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ABSTRACT 

An analysis of the s t ab i l i t y  of the f l ight  control system of the Saturn 

booster i s  discussed here. The control law i s  written i n  terms of position 

gyro and r a t e  gyro feedback. Conventional l inear feedback theory i s  used for  

the  analysis with the emphacis on the root locus technique. An eleventh order 

model i s  used for plant dynamics; a th i rd  order r ig id  body model-, plus a second 

order model for each of the first four bending modes. The r ig id  body and bend- 

ing dyn ?nits are assumed t o  be decoupled from each other i n  an open loop sense, 

but are coupled through the gyro feedback. 

The system was analyzed a t  the 80 second point i n  the trajectory, which i s  

representative of the maximum aerodynamic pressure region. Gyro feedback gains, 

which determine the  position of the gyro open loop zero, were chosen by use of 

the Routh-Hurwitz s tab i l i ty  c r i t e r ia .  This method yields a stable r ig id  body 

mode, but an unstable system when the bending modes are added. A t  t h i s  point 

i n  the t rajectory system s t ab i l i t y  i s  very sensitive t o  the f i r s t  and second 

bending mode dynamics. A low, positive open loop gain produces an unstable 
b 

system. Some form of compensation was indicated. 

A simple second order lag f i l t e r  inscrted i n  the feedback path was chosen 

f o r  the compensation. This f i l t e r  has the effect  of chas ing  the exi t  angle of 

the  locus of closed loop poles from the f i r s t  and second bending mode open loop 

poles by 180'. This delays the entry of the l oc i  into the r ight  half plane. 

The location of the f i l t e r  open loop poles were chosen Lo minimize the i r  effect 

on the r i g id  body dynamics. The f i l t e r  improved the s t ab i l i t y  problem caused by 

the first two bending modes but introduced a problem with the fourth bending mode. 
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In the uncompensated system the fourth bending mode locus never left the left 

half plane, but in the compensated system this locus now changed direction 

and migrated into the right half plane. 

Several gyro gain combinations were investigated by use of techniques 

described in Parts I1 and I11 of this final report series. Several of these 

combinations produced stable systems. Roo* locus diagrams for these gains are 

discussed in this document. 

vii . 



1. INTRODUCTION 

Many different techniques are available t o  a control systems engineer t o  

study the  time response of a closed loop feedback system. Each technique offers 

a d i s t inc t  viewpoint of the problem. I n  the analysis of the Saturn Booster 

Control problem by the R.P.I. group, Modern Control System Analysis techniques 

have been used t o  a great extent. The use of s t a te  variable notation has 

simplified the system design, by fac i l i t a t ing  the simulation of' booster dynamics 

on the d ig i t a l  computer. While these techniques lend themselves admirably t o  

the analysis of the booster control system, a certain degree of physical insight 

into the  problem i s  exchanged for  computational fac i l i ty .  In order t o  develop 

a be t te r  physical understanding of the problem, an analysis of the vehicle 

i ~ e r  loop dynamics was undertaken using the root locus technique. This analysis 

provided a reference for comparison of the resul ts  obtained by more advanced 

techniquqs . By inspecting the trends shown by root locus a bet ter  physical 

picture i s  obtained of how gyro and compensation f i l t e r  gain selection a l t e r  the 

control system effect  on vehicle dynamical response. 

It was f e l t  that  the analysis of the inner loop would be more informative 

i f  the r igid body dynamics were treated f i r s t ,  and then the bending modes added 

one a t  a time. The ef fec t  of each bending mode on the r ig id  body and the 

previous bending mode, could then be studied. 

2. PEVEL0PMXF.Y i A GENERAL CONTROL SYSTEM MODEL 

I n  Appendix A, the closed loop transfer function of the system was f i r s t  

developed i n  general form. Polynomial coefficients were l e f t  i n  terms of vehicle 

paramet$rs. A t  t h i s  point no attempt was made t o  obtain numerical resul ts .  

Since a root locus p lo t  was desired, the general expression for  the closed loop 



system characterist ic equation was obtained. The control l m  was written i n  

t e r n  of a command input because t h i s  led t o  the simplest transfer function 

representation of the system. A l inear  system was assumed, therefore t h i s  choice 

of input had no effect  on the time response of the system. 

The veh!.cle equations of motion, as described in the July-August 1967 

project progresR report, were used for t h i s  analysis. The vehicle l a t e r a l  

velocity i, waG elimino.ted from these equations t o  reduce the number of 

variables. This i s  valid because the control law does not include any pma- 
, 

meter that  w i l l  effectively control th i s  variable and i t s  elimination does not 

af fec t  the resul ts .  The time domain equations were transformed t o  the s domain 

t o  simplify the algebra. 

The r ig id  body dynamics are represented by a th i rd  order system. The open 

loop transfer function for th i s  mode also contains a first order zero. The 

open loop poles are a resul t  of the aerodynamic forces acting on the vehicle 

and the  location of the vehicle center of gravity and center of pressure. The 

location of the operr loop zero i s  a function oP af5rodynmic forces and engine 

thrusting forces. The r ig id  body a t t i tude  control loop i s  closed +,hrough a 

position and r a t e  gyro i n  the  feedback loop. These two gyros add another open 

loop zero t o  the system and the locati.on of tbis zero on the s-plane has a 

great bearing on vehicle response. Overall boostel s t ab i l i t y  i s  therefore very 

sensit ive t o  the magnitudes and the r a t i o  of gyro gains. 

Each bending mode open loop transfer function has the form of a second 

order, l i gh t ly  damped system. Each mode i s  excited by a forcing function which 

i s  functionally related t o  the engine gimble angle. While the bending modes 

are assumed t o  be decoupled from each other i n  an open loop sense, they are 

strongly coupled t o  the r ig id  body mode and t o  each other when the control 



feedback loop i s  closed. The bending modes are detected by the gyros, and they 

appear as noise i n  the gyro outputs. The magnitude of th is  noise is a function 

of the vehicle position in  the launch trajectory. 

3.  NUMERICIClL EXAMPLE 

When the algebraic expression for tile system characteristic equation was 

obtained, a nlmrrical analysis a t  t = 80 seconds into the f l ight  was conducted 

t o  obtain specific root locus plots for various gyro a ~ i n s .  

3.1 Rigid Body Mode 

Again the r igid body dynamics were treated separately. NABA data, 

contained i n  Boeing Report D5-15381-1 was used for a l l  calculations. A s  

mentimed previously, the closed loop system performance was very sensitive t o  

the lacation of the open loop gyro zero. A unity feedback gain was f i r s t  

selected, corresponding to  the use of only a position gyro i n  the feedback path, 

t o  investigate the closed loop r igid body behavior. A root locus diagram for 

this condition was sketched. This i s  shown i n  Figure 1. This diagram indicated 

that  the vehicle is  unstable for a l l  values of gain. This result  i s  expected 

aince the center of pressure of the booster i s  forward of the center of' gravity, 

a t  th i s  point in  the trajectory, and results in  aerodynaxnic instabi1ii.y. This 

is indicated by the presence of the two open loop r igid  body poles located i n  

the right h p l f  plane. The need for a stabilizing zero i n  the l e f t  half plane 

is obvious. This zero, of course, i s  produced by the use of the position and 

ra t e  gyros i n  the feedback loop. The best location of the open loop gyro zero 

however i s  not readily apparent. To determine the best location, on a gross 

basis, three root locus diagrams were sketched indicating the three possible 

locations for th i s  zero. These are shown i n  Figure 2. It was determined that 



the most suit-able location for  t h i s  zero was on the r e a l  axis i n  the l e f t  half 

plane t o  the l e f t  of the open loop pole-zero pattern of the r ig id  body m e .  

This location yielded a stable system for the lowest possible loop gain. A 

Routh-Hurwitz cr i ter ion analysis was conducted t o  determine the value of the 

gyro gains and the gain r a t i o  that  \auld just meet t h i s  condition. Analysis 

indicated tha t  a displacamcnt gyro gain of a. = 0.2 ana a ra te  gyro gain of 

al = 0.4 with a corresponding gain r a t i o  of 0.5 would sat isfy t h i s  condition. 

