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ABSTRACT

Transfer functions describing the yaw-plane response of the Saturn V
vehicle when subjected to wind penetration during its boost phase are
developed. Tt is assumed that the vehicle is rigid in the longitudinal
direction. Bending, propellant slosh, and rigid body motions are accounted
for in the lateral direction. It is further assumed that the deformations are

small, and that the yaw-plane motion Is uncoupled from the pitch-plane
motion.

The equations of motion are obtained from the system's Lagrangian,
in conjunction with a dissipation function. These equations are then combined
with the control network equations , and the desired solution is obtained in
the complex plane by invoking the Laplace transform.

A computer program was developed, and the desired transfer functions
were evaluated for four flight configurations during the boost phase. The
results are presented. in tﬁe form of amplitude and phase angle transfer
functions; twenty-one of each, for each flight time, as functions of frequency.

A comparison between the theoretical results obtained and flight test
data is presented.
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I. INTRODUCTION

The purpose of this study is the determination of the yaw-plane
response of the Saturn V vehicle when subjected to wind penetration during
the boost phase.

- Since the véh-icle is symmetric about its longitudinal axis, i{ is
assumed that the yaw-plane and pitch~-plane motions are uncoupled. It is
also assumed, in accordance with the scope of work associated with this
project, that the vehicle is.ritjid in the longitudinal direction. It is conceivable
that adaption of the latter assumption may render erroneous results for some
flight configurations. Thrust perturbations may result in a "Pogo” type behavior
in the longitudinal direction which could subsequently douple with the lateral
response. Further investigations would be necessary to clarify this issue,
However, for the analysis presented here, the assumption of longitudinal
rigidity is maintained.

The linear ordinary differential equations describing the yaw-plane
vehicle response, are derived from the system's Lagrangian, in conjunction
with a dissipation function. The Lagrangian is obtained by allowing for bending
deformation propellant slosh, and rigid body motion in the lateral direction.
The dissipation function is an artiﬂcial function introduced to account for
structural and slosh damping. The generaliz_ed forces and moments acting on.
the vehicle are obtained from the thrust and aerodynamic loading; aséumed
"quasi-steady" in nature. Wind penetration, in the form of a sinusoidal spacial
distribution, is also accounted for. The equations of motion, and expressions

for the generalized forces and momenté , are derived in Sections II-1, and II-2,
respectively. '

Since the Saturn V vehicle contains a closed loop aﬁtopilot control
network, the equations derived in Sections II-1 and II-2 are not self-contained.
To complete the formulation, it is necessary to include the behavior of the
control network whose function is to maintain stabilized flight. The equations
describing the control network are presented in Section II-3.



~ The desired vehicle response is amplitude and phase angle transfer

_ functions relating response parameters to the wind penetration input as a
function of frequency. These transfer functions are most readily obtained,
from the equations developed in Section II, by invoking the Laplace transform.
Sectlon III is devoted to this aspect of the analysis. Additional response
parameters of interest are also presented in this section, as well as the
technique employed to ellminate the unknown phase angle assoclated with
the wind penetration input.

Solution of the system of simultaneous linear algebraic equations
presented in Section ITI, is obtained, in the complex plane, using the IBM 7094
computer in conjunction with the Stromberg-cérlson SC4020 plotter, for
four flight times during the boost phase. The flight times selected were 61,
78, 97, and 120 seconds after S-IC lift-off. The computer program employed
is not presented here. However, a flow chart describing the program is

presented in Figure 4. The sources for the input data used are presented
in Section 1V, .

The results of this analysis are presented in Figures 5a through 88b for
the four flight times of interest. There are forty-two figures associated with
each flight time; twenty—~one amplitude and twenty~one phase angle transfer
functions. Each figure contains two curves, one correspohding to maximum
slosh aamping, the other to minimum slosh damping. A discusslon of the
results obtained, and a comparison with flight test data is presented in
Section V. . »

The work presented here is es seﬁtially an outgrowth of a wind
penetration effects study presented by J. G. Papadopoulos 1) .



‘II. DERIVATION OF EQUATIONS

1. Equations of Motion

The linear ordinary differential equations describing the yaw-plane
vehicle response, are derived from the system's Lagrangian in conjunction
with a dissipation function. The vehicle is assumed rigid in the longitudinal
direction. Bending deformation, propellant slosh, and ﬁgid body motion are
accounted for in the lateral direction.

The deformed longitudinal axis of thg—a vehicle, and the cocrdinate
systems employed are shown in Figure 1. The (x, y) coordinate system is A
fixed in space with its origin located at the instantaneous vehicle c.g. prior
to the onset of yaw-plane perturbations. The (X, ¥) coordinate system is also
fixed in space, but with its origin located at the instantaneous vehicle c.g. °
in its perturbed configuration. The (X, ¥) system is obtainable from the (x, y)
system through pure translations. The (§, n) coordinate system is fixed in the
vehicle, with its origin located at the vehicle c.g., and the € - axis orientad
parallel to the undeformed longitudinal axis of the vehicle. The (§, 1) system
is obtainable from the (X, V) system through a pure rotation.

