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Introduction 

In st ructures  having high strength-to-weight r a t i o s  such as those used 

i n  aerospace applications, the presence of mechanical imperfections can reduce 

the  capabili ty of the s t ructure  to  perform as intended. Thus, it becomes 

essent ia l  t o  account for  the localized intensif icat ion of the s t resses  mound 

through o r  surface cracks which might t r igger  f racture  under applied loads, 

This type of study is currently receiving great research emphasis. 

Although a considerable amount of e f for t  has been expended on the stress 

analysis  of cracks i n  i n i t i a l l y  flat plates  subjected to  e i ther  extensional 

and/or bending loads ( a  review of which can be found i n  [13), theorectical  

treatment of cracks i n  i n i t i a l l y  curved plates  o r  she l l s  has not received 

adequate a t tent ion i n  the past, The presence of curvature i n  a she l l  generates 

deviation from behavior of f l a t  plates  i n  that stretching loads w i l l  induce both 

extensional and bending s t resses  while bending loads w i l l  a l so  lead t o  both type 

of stresses. One of the simplest s h e l l  geometries is that of a spherical she l l  

where the curvature radius  €2 is everywhere constant. The first investigation on 

the stresses i n  a spherical  s h e l l  containing a crack w a s  made by An@; et  al c23 

who associated the problem with that of an i n i t i a l l y  f la t  plate  res t ing  upon an 

e l a s t i c  foundation. The equivalence of the two problems was made by identifying 

the foundation modulus with Eh/R 2 where E is the Young's modulus and h the 

she l l  thickness. However, the general character of the crack-tip s t r e s s  f i e l d  

%%is study w a s  supported by the National Aeronautics and Space Administration 
under G r a n t  NGR-39-007425 with Lehigh University, 



i n  a she l l  w a s  not w e l l  understood u n t i l  Sih and Setcer c3-J pointed out that 

the.fmctiona1 relationships of the loca l  extension-bending stresses are 

ident ical  with those obtained by superimposing the individual extensional 

and bending s t resses  of an i n i t i a l l y  f l a t  plate. The extensional and bending 

ef fec ts  are inter-laced only through the intensi ty  of the loca l  stress f ie ld .  

I n  another paper, Folias E41 gave a separate treatment t o  the spherical she l l  

problem by u t i l i z ing  singular in tegra l  equations with Cauchy type kernels as 

devised by Knowles and Wang c53 fo r  solving crack problems involving flat 

plates. The formulation i n  C43 r e l i e s  upon cer ta in  approximations i n  the 

kernels for  small Xa = c12(1-d 11 

2 

2 1'4, Rh 
/( and assumptions on the behavior 

of the density functions based on the known flat  plate  solution. As a resu l t ,  

the obtained solution i s  valid only fo r  an extremely narrow range of ha. " h i s  

w i l l  be i l l u s t r a t ed  i n  the present work, 

In  order t o  extend the r e su l t s  of  c41 t o  cover a s ignif icant  range of 

ha, a new method for  handling she l l  problems with cracks is presented. With 

the a i d  of Fourier transforms, an in tegra l  representation f o r  solution t o  the 

governing d i f fe ren t ia l  equations of a spherical she l l  is obtained. Application 

of the boundary conditions reduces the problem to  two coupled Fredholm in tegra l  

equations i n  two unknown functions which are solved numerically with a high 

degree of accuracy. One of the advantages of the method is that the singular 

portion of the stress solution can be readily extracted from the density 

functions and determined i n  closed elementary form. Numerical r e su l t s  f o r  the 

s t resses  and displacements i n  a cracked spherical she l l  are a lso  displayed 

graphically. 

Shallow Shel l  Equations - 
The l inear ,  f i r s t -order  ( thin) shallow she l l  theory w i l l  be employed 

21t should be noted that  the brameter  h .used i n  this' paper is equal t o  
h/a i n  C43. 
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with the assumptions t h a t  the crack is not too long compared with the radius 

of curvature and that the shallowness of the she l l  allows terms of order 

(H/L) 

explained in Fig, 1. “he points i n  the she l l  w i l l  be ident i f ied by the 

coordinates of t he i r  projections i n  the xy-plane so that a crack lying a t  the 

apex of the s h e l l  may be taken as the segment y = 0, Ix I L a. 