Root locus diagrams were now constructed by mean8 of a d ig i t a l  computer program 

that  determine^.. the location of the closed loop poles with a precision comen- 

aurate with the accuracy of N M A  data as contained i n  Boeing Report ~5-15381-1. 

A p lo t  of t b t  root locus diagram for  the r ig id  body mode i s  shown 

i n  Figure 3. This plot indicates tha t  the system can be stabilized by the proper 

choice of forwmd loop gain. The gyro gain r a t i o  i s  0.5. The forwmd loop gain, 

which includes vehicle gain and the r a t e  gyro gain, i s  of course varied from 

zero t o  inf ini ty.  mis is  a rather unusual root locus plot.  As gain i s  in- 

creased, from zero, the locus migrating from the r i g id  body o?en loop poles 

located on the r ea l  axis i n  She r ight  half plane, leaves the r e a l  axis a t  a 

gain of k 3: 0.185 and s =: 0.123, crosses the jcu axis into the l e f t  half 

plane and reenters the r e a l  axis a t  s = - 0.269 a t  a gain of k = 0.79. The 

locus that  originated a t  the open loop pole located a t  s = 3.422 is  traced 

out beluw the Q axis and upon reentry into t h i s  axis a t  s = - 0.269, turns 

r ight  and moves along the r e a l  axis t o  the open loop zero located a t  s = - 0 .OM. 

The locus Wat originated a t  the open loop pole located a t  s = 0.014 is  

traced out above the Q' axis, reenters t h i s  axis a t  s = - 0.269 turns right, 

moves along the r ea l  axis u n t i l  the point s = - 0.287 is reached, This locus 



again breaks away from the r e a l  axis, moves i n  an arc above th i s  axis wound 

the  gyro zero and again reenters the r ea l  axis at s = - 0.661. It now turns 

r igh t  and. moves t o  the zero located at s = - a6 . 
The locus that  originates a t  the open loop poles located a t  

s = - 0.48 moves t o  the right,  along the r e a l  axis as the gain i s  increased 

u n t i l  the point s 3 - 0.287 is  reached. Here it turns right,  enters the 

region bglow the QI axis and moves i n  an arc t o  the l e f t ,  minging around the 

gyro zero. This locus reenters the r e a l  axis a t  s = - 0.661, turns r ight  and 

migrates t o  the open loop pole located a t  8 = - 0.5. The existence of four 

real axig break away and break i n  points was verified by taking the pa r t i a l  

derivative a k / a  8, set t ing it equal t o  zero, and factoring the roots of the 

resultant equation. This locus resul ts  i n  a situation where c r i t i c a l  damping 

can be achieved fo r  two different gains k = 0.79 ( a t  6 = - 0.269) and 

k -1.36 ( a t  s = 0.651). 

For the gyro feedback gains chosen for  t h i s  preliminary investigation 

( a. = 0.2 and al - 0.4) the system f ~ r v a r d  loop gain i s  k = 0.468. This 

value of gain yields a pair  of dominant closed loop poles a t  s = - 0.26 - + j 0.17. 

This produces a damping factor of 6 = 0.126 a t  a frequency of 0.172 radians 

per second. This produces a very l igh t ly  damped system oacillating a t  a lasr 

frequency. Both damping and frequency may be improved by raising the gain t o  

k = 0.685 t o  yield a damping factor of 6 = 0.707 a t  a frequency of w = 0.15 

radians per second. 

3.2 Rigid Body Plus First Bending Mode 

A plot  of the root locus diagram for  the r ig id  body plvs first bending 

mode i s  shown i n  Figure 4. Hpre the m o t  locus is plotted for  a positive feed- 

back condition dve t o  the negative sign i n  the characterist ic equation (1-KW). 



The adverse effect of the first bending mode dynamics on the response of! the 

vehicle i s  dramatically i l lus t ra ted  here. When the forwwd loop gain i s  

increased t o  only k = 0.035, the locus migrating from the open loop poles, 

a~soc ia ted  with the first bending mode and located a t  s = - 0.067 2 j 6.7, w i l l  

crosa the jw  axis in to  the r ight  half plane producing a divergent osci l la t ion 

i n  the response. The dystem gain, resulting from a combination of r ig id  body 

open loop gain, r a t e  gyro gain and f i r s t  bending mode gain, i s  k = 0.244. 

This of course yields an unstable system. It i s  obvious that  some form of 

compensation i s  required t o  s tabi l ize the vehicle. 

3.3 Rigid Body Plus F i r s t  and Second Bending Mode 

The root locus plot of the r ig id  body mode plus the f i r s t  and second 

bending mode i s  shown i n  Figure 5. The open loop pole-zero pair  arising from 

the  second bending mode dynasnics stradiile the jw axis. Again something un- 

expected happens. Comparison of Figures 4 and 5 show a difference i n  the locus 

from the pa i r  of complex conjugate open loop poles located i n  the l e f t  half 

plane to  the open loop zeros Located i n  the r ight  half plane on the r e a l  axis. 

I n  Figure 4, the locus migrated from the pole pair  located a t  s = - 0.067 - + 36.7 

t o  the zero located at s = 8.7. In Figure 5, one would expect that  the 

addition of the  pole-zero pa i r  associated with the second bending mode would 

resu l t  in  a locus between t h i s  pair .  This does not occur. Instead a locus 

ex i s t s  between the poles associated with the f i r s t  bending mode and the zeros 

associated w$th the second bending mode. A locus also exists  between the poles 

associated with the second bending mode and the zeros associated with the first 

bending mode. 



Two possible explanations can be offered for  t h i s  odd behavicr. Although 

the tonding modes are uncoupled i n  an open loop manner, they are strongly couplet: 

throwh the r a t e  and posit ion gyros resul t ing i n  a strong interact ion between modes. 

Secondly, the root  locus i t s e l f  i s  a, ~iiechanical technique where the physical 

proximity of poles and zeros determines the locus. The zeros are highly sensit ive 

t o  s l i g h t  changes i n  the coefficients of the  polynomials from which they have been 

factored. Errors i n  the  f i f t h  and s ix th  places can change the posit ion of the 

zeros su f f i c i en t ly  t o  influence the locus. A s  system gain i s  increased i n s t a b i l i t y  

w i l l  occur a t  k = 0.175 when the locus from the pa i r  of complex conjugate open 

loop poles located a t  s = - 0.067 - + j6,7 crosses the jw axis in to  the r igh t  half  

plane. A t  a gain of k = 0.373 the locus from the open loop poles located a t  

s = - 0.22 - + 312.3 a l so  cross the jw =is in to  the r ight  half  plane. The system 

gain resu l t ing  from the r i g i d  bocly, gyro, first and second bending mode gains i s  

k = 1.24. This gain resu l t s ,  of course, i n  an unstable system. Closed loop poles 

m e  located a t  s = 0.29 - + j6.66 and s = 0.38 - + j12.2 for  t h i s  value of gain. 

Again the  system must be compensated i f  a s table  condition i s  t o  be achieved. 

3 .4 Rigid Body Plus F i r s t ,  Second and Third Bending Mode 

The root locus p lo t  of the r i g i d  body plus f i r s t ,  second and t h i r d  bending 

modes i s  shown i n  Figure 6. Again the open loop pole-zero pa i r  a r i s ing  from the 

th i rd  bending mode dynamics, straddle the jw axis.  Again as gain i s  increased, 

the closed loop poles due t o  i;he th i rd  bending mode w i l l  migrate from the l e f t  

half plane tt the  r igh t  half  plane. However, the  t h i r d  bending mode has l i t t l e  

e f fec t  on s t a b i l i t y  since the jw axis crossover does not occur u n t i l  a gain of 

k = 191 i s  reached. This value i s  far above the low gain required t o  move the 

locus from the f i r s t  bending mode poles in to  the r ight  half  plane. The destabil izing 

ef fec t  of the f irst  and second bending modes w i l l  dominate the system response* 



Determination of t h e  location of the closed loop poles for  the gains involved 

indicate tha t  the f irst  and second bending mode dynamics produce pa i r s  of complex 

conjugate closed loop poles a t  s = 0.38 - + j12.3 and s = 0.29 - + j6.3 which 

produce i n s t a b i l i t y .  However a t  t h i s  value of gain, k = 0.654, the closed loop 

poles of the  t h i r d  bending mode are  a t  s = - 0.46 - + j16.9 and have not crossed 

the  jco axis  in to  the  r ight  half  plane. This indicates tha t  a t  the 80 second 

point i n  the t ra jectory,  the  venicle i s  not overly sensi t ive  t o  vibrations pro- 

ducc:d by the t h i r d  bending mode. 

