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ABSTRACT

An analysis of the stability of the flight control system of the Saturn
booster is discussed here. The control law is written in terms of position
gyro and rate gyro feedback. Conventional linear feedback theory is used for
the analysis with the emphacis on the root locus technique. An elieventh order
model is used for plant dynamics; a third order rigid body model, plus a second
order model for each of the first four bending modes. The rigid body and bend-
ing dyn mics are assumed to be decoupled from each other in an open loop sense,
but are coupled through the gyro feedback.

The system was analyzed at the 80 second point in the trajectory, which is
representative of the maximum aerodynamic pressure region. Gyro feedback gains,
which determine the position of the gyro open loop zero, were chosen by use of
the Routh-Hurwitz stability criteria. This method yields a stable rigid body
mode, but an unstable system when the bending modes are added. At this point
in the trajectory system stability is very sensitive to the first and second
bending mode dynamics. A low, positive open loop gain produces an unstable
system. Some form of compensation was indicated. '

A simple second order lag filter inscrted in the feedback path was chosen
for the compensation. This filter has the effect of changing the exit angle of
the locus of closed loop poles from the first and second bending mode open loop
poles by 180°. This delays the entry of the loci into the right half plane.
The location of the filter open loop poles were chosen to minimize their effect
on the rigid body dynamics. The filter improved the stability problem caused by

the first two bending modes but introduced a problem with the fourth bending mode.
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In the uncompensated system the fourth bending mode locus never left the left
half plane, but in the compensated system this locus now changed direction
and migrated into the right half plane.

Several gyro gain combinations were investigated by use of techniques
described in Parts II and III of this final report series. Several of these
combinations produced stable systems. Root locus diagrams for these gains are

discussed in this document.
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l. INTRODUCTION

Many different techniques are available to a control systems engineer to
study the time response of a closed loop feedback system. Each technique offers
a distinct viewpoint of the problem. 1In the analysis of the Saturn Booster
Control problem by the R.P.I. group, Modern Control System Analysis techniques
have been used to a great extent. The use of state variable notation has
simplified the system design, by facilitating the simulation of booster dynamics
on the digital computer. While these techniques lend themselves admirably to
the analysis of the booster control system, a certain degree of physical insight
into the problem is exchanged for computational facility. In order to develop
& better physical understanding of the problem, an analysis of the vehicle

inner loop dynamics was undertaken using the root locus technique. This analysis

provided a reference for comparison of the results obtained by more advanced
techniques. By inspecting the trends shown by root locus a better physical
picture is obtained of how gyro and compensation filter gain selection alter the
control system effect on vehicle dynamical response.

It was felt that the analysis of the inner loop would be more informative
if the rigid body dynamics were treated first, and then the bending modes added
one at a time. The effect of each bending mode on the rigid body and the

previous bending mode, could then be studied.

2. DEVELOPMEN® ( A GENERAL CONTROL SYSTEM MODEL

In Appendix A, the closed loop transfer function of the system was first
developed in general form. Polynomial coefficients were left in terms of vehicle
parameters. At this point no attempt was made to obtain numerical results.

Since a root locus plot was desired, the general expression for the closed loop
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system characteristic equation was obtained. The control lcs was written in
terms of a command input because this led to the simplest transfer function
representation of the system. A linear system was assumed, therefore this choice
of input had no effect on the time response of the system.

The vehicle equations of motion, as described in the July-August 1967
project progress report, were used for this analysis. The vehicle lateral
velocity E, was eliminasted from these equations to reduce the number of
variables. This is valid because the control law does not include any éara-
meter that will effectively control this variable and its elimination‘does not
effect the results. The time domain equations were transformed to the s domain
to simplify the algebra.

The rigid body dynamics are represented by a third order system. The open
loop transfer function for this mode also contains a first order zero. The'
open loop poles are a result of the aerodynamic forces acting on the vehicle
and the location of the vehicle center of gravity and center of pressure. The
location of the open loop zero is a function of aerodynamic forces and engine
thrusting forces. The rigid body attitude control loop is closed through a
position and rate gyro in the feedback loop. These two gyros add another open
loop zero to the system and the location of this zero on the s-plane has a
great bearing on vehicle response. Overall booste. stability is therefore very
sensitive to the magnitudes and the ratio of gyro gains.

Each bending mode open loop transfer function has the form of a second
order, lightly damped system. Each mode is excited by a forcing function which
is functionally related to the engine gimble angle. While the bending modes
are assumed to be decoupled from each other in an open loop sense, they are

strongly coupled to the rigid body mode and to each other when the control

PORSIERP———



feedback loop is closed. The bending modes are detected by the gyros, and they
appear as noise in the gyro outputs. The magnitude of this noise is a function

of the vehicle position in the launch trajectory.

3. NUMERICAL EXAMPLE

When the algebraic expression for the system characteristic equation was
obtained, a numerical analysis at t = 80 seconds into the flight was conducted
to obtain specific root locus plots for various gyro ,iins.

3.1 Rigid Body Mode

Again the rigid body dynamics were treated separately. NASA data,

contained in Boeing Report D5-15381-1 was used for all calculstions. As
mentioned previcusly, the closed loop system performence was very sensitive to
the lccation of the open loop gyro zero. A unity feedback gain was first
selected, corresponding to the use of only a position gyro in the feedback path,
to investigate the closed loop rigid body behavior. A root locus diagram for
this condition was sketched. This is shown in Figure 1. This diagram indicated
that the vehicle is unstable for all values of gain. This result is expected
since the center of pressure of the booster is forward of the center of gravity,
at this point in the trajectory, and results in aerodynamic instabiliiy. This
is indicated by the presence of the two open loop rigid body poles located in
the right helf plane. The need for a stabilizing zero in the left half plane
is obvious. This zero, of course, 1s produced by the use of the position and
rate gyros in the feedback loop. The best location of the open loop gyro zero
however is not readily apparent. To determine the best location, on & gross
basis, three root locus diagrams were sketched indicating the three possible

locations for this zero. These are shown in Figure 2. It was determined that
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the most suitable location for this zero was on the real axis in the left half
plane to the left of the open loop pole-zero pattern of the rigid body mowe.
This location yielded a stable system for the lowest possible loop gain. A
Routh-Hurwitz criterion analysis was conducted to determine the value of the
gyro gains and the gain ratio that would just meet this condition. Analysis
indicated that a displacement gyro gain of a, = 0.2 and a rate gyro gain of
&, = 0.4 with a corresponding gain ratio of 0.5 would satisfy this condition.
Root locus diagrams were now constructed by means of a digital computer program
that determine.. the location of the closed loop poles with a precision commen-
surate with the accuracy of NASA data as contained in Boeing Report D5-15381-1.
A plot of th2 root locus diagram for the rigid body mode is shown
in Figure 3. This plot indicates that the system can be stabilized by the proper
choice of forward loop gein. The gyro gain ratio is 0.5. The.forward loop gain,
which includes vehicle gain and the rate gyro gain, is of course varied from
zero to infinity. This is a rather unusual root locus plot. As gain is in-
creased, from zero, the locus migrating from the rigid body open loop poles
located on the real axis in the right half plane, leaves the real axis at a
gain of k = 0.185 and s = 0.123, crosses the Jjw axis into the left half
plane and reenters the real axis at s = - 0.269 at a gain of k = 0.79. The
locus that originated at the open loop pole located at s = 0.422 is traced
out below the ¢~ axis and upon reentry into this axis at s = - 0.269, turns
right and moves along the real axis to the open loop zero located at & = - 0.046,
The locus that originated at the open loop pole located at s = 0.0lk is
traced out above the @ axis, reenters this axis at s = = 0.269 turns right,

moves along the real axis until the point s = = 0.287 4is reached. This locus
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again breaks away from the real axis, moves in an arc above this axis around
the gyro zero and again reenters the real axis at s = - 0.661. It now turns
right and moves to the zero located at s = - o® ,

The locus that originates at the open loop poles located at
s = - 0.48 moves to the right, along the real axis as the gain is increased
until the point s = - 0,287 1is reached. Here it turns right, enters the
region below the O™ axis and moves in an arc to the left, swinging around the
gyro zero. This locus reenters the real axis at s = - 0.661, turns right and
migrates to the open loop pole located at 8 = - 0.5. The existence of four
real axis break away and break in points was verified by taking the partial
derivative ak/ o 8, setting it equal to zero, and factoring the roots of the
resultant equation. This locus results in a situation where critical damping
can be achieved for two different gains k = 0.79 (at 8 = = 0.269) and
k =1.36 (at 8 = =~ 0.651).

