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An Algorithm for the Minimum Weight Design

of the General Truss

by
Milton James Schrader

ABSTRACT

An algeorithm is presented for the minimum weight design of
a three dimensioral, linear truss. The truss has an arbitrary
number of nodes, members, and imposed load conditions. The
members are assumed to be tubular and are described by the mean
diameter and wall thickness. The truss is subjected to con-
straints on the nodal displacements, member stresses, and member
sizes. More specifically, the stresses are limited by the yield
strength of the material and the crippling and Euler buckling
stress; the member sizes are limited by maximum values on the
diameters and thicknesses, the upper and lower ratio of the dia-
meter to thickness, and the fact that the diameters and thick-
nesses must remain positive. Also, the ability to link the
various design variables is included.

The method, based on the integrated approach to synthesis
and analysis, places an upper constraint on the design weight
and transforms the original problem into a residual minimization
subject to the original constraints plus the weight constraint.

This new problem, cast into the form of an unconstrained

ii



minimization problem by using the Fiacco-McCormick technique,
is solved for a series of decreasing values of the weight con-
straint until a near optimum design is reached.

Results for several examples were obtained. These results
were compared with the results from other methods whenever pos-

sible to demonstrate the effectiveness of the algorithm.
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LIST OF SYMBOLS

Symbol Description

Ai area of the ith member

CN conditioning number

CZ1 a nondimensionalizing factor

D an n by n nonsingular matrix used for

scaling transformations

D; a preassigned constant for the ith
member

DDj a set of integers

d; diameter of the ith member

dmax maximum allowable diameter

E Young's modulus

9; the jth constraint

Kd’Kuz nondimensionalizing factors

Kij element of the master stiffness matrix

Nivb element of the local stiffness matrix for

the ith member



Symbo1l Description

KT total number of loading conditiens

k, crippling constant

Li length of the ith  member

M total number of truss members

N total number of degrees of freedom per
loading

Ndv’Ntv number of diameter and thickness variables

NN total number of nodes of the truss

nc total number of constraints

P Toad vector(s)

ij load on the jth degree of freedom for

the kth 1oad condition

PTi a set of integers

R the sum of the squares of the residual;
also referred to as the residual

rjk residual of the jth degree of freedom
for the kth 1load condition; sometimes

called the residuals

rosr lower and upper 1imit of the diameter to

thickness ratios
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Symbols Description

SRij a set of integers

T a preassigned constant for the ith
member

TTi a set of integers

t, thickness of the ith member

tmax maximum allowable thickness

i displacement vector(s)

UUi a set of integers

Ui displacement of the jth degree of

freedom for the kth 1load condition

u]ow’“up Tower and upper limits on the displace-
ments

W weight of the truss

No value of the weight constraint; also
called the goal weight

X vector of synthesis variables

X* the minimum of a function

a the jth diameter parameter

5 the jth thickness parameter
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Symbol

Description

the direction cosine of the ith member

Tic
with respect to the ¢ axis

ey tolerance on the residuals

/i . .

”(3) a function defined to have a value of 1
or 0; it is 1 only if i equals j

Amax* Mmin maximum and minimum eigenvaliues

v the multipiier for the Fiacco McCormick
formulation

P unit weight of the material

% Euler buckling stress

9 crippling stress

% stress in the ith member for the kth
load condition

9y Oyt the compressive and tensile yield stresses

¢ the integrated analysis synthesis function
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CHAPTER I
INTRODUCTION

One aspect of structural design which has received considerable
interest and study in recent years is the approach known as the
structural synthesis process. This activity might be described as
a rational process directed toward producing a design which is
better than any other allowable design in achieving some quality
and which satisfies a set of requirements or specifications. Typi-
cal of such qualities are the weight and cost of the structure being
designed.

In the field of structural synthesis, the structural system
which probably has been studied the most is the truss. A truss will
be defined as a structure composed of bars which are hinged to-
gether at their ends to form a stable, rigid framework. The usual

assumptions will be made considering the system:l

1. The nodes where the members are joined together are

frictionless pin joints.
2. Loads and reactions are applied at the nodes.

3. The members are subjected only to axial ferces (e.g. no

bending moments are considered to occur).

1Char]es Head Norris and John Benson Wilbur, Elementary Struc-
tural Analysis, Second Edition{New York: McGraw-Hill Book Company,

1960), p. 115,




Furthermore, consideration will only be extended to the linear
truss. This requires that nodal displacements are small enough
that the change in geometry has no significant effect on the
anatlysis.

Since it would appear that the truss is a popular system
with which to develop and study methods of structural synthesis,
some of the reasons for its popularity should be listed. Among

1
these the following might he included:

1. It is possible to encounter a large number of de-
grees of freedom which is a characteristic of many

interesting structural systems.
2. Methods of analysis are well developed.

3. There is a large choice of possible behavior re-

quirements of varying complexity.

The following is a description of research into the further
development of structural synthesis of the truss. In particular,
it is a development within the framework of the integrated a-
pproach to engineering design as formulated by R. L. Fox and
L. A. Schmit (see Referrnce 1).

The specific problem is to minimize the weight of a general

space truss which is composed of M tubular members, joined at

'Richard L. Fox, "An Inteagrated Approach to Engineering
Synthes”s and Analysis", (Ph.D. Thesis, Engineering Division,
Case Institute of Technology, 1965), p. 22.



NN nodes with N total nodal degrees of freedom or displacements
for each load condition, and subjected to KT Tload conditions or
configurations. The ith truss member will be described by two
dimensions, namely the mean diameter di and wall thickness ti .
The Tocation of the jth node is given by a set of coordinates
(X35 ¥55 25).

The analysis of the truss, that is, the prediction of the dis-
placements and the stresses within the truss due to the sets of
applied loads, will be accomplished by the displacement method. In

general, this method can be written in the matrix form
- \
[kij]U =P (1.1)

for each load condition. The matrix [kij] is called the stiff-
ness matrix and is computed from the geometry of the truss, the
Young's modulus and cross sectional design of the members. The
element kij is the force at the ith degree of freedom due to
a unit displacement at the jth degree of freedom with all other
possible displacements held at zero.

As an illustration of the formulation, the displacement equa-
tions for the three bar truss subjected to the two loading con-

ditions shown in Figure 1 are

AE EA EA
_]'__U + __i_—.?:. U = P
L1 1X 2Ll 2L3 ly 1X

EA EA AE AE AE
L__3)y o+ =+ 224 31y - p
2L 2L 1X 2Ll L2 2L3 1y 1y




A E EA EA
LU +_..L-.-—3_U :P
L1 2X 2L1 2L3 2y 2X
2L1 2L3 2X 2L L 2L 2y 2y (1.2)

where '

A. is the area of member i
E is the Young's modulus
L. is the length of member i

ij is the Jjth component of the kth 1load

Unfortunately, most sets of displacement equations are not as sim-
ple to solve as the one presented above.

It has been mentioned that the final design of the truss must
satisfy certain requirements or specifications. First, maintenance
of structural intagrity is an important requirement. To maintain
structural integrity may mean that the stresses within each member
be bounded by certain upper and lower limits. The material's ten-
sile and compressive yield strengths might provide two possible
limits of this type. Other limits on the stress such as the crip-
pling stress and Euler's buckling stress could be dependent on the
member's cross sectional dimensions. Second, limits are often pre-
scribed for the displacement of the nodes. Occasionally, the
function of the truss will require that limits on the displace-

ments be specified. Also, the consideration of a linear truss




necessitates some restrictive values for the displacements. A third

set of requirements may be derived from items which are not asso-

ciated with the stresses and displacements of the truss.

These are

usually due to practical factors. For example, the ability of the

production process may place a Tower limit on the size to which the

wall thickness can be made.

The set of conditions or constraints which will be considered

here are the fellowing:

1. A1l diameters di and thicknesses ti will be less than

the specified maximum values d and tmax

max
pectively.

res-

2. The diameters and thicknesses are strictly positive.

3. The ratios of member diameter to thickness di/ti

should remain between the given upper and lower limits

r .
u and r

4. The displacements are to be within the upper and lower

Timits uup and U ow respectively.

5. The member stresses are less than the material tensile

yield stress and larger algebraically than the greatest

of the material compressive yield stress, the Euler

buckling stress, and the crippling stress.

These conditions represent some of the most common constraints

placed on the design of a structure of this type.



Another requirement which will be imposed is that some of the
design variables may be preassigned to have a constant value
throughout the synthesis procedure. This would allow the thickness
or diameter or both to be given prescribed values from the start of
the design.

Furthermore, an additional requirement will be that the design
of some members is made to depend directly on the design of another
member by a constant ratio. This feature is called design variable
linking. Linking provides the ability to require that some members
of the truss be made the same and is a design practice which is
often used to reduce the time or cost of fabricating the structural
members and erecting the structure.

For the case of the three bar truss shown in Figure 1, the
following constraints and conditions will be imposed as an example

of the above discussion:
1. The stress in the ith member satisfy

Oyt ™ 95 > max(oyc,ob,oc) (1.3)

yt

where

o, 1s the Euler buckling stress given by

b

7 2 ?
w E.(d, + t.)
I e B (1.4)

2
BLi

()b

9 is the local buckling or crippling stress

given by




g_ = ———?r——- (].5)

If oyt and ch are 20 ksi and -15 ksi respectively,

then, the constraints can be written as

20000 - oy > 0 i=1,2,3
o5 * 15000 > O i=1,2,3

2 2 2
B (ds + t%)
0 + —— 5 0 i=1,2,3

> 0 i=1,2,3

. The jth degree of freedom under the k-th load is limited

by

uup > ujk > Ulow (1.6)
If Yo and U, are *1.0, the constraints would
appear as

u, +1.0 > 0 j

ik X,y . k=12

1.0 - ujk > 0 j=Xxy , k=1,2

. A11 the thicknesses will have a value of 1/4n inches.