2 t o  be neglected in comparison with uni€y, “he parameters H and L are 

Referring to  the shallow she l l  theory of Reissner C63, the coupled 

I - f fe ren t ia l  equations a r e  

4 1 2  v vi + 4 = p(x,y)/D 

where w(x,y> is the normal displacement and @(x,y) the s t r e s s  function which 

is ident ica l  i n  character t o  the Airy s t r e s s  function used i n  generalized 

plane s t r e s s  problems. In eqs. (11, v2 is the Laplacian operator a /ax + 
2 2 

2 2  

: a /ay2; D is the f lexural  r i g id i ty  of the she l l  defined as E;h3/I2(l-$ 1; and 

p(x,y) is the normal loading applied t o  the concave s ide of the shel l ,  The 

Poisson’s r a t io  i s  denoted by 4 .  A s  usual, the membrane stress resul tants  a r e  

derived from $(x,y) as 

The consti tutive relat ions expressing the moments and transverse shear 

resu l tan ts  i n  terms of the normal displacement are 

and 

From the ordinary strain-stress relat ions,  the in-plane displacements u(x,y) 

and v(x,y) can be obtained i n  the usua l  manner. 
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Since the first-order s h e l l  theory permits only four conditions at  an 

edge, say y = 0, the quant i t ies  Q and $1 

but they must be combined i n  the Kirchhoff sense, Le., 

cannot be specified individually 
Y Xy 

Hence, the admissible boundary conditions a t  the edge y = 0 consist  of select ing 

one member from each of the following pairs: 

Further, i f  the problem is symmetric about the xz-plane, then the additional 

conditions 

f o r  y = 0 (7) 

can be used t o  simplify the mathematical analysis. 

Preliminary Remarks and Calculations - 
In  t reat ing this problem, the solution may be divided ,into two parts, 

viz the "undisturbed" solution for  the she l l  without a crack which can be 

computed from eqs. (1) fo r  a particular function p(x,y) but leaves residual 

moments and membrane s t resses  along the prospective crack site; and a 

"perturbation " solution which n u l l i f i e s  these residuals and decays rapidly 

as distance from the crack is increased. The rate of decay w i l l  depend on the 

magnitude of the parameter X a  and is taken t o  be suf f ic ien t ly  rapid such that 

the perturbation solution is effectively zero except in a small region 

surrounding the crack within which the shell is shallow.. This w i l l  be loosely 

referred to  as the regularity condition which requires w(x,y) and @(x,y) with 

2 2 112 the i r  f i r s t  derivatives to  beabounded as (x +y ) +.-. The solution fo r  the 

uncracked she l l  can usually be found without difficulty.  Therefore, the major 
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task of the sheU problem l i e s  i n  determining the perturbed stress f i e l d  which 

corresponds to  the homogeneous solution of eqs. (l), i.e,, with p(x,y) = 0. 

For the purpose of demonstrating the essent ia l  r e su l t s  of a cracked 

she l l ,  i t  suff ices  to  consider the perturbation solution f o r  the case when the 

crack is opened out symmetrically 3 with respect t o  the xz-plane. Owing to  the 

conditions s ta ted i n  eqs. (7) and assumptions made on the decay of the perturbed 

stress solution, an equivalent problem involving a semi-infinite she l l  occupying 

the space y 2 0 may be s e t  up with mixed boundary conditions along the edge y = 0. 