For the gyro feedback gains chosen for this preliminary investigation
(a, =0.2 and a, = 0.4) the system forward loop gain is k = 0.468. This
value of gain yields a pair of dominant closed loop poles at s = - 0,25 + J 0.17.
This produces a damping factor of 5 = 0.126 at a frequency of 0.172 radians
per second. This produces a very lightly damped system oscillating at a low
frequency. Both damping and frequency may be improved by raising the gain to
k = 0.685 to yield a damping factor of 8§ = 0.707 at a frequency of w = 0.15
radians per second.

3.2 Rigid Body Plus First Bending Mode

A plot of the root locus diagram for the rigid body plus first bending

mode is shown in Figure 4. Here the root locus is plotted for a positive feed-

back condition due to the negative sign in the characteristic equation (1-KGH).
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The adverse effect of the first bending mode dynamics on the response of the
vehicle is dramatically illustrated here. When the forward loop gain is
increased to only k = 0.035, the locus migrating from the open loop poles,
associated with the first bending mode and located at s = = 0,067 + j 6.7, will
cross the Jjw axis into the right half plane producing a divergent oscillation
in the response. The system gain, resulting from a combination of rigid body
open loop gain, rate gyro gain and first bending mode gain, is k = 0.2k,
This of course yields an unstable system. It is obvious that some form of
compensation is required to stabilize the vehicle.
3.3. Rigid Body Plus First and Second Bending Mode

The root locus plot of the rigid body mode plus the first and second
bending mode is shown in Figure 5. The open loop pole=-zero pair arising from
the second bending mode dynamics straddle the jw axis. Again something un-
expected happens. Comparison of Figures 4 and 5 show a difference in the locus
from the pair of complex conjugate open loop poles located in the left half
plane to the open loop zeros located in the right half plane on the real axis.
In Figure 4, the locus migrated from the pole pair located at s = - 0.067 + j6.7
to the zero located at s = 8.7. In Figure 5, one would expect that the
addition of the pole-zero pair associated with the second bending mode would
result in a locus between this pair. This does not occur. Instead a locus
exists between the poles associated with the first bending mode and the zeros
associated with the second bending mode. A locus also exists between the poles
associated with the second bending mode and the zeros associated with the first

bending mode.



Two possible explanations can be offered for this odd behavicr. Although
the Lending modes are uncoupled in an open loop manner, they are strongly coupled
through the rate and position gyros resulting in a strong interaction between modes.
Secondly, the root locus itself is a wuechanical technique where the physical
proximity of poles and zeros determines the locus. The zeros are highly sensitive
to slight changes in the coefficients of the polynomials from which they have been
factored. Errors in the fifth and sixth places can change the position of the
zeros sufficiently to influence the locus. As system gain is increased instability
will occur at k = 0.175 when the locus from the pair of complex conjugate open
loop poles located at s = ~ 0.067 + j6.T crosses the jw axis into the right half
plane. At a gain of k = 0.373 the locus from the open loop poles located at
s ==~ 0,22 + jl2.3 also cross the jw axis into the right half plane. The system
gain resulting from the rigid body, gyro, first and second bending mode gains is
k = 1.24. This gain results, of course, in an unstable system. Closed loop poles
are located at s = 0.29 + j6.66 and s = 0.38 + jl2.2 for this value of gain.
Again the system must be compensated if a stable condition is to be achieved.

3.4 Rigid Body Plus First, Second and Third Bending Mode

The root locus plot of the rigid body plus first, second and third bending
" modes is shown in Figure 6. Again the open loop pole-zero pair arising from the
third bending mode dynamics, straddle the jw axis. Again as gain is increased,
the closed loop poles due to che third bending mode will migrate from the left
half plane tc the right half plane. However, the third bending mode has little
effect on stability since the jw axis crossover does not occur until a gain of
k = 191 is reached. This value is far above the low gain required to move the
locus from the first bending mode poles info the right half plane. The destabilizing

effect of the first and second bending modes will dominate the system response.



Determination of the location of the closed loop poles for the gains involved
indicate that the first and second bending mode dynamics produce pairs of complex
conjugate closed loop poles at s = 0.38 + jl2.3 and s = 0.29 + j6.3 which
produce instability. However at this value of gain, k = 0.654, the closed loop
poles of the third bending mode are at s = - 0.L46 + j16.9 and have not crossed
the jo axis into the right half plane. This indicates that at the 80 second
point in the trajectory, the venicle is not overly sensitive to vibrations pro-
duccd by the third bending mode.

3.5 Rigid Body Plus First, Second, Third and Fourth Bending Mode.

The root locus plot of the rigid body plus first, second, third and
fourth bending modes is shown in Figure 7. The fourth bending mode dynamics
do not produce an open loop pole=-zero pair astraddle the jw axis, but instead
produce a complex conjugate pair of poles in the left half plane and a pair of
zeros on the real axis one in the right half plane and one in the left half plane.
The locus is traced from the open loop poles Incated at s = - 0.21 + j2l.5 to
the real axis. The locus never leaves the left half plane regardless of how high
the value of gain is adjusted. It is obvioﬁs that the system will not experience
instability due to the fourth bending mode dynamics at this point in the tra-
jectory.

In summary, it appears that the first and second bending modes are the
arinciple causes of instability at this point in the trajectory. The need for
compensation is apparent. Investigation of the root locus diagram of Figure 7
for the rigid body plus first bending mode, revealed that the entry oi the locus

into the right half plane could be delayed, until higher values of gain are




reached, if the exit angle of the locus from the complex open loop poles located
at s = 0.067 + j6.7 could be rotated by 180°, This can be accomplished by the
addition of a second order filter of the form

o 2

G (s) = < (1)
c 2 2
s + 2 Sc wc s + wc

into the feedback loop. This filter will degenerate the performance of the rigid
body mode, but this trade off is practical, since the rigid body can be made
stable by the proper choice of gain. Values of wcz = 50 and Sc = 0,707 were

chosen for the filter parameters.

L.  NUMERICAIL EXAMPLE WITH FEEDBACK COMPENSATION FILTER
4.1 Rigid Body Mode

The insertion of the second order lag filter in the feedback loop has
little effect upon the performance of the rigid body mode at lower gains. This
is apparent from the root locus of Figure 8. The location of the closed loop
poles for a gain of k = 23.4 (a combination of a filter gain of 50 and a gyro,
rigid body and bendirg mode open loop gain of k = 0.468) indicates that the
dominant pair of closed loop poles are located at s = - 0.026 + j0.18 due to
the rigid body dynamics. The effect of the filter complex conjugate closed loop
poles located at s = - 4.8 + j4.8 is negligible on the overall response because
the transient due to these poles dies out very quickly compared to the long
transient associated with the rigid body poles. However as gain is increased
the effec?_of the filter 1s wore noticeable and the possibility of instability
exists for high gain as the locus will move from the left half plane to the right

half plane, at a gain of k = 426, along the direction of the asymptotes located
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at 60° and 300°.
4.2 Rigid Body Plus First Bending Mode

Figure 9 shows the effect of the compensation filter on the root locus
for the rigid body plus the first bending mode. The filter has the effect of
delaying the entry of the locus into the right half plane until higher values of
gain are reached. The locus migrating from the open loop poles located &t
s = - 0.067 i_j6.7 again moves from the left half plane to the right half plane
but the jw axis crossover is accomplished at a higher gain (k = 36.4) than the
uncompensated system (k = 0.0335) this results in a "stiffer" system. The
dominant pair of closed loop poles due to the rigid body are located at
s = = 0,03 + j0.18. All other closed loop poles lie in the left half plane.
System gain is k = 12.2.