. The diameters of members 1 and 3 be linked so that

dl ) d3




5. The diameters are to be no larger than 10 inches and

must be positive or

10 - ;g » 0, i=1,2,3 (1.7)

(=1
v
o

-
-
"

1,2,3 (1.8)

6. The diameters will be no smaller than the thickness or

d;
N -1.0 > O (1.9)
;

Perhaps at this point it should be emphasized that comparison
of designs which satisfy the constraints is based upon the weight
of the structuyre. The selection of weight as a criteria for com-
parison is common. Often the cost of the structure is assumed to
be greatly dependent on the weight of the material used. This
assumption appears to be an adequale way of simplifying a cost
optimization prublem in some cases. For application in aircraft
and missiles, it is considered important to reduce the weight of
the structural fi .mework far the craft to achieve higher perfor-
mances. Thus, for twc designs which satisfy the constraints, the
better design will be the one with the lower weight. For the case

of the three bar truss of Figure 1, the weight is computed by
W= 7.50(2.828 d1 + dz) (1.10)

A number of methods for solving the minimum weight truss pro-

blem have been pres:nted. Bibliographies listed in Reference 5
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published in 1958, Reference 6 published in 1963, and Reference 7
published in 1965 give an extensive survey of the work in the
general field of structural optimization which includes the truss
problem. Many methods are not applicable for the general truss with
the constraints considered in this paper. Some solutions fail to

consider all of the constraints such as displacement limitations,

. others are valid for only statically determinate trusses, and a

number handle only a single load condition.

For statically determinate trusses which are stress limited,
the approach by F. R. Shanley, Reference 2, is quite useful. In
this solution, the analysis of the truss is madz and the member
forces are determined. These forces are independent of the cross
secticnal areas of the members. The proportioning of each member
is carried ocut for the critical force in tine member so that the
member does not fail due to violations of the stress constraints.
If the stress constraints consider only the material strength of
the material, the design simply needs to supply the member's cross
sectional area. If the crippling and Euler buckling failure modes
are also taken into account, then the member's cross sectional di-
mensions must be specified since the stress limits and dimensions
are related. The basic probiems associated with this solution are
that it is effective only for statically determinate structures and
it fails to account for constraints other than those of stress.

Another class of approaches called the method of alternate

steps has received much study. In this approach, the initial
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design satisfies all the conditions imposed on the truss and has a
weight which is greater than the optimum weight of the truss. The
weight is then reduced along the gradient of the weight function.
This is called the path of steepest descent and is orthogonal to
surfaces of equal weight. This reduction is carried out until a
constraint is reached to within some tolerance & . Then a re-
design, called a side step, is made on the constant weight surface
in an effort to move away from the constraints. After the side
step has been completed, another move along a path of steepest
descent is taken until a constraint is reached once again. This
cycle of steepest descent and side step is repeated until the
minimum weight design is reached.

One method of alternate steps was presented by R. A. Gellatly,
R. H. Gallagher, and W. A. Luberacki (see Reference 3). The size
and direction of the side step is determined by the curvature of
the constraints in the vicinity of the design. Another variation
of the method, presented by L. A. Schmit and R. H. Mallett in
Reference 4 is particularly suited to problems in wnhich the weight
surfaces are nonlinear. When a constraint is bhroken in the path
of steepest descent and the last acceptable design is not too close
to the constraints, then a steepest descent path is initiated from
the last acceptable design.

It is worth noting that in moving along the path of steepest
descent and in locating a suitable side step, numerous designs must

be analyzed in order to check the displacement and stress

T T o e e K AP TR T e
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constraints. While for small systems this presents little worry,
it is very time consuming for the case of a system with many de-
grees of freedom.

Another method is that of the integrated approach to en-
gineering synthesis and analysis presented by R. L. Fox and
L. A. Schmit, References 1 and 8. Simultaneous evolution of a
design and its analysis is the basic aim of the approach. For the
truss problem, the formulation requires a goal or drawdown weight

No which is made an upper limit of a weight constraint written as

wo -W>0 (1.11)

A penalty function is then formed. It is a measure of how greatly
the constraints are viclated. A residual is also created to
evaluate the degree to which the analysis is not satisfied. Fin-
ally, another function is constructed from the combination of the
penalty function and the residual. By minimizing this new
function, an analyzed design can be found if the goal weight is
not lower than the optimum weight. As analyzed designs are found,
the goal weight is reduced until it is impossible to find an an-
alyzed design by the minimization. When this happens, the last
design is accepted as an approximation to the optimum. Develop-
ment of the work presented in this paper was made within the

philosophy of the integrated synthesis approach.

e o S ol ISR, | AR N




CHAPTER I1I
MATHEMATICAL PROGRAMMING FORMULATION OF STRUCTURAL SYNTHESIS

For the purpose of this paper, structural synthesis will be
defined as a rational design procedure of a structural system
that, according to a definite objective, produces a design which
efficiently fulfills a set of specifie:l functions. Some of the
characteristics of the methods of structural synthesis are: the
absence of a priori assumptions of the failure modes for various
load conditions; absence of before hand knowledge about the cri-
tical load condition for a given member; and the idea of designing
the structure as an integral unit and not as a group of individual
subsystems.

For the general truss as with many other structural forms,
structural synthesis consists of three elements. These components
are the analysis of the behavior of the design, a set of con-
straints, and finally, an objective or merit function which is
the basis of comparison between different designs. When the
elements are related in an algebraic manner, the synthesis may be
considered as a mathematical programming problem which has an ob-
Jjective function and constraints on the behavior and design
variables.

The prediction of the behavior of the structure has two main
parts. They are the selection of the method of analysis and the

specification of the loading conditions applied to the structure.

12
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For the truss, several methods of analysis have been developed.
The displacement, force, and force-displacement methods exemplify
the variety of approaches available. Factors which have a bearing
on the selection of the appropriate method include the numerical
stability of the various approaches, the computer storage space
required by the different methods, and the accuracy needed for
the solution.

Once the selection of the method of analysis has been made,
attention can be turned to the loading conditions which will be
considered in the analysis. Specification of the l19ading condi-
tions are commonly given in a deterministic manner. That is, the
oroblem is usually stated so that a discrete set of loading con-
ditions are applied to the structure to represent all of the po-
tentially critical loadings which the structure will ever en-
counter. This is different from reality where loads may be
changing continuously and where the magnitude of the loads have
some statistical distribution.

Great care must be used in selecting the design constraints.
Certainly some restrictions are obvious, however, many structural
failures are due to those constraints which managed to escape the
engineer's attention.

Generally constraints may be divided into two groups. The

first group may be called the behavior ccnstraints which are those

restrictions that must be imposed to maintain satisfactory be-

havior of the structure under the applied loads. An example of

e LT e
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such constraints is the requirement that the truss member stresses
be within the stress 1limits provided by the material's strength.
Of course, assuring that the behavior constraints are satisfied
requires that an analysis of the structure be carried out.

The second group of restrictions may be called the side
constraints. These constraints include requirements on the size
or proportioning of the design variables due to reasons not ex-
plicitly related to the behavior requirements. That the diameters
of the truss members be Timited to some maximum value may serve
as an example. The motivation for such a constraint might be the
desire to guarantee a sufficiently large length to diameter ratio
to insure some architectural effect. The constraint given in the

example is called an inequality constraint and can be written as

either

d > d, (2.1a)

or

d . -d, >0 (2.1b)

Linking of the design variables may also be considered a side con-

straint. This might appear as an equality constraint. That is.

member i of a truss could be made to have the same diameter as

member j. This would be written as
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buch a requirenent is probably due to some external reason such as
the cost or ease of construction.

[t should be noted that constraints may be ejther linear or
nonlinear. An example of a linear constraint is the requirement
that the diameter of a truss member be less than some maximum
value. An example of a nonlinear constraint is that the Euler

buckling stress be less than the stress in the member or
o -0 > 0
where, for a tubulur member,

_ anfdz + tzz

(o}
b 8L2

o 1is the stress in the member.

Generally, it is harder to work with the nonlinear constraints and,
unfortunately, nonlinear constraints seem to occur more often than
linear constraints in real structural problems.

The objective function is the basis of distinction between
different designs which satisfy the constraints. Common ones in-
clude the weight or cost of the structure. Other possible objec-
tive functions are aerodynamic performance or heat transfer rate.

The importance of the selection of the loading system and
constraints should be emphasized. The omitting of a critical
Toad condition or neglecting an important failure mode is the

usual cause of structural failures. No matter how efficient the

i
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synthesis procedure is, if an active load condition is not recog-
nized, or if a significant failure mode is overlooked, the final
design is apt to have unsatisfactory behavior if not collapse.

Once the analysis, constraints, and objective function have
been specified, the formulation of structural synthesis as a
mathematical programming problem may te accomplished.

Basic to the formulation is a set of quantities which are
allowed to vary throughout the synthesis. These quantities are

called design variables. Those quantities which do not vary and

are given values at the initiation of the process are called

preassigned parameters. When each of the design variables are

assigned an axis in an n-dimensional Cartesian space, the space

will be known as a design variable space and a given set of values

of the design variables are represented by a point in that space.
In the design variable space, all points at which there is
incipient failure to satisfy a particular requirement form a

constraint surface. If the design is slightly on one side of

this surface, the design fails to satisfy that particular con-
straint, while if siightly on the other side of the surface, the
design does satisfy that constraint. If the constraint surface

is determined by behavioral constraints, then the surface is called

a behavior constraint surface. Otherwise, it may be said to be a

side constraint surface. In structural problems there is a be-

havior constraint surface for each load condition for a particular

failure mode. If there are more than one requirement on the design,
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which is trne most common case, then the collection of all con-

straint surfaces is called the composite constraint surface.