More specifically,  the conditions on the crack a t  y = 0 are 

v (x,o) = 0 
Y 

M (x,o) = M(x) 
Y ( 8 )  

N (x,o) = N(x) , N (x,o) = 0 
Y Xy 

f o r  1x1 < a and along the rest of the l i n e  y = 0, it is necessary to  have 

Note from the above expressions that V and N 
Y XY 

at  y = 0. 

vanish for  a l l  values of x 

The coupled shallow she l l  equations can be conveniently solved by 

application of the Fourier cosine and s ine transforms 

i n  which s is the real-valued transform parameter. According to  the appropriate 

inverstoon theorem c77, eqs. (10) imply 

Assuming that the displacbment function W(X,Y) and the s t r e s s  function 

3!L'he formulation of the anti-symmetric problem follows along the same l i n e  of 
reasoning and will not be dea l t  with here. 
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$(x,y) s a t i s fy  the regularity condition as mentioned earlier and applying eqs. 

(161, the solution to  eqs. (1) i n  the transformed domain is given by 

@c(s,y> = ih%cFl(s) exp(-scry) - F2(s) exp(-spy) + F4(s) exp(-sy)l , y 2 0 

i n  which the parameters a , and h stand for 

Similarly, appropriate sine and cosine 

quant i t ies  i n  eqs. (2) through (5). In 

eqs, ( 2 )  for  y >, o a r e  

transforms may be applied to  the 

terms of the functions F.(s) (j=1,2, **,4), 
J 

2 2  NC X = i ( X s )  RDCa F1(s) exp(-say) - F%,(s) exp(-sp) + F4(s) exp(-sy)l 

NC = -i(Xs)%[F,(s) exp(-say) - F2(s) exp(-spy) + F4(s) exp(-sy)f 

NS = -i(Xs)%caF,(s) exp(-say) - PF2(s) exp(-sgY> + F4(s) exp(-sy)f 

and eqs. ( 3 )  become 

Mc = s% ( 1- 3a F1( s ) exp( -say) + ( 1-49 F2 ( s exp( -spy) +( 1-41 F3 <‘s exp( -sg) 1 

( 14) 
Y 

Xy 

2 2 
X 

(15) MC = s k ( S  -a 2 IF1( s)exp( -say) +($ -8 2 IF2( s )  exp( -sgY)-( l-S)F3( s )  exp(-sy)] 
Y 

Ms = -(l-$) s%aFl(s) exp(-say)+ p F2(s)exp(-sSg)+F 3 (SI exp(-sy)l 

which are valid only for  y 20. The Fourier transforms of the Kirchhoff shear 

resul tants  take the forms 

XY 

= s3D{ [( 2- S)a2-llF1( s )  exp( -say) +[ (2-$)8 2 -OF2( s) exp( -spy) +( 1-3)F3( s )  exp(-qy)} 

Vc = s 3 D { d a  2 - (Z -  3)lF1( s )  exp( -say)+8[? 2 -(2-S)3F2( s )  exp(-sp)-(l-d)F ( s )  exp(-sy)} 

vX 

.( 16 

Y 3 

fo r  y 2 0 and the in-plane displacements u and v are transformed in to  
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“he above 

domain by 

A t  

Y 20 
C expressions N Nc etc. can be easi ly  inverted back t o  the physical x’ y’ 

means of eqs. (11). 

this point, the number of unknown functions F.(s)  ( j=1,2,***,4) m y  
J 

be reduced by appealing t o  the symmetry conditions on V 

and ( 9 )  . Knodng that 

and N 
Y XY 

i n  eqs. ( 8 )  

S VC(s,o) = PI ( s , o )  = 0 
Y Xy 

the  th i rd  of eqs. (14) and second of eqs. (16) may be used t o  eliminate F.(s) 

(j=3,4) as follows: 
J 

(18) 

Hence, eqs. (14) t o  (17) inclusive may be expressed i n  terms of only two 

unknowns F.(s) (j=1,2). From the remaining boundary conditions specified i n  

eqs. (81, (9) and the f i r s t  of eqs. (111, F.(s) (j=1,2) may be shown t o  be 

governed by the coupled dual in tegra l  equations 

J 

J 

00 

. I (a/s) F1(s) cos(sx) ds = 0 , x > a  
0 
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i n  which 

It should be noted that the present problem is also symmetric about the yz-plane, 

While the analysis leading up to  the foregoing in tegra l  representations 
- 2  

is somewhat straightforward, it is offered here merely for  the sake of complete- 

ness. The reduction of eqs. (19) and (20j  t o  a system of standard in tegra l  

equations which a re  sui table  for  numerical evaluation w i l l  now be carried out. 