3.5 Rigid Body Plus F i r s t ,  Second, Third and Fourth Bending Mode. 

The root locus p lo t  of the r i g i d  body plus f i r s t ,  second, th i rd  and 

fourth bending modes i s  shown i n  Figure 7. The fourth bending mode dynamics 

do not produce an open loop pole-zero pa i r  astraddle the jw axis, but instead 

produce a complex conjugate pa i r  of poles i n  the l e f t  half  plane and a pa i r  of' 

zeros on the r e a l  axis  one i n  the r igh t  half plane and one i n  the l e f t  half  plane. 

The locus i s  traced from the  open loop poles ?qcated a t  s = - 0.21 - + j21.5 t o  

t h e  r e a l  axis. The locus never leaves the l e f t  half  plane regardless of how high 

the  value of gain i s  adjusted. It i s  obvious tha t  the system w i l l  not experience 

i n s t a b i l i t y  due the fourth bending mode dynamics a t  t h i s  point i n  the tra- 

j ectory . 
In  summary, it appears tha t  the f irst  and second bending modes are  the 

{~r inc ip le  causes of i n s t a b i l i t y  a t  t h i s  point i n  the t ra jectory.  The need for  

compensation is  apparent. Investigation of the  root locus diagram of F i w e  7 

f o r  the r i g i d  body plus f i rs t  bending mode, revealed th:tt the entry of the  locus 

i n t o  the r ight  ha l f  plane could be delayed, u n t i l  higher values 3f gain a re  



reached, i f  the ex i t  angle of the locus from the complex open loop poles located 

a t  s = 0.067 - + 36.7 could be rotated by 180°. This can be accomplished by the 

addit ion of a second order f i l t e r  of the form 

into the feedback loop. This f i l t e r  w i l l  degenerate the performance of the r i g i d  

body mode, but t h i s  t rade off i s  pract ical ,  since the  r ig id  body can be made 

2 s tab le  by the proper choice of gain. Values of % = 50 and $ c = 0.707 were 

chosen for  the  f i l t e r  parameters. 

4. NURERICAL EXAMPLE W I T H  FEEDBACK COMPENSATION FILTER 

4.1 Rigid Body Mode 

The inser t ion of the  second order l a g  f i l t e r  i n  the feedback loop has 

l i t t l e  effect  upon the  performance of the r i g i d  body mode a t  lower gains. This 

i s  apparent from the root locus of Figure 8. The location of the closed loop 

poles for a gain of k = 23.4 ( a  combiqation of a f i l t e r  gain of 50 and a gyro, 

r i g i d  body and bendir;,g mode open loop gain of k = 0.468) indicates tha t  the 

dominant pa i r  of closed loop poles a re  located a t  s = - 0.026 - + j0.18 due t o  

the r i g i d  body dynamics. The effect  of the  f i l t e r  complex conjugate closed loop 

poles located at  s = - 4.8 - + j4.8 i s  negligible on the overall  response because 

the t rans ien t  due t o  these poles dies  out very quickly compared t o  the  long 

t rans ien t  associated with the r i g i d  body poles. However as gain i s  increased 

the e f fec t  - of the f i l t e r  i s  w r e  noticeable and the poss ib i l i ty  of i n s t a b i l i t y  

e x i s t s  for  high gain as  the locus w i l l  move from the l e f t  half  plane t o  the r ight  

half  plane, at a gain of k = 426, along the  direct ion of the asymptotes ? ocated 



a t  60' and 3 0 0 ~ .  

4.2 Rigid Body Plus F i r s t  Bending Mode 

Figure 9 shows the effect of the compensation f i l t e r  on the root locus 

for  the r ig id  body plus the f i r s t  bending mode. The f i l t e r  has the effect  of 

delaying the entry of the locus into the r ight  half plane u n t i l  higher values of 

gain are reached. The locus migrating from the open loop poles located a t  

s = - 0.067 - + j6.7 again moves from the l e f t  half plane t o  the r ight  half plane 

but the jw  axis  crossover i s  accomplished a t  a higher gain (k = 36.4) than the 

uncompensated system (k = 0.0335) t h i s  resul ts  i n  a "s t i f fer"  system. The 

dominant pa i r  of closed loop poles due to  the r ig id  body are located a t  

s = - 0.03 - + j0.18. Al1 other closed loop poles l i e  i n  the l e f t  half plane. 

System gain i s  k = 12.2. 

4.3 Rigid Body Plus F i r s t  and Second Bending Mode 

The root locus plot  of the r ig id  body plus the f i r s t  aqd second bending 

modes, with compensation, i s  shown i n  Figure 10. Comparisoq of t h i s  locus with 

the  uncompensated system of Figure 9, indicate that  the addition of the f i l t e r  

has changed the locus considerably. The proximity of the closed loop f i l t e r  

poles t o  the  jo, axis has changed the paths of the locus. Whereas i n  the uncom- 

pensated case, the locus migrated from the open loop poles associated with the 

first  bending mode t o  the open loop zeros associated with the second bending mode, 

i n  the compenstzted case the locus now migrates between f i r s t  bending mode pole- 

zero pair  and the second bending mode pole-zero pair .  The entry of the f i r a t  

bending mode locus into the r ight  half plane i s  delayed i n  the compensate2 case. 

A gain of k = 0.175 was sufficient i n  the uncompensated case t o  drive the locus 

i n to  the r igh t  half plane, but with the addition of the f i l t e r ,  a gain of 

k = 126, was needed t o  produce instabi l i ty .  The second bending mode locus 



entered the r ight  half plane a t  a gain of k = 0.373 for the uncompensated case 

and for a gain of k = 14,320 for the compensated case. Again a great improve- 

ment i s  evident here and the effect of the second bending mode on system 

s t a b i l i t y  i s  desensitized. The dominant pair  of closed loop poles due t o  the 

r i g id  body are located at  s = - 0.033 - + j0.18. A l l  other closed LJop poles are 

located i n  the l e f t  half plane indicating a nondiverging vehicle time response. 

System gain i s  k = 62.5 for t h i s  condition. 

4.4 Rigid Body Plus Fi rs t ,  Second and Third Bending Mode 

m e  root locus diagram for the r ig id  body plus f i r s t ,  second and th i rd  

bending modes i s  shown in  Figure 11. Comparison of t h i s  locus with the uncompen- 

sated system of Figwe 6 again indicates that  the addition of the f i l t e r  drastically 

a l t e r s  the root locus. The compensated system locus behaves as expect,ed. A locus 

now exists  between f i r s t  bending mode pole-zero pairs,  second bending mode pole- 

zero pairs  and th i rd  bending mode pole-zero pairs.  This was not the case, of 

course, i n  the uncompensated system. The entry of the f i r s t  bending mode locus 

i n to  the r ight  half plane i s  again delayed due t o  the 180' phase s h i f t  i n  locus 

ex i s t  angle produced by the compensation f i l t e r .  A gain of k = 0.283. produced 

first  bending mode ins tab i l i ty  i n  the uncompensated case but now a gain of k = 71 

i s  required before the locus enters the r ight  half plane. The second bending mode 

lr,cus enters the r ight  half plane a t  a gain of k = 0.208 for the uncompensated 

case, but a gain of k = 2300 i s  required before t h i s  condition occurs i n  the 

compensated case. The th i rd  bending mode locus enters the r ight  half plane for  

a gain of k = 195 for  the uncompensated case however a gain of k = 191 i s  

required before the system goes unstable dile t o  the effect  of the th i rd  bending 

mode. The first bending mode i s  s t i l l  the prime contributor t o  vehicle instabi l i ty ,  



but t h e  improvement i n  gain required t o  drive the system unstable i s  dramatic. 

