the known conditions. charted data, and equations of the form of equations (9.42). 

Choking Effects of Heating 

Although shockless supersonic pipe flow without friction can be choked by a cooling 
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process, the usual problems of choking due to heat transfer are associated with heating. 
For the case of heating a subsonic flow at constant area, the Rayleigh line requires that the 
mach number of the flow must increase. However, the amount of increase is limited since 
the exit mach number cannot exceed unity. If a greater amount of heat is transferred than 
that necessary to cause an exit mach number of uruty, the flow will become choked and the 
flow rate will be reduced correspondingly so that M = 1 at the exit. This process is analogous 
to the subsonic Fanno process (adiabatic frictional flow in pipes) in which the frictional 
length of pipe is increased beyond Lmax, the choking length. For flow initially supersonic, 
heat addition reduces the flow mach number; and once again, there is a limit as a result of 
the limiting value of M = 1 at the exit. Since the supersonic flow is generally supplied by a 
choked converging-diverging nozzle, the reduction in mach number occurs as a result of 
changes in fluid conditions, rather than the mass flow per unit area. The fluid condition 
changes result from the formation of a normal shock in the diverging section of the nozzle, 
which, in turn, causes the pipe flow downstream to become subsonic. 

There are other interesting aspects of the simple heating flow process that include 
considerations of various combustion processes and condensation shocks. These topics 
are withheld as beyond the purpose of this handbook. Interested readers are directed to 
the presentations of Shapiro, 1953, for a more complete treatment of the subject. 

PIPE FLOW WITH COMBINED FRICTION AND HEAT EXCHANGE 

The mechanisms of friction and heat transfer are so similar that, in general, one cannot 
exist entirely without the other. To calculate fluid property changes in heat exchangers, for 
example, it is necessary to take into account heat transfer as well as friction, since the effects 
of both are significant. It is assumed that area, specific heat, and molecular weight are con
stant for the respective gas. 

Genera l Analysis 

For a pipe element of infinitesimal length, dL, the rate of heat transfer is expressed by 
means of the energy equation in terms of the increase in stagnation enthalpy. It can also be 
expressed by means of the coefficient of heat transfer hq , in terms of (Tw - Taw) . 

(9.43) 

The adiabatic wall temperature Taw is the wall temperature achieved with high-speed gas 
flow in a thermally insulated pipe. This temperature is dependent on the static temperature 
of the flowing gas and the mach number. The adiabatic wall temperature usually lies be
tween T and To , and for subsonic flow in pipes, Taw can be determined with generally accept

able accuracy as 

For subsonic flow, the adiabatic wall temperature does not differ appreciably from the 
stagnation temperature, To. Moreover, the error in substituting To for Taw will be small if 
the wall temperature rIO is considerably in excess of Taw . In the follOWing it is assumed that 
this substitution is permissible, which is equivalent to the assumption that the recovery factor 
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is unity rather than 0.90. Substituting To for Taw and the definition of hydraulic diameter, 
dAw = 4 A dL/ D, into equation (9.43) yields 

( 
4hq ) dL 

Vep"! D 
(9.44) 

Equation (9.44~ can be simplified further using the Reynolds analogy between the coefficients 
of friction and heat transfer. Experiments show that this analogy, which relates the heat
transfer and friction coefficients according to 

is accurate within a small percentage for fully developed turbulent gas flow. Substituting in 
equation (9.44) yields 

dTo 
Tw-To 

(9.45) 

The steady-flow energy equation can be applied to the pipe element yielding the following 
equation in the absence of work 

dQ= dh+ ~~J) d (~2)= dho= Cp dTo 

Substituting the perfect-gas relationships and the definition of mach number yields 

(9.46) 

The isentropic stagnation temperature has been established as 

which can be written in logarithmic differential form as 

(9.47) 

In chapter 8, equations (8.1), (8.2), (8.4), and (8.5) were written for adiabatic frictional 
flow in pipes. These equations were based on the definitions of a perfect gas and mach num
ber and the considerations of continuity and momentum. These equations also apply to this 
investigation which includes heat transfer and, when combined with equations (9.46) and 
(9.47) above, comprise six differential equations in eight differential variables. 
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A simultaneous solution of the six equations can be performed to yield the following 
differential relation among mach number, stagnation temperature, and frictional length 

(9.48) 

The coefficients of dTo/To andf(dL/D) are referred to as "influence coefficients." These are 
only two of several that can be identified in a more general analysis that includes mass injec
tion, work, area change, and so forth. The magnitudes of the influence coefficients reflect 
the strength of the effects of a given independent variable on the dependent variable, such as 
dM 2/M2 in thi particular case. 

Equation (9.45) relates the frictional length parameter to the stagnation temperature 
change by a formulation of the heat transfer and use of the Reynolds analogy. Combining 
with equation (9.48) to eliminatef(dL/D) yields 

(9.49) 

Equations (9.45) and (9.49) provide the general means of solving the pipe-flow problems 
involving friction and heat transfer. Additional equations are necessary, however, to con
vert the solutions obtained in the form of M, To, and f(L/D) to the other fluid properties. 
The necessary equations can be obtained from the perfect-gas law, continuity equation for 
constant flow rate and area, and the definitions of the mach number and stagnation properties. 

(9.50) 

(9.51) 

(9.52) 

(9.53) 

(9.54) 
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The solution of a specific pipe-flow problem having friction and heat transfer using the 
above analysis requires a further specification of the heat-transfer process. The following 
sections will include the treatment of the cases of constant pipe-wall temperature and constant 
heat flux . 

Constant Wall Temperature 

In some practical applications the pipe-wall temperature can be assumed constant. For 
example, when the pipe or tube is a good thermal conductor, surrounded by a constant 
pressure bath of condensing vapor or a boiling liquid, the tube wall can generally be con
sidered at the constant temperature of the bath throughout its submerged length. Then, 
since T w is independent of location in the pipe, equation (9.45) can be integrated directly from 
the upstream pipe location (1) where L=O, to the downstream location where L=L2' yielding 

(9.55a) 

which can also be solved explicitly for (T02/To1 ) as 

(9.55b) 

Equation (9.55a) provides the explicit relationship between the frictional pipe length and 
change In stagnation temperature, when the initial conditions (at location 1) and pipe-w-all 
temperature and friction factor are known. It can be seen from equation (9.55b) that for 
large pipe lengths, the downstream stagnation temperature approaches the wall temperature. 

Evaluation of any other fluid properties at the downstream location requires a solution 
of equation (9.49) for the change in mach number. Equation (9.49) cannot be integrated 
in closed analytical form because of its complexity and must be integrated numerically or 
graphically with the aid of equations (9.55). Conventional methods of finite difference 
approximations, applied to short pipe segments, or small changes in To can be used with an 
iterative procedure to produce an accurate solution for M2 • A digital-computer solution is 
recommended. Once the value of M2 is established, all the other fluid property changes can 
be obtained using equations (9.50) through (9.54). 

An approximate solution can be obtained in closed analytical form when the mach 
.number is low, thereby eliminating the lengthy numerical method for the more common 
case of M :;;; 0.3. It was shown previously that equations (8.1), (8.2), (8.4), and (8.5) can be 
applied to frictional pipe flow with heat transfer as well as to adiabatic flow. Likewise, the 
definitions of stagnation pressure and temperature, as written in logarithmic differential form 
as equations (8.6) and (9.47), also apply. The equations can be combined to produce 

dPo=_kM2 [dTo+f(dL)] 
Po 2 To D 
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Further substitution of dTo from equation (9.45) yields 

d (Po) 
dPo POI -=--::-'-'"'-
Po Po 

kM2 (' L) (Tw - To + 1) dL 
2D 2To (9.56) 

Generalizing the downstream conditions (removing the subscript 2) and combining equations 
(9.50), (9.53), and (9.54) yield 

(9.57) 

Substituting this expression of M2 into equation (9.56) yields 

(9.58) 

The left side of equation (9.58) is easily integrated, but the right side can be integrated 
only if simplifying assumptions can be made. Expanding the factor involvingM in a binomial 
expansion yields 

[ (k-1) Jk+l (k-1) 1+ -2- M2 k-l = l+ -2- M2+ ... 

Inspection of this equation reveals that for small values of M, the function of M is nearly 
constant. Hence, if the function is assumed to have constant mean value over the interval 
of integration, the relative error in evaluating the change in Po will be only a small percentage 
if M:$ 0.3. 

Integrating over the pipe length L (between locations 1 and 2) yields 

The average value of the mach-number term is found by taking the average of the term 
evaluated with M=Ml and M=M2• When M=MJ, the term is unity. When M=M2' 
the term is found to be equal to 

(P02)2 (Tol) (M2)2 
POI T02 Ml 
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with the aid of equations (9.50) through (9.54). Then the average value 

(9.59) 

and the stagnation-pressure equation becomes 

(P02)2=1_(If..) M~ [1+ (P02) 
2 

(TO!)(M2)2JL (L2(Tw +~) dL 
POt \2 POt T02 Mt 2D Jo To! Tot 

(9.60) 

Equation (9.55b) can be generalized by replacing T02 with the length-dependent To, and the 
pipe length L2 with the variable pipe length L, resulting in 

This value of To can be substituted into equation (9.60) and integrated over the pipe length 
resulting in the following equation for stagnation-pressure ratio 

Although the equation does not define P 02/POt explicitly and the value of M2 remains unknown, 
a brief trial-and-error solution produces both unknown quantities, Poz/POt and M2/Mt. A 
first trial can be made by assuming the average value of the. mach-number term of equation 
(9.59) to be unity. This eliminates the unknown terms of equation (9.61), and an approximate 
value of P 02/POJ can be computed. In the second and following trials, TotiToz is computed by 
equation (9.55b), P 02/POt is that computed in the previous trial, and M2/M t is obtained by 
equation (9.57) in which M=M2, PO=P02 , and To=T02' Although equation (9.57) cannot 
be solved explicitly for Mz, a fortunate coincidence occurs in that the solution of the isentropic 
area ratio function can be used in this solution. Specifically, because of the similarity of 
the two functions, the value of M2 can be established at a value of (A/A*)M2 computed as 

(.4..) = (~tl (~) 
A* M2 [f;;; 

Vy;;; 
(9.62) 

The isentropic area ratios can be read directly from the plotted solutions found in chapter 16. 
The iterative solution of equation (9.61) should be carried out until an acceptable agree

ment is reached between the assumed value of Poz/POt and the calculated value that results. 
The associated value of M2 is then correct and can be used to establish the changes in all the 
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other fluid properties using equations (9.50) through (9.54). The amount of heat transferred 
can be readily computed from the stagnation temperature change by 

Q' = cp (T02 - ToI ) = cpToI (
To2_ 1) 
TOI 

Btu/Ibm 

and as a heat·transfer rate 
Q=wQ' Btu/sec (9.63) 

Constant Heat Flux 

For this case it is assumed that the heat flux per unit pipe wall area is the same throughout 
the length of pipe under consideration. Such a situation can result when the pipe or tube is 
electrically heated. Then with constant heat flux, the heat-transfer equation (eq. (9.43)) 
requires that the temperature difference (Tw-Taw), which is essentially Tw-To, must be a 
constant when hq is constant. Then for constant hq 

Tw-To=TwI- TOl 
and equation (9.45) becomes 

dTo (9.64) 
TWI-ToI 

Equation (9.64) can be integrated directly to produce the change in stagnation temperature 
with distance along the pipe. 

T02 -Tol JL2 
Twl-Tol 2D (9.65) 

As in the case of constant wall temperature, the mach number must be evaluated at the 
downstream location before the changes in all the other fluid properties can be established. 
Once again, equation (9.49) must be integrated numerically or graphically over the pipe 
length, with the aid of equation (9.65), using finite difference methods and a lengthy iterative 
process. 

For low mach numbers, an approximate procedure can be written equivall'mt to that 
developed previously for the constant wall temperature problem. When this procedure is 
carried out, the following equation, equivalent to equation (9.61), is obtained. 

(P02)2 = 1- (~) M~ [1 + (P02)2 (Tol) (M2)2J (fL2) [T wI + (fL2) (T wI -l)J 
POI 2 POI T02 MI 2D TOl 4D TOl 

(9.66) 

The procedure for solving equation (9.66) is identical to that outlined for solving equation 
(9.61), including the use of the isentropic area ratio solutions. 
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CHAPTER 10 

COMPRESSIBLE FLOW THROUGH COMPONENTS 

This analysis of flow through components is directed primarily to the flow characteristics 
of fully open valves. The more complex variable operating characteristics of flow·control 
valves are beyond the scope of this handbook, although brief discussions of valve·opening 
characteristics and pressure regulators are presented in the next two sections. 

COMPONENT PRESSURE LOSS AND FLOW CAPACITY 

The pressure loss through a fixed·orifice pneumatic component, such as a fully open 
valve, usually cannot be established from a purely theoretical approach. The difficulty 
stems from the complex flow paths and the wide variations that exist in the many designs 
that are available. Component manufacturers have established empirical equations which 
describe the flow capacity of their components in terms of the pressures, pressure drop, 
and the gas properties. Invariably, some type of flow coefficient , which is used as a measure 
of the overall capacity of the component, is factored into each of the equations. Unfortu· 
nately, a relatively large number of slightly different equations has come into use that incor
porates several uniquely defined flow coefficients. Lack of standardization has resulted in 
serious problems for pneumatic system designers. After considerable research and industry 
consultation, Slawsky et al. (1955) of the Pneumatics Laboratory of the National Bureau of 
Standards have suggested a standard for defining flow capacity and pressure drop across flow 
components. 

The NBS Flow Factor for Air 

It has been found experimentally that the standard temperature airflow characteristics 
of fully open valves and similar flow-restricting components can be described approximately 
by the expression 

(SCFM)A = K' V P'f - P'f sefm of air (l0.1) 

where K' is a constant of proportionality, depending on the fluid properties, the flow path 
geometry, and the fluid friction offered by the component. ote that pressures are measured 
specifically in the common units of Ibf/in. 2 abs (psi a). Defining the ratio of downstream to 
upstream pressure as r=P2/PI yields 
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The experimental data also reveal that for perfect gases the empirical constant of propor
tionality K' is independent of the upstream absolute pressure PI. Therefore, a K' factor 
which is evaluated at one pressure can be used at any pressure if the inlet air temperature is 
held constant. If the new pressure is sufficiently different from the tested pressure such 
that the compressibility factor (Z=Pv/RT) or the specific heat ratio of the air is changed 
appreciably, treatment of the gas as a real gas is recommended. The necessary corrections 
will be outlined subsequently along with temperature corrections. Since K' is independent of 
PI, the pressure and flow terms can be combined so that 

(SCFM)A K'VI- r:! scfm/psia 
PI 

Based on this equation, the flow characteristics of a component can theoretically be defined 
by a single, airflow test which establishes K' for the test gas at the test temperature. 

When the flow test is performed with air at standard temperature (600 F) and at a pres
sure ratio (r= 1/2), the value of flow rate per unit upstream absolute pressure measured at 
that flow condition is defined as the" ational Bureau of Standards flow factor, Fq or F w." 

The value of Fq represents the approximate max.imum capacity of the component, using air 
at standard temperature as the reference gas, since the flow rate increases at pressure ratios 
less than one-half are generally slight. Then the constant K' can be evaluated in terms 
ofFq 

and the characteristic flow equation for the component becomes 

(10.2) 

The flow factor is not dimensionless and can be specified in any air mass flow rate and pres
sure units such as the commonly used scfm/psia for Fq and lbm/sec-psia for F w. The conver
sion between standard cubic feet and mass flow units is obtained from the perfect-gas law 
evaluation of volume at standard temperature and pressure. 

Vstd = (~) Rw 
Sid 

Then the relation between the two common units of flow rates is obtained by differentiating 
with respect to time and substituting the standard values of the pressure and temperature, 
yielding 

[ 
520 ] 

SCFM= 60 (144)(14.7) Rw 
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or 
SCFM = 14. 75Rw scfm (10.3) 

It hould be noted that the conversion is dependen t on the gas constant R , resulting in a 
different conversion factor for each gas. For air, where R = 53.36 ft-lbf/lbm-oR 

and 
(SCFM)A = (14.75) (53.36)wA 

786 scfm 
lbm/sec 

for air 

Likewise, since the flow factor Fq is defined for air only, the conversion between F units is 
equal to the same constant as the flow unit conversion. Then 

Fq =786Fw 

These conversions can be substituted into equation (10.2) to demonstrate the general nature 
of the pressure ratio function. 

(SCFM)A 
Fqpl 

(10.4) 

It was stated that, theoretically, the flow factor can be established by a single flow test. 
However, to obtain accuracy, the flow test should cover a wide range of pressure ratios, r, 
and the best curve of the pressure ratio function should be fitted to produce the most accurate 
value of Fq for the range of expected flow rates. 

Extensive study of experimental data from the National Bureau of Standards has verified 
that equation (10.4) yields a conservative prediction of flow rates through components in that 
the actual pressure drop is usually equal to or slightly less than the prediction. On the oppo
site extreme, the following similar pressure ratio function can be used to predict the maximum 
flow rates at a given pressure ratio. 

2Vr(1-r) (l0.5) 

Equation (10.5) is an approximation of the isentropic flow formula and represents components 
which cause very little loss of stagnation pressure. 

A third equation has been written which predicts flow rates between those of equations 
(10.4) and (10.5) 

(SCFM)A 
Fqpl 

~(~) r(l- r) (3- r) 

Finally, there is a fourth empirical equation in wide use 

(SCFM)A = 33. 75dJ V r( r0.43 - rO' 71) 

(10.6) 
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which, when converted into the general terms of F q, is 

Y15 .3 (r1.43 - rl.7l) (10.7) 

Note that the NBS flow factor (Fq or F w) is applicable to each of these equations accord
ing to its definition, since 

(SCFM)A 
Fq 

PI 
when 

1 
r=-

2 

The normalized equations (10.4) through (10.7) have been plotted in figure 10.1 for com
parison. Most test data fall within the band defined by equations (10.4) and (10.5). There
fore, the intermediate curve of equation (10.6) can be expected to predict flow rates and 
pressure drops that are as accurate as can be expected from an empirical curve applied to 
all fully open components in general. The reader is cautioned against overconfidence in 
using these equations for predicting flow through untested components. For example, it 
is known that for valves having low-resistance flow characteristics because of internal port 
sizes approaching that of the inside diameter of its associated pipe, the choking pressure 
ratio will be well above r= 0.5. Therefore, cases can be expected where the characteristic 
curve will fall even farther to the right on figure 10.1 than that of equation (10.7). When 
numerous components are connected in parallel, the combined system flow factor is deter
mined as the sum of the flow factors of the individual components. Hence, for components 
connected in parallel 

When equation (10.4) is used for each of a number of components connected in series, 
the combined flow factor Fe can also be computed for the series in terms of the individual 
flow factors. The series of components can then be treated as a single component, and the 
pressure ratio corresponds to the pressures upstream of the first component and downstream 
of the last component. For a two-component series, the combined flow factor can be deter
mined from equation (10.4) to be 

Similarly, for three and four components, respectively, 

and 

Fe= FlF2F 3F4 
Y(FIF2F3)2 + (F2F3F4)2 + (FlF3F4)2 + (FIF2F 4)2 
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Note that the arrangement of terms in each of the equations is such that J , . • ::> independent 
of the order in which the components are installed. The equation for Fe can easily be 
extended to describe the overall flow factor for a series of any number of components. 

Pe rfect Gases Other Than Air at Standard Temperature 

Since the NBS flow fac tor is established for air flow at standard temperature, a means of 
correcting for different temperatures and for gases other than standard air is needed. While 
there is no exact means of correcting the empirical equations, it has been suggested that 
corrections developed for nozzles and orifices should be applied. In chapter 7, equation 
(7.11) was developed to describe isentropic flow through nozzles and orifices installed in pipes. 
Rearranging slightly to incorporate the area A I in the mass flow parameter instead of A2 , 

equation (7.11) becomes 

w ~RTI_[(--'!:!...) rl/k( rl/k - r) ]1/2_ . 
AIPI g;- k - l {3-4 _ r2/k - /1 (r, k, (3) 

Likewise, the direct graphic solutions of frictional adiabatic pipe flow derived in chapter 8 
indicate the existence of a complex but explicit rela tionship involving the same dimensionless 
flow parameter. 
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In each of these adiabatic flow cases, the flow parameter varies with pressure ratio, 
specific heat ratio, and a geometrical factor which describes the flow path. If the adiabatic 
flow through components is assumed to be affected by changes in the gas constant and 
upstream temperature in the same manner as is shown analytically for adiabatic nozzles 
and pipes, then the same simple corrections can be applied to the component flow equation 
for standard temperature air, which was written as 

In this empirical equation, the flow area and geometrical factor are combined into the NBS 
flow factors F q and F w, and k is not represented at all. 

The correction for different gas constants and changes in upstream temperature can be 
determined for any given upstream pressure and fixed values of k, r, and the geometrical 
factor. Note that with either the nozzle equation or pipe flow equation 

wVRTt = (wVRTt)any ref !;as=constant 

Applyin / 'US to component flow by substituting the expression for WA yields 

wVRT I = (WA VRAT1)std temp air=[F wPd(r)]V(53.36) (520) 

so that 

(F:) ~J ~(53~36) (5~~) = fer) (10.8) 

for any perfect gas having the same value of k as air (1.4). Since the specific heat ratio term 
does not exist in the empirical component flow equation, corrections for variations in k cannot 
be made. This discrepancy is not considered serious, however, except in the high pressure
drop range. Only here have changes in k been found to be effective with adiabatic nozzles 
and adiabatic pipe flow. Also, because of the approximate nature of the empirical equations 
associated with the NBS flow factor, a rigorous evaluation of the small effects of changes in 
k is not justified except in cases of conditions that approach choked flow in the component. 

Equation (l0.8) can be converted to units of sefm by substituting equation (10.3) and the 

associated relationship 

!3..- (SCFM)A 
Fw - WA 

(14.75) (53.36) 

which yields the general expression for SCFM 

SCFM (1...) ~(53.36) (L-) = fer) 
Fq PI R 520 

(10.9) 

Note that the conversion from mass flow rate units to units of standard volumetric flow 
rate (which is also a mass flow rate) inverts the gas constant ratio under the radical. The 
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gas constant ratio can also be converted to ratios of specific gravity (relative to air) or molecular 
weight since 

(10.10) 

Real-Gas Effects 

When gases are used at high pressure and/or at low temperature, the behavior is not 
accurately described by the perfect-gas law. Therefore, the corrections derived from the 
exact flow relationships for adiabatic nozzles and pipe flow must be further modified to account 
for the real-gas effects. A detailed analysis of real-gas effects on pipe flow can be found in 
chapters 4 and B. Specifically, if the real-gas effects on the flow characteristics of com
ponents are assumed to be the same as the effects on the flow characteristics of nozzles and 
pipes, then the same modifications can be applied to the empirical relationships of equations 
(10.B) and (10.9). Therefore, just as equations (B.55a) and (B.55b) of chapter 19 were modified 
for real gases to produce equations (B. 55}) and (B.55g), equations (10.B) and (10.9) modified 
for real gases with the compressibility factor become 

(F:p) ~(5~:~6) (~~)=f(r) (10.11) 

and 

SCFM ~(53.36) (ZITI) = f(r) 
Fqpl R 520 

(10.12) 

The functionf(r) still represents any of the four functions defined by equations (10.4) through 
(10.7). The means for accounting for any gas other than air at standard temperature is seen 
to involve only a generalization of the flow parameter. The variation of the isentropic ex
ponent ks for real gases, which is usually accounted for as the additional variable in the pres
sure ratio function, is neglected once again as was k with perfect gases. The error involved 
is not expected to be significant for the usual range of pressure ratios which are greater than 
approximately 0.B5. When accurate pressure-drop characteristics are required for untested 
components, especially those intended for service at very high pressure and/or low tempera
ture, actual testing of the components is recommended. The tests should be performed, 
preferably, with the gas to be used and at gas conditions that duplicate as closely as possible 
the expected operating conditions. 

Conversion Factors Relating Flow Coefficients 

There are three widely used flow coefficients that are different from the NBS flow factor, 
Fq or Fw. These three-Cu , do, and K-which will be defined in order, describe the major 
portion of available components. Only conversions between these and the NBS factor will 
be examined here. 

Cv is a coefficient based on incompressible fluid flow and is defined as the rate of flow of 
60° F water, in gallons per minute, that will exist in the component with a differential pressure 
of 1 psid across the component. Cu is based on the water flow formula 

(GPM)W=CVVPI-P2 
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or 

gpm of 60° F water (10.13) 

For incompressible flow of any fluid, the volumetric flow rate can be obtained from the Ber
noulli equation, modified by the flow coefficient, as in chapter 7. Writing equation (7.15) in 
terms of volumetric flow rate yields 

In terms of gallons per minute, 

GPM=(q, ft3/sec) (7 .48, gal/ft3)(60, sec/min) 
or 

GPM = 448.8(q) gpm 

Then by substitution, for any incompressible fluid, 

GPM = 12(448.8)AKc ~2gc (A~L ) gpm 

The ratio of airflow (A) to water flow (W) for a given component, APL, and discharge 
coefficient is, in terms of gpm, 

and 

Substituting equation (10.13) for (GPM)w and converting P to P yield 

or 

This flow is converted to units of sefm by 

_ . (_1 3 ) (~ Ibm/ft3
) 

(SCFM)A - [(GPM)A, gal/mm] 7.48' ft /gal YA
std

' Ibm/ft~td 
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where, from the perfect-gas law, 

YA _ (PI) (Tstd) _ (PI) (Tstd ) 
YA

std 
- P

Std 
---r: -~ ---r: 

The conversion is being performed for the NBS flow factor defined for air at standard 
temperature only. Therefore, 

TI = Tstd = 5200 R 
Finally, 

Then for TI = 5200 Rand Yw = 62.4 Ibm/ft3 

and Tstd = 1 
TI 

(SCFM)A = PI (i~) [(7.48)1(14.7)] v' (62 .4)(53.36)(520)(1- r) 

or 

scfm of air at 600 F 

By the definition of F q 

(10.14) 

wheref(r) can be any of the functions defined by equations (10.4) through (10.7). Equating 
the two expressions yields the conversion between the NBS flow factor and the Cv factor 
established from water flow tests. 

F q = 0.997 (v'1- r) 
Cv fer) 

(10.15) 

Before equation (10.15) can be used, a decision must be reached regarding the pres
sure ratio at which the compr~ssible and incompressible equations should be tied together. 
In accordance with the NBS convention, all functionsf(r) must have a value of 1.0 at r= 1/2, 
since a given component should flow a fixed quantity of fluid per unit upstream pressure 
at that pressure ratio, regardless of the function used to describe it. On this erroneous 
basis, the reference pressure ratio for use in equation (10.15) should be r= 0.5, and the corre
sponding value of f(0.5) will be unity, regardless of the function used. Then 

(f!)=0.997 (~) 
=0.705 
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The use of this conversion factor with all the empirical functions will result in their uniform, 
but erroneous, prediction of like flow capacity at r= 1/2 for a given Co value. Also, this 
flow capacity will correspond with that predicted by the incompressible equation (10.14), 
which is not accurate in predicting airflow at r= 1/2. 

Equation (10.14) and, therefore, equation (lO.lS) also are valid only when the value of r 

is set to unity, since equation (10.14) was derived on the basis of an incompressible fluid 
only. In effect, the two equations tie together the compressible flow equation and the 
incompressible flow equation, and these relationships can be simultaneously valid only in 
the low pressure-drop region, where r is essentially unity. 

It is also evident from equation (10.15) that, on this basis, the conversion between 
FQ and Cv is dependent on the particular empirical pressure ratio function assumed for the 
component flow characteristic. For the relationship of equation (10.4) 

=0.997 ~ 
~(~) (l-r)(l+r) r=1 

and 

(~:) = 0.6105 (10. 16a) 

Similarly, for equations (10.5), (10.6), and (10.7), respectively, 

(~:) = 0.4985 (1O.16b) 

(~:)=0.5580 (10.16c) 

(~:)=O.482 (10. 16d) 

The conversions from the equivalent orifice diameter, do, and the head loss factor, 
K, can be done in a similar fashion. However, since these factors are also derived from 
water flow tests, they can be related directly to an equivalent value of Co. This equivalent 
Co is then converted to Fq by means of equations (10.16a) through (10.16d). 

It was shown in the preceding development that for any incompressible fluid 

GPM = 12 (448 .8)AKc ~2gc (d;',) gpm 
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The equivalent orifice of diameter do is measured in inches and is based on an assumed 
flow coefficient Kc. Then for convenience, consider water flowing at 60° F 

(GPM)w= 12 (448.8)Kc (4(1~)) )2~32~42)o(d2)Y !1p[, 

=29.8Kc d~ y!1PL gpm 
Also, by the definition of Cv, 

(GPM)w= Cv Y!1p[, 

Equating the two separate equations yields the conversion factor 

Cv =29.8Kc d3 

Since the general practice is to define the equivalent orifice as one with a flow coefficient of 
Kc = 0.60, the conversion factor becomes 

Cv =17.9dij (10.17) 

The direct conversion between do and Fq is obtained by substituting the expression 
for Cv into equations (10.16). 

The head loss factor K, which can also be written in terms of an equivalent pipe length 
and the fully turbulent friction factor K = f(L/ D), can be related to Cv by a similar procedure. 
By definition, for incompressible flow 

Substituting V = q/A and solving for q yields 

q= 12A /2gc!1PL 
V yK 

Using the previously developed relationship GPM=448.8(q), the foregoing expression is 
rewritten as 

GPM= 12 (448.8)A )2g;t;tL 

For 60° F water, y=62.41bm/ft3 and 
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or 

(GPM)w=5472 ~ Yl1pJ_ 

Equating this to the definition of Cv yields the conversion 

and in terms of the inside diameter of a circular pipe D measured in inches 

(10.18) 

Note that the flow area A (or the pipe inside diameter D) on which K is empirically based 
must be known before the conversion can be made to any of the other flow factors . K is 
generally based on the inside diameter of the pipe to which the component is connected. 
Equation (10.18) can also be substituted into equation (10.16) to obtain the direct conversion 
between K and F q. 

Combining equations (10.17) and (10.18) prod uces the direct relation between do and K. 

(10.19) 

Other well-defined flow coefficients can be converted to Fq by similar procedures. 
It is especially desirable to convert all flow coefficients of a group of series-connected com
ponents to the BS flow factor. If this is done, the combined system flow factor Fe, based 
on the pressure ratio function of equation (10.4), can be computed and the whole series 
can then be treated as a single unit. 

Component flow and capacity coefficients are subject to wide variations even among 
components of the same general type. Coefficients taken from several sources are tabulated 
in chapter 14. When a need exists for great accuracy in predicting pressure drop and 
flow capacity, the components should be subjected to testing at conditions which closely 
duplicate the important flow conditions. When less accuracy is required, the tabulated 
values are recommended. The wide variation found in the tabulated values indicates 
that good engineering judgment should be exercised in ·selecting values so that realistic, 
but conservative, predictions will result. Valve-flow factors should be obtained from the 
manufacturer whenever possible. 

Component Equivalence With Frictional Pipes 

An additional method of correlating the compressible flow characteristics of components 
lies in the possible equivalence with some specific length of adiabatic frictional pipe. A 
similar procedure is widely accepted for the analysis of incompressible flow, in which the 
component head loss factors and flow coefficients are expressed as equivalent lengths of 
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straight pipe, to which the completely turbulent friction factor must be applied, K= f(L/D). 
These correlations have been demonstrated in chapter 3 and in this chapter in the paragraph 
describing flow coefficient conversions. In fact, the incompressible flow factors [K,f(L/D) , 
Cv and do] have already been applied to the compressible flow problem in terms of the NBS 
flow factor and the four associated pressure ratio functions (eqs. (10.4) through (10.7». These 
applications of the inco~pressible flow coefficients to the compressible flow problem are 
considered acceptable because the factors were assumed equivalent only in the incom
pressible flow range (where the compressible flow pressure ratio is essentially unity and the 
flow is essentially zero). 

It will now be shown that the use of the direct graphic solutions, developed in chapter 8 
for the compressible flow in pipes, merely substitutes the more rigorous pressure ratio 
functions in place of the strictly empirical component flow functions of equations (10.4) 
through (10.7). The exact equivalence in the incompressible flow regime (pressure ratios 
near unity) between the <PI charts of chapter 19 and incompressible flow theory can be 
proven as follows. For incompressible flow 

By substituting V from the continuity equation V = w/yA, and rearranging, the incompressible 
flow equation can be written precisely in terms of the compressible flow parameter 

(10.20) 

Superimposing a plot of equation (10.20) on the logarithmic charts of <PI in chapter 19 
reveals that the incompressible data plot into a straight line having a slope of exactly two. 
The straight lines are also found to coincide exactly with the compressible pipe flow solutions 
in the high pressure-ratio (incompressible) region of the charts. Therefore, the flow coeffi
cient f(L/D), as used in the incompressible flow equation, is seen to be equivalent to the 
compressible frictional length parameter (described by the same symbols) as it occurs in 
the more complex compressible-flow solutions for adiabatic pipes. 

Then, in the incompressible flow range, the flow-versus-pressure-drop predictions 
obtained from the incompressible flow theory, the empirical compressible flow functions 
associated with the NBS flow factor, and the compressible pipe flow charts are all identical 
and valid. However, as the pressure drop and flow are increased, the compressible flow 
solutions for a given f(L/D) deviate from the straight-line variation (on the logarithmic <PI 
plot) with increasing slope, which accounts for the increasing velocity, and the slope becomes 
infinite at the point of choking. The point of infinite slope occurs with the empirical formulas 
of equations (10.4), (10.5), and (10.6) at pressure ratios P2/PI = 0,0.5, and 0.451, respectively. 
A study of the <PI charts indicates that the choking-pressure ratio for pipes is a variable 
depending strongly on the value of f(L/D) and the specific heat ratio. Specifically, the 
choking-pressure ratio decreases with increases in either (or both) f(L/D) and k. It can 
also be shown that the lines of constant f(L/D) approach the straight lines (incompressible) 

325-9940-69-15 
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of equation (10.20) as a limit, as k, or the isentropic exponent ks (for real gases) is increased 
to large values. 

Although the direct application of the pipe flow charts to component flow is expected 
to yield satisfactory correlations well into the compressible flow regimes , great accuracy 
cannot be expected at conditions approaching the point of choking and beyond. This is 
because of the usual existence of a reduced flow area somewhere in the component which 
will choke at a lower flow rate than that of an equivalent constant·area pipe. The choking
pressure ratio is primarily dependent on the minimum flow area within the component rela
tive to the flow area of the connecting piping, as in the case of smooth nozzles, and also on 
the pressure-recovery characteristics afforded by the flow-path geometry downstream of 
the minimum area. The choking-pressure ratio hould not be expected to be as well defined 
as that of smooth nozzles as a result of the pressure recovery within the component and the 
possible variation in flow-stream contraction. Stream contraction downstream of the min
imum area, as occurs with choked sharp-edged orifices at the vena contracta, may have a 
significant effect on the compressible flow characteristics of components near and above the 
apparent choked flow conditions. 

The equivalent pipe-length method using the cp, charts offers additional advantages by 
providing established means for compensating for the variation in specific heat ratio and the 
real-gas effects experienced at high pressures, as discussed in chapters 4 and 8. The 
method also permits the component to be included in a pipeline analysis simply as additional 
pipe. 

Based on the above discussion, the equivalent pipe-length method of correlating the 
compressible flow characteristics of fully open components, such as valves, consists of the 
direct application of the graphic solutions for compressible pipe flow developed in chapter 8. 
Application should be limited to flow rates which are significantly less than that which will 
cause choking in the minimum flow area region of the component. This choking flow rate 
may be considerably less than that predicted for straight pipes, as indicated by the choked 
flow lines on the cp, charts. The component flow parameter, written in the most general 
form to include real-gas effects, is the same as equation (8.55) of chapter 19. Repeating, 

(10.21a) 

and in terms of standard cubic feet per minute 

( 
SCFM ) rz;r; 

cp, = 15.21 1000 p,D2 \IT (1O.21b) 

where A and D are that of the connecting piping. 
The values of equivalent f(L/D) can be obtained by rearranging the flow coefficient 

conversions developed previously as equations (l0.16a), (10.17), (10.18), and (10.19). 

f(i) k=332 (~;)=890 (g;)=2.77 (~J (10.22) 
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Then, at a given upstream flow condition identified by equations (10.21), and the equivalent 
frictional length . parameter obtained from equation (10.22) for the component, the down
stream-to-upstream pressure ratio is read directly on the appropriate <PI chart selected on 
the basis of k or ks. 

Repeating an earlier statement for emphasis, when very accurate pressure-drop char
acteristics are required for components, especially when intended for service at very high 
pressure, actual flow tests should be performed. Preferably, the tests should be performed 
at conditions that accurately duplicate the important flow conditions in every respect. The 
test data reduction to the general form of the cPl charts is recommended so that any equiva
lence with straight pipe can be identified, and so that the generalized characteristics can be 
applied to other gases and flow conditions. 

VALVE OPENING FLOW CHARACTERISTICS 

Valves are often designed to provide a special characteristic curve of flow versus position 
of the valve stem or operator. These valves are generally of the globe valve configuration 
consisting of an orifice which is closed by insertion of a stem-mounted plug. The flow 
through the partially open valve is controlled by providing a shaped extension to the plug 
so that the flow is throttled through the annular space between the shaped plug and the orifice 
port. The shape of the plug extension establishes the flow characteristics of the valve as 
shown on figure 10.2. 

Linear Valves 

The plug contour of a valve having linear characteristics is shown as sketch 1 of figure 
10.2. The associated characteristic curve of flow-versus-plug travel is curve 1 on the ac
companying graph. The flow is seen to be directly proportional to the stem travel from the 
closed position. 

Equal Percentage Valves 

Sketch 2 describes a plug extension which will produce equal percentage changes in 
flow for a given increment of stem travel, regardless of the particular initial position (except 
for positions very near the closed position). The percentage changes are based on the flow 
at the initial valve position, and are not percentages of the fully open flow capacity. By 
defining the variable flow capacity C, as the fraction of the fully open capacity Cu, and the 
stem travel x, as the fraction of the maximum stem travel, the flow characteristic of the 
equal percentage valve is defined mathematically as 

dC=K'dx 
C 

(10.23) 

Mathematically, such a valve will never close completely, so the characteristic curve 
of a practical design is interrupted near the closed position by placing a shoulder and seat 
on the plug which affords a quick closure from that point. The constant of proportionality, 
defined here as K', relates the incremental percentage change in C with the incremental 
change in position dx. The value of K' will be established by the selection of any arbitrary 
lower end point (Co, xo) of the characteristic curve. Since the curve must pass through the 
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100-percent value of each, C and x, the upper limits of integration of equation (10.23) are 
established as unity. Then 

f I dC = K' J I dx 
c C x 

Then, integrating 

In(~)=K'(l-x) and InC=K'(x-l) 

At the lower end point (Co, xo), 

so that 

Therefore, 

and 

In Co=K' (xo-l) 

K' = In Co 
xo-l 

(
X-1 ) In C= -- In Co= In (CO)(X - I/J'O- I) 
xo-1 

The position-dependent valve coefficient is then 

(10.24) 

(10.25) 

Curve 2 of figure 10.2 is a plot of equation (10.24) with Xo = Co = 0.03. Valves having equal 
percentage characteristics provide uniform flow s'ensitivity to stem movements over the 
entire range of stem travel beyond Xo. Equal percentage characteristics are desirable for 
precise flow control and in applications where large and fast changes in valve flow rate must 
be avoided. 