The displacement, y(x, t), of any point on the deformed vehicle axis ,
with r:aspect to the (x, y) coordinate system, is given by

vyl t) =y, *+Xxtan 8+ 1 (5, t)/cos 6 ey

and the local slope is given by

-—Y-L‘-)a‘a};t=<—g—§->tan9+—l@‘-“ axt/cos 9 (2)

where 0 denotes the rigid body rotation as indicated in Figure 1, and n(g;t)
denotes the lateral bending displacement of the vehicle measured normal to the
g - axis. '



_ Restricting the analysis to small rotations, it is justified to assume
that
sin 9= 9 and cos 8~ 1,

' Restricting the analysis to small displacements, and noting that
X=X+ X
Ceg.
and that tan 8 ~ § , for § small, equations (1) and (2) may be rewritten
in the form

y&.t) = Vo.g, T E OO+ n&.t ., (3)

and
vyEH=6(+ n' &1 ., (4)

where prime denotes differentiation with respect to the spacial argument, X.

The quantity n(}?,t) denotes the lateral bending deformation of the vehicle
axis, Which, under the assumption of linear elasticity, may be written in
the form

n
AR R NG (5)

where(cp i(;'() denotes the ith bending mode shape, and qi(t) denotes the ,
assoclated ith generalized coordinate. The o i's are known quantities; obtained as
eigenfunctions of a free vibration analysis. The qis are unknown, and are
obtained as a result of this analysis. The index n denotes the number of

modes considered.

Substituting equation (5) into equations (3) and (4) yvields

v, )=y ¥'i9(t)+

C-g.

L

o, (%) aq O | (6)

i=1



and

- n
y' (%.1) = o) +1?1 o (R)q () .+ 7

The system's Lagrangian is defined as
L = T - V;

where T denotes the total kinetic energy of the sys’c'em, and V denotes total
strain energy stored in the system during deformation.

Determination of T

The total kinetic energy, T, is composed of the kinetic energy of the dry
vehicle less engines, TM’ the kinetic energy of the sloshing propellants, T g

and the kinetic energy of the four swivel and one stationary engine, TE' Hence,

T may be written in the form,

T=TM+TS+TE (9)

with

=@rveTg) (10)
where Tls_:W and Tgt denote respectively, the kinetic energies of a swivel
and sfationary engine.

From Figure 1, and equations (6) and (7}, it is found that

1 ___o 1 - 2 _—

2 .
%—S &) [e+ Z cpi qﬂ dx . 1y
4

where p (%) and I{X) denote respectively, the mass per unit length and the mass
moment of inertia per unit length of the dry vehicle without engines. The index £
on the Integration symbol denotes Integration over the entire vehicle leng’ch

The dot over a variable denotes differentiation with respect to time.



A slosh model for the jth propellant tank is given in reference (2), and
1s presented here in Figure 2. The model consists of a slosh mass, mg , .
connected to a rigid tank through the linear spring of stiffness, ks , and
dash pot with damping coefficient Csj + and is located a distance i above
the jth propellant c.g. The nonsloshing portion of the jth propellakt is
represented by the stationary mass, mg of inertia Io. . and is located a

distance ho below the jth propellant cj.g. J
i

Equations (6) and (7), with ¥ =X%X_ (vector parallel to X - axis from
vehicle C.g. to m, ). give respectively, the displacement and rotation of
m, with respect tS the Inertial (x, y) reference frame. The displacement
of the slosh mass mSj is obtained by setting X = ES (vector parallel to ¥ - axis
from vehicle ¢.qg, to m, ) in equation (6), and adding the component of the
slosh displacement in the y direction, gsj cos § =~ §Sj. Hence, the kinetic
energy of k propellants is

+
N e
n M
2
»
+
!
D

v T oo, &)y E | (12
,i___lcpi Sy i 8

The geometry associated with a swivel engine 1is shown in Figure 3.
The angle E:— denotes the engine rotation with respect to a line parallel to the
X - axls, 'whereas, the angle B denotes the net engine rotation. The quan’city
E‘E denotes the distance (absolute value) from thé vehicle ¢c.g. to the engine
swivel point, measured parallel to the X - axis. The quantity jz,E denotes the
distance from the engine swivel point to the engine c.g. From Figure 3 and
equation (6), the displacement of the swivel engine c.g., %(t) , with respect



to the (x, y) reference frame, is found to be

n - y
YES Yo g, "% e+1§1cpi &) a; -4z b (13)
where
_ n
=8+ 9+i§1cpi(x5) q - (14)

Hence, the kinetic energy of a single swivel engine is given by

sw_1 . = . b
Tg sz[Vc.g. (kg + 4g)o -~ dp B+
n . o2
+121{°916‘—E)'%@i(§£)}q1' *
2
1 PR = Y EY |
+zIE[5+9+1§1@1(XE)qi; ‘ 19

where Mg and IE denote respectively, engine mass and inertia about its own
c.g. The kinetic energy of the stationary engine is obtainable from the kinetic
energy of a swivel engine by setting é = (J, That is

Tf?t_—.TEWl.B:O . (16)

Substituting equations (11), (12), (15) and (16) into equation (9), and
noting equation (10), yields the expression for the total kinetic energy, T, of the
system under consideration.