4.5 Rigid Body Plus F i r s t ,  Second, Thrid and Fourth Bending Mode 

Final ly  the root locus for  the r i g i d  body plus first,  second, th i rd  

and fourth bending modes i s  shown i n  Figure 12. Here a s t a b i l i t y  problem i s  

introduced by the addition of the  compensation f i l t e r .  In  the uncompensated case, 

the locus from the p a i r  of complex conjugate open loop poles associated w i t h  the  

fourth bending mode migrates t o  the r e a l  axis i n  the l e f t  half plane. The locus 

never leaves the l e f t  half  plane and the fourth bending mode can never produce 

i n s t a b i l i t y  regardless of how high the system gain i s  raised.  However, w i t h  the  

addition of the  compensation network, the  locus now migrates in to  the right half  

plane for  a gain of k = 17.3. A check of the behavior of the f i r s t  bending mode 

locus indicates t h a t  it does not crossover the j w  axis  u n t i l  a gain of k = 36 

i s  reached. This indicates t h a t  i n  the compensated system the first bending mode 

no longer determines when the systemwil l  go m s t a b l e  but, ra ther  the  fourth 

bending mode now determines system s t a b i l i t y .  Obviously the f i l t e r  a c t s  as a 

destabi l iz ing influence on the fourth bending mode dynamics. The composite systeni 

gain, a combinatj-on of filttr, gyro and r i g i d  body plus bending mode open loop 

gains, i s  k = 32.7 as indicated i n  Equation A-132. This produces an unstable 

system. 

5. EFFECT OF CHANGING THE OPEN LOOP GYRO ZERO POSITION 

The effect  of changing the open loop gyro zero posit ion was investigated next. 

Four locations a t  s = 1.0, 1.25, 1.64 and 2.33 were chosen. Root locus p lo t s  

corresponding t o  these conditions are  plot ted i n  Figures 13, 14, 15 and 16. These 

root locus p lo ts ,  a re  similar i n  shape t o  the p lo t  shown i n  Figure 12. 



For a position gyro gain of a = 0.8 and a ra te  gyro gain of a ;= 0.8, 
0 1 

resulting i n  a gain r a t i o  of one. The locus migrating from the fourth beilciing 

mode open loop pole crosses the j w  axis into the right half plane a t  a gain of 

k = 93.1. This represents a considerable improvement over the gain of k = 17.3 

for the case where the gyro gain r a t i o  was 0.5. A check of the f i r s t  bending 

mode locus reveals tha t  a gain of k = 44 i s  nov required t o  produce ins tabi l i ty  

due t o  t h i s  mode. This i s  also an improvement over the gain of k = 35 found 

for  a gyro gain r a t i o  of 0.5. It i s  interesting t o  note, that  moving the gyro 

zero further t o  the l e f t  along the r e a l  axis, as has been accamplished here, 

desensitizes the system t o  the effect of the compensation f i l t e r  on the fourth 

bending mode locus. Thie root locus Is shown i n  Figure 13. 

The root locus for a gyro gain r a t i o  of 1.25 i s  shown i n  Figure 14. Iiere 

the position gyro gain was chosen as a. = 0.5 and the ra te  $gyro gain as 

a1 
= 0.4. The locus a t  the fourth bending mode closed loop poles crosses the j u, 

axis, into the r ight  half plane, a t  a value of gain of k = 93.5 indicating a 

very small change from the value of k = 93.1 found for a gain ra t io  of one. 

The f i r s t  bending mode locus crosses the jw  axis into the r ight  half plane for 

a gain of k = 48.7. This represents an improvement over the gain of k = 44 

found for a gyro r a t i o  of one. The gains required for  ins tabi l i ty  of the other 

bending modes are much higher than the f i r s t  mode and do not contribute t o  the 

s t a b i l i t y  problem. 

The root locus for a gyro gain r a t i o  of 1.64 is s h m  in  Figure 15. Here 

the  position gyro gain was chosen as a. = 0.82 and the ra te  gyro gain as 

= 0.5. The locus of the fourth bending mode closed loop poles crosses the j w  

axis, i n  to the r ight  half plane, a t  a value of gain of k = 93.4. This value 



-- -a - 

i s  approximately the  same as the gain of k = 93.5 obtained for a gyro gain 

r a t i o  of k = 1.25. The gain required t o  drive the f i r s t  bending mocle unstable 

is k = 55.6, again an improvement over the gain of k = 48.7 found for  a gyro 

gain r a t i o  of 1.25. 

The root locus diwram for a gyro gain r a t i o  of 2.33 i s  shown in  Figure 16. 

The position gyro gain i~ chczen as a = 0.921 and the ra te  gyro gain 
0 

= 0.395. A check of the fourth bending mode locus reveals the system w i l l  be 

unstable fo r  a gain of k = 77.14. This indicates a reversal i n  the trend of t h o  

three other gyro gain ra t ios  plotted. Here the gain required for ins tab i l i ty  i s  

lawer than the gain r a t i o  of 1.64 plotted previously. The gain required t o  dri've 

the f i r s t  mode unstable i s  k = 63.6. This again represents an mrovefient over 

the previous case. 

The location of the dominant r ig id  body closed loop poles for a gain of 

k = 63.6 i s  a t  s = - 1.18 2 j2.62 which yields x. equivalent second order 

system damping r a t i o  of 6 = 0.225. However the system response i s  not as 

l igh t ly  damped. as t h i s  "claminant" second order response would indicate. 

Figure 17 show s plot  of the gain required t o  move the locus of the closed 

loop poles assoc i~ ted  w i t h  the f i r s t  and fourth bending mode across the jo axis 

i n to  the r ight  half  plane as a function of the location of the open loop gyro 

zero. Inspection of t h i s  graph indicates tha t  the gain required t o  drive the 

system unstable increases, as the gyro zero i s  shifted t o  the l e f t  along the 

real axis i n  the l e f t  half plane w i l l  improve system performance considerably. 

Hawever there appears t o  be an optimum gyro gain r a t i o  where the gain required 

t o  produce ins tab i l i ty  would be the same for  the first and fourth bending modes. 

Furt'ner i n ~ e s t i g a ~ t i o n  in to  t h i s  area i s  Mdicated. 



6. SUMMARY 

Conventional control techniques have been used t o  analyze the s t ab i l i t y  of 

the Saturn booster a t  the 80 second point i n  the trajectory. A l inear vehicle 

was assumed. 

The Routh-Hwi.tz s t ab i l i t y  c r i t e r i a  was used to  determine the location of 

the gyro feedback open loop zero. This method yielded a value for both the 

position ( a  = 0.2) and the r a t e  (al = 0.4) gyro gains. mese gyro gains 
0 

were then used t o  evaluate the effect  of the first four bending modes, Tbe 

resul t  of t h i s  analysis indicated that  the f i r s t  and second bending modes caused 

ins tab i l i ty  with these gains. Third i d  fourth bending modes were stable. 

An appraisal of the problem of f i r s t  and second bending mcde s t ab i l i t y  

indicated tha t  a sh i f t  i n  exi t  a.ngle of the locus from the f i r s t  and second bend- 

ing mode open loop poles, of 180' would delay the entry of the locus into the 

r ight  htzlf plane llritil higher loop gains were reached. A simple second order 

lag f i l t e r  was used i n  the feedback path t o  e~ccomplish th is .  The open loop poles 

of t h i s  f i l t e r  were placed a t  s = - 5 - + j 5  so that  the f i l t e r  would not affect, 

t,he r ig id  body response. The sens i t iv i ty  of the system t o  the f i r s t  bending mode 

was diminished. The sensi t ivi ty t o  the second bending mode was dramatically 

diminished, but the sens i t iv i ty  t o  the fourth bending mode increased t o  where the 

fourth bending mode dominated the s t ab i l i t y  picture producing an unstab.! s system 

for low gains. 

Further investigation in to  the effect  of the location of the open loop gyro 

zero revealed tha t  moving the zero t o  the l e f t  along the r ea l  axis i n  the left, 

half plane desensitized the system t o  the f i r s t  and fourth bending mode i n  the 

compensated system but that  an optimum gyro zero position existed. Further work 

i s  required i n  t h i s  area t o  determine the optimum gain. 