Designs which are within the composite constraint surface,
that is, designs that fulfill all the requirements, are deemed

acceptable designs. If even one constraint is not satisfied by a

design, it is called an unacceptable design. A design which is

on the constraint surface (or at least within a region « from
the surface) is called a bound point and the surface is considered

to be an active constraint., If a point is rnot a bound point, then

it is a free point.
With the above description, the general truss problem pre-

sented in Chapter I may be stated as follows:

Given: preassigned parameters, the loading system with
one or more distinct Toad conditions, and behavior

and side constraints;

Find: the set of design variables subject to the side
and behavior constraints such that the weight W

is given a minimum value.

As an example of some of the terms mentioned in the previous
discussion, the design space of the three bar truss piroblem dis-
cussed in Chapter I will be described. In Figure 2, the coordinate
axes are labeled for the member diameters dl and d, . Note

that the area of member i is given by




l

Ai = ﬂtidi (2.3)
Since the presentation of the example in Chapter I required

ti = 1/4n

then

Ai = di/4 (2.4)

Curves 1, 2, and 3 correspond to the compressive and tensile

stress constraints. In particular, Curve 1 is associated with

o, (dwd ) =0 (d),d ) = 15000 (2.5a)
Curve 2 is associated with
‘:(dl,dy) = o?](dl,d?) = 2000 (2.5b)
and Curve 3 is associated with
w,(dhd)) =0 (d ,d) = 20000 (2.5c)

where
"k indicates the stress in the jth member for the
kth 1oad condition.
There is an additional constraint that the diameters of the menbers

must be positive. This makes the dl and d, axes constraints

also. The requirement that the diameters are positive is a side

oL ma o SR A R T T A a..::.“*ﬁ
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constraint; the demands placed on the stresses are behavior con-
straints. A1l of the constraints form the composite constraint
surface. The various points A, B, C, D, and E of Figure 2 can be

described in the following manner:

A - free, acceptable

B - free, unacceptable
C - bound, acceptable

D - bound, unacceptable
E - optimum design

Curve 4 represents a weight contour. Specifically, it is a
line of designs which all weigh 150 pounds if . 1is equal to
unity. Curve 5 is another weight contour for designs weighing
100 pounds. Indeed, any line parallel tov Curves 4 or 5 will be a
weight contour. The weight for this problem is an example of a

linear objective function and can be expressed in the form
W= ) k.D. (2.6)

where

0. is the diameter of the member i

k. 15 a constant.

The assertion that nonlinear constraints are more diffi-

cult to work with than linear constraints has been made. For the




problem with linear constraints, one method of solution is to move
from one intersection of constraints to anothar in such a way so
as to reduce the objective function. Since, for linear objective
functions, an ontinum is at one of these intersections, the
approach will converge to the solution. Ffor problems with non-
Tinear constraints, movement from intersection to intersection

is quite difficult. Furthermore, there is no guarantee that the
solution is at an intersection.

Due to the difficulties with the nonlinear constraints,
various approaches f~r optimization such as the method of 4lter-
nate steps have heen developed. Regrettably, the use of these
approaches necessitates numerous analyses Gi the designc along
the synthesis path. To avoid this, the intecrated approach to
synthesis and analysis was developed. The formulation of a
method within the philosophy of the integrated approach is pre-

sented in the next chapter.




CHAPTER III

FORMULATION OF THE SOLUTION

The problem of ontimizing the weight of a general truss has
been presented in Chapter I with a description of the constraints
and the method for analysis. To illustrate the different aspects
of the proposed syrthesis, an example of a three bar truss with
various constraints was given. A more concise statement of the

problem is

Given: preassigned parameters, the loading system with
one or more distinct load conditions, and be-
havior and side constraints;

Find: the set of design variables subject to the side
and behavior constraints such that the weight W

is given a minimum value.

Some of the difficiities associated with the many approaches
to tne problem were mentioned in the previous chapters. For those
approaches which are able to handle a variety of load conditions
and cocnstraints, the solutions require numerous analyses. This
difficulty is emphasized whenever the system has a large number of
degrees of freedon. In an effort to avoid this problem, the in-
tegrated approach to synthesis attempts to perform the design and
analysis simultaneously. Thus, the synthesis variables include
both the behavior and member design variables. The behavior

variables consist of the displacements of the nodes, stresses

21
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within the members, or some other set of quantities which can fully

descrite the behavior of the structure under all the loading con-
ditions. The member design variables are those parameters which
specify the cross sectional dimensions of the truss members.
Attention should be drawn tc the fact that the number of behavior

variables is dependent on the mcthod of analysis.

A. Formulation of Method

Since the integrated approach attempis to evoive designs and
their analyses concurrently, it would seem desirable that the new
design have a weight which is less than the weight of the pre-
vioucly analyzed designs. One method to accomplish ihis is pre-
sented in the development of the integrated approach by R. L. Fox
in Reference 1. The methoa is to select a goal weight w0 which

is made the upper 1imit of a constraint on the weight written as

g =W -W=>0 (3.1)

Once this is done, the weight is treated as any other constrained
parameter and any analyzed design which satisfies all the con-
straints will be at most equal to the coal weight. If the goal
weight is selected so that it is progressively reduced, then the
weights of the designs will be successively smaller.

Atter the weight constraint has been imposed, the primary
consideration is the development of a method to analyze a design

and a procedure to keep within the constraints. These involve
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the construction of a measure of the degree to which the analysis
is satisfied and selection of a standard mathematical programming
technique.

The displacement method of analysis given by Equation (1.1)

can be written as

fi(ilﬁ) =0 , i=1,2,...,n (3.2)

where x is a unique behavior for the design variables D .
Since such a form does exist, then one method of finding the

solution ij for a given design D; is

1. Define a function called the residual as

Ho~133

i

R() = ) LG0T (3.3)

2. Find x such that

R(x) - MIN =0

The minimization of R(x) can be accomplished by using one of the
minimization schemes developed for an unconstrained function. Two
possible schemes, the Fletcher-Powell and the Fletcher-Reeves meth-
ods, will be described in another chapter.

In the synthesis process, both the behavior variables x

and the design variables D are allowed to vary at the same time.

If
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then the problem of finding X such that R(X) is reduced
to zero has no unique solution. For the displacement method of

analysis, the residual is defined as

. KT N
RO ) L ry (3.4)
k=1 i1
where
[r'lk] = [K]J][qu] - [P'H(J (3-5)

The element ik will be called the residual of the ith degree
of freedom for the kth 1oad condition or simply a residual. If
there is possible confusion due to the common usage of the word
"residual”, the meaning will be made clear by writing the appro-
priate symbol for the quantity in question.

Another consideration is the criteria for which the equations
of analysis will be considered satisfied. One possible criterion

can be written as

This requirement is not particularly adequate since it does not

provide control over the individual residuals That is, if

ik
all the residuals are zero except for one, say the pqth element,

then the analysis might be accepted even though the pqth residual
is quite large. To avoid this, a criterion which provides direct

control on the magnitude of the individual residuals was adopted.
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The condition is of the form

1,2,...,N

—
H

i o
’rikj - M
k =1,2,...,KT

In the statement of the problem there is a set of behavior
and side constraints. Besides these constraints, there is the
additional constraint imposed on the weight by Equation (3.1).
The convention that the inequality constraints be written so as
to be positive when the restrictions are satisfied will be

adapted. For example,
9y = dax ~ 45 20

is a constraint on the maximum size of the diameter of the ith
member.

At this point the problem may be restatad as

Given:  preassia - .rameters, behavior and side con-
straints, the loading system with gne or more
distinct lceding conditions, and the weight
constraint;

Find: the set of behavior and design variables subject
to the behavior, side, and weight constraints
such trat the residual R 1is given a minimum

vaiue.

If at the minimum of this probiem the analysis cannot be satisfied,

o TERSTIETEIIIT T L e DTG L e L T e—————e——r e e e i, e e R
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then the goal weight is Tess than the optimum weight.
The minimization problem presented above, which is merely a
transformation of the original problem, can be cast into the form

of a Fiacco-McCormick tunction. That is, construc: the function

nc a, a,
s(G0) = ROO + o[ Y + ] (3.7)
;5 9;(0 7 g, (%)
where (v - 0) and a; and a, are constants. Choose an

initial multiplier v - 0 and an acceptable point X0 which is
strictly within the constraint set. If X should fall outside

of the constraint set, then let the function have a value
¢(X,0) > + o

Intuitively, it would seem likely that the minimum would always
fall within the constraint set. Thus, the probiem is one of
minimizing ¢ starting at X0 using an unconstrained minimiza-
tion scheme. Let the minimum of ¢(X,vi) be a point denoted
by X(v;)

Once X(v]) is determined, the process is repeated for a
sequence of v values such that Vp UV, T e vy 0 . Each
minimum X(vi) will be strictly within the constraint set. Also,

with each reduction in v the vaiue of

C a.

1
ol 1
1 94

.i

it o~3

3
+ 5; ] (3.8)

is reduced in influence which, in turn, forces the reduction of

P T T T R =Y VA I SO S 2. gyl L Ll s
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R(X) in the ainimization of ¢ . As  is reduced, the design
X(vi) is allowed to approach closer and closer to the active

constraints if <ich a move will be beneficial in reducing . .

r

Eventually, > gral weight is equal to or greater than the

true opti.. weig: for the problem, the residual term should be
forced to zerc  The process is normally not carried out that

far since the enalysis is considered satisfied when the condition
given by Equation (3.6) is met. If it becomes apparent that the
residual R(X) cannot be reduced enough to meet the requirements
of Equation (3.6) with further reduction of v , then the process
is terminated and the last design satisfying the analysis is con-
sidered to be an approximation of the optimum design.