Quick-Opening Valves 

The plug of a quick-opening valve has no plug extension, and a typical plug of this type 
is shown in sketch 3. A characteristic flow curve is identified as curve 3 which shows the 
rapid rate of increase in flow with stem travel. The initial portion of the curve is linear and 
reflects the straight-line variation of flow area with plug displacement from the seat. For 
this configuration, where the flow area of the entrance channel is equal to the area of the 
orifice formed by the valve seat, a plug displacement of one-fourth thp. seat diameter will 
provide a flow area equal to that of the wide open orifice. Plug movement beyond that point 
increases flow only slightly. 

Plug extensions can be shaped to provide a variety of characteristics, depending on the 
particular application. It should be noted that the characteristics are often based on the 
water flow test for CV' Therefore, any application of such valves to compressible flow cir
cuits must be subjected to a consideration of the complexities of converting the Cv factor to 
the compressible flow characteristics described in "Component Pressure Loss and Flow 
Capacity. " 
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PRESSURE REGULATORS 

Pressure regulators are specialized apparatus that perform an active role in pneumatic 
systems. As the name implies, pressure regulators are generally used to produce auto
matically a constant (regulated) pressure gas source, over a wide range of flow rates, from 
a source of higher and variable pressure. 

Operation 

Pressure regulators consist of three functional elements: the restricting element, the 
measuring element, and the loading element. 

The restricting element throttles the flow in varying degrees to produce the required 
flow with fixed downstream pressure. This element is often of the same general configura
tion as a globe valve with variable stem (or plug) position. 

The measuring element senses the downstream pressure and feeds back this pressure 
information in terms of a mechanical force acting on the movable stem of the restricting 
element. Downstream pressure tends to close the valve of the restricting element, usually 
by means of the diaphragm or piston of the measuring element. 

The loading element provides a mechanical force that opposes the force of the measuring 
element. The loading force can be provided by a deadweight, a spring, an independently 
provided pressure acting on a diaphragm or piston, and so forth. The loading element is 
usually designed so that the loading force is es entially constant during normal operation, 
yet is adjustable to suit particular applications. 

The measuring element tends to close the valve, and the loading element tends to 
open the valve. In steady-state flow operation the two opposing forces are just balanced, 
as required to maintain the valve stem motionles in a partially open position. In the better 
regulator designs, the variable differential pressure forces acting on the restricting element 
(plug) are counterbalanced separately so that these otherwise unbalanced forces will not 
affect the position of the stem. The restricting element is then free to virtually float through
out the entire range from full closed to full open, with corresponding variation in flow rate, 
while always maintaining the balanced condition between the loading and measuring ele
ments. Then any imbalance that occurs between the constant loading force and the oppos
ing force developed by the measured outlet pressure will cause valve-stem movement in 
the direction necessary to restore the balance. For example, a decrease in outlet pressure, 
caused by an increase in flow demand downstream, opens the valve to whatever position 
necessary to re tore the outlet pressure and rebalance the regulator forces at the increased 
flow rate. 

Flow Characteristics 

The fully open flow characteristics of a regulator can be plotted in the same manner as 
that of ordinary valves, as shown in figure 10.3 in the most general form. The partially 
open flow curves are even subdivisions of the 100-percent-capacity curve. Therefore, if 
the partial open-flow characteristics of the plug are known from a plot such as figure 10.2, 
the actual plug position can also be established. 

For given upstream conditions and flow rate, t.he plotted flow parameter can be computed. 
For a constant upstream pressure, the pressure ratio P2/PI will remain constant due to the 
action of the regulator in maintaining P2 constant. Therefore, the operation of the regulator 
with constant upstream conditions will be described ideally by a vertical line on figure 10.3, 
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as shown. If the upstream pressure is reduced, the operating line must be shifted to the 
right, reflecting the change in P, and (P2/P,). Also, if the mass flow rate and the other 
upstream conditions are held constant, the change in P, causes the operating point to be at 
a higher value of the flow parameter as well. Therefore, reducing the upstream pressure 
shifts the operating point up and to the right, causing the regulator to operate nearer its full 
capacity, even though the mass flow rate is unchanged. This important characteristic will 
be demonstrated by the following example using the hypothetical curves of figure 10.3. 

Assume the regulator is flowing 50 percent of the maximum capacity flow (based on 
P2/P , = 0) with an upstream pressure of 6000 psia and a regulated downstream pressure of 
3000 psia. The operating point, 1, occurs on the line at P2/P , =0.5 and at about 52 percent 
of full capacity at that pressure ratio. Now assume that the upstream pressure falls to 
4000 psia, and all other conditions, including flow rate, remain unchanged. The change in 
P, increases (P2/P ,) to 0.75, since the outlet pressure remains constant and increases the 
generalized flow parameter by a factor of 6000/4000 to a value of 75. The relatively small 
variation in Z and k for a real gas is neglected for simplicity. The new operating conditions, 
point 2, require the regulator to operate at about 90 percent of its capacity, even though 
the mass flow rate and downstream conditions are largely unchanged. 

If the upstream pressure falls to 3333 psia with unchanged flow rate, the flow parameter 
is increased to a value of 90, and the regulated pressure ratio should be 0.90. However, 
note that this operating point, 3, falls outside the maximum capacity curve. Consequently, 
the regulator cannot regulate at these flow conditions, and if the flow rate is still maintained 
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CHAPTER 11 

THERMODYNAMICS OF PRESSURE VESSELS 

The most frequently used approach to the problem of determining the state of a gas in 
a tank undergoing either a charging or discharging operation is to obtain expressions for 
the state of the fluid from a pure thermodynamic analysis that excludes the complication 
of heat transfer. In many cases, however, neglecting the effects of heat transfer can lead 
to substantial error in the prediction of system behavior. In this chapter a variety of system 
analyses are developed in which heat transfer between the enclosed gas and the receiver 
walls is considered. The two types of flow most commonly encountered are analyzed ; that 
is, the constant mass flow process and blowdown through a critical flow nozzle. 

In sections "Adiabatic Charging" and "Adiabatic Discharging," adiabatic cases are 
analyzed for the perfect gas. Sections "Nonadiabatic Charging" and "Nonadiabatic Dis
charging" present solutions of gas properties for a perfect gas undergoing processes that 
include heat transfer as well as mass transfer, and these analytical methods are based upon 
those of Reynolds and Kays (1958). 

The basic theory describing the processes of pneumatic pressure vessels is the first 
law of thermodynamics. Since the gas bottle processes are generally associated with a 
mass transfer, the first law written for the open system is found to apply. The followirg 
general equation was written in chapter 1 in the development of equation (1.5). 

The analysis of pneumatic vessels (see fig. 11.1) usually permits the following assump-
tions to be made with accuracy: 

(1) The specific energy for the system eu- consists only of the internal-energy term Uu-. 

(2) The work done, 8Wk, is zero (8Wk does not include flow work). 
(3) The potential-energy term z is negligible. 

Also, since u + Pvll + V2/2gcJ = h + V2/2gc} = ho the first law energy equation reduces to 

d(Wu)=8Q+hoin dWin-hoout dWout (11.1) 
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where the subscript (J denoting properties of the gas of the system is dropped for simplicity. 

Figure 1l.l. Typical pneumatic pressure vessel. 

ADIABATIC CHARGING 

Adiabatic charging can be assumed only when the process occurs over a short time 
interval so that the heat transfer will be insignificant in spite of the temperature differences. 

Evacuated Receivers 

The simplest charging process is that of charging an initially evacuated tank under 
adiabatic conditions. For this case, dWout = 15Q= 0, and if the inlet stagnation enthalpy is 
constant, the energy equation reduces to the integrable form 

J
(WIll:! fW in 

d(Wu)=hoin dW in 
(Wul! 0 

resulting in 

Also, since the receiver was initially empty, the mass in the system, W, is just the mass 
injected, Win, SO that WI = 0 and 

U2= ho in (11.2) 

For calorically perfect gases (constant specific heats) 

or 

and 
(1 1.3a) 

P2 = (~n) kRTo in (1 1.3b) 
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Therefore, it is seen that since k is usually greater than unity, the gas temperature in an 
initially evacti"ated receiver will be greater than the charging gas temperature and, specifically, 
higher by the factor k for calorically perfect gas. 

Partially Filled Receivers 

If at the start of the charging operation the gas receiver (system) contains a mass of 
fluid WI at an internal energy level Ul, the result remains 

The change in W is just Win SO that 

which can be reduced to 

If the gas is calorically perfect, 

which can also be solved for Tz/T, as 

kTo in-TI 

kTo in - T2 

Equations (11.6) are plotted as figure 11.2 for k = 1.4_ 

(11.4) 

(11.5) 

(l1.6a) 

(11.6b) 

The perfect-gas law W=PV/RT I can be substituted into equation (11.4) so that for a 
thermally and calorically perfect gas, the relation between temperature and pressure can be 
established as 

(~) (pz-l)+1 
kTo in PI 

(11.7a) 

Equation (11. 7 a) can also be solved explicitly for pressure ratio as 

(11. 7 b) 

( T, ) (Tz) 1 
kTo in T, 
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Figure 11.2. Adiabatic charging of partially filled vessel, k= 1.4. 

Equations (11.7) identify the temperature and pressure changes based on initial conilitions 
and inlet gas stagnation temperature. These relationships are also included in figure 11.2. 
For the special case where the inlet stagnation temperature is the same as the initial system 
temperature, equations (11. 7) further reduce to 

T2 k (~:) 
Tl (~~)+k-l 

(11.8a) 

and 

P2 
(k-l) (~:) 

p. 
k- (~:) 

(11.8b) 

E:quations (11.8) are plotted as figure 11.3 for various values of k and corres pond with the 
lines of constant, TOin/T. =] in figure 11.2. The change in mass can be obtained by 
W2/W. =y (P2/P.)/(T2 /T.) , or by using figure 11.2. Accurate working charts of these func
tions for various values of k are presented in chapter 22. 

NONADIABATIC CHARGING 

When the charging process occurs over a significant time interval, the heat exchange 
between the enclosed gas and the containing vessel should not be neglected. 
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Figure 1l.3. Adiabatic charging of a partially fill ed vessel To 1.= T1• 

Genera l Analysis 

Equation (11.1) can be written for the nonadiabatic charging process as the following 
rate equation if the inlet conditions are constant. With reference to the sign convention 
of figure 11.4, 

d . 
dt (Wu)=- Qi+ Winho in (11. 9) 

Note that, because of the expected direction of heat transfer, the heat-transfer term is changed 
in sign so that dQ/dt = - Q;. An energy balance of the receiver wall can be written as 

dUw=(Wc) (dTw)=Q'._Q' 
dt w dt 1 00 

where (Wc)w is the total or effective heat capacitance of the container walls. 

w 
P 
T 

F igure 11.4. Pneumatic vessel- charging. 

(11.10) 
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The heat-transfer terms can be defined in terms of the film coefficients. For the inside 
surface 

(11.11) 

Similarly, for the outside surface (uninsulated wall of high conductivity) 

(11.12) 

Combining equations (11.9), (11.11), and the definition Win = w= dW/dt yields 

(11.13) 

Similarly, combining equations (11.10), (11.11), and (11.12) yields 

(11.14) 

Equations (11.13) and (11.14) can be written in dimensionless form as follow. Equation 
(11.13) divided by wIT, yields 

(11.15) 

and equation (11.14) multiplied by WI/WIT, yields 

(11.16) 

The dimensionless ratios depicted by the subscript * are defined as follows, where the 
subscript 1 indicates initial conditions, 
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T To in 
Oin*=r: 

T 
T", 

"'*=r; 

W*=!!... 
WI 

Equations (11.15) and (11.16) can be solved generally only by numerical methods and 
are subject to the initial conditions that at W *= 1, then T* = 1 and Tw* = T wdTI • The 
equations are linear only if the flow rate is independent of the temperature. Therefore, 
the solution of equations (11.15) and (11.16) requires a further specification of the problem, 
such as in the cases treated below, after which solutions can be produced in terms of tem
peratures and contained mass. From this information, the pressures can be obtained 
from the perfect-gas law, P*= T*W*, where P*=P/P I • 

The solution of the simultaneous differential equations (eqs. (11.15) and (11.16)) for 
charging processes cannot be obtained unless the mass flow rate is a constant. Methods 
of solution are discussed by Reynolds and Kays (1958). 

Isothermal Charging 

Isothermal behavior is obtained when Co* = 00 and Bi = 00, or if Bi = B", = 00. The first 
criterion is for isothermal behavior obtained by receivers having large thermal capacitance, 
(Wc)w, accompanied by a high value of heat-transfer coefficient, (hqAw);. The latter criterion 
for isothermal behavior is for cases where the mass flow rate is extremely low. The iso
thermal charging solution is rather trivial, except in the above identification of necessary 
criteria, since the temperature is a constant and the pressure-mass relationship is just 

(11.17a) 

and for real gases 

(11.17 b) 

Charging at Constant M ass Flow Rate W ith Heat Transfer to an Isothermal Sink 

For most systems the thermal capacitance of the metal receiver walls is much greater 
than that of the enclosed gas. Therefore, the temperature change of the walls is much 
less than that of the gas. A solution is possible for the limiting case of constant wall (sink) 
temperature; in which case, Co* = 00 and Tw* = constant. For constant mass flow rate, 
w*= 1, and equation (11.15) can be integrated to 

T - kTo in*+ BiTw*- (kTo in*-I-Bi+ BiTw*)W *- (Br +1) 

*- Bi+ 1 
(11.18) 
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Equation (11.18) and pressure from P*=W*T* are plotted as figure 11.5 for Toin* =l , 
Tw*= 1, and k= 1.4. 

1.5 11 

1.4 9 

Bi - 0 

1.3 7 
T2 T/ T1 P2 

-
T1 1.2 5 P1 

1.1 3 
5 

1.0 
3 5 7 9 

W2 

W1 

Figure 11.5. Charging at cons tant mass flow with heat transfer to an isothermal sink , 
To In *= I , Tw*= 1, and k= 1.4. 

Charging at Constant Mass Flow Rate With Inside Resistance Negligible 

When the inside resistance approaches zero, the coefficient Bi approaches 00. Very 
large values of Bi can be obtained practically if the mass flow rate is very low, if the inside 
heat conductance is high , if the heat-transfer area is large, or any combination of these. The 
importance of this solution is that it establishes the effect of thermal capacitance of the 
containing vessel on the thermodynamic behavior of the contained gas. For Bi = 00, the 
other terms of equation (11.15) become negligible, and T*=Tw*. The variation of T* (and 
T w*) can be obtained from equation (11.16) , but only after Bi has been eliminated by com
bining with equation (11.15). The resulting equation written for constant mass flow rate 
(w* = 1) is 

(11.19) 

Equation (11.19) can be integrated to produce the following closed solution 

T*=Tw*=(I:BJ [ (I+Boo -kTo in*-BooToo*) (C~~+~J I+B oo 

+ kTo in* + BooT 00 * ] (11.20) 
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Equation (11.20) is plotted in figure 11.6, along with P*= W*T*, for low external heat transfer 
(B .. =O), T01n*=I, and k=1.4. 

T 
_2 

Tl 

1.5 11 

1.4 9 

1.3 7 

5 

1.2 5 

1.1 
20 

3 

1.0 
Co* = 00 

3 5 7 9 

Figure 11.6. Charging at constant mass flow with inside resistance negligible , 
To In/T,=l , B~= O, and k=1.4 . 

ADIABATIC DISCHARGING 

~ 
PI 

When the gas in a receiver is permitted to flow out at a rapid rate, the gas remaining in 
the receiver can be assumed to expand reversibly and adiabatically (isentropically). There
fore, the isentropic relationships of equations (5.24) through (5.27) can be applied directly 
and are rel'eated here for convenience. However, the enclosed mass term is included since, 
in this case, the total volume is a constant, and the mass term is of interest. Therefore, 

W 
y=-=-

V 

and since V is a constant, 

Then the isentropic equations for pneumatic pressure vessels and perfect gases become 

(11.21) 

(11.22) 
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W2 = ('Y2) = (VI) = (P2)l /k = (T2)l/k-l WI 'YI V2 PI TI 
(11.23) 

Figure 11.7 is the plotted solution that relates the temperature and pressure changes to the 
change in enclosed mass. 

0.8 

P2 

~ 

and 0.6 

T2 

T 
1 

0.4 

o 0.2 0.4 0.6 0.8 1.0 

Figure 11. 7. Adiabatic discharging (isentropic). 

NONADIABATIC DISCHARGING 

The differential equations governing the thermodynamics of the pressure vessel dis
charging proces can be developed by an application of the first law of thermodynamics 
similar to that applied to the charging process. 

General Analysis 

In this case, since the mass flow is in an outward direction , 

dW 
w=--

dt 
(11.24) 
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Applying the energy balance of equation (11.1) to the open system, written in terms of a 
time-rate equation, yields 

d . 
dt (Wu)= Qi - ho out Wout (11.25) 

The sign convention is in accordance with figure 11.8 which is established once again to 
match the expected changes. 

Too 

w 
P 
T 

Figure 11.8. Pressure vessel di charging. 

Likewise, an energy balance of the receiver walls can be written as 

dUw= (We) (dTw) = Q-' -Q'-
dt w dt "" I 

The heat-transfer rates are described by 

Qi= (hqAw)i(Tw- T) 

0"" = (hqAw)""(T",, - Tw) 

(11.26) 

(11.27) 

(11.28) 

Combination of equations (11.24) through (11.28) yields the following two djfferential equations 
de cribing the thermal behavior of the enclosed gas and its contajning vessel 

wW (:;) - [w(k-l) + (hq~W)i] T+ [(h~W)i] Tw=O (11.29) 

W (dTw) - [(hqAw); + (hqAw) ",, ] Tw+ [(hqAw)i] T+ [(hqAw) ",, ] T ",,= 0 
dW (We)w (We)w (We)w 

(11.30) 

Equations (11.29) and (11.30) can be written in dimensionless form as 

(11.31) 

and 

( dTw*) _ (Bi + B,,) T + (!!i..) T + (~) T =0 w* dW C w* C * C ,, * 
* 0* 0* 0* 

(11.32) 
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where the dimensionless ratios subscripted with an * are identical to those defined previously 
for equation (11.15) and (11.16). As in the case of the dimensionless equations describing 
charging, solu tion of equations (11 .31) and (11.32) is subject to the requirement that when 

• W*=l, then T*=l and Tw*=Tw1/T I • Once again, the equations can be solved generally 
only by numerical methods. They can be solved for closed solutions only if the mass flow 
rate is a constant, and when the problem is further specified, as in the following cases. 

Discharging at Constant Mass Flow Rate With Heat Transfer From an Isothermal Source 

For many systems, the thermal ~apacitance of the metal receiver walls far exceeds the 
thermal capacitance of the gas. If so, the temperature change of the walls is very small 
compared to that of the gas. A solution of equation (11.31) can be made for the limiting case, 
where Co* is essentially infinite, and the only heat transfer is between the gas and the iso
thermal source (wall). Then for constant mass flow rate and wall temperature, equation 
(11.31) integrates directly to 

T*= (k-l + Bi -BiTw*) W*(k-l+B;)+ B;Tw* 
k-l+Bi 

(11.33) 

This relationship is plotted in figure 11.9, along with the associated pressure ratio, for w* = 1, 

Tw*=l and k=1.4. 

T 
2 

T 
1 
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Figure 11.9. Discharge at constant mass flow with heat transfer from an isothermal source, 
T w*= 1 and k= 1.4. 
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Discharging Through a Critical Flow Nozzle With Heat Transfer From an Isothermal Source 

The mass flow rate through a critical flow nozzle can be written in dimensionless form as 

(11.34) 

for a discharging receiver. Substituting this into equation (11.31) along with the criterion 
for a constant source temperature, Tw*, yields 

(11.35) 

Since the flow rate is a variable, it should be remembered that B; (by definition) is still estab
lished by the initial flow rate. Equation (11.35) is seen to be nonlinear, and closed solutions 
are not possible. However, since the case is a very common one, numerical solutions have 
become available and are plotted, along with pressure change, in figure 11.10 for Tw* = 1 and 
k= 1.4. Note that the temperature decreases initially, as in the constant flow rate case but 
eventually begins to increase once again. This is because the ever-decreasing mass flow 
rates cause the cooling effects by expanison to be overcome by the heating effects of the walls. 

00 

1.0 1.0 

0.9 0.8 

0.8 0.6 
T2 P2 

T1 
0.7 

P1 0.4 

0.6 0.2 

0.5 0 
0.8 0.6 0.4 0.2 

~ 
W1 

Figure 11.10. Discharging through a critical· flow nozzle with heat transfer from an isothermal source, 
:L'w*=l and k= 1.4. 

Discharge at Constant Mass Flow Rate With Inside Resistance Negligible 

If the assumption can be made that Bi = co, a closed-form solution of the thermal equations 
can be made. The value of Bi is made very large when the mass flow rate is very small 
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and/or the heat-transfer coefficient-area product is very high. In the limit when Bi = 00, 

equation (11.31) reduces to T * = Tw*, which means that the temperatures of the enclosed 
gas and the containing wall vary together. The variation can be established using equation 
(11.32) by simultaneous solution with equation (11.31) to eliminate Bi , resulting in the following 
when w*= 1 

(11.36) 

Equation (11.36) integrates to 

(11.37) 

Equation (11.37) is plotted in figure 11.11 , along with P*= W*T*, for w*= 1 and k= 1.4. 

1.0 1.0 
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0.9 0.8 

0.8 0.6 
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P2/ P1 
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Figure 11.11. Discharge at constant mass flow with inside resistance negligible , Boo = 0 and k = 1.4. 
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CHAPTER 12 

APPLICATION OF FUNDAMENTALS OF THERMODYNAMICS 

Thermodynamics is the science which treats the mechanical actions or relations of heat. 
In this handbook, emphasis is on the thermodynamics of gases or gas systems. 

The study of thermodynamics is based on certain observed principles, termed the . 
zeroth, first, second, and third laws of thermodynamics. (See ch. 1.) In this chapter the 
application of the first law to various flow situations is illustrated along with a brief discussion 
of temperature and pressure. Also presented in this chapter are abbreviated definitions of 
several of the more basic terms used in the science of thermodynamics. 

DEFINITIONS OF TERMS 

(1) System. - That portion of the universe to be examined. 
(2) Closed system.-System which allows energy, but not mass, to cross the system 

boundary. 
(3) Open system. - System which allows both energy and mass to cross the system 

boundary. 
(4) Surroundings. - The universe, exclusive of the system. 
(5) State. -A unique set of physical conditions under which the system exists. 
(6) Property. - Physical quantity which determines the state. 
(7) Extensive property. - Property of a system which is a function of the amount of 

material, as well as the physical state. 
(8) Intensive property. - Property of a system which is independent of the amount of 

material, but dependent only on the particular substance and its state. 
(9) Process. - The path traced by the succession of states between some initial state and 

some final state through which a system passes. 
(10) Quasi-static process. - A process in which each state attained during the process is 

an equilibrium state. 
(11) Reversible process. -A process which can be carried to completion and returned 

to its original state without changing the system or surroundings. 
(12) Pure substance. - A substance with an invariant chemical composition. 

DETERMINATION OF THE STATE 

The state of a substance is determined by the values of the independent properties 
at that state. The number of properties required to fix the state can be determined by 
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Gibbs' phase rule. This rule may be stated mathematically as 

P'+V'=C'+2 

where P/ is the number of phases, V/ is the number of intensive variables (independent 
properties), and C' is the number of components. As an example, determine the number 
of independent properties required to specify the state of gaseous nitrogen. Since there 
is only one component (nitrogen) and one phase (gaseous), Gibbs' phase rule gives 

1 + V/= 1/ +2 or V'=2 

According to Gibbs' phase rule then, the state of a single phase of a pure substance is com
pletely defined when the value of two independent properties is specified. 

PRESSURE SCALE 

Pressure is defined as the force acting on the system divided by the area over which 
the force is in effect. 

=E.(~) P . 2 a lfl. 

The common conversion between pressure measurements lfl Ibf/ft2 and Ibf/in.2 is as 
follows: 

( 
Ibf) = P (lbf) 

P in.2 ft 2 

Pressure is measured relative to an absolute zero datum, the perfect vacuum. Figure 
12.1 shows the relation of the various pressure terms to the datum, zero pressure, and to 
each other. 

Pressures above atmospheric are most often measured in pounds force per square 
inch or, for low positive pressures in inches of fluid, usually mercury. Pressure measure
ments are generally accomplished with a Bourdon-tube gage or a mercury manometer. 
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Figure 12.1. Relation of pressure terms. 
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Both of these instruments are shown in figure 12.2. The relation between pressure meas
urements in pounds force per square inch and height of a fluid column can be found by 
summing the forces acting on the fluid of a manometer connected to a pressure source as 
in figure 12.3. 

IF=O 

(12.1a) 

(inches of fluid) 

In feet of fluid, this equation becomes 

H
f

= (PI - pz) (144) 
y' 

(feet of fluid) (12.1b) 

TEMPERATURE SCALE 

Temperature is a measure of the kinetic energy of the molecules of a substance. It 
is sensed by the degree of hotness or coldness and is measured by determining its effect 
on the physical properties of some measuring substance. The most common method of 

Bourdon Tube Gage Manometer Tube 

Figure 12.2. Pressure measurement devices. 
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Figure 12 .3. Relation between pressure and head . 

temperature measurement is the mercury thermometer. Thi method of temperature 
measurement consists of determining the difference in height of a constant area mercury 
column when placed in boiling water and an ice bath, both at the same pressure. The 
difference in length between these two datum points is taken as 100° C (180° F). It is then 
assumed that the relation between temperature and length of mercury column (thermal 
expansion) is linear. In the centigrade scale, 0° C is defined as the freezing point of water 
(where L= Lo) so that the temperature can be computed by 

L'-L' 
T,oC=(lOO)L' -Lo, 

100 ° 
The relation between the Fahrenheit and centigrade scales can be determined by 

noting that, as shqwn by figure 12.4, there are 180° F or 100° C between the freezing and 
boiling points of water. Hence, 

However, note that on the Fahrenheit scale the freezing point is at 32° instead of 0° as on the 
centigrade scale. Therefore, the relation between the two temperatures is 

T, oF-32 
180 

For thermodynamic analysis, the most frequently used temperature scales are the 
absolute temperature scales. These are the Kelvin and the Rankine scales, and the relation 
between these scales and the Fahrenheit and centigrade scales is 

T, °R=T, °F+460 and T, °K=T, °C+273 
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/ ,/ 
Bo i l ing Po int of Water 

1000 C. i 180
0 

F . 

T 

"- , F re ezing Point of Water 

Figure 12 .4 . Relation between Fahrenheit and centigrade scales. 

FIRST LAW OF THERMODYNAMICS 

The first law of thermodynamics is an expression of the law of conservation of energy, 
applied to a thermodynamic system. 

In analytical form, the first law relates the change in the properties of a system to the 
amount of heat transferred to or from the system and the amount of work done by or (m the 
system. The application of the first law is subject to the type of system being analyzed, open 
or closed. 

Consider the generalized open system shown in figure 12.5. 
of heat, 8Q, transferred to it and does an amount of work, 8Wk. 
the system, and the mass Wout leaves. For this system, the 
energy, dEfT, is given by 

This system has an amount 
The mass of fluid Win enters 
change in the total system 

(12.2) 

where E is the energy of the masses entering and leaving, at their respective entrance and 
exit conditions. The term (P dV)!J is a flow-work term which represents the change in 

W. 
In 

Figur e 12 .5. Thermodynamic open sys tem. 
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system energy due to mass crossing the system boundary. Hence, it represents an energy 
term for the open system only. 

In thermodynamic analysis, the energy term E can represent three forms of energy as 
listed below: 

Hence, 

WV2 

Kinetic energy ---2gcl 

Potential energy= (l!J Wz 

Internal energy = U 

WV
2 (g) 

E= 2gcl + 19c Wz+ U 

or by defining the energy per unit mass as e, it follows that 

(12.3a) 

(12.3b) 

These total energy definitions apply to both the enclosed system material and the material 
crossing the system boundaries. 

The stepwise form of equation (12.2), supplemented by equation (12.3), lends itself well 
to the solution of highly transient problems. Each step can be made sufficiently small, with 
conditions changing each time. 

When the process is of a more continuous nature , the equation is best used as a quasi
steady-state rate equation. This is obtained by differentiating with respect to time, holding 
all intensive properties constant, which yields the following, 

( g) ] [Pv VZ (g) ] 
+ gel Z in -Wout u+j+ 2&1 + gel Z out 

A mass balance of the system yields 

Equation (12.4) also makes use of the following definitions: 
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dW 
-d = w= mass flow rate, Ibm/sec 

t . 

8Q . cit = Q = rate of heat transfer, Btu/sec 

(12.4) 
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aWk . 
Tt= Wk= rate of doing work, ft-lbf/sec 

dV dWv ft:1 

di=dt=wv= rate of volume change, sec 

A steady-flow process requires that: 
(1) The flow rate into the system is equal to that out of the system and neither varies 

with time 
(2) The rate of heat transfer and the rate of work do not vary with time 
(3) The state of the fluid at any point in the system does not vary with time. Then, 

for the steady-flow process, the following relations apply: 

o 

Win = Wout = wt 

and the energy equation for the open system simplifies to 

Q [ Pv V2 (g) ] Wk [ Pv V1 (g) ] -+ u+-+--+ - Z =-+ u+-+--+ - Z 
w J 2geJ geJ in WJ J 2geJ geJ out 

Substituting the quantities Q' and wk, defined as 

Btu/Ibm and wk=Wk 
w 

ft-lbf/lbm 

and the standard definition of the thermodynamic property, enthalpy, 

h=u+
pv 
J 

(12.5) 

into equation (12.5) yields the first law expression for the open system under steady-state 
conditions 

[ V~ Gg ) ] ' [ V¥ ( g ) ] wk -2 J+ - Z2+ h1 +Q = -2 J+ -J ZJ +hJ +-J 
ge ge in ge ge out 

In many cases, the change in elevation is negligible, and the work term is zero. 
further simplification yields 

( V~ ) , (vr ) -+~ +Q = -+hJ 
2gcJ in 2gcJ ou t 

or 

ho in + Q' = ho out 

(12.6) 

Hence, this 

(12.7) 
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Now if the flow is also adiabatic, Q' is zero, and 

(12.8) 

or 

ho in = ho out 

which means it is a constant enthalpy stagnation process. 
The first law expression for the closed system may be obtained similarly from equation 

(12.2), except that all terms involving energy of the mass transferred are set to zero. Then 

and since Wcr is a constant, 

(12.9) 

On integrating, the changes in conditions can be computed by 

V2- V2 g (Wk) 
Uz - u\ + ;&J 1+ geJ (zz - Zt) = \Q~ - I T 2 (12.10) 

Very often in closed systems the velocity changes and elevation changes are negligible; 
in which case, 

(12.11) 
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CHAPTER 13 

APPLICATION OF PROPERTIES OF GASES 

PERFECT GAS 

Th':! thermally perfect gas is, by definition, a gas whose state is described by the equation 

Pv=RT [2.5] 

or in terms of total volume 

PV = WRT [2.5a] * 

where R is a gas constant for a particular gas, R values are shown in table 13.1. A iso, since 
the weight of gas is given by 

W=NMw 

it follows that 

PV=NMwRT or PV=NRT 

where 

The quantity R is a universal gas constant that can be used for all thermally perfect gases. 
Dividing by the number of moles N, the perfect-gas equation of state can be written as 

PVm=RT 

where Vm is the volume of 1 mole of a gas. Values of the universal gas constant R for several 
consistent sets of units are shown in table 13.2. 

*This tyuation is a variation of equation (2.5) and does not appear in ch. 2. 
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~ TABLE 13.1- Data on Gases 

Gas 

Chemical 
symbol 

Helium .. ... . .. ....... . .. .. .. ............ . . ... .. . ... . . ....... .. ... . .. ...... 1 He 

Argon ..... . ........... ... ..... . ......... ... . .. ... .. .. .... ..... .. .. ... ... .. . 1 A 

Ai r .............. ..... ... . . . .. . .. ......... . 

Oxygen .. ...... .......................... .... ......... ..... .... .. .... .. ... 1 0, 

Nitrogen ......... ....... .. ........... .... ...... .. ........... ......... 1 N, 

Hydrogen ............. . .... .. H, 

Nitric oxide ....... ............. ... ......... ... .... ...... .. .. ..... ........ I NO 

Carbon monoxid e ..... .. ............. .. .......... . ............. ........ 1 CO 

Hydrochloric acid .. . ........ ........ .... ...... . ......... ...... . ....... . 1 HCl 

Steam ...... ... .... .. ............ ............ ......... ... ... .. ........ .. ... 1 H20 

Carbon dioxide .... ...... .. ................. .. ... .. . .. .................. 1 CO2 

Nitrous oxide... .. .... .... . ...... ........ ........ .... ................ 1 N20 

Sulfur dioxide .. .... .. .. SO, 

Gas constant 
R, 

ft·lbf/lbm·oR 

386.30 

38.70 

53.30 

48.31 

55.16 

66.80 

51.52 

55.1 9 

42.41 

85.81 

35.13 

35.12 

24.13 

Properties of gases 

Specific heat 
ratio , 
cplcv 

1.66 

1.67 

1.40 

1.40 

1.40 

1.40 

1.40 

1.41 

1.40 

1.28 

1.28 

1.26 

1.25 

Critical 
temp, 

of 

-405.20 

- 187.70 

-220.30 

-181.80 

-232.80 

-399.80 

- 136.70 

-220.30 

124.50 

705.45 ... 

88.00 

97.70 

315.00 

Boiling Critical 
point, pressure, 

of atm 

-452.00 2.26 

-302.50 48.00 

\) 

-317.60 37.20 <:) 

~ 
"0 
~ 

-297.20 -181.80 ~ 
t>:l 
~ 

-320.40 33.50 §2 
en 

-422.90 12.80 ~ 
7<: 
~ 

-239.80 65.00 
t:c 
<:) 
<:) 
;><: 

-313.60 34.53 

- 121.00 81.60 

218.50 

- 109.30 73.00 

- 129. 10 71.70 

14.00 77.70 

~ ___ .. ____ .J 
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Ammonia ........ . ... .. ............ . ................. .. NH3 90.77 

Acetyle ne ........... . C2H. 59.40 

Methyl chloride .. ...... .. ....... . .... ... ·. ·· · · ····· CH3C! 30.62 

Methane ........ . ......... . CH. 96.37 

Ethylene ....................... . C2H. 55.11 

~ 
~ 

1.29 

1.38 

1.20 289.60 -10.25 

1.26 -116.50 258.30 

1.22 

65.80 

45.80 

;,., 

~ 
t'-o 

Q 
::::! 
~ 
~ 
~ 
o 
~ 
t'>1 
~ 
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TABLE 13.2. -Systems of Consistent Units for the Perfect-Gas Equation of State Using the 
Universal Gas Constant R 

PV=NRT 

P V N R T 

Ibf/ft2 ft3 mole 'b 1545 
ft· lbf oR 

mole 'b oR 

Btu mole'b 1.9857 
Blu oR 

mole'b oR 

Ibf/in.2 fl3 mole 'b 
Ibf-fl3 oR 10.729 . 2 I OR 

tn. mo e'b 

aIm c m3 mole" 82 0567 aIm cm
3 

. mole" OK 
OK 

mm Hg c m3 mole" 62363 mm Hg c m
3 

mole" OK 
OK 

kg/m 2 m3 mole" 0.847887 
kg m OK 

mole" OK 

calori e mole" 1.9857 
cal OK 

mole" OK 

PROPERTIES OF THE Ii»ERFECT GAS 

Internal Energy and Enthalpy 

The internal energy of a system represents the sum of the kinetic energy of the gas 
molecules that comprise the system. For the perfect gas , internal energy is a function of 
temperature only. To illustrate the proof of this statement, consider the first law expression 
for a closed system. 

Pdv 
du=Tds---

J 
[1.6] 

Differentiating this expression with respect to the volume change, holding T constant, and 
substituting from the Maxwell relation , equation (1.12) , for (as/ar)r, it follows that 

(au) i (ap) P 
av r =y aT v -Y 

Writing the perfect-gas equation of state in differential form with v held constant yields 
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Substituting for (ap/aT)v in the previous equation yields 

or, from the perfect-gas law 

(aLL) =RT _RT =0 
av T Jv Jv 

Using a similar approach, it can be shown that all other partials of u with T held constant 
are zero. Hence, for the perfect gas, internal energy is a function of temperature only. 

Enthalpy is, by definition, the sum of the internal energy and the flow-work term. In 
mathematical form 

Pv h=u+
J 

Since the product Pv can represent the flow work or the change in system energy as 
a result of mass cross ing the system boundary, it follows that enthalpy generally represent 
an energy term for the open system only. Since enthalpy is a function of internal energy 
which is a temperature-dependent quantity, it follows that the enthalpy is also a function 
of temperature only, since 

h = u +
Pv 
J 

=J;(T)+(!]-) T 

=h(T) 

Having established that internal energy and enthalpy are dependent on temperature 
only, it follows that at any given temperature , internal energy and enthalpy are single values 
and independent of pressure. Hence , as shown in figure 13.1, specifying temperature and 

p 

= Constont 

v 

Figure 13.1. Lines of con tant temperature, 
enthalpy, and internal energy on a pressure' 
volume diagram. 
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enthalpy or temperature and internal energy does not specify the state of a perfect gas. 
To adequately describe the state, it is necessary to specify pressure or some other tempera
ture-independent property and either T, u, or h. 