Determination of V

The total strain energy, V, stored in the system during deformation
may be written in the form
V=V +V, (17)



where Vb denotes the strain energy due to bending, and Vs the strain eneréy
associated with propellant slosh.

The strain energy stored in the ith bending mode, V]io, may be shown to
be '

1
V=g efuy af . (18)

where { and Uy denote respectively, the ith mode frequency and generalized
mass. Hence,

D T
1Vi>’z 121 Wiy 9 - (19)

Similarly, the strain energy stored In the k propellants is glven by
k
2 wz m g: ? (20)

where w_ and mg denote respectively, the frequency and mass of the jth

propellan{ slosh model.

Substituting equations (19) and (20) into equation (17) yields the
expression for the total straln energy stored in the system during deformation,
and hence, establishes the expression for the Lagrangian, 1., in accordance
with equation (8).

The Lagrangian, as presented, represents a purely conservative
system. In order to account for energy dissipation associated with structural
and slosh damping, an artificial dissipation function, D, is introduced in
the form

D=Db+D's ‘ (21)

where Db and Ds denote respectively, dissipation functions associated with
bending deformation and slosh motion, and may be written in the form
n

D



and

g2, (23)

where Qi and gs denote respectively, damping ratios for the ith Bending
mode and jth propellant.

If A i represents the ith generalized coordinate for the system under
conslideration, then Lagrange's equations of motion, for L and D as giveh
above, reduce to the form

s+ 2 2, (24)
LY aAi i

where Qi denotes the generalized force assoclated with the ith generalized
coordinate, Ai.

The details of the differentiations indicated in equation (24) are
presented In Appendix A. The results are presented here.

Translation Equation:

k .. ..
My, + ¥ m. E -4m, 4, p=F (25)
C.9. 41 8y 7Sy ETE b4
Rotation Equation:

k . " .
Ié’+jzlmsjszsj'§sj+4[mﬁzE(yE+ )+ 1 1B =M (26)
-Bending Equations:

.. - k e
My {qk + Qo Q) g+ wf g} j ?1 s, Pk @sj) gs.j M
~almg g {oy ) - o RPf - Ty o &) | =B @7

k

k=>1,2'0001n



Slosh Equations:

m £ +(2w ¢ E +w? E r+m, Yy +
S,Z Sf: ( Sz Sf/> SZ S,@ s } s CeToe

+m, X, 8 +mg Z cpiCX >qi—P (28)
2 £ 41 I,

£=1,2, v.o,k
where M and T denote respectively, the totél vehicle mass and inertia about
its c.g. The quantities on the right hand side of equations (25) through (28)

correspond to generalized forces and moments to be determined next.

2. Generalized Forces and Moments

The external forces and moments acting on the vehicle are thrust

forces (stationary and controlled), and aerodynamic forces (including wind
penetration). So that -

T, A
=F._ +
Fy=Fy* Ty
_ T A
M= Mg + M > (29)
T A -
= + P
Fqk Pqk Fqk

where ( )T and ( )A denote respectively, generalized forces and/or moments
due to thrust and aerodynamics. However, since there are no external forces
applied directly to the k propellants,

Fg =0, forall 2. (30)
S

Thrust Forces and Moments

The generalized thrust force in the y-direction, Fg, is equal to the
thrust component in that direction, which, for small deformations s given

10



by (see Figure 3)

meT [e+ % ' (%) ]+T [5+e+ % ' (%) ] ’(31)
v~ s y 2RV AT e et B U WA

The generalized thrust moment, M,Z. . 1s equal to the net moment of the thrust

forces about the Z—-axis (axis normal to the X - ¥ plane and eminating from the
vehicle c.g.). For small deformations

T
M—z—.m—

T [1%1 fo, Fp + 7y 0} R oy ]+

n : —
- To [12 1{°91(XE) *Xp @ ('iE)}'qi+ % 8] -

(32)
The generalized bending force due to thrust is given by
AY.
T T E
= sl = 1 z r * » oy
qu PY 5, k 2 n (33)
where F;r is given in equation (31), and from equations (13) and (14)
Y. -
.—.—.-E.. — Ty — ¥ =
A [ (%) — 4 9y (XE)] . (34)
Aerodynamic Forces and Moments
Under. the assumption of quasi~steady aerodynamics, the generalized
aerodynamic forces and moments are functions of the local angle of attack
only. That is,
ac
g £ -
Prega ((2-)e® 0ax (35)
4
ac
A_ - AN = 36
M_ = qA SCB'a>Xa(X't)dX . (36)
2

11



and"

=E g aa/cpk(x)c.(x, t) dX , (37)
£

where q, A, c o and o denote respectively, dynamic pressure, reference
area, local normal force coefficlent per unit length, and local angle of
attack.