Reduction of Coupled D u a l  - Integral  Equations 

One approach to  the mixed boundary problem described herein is to  reduce 

eqs. (19) and (20) t o  two coupled jntegral  equations which can be evaluated 

along the crack, -a < x < a. To this end, the functions u .(XI (j=1,2) are 

introduced: 
J 

As is apparent from eqs. (191, u.(x) (j=1,2) vanish for  x > a and hence the 

Fourier inversion theorem Cy1 yields 
J 

In order to  avoid cer ta in  d i f f i c u l t i e s  associated with the s ingular i t ies  

that arise i n  the solution fo r  a l i n e  crack, it is essent ia l  to  r e s t r i c t  the 

behavior of the crack opening displacements or  the functions u (x) at  the end- 3 
points x = ?a. Guided by the form of u (x) being proportional t o  (a  -x 2)1/2 fo r  3 
the  flat p la te  solution C81 h = 0 ,  the desired representations a r e  
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for  j = 1,2. Bow, inser t ing  eqs. (23)  i n to  (22) and making use of the ident i ty  

where J 

F . ( s )  i n  eqs. (20) may thus be replaced by t . ( t ) .  The r e s u l t  of integrating 

eqs. (20) once i n  x gives 

is the zero-order Bessel Function of the first kind, the functions 
0 

3 J 

i n  which p.(s) (j=1,2) a r e  the complex conjugate of p. ( s ) .  In the sequel, the 

overbar w i l l  be used to  denote the complex conjugate of a function. 
J 3 

The next objective is t o  reduce eqs. (24) t o  a system of coupled 

Fredholm equations of the second kind. For t h i s  purpose, introduce 

with 

-2 
being real  such that q.(s)  a r e  of order s 

discontinuous in tegra l  c93 

as s - , m .  Now, by vir tue of the 
3 

eqs. (24) may be writ ten as 



and 

- 4  which are recognized as Abel integral equations of the special type: 

and the function H(t) can be inverted as 

Applying eq. (27) to eqs. (25) and introducing the dimensionless quantities 

= t/a , 

it follows immediately that 

Here, the symmetric kernels 

00 

~ ~ 5 . 9 )  =fi j s q.(s/a) J~(SS) J ~ ( ~ S )  ds, 1; o s q i  1 (8) 3 0 3 

for j = 1,2 are continuous on the square domain of definition co,ll x [0,13 and 

are positive definite. By splitting the kernels in eqs. (29) as 

2 
readily converted to the regular pair of Abel integral equations [lo] 
'With the change of variables X = x and T = t2, eqs. (26) and (27) can be 
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the  following system of coupled Fredholm in tegra l  equations are found: 

i n  which Q .  (5 ,q)  (j,k = 1,2) a r e  given by 
Jk 

Equations (31) and (32) render # . ( S I  (j=1,2) f u l l y  determinate once m(x) and 

n(x) are specified on the crack surface. The case of constant moment m 

s t r e s s  resul tant  no applied t o  the crack w i l l  be considered for  numerical 

calculation later on. 

J 
and 

0 

The improper in tegra l  representations f o r  Q. (5,s) (j=1,2) i n  eqs. (321, 

however, are inconvenient for  numerical purposes because of the i n f i n i t e  range 
Jk 

of integration and the osci l la tory character of the integrands concerned. 