Specific Heats - The specific heats of a pure substance at constant volume and constant 
pressure are defined as 

[1.15] 

and 

[1.16] 

Since internal energy and enthalpy for a perfect gas are quantities dependent on tempera
ture only, it follows that the specific heats for a perfect gas may be expressed as 

and 

du 
Cv = dT 

dh 
CJl= dT 

(1.15a)* 

(1.16a)t 

An important relation between the two specific heats can be found from the definition of 
enthalpy of a perfect gas written in differential form, 

By substituting 

it follows that 

or 

RdT 
dh=du+-

j 

du= Cv dT and dh=CJldT 

RdT 
CJl dT= Cv dT+-

j
-

[2.6) 

The above relation is very important in thermodynamic analysis, since it shows that 
for a perfect gas the difference between the two specific heat quantities is a constant, re
gardless of the absolute values of these quantities . 
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If the specific heats are constant, the ratio of these two quantities is a constant, and 
from equation (2.6) 

1- Cv =.!i.. kR 
Cp jcp Cp= } (k-l) [2.9] 

and 

cP _ 1=R R 
Cv Cv Cv= }(k-l) [2.10] 

where k is the ratio cplcv. With the specific heats constant, equations (l.15a) and (l.16a) 
may be simply integrated to yield 

R 
!:l.u= U<z. - UI = cv!:l.T=} (k-1) !:l.T 

and 

The value of the specific heat and the specific heat ratio k depends on the complexity 
of the molecular structure of the gas molecule. For a monatomic gas, such as helium, the 
kinetic theory predicts values of CVIII and CPIII to be 3 and 5 Btu/mole'b-oR, respectively, and 
a k value of l.67. For gases with more complex structure, the value of k decreases but can 
never be less than unity. Values of k for several gases are shown in table 13.l. 

The normal specific heat values tabulated in table 13.1 are obtained from equations (2.8) 
and (2.9) and are often termed the constant pressure zero pressure specific heat and the con
stant volume zero pressure specific heat. This is because they are accurate for moderate 
temperature and low pressure only. In low-pressure regions the specific heats of actual 
gases are only weakly dependent on pressure, and deviations from the normal k values listed 
in table 13.1 can be considered a result of temperature only. Several empirical equations 
for determining the real-gas specific heats at constant pressure are shown in table 2.3 (ch. 2). 
In higher pressure regions, the specific heats vary considerably with pressure variation. 
Also, the extent of this variation with pressure is affected by the temperature range. In some 
ranges of temperature, pressure of 6000 psi a does not cause excessive changes in specific 
heats ; however, in other temperature ranges, variation with pressure may be extreme. 
Plotted values of Cp and Cv for five gases are shown in appendixes B through F. The reader 
is cautioned against the use of a value of k computed from the real-gas values of specific heats 
as an isentropic exponent in the perfect-gas relationships. (See ch. 4 for more on this subject.) 

EXAMPLE PROBLEM 13.1 

The tank shown in figure 13.2 has a water volume of 10.65 ft 3 and is thermally insulated. 
Initially, it contains gaseous nitrogen at 85.3 psig and 70° F. If the solenoid valve connecting 
the tank and the supply line is opened and the tank is charged with gaseous nitrogen at 750 
psi a and 0° F, determine: 

(1) Final mass of gas in the tank 
(2) Final temperature of the gas in the tank after charging 
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Tonk ond line ore thermo Ily 
insu loted 

v ~ IO.65ft 3 

P1 = 100 psio 

T 1 = 70
0 

F. 

Figure 13.2. Gas storage system schematic. 

(3) Heat required to bring gas temperature to 2000 F 
(4) Pressure after required amount of heat is added 

Treat the gas as a perfect gas. 

SOLUTION 

Considering the tank contents as the system, equation (12.2) may be written as 

(PV) in 
dE" = E in - Eout + --j-

Denoting the initial and final tank conditions by the subscripts 1 and 2, respecti vely, the fol

lowing relation is obtained 

£. -E =£. -E + (PV);n_ (PV)out 
2 I In out j j 

Since no fluid leaves the system, it follows that 

E -E =E. + (PV);n 
2 I In j 

Neglecting the kinetic energy and potential energy terms, equation (12 .3a) becomes 

E=U or E=Wu 
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hence, 

W W - W Win(PV)in 
ziUl - lUI - inUin + J 

Also, from the definition of enthalpy 

therefore , 

Since no flow leaves the system, 

it follows that 

therefore, 

Pv 
h=u+

J 

W - WI (hin-UI) 
2 - h

in
- U2 

Since the gas is perfect, the internal energy may be expressed 

du=cvdT 

and for a constant Cv over the temperature range from Tr to T2, 

where U r is the internal energy at the reference temperature Tro Choosing the reference 
internal energy as zero, at Tr of 0° R, the above equation reduces to 

Since 

V=WV 

the temperature may be expressed as 

T= VP 
RW 

and Pv=RT 

and 
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By substituting this last equation into the equation relating W2 and W, and solving for W2 , 

it follows that 

Since the gas is perfect, W, can be evaluated at P = 100 psia and T= 70° F as 

W _pJl 
'-RT, 

(100)(144)(10.65) 
55.2(70+460) 

=5.24Ibm 

Also, u, can be evaluated at T= 70° F from 

Similarly, 

u, =cvT, 
= 0.177(460+ 70) 
= 93.8 Btu/Ibm 

=0.248(460) 

= 114 Btu/lbm 

Substituting these values into the previous equation 

W. = 24 (1- 93.8) (0.n7) (750) (144) 00.65) 
2 5. 114.0 + 114.0 55.2 

= 33.264 lbm 

The final temperature may now be evaluated by 

T=PV 
WR 

_ (750) (144) (10.65) 
- 33.264(55.2) 

=627° R 

= 167° F 

To determine the heat needed to bring the tank to the required temperature, the first 
law energy equation is used. Since there is no work done and no mass enters or leaves, 
the first law requires that 
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At the new temperature, the new system pressure is given by 

P= Wl!T 
V 

=33.3(55.2) (660) 
10.65 

= 113 200 psf 

P 113200 
p= 144 = 144 

= 788 psia 

Entropy- Two general expressions for the change in entropy of a perfect gas can be 

found from the two first law expressions 

Pdv [1.6] Tds=du+--
} 

and 
vdP Tds=dh--- [1. 7] 

} 

Utilizing the perfect-gas relations 

du=cv dT= G(k~ 1)) dT, dh=cpdT=G(:~l)) dT and Pv=RT 

the above relations become 

ds= (cv ) dJ + (}) ~ [2.13] 

[ R J dT (R) dv 
ds= }(k-1) r+ J -;; [2. 14a] 

or 

~s= [}(k~ 1)J In (~:) + e) In (~:) [2.14b] 

Also, by equation (1. 7) , 

dT (R) dP ds= (cp) r- J P [2.15] 

or 

[ kR J dT (R) dP ds= }(k-l) r- J P [2.16a] 

~s= [}(:~ 1)J In (~:) - e) In (~:) [2.16b] 
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Perfect-Gas Processes 

Constant-Volume Process - Since there is no volume change for this process, the work 
given by oWk = P dV is zero. Since the work term is zero, the heat transferred during the 
process is reflected by the change in internal energy; hence, for the closed system 

[2.17] 

or 

The entropy change for this process is given by equation (2.14a) with d-y = 0 as 

[ 
R ] dT 

ds= J(k-l) T [2.18] 

or 

I~S2 = [J (k~ 1)] In (~:) 

Constant-Pressure Process - Since pressure is a constant for this process, the reversible 
work done is given by 

[2.19] 

Then, for the closed system the heat transfer is found as the sum of the internal energy and 
the work, in accordance with the first law , equation (1. 7) 

dO I = Cp dT _ v dP 
J 

Then, for the case of constant pressure, 

or 

~O' = [J (~~ 1) ] ~T= Cp ~T 

[2.20] 

[2.21] 

For the entropy change, the general equation (2 .15) is selected so that for the constant
pressure process 

[2.22] 

or 
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Isothermal Process- The isothermal process is a process occurring at constant tempera
ture, so that for the perfect gas 

Pv= constant=P,v, =RT 

and as a result , the following equations taken from equations (2.23a) and (2.23b) show that 
the work may be evaluated as 

= P,v,ln (~~) = RTln (~~) 

=P,v, ln (~J=RTln (~J 

Also, since the temperature is a constant, it follows from the first law that the heat transfer 
for this process is equal to the work done. Hence, for a constant-temperature process of a 
perfect gas in a closed system, 

[2.24] 

Reversible-Adiabatic Process-The reversible-adiabatic process is a constant-entropy 
process; hence, the first law for a closed system undergoing a reversible-adiabatic process 
may be written for this process as 

Pdv 
du+--=Tds=O 

J 

If the gas is thermally perfect, it follows that 

[ R] P dv 
J(k-l) dT+j=O 

[1.6] 

By writing the perfect-gas equation of state in differential form and substituting for dT in 
the foregoing equation, the following very useful relation can be obtained 

which integrates for constant k values to yield 

Pvk = constant [2 .25] 

Also, by use of the perfect-gas equation of state, it may be shown that the following relations 
hold 
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[2 .26a] 

and 
I 

V2 = (T' )H [2.26b] 
VI T2 

Since the process is adiabatic, the heat transfer is zero. The work term is 

= (k~ 1) (P IVI-P2V2) 

= (k~ 1) (T, - T2) [2.27] 

Polytropic Process - A polytropic process is a general irreversible process in which 
there is heat transfer. The analysis of this general process requires only that the prop
erties can be defined by the equation 

PV" = con tant 

Then, where n is a constant, it follows, as in the isentropic process , that 

T2= (P2),, -1/1l 
Tl PI 

and 

T2 = (Vl)"-l 
Tl V2 

The first law for a closed system undergoing a polytropic process may be written 

I f 2 P dv 
lQ2=U2- U l+ 1 -j-

Utilizing the perfect-gas relation 

Pv 
u=h--

j 

Pv" = constant 

the foregoing relation becomes 
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[2 .28b] 
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[2 .31a] 

[2.31b] 

,Q~=RT'(_l __ 1 )(1_T2) 
J n-1 k-1 T, 

[2.32] 

From an intermediate step in the derivation of equation (2.31), the reversible work term may 
be shown to be 

[2.33a] 

R R~ ( ~) ,wk2= (n-I) (T, -T2)= n-I 1-T, [2.33b] 

Table 13.3 summarizes the equation applicable to each of the perfect·gas processes discussed. 

REAL GAS 

Equations of State 

The perfect·gas equation of state predicts the ideal relationship of any gas over the full 
range of temperature and pressure. It is an experimental fact, however, that at high pres
sures or high temperatures or in regions near the point of condensation of the liquid phase, 
variations from thjs ideal relationship do occur. The magnitude of these deviations depends 
on the particular gas and the values of the temperature and pressure. As pressure is in
creased from zero pressure, the deviation from the perfect-gas law increases. Also, the 
deviation at a given pressure will be less at higher temperatures, except when temperature 
is so extreme as to cause ionization or dissociation. 

Numerous equations of state have been proposed that will, at least in part, compensate 
for the deviation from perfect-gas behavior, among these are: 

(1) Van der Waals' equation: 

(P+~)(vm-b)=RT Vm 

where a and b are constants, characteristic of the particular gas. 
(2) Berthelot's equation: 

( 
Pb' a'P) 

PVm=RT 1+ RT- R2T3 

where a' and b' are constants. 
(3) Dieterici's equation: 

P= ( RT II) e-a"/RTv", 
v1II-b 

259 



N g 

TABLE 13.3. - Perfec t-Gas Processes and Equations 

Gas processes Equations Fina l pressure Final volume Final temperature 

Isothermal: P2 = P, (;) V2=V, (~J T2 = T, 

T =C Pv=C 

n= l Decreases Increases No change 

1 

Adiabatic constant entropy: (v')" (P,t (vJ - ' p2= p, - trl=V I - T2= T, ; 
V2 P2 

n=k Pvk=C 

k 1 k - 1 

No heat exchanges r2)FT P2 = P, T, ( T, )FT V2 =V, r; ( 2)- k 
T2= T, 'P, 

Decreases Increases Decreases 

Isobaric : P=C P2=P, V2=V , (~~) T2= T, (;) 

n= O 

P=C v=CT No change Increases Increases 

--- --~- -- ----

Heat added, Btu 

(~')In (;) 

or 

(~v}n (;) 

None 

cl'(T2- T,) 

or 

P2k(V-l- V,) 
(k - l )J 

External work , 
ft·lbf 

RT,ln (;) 

or 

(v9 P,v, In ;;-

P,V, - P2V2 
k - 1 

or 

c,J (T, - T2) 

P,(v.-v,) 

or 

R(T2- T, ) 

C') 
a 
~ 
;g 
~ 
t>] 

'=' 
52 
en 

s.: 
~ a 
~ 



"" '" '" , :g ... 
o , 
ffi 
I 

0:> 

t-.:l 
0\ ..... 

Charles'law: v=C 

n=l 

V=C p=CT 

Polytropic: 

r-l+a 
Pv"=C n=---

a 

External work = a loss in 
intrinsic energy 

---~~ 

Values of constants: 
R = 1544/Mw(Mw= molecular weight). 
k= 1.4 for diatomic gases. 
k = 1.3 for triatomic gases. 

p,=P,T, 
T, 

Increases 

(v')" p,=p, ;;;; 

n 

P,=P, (T,);;-=T 
T, 

Decreases 

-~~-- ---

v.=v, T _P,T, 
,- P, 

No change Increases 

(P,)~ v,=v, p, (fr' T,=T, --; 

n-I n-I 

(')" v.=v, T, (,)-n T,=T, P, 

Increases Decre~ses 

cp(T,-T,) 

or 

v,(P,-P,) 
(k-l)} 

(P,v'-P'v')(n~l- k~l) 

or 

(k-l ) cv(T,-T,) n_l- l 

None 

P,v,-P,v, 
n-l 

or 

R(T,-T,) 
n-l 
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where a" and b" are constants. 
(4) Wohl's equation: 

RT 
p= bill 

Vm-

alii e'" 

( blll)+~ Vm Vm - urn 

where alii, bill, and clll are constants. 
(5) Keyes' equation: 

RT e p=----
Vrn - ex (V,,,g) 2 

where B, k, e, and g are constants. 
(6) Beattie-Bridgeman's equation: 

where A, B, D, E, and F are constants. 

In all these equations, Vrn refers to the molal specific volume. Their accuracy in correlat
ing experimental data depends, in general, on the number of constants (listed beneath each 
equation) that may be assigned specific values for each gas. The Beattie-Bridgeman equation 
of state with five such constants has been found to agree within a fraction of 1 percent with 
experimental data for a number of substances over a wide range of conditions. The Beattie
Bridgeman equation is complex, but it is exceedingly useful if the constants for the gas 
involved are known for the range of interest. B. F. Dodge's text on Chemical Engineering 
Thermodynamics (1944) has a tabulation of Beattie-Bridgeman constants for a number of gases. 

The Van del' Waals equation may be expected to give better results than the perfect-gas 
law. However, it has only two arbitrary constants and cannot be expected to duplicate 
experimental data exactly, and it may be seriously in error under certain severe conditions. 

The equations of Berthelot, Dieterici, Wohl, and Keyes generally are not as accurate as 
the Beattie-Bridgeman equation but, owing to their simplicity and form, may be useful for 
specific types of calculations. 

If it is desired to fit experimental data with great accuracy over large pressure ranges, 
the following equation known as the virial form of an equation of state is recommended be
cause of its flexibility 

B r 8 
PVrn=RT'+-+2"+3" 

Vrn Vrn Vrn 

where the coefficients B, r, and 8 are temperature functions as follows 
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This virial equation is really a condensed summary of the data. It requires a different set of 
coefficients for each temperature, and it becomes very cumbersome for practical application. 

Law of Corresponding States 

There is yet another method of coping with real-gas deviation from perfect-gas behavior. 
This method is based on the law of corresponding states. The deviation of the volume of 
real gases from that predicted by the perfect-gas law can be simply represented by plotting 
the ratio of the actual volume to that predicted by the perfect-gas law versus the pressure, or 
in other words, 

v Pv Z 'b'li f RT= RT= = compreSSl 1 ty actor 

P 

is plotted as the ordinate, and pressure as the abscissa, for lines of constant temperature. 
The law of corresponding states provides an avenue to a method of determining the com
pressibility factor Z in a generalized form applicable to all gases. 

It was stated previously that the extent of deviation from perfect-gas behavior increased 
as the region of condensation was approached. The law of corresponding states postulates 
that all gases have the same P-v-T behavior at the same reduced conditions. Hence, the 
behavior of all gases is correlated, not by using actual temperature and pressure but by using 
ratios of those values to the temperature and pressure at the critical point. In other words, 
the deviation of two gases may be very different at the same temperature and pressure, but 
may be the same if considered at the same temperature and pressure relative to the region 
of condensation. 

The critical temperature and pressure are used as characteristics of the region of conden
sation. Thus, the ratio TITe is commonly called the reduced temperature (TrL and similarly 
PIPe is the reduced pressure (Pr). 

This method of correlating P-v-T data has been found to be of considerable value, 
especially in those cases where the available information is insufficient to evaluate the con
stants in an equation of state such as the Beattie-Bridgeman equation. The accuracy of the 
generalized charts, such as those shown in figure 13.3, depends on the type of gas and the 
pressure and temperature. Dodge has made a rather comprehensive comparison of the 
charts with actual data. His results indicate a maximum deviation of 15 percent and an 
average deviation of about 2 percent for 263 individual cases covering a wide range of pressure 
and temperature and 18 different gases. Table 13.4 (from Getman and Daniels) shows the 
value of compressibility factor chart (frequently referred to as "Hougen and Watson chart"). 

TABLE 13.4.-Comparison o/Compressibility Factors 

Pv/RT for nitrogen at 1000 atm 

Temperature , ·C Observed 

0 .. . ..... ... . . . .... . ... .. ...... . . . . .... . .. ... . .. .. ... ...... 2.0632 
50.... .. . . .. . .. .. .. . . .... . ... .. .. . ... . . ......... . . .. . ... ... 1.9285 

Ideal Van der Waals Berthelot Hougen and 
Watson chart 

1.0000 2.426 0.731 2.10 
1.0000 2.182 1.071 1.95 
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EXAMPLE PROBLEM 13.2 

Considering the same system as that described in example problem 13.1 and treating 
the gas as a real gas, determine the following: 

q) The final mass of gas in the tank 
(2) The final temperature of the gas in the tank 

SOLUTION 

Since the equation derived in example problem 13.1 to relate WI and Ui2 does not depend 
on the perfect-gas law for its validity, it may be used in the real-gas analysis. Repeating the 
contained mass equation then 

Also, the volume equation may be written as 

In the foregoing two equations, V is known from the statement of the problem, and 
WI, hln , and UI may be evaluated as follows. To evaluate WI, the real-gas relation is used 

From the statement of the problem, PI = 100 psi a and TI = 70° F, as shown in figure C.2 
(app. C) at the given temperature and pressure, ZI is read as 

Therefore 
W - (100) (144) (10.65) 

1- (1)(55.2) (460+ 70) 

=5.24 Ibm 

The enthalpy hin can be read directly as hin = 160 Btu/lbm from figure C.l (app. C) by entering 
the chart at P= 750 psia and T= 0° F. The internal energy UI can be found by reading the 
enthalpy at P= 100 psia and T= 70° F, 

h= 183.5 Btu/Ibm 
then from the definition of enthalpy 

or, since 
Pv=ZRT 

it follows that 

Reading Z = 1 from figure C.2 (app. C), the following relations are obtained 
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UI = 183.5 - (1)(5~.:~ (530) 146 Btu/Ibm 

Substituting the values of fl, WI, Ut, and hin into the contained mass and volume equations 
yields 

or 

Also 

Now there are two equations and three unknowns, and if there is no simple relation between 
any two of these properties for the real gas, a trial-and-error solution must be used. 

A perfect-gas relationship is found to produce a very good approximation that yields a 
direct solution. Since 

du=cv dT 

and since the data of figure C.4 (app. C) indicate a very nearly constant value of Cv = 0.179 
Btu/Ibm over the expected range of temperature and pressure, the following equation can 
be used with accuracy 

= 146+0.179(T2 -530) 

The previous equation can be written in terms of T2 also by substituting the perfect-gas law 
solved for W2 

o 73.4 
U2= 16 - (750)(144) (10.65) 

(1) (55.2) (T2 ) 

Equating this equation with the approximate equation for U2 above permits a direct solution 
for T2 yielding 

T2 =596° R 

= 1360 F 

The final mass of gas in the tank is obtained by writing the perfect-gas law once again, in
cluding Z = 1.0, 

W - (750) (144) (10.65) 
2- (1) (55 .2) (596) 

= 35.0 Ibm 

By comparison of these results with that of example problem 13.1, the real-gas effects in this 
problem caused a lower final temperature and a slightly greater final stored mass. 
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CHAPTER 14 

APPLICATION OF FUNDAMENTALS OF INCOMPRESSIBLE FLOW 

The term "fluid" is applied to substances which, by the nature of their internal structure, 
offer comparatively little resistance to a change in form. Incompressible fluids, however, 
offer great resistance to volume change. 

No fluid is capable of any internal adjustment which will enable it to maintain equilibrium 
at rest while subjected to a shear stress. If a shearing force is applied to any fluid, the fluid 
will continue to deform as long as the force is applied. There will invariably be some move· 
ment in which the velocity is proportional to the applied shear stress. The relation between 
force and velocity depends on, among other things, that property of fluids known as viscosity. 

An ideal or perfect fluid is merely one which, for purposes of developing theory or making 
a mathematical demonstration, is conveniently assumed to be nonviscous or incompressible, 
or both. Such fluids do not exist, and theory based on such assumption is subject in its 
application to correction for the effect of these physical properties that have been neglected. 

In this chapter only incompressible fluids are considered. The effect of work and heat 
addition or removal are neglected. In an incompressible fluid an increase in pressure will 
not cause an increase in density. The assumption that liquids are incompressible does not 
usually introduce an appreciable error. The assumption that gases are incompressible, for 
flows below a mach number of 0.2, introduces only very slight error. Beyond this point 
gases should be treated as compressible fluids. 

MASS DENSITY AND SPECIFIC WEIGHT 

"Mass density" is defined as the mass of a substance per unit volume. Specific weight 
is the gravitational force per unit volume exerted by the mass subjected to a given acceleration 
as a result of gravity. In this chapter units for density are slugs per cubic foot or pounds 
mass per cubic foot, and specific weight has units of pounds force per cubic foot. The rela
tion between these quantities is determined from Newton's first law written in terms of 
gravity. 

Fwt=mg 
or 

[3.1a] 

[3.1b] 

If both sides of equations (3.1a) and (3.1b) are divided by the total volume P, it follows that 
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[3.2J 

In this system, the units of gc must have the units of Ibm/slug or Ibm-ft/lbf-sec2 • Using 
equation (3.2), the following definitions can be made 

Mass density 
m 

=p=-= 
V 

Weight density = ,,= ~ 

Specific weight=,,' =F~t 
V 

slugs/ft3 or lbf-sec2/ft4 [3.3a] 

Ibm/ft3 [3.3b] 

Ibf/ft3 [3.3c] 

Rewriting equation (3.2) in terms of the above three definitions, the following relationships 
are obtained 

[3.4a] 
and 

,,' = pg=" (!) [3.4bJ 

VISCOSITY OF FLUIDS 

Viscosity is the property of a substance by which it offers resistance to shearing stresses. 
In a Newtonian fluid the viscosity is in linear proportion t:> the ability of the fluid to resist 
such shearing stresses. 

All fluids, both liquids and gases, have viscosity. The viscosity of a liquid decreases 
with an increase in temperature, whereas the viscosity of a gas increases with temperature. 

A shearing force applied to a viscous materiai causes an unlimited and continuous 
deformation of the material. The rate of deformation or shear becomes a measure of the 
viscosity of a fluid. 

In considering the effect of viscosity on fluid flow, it is necessary to introduce two funda
mental as umptions which !Jecome the basis for the theory and application of viscosity. 
These assumptions are 

(1) There is no relative motion between a solid boundary and the layer of fluid in contact 
with it. 

(2) The shearing stress between layers of fluid , of infinitesimal thicknes , is proportional 
to the rate of angular deformation of the fluid (Newtonian fluids). 

For a ewtonian fluid , the shear stress is given by 

[3.5] 

where J1- IS a coefficient of proportionality called the absolute viscosity or coefficient of 
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viscosity. Also, y is the distance mea urement from the bounding surface measured normal· 
to the flow direction. 

In the English system of units, equation (3.5) req uires that the uni ts of viscosity be 
Ibf-sec/ft2

• 

An alternate form of expressing viscosity of liquids is the kinematic viscosity which is 
defined by the equation 

lJ = ~= p.,gc = p.,' 
p y y 

[3.6] 

From equation (3.6), it follows that the units fo r kinematic viscosity in the English 
sy tern are ft2 /sec. Viscosity uni ts for other system of units are shown in table 14.l. 

Plots of viscosity versus temperature are presented in the appendixes for several liquids 
and for gases at low press ures. In t he high-pressure regions, pressure effects on viscosity 

TABLE 14.1. - Equivalents of Viscosity 

Equivalents of Absolute Viscosity 

Absolute or dynamic viscosity Centipoise P oise slugs Ibm --
ft sec ft sec 

-g-
em sec lbf sec poundal sec --

Mult ft> ft' 

1 
dyne sec 

to obtain em' 

b~ r (j.L) (100 j.L ) (j.L' ) (j.L ) 

Centipoise ( j.L ) 1 O.OJ 2.09(10-5 ) 6.72(10-4 ) 

Poise 

-g-
em sec 

(100 j.L) 100 1 2.09(10-3 ) 0.0672 
dyne sec 

em' 

slugs 
ft sec 

( j.L ') 47900 479 1 g or 32.2 
lbf sec --

ft' 

Ibm --
ft sec 

! or 0.0311 (j.L) 1487 14.87 1 

poundal sec g 

ft· 
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TABLE 14.1. -Equivalents 0/ Viscosity- Continued 

Equivalents of Kinematic Viscosity 

Kinematic viscosity Centistokes Stokes ft> -
Mult sec 

j 
cm2 

-
to obtain sec 

by--+ r (v) (100 v) (v') 

Centistokes (v) 1 0.01 1.076(10-5 ) 

Stokes 

cm2 (100 v) 100 1 1.076(10-3 ) 

-
sec 

ft2 (v') 92900 929 1 -
sec 

may be appreciable. 
to significant error. 

Hence, viscosity based on temperature considerations only may lead 
This subject, however, will be considered in chapter 15. 

CONTINUITY EQUATION 

Since, by definition, no fluid can enter or leave a stream tube across the walls, it is pos
sible to write an equation expressing the continuity of flow along a stream tube. The volume 
of fluid passing the station having area A in figure 14.1 in the time interval dt is A ds. The 
mass of the fluid is (yA ds), so that the mass rate of flow is 

yA ds= AV 
dt y 

since ds/dt= V, the nominal velocity of flow at A. 

Figure 14.1. Stream tube. 
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If we let w represent mass flow per unit time, the law of conservation of mass requires 
that, for a steady flow, w in a stream tube is a constant, or 

since there can be no accumulation between stations in steady flow. 
In incompressible fluid fl ow, where pressure changes do not cause changes m mass 

density, the continuity equation can be written simply as 

W 
-=A , V, =A2 V2 =AV= constant [3.9] 
'Y 

BERNOULLI EQUATION 

To obtain an equation for constant energy frictionless flow, consider the differential 
length of the stream tube shown in figure 14.2. Flow is caused in this stream tube by the 
difference in pressure acting along the stream tube axjs. 

2 

Figure 14.2 . Forces acting on a s tream-tube ele
ment in steady flow. 

If the axial forces along the axis of the stream tube are summed, it follows from ewton's 
second law, "iF = ma, that 

PA + (p+ ~) (A + dA -A) - (A + dA)(P+ dP) -mg sin 8= ma 

eglecting all vanishingly small products of differentials and substituting 

yields 

325-9940-69-19 

a= dV = (.!) d(V2) 
dt 2 ds 

and 
. II dz 

Sln u =-
ds 

A dP ds+ mg dz+~ d(V)2= 0 
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Thi is an energy relation which states that, in a frictionless system work done by a force 
(in this case, the force due to the differing pressures acting on the stream tube elements) 
is balanced by equivalent changes in potential energy (mg c1z) and kinetic energy [m d(V2)/2 ] 
of the mass acted on. 

By assuming the flow to be incompressible, there will be no expansion work, so that by 
subst ituting the continuity equation and converting the rna s units to the gravitational ystem 

[3.10] 

whjch integrates , at constant specific volume, to yield 

P V2 
,.+z+-=constant 
y 2g 

ft [3.lla] 

and 

P~) V2 -+ - z + -2 = constant 
Y c gc 

ft-Ibf/lbm [3 .11b] 

T his is the familiar Bernoulli equation for steady, frictionless, incompressible flow (in terms 
of fluid head) and energy per unit mass flowing, respectively. 

MOMENTUM EQUATION 

ewton's second law tates that the resultant force applied to a free body can be equated 
to the rate of change of momentum of the body. Then in terms of the vector quantities 

or in the impulse-momentum form 

d 
IF=- (mV) 

dt 

IF dt=d(mV) 

[3.12a] 

[3.12b] 

The continuity equation can be substituted into equation (3.12a) and applied to two stations 
in a flow section where the velocity is constant, yielding 

IF=m2V2- m,V, 

= {p2A2VV - (p,A,Vn [3.13a] 

(The above equation is a modified version of that appearing in ch. 3.) Also, since continuity 
requires that the mass flow rate be the same at both station (see eq. (3.13b)) 

[3.13b] 

(The above equation is a modified version of that appearing in ch. 3.) This method of deter
mining resultant forces on nozzles , piping systems, turbine blades, and so forth, offers the 
great advantage of evaluating only the inlet and outlet flow conditions and direction, rather 
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APPLICATION OF FUNDAMENTALS OF INCOMPRESSIBLE FLOW 

than a complicated investigation and integration of pressure distributions within the flow 
section of interest. 

REYNOLDS NUMBER 

The flow and heat·transfer behavior of fluids can often be conveniently described or 
categorized by dimensionless parameters. One of the more widely used of these parameters 
is the Reynolds number. The Reynolds number can be rationally derived from dimensional 
analysis and has as its defining equation 

[3. 14a] 

For the circular cross section, the length dimen ion 
(3.14a) becomes 

the diameter so that equation 

[3.146] 

The phy ical significance of the Reynolds number is that it represents the relative 
magnitude of the inertial to viscous forces acting in the fluid stream. This ratio, in turn, 
has a definite effect on such factors as heat·transfer coefficients and the coefficient of viscous 
friction. It i also possible to describe types of flow in terms of the Reynolds number. 
For low Reynolds numbers, the viscous forces predominate and the flow is termed viscous 
flow, or laminar flow. The Reynolds number for laminar flow is generally 2000 or less. The 
upper limit for laminar flow, however, is subject to some extent to vibrational effects and 
perturbations in the flow stream. In laminar pipe flow, the velocity profile at a given section 
plots as a parabola with a velocity of zero at the pipe wall and a maximum velocity at the 
centerline. For Reynolds numbers of 4000 and above, the flow is governed by inertial 
forces, .and the velocity profile is no longer parabolic. The velocity profile has a tendency to 
become blunt and almost a straight line across the entire pipe cross section. 

Between Reynolds numbers of 2000 and 4000, the flow is termed transitional flow. 
In this region the flow can be either laminar or turbulent, or mixed. Above about 2100, if 
the system is disturbed or if there are any irregularities, the flow will change from laminar to 
turbulent. In general, when the Reynolds number is above 2000, the flow is considered 
turbulent to some degree. 

HYDRAULIC RADIUS 

The major part of all piping in flow systems is of round cross section, but in some in
stances this is not the case. Therefore, it is necessary to develop an equivalent diameter 
for these noncircular pipes . The equivalent diameter is used primarily for computing the 
Reynolds number and is known a the hydraulic diameter. This hydraulic diameter of any 
cross section is defined as four times the hydraulic radius, defined, in turn, as 

R - cross·sectional area D 
,,- wetted perimeter of cross section 4 [3.15a] 

Then, by definition, the hydraulic diameter can be expressed as 

D=4R,,=4A (~J [3.15b] 
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FLOW OF FLUIDS IN PIPES 

The axial velocity of fluid flowing in a pipe is dependent on the axial forces acting on the 
fluid, the predominant ones being that of differential pressure, viscous friction at the wall, 
and acceleration and gravity forces. Although the Bernoulli equation was developed for the 
idealized stream tube, it also applies to flow in pipes when an accounting for frictional pressure 
loss is included. The effects of friction are detected as reductions in the constant of equa
tion (3.11a) and (3.11b) at successive downstream locations. 

Multiplying equation (3.11b) through by the weight density y yields the Bernoulli equation 
in terms of pressure, or 

P+ gpz+ G) pV2 = PI Ibf/ft2 [3.16] 

Here, PI is the constant, in terms of the total of all the pressure components. The 
effect of friction is an observed reduction in the total pressure of the stream as the fluid 
progresses down the pipe. In incompressible flow the terms of elevational pressure and 
dynamic pressure are independent of the frictional effects. More specifically, the effect 
of friction in any given pipe section is unaffected by its orientation and any resulting eleva
tional pressure changes. Also, the dynamic pressure is an absolute quantity dependent 
only on the density and velocity as fixed by the continuity equation. Then the only term 
that can reflect a reduction in the total pressure is the static-pressure term P. The inter
change of pressures and the loss in total pressure may be better understood by study of a 
pressure diagram such as figure 14.3, drawn for a typical section in a pipeline. 

Certain features of the pressure diagram should be noted and reflected to the governing 
Bernoulli equation (eq. (3.16)). 

(1) The elevational head pressure line becomes zero at the point where the pipe centerline 
intersects the horizontal elevational datum plane. This line is straight only because the pipe 
centerline was drawn straight. 

(2) The dynamic pressure term is constant in the constant flow area sections, since 
continuity requires constant vel0city for incompre!'i!'iihle flow with con tant area. 

(3) The total pressure loss is a result of viscous friction alone in the constant area 
sections. In the variable area section, the loss is a result of additional turbulence and 
possibly boundary-layer separation, as well as friction . In such a diffuser section the total 
pressure loss and the static pressure recovery are greatly dependent on design. 

(4) It should be especially noted that even though there may be a significant loss in 
total pressure across a diffuser ection as shown, and "also with a sudden expansion, there may 
be a net increase in static pressure due to the recovery of dynamic pressure. 

An evaluation of the frictional pressure losses can be made by considering the flow in 
a horizontal constant area pipe. Since the dynamic and elevational terms are constant, 
the changes in total pressure between upstream and downstream points is just the change 
in static pressure, or 

In the absence of momentum change in incompressible flow, the static-pressure forces 
acting on a fluid element can be equated directly to the viscous shear forces at the pipe 
wall, resulting in 
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-dP= f~~2) dL [3.17] 

which can be integrated to produce 

(The above equation is a modified version of that appearing in ch. 3.) Equation (3.18) is the 
basis for computing pressure losses as a result of friction for turbulent incompressible flow 
in pipes and requires an evaluation of the friction factor which is discussed in detail in the 
next section. 

p 

Horizontal Distance 

Figure 14.3. Pipeline section. 
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For the case of completely laminar flow (Re < 2000), the exact expression for frictiona 
pressure loss is the Hagen-Poiseuille equation 

t::.P - 32J1LV 
L-"[j2 [3.19] 

where it is seen that the pressure loss is a linear function of velocity, rather than the usual 
square law. Substituting the definition of the Reynolds number yields 

[3.20] 

FRICTION FACTOR 

Equation (3.20) represents the loss in pressure as a result of viscous friction. In this 
equation the value of the friction factor is given by 

1=64 
Re 

Re < 2000 

which holds for viscous, or laminar, flow only. In turbulent flow, the above relation for 1 
does not hold, and the friction factor must be determined in a manner so that eq'uation (3.18) 
correctly yields the pressure loss. In turbulent flow,fis found to be defined by a more com
plex function of the Reynolds number and certain characteristics of the wall roughness. 

L. F. Moody has constructed one of the most convenient charts for determining friction 
factors in clean, commercial pipe. This chart, presented in figure 14.4, is the basis for 
determining the friction factor for all ranges of Re , both laminar and turbulent, accounting 
for wall roughne s. 

PRESSURE LOSSES IN PIPING SYSTEMS 

Sudden Enlargement in Cross-Sectional Area 

The pressure drop cau ed by a sudden area increase can be found by determining the 
fo~ces acting on a system in the vicinity of the area change. In figure 14.5, the pressure 
upstream of the area change is PI and that downstream is g. 

At section 1, ju t downstream of the area change, the pressure is still equal to PI due 
to in ufficient distance for significant pre sure drop to occur. At this section the force 
acting to the right is equal to PIA2 • Farther downstream, the pressure has dropped to 
P2 , and at section 2 the force acting to the left i equal to P2A2 • The total force acting on 
the section between 1 and 2 is equated to the momentum change to yield 
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2 

Figure 14.5. Sudde n ar'ea inc re a se, 

Substituting this into the Bernoulli equation (3.16), writing between points 1 and 2 in terms 
of the total pressure loss, and clearing yield 

(The above equation is a modified version of that appearing in ch. 3.) 
loss factor for sudden expansion is 

[3.22] 

Then the total pressure 

For a steady incompressible flow there is no change in weight flow rate or density along 
the path. Hence, the velocities VI and V2 are a function of flow area only, and the above 
relation may be written as 

[3.24] 

(The above equation is a modified version of that appearing in ch. 3.) The K, value for a 
sudden expansion as defined by equation (3.24) is plotted versus the ratio of upstream to 
downstream pipe diameter in figure 14.6. Also, shown in this figure is a plot for the sudden 
contraction in the flow stream. The second curve, however, cannot be determined by 
analytical means and is from experimental data. ote that the Kt factor plotted in figure 
14.6 is based on the dynamic pressure in the smaller diameter pipe. This can be seen by 
observing that the defining equation for K( (eq. (3.22» is based on the velocity VI. If it is 
desired to convert the published Kt factor so as to be used with the dynamic pressure in the 
larger diameter pipe, the new factor must be defined as 

[3.25] 

and the relation between the two factors is then, by an analysis similar to the foregoing, 

[3.26] 
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Figure 14.6. Loss factor for sudden area change. [Courtesy of Crane Co .• reproduced 
from Tech. Paper No. 410, Flow of Fluids.] 

Resistance of Bends 

The resistance of bends to fl ow of an incompressible fluid can be attributed to viscous 
friction, secondary flow, and increased turbulence. The total pressure loss is found to vary 
in proportion to the local dynamic pressure, as with pipe friction . Then for bends 

_ (1 2) _ Ktb (W)2 
tlPu, -K/b '2 PV -2&y A 

T he bend loss coefficient is most accurately considered as that of equivalent lengths of straight 
pipe, having two parts as follows : 
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The first term is that part of the loss factor resulting from viscous friction and should be com
puted as pipe friction loss for the centerline bend length Lb , as a function of Re and E/D using 
the Moody diagram. The econd term is the result of the induced turbulence and secondary 
flow and is largely unaffected by changes in Re. The equivalent length (Le/D) is taken as 
bend resistance from the empirical data of figure 14.7 as a function of bend radius, andftur is 
taken from the Moody diagram in the highest range of Re (fully turbulent flow) and the perti
nent value of E/D. Figure 14.8 presents similar approximate data for the total resistance 
equivalent length of miter bends, to whichftur should be applied. 