If for a particular goal weight W an analyzed design

0,i
with a weight of wi can be found, then a new goal weight is
selected. A method which might be used to select this goal

weight is given by the formula

W = (1.0 - A)Wi (3.9)

0,i+]

where A is fairly small. That is, the goal weight is set equal
to some percentage of the weight of the last analyzed design. The
process couid be startea with a fairly course value of A, say
0.10. When a goal is selected for which the analysis cannot be
satisfied, then a smaller value of A could be used and the pro-
cess started once again from the last analyzed design. The value

of /. could thus be refined until the reduction in weight would
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not be worth the etfort to achieving it.

B. Developnent of the Function ¢

To implement the method of synthesis outlined above, the
function ¢ must be developed explicitly. To facilitate the
formulation, several sets or tables of integers were constructed.
Since some use will be made of these in developing ¢ , they will
be defined as follows:

1. The PTij table has dimension of M by 2 where M
is the number of truss members. The node numbers of
the two joints which are joined by the ith member are

given by PTi] and PTiZ .

2. The UUi table has a single dimension of 3NN where
NN is the total number of nodes. For a given ith
node, the displacement indices for the x, y, and z
spacial directions are given by the value of Ulj, »,
U3, 7 » and UU,. respectively. If the node cannot

have a displacement in a yiven direction k due to

boundary onditions (i.e. the direction is supported

by some external restraint), then the value of UUk

is zero.

3. The SRij table has dimensions M by 6 . It is formed
by the combination of the PTik and the UUj table.
The indic_.s of the displacements in the x, y, and z

spacial directions of one of the two nodes which are




29

joined together by the ith member arc given by the
values of SRi] s 5R12 R DRi3 respectively. The
indices of the displacement of the other node in the
X, ¥y, and z directions are similarly given by the
values SR1.4 ,
placement in a given direction k for one of the

SR1.5 , and SR16 . Again, if a dis-

nodes of some member i is forced to zero by an exter-
nal restraint, then the value of SRik is equal to

Zero.

The DDi table has dimension M and is used to co-
ordinate the diameter variables. For some member i s
the index j of the design variable 4g which des-
cribes the diameter of the ith member is given by

DD. . If the diameter is fixed for tne ith member,

then DDi is given the value of zero.

The TTi table has a dimension M and performs the
same function for the truss members' thicknesses as
the DDi does for the members' diameters by supplying

the index for the thickness design variables “j .

After the tables have been clarified, the formulas for

several useful quantities may be given. The length of the ;o

member which is connected to the nodes p and q may be aritten

as

g AR TR

. F R P s R T ST [ won s
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vhere (xj,yj,zj) is the coordinate of the jth node.
The direction cosines of the ith member, again with nodes
p and ¢ , to the x, y, and z coordinate axes ~re respectively

given by

Tix q  “plHi
Gy = g = ypl/Ly (3.11)
Yiz T (Zq ) Zp)/Li
The mean diameter di of the th member is given by
di = Diupp; (3.12)

where Di is a preassigned constant such that it is either a
prescribed diameter or a prescribed multiplier for the diameter
parameter “np. and is fixed throughout the entire synthesis.
If it is the f;rmer possibility, then by the definition of the

tables,
DDi =0
Thus, to obtain
di N D1
requires that
f10= 1.0 (3];5)

= e i oI
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Likewise, the thickness ti will be given by

t, = Tif (3.14)

i TTi
wnich tunctions in the same manner as the computation of the
diameter.

The equilibrium equations used for the analysis of the behavior

of the truss is given by

N
) K ou,, =P = 1,2,...,N
g Ik Tk (3.15)
k = 1,2,...,KT
whooe
N is the number of degrees of freedom per load
condition
KT is the total number of load conditions
K . is the force at the uth degree of freedom due

to a unit displacement in the jth node. It is

called an element of the master stiffness matrix.

One method for computing va is from the 2lement stiffncss iia-
trix denoted by [Kvb]i or [Kivb] for each member i of the
truss. That is, an element of the master stiffness matrix may
be found by the formula

M 6 6 SR. SR.

‘ v b
Koo= 7 07 7 K Dol =) ()] (3.16a)
sy yErpEy VBT J

b

where

PR — .
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ady s 411 (3.16b)
J 0 if]

This is an inefficient way of assembling the master stiffness
matrix if each element is formed one by ore. Generally, if such
a matrix is formed, it is formed at one time by considering alil

combinations of the indices (SR,

iv ? SRib) for each individual

member. If this is done, then the method becomes very useful.
In the present problem, the macter stiffness matrix was never
formed to conserve computer storage space.

If the direction cosines for the ith member with respect
to the standard coordinate system x, y, and z are Yig * Vi

1y
and vy, respectively, then the matrix QL; shall be defined

>

as
- _
Yix TixYiy Yix¥iz
_ 2
Qi = friyvix Yiy YiyYiz
2
Yiz"ix Yiz¥iy Yiz

(3.17)
Now the Tocal stiffness matrix in the standard coordinate system

may be written in the form of the partiticned matrix

; _ i L, -QL;
(Kiwpd = T _-_1_-_1_--_--1_] (3.18)
!
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where

Ai is the area of the member or "diti

E. is Young's modulus for the member

In forming the value of the residual R as described in Chapter 3,

the residuals rox are first computed. This is written as

=
1]

Pk jszRjujk - sz 1,2,...,N
k =1,2,....4T (3.19)
Now R can be given by
KT N

R=J J r
k=1 ¢=1 K

If a Tocal force element for member i 1is denoted by f;k , then

.. U ] (3.20)
ivb SRib’k

The residual ok for a given load condition k and degree of

freedom & 1is found by

M 6 [ . /SR,
ro =Ll [;;k ”( — \,] " P (3.21)
= ’

Again it is unlikely that each of the residuals would be computed

one by one, but rather, like the master stiffness matrix, all

residuals resulting from one load condition would be formed at

- — e e s e A E A e R e 7T~ R T LT
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one time. By noting the form of the partiticned matrix in
Equation (3.18), considerable computational efforts can be save.
in forming the residuals. The above formulation of R completes
part of the function ¢ as given by
ii + 2]
9 S
In the next part, attention is turned to the constraints 9;
and the weight constraint g,

The first constraints to be considered will be those of
stress. The computation of the stress in the ith  member with

nodes p and q from the kth loading is given by

E.
=1 - v -
%k L Y1'x(upx,k uqx,k) * iy(upy,k uqy,k)
* Yiz(upz,k B uqz,k) (3.22)

where ujc K is the displacerent at the jth node in the direc-

tion of the ¢ axis for the kM 1load condition. The values of
the crippling and Euler buckling of a thin wall tubular member as
a function of the member's mean diameter di and thickness t;
are respectively given by

k E.t.
_ 247
(og)y = - =7,
;
(3.23)
an.(d% + t%)
( ) = . 1 1 1
“b’4

2
8L,i
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where k2 is a material constant.
Listing the constraints which must be satisfied in each
member for every load condition gives the constraints, as

specified earlier,

9 % 9%t " %k 7 0
92=0.ik‘0yc>0

(3.24)
9, = o4 = {log)y > 0

9, = o4 = (o) > 0

Without further ado, the contribution to ¢ due to the stress

constraints is

_ KT H 1.0 1.0 1.0
¢ = ) Kd 6., -0 + Gsy ~ O * O:p = (0_)
{ k=1 i=1 yt ik ik yc ik cr’i

. 1.0 0
Calog = loply) J (3.25)

where Kd and C21 are nondimensionalizing factors.
The constraints which were placed on the displacements in

the specification of the problem were

u_-u, >0

95 up Jk

(3.26)

: 9g = Ujy = Upoy > 0

where u and u]

up are the upper and lower limits on the

ow

N NI o T e T T e e G » £ Bt R nes e L e
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displacements. The effect of the function due to these constrairts

is given by

KT N
1.0 1.0
o = ) ) K - + - (3.27)
d 5y go U2 Lup Uik Yik u]ow]

where Kuz is a nondimensionalizing c¢ tant.

Side constraints in this problem have been imposed on the

truss members. These constraints may be written as

9, = dpax - 95> 0

95 = tpax "t > 0

g, =d; >0 (3.28)
9 =Ty 43/t > 0

9, = di/ty -y > 0

The total effect on ¢ from all of these constraints is

M
1.0 1.0 1.0 1.0
o = 1 —t Sttt
s i I:dmax di tmax ti di ru di/ti

1.0
PR (3.29)

Finally, consideration must be given to the weight constraint.

The weight is given by

M
W= ) wfap 8 (3.30)
j=1 V1 DDy T,
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where
WT, = npDiTi

unit weight of material

©
n

Since the constraint may :. written as

9y = wo -W>0

then the contribution to the function ¢ 1is

_ mo
oy = (3.31)

where

W is used as the goal weight and as a non-

dimensionalizing factor.

W is used to vary the influence of oy

with respect to ¢ .

Once all of the constraints are considered, the function ¢

may be written first as
¢ =R + V(¢'0 + ¢d + ¢S + ¢N) (3.32)

and then in its full form
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K
o(X) = )
k=1

k=1 i=1
. 1.0 s 1.0 1
Canloge = {opdyd 7 ogy = logpl]
R P R 1.0
Yok=1 371 [ Yus T Y Y5 T Yow
M
1.0 1.0 1.0
) + +
=1 ['\: S 4/t 4/t ey g
1.0 1.0 ]
+ +
Inax - 9 tmax ~ t1_]
W W
om
+ W—-—-W (3.33)

The gradient of the function will be needed in the minimiza-
tion process. With the function in hand, the gradient is found by
some tedious but straight forward operations. The results of such

operations are presented in Appendix A.
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CHAPTER IV
OPERATIONAL TECHNIQUES

In order to handle realistic problems, the approach to syn-
thesis outlined in the previous chapter was programmed for the
computer. To make the formulation operational, certi:in procedures
or devices were incorporated in the final program. Those which
are discussed in this chapter are the minimization scheme and a

scaling transformation.