The local angle of attack, a(x, t), is approximated, for small angles ¢
by the sum of the local slope with respect to the freestream flow, V, and
the slope effects due to transverse flow (wind penetration), V Wt _and lateral
vehicle motion, v (%, t). That is, X

r . n .
o(X, t) ~ "é’Z“"{,—‘LVW__ Yj= 9+i§1cpi(x) q +
LR . IS S
+ 5 g»VW'—,g— Yo,g. %8 +1}31 o (%) qi] . (38)

The wind penetration, V Wt is assumed to have a sinusoidal spaclal

distribution of frequency w., phas}é angle Y, and amplitude VW, (see Ref . (1.
That is,

= WX
VW_}_{_—VWsin[ 4y ] . (39)
For convenience, equation (39) will be used in the espanded form

Vo= Ve [stn ¢ cos (ME) + cos ¥ sin (‘”%) (40)

Substituting equations (38) and (40) into equations (35) through (37)
yvields the generalized aerodynamic forces and moments as follows:

12



\' 1,0
1 2
n sa B .
+qA 2 qigc)Z oy (%) d‘f—g.\f 2 qigcz o O (X)dx +
1=1 X 1=1
7 1
v _ o
+ Ga—- {coswgczlmsinC%}‘—)dfwmxygcz’acos @%‘-}di‘},
2 Z

(41)

+ A ‘“%L‘{COS ¢Sczra§sin @—%) dX + sin ¥ Scﬂ,a(i) cos(—w%?-> di},
£

“and (42)

o o

A =— - Ca » r — = . A S — — —

Fqk qA(@ 7 >Bcz'acpk(x)dx v )0 %%k (%) dx +
4 4

n n
— _ — .— JA . — —_
+qA 2 Q Sc/&,aq’i (x)c,ok (%) dx---q--—,V 2 q Scz'aqoi(x)cpk(x) dx+
4

1=1 1=1 %
+ T VW - wxX dx +
qA 7 108 ¥\Cy o Oy (x) sin (57 ) dx
A
+Sin¢gcz,a®k(§) Cos (—w—%&) d'}'c"} . (43)
£

13



where,

The equations of motion, equations (25) through (28), in conjunction
with the defining equations for the generalized forces and moments (equations
(31) through (34) and (41) through (43), constitute a set of (n+ k + 2)
simultaneous ordinary linear differential equations in (n + k + 3) unknowns,
and, is consequently, unsolvable. In order to properly specify the problem,
the swivel engine rotation, B', must be related to the vehicle deformation.
This is achieved, in the vehicle, through a closed loop autopilot control
network whose function is to maintain stabilized flight. The equations
describing this network will be considered next.

3. Contrcl Equations

The "chain of command" leading to the engine rotation B is, in reverse,
as follows:

The swivel engines undergo the rotation B as a result-of the engine
actuator imposing a control rotation B c* These rotations are related through

the actuator transfer function G G by the equation

B=GA Bc" (44)

The actuator, in tum, receives its command to impose the control rotation,
Bc’ from the control netwgrk, which, for the Saturn V, consists of an attitude
gyr_o‘with transfer function Ge and gain ao, and a rate gyro with transfc?r
Afunction Ge' and gain ayr mounted on a stabilized platform. If Bi and e
denote respectively + Indicated attitude and rate, then B is related to ei and
8 i through the control equation

B, =2,Gg 8+ 3 Gé 8 - (45)

The indicated attitude and rate appearing in equation (45) are related to the
vehicle deformation through equation (7), as follows:

14



; . n _
= =1 ¢

X=X
: 8

and

‘ (47)

D
Qr
9
*

f—

X=X

where ?c'e denotes the vectorial distance (measured parallel to the X - axis)
from the vehicle c.g. to the stabilized platform. Combiﬁing equations (45) :
(46) and (47) with equation (44), results in the necessary additional equation
relating B to the vehicle deformation, namely,

B=a, GyG [e+ 2 o (Xg) qi]

vay 30, [or 2 'z: o (®Y ] - (49)

Hence, adding equation (48) to the equations of motion presented above
results in a solvable set of (n + k + 3) equations in {n+ k + 3) unknowns.
Imposing zero initial conditions (t.e., at t =0 the motion is unperturbed)
renders the problem completeiy specified.

15



III. METHOD OF SOLUTION

Allowing for four bending modes (n = 4), and six slosh modeé k=286),
the equations of motion (equations (25) - (28)), in conjunction with equation
(48), reduce to a set of thirteen simultaneous ordinary linear differential
equations. Invoking the Laplace transform, and noting the zero initial
conditions, the equations were transformed to thirteen simultaneous linear
algelﬁraic equations containing the transform parameter S. These equations
may be presented in matrix fc;r.m by the single equation

A(S) X=B(wl ‘I’) + (49)
where the elements of the coefficlent matrix A(S), and column matricies X
and B are given in Appendix B.
Since the input (wind penetration) is harmonic of frequency w,
replacing § by (iw);i=+v -1, in equation (49), transforms it to
Al w) T =Blw, ¢) (50)

where the elements of the A matrix are as before but with S replaced by { w,
the'elements of the B matrix are unchanged, and the elements of the T matrix,
b k=1,2, .. .,13, are: ’

8 =Y. Vw
t,=0/V
ty=B8/V,, ’

e = -3 Vi k=4,5,6,7

e = Bgk-7) / Vi K=8s 9, 0., 13.