The author i s  indebted tc, D r .  Raymond H. Ash, Jr. of the R o P o I m  Staff for  

the use of h i s  root locus d ig i t a l  plot t ing routine which he has developed. 

Without th i s  program it would have been impossible t o  conduct t h i s  analysis 

with the speed and accuracy required t o  complete t h i s  task. 
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APPENDIX A 

ANALYSIS OF SATURN ROOSTEX PWFORMANCE BY CONVENTIONAL 

CONTROL THEORY METHODS 

The ana lys i s  of the  Booster by c.:.nventional cont ro l  theory techniques 

was conducted t o  p rw ide  a ba s i s  f o r  comparison of the  r e s u l t s  obtained 

by t he  use of more sophis t ica ted  techniques. Routh-Hunritz Cr i t e r ion  

was used i n  conjunction with Root Locus techniques t o  evalvate system 

performance. A numerical analys is  was conducted f o r  t he  80 second point 

on t he  t r a j e c t o r y  s ince it represented the  region close t o  the  max q.point 

where s t a b i l i t y .  was c r i t i c a l .  Preliminary ana lys i s  indicated the  need 

f o r  compensation, and t h e  simple second order l a g  f i l t e r ,  designed a s  

par t  of the  p e n s i t i v i t y  study, was used here t o  check t h e  v a l i d i t y  of 

t h i s  choice of compensation. 
\ 

A . 1  Equations of Motion 

The following equations of motion of t he  vehic le  were used f o r  

t h i s  analysis :  



The following subs t i tu t ions  have been made t o  simplify the  equations; 

K, ; (y) (A-8) 

N' - - 
- rn 0 - 9 )  

R' K3 = i;r (A-10) 

K i 5  = 3 25, 'Ui (A-11) 

- Zco 2 
Ki6 - i o 

(A-12) 

The equations of motion can then be wr i t t en  as; 



To reduce the number of var iab les  from the equations, eliminate Z. A 

f u r t h e r  s impl i f ica t ion can be ~ccomplished by noting t h a t  two forcing 

functions a r e  present,  Bc which i s  a command input and ot, which i s  a 

wind dis8urbance input.  Since we a re  dealing with an assumed l i nea r  

system, the  s t a b i l i t y  of the  vehicle i s  not dependent upon the  nature 

of t he  input.  Therefore the  vehicle response t o  only one input, @c, 

w i l l  be invest igated.  Assuming olu = 0 then; 

d i f f e r e n t i a t e  with respect  t o  time 

equating equations (A-17) and (A-24) y ie lds  

Grouping terms y ie ld s  

Equation (A-20), the  control  law, can be wr i t t en  i n  Lerms of the  bending 

parameters as fol%ows: 

The equations of motion of t he  vehicle have now been reduced t o  a form 

where the open and closed loop t rans fe r  functions of the system may be 

abtained. It i s  expedient t o  work i n  the s-domain, therefore  equations 

(A-16), (A-18), (A-26) and (A-27) a r e  Laplace transformed assuming a l l  



i n i t i a l  conditions t o  be zero. 

The equations motion can a l so  be writ ten ir, matrix form as, 

A . 2  Development of System Transfer Functions 

The vehicle bending modes are assumed t o  be decoupled from the 

r i g i d  body and a l so  from each other, This aftsumption permits the develop- 

ment of the t ransfer  function of the vehicle r ig id  body dynamics inde- 

pendently from the bending dynamics. It folluws tha t  the dynamics of 

each bending mode csn e l so  be t reated tndependently, This analysis w i l l  

be conducted by first determining the Rigid Body t ransfer  function and 

then adding the first, secand, t h i r d  and fourth Bending Modes. 



A.2.1 Rigid Body Dynamics 

The equations of motion f o r  the r i g i d  body reduce to; 

These equations can be Laplace transformed, assuming zero i n i t i a l  conditions 

t o  yield; 

These equations can a l s o  be wri t ten i n  matrix form as: 

The r i g i d  body open loop t r ans fe r  function @/@ i s  obtained by the use 

of determinants. The charac te r i s t ic  equation is the determinant of the 
! 

3 



coeff ic ient  matrix. 

A block diagram of the closed loop system i s  sharn i n  Figure 1. 

Figure 1 - Block Diagram of Closed Loop Control 
with Only Rigid Body Dynamics 

The closed loop t ransfer  function may be writ ten d i rec t ly  as 

The negstive sign i n  the denominator indicates positive feedback. This 

a r i s e s  because of the manner i n  which the control law (?quation A-5)  

was written. 

The Root Locus technique w i l l  be used t o  investigate Che performance 

of the closed loop system. This requires t h a t  the character is t ic  equation 

be obtained i n  the proper form. 



The numer~tor and denominator of the KGH function must be factored t o  

obta1.n the zeros and poles required t o  p lo t  bhe Root Locus diagram. The 

character is t ic  equation csn now be obtained by algebraic manipulation. 

4 

Inspection of t h i s  equation indicates t h a t  system s t a b i l i t y  is  strongly 

dependent upon the values of the gyro feedback gains a. and al. Routh' s 

Cri ter ia  can be used t o  determine the values of a. and al t h a t  w i l l  

produce a stable,  closed loop system. 

The closed loop t ransfer  function is given by the expression. 



A.2.2 R i ~ i ,  Body Plus F i r s t  Bending - Mode 

The Rigid Body p l ~ s  the first Bending Mode w i l l  be t rea ted  here t o  

indicate the procedure used t o  analyze the bending modes i n  conjunction 

with the  r i g i d  body mode. This approach w i l l  be extended t o  four bending 

modes i n  the next section. 

'Ihe equations of motion a re  given by the matrix equation (A-32) 

with i = 1. 

The Bending Mode i s  decoupled from the Rigid Body Mode, therefore the 

open loop t r ans fe r  function for the  r i g i d  body mode is  the same a s  

equation (A-42). The open loop bending mode equation can be Pound 

d i r ec t ly  from equation (A-18). 

A block diagram of t h i s  system is s h ~ n  i n  Figure 2. 



Figure 2 - Rigid Body Plus F i r s t  Bending Mode Closed Loop Block Diagram 

The closed loop t ransfer  function is most readily found by block diagram 

reduction. 

Let a 

The block diagram 62 F i w e  2 may be al tered by moving the gyro feedback 

gains in to  the Rigid Body and Bending Mode channels a s  shown i n  Figure 3. 

Jnly the open loop system is shown here. The output of the system is 

designated by the l e t t e r  0, 



Figure 3 - Open Loop Block Disgram 

This diagram can be fur ther  -educed t o  the form shown i n  Figure 4. 

Figure 4 - Pinal  Reduction of Block Diagram 

The Opn Loop t r ans fe r  fwlction becanes 

*o 
If the  subst i tu t ions  G0(s) = - and G ~ ( S )  = - are  made i n  equation (A-51) 

Do Dl 



the cha rac t e r i s t i c  eqaation becomes 

The numerator and denominator of the KGH function must then be factored 

t c  obtain a Root Locus Diagram f o r  the  system. 

A.2.3 Rigid Body Plus F i r s t  Four Bending Modes 

The foregoing analys is  f o r  the  Rigid Body p1u.s F i r s t  Bending mode 

may read i ly  be extended t o  i U ~ C O U F ~ ~ ~  be-ding modes. I n  t h i s  pa r t i cu l a r  

analybis only t h e  f i r s t  four  bending modes w i l l  be considered. The 

equations of motion f o r  t he  four bending modes can be wr i t t en  a s  

I n  order  t o  s impl i fy  the  algebra, make the  following subst i tu t ions ,  

R ' Y  (x ) R ' Y  (x ) R ' Y  (x ) R ' Y  (x ) 
- 2; K~~ =.Ae K - 2; K47 = ' 37 - 

48 
K17 - M1 M2 M3 M4 



45. 

Yhe Laplace Transform of equations (A-53), (A-54), (A-55) and (A-56) i s  

nov taken, considering a l l  i n i t i a l  conditions t o  be zero. 

( s 2  + K45s + Kk6)Y4(s)  = Kk7 ~ ( 6 )  (A-61) 

The equakions f a r  t h e  outputs of the  Posi t ion and Rate gyros are  given a s  

Make the following subs t i t u t i ons  t o  s implify the  algebra. 