4.3 Rigid Body Plus First and Second Bending Mode

The root locus plot of the rigid body plus the first and second bending
modes, with compensation, is shown in Figure 10. Comparison of this locus with
the uncompensated system of Figure 9, indicate that the addition of the filter
has changed the locus considerably. The proximity of the closed loop filter
poles to the jw axis has changed the paths cf the locus. Whereas in the uncom-
pensated case, the locus migrated from the open loop poles associated with the
first bending mode to the open loop zeros associated with the second bending mode,
in the compensated case the locus now migrates between first bending mode pole-
zero pair and the second bending mode pole-zero pair. The entry of the first
bending mode locus into the right half plane is delayed in the compensated case.
A gain of k = 0.175 was sufficient in the uncompensated case to drive the locus
into the right half plane, but with the addition of the filter, a gain of

k = 126, was needed to produce instability. The second bending mode locus
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entered the right half plane at a gain of k = 0.373 for the uncompensated case
and for a gain of k = 14,320 for the compensated case. Again a great improve-
ment is evident here and the effect of the second bending mode on system
stability is desensitized. The dominant pair of closed loop poles due to the
rigid body are located at s = - 0.033 + j0.18. A1l other closed luop poles are
located in the left half plane indicating a nondiverging vehicle time response.
System gain is k = 62.5 for this condition.
4.4 Rigid Body Plus First, Second and Third Bending Mode
The root locus diagram for the rigid body plus first, second and third

bending modes is shown in Figure 11l. Comparison of this locus with the uncompen-

sated system of Figure 6 again indicates that the addition of the filter drastically

alters the root locus. The compensated system locus behaves as expected. A locus
now exists between first bending mode pole-zero pairs, second bending mode pole-
zero pairs and third bending mode pole-zero pairs. This was not the case, of
course, in the uncompensated system. The entry of the first bending mode locus
into the right half plane is again delayed due to the 180° phase shift in locus
exist angle produced by the compensation filter. A gain of k = 0.28). produced
first bending mode instability in the uncompensated case but now a gain of k = 71
is required before the locus enters the right half plane. The second bending mode
locus enters the right half plane at a gain of k = 0.208 for the uncompensated
case, but a gain of k = 2900 is required before this condition occurs in the
compensated case. The third bending mode locus enters the right half plane for

a gain of k = 195 for the uncompensated case however a gain of k = 191 is
required before the system goes unstahle due to the effect of the third bending

mode. The first bending mode is still the prime contributor to vehicle instability,
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but the improvement in gain required to drive the system unstable is dramatic.
4.5 Rigid Body Plus First, Second, Thrid and Fourth Bending Mode

Finally the roct locus for the rigid body plus first, second, third
and fourth bending mcdes is shown in Figure 12. Here a stability problem is
introduced by the addition of the compensation filter. In the uncompensated case,
the locus from the palr of complex conjugate open loop poles associated with the
fourth bending mode migrates to the real axis in the left half plane. The locus
never leaves the left half plane and the fourth bending mode can never produce
instability regardless of how high the system gain is raised; However, with the
addition of the compensation network, the locus now migrates into the right half
plane for a gain of k = 17.3. A check of the behavior of the first bending mode
locus indicates that it does not crossover the jw axis until a gain of k = 36
is reached. This indicates that in the compensated system the first bending mode
no longer determines when the system will go urstable but rather the fourth
" bending mode now determines system stability. Obviously the filter acts as a
destabilizing influence on the fourth bending mode dynamics. The composite syztem
gain, a combination of filter, gyro and rigid body plus bending mode open loop
gains, is k = 32.7 as indicated in Equation A-132. This produces an unstable

system.

5. EFFECT OF CHANGING THE OPEN LOOP GYRO ZERO POSITION

The effect of changing the open loop gyro zero position was investigated next.
Four locations at s = 1.0, 1.25, 1.6L4 and 2.33 were chosen. Root locus plots
corresponding to these conditions are plotted in Figures 13, 1k, 15 and 16. These

root locus plots, are similar in shgpe to the plot shown in Figure 12.
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For a position gyro gain of a = 0.8 and a rate gyro gain of a, = 0.8,
resulting in a gain ratio of one. The locus migrating from the fourth bending
mode open loop pole crosses the jw axis into the right half plane at a gain of
k = 93.1. This represents a considerable improvement over the gain of k = 17.3
for the case where the gyro gain ratio was 0.5. A check of the first bending
mode locus reveals that a gain of k = 44 is now required to produce instability
due to this mode. This is also an improvement over the gain of k = 35 found
for a gyro gain ratio of 0.5. It is interesting to note, that moving the gyro
zero further to the left along the real axis, as has been accomplished here,
desensitizes the system to the effect of the compensation filter on the fourth
bending mode locus. This root locus is shown in Figure 13,

The root locus for a gyro gain ratio of 1.25 is shown in Figure 1k. Here
the position gyro gain was chosen as a_= 0.5 and the rate gyro gain as

O

a; = 0.4. The locus at the fourth bending mode closed loop poles crosses the jw
axis, into the right half plane, at a value of gain of k = 93.5 indicating a
very small change from the value of k = 93.1 found for a gain ratio of one.
The first bending mode locus crosses the jw axis into the right half plane for
a gain of k = 4B.7. This represents an improvement over the gain of k = Ll
found for a gyro ratio of one. The gains required for instability of the other
bending modes are much higher than the first mode and do not contribute to the
stability problem.

The root locus for a gyro gain ratio of 1.64 is shown in Figure 15. Here
the position gyro gain was chosen as ao = 0.82 and the rate gyro gain as
8, = 0.5. The locus of the fourth bending mode closed loop poles crosses the jw
axis, into the right half plane, at a value of gain of k = 93.4k, This value
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-yl - - -
is approximately the same as the gain of k = 93.> obtained for a gyro gain
ratio of k = 1.25. The gain required to drive the first bending moce unstable
is k = 55.6, again an improvement over the gain of k = 48.7 found for a gyro
gain ratio of 1.25.

The root locus diagram for a gyro gain ratio of 2.33 is shown in Figure 16.
The position gyro gain ic checsen as a, = 0.921 and the rate gyro gain
8y = 0.395. A check of the fourth bending mode locus reveals the system will be
unstable for a gain of k = 77.14, This indicates a reversal in the trend of the
three other gyro gain ratios plotted. Here the gain required for instability is
lower than the gain ratio of 1.64 plotted previously. The gain required to drive
the first mode unstable is k = 63.6. This again represents an improvement over
the previous case.

The location of the dominant rigid body closed loop poles for a gain of
k = 63.6 is at s = ~ 1,18 + j2.62 which yields a: equivalent second order
system damping ratio of 8 = 0.225. However the system response is not as
lightly damped as this "Cominant" second order response would indicate.

Figure 17 shows a plot of the gain required to move the locus of the closed
loop poles assoziated with the first and fourth bending mode across the Jjw axis
into the right half plane as a function of the location of the open loop gyro
zero. Inspection of this graph indicates that the gain required to drive the
system unstable increases, as the gyro zero is shifted to the left along the
real axis in the left half plane will improve system performance considerably.
However there appears to be an optimum gyro gain ratio where the gain required
to produce instability would be the same for the first and fourth bending modes.

Further investigation into this area is indicated.
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6. SUMMARY

Conventional control techniques have been used to analyze the stability of
the Saturn booster at the 80 second point in the trajectory. A linear vehicle
was assumed.

The Routh-Hurwitz stability criteria was used to determine the location of
the gyro feedback open loop zero. This method yielded a value for both the
position (ao = 0.2) and the rate (a.l = 0.4) gyro gains. These gyro gains
were then used to evaluate the effect of the first four bending modes. The
result of this analysis indicated that the first and second bending modes caused
instability with these gains. Third and fourth bending modes were stable.

An appraisal of the problem of first and second bending mcde stability
indicated that a shift in exit angle of the locus from the first and second bend-
ing mode open loop poles, of 180° would delay the entry of the locus into the
right half plane until higher loop gains were reached. A simple second order
lag filter was used in the feedback path to accomplish this. The open loop poles
of this filter were placed at s = - 5 + j5 so that the filter would not affect
the rigid body response. The sensitivity of the system to the first bending mode
was diminished. The sensitivity to the second bending mode was dramatically
diminished, but the sensitivity to the fourth bending mode increased to where the
fourth beading mode dominated the stability picture producing an unstable system
for low gains.

Further investigation into the effect of the location of the open loop gyro
zero revealed that moving the zero to the left along the real axis in the left
half plane desensitized the system to the first and fourth bending mode in the
compensated system but that an optimum gyro zero position existed. Further work

is required in this area to determine the optimum gain.
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The avthor is indebted te Dr. Raymond H. Ash, Jr. of the R.P,I. Staff for
the use of his root locus digital plotting routine which he has developed.
Without this program it would have been impossible to conduct this analysis

with the speed and accuracy required to complete this task.
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APPENDIX A

ok i

ANALYSIS OF SATURN BOOSTER PERFORMANCE BY CONVENTIONAL
CONTROL THEORY METHODS

The analysis of the Booster hy conventional control theory techniques
was conducted to provide a basis for comparison of the results obtained
by the use of more sophisticated techniques. Routh-Hurwitz Criterion
was used in conjunction with Root Locus techniques to evalnate system
performance. A numerical analysis was conducted for the 80 second point
on the trajectory since it represented the region close to the max g.point
where stability was critical. Preliminary analysis indicated the need
for compensation, and the simple second order lag filter, designed as
part of the sensitivity study, was used here to check the validity of

this choice of compensation.