Although a 1800 bend loss is not equal to that of two 900 bends , that assumption can be 
made to approximate conservatively pressure losses . 

Entrance and Exit Losses 

Since there is no pipe frictional length involved with entrances and exits, the total pres
sure los factors are dependent solely on the configuration of the entrance or exit. Once 
again, the pressure loss is proportional to the local dynamic pressure in the pipe and a loss 
factor so that 

Empirical values of K t for various configurations are presented as figure 14.9. The reader 
is reminded that the static-pressure changes across an entrance or exit must be evaluated 
with a consideration of the changes in dynamic pressure per equation (3.16), written for the 
upstream and downstream points, and solved for PI - P2 • Then 

!1P(' = PI - P2 = Pu -Pt2 -tp(V~- Vn 

=Kt(tpV2)_tp(V~- Vn 

where V is either VI or V2 , whichever is the velocity in the adjacent pipe. 
Then, for example, the equation predicts that for an entrance from a large reservoir, 

the static-pres ure loss is the numerical sum of the total pressure loss and the dynamic 
pressure inside the pipe (V = V2 and VI = 0). 

Likewise, the static-pressure loss across an exit into a large reservoir is zero (V= VI, 
V2=O, and Kt=1). 

Valves and Fittings 

The total pressure-loss coefficients for standard fittings and valves installed in pipelines 
are dependent on the internal configuration. Only insignificant variation occurs with changes 
in temperature and pressure of the component and the Reynolds number of flow when 
fully turbulent. Significant changes can occur in the pressure-loss coefficient for valves 
in the laminar flow condition, as in the case of frictional pipe flow. Typical values of K/ 
for turbulent flow through valves and fittings were taken from a number of sources, and are 
presented in tables 14.2 and 14.3. The wide variation in the tabulated values for a given 
component indicates the poor accuracy with which valve loss factors can be specified in a 
general manner. Greater accuracy requires testing of the individual component. 
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No. 410, Flow of Fluids.] 

The equivalent lengths shown in table 14.4 are based on the pipe size for which the 
component was designed. It has been shown by test that the pressure-drop variations 
as a result of mating the component to different schedules of the same nominal pipe size are 
small within reasonable limits. However , for calculation purposes, if the pipe size is altered, 
the value of LID for the valve must also be altered. Since pressure drop varies as the 
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Figure 14.8. Resistance of miter bends. [Courtesy of Crane Co., reproduced from Tech. Paper No. 
410, Flow of Fluids.] 

second power of the velocity, which varies as the second power of the diameter, the relation 
between the two LID values is 

[3.27] 

Divergent Branches 

The loss in pressure through divergent branches depends on the split in mass flow rate, 
the flow areas involved, and the branch angle. The e mpirical total pressure-loss factors for 
divergent branches are presented as figure 14.10. Using the nomenclature of the figure, the 
total pressure loss between locations 1 and 2 is 
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F ig u re 14.9. Loss because of sudden entrance and exit. [Courtesy 0/ Crane Co. , reproduced/rom 
Tech. Paper No. 410, Flow 0/ Fluids .} 

_ (1 2) _ IKt2 (WI)2 
, f:.PtL - I Kl2 2' pVI - 2g

c
'Y ~ [3.28] 

Convergent Branches 

For the case of convergent branches , the pressure-loss factors must be computed by 
means of the equation 

K (G3)2 (AI) , (GZ)2[ (A2) 'J 
I 13 = A + G

I 
- 2 A3 cos f3 - G[ 2 A3 cos 0 [3.29] 

Each of the variables and groups of variables can be read directly from figure 14.11 or can be 
computed directly, and once again, the total pressure loss between points 1 and 3 is 

[3.30] 

OVERALL LOSS FACTORS 

Lines in Series 

If pipes of different sizes are connected in series as shown in figure 14.12, an overall 
total pressure-loss coefficient for the system can be derived. Adding the total pressure losses 
due to both fri c tion and area changes in the circuit yields 
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TABLE 14.2. - Loss Factors for Valves and Fittings 

Type component 

Angle valve conventional 

Angle poppet unobstructed with stem 450 from line of 

Angle poppet with stem 60° from line or 
Angle poppet in 90° pipe 
Butterfly valve 6 in . and 
Butterfly valve 7 percent 

Butterfly valve 3S percent 

Check valve conventional swing . ... 

Check valve clear way 

Bend 1800 medium 
Bend fl anged re turn composed of 2 90° 

Bend flan ged return long 

ock 3·way fl ow straight 
Cock 3-way fl ow through 
Coupling 

45' 

Square· edged 
Tee used 8 S elbow entering 
Tee used as elbow entering 
Standard tee flow 
Standard Icc flow through 

Long radius screw l ee flow throuR,h ... . . . 

Reducer bell 
Coupling and 

• C rane Corp. , 1957. 

b Jennings . 1958. 
' Dahle, 1958. 

, Kent , 1950. 
• Perry , 1959 . 

f Society of Automolive Engineers. 1962. 
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TABLE 14.3.-Equivalent Length 01 Fittings 

Iron pipe, in. Coppe r tube, in. 

Filling 

3/_ 1 }'/- Ph 2 3 3/4 } 1 'I_ Ph 2 

E lbows: 
90° ..... ...... .. . ..... ......... ........ .... 1.6 2.1 2.6 3. 1 4.2 6.5 1.6 2.1 2.6 3.1 4.2 

45° .. ... . ..... . .. ....... ... . .. . .. . . .. . . .... 1.1 1.5 1.8 2.2 2.9 4.5 1.1 1.5 1.8 2.2 2.9 

90° long sweep . ... . . . ......... ...... . . .8 1.0 1.3 1.6 2.1 3.0 .8 1.0 1.3 1.6 2.1 

f ees : 
100% side dive rsion . . . . . . . . . . . . . . . . . 2.8 3.8 4.7 5.6 7.5 13.0 1.9 2.5 3.1 3.7 5.0 

50% s ide d ive rs ion . ........ ........ 6.3 8.3 10.4 12.5 16.7 25.0 6.3 8.3 10.4 12.5 16.7 

33% side d ivers ion ...... . . .. . ...... 14.3 18.7 23.4 28.1 37.5 56.0 18.7 23.5 29.4 35.2 46.9 

25% side d iver ion . ........ ....... 25.0 33.3 41.6 49.8 66.7 100.0 31.2 41.6 52.0 62.5 83.4 

Valves : 
Globe full y open .... ...... . .... . . .. .. 18.7 25.0 33.8 36.8 50.0 66.0 26.6 35.4 44.2 53.0 70.8 
Gate fully open ....... . ........ .. .... .8 1.0 1.3 1.6 2.1 3.0 1.1 1.5 1.8 2.2 2.9 

topcock fully open ...................... 1.6 2. 1 2.6 3. 1 4.2 6.5 1.6 2.1 2.6 3. 1 4.2 

Angle full y open . .... ........ ....... ....... 3.6 4.2 5.2 6.2 8.3 12.5 4.7 6.3 7.8 9.4 12.5 

Reducer coupling ......... . .. . ............ .6 .8 1.0 1.3 1.7 2.5 .6 .8 1.0 1.3 1.7 

LlPa. = [! (~) 1 G p v~ ) + Kit G p V~) + [I (~) 1 G p v~ ) 

+ K I3 (~ P V5) + [! (i) ] J~ PV5) + 

Then, in general terms, the overall coe ffi cie nt for total pressure loss based on the dynamic 
press ure in section 1 of th e pipe is 

[3.31] 

Here, s indi cates the smaller of the two pipes at the s udde n area c hange, and K(s is read from 
figure 14.12. Oth er types of fittin gs and valves can be included in the overall coe ffi cient in 
the same manner , by including the diame te r ra tio factor whe n the device is of a differe nt size 
than the refere nce size. 

Lines in Parallel 

In the case of series line above, the loss in total pressure for the sys te m was found to be 
the sum of the losses in the separate parts. In the case of parallel line conn ected into com
mon reservoirs on both ends , as in fi gure 14.13, the loss in total press ure is equal in all the 
lines : 
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TABLE 14.4. -Equivalent Length of Valves and Fittings 

Equivalent length, feet 

Pipe size, in. 
Standard 

elbow 

lJ.... ................. ........ .. .... ........... 1.3 

3/4 ......•... ••••••••• . .. . .•...• . .. . •........... 1.8 

I... ... . . . . . ... . . . . ... ... .. ....... .. .. ......... 2.2 

P!... . ..... .... .... ......... .. ....... .. ...... 3.0 

11/.... .. . ... ..•...•... .•.. ........ ...... 3.5 

2. ..... ......... ..................... ......... . 4.3 

2112.... ...... ............ ... .. . . ..... .... . . ... 5.0 

3........ ............................ ......... . 6.5 

3112... ....................... ................. 8.0 

4... ...... ... ...... ............................ 9.0 

5... ......... ... .............. .... ....... .. .... 11.0 

6.. . ....... . .... ........ ..... .. ... ... .. ...... . . 13.0 

8... ... ... ....... . ............ . ... . ............ 17.0 

10.... ........... .. .. ........... .. .... ......... 21.0 

12...... .... .. ...... . ....... ..... .. ........... . 27.0 

14...... ... . ........... .. ... ............ .. ..... 30.0 

then 

Side outlet 
tee 

3 

4 

5 

6 

7 

8 

11 

13 

15 

18 

22 

27 

35 

45 

53 

63 

Gate valve Globe valve 
fully open fully open 

0.3 14 

.4 18 

.5 23 

.6 29 

.8 34 

1.0 46 

1.1 54 

1.4 66 

1.6 80 

1.9 92 

2.2 112 

2.8 136 

3.7 180 

4.6 230 

5.5 270 

6.4 310 

Also, the total mass flow rate is the sum of the flow rates in each line so that 

WI = WI + W2 + W3 + . . . + W" + . . . 

Angle valve 
fully open 

7 

10 

12 

15 

18 

22 

27 

34 

40 

45 

56 

67 

92 

112 

132 

152 

It should be noted here that each of the parallel lines may be a complex series line having 
fittings, valves, and djlferent size pipes as discussed in the previous section. If so, the 
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Figure 14.10. Divergent branch-loss coefficient. [Courtesy oj the Society oj Automotive Engineers.] 

individual KI factors mentioned here are the overall values for each eries line Klo, as may 
be ob tain ed by means of equation (3.31). 

Proceeding, the individual mass flow rates can be expressed by means of the pressure
loss relationships above. Substituting and solving for mass flow rate in one line yield 

[3.32] 
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Figure 14.12. Lines in series. [Courtesy of the Society of Automotive Engineers.) 

so that the total mass flow rate WI is 

The total flow rate can also be conveniently expressed as a ratio of the flow in some arbitrary 
reference line, uch a line 1, 0 that for N pipes 

[3.33] 

, Equation (3.32) can be written for line 1, substituted into equation (3 .33), and solved for 
6.Pn as 

[3.34] 

It is also convenient to define an overall, pressure-loss coefficient in the usual terms and 
involving quantities that are generally known. The most convenient form is 

[3.35] 

where the fictitious total or overall velocity is defined as 

and AI is the total flow area of all the lines. After combining and equating with equation 
(3.34), the overall loss factor is found in terms of only the piping system description as 

[3.36] 
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Figu re 14.13. Parallel lines. 

where 

Then for a given total flow rate and the piping system description, the loss in total pressure 
(which is also the loss in static pressure between reservoirs in this case) can be computed 
using equations (3.35) and (3.36). Likewise, when the pressure loss is known, equation (3.35) 
can be solved explicitly for total mass flow rate. 

It should be noted that when all the parallel lines have identical values of D and Kc, 

equation (3.36) predicts an overall loss factor equal to each of the individual loss factors. 

297 

l 



l ______ J 



CHAPTER 15 

APPLICATION OF COMPRESSIBLE FLOW 

Compressible flow is characterized by variation in fluid density along the flow path. In 
a compressible flow there are several parameters which are most convenient in relating fluid 
property changes along the flow path. These parameters are the speed of sound, the mach 
number, and the dimensionless flow parameter ¢ . In addition , the Reynolds number and 
viscosity are also used in compressible flows in characterizing flows and determining frictional 
lengths of piping systems. 

Also involved in compressible flows are effects which are the results of high pressure. 
As will be illustrated herein, high pressure causes variation in viscosity and hence the 
Reynolds number , as well as significant variation in pressure-drop flow rate relations. In 
this chapter, the fundamental concepts of compressible flow are illustrated and also high
pressure effects on fluids are explained. 

VELOCITY OF SOUND 

The velocity of sound in a medium is simply the velocity of propagation of a pressure 
disturbance through the medium. For the perfect gas the velocity of sound may be expressed 
simply in terms of system properties as 

c=Vk&RT [4.5] 

Equation (4.5) shows that the velocity of sound in a perfect gas is a function of tempera
ture and the specific heat ratio only and is not affected by pressure. 

For the real gas the simple expression (eq. (4.5» does not hold and may lead to serious 
error in calculating velocity of sound. 

In regions of temperature and pressure where a real-gas effect is appreciable, the 
more difficult P-v- T relations must be used to determine the velocity of sound. 

Because of the complex nature of the P-v-T relations, a computer solution is necessary, 
and the data must be tabulated or plotted before computations can be made. Graphs of 
velocity of sound for various gases in the regions where real-gas equations of state must 
be used are given in the gas data appendixes (B through F). 

If charts for velocity of sound in a real gas are not available, it is possible to determine 
approximate values from a Mollier diagram, or from other thermodynamic charts. The 
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method consists of determining an exponent ks, which forces the relation 

Pvk S = constant [4.6] 

to hold along a constant entropy path. The value of ks thus determined is then substituted 

into the equation 

Ca=Vks&ZRT [4.7] 

The quantity ks is termed the isentropic exponent and is simply a function which de
cribes the P-v relation in real-gas regions during an isentropic expansion or compression. 

It is not a thermodynamic property and should not be associated with the specific heats , or 
the specific heat ratio for the real gas. 

Useful expressions for ks can be found by writing equation (4.6) in logarithmic form and 
differentiating to obtain 

~ +ks (~v) = 0 

Rearranging yields 

k =1. (ap) 
,s P ay s 

[4.9] 

If ks is assumed to be constant, which is valid over a short interval between points 1 and 2, 
equations (4.8) and (4.9) can be integrated to yield 

In (P2) In (P2) 
ks=--P_1_= ~ 

In(~:) In(~J 
[4.10] 

Good approximate values can be obtained from points read directly from accurate 
thermodynamic charts using equation (4.10) if the pressure change between points 1 and 2 
is held small. 

It must be pointed out that the accuracy of this method in predicting velocity of sound 
is greatly dependent on the accuracy of the thermodynamic chart used and the care with 
which data points are extracted. 

EXAMPLE PROBLEM 4.1 

Find the actual speed of sound in gaseous nitrogen at a temperature of 0° C and pressure 
of 6000 psi. 

SOLUTIO 

To solve this problem , use the equation 
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where 

To evaluate ks, assume a small isentropic process where the pressure changes from 
6000 psi to some smaller value, say 5500 psi. Then 

p., 5500 
p~ = 6000 = 0.917 

From appendix C, figure C.l, a constant entropy process from 00 C and 6000 psi (408 atm) 
to 5500 psi (374 atm) gives a temperature T2 of - 90 C. 

From figure C.3, 

Since 

Therefore, 

Solving for Ca , 

Zl = 1.270 (6000 psi and 273 0 K) 

Z2 = 1.224 (5500 psi and 264 0 K) 

'Y2 _ P2Z I RT1 _ (5500) (1.270) (273) 
'YI - P1Z2RT2 - (6000) (1.224) (264) 

'Y2=0.983 
'YI 

In 0.917 - 0.0866 
In 0.983 - 0.0171 

5.05 

Co = YksgcZRT= Y (5.05) (32.2) (1.28) (55.2) (492) 

Co = 2378 ftlsec 

The accuracy is dependent on the ability to read the charts and to round numbers. 

MACH NUMBER 

Flow characteristics in compressible flow have been found to vary as a function of the 
ratio of the stream-flow velocity to the velocity of sound. This ratio is termed the "mach 
number" and is defined by the equation 

M=~ 
C 

[4.11] 
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where 

M = mach number 
V = flow velocity at a point in the flow stream 
c= speed of sound in the media measured at the fluid conditions existing at the point 

where V is measured 

By consideration of the continuity equation, other convenient forms of the mach number 
are 

M=(~)l yA C 
[4.12b] 

and if the gas is perfect, 

[4.12c] 

Since for circular pipe 

= 7TD2 _(~) ~ 
A 4 - 4 144 and P=144p 

equation (4.12b) may be written as 

M=0.2245 (;2) ~n [4.12d] 

When the flow rate is known in terms of standard cubic feet per minute (sefm), 

( 
SCFM) [T 

M = 15.21 1000 pD2 V iJi. [4.12e] 

If flow is measured in cubic feet per second, the relation V = q/A results, and the mach
number expression becomes 

!I !I 
M=i=--=A== 

c v'kgcRT 

For real gases , the mach number is determined from 

!L W 

M= V =A =..:L 
Ca Ca yc;, 

[ 4.12jJ 

[4.13a] 

Using the real-gas equation of state, P= yZRT, the mach-number expression for a real gas 
becomes 

M=!!!.(ZRD..!. 
A p} Ca 

[4.13b] 
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or when written for circular pipe and pressure in psia 

M = 1.273 (!!!.-) (ZRD 
D2 PCa) 

[4.13c] 

If the flow units are in sefm, the mach·number expression becomes 

(
SCFM) ZT 

M = 86.4 1000 pD2ca [4.13d] 

In equation (4.13), the actual speed of sound can be found from charts of speed of sound for 
the gas, or in the absence of such charts, Ca may be determined from equation (4.7). 

REYNOLDS NUMBER 

The Reynolds number was defined for circular pipes in chapter 3 by the equation 

[3.14b] 

or from continuity 

and for circular pipe 

or from equation (4.14) 

Re= (~) IJ-U:D= 15.28 Cu:D) [4.14a]* 

Often , flow rates are given in terms of volumetric flow rate q and from the relation 

w=yq 

The Reynolds number may be written as 

Re = 15.28 (;:b) [4.14b]* 

For the perfect gas 

*This equation is a variation of equation (4.14) and does not appear in chapter 4. 
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and the Reynolds number becomes 

(4. 14c)* 

or for flow in sefm, equation (10.3) (SCFM= 14.75 RW) can be substituted to yield 

R = (15.28) SCFM = 1 037 (SCFM\ 
e 14.75 RJL'D . RDJL' ) 

(4. 14d)* 

VISCOSITY 

Quantitative knowledge of viscosity is required in many engineering problems which 
involve heat-transfer, mass-transfer, or pressure-loss relationships. In analysis of high
pressure gas systems, experimental viscosity data are often not available for the gas in the 
region of pressure and temperature under investigation. To provide these data , a generalized 
method of estimating viscosity has been developed based on the critical viscosity of the gas. 

TABLE 15.1. - Critical Viscosities of Gases 

Gas Critical viscosity, micropoi e 

Air... ... .. .. .. .. . .... . ......... ..... ........ 193 
Ammonia... ............................... 309 
Argon.......... .... ......... . ..... .... .. .. .. 264 
Ethane ... .. . ... ................... ...... .. : 210 
Helium.. . ..... ............... .. .. .... ...... 25.4 
Hydrogen....... .. ............. .... ........ 34.7 
Methane... ... ........ . ................... . 159 
Neon............. ... . . . . ....... ........ ..... 156 
Nitrogen...... .... ........................ . 180 
Oxygen........ .... .................. . ...... 250 
Propane...... .. ..... .......... ............. 228 

At low pressure where the perfect-gas law is applicable, the viscosity of a gas is primarily 
dependent on temperature and is little affected by pressure. However, as the pressure 
greatly increases, the viscosity of the gas increases, though not nearly in proportion. If 
the viscosity of several gases is plotted in the low-pressure region versus reduced tempera
ture, a family of curves results. If each curve is replotted as reduced viscosity (by dividing 
all data by the individual viscosities at the respective critical points of the gases), all data 
reduce to a single curve. From this cur~e, the low-pressure viscosity of any gas with known 
critical temperature may be determined if only the viscosity is known at the criti cal point. 
The same procedure can be repeated at a constant high value of reduced pressure, yielding 
a single curve that describes the reduced viscosity of all gases at that respective reduced 
pressure. By this means, it is possible to combine the low-pressure generalized viscosity 
curve with similar dimensionless correlations for high pressures, thereby expressing high
pressure effects for all gases on a single chart. Such a plot is shown in figure 15.1. All 

*This equation is a variation of equation 4.14 and does not appear in chapter 4. 
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Figure 15.1. Reduced viscos ities of gases. [R eprinted/rom National Petroleum News , copyright McCraw
Hill . Inc . . 1967.] 
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that is required to determine the viscosity from this figure is a knowledge of the critical 
temperature, critical pressure, and the viscosity of the gas at the critical point. Critical
point pressures and temperatures for several gases are given in table 2.1, chapter 2. Critical
point viscosity values are listed in table 15.1. Also, viscosity data were extracted from 
figure 15.1 for the common gases (air, nitrogen, helium, hydrogen, and oxygen) and were 
plotted for the specific gases in the applicable ections of the appendixe . 
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CHAPTER 16 

APPLICATION OF ADIABATIC AND ISENTROPIC FLOWS 

GENERAL 

Ad~abatic flow can be assumed with accuracy when the flow transport time through the 
given flow process is' very short and/or when the pipe-wall temperature is approximately 
that of the flowing fluid, as with a well-insulated pipe. With negligible heat transfer, there 
can be no change in stagnation enthalpy and, for a perfect gas, no change in stagnation 
temperature, regardless of any friction and turbulence that may exist. 

Isentropic (reversible adiabatic) flow can be assumed with accuracy only when the 
requirements for adiabatic flow are fulfilled as described in the preceding paragraph and 
when there are none of the irreversible effects caused by turbulence, flow separation, fluid 
friction, and shock waves. In general, the physical changes that occur in isentropic flows 
are the result of smooth-flow area changes in relatively short distances. For isentropic 
flows of perfect gases, the stagnation values of pressure and density also remain constant, 
as does the stagnation temperature. 

In all cases presented here , the flow is considered one dimensional, which implies 
that the velocity and fluid properties are constant across any cross section of the pipe. There
fore, the solutions cannot be expected to produce extreme accuracy in the analysis of rapidly 
expanding (overturned) nozzles, for example. 

ADIABATIC FLOW 

The steady-flow velocity of any fluid is related to its static and stagnation enthalpies 
by the energy equation (5.1) with a numerical value assigned to 2gcJ 

[5.1] 

Continuity requires the following relationship 

[5.3] 

The mach number is defined by 

[5.5] 
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For a perfect gas, equations (5.1) and (5.5) can be simplified to the following 

(The above equation is a modified version of that appearing in ch. 5.) 
and from equation (4.12f) where V= q/A 

[5.9] 

The mach number of flow in pipes can be computed from weight flow rate and gas properties 
by 

M=(~) (M J¥! [5.22] 

By converting the pressure term to units of psia, rather than psfa, and for the case of a circular 
pipe of diameter D, measured in inches, equation (5.22) becomes 

M=0.2245 (;2) (~) It [5.22a]* 

Further conversion of the flow term to units of standard cubic feet per minute, rather than 
Ibm/sec, yields 

(
SCFM\ .[£ 

M = 15.21 1O00) pD2 [5.22b]* 

Equation (5.22a) can be modified to produce an adiabatic weight flow parameter in terms of 
the stagnation temperature, the local static pressure , and mach number , 

[5 .23] 

The ratio of stagnation temperature to static temperature for a perfect gas in any adiabatic 
flow is defined as 

[5.10] 

where To remains constant throughout the adiabatic flow path. The stagnation temperature 
and stagnation enthalpy are the only two properties which remain constant in adiabatic flow. 

*This equation is a variation of equation (5.22) and does not appear in chapter 5. 
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EXAMPLE PROBLEM 16.1 

A storage bottle contains nitrogen at 1500 psi a and 80° F. The gas is flowing from the 
bottle through a complex, insulated circuit to a point where the line pressure and tempera
ture are measured as 10.3 psig and 0° F, and the pipe has a l·inch internal diameter. Com· 
pute the velocity, weight flow rate, and stagnation pressure and temperature at the 
downstream location. 

SOLUTIO 

The flow is assumed to be adiabatic, and the stagnation enthalpy is constant at the value 
existing in the bottle. At 1500 psia and 80° F, the Mollier chart for nitrogen (fig. C.l, app. C) 
yields Ito = 178.1 Btu/lbm. Likewise, at 25 psia (10.3 psig) and 0° F, the chart yields h = 166.6. 
By equation (5.1) 

v = 223.8 YI78.1-166.6 

= 759 ft/sec 

The weight flow, by equation (5.2), is l/} = yAV, where 

P 
y=ZRT 

The compressibility factor for nitrogen is found to be essentially unity at the downstream 
point of interest by reference to figure C.2, appendix C. Then, using the absolute units of 
pressure and temperature, 

[ 

7T (1)2] 
_PAV _ [(144)(10.3+ 14.7)] 4(i44) (759) 

l/}- ZRT- (1)(55.2) (460) 

= 0.588 Ibm/sec 

Since the value of Z is found to be unity and the value of specific heat ratio is found to be 
the nominal 1.4, by figures C.3 and C.4 in appendix C, the nitrogen can be considered a 
perfect gas at the downstream location. Then the mach number is, by equation (5.22a) 

M = 02245 (0.588) (l..) .J (55 .2) (460) 
. (1)2 25 1.4 

= 0.711 

In figures 16.1 and 16.2, the pressure and temperature ratios are read at M = 0.711; thus 

325- 9940- 69- 21 

l!...=~=0.713 
Po Po 

and 
T 
To = 0.910 
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Figure 16.2. Isentropic pressure ratio. 
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Then the absolute static and stagnation pressures and temperatures are 

p= 10.3 psig= 25 psi a 

25 
Po = 0.713 = 35.1 psia To = O~~~O = 505S R 

=20.4 psig 
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ISENTROPIC FLOW 

In general, one-dimensional isentropic (reversible adiabatic) flow conditions can be 
closely achieved only in the case of smooth -area change (change that are not too abrupt), 
and where friction and turbulence effects are negligible compared to that of the area change. 
The analy is of the isentropic flow of a real gas, at conditions where the gas doe not behave 
as a perfect gas (high pressure and/or low temperature), requires the u e of thermodynamic 
charts, such as Mollier diagrams. The processes of real fluid property change mu t be 
evaluated along the lines of constant entropy (for which the analytical formulations are not 
readily available) and the general adiabatic flow formulas (eq . (5.1) and (5.2)). Other 
relations between fluid properties can be obtained graphically from the thermodynamic 
chart along the particular isentropic line. 

For the case of a perfect gas, tne exact relationships for the isentropic flow proce can 
be establi hed by integrating the first law of thermodynamics, after substituting perfect-gas 
relationships. The resulting fluid-property change between any two point in the isentropic 
flow field of a perfect gas are as follow : 

[5.24] 

[5.25] 

[5.26] 

T2 = (pz) k ~ l 
T, P, [5.27] 

Since the flow field may include an upstream reservoir where the fluid propertie are 
the isentropic stagnation values, and since all stagnation properties of a perfect gas are 
constant throughout the isentropic flow field, the preceding relationships can also be used 
to obtain the static to tagnation property ratios at a given point. 

~o = GJk

-

1 

= (~ork-l ) = (~J'~" 

;0 = (~Jk = (~J - k = (;Jk~l 

[5.28] 

[5.29] 

[5.30] 

These isentropic stagnation ratios of pressure and weight density can be related to the 
local weight flow condition, specifically in terms of mach number, since it was shown previ
ously by equation (5.10) that 
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Then 

Po [ (k-l) ]~ p= 1+ -2- M2 k-I [5.31] 

and 

'Yo v [ (k-l) ]_1 -:y= Vo = 1+ -2- M2 k-I [5.32] 

When the fl ow becomes choked isentropically, as in the throat of a smooth nozzle , the choked 
throat tati c (*) to stagnation properly ratios are obtained by substituting M = 1 into the pre
ceding equations, yielding 

T * 2 

To k+ 1 
[5.33] 

[5.34] 

1 

~: = (k! lr+1 
[5.35] 

* where L. is also equal to v~ 
'Yo v 

An ise ntropic weight flow parameter can be obtained from equation (5 .23) entirely in 
terms of s tagnation properties (by substituting equations (5.10) and (5.31), since, in isentropic 
flow of a perfect gas, all stagnation properties are constant. Then the isentropic flow parame
ter is 

M (tv) ( 1 ) ~ 
Ii Po kgc = [ (k-l) ] -#t}1j 

M 1+ -- M2 
2 

[5.36] 

although the local mach number is still defined by the local static properties and equation 
(5.22). The maximum flow rate is often of interest and can be established at the choked 
condition where M = 1, so that 

(w) ( 1) !RTo (w ) ( 1 ) Wo ( 2 ) 2~·~11j 
Ii max Po \/kg;= ;:x Po \/kg;= k+ 1 [5.37] 

(The above equation is a modified version of that appearing in ch. 5.) 
Since the case of a variable flow area is the most common application of isentropic flow 

in practice, the explicit effects of area change are useful. By combining equations (5.36) 
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and (5.37), the area at any point along the flow channel is related to that area which will 
cause choking as a function of the local mach number. 

A 1{ 2 [ (k-1) J}k+1 A*=M k+1 1+ -2- M2 2(k-l ) [5.38] 

(The above equation is a modified version of that appearing in ch. 5.) 
The impulse function F; is defined as the sum of the pressure and momentum forces 

that can be associated with a flow stream at a given location. 

F;=PA+pAV2 [5.39] 

The impulse function is especially useful in establishing the resultant forces on a containing 
channel within which a fluid is undergoing any steady-flow process. The resultant force 
acting on the fluid by the wall and in the direction of flow is 

[5.39a] * 

The force of the fluid acting on the wall is equal to F wx and opposite in direction. For a 
perfect gas 

F;=PA(1+kM2) [5.40] 

For a perfect gas and isentropic flow, the impulse function can be nondimensionalized once 
again as a ratio to the value, F1, which the particular flow would exhibit at the point where 
M=l. 

F; 
F7 

1+kM2 

M { 2 (k + 1) [ 1 + ( k ; 1 ) M2 ] } 1/2 

WORKING CHARTS AND TABLES 

[5.41] 

The everal dimensionless ratios of fluid properties, flow area, and impulse function 
have been tabulated for the isentropic flow of perfect gases in numerous publications (Keenan 
and Kaye, 1948; Ames, 1953; and Pratt & Whitney Aircraft, 1963). For convenience, an 
abbreviated set of charts (figs. 16.1 through 16.8) is presented in this chapter to assist in 
problem solving. The functions are plotted versus the common independent variable , the 
mach number, which permits the evaluation of all the ratios once one of them has been 
determined . 

The utility of the dimensionless form, always as a ratio to the stagnation (0) or sonic (*) 
values, stems from the fact that for any isentropic perfect-gas flow these reference values 
are constant throughout the flow field. Therefore, the change in properties, areas, and im
pulse functions between any two points in the flow can be obtained by finding the ratio of 

*Thjs equation is a variation of equation (5.39) and does not appear in chapter 5. 
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Figure 16.3. Isentropic density ratio. 

the dimensionless ratios, each evaluated at their respective locations. For example, 

and 
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Superson ic Mach Number 

2 3 4 6 8 10 

Subson ic Mach Number 

Figure 16.4. Adiabatic Row parameter. 

Therefore, the first objective in solving an isentropic flow problem is usually to determine 
the mach number at the points of interest and/or some change in property or area by which 
the mach numbers can be obtained. Then, utilizing the plotted or tabulated isentropic 
flow functions (for the proper value of k) and remembering that all stagnation properties 
and sonic values are constant for all locations, the desired solution can be obtained. 
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EXAMPLE PROBLEM 16.2 
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Figure 16.5. Isentropic flow parameter. 

Nitrogen is to be supplied to a 2-inch (I.D.) pipe at 70° F and 1000 psia from a large 
manifold. A low-loss , nozzle-type entrance that incorporates a reduced throat size for the 
purposes of limiting the maximum flow to 15000 scfm is to be used (fig. 16.9). The design 
flow rate is to be 10000 scfm. Determine the required throat diameter D and the conditions 
at stations 1 and 2 at the design flow conditions. Also determine the resultant force of the 
fluid on the nozzle between the nozzle inlet (at the weld) and station 2. 
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Supersonic Mach Number 
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Figure 16.6. Isentropic area ratio. 

SOLUTION 

Assuming isentropic flow and the nitrogen to be essentially a perfect gas, with 

k=1.4 and R=SS.2 ft-lbf/Ibm-OR 

And since the limiting condition is choked flow , equation (S.37) and the unit conversions 
shown in equation (S.22) are used to find D, 
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Figure 16.7. Isentropic impulse functions. 

Solving for D yields 

D= 1.016 in. 

For design flow conclitions of 10000 scfm, the isentropic flow parameter of equation (5.36) 
is evaluated with the unit conversions of equation (5.22). 

/460+ 70 

(~) (1...) )RTo= 1521 (10000) \j 1.4(55.2) 
A Po kgc . 1000 1000(1.016)2 

=0.386 

Since equation (5 .36) cannot be solved easily for the throat mach number, it is advan
tageous to use the plotted solution provided in figure 16.5 yielding 

M 1=0.426 
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APPLICATION OF ADIABATIC AND ISENTROPIC FLOWS 

Fi~ure 16.9. Low·loss, nozzle ·type entrance. 

The static fluid properties at the throat are from the isentropic ratios. 
Figure 16.2 yields 

PI =0.881 
po 

Figure 16.1 yields 

T 
To =0.965 

Figure 16.6 yields 

so that PI = 1000(0.881)= 881 psia 

so that TI = 530(0.965) = 5120 R 

Al 
A* = 1.5 

Station 2 condition is easily found, using the known area ratio 

A'J (D'J)2 ( 2 )2 A~= D~ = 1.016 =3.87 

and the value of (AliA *) from the preceding, since 

A2 (A2) (AI) A*= ~ A* =(3.87)(1.5)=5.82 

At this value of (A2/A*), the subsonic value of M2 and the fluid property ratios at location 
2 aro' obtained once again from figure 16.6. The subsonic value of M2 is selected since, if 
MI is subsonic, flow is subsonic everywhere and 
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and 

P2=0.993 
Po 

~:=0.998 
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so that P2= 1000(0.993)=993 psia 

so that T2 = 530(0.998) = 5290 R 

The resultant force on the nozzle is obtained best by equation (5.40) in this case, since 
the pressures and mach numbers are known at both locations. At the inlet, M = 0 because 
the area is approximately 16 times that of the throat, and the pressure is essentially the 
manifold pressure. At the outlet, station 2, the necessary quantities were evaluated as 
described. Then, by equations (S.39a) and (5.40) 

F wx = (993) (V (2)2 [1 + 1.4 (0.10)2J - (1000) (V (4)2 

=-9417lbf 

Then the resultant force on the nozzle is 9417 lbf in the direction of the flow. 

CHOKING IN ISENTROPIC FLOW 

Choking in isentropic flow occurs only in a region of reduced flow area, whether the 
upstream flow is subsonic or supersonic. In the u ual case of subsonic upstream flow, the 
pressure, temperature, and density decrease as the flow accelerates to the throat where the 
static properties, relative to the stagnation values, are represented by equations (5.33), 
(5 .34), and (5 .35). This occurs only when the back pressure is reduced sufficiently to cause 
choking. Beyond the throat, the flow can continue to accelerate to supersonic velocities in 
an expanding flow channel if the back pressures are very low or decelerate subsonically if 
the back pressures are relatively high. For intermediate back pressures , a normal shock 
will usually divide two isentropic flow regions within the downstream diverging section, 
with supersonic flow upstream and subsonic flow downstream of the shock. For any given 
reduced area and downstream configuration, there is a specific back pressure which will 
produce choking in the reduced area. Reduction in back pressure below this value will 
not increase the mass flow rate through the system. However, increases in flow rate can be 
achieved by increasing the upstream pressure. The isentropic flow relations presented 
earlier can be applied to choked flow in smooth-area change sections at least to the point 
of choking. 

OPERATION OF NOZZLES 

There are two basic types of nozzles: converging and converging-diverging. Converging 
nozzles , in the usual applications, generate flow velocities up to but no greater than sonic. 
Converging-diverging nozzles can generate supersonic velocities in the diverging section 
if the back pressure is maintained low enough. If the back pressure is lower than that 
required to choke the nozzle, but not low enough to produce the supersonic mach number 
associated with the area change of the divergent section, a normal shock will occur within 
the divergent section to slow the flow to a subsonic value ahead of the outlet. 

A complete description of nozzle performance and computation methods can be found 
in "Operation of ozzles" in chapter 6 and "Normal Shock Waves" in chapters 6 and 17. 
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PERFORMANCE OF REAL NOZZLES 

ozzle efficiency is a measure of the conversion from thermal energy to kinetic energy 
by the nozzle and is defined as the ratio of actual to isentropic static enthalpy changes between 
two pressures. Then 

For a perfect gas , 

ho-h" 
Tj=--

ho-hs 
and 

The nozzle discharge coefficient is defined as 

C _w" a--
Ws 

[5.42] 

[5.43] 

where Ws is the flow that would have occurred in a truly isentropic process with the given 
pressure drop and w" is the Row that actually occurs. 

An adiabatic relationship is found to be applicable to describe an irreversible process, 
although it consists of the product of two isentropic functions . This relationship is useful 
in establishing the conditions downstream of a choked nozzle, even though the flow immedi
ately downstream of the nozzle is irreversible. 

[5.46] 

This function is solved graphically in figure 16.8 and requires the knowledge of all the terms 
of the leftmost grouping. The station subscripts are based on the notation of figure 5.13 
(ch. 5). Station 1 refers to the upstream location; t refers to the nozzle throat; and station 2 
refers to the downstream location of interest. The very important requirements in applying 
this relationship are assurance of choked flow and knowledge of the downstream static pres
sure which must be obtained by other means. 

EXAMPLE PROBLEM 16.3 

When the nozzle of example problem 16.2 is operating as a flow limiter, the flow becomes 
choked at location 1, and supersonic flow exists in the divergent section. However, due to 
boundary-layer growth, the supersonic flow is shocked down by the complex system of shocks 
described in "Oblique Shock Waves" in chapter 6. At point 3 downstream of the nozzle in 
the constant area pipe, a static pressure gage measures 150 psig. Determine all the flow 
conditions at the downstream location 3. 
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SOLUTION 

Assume Cd = 1 for the smooth nozzle. 
problem, 

By equation (5.46), with proper subscripts for the 

[( A)(P)] (1)( 2 )2(150+14.7) 
A * 3 Po 3 isen = l.O 1.016 1000 

=0.637 

The graphic solution of equation (5 .46) in figure 16.8 yields M3 = 0.85, at which P3/P03 = 0.6235 
and T3/To3 = 0.8737. Then 

Also, T03 = To = 5300 R, so that 

324 

164.7 
P03 = 0.6235 

=264 psia 

T3 = 530 (0.8737) 
=4630 R 
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CHAPTER 17 

APPLICATION OF SHOCK-WAVE THEORIES 

Shock waves are discontinuities in fluid properties which can occur in supersonic flow. 
Normal shock waves are discontinuities that lie in a plane normal to the flow and generally 
are the result of a straight-line deceleration under adiabatic conditions. Oblique shock 
waves are lesser discontinuities that are inclined to the flow direction at some angle less 
than 90°. Oblique shocks generally result from the turning of a supersonic flow under 
adiabatic conditions. 