Alternative representations, which improve the r a t e  of convergence of the 

numerical solution, a r e  readi ly  deduced by expressing q.(s)  i n  eqs. (32) i n  

terms of g . ( s ) ,  i.e., 
J 

J 

C 

j - q.(s) , j = 1,2 (33)  
3 

= 
s -in. J 

J 

2 
so that g . ( s )  4 O(s") as s -,me In eqs. (331, the constants c and n .  are 

J j J 
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1 + 33,4 
= 8 ? 

and 

Putting eqs. (33)  in to ' (32)  and using the iden t i t i e s  E91 

in which Jo and HL') can be expressed i n  terms of the Kelvin functions ber, bei, 

ker and ke i  as 

J (A&) = berx - i beix , 4- H (l)(&) = kerx - i keix 
0 2 0  

the kernels Q (5 ,q) become 
jk  

OD 

+ s gj(s/a) Jo(gs) Jo(qs) 4 
0 

0 55<,1; 0 < q  51 

Returning t o  eqs. (22) and (231, it is gathered that the or iginal  system 

of coupled dual integral  equations (19) and (20) admit the representations 

where 3'. are linked to  #.  for  j = 1,2 through eqs. (30). The remaining functions 
J 3 
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F .(SI (j=3,4) can be found from the algebraic equations (18). The forms of eqs, 

(35)  a r e  par t icular ly  suited fo r  t reat ing the singular terms of the moments 
J 

and s t r e s s  resul tants  since the integration in a small region surrounding the 

crack t i p  can be performed analytically.  The de ta i l s  w i l l  be discussed in the 

following section. 

S t r e s s  Resultants and Moments Near Crack % - -- 
The mathematical theory of crack propagation Elf is mainly concerned 

with the s t a k e  of affairs i n  the crack t i p  region where extension of the 

crack is imminent. Within the framework of the theory of e l a s t i c i ty  fo r  an 

i n i t i a l l y  sharp crack, the s t r e s s  resul tants  and moments a t  the ends of the 

crack exhibit  mathematical s ingular i t ies .  It is the singular character of 

these quant i t ies  that has been shown t o  play a major ro l e  i n  developing 

the c r i te r ion  of b r i t t l e  fracture,  

With reference to  eqs. (351, i t  is not d i f f i c u l t  t o  verify that only 

the leading terms ident i f ied with Y .(1) (j=1,2) contribute to  the singular 

portion of Nx, N 

F.(s) ( j=1,2,**0 ,4) a r e  

J 
* * *  , and Mx, My, *.* . The desired expl ic i t  expressions of 

Y' 

J 

and 

which a r e  derived from eqs, (18). With a view toward exhibiting the unbounded 

portion of the solution at the crack t ips ,  eqs. (36) and (37) are put i n t o  

eqs, (14) and (15) with I (1) replaced by ( p . ( l )  using eqs. (30). The r e su l t s  

are then expanded asymptotically f o r  large values of S. This gives 
f J 
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and 

By recourse to eqs. (11) and w i t h  the aid of known Bessel integral-identities 

[93, the membrane stress resultants and moments may be evaluated in closed 

form in terms of elementary functions of the polar coordbates (??,e), (rl,el) 

and (r2,0,) as indicated in Fig. 2. The computations just described lead to 

the expressions: 

and 
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Note that a l l  the quant i t ies  i n  eqs. (40) and (41) grow beyond bounds as 

r r 

s t r e s s  resul tants  i s  the same as that  of the moments. The latter conclusion 

+ 0. The order of the s ingular i t ies  a t  the crack t i p s  inherent i n  the 1 2  

is consistent with the singular solutions obtained for  the stretching and 

bending of f l a t  plates. 

In order t o  expose the pertinent parameters, which are used i n  the 

current theory of b r i t t l e  fracture,  attention w i l l  be res t r ic ted  to a small 

region embracing the r igh t  hand s ide  crack vertex (a,o) as shown i n  Fig. 2. 

By taking the limits r + a, 0 -. 0, r2 -, 2a and e2 -. 0, eqs. (40) and (41) 

fur ther  reduce to 

el 3% 
cos- [I - sin-sin-3 2 2  

kl N = -  
+ S I  

el 3 1  cos- sin- co- 2 2 
5. *1 

.2 N = -  

and 
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Here, the coefficients 5 and 5 may be referred to  as the intensity-factors 

of t he i r  respective stress resul tant  and moment f ie lds ,  For the present problem 

of a spherical shell, kl and 5 a r e  coupled through the functions $.(1) (j=1,2) 

appearing i n  eqs. (30) as follows: 
J 

I n  other words, an interact ion ex is t s  between bending and stretching such 

tha t  application of one type of loading induces stresses of the other type. 