A. Minimization Scheme

Central to this method of synthesis is the minimization of
the function ¢ . Since the function is parametrically dependent
on the values of v and the goal weight w0 , a new minimization
is started every time v or wo is modified. Occasionally, two
or three minimizations are required to locate one analyzed design
for a given goal weight.

The possible techniques used for these minimizations are the
same as those associated with unconstrained minimization problems,
Presented here are two important methods of this type. They are
the Fletcher-Reeves method of conjugate gradients and the
Fletcher-Powell method (see References 11 and 12). The relative
merits and drawbacks of each will be discussed and the reasons
for the selection of the Fletcher-Reeves method to obtain nu-
merical results for the test problems will be given. Before the

descriptions of the methods mentioned above are presented, some

39
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of the considerations which should be made in selecting a minimi-
zation procedure will be set forth.

Due to the fact that there are a number of minimizations per-
formed in this synthesis approach, it seems natural that an
efficient minimization scheme would be desirable. By eificient,
it is meant that the scheme should be able to find the minimum of
the function in a relatively small number of operations. This
need is even more strongly emphasized since practical problems
have a large number of variables. Even for efficient schemes,
the amount of work is usually dependent in some degree on the
number of variables in the problem. A second important con-
sideration is the ability to handle a large number of variables
in terms of computer storage. For a moderately complex truss
system with several load conditions the number of variables
could become rather large. After all factors have been con-
sidered, it may become obvious . t the selection of a method
will require compromises in the goals mentioned above.

The minimization of a continuous function f with continuous
first and second partial derivatives will be considered. The
function ¢ satisfies such conditions except where the con-
straints are exactly critical. Since the region where the mini-
mization search is taking place is strictly within the constraints
the methods which can be used for minimizing f are also appli-
cable for ¢ .

From the standard quadratic expansion about the point x°
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given by
n n n
. 1 v 0 0
f=1f4 Y oas(x, - xq) +5 ) ) Goa(x: - x3)(x; - x3)
j2p i 2 531 g7 1 1) J
(4.%)
where

the vector between the point Xx and the minimum X* can be

shown to be

X* -x = -67'vf(X) (4.2)

To approximate the matrix 6! in Equation (4.2), an n by n
matrix H is employed. Initially chosen to be positive definite,
H is modified in a manner so that it tends to G ' as the miui-
mization process is accomplished. The aligorithm for the Fletche

Powell method is

Select H0 as any arbitrary positive definite matrix;

usually the identity matrix.

X, asan initial point.

then
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5. = -Hivf(xi)

f. = minimum of f(Ii + c;iEi) with respect to

the variable ¥ occurring at a?

'0—1. = oﬂ‘,;s_i
Xjap T X5t O,
Hiep = Hy v A+ By
where
Ay = o=
i
— T
N o
i =T =
Yit'iY;
Y o= VF(x54q) - vE(x;)

Fletcher and Powell showed that if certain precautions are
taken, H will always remain pcsitive definite. This guarantees!
that the method will converge since the function f initially
decreases along the direction E% causing the function to be
decreased for each iteration of the process. Also, for a quad-
ratic function of n variables, it was shown that after n or

fewer steps, the minimum will be reached and H will converge to

the inverse of the matrix of second partial derivatives.
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The Fletcher-Reeves method of conjugate gradients is one in

e G -

which a direction for minimization E} is generated from the

gradient and the previous direction 5}_] . Specifically, the

algorithm €or the routine is as follows:

Choose E; = an arbitrary initial point
with 55 = vfX,)
then
_}+] = i} h*Eg where h* is such that
f(h) = f(I} - hg}) is minimized at
h = h*
| s V(g4
8 = %in/T
Siel T G4yt B

The Fletcher-Reeves method is also guaranteed, except for
effects due to rounding crrors, ©0 find a minimum of any quadratic
function of n variables in n or fewer steps.

Even though for the quadratic function both methods can
; theoretically achieve a minimum in the same number of steps. the

Fletcher-Powell method is generally more powerful. For i1l be-

+ e

haved functions, seemingly the ratural condition for real prob-

lems, the Fietcher-Powell method does produce a minimum more

*
3
i
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efficiently than the Fletcher-Reeves method. Unfortunately,

the Fletcher-Powell method requires the storage and manipulation
of an n by n matrix. This is undesirable since the storage of
very large matrices requires highly time consuming operations
such as reading and writing on drums and tapes. The Fletcher-
Reeves method, however, requires the storage of only a few n
vectors.

Despite the fact thac the Fletcher-Reeves method is less
powerful, it was chosen as the minimization scheme to use in the
study of this synthesis approach. The loss of efficiency in
minimization was felt to be off set by an increase in capability

for handling large problems.

B. Scaling Transformation

In the first tests of this .ynthesis approach, it was found
that the function ¢ was often difficult to minimize using the
Fletcher-Reeves method. After three or four steps, the process
wouid produce very little reduction of the function value and
small changes in the design vector. Even after 3n/2 or 2n
steps. where n was the total number of synthesis variables, an
insignificant amount of progress would be made. From the ele-
ments of the gradient, it .ras clear that the design vector was
not at or even near the minirmum. In essence, many ¢ the
characteristics of an 111 conditioned function were present.

In an effort to improve the conditioring of the function, a
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scaling transformation was considered. Such an operation is a
multiplication of the variables by constants and can be repre-

sented by the matrix formulas

X (4.3a)

X = DY (4.3b)
where

X is the n vector in the original system.
Y 1is the n vector in the transformed system.
D is an n by n nonsingular diagonal matrix

which contains the multipl+ing constants.

The ability of such a transformation to improve the con-
ditioning of a function can be explained in terms of eigenvalues

and the Gerschgorin Theorem.

Gerschgorin's Theorem

Every eigenvalue of the matrix A lies in at least one of the

disks centered at A and of radii
R. = Z la. -I (4'4)
R

It will become clear that a characteristic of ar effective trans-
formation is its ability to reduce the range in which the eigen-

values of the matrix A lie.



et PR

QA.WM

[E— ] e T

46

Consider the quadratic tunction f given by

£ = ;—x AX (4.5a)
where
2 f .
8xia)g = aij (4.5b)

is the form of its second partial derivatives. If f 1is assigned
a value and if A is positive definite, then the locus of points
generated by Equation (4.5a) is a.. ellipoisal hypersurface. The
ratio of the principal axes are proportional to the square root
of the ratio of the eigenvalues obtained from A (i.e. the matrix
¢’ second partial derivatives). If all the eigenvalues are

equal, the hypersurface is a sphere. For this special case of

a'l the eigenvalues of A being equal, the function is very

easy to minimize. Indeed, the conditioning of a function for
minimization is usually related to the conditioning number CN

defined as the ratio of tie largest to least eigenvalue or

Cy = A /A

N max’ “min (4.6)

and the least value of CN is 1.0 which occurs when all the
eigenvalues are equal.
The function f of Equation (4.5) can be written in terms

of the transformed variables as
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TRy (4.7)

where

A =D'AD (4.8)

One selection for the transformation constants may be given by

d;s = 1/{cv ag; )
d;;=0 143 (4.9)

If this transformation is used, all the Gerschgorin disks will be
centered about the point 1/c? . In Reference 10, it has been
shown that the eigenvalues of a symmetric, positive definite
system are bounded above by Anax 5—"511 where n 1is the maxi-
mum number of nonzero elements in any row.

One point which should be emphasized is that the scaling
given by Equation (4.3) is generally unable to produce an
"optimum" transformation. An optimum transformation is one
which reduces CN to its minimum value. The conditicning of
some functions can actually be made worse by a transformation
of the form given by Equation (4.3). However, a scaling of this
type is often useful in achieving a meaningful improvement in
the conditioning of the function (see Reference 10).

To illustrate the effects of the transformation on a two

dimensional ellipsoid, the curves for f = 100 in the original
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and scaled coordinates are shown in Figure 3 for the equations

L I P
¢ 12 50

b

=1?YT 1.0 o.tsi]Y
0.6 1.0
= 100
where
X = DY

b = Y2 /4 0.0
0.0 Y2 /10

Even though the principal axes of the ellipsoid f does not coin-
cide with the axes of the coordinate system, the reduction of the
eccentricity can be detected by visual inspection. The condition-
ing numbers for the original and transformed systems are 8.9 and
4.0 respectively.

So far in this discussion, the application of the scaling
transformation has been made only to the well defined case of
quadratic functions which describe ellipsoids in n space. What
of the function ¢ which is not quadratic? First, a portion of
some ellipsoid can be approximately fitted onto the contour sur-
face of the function ¢ in the region of any given point. If

it is assumed that the function and the ellipsoid are similar
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in that region, then local scaling factors for ¢ can be computed
from Equation 4.9. These factors shouid at least improve the con-
ditioning of the function in the local region of the point. As
the region of the minimum is approached, it would be hoped that
the scaling factors would converge to constant values. That is,
in the vicinity of the minimum, the function should be closely
approximated by the quadratic form of the Taylor series.

To investigate the effect of scaling on the function ¢ ,
the three bar truss problem with only the stress constraints were
studied in some detail. To accomplish this, the matrix of second
partial derivatives was formed. Using this matrix, eigenvalues
were found for several points. The results for two points are
presented in Table 1. dne point was an arbitrary, acceptable
design and the other point was at the minimum of the function for
a given v and NO. As it can be seen, the scaling significantly
reduced the va}ue of CN for both points.

Since the conditioning numbers for local regions of the
function were reduced, it would appear that the minimization
scheme might be able to work fairly effectively. This proved to
be true. Using scaling, the minimization of the function with
the Fletcher-Reeves method was able to proceed in a satisfactory
manner.