NORMAL SHOCK WAVES 

A normal shock wave may be considered an extremely rapid change in fluid properties, 
occurring normal to the direction of flow of the flu id stream and taking place over an ex
tremely short distance. 

Changes in Properties 

The downstream-to-upstream temperature ratio can be expressed in terms of the re
spective mach numbers, based on constant stagnation temperature for the adiabatic flow. 

(k-1) 
Ty = _1_+-----:-=-2_--'-_M_~ 
Tx 1+(k-1)M2 

2 II 

[6.2] 

Since the area is the same on both sides of the shock, the continuity equation yields 

The static pressures are related by 

325- 994 0 - 69- 22 

or 

l+(T)Mi 
1 + (k; 1) M~ 

[6.3] 

[6.5] 

325 



I 

L 

COMPRESSED GAS HANDBOOK 

Equation (6.5) is also known as the equation of the Fanno line in terms of P and M and 
is obtained by combining the steady adiabatic flow-energy equation, continuity equation for 
constant area, and the perfect-gas law. The pressure ratio across the shock can be ob
tained differently by utilizing the momentum equation rather than the energy equation. 
The resulting equation defines the Rayleigh line in terms of P and M. 

Py 1 +kM.i 
Px = l+kM~ [6.11] 

The direct relation between upstream and downstream mach numbers is obtained by com
bining equations (6.5) and (6.11) to yield 

M2 2 
x+ k-l 

[6.14] 

(~)M2-1 k-l x 

Substitution of equation (5.19) into equation (6.14) yields the useful relationship 

[6.15] 

The substitution of equation (6.14) into (6.11) gives a ratio of downstream-to-upstream pressure 
ratio as function of upstream mach number only. 

[6.16] 

The temperature ratio is obtained by substituting equation (6.14) into equation (6.2). 

Ty _ [ 1 + ( ~ ) M; ] [ (~) M! - 1 ] 

Tx - [ (k+ 1)2] M2 
2(k-l) x 

[6.17] 

The density ratio is expressed most simply as the ratio of equation (6.16) to equation (6.17). 

[6.18] 

The combination of equation (6.18) with equation (6.3) gives the velocity ratio across the shock 

[6.19] 
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Similarly, using equations (6.14) and (6 .16) and the isentropic flow relationships of chapter 5, 
the stagnation pressure change is found to be 

r 
(k+ 1) M2 ]_k 2 x k-J 

1 + (k-1) M2 
POY = 2 x 

[(~) M2_k-1]~ k+1 x k+1 

[6.20] 

Equation (S.31) can be substituted into equation (6 .20) to produce the downstream stagnation 
pressure in terms of upstream static pressure and mach number. 

[6.21] 

Equations (6.14), (6.16), (6.17), (6.18), (6.20), and (6.21) are solved graphically and pre
sented here as figures 17.1 through 17.6 to facilitate problem solving. Tabulated solutions 
can also be found in numerous other publications. 

Convergent-Divergent Nozzles 

Normal shock waves often occur in the divergent section of convergent-divergent 
nozzles. It is explained in chapter S that normal shock waves occur in overexpanded 
convergent-divergent nozzles when the nozzle back pressure Po is: 

(1) Less than a minimum (established for the particular nozzle) that will permit subsonic 
flow throughout the nozzle, except sonic at the throat; and 

(2) Greater than a maximum value (established for the particular nozzle) that will permit 
supersonic isentropic flow throughout the divergent section to the nozzle exit. 

Referring to the nomenclature of figure 6.2 (ch. 6), these back pressures causing a normal 
shock in the nozzle are in the range of P4 > Po > P;. As Po is reduced from a value of P~, 
the normal shock moves downstream from the throat region toward the exit, until at Pb=P~, 
the normal shock stands in the nozzle exit. 

The methods of establishing the flow conditions throughout the nozzle utilize the isen
tropic flow relationships upstream and downstream of the normal shock wave, and the 
normal shock functions establish the change in conditions across the shock. The isentropic 
equation (S.38) relates the local flow area of the nozzle to the local mach number, in both 
the supersonic and" subsonic regions, as shown on the plotted solution in figure S.6 (ch. S). 
The procedure, outlined briefly in "Normal Shock Waves" (ch. 6), will be demonstrated 
in the following example. 

EXAMPLE PROBLEM 17.1 

A smooth convergent-divergent nozzle (fig. 17.7) is operating with air. The measured 
upstream pressures and temperatures are 500 psig and 80° F, respectively. The outlet 
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Figure 17.2. Static pressure changes across normal shocks. 
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Figure 17.3. Stati c temperature changes across normal shocks. 
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Figure 17.4. Density and velocity changes across normal shocks. 

pressure is measured to be 165 psig. The upstream flow area is 0.3 square inch, the throat 
area is 0.1 square inch, and the nozzle exit area is 1 square inch. Determine: 

(1) The weight flow rate; 
(2) The location of normal shock, if one exists, in terms of the nozzle area at that point; 

and 
(3) The flow conditions at the nozzle exit in terms of mach-number temperatures and 

pressures. 

SOLUTION 

(1) First, it must be established that the flow is choked in the nozzle throat. Proof of 
choked flow requires only that the exit pressure be shown less than the minimum all-subsonic-
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Figure 17 .S. Stagnation pres ure changes across normal shoc ks. 
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Figure 17.6. Ratio of downstream stagnation to upstream static pressure, normal shocks. 
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Figure 17.7. Smooth convergent-divergent nozzle _ 

_ 1 _____ _ 

x* x*' Xx e 

Xy 
X - Nozzle Centerline Distance 

Figure 17.8. Pressure diagram_ 

flow exit pressure indicated as P4 in figure 6.2 (ch. 6) and figure 17_8. The pressure diagram 
must be slightly modified to account for the upstream velocity which is significant in this 
case. Note that the upstream pressure PI is not the stagnation pressure and that , with 
isentropic subsonic flow throughout the nozzle, the outlet static pressure Pe must be greater 
than PI (nearer to stagnation) due to the larger area and lower velocity at the exit. Since the 
nozzle-exit pressure was measured to be much less than the inlet, it can be definitely con
cluded that the nozzle is choked, and the nozzle throat corresponds with the sonic (*) condi
tions. Then the mach number and stagnation conditions at station 1 can be established using 
the isentropic flow relations of figures 16.1,16_2, and 16_6 (ch. 16) as follows_ The area ratio 
for the upstream location is 

~=0.3=3 
A * 0_1 

For a value of k= 1.4, and AIIA* = 3, figure 16.6 (ch. 16) yields 
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Similarly, from figures 16.1 and 16.2 (ch. 16) at MI = 0.198 

~~ =0.9923 so that 

and 

~~=0.973 so that 

1', - 460 + 80 544.2° R 
0- 0.9923 

P _500+ 14.7 
0- 0.973 529 psia 

Equation (5.37) defines the choked flow rate as 

k + 1 

{kg; ( 2 )2(k-0 
w=wmax=A*Po yRfo k+ 1 

1.4+1 
=(Q:l) [(144)(529)] /(1.4)(32.2) (_2_)2( 1.4- 0 

144 Y (53.3) (544) 1.4+ 1 

= 1.206 Ibm/sec 

(2) To determine the nozzle· flow conditions, a trial·and·error solution is required using 
the procedure outlined in "Normal Shock Waves" (ch. 6). This procedure requires that 
the nozzle area at the shock·wave location be assumed and computations repeated until the 
computed exit pressure agrees with the known pressure. Proceeding, assume arbitrarily that 

Ax 
A*=4.0 

Entering figure 16.6 (ch. 16) for k = 1.4 and A x/A * = 4 in the supersonic region yields 

Mx=2.94 

Obtain the mach number downstream of the shock, My, by entering figure 17.1 at mx= 2.94 
and k= 1.4. 

M y =0.4788 

Figure 17.5 yields the stagnation pressure change across the shock 

POb = POy = 0.3457 
Poa Pox 

The stagnation pressure is constant throughout each isentropic process upstream and 
downstream of the shock so that 

Poe = 0.3457 
POI 

and Poe = 0.3457 (529) = 182.9 psia 
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The exit mach number Me is found from the known area ratios involving the fictitious throat 
area A*' of the subsonic exit region. At M y=0.4788, figure 16.6 (ch. 16) yields 

The exit area ratio can now be calculated in terms of A*' as 

~= (Ae) (.6..) 
A*' A x A*' 

where A x =Ay. The assumed value ofAx/A*=4 requires that 

Ax=4(0.1)=0.4 
Then 

Ae (1.0) ( ) A*' = 0.4 1.383 = 3.46 

The exit mach number from figure 16.6 (ch. 16) at Ae/A*' = 3.46 and k= 1.4 in the subsonic 
region is 

Me=0.170 

Figure 16.2 (ch. 16) yields an outlet pressure ratio at M2 of 

~=0.980 
Poe 

which, when combined with the stagnation pressure obtained In the preceding equations, 
yields the outlet static pressure 

Pe= 0.980(182.9) 

= 179.2 psia 

= 164.5 psig 

This value of nozzle outlet pressure agrees sufficiently with the measured value of 165 psig. 
Therefore, the assumed location of the shock wave (Ax/A* = 4) is correct, and the remaining 
flow parameters can now be evaluated based on that assumption. If the computed down
stream pressure had not agreed with the known value, a new area ratio (Ax/A *) would be 
assumed and the procedure repeated until agreement was reached. Increasing the area 
ratio reduces the computed outlet static pressure, and vice versa. 

(3) The exit mach number Me is 0.170 as computed, and the outlet temperature is 
obtained by noting that the stagnation temperature is constant throughout the adiabatic flow 
field, regardless of the irreversible shock wave. Then 
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where Te/To is evaluated in figure 16.1 (ch. 16) at k = 1.4 and Me = 0.170. Finally 

Te= 544.2 (0.9942) 
=5410 R 
=81 0 F 

OBLIQUE SHOCK WAVES 

Oblique shock waves are a general form of discontinuity in supersonic flow and, in the 
limit, they approach the normal shock wave. Oblique shocks are inclined to the flow direc
tion, and they occur when a supersonic Row undergoes a change in direction requiring a 
compression. 

Changes in Properties 

A relation between pressure and density is obtained by combining the momentum and 
energy equations for the control volume wi th the velocity and geometrical considerations 
identified in figure 17.9. (The original equation (6.41a) from ch. 6 has been slightly modified.) 

Equation (6.41a) solved for density 

(k+ 1) (P2) + 1 
Y2 k-l P I 

YI = k+ 1+ Pz 
k-1 P I 

(The original equation (6 .41b) from ch. 6 has been slightly modified.) 

St rea mline 
Shock 

V1 

Figure 1 7.9. Schematic of oblique shock. 

[6.41 a] 

[6.41b] 
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The velocity ratio across the shock can be expressed in terms of the two angles 

V2 cos 0-
V, cos (0--6) 

[6.42] 

Combining this with the continuity equation yields a new expression for density ratio across 
the shock 

Y2 tan 0-
-=---;--~ 

Y, tan (0-- 6) [6.44] 

(The original equation (6.44) from ch. 6 has been slightly modified.) 

Further combination of relationships for energy, momentum, continuity, and perfect-gas 
behavior yields two additional relationships for pressure change 

[6.45] 

and 

PI = 1 + k (1-Yz) Mi sin2 (0--8) 
P2 YI [6.46] 

Equations (6.41), (6.44), (6.45), and (6.46) have been solved simultaneously to produce the 
direct relations between the various parameters, and these relations are plotted as figures 
17.10 through 17.13 to aid in problem solving. More detailed and exact graphs can be 
found in the NACA Technjcal Report 1135 (Ames, 1953). 

The following temperature-change relationshjp is provided for completeness, as obtajned 
from considerations of the change in kinetic energy to thermal energy. 

T2 = 1 + (k - 1) M2 [1 
T, 2 I 

cos2 0- ] 
cos2 (0--6) 

Analogy With Normal Shocks 

[6.47] 

It is often convenient to transform the coordinate system for oblique shocks so that the 
normal shock functions can be applied. This can be done by making the following analogies. 
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Normal Shocks 

Mx 
My 
Py/Px 
Pay/Pox 
Ty/Tx 

Yy/Yx 

Oblique Shocks 

MI sin 0-
M2 sin (0--8) 
P2/PI 
P02/POI 

T2/TI 
Y2/YI 



APPLICATION OF SHOCK-WAVE THEORIES 

Conical Shocks 

The oblique-shock theory developed to this point corresponds with a two-dimensional 
surface such as a flat plate. A conical section will cause oblique shocks that are conical 
discontinuities rather than plane. For this case, the stream lines are not straight and parallel 
to the surface , as with the flat plate, but actually curve to approach asymptotically the direc
tion of the conical surface. The initial flow deflection across the shock wave is the same as 
that described for the two-dimensional case, with the observed shock angle established for 
a cone. A more detailed description of oblique-shock theory for flat plates, wedges, and 
cones is beyond the scope of this book. 
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Figure 17.10. Wave-angle variances with initial mach number. 
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Figure 17.12. Pressure ratio variances with initial mach number. 
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CHAPTER 18 

METHODS OF FLOW MEASUREMENT 

The equations that predict the change in fluid properties caused by a restriction placed 
in the flow path are derived from the first law of thermodynamics when the flowing fluid is 
compressible, and Bernoulli's equation when the fluid is incompressible. These equations 
give the theoretical rate of flow, which must then be modjfied by flow coefficients to obtain 
the actual rate. 

The value of the flow coefficient used with either of the above-mentioned equations 
depends , in part at least, on the geometry of the particular device being used for flow-measure
ment purposes. It will be found that the coefficient used in conjunction with the venturi 
tube is very near unity, which inrucates that the theory employed to calculate venturi flow 
rate is extremely accurate. The flow coefficient used with the flow nozzle is also near unity, 
but not so near as the coefficient used with the venturi tube. The coefficient used with the 
orifice deviates considerably from unity, inrucating that simple theory alone does not ade
quately describe the flow through an orifice. 

THE HYDRAULIC EQUATION 

The flow of an incompressible fluid through a constant-area passage into wruch a venturi 
tube, a nozzle, or an orifice has been inserted can be calculated by observation of Bernoulli's 
equation. The assumptions necessary are a steady, fully developed flow and no sensible 
heat transfer. 

Writing Bernoulli 's equation between an upstream section (1) and the throat section (2) 
yields 

Since the flow is incompressible and steady, the preceding equation is rewritten, using the 
continuity equation 

or, solving for the throat velocity, 

[7.2] 
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Defining 

Equation (7 .2) becomes 
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f3=D2 
D, 

V2 = (2&)1 /
2 (PI - P2)1/

2 

Y 1-j34 

The weight flow may now be expressed in terms of the throat conditions as 

=A. [2gCy (P,-P2)]1 /2 
W l 1-j34 [7.3] 

Equation (7.3), known as the hydraulic equation, expresses the theoretical mass flow rate in 
terms of the three measurable variables: pressure, area, and mass density. 

THE COMPRESSIBLE FLOW EQUATION 

The equation for theoretical rate of flow of a compressible fluid through a venturi tube, 
a nozzle, or an orifice is found in a manner similar to that for incompressible flow. The 
assumptions necessary for this analysis are a perfect gas and steady, reversible adiabatic flow. 

Writing the first law of thermodynamics between an upstream section (1) and the throat 
section (2) yields 

Since the gas is perfect and the process is isentropic (reversible adiabatic), the foregoing 
relation may be written as 

[7.5] 

For a steady flow, the continuity equation yields 

Substituting for VI in equation (7.5) and solving for the throat velocity yields 

[7.6] 

where 

For an isentropic process 

-= - =r1lk Yt (P2) Ilk . 
YI PI 
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and it can be shown that 
Plvlrk-Ilk)= P2V? [7.8] 

Substituting these two relations into equation (7.6), 

[7.9] 

and the mass rate expression in terms of the throat conditions becomes 

[7.10] 

Now, by employing the perfect-gas law and the isentropic property relation Pvk = constant, 
the mass flow rate may be written as 

w=A., [2gcYI(PI-P2)]1/2[r2Ik(_k )(l-r(k-ll/k)( 1-f34 )]1/2 
- I-f34 k-1 1-r 1-r2/kf34 [7.13] 

ote that equation (7.13) is simply the hydraulic equation modified by the factor Y" where 

Y = [r2Ik(_k ) (1- r(k- ll/k) ( 1- f34 )] 1/2 
" k - 1 1 - r 1 - r2/k f34 [7.14] 

The value of Ya depends on the pressure ratio r, the diameter ratio f3, and the specific 
heat ratio k. If the specific heat ratio is constant, it is possible to plot a family of curves to 
represent Ya over the pressure ratio range from r= 1 to r= pressure ratio at which sonic 
velocity occurs at the throat. Such a curve for k values between 1.0 and 1.8 is shown in 
figure 18.1. It is important to note at this point that the value Ya just discussed applies to 
the measurements of a perfect gas using either the venturi tube or the flow nozzle. It does 
not apply to the thin-plate orifice. The value Y I used in the equation to calculate flow through 
a thin-plate orifice is empirically determined and cannot be found by theoretical considerations. 

CORRECTIVE FLOW COEFFICIENTS 

The theoretical weight rate of flow of a fluid through a venturi tube, nozzle, or an orifice, 
as given by equations (7.3) and (7.13), must be modified by an experimentally determined 

discharge coefficient, Gel, where 

C - actual weight rate of flow 
(/ - theoretical weight rate of flow 

Applying this coefficient to equation (7 .3) for an incompressible fluid, it follows that 

[7.15] 
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or 
[7.15a]* 

where 

In terms of diameter in inches and pressure in psia, equation (7.15a) becomes 

[7.15b]* 
Also, for flow in cfm 

q = 31.5 KcD~ ~PJ ~ P2 [7.15c]* 

The quantity Kc is termed the flow coefficient, and 1/'\1'1- f34 is termed the "velocity 
of approach factor." 

The corrective flow coefficients just defined are illustrated graphically in figures 18.2 
through 18.7. For the venturi tube, the discharge coefficient Cd is plotted versus Reynolds 
number Re in figure 18.2. For the nozzle, Cd is plotted versus Re in figure 18.3, and two 
plots of Cd-versus-f3 ratio are shown in figures 18.4 and 18.5. Figures 18.6 and 18.7 are plots 
of Kc versus Re for the square-edged orifice. 

The orifice flow coefficients Kc, plotted in figure 18.6, are taken from the ASME (1959) 
data for flange taps (taps are 1 inch upstream and downstream of the upstream face of the 
orifice plate) and 2-inch pipe (2.067-inch I.D.). These data agree within 1 percent (of the 

1.00 

0 > 2" 

0.99 .25 sf3S.-75 - -- --r- r- .-

--_ Tolerance 

Limits 

0 .98 

0 .97 

0 .96 

0 .95 

0.94 

1.5 2 3 4 5 6 8 10 5 1.5 2 3 4 5 6 8 106 

Re (Based on Pipe Inside Diameter) 

Figure 18.2. Discharge coefficients for Herschel-type venturi tube. 

*Trus equation is a variation of equation (7.15) and does not appear in chapter 7. 
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Figure 18.3. Discharge coefficients for flow nozzles. [Courtesy of the American Society of Mechanical Engineers.) 

plotted value) with the data for ID and 112D taps, vena contracta taps, and corner taps, as 
well as flange taps in the ranges: 

1.610 ~ pipe J.D. ~ 4.026 inches 

50 000 ~ Re ~ 106 (based on pipe J.D.) 

0.20 ~ f3 ~ 0.60 

The orifice coefficients of figure 18.7 are for pipe taps (2D and 10D) and 2·inch pipes 
(2.067 J.D.) . These data agree within 1 percent (of the plotted value) with the data for pipe 
taps and 2.067 ~ pipe J.D. ~ 6.065 inches in the ranges: 

50 000 ~ Re ~ 106 (based on pipe J.D.) 

0.15 ~ f3 ~ 0.70 

The data agree within 0.5 percent for 2.067 ~ pipe J.D. ~ 4.026 in the ranges: 
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Flan[{e taps JI), l/2D taps; vena contracta taps; and corner taps 

Accuracy: ± 1 % when: 1.5,,;;; pipe s ize ";;; 6 Accuracy: ± ] % when: 1.5,,;;; pipe size";;; 4 
50,000 ,,;;; R, ,,;;; ] 0" 50,000,,;;; R, ,,;;; ]06 

0.15,,;;; f3 ,,;;;0.70 0.20 ,,;;; f3 ,,;;; 0.60 

In using these charts for orifice coefficients, the tolerances tabulated by the AS ME 
(1959) for the various types of pressure taps , ranges of Re , f3, and so forth, must be added to 
the previously quoted accuracies. 

To meter compressible flows, all that is required is the addition of the expansion factor Y 
into equation (7.15). For a compressible fluid flowing through a venturi tube or a nozzle, 
the weight rate expression becomes 

= C Y A. [2gc'YI (PI - P2)] 1/2 
W d anz 1- f34 [7.16] 

where Ya is given by figure 18.1. For the orifice 

[7.16a]* 

*This equation is a variation of equation (7.16) and does not appear in chapter 7. 
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Fi/ture 18.7. Flow fa ctor for thin ·plate orifices (p ipe taps). lCourtesy oj th e Americlln Society oj Mechanica l 
EIlt!illeers.] 

Accuracy: ± 1% when: 2"" pipe size"" 6 Accuracy: ± 0.5% when: 2"" pipe s ize"" 4 
50,000"" R, "" 10" 

0.1 5"" f3 ",, 0.70 

where Y, i give n by fi gures 18.8 throu gh 18.1 1. 
fa ctors from th e ASME (1959) . 

50,000"" R. "" 10· 
0.15 "" f3 ",,0 .6 

Additional data can be obtained on these 

Equation (7. 16) can be written in more co nve nient units of pipe LD. (inches) and pressure 
(psia) a 

[7.16b] * 

or for flow in cfm 

q = 31.5 K .Ym ~P' - P'l 
- y , [7.16c]* 

or in terms of scfm 

scfm = 7. 74 RKcYD~ Vy , (p, - pz) [7.16d] * 

*This equation is a variation of equation (7.16) and does not appear in chapter 8. 
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Pressure Tops 

----II .. ~ Flow 

2-lnch Pipe 

Figure 18.12. Nozzle Row. 

EXAMPLE PROBLEM 18.1 

Flow Nozzle 
(0.5 Throat) 

Water at 60° F flows through a 2·inch-LD. pipeline and through a nozzle with a 1/2-
inch-diameter throat as shown in figure 18.12. If the pressure drop is 100 psi, measured 
with ID and tD taps , determine the mass flow rate. 

SOLUTION 

The weight rate of flow is calculated from equation (7.15b) 

w=0.525 k.D~ VY{PI-P2) 
1- f34 

The first step is to calculate Cd by assuming a Reynolds number and entering figure 18.5 at a 
f3 ratio of 0.25 and reading the coefficient Cd. Assume Re=2(105); and, from figure 18.5, 
read Cd = 0.992. 

Now, since y= 62.4 and PI - P2 = 100 psi, the weight flow rate is 

w=0.525 [V 0.992 ] (0.5)2V62.4(100) 
1- (0.25)4 

= 10.3 Ibm/sec 

For this flow rate, Re can be evaluated using equation (4.14). Viscosity of water at 60° F 
is 7.7(10- 4) lbm/ft-sec. 

Re = 15.28 (D:') 
{ 

10.3 } 
= 15.28 2.0[7.7(10- 4)] 

= 1.02(105 ) 

325- 994 0 - 69- 24 
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Since the value of Cd at the computed value of Re is practically the same as at the assumed 
Re , no iteration of the computation is warranted. When significant variation occurs, the 
calculation of flow rate should be repeated using a new value of Cd corresponding with the 
more accurate, computed value of Re. 

Compressible flow is computed in this same manner, except the appropriate Yexpansion 
factor is included in the flow equation. 
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CHAPTER 19 

APPLICATION OF ADIABATIC FRICTIONAL FLOW IN PIPES 

GENERAL 

The property changes that occur in a compressible fluid while flowing steadily through 
a constant-area pipeline are dependent on a variety of factors. The most important of these 
are: 

(1) Characteristics of the gaseous fluid 
(2) Mach number of the flow (a generalized mass flow parameter) 
(3) Fluid friction acting on the pipe wall 
(4) Existence of shock waves 
(5) Elevational change 
(6) Presence of pipe fittings, valves, and other components 
(7) Heat transfer through the pipe wall 
This chapter includes only the evaluation of the effects of items (1), (2), (3), and (4). The 

effects of changes in elevation are generally ·negligible in compressible flow problems as a 
result of the low gas densities and will be neglected here. When very high densities and 
great elevational changes occur, the effect on static pressure can be approximated by using 
an average density to compute the static pressure change. This is then added algebraically 
to the other losses. 

The presence of pipe fittings, valves, and other components is not specifically considered 
in this chapter, since a complete discussion of the flow characteristics of components is 
found in chapter 10. However, it is general practice to assign equivalent nondimensional 
lengths (L/D) of straight pipe to fittings and simple components, based on empirical data, 
and treat them as extra pipe. This technique is considered acceptable in compressible flow 
problems only if the pressure loss across the component is a small percentage of the absolute 
pressure, and if the gas velocities are relatively low (corresponding to mach number of 
approximately 0.3 or less). 

When heat is transferred between the fluid and the pipe wall, straightforward solutions 
can be obtained for special cases. These nonadiabatic flows are the subject of chapter 9. 

The characteristics of the fluid are usually represented simply by the perfect-gas law 
and the knowledge of the specific heat ratio and molecular weight. This simple description 
of a real gas is satisfactory for conditions of high temperature and low pressure (relative to 
the critical values for the particular gas). In the region of low temperature and/or high 

359 



COMPRESSED GAS HANDBOOK 

pressure, the deviation from the perfect-gas characteristics can be very significant. The 
deviations are discussed in detail in chapters 2 and 4, and methods of accounting for them 
in pipe-flow calculations are included in this chapter without further discussion. Otherwise, 
the analysis of the pipe flow phenomenon in this chapter will be based on the perfect-gas 
relationships. 

The mach number is the general mass flow rate parameter in pipe flow analysis. The 
mach number also serves to factor into the analysis the molecular weight of the gas and 
the base levels of temperature and pressure. 

When the effects of fluid friction on the pipe wall are considered in the analysis, the 
frictional pipe-length parameter f(L/D) defines the frictional characteristics of the pipe. 
The friction factor f depends on the turbulent nature of the flow and also serves to factor 
into the analysis the effects of fluid viscosity and pipe internal-wall roughness. The friction 
factor is basically a function of the Reynolds number. The common case of frictional flow 
in an adiabatic pipe is the primary subject of this chapter. 

The compressible flow functions developed in this chapter do not automatically account 
for choked flow conditions or shock waves. However, the solutions identify the choked 
conditions, and a discussion of choking and shock waves resulting from friction in constant 
area pipes is presented in "Choking Because of Friction" (ch. 8). 

FANNO-liNE EQUATIONS 

The flow of perfect gases through constant-area pipes, with friction and in the absence 
of heat transfer and elevational changes, is described fundamentally by the Fanno equation. 

The combination of the first law total energy equation and the continuity equation 
yields the Fanno equation in terms of enthalpy and density. 

first law 

w V 
G=-=yV=-

A v 
continuity equation 

Fanno equation 

Figures 19.1 and 19.2 illustrate the general shape of the Fanno line on diagrams for h-v and 
h-s and are helpful in illustrating the effect of wall friction on fluid properties. Figure 19.2 
is possible since, for a pure substance, entropy can be defined by the two properties hand v. 
When real-gas effects are s.ignificant, these plots can be made on the thermodynamic chart 
of the particular gas . 

It was shown in" ormal Shock Waves" (ch. 6) that point A, the point of maximum 
entropy, represents the point where the mach number is unity. Also, it was shown that the 
lower portion of the curve (X to A) represents flow at supersonic velocity, and the upper 
portion (Y to A) represents subsonic velocity. Further, it can be shown that frictional 
effects are necessary to pass from point to point along the Fanno line to satisfy the momentum 
equation. 
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Figure 19.1. Fanno Hnes on h-v diagram. Figure 19.2. Fanno lines on h-s diagram. 

The foregoing facts, used in conjunction with the second law of thermodynamics, lead 
to the following conclusions concerning adiabatic frictional flow through constant-area pipes. 
The second law requires that, in the absence of heat transfer, the change in entropy must 
be positive. Therefore, the flow processes described in the Fanno line must never be in 
the direction of decreasing entropy. Then, with reference to figure 19.2, for subsonic flow, 
the increasing entropy path occurs with decreasing stati c enthalpy and an associated de
creasing pressure and increasing velocity. For supersonic flow, the increasing static enthalpy 
path requires an increasing pressure and decreasing velocity. Thus, the effects of friction 
on velocify, mach number, and pressure are seen to be opposite for subsonic and supersonic 
flows. 

The Fanno-line equations establish quantitatively the changes in all the flow conditions 
that occur in the pipe as the fluid progresses down the pipe. These equations are derived 
from the perfect-gas law relationships, the definition of mach number, and the laws of conser
vation of energy, mass, and momentum. The result is five simultaneous differential equations 
that relate six differential variables. These include the fluid static properties, fluid velocity, 
mach number, and the frictional pipe length. These equations are then solved simultane
ously and integrated to produce the desired relationships. Proceeding with reference to 
figure 19.3, the equation of state for a perfect gas in logarithmic form is 

In P = In -y + In R + In T 

w\1.ich can be written in differential form as 

[8.1] 

The definition of mach number, written similarly in logarithmic differential form, is 

dM2 dV2 dT ----
M2 V2 T [8.2] 
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Figure 19.3. Pipe Row element. 

For adiabatic flow (Ito = constant) of a perfect gas and using the definitions of mach number 
and perfect-gas relationships, the total energy equation can be written as 

[8.31 

The continuity equation can be written as 

[8.4] 

Summing forces on the control volume of figure 19.3 yields the momentum equation for a 
perfect gas 

dP + kM2 (4h) dL + kM2 (d01) = 0 
P 2 D 2 01 

[8.5] 

Equations (8.1) through (8.5) comprise the five necessary simultaneous differential equations 
in the six differential variables: dP/P, dy/y, dT/T, dM2/M2, dV2/V2, and 4h dL/D. Although 
these equations are sufficient to yield the simultaneous solutions, it is desirable to include 
in the analysis the evaluation of the changes in stagnation pressure, impulse fun ction , and 
entropy. The ratio of static pressure to stagnation pressure. (eq. (5.31» in logarithmic 
differential form is 

dPo= dP + r !0f- l dM2 
Po P II + (k ; 1) M2 M2 

The definition of impulse function (eq. (5.40» yields 

[8.6] 

[8.7] 

The entropy change is obtained from the first law of thermodynamics , and the perfect-gas 
relationship is 
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By selecting the mach number as the independent variable, the remaining variables can 
be defined explicitly in terms of M by simultaneous solution of the eight equations. 

The equations are then integrated mth respect to mach number to produce the explicit 
relations between the fluid properties, frictional length, velocity, and impulse function by 
means of the common parameter, the mach number. It is first desirable to convert the 
coefficient of friction h, since friction data are usually found in terms of j, such as in the 
Moody diagram. The conversion between these two coefficients can be derived from their 
definition, the definition of hydraulic diameter, and by equating the pressure and shear 
forces of an incompressible element, such as that of figure 19.3. Note that dP/, = - dP 

/=4/1 [8.17] 

The lower limits of integration for the Fanno-line equations are selected at a point along 
the pipe where the mach number is M and where L = 0, the zero reference for pipe-length 
measurement. The upper limit is selected as the point where the mach number is unity 
and the distance corresponding to M = 1 is the maximum pipe length, Lmax. Integrating and 
clearing the equation for the frictional length yield 

[8.18] 

where f is the mean friction coefficient between 0 and Lmax , defined by 

- 1 J Lmax j=- jdL 
Lmax 0 

The friction factor is usually found to vary only slightly over the length of the pipe. Here
after, the average value will always be assumed, and the bar over the symbol will be omitted 
for simplicity. The variation should be checked using the Moody diagram of chapter 3. 
Integrating and clearing the remaining seven equations yield 

P 1 
P* M 

~=M 
V* 

T c2 k+ 1 

T* = C *2 = 2 [ 1 + ( k ; 1) M2 ] 

[8.19] 

[8.20] 

[8.21] 
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V* 1 -.L=_=_ 
-y* V M 

Po 1 - -
P~ M 

2 [1+(T)M2] 
k+1 

_F_i = ] +kM2 

F t M ~ 2 (k + 1) [ 1 + (k ; 1) M2] 

[8.22] 

[8.23] 

[8.24] 

[8.25] 

Equations (8.18) through (8 .25) are the Fanno-line equations, and accurate working charts of 
the most useful of these are plotted in figures 19.4 through 19.8. Solutions are also tabulated 
by Keenan and Kaye (1948), Ames (1953), and Pratt & Whitney Aircraft (1963). 

The equations (8.19) through (8.25) relate the flow conditions at some upstream pipe 
location to the choked flow conditions (*) at the end of a pipe of length Lmax. Then, for a 
given pipe system and a specified flow condition, there can be only one set of choked flow 
conditions, and these superscripted (*) quantities are the arne, regardless of what upstream 
location is known and used to establish them . Conversely, the specification of flow condi
tions at any location fixes conditions throughout the pipe. The additional relationship of 
equation (8.18) establishes the frictional distance between the known upstream point and 
the location of choking. Then, with reference to figure 19.9, 

so that 

1 (i) = [I ( L"Dax 
) ] I - [I ( L"Dax 

) 1 [8.26] 

Likewise, the entropy change from location 1 to 2 is found by 

St-SI (s-s*) (S-s*) ---;;-= ~ 2- ~ I [8.27] 

Since the other properties are related to the choked value as a ratio, a ratio form of equation 
is needed. The change in pressure, for example, between locations 1 and 2 is found by 

[8.28] 
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Figure 19.6. Fanno-line temperature ratio. 
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Figure 19.9. Pipe·length measurements. 

All the other property changes are found by using the form of equation (8.28). 
The usual procedure for computing the change in gas properties between two points 

in a pipe with the graphic or tabulated solution is as follows. The mach number is computed 
for the point in the pipe where the flow rate and fluid properties are known. Some con
venient forms for perfect gases are as follows 

M=(]) (~) l! [8.29] 

Also, in more convenient terms for circular pipes and pressure in psia, 

M=0.2245 ~~2) I!- [8. 29a] * 

( 
SCFM) [T 

= 15.21 1000 pD2 Vkii [8.29b]* 

!L !L 
A A 
C YkgcRT 

[8.29c] * 

For imperfect gases (from ch. 4), using the actual sonic velocity (charted in appendixes) 
and the actual volume and weight flow rates 

!L ~ 
M- V _A_..i.._(~)ZRT 

- Ca - Ca - YCa - A PCa 
[8. 29dV 

When written for circular pipes and pressure in psia 

M = 1.273 (W2) ZRT 
D PCa 

[8.2ge] * 

*This equation is a variation of equation (8.29) and does not appear in chapter 8. 
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and in terms of standard cubic feet per minute 

(
SCFM\ ZT 

M = 86.4 1000) pD 2c
a 

[8. 29/J* 

It must be remembered that the modification of M to the real-gas value is only a partial 
compensation for real-gas effects in a flow problem. The isentropic exponent ks, as dis
cussed in chapter 4, must be used in the calculations and charts in place of the specific heat 
ratio. The value of ks can be obtained from the following equations, using the actual sonic 
velocity data or thermodynamic charts, as follows 

l ( Ca )2 J (P., ) C~ lOOo In p; s 

k
s
= gcZRT=3.10S Z (!i.-)~ = In (~) 

100 100 V2 S 

The point of known conditions may be either upstream, 1, or downstream, 2, as shown in 
figure 19.9. The frictional length parameters f(LmaxID) and the fluid property ratios of 
interest, such as P/P*, are read from the graphs or tables at the computed mach number. 
The frictional length f(LID) , between the points 1 and 2, is computed from the pipe descrip
tion and combined with the value of f(Lma xID), as read from the tables, in accordance with 
equation (8.26). This computation establishes the value of f(LmaxID) for the other point 
in the pipe which, in turn, identifies the associated mach number and fluid property ratios 
for that location by means of the charts. The change in properties between the two points 
is then evaluated by means of equations (8 .27) and (8.28) , and others of that form. 

EXAMPLE PROBLEM 19.1 

A 30-foot run of straight I -inch stainless-steel tubing (0.81-inch I.D.) is used to vent 
helium to the atmosphere. Because of a new system requirement, the quantity of helium 
that must be vented has increased to 15000 sefm at an upstream temperature of 0° F, and 
at a pressure which may be as low as 1000 psig. Determine whether the tubing can vent 
the increased flow and the exit flow conditions. 

OLUTION 

Because of the high flow rate requirement and the relatively short length of tubing, the 
flow is expected to closely approximate frictional adiabatic flow. 

The charts of appendix D indicate that , for helium at 1015 psia (1000 psig) and 0° F, the 
compressibility factor Z and specific heat ratio (cplcv) are practically the nominal values of 
1.0 and 1.67, respectively, so that the helium can be considered a perfect gas. By equation 
(8.29b) 

[ 
15 000 ] ~ 460 

M= 15.21 (1000) (0.81)2(1015) (1.66) (386) 

=0.2903 

Entering figure 19.8 for k= 1.67 

f (LIt) = 4.72 

*This equation is a variation of equation (8.29) and does not appear in c hapte r 8. 
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The evaluation of f(L/D) for the actual tubing requires the evaluation of the coefficient of 
friction from the Reynolds number and the Moody diagram of figure 3.4 (ch. 3). The Reyn
olds number for circular pipes, by equation (4.14), is 

From figure D.5 (app . D), /-Lc = 0.0185 centipoise at 1000 psig and 0° F, and since 

so that 

[ 
15000 ] 

Re= 1.037 (0.81)(386)(0.0185)(6.72 X 10-4) 

=4.00 X 106 

For drawn tubing and a Reynolds number of 4.0 X 106 , figure 3.4 yields 

f=0.0096 

Then 

f(~)~OOO96[ O:~I] 
=4.27 

Since f(L/D) <f(LmaJD), the tubing will vent the increased flow. The exit conditions, 
2, are obtained as follows. By equation (8.26) 

[f(L Dax)] 2 = 4.72 -4.27 

=0.45 

Figure 19.8 for k=1.67 and [f(Lmax/D)h=0.45 yields 

M2=O.582 

The exit pressures are obtained from figure 19.4 at M, = 0.2903 and M2 = 0.582. 