A.1 Equations of Motion

The following equations of motion of the vehicle were used for

this gnalysis:

@ + C,a + CB =0 (A-1)

.Z.=(F;1X>¢+(-Tnl\-l-:-)oc+ (TRn-)B (-2)

Zi;ii+ziesiwi7.('i+zi My o (Z )>B (A-3)

Z -
a=aw+¢--‘-,- (A-4)

(2-5)

w
]
]
V]
O
AN
+
]
(o]
S
o
+
o
'—-l
AN
o)
ey

g = ¢ + zi!q (%gg) 71 (8-6)



Pp=19+ %Yi (xp) o 4

(A-7)

The following substitutions have been made to simplify the equations;

- (5)

~
n
|

=

"

™M

AV)

)

[N

(=
e

The equations of motion can then be written as;

o

¢+Cla+026=0

7 = Kl¢ + Ko+ K3B

(L] ®
Wy +Kig Yy *Kyg N5 - Kiqp =0

Z
aa,-§ep

B=-a, @, +a, P+ a b
oo = 9+ Kig X 4

Fp=9+Ko ¥y

(A-8)
(A-9)
(A-10)
(A-11)
(A-12)

(A-13)

(A-14)

(A-15)

(A-16)
(A-17)
(A-18)
(A-19)
(4-20)
(A-21)

(A-22)
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To reduce the number of variables from the equations, elliminate Z. A

further simplification can be accomplished by noting that two forcing
functions are present, ¢c which is a command input and.oz)which is 8
wind disturbance input. Since we are dealing with an assumed linear
system, the stability of the vehicle is not dependent upon the nature
of the input. Therefore the vehicle response to only one input, ¢c,

will be investigated. Assuming Qb = O then;

7 = V(¢ - a) (a-23)

differentiate with respect to time

- L [ ] ®
Z=V@+VP-Va-VvVa (A-24)
equating equations (A-17) and (A-24) yields

3e=§f¢+v§5-\;a-v& (A-25)

Kl¢ + Ko+ K
Grouping terms yields
'y ° ° "
(V-Kl)¢ +V @ - (V+K2)a-Va-K3B=O (A-26)
Equation (A-20), the control law, can be written in terms of the bending

parameters as follows:
[ ]
B=-a,B,+a,Pptay Poo=-a P +a K a A+

a. f+a) X9 Yy (a-27)

The equations of motion of the vehicle have now been reduced to a form
where the open and closed loop transfer functions of the system may be
obtained. It is expedient to work in the s-domain, therefore equations

(A-16), (A-18), (A-26) and (A-27) are Laplace transformed assuming all -

36.
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initial conditions to be zero.

s°B(s) + cjals) + ¢ 8(s) = 0 (A-28)

(s% +(K, 55) 1(8) - K,-8(s) = 0 (4-29)

V- K\ V+K K
[s + ( T l)J pi8) = [s + ( 7 2)] a(s) - vie(s) =0 (A=30)

(3 + ay8) B(s) + (Kyg a, + Kyg ays) ¥, (s) = B(s) =

ap.(s) (2-31)

The equations of motion can also be written in matrix form as,

5 - - -
g c, C, 0 ¢ o
V-K V+K
e AN s BN CY N
v
= (A-32)
0 0 K, (52+K155+K36) B 0
(za0 + als) 0 | -1 (aOKiO+Ki9aliZ‘ i YIH a°¢?_j

A.2 Develggment of §ystem Transfer Functions

The vehicle bending modes are assumed to be decoupled from the
rigid body and also from each other. This assumption permits the develop-
ment of the transfer function of the vehicle rigid body dynamics inde-
pendently from the bending dynamics. It follows that the dynamics of
each bending mode c¢an also be treated independently. This analysis will
be conducted by first determining the Rigid Body transfer function anad

then adding the first, second, third and fourth Bending Modes.
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A.2.1 Rigid Body Dynamics

The equations of motion for the rigid body reduce to;

[ X4

f+Ca+Cp=0 (A-33)
(V-K)g+Vg-(Vek)a-Vi-Kp=0 (4-34)
B=-a f, +af+ alsz (A-35)
g, =@ (A-36)
bec = ¢ (a-37)

These equations can be Laplace transformed, assuming zero initial conditions

to yield;

s°6(s) + Cjas) + C p(s) = O (8-38)

V- K, v+ X,
[S + 7 ]¢(s) - [s + 7 ]a(s) - K3 B(S) = (0 (A'Sg)
"V"-

(a;s + a ) g(s) - B(s) = a @ _(s) (a-ko)
These equations can also be written in matrix form as:
Re c, c, d(s) 0
'?/'-Kl \,.7+K2
R e
7
(a, + a;s) 0 -1 LB(S)d a fd,

hages

The rigid body open loop transfer function #/8 is obtained by the use

of determinants. The characteristic equation is the determinant of the
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coefficient matrix.

] -2

v - K|
+ Cl s+ C ( )

(A-L2)

v

A block diagram of the closed loop system is shown in Figure 1.

v+1< clx3}
g.(s) . _B(s) STV ()

YV - —T-_-
)+C S+C(——-—§-l-)

(o)

s> + s (

a +a, s [
o

Figure 1 - Block Diagram of Closed Loop Control
with Only Rigid Body Dynamics

The closed loop transfer function may be written directly as
s KG(s)
gaﬁai = T Xa(s) H(5) (A-k3)

The negative sign in the denominator indicates positive feedback. This

arises because of the manner in which the control law (equation A-5)
was written.

The Root Locus technique will be used to investigate the performance
of the closed loop system. This requires that the characteristic equation

be obtained in the proper form.



Lo,

1 - Ka(s)H(s) = 1 +

The numereor and denominator of the KGH function must be factored to
obtain the zeros and poles required to plot the Root Locus diagram. The

characteristic equation can now be obtained by algebraic manipulation.

PY L
V+K V+K
_ 3 2 2 2
l - KGH = g +[(—-—-——V )4-&11(32]s+[Cl+aQC!2+alC2 V)
[ ] ®
a, C) K, {v - K, [ /V+EN CKi1

) oL\

Inspection of this equation indicates that system stability is strongly

dependent upon the values of the gyro feedback gains a, and a;. Routh's
Criteris can be used to determine the wvalues of a, and ay that will
produce a stable, closed loop system.

The closed loop transfer function is given by the expression.

o -fe (5] -2

_a“¢ .® . ‘ .
e 83 + e K2 + a, C 52 +]C, +a_ C, +a, C 'z—:-fé\
V 172 1 % 27" v }
.‘ ~ ° K
i al Cl K3 Chc V - Ry ‘s c V + K2 i Cl 3
\ 1 Vv o} 2 v A2

(A-kk)

(A-L5)

(A-L46)
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A.2.2 Rigi. Body Plus First Bending Mode

The Rigid Body plus the first Bending Mode will be treated here to
indicate the procedure used to analyze the bending mcdes in conjunction

with the rigid body mode. This approach will be extended to four bending

modes in the next section.

The equations orf motion are given by the matrix equation (A-32)

with i = 1.
s Cl 02 0
V-K V4K
- +
1 2
+ - -
v
0 0 K (s24K._s+K..)
17 15° 16
(ao+als) 0 -1 (K1080+K198ls)

¢(s)

a(s)

B(s)

f 4(s)

The Bending Mode is decoupled from the Rigid Body Mode, therefore the

open loop transfer function for the rigid body mode is the same as

equation (A-42). The open loop hending mode equation can be found

directly from equation (A-18).

X 1(s) X7

Bls) 42, K8 + Kog

A block diagram of this system is shown in Figure 2.

b1,

(A-L7)

(A-48)



VvV + K ¢, K
ﬂc - B -{C2J[s+<-\7-g)]'-}7_3'} ¢
n ,

) v K 7 =
+ ‘r." 53 + ( 2) 2 v Kl)

)
n
[l

10 2

Figure 2 - Rigid Body Plus First Bending Mode Closed Loop Block Diagram

The closed loop transfer function is most readily found by block diagram

reduction.
et
Go(s) = (a-49) -
N K
6,(8) = 5 = —g—2 (a-50)

The block diagram of Figure 2 may be asltered by moving the gyro feedback
gains into the Rigid Body and Bending Mode channels as shown in Figure 3.
Inly the open loop system is shown here. The output of the system is

designated by the letter 0.

ko,



-,

L3,

[re——i als ]
+
w ¢y(s)|—2
+
¢c B 2 0
+
25%10
RSO -
-n +
. [ .
— . (s)
+
Smea———
a.lKlgs -

Figure 3 - Open Loop Block Diagram

This diagram can be further :=duced to the form shown in Figure k.