The tk's defined in equation (51) are readily obtainable from equation
(50) by a matrix inversion and multiplication sequence. The resulting
expressions are complex with magnitudes, 'I‘k =+ ]tk ]; k=1,2, ¢ve., 13.
‘Only the (+) sign is retained. However, the influence of the (~) sign should
be noted in the phase angle computation.

16



The Tk s are func’cions of the frequency, w, and the, as yet, undetermined
phase angle ¥ . That is,

T =T o, ¥ ;: k=1,2,...,13. (52)

Determination of ¥

Since the value of § is not known a priori, it will be chosen so as to
tender each Tk a maximum for all w. To accomplisnh.this, we note that 'from
‘the form of the input (B matrix), Tk must be harmonic in §. Therefore, T
may be written in the form

k

Tk ((.Ur ‘If) :Xk(UJ) sin (ﬂf'!' §k) (53)

k=1,2, .. .,13

where the Xk's are the desired maximum response amplitudes, and the @k‘s are
the desired phase angles between response and input. To obtain the Xk's and
ék's , at least two values of ’I’k (w, V) must be specified for each k. ‘In
particular, if we know the values of 'I‘k for = 0° and § = 90°, then, from
equation (53), we obtain

Xk. (m) ='\/T§ (UJ[ OO>+ T]i (m: 900)|

and - (54)
_ T (w,0 % >
? (w) = tan T, (W, 909

k=1,2, ..., 13.

J
Hence, the solution procedure is to evaluate each T (w, ¥), as given in
equation (52), for § = 0° and ¢ = 90°, and then use equation (54) to obtain
the deslired transfer functions in the form of amplitudes and phase angles.

It should be noted that since Ty 1s always taken positive, 0 < § < /2 rad.
This fact must be taken into account in the comparison with flight test data.

17



Additional Response Parameters

In addition to the thirteen response parameters specified by equation
(51), there are eight other parameters which are of interest for the Saturn V.
These additional parameters are: ‘

i=4 (i-3)

t14 = Yc.g./vw

t15 = Yc.g./vw

t1g = e/VW

ty, = &V (55)

- >

t18 Bc/Vw

tyg = &/Vy,

th0 = 8/ Ve

tyy = a/Vy )
The Laplace transform of these parameters, in the form ££[( ) ]1/£ [VWJ ;
are related to the lLaplace transform of previously defined parameters either
directly, as for example

2
207, o 1/ 20V, 1=5%
or indirectly, through a previously defined equation, as for example (see
equation (38))
s SS?@ 4
2[al/ £ [VW]=— TXt [1- 5 1%g *
%} s - ) S — ).-“l + 1 i {:w.}?a + B
+ [‘P (Xy) = ¥ Pu-q) (F) [xy+rystn |+ ].

Hence, the additional parameters defined by equation (55) may be obtained
either by returning to equation (49) and increasing its order to a system of

18



twenty-one simultaneous equations, or by first solving the system as given in
- equation (49), and then, Lising the results obtained, evaluate thé parameters

of equation (55). Employing either approach, the procedure outlined above

is followed so that the desired results (equation (54)) would consist of twenty~
one Xk's and twenty-one @k's .

19



IV. NUMERICAL INPUT

Vehicle response, in the form of amplitude and phase anglAe transfer
functions (in accordance with equation (54) . was obtained for four flight times
during the boost phase of the Saturn V. The flight times considered
are t =61, 78, 97, and 120 seconds after S~-IC lift-off. The input data
correspohding to these flight times was obtained either directly, or indirectly
(through interpolation), from references (3) through (12).

Dynamic characteristics of the vehicle (i.e., bending modes,
frequencies, etc.) were obtained from reference (3). Bending mode data
was directly avalilable for t = 78 and 120 seconds after S~IC lift-off.
However, it was necessary to interpolate between available data to obtain
bending data at t = 61 and 97 seconds. Linear interpolation was used.

Flight trajectory data (i.e., Mach number, vehicle mass, thrust,
etc., versus flight time), ‘'was obtained from references (4) and (5).

Aerodynamic data, in the form of distributions of the normal force
coefficient per unit angle of attack, was obtained from reference (6) fort = 61,
78, and 97 seconds. Fort =120 secbnds . the data presented in reference (7)
was used to generate the required distribution of the normal force coefficient
per unit angle of attack.

Damping data for vehicle bending was obtained from reference (8).
Damping data associated with propellant slosh was obtained from reference (9).
Two extremes of slosh damping were used; one set corresponding to maximum
slosh amplitudes, the other to minimum slosh amplitudes.

Data for the engine actuator transfer function was obtalned from
reference (10). Data for the attitude and rate sensor gains and transfer
functions was obtained from reference (11).