P? 
and -p= 1.88 

so that 
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Similarly, the exit temperature is obtained from figure 19.6 

T, 
T*= 1.300 and 

Then 

(
T2) 

T = T T* =460 (1.202) = 425 0 R 
2 'T, 1.300 

T* =-350 F 

DIRECT GRAPHIC METHODS - SUBSONIC FLOW 

The adiabatic frictional flow equations can be derived and integrated in the subsonic 
range between two specific locations in the piping system to produce solutions that can be 
charted. These charts then provide a direct method for calculating the compressible fluid 
property changes between two locations in a piping system. 

For example, if the mass flow rate and fluid properties are known at a point in the pipe, 
the mass flow parameter can be computed. And if the piping system is defined, the frictional 
length parameter f(L/D) can be computed for the piping between the two points. Entering 
the proper chart with these values, the fluid property changes that occur between the two 
points can be read directly. These charts are graphic solutions of exact compressible flow 
equations which have the same theoretical basis and are subject to the same assumptions 
as the Fanno-line equations derived previously. 

In solving practical problems, the known (reference) flow conditions will generally 
occur in one of three locations, relative to the location where the flow conditions are to be 
established. 

Case 1: Conditions are known at an upstream point in the pipe. 
Case 2: Conditions are known at a downstream point in the pipe. 
Case 3: Conditions are known in an upstream reservoir. 

The three locations where the flow conditions are known require three different sets 
of charts to prevent the need for trial-and-error solutions. In developing the necessary 
equations, the location designations will follow that of figure 19.10. 

Conditions Known in an Upstream Pipe Location 

The basic pipe flow equations are developed for the section from 1 to 2. By assuming 
various flow conditions, the fluid property changes between 1 and 2 can be computed for 
selected values off(L/D) to produce the chart for case 1. As discussed previously, for any 
assumed flow condition and piping system, the properties of the fluid are fixed throughout the 
pipe and the upstream reservoir, if one should exist, regardless of the location of the known 
flow conditions. Therefore, the data required to produce the charts for cases 2 and 3 are 
obtained by modifying the flow parameters and fluid property changes to reflect the change 
in the reference location from 1 to 2 or to 0, respectively. The assumed frictionless nozzle 
of case 3 also provides the relation between the downstream static conditions and the stag
nation conditions at the upstream pipe location , 1. In a practical problem involving a real 
reservoir, a square-edged entrance would be accommodated by increasing the effective pipe 
length parameter, f(L/D). 
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Proceeding with case 1, the equation of state, which describes the state of the fluid as 
it progresses through the pipe, is established by noting that the total specific enthalpy of the 
fluid is constant if the flow is adiabatic. Then 

( V2) ( V2) d 2gc + } dh = d 2gc + } du + d (Pv) = 0 [8.30] 

Combining this with the perfect-gas relationships yields 

(k-l) (V2) d(Pv) =- -k- d 2gc r8.31] 

Integrating equation (8.31) between points 1 and 2 in the pipe yields the equation of state, 

(k-1) (k-1) (k-1) Pv + 2kgc V2 = P I VI + 2kgc q = P 2V2 + 2kgc V~ [8.32] 

Substituting the continuity equation and definition of mach number into the equation 
of state yields the equation relating the fluid property changes to the upstream mach number. 

[8.33] 

Combining with the perfect-gas law yields 

[8.34] 

An additional equation relates the fluid property changes to the frictional length of the 
pipe. This equation is the Bernoulli theorem, obtained from momentum considerations, 
and is written 
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d(!2)+vdP+f (!2) dL=O 
2gc 2gc D [8.36] 

A combination of equations (8.31), (8.32), and (8.36) and the continuity equation yields the 
following integrable equation 

Carrying out the integration and substituting the definitions of sonic velocity and mach 
number yield the equation that relates the frictional length f(L/D), measured between the 
two pipe locations, to the fluid properties and mach number. 

(~)=~ [2+ (k-l)M~] [1- (VI)2] _ (k+ 1) In (V2)2 
f D k 2Mr 1h 2k VI [8.37] 

Equations (8.33) and (8.37) can be solved simultaneously to produce the charts for case 1, 
which consist of separate charts for each value of k that is to be represented. Figures 
19.11 through 19.16 represent the case 1 charts for perfect and real gases having k (or ks )= 1.0, 
1.4, 1.67, 1.8,2.5, and 4.0. Note that the mass flow parameter CPI has been chosen as 

[8.38] 

Comparing equations (8.38) and (8.39) shows that CPI is merely a slightly modified mach 
number, made independent of k[CPI = Vk (Mdl This selection is made to provide easier 
interpolation between charts for uneven values of k and ks. For example, for any value of 
k, CPI needs to be calculated only once and the charts drawn for all specific values of k can 
be entered, using the same value of CPl. It can be shown by cross-plotting the data versus k 
that linear interpolation between the charts for any in-between values of k yields good 
accuracy. 

Lines of constant static temperature are computed for the case 1 charts by the equation 
resulting from a combination of equations (8.34) and (8.38) and the perfect-gas law. 

[8.39] 

where cP is substituted for MI of equation (8.39) in chapter 8. The sonic flow line identifies 
the maximum or choked flow conditions and i obtained from equation (8.19) rewritten as 

[8.40] 

(The above equation is a simplified version of the original equation in ch. 8.) 
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Figure 19.12. Co mpress ible ad iabati c Aow with friction in con tant-area pipes ba ed on conditions 
in an up tream pipe loca tion. k= 1.4. 
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Figure 19.13. Compress ible adiabatic fl ow with fri ction in constant·area pipes based on conditions 
in an upstrea m pipe location, k = 1.67. 
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F ig ure 19.14. Co mpre sib le ad iabatic Row with fri c tion in cons ta nt·area pipes based on co nditions 
in an upstream pipe loca tion, k= 1.8. 
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Figure 19.15. Compres ible adiabatic flow with fri ction in constant-area pipes based on conditions in an 
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Fig ure 19.1 6 . Com pre ib le adiabatic Row with fric tion in constant -area pipes based on conditions in an 

upstream pipe location. k =4.0. 
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Conditions Known in a Downstream Pipe Location 

The chart of case 2 are plotted from the data computed for case 1, except that the flow 
parameter is redefined for the downstream location as 

[8.41] 

which is obtained directly from the values of cf>1 by 

[8.42] 

The lines of constant-temperature ratio are obtained by combining equations (8.34), (8.38), 
(8.41), and (8.42) with the perfect-gas law and solving for (P2/PI) in terms of (T2/T1) and cf>2 

[8.43] 

The sonic flow line occurs as a vertical line on the charts of case 2. Since the choked 
condition occurs at the pipe exit where the flow parameter cf>2 is computed, and since M2 
is unity, the sonic flow line is described using equation (8.41) as 

[8.44] 

The case 2 charts are plotted as figures 19.17 through 19.22 for perfect and real gases having 
k (or ks)= 1.0,1.4,1.67,1.8,2.5, and 4.0. 
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Figure 19.17. Compressible adiabatic Row with friction in constant·area pipes ba ed on condi tion 
in a downs tream pipe location, k= 1.0. 
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Figure 19.18. Compress ible ad iabatic Row with friction in constant -area pipes based on conditions in 
a downstream pipe loca tion, k = 1.4. 
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Figul'e 19.19. Com pre sibl e ad iaba ti c flow with friction in cons tant -a rea pipes based on condi tions in a 
downstream pipe location, k= J .67. 
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Figure 19.20. Compressible adiabati c flow with friction in constant·area pipes based on conditions in a 
downstream pipe location, k = 1.8. 
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Figure 19.21. Compressible adiabatic flow with friction in constant·area pipes based on conditions in a down
stream pipe location , k= 2.5. 
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Figure 19.22. Compressible adiabatic flow with friction in constant-area pipes based on conditions in a down
stream pipe location, k= 4.0. 
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Conditions Known in an Upstream Reservoir 

To extend the analysis to case 3, which accounts for a reservoir ahead of the pipe, it is 
convenient to assume a frictionless nozzle at the pipe inlet. This permits the use of the 
isentropic flow relationships to define the changes in properties between the upstream reser
voir location 0 and the pipe inlet 1. These charts are also applicable, therefore, for com
putation between two pipe locations when the upstream stagnation properties in the pipe 
are known. The pipe inlet corresponds to the nozzle throat. Then for this section, the 
pressure and temperature ratios across the nozzle are obtained directly from equation (8.38) 
and the previously derived isentropic relationships of equations (5.31) and (5.10). 

[8.45] 

[8.46] 

where c/> is substituted for MI of equations (8.45) and (8.46) in chapter 8. The flow parameter 
for case 3 is defined as 

[8.49] 

which is related to c/>I for the isentropic process by 

[8.50] 

(The above equation is a simplified version of the original equation appearing in ch . 8) 

[8.51] 

Using equations (8.45), (8.46), (8.49), and (8.51), the case 3 charts of P2/PO and T2/Tn versus 
c/>o are plotted from case 1 data. ote that there is no real mach number associated with 
c/>o, which is based on upstream reservoir conditions or the stagnation conditions in an up
stream pipe location 1. The case 3 charts are plotted as figures 19.23 through 19.28 for 
perfect and real gases having !l (or k.,) = 1.0, 1.4, 1.67, 1.8, 2.5, and 4.0. The extra curve 
for f(L/D) = 0 relates the upstream reservoir conditions to the upstream pipe conditions 
[P2/PO=P1/PO for f(L/D) = 0], which is also the relation between the stagnation and static 
conditions for the upstream pipe location 1. The f(L/D) = 0 is derived separately from 
equation (8.51), where MI is obtained from the isentropic equation (5.31). 

[8.52] 
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Fi~ure 19.23. Compress ible adiabati c Aow with friction in con tant·area pipes based on condition 
in an ups tream reservoir loca tion, k= 1.0. 

- _ ._--.------

391 



392 

~ 
"-
Q..N 

o 
.2 

.4 

.6 

.7 

.8 

.9 

.92 

.94 

.96 

.97 

.98 

.99 

.992 

.996 

997 

.998 

.02 

COMPRESSED GAS HANDBOOK 

.03 .04 .06 .08 . 1 

I!o 
.2 .3 .4 .6 .8 1.0 

Figure 19.24. Compre sible adiabatic flow with fri ction in con tant ·area pipes based on condition 
in an upstream re ervoir location, k = 1.4. 
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Figure 19.25. Compress ible adi aba ti c flow with friction in constant-a rea pipes based on conditions 
in an upstream reservoir location , k= 1.67. 
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Figure 19.26. Compressible ad iaba ti c Aow with fri ·tion in constant-area pipes based on conditions 
in an upstream re ervoir location. k= J .8. 
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Figure 19.27. Compressible adiabatic Aow with friction in constan t-area pipes based on cond itions 
in an upstream reservoir location, k= 2.5. 
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Figure 19.28. Compressible adiabatic flow with friction in constant·area pipe based on condi tion in 
an upstream reservoir location. k = 4.0. 



APPLICATION OF ADIABATIC FRICTIONAL FLOW IN PIPES 

The constant-temperature ratio lines are obtained by combining equations (8.34), (8.46), 
and (8_50) and the perfect-gas law to obtain 

~
-1 

P2=cf>o(T2) ~ 
Po To 1- T2 

To 

[8.53] 

The sonic flow line can be derived by substituting into equation (8.19) the relationships 

MI from equation (8.51), and PI/PO from equation (8.45) 

p* ~ 2 
~= cf>o k(k+ 1) [8.54] 

More convenient forms for computing cf>o, cf>l , and cf>2 can be obtained directly from equa
tions (8.29) which are the convenient forms for computing M, since, in general, cf> = Vk(M). 
The only exception is that no real mach number can be associated with cf>o, which involves 
stagnation conditions. For example, if cf>o= Vk(Mo) , by necessity, 

Therefore, Vo must be the velocity that would exist in the pipe if the fluid properties were that 
of stagnation, which they cannot physically be, and Co is the velocity of sound at the stagnation 
conditions. 

For a perfect gas in circular pipes and pressure in psia, 

cf> = 0.2245 ~~2) v7fi [8.55a] * 

( 
SCFM) ff 

cf>= 15.21 1000 pD2 Yii [8.55b] * 
and, for cf>l and cf>2 only 

!L !L 
A A 

cf>=~= v'kgcRT [8.55cJ* 

-This equation does not appear in chapter 8. 
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For imperfect gases, CPI and CP2 can be obtained in terms of actual rates of volumetric flow 
using the actual sonic velocity of the gas Ca (charted in appendixes). 

For cpo, CPI, and CP2, in terms of weight flow rate 

and when written for circular pipes and for pressure in psia 

cP= 0.2245 ~~2) v'ZRT 

( 
SCFM' ) fZf 

cP = l5.21 iooo pD2 \fR" 

[8.55d] * 

[8.55e]* 

[8.55f]* 

[8.55g]* 

The properties in the preceding equations must be those existing at the location for 
which cb is being written. For example, writing equation (8.55!) specifically for CPI is 

CPI =0.2245 ~~2) v'ZIRTI 

As with the real-gas mach number, the use of the real-gas value of cP obtained by the 
use of Z or Ca is only a partial compensation for the real-gas effects. The flow formulas and 
charts must be entered with the isentropic exponent ks obtained from the following equations 
using the actual sonic velocity data or thermodynamic charts as described in chapter 4. 

[ 
(~)2 J In (P2) ks=~=3 105 11000 = PI S 

gcZRT . Z (~) L In (VI) 
100 100 V2 S 

EXAMPLE PROBLEM 19.2 

A high-pressure transmission line is to supply nitrogen to a pressure regulation station 
from a 4000-psig, 7(J' F, storage bottle at a design rate of 40000 sefm. The total distance is 100 
feet, and the line will contain ten 90° elbows and two Y-pattern globe valves. If the static
pressure loss in the entire line is not to exceed 10 percent of the upstream pressure at the 
design flow rate, determine the optimum line size. 

*This equation does not appear in chapter 8. 
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The chart for cpo will apply because of the upstream reservoir, and 

With the overall pressure loss as low as 10 percent, the elbows and valves can be accounted 
for with sufficient accuracy as equivalent lengths of pipe, or as K loss factors, added to the 
f(L/D) computed for the straight lengths of pipe. Then from table 3.2 (ch. 3), the equivalent 
lengths are 30 diameters for standard elbows, up to 175 diameters for V-pattern globe valves, 
and f(L/D) is 0.5 for a square entrance. 

Then the total equivalent length is 

!:..= 12(100) + 10(30) + 2(175) + 0.5 
D D f 

which is seen to depend on the unknown pipe inside diameter, requiring that D be initially 
assumed here and checked later against the computed value. The friction factor is obtained 
from figure 3.4 (ch. 3) as a function of the Reynolds number, which is also dependent on 
the unknown diameter, and a value must be estimated. For commercial steel pipe, figure 
3.4 (ch. 3) indicates a relative roughness of 0.00015, and if Re is in the range of 106,f- 0.014. 
Then assumingfis 0.014 and that a pipe is to be used which has an inside diameter of2 inches 

f (~) = 0.014(1,250) + 0.5 = 18.0 

Before the cp chart of the direct graphic solution can be entered, the isentropic exponent 
must be estimated for the real gas. At 70° F and 4,015 psi a, figures C.2 and C.6 (app. C) 
yield Z = 1.12 and Ca = 1,585 ft/sec. 

By equation (4.7) 

[ 
(1.585)2 ] 

ks=3.105 (1.12) (0.552) (5 .3) 

=2.38 

Entering the cpo charts of figures 19.26 and 19.27 at 

f (~)= 18 

and at P2 /Po=0.90, which allows 10 percent pressure loss, a value of CPo=0.10 is found to 
apply for any value of ks between 1.8 and 2.5. Then the required pipe size D is obtained from 
equation (8.55g), solved for D2 

[ 
40000 ] /(1.12) (530) 

D2 = 15.21 1000(4,015)(0.10) Y 55.2 4.97 
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so that D = 2.23 inches. The pipe-size data of appendix A specify internal diameters for 
21f2- and 3-inch, double extra-strong pipe as 1.771 and 2.30 inches, respectively, so that the 
3-inch pipe is selected. 

The pressure loss for the 3-inch pipe can now be computed directly. The value of cpo 
is computed from the previous value, since only D has changed 

(
2.23 )2 

cpo = 0.10 2.30 

=0.094 

The viscosity, from figure C.5 (app. C) at 4000 psig and 5300 R, is 5.7 X 10- 71bf-sec/ft 2• Then 
by equation (4.14) 

(1.037)40000 
Re = (2.30) (55.2) (5.7 X 10- 7) (32 .2 ) 

= 1.78 X 107 

The friction factor, from figure 3.4 (ch. 3) at a relative roughness of 0.00015 and Re= 1.78 
X 10-7, is 0.0129. Then, as before, the frictional length is 

f (L)=O 0129 [12(100) + 10(30) +2(175) ]+0.5 
D· 2.30 

= 15.62 

Then from the cpo charts at f(L/D) = 15.62 and cpo = 0.094 

~:= 0.922 

for ks = 2.3, interpolating between charts for ks= 1.8 and 2.5. The temperature change is 
negligible as reRected by (T2/TI ) = 1.0. The pressure loss will be 7.8 percent of the up
stream pressure resulting in a downstream static pressure of 

P2 = 0.922(4015) 
= 3700 psia = 3685 psig 

Also, the static pressure loss is 
tlp = PI - P2 = 315 psid 

EXAMPLE PROBLEM 19.3 

Determine the static pressure and temperature change that could be expected if the 
21/2-inch (nominal) pipe size had been selected in example problem 19.2. Also, determine 
the mach number and velocity at the upstream and downstream pipe locations. 

SOLUTION 

The inside diameter of the 21f2-inch pipe was found to be 1. 771 inches. Then, as before 

[ 
40000 ] 

CPo = 15.21 1000(4015)(1.771)2 

=0.1587 
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R = 1 037 [ 40000 ] 
e . (1. 771)(55.2)(5. 7 X 10- 1)(32.2) 

=2.31 X 107 

At 
Re = 2.31 X 107 and e/D=0.00015 

figure 3.4 (ch. 3) yields f= 0.0128 

(L) [12(100) ] f D =0.0128 1.771 +10(30)+2(175) +0.5 

=17.5 

Entering the CPo charts for ks = 1.8 and 2.5, at cpo = 0.1587 and f(L/D) = 17.5, yields by in
terpolation for ks = 2.38 

~:= 0.720 and ~:=0.986 
Then 

P2 = 0.720(4015) = 2888 psia = 2873 psig 
The pressure loss is 

IIp = 4015 - 2888 = 1127 psid 

which is 28 percent of the upstream absolute pressure. Likewise, the downstream tempera
ture is 

T2 =0.986(530) =522.5° R=62.5° F 

The temperature change is therefore _7.5° F. 
The conditions at the pipe inlet 1, which in this case is just downstream of a square 

pipe entrance having an equivalentf(L/D) =0.5, is read directly from the cpo chart atf(L/D) 
= 0.5 and CPo= 0.1587. Note that in the low pressure-drop regions of the charts, the flow is 
essentially incompressible and the results are independent of k. 

(P2) =PI=O 981 
Po v(M=o.s] Po . 

( T2) =TI=O 995 
To V(h)=o.s] To . 

Then, by equation (8.51) 

~'~~(f)~OI587 (~) 
=0.1613 
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The value of cPI can also be obtained from cPI charts at P2/P I and f(L/D) evaluated between 
points 1 and 2 

P2 

Pz=Po=0.720=0734 
PI PI 0.981 . 

Po 

(i(B-)Lz =17.5-0.5=17.0 

Then, entering the cPI charts (interpolating for ks =2.38) at P2/PI=0.734 andf(L/D) =17.0 
yields the same value of cPI obtained in the preceding equation. Then, by definition , 

MI =~= 0.1613 
Yks V2.38 

=0.1045 
The velocity at location 1 is 

VI =Mlca=MI ~ksgcZRTo (¥o) 
= 0.1045 Y (2.38) (32.2) (1.12) (55.2) (530) (0.995) 

= 165.1 ftlsec 

The downstream location 2 conditions are obtained directly from the cP2 charts at the same 
value of P2/PI=0.734 and [J(LjD)]1 _2=17.0. For ks=2.38, figures 19.17 and 19.18 yield 

Then 

M2 = cP2 = 0.221 
Yks Y2.38 

=0.1432 
The velocity at location 2 is 

Vz=M2Ca=M2 YksgcZRTz 

= 0.1432 Y (2.38) (32.2) (1.12) (55.2)(522.5) 

= 225.2 ft/sec 

It should be noted that the conditions computed for location 2 are approximate because of the 
changes in real-gas effects that are actually experienced over the wide pressure range en
countered. For example, at the downstream conditions computed as P2 = 2888 psia and 
T2 = 522.5° R, the values of Z, Ca, and ks can be evaluated as 1.06, 1425 ft/see, and 2.05, 
respectively. These changes from the upstream reservoir condition have not been accounted 
for in the analysis, since the upstream values were used as constants. The error can be 
reduced by applying the analysis to hort segments of the pipeline, using recomputed real-gas 
constants for each segment. In this example, the error can be found to be almost negligible. 
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However, when higher pressures and higher mach numbers are encountered, the changes in 
real-gas constants can become much more significant, and the segmented solution should be 
used for greater accuracy. 

CHOKING DUE TO FRICTION 

The Fanno equations and direct graphic solutions developed in the previous paragraphs 
describe compressible pipe flow that does not exceed the maximum theoretical rates for a 
given piping system and that flow which is also shockless. Various choking processes pre
vent flow rates from exceeding some maximum rates in subsonic flow and cause shock waves 
to occur in supersonic flows. These complex processes are described in detail in chapter 8 
and will not be repeated here. Some practical aspects are discussed in the following para

graphs with methods of evaluating flow problems that involve choking. 

Subsonic Flow 

In designing a piping system for subsonic flow of compressible fluids, it is possible to 
specify a pipe size and length and a flow rate that cannot be physically achieved. Such a 
situation is identified when the piping system frictionallengthf(L/D) exceeds thef(Lmax/D), 
corresponding with the flow parameter (such as M or cp) computed for an upstream location. 
The maximum flow and/or maximum length can be identified using the chart of figure 19.8 
or the choked flow lines of figures 19.11 through 19.28. If such a flow condition were physi
cally attempted, with fixed upstream fluid conditions , the flow is said to become choked 
and reaches a maximum value less than originally specified or desired. The reduced flow 
rate and its associated reduced upstream flow parameters (M or cp) correspond with the 
computed value off(L/D) for the pipe, which is now f(Lmax/D) , and the flow is choked (sonic) 
at the pipe exit. The reduced flow rate can be determined from the charts of f(Lmax/ D) , 
or the cp chart, and the definition of the flow parameter M (or cp), equations (8.29) and (8.55). 

The preceding example presupposes that the back pressure at the pipe exit is sufficiently 
low to permit the flow to accelerate to sonic velocity. The required back pressure to produce 
choking, P*, is also identified by the choked flow lines of the cp charts, or by figure 19.4 at 
the reduced mach number. 

Choked flow can also be achieved by reducing the back pressure of a piping system 
until the choked condition is achieved at an increased flow rate. Such an increasing flow 
process can be directly identified as a constantf(L/D) line on the cp charts of figures 19.11 
through 19.28. Back-pressure reductions below the choked flow values occur outside the 
pipe and cause no further changes within the pipe. 

Supersonic Flow 

Supersonic flow in pipes is relatively uncommon, and the behavior can deviate con
siderably from the theoretical predictions. This is primarily due to the formation of viscous 
boundary layers as discussed in detail in chapter 6. However, it is important to note some 
of the characteristics of choking in supersonic flow. 

Supersonic flow in pipes is generally produced by an upstream convergent-divergent 
nozzle, operating with a low back pressure. An important difference is that, in the super
sonic case, the flow rate (w) is constant, as controlled by the upstream conditions and the 
size of the choked convergent-divergent nozzle upstream. Therefore, the flow conditions 
are defined by a single Fanno line, so long as the back pressure is maintained low enough to 
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choke the nozzle. Consequently, the concept of choking is slightly different in supersonic 
flow and is associated with the formation of normal shock waves within the pipe, rather 
than a limit on flow rate and/or pipe length. Shock waves can be caused by excessive back 
pressure or excessive pipe lengths, or both. An important similarity to subsonic flow is the 
existence of a maximum pipe length at which the flow will become sonic (M = 1) at the exit 
with shockless flow. 

If the pipe length is less than Lmax , a identified by some upstream flow conditions, 
and the back pressure Pg is les than that which will cause a normal shock at the pipe exit, 
the flow process will progress to the pipe exit along the supersonic part of the Fanno line. 
The back pressure can be equal to, less than , or slightly greater than the pipe-exit pressure. 
The higher back pressure Pg required to produce a normal shock at the exit can be identified 
from the normal hock functions of chapter 7, where the upstream conditions x are those 
described by the Fanno line at the pipe exit. Then , with L < Lmax , and the back pres ure 
less than Pg, the pipe flow is described by the Fanno line, and the flow leaves the pipe exit 
at a supersonic velocity. If the back pressure is Pg , or greater, a norma] shock stand ome
where in the pipe dividing the pipe into regions of supersonic (upstream) and subsonic 
(downstream) flow. The pipe-exit pressure is now equal to the back pressure , since the exit 
velocities are subsonic. Increasing back pressure move the normal shock up tream. 
The flow process can be analyzed by using the charted (or tabulated) Fanno-line equations 
for the subsonic and supersonic regions and the normal shock functions of chapter 7 that 
define the changes that occur across the shock wave. 

If the pipe length is greater than Lmax , a normal shock must exist at some upstream 
pipe location, regardless of the back pressure, so long as the convergent-divergent supply 
nozzle remains choked. The flow process is still defined by the Fanno-line equations (for a 
single Fanno line) and the normal shock functions. If the back pressure is greater than P*, 
the pipe outlet flow will be subsonic, and the exit pressure will match the back pressure. 
If the back pressure is less than P* , the downstream subsonic flow will become choked with 
onic velocity existing at the exit. In this case, the expansion from the pipe-exit pressure 

of P* to the back pressure occurs outside the pipe. 
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CHAPTER 20 

APPLICATION OF NONADIABATIC FLOW IN PIPES 

The three most important types of compressible flow through pipes with heat exchange 
are analyzed in this chapter. The least complex is that of isothermal flow, followed by 
a flow process with simple heating and negligible friction, and finally the most complex 
flow involving both friction and heat transfer. 

ISOTHERMAL FRICTIONAL FLOW IN PIPES 

Isothermal flow can be assumed for long pipelines and low mach-number flows. For 
such cases, the small amount of heat transfer required to maintain the flowing gas at the 
temperature of the surroundings can be assumed with accuracy. Although the low speed 
of such a flow causes a tendency toward incompressible flow, long frictional lengths cause 
large pressure losses and large associated density changes. The flow must therefore be 
treated as compressible, with essentially constant temperature. 

Governing Equations 

For isothermal flow (constant temperature), the perfect-gas law and definition of mach 
number can be written as 

dP dy 
p=--::; [9.1] 

and 

[9.2] 

The continuity and momentum equations written for adiabatic flow in chapter 8 apply un
changed as 

dy =_ (l) (dV2)=_ dV 
y 2 V2 V [9.3] 

and 

[9.4] 
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Equations (9.1) through (9.4) can be combined to produce the following explicit relation 
between the frictional length and mach number, which can be integrated as follows in 

dM 2 
( kM2 ) (dL) 

M2 = l-kM2 f D [9.5] 

It should be noted before integrating that the factor (1- kM2) identifies the choked condition 
(where the factor becomes zero) at M = l/Vk in isothermal flow. This is in contrast to adia
batic flow where M = 1 ~t the choked condition. Integrating equation (9.5) between the usual 
limits of a variable upstream mach number and pipe location where L = 0, to the location of 
choking where M = l/Vk and L = L max , yields 

[9.6] 

Equation (9.5) can also be integrated between two arbitrary pipe locations separated by a 
frictional length f(L/ D) yielding 

1-kM
2 

(M2) 
kM~ 2+ In M~ [9.7] 

By combination of the definition of mach number with the perfect-gas law and continuity, the 
following relation between pressure and mach number can be obtained for isothermal flow 

[9.9] 

Equation (9.9) and the definition' of the flow parameter <P [<PI = Vk(MI)] can be substituted 
into equation (9.7) to produce a closed-form equation relating the flow parameter and frictional 
length to the static pressure change with isothermal flow. 

[9.11] 

Equation (9.11) can be used to predict pressure loss with isothermal flow of any perfect 
gas, regardless of k. The solution is found to coincide exactly with the direct graphic solu
tions for adiabatic flow of gases having a specific heat ratio of unity. Therefore, the <PI 
chart of chapter 19 plotted for k= 1.0 can be used without approximation to analyze isothermal 
flow of any perfect gas when the upstream pipe conditions are known. 

Equation (9.9) can also be substituted into equation (9.7) in such a way as to eliminate 
MI. The resulting equation relates the pressure change and frictional length to the flow 
parameter written at the downstream location. 
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[9.12] 

As with equation (9.11), this equation is found to coincide exactly with the direct graphic 
solutions for adiabatic flow for gases having k = 1.0. Therefore, the 1>2 chart of chapter 19 
plotted for k = 1.0 can be used without approximation to analyze isothermal flow of any 
perfect gas when the downstream pipe conditions are known. A number of more practical 
forms useful in computing 1> for perfect and real gases are presented as equations (8.55) 
in chapter 19. 

Although the compressible flow from a reservoir to within a pipe entrance cannot usually 
be treated as isothermal, in the low mach numbers generally required of an isothermal 
assumption, the temperature change in the entrance is negligible. Therefore, it follows 
that the adiabatic 1>0 chart of chapter 19 plotted for k= 1.0 can also be applied to low mach 
number, isothermal flow of any perfect gas. 

Additional equations can be written in logarithmic differential form to describe the 
changes in stagnation pressure and temperature. These can be combined with equations 
(9.1) through (9.4) and integrated to produce the following relationships that refer the changes 
to the conditions of choking ( uperscripted ** in isothermal flow where M = M** = 1/Yk). 

[9.18] 

A-(~) [ (!c.!) 2] n*- 3k-1 1+ 2 M [9.19] 

Since the choked flow conditions are fixed in a given flow problem, the change that occurs 
between any two locations can be obtained by taking ratios of the parameter evaluated at 
the two locations such as 

Required Heat Transfer 

The heat that must be added between any two points to maintain the isothermal condi
tion is computed from the change in stagnation temperature. 

Q; - 2 = cp(To2 - Tol ) [9.20] 

Substituting the stagnation temperature change (obtained by the method described above) 
and equation (9.9) (to eliminate the mach number), the heat tran fer required is 
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[9.22] 

a nd 

!:.=l [1- (P2)2] 
Q; -2 2 PI 
cpTo2 = k k-1 

cpi+- 2-
[9.23] 

where cP is subs tituted for M of equations (9.22) and (9.23) in chapter 9. Equations (9.22) 
and (9 .23) apply when the upstream and downstream pipe conditions, respectively, are 
known, and the nece ary press ure data can be obtained from the cp charts of chapter 19 
plotted for k = 1.0. 

FRICTIONLESS FLOW IN PIPES WITH HEAT EXCHANGE 

A simple , compre ible fl ow process with heat tran fer and no fri c tion is seldom a ttained. 
However , the condition can be approached when the heat-transfer rate is high and the 
pipe length is relatively short 0 that the fri c tional e ffects are negligible rela tive to that 
of heat transfer. 

The Rayleigh Line 

Jus t as the Fanno line describes the adiabatic fri c tional flow of compressible fluids in 
pipes, the Rayleigh line describes the fl ow with heat transfer in the absence of fri c tion 
(simple To change). The impulse fun ction (eq. (5.39)) is a constant in cons tant·area , fri ction
less flow. Combining thi s fun ction with the continuity equation yields th e Rayleigh-line 
equation 

G2 (G2) Fi p + - = p + - v=-A = con tant 
& "1 gc 

[9.24] 

The Rayleigh line can be plotted on an h-s diagram in the same manner a the Fanno line. 
Once again , the point of maximum entropy ide ntifi e the point of c hoking where M = l.0. 
The upper portion of the c urve describe the ubsonic fl ow process, and th e lower portion 
describes the s upersonic flow. Heating processes follow the lines to the right (inc reas ing 
entropy) and cooling processes toward the left (decreasin g entropy). (See fi g. 9.1, c h. 9. ) 

Govern ing Equations 

As in previou de rivation s , the rela tionship defining a perfect-ga , mach-number, and 
the s tagnation properties are combined with the conservation laws of rna s , momentum , and 
energy, writte n in accordance with the boundary co nditions of the proble m. Thus , it is 
possible to write the equations in integrated fo rm at the two pipe locations of interes t. S imul
taneous solution yields the following relations between the fluid properti es and the mach 
number at the two locations . 
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P2_ 1 +kM~ 
PI-l+kM~ 

S2-S'=ln [(M2) 2 (1+kM7)~;IJ 
cp M, l+kM~ 

P02= (1+kMr) 1+ -2- M~ H l' (k-1) 1 k 

POI l+kM~ l+(k;l)Mr 

, (k-1) 
T02 [Md1+kMT)J2l~+ -2- M~ 
Tol = Md1+kM~) l+(k;l)MrJ 

[9.26] 

[9.29] 

[9.30] 

[9.31] 

[9.32] 

[9.33] 

Equations (9.26) through (9.33) yield the changes in fluid properties and velocity only if the 
mach number for each of the two locations is known independently of the heat transfer. The 
heat transfer causes a change in stagnation temperature, which is then used to establish the 
mach number by equation (9.33). The necessary key relation between heat transfer and 
stagnation temperature can be obtained from the steady-flow energy equation which yields, 
in the absence of work and elevational change, 

and 

[9.34] 

The equation can also be written in terms of rates of heat transfer and mass flow as 

[9.35] 

When this expression for stagnation temperature is substituted into equation (9.33), the 
unknown mach number can theoretically be computed. However, because of the complexity 
of the function, a charted or tabulated solution is required to establish the unknown mach 
number at the given stagnation temperature ratio. In addition, the existence of both MI and 
M2 in the equation .imposes a plotting problem which makes it necessary, once again, to 
normalize the equation_ This is done by normalizing the variable properties and mach num-
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ber to the choked conditions, where M = 1, and the properties are superscripted with an *. 
The Rayleigh-line equations then become 

P k+l 
P* 1+kM2 

L= [(k+ 1)M]2 
T* 1+kM2 

v _ y* _ (k+ 1)M2 
V*--:Y- 1+kM2 

To 2(k+l)M2[1+(9)M2] 

T"t= O+kM2):i 

[9.36] 

[9.37] 

[9.38] 

[9.39] 

[9.40] 

[9.41] 

Equations (9.36) through (9.41) are plotted in figure 20.1 for k= 1.4 and k= 1.67. The 
use of this working chart is demonstrated in the following example problem. 

EXAMPLE PROBLEM 20.1 

Air at 100 psia is being heated in a once-through heat-exchanger tube. The airflow is 
0.40 Ibm/sec, the tube inside diameter is 0.81 in., and the inlet air temperature is 70° F. The 
heat input is 7.5 Btu/sec. Determine the static pressure and temperature at the tube exit. 

SOLUTION 

The inlet mach number is determined most easily by the practical form of equation (8.29a) 
in chapter 19. 

M = 02245 [ 0.40 ] /(53.3) (530) 0.1947 
I· (100) (0.81)2 V 1.4-

At Mt = 0.1947, figure 20.1 yields (To/Tt)t =0.1654. Also (P/P*)t =2.279 and (T/T*)t 
= 0.1970. 

By equation (9.35), the downstream-to-upstream stagnation temperature is computed in 
terms of the heat transfer and flow rates and the initial stagnation temperature. The value 
of Tot is evaluated at M t =0.1947, using the isentropic functions of chapter 16, figure 16.1, 
yields 
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so that 
530 

Tot = 0.9922 

= 534.0° R 
Then , by equation (9.35) 

3. 
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T02 7.5 
Tot = 1 + (0.40) (0.24) (534) 

= 1.1462 
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Figur e 20.1. Frictionless pipe flow with heat exchange (simple To change). 
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and since 

T02 (To) (T02) (To) 
T'6 = T'6 2 = To, T'6, 

T02 
T* = (1.1462) (0.1654) 

o 
=0.1898 

The exit mach number i now read at (To/Trih = 0.1898 in figure 20.1 as M2 = 0.2102. At 
the same exit mach number, the exit pressure a:nd temperature ratios are read as 
(P/P*)2 = 2.2601 and (T/T*)2 = 0.2257. Then the outlet static pressure is computed from 

so that 

P2 = (:* )2=2.2601=09917 
P, (:* ), 2.2790 . 

P2 =P, (;~) = (100)(0.9917) =99.17 psia 

Similarly, the outlet static temperature is computed from 

T2 = (:* )2= 0.2257 = 11457 
T, (:*), 0.1970 . 

so that 

(T,) T2 = T, T~ =530(1.1457)=607.2°R 

= 147.2°F 

Choking Effects of Heating 

The previous discussion of the Rayleigh-line characteristics pointed out that heating of 
subsonic and supersonic flows causes the flow process to proceed toward the point of choking 
at M = 1.0, with the corresponding increase in entropy. If sufficient heat is added to a 

ubsonic flow , the flow will become choked in the constant-area pipe and any further heating 
will cause a reduction in flow rate. In general, the effects of friction in such a case can 
seldom be neglected, since the frictional effects at high subsonic flow are usually very sig
nificant. The effects of friction can be expected to rush the process to the point of choking. 
In the case of supersonic flow, if more heat is added than that necessary to cause choking, 
a normal shock will exist in the divergent section of the convergent-divergent nozzle generating 
the super onic pipe flow. Therefore , the upstream mach number will be reduced as in 
choked subsonic flow, but now as a result of changes in fluid properties rather than a reduced 
flow rate. A more detailed description of choking with simple To change can be found in 

hapirc (1953). 
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PIPE FLOW WITH COMBINED FRICTION AND HEAT TRANSFER 

Reynolds analogy, which relates the coefficients of heat transfer and friction, is indicative 
of the close ties that exist between the processes of heat transfer and friction. In fact, the 
analogy identifies the direct proportion relation between the two coefficients, with other, 
quantities being constant. Therefore, it can be said that the heat transfer between the pipe 
wall and the flowing stream is not only proportional to the temperature difference but also 
directly proportional to the coefficient of friction . Therefore, if a significant temperature 
difference exists between the pipe and the flowing gas and if the pipe has a significant fric
tional length, then the effects of both friction and heat transfer must be considered simul
taneously in the analysis. 