——
(ao+als) Go(s) + (aoKlﬂ + alK19 s) Gl(s)

Figure 4 - Pinal Reduction of Block Diagram

The Open Loop transfer function becomes

0 i} i
KGH = 5= (ao + als) Go(s) + (ao Kip + 81 Klgs) Gl(s) (A-51)
NO Nl .
If the substitutions Go(s) = 5~ and Gl(s) = == are made in equation (A-51)

H

0
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the characteristic equation becomes

(a, + a;s) Ny D) + (a K + ay Kig) Iy D
Do Dy

1 -XKGH =1 - (A-52)

The numerstor and denominator of the KGH function must then be factored

tc obtain a Root Locus Diagram for the system.

A.2.3 Rigid Body Plus First Four Bending Modes

The foregoing analysis for the Rigid Body plus First Bending mode
may readily be extended to 1 uncoupled berding modes. In this particular
analysis only the first four bending modes will be considered. The

equations of motion for the four bending modes can be written as

;;1+251 “’17?1”’1271“"1}"—‘1&()(9) B (A-53)
772 + 2§, “’2’22 * “’eé "o = - Yﬁ:xﬁ) P (A-54)
75+ 28, w37;3+w32’/3=5—%(i92a (A-55)
"/.u +2§) “’u*‘;u ¥ “’ue’/u = E—%ﬁz P (A-56)

In order to simplify the algebra, make the following substitutions,

K)g = 251“’15 Kpg = 2 fzcug; Kyo = 2§3w3; K = QS’M

2 2 | 2, 2 )
Kig =@ 5 Wy =0y 5 Kyg=0a 5 K=o (A-57)
' R'Y R'Y R'Y ‘
17 M > Bo7 M2 37 M3 e Y M,
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The Laplace Transform of equations (A-53), (A-54), (A-55) and (A-56) is

now taken, considering all initial conditions to be zero.

(8% + Kyo8 + Ky) A (s) = Ky B(s) (A=58)
(5% + Kpos + Kpg) Wpls) = Ky B(s) (A-59)
(s® + K358 + Kyg) H5(8) = Ky B(s) (4-60)
(82 + Ky + Ku6>’/u<5> - Ky o(e) (a-61)

The equations for the outputs of the Position and Rate gyros are given as

[

bre = 8 + Yy(xpe) )+ Yplapa) o + Y30xpg) 7 5+ Yy lapg) X, (a-62)
B= 8+ X () Ay + plxp) Ay + Yolap) s + Y, (x0T, (a-63)
Make the following substitutions to simplify the algebra.

Kig = Y1 (Xga)s Kpg = Yplxpg)s Kgg = Yalxpa)s Kyg = ¥, (xpq)
" (A-64)

Kip = Yy (xp) 5 Kpy = Yplxp) 5 Kyg = Yalxp) 5 Kyyg = ¥, (xp)

Taking the Laplace Transform of equations (A-62) and (A-63), assuming

all initial conditions to be zero, yields;

S¢RG(S) = sf(s) + Kl9s l/l(s) + K298 ;72(5) + K395 1/3(5) + Klp9s 7)_‘_(3) (A-65)

Bi(s) = B(s) + Ky %, (s) + Kpo¥5(8) + Kagzy5(s) + Kyop,(e) 1A766)
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The open loop transfer function for each bending mode can now be written

1l
G (S) = e = e o (A-67)
L Dl B 82 + KlSS + K16
N K,
G2(s) = 5-?- =7-§?- = =3 21 (A-68)
2 s +K.,.s +K
25 26
N K
G3(s) ::-5§-=7-{B—3-=—§ 3u7 (A-69)
‘ 3 s + K3SS + K36 :
N K :
G)-}(S) = -—)i =;Z-£ T — )+7 (A-70)
D, # 24K + K
5 455 7 U6

The equations of motion of the system can now e written in matrix form.

2 block diagram of the closed loop system is shown in Figure 5. Again
this diagram can be reduced in the same fashion as indicated in Figures

3 and 4 tc yield the open loop transfer function of the system.

% = (ao + als) Go(s) + (adKlO + alKl9s) Gl(s) + (aaKeo + alK29s) G2(s)

(a-T2)
+ (adK3o + alK395) G3(s) + (aoKhO + alKh9s) Gh(s)

NO Nl Né N3
If the substitutions Gy(s) = -]-)-6; Gl(s) = -D-I 3 Gg(s) = -]-)E ; G3(s) = -1-)-5

N
and Gh(s) =-§£ are made in equation (A-T72) the characteristic equation
L

t=comes
{ (a otays )NOD1D2D3Dh+ (a Kiote lKl9s )NlDODEDBDbﬂr (a Koore1Kpgs )N2D0"1D3Du

L ko1 +(aoK30+alK39s)N3DQD1D2D4+(aoKuo+alKh9S)NhDQDlDQQ3}
DoP10203, - )




s C, Co 0 0 0 0 @ 0
® &
’ V-K; V4K,
s+ ( 7 ) -1s+ 7 -fi 0 : 0 0 0 a 0
= ;

(a +ays) ) -1 (Klan+kl9als) (K2030+K29a1s) (K3an+K39als) (Kﬁoao+Kh9als) 8| B,

0 0 -K ( s2iK. _stK ) 0 0 0 40
17 157716 41

0 0 K 0 (s4K__s+K,) 0 0 0
: 27 257" 26 e

0 0 -K 0 | 0 (s2{K S+K_,) 0 1 0
37 35 736 3

0 0 K 0 0 0 (LK, _ oK, ) 0
uT RO | L

(A-T1)

*Lhq
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Figure 5 - Block Diagram of Rigid Body Plus

Four Bending Modes.



The numerator and denominator of KGH can now be factored to draw the

root locus.

A.3 Numerical Analysis at t = 80 Seconds

A.3.1 Rigid Body Mode

The open loop transfer function is

g - logs X {':zxa)- b

3 TVK WAS
g s3 + (’ﬁ?%) 32 +Cys + Cl.('ﬁfj%

The coefficients are evaluated as follows;

N'l Coas{x = x )
C., = T i _ N c& cR = - 0,202 sec 2

K, = F-x_ 2.6 meters/sec2
' C,..4s
N'! No 2
Ky =om = —— = T.75 meters/sec
k, =R - % E_15. meters/sec2
3"m "5 m~ T
®
V + K
7 2 = 4.06 x 1072 sec™t
C.K
—ivé = -6.76 x 1073 Lee™3
[ 4
V-5 -1

= «1.37 x 1072 sec

(A-Th)



Substitution of these values into the open lcop transfer function of the

rigid body yields

Ka(s) =_g _ -1.17 (s +-(2).Olé7)

s3 + 4,06 x 102 s% - 2,02 x 10™Ys + 2.77 x 1073
The system block diagram was shown in Figure 1. This is a positive
feedback system because of the way the control law is written. The
closed loop transfer function is

g -KG  _ _ -KG
~af,  T- (-KG)E ~ T + KcH

the characteristic equation is

1.17 al(s + ao/al) (s + 0.047)
2 ;5‘

s3 + 4.06 x 10° - 2.02x10 " s+ 2.77 x 10“3

-

It is obvious from equation (A-77) that a set of gyro feedback gains must
be selected. To make a rational choice, the root locus plot of the
rigid body mode with a feedback gain of unity will be investigated first.
This condition would correspond to the use of ounly a position‘gyro in

the feedback path, with a gain of unity. "This condition is shown in

block diagram form in Figure 6.

- B ‘  -1.17(s + 0.047)

50.

(A-T75)

(A-76)

(A-77)

-2 2

o s3 + 4.06 x 10°2 s° - 2.02 x 107%

s + 2.77x1073

: &
Figure 6 - Rigid Body Mode with Unity Feedback

oy

i
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The characteristic equation, in factored form i3

_ 1.17 (s + 0.04T)
L+ KGR = 1+ 1o 5.08) (s = 0.0LL) (5 = 0.%22) (A-78)

A sketch of the pole-zero pattern for this configuration is shown in Figure

7.

Jw

-0.48 -0.047 0.01k4 0.422

Figure 7 - Pole-Zero Pattern for Rigid Body Mode with Unity Feedback

The presence of the two poles in the right half plane is due to
the location of the center of pressure above the center of gravity. As
stabic gain is increased from zero to infinity the locus of the .losed
loop poles will have two branches that remain in the ri<ht half plane,
yielding instability for all values of gain. When gyro feedback is
introduced into the system, an open lcop zero is inserted on the real
axis in the left half plane. There are three possible locations for
this zero. These locations and the resultant Root Locus diagrams are

shown in Figure 8.
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Jw

0.422

*‘ﬁu

9 -~0.48 -o.6u7 o.oi& 0.ko2

Figure 8 - Possible Gyro Open Loop Zero Locations on the S-Plane

The location of the zero in (c) yields a stable system for the lowest

- value of gain and for higher values of gain yields a higher damping ratio
for a given value of gain. The zero therefore will be positioned to the
left of the (s + 0.48) pole on the real axis in the left half plane.
Routh's Criterion can now be used to determine the values of the gyro
gain., a, and 8y required to produce a stable closed loop system. The

first step in this process is to determine the characteristic equation.