One guestion which arose in dealing with the scaling factors
was that of when to rescale or, at least, to check to see if re-

scaling was necessary. Since it was assumed that a scaling was
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only valid for the local region of the point at which it was done,
it was apparent that rescaling would probably have to be redone
occasionally. To do it seldom would invite the possibility that,
after three or four Fletcher-Reeves moves, the process would bog
down until the next rescaling. This would be little better than
the initial problem. Yet, to rescale too frequently would detract
from the power of the Fletcher-Reeves scheme near the minimum
since the direction vector s should be replaced by the gradient
after such a rescaling.

After running several tests with rescaling at various inter-
vals, the occurance of both problems was verified. A sequence of
function values for rescaling every twenty steps for a thirty
variable problem is shown in Figure 4. The first two scalings
produce rapid decreases in the function value for the gradient
moves. The third rescaling, done near the minimum, did not pro-
duce any great movement. In Figure 5, the effect of rescaling
every seven iterations have been plotted for the same problem.

In the latter stages of the process, it appears that the Fletcher-
Reeves method is slowed by the rescaling. These results indicated
that rescaling should be done often at the start of the minimiza-

tion and less often towards the end of the process.

To accomplish these requirements, the following algorithm
was developed. To begin the description of the algorithm, several
variables should e defined. The variable Cb was the number of

Fletcher-Reeves steps that the minimization was allowed to take
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before the scaling factors were checked and changed if necessary.
The counter Ca indicated the number of Fletcher-Reeves iterations
since the last time the scaling factors were checked and Cd
ccunted the number of times the scaling factors were checked and
changed for some value of Cb . The flow diagram of the logic is
shown in Figure 6. Briefly, Cb was set equal to one at the
beginning of the minimization. Whenever Ca equaled Cb , the
scaling factors were checked. If

d -d

ii,new

it,01d| 5. 1=T2,..n  (4.10)
91,01d
was satisfied, then the old value of the scaling factors were
retained, Cb was doubled, Cd was set to zero, and the next
Fletcher-Reeves step was executed. If the condition given by
Equation (4.10) was not satisfied, then the scaling factors were
changed, Cd was incremented by one and the s vector was re-
placed by the gradient. In either case, Ca was zeroed. Also,
to reduce the chances.of oscillation in the vaiues of the scaling
factors, Cb was increased by one if Cd managed to become equal
to three. Such oscillaticns ware observed to occur before the
inclusion of this guard. The value of A used in this study

was 0.60.
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CHAPTER V
RESULTS

A program incorporating the synthesis aoproach previously
described was written and us... to obtain numerical results foi
several test problems. A listing of the proyram can be found in
Appendix B and the results for the test probliems are summarized
in this chapter.

The program was written in ALGOL 60 and was run on a UNIVAC
1107. The running times are prasented in Table 2. Two times are
reported for each test. The first time is the number of seconds
which elapsed between the analysis of the initial design and the
synthesis of the last analyzed design. The second is the time
required for the program to realize that the goal weight was less
than the optimum weight after the last analyzed design was found.
It is estimated that these running times would be reduced by a
factor of 4 to 7 if the programming were to be dcne in FORTRAN.
This is a standard estimation based on comparisons of programs
coded in both ALGOL and FORTRAN.

The times were presented to give some basis of the evaluation
of the method's efficiency. However, caution snould be used when
drawing conclusions from these times.

The test problems included planar and three dimensional ex-
amples. For Case 1, a three bar truss, the optimum design was

given in Reference 13. Also, results from References 1 and 8 of
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Cases 2.A, 2.B, 3, and 4.A were availahle for comparison with the
results cbtained by this algorithm. The run times and final ‘veights

for both sets of rasults are given in Tables 15 and 16 respectively.

A. Planar Case

1. Three Bar Truss

Consider a three bar truss as shown in Figure 1 subjected
to the two independent load conditions P1 and P2 . If the con-
straints described in Chapter I are imposed and a high value of
Young's modulus is selected, then the problem essentially becomes
the same as an example presented in Reference 13 which has only

two constraints

Gyt - 05> 0

o5 - oyc >0
where

oyt = 20000 psi,

oyc = -15000 psi

For this problem the optimum weight is No = 79.20 which is given

pt
by the design A = A, =0.788 in? and A, = 0.41 in?. If the unit
weight of the material is chosen to be 1.0 1b/in>, then the optimum
weight is 79.2 1b. Also, with the thickness preassigned as

ti = 1/4n in. the diameter will be dl = d3 = 3.15 in. and
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d, = 1.64 in. at the optimum design.

To assure that the displacement 1imits would not be active,
the limits were given the large values of #+1.0 ir. Since dis-
placements this large might violate the assumption of small dis-
placements made in the formulation of the analysis, the displace-
ments of the final design were checked. The largest displacemeni
was less than 0.003 ir.. for an assumed value of 3.0 x 10° osi
for Young's modulus E . Hence, the validity of the assumption
of small displacements was maintained.

The goal weight was selected to be 5% less than the weight
of the last aralyzed desiga. As can be seen from Table 3, the
synthesis riethod was able to appro. .mate the optimum within the
expected amount of 5%. One interesting aspect of this problem
is that since there are only two member design variables dl
and d2 » l.€. d3 = dl , the projection of the path of all the
design vaeriables can be made on a plane, i.e. the dl.d2 plane.
The path for Case 1 is shown in Figure 7. Designs which satisfy
tne analysis according to Equation (3.6) are denoted with circles
while designs where minimum of the function ¢ occurred and v
was reduced are marked with triangles. Designs B and D were
found by a proportional decrease in member diameters with an
appropriate increase in the displacements. When such a modifica-
tion could not be made so that the constraints were satisfied,
the synthesis process was used to try to locate an anaiyzed de-

sign for the new goal weight. Design C is the result of the
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synthesis algorithm. Design E is also the result of the process
even though no analyzed design could be found. The synthesis

was terminated after three minima were found for three decreasing
values of v and a goal weight of 76.1 1b. That the analysis
could not be satisfied became evident from an extrapolation for

v = 0 of the values of the residual R at these minima.

Figure 7 would seem to indicate that some of the inter-
mediate designs between B and C did not satisfy the constraints.
However, it must be remembered that the constraints shown in the
figure are merely projections onto the dl, d2 plane and must be
satisfied only for analyzed designs. For example, any dl and
d2 which are positive would satisfy the stress and displacement
constraints if all the displacements were set equal to zero. The
design certainly would not be accurately analyzed but would
satisfy the behavior constraints since all the member stresses

would be zero.

2. Eleven Bar Truss

Consider the eleven bar truss shown in Figure 8
which is to be constructed of steel. The material properties
of the steel are E = 3 x 10’ psi and o = 0.28 1b/in3. The
three loading conditions to be applied to the structure are listed
in Table 4. The stress limits include Euler buckling, crippling,
tensile, and compressive yield stresses. The yield strength of

the material was assumed to be +50000 psi. The desigr variables
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used in this study were the member diameters. The thickness of
all the tubular members were set to a value of 1/10n or
0.0318 in.

Since the reactions are not symmetric, the design itself
will not necessarily be symmetric despite the symmetry of the
load conditions. Hence, linking of the design variables was not
used in this study.

As in all other tests of this synthesis algorithm, the goal
weight was selected to be 5% less than the weight of the last
analyzed design. This was considered a reasonable reduction.
After the final design has been produced using this reduction,
the synthesis could be restarted at this last analyzed design
for the finer tolerances of 1.0% or even 0.1% if the need pre-
sented itself.

The results for the displacement limits of +0.15 in. and
+0.25 in. are presented in Tables 5 and 6 respectively. For the
displacement limits of +0.15 in., Case 2.A, the design is limited
by the displacement constraint in the downward direction at node 2
for the first load condition. The short time shown in Table 2
required to locate the final design is due to the fact that the
final design was found from the initial, analyzed design by a
simple proportional reduction of the design variables with the
appropriate adjustments for the displacements. In this case the
synthesis process was only usea to determine that the weight of

the design given by the scaling was at least within 5% of the
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optimum weight.

The design with displacement limits of +0.25 in., {ase 2.5,
was essentially fully stressed. The finai weight was 57.6 1b
and the last goal weight was 54.7 1b. As indicated in Table 16,
the optimum weight is near 55.5 1b. It was felt that the long
time required to terminate the synthesis for this case was due
to the fact that the goal weight was near the optimum.

From Table 16, the finul weights given by this aigorithm
agree with the results given in Reference 1. However, for Case
2.A the values of the diameters are considerably different for
the two designs. This could be expected since it has been pointed
tut by Reference 1 that for displacement limited problems, a num-
ber of designs of equal weight can be found so that all have the
same value for a particular displacement. The designs for Case
2.B are fairly similar.

There would appear to be some reduction in the run times for
the new algorithm. Without the termination time for the results
of Reference 1, the over all efficiency of the methods can only
be qualitatively stated. Beside being different in formulation,
the two approaches were carried out with different minimization

schemes.

B. Three Dimensional Cases

1. Nine Bar Truss

Consider a nine bar space truss shown in Figure 9
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subjected to the two load conditions given by Table 7. The ma-
terial from which the structure is to be made is magnesium with
E=6.5x10° psi and o = 0.065 1b/in>. The tensile and com-
pressive yield of the material were 30300 psi and -17000 psi
respectively. Both the thicknesses and diameters were allowed to
vary and linking was imposed so that the groups dl; t

1

d2 = d3 = d“ = ds; t2 = t3 = tq = ts;‘d6 = d7 = d8 = dg; and

t.=t, =t =1t were formed to give a total of six member
design variables.

Starting from the initial design weighing 10.92 1b, the
final design for this structure, Case 3, was 5.97 1b for a dis-
nlacement limit of +10.0 in. Again this limit was made arti-
ficially iarge so that the stress constraints would control tne
design. To assure that the assumption of small displacements
was valid, the maximum displacement of the final design was
checked and found to be less than 0.25 in. -- certainly small
enough to satisfy the assumption. The sizes of the initial ard
final diameters and thicknesses for this problem are given in
Table 8.