General Analysis 

The heat transferred to the flowing gas is reflected as a change in stagnation enthalpy 
and for a perfect gas as a change in stagnation temperature. The heat transferred is also 
described in terms of the heat-transfer coefficient and temperature difference. Then 

[9.43] 

Substituting the definition of hydraulic diameter, dA w =4A(dL/D) yields 

dTo _ ( 4hq ) dL 
Tw - Taw Vcpy D 

Assuming the adiabatic wall temperature Taw to be To (only a slight inaccuracy), the heat
transfer equation becomes 

[9.44] 

By further assuming Reynolds analogy to be accurate (proven generally accurate to within 
a few percent with fully developed gas flow in pipes) 

Equation (9.44) reduces to 

hq f 
Vcpy =8 

dTo 
Tw-To 

[9.45] 

Equation (9.45) provides the direct integrable relation between the change in stagnation 
temperature and frictional length. The determination of the changes in other fluid prop
erties requires a more thorough analysis of the flow process. Equations (8.1), (8.2), (8.4), 
and (8.5) (ch. 8) are found to be valid in this problem on inspection. Also, the steady-flow 
energy equation can be applied and, in the absence of work and elevational change, yields 

[9.46] 
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The isentropic stagnation temperature change can be written In logarithmic differential 
form as 

[9.47] 

The four equations from chapter 8 and equations (9.45), (9.46), and (9.47) comprise 
seven equations in eight variables. These can be solved simultaneously to produce equation 
(9.49). 

[9.49] 

Equations (9.45) and (9.49) provide the means for solving the compressible pipe flow prob
lems involving combined heat · transfer and friction. Because of mathematical complexity, 
equation (9.49) cannot be integrated to produce a closed solution. Therefore, a numerical 
or graphical integration is required, along with a more detailed specification 0f the manner 
in which To changes. The cases of constant wall temperature and constant heat flux will 
be developed below, including approximate closed solutions for low mach numbers. Mter 
the changes in M and To are obtained by the numerical integration, or approximate methods, 
the other fluid property changes can be determined directly by the following equations 
developed strictly from continuity and definitions 

[9.50] 

[9.51] 

[9.52] 

[9.53] 

[9.54] 
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Constant Wall Temperature 

In some cases the pipe-wall temperature can be assumed to be constant, such as when 
the pipe is surrounded by a boiling or condensing liquid. Then equation (9.45) can be in
tegrated to produce the following direct relation between stagnation temperature and pipe
length. (The following equation is a simplified version of the equation in ch. 9.) 

[9.55a] 

and rearranged, 

-=-- --1 e-}·fl-2 2D T02 Tw (Tw) J. 
To! To! To! 

[9.SSb] 

As stated previously, the evaluation of the other fluid property changes in the pipe re
quires a difficult numerical or graphical integration of equation (9.49). Except for low mach 
numbers, a digital-computer solution is recommended. For M :s 0.3, the approximate solu
tion outlined in the remaining part of this chapter yields accurate results. 

As pointed out previously, equations (8.1), (8.2), (8.4), and (8.5) (ch. 8) apply. These 
equations can be combined with the definitions of stagnation temperature and pressure and 
equation (9.45) to produce 

dPo= d (~) =- kM2 (L) (Tw-To+l) dL 
Po (Po) 2D 2To 

PO! 

[9.56] 

By generalizing the downstream location and conditions, equations (9.50), (9.53), and (9.54) 
can be combined to yield 

[9.57] 

This expression for M2 can be substituted into equation (9.56). Now, for low mach numbers, 
the change in the bracketed term will be very small so that the term can be assumed to be a 
constant at the average value of the expression 

1. [1 + (P02)2 (To!) (M2)2] 
2 PO! T02 Mt 

as obtained from averaging equation (9.57). On this basis, equation (9.56) can be integrated 
to produce 
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Finally, by generalizing the downstream location in equation (9.55b), substituting into equation 
(9.60), and integrating, the following equation for stagnation pressure change is obtained 

[9.61] 

The existence of unknown terms in the equation requires a trial-and-error solution. A 
first trial can be made by assuming the entire bracketed term in which the unknown terms 
P02 and M2 exi t to have a value of 2. With the computed value of P02/POI, a second trial 
can be made in combination with a value of T02/Tol , from equation (9.55b). The value of M2 
can be obtained most easily from the isentropic area ratio function plotted in figure 16.6 
(ch. 16). Becau e of a coincidental similarity in the mach-number functions of equation 
(9.57) and that of (A/A*), M2 in figure 16.6 (ch. 16) can be read at a value of 

[9.62] 

The ratio (A/A*)Ml is read at M I , and (P02/POI) is the approximate value computed in the 
previous trial. The solution should be iterated until sufficient agreement i reached between 
the assumed and computed values of P02 /POI . The procedure also establishes the value of 
M2/M I , whjch i then u ed to compute the other fluid property changes using equations 
(9.50) through (9.53). 

The heat transfer per unit mass is computed from the change in stagnation temperature as 

Btu/Ibm 

Also, the rate of heat transfer for the entire pipe is 

Q=wQ' Btu/sec 

Constant Heat Flux 

When the heat transfer from the pipe wall to the flowing gas is known to be relatively 
independent of location in the pipe, such a when the pipe is electrically heated, the constant 
heat flux require that the temperature difference be constant (if hq can be assumed constant). 
Then (Tw - To) = (T wI - TOI ), and equation (9.45) integrates simply to 

T02 - TOI JLz 
Twl-Tol 2D 

Just as in the case of constant wall temperature, an evaluation of the other fluid property 
changes requires a numerical or graphical integration of equation (9.49) but now incorporating 
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equation (9.65). An alternate approximate method for low mach-number flow (M:s 0.3) 
can also be developed for the constant heat flux case. The resulting equation, which is 
equivalent to equation (9.61) developed for constant wall temperature, is found to be 

(P02)2 = 1- (I!.) Mi [1 + (P02) 2 (Tol) (M2)2] (IL2) [T Wi + (IL2) (Twl_1)] POI 2 POI T02 MI 2D Tot 4D Tot [9.66] 

The trial-and-error solution is identical to that described for equation (9.61), including the 
use of the isentropic area ratio solutions. 
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CHAPTER 21 

APPLICATION OF COMPRESSIBLE FLOW THROUGH COMPONENTS 

In this chapter the flow characteristics of pneumatic components are described with 
special emphasis on passive restrictive elements such as fully open valves . The flow charac
teristics of partially open simple valves and the operating characteristics of pressure regu
lators are also described briefly. 

COMPONENT PRESSURE LOSS AND FLOW CAPACITY 

Because of the wide variety of complex internal geometric shapes encountered in 
pneumatic components, no purely analytical description of the flow process can be made, 
as has been done with nozzles and pipes. Consequently, a variety of empirical relationships 
and flow coefficients have come into general use for approximating flow characteristics and 
capacities of valves and similar components. Lack of standardization of these methods and 
coefficients stimulated personnel of the ational Bureau of Standards ( BS) to establish a 
standardized method. 

The NBS Flow Factor for Air 

A study of the flow-test data from a large variety of pneumatic components has shown 
that the mass flow rate (which can be written in terms of standard volumetric flow rate) of 
standard temperature air flowing through a component can be related approximately to the 
static pressure ratio, by the following empirical expression. 

[10.2] 

The term Fq is defined as the "NBS flow factor" and is simply the value of airflow rate per 
unit upstream absolute pressure when the static pressure ratio, PZ/PI = r= 1/2. Equation 
(10.2) identifies the observed fact that for perfect gases the flow rate is directly proportional 
to the upstream absolute pressure, at any given pressure ratio, which is consistent with 
other dimensionless flow parameters such as mach number M, and also cf> of chapter 19. 
The existence of the pressure function in terms of the pressure ratio, rather than pressure 
difference, is consistent with the form of all the other compressible flow formulations. By 
its definition, the NBS flow factor is not dimensionless but can be specified in any units. 
To convert from the above units of scfm/psia to lbm/sec-psia, the perfect-gas law can be 
solved to yield 

SCFM = 14.75Rw sefm [10.3] 
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where standard temperature is taken as 60° F. Note that the conversion from standard 
volumetric flow units to the usual mass flow units is dependent on the gas constant R. Then 
for air, R=53.36 so that (SCFM)A = 786wA, and Fq=786Fw. Substituting these values into 
equation (10.2) yields. the general form of the empirical component flow correlation 

[10.4] 

Three other empirical equations have been written consistent with the definitions of 
Fq and Fw. 

(SCFM)A 
2Vr(1-r) 

FqPI 
[10.5] 

(SCFM)A ~~r(1-r)(3-r) 
FqPI 

[10.6] 

(SCFM)A 
V15.3(r1.43 - rl.7l) 

FqPI 
[l0.7] 

Equation (10.5) describes a minimum expected pressure drop, and equation (10.6) defines 
an average function that best describes the bulk of the data. Equations (10.4) through 
(10.7) are plotted in figure 21.1. 

An obvious deficiency of the NBS flow factor equations is the lack of a means of account
ing for temperatures other than standard, or gases other than air. The flow parameters 
(the left side of the equations) can be generalized by applying the same terms that occur in 
the rigorously established flow parameters for compressible adiabatic flow in nozzles and 
pipes. The parameter generally used is the mach number, which can always be simplified 
to cf> by including the specific heat ratio k with the remainder of the particular function. 
Then since 

the BS component flow equations can be generalized to the following, while maintaining 
the NBS flow factor as defined, which can now be applied to any perfect gas and temperature. 
The following equation is a combination of equations (10.8) and (10.9). 

w ~( R ) (TI) SCFM ~(53.36) (TI ) 
F wPI 53.36 520 = F qpl Ir" 520 = fer) 

The function fer) can be either of those described by equations (10.4) through (10.7). When 
the real-gas effects are factored into the flow parameter, the equations become 

~ 1(.Hi..) (.L..) = SCFM 1(53 .36) (ZITI) = fer) 
F wPI V 53.36 520 F qpl V R 520 

which is a combination of equations (10.11) and (10.12). The effects of the variation of the 
specific heat ratio k for perfect gases, and isentropic exponent ks for real gases, cannot be 
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accounted for in the BS equations. In the theoretical description of nozzle flow and pipe 
flow of perfect gases, k is part of the analytical function. The absence of k in the empirical 
functions of equations (10.4) through (10.7) is not considered serious; however, since in the 
exact solutions for nozzle and pipe flow, the effect of k is found to be significant only at nearly 
choked flow conditions. 

Conversion Factors Relating Flow Coefficients 

There are several other widely used flow coefficients to describe the flow capacity of 
components such as valves . The most common are C v, do, and K (or [(L/ D», which are all 
based on incompressible flow. The conversion of these coefficients to any compressible 
flow factor can be made only by drawing the equivalence in the low flow rate, low pressure
drop (pressure ratio near unity) regime of the compressible flow which is also incompressible 
in nature. 

The factor Cv is based on the water flow test and is equal to the flow rate of 60° F water, 
in gpm, that will flow through the component with I-psid differential pressure across the 
component. More specifically, Cv is based on the formula 

[10 .13] 

By writing the general formula for incompressible flow of any fluid (from eq. (7.1S», 

and combining with the necessary unit conversions between the various flow quantities, 
the water flow formula can be written for standard temperature air as 

(SCFM)A = 0.997CvPI ~ [10.14] 

And since the NBS component flow equation is 

(SCFM)A = F qpJ(r) 

the conversion between Cv and Fq is 

F q = 0.997 (v'1-:- r) 
Cv [(r) 

[10.lS] 

which is seen to be dependent on the NBS function selected. Inserting each of the three 
functions into the conversion equation, and evaluating in the incompressible flow regime 
where r= 1 yields (for eqs. (10.4), (lO.S), (10.6), and (10.7), respectively): 

(~)=0.610S [10. 16a] 

(~)=0.498S [1O.16b] 
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(2)=0.5580 

(~:)=O .482 

[l0.16c] 

[lO.16d] 

The conversions of do and K can most easily be obtained by first relating them to Cv, 
and then to Fq by means of equations (10.16). The general flow formula for incompressible 
flow can be written once again, but now in terms of the equivalent orifice of diameter do and 
a discharge coefficient. The equivalent orifice is defined as one having a discharge coefficient 
of 0.60. The equation reduces to 

(GPM)(sO" F. 11')= 17.9d~Vpl - P2 

so that 

Cv = 17.9d~ [10.17] 

Then the conversion from do to Fq is obtained by substituting equation (10.17) into equations 
(10.16). 

The head loss factor, K or f(L/D) , is obtained from the incompressible-flow equation 

Substituting the continuity equation to eliminate V, and also changing to . volumetric units 
of water flow yields 

(GPM}SO°F. W) = 5472 (~) VPI-P2 

Then the conversion from K to Cv is given by 

or in terms of the inside diameter of the circular connecting pipe, 

[10.18] 

Note that in the case of K, the conversion to Cv is dependent on the flow area, or inside di
ameter, of the pipe into which the component is connected. The conversion of K andf(L/D) 
to FQ is accomplished by substituting equation (10.18) into equations (10.16). 

A final conversion from do to K is obtained by combining equations (l0.17) and (10.18) 
to yield 

do = 17.48 [~4]= 1.29 [(~1/4] [10.19] 
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Nomjnal flow coefficients (taken from a variety of sources) for typical components can be 
found in table 3.1 (ch. 3). To be included, coefficients in terms of equivalent length (LID) 
require the full turbulent flow friction factor f(taken from the Moody diagram of fig. 3.4 (ch. 3)). 
The wide variations found in the data of table 3.1 (ch. 3) are inrucative of the uncertainty 
involved with a general treatment of components. Accurate flow characteristics can be 
obtained only by tests run at conditions closely duplicating the service conditions in all 
respects. Otherwise, good engineering judgment must be exercised in selecting a flow 
coefficient so that a conservative, yet accurate, evaluation results. Flow coefficients should 
be obtained from the manufacturer, whenever possible, along with an exact definition of any 
quoted flow coefficient. 

Component Equivalence With Frictional Pipes 

In the analysis of incompressible flow through components, fittings, and so forth, the 
empirical expression used to compute pressure loss is the same as that used for frictiona· 
pipes 

Therefore, the treatment of components and fittings as equivalent lengths of straight pipe in 
incompressible flow is as accurate as the empirical method itself. 

In the more rufficult compressible flow case, the exact solutions for aruabatic frictional 
pipe flow are obtained by the Fanno equations or, more conveniently, by the direct grapruc 
methods, both of wruch are presented in chapter 8. The possibility of treating components 
as equivalent lengths of frictional pipe should not be overlooked as a means for correlating 
component flow characteristics in pneumatic systems. This is especially true, since the 
methods using the BS flow factors and equations, as well as all other general approaches to 
compressible flow through components, are themselves only good approximations, at best. 

Exact equivalence between the compressible flow solutions of chapter 8 and the incom
pressible flow equations above can be proven in the low pressure-drop (pressure ratio near 
unity) flow regimes. By eliminating the velocity term in the equation above, using the conti 
nuity equation, and rearranging, the incompressible flow equation can be written precisely 
in terms of the compressible pipe flow parameter, cJ>,. 

[10.20] 

Equation (10.20) plots as a straight line with a slope of 2 on the cJ>' charts of chapter 19 and 
the lines coincide exactly with the more complex compressible flow curves in the low pressure
drop (incompressible) range. It should be noted that the empirical flow equations have also 
been made equivalent to the incompressible flow in the low pressure-drop range by the flow 
coefficient conversions performed at P2IP, = 1. Then the incompressible equation, the BS 
method, and the cJ>' chart method all produce identical results in the low pressure-drop range. 
The use of the cJ>' charts merely substitutes the plotted exact pipe flow functions in place of 
the four empirical pressure ratio functions. The use of the cJ>' charts offers the added means 
of accounting for variations in specific heat ratio, and the established methods of accounting 
for real-gas effects. 
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A high degree of accuracy should be expected well into the compressible flow range of 
the 1>1 charts. However, the equivalent-length method cannot be expected to yield accurate 
results at flow conditions approaching that of choked pipe flow. Components usually have 
reduced flow areas that cause the choked conditions to be reached at lower values of 1>1 than 
the equivalent constant area pipe. Flow characteristics in the regions just below and above 
the point of choking are probably more dependent on the minimum area ratio, the orifice-type 
flow contraction, and the pressure recovery afforded by the flow-path geometry downstream 
of the point of choking. 

The equivalent-length method using the 1>1 charts of chapter 19 requires the calculation 
of the general flow parameter 1>1 from the usual expression of equation (8.55) of chapter 19. 
Repeating 

[10.21a] 

and in terms of standard cubic feet per minute 

[10.21b] 

where A and D correspond with the connecting piping. The equivalentf(LID) can be added 
to that of the piping of a system being analyzed, or treated separately. The value of f(L/D) 
can be computed in terms of the flow coefficients already mentioned by the following relation
ships, obtained from equations (10 .16a), (l0.17), (10.18), and (10.19). 

f(~)=K=332 (~;)=890 (g;)=2.77 (fr [10.22] 

Then at the computed values of 1>1 andf(LjD), the static-pressure ratio across the component 
is read directly on the 1>1 chart of the appropriate value of k or ks. 

When very accurate component flow characteristics are required, the component should 
be subjected to flow tests that closely duplicate the expected flow conditions. Test data 
reduction should be of the general form of the 1>1 charts to identify any equivalence with 
straight frictional pipe, and so that the data can be applied to any other gases and flow 
conditions. 

EXAMPLE PROBLEM 21.1 

A hand valve, having the general configuration of a Y -pattern globe valve, is placed in a 
2-inch, double-extra-strong nitrogen line. The design flow rate through the valve is 50000 
sefm with an upstream pressure of 4000 psig and temperature of 70° F. Compute the pres
sure drop across the valve at the design conditions. 

SOLUTION 

In the absence of better data, the flow coefficient is estimated from the data of table 3.1 
(ch. 3). A range of values of 145 ~ LID ~ 175 is specified. Assuming a value of 170 and 
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reading the fullv t.urbulent friction factor from figure 3.4 (ch. 3) yields 

f (~) = 0.0129(170) 

=2.19 

Using the NBS flow equation (10.4), the conversion of the equivalent-length factor to the 
NBS flow factor is obtained from equations (10.16a) and (10.18). Pipe-size data of appendix 
A yield the diameter D = 1. 771 inches. Then 

Cv =29.8 n1.771)2]=63.2 
L V2.l9 

and Fq = 0.6105(63.2)= 38.6 

The more general NBS mass flow parameter is defined by equation (10.12). The value of 
ZI is read on figure C.2 of appendix Cas 1.12. Then the NBS mass flow parameter is 

50 000 [~(53.36) (1.12) (530) ] = 0339 
(38.6) (4015) 55 .2 520 . 

Equation (10.4) plotted on figure 21.1 yields 

so that 

~~=0.9563 

!J.PL=PI-P2=PI (1-~:) 
=4015(1-0.9563) 

= 175.3 psid 

Similarly, equations (10.5) and (10.6) predict pressure losses of 183.7 and 177.8 psid, 
respectively. 

The pressure loss can also be computed by the equivalent-length method using the 
charts of chapter 19. The flow parameter CPl is computed using equation (8.55g) of chapter 19 
as 

[ 
50000 ] /(1.12) (530) 

CPI = 15.21 1000 ( 4015)(1. 771)2 -y 55.2 

=0.1982 

Inspection of the CPI charts (figs. 19.1~ through 19.21) indicates that in the range of CPI = 0.1982 
andf(L/D) = 2.19, the value of PZ/PI is essentially independent of k (or ks), and P2/P1 = 0.955. 
Then, as before, 
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This pressure-loss prediction compares favorably with the three NBS method predictions of 
175.3,183.7, and 177.8 psid. 

VALVE OPENING FLOW CHARACTERISTICS 

Valves are often designed to provide special characteristics of flow-versus-valve-stem 
pOSItIOn. The three most common types are those with linear relations between flow and 
valve position, equal-percentage relations, and quick opening. The 'characteristics are 
produced by a shaped plug extension which controls the size of the annular flow area through
out the partially open range. The three types are shown in figure 21.2, along with the typical 
flow characteristic curves. 

The linear and quick-opening valves are well described by their definition . The quick
opening valve is also linear in the initial stages of opening. The equal-percentage characteris
tic is more complicated, especially with respect to the mathematical description of the 
characteristic curve. The important difference distinguishing the equal percentage from the 
linear is that the percent change is based on the initial value of flow capacity (before the 
change, which is a variable) rather than the fully open flow capacity (which is a constant, Cv). 

Mathematically, this can be described by 

dC = K' dx [10.23] 
C 

where C is the flow capacity measured as a fraction of the total flow capacity Cv, and x is the 
plug displacement measured as a fraction of the maximum displacement. K' is a constant 
of proportionality dependent on some initial point on the curve. Such a valv'e will never close 
completely, so that practical designs usually incorporate a shoulder on the plug to provide 
quick opening and closing near the fully closed position. The point of interruption of the 
curve is useful in evaluating K', and is described here by (Co, xo). Integrating equation 
(10.23) and eliminating K' in terms of Co and Xo yield 

C = CO(I-X)/(I - Xo) [10.24] 

(The above equation is a simplified version of that appearing in ch. 10.). The position
dependent valve coefficient, Cv(x), is then written as 

Cv(x) = CCv = CvCO(I-X)/(I-Xo) [10.251 

Equal-percentage characteristics are desirable for precise flow control and in applications 
where large and fast changes in valve flow rate must be avoided. Plug extensions can be 
shaped to provide a variety of characteristics depending on the application. The displace
ment dependent Cv(x), which like Cv is based on the incompressible water flow test, must be 
subjected to the considerations outlined in the first section of this chapter when applied to 
compressible pneumatic systems. 

PRESSURE REGULATORS 

Description 

Pressure regulators are active, valve-type devices that automatically provide a con
trolled pressure source of gas from a higher, variable pressure source. Regulators generally 
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Figure 21.2. Valve opening flow characteri stics. 

consis t of three fun ctional ele me nts . The restri c ting ele ment res tri c ts the fl ow and is often 

of the same basic configuration as a globe valve . The measuring ele ment produces a valve-
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closing force on the restricting element proportional to the outlet pressure, usually by apply
ing the outlet pressure to a stem-connected diaphragm or piston. The loading element 
produces a valve-opening force on the restricting element that opposes the force of the measur
ing element, usually by means of an adjustable spring or by a diaphragm or piston pressurized 
from a separate source. For steady-flow operation and a motionless restricting element 
(plug and stem), the forces of the measuring and loading elements must balance. In a given 
application, the loading force is held constant at a value dependent on the desired outlet 
pressure. A change in outlet pressure unbalances the forces thereby causing valve-stem 
motion. The stem motion is always in the direction that will cause corrective changes in 
the flow restriction as required to return the outlet pressure to the force-balancing set pressure. 

Flow Characteristics 

The fully open flow characteristics of pressure regulators are very similar to that of other 
fully open valves, such as shown in figure 21.3 in terms of a general compressible flow param
eter and the pressure ratio. With fixed upstream conditions, the operating line is ideally 
vertical as shown, depicting the full range of mass flow rates possible with the constant, 
regulated downstream pressure. When the upstream pressure changes, and/or when the 
outlet set pressure is changed, the vertical operating line is shifted to the left or right 
accordingl y. 
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F igure 21.3 . Pressure regulator Aow characteristics. 

P~rc"n t of 

F u lly Op e n 

Capac ity 

Changes in upstream pressure can have a very drastic effect on the flow capacity of a 
regulator, especially if the outlet pressure requirement is held constant. For example, 
if the upstream pressure is reduced while all other quantities are held constant, both the 
generalized flow parameter and the press ure ratio are increased because of the included 
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PI terms. Therefore, the operating point moves up and to the right from the initial operating 
point, and both changes are in the direction of increasing percentage of fully open capacity. 
To illustrate, at the initial operating point (1) of the hypothetical regulator of figure 21.3, 
PI = 6000 psia, set pressure pz = 3000 psia, and the flow rate corresponding with a value of 
the flow parameter of 50. Then, if PI is reduced to 4000 psia with unchanged flow and other 
upstream conditions, the new operating point occurs at a flow parameter value of 75 and 
P2 / P 1= 0.75. The change in upstream pressure has caused a change in flow conditions 
from 52 percent of capacity to 90 percent of capacity, although the mass flow rate is un· 
changed. Further reduction in PI to 3333 p ia results in an impossible operating point (3'), 
which is beyond the regulator capacity. Consequently, if the mass flow rate is still main
tained at the original value, the real operating point (3) will occur on the fully open line, and 
the unregulated value of P2/PI = 0.65 will result in the deficient outlet pre sure of 

(P.,) 
P2 = PI P~ = 3333 (0.65) 

= 2167 psia 

The vertical operating line might be tilted for practical designs, as shown by the dashed 
lines in figure 21.3, especially when the loading element consists of a spring. The spring 
force will decrease as the valve opens at a rate dependent on the spring constant. This 
will cause the outlet pressure to decrease with increasing flow, and the operating lines will 
slope slightly to the left. 

Regulators of practical design often experience a significant amount of friction in the 
moving elements which causes the operating line to exist as a· deadband of possible pressure 
ratios, as depicted by. the two dashed lines i'n figure 21.3, due to the hysteresis-type action. 

Regulators of practical design are often unstable at very low flow rate conditions because 
the valve plug chatters against the seat. The action is caused by self-generated pressure 
pulses resulting from inadvertent complete closure of the valve, followed by excessive 
rebound, and so forth, while the regulator hunts the desired , practically shut position. 

Flow Capacity and Sizing 

Determining the flow capacity and the sizing pressure regulators is best accomplished 
using the various manufacturers ' sizing charts, since designs vary widely, and the quoted 
flow coefficients are not standardized, nor defined adequately. The charts can be entered 
at the highest flow capacity expected (highest flow rate and downstream pressure, and lowest 
upstream pressure combination) to identify the model and orifice size required for the par
ticular application. 
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CHAPTER 22 

APPLICATION OF THERMODYNAMICS OF PRESSURE VESSELS 

The analysis of the thermodynamic behavior of a container of gas undergoing a charging 
or discharging process is usually based on an assumption of no heat transfer. This simplified 
procedure yields accurate results only when the process is relatively fast, since the thermo
dynamic processes always cause temperature changes and, therefore, temperature differences 
and heat transfer. Because of the short time interval of fast processes, the heat transfer 
occurs mainly after the process is complete, and the adiabatic analysis of the process itself 
is valid_ 

Analysis made to include heat transfer between the containing vessel and the enclosed 
gas is considerably more complicated, and closed analytical solutions can be obtained only 
for specific simplified cases. umerical solutions are possible, of course, for the nonlinear 
differential equations involving variable flow rates, wall temperatures, external heat transfer 
from ambient temperature, and so forth. In general, the analysis will be based on the perfect
gas theory. 

The basic theory describing the processes of pneumatic-pressure vessels is the first law 
of thermodynamics as applied to open systems. The analytical developments of equation 
(1.5) (ch. 1) can be applied to produce the following energy equation 

d(Wu) = 8Q+ ho In dWm - ho out dWout [11.1] 

ADIABATIC CHARGING 

Adiabatic charging can be assumed only when the process occurs over a short time 
interval so that the integrated heat transfer will be insignificant in spite of the temperature 
djfferences. 

Evacuated Receivers 

For adiabatic charging of receivers, initially evacuated, with a source of gas having 
constant ho in, equation (11.1) can be simplified and integrated to produce 

[11.2] 

so that for calorically perfect gases, 
T2 = kTo in [l1.3a] 
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and 

[ll.3b] 

It is noteworthy that the contained gas temperature is greater than the entering stagnation 
temperature by the constant factor k . 

Partially Filled Receivers 

If the receiver contains an amount of gas at the beginning of the charging process, 
equation (11.1) reduces and integrates to produce 

[11.5] 

and for perfect gases, 

[1l .6b] 

and 

[11.7b] 

Equations (11.6) and (11.7) are plotted for various values of k in figures 22.1 through 22 .4. 
For the special case where the entering gas temperature equals the initial temperature 

of the stored gas 

(~~)+k-l 
[11.8a] 

Equation (11.8a) is plotted in figure 22.5 for various values of k. The associated relationship 
with stored mass is taken from figures 22.1 through 22 .4 using the curves for (To in/T\) = 1. 

NONADIABATIC CHARGING 

When the charging process occurs over a significant time interval, the heat exchange 
should not be neglected, and equation (11.1) must be written in terms of a time-rate differential 
equation. This equation is then combined with an energy balance equation that describes 
the containing vessel, and standard heat-transfer equations. Thi produces the following 
two simultaneous differential equations written in dimensionless form 

[11.15] 

432 



- - - - - - --- - - - - - -- - - - -

APPUCATION OF THERMODYNAMICS OF PRESSURE VESSELS 

12 

2.S 10 

Toin /T, - 2 

2.0 

... -
;: 1.5 

1.0 
11k 

\l .'> 

O.S 

O.S 

o 
1 2 7 10 

Figure 22.1. Adiabatic charging of a partially filled vessel , k= 1.2. 
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The dimensionless terms are defined as follows: 

- 1 

10 

[11.16] 
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or 

or 

or 

The subscript i refers to the inner surface of the vessel and the subscript 00 refers to 
the outer surface and the ambient conditions. The quantity (Wc)w is the total (or effective) 
heat capacitance of the container walls. 

Equations (11.15) and (11.16) are linear and solvable only if the mass flow rate is constant, 
and w*= 1. umerical solutions can be obtained with all complications included, however. 

Isothermal Charging 

Isothermal charging can be approached with receivers having large thermal capacitance, 
high heat-transfer coefficients, and low flow rates. In this case, T2 = T 1 , so that 

[11.17a] 

and for real gases, 

[l1.17b] 

Charging at Constant Mass Flow Rate With Heat Transfer to a Constant Temperature Container 

When the thermal capacitance of the container walls i much greater than that of the 
gas, the wall t~mperature remains essentially constant. For thi case, equation (11.15) in-
tegrates to 

T = kTo in*+ BiTw*- (kTo i!l*-l- Bi+ BjTw*) W;/jj + l 

* Bj + 1 
[11.18] 

Equation (11.18) is plotted in figures 22.6 through 22.9 for the case of To in*= 1, Tw*= 1, 
and various values of k. 
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Figure 22.8. Charging at constant mass flow with hea t transfe r to an isothermal sink, k = 1.6 . 
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Charging at Constant Mass Flow Rate With Perfect Heat Transfer to the Container 

Very high values of Bi result when the mass flow rate is low, and the inside heat conduct
ance is high and the area is large. In the limit when Bi approaches infinity, equation (11.15) 
reduces to T*=Tw*. Equations (11.15) and (11.16) yield the following integrated equation 
after simultaneous solution to eliminate Bi• 

Equation (11.20) is plotted in figures 22.10 through 22.13 along with the pressure ratio for the 
case of negligible external heat transfer (B x = 0), To in* = 1, and various values of k. 

ADIABATIC DISCHARGING 

When the rate of flow from a receiver is sufficiently rapid so that the total heat transfer 
is negligible during blowdown, the expansion process occurring in the receiver is essentially 
isentropic. Therefore, the following isentropic relationships from chapter 5 apply djrectly 
to constant volume receivers. 

T2 = (Y2)k-1 = (W2)k-1 = (~)k-I = (P2)(k-I)/k 
TI YI WI Vt PI [11.21] 

[11.22] 

[11.23] 

Figure 22.14 is the representation of these relations between temperature, pressure, and 
contruned mass for various values of k. 

NONADIABATIC DISCHARGING 

The general analysis of the thermodynamics of gas vessels discharging non adiabatically 
can be made by reapplying equation (11.1), except that now w=- dWjdt. Also, the posi
tive heat transfer is inward, which is the expected direction. The two resulting dimension
less equations describing the internal gas and the containing vessel, as coupled by the heat
transfer equations, are 

r11.31l 

and 

[11.3~] 
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Figure 22.14. Adiabatic discharging (isentropic) . 

These equations are equivalent to equations (11.15) and (11.16) written for the charging 
process. Once again, the equations can be solved generally only by numerical method. 
Closed analytical solutions can be obtained only when mass flow rate is constant and when 
the problem is further specified . 

Discharging at Constant Mass Flow Rate With Heat Transfer From a Constant Temperature 

Container 

When the total thermal capacitance of the receiver walls is large relative to the thermal 
capacitance of the enclosed gas, the wall-temperature change will be slight. In the limiting 
case, Co* is infinite, and when the mass flow rate is constant, equation (11.31) integrates to 

[11.33] 

Equation (11.33) is plotted in figures 22.15 through 22.18 with the associated pressure changes, 
for the special case of T",* = 1 and for various values of k. 
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APPLICATION OF THERMODYNAMICS OF PRESSURE VESSELS 

Discharging Through a Critical Flow Nozzle With Heat Transfer From a Constant Temperature 
Container 

When the discharging mass flow rate is governed by a choked nozzle , the flow rate can 
be described in terms of the dimensionles quantities as 

Combining this with equation (11.31), and assuming constant wall temperature, yields 

[11.35] 

Equation (11.35) is nonlinear and must be solved numerically. A typical solution is plotted 
in figure 11.10 (ch. 11) for T".* =1 and k=1.4. 

Discharging at Constant Mass Flow Rate With Perfect Heat Transfer From Container 

As in the case of charging, if the mass flow rate is constant and at a low value, and if the 
inside-wall heat conductance is high and the area is large, the value of B; becomes very high. 
In the limit when B; is infinite, the wall and internal gas temperatures vary together (T *=Tw*). 
Equations (11.31) and (11.32) yield the following integrated equation after sim ultaneous 
solution to eliminate Bi • 

[11.37] 

Equation (11.37) with the associated pressure ratio is plotted in figures 22.19 through 22.22 
for the special case of B oc = 0 and various values of k. 
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APPENDIX A 

GENERAL ENGINEERING DATA 
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..,. 
CJ1 
o 

Tube size, in. 

1/4 ..... . ................... 
3/8 .... . ................... . 

1/2 ........... ...... ...... .. 

3/4 ........... ..... ......... 

I ............. ........ ...... 

Nominal pipe 
size, in. 

Schedu le 10: 
14 ................. 
16 ................. 
18 ...... ............ 
20 .................. 
24 ......... .... ..... 
30 .................. 

Schedule 20: 
8 ................... 
10 .............. .... 
12 .................. 
14 .................. 
16 ...... . ........... 
18 .... .............. 

TABLE A.I. -Tube Data 

I nside diameter Ins ide diameter functions, in. 
Wall thickness. in. 

D. in. D, ft D2 D:J D4 

0.035 0.180 0.01499 0.0324 0.00583 0.00105 
.035 .305 .02541 .0930 .02837 .00865 
.049 .277 .02308 .0767 .02125 .00589 
.065 .245 .02041 .0600 .01471 .00360 
.049 .402 .03349 .1616 .06496 .02611 
.065 .370 .03083 .1369 .05065 .01874 
.049 .652 .05433 .4251 .27717 .18071 
.065 .620 .05166 .3844 .23833 .14776 
.095 .560 .04666 .3136 .17562 .09834 
.095 .810 .06749 .6561 .53144 .43047 

-- --

TABLE A.2. -Commercial Wrought Steel Pipe Data 
[Schedule wall thi ckness - per ASA B36.l0-1950j 

D' 

0.000187 
.00263 
.00162 
.00088 
.01049 
.00693 
.11781 
.09160 
.05507 
.34867 
---

Outside 
Thickness, in. Inside diameter Inside diameter functions, in. diameter, 

In. 
Nominal Minimum D, in. D, ft D2 D3 D4 D' 

14 0.250 0.21875 13.5 1.125 182.25 2460,4 33215 448400 
16 .250 .21875 15.5 1.291 240.25 3723.9 57720 894660 
18 .250 .21875 17.5 1.4583 306.25 5359.4 93789 1641309 
20 .250 .21875 19.5 1.625 380.25 7414.9 144590 2819500 
24 .250 .21875 23.5 1.958 552.25 12977 304980 7167030 
30 .312 .27300 29.376 2.448 862.95 25350 744288 21864218 

8.625 .250 .21875 8.125 .6771 66.02 536.38 4359.3 35409 
10.75 .250 .21875 10.25 .8542 105.06 1076.9 11038 113141 
12. 75 .250 .21875 12.25 1.021 150.06 1838.3 22518 275855 
14 .312 .27300 13.376 1.111 178.92 2393.2 32012 428185 
16 .312 .27300 15.376 1.281 236.42 3635.2 55894 859442 
18 .312 .27300 17.376 1.448 301.92 5246.3 91156 1583978 

Transverse internal area 

. , 
a, In. A, ft' 

0.02544 0.00017 
.07304 .00050 
.16024 .00041 
.4712 .00032 
.12692 .00088 
.10752 .00074 
.33387 .00231 
.30190 ~0209 
.24630 .00170 
.51530 .00357 

---

Transverse 
internal area 

0, in .2 A, ft' 

143.14 0.994 
188.69 1.310 
240.53 1.670 
298.65 2.074 
433.74 3.012 
677.76 4.707 

51.85 .3601 
82.52 .5731 

11 7.86 .8185 
140.52 .9758 
185.69 1.290 
237.13 1.647 
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.j::. 
CJl 

20 .... .. ........... . 
24 ........ ...... . .. . 
30 ................. . 

Schedule 30: 
8 .................. . 
10 ................ . 
12. 

20 ................ . 
24. 
30 ................ . 

Schedule 40: 
I/ S ............... .. . 

1/ 4 ........ .. ...... . 

3/S ................. . 

1/ 2 ................. . 

3/4 ................ .. 

I ................ .. 
11/ .... . ........ . .. 

P/2 ........ ... .. .. 
2 ........... .. .... . 

2'12 ......... .... .. 
3 .. ...... . ..... . . .. 
3'12 ...... ....... .. 
4 ................. .. 

I 
5 ......... .. ........ ' 
6 ................. .. 
8 ......... ..... .. .. . 
10 ................ .. 
12 ................ .. 

Schedule 60: 
8 ................. . 
10 ............... .. 
12 ................ . 
14 .... . ........... . 

16 .................. 1 

18 ................. . 
20 ................. . 
24 ................. . 