2 1 2

- KGH = 85 + (k.06 x 107

| B

+ 1,17 a,) s + (-2.02 x 107" + 1.17 a_ + 5.43 x 107

al)S

+ (2.75 x 1073 + 5.43 x 10'2a0) (A-T79)
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The Routhian array becomes

53 1 : (=2.02 x 10t + 1.17a  + 5.43 x 10‘2al)
&° (4.06 x 1072 + 1.17a;)  (2.75 x 1073 + 5.43 x 107% )
(A-80)
gl
¢ €2
(o}
8 dl d2
For simplicity let b, = (4.06 x 1072 + 1.17 a,)
-1 -2
a, = (-2.02 x 10°" + 1,17 a_ + 5.43 x 10°° a,)
2 (o} 1
-3 -2
b2 = (2.75 x 10 + 5.43 x 10 ao)
The array can then be written as
s3 1 a5
2
s bl b2
1 (A-81)
S cl c2
(o]
s dl d2
vhere
cl = bl a2 - b2
by
ey =0 | - (A-83)
dy = ¢ b, = b2 (a-84)
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The Routhian ai1.ay becomes

s 1l P
2
s bl b2
L (A-85)
8 b182°b2 0
o bl
S b2 o
The only term that cen yield a negative sign in the firgt column is
b.a.-b
1’2 "2 . For a stable system then, 1t is necessary that
bl
b.a, >b, (A-86)
A fuvther condition is that ay is positive. For this condition to hold.
(1.17 a_ + 5.43 x 107 a)) > 2,02 x 107t (A-€7)
Now use an additional piece of information to determine the ratio ao/al.
Inspection of the root locus diagram of Figure 8-c indicates that the
a
zero at - = 1is to the left of the pole at s + 0.48 so that the following
1
inequality holds.
8
2| > Jo.usl (1-88)
1
Assume
8o
— > 0.5 (A-89)
a
1
or
a = 0.5a (A-90
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This value for a  can now be substituted back into the equalit; of (A-87)

to yleld

a; » 0.315 (A-91)
Values for a, and a, can now be assigned.

a, = 0.2 (A-92)

a. = 0.4 (4-93)

The inequality blaé>b2 must also be checked. When the values of a, = 0.2

and a, = 0.4 are substituted into (A-86) they yield the fact that

1l
0.0273 2 0.0136 which checks.

The characteristic equation now becomes

_ 0.468 (s + 0.5) (s + 0.047) \
1-KGH = 1+ -— G587 s - 0.C1k) (s - 0.522) (A-94)

The root locus plot for this characteristic eqr.tion is shown in Figure 9.

A.3.2 Rigid Body Plus First Bending Moqg

In this analysis each mode will be added in turn and system performance
evaluated. In this manner the effect on vehicle performance, of adding
one bending mode at a time, can be more easily visualized.

Two alternatives must now be considered. First the gyro feedback
gains that stabllized the Rigid Body Mode can be used, and the system
compensated, if required, by appropriate filters. Or a new set of feed-
back gains can be determined, if they exist, that would stabilize the

combined rigid body and first bending modes. The first alternative will
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be used in this analysis.
The open loop, first bending mode, transfer function was given by

equetion (A-48) and ir repeated here.

N K
G,(s) = 5t -—-'-’él - 2 (£-95)
s + KlSS + Kl6
where (x)
R' Y.(x
K . = ————Be = 25k mete.’r‘s/sec2
17 Ml
Ko = 280 = 1.3k x 10"t gec™t
K.g = a)le = bh,9 rad/sec2
Sl = 0.01

The open loop transfer function becomes

6 (s) ook M1 254 i 25
1 D, B 52 + 1.34 x 10 L8 + Uh.g (s + 0.067 + J 6.7) (s + 0,067 = J 6.7)
(A-96)

A block diagram of this system was shown in Figure 2. The systen
characteristic equation is given by

1 ~-KGH=1 = Dao + als) Gos) + (aoKlo + alKlgs) Gl(sEI (A-97)
where

Kig = ¥ (xD) = 1.463 x 10°° meters

K. =Y (x..) = 7.0L x 10”3 meters™"

19 © *1 “*Ra

if the su 1itutions

GO(S) = §9

o]
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and

=

Gl(S) = -':'L'

-

are made the characteristic equation ass ez the form

(a« +a,8) ND, + (a X, +a,K..s) N.D
| kG o1 - [: o ©88) ND, a0 * miKios) b (3-98)

RN

R

Substitution for the various constants ylelds

2.+ 107" 4 1,873 - 8.65 x 10"%6? - 477 x 20" - 2.02)

82 + 1.75 x 10~Ys" + 447 x 107183 + 1.86% - 9.06s+ 1.25 x 10

1-KGH=1 T (A-99)

In factored form

_ 2.4h x 107 (s - 8.7)(s + 0.046)(s + 0.5)(s + 10) ~
1 - KGH = 1 - 72="57T8(s - 0.0k ) (s - oma—;‘é"—'—%‘ra § + 0.06] *J 6.7)(s + 0,067 = J 6.7)

(A-100)
The root locus plot for this system is shown in Figure 10.
A.3.3 Rigid Body Plus First and Second Bending Modes
The open loop, second bending mode, transfer function was given by
equation (A-68) and is repeated here.
N .. K
Gy(s) = 5= = ’» 2l (A-101)

where
2
Ko = R'YQ(XE) = =485 meters/sec
M
2 -1
Kps = 2 o0, = 2.5 x 10 rad/sec

2 2
Kog = ®y = 149 rad/sec






60.

The open loop transfer function becomes

Yo A2 -185 _lg5

G(B):—:: = = =
2 D o2 4 o.bh x 101s + 149 (8 ¥ 0.122 + J12.25)(s + 0.122 - J12.25)

no
W

(A-102)
A block diagram of this system is shown in Figure 1l. The system character-

istic equation is given by

l1-KH=1- [(aQ + als) Go(s) + (aoK10 + alK19s) Gl(s) + (aoKEO + alK298)G2(S)J
(A-103)
where

Kpp = Yp(xp) = 1.27 x 10”3 meters™t

20

K

o = Yalxpg) = =5.13 x 10™3 meters™t

Again substitute the following expressions into equation (A-103)

N

Q

Ga) = =

0

DO

N

1

G, (8) = =
1 Dl
N

2

G.(8) = =5
2 D2

The characteristic equation is then written as

e ——

DOD1D2

| - KGH = 1 _[(ao + as )I\IngD2 + (a Ko + 8K o8 )NlleD2 + (8o * 81Kpg8 oD Dy

(8-104)

Substitution for the various constants yields



e
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1. olh(s® + 1.57 x 10715 + 4.8 x 1071EH + 3 89 x 10™1s3 -

2.56 x 10*3s° - 1.41 x 10"3s - 5.95 x 10"} .
] - KGH = 1- Zx: A~105
s! +4.19 x 10 1<67+ 1.94 x 107257 + 3.88 x 10" %6" + ( )

6.65 x 107383 + 2.66 x 10'95° - 3.35 x 10™38 + 1. 86 x 104

Y oo TR W ey
+

N2

1

+

+
8 Pre
o)

Figure 11 - Block Diagram of Rigid Body Plus First
and Second Bending Modes.

In factored form this becomes
. 1.24(s - 5.62)(s - 0.089 = 4 8.95)(s + 0.046)(s + 0.5)(s + 5.7)
1 - KGH = 1- 7= 5 T8(s - 0.016)(s -o%Eééi(%LI“67667Li 3 8.7)(s + 0.122 + J 12.3)

(A-106)

e
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The root locus plot for thic system is shownr in Figure 12.

A.3. 4 Rigid Bo’r Plus First, Second and Third Bending Modes

The open loop third bending mode transfer function was given by equation

(A-69) and is repeated here.