Data for the five S-IC stage F-1 engines was obtained from reference (12).

A computer program was written in FORTRAN 1V to solve the equations
developed in Section ITI. The program is not presented here. However, a
flow chart describing the program is presented in Figure 4 with accompanyihg
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definitions glven below.

Box1 -
Box 2 -

Box 3 ~
Box 4 -

Box 5 =~

Read all data.

Indicies for s'toring data corresponding
to both slosh and omega.

Starting point for omega.

Test to see If omega has exceeded /
omega maximum,

Set psi to zero the filrst time through

. and the index to one for storing data.

Box 6 -
Box 7 -
Box 8 -
Box 9 -
Box 10 -
Bc’)x_ 11 -
Box 12 ~

Box 13 -
Box 14 -

Box 15 -
Box 16 -.
Box 17 -

Box 18 -

The coefficients for the A-Matrix are
computed,

The coefficients for the B-Matrix are
computed. ’

The inverse of A is obtained and
multiplied by B to solve for X.

Eight more equations are solved using
the solution from Box 8.

The absolute value of these numbers are
stored as functions of equation and psi.

The psi index 1s checked to see if this is
the second pass through,

Set psi = 90° and the psl index to 2 and
return to Box 7.,

The final solution is computed for a given
omega. This solution includes both the
X's and §'s. -

The omega index is increased by one and
omega is increased by delta omega. A
return 1s made to Box 4.

A test is made to see If the equatlons have
been solved for two sloshes.

The slosh index 1ls set to 2, and a return is
made to Box 3.

Box 17 is used to print all data except input
data.

All plots are generated in this section of the
program. A return is made to Box 1.

21



Production runs for the four flight times of interest were performed
at the George C. ‘Marshall Space Flight Center Computing Facility using
the IBM 7094 computer and a Stromberg-Carlson SC4020 plotter. The
results of these runs (amplitude and phase angle transfer furictions) , are
presented in Figures Sa through 25b for t = 61 seconds, Figures 26a through
46b for t = 78 seconds, Figures 47a through 67b for t = 97 seconds, and
Figures 68a through 88b for t = 120 seconds after lift-off.

All phase angle transfer functions cpk's , are plotted in degrees.
The amplitude transfer functions presented in equations (51) and (55) are
in the following units:

£y tik=4,5 ...,13 ft/(ft/sec)

tg ¢ (ft/sec)/(ft/sec)
ty, (6t/sec?) /(Et/se0)
thrtas tyge fygr ty @ rad/(ft/sec)

tyge tyg ¢ (rad/sec)/(ft/sec)

tg ¢ (rad/secz)/(ft/sec)
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V. DISCUSSION OF RESULTS AND COMPARISON WITH
FLIGHT TEST DATA

The results of the theoretical study are presentéd, for four flight times
of interest (t = 61, 78, 97, and 120 seconds after S-IC lift~off), in Figures Sa
through 88b. Flight test data was obtained for the flight mechanic parameters
during a Saturn 502 flight. This data was then analyzed using a Fourier
' Frequency Program fé)r the four flight times used in the theoretical transfer
function calculations. A 10 second time slice was used, resulting in output
frequencies in increments of 0.1 cps. Since the time history track for the
wind was not available through direct measurement, flight mechanic parameters
(i.e., angle of attack, vehicle attitude, etc.) were combined with a simplified
vehicle model to generate the wind profile. Using this profile and the flight
mechanic parameters of interest, flight test transfer functions were computed.
Since the flight data was only available every 0.1 seconds, the flight test
transfer functions would not be expected to be too reliable above say 2 c¢ps.

For the purpose of presentation and comparison, flight test transfer
functions are presented from 0.1 cps to 2.0 cps, for the amplitude transfer
functions X(14), X(18), and X(20). These results are presented for each flight
time, as over-lay curves on the transparent pages preceeding Figures 18a,
22a, and 24a, for t = 61 seconds; Figures 3%9a, 43a, and 45a, for t = 78 seconds;
Figures 60a, 64a, and 66a, for t = 97 seconds; and Figures 8la, 85a, and 87a,
for t = 120 seconds. |

It is readily seen that for the flight times t = 61, 78, and 97 seconds
after S-IC lifi-off, the flight test transfer functions are reproduced fairly well
by the theoretical results. Agreement is attained both order of magnitude wise
as well as trend wise. It is expected that had a'mbre' sophisticated model been
used for the purpose of establishing the wind profile in the test results, even
greater agreement between theory and flight test would be demonstrated.

The above observations are however, not valid for the 120 second
flight time case. In this case, X(20) demonstrates the best trend wise and
order of magnitude wise comparisons. X(14) demonstrates a fair trend
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comparison, but poor order of magnitude comparison. X(18) demonstrates
poor trend as well as poor order of magnitude comparisons.

Based on these comparisons it seems reasonable to assume that
in the neighborhood of 120 seconds after lift-off, a physical phenomenon
occurs (such as the "Pogo" type behavior discussed in the Introduction)
which did not manifest itself previously. Should this be the case, there
are several possibilities: A

1. The phenomenon is such that it does not effect the theory
significantly. However, it does effect the instrument
readings, and consequently, the flight test results.