20 
24 
30 

8.625 
10.75 
12.75 
14 
16 
18 
20 
24 
30 

.405 

.540 

.675 

.840 
1.050 
1.315 
1.660 
1.900 
2.375 
2.875 
3.500 
4.000 
4.500 
5.563 
6.625 
8.625 

10.75 
12.75 

8.625 
10.75 
12.75 
14.0 
16.0 
18.0 
20.0 
24.0 

.375 

.375 

.500 

.277 

.307 

.330 

.375 

.375 

.438 

.500 

.562 

.625 

.068 

.088 

.091 

.109 

.113 

.133 

.140 

.145 

.154 

.203 

.216 

.226 

.237 

.258 

.280 

.322 

.365 

.375 

0.406 
.500 
.562 
.593 
.656 
.750 
.812 
.968 

.32812119.250 11.604 1370.56 

.32812 23.25 1. 937 540.56 

.43750 29.00 2.417 841.0 

.24237 8.071 .6726 65.14 

.26862 10.136 .8447 102.74 

.28875 12.09 1.007f 146.17 

.32812 13.25 1.1 04L. 175.56 

.32812 15.25 1.2708 232.56 

.38325 17.124 1.4270 293.23 

.43750 19.00 1.5833 361.00 

.49175 22.876 1.9063 523.31 

.54687 28.75 2.3958 826.56 

.05950 .269 .0224 .0724 

.07700 .364 .0303 .1325 

.07962 .493 .0411 .2430 

.09537 .622 .0518 .3869 

.09887 .824 .0687 .679 

.11637 1.049 .0874 1.100 

.12250 1.380 .1150 1.904 

.12687 1.610 

.13475 2.067 

.17762 2.469 

.18900 3.068 

.19775 3.548 

.20737 4.026 

.22575 5.047 

.24500 6.065 

.28175 7.981 

.31937 10.02 

.32812 11.938 

.1342 2.592 

.1722 4.272 

.2057 6.096 

.2557 9.413 

.2957 12.59 

.3355 16.21 

.4206 25.47 

.5054 36.78 

.6651 63.70 

.8350 100.4 

.9965 142.5 

0.35525 7.813 0.6511 61.04 
.43750 9.750 .8125 95.06 
.49175 1l.626 .9688 135.16 
.51887 12.814 1.0678 164.20 
.57400 14.688 1.2240 215.74 
.65625 16.500 1.3750 272 .25 
.71050 18.376 1.5313 337.68 
.84700 22.064 1.8387 486.82 

7133.3 
12568 
24389 

525.75 
1041.4 
1767.2 
2326.2 
3546.6 
5021.3 
6859.0 

11971 
23764 

.0195 
.0482 
.1198 
.2406 
.5595 

1.154 
2.628 
4.173 
8.831 

15.051 
28.878 
44.663 
65.256 

128.56 
223.10 
508.36 

1006.0 
1701.3 

476.93 
926.86 

1571.4 
2104.0 
3168.8 
4492.1 
6205.2 

10741 

------------ ---. - . ---------

137317 
292205 
707281 

4243.2 
10555 
21366 
30821 
54084 
85984 

130321 
273853 
68320] 

.005242 

.01756 

.05905 

.1497 

.4610 
1.210 
3.625 
6.718 

18.250 
37.161 
88.605 

158.51 
262.76 
648.72 

1352.8 
4057.7 

10080 
20306 

3725.9 
9036.4 

18268 
26962 
46544 
74120 

114028 
236994 

2643352 
6793832 

205 III 49 

34248 
106987 
258304 
408394 
824801 

1472397 
2476099 
6264703 

19642]60 

.00141 

.00639 

.02912 

.093]0 

.3799 
1.270 
5.005 

10.82 
37.72 
91.75 

271.8 
562.2 

1058 
3275 
8206 

32380 
101000 
242470 

29113 
88110 

212399 
345480 
683618 

1222982 
2095342 
5229036 

291.04 
424.56 
660.52 

51.16 
80.69 

114.80 
137.88 
182.65 
230.30 
283.53 
411.00 
649.18 

.057 

.104 

.191 

.304 

.533 

.864 
1.495 
2.036 
3.355 
4.788 
7.393 
9.886 

12.730 
20.006 
28.891 
50.027 
78.855 

111.93 

47.94 
74.66 

106.16 
128.96 
16944 
213.83 
265.21 

382.35 

2.021 
2.948 
4.587 

.3553 

.5603 

.7972 

.9575 
1.268 
].599 
1.969 
2.854 
4.508 

.00040 

.00072 

.00133 

.00211 

.00371 

.00600 

.01040 

.014]4 

.02330 

.03322 

.05130 

.06870 

.08840 

.1390 

.2006 

.3474 

.5475 

.7773 

0.3329 
.5185 
.7372 
.8956 

1.1766 
1.4849 
1.8417 
2.6552 
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..,. 
CJl 
t'V 

Nominal pipe 
size, in. 

Schedule 80: 
'/s ...... .. ........ .. 
'/4 ...... ... ... ..... . 
3/S .......... . .... . 
,12. .... ..... .. .. .. .. 
31. ....... .. ... .... .. 
1 .. ............... . . 
1'/4 ............ .... 
1'12 .. .. ........ .. . 
2 ........... .... .... 
2'/2 .... .. ......... 
3 .. .............. .. 
3'12 ....... ... .. ... 
4 . ........ ......... 
5 .............. .... 
6 ... .. .... ..... .... 
8 ................... 
10 .. .... ............ 
12 ............ .... .. 

Schedule 160: 
,12. .... ...... ..... 
3/4 .. ........ .. ... ... 
1.. ........... .. .... 
1'/4 ...... .... .. .... 
1'12 ..... . . ... ..... . 
2 ................... 
2'12 ... ....... .. .. .. 
3 .. ............ .. ... 
4 ................... 
5 .. .......... .... ... 
6 ................... 
8 ................... 
10 .... .. ..... .... ... 

Outs ide 
diameter , 

in. 

0.405 
.540 
.675 
.840 

1.050 
1.315 
1.660 
1.900 
2.375 
2.875 
3.5 
4.0 
4.5 
5.563 
6.625 
8.625 

10.75 
12.75 

.840 
1.050 
1.315 
1.660 
1.900 
2.375 
2.875 
3.50 
4.50 
5.563 
6.625 
8.625 

10.75 

TABLE A.2.-Commercial Wrought Steel Pipe Data-Continued 
[Schedule wall thickness -per ASA B36.10-1950] 

Thickness, in . Inside diameter Ins ide diameter fun ctions, in. 

Nominal Minimum D, in. D, ft D' D3 D' 

0.095 0.08312 0.215 0.0179 0.0462 0.00994 0.002134 

.119 .10412 .302 .0252 .0912 .0275 .008317 

.126 .11025 .423 .0353 .1789 .0757 .03200 

.147 .12862 .546 .0455 .2981 .1628 .08886 

.154 .13475 .742 .0618 .5506 .4085 .3032 

.179 .15662 .957 .0797 .9158 .8765 .8387 

.191 .16712 1.278 .1065 1.633 2.087 2.6667 

.200 .17500 1.500 .1250 2.250 3.375 5.062 

.218 .19075 1.939 .1616 3.760 7.290 14.136 

.276 .24150 2.323 .1936 5.396 12.536 29.117 

.300 .26250 2.900 .2417 8.410 24.389 70.728 

.318 .27825 3.364 .2803 11.32 38.069 128.14 

.337 .29487 3.826 .3188 14.64 56.006 214.33 

.375 .32812 4.813 .4011 23.16 111.49 536.38 

.432 .37800 5.761 .4801 33.19 191.20 1101.6 

.500 .43750 7.625 .6354 58. 14 443.32 3380.3 

.500 .43750 9.564 .7970 91.47 874.82 8366.8 

.500 .43750 11.376 .9480 129.41 1472.2 16747 

.187 .16362 .466 .0388 .2172 .1012 .04716 

.218 .19075 .614 .0512 .3770 .2315 .1421 

.250 .21875 .815 .0679 .6642 .5413 .4412 

.250 .21875 1.160 .0966 1.346 1.561 1.811 

.281 .24587 1.338 .1115 1.790 2.395 3.205 

.343 .30012 1.689 .1407 2.853 4.818 8.138 

.375 .32812 2.125 .1771 4.516 9.596 20.39 

.438 .38325 2.624 .2187 6.885 18.067 47.41 

.531 .46462 3.438 .2865 11.82 40.637 139.7 

.625 .54687 4.313 .3594 18.60 80.230 346.0 

.718 .62825 5. 189 .4324 26.93 139.72 725.0 

.906 .79275 6.813 .5677 46.42 316.24 2155 

1.125 .98437 8.500 .7083 72.25 614.12 5220 

DS 

0.000459 
.002513 
.01354 
.04852 
.2249 
.8027 

3.409 
7.594 

27.41 
67.64 

205.1 
430.8 
819.8 

2583 
6346 

25775 
80020 

190523 

.02197 

.08726 

.3596 
2.100 
4.288 

13.74 
43.33 

124.4 
480.3 

1492 
3762 

14679 
44371 

Transverse 
inte rnal area 

. , 
a, In. A, ft ' 

0.036 0.00025 
.072 .00050 
.141 .00098 
.234 .00163 
.433 .00300 
.719 .00499 

1.283 .00891 
1.767 .01225 
2.953 .02050 
4.238 .02942 
6.605 .04587 
8.888 .06170 

11.497 .07986 
18.194 .1263 
26.067 .1810 
45.663 .3171 
71.84 .4989 

101.64 .7058 

.1706 .001lE 

.2961 .0020t 

.5217 . 0036~ 

1.057 .00734 
1.406 .0097t 
2.241 .0155t 
3.546 .0246~ 

5.408 . 0375~ 

9.283 . 0644~ 

14.61 .1015 
21.15 .1469 
36.46 .2532 
56.75 .3941 

r:, 
a 
:z:: 
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of:. c.n 
w 

12 ........... ....... 
14 ............. . .... 
16 .. .. .............. 
18 ....... ...... .. .. . 
20 ....... ... ........ 
24 ........... ... ... . 

Double-extra-strong 
pipe: 

112. ................. 
31. ............ .. .... 
1.. . . .... .. ........ . 
11/ •. ...... • . ...... . 

11f2 ....... ... . ... _. 
2 ... ....... ..... . ... 
2112 ... .. _ .......... 
3 . . . . ............... 
31/2 ..... . .. .... .... 
4 .. ... .. .. .......... 
5 ......... .. ........ 
6 .. .. .... ... .. .. .. . 
8 .. ... .............. 

12.75 1.312 1.14800 
14.0 1.406 1.23025 
16.0 1.593 1.39387 
18.0 1.781 1.55837 
20.0 1.968 1.72200 
24.0 2.343 2.05012 

.840 .294 .21787 
1.050 .308 .26950 
1.315 .358 .31325 
1.660 .382 .33425 
1.900 .400 .35000 
2.375 .436 .38150 
2.875 .552 .48300 
3.500 .600 .52500 
4.000 .636 .55650 
4.500 .674 .58975 
5.563 .750 .65625 
6.625 .864 .75600 
8.625 .875 .76562 

---

10.126 .8438 102.54 1038.3 
11.188 .9323 125.17 1400.4 
12.814 1.0678 164.20 2104.0 
14.438 1.2032 208.45 3009.7 
16.064 1.3387 258.05 4145.3 
19.314 1.6095 373.03 7204.7 

.252 _0210 .0635 .0160 

.434 .0362 .1884 .0817 

.599 .0499 .3588 .2149 

.896 .0747 .8028 .7193 
1.l00 .0917 1.210 1.331 
1.503 .1252 2.259 3.395 
1.771 .1476 3. 136 5.554 
2.300 .191 7 5.290 12. 167 
2.728 .2273 7.442 20.302 
3.152 .2627 9.935 31.315 
4.063 .3386 16.51 67.072 
4.897 .4081 23.98 11 7.43 
6.875 .5729 47 .27 324.95 

10514. 106461. 
15668. 175292. 
2696l. 345482. 
43454. 627387. 
66590. 1069715. 

139152. 2687582. 

.004032 .00102 

.03549 .01540 

.1287 .07711 

.6445 .5775 
1.4641 1.611 
5.1031 7.670 
9.8345 17.42 

27.984 64,36 
55.383 151.1 
98.704 31Ll 

272.58 1107 
575.04 2816 

2234.4 15360 

80.53 
98.31 

128.96 
163.72 
202.67 
292.98 

.050 

.148 

.282 

.630 

.950 
1.774 
2.464 
4.155 
5.845 
7.803 

12.966 
18.835 
37. 122 

.5592 

.6827 

.8956 
1.1369 
1.4074 
2.0346 

.00035 

.00103 

.00196 

.00438 

.00660 

.01232 

.01710 

.02885 

.04059 

.05419 

.09006 

.1308 

.2578 
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Multiply-

Atmospheres : 

Bars: 

British thermal units: 

British thermal units per 
minute : 

Centimeters: 

Centimeters of mercury : 

By-

76.00 
29.92 
33.90 
10332 
14.70 
1.058 

0.9869 
1.0000 
1.020 X 10' 
2089 
14.50 

778.2 
3.930 X 10 - ' 
1055 
0.2520 
107.6 
2.930 X 10- ' 

12.97 
0.02358 
0.01758 
17.58 

3.281 X 10-' 
0.3937 
0.01 
6.214 X 10- 6 

10 
393.70 
1.094 X 10-' 

0.01316 
0.4461 
136.0 
27.85 

. 0.1934 

TABLE A.3.-Conversion Factors 

To obtain - Multiply- By - To obtain -

Centimeters of mercury Cubic meters : 10- 6 Cubic centimeters 

Inches of mercury 35.31 Cubic feet 

Feet of water 61023 Cubic inches 

Kilograms per square meter 1.308 Cubic yards 

Pounds per square inch 264.2 Gallons 

Tons per square foot 103 Liters 

Atmospheres 
2113 Pints (liquid) 

Dynes per square centimeter 
1057 Quarts (liquid) 

Kilograms per square meter Cubic yards: 7.646 X 10' Cubic centimeters 

Pounds per square foot 27 Cubic feet 

Pounds per square inch 46656 Cubic inches 

Foot·pounds 
0.7646 Cubic meters 

Horsepower·hours 
202.0 Gallons 

Joules 
764.6 Liters 

Kilogram-calories 
1616 Pints (liquid) 

J(jlogram-meters 
807.9 Quarts (liquid) 

Kilowatt hours Cubic yards per minute: 0.45 Cubic feet pe r second 
3.367 Gallons per second 

Foot-pounds per second 
12.74 Liters per second 

Horsepower Dynes: 1.020 X 10- 3 Grams 

Kilowatts 7.233 X 10- ' Poundals 

Watts 2.248 X 10- " Pounds 

Feet 
Dynes per square 

Inches 
centimeter: 1 Bars 

Meters Feet: 30.48 Centimeters 

Miles 12.00 Inches 

Millimeters 0.3048 Meters 

Mils 1.894 X 10- ' Miles 

Yards 1/3 Yards 

Atmospheres Feet of wa!er: 0.02950 Atmospheres 

Feet of water 0.8826 Inches of mercury 

J(jlograms per square meter 304.8 Kilograms per square meter 

Pounds per square foot 62.43 Pounds per square foot 

Pounds per square inch 0.4335 Pounds per square inch 

--- -_ .. _-------
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Centimeters per second: 1 1.968 Feet per minute Feet per minute: 0.5080 Centimeters per second 
0.03281 Feet per second 0.01667 Feet per second 
0.036 Kilometers per hour 0.01829 Kilometers per hour 
0.6 Meters per minute 0.3048 Meters per minute 
0.02237 Miles per hour 0.01136 Miles per hour 
3.728 X 10-' Miles per minute 

Feet per second: 30.48 Centimeters per second 
Centimeters per second I 0.03281 Feet per second per second 1.097 Kilometers per hour 

per second : 0.036 Kilometers per hour per second 0.5921 Knots 
0.02237 Miles per hour per second 18.29 Meters per minute 

Cubic centimeters: 1 3.531 X 10-' Cubic feet 0.6818 Miles per hour 

6.102 X 10- 2 Cubic inches 0.01136 Miles per minute 
:... 10- 6 Cubic meters Feet per second pe r '" 1.308 X 10- 6 Cubic yards second: 30.48 Centimeters pe r second per '" t>:l 

2.642 X 10- ' Gallons second < 
I:::J 

10- 3 Liters 1.097 Kilometers per hour per second >< 
2.113 X 10- 3 Pints (liquid) 0.3048 Meters per second per second :... 
1.057 X 10- 3 Quarts (liquid) 0.6818 Miles per hour per second I 

c;"') 
t>:l 

Cubic feet: 12.832 X 10' Cubic centimeters Foot-pounds: 1.285 X 10- 3 British thermal units ~ 1728 Cubi~ inches 1.356 X 10' Ergs ~ 0.02832 Cubic meters 5.050 X 10- ' Horsepower-hours t--

0.03704 Cubic yards 1.356 Joules t>:l 
< 7.481 Gallons 3.238 X 10-' Kilogram-calories c;"') -28.32 Liters 0.1383 Kilogram·meters < t>:l 

59.84 Pints (liquid) 3.766 X 10-' Kilowatt-hours t>:l 
~ 29.92 Quarts (liquid) Foot-pounds per minute: 1.285 X 10- 3 British thermal units per minute ~ 
c;"') 

Cubic feet per minute: 1472_0 Cubic centimeters per second 0.01667 Foot-pounds per second 
I:::J 

0.1247 Gallons per second 3.030 X 10- ' Horsepower :... 
0.4720 Liters per second 3.238 X 10- ' Ki logram-calories per minute ;:: 
62.4 Pounds of water per minute 2.260 X 10- ' Kilowatts 

Cubic inches : 116.39 Cubic centimeters Foot-pounds per second: 7.712x 10- 2 British thermal units per minute 

5.787 X 10- ' Cubic feet 1.818 X 10- 3 Horsepower 

1.639 X 10- ' Cubic meters 1.943 X 10- 2 Kilogram-calories per minute 

2.143 X 10-' Cubic yards 1.356 X 10- 3 Kilowatts 

4.329 X 10- 3 Gallons Gallons: 3785 Cubic centimeters 
1.639 X 10- 2 Liters 0.1337 Cubic feet 
1.061 X 10' Mil-feet 231 Cubic inches ..,. 

10.03463 Pints (liquid) 3.785 X 10- 3 Cubic meters C/l 
C/l 0.01732 Quarts (liquid) 4.951 X 10- 3 Cubic yards 
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Multiply -

Gallons (Continued): 

Gallons per minute : 

Grams: 

Gram-centimeters: 

Grams per centimeter : 

Grams per cu bic 
centimete r : 

Horsepower: 

Horsepower-hours: 

By -

3.785 
8 
4 

2.228 X 10- 3 

0.06308 

980.7 
15.43 
10- 3 

103 

0.03527 
0.03215 
0.07093 
2.205 X 10- 3 

9.297 X 10- 8 

980.7 
7.235 X 10- · 
9.807 X 10- · 
2.343 X 10- 8 

10- · 

5.600 X 10- 3 

62.43 
0.03613 
3_405 X 10- 7 

42.40 
33 000 
550 
1.014 
10.68 
0.7457 
745.7 

2544 
1.98 X 106 

TABLE A.3. - Conversion Factors - Continued 

To obtain- Multiply-

Liters Meters per minute 
Pints (liquid) (Continued): 
Quarts (liquid) Meters per second: 

Cubic feet per second 
Liters per second 

Dynes 
Grains 
Kilograms 
Milligrams Meters per second per 

Ounces per second: 

Ounces (troy) 
Poundals 
Pounds Miles per minute-: 

British thermal units 
Ergs 
Foot-pounds 
Joules 
Kilogram-calories Poundals : 
Kilognim-meters 

Pounds per inch 

Pounds: 

Pounds per cubic foot 
Pounds per cubic inch 
Pounds per mil-foot 

British therm ::l uni ts per minute 
Foot-pounds per minute Pounds of water : 

Foot-pounds per second 
Horsepower (metric) 
Kilogram-calories per minute Pounds of water per 
Kilowatts minute: 
Watts 

British thermal units Pounds per cubic foot : 

Foot-pounds 

By-

0.06 
0.03728 

196.8 
3.281 
3.6 
0.06 
2.237 
0.03728 

3.281 
3.6 
2.237 

2682 
88 
1.609 
52.10 
60 

13826 
14. 10 
0.03108 

444823 
7000 
453.6 
16 
32.17 

0.01602 
27.68 
0.1198 

2.669 X 10- 4 

0.01602 
16.02 

To obtain -

Kilometers pe r hour 
Miles per hour 

Feet per minute 
Feet per second 
Kilometers pe r hour 
Kilometers pe r minute 
Miles per hour 
Miles pe r minute 

Feet per seco nd per second 
Kilometers pe r hour per second 
Miles per hou r pe r second 

Centimeters per second 
Feet per second 
Kilometers per minute 
Knots 
Miles per hour 

Dynes 
Grams 
Pounds 

Dynes 
Grains 
Grams 
Ounces 
Poundals 

Cubic feet 
Cubic inches 
Gallons 

Cubic fee t pe r second 

Grams per cubic centimeters 
Kilograms pe r cubic meter 
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2.684 X 10" Joules 5.787 X 10-' Pounds per cubic inch 
641.1 Kilogram-calories 5.456 X 10- 9 Pounds per mil-foot 
2.737 X 105 Kilogram-meters 

Pounds per cubic inch: 27.68 Grams per cubic centimeter 
0.7455 Kilowatt-hours 

2.768 X 10' Kilograms per cubic meter 
Hours: 14.167 X 10- 2 Days 1728 Pounds per cubic foot 

60 Minutes 9.425 X 10- " Pounds per mil-foot 
3600 Seconds 
5.952 X 10- 3 Weeks Pounds per square foot: 4.725 X 10- ' Atmospheres 

0.01602 Feet of water 
Inches: 12.540 Centimeters 1.414 X 10- 2 Inches of mercury 

8.333 X 10- 2 Feet 4.882 Kilograms per square meter 
1.578 X 10- 5 Miles 6.944 X 10- 3 Pounds per square inch :>.. 

""l; 103 Mils ""l; 

2.778 X 10- 2 Yards Pounds per square inch: 0.06804 Atmospheres t>] 
7< 

2.307 Feet of water '=' 
Inches of mercury: 10.03342 Atmospheres 2.036 Inches of mercury ~ 

1.133 Feet of water 703.1 Kilograms per square meter 
:>.. 
I 345.3 Kilograms per square meter 144 Pounds per square foot c;') 

70.73 Pounds per square foot t>] 

0.4912 Pounds per square inch Square centimeters: 1.973 X 105 Circular mils ~ ;::e 
1.076 X 10- 3 Square feet :>.. 

Inches of water: 10.002458 Atmospheres '"' 0.1550 Square inches 
0.07355 Inches of mercury t>] 

10- ' Square meters 7< 
25.40 Ki lograms per square meter c;') 

3.861 X 10- 11 Square miles ..... 
Ounces per square inch 7< 0.5781 100 Square millimeters t>] 

5.204 Pounds per square foot t>] 
1.196 X 10- ' Square yards ;::e 

0.03613 Pounds per square inch ..... 
7< 

Square feet: 2.296 X 10- 5 Acres c;') 

Log lO N: 2.303 LogN or In N 1.833 X 108 Circular mils ~ 
Log N orin N: 0.4343 LoglO N 929.0 Square centimeters ;;: 

144 Square inches 
Meters: 100 Centimeters 0.09290 Square meters 

3.281 Feet 3.587 X 10- 8 Square miles 
39.37 Inches 1/9 Square yards 
10- 3 Kilometers 
6.214 X 10-' Miles Temperature (degrees 

103 Millimeters centigrade) + 273: Absolute tempera ture (degrees 
1.094 Yards centigrade) 

Meters per minute: 
11.667 

Centimeters per second Temperature (degrees 

*'" 3.281 Feet per minute centigrade) + 17.8: 1.8 Temperature (degrees 
(.11 

0.05468 Feet per second Fahrenheit) ---I 
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Multiply-

Temperature (degrees 
Fahrenheit) + 460: 

Name 

Acetylene .... .... ........... 
Air 8 ...... ... ..... . ............ 

Ammonia ..... ... .. . . ........ 

TABLE A.3.-Conversion Factors-Continued 

By- To obtain- Multiply- By - To obtain-

Temperature (degrees 
1 Absolute temperature (degrees Fahrenheit)-32: 5/9 Temperature (degrees 

Formula 

C.H2 
(b) 

NH3 

Fahrenheit) 

TABLE A.4-PrefLXes 

pico ...... ....... ................... . .... ........ ............... .. ... . 
nano ....... ............. .. . ...... ............ . 
micro ................ ... .......................................... .. 
milli .............................. .. . .. .............. ...... ...... .. 
centi ..... .................. .... ......... . . .... .. ......... ... . ..... . 
deci ............. ............................... . ............. ...... . 
uni ......... . ... .... . ... ..... . .. . ... . 

deka ............ . .... .. ........... . ........... .. . .... . . .. . . . ...... . 
hecto ..... . ..... . ...... .... .. ............ ............ ........ ... .. .. 
kilo ........................ ........ .. .......... .. ..... ............. .. 
mega .................................. ........ ................ ... .. 
giga ... .... . .. . .. ........ ... . ......... . ..... ... ... . .. .......... . ..... . 
tera ........ ............... .......... .. . .. . ... . .. ... ... . 

10- .2 

10- " 
10- 6 

10- 3 

10- 2 

10- ' 
100 

10' 
102 

103 

106 

10" 
10.2 

TABLE A.S-Low-Temperature Physical Properties a/Gases 

[Courtesy of Air Products and Chemicals, Inc.] 

Normal boiling point Critical point Triple point or 

Molecular 
melting point 

weight Liquid 
Temp , of density, Latent heat, Temp, of Pressure, Temp, of Pressure, 

Ib/ft3 Btu/lb-mole psi a psia 

26.04 " -119.20 c 3S.7M c 91S0.0 96.0 906 -114.6 17.40 
28.96 -317.90 54.560 2556.0 . ...... . . ... ... . . ........... . ... ...... . ... ... ........ . ... 

17.03 -28.10 42.000 10037.0 270.3 1639 -108.0 8.8 x lO- ' 

---------- ----

centigrade) 
--

Specific heat, Gas 
{70° F density 

p at 14.7 psia at 70° F, 
Btu/lb-mole of 14.7 psia 

10.60 0.068000 
7.00 .074930 
8.60 .044500 
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Argon .. ............... .. ..... A 39.95 -302.60 86.980 2804.0 -187.6 705 -308.9 
Carbon dioxide ............ CO2 44.01 e 109.30 e 97.500 e 10854.0 87.9 1071 -69.9 
Carbon monoxide .... ... .. CO 28.01 -311.90 49.300 2597.0 -220.4 508 -337.1 
Carbonyl sulfide ........... COS 60.07 -58.30 73.000 7961.0 221.0 8ge -271.8 
Chlorine .. .. .... ............ Cl. 70.91 - 29.30 97.400 8·1S0.0 291.2 1118 -149.8 
Deuterium .................. D2 4.03 -417.30 10.700 540.0 -390.8 239 -426.0 
Ethane ............... ...... . C2H6 30.07 - 127.60 33.800 6315.0 90.1 708 -297.9 
Ethylene .... .. ........... ... C. H, 28.05 -154.80 35.200 5826.0 49.1 735 -272.5 
Fluorine ... .............. .... F2 38.00 · -306.60 93.800 2815.0 -200.2 808 -363.3 
Freon·12 ...... " ....... ..... CCl.F2 120.92 -21.60 92.900 8592.0 233.6 597 -252.4 
Freon·13 . ...... ...... ....... CClFa 104.46 -114.60 95.000 6670.0 83.9 561 -294.0 
Freon· 14 ....... .... .. ....... CF4 88.01 -198.40 122.400 5 160.0 -49.9 542 -299.2 
Freon·22 ""'" " ... ...... .. CHClF. 86.47 -41.40 88.200 8704.0 204.8 716 -256.0 
Helium ' .. .. ................ He 4.00 -452.13 7.798 39.6 -450.2 33 d 455.8 
Hydrochloric acid ........ HCl 36.46 -120.90 74.300 6948.0 124.5 1199 -173.0 
Hydrogen ' .... .. ........... H2 2.02 -422.99 4.418 389.0 -399.8 188 -434.5 
Hydrogen sulfide ...... ... H2S 34.08 -75.40 60.000 8033.0 212.7 1307 -122.0 
Krypton · . ........... .... ... Kr 83.80 -244.00 150.600 3884.0 -82.8 796 -250.9 
Methane .................... CH. 16.04 -258.60 26.500 3519.0 -116.6 670 -296.5 
Methyl chloride ...... ..... C~Cl 50.49 -11.50 62.200 9293.0 289.6 967 -144.0 
Neon ' .. .... ...... .......... . Ne 20.18 - 410.70 75.350 748.0 -379.7 395 -415.4 
Nitric oxide ... .. .... ....... NO 30.01 -241.00 79.300 5953.0 -137.2 945 -263.6 
Nitrogen' """'''''''''''' · N2 28.01 -320.40 50.460 2405.0 -232.5 491 -345.9 
Nitrogen trifluoride .... .. · NF3 71.01 -199.20 96.000 4984.0 -38.7 657 -343.3 
Nitrous oxide ..... ........ . · N20 44.01 -127.20 76.800 7110.0 97.7 1054 -131.6 
Oxygen a ........ . ........... · O2 32.00 -297.30 71.270 2932.0 -181.1 737 -361.8 
Ozone ....................... · Oa 48.00 -169.40 101.800 6174.0 10.2 791 -314.5 
Propane ................... . . · CaHg 44.10 -43.70 36.200 8076.0 206.2 617 -305.8 
Propylene ...... .. .......... · CaH. 42.08 -53.80 37.500 7925.0 197.4 667 -301.0 
Sulfur dioxide .. ........... · 502 64.06 13.90 89.300 10 728.0 315.0 1142 -103.8 
Xenon a .......... .. .. .. .... . · Xe 131.30 -163.00 190.800 5436.0 61.9 847 -169.2 

a Based on data from ' the National Bureau of Standards-Compressed Gas Association Meeting, June 19, 1962. 
b Proximate composition of dry ~ir (mole percent): 78.09 Nt, 20.95 O2 , 0.93 Ar, 0.03 CO2 • 

e Denotes subHmation and soHd density. 
d A (lambda) point. 

9.99 
75.10 

2.23 
....... . ..... . . 

:MZ.x 10- 1 

2.48 
1.20x 10-' 
1. 70X 10- 2 

· . . . . . . . . . . . . . . 
.. . .... ...... " 

. . ...... ..... " 

1. 70X 10- 2 

· . . . . . . . . . . . . . . 
"7.35XIO-1 

· . . . . . . . . . . . . . . 
1.0440 
3.3600 

10.6200 
1.6900 
1.2700 
6.2700 
3.1600 
1.8200 

1. 77x lo-a 
12.7400 

2.lOxlO- 2 

. . ........ .... . 
8.39xI0- 11 
2.44 x 10- 8 

2.43 X 10- 1 

11.82 

4.98 
8.95 
6.97 
9.92 
8.20 
6.97 

12.60 
10.40 
7.49 

17.66 
16.09 
14.60 
13.35 
4.98 
6.90 
6.89 
8.20 
4.98 
8.60 
9.97 
4.98 
7.10 
6.98 

.... ...... .. 

9.20 
7.02 

............ .. ... . ... 

17.40 
15.30 
9.60 
4.98 

.103400 

.114400 

.072500 

.152100 

.185300 
.010400 
.078300 
.072900 
.098300 
.318000 
.273000 
.228000 
.229000 
.010340 
.095000 
.005209 
.089200 
.217200 
.041600 
.133000 
.052150 
.077700 
.072450 
.186400 
.114600 
.082810 
.124000 
.115400 
.107000 
.168700 
.341600 
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Weight of liquid 
or gas 

Pounds Kilograms 

1.000 0.454 
2.205 1.000 

71.270 32.327 
2.517 1.142 
2.382 1.080 
9.527 4.321 
8.281 3.756 
2.924 1.327 

Weight of liquid 
or gas 

Pounds Kilograms 

1.000 0.454 
2.205 1.000 

54.560 24.748 
1.927 .874 

TABLE A.6- Weight and Volume Equivalents 

Liquid and gaseous oxygen and nitrogen 

Oxygen Nitrogen 

Volume of liquid at Volume of gas Weight of liquid Volume of liquid at Volume of gas 
normal boiling point at 70°F or gas normal boiling point at 70° F 

Cubic feet Liters Quarts Gallons Cubic Cubic Pounds Kilograms Cubic feet Lite rs Quarts Gallons C ubic Cubic 
feet meters feet meters 

0.0140 0.397 0.420 0.105 12.08 0.342 1.000 0.454 0.0198 0.561 0.593 0.148 13.80 0.391 
.0309 .876 .926 .231 26.62 .754 2.205 1.000 .0437 1.237 1.307 .327 30.43 .862 

1.0000 28.316 29.922 7.481 860.60 24.370 50.460 22.888 1.0000 28.316 29.922 7.481 696.50 19.723 
.0353 1.000 1.057 .264 30.39 .861 1.782 .808 .0353 1.000 1.057 .264 24.60 .697 
.0334 0.946 1.000 .250 28.76 .814 1.686 .765 .0334 .946 1.000 .250 23.28 .659 
.1337 3.785 4.000 1.000 115.05 3.258 6.746 3.060 .1337 3.785 4.000 1.000 93.11 2.637 
.1162 3.290 3.477 .869 100.00 2.832, 7.245 3.286 .1436 4.065 4.296 1.074 100.00 2.832 
.0410 1.162 1.228 .307 35.31 1.000 2.558 1.160 .0507 1.436 1.517 0.379 35.31 1.000 

- '---

Liquid and gaseous air and helium 

Air Helium 

Volume of liquid at Volume of gas Weight of liquid Volume of liquid at Volume of gas 
normal boiling point at 70°F or gas normal boiling point at 70° F 

Cubic feet Liters Quarts Gallons Cubic Cubic Pounds Kilograms Cubic feet Liters Quarts GaUons Cubic Cubic 
feet meters feet meters 

0.0183 0.519 0.548 0.137 13.34 0.378 1.000 0.454 0.1282 3.631 3.837 0.959 96.72 2.739 

.0404 1.144 1.209 .302 29.42 .833 2.205 1.000 .2827 8.006 8.460 2.115 213.23 6.038 

1.0000 28.316 29.922 7.481 728.10 20.618 7.793 3.537 1.0000 28.316 29.922 7.481 754.20 21.357 
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Weight of liquid 
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Pounds Kilograms 

1.000 0.454 
2.205 1.000 

86.98 39.453 
3.072 1.393 
2.907 1.319 

11.628 5.274 
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Argon 

Volume of liquid at 
normaJ boiling point 

Cubic feet Liters Quarts 

0.01l5 0.326 0.344 
.0253 .718 .758 

1.0000 28.316 29.922 
.0353 1.000 1.057 
.0334 .946 1.000 
.1337 3.785 4.000 
.1l39 3.366 3.557 
.0420 1.189 1.256 

~ 

.250 24.33 .689 26

11 

.1l8 
1.000 97 .33 2.756 1.M 2 .473 
1.027 100.00 2.832 1.034 .469 
.363 35.3J 1.000 .365 .166 

Liquid and gaseous argon and hydrogen 
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Figure A,I. Pressure con version chart. 
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F igure A,I. Pressure conversion chart. - Continued. 

463 



COMPRESSED GAS HANDBOOK 

150,000 

1,000 1,000 
2,000 

140,000 
2,200 

1,900 

900 
1,800 

111,OOO 900 

2,000 

1,700 120,000 

1,600 
1,800 

800 

110,000 

1,500 

700 
1,600 100,000 700 

1,400 

1,300 
90,000 

600 1,400 600 
1,200 

-" -:; 
80,000 

u 

.= 1,100 
.= ... 

! ; ! ! 
u 0 

0 1,200 • • i 0 

oX 500 • oX 
500 

i '0 1,000 '0 70,000 i 
~ i ~ 

~ .. 
-" II. ... 

~ u " . .= 900 ~ 
0 

1,000 IL IL 

60,000 
400 

800 400 

700 800 50,000 

300 600 300 
«1,000 

600 
500 

200 400 30,000 200 

300 
20,000 

100 200 
200 

100 

10,000 

100 

0 0 0 0 0 

F igure A.I. Pressure conversion chart. - Continued. 
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Figure A.I. Pressure conversion chart. - Continued. 
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De = Hydraulic 10 
10 diameter 10 

A - Side of rectangle B = Side af rectangle 

o 

Figure A.2. Hydraulic diameter of rectangular pipes. [Courtesy of Design News.] 

A rectangular pipe's equivalent hydraulic diam
eter, De, is 4 times the hydraulic radius: 

De = 4 (cross-sectio~al area) 
wetted pen meter 

where A and B are the two dimensions. 

The nomogram solves the equation: 

If both A and B are multiplied by N, then De must 
also be multiplied by N. 

Example: What is the equivalent hydraulic 
diameter of a pipe having sides of 60 and 30? 

Solution: Aline (10)(6) with (0)(3) and read 
De= (10) (4) =40. 
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0.02 

200 200 
200 

0.03 

0.04 

0.05 

100 100 
0.06 

90 90 
100 0.07 " 

90 0.08 
80 80 

80 0.09 

70 70 0.1 
70 

60 60 
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50 --:-

- c 

" 0 Ii 0.2 u 

"" E- c 

40 40 Ii " l: E 0 j 
0 40 :: c 

u 0 " 0 -0 ~ ~ 
0- Ii 

C 0 ~ .. 
c > i u 0 0.3 0 

30 30 II ~ ~ E 
-; 0 " "" > II 

30 
.. -0 

C 0 
J:: 

" 0.4 "" ~ " 
c 

~ ::5- 2 
c 
0 
~ 0.5 

J:: 0 

II ~ 
...J 20 20 0.6 

20 
The nomogram represents the equation : 

0.8 

1.0 V =(0.001082) (02) (L) [~ 1 (4k -2) 

~ -arc sin (1 - 2k) J 
Example . 

What is the capacity of a flat -

10 10 
ended, 6-foot diameter , 5-foat 
long tank filled to a height of 

10 9 inches? 

Solution. 

V=76.3gal . 

FigureA.3. Capacities and partially filled volumes of horizontal round tanks and pipes. [Courtesy 0/ Design News.] 
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o 50 

50,000 45 

H = Height above bottom, ft 
40 

100,000 .. -... 
~ 

50 .... 
~ 

E 
35 . ~ 

150,000 "'g 

0 

III 30 G; 
35 ...<: c ~ 

Cl V) 

>: II 30 .... 
0 200,000 u 

c 
~ 
c 

U 
1\ 

> 25 

250,000 

20 

300 ,000 

15 

350 ,000 

400 ,000 

Figure A.4 . omogram for partial volumes of spheres. [Courtesy of Design News .) 

Nomenclature: 

V= capacity, gallons 
H = height above bottom, fee t 
D = sphere diameter, feet 

The nomogram rep resents the equation: 

468 

V=7.481T(H2) (~-~) 

Example: What is the volume in a 50·foot·diameter 
sphere fi lled to a height of 15 feet? 

Solution: Aline D = 50 with H = 15 and read 
V = 106,000 gallons. 
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Figure Bo 1. Thermodynamic diagram, temperature versus entropy. 
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Figure B.l. Thermodynamic diagram, temperature versus entropy.-Continued. [Reference NBS Chart D-B.] 
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APPENDIX B-DATA ON AIR 
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Figure B.2. Thermodynamic diagram, heat content versus pressure.-Continued. [Reference NB Chart D-IJ.] 
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Figure E.l. Thermodynamic diagram , temperature versus en tropy. [Reference NBS Chart 0 - 4.] 
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