N K i
O e W - B S (a-107)
3 s + K3SS+ K36
vhere (x.)
R'Y. (x 5
K,, = —s—t- = Lol meters/sec2 |
37 M3 !
K36 = a)32 = 285.5 rad/sec2
K35 =28 o3 = 3.38 x 107% rad/sec
33 = 0,01

The open loop transfer function becomes

N

3 3 Lok kok

G (B) = eme o = = o— opm—

3 Dy = R 2. 3.38 x 10 %s + 2.86 x ot2 (8 + 0,17+ 17)(s + 0.17 = J17)

(A-108)
A block Glagram of this system is shown in Figure 13. The system characteristic
equation is given by
1 - KGH = 1= [(ao + als) Go(s) + (aoK].O + alKl9s) Gl(s) + (aoK20 + alK296) Gz(s)
+ (a °K3O + alK39s) G3(sﬂ (A-109)
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where

v "2 "l
0 Yé(xD, = =«1.051 x 10" meters

3

me’t:errs"l

K39 = Yé(x.RG) = «2,95 x 10~

8.0 - P GO(S) ¢

#—-ﬁ-Gl(S) ! ‘ X

101 ¢

207

Figure 13 ~ Block Diagram of Rigid Body Plus First,
Second and Third Bending Modes



65.
Again make the following substitutions into equation (A-109)

N N
Gy(8) = -—2— 3 Gy(s) = -]5% 5 Gy(s) = 5 3 G3(s) =

=
t:ka

no
w

The characteristic equation is then written as;

[?ao + als)Nonlq2 Dy + (aoxlo + alKl9s)NlDoD2D3 +
(

| -xome1 —o20” 21Kpg8 WoDgP D3 + (agftsy + a1K§9S)N§DOD1D2-]

(A-110)
DD, DpD3

Substitution for the various constants ylelds

-1 (38 +256 + 2.&535 +

O+6s2

- 4.6 x 107 %7 + .55 x 10
1.48 x lO+ash + 5.96 x lO+333 -1l x1

L -7.66 x 10*%s - 3.23 x 10™*) _

(82 + 7.57 x 10° 6D & 1.8 x 102 + 2.24 x 10™2° + 6,22 x 10's?
+ 1.36 x 10™s" + 1.9 x 1093 + 7.57 x 10™6% - 3.86 x 10795 « ]

5.32 x 10%3) _(a-111)

6.54 x 10

l - XGH = 1~

in factored form this becomes

6.55 x 1071 | (s - 6.46)(s - 0.24 + 3§ 20.3)(s = 0.2k - J 20.3)
R (s - 0.14 + J 9.2)(s = 0.1k - J 9.2)(s + 0.046)

(s + 0.5)(s + 6.23 _ _
1 - KGH = 1- [(s ¥ 0.48)(s - 0.01k)(s - O.lfe%)(s + 0,067 + J 6.7) (s + 0.067 - J 6-”]

(s + 0.122 + 3 12.3 )(s + 0.122 - J 12.3)(s + 0.17 + J 17)(s + o.1773
1

(a-112)

The root locus plot for this system is shown in Figure 1k.
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A.3.5 Rigid Body Plus First, Second, Third and Fourth Bending Modes

The open loop fourth bending mode transfer function was given by

equation (A-70) and is repeated here.

N K
Gh(8)=.]_)£=Lg.=—_2- )47
I s° + Kh55+ Kig
where
, R'Y), (x5) 2
Ky = 7y = -206 meters/sec

K g = aau2 = 459 rea:d./sec2

K, thwh = 4.28 x 107t rad/sec

:l" = 0.01

The open loop transfer function becomes

Ny Ay 459

(A-113)

459

G(s):-——.—:—-—:
BT P 2 8 x 107t

s + 4,59 x 10"

5 =

(s + 0.21 + j2L.5)(s + 0.21 - J2L.5)

(A-11k)

A block diagram of this system has previously been drawn in Figure 5.

The system characteristic equation is given by

1 -‘KGH = 1= [}ao + als) Go(s) + (adKlo %19

s) Gl(s) + (aoKzo + alK29s) GQ(S)

+ (a°K3o + alK39s) G3(s) + (aoKuo + alK,_@s) Gh(s)] (A-115)

where

= Yi(xp) = -1.524 x 1072

e
&
O

f

Kg = Yf#(xRG) = 1.196 x 1072 meters” -

meters”
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Again make the following substitutions into equation (A-115)

o N N N, N,
Gy(s) = ﬁg 3 Gy(s) =53 GE(S) =5 3 G3(e) = 5} 3 Gy(s) = BZ

The characteristic equation can then be written as

(ao + als)N D,D,DD), + (aoKl + a,K..s)N.D.D.D D), + (aOKQO + alK29s)

01723 o " f1M19% 1702 3
|- xem = 1o | 22001050 (a ks + 8;K308)NB D DDy + (8 Ky, + 8;K)58)N,DoD) DyDy
' DoP; DoDsDy,
(A-116)

Substitution for the various constants yield;

-

s + 4,02 x 10757 - 3.83 x 10 + T.1h4 x 10+2s7 -

2.59 x 10"%% - 1.03 x 10"%5% - 5.35 x 100" -
116.21 x 10753 + 1.26 x 1022 + 6.92 x 108 + 2.94 x 10*7

+258

<’1"KGH=1+3.3lx1.0 +§8 +5r7-

wsll + 1.19810 + 9,39 x 10+239 + T.77T x 10 “s~ + 2.82 x 10 “s
+ 1.43 x 10%9% + 3.05 x 10%78% + 7.13 x 1070s¥ +68.72

| x 10+8s3 + 3.45 x 10+732 - 177 % 10+8s + 2.4 x 107

(A-117)

In factored form this becomes

[(s - 26.8)(s = 7.67)(s - 0.45 + § 18.1)(s + 0.U43 + § 9.h6)]
1

és + o.ou6ggs + O.5%§s + 7.61)(s + 27.59) _

s + O, s - 0.01%)(S - 0.422)(s + 0.067 + J 6.71)

[(S + 0,122 + J 12.3)(s + 0.17 + § 17) (8 + 0.21 + § 21.5)]
(A-118)

1 - KGH =1+ 3.31 x 10"

The root locus plot for this system is shown in Figure 15.

f
|
1
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A.3.6 Evaluation of results

With the gyro gains chosen (ao = 0.2 and a, = O.4) the closed loop

1
control system is unstable for the rigid body plus the first four bending
modes. The analysls was conducted in five steps. The rigid body was
investigated first then the bending modes were added one at a time. This
was done so that the system sensitivity to each bending mode could be
ascertained.
Figure 9 is a rost locus diagram for the rigid body mocde. For the

gyro feedback gaing chosen the system forward loop gain is K = 0.468.

This value of gain yields a pair of dominant closed loop poles at

T0.

s = -0.026 + § 0.17. This system is lightly damped and has a low frequency

response.

Figure 10 is a root locus diagram of the rigid body plus first
bending mode. The gyro feedback gains chosen for this analysis yield
a pair of complex conjugate closed loop poles in the right half plane
at s = 0.29 + § 6.65. This produces an unstable system and it is obvious
that the system is very sensitive to the first{ bending mode at this
point in the trajectory.

Figure 12 1is a root locus piot of the rigid body plus the first and
second bending modes. For the gyro gains chosen, the closed loop pcles
assoclated with the first bending mode lie in the right half plane at
s = 0.29 + J 6.6k. The closed loop poles associated with the second
bending mode also lie in the right half plane at s = 0.38 + j 12.2k,

The first and second bending mode produce system instability.

The root locus plot of the rigid body plus the first, second and

third bending modes is shown in Figure l4. For the gyro gains chosen

the open loop gain is K = 0.654. The closed loop poles associated with
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the third bending mode lie in the left half plane at s = -0.46 + § 16.9.
The third bending mode does not contribute to system instability, but
the closed loop poles associated with the first and second bending modes
are located in the right half plane at s = 0.29 + 6.3 and s = 0.38 + j 12.3
.respectively. The system is again unstable.

The root locus plot of the rigid body plus first, second, third and
fourth bending modes is shown in Figure 15. The locus of the closed
loop pole associated with the fourth bending mode never leaves the left
half plane and therefore the fourth bending mode dynamics cannot lead
to system instability. However the first ani second bending modes
dominate the control system performance and produce an unstable system
for very low gains.

In summary, it appears that the first ard second bending modes are
the principle causes of instability at this point in the trajectory.
The need for compensation is apparent. Investigation of the root locus
diagram of Figure 10, for the Rigid Body plus first bending mode, revealed
that the entry of the locus into the right half plane could be delayed
if the angle of exit of the locus from the complex open locp poles
located at 8 = 0.067 + J 6.7 could be rotated by 180°. This could be

accomplished by the addition of a second order filter of the form

into the feedback loop. This filter will degenerate the performance of
the Rigid Body mode, but this trade-off was practical, since the rigid
body could be made stable by the proper choice of gain. Values of

mce = 50 and .S; = 0.707 were chosen for the filter parameters.