Taking t h e  Lsplace Transform of equations (A-62) and (A-63), assuming 

a l l  i n i t i a l  conditions t o  be zero, y ie lds ;  



46. 

The open 1002 t r ans fe r  function f o r  each bending mode can now be wri t ten 

The equations of motion of the  system can now :e wri t ten i n  matrix form. 

P. block diagram of the closed loop system i s  shmn i n  Figure 5. Again 

t h i s  diagram can be reduced i n  the same fashion as indicated i n  Figures 

3 and 4 t o  y i e l d  the open loop t r a l s f e r  functJ.or1 of the  system. 

No *l N2 
If the  substiCutions G ~ ( S )  = - ; G ~ ( S )  = - ; Gg(s) = - N3 ; G3(s) = - 

Do Dl D2 D3 

"4 and G ~ ( S )  = - are 'eroade i n  equation (A-72) the  charac te r i s t ic  equation DI. 
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Figure 5 - Block Diagram of Rigid  Body Plus 
Four Bending Modes. 



The numerator and denominator of KGH can now be factored t o  draw the 

root locus. 

A . 3  Numerical Analysis a t  t = 80 Seconds 

A.3.1 Rigid Body Mode 

The open loop t ransfer  function i s  

The coefficients a re  evaluated as  follows; 

v + K2 
= 4.06 x sec -1 

v 



Substitution of these values in to  the open loop t ransfer  function of the 

r ig id  body yields 

The system black diagram was shown i n  Figure 1. This i s  positive 

feedback system because of the way the control law i s  written. The 

closed loop t r ans fe r  function i s  

the charac ter i s t ic  equation is  

1.17 al(s + aO/a,) (S  + 0.047) 
l + K G H =  I +  

s3 + 4.06 x'1oo2 s2 - 8.02 x loL1 s + 2.77 w 

* 
It is  obvious from equation (A-77) tha t  a s e t  of gyro feedback gains must 

be selected. To make a ra t iona l  choice, the root locus ploab of the 

r i g i d  L06y mode with a feedback gain of unity w i l l  be ix~vestigated first. 

This condition would correspond t o  the use of only a position gyro i n  

the feedback pzith, with a gain of unity. This condition i s  shown i n  

block diagram form i n  Figure 6. 

., 
Figure 6 - Rigid Body Mode with Unity Feedback 



The charac ter i s t ic  equation, i n  factored form ?;-i 

A sketch of the  pole-zero p t t e r n  f o r  t h i s  configuration i s  shown i n  Figure 

Figure 7 - Pole-Zero Pattern fo r  Rigid Budy Mode with Unity Feedback 

The presence of the two poles i n  the r ight  half plane is due t o  

the location of the center of pressure abwe the center of gruvity. A s  

s t a t i c  gain i s  increased from zero t o  i n f i n i t y  the locus of the ,Lased 

loop poles w i l l  have two branches t h a t  remain i n  the rjqht half plane, 

yielding i n s t a b i l i t y  f o r  a l l  values of gain. When gyro feedbacK is 

introduced i n t o  the system, an open loop zero i s  inserted on the r e a l  

axis  i n  the l e f t  half  plane. There are  three possible locations f o r  

t h i s  zero. These locations and the resul tant  Root Locus diagrams are  

shown In Figure 8. 



Figure 8 - Possible Gyro Open Loop Zero Locations on the  S-Plane 

The l..ocation of the  zero i n  ( c )  y ie lds  a s t ab l e  system f o r  the  lowest 

value of gain and fo r  higher values of gain y ie lds  a higher damping r a t i o  

for a given value of gain. The zero therefore w i l l  be positioned t o  the  

l e f t  of the  ( s  + 0.48) pole on the r e a l  ax i s  i n  the l e f t  half  plane. 

Routh's C r i t e r i w  can now be used t o  determine the values of the  gyro 

gain,, a. end al, required t o  produce a s t ab l e  closed loop system. The 

f i r s t  s t e p  i n  t h i s  process is  t o  determine the  charac te r i s t i c  equatiorl. 



The Routhian array becomes 

6 
3 1 (-2.02 x  10-I + 1.17ao + 5.43 x  1 0 ~ ~ 8 , )  

G 
2  ( 4 . 0 6 x ~ 0 ~ ~ + + . 1 7 a ~ )  ( 2 . 7 5 ~ 1 0 - ~ + 5 . 4 3 ~ 1 0 - ~ a ~ )  

s 1 

0 
8 dl 

For simplici ty let  

The ar ray  can then be writ ten as  



The Routhian a l ~ i r y  becomes 

The only term t h a t  can yield a negative sign i n  the first column i s  

b a -b 
1 2 2 . For a s table  system then, it i s  necessary that 

A fur ther  condition is t h a t  ap  i s  positive. For t h i s  condition t o  hold. 

Now use an addit ional  piece of $nf ormation t o  determine the r a t i o  ao/aT. 

Inspection of the  root locus diagram of Figure 8-c indicates that  the 
a 

O is t o  the l e f t  of the pole a t  s + 0.48 so  t h a t  the following zero a t  - - 
a 7 

inequality holds. 

Assume 



55 

!This value f o r  a. can now be substi tuted back in to  the equalit j of (A-87) 

t o  y i e l d  

Values for  a. and el can nov be assigned. 

The inequali ty bla2>b2 must a l s o  be checked. When the values of a. = 0.2 

and el = 0.4 a re  substi tuted i n t o  (A-86) they yield  the f a c t  t h a t  

0.0273 > 0.0136 which checks . 
The charac ter i s t ic  equation now becomes 

The root locus p lo t  f o r  t h i s  character is t ic  e q h t i o n  i s  shcrwn i n  Figure 9. 

A. 3.2 Rigid Eody Plus First Bending Mode 

In  t h i s  analysis each mode w i l l  be added i n  turn and system performance 

I evaluated. I n  t h i s  manner the e f fec t  on vehicle performance, of adding 

one bending mode a* a time, can be more eas i ly  visualized. 

Two a l te rna t ives  rnust naw be considered. F i r s t  the gyro feedback 

gains that s t ab i l i zed  the Rigid Body Mode can be used, and the system 

compensated, i f  required, by appropriate f i l t e r s .  Or a new s e t  of feed- 
* 

3 back gains can be determined, if they exis t ,  t h a t  would s t ab i l i ze  the 

i t  combine@ r i g i d  body and first bending modes. The f i r o t  a l ternat ive w i l l  
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be used in th io  analysis.  

The open loop, f i r s t  betiding isode, t ransfer  function was given by 

equation (A-48) and i r  repeated here. 

where 

The open loop t ransfer  function becomes 

A block diagrae of t h i s  system was shown i n  Figwe 2. The systen 

character is t ic  equation is  given by 

where 
n 

K10 = P i  (x,,) = 1.463 x looL meters -1 

-1 
5 9  

= Yi (xRG) = 7.01 x lom3 meters 

'1 

if the s6 i tu t ions  



and 

are made the charac ter i s t ic  equation ese the form 

Substitut$on f o r  the  variout3 canstants yields 

In  factored f o m  

The root locus plot  f o r  t h i s  system is  shown i n  Figure 10. 

A. 3.3 Rigid Body Plus F i r s t  and Second Bending Modes 

The open loop, second bending mode, t ransfer  function was given by 

equation (A-68) and is repeated here. 

where - 





The open loop t r ans fe r  function becomeb 

A block diagram of t h i s  system is  shown i n  Figure 11. The system character- 

i s t i c  equation i s  given by 

1 - KGH = 1 - [(ao + als) ~ ~ ( 8 )  + (aOK10 + a 1 K 19 S )  ~ ~ ( 8 )  + (a0K20 + a1K2~ 

where - .I 

K29 = yh(xRG ) = -5.13 x lom3 meters-' 

Again subst i tute  the  f o l l w i n g  expressions in to  equation (A-103 ) 

The character is t ic  equation i s  then writ ten as 

Substitution f o r  the  various constants y l ~ l d s  



6 -1 c +I 3 - 1 . 2 4 ( ~  + 4.57 x l o  S/ + 4 . 8 ~  l0+ls4 + 3.89 x 10 s 

1. - KGH = 1- 
'2.56 x 1 0 ' ~ s ~  - 1.41 x 1oC3s - 5.95 x loC1) 
s7 + 4.19 x 10''s6 + 1.94 x 10 +2s5 + 3.88 10+ls4 + 
6.65 x 1 0 ' ~ s ~  + 2.66 x 1.0'~;~ - 3.35 x 10'~s + 1.86 x 10" 

Figure 11 - Block Dieyarn of Rigid Body Plus F i r s t  
and Second Bending Modes. 