Again, compariable results are available for this test case.
From Table 8, the final weights are quite close and the designs
are almost the same. In this problem, the run time using the

new algorithm was clearly good compared to that of the previous

method.
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2. Twenty Five Bar Truss

Consider the truss shown in Figure 10 which is to be
constructed of aluminum with E = 107 psi and p = 0.1 1b/in3.
The two load conditions are presented in Table 9. The material
yield stress was taken to be +40000 psi. As usual the side con-
straints were placed on the member sizes but, notably, an upper
limit of 100.0 was placed on the diameter to thickness ratio.

The linking feature was employed so that the following groups of

diameters were formed: d,; d, =d; =d, =d_ dg =d; = dg = dg;

d,=d s d, =d5d, =dg=d=4d;5d,=d4=d),

= d21; and d =d =d =4d . The thicknesses were linked
22 23 24 25

in a similar manner.

For Case 4.A the displacement limit was set at +0.35 in.
The initial and final designs are presented in Table 10. The
final design, which weighted 562.9 1b, was limited by the Yy
displacement component of nodes 1 and 2 for both the load condi-
tions. Also, the Euler buckling constraint for members 19 and 20
appeared to be critical for the second loading condition.

Comparison of design evolved by the new algorithm and the
results given by Reference 8 shows a marked difference in the value
of the diameters and thicknesses but a close agreement in the
final weights. Again this is primarily due to the fact that the
design is displacement limited. The run times are quite different
with the new algorithm being the slower of the two. Part of the

explanation is that the results for this problem presented in
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Reference 8 were obtained using a variable metric minimization
scheme. Such a scheme can be expected to complete the problem
in about a third of the time required by the modified steepest
descent minimization scheme used to obtain the results for Case
2.A, 2.B, and 3 in Reference 1.

The displacement 1imits were essentially removed by relaxing
them to 10.0 in. and the synthesis for Case 4.B was initiated from
a design weighing 581.3 1b, slightly heavier than the final design
for Case 4.A. The final weight of 285.6 1b and other results for
the case are given in Table 11. 7The active constraint was the
upper limit of the diameter to thickness ratio for members 12
through 25. Also, the Euler buckling constraint was active for
members 16 and 25 for the first load condition and members 19
and 20 for the second load condition. The magnitude of the great-
est displacement is 0.805 in. for the y displacement at nodes
1 and 2 for the first load condition. From Table 11, the obser-
vation was made that members 10 through 13 tended to become small.

Starting from the final design of Case 4.B weighing 285.6 1b
a final weight of 202.3 1b was obtained when the upper limit of
the diameter to thickness ratio was raised to 400 for Case 4.C.
The final design, given by Table 12, was stress limited in that
at least one member of each group was bounded by the Euler buckling
and crippling 1imits except for member 1. Member 1 was in tension
for both Toadings. The y displacement of nodes 1 and 2 gave the

greatest displacement of 1.05 in. under the first load condition.
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Again, there appears to be an attempt to eliminate members 10

through 13.

3. Thirty Bar Truss

Consider the dome shaped truss shown in Figure 11 to
be made from steel with E = 30 x 10° psi and p = 0.28 ‘.b/in3
to be Case 5. The yield strength of the material was taken to
be +40000 psi. The two loading conditions imposed on the struc-
ture are given by Table 13. Linking of the thicknesses of mem-
bers 1 through 6, 7 through 12, 13 through 18, and, finally, 19
through 30 was imposed. A similar design variable linking was
made for the diameters.

A displacement limit of +1.60 in. was placed on the design.
Starting from a design weighing 266600 1b a final design with a
weight of 199700 1b was synthesized. The dimensions for the
diameters and thicknesses for this problem are given in Table 14,
The active constraints were the downward components of the dis-

placements of nodes 4, 5, and 6 under the second load condition.



CHAPTER VI
DISCUSSION AND CONCLUSION

An algorithm was presented for finding the minimum weight
design of a general, linear truss subject to a set of behavior
and side constraints under an arbitrary number of imposed load
conditions. This was accomplished by defining a goal weight
and then minimizing the residuals subject to the original and
weight (Instraints. Then, the Fiacco McCormick technique was
used to transform this constraiiied minimization into one without
constraints.

The ability of this algorithm to minimize the weight of the
general truss was tested by considering several problems which
have previously been solved using other algorithms. The results
from these tests agreed with those from the other methods. From
a comparison of run times, not including the termination times,
it would appear that the new algorithm is usually faster in
achieving a final design than similar methods. A comparison of
the termination time, i.e. the time elapsed from the final design
to the termination of the process, was not possible.

The formulation of ¢ using the Fiacco McCormick method
provided one clear advantage. Namely, the weight of the analyzed
design produced by the synthesis was often considerably lower
than the goal weight if the goal weight was much greater than the

optimum. For the original algorithm which was developed within
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framework of the integrated approach, the design weight was
usually very close to the goal weight. In the formulation of
that method, the problem was transformed into an unconstrained
function by using an external penalty function which had a value
only if a constraint was violated. However, since the Fiacco
McCormick formulation usually took longer to find an analyzed
design, only part of this advantage could be realized.

Some difficulties arose in the operation of the algorithm.
These may generally be divided into two main areas. The first
is concerned with the modification of an analyzed design to
satisfy a new, lowered goal weight. The second is concerned
with the long termination time. Hopefully, the following dis-
cussion can suggest some useful solutions to these difficulties.

Presently, an analyzed design is proportionally reduced so
that all members experience the same percent reduction in their
cross sectional area. Such a medification allows a very simple
procedure to find the analysis of the design if all members are
allowed to vary and no side constraints are active. Even though
this modification has been found to be useful for the initial
designs used for the test cases, it was evident that this method
rarely provided any advantage in the latter stages of the syn-
thesis. Another approach to the modification may be to extra-
polate a new, modified design from the previous two analyzed
design. This method would tend to account for the local shape

of the constraint surfaces. Even though the advantage of
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possibly obtaining another analyzed design from the current de-
sign is lost, the modified design from the proposed method may
provide a better initial point in minimization of the function ¢
and hence may have a tendency to shorten the run time.

The second major proolem is the long termination time,
(i.e. the time required for the program to realize that a goal
weight is less than the optimum weight). Since the termination
requires a successicn of minimization for a sequence of v ,
this time depends greatly on the time to minimize ¢ .

To reduce the time of the minimization, certain areas might
be considered. First, an extrapolation of the minima have been
developed for the Fiacco McCormick technique. Essentially, the
extrapolation provides for an estimation of the minimum for a
given v based on the minima for the previous two values of v .
Even though the estimation seldom locates the minimum exactly,
it usually will provide a significantly better starting point
than the minimum for the previous v .

A second possibility in reducing the time for minimization
is the selection of the criterion for the minimum. This diffi-
culty is not unique to this method but the nature of this for-
mulation does provide special considerations. Using the standard
tests for the gradient and the change in the function value, the
question of how stringently the criteria should be applied arises.
It is felt that these criteria can be applied fairly loosely.

Since a new minimization of ¢ will be reinitiated after a
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minimum is found and v is reduced, the extra effort required
to find the minimum very accurately seems somewhat wasteful.
The criteria does need to be harsh enough that the residual R
will eventually be sufficiently reduced if the goal weight is
greater than the optimum weight. Also, it would be desirable
that a minimum will be accurate enough to serve as an adequate
starting point for the minimization of ¢ for the reduced
value of v .

Tha formulation of the function ¢ with a constrained goal
weight suggests or allows the development of additional algo-
rithms. One of these algorithms can be used to determine the
feasibility of using particular configuration of a truss as a
solution to a given structural problem. Generally, along with
the loads and constraints, the feasibility study specifies a
weight for which the truss may not be greater. Then the problem
is one to find a design which satisfies the constraints and
weighs less than the specified weight -- precisely the same prob-
lem which is solved over and over by the present algorithm. To
incorporate this algorithm, the goal weight is replaced by the
specified weight and a set of design variables are selected so as
to satisfy the weight and side constraints. Then the displace-
ments are set to zero, which also means that the stresses are
zero, so that all the behavior constraints are satisfied.
Finally, the process is initiated. If the truss is a feasible

structural form for the problem, a design will be given.
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Otherwise, the process will indicate that the particular con-
figuration of the truss is an unfeasible solution.

A second additional algorithm which might be developed is
one to find the optiwum design by selecting a goal weight less
than the optimum. Started in the same manner as the algorithm
above, the process should indicate that the goal weight is less
than the optimum weight. As a goal weight is shown to be unac-
ceptable, a new, higher goal weight is selected until an analyzed
design is found. Since Table 2 indicates that demonstrating a
goal weight is unattainable takes considerable time, an effactive
form of an extrapolation would be required for the method to be
efficient. An algorithm more efficient than the one presented

by this paper mignt be developed if such an extrapolation could

be found.
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Load Condition 1 \ /Load Condition 2

P. =20 kip i§i,..4\5\° 7 P, = 20 kip

Figure 1 Three Bar Truss
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Figure 2 Design Space for Three Bar Truss
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Figure 7 Synthesis Path for Three Bar Truss,
Case 1
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Case 2
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Figure 9 Nine Bar Truss,

Case 3
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Figure 10 Twenty Five Bar Truss,
Case 4
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Figure 11 Thirty Bar Truss,
Case 5




78

TABLE 1 EIGENVALUES FOR MATRIX OF SECOND PARTIAL
DERIVATIVES FOR THREE BAR TRUSS

Arbitrary Point Minimum
Unscaled Sceled Unscaled Scaled
Largest
Eigenvalue » 9.95x10° 2.33 1.35x10° 2.39
Smallest
Eigenvalue 1 2.22 0.114 1.54x10”" 6.46x1(3'3

min

Conditioning
Number  Cy 4.46x10° 20.4 8.74x10° 370

e e e Ak & et e ot e o _
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TABLE 2
SUMMARY OF RUNNING TIMES

Case Time to Find Termination
Final Design Time
(Sec) {Sec)
1 38 30
2A 10 417
2B 505 1728
3 555 302
4A 1595 694
4B 2216 1230
4c 1973 1159

5 1040 2221

i
i
{
:




TABLE 3, CASE 1

DISPLACEMENT LIMITS = +1.0 IN.
Member Initial Final Optimum
Diameters Diameters Design
(in) (in)
1 2.88 3.148 3.15
2 4.64 1.729 1.64
3 2.88 3.148 3.15
Weight,1b 95.89 79.75 79.2
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TABLE 4
LOAD CONDITIONS FOR CASE 2

Load Condition 1

(1bs)
> > -+ —P>
21 p'-&l P51 61
-5000 -1000 -3000 1000
0 0 0 0
Load Condition 2
(1bs)
<> > >
v Pzz qu Psz i562
0 0 0 0
0 3000 0 0
Load Condition 3
(1bs)
—I; > > >
23 Pua P53 Psa
0 0 0 0
0 0 -3000
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TABLE 5, CASE 2.A
DISPLACEMENT LIMITS = #0.15 IN.