2. The phenomenon is such that it does not effect the instrument
readings, and consequently, the flight test transfer functions
are fairly accurate.

3. The phenomenon is such that it renders both the theory and
instrument readings invalid.

Should the first possibility be the case, then the instrumentation would have
to be re~examined, while the theory could be relied upon. Should the second
possibility be the case, then the theory would have to be modified to account
for the physics of the situation. Should the thirdv, and most likely, possibility
be the case then both theory and instrumentation would have to be re-examined
and modified. In any event, the results presented for the 120 second case
should be viewed with caution. Any final conclusions about this case should
only be drawn after sufficient additional studies have been made.
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APPENDIX A

The details of the differentiations indicated in equation (24) are
presented here.

From equations (9) and (10)

The quantities,

.

. 4 _.___B..T.‘.__>
Determination of gt (ayc.g. R

From equation (11), obtain

QT ' : n
d M .e o .e
A N v +8S..8+ 2 a, g (a-1)
dat ayc’g) VIRCH- NS VA s ‘
where,
my = gp(x) d=x
L
SME S p(X) ¥ dX
£
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From equa’cion (12), obtain

dt(a >=Em +m y' +]§<36n32+m3? é'-f-
SCH-RAE L I T A L e I R

kK n
+ I m £+ 2 T |m oo (% )+
J=1 % % wlhl[%%<%>

S RCAL! (a-2)

From equation (15), ob’caih

dt<aYE> mEch. <XE+£‘E .9'+
- ’B.“L ]:CPl\XE> Iy 9 X E>_]qu (a-3)

and, consequently,

a 2T -
dt(ﬁ .g) a'E(ag,C.g/él.zo (a-4)

Summing equations (A-1) through (A-3), and four times equation (A-4),
we obtain,’

gt Goro) = [yt smg 2 @ m) 1o,

+ [SM+1?1 (m x j+ m j'}'{'sj>— Smp, <§E+I’E>] o+
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2 my T8, - [am 5]5
+§3[1 im %(X)*msj‘?i@_sj)}*

+ Smp {Qpi @E} g o) (% >} (A-5)

The coefficient of y c.q. is the total vehicle mass, M. The coefficient
of §1is identically zero since it is the static moment about the origin of the
coordinate system; which was taken at the vehicle c.g. The coefficiént of q1
is also identically zero since linear momentum is conserved during a free

vibration (see reference (13)). Hence, equation (A~5) reduces to
___d__ aT _;\ — ki » _ s _
dt <ay J Myc.g. - 12 1 msj gsj 4mE tg B (A~6)

4 _B.I.>.
Determination of dt\38./°

From equation (11), obtain

dt(Be Syt Yo.g. [IM+SI(§)d§] v o+
2

+ % Lb+ SI(X) cpi(x) dx_"i (r-7)

where,



From equation (12), obtain

d /aTS k - .e
'&'Ekaé)“ }9 m, X, ¥ Xs.,yc.g. +
i=1 i 7 i 73

k
+ 2 rm §g +m X +1 g +

k n
+ 2 Dl oG Vem % oo (7 )+
j=11=1“0jm1<°jj oy ojq)i\oj/
tm 3‘— q’i \X )Jq (2-8)

From equation (15), obtain

7%( : >——rm (X +ZE>] ch.+

* [IE+ Mg <§E+ zE>z:‘l 6+

# g rmy iy Gt s) 18

+ %1 [IE P <EE> - mp C}E’E + ”E) {¢1<§E> = g oy C—}EE) }] q
(a-9)
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and note that equation (A—4) hblds with 3'7 c.9 replaced by b.

Summing the above, we note that tbe coefficients of y c.q and -
Efi are identically zero. The former is zero due to the choice of the coordinate
system, the latter is zero since angular momentum is conserved during a free

vibration (see reference (13) ). The coefficient of § is the total vehicle inertia, -

1. Hence,
——d——C—-@—T:—\:= 16 + ]‘Z“, m. ¥ E. +
dt N3e/ j=1 83 S5 78
- (:__ e ~
+ a1+ my 0 (Fy + o) |8 (a-10)

Determination of 'a"{-" (aqiD

In a similar manner, it was found that

k
d_ (3T o coNw
dt aql> ui i= 1 mSj cpi @Sj/ gS

L4

* 4[13 CPi@E)’ - mg ZE{Cpi<§B>—LECPi<§E>} IR

In this derivation, -’che coefficients of §rc g and é. were identically
zero by the conservation of linear and angular momentum respectively. The
coefficient of q1 was found to be equal to the generalized mass associated with

the ith bending mode, By -
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A d 3T N\
Determination of TF ( 3¢ ")