(A-119)

L
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A.4  Feedback Compensation

A.L.1 Rigid Body Mode:

A block diagram of the rigid body mode with gyro and feedback

compensation is shown in Figure 16.

Gy(8) *~

e 8+ a5 fe—

Figure 16 - Block Diagram of Rigid Body Mode Plus Feedback Compensation

where
GO/(B) - T-l-l? (8 + 9.20265) — = (A-lQO)
s” + L.06 x 10 “8° -« 2.02 x 10 s + 2.7 x 10
Gc(s) = — 20 (A-121)
s + 10s + 50
: v
The system characteristic equation is
1.17a, (50)(s + ao/al)(s + 0,0465)
1 -KGH=1+ (A-122)

1

(s3+ 4.06 x 10" %s° - 2.02 x 10~ts + 2.77 x 10'3)(52 + 10s + 50)

For feedback gains of
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The characteristic equation becomes

23.4 (8 + 0.5)(s + 0.04T)
s + 0.48)(s - 0.01k){s -~ 0.k22)(s + 5 + J 5)

1 - KGH = 1 + 7 (A-123)

The root locus plot for this system is shown in Figure 17.

A.4.2 Rigic Body Plus First Bending Mode

A block diagram of the rigid body mode plus the first bending mode

with gyro feedback and feedback compensation is shown in Figure 18.

fe | y P e (s) g

m

| — Gl(s)

Figure 18 - Block Diagram of Rigid Body Plus First Bending Mode with
Feedback Compensation
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Block diagram reduction results in the diagram shown in Figure 19.

0
-t 8, ; e G’ (S)
o (a°+als) Go(s) + (aloK10+alK198) Gl(s) c
Figure 19 - Reduced Block LDiagram
The characteristic equation for this system is:
1-KGH=1- Gc(s) [Fao + als) Go(s) + (aoKlO + alKl9s) Gl(s?] (A=-124)
12.2(s” + 1.8783 - 8.65 x 10162 - 4.77 x 10™%s - 2.02)
l1-KGH=1 - —3 Z TS rCmn 33 (A-125)
s + 10.28° + 9.65 x 10 "s” + 4.58 x 10 “s” + 2.55 x 10 s
- 4.7 x 107157 - L5k x 10%%s + 6.25
In factored form this becomes
1 - KGH = 1 - 12.2(s - 8.7)(s - 0.046)(s + 0.5)(s + 10) (A-126)

(s + 0.18)(s - 0.01k)(s - 0.122)(s + 0.067 + J 6.7)(s + 5 * J 5)

The root locus plot for this system is shown in Figure 19.

A.k.3 Rigid Body Plus First and Second Bending Mode

The block diag=am for this system is similar to that of Figure 1l
with the addition of the filter in the feedback loop. The system

characteristic equation is
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1 - KGH = 1 - G_(s) [(ao +a;8) G (8) + (a g + aKigs) 6,(s) + (akyy + a;Kpgs) O (SZI
(A-127)

&® + .57 x 107167 + 1.8 x 106" + 3.89 x 10163
L - KGH = 1 - 62.5b=2:56 x 10"36% - 1,41 x 10" - 5.95 x 10" (A-128)

'9+1ohx101s8+2u8x1027+2x10

+1.67 x 10™*87 + 6.87 x 10™*s* + 3.33 x lO+5s3
- 1.8x 10*2:2 _ .73 x 10™s + 9.3 x 10*2

+3 6 -

In factored form this is

8.95)(s + O. 01+6)(s + 0.5)(s + 5.7)
s + 0,067 +J 6.7)(s + 0.122 +j12.3)

(s +5+35)

1 -KGH=1-

(A-129)

The root locus plot for this system is shown in Figure 20.

A.L.4 Rigid Body Plus First, Second and Third Bending Mode

The block diagram for this system is similar to that of Figure 13
with the addition of the filter in the feedback loop.

The system .aaracteristic equation is given by

1719

1 - KeH = 1 - G(s) [(ao +ay8) 0 (s) + (akyy + aK;08) Gy(s) + (aKog + 8)Kpos)
Gy(s) + (aKzy + 8 Kygs) G3(sZ| (A-130)
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8 - 4.6 x 10-1 T + 4.55 x 10 2 6 + 2.45 35 + 1.48 x 10+hsf]

L+596x1033-lhx10+62- 7.66 x 1077 - 3.23 x 10"

st 4+ 1.08 x *lslo +5.38 x 107287 + 5.06 x 1073s° + 8.84
+h 058 + 5.15 x 10"0% + 1. 98 x 10" s *

X 10 57 + 6.69 x
9.54 x 10773 - 6. h? x 10“‘ 2 . 1.93x107Ts + 2.66 x 10er

l-KGH=1-=- 32.7

(A-131)

In factored form this equation becomes

(s - 6.46)(s - 0.24 + § 20.3)(s - 0.1k + § 9.2)

_ g + 0.046)(s + 0.5)(s + 6.23) -
R R N o n ) ooty o) ot e R (A-132)

(s +0.122 + J 12.3)(s + 0.17 + 3 17)(s + 5 + § 5)
e o

The root locus plot for this system is shown in Figure 21.

Ak.5 Rigid Body Plus First, Second, Third and Fourth Bending Mode

The block diagram for this system is similar to that of Figure 5
with the addition of the filter in the feedback loop.
The system characteristic equation is given by

l1-XKGH=1-~ Gc(s) [(ao + als) Go(s) + (a K0 ¥ alKl9s) Gl(s) + (aoKzo

Gpls) + (agkyy + aKage) Go(s) + (r Kyy + 81K08) Gh(sj

+ alK29s)
1739
(A-133)

In factored form this equation becomes

(s - 26.8)(s - 7.67)(s - 0.45 + J 18.1)(s + 0.013 + J 9.L46)

_ (s + 0.046)(s + 0.5)(s + T7.61)(s + 27.59 =

1 - KGH =1+ 16.6 - %s'_—+ o."EE)?‘Ls =0 _O-l%&—s"-m o'.Eeuai (s + 0. 0%7 T36.7) = (A-134)

(s +0.122 + § 12.3)(s + 0.17 + J 17){s + 0.21 * J 2L.5)
(s +5+35)

-

[
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FIGURE 21 ROOT LOCUS PLOT RIGID BODY PLUS FIRST, SECOND
AND THIRD BENDING MODES WITH FEEDBACK
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The root locus plot for this system is shown in Figure 22.

A.4.6 Evaluation of Results

The insertion of the second order lag filter in the feedback loop
has little effect upon the performance of the Rigid Body mode at lower
gains. This is apparent from the root locus plot of Figure 17. The
location of the closed loop poles for a gain of K = 23.4 (a combination
of a filter gain of 50 and a gyro feedback gain of 0.468) indicates that
the dominant pair of closed loop poles are located at g = 0.026 + j 0.18
and one due to the rigid body dynamics. The effect of the filter complex
closed loup poles located at s = -4.8 + J 4.8 is negligible on the over-
all response because the transient due to these poles dies out very
quickly compared to the long transient associated with the rigid body
poles. However as gain is increased the effect of the filter is more
noticable and the possibility of instability exists for high gain as the
locus will move from the left half plane to the right half plane along
the direction of the asymptotes located at 60° and 300°.

Figure 19 shows the effect of the compensation filter on the locus
of closed loop poles for the Rigid Body plus First Bending mode. The
locus generated from the open loop poles located at s = - 0.067 + J 6.7
again moves from the left half plane to the right half plane but the Jjw
axis crossover is accomplished at a higher gain (X = 36.4) than the
uncompensated system (K = .0335). This resuits in a "stiffer" system.

The root locus plots of the Rigid Body plus First and Second Bending
modes and Rigid Body plus First, Second and Third Bending modes are shown

in Figures 20 and 21. Here the additional angle added by the compensation
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FIGURE 22

ROOT LOCUS PLOT OF THE RIGD BODY PLUS FIRST, SECOND, THIRD,
AND FOURTH BENDING MODES WITH FEEDBACK COMPENSATION
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filter alters the locus between the mode pole-zero pairs, reversing the
path 180o from the uncompensatéd system. Again jw crossover is accomplished
at higher gains.

Finally the root locus for the Rigid Body plus four bending modes
is shown in Figure 22. Here a stability problem is introduced by the
addition of the compensation filter. In the uncompensated case the locus
from the pair of complex open loop poles associated with the Fourth
Bending mode migrates to the real axis in the left half plane. The locus
never leaves the left half plane and the fourth bending mode does not
compromise stability. However with the addition of the compensation
network, the locus now migrates into the right half plane, for a gain
of K =17.3. The filter acts as a destabilizing influence on the Fourth

Bending mode dynamics.