Member Initial Final Results
Diameters Diameters From
(in) (in) Ref. 1
(in)
1 4.00 3.095 3.87
2 3.10 2.399 2.44
_ 3 3.49 2.700 2.50
! 4 3.42 2.646 2.50
5 3.27 2.530 2.22
;' 6 3.14 2.430 2.00
3 7 2.96 2.290 2.92
; 8 3.61 2.793 3.28
% 9 2.22 1.702 1.26
g 10 3.55 2.747 3.00
| 1 3.20 2.476 2.65
Weight,1b 106.0 82.06 82.6
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TABLE 6, CASE 2.B
DISPLACEMENT LIMITS = +0.25 IN.

Member Initial Final Results
Diameters Diameters From
(in) (in) Ref. 1
(in)
1 4.00 1.740 1.85
2 3.10 1.425 1.32
3 3.49 1.719 1.69
4 3.42 1.960 1.84
5 3.27 1.678 1.69
6 3.14 1.594 1.61
7 2.96 .889 1.08
8 3.61 2.950 2.66
9 2.22 1.125 1.01
10 3.55 1.521 1.49
11 3.20 2.552 2.50
Weight,1b 106.0 57.3 56.1
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TABLE 7
LOAD CONDITIONS FOR CASE 3

Load Condition 1 Load Condition 2
(1bs) (1bs)
P11 le P12 Pzz
0 0 0 4000
1700 -1700 0 0
0 0 0 -3000

Ty

&
1
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TABLE 9
LOAD CONDITIONS FOR CASE 4

Load Condition 1

(1bs)
> + - ng
P11 le P3l P61
1000 0 500 500
10000 10000 0 0
~-5000 -5000 0 0
Load Condition 2
(1bs)
_ P12 B22 332 Pez
0 0 0
20000 ~20000 0 0

-5C00 -5000 0

H
i
H
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TABLE 11, CASE 4.8
DISPLACEMENT LIMIT = +10.0 IN.
UPPER d/t RATIO LIMIT = 100.0

Member Initial Design Final Design
Diameters  Thicknesses Diameters Thicknesses

(in) (in) (in) (in)
1 .80 0.025 0.920 0.0393
2,3,4,5 3.30 0.220 4,189 0.0873
6,7,8,9 3.45 0.220 3.567 0.1346
10,11 1.05 0.020 0.691 0.0152
12,13 1.15 0.070 1.879 0.0216
14,15,16,17 3.65 0.070 4,242 C.0433
? 18,19,20,21 3.90 0.170 5.608 0.0574
22,23,24,25 3.35 0.260 5.020 0.0509

Weight,1b 581.3 285.6

i
i
i
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TABLE 12, CASE 4.C
DISPLACEMENT LIMIT = +10.0 IN
UPPER d/t RATIO LIMIT = 400.0

Member Initial Design Final Design
Diameters Thicknesses Diameters Thicknesses
(in) (in) (i) (in)

1 0.920 0.0393 0.852 0.0245
2,3,4,5 4.184 0.0873 5.164 0.0442
6,7,8,9 3.567 0.1346 ~.055 0.0890
10,1 0.691 0.0152 0.699 0.0093
12,13 1.879 0.0216 1.700 0.0083
14,15,16,17 4,242 0.0433 5,275 0.0220
18,19,20,21 5.608 0.0574 6.690 0.0338
22,23,24,25 5.020 0.0509 5.472 0.0405
Weight,1b 285.6 202.3
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TABLE 13
LOAD CONDITION FOR CASE 5

Load Condition 1 (ksi)
- >

311 P P Py Py, P P
0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0

-78.5 125.0 125.0 125.0 125.0 125.0 125.0
Load Condition 2 (ksi)

> > > - > + >

P12 P2 Py Fis Pey Pe2 P2
0.0 0.0 0.0 0.0 0.0 0.0 J.0
0.0 6.0 0.0 0.0 0.C 0.0 0.0

59.0 187.5 187.5 187.5 0.0 0.0 0.0
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TABLE 14, CASE 5
DISPLACEMENT LIMITS = +1.60 IN.

Member Initial Design Final Design
Diameters Thicknesses Diameters Thicknesses
(in) (in) (in) (in)
16 15.0 1.0 12.25 0.817
i 7+ 12 15.0 1.0 13.31 0.888
13 > 18 15.0 1.0 12.30 0.820
" 18 -+ 30 15.0 1.0 14.16 0.844

Weight.1b 266600 199700
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TABLE 15
COMPARISON OF RUNNING TIMES

For Results From From Previous
Algorithm Results (Ref. 1)
Case To Achieve Tcrmination To Achieve
Final Designa Time? Final Design
(sec) (sec) (sec)
2.A 10 417 221P2¢
2.8 505 1728 1532P
! 3 555 302 3561P
’ 4.A 1595 694 3639

a. Using the Fletcher-Reeves minimization method

with scaling.

b. Using a modified steepest descent minimization

scheme.
c. Estimate termination time was 375 seconds.

! d. Using a variable metric minimization scheme.

ST
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TABLE 16
COMPARISON OF RESULTS

Final Weights Final Weights Lowest Estimate
Case Using New Using Comparable of Optimum
Algorithm Methods® Weight
(1b) (1b) (1b)
1 79.75  eeee- 79.2¢
2. 32.06 82.6° 79.6°
2.8 57.30 56.1° 55.40
3 5.97 6.03° 5.960
4.A 562.9 570.4°¢ 562.9

a. Running times for these results given in Table 15.
b. References 1 or 8.

¢. Reference 8.

% d. Reference 13.
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APPENDIX A
FORMULAS

This appendix contains the formulas for the gradient and
the diagonal elements of the matrix of second partial derivatives

for the function ¢ presented in Chapter III.

A. Gradients

KT N N N oK
I () Kj¥sk = P L Gt k{]
i k=1 g=1 | j=1 %J p=1 994; P
+ ] + 1
’ (d .. -d.)? d? t.(r - d./t.)?
max i i i‘Vtu i7"
2
) . . KT ) 2K m°E . d,
2 & 2 2,.2y,2
t;(d/t, - r) k=1 , n B, (di+ts)
8Lc. [og., + — 3 1°
1721 ik g2
z
k E.t
2 2 11
d; (fik Ay
1
X npwmwoLiti
2
(W, - W)
KT N N N K
2 - 27 z[(zx.u. p);(—-“ﬂu)]
at1 k=1 221 =1 23 jk Lk p=1 ot pk
d.
v ] 2 * i 2
(tmax t‘l) t2 gl_r
] ti L
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(u - u'k)2 ) (ujk - uzo)z

B. Second Partial Derivatives

232 ) KT aK 2
2 2 ) Z ( zuzg Bd
adi k=1 2=1 j=1
+ v —- - + 2—-
(dmax - di) d
+ 2 + 2
: t2(r - d./t.) t?(d /t: -r )3
% KT 2Ky 21°E.d; \ °
+ AY
2 k=1 E;(di+t3) 3 8L§
| Cofoik * 2
8L
i
{ 2
i ) ZKdTT E1
7 E.(d5+t3)
{ 8L%c R
i’z1 ik BL%
i
. ZKd (k?E_lt]‘)
3 2
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i
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C.

2 Jj ing
Uik { i
2, 2
(Omax - o) (Uik ~ min)
* 22 2,.21 \ 3
o [ Rl
21 \ ik 8L%
i
+ 2
KE.t: \°
S i ]
ik d.
;
. .
3 3
(uup - ujk) (u., - “zo)

The partial de:ivatives of the design and displacement varia-
bles were coordinated to the thickness, diameter, and dis-

placements in the following manner:

Displacements
. 2 2% _ 2%
%y Y5k o] au?k
i=J+nk
J=1,2,...4n

k = 1,2,...,KT
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Diameters

ikt K =K1/ 3d,
2 .
'021 = ¢ ¢ = rg n (TPE"']('T) 32
g2 ny? L i-n 2
B kT K5 =] ad;
i = nKT + 1,...,nKT + Ndv
Thicknesses
__ 5 T 'fn( ¥ >a¢
v
2 .
3¢ = 3¢ = ? n T__IIJ___. éi&
582 2% 591 1-nKT-Ndv at2
i-nKT-Ndv i i

i =nki + Ndv+1,...,nKT + Ndv + Ntv
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APPENDIX B

The following are the 1istings of the ALGOL programs used to

obtain the results presented in Chapter 5:

1. an ALGOL procedure, FP, to compute the value of the

furiction ¢, its gradient, and the sceling factors;

2. the main program used to minimize the function ¢

using the Fletcher-Reeves method.
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