The foregoing r e su l t s  i l l u s t r a t e  the qual i ta t ive features of the 

spherical she l l  solution. It is seen from eqs. (42) and (43) that the rl- 

and el-dependence coincide with those found for  the s t re tching and bending of 

f lat  plates. Hence, the curvature e f fec t  governed by h enters  into the  loca l  

solution only through the intensity-factors 5 and K1. It is now apparent that 

as the curvature of the she l l  becomes increasingly large, the  formal appearance 

of eqs. (42) and (43) remains unchanged, while % and K are de-coupled t o  the 1 
separate solutions for  an i n i t i a l l y  f l a t  p la te  under stretching and bending. 

Another important point t o  be noted is that the bending part of the solution 

is based upon the sat isfact ion of the approximate Kirchhoff shear condition on 

the crack edge. Thus, the differences between the approximate and exact boundary 

conditions on the crack might be anticipated t o  be very similar t o  the changes 

- 16 - 



5 found between c113 and c5,l21 for  the bending of an i n i t i a l l y  f lat  plate . In 

both type of solutions, F.e., c111 and [5,121, the s t r e s s  singularity remained 

of the inverse square-root type but i n  the case where the physical boundary 

conditions a r e  actually sa t i s f ied  on the crack &,121, the distribution of 

bending stress around the crack point became ident ical  with that predicted 

f o r  an i n i t i a l l y  f lat  plate  subjected solely t o  extension. The s i m i l a r  improved 

solution for the spherical she l l ,  however, i s  a considerably more d i f f i c u l t  

problem. Nevertheless, i t  is reasonable t o  assume t h a t  the difference reflected 

fo r  the f lat  plate case w i l l  a lso hold i f  a more refined theory were developed 

f o r  the spherical shell .  

The numerical r e su l t s  of 5 and K are obtained by solving the coupled 1 
Fredholm integral  equations (31) on a computer. Two examples of basic in te res t  

are treated: 

Case (1) Stretching Load: N(x) = No ; M(x) = 0 - 

1. 

where 

Case 

kl = 

(2) Bending Load: N(x) = 0 : M(x) = Mo - 

where 

Graphs of the normalized intensity-factors versus the curvature parameter X a  

are plotted i n  Figs. 3 and 4. The so l id  curves represent the solutions of the 

- couxgd Fredholm integral  equations (31) while the dotted curves correspond t o  

'The plate  bending theory used i n  c111 was originated by Poisson-Kirchhoff 
and i n  [5,lr?J by Reissner. - 17 - 



the resu l t s  given i n  147. 

In  Case (11, the crack i s  opened out by a uniform stretching load No. 

Because of  the interaction between extension and bending, both k and K1 

ex i s t  as i n  eqs. (45). The so l id  curves i n  Figs. 3a and 3b show that the 

1 

magnitude of k and K increases monotonically with ha. Further, the values 

of the membrane stress-intensity factor  k a re  much higher than the bending 

moment-intensity factor K1. In  Fig. 3a, the dotted curve taken from C41 is 

accurate only for  0 _< ha 5 0.46. Beyond t h i s  range, i t  d i f f e r s  s ignif icant ly  

1 1 

1 

from the more refined r e su l t s  indicated by the solid curve. For the bending 

momet-intensity factor K i n  Fig. 3b% the dotted curve is observed to  be 

valid only for values of  ha up to 0.26. As ha increases, the solution i n  e43 
1 

suggests that  there is a change i n  the mode of bending behavior of the she l l  

since K changes sign. 1 

Similar r e su l t s  for  the case when the crack is subjected t o  a uniform 

bending moment Mo a re  displayed i n  Figs. 4a and 4b. In  t h i s  example, the 

moment-intensity factor K dominates whereas the strength of the membrane 

stress-intensity factor k is re la t ive ly  low. The approximate solutions of 

k and K 

1 

1 
i n  C43 given by the dotted curves are seen t o  deviate appreciably 1 1 

from the present r e su l t s  even fo r  small values of ha. 