I n  factored form th i s  becomes 



The root  locus plot f o r  t h i r  system i s  shorn i n  Figure 12. 

A.3.4 Rigid Boi. Plus F i rs t ,  Second and Third Bending Modes 

The open loop t h i r d  bending mode t ransfer  function was given by equation 

(A-69) and io repeated here. 

where 

The open loop t ransfer  function becomes 

(A-108 ) 

A block diasrarn of t h i s  system i s  shown i n  Figure 13. The system characterist ic 

equation is  given by 

1 a KDH = 1- [(a o + als) G ~ ( S )  + ( io~10 + a 1 K 19 s )  G ~ ( s )  + + al*ag) G ~ ( s )  - 





where 

= yj(xRG) = -2.95 x 1.0-3 meters -1 
K39 

Figure 13 - Block Diagram of Rigid Body Plus First,  
Second and Third Bending Modes 



Again make the following substi tutions in to  equation (A-109) 

The charac ter i s t ic  equation i s  then w r i t t e n  as; 

( a 0 ~ 2 0  + a 1 ~ 2 9 s ) ~ 2 ~ O ~ l D 3  + (80K30 + a1~39s)N D D D 
I - KGH = 1- 3 0 1 2 1  

D0D1D2D3 

Substitution f o r  the various constants yields 

L-7 .66  x 10'~s - 3.23 x 10 
+4) 

1 - XGH = 1- ,(- 

( s ~  + 7.57 x IO-~S? 4.8 x 10+4~ + 2.24 x ~ o + ~ s ~  + 6.22 x +5 1 o i 4 ~  1 + 1.36 x ~ o + ~ S '  + 1.9 x 104s3 + 7.57 x 1 0 ' ~ s ~  - 3.86 x 10 s + 

i n  factored form t h i s  becomes 

6.54 x H' 1: - 6 . 4 6 ) ( ~  - 0.24 + j 20.3)(s - 0.24 - j 20.3) 
- - - 0.14 + j 9 . 2 ) ( ~  - + 0.14 - j 9 . 2 ) ( ~  + 0.046) 

s + 0.5)(s + 6.23 
1 - KGH = 1- (s + 0.48)( s(-  o . o l 4 ) ( ~  - 0.42?) (~  + 0.067 + j 6.7) (s + 

(s + 0.122 + 3 12.3 )(s + 0.122 - j 1 2 . 3 ) ( ~  + 0.17 + j 17)(s  + O.17 - 

The root  locus p lo t  f o r  t h i s  system is  shuwn i n  Figure 14. 





A. 3.5 Rigid Body Plus Fi rs t ,  Second, Third and Fourth Bending Modes 

The open loop fourth  bending mode transfer function was given by 

equation (A-70) and is repeated here. 

where 

The open loop t ransfer  function becomes 

A block diagram of t h i s  system has previously been drawn i n  Figure 5. 

The system charac ter i s t ic  equation i s  given by 

1 - KGH = 1- + als) ~ ~ ( s )  + (aoKlo + alKl9s) ~ ~ ( s )  + (a0K20 + a l ~ 2 9 ~ )  G ~ ( S )  

+ (aoK30 + a l ~ 3 9 ~ )  ~ ~ ( 0 )  + (aoKk + Gq(s) 1 (A-115 ) 

where 

KbO = y&,(xD) = -1.524 x lom2 meters -1 

= Y ~ ( X I ( O )  = 1.196 x 1.0'~ meters 
-1 

% 



Again make the  f  ol lnring substi tutions in to  equation (A-115 ) 

The character is t ic  equation can then be writ ten as 

N D D D D + ( ~ ~ ~ 3 0  + al~39s )N3DODID2D4 + ( a 0 ~ 4 0  + a1K49s )N4DOD1D2D3 
1 - KGH = I- 2 0  1 3 4  

D0D1D2D:D4 

Substi tution f o r  the  various constants yield; 

I n  factored form t h i s  becomes 

7 

The root locus p lo t  for  t h i s  system is  shown i n  Figure 15. 
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A. 3.6 Evaluation of r e su l t s  

With the gyro gains chosen (ao = 0.2 and al = 0.4) the closed loop 

control  system is  unstable f ~ r  the r ig id  body plus the first four bending 

modes. The analysis was conducted I n  f ive  ~ t e p s .  The r ig id  body was 

investigated first then the bending modes were added one a t  a time. This 

was done so  t h a t  the  system sens i t iv i ty  t o  each bending mode could be 

ascertained. 

Figure 9 i s  a r o ~ t  locus diagram fo r  the r ig id  body moCe. For the 

gyro feedback gains chosen the system forward loop gain is K = 0.468. 

This value of gain yields a pair  of dominant closed loop polew a t  

s = -0.026 - + j 0.17. This system is  l igh t ly  dampad and has a low frequency 

response. 

Figure 10 is a root locus diagram of the r ig id  body plus f i r s t  

bending mode. The gyro feedback gains chosen for  t h i s  ~ ~ n a l y s i s  yie ld  

a pa i r  of complex conjugate d o s e d  loop poles i n  the r ight  half plane 

a t  s = 0.29 I + ,j 6.65. !Ibis produces an unstable system and it is obvious 

t h a t  the system i s  very sensit ive t o  the f i r s $  bending mode a t  t h i s  

point  i n  the  trajectory.  

Figure 12 is  a root locus plot  of the r i g i d  body plus the first and 

second bending modes. For the gyro gains chosen, the closed loop poles 

associated with the  f i rs t  bending mode l i e  i n  the r igh t  half plane a t  

s = 0.29 - + j 6.64. The closed loop polee associated with the second 

bending mode a l s o  l i e  i n  the r ight  half plane a t  s = 0.38 - + j 12.24. 

The first and second bending mode produce system ins tab i l i ty .  

The root  locus plot  of the r ig id  body plus the first, second and 

t h i r d  bending modes is shown i n  Figure 14. For the gyro gains chosen 

the open loop gain is  K = 0.654. The closed loop poles associated with 



the t h i r d  bending mode l i e  i n  the l e f t  half plane a t  s = -0.46 - + j 16.9. 

The t h i r d  bending mode does not contribute t o  system instabil ' ty,  but 

the closed loop poles associated with the first and second bending modes 

are located i n  the r i g h t  half  plane a t  s = 0.25) - + 6.3 and s = 0.38 - + j 12.3 

respectively. The system is  again unstable. 

. The root locus p lo t  of the r i g i d  body plus first, second, th i rd  and 

fourth bending modes i s  shown i n  Figure 15. The locus of the closed 

loop pole associated with the  fourth bending mode never leaves the l e f t  

half plane and therefore the fourth bending mode dynamics cannot lead 

t o  system ins tab i l i ty .  However the f i r s t  ard second bending modes 

dominate the control  system performance and produce an unstable system 

for  very low gains. 

I n  summary, it appears tha t  the first ard seconC bending modes are) 

the principle causes of i n s t a b i l i t y  a t  t h i s  point i n  the trajectory.  

The need f o r  compensation is apparent. Investigation of the root locus 

diagram of Figure 10, f o r  the  Rigid Body plus first bending mode, revealed 

tha t  the  entry of the  locus in to  the r ight  half plane could be delayed 

i f  t h e  angle of e x i t  of the locus from the complex open loop poles 

located a t  8 = 0.067 2 j 6.7 could be rotated by 180°. This could be 

accomplished by the addition of a second order f i l t e r  of the form 

i n t o  the feedback loop. This f i l t e r  w i l l  degenerate the performance of 

the  Rigid Body moGr, but t h i s  trade-off was practical ,  since the r ig id  

body could be made s tab le  by the proper choice of gain. Values of 

O C  
= 50 and c = 0.707 were chosen f o r  the f i l t e r  parameters. 