From equations (11) and (15), it is readily seen that

3Ty dTg"
—peid, I - ="
agsi . a'S'si
and, consequently,
St
k-
ag *
St
Hence,
oT
d 9T _ Y d s . —- %
—— s = —— - =m Y +m X g +
dt<8§Si / dt(égsi > sy “C.9g. 8¢ 84
+m ?“5'*' + m X (A-12)
Sy 784 8y j‘- 1 j( > .
From equation (17)
V= Vb+ Vs

and from equations (19) and (20) it is seen that the only nonzero derlvatives
are:

oV _ 3
q Hy @y Gy
and (A~13)
a3V 2
=m_ w. £ .
agsi Sy sy 78y

Similarly, for the dissipation function, D, defined in equation (2 1),
it is found that the only nonzero derivatives are:
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and _ (r-14)

Combining the equations presented above in accordance with equation

(24) , results in the expressions givenon the left hand sides of equations (25)
through (28).
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APPENDIX B

The elements, ai], of the A matrlx appearing in equation (49) are as

follows:
: - 2, GAS —-]
a1y [MS + v Sczladx
_ ] — =_8 = g }
3y = {<Ts+Tc>+qA[S°z,adx vgcz,a’{dx]
2 2
- _I 2
33 L4mE g S +Tc:l
= 3 el - 1 paynd opre
3k {<T8+Tc> D(k-3) (XE> +qA[S°z,a Pl-3) (¥) dx +
2
_ S =Y 4% . = :
S Sczlacp(k_s)(x) dx]} . k=4,5,6,7
1
a = m 82 ;1 ' k=28,9, +.., 13
].k S(k_7) r 4 f 4 !’
_ GAS S o
a21 v Cz,ade
1
- 2 .5 %X dX% S %2 4% |
399 {IS -qA[SCz,ax X-y Scz,ax dXJ}
2 2

a3 = 1457 [“‘E L <§E+ te) + IE] * TCR-E}

(CRED [N CH PSSO

(k-3)

i
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ey “ e 1 ‘—- — S o ——
—qA[ Sc!"axcp(k_?)) (X)) dx - v gcztaxcp(k_g)('f)dx]};
p A

k=4,5,6,7

a = m b
2k S (k“?) S (k"‘7)

ag, = 0

33y = ‘GA{aoGe+31Gés}

A3 = +1

3 T 332 P(k-3) ®e): x=4,5,6.7
dg = 0 ;‘ k=8

The englne actuator transfer function, G A is given in reference (10),
in the form

i, < i
A S / 2 B, S
0 1=0

GA=

0

i

where the Ai’s and Bi's are constants for a given flight time. The transfer
functions, C—‘:e and G X for the control network, are given in reference (11),
in the form

3 i1, 4 i
Gy = z A S / % B, S
i=0 i=0
and
6 i, 8 i
Gg = 2 AiS/E B, 8
i=0 i=0



where the Ai‘s and Bi's are constant for a given flight time.

_ 9As -
31 v S%,a Pe-3) (¥) dx
j 2 .-

8oy T T { (Ts * Tc> [@(k—s) @:E) ) 353)] *
+—C{-A{gcz’acp(k_3) (%) dse-% Scz’aszfpﬂ{_?)) (%) a% | } .
1 2
oy = -4 {mg g [@(k—3) G - % (. ~3) &) -1 m'(k-Sj (§B> ]s

*Tg [‘P(k-s) <§E> ~ g Pf-3) @EE) J .

By T {“(k'-s) [Sz+ 2<w(k—3) Q(k—3)> S+ Wk-3) ] o +
- @s ¥ Tc> [Cp(k—3) C’ZE) = Lg 9k-3) <§E> ] P(j-3) <§E> *

- qA [ gcz,a P (xk~3) (%) m(‘j_3) (x) dx +
Z

+3 0 ey,0 P (0 vy (€)% 1} 1=4,5.6.7
2

2
By Pk ~3) (3530_7))3 ; 18,9, ...,13

m
S(3-7)
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where,

61={1 i forj=k
k 0 ; forj #k

and k takes on the values 4, 5, 6, and 7.

I = 8

a = X 2

i2 S(i"7)

a13 = 0

a = Op_ (X S® ; k=4,5,6,7

ik k-3) \Fs (1—7)> '

ay = !-SQ-PZ W, Cs >S+w§ 5];;k=8,9,...,13
- Sk-7) C&k-7) (k-7)

where a]f is the Kronecker delta defined above, and 1 takes on the values
8[ 91 * * e 13.

The elements, bi’ of the B matrix appearing in equation (49) are:

—

I 2

b2 = %‘—A—{cos ] Scz’_a'isin—(’gvzd’iﬂl& sinwgczta'icos%x—d'i}
£ L

b3 = 0
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The elements, x

X1

)

]

Vv
4

+ sin ¥

=y

Ofork =8

©4,0 Pk-3)

\Y%

Ga oy o BE g .
{cos ¥ C!”acp(k__s) (x) sin dx

(X) cos -@-{;—{* dx

}

: k=4,5,6,7

il

i
2lve.q.1/ 2 V0]

2[e]/ 2 [v,]

(8172 V]

. , .
v 1, 1=
2oy )/ 2[v] i 14567

eley, 172 [w]
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