In  general, fo r  e i ther  type of loading, kl and 5 i n  a spherical 

s h e l l  a r e  increasedover the i r  values i n  a f l a t  plate ,  A = 0. 

Displacements and Deflection Slopes of Crack Surface 
I --- 

With the a i m  of gaining a quantitative insight  i n to  the deformed shape 

of  the crack, i t  is essent ia l  t o  compute numerically the normal displacement 

v(x,o) and the deflection slope aw/dy as y -. 0 f o r  -a < x < a. More precisely, 

fo r  the two examples considered ea r l i e r ,  numerical r e su l t s  have been obtained 

for 
- 18 - 



Case (1) M(x) = No; M(x) = 0 

Case ( 2 )  N(x) = 0; M(x) = Mo 

v(x,o) = 
X - a a 

I 

, x < a  ( 47) 

x < a  ( 4 8 )  

x < a  (49)  

x < a  (50 )  

Consider the case of the crack being stretched open by a uniform load 

M . Fig. 5 shows a plot of the dimensionless form of eq. (4'7) versus the 

normalized distance x/a fo r  various values of Aa. A s  ha increases, the normal 

displacement curves may be seen to increase i n  magnitude and t o  display more 

marked variation along the crack. Since the load is symmetric, the normal 

displacement is maximum a t  the center x = 0 and tapers off t o  zero a t  both 

ends of the crack x = 2 a. On account of the s h e l l  curvature, the stretching 

load a l so  produces rotat ion of the crack surface about the x-axis. The magnitude 

of t h i s  rotat ion decreases with the curvature parameter ha  as indicated i n  Fig. 5b 

and is zero along the en t i re  crack f o r  X = 0 which corresponds to  the l imit ing 

case of a f l a t  plate. 

0 

How, l e t  the crack be bent open by a uniform moment Moo In  this case, a 

considerable amount of rotat ion of the crack surface can be observed from 

Fig. 6a. The curvature parameter ha  appears t o  have a l i t t l e  e f fec t  on the 

variation of i)w/dy fo r  -a < x < a. The curves i n  Fig. 6b represent the normal 

- 19 - 



displacements of the crack caused by the bending uoment M 

i n  magnitude as h - 0. 

and they diminishes 
0 

Conclusion 

On the basis of the first-order shallow s h e l l  theory, the problem of a 

spherical she l l  weakened by a through crack subjected t o  stretching and bending 

loads is solved. The method of analysis, i n  which the mixed boundary value 

problem is reduced to  the solution of two coupled Fredholm in tegra l  equations, 

has proved successful, by carrying out the numerical calculations on a computer. 

It has been found that the s t resses  i n  a she l l  a r e  i n  general larger  than those 

obtained i n  a f l a t  plate. 

It should be remarked that a number of re la ted spherical she l l  problems 

of pract ical  i n t e re s t  can be solved using the same approach. Moreover, the 

same type of analysis can a l so  be applied to  the case of a pressurized 

she l l  with a crack. 

cylindrical  
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Figure Captions 

Fig. 1 - Geometry of Shallow Spherical Shel l  with a Crack at  the Apex. 

Fig. 2 - Polar Coordinates measured from the Crack. 

Fig. 3a- Membrane Stress-Intensity Factor Curves for  Stretching Load. 

Fig. 3b- Moment-Intensity Factor Curves for  Stretching Load. 

Fig. 4a- Membrane Stress-Intensity Factor Curves for  Bending Load, 

Fig, 4b- Moment-Intensity Factor Curves for  Bending Load. 

Fig. a- Normalized Displacement versus Distance on Crack for  Stretching Load, 

Fig. 5b- Deflection Slope as a Function of Distance on Crack fo r  Stretching Load. 

Fig, 6a- Deflection Slope as a Function of Distance on Crack for  Bending Load. 

Fig, 6b- Normalized Displacement versus Distance on Crack for  Bending Load. 
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