A .  4 Feedback Cornperisation 

A .  4.1 Rigid Body Mode: 

A block diagram of the r ig id  body mode with gyro and feedback 

compensation is shown i n  Figure 16. 

where 

Figure 16 - Block Diagram of Rigid Body Mode Plus Feedback Compensation 

The system characteristic eqmtion i 8  

For feedback gains of 

a, = 0 . 2  



The charac ter i s t ic  equation becomes 

m e  root locus plot  f o r  t h i s  system is shown i n  Figure 17. 

A.4.2 Rigil; Body Plus First; Bending Mode 

A block diagram of the r ig id  body mode plus the first bending made 

with gyro feedback and feedback compensation is  shown i n  Figure 18. 

Figure 18 - Block Diagram of Rigid Body Plus F i r s t  Bending Mode w i t h  
Feedback Cornpensat ion 
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Block diagram reduction resu l t s  i n  the diagram shown i n  Figure 19. 

Figure 19 - Reduced Block Giagram 

The charac ter i s t ic  equation f o r  t h i s  system is: 

In  factored form t h i s  becomes 

The root locus plot  f o r  t h i s  system is  shown i n  Figure 19. 

A.4.3 Rigid Body Plus F i r s t  and Second Bending Mode 

The block diagam for  t h i s  system is s imilar  t o  tha t  of Figure 11 

with the addition of the f i l t e r  i n  the feedback loop. The system 

charac ter i s t ic  equation i s  
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1 - KGH = 1 - G ~ ( S )  + als) G o ( s )  + ( B ~ K ~ ~  + a 1 K 19 s )  G1(s) + (aoK20 + a 1 2 9  K s )  ~ ~ ( 5 )  J 

s6 + 4.57 x loo's5 + 4.8 x 10+ls4 + 3.89 x 10 s 

1 - KGH = 1 - 62.5 - 2.56 x 1 0 " ~ s ~  - 1.41 x 1oC3s - 5.35 x 10" +: 7 (A-128) 
s9 + 1.04 x 1of1s8 + 2.48 x 1 0 ' ~ s ~  + 2 x 10'~s 

+ 1.67 x 1 0 ' ~ s ~  + 6.87 x loc4S4 + 3.33 x 10 s 
+4 - 1.8 x 1-0'~s~ - 6.73 x 10 s + 9.3 x 

+. I 
I n  factored form t h i s  i s  

I 
The root locus plot  f o r  t h i s  system is  shown i n  Figure 20. 

A. 4.4 Rigid Body Plus F i r s t ,  Second and Third Bending Mode 

The block diagram f o r  t h i s  system is  similar t o  t h a t  of Figure 13 
3 

with the addit ion of the f i l t e r  i n  the feedback loop. 

The system -aaracter ie t ic  equation is given by 

1 

1 - KGH = 1 - Gc(s) + als) ~ ~ ( 8 )  + (aOK10 + alKlgs) G1(s) + + a l ~ 2 9 ~ )  

~ ~ ( 8 )  + ( a o ~ 3 0  + alK39s) G3(s) I (A-130) 





( - .* 

/ < ,  

. I .  * .  * .  - 

77. 

s - 4.6 x 10-ls7 + 4.55 x 1 0 ' ~ s ~  + 2.45 s5 + 1.48 x 1.0 s 

1 - KGH = 1 - 32.7 + 5.96 x 1 0 ' ~ s ~  - 1.4 x 1 0 ' ~ s ~  - 7.66 x 10'~s - 3.23 x io 

sl1 + 1.08 x 10*ls1O + 5.38 x 1 0 ' ~ s ~  + 5.06 x 1 0 ' ~ s ~  + 8.84 
+7 

+ ]  

x 1 0 ' ~ s ~  + 6.69 x 1 0 ' ~ s ~  + 5.15 x + 1.98 x 10 s I 

9.54 x 1 0 ' ~ s ~  - 6.47 x 1 0 ' ~ s ~  - 1.93 x 1oC7s + 2.66 x 
I 

(A-131) 

I n  factored form t k t s  equation becomes 

C 

(s - 6.46)(s - 0.24 - + J 2 0 . 3 ) ( ~  - 0.14 - + j 9.2) 
s + 0.046)(s + 0.5)(s + 6.23) 

1 - KGH = 1 - 32.7 8 ) ( ~  - 0 . 0 1 4 ) ( ~  - 0 . 4 2 2 ) ( ~  + 0.067 + j 6 
1 (A-132) 

II 

s + 0.122 - + j 12.3)(s + 0.17 .I + J 17)(s  + 5 + j  5) 

The root  locus plot  f o r  t h i s  system is  shown i n  Figure 21. 

A.4.5 Rigid Body Plus First ,  Second, Third and Fourth Bending Mode 

I The block diagram f o r  t h i s  system i s  simiiar  t o  t h a t  of Figure 5 

with the  addition of t h e  f i l t e r  i n  the feedback loop. 

The system character is t ic  equation is given by 

I n  factored form th i s  equation becomes 





The root locus p lo t  for  t h i s  system i s  shown i n  Figure 22. 

~ . 4 . 6  Evaluation of Results 

The inser t ion of tbe second order lag  f i l t e r  i n  the feedback loop 

has l i t t l e  e f fec t  tcpon the performance of the  Rigid Body mode a t  lower 

gains. This is  apparent from the root locus p lo t  of Figure 17. The 

location of the  closed loop poles f o r  a gain of K = 23.4 (a canbination 

of a f i l t e r  gain of 50 and a gyro feedback gain of 0.468) indicates t h a t  

the dominant pa i r  of closed loop poles are located a t  s = 0.026 - + j 0.18 

and one due t o  the r ig id  body dynamics. The ef fec t  of the f i l t e r  complex 

closed loop poles located a t  s = -4.8 ..I + j 4.8 i s  negligible on the wer-  

a l l  response because the t rans ien t  due t o  these poles dies out very 

quickly compared t o  the long t ransient  associated with the r ig id  body 

poles. However as  gain is  increased the e f fec t  of the f i l t e r  is more 

noticable and the possibi l i ty  of ins t ab i l i ty  ex i s t s  f o r  high gain as  the 

locus w i l l  move from the l e f t  half plane t o  the r ight  half plane along 

the direction of the asymptotes located a t  60' and 300'. 

Figure 19 shows the e f fec t  of the compensation f i l t e r  on the locus 

of closed loop poles fo r  the Rigid Body plus F i r s t  Bending mode. The 

locus generated from the open loop poles located a t  s = - 0.067 - + j 6.7 

again moves from the l e f t  half plane t o  the r ight  half plane but the j co  

axis  crossover i s  accomplished a t  a higher gain (K = 36.4) than the 

uncompensated system ( K  = .0335). This r e s u l t s  i n  a " s t i f f e r "  system. 

The root locus plots  of the Rigid Body plus F i r s t  and Second Bending 

modes and Rigid Body plus F i rs t ,  Second and Third Bending modes are shown 

i n  Figures 20 and 21. Here the additional angle added by the compensation 
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f i l t e r  a l t e r s  the locus between the  mode pole-zero pairs,  reversing the 

path 180' from the uncompensated system. Again jo crossover is accanplished 

a t  higher gains. 

Final ly  the root locus f o r  the Rigid Body plus four bending modes 

i s  shown i n  Figure 22. Here a s t a b i l i t y  problem is introduced by the 

addition of the compensation f i l t e r .  I n  the uncompensated case the locus 

from the pa i r  of complex open loop poles associate6 with the Fourth 

Bendlng mode migrates t o  the r e a l  axis i n  the l e f t  half plane. The locus 

never leaves the l e f t  half  plane and the fourth bending mode does not 

compromise s t a b i l i t y .  Huwever with the addition of the  compensation 

network, the  locus now migrates i n t o  the r ight  half plane, f o r  a gain 

of K = 17.3. The f i l t e r  ac t s  as  e destabil izing influence on the Fourth 

Bending mode dynamics. 


